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André J., Beale R., Baptista A.M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2541
Probabilistic Characterization of Defects and Elastic Modulus in Cross Laminated Timber Lam
Stock
Arwade S., Clouston P., Kaboli H., O’Donnell F. . . . . . . . . . . . . . . . . . . . . . . 2551
Improvement of structural design by consideration of time and spatial varying uncertain results
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Organized by Thöns/Pozzi/Straub/Faber
3320
Damage detection using multivariate autoregressive coefficients mapped on principal subspace
Goi Y., Kim C. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3320
Optimal Sensor Placement and Scheduling with Value of Information for Spatio-Temporal
Infrastructure System Management
Malings C., Pozzi M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3331
Negative value of information in systems’ maintenance
Pozzi M., Malings C., Minca A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3339
Connecting uncertainty law with Cramer Rao bound
Au S., Li B. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3347
TS15 Random Processes
3353
Markov Chain Splitting Methods in Structural Dynamic Testing for Estimating Time Variant
Reliability
Dhanvijay S., Manohar C.S. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3353
Estimation of road infrastructure (bridge and tunnel) deterioration model in cold region
Sutoh A., Kanekiyo H., Maruyama O., Sato T., Dan H. . . . . . . . . . . . . . . . . . . 3364
Assessing the parameters of a stochastic HIL model
Casciati F., Casciati S., Faravelli L. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3374
Response of viscoelastic discontinuous beams to random loads in time and frequency domain
Burlon A., Failla G., Arena F. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3383
Dynamic reliability analysis of guyed transmission towers based on probability density evolution method
Liu R., Fan W., Li Z., Deng P., Ang A.H. . . . . . . . . . . . . . . . . . . . . . . . . . . 3393
Structural dynamic reliability analysis based on adaptive moment method
Zhou Q., Fan W., Li Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3402

xxi

MS01 Probabilistic and statistical methodologies for uncertainty quantification in computational sciences and engineering
Organized by Soize/Ghanem/Spanos/Arnst
3412
Sample based tensor approximation method with adapted parametrization for random dynamic
response
Chevreuil M., Grelier E., Nouy A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3412
A Parametric Study of the Response of Buildings to Ground Vibration with Uncertain Local
Subsoil Conditions
Papadopoulos M., François S., Degrande G., Lombaert G. . . . . . . . . . . . . . . . . 3419
Guiding model improvement in dynamic substructuring: sensitivity analysis and nonparametric probabilistic modeling approach
Arnst M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3429
Inverse identification of mechanical parameters of high-speed train suspensions submitted to
random track irregularities
Lebel D., Soize C., Fünfschilling C., Perrin G. . . . . . . . . . . . . . . . . . . . . . . . 3437
TS08 Reliability-Based Optimization
3446
Design optimization of stochastic complex systems via iterative density estimation
Liu W., Cheung S.H. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3446
Topology Optimization of Uncertain Building Systems Subject to Stochastic Excitation and
First Excursion Constraints
Suksuwan A., Spence S.M.J. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3455
A New Supervised Dimension Reduction Method in Reliability Analysis
Jiang Z., Li J. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3465
Analytical Sensitivities For Extreme Load Constraints With Load Extrapolation For ReliabilityBased Optimization
Stieng L.E.S., Muskulus M. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3475
Structural Optimization of Wind-Excited High-Rise Buildings
Xu J., Lu X. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3485
Gradient-based Minimization of the Uncertain Cost of Buildings using Building Information
Models
Gavrilovic S., Haukaas T. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3493
TS12 Environmental Loads
3503
Snow Load on Structures under Changing Climate Conditions
Croce P., Formichi P., Friedman N., Landi F., Marsili F. . . . . . . . . . . . . . . . . . . 3503
Probabilistic Tsunami Fragility Assessment Considering the Tsunami Pressure Fluctuations
and Model Uncertainties
Nanami K., Sthapit S., Akiyama M., Frangopol D.M., Koshimura S. . . . . . . . . . . . . 3514
Structural Reliability for Snow Load in Climate Change – Case Study in Japan –
Takahashi T. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3521
Formulation of Reliability Analysis of Deteriorating Structures under a Stochastic Shock Load
Process
Manzana D., Van der Weide J., Pandey M. . . . . . . . . . . . . . . . . . . . . . . . . . 3529
MS07B Global reliability of engineering structures and systems under disastrous dynamic actions
Organized by Chen/Li/Peng
3537
Global Reliability and Sensitivity Analysis of Structures Using MLS-SVM
Lu D.-G., Song Y., Li G. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3537
MCS for Structural Reliability Assessment including Correlated Random Variables Based on
Third-Moment Transformation
Cai C., Zhao Y., Lu Z. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3548
Random Field Modeling of Soil Deposit Properties
Yue Q., Ang A.H., Spanos P.D. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3558
xxii

Preface
Safety, reliability, performance, resilience and sustainability of structures and infrastructure systems continue to provide emergent and key challenges to infrastructure risk management due to the frequent
occurrence of natural and man-made disasters (such as earthquakes, hurricanes and tropical cyclones,
tsunamis, terrorist attacks, and industrial accidents involving aviation and energy production), the infrastructure crisis and climate change. In addressing these problems, the analysis and management of
uncertainties are unavoidable. The society can no longer afford to ignore congested roads, deficient
bridges, aging dams, broken levees and water mains, among others. Furthermore, the importance of
costs associated with managing existing structures, civil infrastructure and engineering systems in an era
of finite resources is increasingly recognized. Decisions regarding requirements for design, continued
service, rehabilitation or replacement, and management of risk should be based on optimization under
uncertainty so as to balance conflicting requirements such as cost and performance.
For nearly five decades, the International Conference on Structural Safety and Reliability (ICOSSAR)
organized by the International Association for Structural Safety and Reliability (IASSAR) has provided a
valuable opportunity to share the knowledge, experience and information on structural safety, reliability
and risk-informed decision-making among scientists and engineers. The first ICOSSAR was held in 1969
in Washington, D.C., USA. Since 1977, it has been successfully held every four years at several venues in
Europe, USA and Japan, and has attracted many engineers in academia, industry, government and private
practice. Previous ICOSSARs have been held in Washington, D.C., USA (1969), Munich, Germany
(1977), Trondheim, Norway (1981), Kobe, Japan (1985), San Francisco, USA (1989), lnnsbruck, Austria
(1993), Kyoto, Japan (1997), Newport Beach, USA (2001), Rome, Italy (2005), Osaka, Japan (2009) and
New York, USA (2013).
The ICOSSAR2017 has been held in Vienna, which is the historical capital of Austria and its major
center of culture, commerce and industry. ICOSSAR2017 brought together 450 engineers, scientists,
educators, researchers and practitioners from 44 different countries to create a better understanding and
management of safety, risk and reliability of structures and systems in numerous fields, including the
following fields:
•
•
•
•
•
•
•
•
•
•
•
•

civil and structural engineering
mechanical engineering
aerospace engineering
marine/offshore engineering
industrial engineering
nuclear engineering
materials science
environmental engineering
architecture
urban planning
geosciences
social sciences

We are very proud that ICOSSAR2017 provided all attendees with ample opportunities to exchange ideas
and learn from one another about new concepts in structural safety and reliability.
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol
August 2017
xxiii

Freudenthal Lecture

1

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Theory and applications of Structural Reliability Analysis
Ton Vrouwenvelder a,b
a

b

TNO, Delft, the Netherlands,
Emeritus professor Delft University of Technology

Abstract: In the past 50 years, Structural Reliability Analysis (SRA) has developed
from a tentative idea into a useful tool for decision making in the field of structural
design and assessment. Applications are mainly as background for codification but
sometimes also directly in special cases. In some areas of SRA the progress has been
impressive. Surprisingly, on the other hand, there are also topics for which discussions seem to go on and on, with little progress and without final agreement or solution. A research agenda of old and new issues can easily be filled. As a point of
concern the paper expresses the views on SRA of the more technically oriented specialists in civil and mechanical engineering. One would have expected an increasing
understanding and appreciation in the course of time, but that is not always the case.

Introduction
The idea to deal with structural safety by using the concepts of probability theory is now about
50 years old. Although there are earlier publications [3,20,21,36], among which of course those
from Freudenthal, the flow of key papers, essential for the further development, emerged at the
late sixties. An important highlight was the IABSE conference on Concepts of Safety and Design in 1969 in London [29] with contributions from Ferry Borges, Cornell and many others.
An unexpected but nevertheless fruitful marriage between First Order concepts in the world of
reliability and Load and Resistance Factor Design in the world of codes, initiated at that time a
lot of enthusiasm and progress in a relatively short period. This brings us to the key question:
what did we achieve in those 50 years and what kind of work is there still to do.
As is generally recognised, structural risk and reliability methods, in the end, deal with decision
making in design and assessment for engineering systems. The aim is to make such decisions
that goals like minimum costs and specified human safety levels are met. To achieve this we
need models to describe the relevant physical processes in the structure and we have to quantify
structural properties and external actions, including of course their uncertainties. Last but not
least, we have to set our goals. This all can be performed in a full probabilistic manner, but in
most practical cases simplified semi-probabilistic ways like the partial factor method are preferred. Most present day codes and standards are based on that approach. From the reliability
theory point of view, the semi-probabilistic methods are based on the same physical models,
the same uncertainty estimates and the same goals as the full probabilistic one. It is simply a
calibrated safe side approximation, intended to reduce the amount of calculation work.
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But that is the view point of the reliability expert. It is not always what the majority of structural,
mechanical and geotechnical engineers are thinking. For many of them the safety elements in
design (partial factors, combination factors, etc.) are just based on a mixture of tradition and
experience, sometimes even leading to unrealistic structural behaviour and failure modes. In
their opinion, probabilistic considerations will not improve this situation very much.
In this lecture we will discuss the various issues mentioned in this introduction and make up
the balance of 50 year research and development.

Summary of structural reliability analysis
2.1 Basic equation
The classical basic equation of structural reliability analysis (SRA) is given by:
𝑃𝐹 = 𝑃(𝑔(𝑿) ≤ 0) = ∫𝑔(𝒙)≤0 𝑓𝑋 (𝒙)𝑑𝒙

(1)

where PF is the probability of some structural failure, X is the vector of basic random variables,
g(x) is the limit state function for the failure mode under consideration and fX(x) is the joint
probability density function of the random variables X. The limit state function g(x) is defined
in such a way that negative values correspond to the failure event and positive values to nonfailure. Instead of the failure probability PF the reliability of the structure is often expressed by
the so called reliability index , which may be obtained from  = - -1(PF), where  (..) is the
standard normal distribution function. Failure may be defined with respect to all kinds of structural performances, but usually it is related to local or global collapse or to the exceedance of
serviceability limits.
The above equation (1) shows that the probability of failure with respect to some adverse or
undesired state is the integral of the multidimensional probability density function over the
failure domain g(x)  0. Usually the probability is evaluated for some specified period of time,
e.g. one year or the design life time. At first sight, formulation (1) seems to hold only for the
time invariant and single mode case, but the failure domain may be made as rich as desired,
including time dependency, system effects as well as inspection and maintenance actions.
According to the basic equation (1) the following fields of interest can be identified: the limit
state models, the probability models, the calculation procedure and the resulting failure probability. We will give short comments on each of those.

2.2 Limit state models
It is typical for SRA that the core of the analysis is based on standard and well-established
models for mechanical, physical and/or chemical processes that describe the behaviour of the
structure under given actions and environmental circumstances. The main category are the mechanical models showing the static or dynamic, linear or nonlinear response of the structure
under constant or time dependent loads. But also degradation models like fatigue, corrosion,
carbonation, chloride ingress, etc. belong to this category. In reliability analysis, advanced as
well as simple models are considered as useful. Simple models, however, will in general be less
accurate and can only be used in combination with a relative large so called model uncertainty.
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Note that in some other branches of reliability engineering the failure probability (or failure
rate) is often specified directly as a number or as a function of some geometrical or other parameters. Examples are tables of unconditional failure rates for devices (pumps, valves, etc.) in
mechanical engineering. This is possible due to the larger degree of standardisation. Note however, that it is also less informative.

2.3 Statistical data
The function fX(x) represent the probabilistic description of all relevant random actions, material properties, geometrical parameters and model uncertainties. Sufficient statistical information of this type is difficult to obtain and needs usually to be complemented on the basis of
intuition and expert judgment. Therefore, in SRA the Bayesian intuitive degree of belief approach is generally adopted [10]. One has to keep this in mind when drawing conclusions from
the calculated failure probabilities. In order to avoid large differences between results of different experts, the JCSS has taken the initiative to standardize a set of statistical models for a
number of basic random variables in the so called Probabilistic Model Code [32].

2.4 Calculation techniques
A major part of the research in the past half century has been devoted to the efficiency and
capacity of calculation procedures. A general (but for sure incomplete) overview may for instance be found in [35]. An extensive toolkit has been developed with analytical and numerical
integration techniques, various types of advanced Monte Carlo procedures, often in combination with response surface techniques [5]. Very popular also are the advanced first and second
order approximations (FORM, SORM) [26, 27]. These procedures are very fast, but sometimes
run into problems with accuracy or lack of convergence. In some cases it may be advantageous
to use a mix of methods [43].
In order to deal with the factor time in an efficient way one often applies the so called outcrossing approach. In its basic form the failure probability is then given by:
PF = ER { 1-exp (-R () d) }

(2)

where ER indicates the expectation over the constant in time variables R and R is the outcrossing rate of the fluctuating process conditional upon R:
 R (t) = P { [ g(t+dt) < 0 | R ]  [ g(t ) > 0 | R ] } /dt.

(3)

The integration in (2) runs over the period of interest. Further refinements are possible.
A system failure is a failure defined as a combination of events and conditions, using logic
operators like AND and OR. Structural system behaviour is often represented using elementary
parallel and series models and corresponding fault trees, event trees, failure trees, Bayesian
Networks, and so on. Calculations may be performed using Monte Carlo methods, but also
specific system reliability approximations are widely available in the literature.
In the case of continuum structural systems (beams, plates, slopes) the notion of one or more
dimensional random fields enters the play. For relative simple problems the outcrossing approach mentioned above, but then in space domain, may be of value. For more complex systems
the stochastic FEM (Finite Element Method) may be applied. Here the effects of series and
parallel arrangements are dealt with implicitly. Many publications in this field exist, we mention
[24, 41] as examples.
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Clearly, at the operational edge of SRA is the nonlinear dynamic analysis. The spectral approach is usually restricted to linear systems, but linearization techniques for nonlinear frequency domain analysis are available [23, 40]. Also time domain analysis is an option, often
again in combination with FORM [6] or Monte Carlo. In the latter case an interesting reduction
in calculation time may be obtained if use is made of so called Constrained Simulation [25],
which may be conceived as a kind of importance sampling.

2.5 The resulting failure probability
The calculated failure probability is not a goal in itself. The final goal is to make decisions with
respect to the design of new structures or inspection and repair for existing ones. This means in
the first place that we need to have an insight into the consequences of failure, the corresponding
risks, counter measures and cost items [33]. According to ISO 2394 [31], structures shall be
designed, operated, maintained and decommissioned such as to support maximum societal
functionality. Mathematically expressed one may state that one should aim for the optimisation
of the total benefits, incorporating all relevant socio-economic cost items. Such an optimisation
may be performed over the intended lifetime of the structure, but one should keep in mind that
the design lifetime of the structure may be an object of optimisation in itself. Next to economic
optimisation human safety often plays a dominant role. Limits may be posed following from an
economy based reasoning (LQI), on ethical principles (Individual Risk) or on considerations of
social disruption (Group Risk). It is in particular this part of the analysis that the lack of statistical data and use of subjective estimates mentioned in 2.3 becomes manifest.

The semi-probabilistic approach
The semi probabilistic approach, as already stated in the introduction, is in principle a simplified
and conservative verification procedure. Use is made of the design point (or beta point) Xd of
FORM. Given a target reliability index t , the structure is said to fulfil the safety requirement
if:
g(Xd) > 0 with Xdi following from: Fi ( Xdi ) =  (- αi βt )

(4)

where Fi is the cumulative probability distribution function of the variable Xi and  the distribution function of a standard normal variable; the parameter αi is the FORM sensitivity coefficient. As inequality (4) should hold for a large set of structures and design/assessment
situations, some average but conservative set of α-values should be chosen. According to ISO
2394 [31] one should choose values of 0.8 and 0.7 for the dominant resistance and load parameter respectively, while for non-dominant variables 0.4 x 0.8 and 0.4 x 0.7 are recommended.
More advanced methods for calibration of partial factors to a given safety target exist. One may
for instance minimize the sum of ( - target)2 for a large set of structures in the area of application [15] or require that for the field of application the averaged failure probability is less than
the target. Time variability of parameters (in particular loads) need special attention and many
papers have been written on this subject, usually starting from the simple but very helpful FBCmodels [32]. In most codes and standards the design Xd values follow from characteristic values
(defined for instance as 5%, 50% or 95% fractiles) and a set of partial or combination factors.
The semi-probabilistic approach is popular for single mode limit states, but may also serve for
multiple mechanism, systems, volume effects and length effects. In flood protection verification
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in the Netherlands the total target failure probability for the system is split up over all mechanisms and all system elements. Next for each element, rules according to (4) are derived [34].

Reflection
As indicated before, in the course of the past half century, Structural Reliability Analysis has
developed into an impressive set of computational techniques covering many fields of application. High speed computers enable the use of advanced techniques for quite realistic structures,
in particular in a research environment. Daily practice uses primarily semi probabilistic methods, but calibration procedures, linking safety factors to reliability requirements, are available
already for quite some time [15, 16,17]. Note that semi and full probabilistic calculations use
the same physical models, the same statistical input and have to solve the same philosophical
questions with respect to the decisions based on the results. The reasoning “we do not know
enough to do a full probabilistic analysis, so let us use partial factors”, is often heard, but very
questionable.
Although nowadays most structural codes have some more or less explicit basis in safety and
reliability thinking from a probabilistic point of view, the general acceptance is still reluctant.
Many engineers prefer codes where the semi-probabilistic approach is presented as the only
approved method and the partial factors for that approach are established by calibration to previous successful building practice, without any interference with probabilistic considerations.
Even notions like reliability differentiation because of higher or lower consequences, the distinction between design and assessment, proper statistical evaluation of test and inspection results, the treatment of model uncertainties, etc. are under debate. In some cases probabilistic
methods are accepted only for cases lying outside the scope of the code.
In general there seem to be three reasons for the reluctance with respect to the probabilistic
methods. The first one is that the details of reliability theory are often difficult to grasp. There
is a clear need for education, starting at the universities, but also via special courses and via
easy to read publications in material and construction related journals.
The second reason is the lack of statistical data. As already stated, we need subjective estimates
to complete the required data base. This gives rise to the criticism that using reliability theory
you can get any answer you like. Unfortunately we have to admit that this is true to some extent.
By manipulating input data, large differences in resulting failure probabilities may be obtained.
So what is needed in the first place is that critical choices should never be made by persons or
groups of persons who may benefit from any outcome. This can be done by standardisation of
the input based on a broad consensus under the profession. Of course such a standardisation
should also be consistent with the same historical successful building as mentioned above.
Competition between materials, however, still may be a problem. Apart from the standardisation activity as such, the elicitation of experts to arrive at statistical models is an interesting and
necessary field of ongoing research and will be further discussed in 5.1.
But even if we have solved the problem of undesired manipulation, the question is still on the
table why such a (inter)subjective procedure should be preferred above direct estimates of
safety factors. Some of the arguments in this respect are [9, 10, 28, 32]:
 scatter and uncertainty can be treated this way by one and the same theoretical concept
and it has advantages to do so; using different approaches for data based and intuition
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based uncertainties (or aleatory and epistemic) will not contribute to the consistency and
transparency of decisions;
putting subjective and objective statistical data in one Bayesian statistical frame, we do
not use more input from intuition than necessary;
numbers and assumptions in probabilistic concepts can be measured and thus enable in
principle falsification and/or long term revision; other methods usually cannot.
even when falsification is not possible from a practical point of view, it seems to make
sense to deal with uncertainties by physically meaningful quantities; these quantities
may then be used in all kind of decision making processes.

It is also good to realize that for some decisions the absolute value of the uncertainty quantification is even not so important. If partial factors are derived on the basis of calibration to previously accepted and supposedly optimal design practice, the final result will remain unchanged
if we multiply all standard deviations by an arbitrary factor. This, of course, is not true anymore
when results are used for new materials or structural concepts or when used in comparison with
individual risk criteria. Here the only argument can be that this method is the best help we can
get and falling back on partial factors or any other system will not lead to better results.
Note also that a failure probability is not an intrinsic and invariable property of the structure as
often is thought, even if no subjective information is present at all. One may even pose the
question: does something like the “real failure probability” exist anyhow? Consider as an example an embankment where all calculation models are without dispute and all statistical models are well known. Let the friction angle be a spatially varying stochastic field, characterised
by an unknown mean, a known standard deviation and a known correlation function. Suppose
we know that the mean in comparable layers in the neighbourhood equals 30o on average and
has a scatter of 10 percent. We may now proceed in three different directions:
1) Consider in the Bayesian sense the embankment mean as a random variable with expectation 30o and a standard deviation of 3o;
2) Do a local soil mechanics survey resulting in an almost deterministic knowledge on the
value for the embankment mean;
3) Do a very detailed local soil mechanics survey leading to a completely known deterministic
value for the friction angle at every point of the layer; this makes the field deterministic.
All three situations then lead, in combination with other uncertainties, to some outcome for the
failure probability. In most cases we may expect PF 1 > PF 2 > PF 3 , but not always. Nevertheless
all three failure probabilities may be considered as “objective and real”.
Finally there is the third argument that real safety in practice is governed by human errors, large
ones as well as small ones, during design, during execution and when in use. This, of course, is
a correct observation and it is recommendable to make this a clear point for research in the near
future. It however does not mean that human errors are forgotten in present day design. Codes
try to reduce the amount of say “normal” errors by prescribing proper checks and quality assurance. Large or gross errors are taken care of by robustness requirements. In both cases the
treatment is a bit outside the world of probabilistic analysis. Attempts are undertaken to bring
these worlds closer together. We may reason that (small) human errors will simply increase the
variability of the resistance while large errors will usually lead to a reduction of the mean. We
will come back to this item in chapter 5.4.
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Discussion on some actual topics
In this chapter we will discuss a small list of topics that are (still) under debate in research
groups and code committees.

5.1 Model uncertainty
According to equation (1) use is made of models to calculate the response of a structure with
certain properties and under certain actions. In general such a model can be described as a
functional relation of the type 𝑌 = ℎ(𝑋1 , 𝑋2 , … 𝑋𝑛 ) , where Y is the response of the structure
(e.g. a bending moment or a displacement), h( ) is the functional relationship and Xi is a basic
variable (either an action or structural property). The model function h (..) is usually not complete and exact, so that the outcome Y cannot be predicted without error, even if the values of
all random basic variables are precisely known. The real outcome Y’ of the experiment can
formally be written as 𝑌 ′ = ℎ′ (𝑋1 , … 𝑋𝑛 , 𝜃1 , … 𝜃𝑛 ). The variables θi are referred to as the model
uncertainties and are treated as random variables. The common way of introducing the model
uncertainty into the calculation model is by using only one model factor:
𝑌 ′ = 𝜃1 ℎ(𝑋1 , … 𝑋𝑛 )

(5)

Ideally, model uncertainties should be obtained from a set of representative experiments and
measurements on real structures where all values of Xi are measured or controlled. In many
cases, however, such a consistent set of experiments is lacking and statistical properties for
model uncertainties are at least based on engineering judgement.
Model uncertainties in SRA are usually subdivided into three groups: (1) uncertainties in the
load model (for instance the wind load), (2) in the load effect model (the step from load to
bending moment or stress) and (3) in the local stiffness and resistance model. We will concentrate here on the latter two and refer to them as E and R respectively. The model uncertainties
in the load effect calculation E are associated with the linear or nonlinear analysis of stresses,
axial and shear forces, bending and torsional moments in the various structural elements. The
local resistance model uncertainties R are related to the behaviour of an element, a single cross
section, or even the material in a single point. One may think in this respect of the visco-elastic
model, the elastic plastic model, the yield condition (Von Mises, Tresca, Coulomb), the hardening and softening behaviour, the thermal properties and so on.
The use of nonlinear models presents additional challenges with respect to the consideration of
model uncertainty. For a given loading, the local load effect does not only depend on the applied
loads, the geometry and the load effect uncertainties, but also on the nonlinear resistance model
and neighbouring elements (cracked, post-yield, or failed conditions). To avoid these difficulties it is recommended to go one step more fundamental and adjust model uncertainties to the
three basic calculation steps in a mechanical calculation [12]:
1. The deformations (generalised strains), using the kinematic equations
2. The load effects (generalised stresses), using the constitutive models
3. The corresponding external forces, using the equilibrium equations.
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The resulting external forces of step 3 should be in equilibrium with the given loads. If this is
not the case, then a new iteration with a revised estimate of the current deformations is started.
The load effect model uncertainty E (mentioned before) seems to belong to the domains of
steps 1 and 3 (both linked through the principle of virtual work), although their origin might be
more diverse: incorrect boundary conditions, schematization errors, etc. This means that when
the statistical parameters (means, standard deviations) of the model uncertainties are determined experimentally, the overall structural behaviour needs to be accounted for.

5.2 Nonlinear FEM and semi probabilistic analysis
In nonlinear FEM in combination with the semi probabilistic analysis, it makes sense to use
design values for all random variables. However, in publications one often promotes the use of
mean values for material properties and often even a neglect of the model factors. If the structure is perfectly ductile and all elements are of the same material, it actually does not matter
very much. We may simply reduce the resulting mean load bearing capacity by Ed Rd (fd /fm ),
where the ratio fd /fm is ratio of the design value over the mean value of the material strength
and Ed and Rd are the design value of the load effect model uncertainty and the design value
of the resistance model uncertainty (see 5.1) respectively. The design values of the model uncertainties may be interpreted as partial factors and are often denoted as -values. If there are
different materials present in the structure, in particular brittle ones, the correction for working
with mean value’s is less straight forward [1, 8] and an item of much discussion.
Arguments against the use of design values in the FEM are (1) the possibility of having “unrealistic” mechanism, (2) numerical stability problems in geotechnics and (3) the sometimes favourable effects of low stiffness and strength on the load effects elsewhere in the structure. Let
us consider them one by one:
It is correct that a “low quality” structure (that is a structure with low design values) may show
a different behaviour compared to an “average” structure. But that does not mean that the analysis based on design values is incorrect for the low quality structure. And low quality structures
are exactly our concern as reliability engineers.
The numerical stability problem in geotechnical problems is real as the self-weight is both on
the resistance and loading side. Taking the angle of internal friction at the design value can lead
to immediate instability. So at least some careful manipulation is required, but that is something
different.
Finally the fact that low stiffness and strength in a part of the structure may protect other parts
of the structure is already known for a long time. A famous example is that by using low values
for the bending resistance in a beam the maximum shear force is limited, while the usually
brittle shear failure may be the worst case failure mode.
We should have in mind that for ductile structures this type of shielding has no effect on the
load bearing capacity. According to the theory of plasticity the reduction of the strength of one
element can never lead to an increase in the load bearing capacity of the total structure for
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whatever loading condition. It seems therefore to make sense to use the lower design values for
the “ductile” elements and take care that, with sufficient reliability, the brittle elements (if present) will be sufficiently stronger than the ductile ones. In fact this is the procedure that is often
used for seismic design. Note that geometrical nonlinearities may lead to extra “quasi brittle”
behaviour and that explicit checks on the deformation capacity of the ductile elements are also
needed.

5.3 Target reliability
Optimising the costs for a given design working life leads approximately to the result that the
optimal failure probability for the design working life is (almost) independent from the length
of the design working life [28, 39]. This means that the economically optimal annual failure
probability is high for short periods and low for longer design lives. Spending money on safety
makes sense if one can have a longer period to profit from it.
When human safety is at stake, one should add an amount of money to the damage costs (either
a formal compensation value or some economy based value) in the above optimization. Techniques exist to make proper estimates [19, 38]. However, there may also be ethical or legal
reasons to consider lower limits on human safety. Usually they will be expressed as a maximum
acceptable failure probability per year [18]. So, the target curves may be presented as in Figure
1: for low values of the design working life Td the annual value from human safety is governing
the design, for longer periods the economic optimum will lead to a lower value.
The present Eurocode EN 1990 gives a standard value of  t = 3.8 (PF = 8 10-5) for a design
working life Td = 50 a. The target value of 3.8 is raised to 4.3 for high failure consequences and
lowered to 3.3 for less consequences. The value does not depend on the structural costs involved
to reach a higher safety level as theory demands. Also no information is given which criterion
(economy of human safety) is the governing one and no guidance on what to do for shorter or
longer design life time. This indicates that in the world of code makers this target choice is still
an unsolved problem.

economy
human safety

Figure 1: Schematic relationship between the annual failure probability P F and the design working life Td

5.4 Unforeseen actions and robustness
In addition to the uncertainties and errors in the treatment of the known and recognised hazards
we must face the fact that certain phenomena may be completely overlooked or, until now,
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objectively unknown (the so called unkown unkowns or black swans [42]). Let us first observe
that completely black swans statistically spoken are very seldom. Most investigations of serious
damages in practice reveal forgotten, neglected or underestimated hazards as the cause of the
collapse [11, 30, 37, 43]. Even intentional destruction cannot be considered as a black swan,
but of course its intensity can have been underestimated. Note also that research into the practice of common engineering works reveals a big amount of large and small errors of various
type in design [2, 13, 22]. As stated already in chapter 4, the codified answer to this situation is
the introduction of robustness requirements.
Technically speaking, robustness is related to scenarios where due to intentional or unintentional unforeseen exposures the resistance of the structural system (locally but strongly) has
been reduced. [7, 14]. In design this is often modelled as the (notional) removal of a beam or
column. It is then required that the probability of having a subsequent progressive collapse,
disproportional to the original damage, is relatively small. In codes, however, these requirements are still quite arbitrarily set. Also here the proper way would be to optimise the resistance
of the damaged structure in the light of the estimated probability of the primary or direct damage
(say the column), the cost of extra strengthening to prevent disproportional progressive collapse
and the cost of the secondary or indirect damage.

5.5 Inspection and maintenance
Once a structure has been built, it can be inspected. In order to combine the data from the
measurements with the original data, Bayesian updating procedures can be used. An essential
point in the updating procedure is the reliability of the inspection method itself. First of all there
is the Probability of Detection (PoD) of a defect, for instance a fatigue crack in the case of
inspecting steel structures. For many techniques PoD curves are available, but not for all. At
present this is a typical short coming in the reliability assessment of existing structures. A second important piece of information is the accuracy of the inspection method: if we measure a
fatigue crack of 3 mm, could in reality this also be 2 mm or 4 mm? The same holds for most
non-destructive test methods estimating the strength of materials.
Apart from explicit inspections, all kinds of relevant observed behaviour of the structure should
be included in the updating analysis: permanent deformations, settlements, crack patterns, loose
elements, corrosion and so on. It should be realized that these phenomena may require a double
treatment in the SRA: (1) it directly affects the structural model as such (e.g. a cracked beam
instead of a non-cracked beam as a starting model) and (2) a change in the statistical models of
possibly all random variables: the presence of a crack might for instance be an indication that
the load level is higher than originally expected.
Given the extra data we may update the probability of failure or the reliability index beta. Figure
2 gives a nice example of the original and updated annual reliability index after inspecting a
crack in a steel structure, both as functions of time. It is interesting to see that the updated
reliability index first increases, because of reduced uncertainty, but later on (in this example)
becomes lower than the original one, because of a somewhat disappointing measurement result.
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Figure 2: Effect of (fatigue) inspection at year 10 on the annual reliability index beta: direct raise, but (in this
example) a lower reliability index after some time due to a disappointing inspection result.

Note that updating the reliability following an inspection requires a sound physical and statistical modelling of the structural and material behaviour. Proper updating in a world of deterministic models and safety factors is not well possible; and in a similar way it is difficult to deal
with an observed fatigue crack in a steel structure when a behaviour model based on SN-curves
is used. In a similar way, results from vibration tests, acoustic emission, corrosion detection by
electrical currents should always be judged in relation to all load bearing features of the structure.

5.6 Elicitation of experts
The (inter)subjective estimation of statistical properties through the elicitation of experts is not
a trivial matter. Suppose we want to estimate the value of a certain (deterministic) variable X.
Let us consider a simple case where two experts indicate an interval for X:
Expert 1 states: X is in the interval < 10, 13>
Expert 2 states: X is in the interval < 11, 15>
The distribution within the interval is assumed to be uniform. If we think that both experts could
be equally right, we might conclude to the combined distribution indicated in the upper part of
figure 3. However, if we assume that both experts cannot make a mistake, then, following rules
from elementary logic, we should conclude that X must lie with 100 percent probability in the
interval <11,13>. So we have to be very careful in the interpretation of the questions and the
answers given.
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11

12

13

14

15

Figure 3: Two possible options to combine expert opinion 1 ( X is uniform in <10,13>) and expert opinion 2 [X
is uniform in <11,15>.
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In the elicitation of a number of experts we may treat all experts to be equally skilful. An interesting option is to give the experts a set of questions for which they do not know the answer,
but the interrogators do. We then may adjust the weights of the experts. The reader is referred
to [4].

Closure and outlook
6.1 Conclusion
Undoubtedly a lot of progress has been made in the past 50 years. In particular in the field of
computational methods the possibilities have increased far beyond the imagination at that time.
Most applications, however, are in a research environment. It might be helpful if a probabilistic
SRA could be offered just as an extension to a semi-probabilistic SRA. We know that in principle the same structural model can be used and design values for semi probabilistic calculation
come from the same information as is needed for the probabilistic calculation. Resulting failure
probabilities can be compared to the codified target values. The software could recommend
some calculation strategy based on for instance directional sampling and response surface techniques. Use can be made of the choices already in the semi-probabilistic SRA for lower or
higher design values.
The field has also extended from just a design method in the narrow sense to a process of rational decision making for all kind of structural related problems where risk and uncertainty are
involved. One of the main examples is the field of inspection, maintenance and life cycle (asset)
management. Note that for instance at the ICOSSAR 81 conference we do not find a single
paper on this subject. At present we find many studies but also journals, guidelines and standards.
Surprisingly on the other hand is that some problems already got attention from the beginning,
but still seem to be waiting for final solutions. We mention among others: model uncertainties,
degradation processes, human safety considerations, cost optimisation, robustness, the relation
with Quality Assurance.
Overlooking the half century behind us we have to conclude that there is (still) only a relatively
moderate degree of enthusiasm among our colleagues in structural, geotechnical, hydraulic and
mechanical engineering. They often have difficulties to understand the theory, doubt our reasoning and (inter)subjective assumptions and would often prefer to return to gamma factors
directly resulting from intuition and experience. In the past we may have hoped that that was
just a matter of time; now we know it is not.

6.2 Topics for research
There is, for sure, a need to continue the research in the fields of computation methods and their
application in design and assessment. The emphasis, however, should be as much a possible on
practical applications, user friendliness and good cooperation with the classical civil and mechanical engineer. It would help to have more guidance in full probabilistic design, for instance
by the development of ISO documents with standardised information. We have the task for a
better communication with our technical colleagues and make more clear what we are doing
and why. As far as communication is concerned also communication with the public, the press
and authorities should not be forgotten.
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At the same time we should try to solve a number of the “long existing“ problems, like the ones
mentioned in chapter 5, though there are more: integrated fire safety engineering, soil structure
integration, brittleness and deformation capacity, modelling of human errors, resilience of life
line systems, etc. And of course there are also relatively new areas asking for the attention, like
the reliability of structural glazing, membrane structures, performances with a gradual increase
in costs and last but not least sustainability as one of the important design goals.
We may conclude that the to-do list is a long one and there is no need to think that after 50
years of SRA no topics for development are left.
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Abstract: Advancements in high performance computing, big-data, and uncertainty
quantification (UQ) have enabled engineers across every industry to push the
bounds on innovation. In the structural engineering sector, Thornton Tomasetti has
leveraged new technology not only to design supertall and kinetic structures, but
also to explore several novel and innovative ideas with the potential to transform the
structural engineering field. Along with any new technology, however, comes the
responsibility of assessing its risk and reliability. Inherent in any risk or reliability
assessment must be an analysis of uncertainty. Uncertainties can arise when
gathering experimental data; in assuming model parameters; and even in the model
of a system itself. Understanding how to quantify this uncertainness and propagating
their effects through an analysis is crucial to an accurate risk assessment. However,
uncertainty quantification can be 1) complex when several sources of uncertainties
require characterization; 2) onerous when computationally large models are required
in the analysis; and 3) non-intuitive when there is a lack of information from which
we are to draw conclusions.
This talk will discuss the challenges and possible solutions to uncertainty, risk, and
reliability for three Thornton Tomasetti technologies for which there is no codified
solution. A design tool for automating structural response to blast loads allows for
investigation of uncertain parameters’ effects on design solutions. This type of tool
enables the risk and reliability of protective design solutions to be quantified and
easily disseminated. Metamaterials are materials made from smaller elements or unit
cells, but engineered in such a way as to have desirable properties at a length scale
relevant to the expected loads: a potentially useful solution to seismic mitigation.
Before a design can be realized, however, not only must the risks of such a structural
system be quantified, but also the reliability must be discussed in a way such that it
is directly comparable to current structural seismic designs in order to make informed decisions. Finally, additive manufacturing (or 3D printing) is a disruptive
technology that can revolutionize the way design structures. However, the manufacturing process is significantly different from traditional, well-characterized manufacturing processes, resulting in potentially different material and mechanical
properties. Understanding these uncertainties at the fabrication level and propagating them through to the resulting structural design solution enables a quantification
of the risk associated with this new manufacturing technology. This type of reliability solution will be paramount when designing additively manufactured civil structures on Mars.
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Risk, Reliability, and Uncertainty
Risk is defined as the intentional interaction with uncertainty. As structural engineers operating
in an uncertain world, we must incorporate risk into our designs. The first step in doing this
entails identifying where we have limited knowledge. The lack of knowledge can stem from
the loading, the structure, or both. As shown in Figure 1, the flow of information results in a
response of the structure. If either the load or the structure has uncertainty associated with it,
the structural response to the loading will also be uncertain.

Figure 1 – Schematic relating the flow of information in structural analysis.

The four combinations of loading vs. structure uncertainties are provided in Table 1.
“Deterministic” refers to when the input is assumed to be perfectly known. The load or the
structure can be treated as deterministic 1) when it has been well validated that the input is
known and that the variable does not change in time; or 2) when it has been shown that the
variability of the input has a negligible effect on the response.
Table 1 –Effects of loading and structural uncertainties on the structural response

Loading

Structure

Response

Uncertainty
Situation

Deterministic

Deterministic

Deterministic

Trivial

Random

Deterministic

Random

Random vibration

Deterministic

Random

Random

System uncertainty

Random

Random

Random

Real world

In addition to the verbal definition of risk as the “intentional interaction with uncertainty”, we
can mathematically describe risk as the convolution or weighted average of hazard and
vulnerability, as shown in Figure 2. Vulnerability describes the expected damage, failure, or
consequence due to an event. The structural engineer has the analysis tools to estimate the
probability of failure occurring for an increase in an events magnitude. This type of analysis
results in a fragility curve, as seen in the right plot of Figure 2. The vulnerability assessment
occurs independent of the hazard. It can be read as, “if an event of magnitude 𝑥 occurs, then the
probability of failure is 𝑦”. Hazard describes the likelihood of an event occurring. For example,
historical earthquake data may be available in a particular region so that we may visualize the
likelihood of earthquakes of various magnitudes, as in the plot on the left side of Figure 2. The
hazard and vulnerability are first analyzed separately (potentially by different groups of
people).Then the risk is computed by weighting the vulnerability due to an event of magnitude
𝑖 by its likelihood of occurring, over the range of possible event magnitudes.
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Figure 2 – Risk is the weighted average of structural vulnerability due to an event and the likelihood of the event
occurring.

While the above definition of risk lends itself intuitively to risk assessment due to uncertain
loads, an analogy can be made for the structural system. For example, hazard could be replaced
by material property uncertainty. Vulnerability can then be assessed within the context of
uncertain structural strength. Risk can also be defined in terms of both loads and the structure,
so that the convolution of hazard and vulnerability is multidimensional.
One example of how structural engineers have addressed risk and uncertainty is through
Allowable Stress Design (ASD) and Load Resistance Factor Design (LRFD). ASD assumes
that all of the loads have the same average variability. The variability of the structure’s strength
and the variability in the load are accounted for in a single factor of safety. ASD addresses risk
by requiring that a structure be designed such that the maximum stress due to a load is less than
limiting values
LRFD design, however, treats the uncertainties in the loads and structure separately, and also
addresses the relative uncertainties in a structure’s strength (e.g. flexural buckling vs tensile
strength). Additionally, the load factors are chosen such that they represent uncertainty of the
various load type. The load factor for dead loads is lower than that of live loads because dead
loads are more predictable and thus do not require as large of a factor of safety as can be shown
in Figure 3. By separating the factors of safety into those associated with the load and those
associated with the structure, LRFD enables a much more rational factor of safety.

Figure 3 –Two possible loading scenarios over time. The dead load (orange) is assumed non variable and the
least uncertain. While the live load (green) is always present over time, its magnitude varies. An earthquake load
(blue) is almost never present and its magnitude may be highly uncertain.

While these codified design philosophies are suitable for traditional structures, they may offer
little relevancy for more complex structural designs such as seismic loads or blast events. For
these non-traditional structures (in which both uncertainties in the load and the structure are
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likely), the engineer is responsible for ensuring that the structure’s design is reliable under the
required performance. An accepted quantification of risk is the de minimis risk, defined as the
annual rate of occurrence of failure below which society does not impose regulatory guidance.
Typical de minimis risk values are ≈ 10−6 to 10−7 , depending on the structure [1]. In the absence of a standardized design practice, the engineer is required to demonstrate that the structural design’s risk is below the de minimis. Thus a quantifiable approach to 1) identifying the
uncertainties, 2) quantifying the uncertainties, and 3) assessing the structure’s risk and reliability is required.

Performance-based Design
Automated analysis tools such as Thornton Tomasetti’s WABLAST suite enable fast and
parameterizable analysis of structural elements subjected to a blast load. This type of tool allows
for risk assessment when considering uncertainty material properties and uncertain loads, as
blast loads are typically highly uncertain. We demonstrate the process of risk quantification on
a 16′ steel beam, where the Young’s modulus is assumed to be 𝐸 = 29,000 ksi ± 10%. The
element under consideration for protective design is 50′ from a potential blast site.

Figure 4 - Schematic of building and blast location

According to the definition of risk above, the hazard and vulnerability should be analyzed
separately. In blast analysis, the threat may be assumed to be a function of the standoff distance
and charge weight. As the standoff distance is assumed to be maintained at 𝑅 = 50′, we assume
that only the charge weight 𝑊 can vary. Furthermore, we make the assumption that while a
truck may get within 50′ of the building, that the street is too narrow to allow a tractor trailer
into the standoff zone. The charge weight is correlated to the physical device carrying the TNT.
Therefore, the hazard as is assumed to take the form in Figure 5 left. The likelihood of the

21

charge weights is heaviest at low charge weights and tailors off toward weights typically
associated with trucks.

Figure 5 - Left: Likelihood of a charge weight occurring in a blast analysis. Center: Vulnerability of exceeding a
specified ductility threshold for a given charge weight. Right: Risk of exceeding a specified ductility threshold

The vulnerability is computed through a Monte Carlo analysis, in which the uncertain Young’s
modulus results in a distribution of structural responses for a given charge weight. The risk as
the convolution of the hazard and vulnerability is shown in Figure 5 right. Using uncertainty
quantification and Monte Carlo analysis, the risk estimate below provides a more accurate answer than just computing the structural vulnerability. For example, for a charge weight of 4000
lbs, the vulnerability assessment indicates a more conservative estimate of failure then the risk
estimate. The deterministic solution states that the single point estimate of the ductility, without
accounting for uncertainty in the load or material, is approximately 12% more than the ductility
limit threshold at a charge weight of 4000 lbs. Without a probabilistic assessment, we cannot
convey anything about the risk or reliability associated with the structural analysis and would
be forced to redesign the structure so that the response is below the threshold.

Metamaterials
In some engineering applications, we rely heavily on modeling and simulation to assess the
response of a design solution. One example of this is with the use of metamaterials.
Metamaterials are materials made from smaller elements/unit cells, but engineered in such a
way as to have desirable properties at a length scale larger than the unit cells comprising the
metamaterial. The length scale required is related to the expected excitation frequency and the
homogenized wave speed properties of the metamaterial at the relevant length scale. This
relationship is shown in Figure 6.
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Figure 6 – Example of metamaterials at various length scales [2].

At Thornton Tomasetti, metamaterials are being used to investigate solutions in the areas of
acoustic cloaking and seismic mitigation. While the applications may be different, metamaterial
design has a direct analogy to traditional structural design: first, the demand is determined based
on the expected excitation on the structure. Next, the engineer designs the metamaterial
structure to have a capacity that meets the demand. Uncertainty quantification manifests in the
“designing the metamaterials” aspect.
As there are no codified solutions for determining the homogenized properties for
metamaterials, we rely on modeling and simulation to predict these. The homogenized
properties of the metamaterial are then assessed against the required properties for meeting the
target structural response. For example in Figure 7, a wave approaches an object “cloaked” by
a metamaterial. As the wave enters the metamaterial, the wave bends around the object, as
opposed to scattering off it. The wave then exits the metamaterial as if nothing was there in the
first place.
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Figure 7 –Simulation of metamaterial cloaking an object

The required mechanical properties to achieve this phenomenon are understood. Metamaterial
design then proceeds by finding the design of the unit cell such that the homogenized properties
(and variance surrounding those estimated properties) of a lattice of repeated unit cells matches
the desired mechanical properties. First analysis is done on a single unit cell using static and
dynamic homogenization theory as is seen in Figure 8. The analytical stiffnesses and density
are estimated both assuming perfectly known material properties of the base material
comprising the unit cell (i.e. the red in Figure 8) as well as assuming a variance on the material
properties of the base material.

Figure 8 –Mode shapes resulting from single unit cell homogenization theory

Next, a numerical test of the metamaterial is undertaken in order to numerically verify that the
propagating wave in the material moves within the distribution of wave speed predicting by the
single unit cell homogenization theory as in Figure 9.

Figure 9 - Numerical verification of the wave speed in a metamaterial

Finally, a prototype of the metamaterial is fabricated (Figure 10 left) and tested to characterize
the resulting properties. As we are interested in the expected statistical variation on the
metamaterial properties, stochastic characterization methods such as Markov chain Monte
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Carlo are used (Figure 10 right). Once the statistical variation of the metamaterial homogenized
properties have been validated through testing, they can be analyzed in the context of the
expected metamaterial performance through Monte Carlo analysis. Statistics on a performance
metric are then used to quantify the reliability of the structural design, relative to the initial
required performance.

Figure 10 - Metamaterial prototype and statistical distribution of measured stiffness property

Additive Manufacturing
Additive manufacturing (AM), or 3D printing as it is commonly referred to, is quickly maturing
as a mainstream production method. AM will enable the engineering of highly complex, designoptimized structures, where the fabrication and construction can be driven by the design, and
not the other way around. In order to fully exploit the benefits and possibilities of AM, the
processes and challenges associated with the new opportunities need to be fully understood,
and the reliability of the structures included as part of the design process. Instrumental in
assessing AM structures’ reliability is a rigorous and principled understanding of the
interdependent processing-structure-property-performance relationships for additive materials.
Thornton Tomasetti has developed a holistic, lifetime reliability design framework (PR3DICT),
incorporating reliability from structural design optimization to the effects of repair after several
years in operation, and every step in-between. Each step during a component’s life (and the
uncertainties and variabilities occurring in those processes) affects the reliability of the step
following it and must be accounted for in an accurate and robust manner. The schematic of
PR3DICT is shown in Figure 11.

Figure 11 - PR3DICT is comprised of four modules: Design Optimization, AM Build Process, Operational
Monitoring, and Repair/Replacement. Each module represents a process of an AM component and may be
analyzed independently, or as a monolithic lifetime reliability framework, where each module depends on the
outputs and uncertainties before it.
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As the material and mechanical product qualities are highly variable in AM processes,
quantifying the uncertainty surrounding those product qualities is required to propagate into
models that will predict the structural response. Data-driven predictive models such as machine
learning are capable of using a sparse sample of AM test data to train an empirical predictive
model relating AM processing parameters (such as laser power and the dwell time at one spot)
to product qualities of interest (e.g. density). This model can then be used to determine the
combination of AM processing parameters that should be used to achieve a target product
quality.
As we are interested in understanding the uncertainty surrounding the product qualities of
interest, we use models capable of estimating the variance associated with the predictive
estimates, such as Gaussian Processes. For example, in Figure 12, 75 specimens were printed
at various laser power, dwell time, and jump/point distance settings, and their densities were
measured. This data is used to train a predictive model that determines the probability
distribution for data 𝑌 (i.e. density), as opposed to a single point estimate of the objective. We
are determining the probability distribution 𝑝(𝑌|𝑥, 𝑓), where 𝑓 is the predictive model trained
on the user-provided data. This probability distribution states, “what is the probability of
objective 𝑌, given new predictor values 𝑥, and the trained predictive model 𝑓.
In this type of UQ analysis the engineer has the ability to specify the measurement error (e.g.
density), which may vary as a function of the predictor and predictor interactions. The user can
also specify a priori uncertainty in predictor values (e.g. the laser power is 300 W ± 10 W).

Figure 12 – Left: 1 𝑐𝑚3 specimens fabricated on a Renishaw AM250 machine. The 25 specimens in each box
correspond to different laser powers. Within each laser power box the laser dwell time and point distance are
varied. Right: Each surface is a slice of the predictive model relating the AM processing conditions (laser power
and dwell time) to the component density. The heat maps on the surfaces correspond to the standard deviation
(i.e. UQ) surrounding the predicted density value

The predictive model and UQ are shown in Figure 12 right for the density data, where density
is predicted as a function of laser power and dwell time, and the red points correspond to
experimental data points. The heat maps correspond to estimates of uncertainty in the predictive
model, where red indicates high uncertainty and occurs furthest from the experimental data
points. The predictive model indicates that areas far away from the training points should be
trusted less. It also indicates that there is high variability in the data for low values of laser
power and dwell time, possibly indicating insufficient powder particle melting and highly
variable density estimates.
An engineer can then use this predictive model within a lifetime reliability framework such as
PR3DICT. If the engineer chooses AM processing conditions where the density is highly variable, she/he should also propagate the associated highly uncertainty density estimates into the
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next module of the reliability framework. The engineer could also use this type of model to
choose AM processing conditions that result in more robust product qualities.

Conclusions
Technology advancements are enabling engineers to design and build structures for which
standards cannot keep up. If there is no accepted design solution (for either the design analysis
approach or fabrication method), the engineer must demonstrate that a particular structural design and analysis is acceptably reliable, where the definitions of risk and reliability should account for uncertainties in models, model parameters, and data. The three examples shown here
(performance-based design for blast analysis; metamaterials; and additive manufacturing)
demonstrate some of TT’s approaches to incorporating uncertainty in our analyses to ensure
reliability.
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Abstract: Interdependent infrastructure like transportation, water and wastewater, and
electric power are critical for the economic growth and well-being of societies. However, infrastructure are vulnerable to both natural hazards (e.g., earthquakes, hurricanes
and floods) and anthropogenic hazards (e.g., industrial accidents and malevolent acts).
The societal impact of damage to the infrastructure is typically many folds the direct
physical damage, can have a large spatial footprint and can be long lasting. Ongoing
population growth, economic development of regions vulnerable to natural hazards, and
climate change are further intensifying societal risks. This paper presents a formulation
to quantify and predict the societal impact of hazards by bringing together multidisciplinary models and formulations. The presented formulation also provides the means to
evaluate the risks with relevant consideration toward resilience and sustainability.

Introduction
Probability and risk are often used as measures for decision-making [5]. In particular, comparative
risk analysis can be used to weight the risks associated to different options or designs [11-13]. However, in risk analysis for natural and anthropogenic hazards, the consequences typically considered
are narrowly defined [25] and there is no consideration toward the possible inequalities of the impacts across society. While inequalities are typically present before the occurrence of a hazard (e.g.,
in the state of well-being of individuals as well as in their vulnerability to hazards), the occurrence
of an extreme event typically exacerbate such inequalities [13]. Inequalities among individuals can
be both spatial (across different areas) and temporal (across different generations). As noted in [27],
spatial and temporal variability of the impacts call for considerations toward inter- and intra-generational equity (both concepts tied to sustainability). Finally, for risk evaluation it is critical to look
at the time to recovery, which calls for consideration of resilience.
The opportunities that individuals have are constitutive components of the level of societal wellbeing [35]. Such opportunities depend on what an individual has (e.g., personal resources, skills,
and knowledge) and what he/she can do with that given legal, economic, social constraints as well
as the characteristics of the physical infrastructure. For example, infrastructure play a critical role
on the opportunities of being mobile, being nourished, having shelter and being educated. The ability of infrastructure to recover from the impact of a hazardous event affects directly the ability of
individuals to regain their opportunities and with them improve their well-being.
Considering performance and safety of infrastructure, in the past decade significant attention has
been devoted to infrastructure components (e.g., bridges, buildings, and electrical substations) (e.g.,
[6,33]) and, more recently, individual infrastructure considered in isolation (e.g., [16,21]). How-
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ever, each infrastructure typically depends on other (supporting) infrastructure and loss of functionality of the supporting infrastructure can have cascading effects on the dependent infrastructure
[4,39]. More generally, there are dependencies/interdependencies among physical infrastructure
and non-physical infrastructure (e.g., socio-economic systems). So to assess the functionality of
infrastructure it is critical to consider the relevant dependencies/interdependencies. Section 2.1 discusses how to model the dependencies/interdependencies of infrastructure. Other factors that need
to be considered when assessing the impact of hazards on (physical) infrastructure are: the aging
and deterioration of infrastructure components (discussed in Section 2.2), climate change (discussed
in Section 2.3), and going from the physical damage to the reduction or loss of functionality (discussed in Section 2.4). A general formulation that assesses the change in the state of infrastructure
ought to be probabilistic to account for the relevant uncertainties [5,6].
Assessing and evaluating societal risks require the definition of relevant measures of societal impact
as well as new multidisciplinary models that translate the impact of a hazard on the infrastructure
into the measures of societal impact. Commonly used measures of impact include direct physical
damage, dollar loss and duration of downtime [7]. However, Murphy and Gardoni [25] pointed out
that such measures are incomplete (both as measures of the immediate impact and to gauge the state
of recovery). In addition, hazards often have larger impacts on vulnerable populations (e.g., [20]).
Therefore, there is a need to define measures of impact that can describe the spatial and temporal
variability of the impact. Since the opportunities that individuals have are manifestations of the level
of societal well-being (as noted earlier), Murphy and Gardoni [25-29], Gardoni and Murphy [8-12],
and Tabandeh [37] proposed to use changes to such opportunities as measures of impact as well as
a general formulation to quantify the spatial and temporal variability of the impact.
This paper presents a formulation to quantify and predict the societal impact of hazards by bringing
together multidisciplinary models and formulations. With regard to the modelling of the impact of
hazards on infrastructure, special considerations are given to the treatment of dependencies/interdependencies, the impact of aging and deterioration, the impact of climate change, and the conversion of physical damage into reduction or loss of functionality. With regard to the assessment of the
societal impact, the paper shows how genuine opportunities can be used to gauge societal wellbeing and how changes to such opportunities can be used to gauge the impact of hazards. The presented formulation also provides the means to evaluate the risks with relevant consideration of resilience and sustainability.

Regional Risk Assessment
There are three main steps in assessing the impact of hazards on infrastructure. First, intensity
measures (IMs) of the hazard are propagated so that each point in the relevant footprint of the infrastructure has a corresponding value of the IMs. Then, the physical inventory needs to be defined
providing information on the structures/infrastructure. For example, for the buildings in the region
of interest information needs to be provided on their construction type and material, year of construction, and other classification parameters that are used in the next step. Spatially distributed
networks (e.g., transportation, electric power, and water and wastewater networks) consist of nodal
elements (e.g., bridges, distribution nodes, and pumping stations) and linear elements (e.g., roads,
electric power distribution lines, and pipelines). An adjacency matrix can be used to describe the
topology of the networks [15]. The final step estimates the level of damage of the elements in the
infrastructure for the given IMs at the site using fragility curves for the nodal elements (e.g., [6]),
and repair rate curves for the linear elements [5].
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2.1 Modelling Dependencies/Interdependencies among Infrastructure
The failure of a network is typically defined as the loss of connectivity of one or more nodes from
the remaining of the network [21]. Different measures of connectivity like the diameter and efficiency of the network have been proposed to describe the state of a network [3,16]. However, these
measures only consider individual networks and do not capture dependencies and interdependencies among networks. Expanding the adjacency matrix with sub-adjacency matrices can capture the
dependencies and interdependencies among networks [15]. Guidotti et al. [17] proposed a Multilayer Heterogeneous Network modelling approach to model and assess the reliability of dependent/interdependent physical and non-physical infrastructure. In this approach, the component types
define the different elements in the system of infrastructure and the layers define the types of dependencies/interdependencies. In the Multi-layer Heterogeneous Network modelling approach connectivity metrics can be generalized to describe dependent/interdependent infrastructure.

2.2 The Impact of Aging and Deterioration of Infrastructure
Aging and deterioration due to multiple deterioration mechanisms can affects the state, service and
reliability of infrastructure [2,14,23]. Specifically, aging and deterioration can lead to higher values
of fragility, repair rates and failure probabilities resulting in reductions in the functionality and service
life of infrastructure. Deterioration mechanisms are likely to interact with each other leading to a faster
deterioration of the overall state of infrastructure than when simply superimposing the effects of single
mechanisms. Jia and Gardoni [18] and Jia et al. [19] developed state-dependent models to predict the
impact of aging and deterioration on the state and reliability of infrastructure accounting for the possible interaction of deterioration mechanics. These models can be used, for example, in a Renewal
Theory-based Life-cycle Analysis [19,22,23] to model the entire service life of an infrastructure.

2.3 The Impact of Climate Change
Recent studies [13,30] have shown that it is increasingly important to account for the effects of climate
change when conducting regional risk analysis. First, climate change is affecting the likelihood of
occurrence, magnitude and consequences of specific natural hazards like heat waves and droughts,
severe precipitations, and hurricanes [13,30]. Second, climate change is affecting the aging and deterioration of infrastructure. Shock deteriorations might become more frequent due to the higher likelihood of occurrence of severe natural events, and gradual deteriorations might be accelerated by the
changes in the environmental conditions they depend on. Third, considering the societal impact of
hazards, climate change is likely to exacerbate social differences and inequalities. For example, individuals living in areas subject to extreme events that are likely to be impacted be climate change (e.g.,
floods) are often those already worst off. Finally, climate change is increasing the overall uncertainty
in the prediction of the physical damage to infrastructure as well as of the societal impact.

2.4 Going from Physical Damage to Reduction or Loss of Functionality
In order to assess the societal impact of hazards, we need to assess the reduction or loss of functionality of the infrastructure that result from their direct physical damage and from the damage of the
supporting infrastructure [4,15]. For example, the functionality of a water network could be affected
by the physical damage to the supporting electric power network. Guidotti et al. [15] developed a
probabilistic procedure to assess the reduction or loss of functionality resulting from the physical
damage to a system of infrastructure accounting for their possible dependencies/interdependencies
as well as aging and deterioration.
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Social Vulnerability
For natural events to turn into disasters, there must be social vulnerability [1,13,34,40]. Here vulnerability is defined as the propensity of society to be impacted. Based on past disasters, a number
of researchers (e.g., [20]) identified socio-economic characteristics of individuals and households
that make them more vulnerable and, as it will be relevant for a later discussion on recovery, that
hinder the recovery process (e.g., [24,32]). These studies found that the segments of the population
that are worst off in terms of their socio-economic conditions often have higher exposure and higher
vulnerability to natural hazards. Therefore, it is essential to account for the social vulnerability when
estimating the impact of changes in the infrastructure on the well-being of individuals. Understanding why individuals and households might be particularly vulnerable is important also in the development of effective mitigation strategies that promote social equity. However, social vulnerability
studies are typically case-specific and lack the quantitative generalizability needed to couple vulnerability analysis with regional risk analysis. A Capability Approach [8-12,25-29,37] can be used
to assess the societal impact of hazards on the well-being of individuals in a way that can be naturally coupled with regional risk analysis. This approach is discussed next.

Capability Approach to Risk Assessment and Evaluation
Murphy and Gardoni [25-29] and Gardoni and Murphy [8-12] proposed a Capability Approach to
assess and evaluate the societal impact of hazards. Capabilities are the opportunities an individual
has to do or become things of value like the opportunities of being mobile, being nourished, having
shelter and being educated [35]. Capabilities (or opportunities) define the level of societal wellbeing of individuals.
The capabilities an individual has depend on his/her personal resources (including wealth, skills and
knowledge), what he/she can do with what he/she has given legal, economic, social constrains, as
well as the characteristics of the physical infrastructure. For example, infrastructure play a critical
role on the opportunities of being mobile, being nourished, having a shelter and being educated.
The ability of infrastructure to recover from the impact of a hazardous event also affects directly
the ability of individuals to regain their opportunities and with them their well-being. Based on this
observation, Murphy and Gardoni [25] proposed to gauge the impact of hazards in terms of the
changes of the individual capabilities.
A Capability Approach to risk assessment and evaluation has some clear benefits. Specifically, it
• focuses directly on what is of ultimate interest, namely societal well-being, capturing both
the negative impact of a hazard as well as possible positive impacts that might come from,
for example, the opportunities generated in the recovery process;
• can be coupled with the results of regional risk analyses by capturing the role of infrastructure on capabilities of individuals;
• can account for social vulnerability by capturing the socio-economic and institutional factors that define social vulnerability; and
• provides the means to evaluate risk as acceptable or tolerable (as discussed later).
The Capability Approach can be operationalized in the following four steps [9,37]:
1. Selection of capabilities. Capabilities are selected based on their importance and likelihood
of being affected by a given hazard. An example could be the capability of meeting physiological needs. To avoid double counting a specific dimension of well-being, capabilities
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need to be mutually exclusive or incommensurable (no gains in one capability should compensate for the lack of a different capability).
2. Selection of indicators. Indicators are selected to serve as more easily quantifiable proxies
to capabilities. For example, frequency of problems with supply of drinking water or frequency of problems satisfying food needs could be proxies for the capability of meeting
physiological needs.
3. Development of probabilistic predictive models to predict the values of the selected indicators as a function of characteristics of the infrastructure and of the society. Regression models can be constructed using available past data and updated as new data become available.
4. Development of an aggregate measure. For example, the probabilistic models developed in
Step 3 can be used in a system reliability formulation to define the probability that an individual state is above or below a desired level.
Details on Steps 1 and 2 can be found in [8-12, 25-29]. Additional details on Steps 3 and 4 are given
in the remaining of this section.

4.1 Modeling of the Dependence of Capabilities on Infrastructure Functionality
and Socio-economic Conditions
Tabandeh et al. [37] developed probabilistic predictive models for different indicators. The probabilistic models are functions of different regressors that describe the functionality of the infrastructure as well as socio-economic conditions of the individuals.
For real-valued indicators, the model form of the probabilistic predictive model can be written as
nl

T  I l ( xl ; Θl )  = T  Iˆl ( xl )  + ∑ θl , j xl , j + σ l ε l ,
j =1

(1)

where T (⋅) is a variance stabilizing transformation; I l (xl ; Θl ) is the predicted value of the lth indicator;
xl := ( xl ,1 ,..., xl , nl ) is the set of regressors; Θl := (θl , σ l ) is the set of unknown model parameters that need

to be estimated, in which θl := (θl ,1 ,...,θl , n ) ; Iˆl (xl ) is an existing deterministic model for predicting the
l

value of the lth indicator (e.g., the mean of the measured values of the indicator for all individuals);
σ l ε l is the model error term, in which σ l is the standard deviation of the model error that is independent of xl (homoskedasticity assumption) and ε l is a standard normal random variable (normality assumption). The variance stabilizing transformation T (⋅) should be selected so that the
homoskedasticity and normality assumptions are (at least approximately) satisfied.
For categorical indicators with Kl possible categories, the model can be written as a multinomial
logit model
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where P[ I l (xl , Θl ) = k ] is the probability that the category of the
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indicator, I l , is

k = 1, , K l ;

and

Θl := (θl ,1 ,..., θl , Kl −1 ) is the set of unknown model parameters that need to be estimated, in which

θl , k := (θl , k ,1 ,...,θl , k , nl ) . The other variables are defined as in Eq. (1).
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The values of the repressors and the indicators measured before a disrupting event can be used to
calibrate the models (i.e., to estimate the model parameters Θl ). The occurrence of a disrupting even
changes the values of some or all of the regressors (for example those capturing the functionality of
the infrastructure). Using the new values of the regressors in the models gives an estimate of the
values of the indicators (for the real-values indicators) and of the probabilities of being in each
category (for the categorical indicators) as a result of the disrupting event.

4.2 Developing an Aggregate Measure
Tabandeh et al. [37] proposed a Reliability-based Capability Approach (RCA) to develop an aggregate measure of the capabilities of an individual. The RCA uses the predictive models in Eqs. (1)
and (2) into a system reliability formulation to estimate the probability that the state of an individual
is above or below a desired level. Because the capabilities are incommensurable (as discussed in
Step 1 of the operationalization of the Capability Approach), the well-being of an individual can be
described as a series system where failure to meet a desired threshold of any component (each individual capability) implies a failure of the system.

4.3 Risk Evaluation
To answer the question “Is the level of risk acceptable or not?” Murphy and Gardoni [27] proposed
to compare the aggregate level of impact with an acceptable threshold and a tolerable threshold of
risk also defined in terms of capabilities. The acceptable threshold corresponds to the minimum
level of capabilities that should be permissible over any period of time. The definition of such
threshold reflects the demands of justice, “necessary condition of justice for a public political arrangement is that it deliver to citizens a certain basic level of capability” [31].
Under special conditions (e.g., dictate by the occurrence of an extreme event), Murphy and Gardoni
[27] argued that a lower level of capabilities could be allowed and defined a tolerable state. Such
state should be temporary and reversible, and above a minimum tolerability threshold. The tolerability threshold is the absolute minimum level of capabilities any individual should have at any
time. The precise values of the thresholds of acceptable and tolerable risk can be based on the research on the obligations associated with human rights and can also be informed by processes of
democratic deliberation. Based on this taxonomy of risks, a risk can be defined as acceptable (or
not) based on the immediate impact (see Fig. 1 for a schematic representation from [12]). When a
risk is below the acceptable threshold and above the tolerable threshold, to assess whether it is
tolerable or not we need to consider the temporal aspect of recovery to see if the impact is reversible
and, if so, if the recovery is sufficiently fast or not.

Figure 1: Schematic representation of individual risk evaluation [12]
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When evaluating a risk as tolerable or not then there are two fundamental questions
1. “How fast does a community or individual recover?” This question is related to the concept
of “resilience” and it will be discussed next. In general, the more resilient are the infrastructure, the shorter is the recovery process and the more tolerable are the impacts.
2. “What counts as ‘temporary’ or ‘short’ versus ‘long’ recovery for purposes of satisfying the
tolerable threshold?” This is a normative question, requiring judgment as to how long we
are willing to permit individuals to remain below the acceptable threshold. Answering this
question is beyond the scope of this paper.

Resilience
Resilience is generally defined as the ability of a subject (e.g., individual, community, economic
system) to return to normal functioning within a reasonable timeframe following a disruption [4,5].
Judgments on the tolerability of a risk take into account the time period during which an individual
is below the acceptable threshold level of capability. So resilience plays a crucial role in enabling
an individual to recover quickly and therefore rendering a risk tolerable. A number of elements
influence resilience, including importantly infrastructure, which is the subject of this section.

5.1 Recovery and Resilience of Deteriorated Infrastructure
Current design approaches and mitigation strategies are increasingly promoting infrastructure resilience. The recovery process of infrastructure can be modelled mathematically using the stochastic
formulation in [36]. This stochastic formulation models: 1) the completion time of the recovery
steps (which are a group of recovery activities that improve the reliability or functionality of the
system), and the occurrence time of disrupting shocks, as well as 2) the system state after the completion of each recovery step or the occurrence of a disrupting shock. In addition, Guidotti et al.
[15] studied the impact of network dependencies on the resilience of infrastructure, and found that
network dependencies can significantly slow down the recovery of dependent networks.

5.2 Recovery and Resilience of Society
Since the functionality of infrastructure affects the well-being of society, the recovery of the infrastructure after a disaster is essential for the recovery of society, and the resilience of infrastructure
translates into resilience of society. A Capability Approach can be used to translate the predicted
infrastructure recovery into a prediction of societal recovery [27]. Specifically, the estimates of the
functionality of the relevant infrastructure derived from the modelling of the infrastructure recovery
can be used as time-dependent values of the regressors in the predictive models in Eqs. (1) and (2).
Using such time-dependent values instead of the values of the regressors before or immediately after
the occurrence of an extreme event gives time-dependent values of the indicators of well-being.
Mathematically this can be done, for example, using a Dynamic Bayesian Network (DBN) [38].

Sustainability and Social Justice
Sustainability expresses a desire not only to restore but also to maintain over time a certain level of
well-being. There are three generally recognized aspects of sustainability [27]: a) environmental
justice; b) intra-generational justice; and c) intergenerational justice. As a result, sustainability is
clearly linked with social justice, which is concerned with fairness in distributions.
A flourishing natural ecosystem may be seen as good in itself and for instrumental reasons, insofar
as a flourishing natural ecosystem is also an important element for the well-being of individuals.
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To incorporate a concern for sustainability in the proposed framework, it is necessary to include a
consideration of the environment in the selected capabilities. This could be either in the form of an
individual capability focused specifically on the environment and/or environmental regressors that
capture the impact on well-being of a hazardous event as it changes the environment.
A basic requirement of intra-generationally just immediate impact and recovery processes is that
there is fairness in the distribution of the impact [11], and resources and consequently opportunities
for recovery in a reasonable time are available to all individuals [41]. In addition, recovery must
respect and ideally promote intergenerational equity [24]. Intra-generational and intergenerational
justice require consideration of the distribution of the capabilities across individuals (across space
and time). In parallel to what said for the evaluation of risk at the individual level, one way to take
into account these justice-based considerations is to define ranges of permissible inequality. If the
inequalities are likely to be exacerbated too much (in space or time) then the risk might not be
acceptable. On the other hand, if the exacerbation is limited then the risk might be tolerable as long
as the exacerbation is temporal.

Conclusions
Natural and anthropogenic hazards can have significant impacts on the well-being of society. Infrastructure play a critical role in the well-being of society both before the occurrence of a hazard
by providing the required services and after the occurrence of a hazard by making the recovery of
well-being possible. Regional risk analysis and resilience analysis can help predict the impact of
hazards and guide the development of mitigation and recovery strategies that promote well-being
and social justice.
A question addressed in the paper is how to convert the state of the infrastructure into a measure of
well-being. Since the opportunities that individuals have are manifestations of the level of societal
well-being, a Capability Approach (where capabilities are the genuine opportunities that individual
have) can be used to bridge this gap. A Capability Approach can capture also social vulnerability
factors that along with the state of the infrastructure shape the level of societal well-being, and offers
the means for evaluating risks as acceptable or tolerable with considerations toward resilience, sustainability and social justice.

Acknowledgements
The insightful comments from Prof. Colleen Murphy, Armin Tabandeh, Roberto Guidotti, and
Jessica Boakye at the University of Illinois at Urbana-Champaign are acknowledged. The research
presented in this paper was supported in part by the Engineer Research and Development CenterConstruction Engineering Research Laboratory (ERDC-CERL) of the US Army Corps of Engineers (Award: W9132T-15-SOI-0003) and the MAE Center: Creating a Multi-hazard Approach to
Engineering at the University of Illinois at Urbana-Champaign. The views expressed are those of
the author, and may not represent the official position of the sponsors.

References
[1]
[2]

Adger, W.N. (2006). Vulnerability. Global Environmental Change, 16(3), 268-81.
Choe, D., Gardoni, P., and Rosowsky, D., (2010). “Fragility increment functions for
deteriorating reinforced concrete bridge columns,” ASCE Journal of Engineering Mechanics,
136 (8), 969-978.

35

[3]
[4]

[5]
[6]

[7]
[8]

[9]

[10]
[11]
[12]

[13]
[14]
[15]

[16]
[17]

[18]

[19]

[20]

[21]

Crucitti, P, Latora, V., Marchiori, M., and Rapisarda, A., (2003). Efficiency of scale-free
networks: error and attack tolerance. Physica A: Stat. Mech. and its Applications, 320, 622–42.
Ellingwood, B.R., Cutler, H., Gardoni, P., Peacock, W.G., van de Lindt, J.W., and Wang, N.
(2016). The Centerville virtual community: A fully integrated decision model of interacting
physical and social infrastructure systems. Sustainable and Resilient Infrastr., 1(3-4), 95-107.
Gardoni, P., (Ed.), (2017). Risk and Reliability Analysis: Theory and Applications, Springer.
Gardoni, P., Der Kiureghian A., Mosalam K.M., (2002). “Probabilistic capacity models and
fragility estimates for RC columns based on experimental observations,” ASCE Journal of
Engineering Mechanics, 128 (10), 1024-1038.
Gardoni, P., and LaFave, J., (Eds.) (2016). Multi-hazard Approaches to Civil Infrastructure
Engineering, Springer.
Gardoni, P., and Murphy, C., (2008). “Recovery from natural and man-made disasters as
capabilities restoration and enhancement,” International Journal of Sustainable Development
and Planning, 3 (4), 1-17.
Gardoni, P., and Murphy, C., (2009). “Capabilities-based Approach to measuring the societal
impacts of natural and man-made hazards in risk analysis,” ASCE Natural Hazards Review, 10
(2), 29-37.
Gardoni, P., and Murphy, C., (2010). “Gauging the societal impacts of natural disasters using a
Capabilities-based Approach,” Disasters, 34 (3), 619-636.
Gardoni, P., and Murphy, C., (2014). “A scale of risk,” Risk Analysis, 34 (7), 1208-1227.
Gardoni, P., and Murphy, C., (2017). “Society-based Design: Promoting Societal Well-being
by Designing Sustainable and Resilient Infrastructure,” Sustainable and Resilient Infrastr.
(under review).
Gardoni, P., Murphy, C., Rowell, A., (Eds.) (2016) Societal Risk Management of Natural
Hazards, Springer.
Gardoni, P., and Rosowsky, D., (2011). “Seismic fragility increment functions for deteriorating
reinforced concrete bridges,” Structure and Infrastructure Engineering, 7 (11), 869-879.
Guidotti, R., Chmielewski, H., Unnikrishnan, V., Gardoni, P., McAllister, T., and van de Lindt,
J. (2016). “Modeling the resilience of critical infrastructure: the role of network dependencies,”
Sustainable and Resilient Infrastructure, 1(3-4), 153-168.
Guidotti, R., Gardoni, P., and Chen, Y. (2017). Network reliability analysis with link and nodal
weights and auxiliary nodes,” Structural Safety. Vol. 65, pp 12–26.
Guidotti, R., Gardoni, P., and Chen, Y. (2017). “Multi-layer heterogeneous network model for
interdependent infrastructure systems,” In Proc. of the 12th International Conf. on Structural
Safety & Reliability (ICOSSAR 2017), August 6-10, 2017, Vienna, Austria.
Jia, G., and Gardoni, P. (2017). “State-dependent stochastic models: A general stochastic
framework for modeling deteriorating engineering systems considering multiple deterioration
processes and their interactions,” Structural Safety (under review).
Jia, G., Tabandeh, A., and Gardoni, P., (2017). “Life-cycle Analysis of Engineering Systems:
Modeling Deterioration, Instantaneous Reliability, and Resilience,” in Paolo Gardoni (Ed.) Risk
and Reliability Analysis: Theory and Applications, Springer.
Kajitani, Y., Okada, N., Tatano, H., (2005). “Measuring Quality of Human Community Life
by Spatial-Temporal Age Group Distributions-Case Study of Recovery Process in a DisasterAffected Region,” Natural Hazards Review, 6 (1), 41-47.
Kang, W.H., Song, J., and Gardoni, P. (2008). “Matrix-based system reliability method and
applications to bridge networks,” Reliability Engineering and System Safety, 93, 1584–93.

36

[22] Kumar, R., and Gardoni, P., (2014). “Renewal theory-based life-cycle analysis of deteriorating
engineering systems,” Structural Safety, 50, 94-102.
[23] Kumar, R., Cline, D., and Gardoni, P., (2015). “A stochastic framework to model deterioration
in engineering systems,” Structural Safety, 53, 36-43.
[24] Mileti, D.S., (1999) Disasters by Design: A Reassessment of Natural Hazards in the United
States. Joseph Henry Press. Washington, D.C.
[25] Murphy, C., and Gardoni, P., (2006). “The role of society in engineering risk analysis: a
Capabilities-based Approach,” Risk Analysis, 26 (4), 1073-1083.
[26] Murphy, C., and Gardoni, P., (2007). “Determining public policy and resource allocation
priorities for mitigating natural hazards: a Capabilities-based Approach,” Science and
Engineering Ethics, 13 (4), 489-504.
[27] Murphy, C., and Gardoni, P., (2008). “The acceptability and the tolerability of societal risks: a
Capabilities-based Approach,” Science and Engineering Ethics, 14 (1), 77-92.
[28] Murphy, C., and Gardoni, P., (2010). “Assessing capability instead of achieved functionings in
risk analysis,” Journal of Risk Research, 13 (2), 137-147.
[29] Murphy, C., and Gardoni, P., (2011). “Evaluating the source of the risks associated with natural
events,” Res Publica, 17 (2), 125-140.
[30] Murphy, C., Gardoni, P., and McKim, R., (Eds.) (2017, forthcoming) Climate Change and Its
Impact: Risks and Inequalities, Springer.
[31] Nussbaum, M. (2000). “Aristotle, politics, and Human Capabilities,” Ethics, 111(1), 102-140.
[32] Peacock, W.G., and Girard, C., (1997). “Ethnic and racial inequalities in hurricane damage and
insurance settlements,” In W.G. Peacock, B.H. Morrow and H. Gladwin (Eds.) Hurricane
Andrew: Ethnicity, Gender and the Sociology of Disasters. Routledge, London.
[33] Ramamoorthy, K.S., Gardoni, P., and Bracci, M.J., (2008). “Seismic fragility and confidence
bounds for gravity load designed reinforced concrete frames of varying height,” ASCE Journal
of Structural Engineering, 134 (4), 639-650.
[34] Ribot, J. (1995). “The causal structure of vulnerability: Its application to climate impact analysis,” GeoJournal, 35(2), 119-22.
[35] Sen, A. (1999). Development as Freedom. New York: Anchor Books.
[36] Sharma, N., Tabandeh, A., and Gardoni, P. (2017) “Resilience Analysis: A Mathematical
Formulation to Model Resilience of Engineering Systems,” Sustainable and Resilient Infrastr.
(forthcoming).
[37] Tabandeh, A., Gardoni, P., and Murphy, C. (2017). “Reliability-based capability approach: A
system reliability formulation for the capability approach,” Risk Analysis: DOI:
10.1111/risa.12843.
[38] Tabandeh, A., Gardoni, P., Murphy, C., and Myers, N., (2017). “A Dynamic Bayesian Network
for Capability-Based Risk and Resilience Analysis,” Proc. of the 12th International Conf. on
Structural Safety & Reliability (ICOSSAR 2017), August 6-10, 2017, Vienna, Austria.
[39] Vespignani, A., (2010) “Complex networks: The fragility of interdependency,” Nature, 464,
984-985.
[40] Wisner, B., Blaikie, P., Cannon, T., and Davis, I. (2003). At risk: Natural hazards, people’s
vulnerability and disasters (2nd edition). New York: Routledge
[41] World Commission on Environment and Development (1987). Our Common Future, Oxford
University Press: New York.

37

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Stochastic Renewal Processes in Structural Reliability
Analysis: An Overview of Models and Applications
Mahesh D. Pandeya
a Department

of Civil Engineering, University of Waterloo, Waterloo, Canada

Abstract: The theory of stochastic processes has played a pivotal role in probabilistic modeling of structural reliability and risk analysis problems. This paper
presents an overview of a particular class of stochastic processes, namely, renewal processes, and shows that refined concepts of this theory can be used to
solve a larger class of problems. The renewal process model also generalizes
many traditional solutions , which were obtained under the assumption of the
homogeneous Poisson process.

1

Introduction

Stress

PDF

Strength

Figure 1: A basic reliability problem

A basic reliability problem, as shown in Figure 1, involves two random variables, stress and strength.
The probability of failure is then defined as the probability of strength being less than the stress. The
solution of this reliability problem in more general and multi-variate settings has been an active area
of research in the literature [7].
A static formulation of the reliability problem is not applicable to a general reality in which both
stress and strength tend to vary with time. Considerations of time-dependent and random variations
in stress and strength motivated the use of stochastic processes in reliability analysis. Although a
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wide variety of stochastic process models are available in the literature, a more specialised model of
the stochastic renewal process has proven to be quite useful in solving a multitude of reliability and
maintenance problems.
The two simplest models of stochastic processes are the Bernoulli process and the random walk.
The Bernoulli process is a discrete time model in which an event can occur at a point in time with
probability p. In this model, quantities like the distribution of the number of events in a time interval,
(0,t], is given by the binomial distribution, the time between the events by the geometric distribution,
and the time of arrival of a kth event is given by the negative binomial distribution. In short, this
problem can be solved completely with the aid of simple combinatorial and probabilistic arguments.
The continuous time version of the Bernoulli process is the homogeneous Poisson process (HPP)
in which the time between events follows an exponential distribution. All probabilistic quantities
of interest related to HPP model can be solved in a more or less analytical fashion. This analytical
simplicity of HPP makes it the most widely used model in the time-dependent reliability analysis.
The random walk is another basic model in which the process at each time step takes either a value of
+1 with probability p, or −1 with probability (1 − p). This process is useful in modeling stochastic

diffusion processes, such as the Brownian motion. The continuous time analogue of this model is
widely used in the random vibration analysis of structures. This stochastic diffusion processes are
not considered in this paper.
Parallel to developments in structural reliability analysis, the classical theory of equipment reliability
also utilized probabilistic concepts and methods. In this field, effects of all variabilities associated
with applied stresses, equipment capacity, and environmental factors are expressed by randomizing
the lifetime (T ) of the equipment. Therefore, the reliability analysis of a non-repairable system can
be formulated in terms of a single lifetime distribution. A non-repairable problem means that there
is no opportunity to repair the system after failure, which generally has sever consequences. Many
problems in structural engineering are of non-repairable type, e.g., collapse of a bridge or a building.
In case of a repairable system, it is assumed that after each failure the system is restored to as good as
new condition. The source of randomness is still in the lifetime of each replaced unit, also known as
the time between failure (T ). The stochastic renewal process turned out to be a natural candidate to
analyze this class of problem and compute the expected number of renewals, the renewal rate and the
unavailability of the system. There is a large body of literature on the optimization of maintenance
policies based on renewal processes and more advanced models like semi-Markov processes [2].
This field has exerted considerable influence on extending the application of the renewal processes
to structural reliability and maintenance problems [19].
A short overview paper of this type must include a disclaimer. Given the limited length of the
manuscript, it is impossible to review and cite a large body of literature on stochastic analysis of
structural reliability problems. Rather, a modest aim taken here is to summarize key ideas and trends
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relevant to the central theme of this study.
A comprehensive study by Rosenblueth [16] introduced the renewal process model for the estimation
of expected losses caused by recurring hazards, such as, earthquakes, strong winds and tsunamis. An
original approach of Cornell to the modeling of seismic risk by the homogeneous Poisson process
has had a profound influence [4]. Since then, this model has served almost exclusively as a foundation of numerous studies on risk, reliability and life cycle cost analysis in civil engineering [8].
The interest in the renewal process model was rekindled by Rackwitz [14], in which Rosenblueth’s
model was extended to combine it with the Life Quality Index framework [11]. In a series of papers,
Rackwitz and his co-workers applied the renewal process model to analyze effects of degradation
and maintenance in life cycle analysis [6, 15, 5].
Several studies reported in the literature share the following common aspects. The homogeneous
Poisson process model is omnipresent in the literature, as it leads to considerable analytical simplifications and avoids dealing with intricacies of stochastic theory [13, 14]. Life cycle cost analyses that
utilize the renewal process are largely based on asymptotic formulas for computing expected cost..
Although the asymptotic formulas are extremely simple, the underlying assumption that service life
approaches infinity is rather unrealistic in financial planning and capital budgeting over a finite life
of the structure [3]. This paper intends to show that such limitations can be overcome by utilizing
more refined concepts of the renewal process theory.
The paper is organized as follows. Section 2 presents basic terminology and a summary of models
that are developed based on the renewal theory. Applications of these models to solve different types
of problems are summarized in Section 3. The last Section presents key points of this study.

2
2.1

Stochastic Renewal Process: Basic Models
Point Process and Counting Process
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Figure 2: (a) A schematic of the renewal process. (b) An illustration of the renewal decomposition argument
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A (simple) point process is a random and strictly increasing sequence of positive real numbers, S0 <
S1 < S2 < ∙ ∙ ∙ , without a finite limit point, i.e., as i → ∞, lim Si → ∞. A point process is equivalently

represented by a sequence of random inter-occurrence times, T1 , T2 , ∙ ∙ ∙ , with Tn = Sn − Sn−1 . The
arrival time of an ith event is a partial sum, Si = T1 + T2 ∙ ∙ ∙ + Ti , with the cumulative distribution,
FSi (x) = P [Si ≤ x] .

The number of events in a time interval, (0,t], denoted as N(t), t > 0, is referred to as the counting
process associated with partial sums, Si , i ≥ 1. The counting process can be defined in terms of an

indicator function as, N(t) = ∑∞
i=1 1{Si ≤t} . Note that 1A = 1 only if A is true, otherwise, 1A = 0.

2.2

Renewal Process

A point process is called an ordinary renewal process if inter-occurrence times, T1 , T2 , ∙ ∙ ∙ , form
a sequence of non-negative, independent and identically distributed (iid) random variables with a
common distribution, FT (t) (see Figure 2a). The word “renewal” implies that the process is reset
after each occurrence of the event of interest. For a renewal process, the distribution of Si is an i(i)

(1)

fold convolution, FSi (t) = P [T1 + T2 ∙ ∙ ∙ + Ti ≤ x] = FT (t), Note that FT (t) = FT (t) and dFT (t) =

fT (t)dt, when the probability density of T exists. The renewal function, Λ(t), a key quantity that

characterizes the nature of the process is defined as the expected number of renewals in (0,t]:
#
"
Λ(t) = E [N(t)] = E

∞

∑ 1{Si≤t}

i=1

∞

(i)

= ∑ FT (t).

(1)

i=1

This expression is not useful in computation, as it involves an infinite series of convolutions that are
not easy to compute.
In case of the HPP model, T is an exponentially distributed random variable with distribution,
FT (t) = 1 − e−λ t . The renewal function of this process is a linear function of time, Λ(t) = λ t,
and the renewal rate is a constant, λ .
2.2.1

The Concept of Renewal Decomposition

The renewal decomposition refers to a basic property of the renewal process that after every renewal
a (probabilistic) replica of the original process starts again. Suppose a renewal process shown in
Figure 2(a) is observed after the occurrence of the first event at S1 = T1 , as shown in Figure 2(b). The
shifted process observed in the interval, (S1 , S1 +t] is associated with the sequence, Te1 , Te2 , . . ., where

e
The renewal
Tei = Ti+1 . The counting process associated with shifted process is denoted as N(t).
e
decomposition property means: (1) The counting process N(t) has the same distribution as N(t),

e and T1 are independent.
and (2) The shifted process is independent of the time of the shift, i.e., N(t)
Using this decomposition property, the following integral equation for the renewal function can be
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derived as [20]:
Λ(t) = FT (t) +

Z t
0

Λ(t − y) dFT (y).

(2)

The renewal rate is defined as the expected number of renewals per unit time, λ (t) = dΛ(t)/dt. A
direct numerical solution of this equation by the trapezoidal integration rule is much more simple
and practical, as compared to a traditional method based on the Laplace transform of Eq. (2).

2.3

Marked Renewal Process
X2

Xn
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Xn−1

S1

0
T1
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Sn−1

Sn

T2

t

Tn

Figure 3: An example of a marked renewal process.

A marked renewal process, as shown in Figure 3, attaches a random mark, X, to each occurrence of
the event (or renewal). This model is defined by a sequence of iid random vectors (Ti , Xi ), i = 1, 2, . . ..
The joint distribution of (Ti , Xi ) is independent of (T j , X j ) for i 6= j, but a dependence between Ti and

Xi is permitted. [17]. The marked process is popularly known as a shock process.

2.4

Compound Renewal Process

A cumulative sum of marks in (0,t] is referred to as the compound renewal process , i.e.,
Y (t) =

N(t)

∞

i=1

i=1

∑ Xi = ∑ Xi 1{Si≤t}

(3)

where N(t) is a counting process associated with the partial sum, SnT = ∑ni=1 Ti , n ≥ 1. The distribution of the compound process can be written in terms of the partial sum of marks, SnX = ∑ni=1 Xi :
P [Y (t) ≤ y] = P

h

X
SN(t)

i
∞


≤ y = P [N(t) = 0] + ∑ P SnX ≤ y, N(t) = n

(4)

n=1

If Ti and Xi are independent, the following expression can be obtained:
∞

(n)

FY (t) (y) == fN(t) (0) + ∑ FX (y) fN(t) (n)

(5)

n=1

The above expressions are not suitable to compute the distribution of Y (t), as it involves an infinite
sum of n-fold convolutions. Furthermore, the probability mass function, fN(t) (n), of the counting
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process may not be available in a general case. In summary, the derivation of distribution of a compound process is not tractable by analytical means. The simulation method is more appropriate for
this purpose. Instead of the distribution, the moments of the compound process can be derived rather
easily using the renewal decomposition concept, as shown in [12].

2.5

Alternating Renewal Process
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Figure 4: An alternating renewal process

This process involves two states of a system, which alternate in a stochastic manner. The system is
assumed to be in a state ”1” for duration X, and then it switches to the other state ”0” for duration, Y .
This sequence (X,Y ), (X1 ,Y1 ), , . . . of iid random vectors defines the alternating process. The renewal
cycle length is T = X +Y . The system returns to state ”1” at times S1 , S2 . . ..

2.6

A General Approach to Problem Solving

A general approach to solving a problem that involves some sort of renewals is a two step method.
Using the renewal decomposition property, a renewal-type integral equation is formulated:
z(t) = φ (t) +

Z t
0

z(t − x) dFT (x)

Then, a solution of this equation is obtained as a convolution of the renewal function, Λ(t), with a
known, bounded function φ (t). derived from information given in the problem under consideration.
z(t) = φ (t) +

3
3.1

Z t
0

φ (t − x) dΛ(x)

(6)

Applications of Stochastic Renewal Models
Distribution of extremes of a load process

Structural loads generated by a recurring hazard, such as wind, snow and flood, can be modelled as
a marked renewal process with T being the inter-occurrence time and the mark, X, being the load
magnitude. A key quantity of interest is the distribution of maximum lifetime load:
FXmax (x;t) =

∞

∑ P [max(X1, . . . , Xn) ≤ x, N(t) = n] + P [N(t) = 0]

n=1
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(7)

When X and T are independent, a more compact formula can be written as
i
h
N(t)
FXmax (x; t) = E (FX (x))

(8)

This can be evaluated from the following integral equation [10] :
FXmax (x; t) = FˉT (t) + FX (x)

Z t
0

FXmax (x; t − u) dFT (u)

(9)

In case of the HPP, an explicit solution is well-known, FXmax (x; t) = e−λ t(1−FX (x)) . This extreme load
distribution is an essential input to the lifetime reliability analysis of a “non-degrading” structure.
The pulse process is a minor modification of the mark renewal process, which considers the load
residency period. The pulse process assumes that the load duration is equal to the time between load
events. In this case, the distribution of of the maximum load can be derived using a similar argument.
3.1.1

Modeling effects of climate change on the load process

In the context of analysing effects of climate change on structural reliability, it is expected that
the frequency of load occurrences and associated load magnitudes would become time-dependent
random variables, resulting in a fairly non-stationary process. To model such effects, parameters of
the load distribution can be treated as functions of time. The occurrence frequency can also be made
time-dependent in a non-homogeneous Poisson process model. The non-stationary nature of the
load process may be difficult to model under the classical renewal model, and more refined analysis
techniques might be needed to solve the problem. This work is currently under progress.

3.2

Stochastic degradation models

Degradation in the structural capacity can be conceived to occur as a result of shocks experienced by
the structure. With this thinking, a degradation process can be modelled as a marked process with the
mark being a random amount of damage, Xi , generated by an ith shock. Thus, the total degradation
can be modelled as a compound renewal process. In this setting, the moments of degradation and
the moments of the lifetime distribution can be derived to support maintenance optimization [18] .
An alternative to shock process is the stochastic gamma process, which is an asymptotic form of a
compound process. In this model, the total degradation is gamma distributed with a time dependent
shape parameter, α (t). A degradation increment in an interval, [t1 ,t2 ], t2 > t1 , is also gamma distributed with the shape parameter, α (t2 ) − α (t1 ). The scale parameter, β , is the same in both cases.
Using this model, a number of problems related to optimization of preventive maintenance policies
can be conveniently solved [3].

3.3

Life cycle cost of structural damage

In the life cycle cost analysis, one of the most uncertain elements is the damage cost resulting from
exposure to external hazards. The ”damage cost process” can be modelled as a marked renewal
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process, defined by an iid sequence, (Ti ,Ci ), where Ci is the damage cost associated with an ith
N(t)

event. The total cost, K(t), is therefore a compound process, K(t) = ∑i=1 Ci . In case of discounting,
−ρ Si 1
the total discounted cost is given as, KD (t) = ∑∞
{Si ≤t} . The derivation of moments (mean
i=1 Ci e

and variance) of K(t) and KD (t) is based on the idea of renewal decomposition, as explained in [12].
For example, a result for the expected discounted cost is given as
Z t

E [KD (t)] = φD (t) + φD (t − s)e−ρ s dΛ(s)
(10)
0


where φD (t) = E Ce−ρ T 1{T ≤t} . When C is independent of T , the evaluation of moments of the

total cost is greatly simplified, as the solution of integral equations is no longer required.

The compound cost process has remarkably simple asymptotic limits for the total cost per unit time
and the total discounted cost, which are given as

 −ρ T 
E
Ce
K(t) E [C]
∞
= lim E [KD (t)] =
=
, and kD
(11)
k∞ = lim
t→ ∞ t
t→∞
E [T ]
1 − E [e−ρ T ]
Asymptotic solutions require evaluations of expected cost and cycle length in a single cycle only.
By using these solutions a formal stochastic analysis of the problem can be completely avoided.

3.4

Unavailability Analysis: Application to Resilience Models

The system unavailability at time t is modelled by a binary process , U(t), defined as U(t) = 1, if
system is unavailable at time t, otherwise it is 0. The point unavailability is the probability, U (t) =
P [U(t) = 1] = E [U(t)] . The solution to this problem is based on an alternating process and given
by an integral equation [20]:
U (t) = G(t) +

Z t
0

G (t − s)dΛT (s),

where G(t) = FX (t) − FT (t)

(12)

The unavailability model is readily applicable to the resilience analysis of an infrastructure system.
The shape of distribution of the time to repair (Y ) is analogous to recovery function followed by an
accident [1]. The lower the degree of unavailability, the higher is the system resilience. This topic of
research is currently under investigation.

3.5

Combination of stochastic load and degradation processes

Problems involving a combination of two stochastic load processes, or a load and a degradation
process are difficult to analyze in a general setting. Only in case of the HPP model, a superposition
of marked processes as well compound processes can be solved analytically. For general renewal
processes, there is no simple, analytical solution for the superposition problem. For example, a
reliability problem involving a gamma degradation process and a marked Poisson load process requires the solution of a complex stochastic integral of a gamma process [9]. Therefore, the stochastic
combination should be approached with a caution, or else it should be simplified by a conceptual
reformulation of the problem.
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4

Conclusions

This paper presents a brief overview of stochastic renewal models applicable to structural reliability analysis. The paper highlights that a fundamental property of renewal decomposition is a key
to solving a larger class of problems related to reliability and life cycle analyses. The renewal process model is useful in generalizing many existing solutions as well as solving problems of current
interest, such as analyzing the effect of climate change on environmental loads, and modeling the resilience of infrastructure systems. The renewal process model can be refined to solve more complex
problems using the concept of the Markov (and semi-Markov) modulated processes.

Acknowledgement
The author is grateful to many colleagues and students for numerous helpful discussions related to
the theme of this paper. In particular, the author is really fortunate to have the opportunity to learn
and work with Professors J. van der Weide, N.C. Lind, J. Noortwijk, and P. van Gelder. The financial
support for this study provided by NSERC and UNENE is thankfully acknowledged .

References
[1] B. M. Ayyub. “Systems Resilience for Multihazard Environments: Definition, Metrics, and
Valuation for Decision Making”. In: Risk Analysis 34.2 (2014), pp. 340–355.
[2] R. Barlow and F. Proschan. Mathematical Theory of Reliability. New York: Wiley, 1965.
[3] T. Cheng and M. D. Pandey. “An Accurate Analysis of Maintenance Cost of Structures Experiencing Stochastic Degradation”. In: Structure and Infrastructure Engineering 8.4 (2012),
pp. 329–339.
[4] C. A. Cornell. “Engineering seismic risk analysis.” In: Bulletin of the Seismological Society
of America 58.5 (1968), pp. 1583–1606.
[5] D. Frangopol, M. Kallen, and J. van Noortwijk. “Probabilistic models for life-cycle performance of deteriorating structures: review and future directions”. In: Progress in Structural
Engineering and Materials 6.4 (2004), pp. 197–212.
[6] A. Joannni and R. Rackwitz. “Cost-benefit optimization for maintained structures by a renewal model”. In: Reliability Engineering and System Safety 93 (2008), pp. 489–499.
[7] A. D. Kiureghian and J. Song. “Multi-scale reliability analysis and updating of complex systems by use of linear programming”. In: Reliability Engineering and System Safety 93 (2008),
pp. 288–297.

46

[8] M. Liu, Y. K. Wen, and S. A. Burns. “Life cycle cost oriented seismic design optimization
of steel moment frame structures with risk-taking preference”. In: Engineering Structures 26
(2004), pp. 1407–1421.
[9] N. Manzana, J. A. M. van der Weide, and M. D. Pandey. “Reliability Analysis of Deteriorating Structures Subjected to an External Stochastic Shock Process”. In: Proceedings of the
ICOSSAR Conference. Vienna, Austria, 2017.
[10] N. Manzana, J. A. M. van der Weide, and M. D. Pandey. “The Distribution of Maximum
Loads Generated by Renewal Processes”. In: Proceedings of the ICOSSAR Conference. Vienna, Austria, 2017.
[11] M. D. Pandey, J. S. Nathwani, and N. C. Lind. “The derivation and calibration of the lifequality index (LQI) from economic principles”. In: Structural Safety 28 (2006), pp. 341–360.
[12] M. D. Pandey and J. A. M. van der Weide. “Stochastic renewal process models for estimation
of damage cost over the life-cycle of a structure”. In: Structural Safety 67 (2017), pp. 27–38.
[13] K. A. Porter et al. “Effect of seismic risk on lifetime property value”. In: Earthquake Spectra
20.4 (2004), pp. 1211–1237.
[14] R. Rackwitz. “Optimization and risk acceptability based on the Life Quality Index”. In: Structural Safety 24 (2002), pp. 297–331.
[15] R. Rackwitz and A. Joanni. “Risk acceptance and maintenance optimization of aging civil
engineering infrastructures”. In: Structural Safety 31.3 (2009), pp. 251–259.
[16] E. Rosenblueth. “Optimum design for infrequent disturbances”. In: ASCE J. Structural Division 102.ST9 (1976), pp. 1807–1823.
[17] H. M. Taylor and S. Karlin. An Introduction to Stochastic Modeling. 3rd. San Diego, CA:
Academic Press, 1998.
[18] J. A. M. van der Weide, M. D. Pandey, and J. M. van Noortwijk. “Discounted cost model for
condition-based maintenance optimization”. In: Reliability Engineering & System Safety 95.3
(2010), pp. 236–246.
[19] J. van Noortwijk and H. Klatter. “Optimal inspection decisions for the block mats of the
Eastern-Scheldt Barrier”. In: Reliability Engineering & System Safety 65 (1999), pp. 203–
211.
[20] J. A. M. van der Weide and M. D. Pandey. “A stochastic alternating renewal process model for
unavailability analysis of standby safety equipment”. In: Reliability Engineering and System
Safety 139 (2015), pp. 197–204.

47

TS21A Computational Procedures

48

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Multi-block partial least squares-polynomial chaos
expansion for uncertainty quantification
a School

Lingze Bua

Wei Zhaoa,b,c

of Civil Engineering, Harbin Institute of Technology, Harbin 150090, China
Lab of Structures Dynamic Behaviour and Control of the Ministry of Education, Harbin Institute of
Technology, Harbin, 150090, China
c Key Lab of Smart Prevention and Mitigation of Civil Engineering Disasters of the Ministry of Industry and
Information Technology, Harbin Institute of Technology, Harbin, 150090, China
b Key

Abstract: To deal with the difficulty of polynomial chaos expansion in highdimensional problems, in this paper, we propose two algorithms that involve
polynomial chaos expansion into partial least squares regression, which is a powerful tool in computational statistics. The performance of the hybrid algorithms
was tested with two examples. Results illustrated that the proposed algorithms
can effectively handle high-dimensional problems with a small number of samples.

1 Introduction
Reliability and sensitivity analysis are two important parts in modelling under uncertainty. Reliability analysis aims at computing the probability of failure events, which are described with
the limit state function or performance function. Sensitivity analysis aims at quantifying the
influence of the input variables on the uncertainty of the model output and their relative importance. Among various methods, variance-based methods, which describes the uncertainty
with variance, are the most widely used in recent years. As far as the current level of the development of science and technology is concerned, these analyses are generally non-intrusive
(i.e. to repeatedly call the deterministic model). However, this maybe compu-tationally cumbersome for complex models. To deal with this issue, the original expensive-to-evaluate model
can be replaced with an easy-to-evaluate model called metamodel. A metamodel is trained by
applying some regression techniques on some samples generated with the original model. Various metamodeling techniques have been developed, of interest in this paper is the polynomial
chaos expansion (PCE). Polynomial chaos expansion, which was pioneered by Wiener [13], is
a powerful tool in stochastic computing, and has been widely used in structural and mechanical
analysis since the work of Ghanem et al. [5]. Any random variable with finite variance can be
expressed with a series of Hermite polynomials with respect to statistically independent random
varia-bles with standard Gaussian distribution. The underlying concepts of PCE lie in functional analysis and probability theory [7]. While mathematically elegant, however, for models with
a large number of input variables, PCE will inevitably suffer from curse of dimensionality. The
computational cost quickly becomes unaffordable due to the huge amount of required samples.
If the number of provided samples is not large enough, severe collinearity will oc-cur among
the samples of the polynomials, making the problem ill-posed. To circumvent this problem,
many advanced regression techniques have been proposed. In this paper, we focus on partial
least squares regression (PLSR). Partial least squares regression was originally developed by
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Herman Wold [14] in 1966 for statistical modelling in social science. Its application was then
extended to many fields since Svante Wold, Herman Wolds son, applied this approach in chemometrics around 1983 [10, 16, 17, 20]. The idea is to extract latent variables that maximize their
covariance in cause and effect matrices, respectively. The process is performed iteratively and
the extracted latent variables are orthogonal with each other so that the collinearity problem
can be efficiently alleviated even in the cases where the number of samples is much less than
the number of predictors. To improve the performance and the interpretability of the method
when the number of predictors is very large, a natural idea is to divide the predictor matrix into
several conceptually meaningful blocks and extract latent variables in each block. Following
this idea, several variants of PLSR have been developed, for example, the hierarchical PLSR
(HPLSR) [18], the multi-block PLSR (MBPLSR) [12] and the serial PLSR (SPLSR) [1]. In this
paper, we propose two multi-block partial least squares algorithms and combine them with PCE
for metamodeling purposes. Two examples are used to test the performance of the algorithms. Results illustrate that both algorithms can achieve satisfactory results for reliability analysis
and variance-based sensitivity analysis with a relatively small number of calls of the original
model. And the performances of the two algorithms are nearly the same. The remainder of this
paper is organized as follows: in section 2 we provide a brief review of PCE-based approaches
for reliability and variance-based sensitivity analysis, in section 3 the proposed algorithms are
introduced in detail after a brief introduction of PLSR, in section 4 the performances of the two
algorithms are tested with two examples, and conclusions are made in section 5.

2 PCE-based approaches for reliability and variance-based sensitivity
analysis
2.1 Polynomial Chaos Expansion
Suppose that (Ω, F , P) is the probability space and ω ∈ Ω denotes any basic event. Then any
random variable Y (ω ) with finite second-order moment can be expressed as
Y (ω ) = Y +

+∞

∑

∑

pn =1 n1 +···+nM =pn

an1 ,...,nM Ψn1 ,...,nM (ξ (ω ))

(1)

This series is called the polynomial chaos expansion of Y (ω ) , where Ψn1 ,...,nM (ξ (ω )) are Mdimensional Hermite polynomials, which are tensor products of univariate Hermite polynomials, ξ (ω ) = (ξ1 (ω ), . . . , ξM (ω ))T is a random vector consists of statistically independent standard
Gaussian random variables, an1 ,...,nM are deterministic coefficients in which the entire information of the probability distribution of Y (ω ) is encapsulated, and Y is the mean of Y (ω ) . It can
be proven that the series is mean-square convergent [3]. For applica-tion purposes the series is
usually truncated as follows:
Y (ω ) = Y +

p

∑

∑

pn =1 n1 +···+nM =pn

an1 ,...,nM Ψn1 ,...,nM (ξ (ω ))

(2)

or can be rewritten in a compact form:
P

Y (ω ) = Y + ∑ ai Ψi (ξ (ω ))

(3)

i=1

where it can be proven that
P+1 =

(M + p)!
M!p!
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(4)

In this paper, we assume that the model inputs are statistically independent so that they can be
easily transformed into standard Gaussian random variables with the isoprobabilistic transformation. The key is to compute the coefficient vector a = (a1 , . . . , aP )T . This can be achieved
with intrusive or non-intrusive approaches. In this paper, we focus on the regression method,
which belongs to the latter approach. Denote Ψ = (Ψ1 , . . . , ΨP )T and Y c = Y −Y 1 as the cause
and effect matrices, respectively, the regression method aims to solve the following least squares
problem:
N

P

k=1

i=1

(k)
(k)
a = arg min ∑ (Yc − ∑ ai Φi (ξ ))2

(5)

where N is the number of samples. The well-known solution of ordinary least squares regression (OLSR) is
ΨT Ψ )−1 Ψ T Y c
a = (Ψ
(6)
given that N > P. To make the problem well-posed, N should be larger than 2P as a rule of
thumb. Once a has been computed, the PCE-based metamodel can be constructed immediately
as follows:
P

Y PCE (ξ ) = Y + ∑ ai Ψi (ξ )

(7)

i=1

2.2

Reliability analysis based on PCE

For reliability analysis, the performance function g(ξ ) is represented with PCE, denote as
gPCE (ξ ) . And the failure probability approximated as [4]
PF ≈

∫

gPCE (ξ )60

f (ξ )d ξ

(8)

where f (ξ ) is the joint probability density function of ξ .

2.3 Variance-based sensitivity analysis based on PCE
For variance-based global sensitivity analysis, the model is represented with PCE, denoted as
fPCE (ξ ) . By a simple post-processing [11] of the coefficients in the expansion, the main and
total Sobol indices Si and STi can be expressed as
∑ a2α E[Ψ2α (ξ )]

Si =

α ∈Fi

(9)

∑ a2α E[Ψ2α (ξ )]

α ∈A

∑ a2α E[Ψ2α (ξ )]

STi =

α ∈Fi∗

(10)

∑ a2α E[Ψ2α (ξ )]

α ∈A

where
A =

{


 αk > 0
Fi = α

αk = 0

M

α | ∑ αi 6 p

Fi∗ = {α : αk > 0

i=1

}

∀k = 1, ..., M,
∀k = 1, ..., M,

∀k = 1, ..., M,
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(11)

k = i

(12)

k = i}

(13)

k ̸= i



3 Multi-block partial least squares-polynomial chaos expansion algorithms for uncertainty quantification
For problems with large number of input variables, according to Eq.(4), the required number
of samples can be very large with the usage of ordinary least squares regression, leading to
unaffordable computational cost. If the number of samples is not large enough, severe collinearity will occur among samples of polynomials, making the OLSR insufficient. To deal with
this issue, in this section, we propose to use PLSR to combine with PCE for metamod-eling
purposes.

3.1 Partial least squares regression
Denote the cause and effect matrices as X N×P and Y N×1 , respectively, both of which are assumed to have been centered. The idea of PLSR is to extract typical components t and u from
X and Y , respectively, where
t = Xw
(14)
u =Yc
The vectors w and c are the solutions of the following constrained optimization problem:


Find w , c



s.t.





X w ,Y
Y c )]
max [Cov2 (X

(15)

(16)

w∥2 =1,
∥w
∥cc∥2 =1

and can be computed with the nonlinear iterative partial least squares (NIPALS) algorithm [15,
19, 8]:
1) select an initial u , for example, u = Y (:, 1) ;
2) w = (uuT u )−1 X T u ;
w∥2 → 1 ;
3) ∥w
4) t = X w ;
5) c = (tt T t )−1Y T t ;
6) check the convergence of t , if ∥tt old − t new ∥2 /∥tt old ∥2 < ε , then go to step 9);
7) ∥cc∥2 → 1 ;
8) u = Y c , then return to step 2);
9) p = (tt T t )−1 X T t ;
10) X = X − t p T ;
11) Y = Y − t c T , then check whether the number of extracted components is enough, if yes,
terminate; else, return to step 1);
This procedure behaves similar to the power method for solving eigenvalue problems [6]. Then
we can get the matrices of components (also called scores in the literature) T = (tt 1 , . . . ,tt h ) and
U = (uu1 , . . . , u h ) . And the PLSR model can be expressed as:

where it can be proven that

Y = XB
Ŷ

(17)

T T X X T U )−1 T T Y
B = X T U (T

(18)

3.2 The proposed algorithms combing PLSR and PCE based on fixed experimental design
In this section, we propose two multi-block PLSR algorithms and combine them with PCE,
respectively.
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Algorithm 1
1) An experimental design containing N1 samples should be constructed and simulation is run
on each of them to get the effect matrix;
2) The upper bound of the order of PCE ,denote as pmax (> 2) , should be set according to some
priori knowledge of the physical problem;
3) The cause matrix Ψ is divided into (2pmax − 1) blocks along its column dimension
ac-cording to whether each block contains cross terms:
Ψ[1] , . . . , Ψ [2pmax −1] )
Ψ = (Ψ

(19)

where Ψ [1] contains only first order polynomials, Ψ [2] contains only second order polynomi-als
without cross terms, Ψ [3] contains only second order polynomials with cross terms, and so on;
4) Construct the first metamodel: Perform NIPALS algorithm between Y and Ψ [1] , obtain block
w1[1] , . . . , w h[1]1 ), block loading
score matrix T [1] = (tt 1[1] , . . . ,tt h[1]1 ) , block weight matrix W [1] = (w

matrix P [1] = (pp1[1] , . . . , p h[1]1 ) , and residual Y [1] , where h1 is the minimum integer that make the
covariance residual lower than a small number ε1 :
ΨT[1],hY h )T (Ψ
ΨT[1],hY h ))
trace((Ψ
ΨT[1]Y )T (Ψ
ΨT[1]Y ))
trace((Ψ

< ε1

(20)

∗
[2];
Compute the leave-one-out error εLoo,[1]
5) For k = 2 : (2pmax − 1) , construct the k th metamodel: Perform NIPALS algorithm between Y [k−1] and Ψ [k] , obtain block score matrix T [k] = (tt 1[k] , . . . ,tt h[k]k ) , block weight ma-

w1[k] , . . . , w h[k]k ), block loading matrix P [k] = (pp1[k] , . . . , p h[k]k ) , and residual Y [k] . Let
trix W [k] = (w
T [1] , . . . , T [k] ) and perform NIPALS algorithm between Y and T b,k , get super score
T b,k = (T
∗
matrix T s,k and U s,k , and compute the leave-one-out error εLoo,[k]
;
max −1
∗
}2p
) , and the
6) Select the k∗ th metamodel as the final one where k∗ = arg min({εLoo,[k]
k=1
final metamodel can be expressed as

k∗

W [k] (P
PT[k]W [k] )−1 B s,[k] )
Y = Y + ∑ Ψ [k] (ξ )(W

(21)

Bs = T Tb,k∗ U s,k∗ (T
T Ts,k∗ T b,k∗ T Tb,k∗ U s,k∗ )−1 T Ts,k∗ Y

(22)

k=1

where

k−1

k

i=1

i=1

B s,[k] = B s ( ∑ hi + 1 : ∑ hi )

(23)

Algorithm 2
The only difference between Algorithm 1 and Algorithm 2 is the way to compute Y [k] (k > 2) .
In Algorithm 2, Y [k] is obtained by performing NIPALS between Y and T b,k−1 .
After constructing the PCE metamodel, the Sobol indices and the failure probability can be
computed immediately according to Eq. (9), Eq. (10) and Eq. (8), respectively.

4 Case studies
Example 1
In this example, we study a simply supported beam whose elastic modulus is a homogeneous
random field which is denoted as E(x, ω ) . And it is assumed that
E(x, ω ) = eN(x,ω )
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(24)

Figure 1: Simple model

where N(x, ω ) is a homogeneous Gaussian random field with correlation coefficient function
(
)
|x − x′ |
′
ρ (x, x ) = exp −
(25)
l

where l = 0.5m . It is assumed that the mean value of E(x, ω ) µE = 210GPa and the coefficient
of variation δE = 0.2 . The beam has length L = 3m , inertia moment I = 8 × 10−6 m4 and
distributed loading q = 13kN/m . The beam is meshed into 100 elements along its lon-gitude
direction and E(x, ω ) is discretized with 40 standard Gaussian random variables by using
Karhunen-Loeve expansion [5]. And the vertical displacement of the middle point Umax is the
quantity of interest, denote as Y .
Computational results are presented in Table 1, where N and P denotes the number of
simulations and the number of terms, respectively. Owing to the limitation of space only the
Sobol indices of the most influential input are listed in this table. The design of experiments
Table 1: Computational results of Example 1

MCS
E[Y ] 8.4132E-03
V [Y ] 1.1573E-06
S1
9.1206E-01
ST 1 9.1108E-01
Pf
2.3180E-03
N
4.5000E+07
P
p
k∗

OLS

Algorithm 1

Algorithm 2

Algorithm 1

Algorithm2

8.4133E-03
1.1580E-06
9.0974E-01
9.1151E-01
2.3030E-03
37023
12341
3

8.4134E-03
1.1537E-06
9.1101E-01
9.1113E-01
1.5880E-03
160
860
2
3

8.4181E-03
1.1511E-06
9.1237E-01
9.1248E-01
1.4560E-03
160
860
2
3

8.4111E-03
1.1753E-06
8.9933E-01
9.0280E-01
2.1540E-03
400
860
2
3

8.4076E-03
1.1692E-06
8.9919E-01
9.0298E-01
2.1780E-03
400
860
2
3

of Algorithm 1 and Algorithm 2 were built from the Sobol sequence in the unit hypercube
[0, 1]40 . Then these points were transformed into standard Gaussian random variables with the
isoprobabilistic transformation. The bounds of covariance residual, which are used to control
the number of PLS components in the lower and higher level, were consistently set to 10−4
in both algorithms. And the mean, variance, main and total Sobol indices were obtained by a
post-processing of the PCE coefficients. The solutions of Sobol indices by MCS were obtained
according to [9]. The value of ST 1 is a little samller than that of S1 due to the round-off
errors during the computation. It can been seen that the mean, variance, main and total Sobol
indices can be computed accurately with a considerably low computational cost. Therefore,
if only variance-based sensitivity analysis is to be done, the proposed algorithms will be very
competitive. For the failure probability, the computational cost should be higher to obtain
satisfactory results, but is still much lower than that of MCS and OLS.
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Example 2
In this example, a two-dimensional, 3-bay-8-storey frame is studied. The span of each bay is
3m, 6m and 3m, respectively, and the height of each storey is 3m. For each column, the size
of the cross section is bci × bci , and the elastic modulus is Eci . For each beam, the size of the
cross section is bbi × 2bbi , and the elastic modulus is Ebi . On the top of the i th storey there is
a horizontal force Pi . All these quantities are assumed to be statistically independent random
variables with the distribution parameters listed in Table 2 below: The main computational
Table 2: Distribution parameters of the inputs in Example 2

Input number
1:4:29
2:4:30
3:4:31
4:4:32
33
34
35
36
37
38
39
40

Variable Distribution
Eci
bci
Ebi
bbi
P1
P2
P3
P4
P5
P6
P7
P8

Lognormal
Lognormal
Lognormal
Lognormal
GEV1
GEV1
GEV1
GEV1
GEV1
GEV1
GEV1
GEV1

Mean

Standard deviation

3.0E+10(Pa)
0.4(m)
3.0E+10(Pa)
0.2(m)
70000(N)
90000(N)
135000(N)
135000(N)
135000(N)
135000(N)
135000(N)
135000(N)

2.0E+09(Pa)
0.015(m)
2.0E+09(Pa)
0.010(m)
30000(N)
35000(N)
40000(N)
40000(N)
40000(N)
40000(N)
40000(N)
40000(N)

results are presented in Table 3 below: It can be seen that for the mean value, in each case it
Table 3: Computational results of Example 2

MCS
E[Y ] 1.7799E-01
V [Y ] 5.9021E-04
S39 2.1457E-01
S40 2.7017E-01
ST 39 2.1203E-01
ST 40 2.7459E-01
Pf
6.3873E-03
N
4.5000E+07
P
p
k∗

OLS

Algorithm 1

Algorithm 2

Algorithm 1

Algorithm2

1.7796E-01
5.8958E-04
2.1179E-01
2.7461E-01
2.1241E-01
2.7533E-01
6.2716E-03
37020
12340
3

1.7738E-01
6.7001E-04
2.0516E-01
2.4115E-01
2.0772E-01
2.4572E-01
5.8750E-03
200
860
2
3

1.7741E-01
6.1005E-04
2.2018E-01
2.6539E-01
2.2293E-01
2.7016E-01
5.2740E-03
200
860
2
3

1.7777E-01
6.2521E-04
1.8787E-01
2.5155E-01
1.9198E-01
2.5504E-01
6.6640E-03
400
860
2
3

1.7789E-01
6.1519E-04
2.0627E-01
2.4720E-01
2.1100E-01
2.5109E-01
5.9040E-03
400
860
2
3

can be computed accurately; for vari-ance and the related quantities, Algorithm 2 is slightly
superior to Algorithm 1 under both cases; for reliability analysis, Algorithm 1 provide better
results in both cases. In each case, both algorithms can achieve high computational efficiency
compared with MCS and OLS without losing much accuracy.

5 Conclusions
To deal with the difficulty of PCE in high-dimensional problems, in this paper, we proposed two
new algorithms combing PCE and PLSR, namely multi-block partial least squares-polynomial
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chaos expansion methods, for metamodeling purposes in reliability and variance-based sensitivity analysis. The idea is to divide the polynomials into several blocks according to their order
and whether they contain cross terms or not, and perform PLSR sequentially with the effect matrix obtained from the previous regression to extract block scores, and then perform PLSR by
regarding the block scores as the predictors. This is a kind of hierarchical modeling procedure.
Two examples were used to test the performance of the proposed algorithms. Results indicated
that the proposed algorithms can achieve high computational cost without losing much accuracy, thus illustrated that PLSR is a promising approach to handle high-dimensional problems.

References
[1] A. Berglund and S. Wold. “A serial extension of multiblock PLS”. In: Journal of Chemometrics 13.3-4 (1999), pp. 461–471.
[2] G. Blatman. “Adaptive sparse polynomial chaos expansions for uncertainty propagation
and sensitivity analysis”. In: Bibliogr (2009).
[3] R. H. Cameron and W. T. Martin. “The orthogonal development of non-linear functionals
in series of Fourier-Hermite functionals”. In: Annals of Mathematics (1947), pp. 385–
392.
[4] S. K. Choi et al. “Polynomial Chaos Expansion with Latin Hypercube Sampling for Estimating Response Variability”. In: Aiaa Journal 42.6 (2004), pp. 1191–1198.
[5] R. G. Ghanem and P. D. Spanos. Stochastic finite elements: a spectral approach. Courier
Corporation, 2003.
[6] A. Hskuldsson. “PLS regression methods”. In: Journal of Chemometrics 2.3 (1988), pp. 211–228.
[7] S. Janson. Gaussian hilbert spaces. Vol. 129. Cambridge university press, 1997.
[8] R. Rosipal and N. Krmer. Overview and Recent Advances in Partial Least Squares. 2005,
pp. 34–51.
[9] A. Saltelli et al. “Variance based sensitivity analysis of model output. Design and estimator for the total sensitivity index”. In: Computer Physics Communications 181.2 (2010),
pp. 259–270.
[10] M. Sjstrm et al. “A multivariate calibration problem in analytical chemistry solved by partial least-squares models in latent variables”. In: Analytica Chimica Acta 150.00 (1983),
pp. 61–70.
[11] B. Sudret. “Global sensitivity analysis using polynomial chaos expansions”. In: Reliability Engineering & System Safety 93.7 (2008), pp. 964–979.
[12] L. E. Wangen and B. R. Kowalski. “A multiblock partial least squares algorithm for
investigating complex chemical systems”. In: Journal of Chemometrics 3.1 (1989), pp. 3–
20.
[13] N. Wiener. “The homogeneous chaos”. In: American Journal of Mathematics 60.4
(1938), pp. 897–936.
[14] H. Wold. “Estimation of Principal Components and Related Models by Iterative Least
Squares”. In: Journal of Multivariate Analysis 1 (1966), pp. 391–420.
[15] H. Wold. “Nonlinear Iterative Partial Least Squares (NIPALS) Modelling: Some Current
Developments”. In: Multivariate Analysisiii (1973), pp. 383–407.

56

[16] S. Wold et al. “Pattern recognition: finding and using regularities in multivariate data”.
In: Food research and data analysis 3 (1983), pp. 183–185.
[17] S. Wold et al. “The Collinearity Problem in Linear Regression. The Partial Least Squares
(PLS) Approach to Generalized Inverses”. In: Siam Journal on Scientific & Statistical
Computing 5.3 (1984), pp. 735–743.
[18] S. Wold, N. Kettaneh, and K. Tjessem. “Hierarchical multiblock PLS and PC models
for easier model interpretation and as an alternative to variable selection”. In: Journal of
Chemometrics 10.5-6 (1996), 463482.
[19] S. Wold, M. Sjstrm, and L. Eriksson. “PLS-regression: a basic tool of chemometrics”. In:
Chemometrics & Intelligent Laboratory Systems 58.2 (2001), pp. 109–130.
[20] S. Wold et al. Multivariate Data Analysis in Chemistry. Springer Netherlands, 1984,
pp. 17–95.

57

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

High-dimensional reliability analysis with asymptotic
sampling using regression surface
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Abstract: Asymptotic sampling is a method for calculating small failure probabilities of high-dimensional problems. It is based on Monte Carlo simulation and
uses a regression and extrapolation technique to estimate extremely small probabilities with reasonable computational effort. Here, an approach is presented
which allows the estimate exceedance probabilities for a hole range of threshold levels by using a regression surface. Strategies are proposed to expand the
applicability and to reduce the computation time.

1 Introduction
Monte Carlo simulation is a versatile method to estimate probabilities of failure or of threshold
exceedance. Since it is not adversely affected by the dimensionality, it is particularly suitable for
problems involving a large number (e.g. some thousands) of variables, which frequently arise
in the discrete representation of random processes and random fields. However, it becomes
rather impractical when the simulation runs are computationally expensive and the investigated
probabilities are very small.
A number of methods have been developed to reduce the number of necessary simulation runs.
Importance sampling methods [5] aim at obtaining more failures by shifting the sampling to
the small region in n−dimensional space which actually contributes significantly to the failure
probability. An alternative approach is to express the failure probability as a product of larger
conditional probabilities by introducing intermediate failure levels. Thereby, the samples are
drifted closer to the failure space in each level. This method is known as subset simulation [1].
Recently another method, called asymptotic sampling, has been presented in [4].
The present paper explaines the asymptotic properties on which the asymptotic sampling technique relies and presents an example of application. Some modifications to increase the efficiency and widen the applicability are introduced.

2 Probability estimation by extrapolation
2.1

Asymptotic sampling

Due to a result by Breitung [2] it is known that for an arbitrary reliability problem the reliability
index β as computed from the First Order Reliability Method (FORM) is asymptotically exact
as the reliability tends to infinity, or alternatively, as the standard deviation of the basic variables
in Gaussian space tends to zero. Introducing the scale factor f , which is simply the inverse of
the standard deviation, σ = 1/ f , it can thus be stated that the reliability index asymptotically
depends linearly on f , or, in scaled notation [2, 7]
β(f)
= const.
f →∞ f
lim
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(1)

Figure 1: Basic concept of asymptotic sampling

This asymptotic property can be exploited when extremely small failure probabilities are to be
estimated. In that case, a conventional Monte Carlo simulation would be unaffordable, since
too many single simulation runs would be necessary in order to obtain a representative number
of failure events. However, if the standard deviation of the basic variables is increased, a representative number of failure events can be obtained out of a moderate number of simulation
runs. The scaled reliability indices obtained in that way are then used as support points for a
regression as shown in Figure 1. The reliability index of the original system, i.e. β ( f = 1), is
then obtained by extrapolation.
In order to exploit this asymptotic relation, [4] suggested to utilize the formulation
B
β̂ ( f )
= A+ 2
(2)
f
f
This choice is motivated in order to satisfy the asymptotic property in Eq. 1, according to which
the second term in Eq. 2 has to vanish for f → ∞. However, it was observed that the regression
approach should be made more flexible to make it suitable for a broad range of applications.
Hence, a third parameter is introduced, which constitutes the exponent of the denominator:
B
β̂ ( f )
= A+ C
(3)
f
f
Assuming C to be positive, also this approach ensures asymptotic convergence to a constant
value (here to A) as f → ∞ (which is equivalent to σ → 0). The coefficients A, B and C can be
determined from a optimization algorithm.
It is pointed out that the asymptotic properties, on which the approach relies, are only valid if the
random variables are independent and identically distributed (i.i.d.) Gaussians with zero mean
and standard deviation σ = 1. Non-Gaussian variables and possible correlations among them
can easily be introduced using marginal transformations and joint probability density function
models such as the widely used Nataf-model [9, 8].

2.2

Extrapolation of the cumulative distribution function

A different, but in principle very simple method is presented in this subsection. The basic concept is shown in Figure 2. The outcomes of a Monte Carlo simulation are represented as cumula-
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Figure 2: Estimation of small failure probabilities by extrapolation of the CDF

tive distribution function (CDF) FX (x) expressed as the reliability index β = φ −1 (FX (x)). Here
φ −1 () is the standardized Gaussian distribution function. These outcomes could be, e.g., the
maximum displacements of a dynamical system excited by a random force. This representation
is very useful as it indicates the exceedance probabilities for a hole range of threshold levels.
For instance, the reliability index for not exceeding the threshold level x = 0.10 apparently is
approximately β = 1.2, or the probability of exceedance of this threshold level is 0.115.
However, it is evident that this representation is not suitable for the estimation of very small
exceedance probabilities, since for a limited number of simulation runs, higher threshold levels are rarely or never reached. To overcome this limitation it is proposed to approximate the
CDF with a regression function, which is then extrapolated to the threshold level of interest.
In Figure 2 this approach yields reliability index β ≈ 4.5 for threshold level x = 0.25. For the
approximation shown in Figure 2 the following function was used:
β̂ = A · ln(B · x +C) + D

(4)

The logarithmic approach guarantees monotonicity. The four coefficients A, B,C and D are obtained by an optimization algorithm. It is evident that the regression curve retraces the Monte
Carlo results very well. It can be assumed that the failure probabilities can be estimated quite
accurately with this simple technique, especially for threshold levels not too far away from
the range covered by Monte Carlo results. This approach was applied to estimate small failure
probabilities resulting from earthquakes of moderate intensity in [6].
However, this technique is not able to really predict the actual behaviour of the system in the
probability tails. For instance, referring to Figure 2, a sudden change of boundary conditions
occurring at displacement level x = 0.15 remains entirely undiscovered because no simulation
run yielded such a large displacement.

2.3

Probability estimation by regression surface

On the other hand, the asymptotic sampling technique is in principle suitable to explore the
system’s behaviour in the probability tails, as it is based on a scaling of the standard deviations of the uncorrelated Gaussian variables. Hence, it is proposed to combine both approaches
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described in the previous subsections.
For that purpose, for the reliability index β , a regression function is proposed which depends
on both variables, the threshold level x und the scale factor f :
a3 a4 x a5 ln x
β̂ (x, f )
= a0 + a1 x + a2 ln x + C + C + C
f
f
f
f

(5)

A similar approach has successfully been applied in [3]. The approach is chosen such that the
six parameters a0 ... a5 can be obtained by linear regression. The optimal exponent C is found
by executing the linear regression with a series of exponents and selecting then the exponent for
which the approximation was best in terms of least squares.
In this way, a regression surface is constructed. The exceedance estimates are obtained as a
function of the threshold level x when the scale factor is fixed to f = 1.

3 Numerical example
The presented approach is tested on a well-known benchmark example, described in [10]. It is a
MDOF system with Duffing type nonlinearity. This system is driven by an earthquake excitation
a(t) which is defined as the output of a 4th order linear filter driven by non-stationary white noise
w(t). The noise is defined by its covariance function

, 0s ≤ t ≤ 2s
 t/2
1
E[w(t)w(t + τ)] = Iδ (τ) · h(t); h(t) =
(6)
 , 2s ≤ t ≤ 10s

exp − 0.1(t − 10) , t ≥ 10s
with I = 0.08 m2 /s3 . The linear filter is given by the equations
Ẋ(t) = AEQ X(t) + BEQ w(t);

a(t) = CEQ X(t)

(7)





0
1
0
0
 −Ω21g −2ζ1g Ω1g


0
0
 BEQ = 
AEQ = 
 0


0
0
1
2
2
Ω1g
2ζ1g Ω1g −Ω2g −2ζ2g Ω2g
 2

CEQ = Ω1g 2ζ1g Ω1g −Ω22g −2ζ2g Ω2g


0
1 

0 
0

(8)

(9)

The numerical values chosen are Ω1g =15 rad/s, ω2g = 0.3 rad/s, ζ1g = 0.8 and ζ2g = 0.995. The
MDOF system is governed by the equations

Mü(t) + Cu̇(t) + K u(t) u(t) = F(t) = ma(t)
(10)
in which the matrices are given as

m1 0 . . . 0
 0 m2 . . . 0

M =  ..
.. . .
..
 .
.
.
.
0 0 0 m10




C=


c1 + c2 −c2
−c2 c2 + c3
..
..
.
.
0
0

...
...
..
.

0
0
..
.

. . . c10











;






K=
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m=


m1
m2
..
.
m10







k̄1 + k̄2 −k̄2
−k̄2 k̄2 + k̄3
..
..
.
.
0
0

(11)

...
...
..
.

0
0
..
.

. . . k̄10







(12)

Figure 3: Support points with regression surface

k̄i = ki



ui (t) − ui−1 (t)
1+ε
δ ure f

2 !
;

i = 1, · · · , 10

(13)

The system parameters are chosen as δ ure f = 0.02 m, ε = 0.1, m1 = · · · = m10 = 10,000 kg,√k1 =
k2 = k3 = 40 MN/m, k4 = k5 = k6 = 36 MN/m, k7 = k8 = k9 = k10 = 32 MN/m, ci = 2ζi mi ki
and ζi = 0.04 for i = 1, · · · , 10. The time duration is T = 20 s and the time step is chosen as ∆t =
0.005 s. Therefore the load discretization requires 4000 random variables. The failure criterion
is the relative displacement between stories 9 and 10 exceeding a threshold level x.
The asymptotic sampling procedure is carried out for five different scale factors f equally
spaced between 0.4 and 1. It has been observed that, in order to save computation time, the
number of simulation runs may be reduced as the scale factor is reduced. The reason is that
for smaller scale factors, high threshold levels are well covered anyway, even at a significantly
reduced number of runs. Hence, the number of simulation runs per scale factor level was chosen as nruns ( f ) = ninit · f . The initial number of runs was chosen as ninit = 800, thus in total
2800 runs are performed. For the construction of the regression surface according to Eq. 5, only
support points with a positive reliability index β are used, see Figure 3. Furthermore, samples
above threshold level x = 0.05 m are truncated.
Eventually, the estimation of exceedance probability as function of the threshold level is obtained by fixing the scale factor to f = 1 (which corresponds to the original system), see Figure 4. In this graph, also the reference results from the benchmark study are indicated. These
were obtained by conventional Monte Carlo simulation with 74,700,000 runs, evaluating the
exceedance probabilities for the threshold levels x = 0.024 and x = 0.028. It is evident that the
agreement with the proposed approach, which is based on 2.800 runs, is very good.
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Figure 4: Support points with resulting threshold exceedance probability curve, as well as reference
results taken from [10]

4 Concluding remarks
A Monte Carlo-based method for the estimation of tail probabilities arising in high-dimensional
problems has been presented. Monte Carlo results can easily be obtained for small threshold
levels as well as for scaled systems with increased standard deviations of the basic variables. To
estimate exceedance probabilities of high threshold levels of the original system, a regression
surface was constructed based in the generated samples, and an extrapolation in two directions
was performed.
The approach was tested on a benchmark example of a MDOF oscillator with Duffing-type nonlinearity. The results are in good agreement with the reference results. However, the number of
simulation runs necessary is smaller by several orders and threshold range for which exceedance
probabilities can be estimated is very wide.
Further research will focus on the approach used for the regression surface.
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Abstract: Two Markov chain Monte Carlo simulation methods for reliability estimation, subset simulation and the moving particles algorithm, are compared. To
this end, both low-dimensional and high dimensional test cases are considered.
The investigation sheds light on the avoidance of correlated samples in both algorithms, notably on the necessity of a burn-in period, the possibility of direct
sampling from a transition kernel as replacement for the Metropolis-Hastings
algorithm and the influence of a metamodel.

1 Introduction
In direct Monte Carlo Simulation (MCS), independent and identically distributed samples are
drawn in order to obtain an unbiased estimate of a function of random variables. For MCS,
the strong law of large numbers yields the P-almost sure convergence of the estimator, and
from the central limit theorem, one can deduce that the variance of the estimator decreases
with 1/N, where N is the number of samples. In particular, the decrease does not depend on
the number of random variables. Unfortunately, direct MCS is not well suited for reliability
analysis, where low failure probabilities must be estimated, because a huge number of samples
is needed in order to obtain accurate estimates. This leads in turn to a prohibitively large number
of calls to the performance function; and if the performance function itself requires a rather large
computational time (which is in general the case in structural analysis), the total computational
time will be excessive.
Generating samples from a fixed importance sampling density aims to reduce the variance of
the MCS estimator while retaining the advantages of independent and identically distributed
samples. Thus, the strong law of large numbers and the central limit theorem still apply, yielding
the same convergence properties as for direct MCS, but with a reduced variance of the estimator
due to a judicious choice of the importance sampling density. For reliability analysis, heuristics
to obtain an appropriate importance sampling density have been discussed in the literature, see
e.g. [8]. However, as has been shown in [6], sampling with a fixed importance sampling density
becomes inefficient for reliability estimation involving a high-dimensional random vector and
thus a large number of random variables.
Adaptive importance sampling densities may be constructed by Markov Chain Monte Carlo
(MCMC) algorithms. In this case, the samples are not independent (but sill identically distributed, if the Markov chain is in stationary state), but the ergodic theorem and the central limit
theorem for reversible Markov chains yield the convergence and the asymptotic unbiasedness
of the estimator. An MCMC based algorithm that is widely used for reliability estimation is
subset simulation [1], which is based on the estimation of conditional probabilities for a nested
sequence of domains. In contrast to many other MCMC algorithms, subset simulation does not
require a burn-in of the Markov chain, because the seeds of the Markov chains are already
distributed according to the target distribution [2]. On the other hand, the classical Metropolis-

65

Hastings (MH) algorithm suffers from a high rejection rate in conjunction with subset simulation, especially for high-dimensional reliability estimation, cf. [6]. Therefore, a componentwise
MH algorithm has been introduced in [1] and more recently, direct sampling from a normal
transition kernel has been proposed which yields candidates that always differ from the current
state [7] and leads to an improved efficiency for high dimensional problems, if the proposal
distribution is adapted for each subset.
In subset simulation, the size of the nested sets is usually chosen such that the conditional
probabilities are equal to 0.1, i.e. 90% of the samples are discarded and need to be recomputed
from the remaining 10% that serve as seeds. This leads in general to less than ten nested sets.
Having too few nested sets would lead to a similar inefficiency as for direct MCS. In [1], it
is argued that having much more nested sets would lead to an increase in the total number of
samples, which again decreases the efficiency of subset simulation. However, it is worthwhile
to consider the limit case, where only a single sample is discarded and recomputed. This leads
to a maximum number of nested sets. Such an MCMC based algorithm, called moving particles
algorithm, has been introduced in [5] and [9].
The objective of this contribution is to compare subset simulation and the moving particles
algorithm for reliability estimation on low- as well as on high-dimensional test cases with emphasis on the accuracy, efficiency and the acceptance rate and thus to shed some light on specific
features of these two MCMC based algorithms. The paper is organized as follows: in the next
section, subset simulation and the moving particles algorithm are introduced. Following this,
the test cases and the test methodology are presented. The test results are discussed and explanations for the observed phenomena are given. Finally, a summary of the observed phenomena
and recommendations for off-the-shelf application of the simulation algorithms are given.

2 Markov Chain Monte Carlo Simulation
2.1 Subset Simulation
Subset Simulation is based on nested sets, F1 ⊃ F2 ⊃ . . . FM , where FM = {θ ∈ Rn |g(θ ) < 0}
denotes the failure region and g(θ ) is the performance function. If θ is a vector of random
variables, the failure probability is given by
Pf = PF1

M−1

∏ P(Fi+1|Fi).

(1)

i=1

The rather small failure probability is written as the product of larger probabilities that can be
estimated with less effort. However, the estimation of the conditional probabilities requires the
application of MCMC simulations, because the corresponding conditional probability density
function is not known explicitly. In subset simulation, Ns parallel Markov chains are started from
seeds that for step i − 1 lie in Fi . Generating the Markov chains with the classical MH algorithm
may result in low acceptance rates. Alternatives are the componentwise MH algorithm [1],
a single repetition of the candidate sample (delayed rejection) or the direct sampling from a
suitable transition kernel such that rejection is limited to the case where the candidate sample is
not an element of Fi .
The most influential parameters of subset simulation are the transition kernel of the MCMC
algorithm and the sets Fi , for which sets of equal conditional probability p0 = P(Fi+1 |Fi ), for
i = 1, ..., M, are preferred. Given p0 , the sets are obtained from a percentile estimation for the
performance function. The failure probability is then
P̂M ,
Pf = pM−1
0
where P̂M is the estimate for P(FM |FM−1 ).
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(2)

The coefficient of variation of the estimator for the conditional probability Pi+1 = P(Fi+1 |Fi ) is
given by [1]
√
1 − Pi
(1 + γi ),
(3)
NPi
where the additional term γi is
)
N/Ns −1 (
kNs
γi = 2 ∑
ρi (k).
1−
(4)
N
k=1
Ns = p0 N is the number of samples that for step i − 1 lie in Fi and constitute the initial values
(i−1)
(seeds) of the Markov chains. ρi (k) is the correlation coefficient of the series IFi (θ jk ), where
(i−1)

θ jk is the kth sample of the j Markov chain that is generated in step i − 1 and IFi (·) denotes
the indicator function of Fi . A weak correlation of the samples produced by the Markov chain
is thus necessary for a reduction of the coefficient of variation.
The coefficient of variation for the failure probability estimated with subset simulation can be
approximated by
√
log pF (1 − p0 )(1 + γ̄ )
,
(5)
δsub ≈
log p0
N p0
pF
where γ̄ is the average value of γi (averaged over the number of subsets) and log
log p0 represents the
number of subsets. A typical value for γ̄ is 1+1 γ̄ = 0.4, cf. [7]. The average number of function
evaluation is thus approximated by
(
)
log pF
Nsub = N 1 + (1 − p0 )
,
(6)
log p0

and is composed by the initial Monte Carlo samples and the Markov chain samples (without
burn-in) at each step.

2.2 Moving Particles
The moving particles algorithm can be considered as subset simulation with a maximum number of steps. Thus, in each step, only one sample is discarded and resampled by a Markov chain
that takes as seed one of the retained samples. As for subset simulation, the algorithm starts
with a direct MCS. For each step, the values g(θ j ), j = 1, ..., Ns , of the Ns samples are ranked.
The sample with the maximum value of the performance function is moved: MCMC is carried out starting from one of the remaining samples and the final state of the Markov chain is
accepted, if the value of the performance function could be reduced. Otherwise, the sample is
simply replaced by the seed of the Markov chain. The Markov chain can be generated either by
application of the classical MH algorithm or by direct sampling from a normal transition kernel.
However, instead of computing the probability of failure from eq. (2), each initial sample is
moved until it reaches the failure region and the number of moves is count. As has been shown
in [5], the number of moves to get an initial sample into the failure region follows a Poisson distribution with parameter λ = log p1F . The estimator for the parameter of the Poisson distribution
is
Ns
Mj
∑ j=1
,
(7)
λ̂ =
Ns
where M j denotes the number of moves until sample j reaches the failure state.
In order to obtain an unbiased estimate, it is mandatory that the trajectories of the Poisson
process generated from the initial samples remain independent until the samples finally reach
the failure domain. In [9], two means are proposed to maintain the independence:
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• Burn-in: The Markov chain simulation is carried out with a burn-in period. The burn-in
should ensure the independence of the candidate and the seed of the Markov chain.
• Seed avoidance: Repeated use of the same seed for the Markov chain should be avoided.
Once a sample has been used as seed, the sample and its offspring should not be used as
seed again.
The coefficient of variation for the failure probability estimated with the moving particles algorithm is given by
√
− log pF
,
(8)
δmp =
Nm
cf. [5], and the average number of function evaluations is
Nmp = Nm (1 − T log pF ),

(9)

where the first term accounts for the initial Monte Carlo simulation and the second term for the
Markov chain samples (with burn-in period T ).
A parallel version of the algorithm is easily obtained, if the k samples with highest values of the
performance function are moved in parallel.

2.3 Comparison of the two algorithms
While the moving particles algorithm can be considered as a special case of subset simulation,
there are several differences with respect to the original subset simulation algorithm:
• In subset simulation, the number of steps is rather small; however, the number of steps in
the moving particles algorithm is maximal.
• In subset simulation, only p0 (usually 10%) of the samples are retained in each step and
serve as seed for the Markov chains. In contrast, only one sample is resampled in each
step of the moving particles algorithm, and the seed can be selected among the other
samples.
• The moving particles algorithm has a clear interpretation from Poisson process theory,
but requires that all initial samples finally reach the failure region.

3 Test Cases
Test cases have been considered with standardized parameters for the algorithms in order to
investigate the robustness, accuracy and accuracy of both simulation methods. The aim was
to find out whether the simulation methods can be applied off-the-shelf without fine tuning
to a specific problem. The low dimensional test cases were those summarized in [4], Table 1.
They allowed to carry out parameter studies for the number of initial samples and the Markov
chain transition kernel. Moreover, for the moving particles algorithm, the influence of a burn-in
period, a seed selection strategy and a low-rank metamodel have been investigated. Following
this, both algorithms were applied to high-dimensional examples, a paraboloid with discretely
varying principal curvatures, [3], example 4, and a single-degree-of-freedom oscillator with
1500 random variables, [1], example 1, with a threshold value b = 1.5.
For each test case and each set of parameters, 100 simulation runs were carried out from which
the mean probability of failure, the coefficient of variation, the mean number of performance
function evaluations and the mean acceptance rate has been observed.
For the MCMC with MH algorithm, two acceptance rates can be defined:
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• Level 1: Acceptance of the pre-candidate by the MH algorithm.
• Level 2: Acceptance of the candidate sample. For subset simulation, the candidate sample at step i must lie in Fi , while for the moving particles algorithm, the value of the
performance function must decrease.
If the MH algorithm is replaced by direct sampling from a transition kernel, the level 1 acceptance rate is always equal to 1 and only the level 2 acceptance rate remains. In this investigation,
the level 2 acceptance rate has been monitored only.

4 Results
4.1 Number of Initial Samples

C.o.v. [%]

30

40

5000 initial samples
10000 initial samples
15000 initial samples

20
10

a)

0
1 2 3 4 5 6 7 8 9 10 11 12 13 14
Case Nr.

1000 initial samples
1500 initial samples

30
C.o.v. [%]

40

20
10

b)

0
1 2 3 4 5 6 7 8 9 10 11 12 13 14
Case Nr.

Figure 1: Influence of the number of initial samples. a) Subset simulation. b) Moving particles algorithm.

Figure 1 displays the influence of the number of initial samples on the coefficient of variation
of the simulation algorithms for the low-dimensional test cases. It can be seen that the number
of initial samples needed to obtain the same level for the coefficient of variation differs by
nearly a factor of ten, which is due to the fact that for subset simulation, 90% of the samples are
discarded in each simulation step. In fact, considering equations (5) and (8) with δsub = δmp ,
1
1+γ̄ = 0.4 and p0 = 0.1, one obtains Nm ≈ 0.1N.
While increasing the number of initial samples increases the accuracy, the efficiency is decreased. The number of initial samples does not influence the mean level 2 acceptance rate very
much.

4.2 Influence of the Proposal Density
As proposal density for the componentwise MH algorithm, a normal probability density function has been chosen. Figure 2 a) and b) displays the influence of the standard deviation on the
coefficient of variation of the simulation algorithm. The figure shows the relative coefficient of
variation that is computed by taking as reference the coefficient of variation obtained for a normal density with standard deviation of 0.7. It can be seen that increasing the standard deviation
decreases the coefficient of variation for subset simulation, but increases the coefficient of variation for the moving particles algorithm. Thus, in comparison to subset simulation, a smaller
standard deviation for the proposal density is required for the moving particles algorithm. This
can be explained by the fact that the Markov chain simulations in the moving particles algorithm require a burn-in period and thus a repeated application of the proposal density, which is
not the case for subset simulation.
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Figure 2: Influence of the standard deviation σ of the proposal density. a) Subset simulation. b) Moving
particles algorithm.

Moving Particles Algorithm: Burn-In Period and Seed Selection Strategy
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Figure 3: Moving particles algorithm. a) Influence of the burn-in period. b) Influence of seed selection
strategies.

Figure 3 summarizes the influence of the burn-in period on the efficiency and various seed
selection strategies on the accuracy of the moving particles algorithm. For the investigation of
the burn-in period, simulations without burn-in have been taken as reference and the relative
coefficient of variation is shown together with the increase in the number of function calls. The
results underline that a burn-in period is necessary for a reduction of the coefficient of variation.
However, a burn-in period of 20 samples as proposed in the literature leads to a high number
of performance function calls. It was found that a shorter burn-in period (about 5 samples) is a
good compromise between accuracy and effort.
Various seed selection strategies have been tested. Figure 3 b) states the results for two seed
selection strategies. Simulations without a seed selection strategy were taken as reference. The
results indicate that seed avoidance might be beneficial for the accuracy of the simulation algorithm and that blocking the seed of the Markov chain and the generated sample (the offspring)
for further use as seed of a Markov chain might be a viable strategy to increase the efficiency.
However, the effect is not very pronounced.
Neither the length of the burn-in period nor the seed selection strategy had a significant influence
on the level 2 acceptance rate.
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4.4 Comparison of Subset Simulation and Moving Particles Algorithm
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Figure 4: Comparison of subset simulation algorithm and moving particles algorithm. a) Burn-in period,
such that the number of performance function evaluations of subset simulation and the moving particles
algorithm is approximately the same. b) Comparison of the efficiency of subset simulation and the moving
particles algorithm.

The efficiency of both algorithms can be compared by setting Nm = 0.1N for the number of
initial samples and p0 = 0.1 as before. In this case, the coefficient of variation of both algorithms
will be nearly the same. From equations (6) and (9), one obtains the relationship
Nsub 10(1 − 0.39 log pF )
=
Nmp
1 − T log pF

(10)

By setting this expression to one, a burn-in period T can be obtained as a function of the failure probability for which both algorithms would require approximately the same amount of
function evaluations. This relationship is depicted in Fig. 4 a). It can be seen that the obtained
burn-in period is in the range of values that has been found to be sufficient in the previous
section and thus the number of function evaluations for both algorithms is of the same order
of magnitude. For small failure probabilities, subset simulation becomes slightly more efficient
than the moving particles algorithm, while for larger probabilities of failure, the opposite is the
case.
The comparison of the two variants of the moving particles algorithm and subset simulation,
Figure 4 b), underlines that both algorithms lead to a similar efficiency. However, while the
number of function evaluations is approximately the same, the coefficient of variation for the
results from the moving particles algorithm is slightly higher than for subset simulation. As a
burn-in period of T = 5 has been applied for the moving particles algorithm and the failure
probabilities are in the range from 10−4 to 10−6 , this confirms the results of Figure 4 a).
Finally, both algorithms have been applied to high dimensional test cases, a single-degree-offreedom oscillator with 1500 random variables and a paraboloid with varying curvatures. Both
algorithms yielded results of same accuracy and efficiency. The level 2 acceptance rates were
similar as for the low-dimensional test cases.

5 Conclusions
The aim of the simulation study was to investigate the suitability of two MCMC simulation
algorithms, subset simulation and the moving particles algorithm, for off-the-shelf reliability
computations.
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The following conclusions conclusions can be drawn: A large initial sample size is beneficial for
the accuracy of both algorithms, but decreases the efficiency in terms of performance function
evaluations. Comparing the subset simulation algorithm to the moving particles algorithm, it
was found that the subset simulation algorithm needs about a factor of ten more initial samples,
as most of the initial samples are discarded during the move to the next subset simulation step.
For the componentwise MH transition kernel, both algorithms tolerate a wide range of values for
the standard deviation of the normal distribution. In order to obtain accurate results, the standard
deviation for subset simulation must be higher than for the moving particles algorithm. A burnin period is necessary in order to obtain a good accuracy of the moving particles algorithm. A
seed selection strategy might increase the accuracy of the moving particles algorithm, but has
nearly no influence on the level 2 acceptance rate.
For the efficiency, the differences between the moving particles and the subset simulation algorithm were rather small for the low- as well as the high-dimensional test cases. In conclusion,
subset simulation and the moving particles algorithm seem to be well suited for off-the-shelf
reliability estimations, but with a different setting for the most important parameters (σ and the
initial sample size).
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Abstract: The Kriging method is one of the most widely used metamodel methods in structural reliability analysis. However, the main obstacle to popularize the
method in practice is that it is often difficult or even impossible to quantify the
error that is induced by the metamodel approximation. In order to mitigate this
deficiency, this paper presents an unbiased Kriging method for structural reliability assessment. The method formulates the probability of failure as a product
of a Kriging metamodel-based failure probability and a correction term. The correction term is estimated by using Markov chain simulation and used to quantify
and further eliminate the approximation error. As a result, an asymptotically unbiased estimator of the failure probability is obtained. An iterative scheme is
further proposed to adaptively refine the Kriging metamodel and the corresponding correction term, thus the efficiency of the proposed method is improved. The
proposed method is illustrated and compared with the classical Kriging metamodel and high dimensional model representation method using two examples.

1 Introduction
A common technique for analyzing structural reliabilities with complex/implicit limit state
functions is to use the metamodel method. It uses a strategic design of experiments (DoE)
to obtain an analytical approximation of the relationships between the input random variables
and the limit state response of interest. The earlier application of this approach is the use of the
response surface methods [6]. The construction of the metamodel is a challenging problem. Recent advances include but not limited to artificial neural networks [12], support vector machines
[8], high dimensional model representation [3], polynomial chaos expansion [2] and Kriging
[10]. However, one of the obstacles to the popularization of the approach is that it is difficult
to decide how many samples should be used to construct an appropriate metamodel since the
quality of the metamodel depends on the statistical information provided by the DoE samples.
In addition, for the commonly used polynomial-based metamodel, the results may be sensitive to the selected interpolation polynomials and corresponding parameters due to the rigid
and non-adaptive structure of the polynomials [2]. Also, the performance of artificial neural
networks cannot be guaranteed due to the fitting problems because there is no efficient constructive method for choosing the structure and the learning parameters of the network. Besides
the above limitations, the major drawback of the approach is that it is often difficult or even
impossible to quantify the error made by the substitution of the metamodel for the real limit
state function (LSF) and thereby, the approximation error cannot be kept under control [11].
In order to overcome the aforementioned difficulties, this paper develops an unbiased Kriging
method for structural reliability analysis. The basic idea is to formulate the unknown failure
probability as the product of a Kriging metamodel-based failure probability and a correction
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term which accounts for the approximation error due to metamodel approximation. The correction term is constructed by introducing an intermediate event, which is the union of the actual
failure region and the metamodel-based failure region. The correction term is estimated efficiently using the Markov chain simulation. Furthermore, an adaptive refinement procedure is
developed to simultaneously improve the metamodel and the corresponding correction term to
further improve the efficiency of the proposed method. Although similar idea which formulates
the failure probability as a product of an augmented probability and a correction coefficient has
been proposed in very recent papers [4, 5], the metamodel were utilized within the framework of
sampling methods, and thus those methods fall into the category of simulation methods. On the
contrary, Markov chain simulation is just used to estimate the correction term and the proposed
method is essentially a metamodel method.
The paper is organized as follows: the Kriging model is briefly introduced in Section 2, followed
by the description of the proposed unbiased Kriging method in Section 3. The procedure of the
proposed method is summarized in Section 4. Two examples are then given to demonstrate the
application and efficiency of the proposed method in Section 5. Finally, Section 6 presents the
conclusion.

2 The Kriging model
This section briefly introduces the Kriging model for the completeness of introducing the proposed methodology. Details about Kriging model can be found elsewhere, e.g, [9]. Note that the
correction term is general and can be applied to other meatamodel methods.
Kriging model is an interpolation technique based on statistical theory, which consists of a parametric linear regression model and a nonparametric stochastic process [9]. Given an initial DoE
X = [x(1) , . . . , x(p) ]T , with x(i) ∈ Rn (i = 1, . . . , p) the ith input, and Y = [g(x(1) ), . . . , g(x(p) )]T
with g(x(i) ) ∈ R the corresponding response to x(i) . The approximate relationship between any
sample x and the response g(x) can be denoted as
g(x) = F(β, x) + z(x) = fT (x)β + z(x)

(1)

where fT (x)β is the regression model representing the trend of the model, which is defined by
a set of basis functions f(x) = [ f1 (x), . . . , fm (x)]T and the corresponding regression coefficients
β = [β1 , . . . , βm ]T . The ordinary Kriging is adopted in this paper, i.e., F(β, x) = β . Here z(x) is
a zero-mean stationary Gaussian process with autocovariance at points x and w defined as
cov(z(x), z(w)) = σ 2 R(x, w)

(2)

where cov = covariance, σ 2 is the process variance and R(x, w) is the autocorrelation function.
As the most widely used autocorrelation function, anisotropic Gaussian model is adopted in this
paper:
!
n

R(x, w) = exp − ∑ θi (xi , wi )2

(3)

i=1

where xi and wi are the ith component of the points x and w respectively, and θi is the correlation
parameter in the ith dimension.
Define R as a p × p symmetric correlation matrix with Ri j = R(x(i) , x( j) ), i, j = 1, . . . , p, and F
as a p × 1 unit vector, then β and σ 2 are estimated as
−1 T −1
1
(4)
β̂ = FT R−1 F
F R Y, σ̂ 2 = (Y − Fβ)T R−1 (Y − Fβ) .
p
The correlation parameter θ can be obtained through the maximum likelihood estimation:
1

θ = arg min(det R) p σ̂ 2 .
θ
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(5)

Since there exists corresponding interpolation model for each θ , the best Kriging model can be
obtained by optimizing θ .
Then at an unknown point x(0) , the Best Linear Unbiased Predictor (BLUP) of the response
g̃(x(0) ) and Kriging variance σg̃2 (x(0) ) are computed as
g̃(x(0) ) = qT (x(0) )β + r(x(0) )T R−1 (Y − Fβ),



σg̃2 (x(0) ) = σ̂ 2 1 + u(x(0) )T (FT R−1 F)−1 u(x(0) ) − r(x(0) )T R−1 r(x(0) )

(6)
(7)

where r(x(0) ) = [R(x(0) , x(1) ), . . . , R(x(0) , x(p) )]T and u(x(0) ) = FT R−1 r(x(0) ) − 1.

3 The unbiased Kriging method
Although the Kriging model can provide a measure of the local uncertainty of the prediction of
new samples, the overall error resulting from replacing the actual LSF with the Kriging metamodel cannot be quantified. Thus the direct use of Kriging metamodel will inevitably result in a
biased estimator of the failure probability. Having identified this issue, we propose a correction
term to quantify the bias of the Kriging metamodel-based failure probability, and formulate the
unknown failure probability as a product of the Kriging metamodel-based failure probability
and a correction term. In this manner, the bias of the Kriging metamodel-based failure probability can be accounted for and an unbiased estimator of the failure probability is obtained.
Let g̃(x) be a Kriging metamodel for LSF g(x), and F̃ = {x | g̃(x) ≤ 0} be the metamodel-based
failure region for the real failure region F = {x | g(x) ≤ 0}. The correction term, denoted by K,
is defined as
P(F)
(8)
K=
P(F̃)
where P(F) and P(F̃) is the failure probability and the metamodel-based failure probability,
respectively. Then P(F) can be written as
P(F) = K · P(F̃).

(9)

Eq. (8) shows that the correction term K quantifies the error resulting from substituting g(x)
with g̃(x), thus it can be used to consider the bias of P(F̃). By multiplying P(F̃) with K, an
unbiased estimator of P(F) is achieved as shown in Eq. (9).
Clearly, the key issue of the method is the computation of the correction term K. Since one
cannot guarantee that F̃ ⊃ F always holds, sampling methods such as importance sampling or
Markov chain simulation cannot be directly used to estimate K. We introduce an intermediate
event F ∪ F̃ and reformulate the correction term in Eq. (8) as
K=

1
P(F ∪ F̃) P(F)
= K2
P(F̃) P(F ∪ F̃) K1

(10)

where K1 = P(F̃)/P(F ∪ F̃), and K2 = P(F)/P(F ∪ F̃). Therefore, K can be estimated provided
that K1 and K2 are obtained.

3.1

Estimation of the correction term

By introducing an importance sampling density hF∪F̃ (x), K1 can be formulated as
P(F̃)
K1 =
=
P(F ∪ F̃)

Z

Rn
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IF̃ (x)
h
(x)dx.
IF∪F̃ (x) F∪F̃

(11)

where hF∪F̃ (x) denotes the conditional distribution of X given that it lies in the region of F ∪ F̃:
(x) fX (x)
IF∪F̃ (x) fX (x)
I
= F∪F̃
.
P(F ∪ F̃)
Rn IF∪F̃ (x) f X (x)dx

hF∪F̃ (x) = R

(12)

Similarly, K2 can be also formulated as
P(F)
K2 =
=
P(F ∪ F̃)

Z

IF (x)
hF∪F̃ (x)dx.
Rn IF∪F̃ (x)

(13)

Since the conditions that F̃ ⊆ F ∪ F̃ and F ⊆ F ∪ F̃ always hold, it is possible to estimate K1 and
K2 by sampling F ∪ F̃. Due to the unknown denominator, P(F ∪ F̃), of hF∪F̃ (x), the Markov
chain simulation is used to generate samples from hF∪F̃ (x).
Suppose that the total number of Markov chain samples is NK , and NC Markov chains are
generated, so that NK /NC samples are simulated for each chain. Let {x(i, j) , i = 1, 2, . . . , NC , j =
1, 2, . . . , NK /NC } be the Markov chain samples drawn from hF∪F̃ (x), then the estimators of K1
and K2 are given by
K̂1 =

1 NC NK /NC IF̃ (x(i j) )
∑ ∑ I (x(i j)) ,
NK i=1
j=1 F∪F̃

and

K̂2 =

1 NC NK /NC IF (x(i j) )
∑ ∑ I (x(i j))
NK i=1
j=1 F∪F̃

(14)

, respectively. K̂1 and K̂2 are asymptotically unbiased and converge almost surely to K1 and K2
according to the Strong Law of Large Numbers [13].
Once K̂1 and K̂2 are obtained, the estimator of the correction term K can be computed as
K ≈ K(K̂1 , K̂2 ) =

K̂2
.
K̂1

(15)

However, the estimator of K in Eq. (15) is biased due to the finite number of the Markov chain
samples NK in practice. By taking expectation on the 2nd-order Taylor’s expansion of the estimator of K, the bias can be obtained as
Bias(K(K̂1 , K̂2 )) =

K̂2
Var(K̂1 ).
NK K̂13

(16)

By subtracting the bias from the biased estimator in Eq. (15), an unbiased estimator of K is
obtained. Since Bias(K(K̂1 , K̂2 )) involves the variance of K̂1 , the following devotes to the computation of the variance of K̂1 .
As shown in [1], the variance of the estimator K̂1 is given by
"
#

NK /NC −1 
1
lN
C
R1 (0) + 2 ∑
1−
R1 (l)
(17)
Var(K̂1 ) = E(K̂1 − K1 )2 =
NK
NK
l=1
where R1 (l) is the covariance between IF̃ (x(i,m) )/IF∪F̃ (x(i,m) ) and IF̃ (x(i,m+l) )/IF∪F̃ (x(i,m+l) )
for l = 0, 1, · · · , NK − 1. R1 (l) can be estimated using the Markov chain samples {x(i, j) , i =
1, 2, . . . , NC , j = 1, 2, . . . , NK /NC } by
"
#
NC NK /NC −l
1
IF̃ (x(i,m) ) IF̃ (x(i,m+l) )
(18)
R1 (l) ≈ R̂1 (l) =
∑ ∑ I (x(i,m)) I (x(i,m+l)) − K̂12.
NK − lNC i=1
F∪F̃
F∪F̃
m=1
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In practice, a truncated summation starting from l = 0 until the sum of covariance estimates for
two successive lags R̂1 (T1 + 1) + R̂1 (T1 + 2) is negative is used to estimate R1 (l) in Eq. (17) [7].
Consequently, Var(K̂1 ) is approximated as
"
#

T1 
1
lNC
Var(K̂1 ) ≈
R1 (0) + 2 ∑ 1 −
R1 (l)
(19)
NK
NK
l=1
where T1 is the first odd positive integer for which R̂1 (T1 + 1) + R̂1 (T1 + 2) is negative. Estimation for Var(K̂2 ) is similar and the expression is omitted due to the length limit of the paper.
Combining Eqs.(15) and (16), an unbiased estimator of K is constructed as
K̂ ≈

K̂2 K̂2
− Var(K̂1 ).
K̂1 K̂13

(20)

The estimator of K given in Eq. (20) is asymptotically unbiased and consistent. The variance
and the coefficient of variation of the estimator K̂ is given by
Var(K̂) ≈

Var(K̂2 ) K̂22
+ 4 Var(K̂1 ).
K̂12
K̂1

and
Cov(K̂) ≈

(21)

q
Var(K̂)

,
(22)
K̂
respectively. Cov(K̂) will be used as the convergence criterion for the adaptive refinement of
the metamodel as detailed in Section 3.2.

3.2

Adaptive refinement of the Kriging metamodel

In order to further improve the efficiency, an adaptive strategy is developed to simultaneously
refine the Kriging metamodel and update the correction term. The general idea is to enrich the
DoE with additional ‘useful’ samples until a more strict criterion is satisfied. Note that the target
distribution of the Markov chain is hF∪F̃ (x). These NK samples tend to concentrate in F ∪ F̃.
Therefore, the real failure region F may not be adequately explored if only these samples are
added to the DoE. It is proposed to further enrich the DoE by adding another NM samples
from the current Kriging meatmodel-based failure region F̃. These NM samples are generated
as follows: at first a large number of samples (say 104 samples) are generated by Markov chain
simulation according to the distribution hF̃ (x) = IF̃ (x) fX (x)/P(F̃), noting that hF̃ (x) is the
conditional distribution of x given that x lies in F̃, then K-means clustering algorithm is used to
classify these samples into NM clusters, centers of these NM clusters are the required samples.
In order to sufficiently explore the Kriging metamodel-based failure region, it’s necessary to
generate a rather large number of samples from F̃. The specific number of samples from F̃ is
104 in this paper, however, large values other than 104 are also feasible. Although F̃ deviates
from F at the initial stage, it is expected that F̃ will approach to F as the refinement continues.
As a consequence, by adding NK Markov chain samples and NM centroids of the clusters to the
DoE, the failure region F can be better approximated and thus an improved Kriging metamodel
can be obtained. Based on the refined metamodel g̃(x) and F̃, one can generate another NK
Markov chain samples from the updated F ∪ F̃ to estimate the new correction term. These new
NK Markov chain samples, together with new NM centroids of the clusters of a large sample
population from the refined failure region F̃, are used to further enrich the current DoE, and
to refine the current metamodel g̃(x). The above adaptive refinement is repeated until either of
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Figure 1: Flowchart of the adaptively refinement scheme.

the following criterion is satisfied: the coefficient of variation of K reaches the target value, i.e.,
Cov(K̂) 6 CovK , or the total number of LSF calls exceeds the threshold, i.e., Ncall > Nmax . The
algorithm for adaptively refining the metamodel is summarized in Figure 1.
According to the authors’ experience, a satisfied mix proportion of NK and NM can be adopted
as NK /NM = 1, and their initial values are both selected as N0 . Thus, the total number of samples
used to adaptively refine the metamodel is 2sN0 , where s represents the number of the iterations.

4 Procedure of the unbised Kriging method
The proposed methodology can be summarized as follows.
Step 1 Construction of the initial Kriging metamodel: Generate an initial Kriging metamodel as described in Section 2 based on m initial DoE samples, which are generated
using Latin hypecube sampling (LHS) scheme.
Step 2 Adaptive refinement of the Kriging metamodel and correction term: Generate NK
Markov chain samples to estimate the correction term for the Kriging metamodel obtained in Step 1. Enrich the initial DoE by adding these NK samples and another NM
centroids of the clusters of a large sample population from the failure region F̃, and then
adaptively refine the metamodel and corresponding correction term as descried in Section
3.2, until the convergence criterion is satisfied.
Step 3 Estimation of the failure probability: Compute the failure probability based on the
refined metamodel and corresponding correction term obtained in Step 2 based on Eq.(9). Since the formulation of the refined metamodel has been extracted in Step 2, the
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metamodal-based failure probability P(F̃) is estimated by the direct Monte Carlo simulation. The coefficient of variation of the failure probability is approximated by
q
Cov(P̂F ) ≈ Cov2 (P̂F̃ ) + Cov2 (K̂)
(23)

Note that the total number of LSF calls used in Step 1 and Step 2 is m + 2sN0 . The total number
of LSF calls to achieve a given accuracy is used in this work as the relevant measure of the
computational cost.

5 Examples
Two examples from literatures were selected to demonstrate the proposed method. The performance of the proposed method is examined through comparison with other methods. The
accuracy of the methods are assessed by comparing with the exact failure probability obtained
by Monte Carlo simulation. Each method was repeated 20 times to obtain a sample coefficient
of variation (Cov) for the estimated failure probability. Then each method is compared in term
of the sample Cov. In all methods, the initial DoE were generated by using LHS scheme. For all
of the examples, the basis function of the Kriging model is taken as a constant and the Kriging
model turns out to be an ordinary Kriging as presented in Section 2.

5.1

Example 1: a series system with four branches

The first example is a series system with four branches [14]. The LSF is defined as:


3 + 0.1(x1 − x2 )2 − (x1√+x2 2 )



 3 + 0.1(x − x )2 + (x1√+x2 )
1
2
2
g (x1 , x2 ) = min

√7
(x
−
x
)
+

1
2

2


(x2 − x1 ) + √72

(24)

where x1 and x2 are independent standard normal variables. The purpose of the example is
to graphically demonstrate the refined Kriging metamodel, together with the Markov chain
samples in the computation of correction term and the K-means clusters’ centers.
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(b) The refined Kriging metamodel.

Figure 2: Example 1: Adaptive refinement of the Kriging metamodel.

It should be noted that there isn’t a general rule to determine the size of initial DoE. According
to the authors’ experience, 50 initial DoE samples are generated in this example. The number
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of initial Markov chain samples N0 is selected as 16. And 66 additional samples are used to
adaptively refine the metamodel based on the average over 20 run of the proposed method. The
actual and the approximated limit state surface are ploted in figure 2(a) and 2(b).
It can be seen that the direct Kriging metamodel leads to noticeable error in the LSF approximation with the initial DoE samples. By enriching the DoE with some ‘useful’ samples, the
accuracy of the adaptively refined Kriging metamodel has been significantly improved. This
illustrates the effectiveness of the developed adaptive refinement strategy.
Table 1: Reliability results of Example 1.

Method
MCS
DS [14]
IS [14]
Kriging

Ncall
106
9192
4750
116
400
600
Proposed method 116

P̂F
2.233 × 10−3
2.6 × 10−3
2.2 × 10−3
2.889 × 10−3
2.782 × 10−3
2.450 × 10−3
2.22 × 10−3

Cov
0.021
0.4128
0.4686
0.1597
0.047

εP̂F (%)
16.44
1.48
29.4
24.59
9.72
0.58

Table 1 compares the performance of different methods. The proposed method provides an
accurate estimator at the expense of a smaller number of LSF calls. Specifically, with the same
Ncall (i.e., Ncall = 116), the relative error of the proposed method and the direct Kriging method
is 0.58% and 29.4%, respectively. This illustrates that the correction term can eliminate the
approximation error induced by direct Kriging metamodel and achieve an accurate estimate
of the failure probability even a poor metamodel is used. With the increasing number of DoE
samples (e.g., N = 600), the accuracy of the direct Kriging metamodel method is improved, and
comparable accuracy can be achieved as the proposed method. This suggests that the proposed
method can be particularly advantageous when the number of Ncall is relatively small.

5.2

Example 2: a roof structure

(a)

(b)
Figure 3: Example 2: a roof structure.

Consider a roof structure subjected to a uniformly distributed vertical load q as shown in Figure
3 [15, 16]. The top cords and compression bars are concrete, and the bottom cords and the
tension bars are steel. In structural analysis, the uniformly distributed load q was transformed
into three nodal loads, each is P = ql/4. The serviceability limit state of the structure with
respect to its maximum vertical displacement was considered. The limit state function is given
by


ql 2 3.81 1.13
g = ua −
+
(25)
2 Ac Ec As Es
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in which ua is the allowable displacement and is set to be 0.03 m, E and A denote the Modulus
of elasticity and cross-sectional area, and the subscripts s and c indicate the material steel and
concrete, respectively. All random variables are assumed to be independent normals, whose
distribution parameters are presented in Table 2.
Table 3 lists the reliability results of different methods. Again, it can be observed that the proposed method gives a reasonable result at a small computational effort. With a relative small
size of DoE (i.e., Ncall < 600), the Kriging metamodel method is less accurate than the proposed method, illustrating the importance of the correction term. With 220 samples, Cov(P̂F )
of the proposed method is 0.035, while Cov(P̂F ) of the Kriging metamodel method is still 0.36
even 600 DoE samples are used. The sample coefficient of variation of the propose method is
very close to the theoretical value of 0.032 calculated from Eq. (23). This shows that the coefficient of variation obtained from Eq. (23) agrees well with the empirical result. Note that the
relative error of the Kriging method with 800 samples is even larger than that of with 600 samples, illustrating that the accuracy of the direct metamodel method cannot be guaranteed even a
large number of LSF calls is used.
Table 2: Random variables of the roof truss.

Variable
q(N/m)
l(m)
AS (m2 )
AC (m2 )
ES (N/m2 )
EC (N/m2 )

Distribution
Normal
Normal
Normal
Normal
Normal
Normal

Mean
20000
12
9.82 × 10−4
400 × 10−4
1 × 1011
2 × 1010

Cov
0.07
0.01
0.06
0.12
0.06
0.06

Table 3: Reliability results of Example 2.

Method
MCS
Subset Simulation [15]
IS [16]
Kriging

2nd-order HDMR
Proposed method

Ncall
5 × 107
54 × 103
2000
220
400
600
800
577
220

P̂F
9.373 × 10−3
9.647 × 10−3
9.361 × 10−3
2.534 × 10−2
1.231 × 10−2
7.265 × 10−3
6.732 × 10−3
9.3 × 10−3
9.555 × 10−3

Cov
0.001
0.59
0.44
0.36
0.27
0.035

εP̂F (%)
2.92
0.13
170.35
31.35
22.49
28.81
0.78
1.94

6 Conclusion
An unbiased Kriging method for structural reliability analysis has been developed in this study.
The method formulates the probability of failure as a product of a Kriging metamodel-based
failure probability and a correction term. The correction term is used to quantify and eliminate the error resulting from approximating the real LSF with the Kriging metamodel. With
the correction term, the new method can obtain an asymptotically unbiased estimate of the failure probability even when a poor metamodel is used. The developed iterative procedure can
efficiently improve the accuracy of the Kriging metamodel and the associated correction term.
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The efficiency and accuracy of the proposed methodology was demonstrated through two examples, including a series system with multiple design points and a roof structure. For both
examples, the proposed method provides a more accurate and efficient estimator than the conventional Kriging metamodel and high dimensional model representation method. The proposed unbiased Kriging method can be a useful tool for low to medium-dimensional structural
reliability problems, however, the applicability and efficiency of the proposed method to high
dimentional problems with large variabilities needs further investigation.
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Abstract: Networked systems make the reliability assessment of critical infrastructure computationally challenging given the combinatorial nature of system-level
states. Several methods from numerical schemes to analytical approaches, such as
Monte Carlo Simulation (MCS) and recursive decomposition algorithms (RDA), respectively, have been applied to this stochastic network problem. Despite progress
over several decades, the problem remains open because of its intrinsic computational complexity. As the structural facilities of infrastructure systems continue to
interconnect in network forms, their study steers analysts to develop system reliability assessment methods based on graph theory and network science. A fully polynomial randomized approximation scheme (FPRAS) based on Karger’s graph
contraction algorithm is an approximating method for reliability evaluation, which
has a unique property rarely exploited in engineering reliability: that by performing
a number of experiments in polynomial time (as a function of system size), it provides an a priori theoretical guarantee that the reliability estimate falls into the 𝜖neighborhood of its true value with (1−δ) confidence. We build upon the FPRAS
ideas to develop an s-t reliability version that has practical appeal. Focusing on the
relevant-cut enumeration stage of the FPRAS, we find correlations between the recurrence frequencies of links in minimum cuts within the randomization phase of
the contraction algorithm, and typical network topological properties. We employ
LASSO regression analysis to approximate the relationship between link recurrence
frequencies and such topological metrics. With the topology-informed link recurrence frequencies, obtained at a much lower computational cost, we use a new biased contraction probability yielding 16.9% more distinct minimum cuts (MinCuts)
than the original random contraction scheme. The biased contraction scheme proposed here can significantly improve the efficiency of reliability evaluation of networked infrastructure systems, while supporting infrastructure systems design,
maintenance and restoration given its ability to offer error guarantees, which are
ideal for future prescriptive guidelines in practice.
Keywords: system reliability; graph theory; fully polynomial randomized approximation scheme (FPRAS); computational complexity; error bounds
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Introduction
Developed infrastructure systems bring convenience to modern society, which requires reliability assurance. In recent years, failures of critical infrastructure systems, such as blackouts
and increasing traffic congestions, have resulted in significant losses and inefficiencies [1]. Researchers and engineers are committed to improve the reliability and resilience of such critical
infrastructure systems. Due to the highly connected component-based nature of modern infrastructure systems, it is reasonable and practical to abstract the structural topologies and functional relationships from real infrastructure systems and represent them as networks consisting
of nodes and links enabling connectivity and flow traversals. With the help of this network
abstraction, methods already exist to solve the reliability problem of infrastructure systems,
including Monte Carlo Simulation methods (MCS) [14], selective recursive decomposition algorithms (SRDA) [11], logic-based approaches[3], and percolation-based methods [8].
Another distinctive method is embodied by a fully polynomial randomized approximation
scheme (FPRAS) based on the graph contraction method proposed by Karger [5]. It has a unique
property absent in most of the currently used reliability assessment methods: it provides an a
priori theoretical guarantee of the deviation in estimating reliability. By assigning a desired confidence and error interval, we can get the number of realizations required, which is polynomial in the
input (network) size, reciprocal of the desired confidence interval and the logarithm of the reciprocal
of the confidence, all without any assumptions on the probabilistic law governing the system or
components, except that they possess a failure probability. The FPRAS uses different strategies
when the problem is of different sizes. The problem is polynomially small when 𝑝𝐶 > 𝑛−4 , where
p is the failure probability of links, C is the smallest size of minimum cuts (MinCut), and n is the
number of nodes in the network. Otherwise, the problem is exponentially small. The FPRAS employs direct Monte Carlo Simulation for polynomially small problems. For exponentially small
cases, the method becomes a two-stage scheme, consisting of enumeration of relevant MinCuts
using graph contraction algorithms, and reliability evaluation using disjunctive normal form (DNF)
counting. The focus of this paper is on further improving the efficiency of the enumeration of relevant MinCut stage, specialized for an s-t connectivity reliability setting, while the second stage
provides theoretical guarantees of the estimates is the (, )-approximation form [7].
In the remaining of this paper, Section 2 introduces the FPRAS ideas based on Karger’s contraction algorithm. Then Section 3 focuses on the MinCut enumeration stage and analyzes the
contraction algorithm’s performance on the topology of the transmission power network in Amarillo, TX. We find that substantial computational inefficiency occurs due to the randomization
of the original contraction algorithm by finding the same MinCuts repeatedly. We analyze the
recurrence frequency of MinCuts, based on which we calculate the mean recurrence frequencies
(Af) of links in the network, and find the existence of correlations between Af and several network-based topological properties. Section 4 employs the Least Absolute Shrinkage and Selection Operator (LASSO) regression analysis to approximate the functional relationship between
the Af and the topological properties. Finally, in Section 5 we use the approximated function
values as the contraction probability in a new biased s-t contraction algorithm, a modified version of the original all-to-all contraction algorithm proposed by Karger. The comparison of the
results shows that the biased contraction algorithm improves computational efficiency. Section
6 gives conclusions and ideas for future research.
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Introduction to Karger’s FPRAS on reliability assessment
2.1 Definition of the FPRAS
The FPRAS proposed by Karger deals with the probability estimation of an undirected graph 𝒢
being disconnected as links fail with independent probability 𝑝, where 0≤ 𝑝 ≤1. The definition
of the FPRAS, for given small positive numbers 𝜖 and 𝛿, and any input of 𝒢 and 𝑝, is an algorithm 𝒜 that estimates the failure probability of the network, based on some connectivity criterion, and the estimation falls within the 𝜖 -neighbourhood of the true but unknown failure
probability 𝐹 with probability greater than (1 − 𝛿), namely:
𝑃𝑟(𝒜(𝒢, 𝑝) ∈ [(1 − 𝜖)𝐹, (1 + 𝜖)𝐹]) ≥ (1 − 𝛿)
(1)
Moreover, the running time of algorithm 𝒜 is polynomial with respect to the input size
(𝛰(𝑑(𝒢) + 𝑙𝑜𝑔(1/𝑝))), 1/𝜖 and 𝑙𝑜𝑔(1/𝛿).

2.2 Two strategies in the FPRAS
Karger’s FPRAS uses two different strategies to estimate the failure probability of the network
in two different situations. When the true value F is ‘Polynomially small’, which means 𝑝𝐶 ≥
𝑛−4 , direct Monte Carlo Simulation is used. When the true value F is ‘exponentially small’,
namely, 𝑝𝐶 < 𝑛−4, relevant (small) MinCuts are enumerated by a contraction algorithm first,
to then assess the reliability of the network via disjunctive normal form (DNF) logic-based
counting methods [5, 7]. We summarize the basic steps below:
2.2.1 Polynomially small F: 𝑝𝐶 ≥ 𝑛−4
When considering the results of individual failure realizations as independent variables from an
identical distribution, Chernoff’s bound yields the sufficient number of realizations 𝑙 =
3𝑛4
𝜖2

𝑙𝑜𝑔(2/𝛿), to acquire the desired (ϵ, δ) guarantee. Hence, repeat the following steps for l

times:
1. Remove links with probability 𝑝 from the original network 𝒢 to generate the resulting
network ℋ𝑖 .
2. Examine if the resulting network ℋ𝑖 is connected. If so, set ℋ𝑖 as one, and zero otherwise.
3. The fraction of ℋ𝑖 being connected is the reliability of the network.
2.2.2 Exponentially small F: 𝑝𝐶 < 𝑛−4
In this case, the estimation process consists of two stages: relevant-MinCut-enumeration and
DNF estimation.
In the relevant-MinCut enumeration stage, only MinCuts of size smaller than or equal to 𝛼𝐶
are of concern, where 𝛼 = 2 − 𝑙𝑛(𝜖/𝛰(1))/𝜉ln(𝑛), and 𝑝𝐶 = 𝑛−(2+𝜉) . The parameter 𝛼 is
selected such that any large MinCut (of size larger than 𝛼𝐶) fails with a probability smaller than
𝜖𝐹 , which is ignorable without damaging the desired (𝜖, 𝛿) guarantee (see [5] for further
details). The contraction algorithm is employed r times repeatedly to find enough relevant small
MinCuts, where 𝑟 = 𝜃𝑙𝑜𝑔(𝜃⁄𝛿 ) , with 𝜃 = 𝑛𝑘 , and 𝑘 = ⌈2𝛼⌉ , to ensure that the missing
probability of any relevant MinCut is smaller than 𝛿 (see [5] for detailed derivations). As will be
seen in Section 3, more MinCuts will be found when more of the contraction realizations are
repeated, increasing the accuracy of the reliability estimation.
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Graph contraction is a series of link contractions. For each link contraction, first randomly select
a link, and then replace the two endnodes with a single meganode. Links connected to either of
the endnodes are now connected to the meganode. Note that there might be multi-links between
two meganodes. Graph contraction is nothing but performing the link contraction (n-1) times,
after which we will obtain only two meganodes and a MinCut link set separating them. By
repeating the above contraction algorithm for r times, enough relevant MinCuts are found.
In the DNF estimation stage, DNF formula Φ represents the event that the network is
disconnected after link removals according to failure probabilities. Consider the MinCuts as
clauses 𝑐𝑖 , which are linked by disjunctions, and where links in MinCuts are literals (joined by
conjunctions). The total number of literals appearing in 𝑐𝑖 is denoted as 𝑙𝑖 . Then the satisfication
probability of the formula Φ approximates the failure proabability of the network. Assignments
to variables are generated randomly. Using 𝑝𝑖 and 𝑛𝑖 as the number of positive and negative
literals, respectively, a random assignment satisfies 𝑐𝑖 with probability 𝑠𝑖 = 𝑝𝑝𝑖 (1 − 𝑝)𝑛𝑖 . All
the links appearing in MinCuts correspond to positive literals. Use T = ∑𝑖 𝑠𝑖 as the sum of all
the probabilities for MinCuts. Then, the satisfication probability of Φ is calculated as follows:
1. Generate a random assignment σ satisfying 𝑐𝑖 based on 𝑐𝑖 /𝑇. σ has the same state with
𝑐𝑖 on variables appearing in 𝑐𝑖 . Other variables are assigned random states.
2. Calculate D = T/𝑛(σ), with 𝑛(σ) being the number of all clauses satisfied by σ.
3. Repeat the above process for 4M/𝜖 2 times, with M being the total number of clauses.
The expected value of D is the satisfication probability of formula Φ, which is also the all-toall failure probability of the network. For more details, the reader can explore related literature
[4, 5, 6]
The relevant-MinCut-enumeration stage is critical to both the accurracy and the efficiency of
the scheme. It relates to not only the reliaiblity assessment, but also graph theory and network
science, which can be helpful in improving the efficiency of the enumeration stage, and hence
the whole FPRAS. We mainly focus on the relevant-MinCut-enumeration stage of the FPRAS,
so as to improve its efficiency and applicability, by extending to practical s-t connectivity
reliability cases.

Computational inefficiency of Karger’s FPRAS
Karger’s original FPRAS is for all-terminal reliability evaluation of a network. We focus on
the its extension to the case of s-t reliability assessment. To make it find s-t MinCuts, we need
to avoid selecting any link connecting the s-meganode and the t-meganode during the contraction process. We test the FPRAS on the topology of a real infrastructure system: the transmission power network of Amarillo, TX, which consists of 47 nodes and 62 links. Note that
engineering systems have unique topological properties compared to ideal random networks
such as Erdős–Rényi or Barabási–Albert models [2, 12], affording topological invariants. The
topology of the transmission power network is shown in Fig. 1. We choose node 2 (green node)
and node 12 (blue node) in the network as the source and terminal nodes, respectively, and
search for MinCuts between them via network contractions.
From Fig. 2, it can be seen that more MinCuts are found (Fig. 2A) and the reliability estimation
of the network becomes more accurate (Fig. 2B) when the number of contraction realizations r
is increased. All the five lines in Fig. 2B flatten when MinCuts of higher sizes are taken into
account, meaning that small-size MinCuts dominate the approximation.
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Figure 1. Topology of the transmission power network of Amarillo, TX.

The relationship between the recurrence frequency and the distinct numbers of MinCuts of each
size is illustrated in Fig. 3. Significant difference between the number of realizations counted
and the numbers of distinct MinCuts is spotted in Fig. 3, which demonstrates substantial inefficiency in the naïve Karger’s contraction algorithm. For example, more than 1.8 × 106 realizations find the only one MinCut of size two repeatedly.

Figure 2. Comparison of number of distinct MinCuts (A) and reliability assessment (B), based on simulations
with different numbers of contraction realizations.

Figure 3. Comparison of number of realizations and distinct MinCuts of each size (total realization number, 𝑟 =
1 × 107 ). The inset is the zoomed in version of distinct numbers (blue line in the big picture).
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Link recurrence frequency analysis and topological metrics
Figure 3 shows that different MinCuts are found with different frequencies. Even for MinCuts
of the same size, the recurrence frequencies are different, as shown in Fig. 4. Frequently found
MinCuts are more responsible for the computational inefficiency, which should come from intrinsic topological properties, since all the links fail with the same probability. Once we can
figure out the relationship between link recurrence frequency and topological properties, we
can estimate the approximate link recurrence frequency without actually calculating it with millions of contraction realizations. Furthermore, by assigning higher failure probability to links
with higher recurrence frequencies (contraction probability during contraction process), we can
suppress the reappearance of previously found MinCuts, thus finding new MinCuts with a
higher probability.

Figure 4. Occurrence frequencies of different MinCuts of size 4, 5, 6, x-axis are distinct MinCuts.

We use a weighted sum of the appearance of each link in all the MinCuts as the recurrence
frequencies of link j or 𝑓𝐿 𝑗 :
𝑓𝐿 𝑗 = ∑ 𝛿𝑖𝑗 ∙ (𝑓𝑀 𝑖 ⁄𝑆𝑀 𝑖 )

(2)

𝑖

where 𝛿𝑖𝑗 is 1 if link j appears in MinCut i and 0 otherwise, 𝑓𝑀 𝑖 is the recurrence frequency of
MinCut i, and 𝑆𝑀 𝑖 is the size of MinCut i.
Some typical topological properties are selected to demonstrate the sources of link recurrence
frequencies. At each step of the contraction process, links in the partially contracted network
are selected with the same probability. Thus, links connected to nodes with higher degree are
more likely to be contracted because of the contraction of another link connected to the same
node. Hence, two degree-related metrics are selected: AverDeg (Average degree of two endnodes of a link) and EigVect (Average value of the corresponding components in the principal
eigenvector of the adjacency matrix of the network). In addition, links appearing in more
MinCuts tend to be bottlenecks in the network, which endows them with higher importance in
the sense of connectivity. Consequently two typical metrics about network traffic, LinkBet
(hop-count based link betweenness) and RedBond (frequency of being red bond, namely being
the link(s) whose removal from the network triggered the phase transition during a random bond
percolation process [9, 13]), are selected. Both LinkBet and RedBond represent the importance
of links in the sense of bridging different clusters in the network [9, 13]. Moreover, since the
MinCuts are subject to specific s-t pairs, STDist is considered relevant, which is defined as the
shortest distance of links from either the s-node or the t-node. In sum, five typical topological
properties are used to demonstrate the source of the recurrence frequencies of links: AverDeg,
EigVect, STDist, LinkBet and RedBond.
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The scatter plots of the link recurrence frequencies and the above five typical topological metrics are shown in Fig. 5, from which we can roughly assess correlation. It can be seen that there
is correlation between link recurrence frequencies and LinkBet, and between link recurrence
frequencies and RedBond. This supports the hypothesis that links with higher recurrence frequencies are more likely to be critical bridging links between clusters. In contrast, the correlation between link recurrence frequencies and STDist seems to be negative. This is consistent
with the intuition that, links close to either the s-node or the t-node would be more likely to
appear in smaller size MinCuts, which generally have higher recurrence frequencies.

Figure 5. Scatter plot of the occurrence frequencies and typical topological metrics of links. The scatter plots are
shown between link occurrence frequency and AverDeg (A), EigVect (B), STDist (C), LinkBet (D) and RedBond
(E).

To screen significant factors out of the above topological metrics that have an influence on link
recurrence frequencies, we employ LASSO regression analysis, due to its unique variable selection ability. The form of the LASSO penalty will retain significant factors in the model and
remove unimportant factors out of the model. To approximate the relationship between the link
recurrence frequencies and typical metrics above, we consider the first order of the metrics and
the second order combinations between them. We consider up to only the second order of the
combinations to make the model size manageable, as the second order is sufficient to indicate
to relationships given our goal of informing an approximation method. We use link recurrence
frequencies as the dependent variables, and consider 𝑋𝑖 and 𝑋𝑖 ∙ 𝑋𝑗 (𝑖 may equal j) as independent variables. We assume the link frequency calculated based on Eq. 2 is a second order polynomial function of the normalized metrics mentioned above:
𝑋1: AverDeg; 𝑋2: EigVect;
𝑋3: STDist;
𝑋4: LinkBet;
𝑋5: RedBond. As well as
all the terms 𝑋𝑖 ∙ 𝑋𝑗 , with i,j = {1, …, 5}.
Before performing the LASSO regression analysis, we normalize each term of 𝑋𝑖 and 𝑋𝑖 ∙ 𝑋𝑗
into the range [0, 1], so that each variable gives the same weight in the determination of the
coefficients 𝜆𝑖 and 𝜆𝑖𝑗 in the following model:
𝑓𝐿 𝑗 = ∑ 𝜆𝑖 𝑋𝑖 + ∑ 𝜆𝑖𝑗 𝑋𝑖 ∙ 𝑋𝑗
𝑖=1

(3)

𝑖=1,𝑗=1

Here, when 𝜆𝑖 (or 𝜆𝑖𝑗 ) is zero, the corresponding variables 𝑋𝑖 (or 𝑋𝑖𝑗 ) are unimportant factors
and thus removed from the model. For non-zero 𝜆𝑖 (or 𝜆𝑖𝑗 ), their values indicate the influence
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of the variables on the recurrence frequencies of link j or 𝑓𝐿 𝑗 . Once the coefficient set 𝜆𝑖 and
𝜆𝑖𝑗 is determined by Eq. 3, we can approximate the link recurrence frequencies in the random
scheme, defined in Eq. 2. It is obvious that approximations based on Eq. 3 are much easier to
obtain than via the relationship with Eq. 2 after millions of contraction realizations. By using
the link recurrence frequencies approximated by Eq. 3 as contraction probabilities of links in a
biased contraction process, we can suppress the repetition of the previously most frequently
found MinCuts; hence, we improve the efficiency of the enumeration of relevant MinCut stage
in the FPRAS proposed by Karger. By tuning the parameters, LASSO gives different coefficient
sets that contain different numbers of nonzero coefficients. As the parameter changes, unimportant factors are dropped out of the model consecutively, and the number of nonzero coefficients becomes smaller and smaller. We compare the nonzero coefficient sets when new
variables are removed from the function; the appearing times of variables in the function is
illustrated in Fig. 6A. The appearing times, as well as the order those variables appear, corresponds to their relevance to the function value of link recurrence frequencies. We evaluate the
angle between the function values, the approximated link recurrence frequencies based on the
function with the above coefficient sets, and the actual link recurrence frequencies in Fig. 6B.
The angle peaks at the coefficient set with five coefficients being nonzero. Two valleys appear
at coefficient sets with two and ten nonzero coefficients, respectively. At the valleys, the vector
directions between the calculated values and the actual link recurrence frequencies are more
similar. Since only the relative difference is of concern, angle is adequate to evaluate their difference rather than Euclidean distances [12].

Figure 6. Nonzero coefficients (A) in LASSO model and angles (B) between calculated and actual frequencies.

Proposed biased contraction algorithm
Since the screened LASSO values and associated parameters have a small angle with the actual
link recurrence frequencies, we can use such calculated frequencies to bias the contraction process of the s-t FPRAS. To avoid the occurrence of zero probabilities for some links, we normalize the calculated values to [0.5, 1], and renormalize the results to make the sum of all the values
equal to 1.0. Links with higher appearing frequencies are initially more responsible for the
computational inefficiency, while in our biased contraction algorithm, such links are more likely
to be contracted than other links, as they now possess a relatively higher contraction probability.
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We perform the biased contraction algorithm based on the calculated values of the functions
with two, five and ten coefficients being nonzero, which corresponds to the peak and two valleys in Fig. 6B. For each simulation, we perform 𝑟 = 1 × 106 contraction realizations, and we
compare the occurrence frequencies and distinct numbers of MinCuts of each size, as shown in
Figure 7. It can be seen that the modified biased algorithm reduces the occurrence frequencies
of MinCuts of small sizes (around 57% decrease in the occurrence frequencies for MinCut of
size 2), while it increases the occurrence frequencies of MinCuts of large sizes, which is a desired outcome. Moreover, with almost the same numbers of distinct MinCuts of small sizes
found, the biased algorithm finds even more distinct MinCuts, around 16.9% in addition to the
total number otherwise, most of which are of large sizes, compared to the original contraction
algorithm by Karger (Fig. 7B). Similar exploration will be performed on more topologies of
real infrastructure systems, such as the 58 U.S. transmission power grids analysed in Li et al.
[10], as well as on more ideal network models. The difference between the modified biased
algorithms with calculated values based on different numbers of nonzero coefficients is insignificant, thus a parsimonious model should be favored.

Figure 7. Comparison of occurrence frequencies (A) and distinct numbers (B) of MinCuts of different sizes.

Conclusion
Reliability assessment of infrasstructure systems is critical to the normal operation of modern
society. However, most current network reliability assessement methods can not give a priori
polynomial-time guarantees due to the computational complexity of this stochastic problem.
The FPRAS on reliaiblity evaluation proposed by Karger is an exception. It can provide error
guarantees on reliability estimation, and run in polynomial time with repsect to the input size,
which is effective in practice. One of the key steps of the FPRAS is using the graph contraction
algorithm to enumerate enough relevant MinCuts, which is an inneficient step due to the
randomization nature of the algorithm. In this paper, we analyze the relationship between link
recurrence frequencies and typical network topological metrics, so as to improve the probability
of finding relevant network MinCuts in a new s-t connectivity reliability setting. By performing
a LASSO regression analysis, we obtain a regression function between network topological
metrics and link recurrence frequencies, which is used as the relative contraction probability in
a proposed biased contraction algorithm. MinCuts found in relevant-MinCut enumeration stage
are the input for the DNF logic-based stage that guarantees our estimate in practice, which is
our ongoing research. Comparison of results on MinCuts found from the proposed biased and
original contraction algorithms shows significant improvement on the efficiency (around 16.9%
more distinct MinCuts found by the biased contractions), which can be further improved and
generalized to classes of networked infrastructure systems with intrinsic topological properties.
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Abstract: Due to the inherent complexities in the design, manufacturing and installation of compo- sites, there exist many physical uncertainties, which in turn affect
the vibration characteristics of components undesirably. The treatment of such uncertainties to quantify the same for thin walled circular composite beams has received little attention. It is widely known that thin walled composite beams are used
broadly in many structural engineering applications. Hence, the present study is
aimed to quantify the variability in the first three natural frequencies of laminated
thin walled com- posite beams using the Monte Carlo simulation (MCS) approach.
The MCS technique is used to generate the variable output frequency by conducting
simulations with an appropriate sample size. Its aim is to estimate response quantities based upon randomness considered in input parameters such as ply orientation
angle, mass density, shear modulus and elastic modulus. The present analyses employed the finite element approach to study the stochastic free vibration characteristics of hollow circular composite beams. A statistical analysis has been presented to
describe the result using Monte Carlo simulation model and to study the stochastic
performance

Introduction
Laminated composites have gained immense popularity because of their weight sensitivity,
high-strength, stiffness to weight ratios and long-term cost effectiveness. These structures are
extensively used in aerospace, marine and construction due to their application specific tailor- able material properties [1, 11, 6, 17]. The production of composite laminates is subjected
to large variability because of unavoidable fabricating imperfections, operational factors, inaccurate experimental data, lack of experience etc. Furthermore, because of various forms of
dam- ages and defects, effective material properties may vary substantially from the specified
values. As a cumulative effect, the vibration characteristics of such composite structures
show significant variability from the deterministic values. Hence, the structural performance
is subjected to a significant element of risk from safety and serviceability point of view. Such
variability can result in significant deviations from the expected outputs and it is of prime
importance to characterize the probability distribution of the response parameters of interest
by accounting for the variability in stochastic input parameters. Of late, Piovan et al. have
investigated the effects of parametric uncertainty on dynamics of thin-walled laminated composite beams [12, 18]. One of the most prominent approaches followed for uncertainty quantification is the Monte Carlo simulation (MCS) based approach. MCS is a computerized
mathematical technique which al- lows to account for risk in quantitative analysis and decision-making. This technique is mainly utilized to generate the uncertain variable output frequency using large number of samples. MCS technique can be broadly used to quantify the
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uncertainty of laminated composites in which thousands of FEM simulations are required to
be carried out. Therefore, this technique has limited practical use for its computational intensiveness unless some form of efficient modelling technique is applied to mitigate this lacuna.
Moreover, due to consideration of matrix cracking damage, the entire process of obtaining
natural frequency for a particular realization of Monte Carlo sample becomes a multi-step
procedure, which makes it even more time consuming. An efficient radial basis function [56] based uncertainty quantification approach is developed in this article to quantify the probabilistic variability in free vibration responses of the structure due to spatially random stochasticity in the micro-mechanical and geometric properties along with matrix-cracking
damage. In the present approach, the effect of uncertainty is accounted in the elementary micro-level first and then these effects are disseminated towards the global responses via surrogates of the actual finite element models. To the best of the authors’ knowledge, there is
no literature available which deals with stochastic structural dynamics based on radial basis
function of thin-walled composite beams, including the effect of matrix cracking in a probabilistic approach.

Governing Equations
Nuismer and Tan’s [7] work on matrix cracking in composites is extended to a spatially random
stochastic framework. To obtain the expression for equivalent elastic properties, a composite
thin walled beam under general in-plane stochastic loading [𝝈𝝈
���,
𝝈𝝈𝒚𝒚 ����](
𝝉𝝉𝒙𝒙𝒙𝒙 ω ), where ω repre𝒙𝒙 ���,
sents the stochastic character is considered. The matrix cracks are assumed to exist in the central
lamina group as shown in the Figure 1. The analysis has been carried out by considering uniform crack spacing of 2L in the central composite lamina. A symmetry along the mid-plane of
the laminate is considered, due to which only one quarter can be analyzed. A simple linear
variation of the out of plane shear stress across the lamina thickness is assumed. In this study,

[ ±θ m / 90n ]s configuration of laminate is considered for the purpose of analysis. Nuismer and

Tan [7] found the solution of the in-plane normal response of the composite laminate decouples
from the solution of the in plane shear response due to the assumption of the orthotropy of the
laminates and that is why each of the response i.e. normal and shear is considered separately.
The composite beam structures are considered as one dimensional Euler-Bernoulii cantilever
beam with the following governing equation,
∂2
∂x 2
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where, eff can be obtained from Equation (19) and cross-sectional area ( A ) can be computed
3
as A = 2π Rt and moment of inertia as I = π R t for a hollow cantilever circular composite
beam.
For calculating the natural frequency of a non-uniform beam having spatially random variation
of material properties as well as the matrix cracking, an approximate finite element method is
used [8]. From the stiffness and mass matrices of a finite number of elements, the global stiffM
K
ness matrix g and the global mass matrix g are obtained and thereby the following eigenvalue problem is solved for natural frequencies

K g (ω )ϕ = ω2 M g (ω )ϕ
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From the above numerical equation, the natural frequency ω and the Eigen vector ( ϕ ) can be
obtained for a beam having spatially random variation of material properties and matrix cracking damage.

Figure No 1: Laminated composite containing cracked ply

RADIAL BASIS FUNCTION
In general, for complex composite structures, the performance functions of interest are not
available as an explicit mathematical function of the stochastic input variables. Thus, the
stochastic responses of the composite structure can only be assessed numerically by following
a structural analysis procedure, which is often computationally quite intensive. The RBF model
is employed in this study to construct a predictive and representative surrogate of the actual
model relating the natural frequencies to a number of stochastic input parameters. A surrogate
model distinguishes a relation among a vector of d real valued input variables,

=
x

( x1 , x2 ,…..., xd )

and a single real valued output variable y . Using a finite number n of
( x , y ) , i = 1, 2, ..., n . The objective is to establish a model F that
training observations (i ) (i )
permits predicting the output value for yet unseen input parameter sets as closely as possible.
The radial basis function method was first used by Hardy [5] for the interpolation of geographical scattered data and later used by Kansa [9] for the solution of partial differential equation.
Radial basis functions (RBF) were mainly developed for scattered multivariate data interpolation which uses a series of basic functions that are centrally symmetric at each sampling point
[5]. Detailed review on RBF methods can be found in the scientific literatures [6, 10-12].

RBF based algorithm for stochastic analysis
To achieve computational efficiency, an RBF based uncertainty quantification algorithm has
been developed as presented in figure 2. For constructing the RBF surrogate model, both Latin
hypercube sampling [13] and Sobol sequence [14] have been studied to assess their comparative
performance. In this surrogate based approach, first the surrogate model (RBF) is formed on
the basis of few optimally chosen design points. The RBF model effectively replaces the actual
expensive finite element model by an efficient mathematical model. Once the surrogate model
is formed, thousands of virtual simulations can be carried out for different random combinations
of input parameters using the computationally efficient RBF model.

RESULTS AND DISCUSSIONS
For the purpose of obtaining numerical results, a long circular cross section of a composite
beam is considered in the present analysis having a length of 18 m , outer diameter of the circular
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cross section as 600 mm and the beam wall cross-section as 11 mm [15]. The [ ±θ m / 90n ]s configuration of laminate is considered for the analyses similar to Nuismer and Tan [7]. The
deterministic micromechanical material properties (E-glass 21xK 43 Gevetex/ 3501 − 6 epoxy)
of the composite beam are presented in Table 1 [16]. Using Halpin- Tsai principle [17] the
deterministic macromechanical properties are calculated by considering a volume fraction ( V f
) of 0.61 and presented in Table 2.

Figure No 2: Flowchart for stochastic natural frequency analysis based on RBF model

The stochasticity in micromechanical properties, the material parameters presented in Table 1
are considered as stochastic and the macro-mechanical properties are calculated using HalpinTsai principle to carry out further analysis. For stochasticity in macro-mechanical properties,
the analysis starts one step ahead in the hierarchy i.e. uncertainty is considered in the macromechanical material properties as shown in Table 2. The probabilistic descriptions for first three
natural frequencies are analyzed for various structural configurations and matrix crack densities

[ ±θ

/ 90

]

m
n s
family of composites. Results presented in figure 3-7 have been
in the considered
obtained considering a randomly homogeneous system. In the figure 3, the probability density
function plots for first three natural frequencies due to combined variation of stochastic input
parameters are presented, considering m = 16, n = 18 for θ =0°, 15°, 30°, 45°, 60°, 75°, 90°
. A general tendency is observed that the mean and standard deviation of natural frequencies
decrease with the increase of θ . The reduction in the first three natural frequencies is due to
reduction in longitudinal stiffness with increasing value of θ .

Table No 1: Deterministic micromechanical properties of composite [16]

Property

Value

Longitudinal
modulus for fibre

80 GPa
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Transverse modulus
for fibre

80 GPa

Poisson's ratio for
fibre

0.2

Shear modulus for
matrix

33.33 GPa

Mass density for
fibre

2.55 gm/cc

Mass density for
matrix

1.265 gm/cc

Elastic modulus of
matrix

4.2 GPa

Shear modulus for
matrix

1.567 GPa

Poisson's ratio for
matrix

0.34

Fibre volume
fraction

0.61

Table No 2: Deterministic macro-mechanical properties for V f = 0.61

Property

Value

Longitudinal modulus

48 GPa

Transverse modulus

13.3 GPa

Poisson's ratio

0.235

In-plane shear
modulus

5.17 GPa

Mass density

1.94 gm/cc

Shear modulus

5.17 GPa

Transverse shear
modulus

4.12 GPa

The probability density function plots are presented in figure 4 and figure 5 with respect to first
three natural frequencies for different number of layers considering a fibre orientation angle

=
θ

30° . It is interesting to notice that with the increase in number of plies having 90° fiber

orientation angle, mean and standard deviation decrease (figure 4), while a reverse trend is
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θ 30° (figure 5). As the total thickfound for number of plies having ply orientation angle =
ness remains unaltered, this observation can be easily explained by change in longitudinal stiffness in a similar way to figure 3. In figure 6, the relative co-efficient of variation (RCOV) for
combined stochasticity in micro-mechanical properties are furnished with respect to, and for
the first three natural frequencies, wherein clear trends can be observed.

(b)

(a)

(c)
Figure No 3: (a-c) Probability density function plots for first three natural frequencies for
different fiber orientation angle
It is noticed that the maximum value of RCOV is obtained when the value of m is 24 while in
case of the RCOV becomes minimum when n is 26. For ply orientation angle, the minimum
θ 45° . It is interesting to notice that the RCOV value increases for
RCOV is observed for=
θ 45° , following similar pattern and reaches
both increasing and decreasing with respect to=
θ 90° . As RCOV of a system increases, the response bound
the maximum at θ= 0° and =
also increases and subsequently the uncertainty associated with the system responses increases
as well. Thus the analyses presented in the form of RCOV for different laminate configurations
has an important role in robust design and control of the structure.
Figure 7 (a-c) shows the probability density function plots for first three natural frequencies
with respect to different degree of irregularity. The response bounds are found to be increasing
with increasing degree of stochasticity with marginal change in the mean values, while the
response bounds are observed to be higher for stochasticity in micro-mechanical properties
compared to macro-mechanical properties. Figure 7(d) shows the probability density function
for effective longitudinal modulus, based on which the natural frequencies are obtained. Similar
trends as the natural frequencies are noticed in the probabilistic characteristics of Eeff , as expected
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(a)

(b)

(c)
Figure No 4: (a-c) Probability density function plots for first three natural frequencies
corresponding to various numbers of ply numbers having ply orientation angle of 90° ( n )

(b)

(a)

(c)
Figure No 5: (a-c) Probability density function plots for first three natural frequencies
corresponding to various numbers of ply numbers having ply orientation angle
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(a)

(b)

(c)
Figure No 6: (a) Relative co-efficient of variation (RCOV) considering
θ = 30°, m = 8, 16, 24, 32, 40, n = 18 and variation ( ∆ ) = ± 10% ; (b) Relative coefficient of variation (RCOV) with respect to n for first three natural frequencies considering
fibre orientation angle θ = 30°, m = 16, n = 10,18, 26, 34, 42 and variation ( ∆ ) = ± 10% ; (c)
Relative co-efficient of variation (RCOV) with respect to fibre angle (θ) for first three natural
frequencies considering fibre angle orientation θ = 0°, 15°, 30°, 45°, 60°, 75°, 90° , m = 16 ,

n = 18 and variation ( ∆ ) = ± 10% .

(a)

(b)

(c)
(d)
Figure No 7: (a-c) Probability density function plots for first three natural frequencies
considering different degree of stochasticity ( ∆ ); (d) Probability density function plot for the
effective longitudinal modulus considering different degree of stochasticity ( ∆ )

101

Conclusions
A bottom-up stochastic analysis is presented for quantifying uncertainty in natural frequencies
of damaged thin-walled laminated composite circular beams considering stochasticity in micromechanical material properties. In this study, the probability distributions of first three natural
frequencies due to stochasticity in micro-mechanical properties have been compared with that
due to same degree of stochasticity in macro-mechanical properties to ascertain the cascading
effect of uncertainty propagation. The standard deviations of the natural frequencies due to
stochasticity in micro-mechanical properties are found to be higher than that due to stochasticity
in macro-mechanical properties, while the mean remains unaltered. A general tendency of increasing standard deviation and response bound for the first three natural frequencies are noticed with higher degree of stochasticity in the input parameters. The mean of natural
frequencies are observed to decrease with the increase in crack density. Sensitivity of different
micro and macro mechanical properties have been analyzed for the first three natural frequencies.
The results presented in this paper provide a thorough insight on the effects of stochasticity in
micro and macro mechanical properties of damaged laminated composite beams influencing
the natural frequencies. Such stochasticity/ system irregularities have considerable effect on the
dynamic responses of the structure. Thus it is imperative to take into account the effect of these
uncertainties in subsequent analyses and design to ensure robust and sustainable system performance.
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Abstract: A full probabilistic computation using a three-dimensional model applied
to flexible retaining walls is performed. The flexible retaining wall is modelled as a
vertical plate relying on an elastoplastic foundation. The spatial variability of the
soil is modelled as random fields. This study allows to observe the impact of key
statistical parameters as correlation length and cross correlation between geotechnical parameters. The results are expressed in terms of failure probabilities and reliability indices.

Introduction
Usually, the design of extended geotechnical structures like pipes, strip foundations, flexible
retaining walls and steel sheet piles, is based on semi-probabilistic approach and considers only
the cross-sectional behavior. Deterministic computations are performed and consider partial
safety factors to cover uncertainties regarding:
- The epistemic uncertainty, due to the numerical computation method (or model), the
size sample calculations, etc.
- The aleatory uncertainty caused mostly by the random variability of the geotechnical
parameters, the measurements, etc.
Only few studies have been conducted research on how combine the mechanical behavior of
sheet piles, the soil-structure interaction effect (SSI) and the probabilistic methods ([6], [7] and
[11]). It is also noted that these studies are only focused on the cross-sectional behavior of the
wall. However, if the longitudinal behavior of structures of this type is of main interest, the use
of 3D computation (based on finite element method FEM or finite difference method FDM) is
very heavy and time-consuming and is not suitable for Monte-Carlo Simulations (thousands of
simulations). Another major constraint of 3D computation is the complexity to combine the
spatial variability of the soil with the numerical model.
In order to address these shortcomings, a new numerical method called MISS-PLT-SR which
includes SSI and perform a model of a sheet-pile considering both a plate and the subgrade
reaction method is developed in this article. This mechanical model is coupled with a full probabilistic model using MATLAB Statistics Toolbox [16]. Both, the longitudinal and the vertical
variability of the soil properties are taken into account in this model. The MISS-PLT-SR model
is developed in the CAST3M finite element computer code (http://www-cast3m.cea.fr). Parallel
computations are carried out on the cluster AVAKAS at the Bordeaux University.

105

MISS-PLT-SR model
The MISS-PLT-SR model is shown in Figure 1. An orthotropic model to describe the steel
sheet pile wall is used. This is the most efficient representation to describe a non-uniform geometry in plate theory [13]. It is noted that the structural supports such as anchors or struts are
also modelled as springs. Furthermore, the intermediate structural support between two successive anchors is included. The subgrade reaction method is commonly used in geotechnical computation. The proposed method in this article constitutes an extension of the classical subgrade
reaction method (see [12]) based on elastoplastic behavior. The governing equation is written
as the classical equation for a plate on elastic foundation, the plate considered as an orthotropic
plate [14]:
𝜕4𝑤
𝜕4𝑤
𝜕4𝑤
1
+
2
+
=
[𝑝 (𝑥 , 𝑧) − 𝐾𝑆𝑆𝐼 (𝑥 , 𝑧)𝑤]
4
2
2
4
𝜕𝑥
𝜕𝑥 𝜕𝑧
𝜕𝑧
𝐷𝑖 𝑦

(1)

Where, 𝐾𝑆𝑆𝐼 (𝑥 , 𝑧) is the subgrade coefficient (spring stiffness) used to model the SSI in each
point where soil-structure contact is considered; w is the plate deflection; 𝑝𝑦 (𝑥 , 𝑧) is the pressure; Di is the flexional or torsional rigidity of the plate. Menard’s equation [8] is chosen to
compute the elastic range. The limiting active and passive pressure define the plastic range of
the subgrade reaction model, also known as P-y relation [15]. The limiting pressures are calculated according to the service load, the cohesion of the soil, the effective pressure of the soil,
and the earth pressures coefficients (Ka for the active pressure and Kp for the passive pressure)
according to Coulomb model [3] which depends on the soil friction angle.
The MISS-PLT-SR model is an iterative method. The starting step is the neutral pressure based
on the neutral coefficient K0 (the Jaky expression, K0 = 1 - sinφ’, is used) which depends on
both the effective soil friction angle and the vertical effective soil pressure. After each iterative
step, both the pressure loading applied on the structure and the limit states of 𝐾𝑆𝑆𝐼 are updated
such as 𝑝′𝑦 (𝑥 , 𝑧) corresponds to a new nodal force (from P-y relation), and 𝐾𝑆𝑆𝐼 (𝑥 , 𝑧) corresponds to the elastic stiffness (𝐾𝑆𝑆𝐼 ≠ 0) or plastic (𝐾𝑆𝑆𝐼 = 0) soil behaviour. The iterative computation is performed until a convergence (equal to 5% and which correspond to the sum of the
relative quadratic displacement of the plate) is reached.

“Real” configuration

MISS-PLT-SR
Sheet pile
Waling
beam
Anchor

Free length
anchor
Bond length
anchor

Upstream

z

Downstream

y
x

Soil
Figure 1. MISS-PLT-SR principle

106

Probabilistic computation
The probabilistic computation steps (Figure 2) are as follows:
- First step: the geometrical, mechanical, geotechnical and probabilistic parameters are
introduced.
- Second step: it involves generating the cross correlated random fields of soil. A normal
standard distribution describes the geotechnical uncertainty. The cross correlation between the geotechnical parameters is performed and the standard field is then transformed into the physical space with an iso-probabilistic transformation. The random
fields are then used to generate the subgrade model of soil. One data file for each simulation is stored in the end.
- Third step: Monte-Carlo simulations coupled with FEM deterministic computation
(MISS-PLT-SR) are performed. They take into account input data from the second step.
The computations are parallelised on the cluster by dispatching a set of simulations to
specifics node on the cluster AVAKAS.
- Fourth step: the results of all simulations allow assessing the reliability index for each
considered limit state.

Figure 2. Flowchart of the probabilistic computation

3.1 Modelling the uncertainties of soil parameters
A study considering the cross sheet pile model [6] showed that the horizontal random variability
properties of the soil (the random field is perpendicular to the wall) has an effect on the wall
behaviour less important than the vertical random variability properties of the soil. Two spatial
soil variability directions, the longitudinal variability, according to the length retaining wall,
and the vertical variability “or cross” variability according to the depth, are selected and presented in this section. Many methods can be used to generate the random field: LAS (Local
Average Subdivision), TBM (Turning Band Method), CE (Circulant Embedding).
The use of FFT method (Fast Fourier Transform) in some methods as CE seems to be more
suited in terms of higher speed [4]. The CE method is chosen in this article to generate a bidimensional random field “RF”.
The CE, developed by [5], allows simulation of a stationary Gaussian field via the FFT method
by embedding the covariance matrix into a block circulant matrix. The matrix square root of
the block circulant matrix is then built by using the FFT techniques. An exponential autocorrelation function 𝜌(𝜏𝑣 , 𝜏ℎ ), Equation 2, is chosen to generate the “RF”:
𝜌(𝜏𝑣 , 𝜏ℎ ) = exp (−

2|𝜏𝑣 | 2|𝜏ℎ |
−
)
𝛿𝑉
𝛿𝐻
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(2)

Where: 𝜏𝑣 and 𝜏ℎ are the distance between two correlated points in the random fied; 𝛿𝑉 and 𝛿𝐻
are the correlation length in each vertical and horizontal direction respectively.
The number of Monte Carlo simulations is 100 000. Some assumptions are necessary to optimise the management of data, mainly the random fields: RF is generated as close as possible to
the size of the plate; the same lengths of correlations are chosen for all soil layers and only one
RF is generated for one simulation; the database of random field is finally updated.
For the cross correlation, the [2] principle is adopted. The correction proposed by [1] (see [9])
for the non-Gaussian physical distribution is taken into account. Numerical simulations (not
presented in this article), showed that when there is a first cross correlation between c and φ
(𝜌𝑐𝜑 ) and a second cross correlation between φ and E (𝜌𝜑𝐸 ), a third cross correlation exists
between c and E (𝜌𝑐𝐸 ). This is given by the product: 𝜌𝑐𝐸 = 𝜌𝑐𝜑 . 𝜌𝜑𝐸 . The correlation matrix is
given in equation (3).
1
𝜌𝑐𝜑 𝜌𝑐𝐸
1
𝜌𝜑𝐸 ]
𝜌 = [𝜌𝑐𝜑
(3)
𝜌𝑐𝐸 𝜌𝜑𝐸
1

3.2 Definition of the limit states
The assessment of the failure probability (therefore, the reliability index) is obtained by means
of the limit state function G(x) which is defined as:
𝐺(𝑥) = 𝑅(𝑥) − 𝑆(𝑥)

(4)

Where, R(x) and S(x) are respectively the structural resistance and the internal strength of the
each retaining wall element (wall, anchor, …). For the sheet pile wall studied in this article, the
resistance represents the limit state of failure, this can be the ultimate limit state “ULS” or the
service limit state “SLS”. Three types of limit state are evaluated: the structural, the geotechnical and the urban environment. The structural and the geotechnical limit state are classified
as the “ULS”, on the one hand. The urban environment limit state is considered as a “SLS”, on
the other hand.
3.2.1 The structural limit state “ULS1”
The MISS-PLT-SR model is divided in three different structural components for the analysis:
the retaining wall, the anchor, and the waling beam. The maximum computed stress on each
component is compared to the limit stress of the steel.


The retaining wall presents a three-dimensional bending behaviour. Von Mises stress criterion for a thin plate is considered:
𝜎𝑒𝑞 = √

2 + 𝑀2 − 𝑀 𝑀 + 3𝑀2
𝑀𝑦𝑦
𝑧𝑧
𝑦𝑦 𝑧𝑧
𝑦𝑧
2
𝑊𝐸𝐿𝑝

(5)

Where Myy is the bending moment according to the y-axis (Figure 1); Mzz is the bending moment
according to the z-axis; Myz is the torsional moment; WELp is the elastic modulus of the plate. It
is noted that only Mzz is evaluated in a cross-sectional model.


The waling beam presents a flexural bending. The plastic criterion is considered as
Mw/WELw. Where Mw is the maximum bending moment on the waling and WELw is the elastic
modulus of the waling.
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The anchor presents a tension behaviour. The stress criterion is considered as Tw/AT. Where
Tw is the loading applied to the tie-rod and AT is the tie-rod section.

3.2.2 The geotechnical limit state “ULS2”
The assessment of this limit state can be performed by means of identifying the non-convergence for a given case. Two situations can explain the non-convergence cases. The first one is
the limited passive reaction [10], which often is expressed by a plastic behaviour of the soil
springs located on the wall embedment. The second one is the convergence criterion (fixed here
at 5%) of the non-linear computation. The maximum number of iteration is fixed to 35 iterations. When no mechanical solution is reached, the structure is considered as unstable.
3.2.3 The urban environment limit state “SLS”
The main function of the retaining wall is to restrain the soil in the downstream zone (Figure
1). The MISS-PLT-SR cannot estimate the upstream settlement directly, but it appears that a
direct relationship between the maximum wall displacement and the upstream settlement [15]
would be observed. For simplify, the maximum displacement of the plate is compared to the
maximum permissible displacement corresponding to 1.5% of the excavation depth.

3.3 Failure probability and reliability index assessment
The failure probability quantifies the failing cases for each limit state, namely when G(x)<0. It
is defined as:
𝑝𝑓 = 𝑃[𝐺(𝑥) ≤ 0] =

𝑁𝐺(𝑥)≤0
𝑁𝑠𝑖𝑚𝑢𝑙

(6)

Where 𝑁𝐺(𝑥)≤0 is the number of failing cases and 𝑁𝑠𝑖𝑚𝑢𝑙 is the number of simulations. Note
that for some ULS, the 𝑝𝑓 can be equal to zero (i.e. there is no failure for the number of simulation performed). In this case, the following equation, which corresponds to lognormal distribution (Equation 7) is used:
𝑝𝑓 = 1 − Φ [

𝜇𝑅 1 + 𝐶𝑜𝑉𝑆2
𝑙𝑛 {( ) √
}]
𝜇𝑆
1 + 𝐶𝑜𝑉𝑅2
√ln(1 + 𝐶𝑜𝑉𝑆2 )(1 + 𝐶𝑜𝑉𝑅2 )
1

(7)

Where indices R and S where explained in §3.2, 𝐶𝑜𝑉 𝑖𝑠 the coefficient of variation, 𝜇 is the
mean and Φ is the cumulative normal probability function. The same results can be expressed
in terms of reliability index using the inverse of the standard normal cumulative distribution
function ϕ-1.
The failure probability for each structural component is evaluated using the partial failure probability (ULS or SLS) for each type of limit state. Concerning the failure probability of the system, 𝑝𝑆𝑦𝑠 , presented in Equation 8, the retaining wall is considered as a serial system, thus the
failure of one component induces the failure of the system. It is noted that the ultimate states
are not correlated with each other.
𝑛

𝑝𝑆𝑦𝑠 = 1 − ∏(1 − 𝑝𝑖 )
𝑖=1
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(8)

In Equation (8), 𝑝𝑖 is the probability of failure for one limit state, n is the number of the limit
state functions. Note that the following approximation for a better understanding in § 4.2.5 is
used (Equation 9).
𝑛

𝑝𝑆𝑦𝑠 ≈ ∑ 𝑝𝑖

(9)

𝑖=1

Application
The following section provide a case study in which the approach presented in both sections 2
and 3 is applied. The main interest is to study the impact of the soil random spatial variability
on the structural behaviour of the case study.

4.1 Case study
The case study is an anchored sheet pile wall AU 14 type. The overall width and height is set
respectively to 20 m and 12 m. This structure is located on a multilayer soil, compound of peat,
clay and sand (Table 1). The anchors spacing is of 3 meters. Each anchor has a diameter of 560
mm² and a pre-stressed force of 240 kN. A waling beam composed of two UPE 240 beams is
located along the wall at the anchors level. The steel yield stress for both the sheet pile wall and
the waling beam is 240 MPa, and for each anchor is 1570 MPa. The main mechanical properties
can be found in some manufacturer's datasheet. It is considered that the excavation in front of
the sheet pile wall is supposed to be completed in a single operation. The geometrical dimensions, the groundwater levels and the service loading are summarized in Figure 3.

(a)

(b)

Figure 3. Case study a) three-dimensional dimensions, b) cross-sectional dimensions

Table 1. Geotechnical properties

Depth [m]

γ [kN/m3]

γ' [kN/m3]

φ [°]

c [kPa]

Ep [Mpa]

[0, 4]
[4, 11]
[11, 15]

13.1
18.5
20.0

12.1
17.5
19.0

23.9
17.5
35

7.5
14.9
0

1.27
3.41
62.35

Layer 1
Layer 2
Layer 3

4.2 Results
4.2.1 Additional probabilistic input
To describe the soil uncertainty it is necessary to add some statistical considerations to describe
the geotechnical parameters, namely:
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distribution function: lognormal distribution is chosen, which ensures to have positive values following an iso-probabilistic transformation;
coefficient of variation, CV: the considered values of each uncertain soil parameter are 40%
for the cohesion parameter, 20% for the friction angle parameter, and 50% for the pressiometric modulus;
correlation length of each uncertain parameter: different cases are considered as showed in
Table 2, according to the vertical (or cross-sectional) direction, δV, and the horizontal (or
longitudinal), δH, direction.
Table 2. Main cases of study with various correlation length values

Correlation length
δV [m]
δH [m]

Case 1
1
30

Case 2
3
30

Case 3
5
30

Case 4
3
10

Case 5
3
50

The cross correlations between parameters (see §3.1), are used in addition to the statistical descriptions cited above. A full factorial design of experiment plan has been chosen taking into
account the parameters summarized in Table 3. For each case in Table 2, four subcases of both
ρc-φ and ρφ-Ep are considered giving a total of 20 combinations. The notation used for these subcases are: Case “i”.Sc-“j” (for example, Case 2.Sc-3 for the Case number 2 and Subcase number
3).
Table 3. Subcases of study with two cross correlation values

Cross correlation
ρc-φ
ρφ-Ep

Subcase-j
Sc-2
Sc-3
-0.6
+0.6
+0.6
-0.6

Sc-1
-0.6
-0.6

Sc-4
+0.6
+0.6

4.2.2 Some results of Monte Carlo Simulations
The effect of the soil spatial variability on the structural behaviour of the sheet pile wall can be
assessed in Figure 4 for one Monte Carlo simulation. This effect is often neglected on the standardised design of flexible retaining walls.

(a)

(b)

Figure 4. Spatial result of the simulation number 71995 of the case 3.Sc-4: a) equivalent Von Mises
stress [N/m²], b) retaining wall displacement [m]

The location of the zone the most loaded is localized (not generalized). These findings show
how environment structures could be affected by differential settlements in the upstream soil
when taking into account the spatial variability of soil properties.
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4.2.3 Cumulative distribution functions
Some mechanical results are plotted as cumulative distribution function “CDF”. The main goal
of these graphs is to show how the dispersion can change considerably between the different
cases. For the two mechanical results presented in the case study, the Case 3.Sc-4 (largest vertical and horizontal correlation lengths and positive cross correlations) is the one with the greatest dispersion. In the other hand, the Case 1.Sc-1 is in the opposite side.
Case 3.Sc-4

Case 3.Sc-4

Case 1.Sc-1

Case 1.Sc-1

(b)

(a)

Figure 5. Cumulative distribution function for a) maximum bending moment Mzz and b) maximum wall displacement

4.2.4 Individual Reliability indices
The results presented in Figure 6 and 7, are expressed in terms of reliability index for each
studied case (20 cases) and are focussed on the impact of both the correlation length and the
cross correlation parameters. The assessed structural limit state for each structural component
of the MISS-PLT-SR model are grouped together in one limit state category, called ULS1. Idem
for the assessed geotechnical limit state, grouped together in ULS2. As a reminder, the SLS
category is only composed of the displacement result. The different main cases in Table 2 are
grouped together in four subcases according to Table 3.

β

(a)

(b)

(c)

Figure 6. Impact of vertical correlation length δV, a) ULS1, b) ULS2, c) SLS

The results show:
 For each subcase and for each limit state category in Figure 6, as δV increases it can be
observed that the reliability index, β, decreases. The impact of the cross correlation is very
significant, for example for ULS1 (Figure 6a), β decreases from 6.2 (Case 1.S-1) to 2.95
(Case 1.S-4).
 For each subcase and for each limit state category in Figure 7, as δH increases it can be
observed that reliability index, β, decreases, for about half of the cases. The other half of
cases show sometimes an almost identical reliability index for two different δH values, for
example for ULS2 (Figure 7b), Case 2.Sc-3 and Case 5.Sc-3. The minimum reliability index
is observed in the ULS1 category (Figure 7a), for Case 4.Sc-4. The influence of the horizontal correlation length is, as for the vertical correlation length, conditioned by the cross
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correlation between parameters. It would be interesting to study a larger realistic interval
(corresponding to given values in literatures) and then to study the pseudo cross-sectional
case with infinite horizontal correlation length to evaluate the current engineering practice.

β

(a)

(c)

(b)

Figure 7. Impact of horizontal correlation length δH, a) ULS1, b) ULS2, ci) SLS

4.2.5 System Reliability

Probability of failure

The results for the system reliability are expressed here in terms of system probability of failure
and are presented in Figure 8. The ULS1 and ULS2 results (§ 4.2.4) are also presented in the
same figure according to different cases presented previously.

Figure 8. System probability of failure

The highest value of Psys is reached for the Case 3.Sc-4 and the lowest one for the Case 1.Sc-2.
Two main findings can be inferred on the basis of Figure 8:
 Firstly, the influence of the correlation length is conditioned by the existing cross correlation between parameters (Psys varies considerably).
 Secondly, it can be observed that depending on the case, it is not always the same ULS that
contributes the most to the failure of the system. For example for Case 3.Sc-3, the ULS2 is
the highest contributor, whereas it is the ULS1 for the Case 3.Sc-4. One can note that these
two cases differs only by the cross-correlation parameters values, their spatial variability
(correlation lengths) being identical.

Conclusion
In this article, a new numerical model MISS-PLT-SR was firstly presented, that allows modelling the three-dimensional behaviour of flexible retaining wall (e.g. a sheet pile wall). This
method presents a good compromise between speed and accuracy of computations compared
to classical three-dimensional methods. Secondly, a probabilistic methodology based on
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Monte-Carlo simulations process has been considered by means of parallelization computations. Finally, an application considering the proposed methodology was presented. A parametric study allowed studying the effects of some key statistical parameters: the correlation lengths
(transversal δV and longitudinal δH) in one hand, and the cross correlation between the soil parameters (ρc-φ and ρφ-E), on the other hand. The variation range of the studied correlation lengths
(δV: 1, 3, 5m and δH: 10, 30, 50m) emphasizes preferentially the δV effect; an observation only
valid in the studied range (δH: 10, 30, 50m). The increase of correlation length conducts to a
decrease of reliability indices β in most of cases, regardless the considered limit state or the
adopted cross correlation parameters.
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Abstract: This paper proposes a probabilistic methodology to identify the soilfoundation stiffness in soil-structure systems from recorded seismic response of
buildings. To this end, a Timoshenko beam model resting on a sway-rocking soilrepresentative springs is updated such that its modal response matches the
previously identified values. Past studies employed deterministic approaches and
identified the system parameters by minimizing the difference between the observed
and the identified modal values. This paper employs a Bayesian approach that
accounts for the prevailing uncertainties due to modeling and measurement errors.
Here, the prior distribution is obtained by forming the joint probability density
function of the parameters that control the flexible-base Timoshenko beam model
together with the first natural frequency and mode shape of the system. According
to the Bayes’ theorem, a posterior distribution is obtained through updating the prior
distribution with the observed frequencies and mode shapes. Subsequently, by
maximizing the posterior distribution, the most probable realizations of the system
parameters are determined, accompanied by their standard deviations as a measure
of uncertainty in the proposed approach. For this purpose, first- and second-order
derivatives of objective function are analytically computed using the direct
differentiation method. The proposed approach is verified using a synthetic
example.

Introduction
This study puts forward a Bayesian approach to identify the stiffness of soil-foundation systems. The significance of this study stems from the effect of the flexibility of the soil underneath
the structure on the performance of the structure through soil-structure interaction (SSI) [1]–
[3]. Two main methods are used to analyze the SSI systems [4]. First, the direct approach in
which the soil half-space is modeled through finite elements [5, 6]. This method is computationally costly and is usually avoided in practice. Second, the sub-structure method in which
two sub-systems consisting of the structure and the soil-foundation represent the soil-structure
system [7]. This method has been extensively studied; see for instance, [8] and [9]. This method
is efficient and sufficiently accurate [10]. The accuracy of the results, however, is dependent
on the accuracy of the dynamic stiffness.
Several studies on quantifying the dynamic stiffness employed either analytical [11]–[13]
or experimental approaches [14]. Analytical methods are limited to simple cases, e.g., surface
circular foundation on a homogeneous half-space, and experimental methods are costly. On the
other hand, using real-life seismic data to quantify the soil-foundation dynamic stiffness, employed in few past studies [15, 16], provides a feasible alternative that is inexpensive and fullscale. Ghahari et al. [17] put forward a deterministic dynamic stiffness identification approach
based on model updating. They defined an error function that is minimized so that the modal
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values of the model match those of the real-world observation by optimizing the unknown parameters of the system, including the springs that represent the soil-foundation system. In a
previous study, Ghahari et al. [17] employed finite elements to model the structure. Since SSI
mainly affects the fundamental vibration mode of the system [18], such rigorous modeling of
the structure would be unnecessary. The huge modeling effort and the computational costs only
add to the difficulties of using finite elements to model the structure. Trying to avoid these
difficulties, Ghahari et al. utilized a simpler approach in which the structure is modeled by
continuous beams [19]. Examples are the Euler-Bernoulli beams [20], coupled beams [22]–
[24], shear beams [21], or Timoshenko beams [23, 24]. Ghahari et al. [19] employed a flexiblebase Timoshenko beam as the soil-structure system that was subjected to model updating in
order to identify the soil-foundation stiffness coefficients. Efficiency of this approach and the
accuracy of the identified dynamic stiffnesses has been proved in that study. Taking the next
step, the present study aims at employing a probabilistic framework to identify the soil-foundation stiffnesses considering uncertainties. Hence, a Bayesian framework, which is pioneered by
Beck [27] and Yuen [28], is utilized. In this framework, the joint probability distribution of the
unknown parameters is updated given the real-world observations [29, 30]. This framework
accounts for two major sources of uncertainty due to the measurement error and the model
error.

Methodology
2.1 Flexible-base Timoshenko Beam
Figure 1 shows the flexible-base Timoshenko beam in this study. The beam is fully defined by
its modulus of elasticity, E, mass density, ρ, shear modulus, G, length, L, cross-sectional area,
A, effective cross-sectional area in shear, As, and area moment of inertia, I. Horizontal and rotational springs support the vertical beam. These springs represent the sway and the rocking
stiffnesses of the soil-foundation system, denoted by KT and KR, respectively.

E, G, ρ
L, A, I, As

KT

x
y

KR

Figure 1: Timoshenko beam model resting on soil representative springs.

According to Huang [1], the partial differential equations of the vibration of a Timoshenko
beam [2] read
V ( x, t )
 2 y ( x, t ) M ( x, t )
 2 ( x, t )
(1)
  A
,
 V ( x, t )  
x
t 2
x
t 2
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where V(x,t)=shear force, y(x,t)=lateral displacement, M(x,t)=bending moment, and
α(x,t)=bending-induced rotation at time t and height x. The deformations are separated in space
and time as follows:
(2)
y ( x, t )   ( x )T (t ),  ( x, t )   ( x )T (t )
where Φ(x) and Θ(x) are respectively the lateral and the rotational deformations of the beam,
and T(t)=function of time. Inserting Eq. (2) in Eq. (1) results in the general solution for the
deformations:
 ( x )  c sin( px )  c cos( px )  c sinh(qx )  c cosh(qx )
(3)

1
2
3
4
( x)  d1 sin( px )  d2 cos( px )  d3 sinh(qx )  d4 cosh(qx )
(4)
 ( x)  ( x) L , x  x L , p=|Im(m1)|, and q=m3 where m1 and m3 are wave number and
where 
are as follows [2]:

1
(5)
(b 2 s 2  b 2 R 2 )  (b 2 s 2  b 2 R 2 ) 2  4(b 4 s 2 R 2  b 2 )
2
1
(6)
m3,4  
(b 2 s 2  b 2 R 2 )  (b 2 s 2  b 2 R 2 ) 2  4(b 4 s 2 R 2  b 2 )
2
The unknown coefficients of c1 to c4 in Eq. (3) are determined through boundary conditions.
Additionally, d1 to d4 in Eq. (4) are
 b 2s 2

 b 2s 2

 p  c 2 , d 2  2c1   
 p  c1
d 1  1c 2  
p
 p



(7)
2 2
2 2
b s

b s

 q  c 4 , d 4  4c 3  
 q c3
d 3  3c 4  
 q

 q

According to the equations above, the following dimensionless parameters governing the dynamic response of the Timoshenko beam are defined:
I
 An2 L4
EI
, s
, R
(8)
b
2
AL2
GAs L
EI
m1,2  

where ω=natural frequency. Applying the boundary conditions yields the eigen-equation of the
beam:
kT
(4  q )
kT
 (2  p )
  c1 

 c 
 k R 2
p1
 k R 4
q3
 2  0
Mc  
(9)
 (2  p ) cos( p ) (1  p ) sin( p ) (4  q ) cosh(q ) (3  q ) sinh( q )   c3 

 
p1 cos( p )
q4 sinh( q )
q3 cosh( q )   c4 
  p2 sin( p )
where kT and kR are defined as
KT
KR
kT 
, kR 
(10)
GAs / L
EI / L
The eigen-equation of the flexible-base Timoshenko beam in Eq. (9) is a significant part of
the proposed Bayesian identification approach, described next. This methodology identifies the
parameters that govern the behavior of the Timoshenko beam, i.e., b and s, as well as those
governing the foundation sway and rocking components, i.e., kT and kR. Note that the parameter
b is, by definition, frequency-dependent. However, as it will be explained shortly, the natural
frequency is considered as an unknown and is to be identified. Thus, in order to make all other
unknown parameters frequency-independent, a new parameter is defined as b̅ =b/ω. This leads
to the following vector of unknown parameters, denoted by θ:

θ  b

s

kT
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kR

T

(11)

It is worth noting that according to [3], an equivalent Timoshenko beam model of an actual
building can assume the dimensions of that building, i.e., the building height and plan dimensions. As a result, the dimensionless parameter R and the length of the beam L will take on the
values of the actual building and will not be considered as unknowns.

2.2 Bayesian Model Updating
2.2.1 Bayesian Formulation
Suppose n sensors are used to instrument a building. The noisy vibrations that these sensors
record are used to calculate the fundamental frequency of the soil-structure system, ̂ , and the
sparsely measured fundamental vibration mode, denoted by the n×1 vector ̂ . Thus, ̂ and ˆ
are the observations in the Bayesian updating equation. Since the measurements of sensors are
polluted with noise, the obtained ̂ and ̂ entail measurement errors. That is the exact fundamental frequency, ω, and mode shape, ϕ, are different from ̂ and ̂ . Therefore, ω and ϕ are
also considered as unknowns and are to be identified together with θ. Since the Timoshenko
beam is a continuous model, the mode shape is a continuous function of the beam length as
 values at the location
presented in Eq. (3). Hence, elements of ϕ are the mode shape function 
of the n sensors. A variety of sensor layouts can be considered to instrument the building. However, most building instrumentations follow the recommendations provided in the International
Building Code [6] and the Uniform Building Code [5]. According to these recommendations,
three floors are instrumented with sensors including the ground floor, the mid-level floor, and
the top-level floor. Similarly, the present study adopts this layout since it represents sparsely
instrumented buildings and shows the capability of the proposed methodology to utilize sparse
data. Additionally, it is assumed that the ground floor instruments can measure the rocking
response. This leads to the following 4×1 vector of mode shape, ϕ:
 (0)  (0) 
 (0.5) 
 (1) T

T
(12)
  1 2 3 4   









(1)
(1)
(1)
(1)


Due to presence of the measurement error, the first three elements of ϕ are unknowns to be
identified while the last element equals 1 and is thus omitted from the vector in the identification
formulation hereafter, i.e., ϕ={ϕT, ϕR, ϕM}T. In fact, the elements of ϕ comprise the mode shape
for foundation sway, foundation rocking, and mid-height, respectively. In summary, ω, ϕ, and
θ are all the unknowns of the problem and are to be identified through the proposed Bayesian
approach. In this study, the degree of belief in the values of these unknown parameters is expressed by their joint probability density function (PDF), denoted by f(ω,ϕ,θ). This joint PDF
is the prior probability distribution of the unknowns. This degree of belief is then updated given
observations ̂ and ˆ , which results in the posterior joint PDF, denoted by f ( ,  , θ | ˆ , ˆ) .
Following the Bayes’ theorem, the posterior distribution reads
f ˆ , ˆ |  ,  , θ
ˆ
ˆ
f , , θ | , 
f  ,  , θ 
(13)
f ˆ , ˆ









 

where f (ˆ ,ˆ) =probability of observing ̂ and ˆ , which is a constant and its inverse is denoted
by κ1 hereafter. The term f (ˆ , ˆ |  ,  , θ ) is the likelihood function, that is, the probability of
observing ̂ and ˆ given ω, ϕ, and θ as free variables. Since ω and ϕ depend on θ, the prior
f(ω,ϕ,θ) is written as follows:
(14)
f   ,  , θ   f   ,  | θ  f (θ )
This leads to the following key relationship in the proposed Bayesian methodology:









f ,  , θ | ˆ , ˆ  1 f ˆ , ˆ | , , θ f ,  | θ  f (θ)
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(15)

The optimal realizations of ω, ϕ, and θ, which are also the most likely realizations, are identified
through maximizing the posterior distribution by optimization.
In Eq. (15), f(θ) is the prior joint PDF of b̅ , s, kT, and kR. It is assumed that no prior information on these parameters is available and thus, a non-informative prior is assumed. Therefore,
a joint uniform distribution is considered which makes f(θ) a constant. Now the term f(ω,ϕ|θ)
in Eq. (15) is addressed. Parameters ω and ϕ relate to θ through the eigen-equation in Eq. (9).
Specifically, the eigen-equation incorporates ω through variables p, q, and λi, i=1, 2, 3, 4, which
are all functions of b and therefore, functions of ω. Furthermore, the eigen-equation incorporates ϕ though the ci coefficients. Theoretically, if a Timoshenko beam exactly characterized
the dynamic response of the building, the eigen-equation in Eq. (9) would be satisfied given the
observed values of ̂ and ˆ . However, in reality, the Timoshenko beam is not a perfect model
of the building and as a result, Mc≠0. The residuals of Mc are assumed to follow a joint normal
distribution with a zero mean, as follows:
1
T
 1
1
f (,  | θ)  exp   Μc  ΣEE
(16)
 Μc 
2
 2

where ΣEE=covariance matrix of the eigen-equation error and κ2=constant of the normal distribution. The uncertainty in the eigen-equation errors is represented as independent and identically distributed [7], which leads to
 1
1
2
(17)
f ( ,  | θ )  exp   2 Mc 
2
 2 eq

where σeq=standard deviation of the eigen-equation error. This representation of the eigen-equation error distribution eradicates the need to directly solve the eigen-equation and significantly
reduces the computational effort. Conversely, the previous study on the identification of flexible-base Timoshenko beams [8] entailed the costly task of solving the eigen-equation in every
step of the optimization.
Finally, the likelihood function in Eq. (15), i.e., f (ˆ , ˆ |  ,  , θ ) , is addressed. Since the
observations of ̂ and ˆ entail measurement error, ω and ϕ are uncertain and defined as follows:
ˆ   
(18)
 ˆ   
     
where ε=vector of measurement errors. Considering unbiased measurements, ε follows a normal distribution with zero mean [7], which reads:
 1 ˆ   T
ˆ   
1
1
1


T

1
1 
ˆ

ˆ
f  ,   ,  ,  exp    Σ    exp  
(19)
 Σ  ˆ

3


 2  ˆ   


 2
 3






where Σε=covariance matrix of measurement errors. Inserting Eqs. (17) and (19) in Eq. (15)
yields
 1 ˆ   T
 1
2
ˆ   
ˆ
f  ,  , θ | ˆ ,    4 exp   
Σ ε 1 
 exp   2 Mc 
(20)


ˆ   
2 eq

 2  ˆ   









where κ4=constant. In order to obtain the maximum a posteriori (MAP), which represents the
most likely realizations of ω, ϕ, and θ, Eq. (20) is to be maximized, as described next.









2.2.2 Optimization
Instead of maximizing the posterior distribution of Eq. (20), it is efficient to minimize its negative natural logarithm, as follows:
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T

1 ˆ    1 ˆ   
J  ,  ,θ   e  m  2 Mc  
(21)
 Σε  ˆ

2 eq
2  ˆ   
    
where ϵe=eigen-equation residual and ϵm=measurement residual. The function J is the objective
function in the optimization procedure, defined as
1



*

2

 * θ *  arg min J ,  ,θ 
T

(22)

where the stars denote the optimal values.
 and Θ in Eqs. (3) and (4), which depend on c, b̅ , and s. In
Note that ϕ is a function of 
addition, θ includes b̅ and s. Therefore, to form a vector of independent unknowns, the optimization parameters are selected as ω, c, and θ. One of the ci coefficients, here c1, takes on an
 (1) . Thus, the
arbitrary value since the vector of mode shape in Eq. (12) was normalized to 
coefficients c2, c3, and c4 are to be optimized in conjunction with ω and θ. In other words:



*

c 2* c3* c 4* θ *  arg min J , c 2 , c3 , c 4 ,θ 
T

(23)

The objective function J is continuously differentiable. Hence, the gradient-based optimization algorithm of interior point [9] is utilized in this study. This algorithm requires the partial
derivatives of J with respect to identification parameters of ω, ci, and θ. The finite difference
method is an option to compute the gradient, which is computationally inefficient and associate
with unknown accuracy. Furthermore, matrix M is ill-conditioned due to the difference in the
orders of its elements. As a result, this study utilizes the direct differentiation method (DDM)
[10] in which the function J is analytically differentiated with respect to identification parameters. This entails analytical differentiation of the algorithms that compute variables. Using the
chain rule of differentiation, the first-order derivatives of J with respect to identification parameters are derived and presented below. For the complete formulation, see the master’s thesis of
the first author [11].
The derivative of J with respect to ω reads
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in which Mij=element of matrix M at the i row and j column. Similarly, the derivatives of ϵe
and ϵm with respect to b̅ are as follows:
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The derivative of ϵe and ϵm with respect to s are given by

e
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(27)
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(28)
 m  0  k k p k q 





 0 k  s
p s q s 
Since ϵm does not depend on kT and kR, the derivative of J with respect to these parameters is
easily obtained as
 M ij
J
 e
(29)
kT M ij kT

 M ij
J
 e
kR M ij kR
Finally, the derivative of J with respect to ci, i=2, 3, and 4, read
J  e  m 0  m  0  m 1




ci ci 0 ci  0 ci 1 ci

(30)

(31)

2.2.3 Uncertainty Quantification
The posterior PDF in Eq. (20) is approximated by an asymptotic distribution in order to quantify
the uncertainty of identification parameters. Yuen [7] employed an asymptotic normal distribution for this purpose. However, ω, b̅ , s, kT, and kR are physical parameters and do not assume
negative values. A normal distribution would produce negative realizations for these parameters. Thus, an asymptotic lognormal distribution is employed for the aforementioned physical
parameters. The medians of the distribution represent the identified values of ω*, b̅ *, s*, kT*, and
kR*. That is, the natural logarithm of these parameters is assumed to follow a normal distribution. Thus, the natural logarithm of the identified values is considered as the mean of the joint
normal distribution. Since the coefficients c2, c3, and c4 may be positive or negative, they are
assumed asymptotically normally distributed. Hence, the posterior distribution is considered to
form a normal distribution on θ̃={ln(ω), c2, c3, c4, ln(b̅ ), ln(s), ln(kT), ln(kR)}T, with the joint
PDF given by:
T
1
 1

(32)
exp   θ  μθ Σθθ  1 θ  μθ 
f (θ ) 
1/
2
4
 2

(2 ) Σθθ 









where μθ̃=vector of mean θ̃, computed from the identified values of the parameters, and Σθ̃θ=
̃ covariance matrix of θ̃. Recall that J is the negative natural logarithm of the posterior PDF. Inserting the asymptotic distribution in Eq. (32) as the posterior yields
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1 
θ  μθ
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T



Σθθ  1 θ  μθ



(33)

Differentiating both sides of Eq. (33) with respect to θ̃ leads to
 2J
(34)
 Σθθ  1
2

θ
As seen, the covariance matrix Σθ̃θ̃ equals the inverse Hessian of J, computed at the MAP, i.e.,
at the identified value of the parameters [12]. See the master’s thesis of the first author [11] for
the derivation of the second-order derivatives of J.
The main goal of this research is to identify KT and KR, which in accordance with Eqs. (8)
and (10), are expressed in terms of the identification parameters as

KT 

 AL

b 2s2
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kT

(35)

KR 

 AL3

kR
(36)
b2
KT and KR are the products of lognormal random variables and hence, they follow a lognormal
distribution as well. Therefore, the medians of KT and KR are easily obtained by substituting the
medians of the identification parameters in Eqs. (35) and (36). As a result, the covariance matrix
of ln(KT) and ln(KR) reads
(37)
Σ ln( K ),ln( K )  JΣ θθ  J T
T
where J is the Jacobian of {ln(KT), ln(KR)} with respect to θ̃
T
 ln(K T ), ln(K R )
0 0 0 0 2 2 1 0

J
(38)


θ
0 0 0 0 2 0 0 1 
T

R

Verification
In order to verify the proposed identification methodology, a synthetic example that was originally presented by the third author in [8] is utilized. In this example, b̅ , s, kT, and kR are considered as unknowns, and are identified using a single observation of the modal values, including
the natural frequency, ̂ , and mode shape, ˆ , of the fundamental vibration mode. In order to
account for the noise in the measurement of the natural frequency and mode shape, a standard
deviation of 1% of the measured value is considered. The standard deviation of the eigen-equation error is set to σeq=0.01. The values of KT and KR for the soil-foundation representative
springs are computed from the identified parameters and then compared with the original assumptions.
The MAP optimization procedure in Eq. (21) is carried out using a computer code developed in MATLAB [13]. The identification results, including the medians, standard deviations,
CoVs, and correlation coefficients of the unknown parameters are given in Table 1 and compared with exact values.
Table 1: Identified parameters and uncertainties.
Exact Value Median Standard Deviation CoV
ω
b̅

10.15
0.249
0.232
7.217
7.694
1.852*
2.049**

s
kT
kR
KT
KR
*

10.15
0.249
0.232
7.217
7.694
1.852*
2.049**

0.101
0.029
0.064
2.385
1.307
0.092*
0.312**

0.010
0.118
0.267
0.315
0.168
0.050
0.151

Correlation Coefficients
ω b̅ s kT kR KT KR
1
0.67
0.33
0
-0.33
-0.67
-1

10

10 N/m
1012 N.m

**

As Table 1 illustrates, the identified medians of all unknown parameters are identical to the
exact values. In addition, the CoVs and correlation coefficients provide additional insights. The
CoVs express the amount of uncertainty in identification of the parameter values which are
crucial when using the resulting values in probabilistic performance assessment of the building.
In addition, the correlation matrix expectedly reveals a high positive correlation between s and
kT since both are directly related to the shear stiffness of the structure, as seen in Eqs. (8) and
(10). Conversely, b̅ is highly negatively correlated with both s and kT because it is inversely
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proportional to both as Eqs. (8) and (10) show. Another notable observation is the low correlation between s and KT, an observation that is corroborated by Eq. (35).

Conclusion
This study presents a new Bayesian approach to identifying of the soil-foundation dynamic
stiffness from the seismic responses that are recorded from building structures. This approach
employs a flexible-base Timoshenko beam that is supported on a sway-rocking foundation.
Utilizing a Timoshenko beam with a small number of degrees of freedom instead of a finite
element model with significantly more degrees of freedom drastically reduces the computational effort. Nevertheless, the verification of the proposed approach demonstrates that the identified dynamic stiffnesses are accurate despite the significant reduction in the computational
effort. The proposed methodology employs a Bayesian framework, which accounts for uncertainties that arise due to both model and measurement errors. In addition, since the identified
stiffnesses are associated with the fundamental period of the system, repeating the identification
process for a portfolio of buildings on the same soil profile reveals how dynamic properties of
the soil vary with frequency. Moreover, the results of the proposed identification approach,
especially the quantified uncertainties of the identified parameters, can be directly employed in
risk and reliability analysis of structures as well as in rapid damage detection. In the latter case,
the proposed approach can be applied to sparsely instrumented buildings in a region immediately after the occurrence of an earthquake for a quick assessment of the regional damage and
safety tagging of the buildings.
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Analysis of potential failure mechanisms for structures in
a water management project using Bayesian networks
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a

Hydro Québec, CANADA

Abstract: The global assessment of the technical vulnerabilities related to structures of a water management project constructed in the 1930’s was deemed necessary due to their aging. The technical risks were expressed in terms of potential
failure mechanisms in which the sequences of causes and effects relationships
leading to the malfunction of a structure or equipment are described. These highly
interrelated and uncertain mechanisms were considered at once using Bayesian
networks. The proposed global and multidisciplinary approach allowed the comparison of structural, geotechnical, hydrological and systems reliability risks. This
served as a basis for the implementation of optimized regular surveillance activities and helped prioritize maintenance works.

1 Introduction
The analyzed water management project regulates flows for three hydroelectric powerhouses
located further downstream. The project was constructed in the 1930’s and is comprised of an
earth dam, a concrete dam and a gated spillway. Surveillance and maintenance activities are
regularly performed on these structures by Hydro Québec to allow timely identification of
conditions that might affect their safety and operability. These field activities are complemented by dam safety analyses. A global assessment of the technical vulnerabilities related to
the structures was deemed necessary due to their aging and also to optimize regular surveillance and maintenance activities. This required a multidisciplinary approach to synthesize
existing knowledge related to the structures and to compare on a common basis the various
types of technical risks present.
This paper discusses how Bayesian networks were used for the analysis of geotechnical,
structural and hydrological risks related to both dams as well as risks related to the reliability
of electrical/mechanical components of the spillway. This assessment considered the interrelations between the potential failure mechanisms as well as the uncertainties and expert judgements always present in dam safety analyses. This allowed the optimization of surveillance
and maintenance activities where the aspects contributing most to the overall dam safety risk
have been targeted.
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2 Site description and technical issues
The 26 m-high concrete gravity dam blocks a river to create a reservoir. This structure is
flanked on its left-hand side by a concrete spillway. Electrical energy required to operate the
spillway comes from a power line located downstream from the structures. A generator is also
available onsite as a backup energy source. The 11 m-high earth dam is located further left.
This dam is a homogeneous compacted till structure founded on a thick till foundation. These
structures are shown on Figure 1.

Figure 1: Location of structures

The reservoir level is significantly lowered during winter and then filled during spring. It
stays near maximum impoundment capacity during the rest of the year. Water management is
performed using the spillway which is comprised of two sections: the first includes four bottom regulating gates and the second includes four crest gates. The spilled water flows towards
the first of the three hydroelectric powerhouses located further downstream. However, this
flow increases the water level in the downstream bay of the spillway. This increase can cause,
depending on the spilled flow, shore erosion near the base of the power line.
The selection of the optimum surveillance and maintenance activities to be realized in priority
is not clearly evident at first. The reservoir level has a direct influence on the stability of both
dams, taking into account particular aspects such as internal erosion and cracking, as well as
overtopping risks. The reservoir level depends in turn on the season which dictates reservoir
management procedures, on the natural inflow as well as on the reliability of spillway gates.
The reliability of each gate depends on the state of its components as well as the availability
of a power supply to operate them (power line or backup diesel generator). Moreover, when
the spilled flow is greater than a certain value, the power line foundation can be eroded (shore
erosion) thus decreasing power supply reliability.
Although analysis methods in hydrological, geotechnical, structural and reliability engineering fields can be used to assess individually each of the technical issues presented, dam safety
problems usually require a systems approach which allows an assessment of a portfolio of
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structures affected by multiple loading conditions and reactions following loading. Typically,
a single initiator can trigger different failure mechanisms and the realization of one failure
mechanism can promote another. The interactive influences between the failure mechanisms
can be easy to overlook [6]. The cause and effect relationships defining these mechanisms are
strongly interrelated and are not fully represented in conventional technical analyses as well
as in typical dam safety risk analyses using event trees or fault trees which both consider each
mechanism independently. It is necessary to study the details of each failure mechanism and
also to consider their interrelations. The complexity of a system is not only due to the number
of its components but also to the multiplicity of their causes and effects relationships.
Bayesian networks can be used to analyze dam risk in a global manner by describing the interrelations between the failure mechanisms and by taking into account the uncertainties and
expert judgements always present in the analyses [4]. The use of Bayesian networks can provide answers on a more global scale to the following questions pertaining to the technical
risks related to the analyzed structures:
1. What are the most significant factors contributing to the overall risk?
2. What type of surveillance and maintenance activities has to be realized in priority?
The proposed approach allows a consistent framework for modelling risks and uncertainties
that is understandable by the involved specialists of various technical disciplines as well as by
the decision makers.

3 Scope of analysis
A working group of persons having various technical backgrounds but familiar with the project was established to discuss field surveillance results and dam safety analyses findings and
conclusions. The main concerns were related to factors that could affect the stability of the
concrete and earth dams and the risk of overtopping of the structures. The possibility of internal erosion of the earth dam and/or its foundation also needed to be examined.
It should be noted that these discussions were aiming to assess the adequacy of the structures
to perform as expected and the factors that could make their performance inadequate. These
factors do not necessarily include events that could lead to failure of structures causing the
uncontrolled release of the reservoir. In this context, a potential failure mechanism is defined
as a sequence of interrelated and uncertain causes and effects described by states or physical
processes that can lead to inadequate performance of a structure. This inadequacy is such that
it requires actions from the dam owner.
The three main potential failure mechanisms considered, namely instability, overtopping and
internal erosion, are directly influenced by the reservoir level. As stated in the previous section, the factors controlling the reservoir level include the season, the inflow and finally the
spillway operation in turn mainly controlled by the reliability of gates and power supply
availability. The relationships between these causes and effects forming a global Bayesian
network are shown on Figure 2.
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Figure 2: Global Bayesian network and types of risks to be analyzed

Figure 2 shows the global relationships between the structures and the potential failure mechanisms deemed most significant by the working group. It represents the scope of problems to
be analyzed in more details and the framework from which geotechnical (internal erosion of
the earth dam), structural (instability of the concrete dam), hydrological (inflow) and systems
reliability risks (spillway operation) are compared.
This type of representation of causes and effects relationships is also called a causal model
and is the first component of a Bayesian network.

4 Bayesian networks concepts
A Bayesian network is a graphical and mathematical tool showing the causes and effects relationships between the components of a system. These components are represented by node
variables and their dependencies by directional links which form a causal model. The strength
of these dependencies is quantified by conditional probabilities. The causal model and the
underlying probabilities constitute a Bayesian network. This form of artificial intelligence
allows the global consideration of a problem by putting into perspective all of its components.
In dam safety, the representation of knowledge related to one or more structures is achieved
by establishing the causes and effects relationships between the variables and by determining
the conditional probabilities associated with these relationships.
The probabilities underlying the causal model consist in a table for each variable which contains a conditional probability for every state of that variable given every combination of
states of its causes. The determination of these probabilities has three fundamental components: data analysis, phenomenological models and expert elicitation [2].
One of the main functions of Bayesian networks is the realization of inferences where conditional probabilities for some variables are computed given information (evidence) on other
variables. The effects of new evidence is propagated in the network using a specialized software and algorithms based on Bayes' theorem which can be considered as the mathematical
expression of learning by experience [1]. This approach is used as a vehicle for drawing conclusions from observations. In a dam safety context, these observations (actual or hypothetical) can result from surveillance activities where changes in the behaviour of a dam are
detected or from the realization of maintenance or rehabilitation works.
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5 Bayesian networks for the analyzed structures
5.1 Concrete dam
The global Bayesian network in Figure 2 represents the scope of problems to be analyzed in
this project but is lacking many elements to be useful in providing specific answers to both
questions pertaining to the technical risks (see section 2).
Another advantage of Bayesian networks is their modular nature allowing different levels of
detailing in the global model and providing the flexibility to add additional information when
it becomes available [5]. This feature was used extensively here to decompose the variables
shown on Figure 2 to a level of detail sufficient to provide useful information to specific technical issues. This resulted in a single detailed Bayesian network in which the variables of the
global network were considered more specifically while conserving the basic causes and effects relationships. Since this Bayesian network contains many variables, it is not presented in
its entirety in this paper for clarity reasons.
The part of the detailed network pertaining to the concrete dam is however presented in Figure 3. The reservoir level variable is highlighted to show how the Bayesian network for the
concrete dam connects with the global network (Figure 2).

Figure 3: Bayesian network for the concrete dam

The variables in Figure 3 basically represent the types of inputs required for the computation
of stability factors of safety of a concrete gravity dam using conventional forces and moments
methods. Each variable is defined by states that can include numerical values or literal descriptors. The probability values are based on available data and knowledge. For example, the
probabilities related to reservoir levels are based on statistical analysis of data and flood routing models. The probabilities related to uplift pressures are derived from knowledge based on
the actual behavior of the structure and a literature review. Parameters for the stability anal-
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yses are considered as ranges of plausible values that are used in multiple simulations. The
probabilities related to the factor of safety are based on the range of computed values.
Inferences were realized to identify variables contributing the most to the overall risk. In this
case, the stability factor of safety represents the overall risk and the decision basis for the selection of optimal risk-reduction measures.
The factor of safety thus serves as a common denominator with which the negative impacts of
the observation or non observation of one or more variables Va on the probability of having a
factor of safety value P(F.safety) less than required value is computed using the following
equation [3].
.

.

|

.

1

The variables contributing most to the overall risk have a greater impact as well as a greater
probability of occurrence. These parameters define the criticality of a variable or group of
variables which is computed using equation (2).
|

∗

|

2

The variables having maximum criticality according to multiple inferences made on the
Bayesian network for the concrete dam and according to Equations (1) and (2) are highlighted
in Figure 3. These variables are related to the rock-concrete interface properties at the dam
foundation.
Example surveillance activities are represented in rectangles shown in Figure 3. These activities are realized in the field to increase knowledge on the targeted variables and to detect
changes in the dam behaviour. As shown in Figure 3, since the rock-concrete interface is most
critical, the observation of seepage at the downstream toe of the dam becomes a priority surveillance activity.
The same type of analyses was made for the earth dam.

5.2 Spillway
Figure 2 shows that overtopping risks are affected by the reservoir level which in turn depends on inflow, season and spillway operation. These causes and effects are further decomposed and the resulting Bayesian network is shown in Figure 4.
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Figure 4: Bayesian network related to phases of spillway operation

Hydraulic studies have shown that for a given return period, if the reservoir level is lowered
during winter, the highest possible reservoir level is attained in summer-autumn flow conditions. Thus, the overtopping risks are analyzed for these conditions and the season variable in
Figure 2 becomes redundant. The spillway operation refers to the spilled flow which depends
in turn on the reliability of the gates, the availability of a power supply, the inflow during
spillway operation and also the initial reservoir level before opening gates. The spillway rating curves allow the determination of the spilled flow. The reservoir level is calculated by
flood routing analyses considering inflow, spilled flow and initial reservoir level.
The potential for shore erosion downstream from the spillway increases with spilled flow.
This erosion can destabilize the power line located nearby causing a power shortage and a
subsequent failure to close the spillway that was also considered as a potential failure mechanism since an uncontrolled emptying of the reservoir would imply further actions from the
dam owner even though the structures remain safe and operational.
As shown on Figure 4, these causes and effects are classified as variables occurring before,
during or after the opening of the spillway gates during a summer-autumn flood event. This
representation using a temporal sequence helps prevent circular reasoning that can occur
when, for example, a reservoir level is needed to determine spilled flow which in turn is used
to determine this reservoir level.
A further decomposition of the causal model shown on Figure 4 was necessary to account for
the specific reliability of each of the eight spillway gates and also to express in more details
the variables related to the power supply. This detailed causal model is shown in Figure 5.
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Figure 5: Bayesian network for spillway operation and overtopping risks

Figure 5 accounts for the specific gate reliability of the regulating gates (VF1 to VF4) and
crest gates (VD5 to VD8) of the spillway (see also Figure 1). The probability of nonfunctionality of gates was assessed using the Dormant-Weibull approach using the following
equation:

1

1

∗

3

Where:
Qn = Probability of non-functionality over time interval
η = Characteristic life parameter (depends on statistical data on failure and wear)
β = Shape parameter (age-related to service conditions)
γ = Location parameter (difference in time between original installation and replacement)
τ = Inspection interval or time since last operated
n = number of times the component operated in its life
Equation (3) allows the modelling of a system that undergoes periodic inspections (Qn decreases with a higher frequency of inspection and maintenance) while being also subject to
aging (Qn increases with time). It also takes into account the positive effects (Qn decreases) of
periodic usage during normal operations. The functionality of each crest and bottom gates
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(see Figure 5) was estimated using equation (3) in which parameters values were based on
inspection and maintenance records of each gate.
The conditions present after spillway operation include shore erosion which is expressed in
degree of deterioration of the shore slope and distance of the erosion scarp from the power
line. Estimated probability values were based on expert elicitation considering past experience
on this matter.
The variables having maximum criticality according to multiple inferences made on the
Bayesian network for spillway reliability and according to Equations 1 and 2 are highlighted
in Figure 5. These variables are related to the functionality of the power supply.
Stated in another way, overtopping is the most probable potential failure mechanism and is
related to the reservoir level which mainly depends on the number of functional crest gates
VD (bottom gates VF are inoperative by design for higher reservoir levels). This functionality
mainly depends on the power supply which depends in turn on the reliability of the power line
and backup generator. Therefore, interventions to secure the availability of both power supplies would be the most efficient specific risk-reduction measures.
As shown on Figure 5, the observation and monitoring of the shore acting as the power line
foundation is the priority surveillance activity.

6 Optimal surveillance and maintenance activities
Detailed Bayesian networks for each of the three structures (concrete and earth dams, spillway) have been used at once to analyze dam risk in a global manner. The analysis has shown
that potential failure mechanisms related to the spillway operation had maximum criticality. It
was thus shown that:
1. The most significant factors contributing to the overall risk are related to spillway operation and more specifically to the availability of power supply;
2. Maintenance and surveillance activities aiming the power line and backup generator
are to be realized in priority.
Based on this analysis, maintenance activities have been recommended and realized to decrease in an optimal way the risks related to the structures:
 Additional tests and maintenance on the backup generator were performed;
 Sections of the power line have been relocated to decrease the detrimental effects of
shore erosion.
Also, the importance on the overall risk of spillway gate inspection, maintenance and testing
has been underlined.
The recommended optimized surveillance activities include:
 Scheduled visual inspections of the shore when the maximum spilled flow reaches a
certain value;
 Topographic monitoring of the shore geometry.

7 Conclusions
The proposed multidisciplinary approach for the analysis of potential failure mechanisms allowed for the determination of the overall dam safety risk for the analyzed water management
structures and took into account the numerous interrelations between these mechanisms as
well as their uncertainties. Risk was considered on a comparative basis, or common denominator, in the determination of the relative importance of each uncertain element that could
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lead to the occurrence of a potential failure mechanism which would require actions from the
dam owner. The analysis allowed the identification of the factors contributing the most to the
overall risk as well as the prioritization of interventions. It was used to judge the potential
effectiveness risk-reduction measures and also to implement optimized surveillance activities.
With the use of Bayesian networks it was possible to synthesize the findings of existing dam
safety analyses and to compare the geotechnical, structural, hydraulic and systems reliability
risks. The degree of detail used to describe the various sub-systems composing the global system can be variable to better suit the scope of the analysis. With the proposed approach risks
are considered in a more efficient and global way.
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Acceptance of Field-Installed Concrete Piles with Potentially Faulty Reinforcing Bar Connections
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Abstract: The paper considers an actual case of acceptance of reinforced concrete
piles in an industrial plant, installed with defects in reinforcing bar welded connections. The defects were caused by a welding procedure flaw that caused embrittlement at the contact of vertical rebar and transverse spiral ties.
The reliability assessment of this installation considered (i) probability of failure of
an isolated embrittled zone under rebar yield force. (ii) probability of failure of a
rebar if an embrittled zone failed. (iii) probability of failure of a pile if a rebar
failed. Partial probabilistic models and distributions were constructed for each of
these factors using metallographic data, fracture mechanics analysis and rebar
tests. This allowed composing a discrete table of rebar failure events with their
probabilities and assessing financial loss expectancy and risk.

1

Introduction

1.1

Statement of the Problem

The paper considers an actual case of acceptance of reinforced concrete piles installed using
continuous flight auger (CFA) technology on an industrial plant site near Edmonton. When
bending heavy 25 mm diameter vertical steel bars after the pile installation to fit them into a
pile cap, several bars broke off in a brittle manner (Figure 1). This is unusual because all reinforcing bars in North America are made of 400 MPa yield limit low-alloy steel designed to
remain ductile in a wide range of service conditions. The failure occurred near the tack welds
between the main vertical rebars and the spiral ties.

Figure 1: Vertical rebar broken off.
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The CFA technology is often used in Alberta when a drilled cast-in-place concrete pile needs
to be installed through waterbearing and sloughing soils. In this method, the stem of the auger
is used as a channel through which the concrete mix is pumped into the hole, while extracting
the auger at the same time. A peculiarity of this technology is that the reinforcing bar cage
cannot be installed at the same time that the concrete shaft of the pile is formed; it has to be
inserted into the wet concrete after the pile has been poured. This necessitates welding of the
reinforcing bar cage rather than the conventional wire tying, in order to increase its integrity
and rigidity.
An inquiry was launched by the owner who retained a metallography expert consultant (see
Acknowledgements section) to do a field and laboratory investigation of the properties of the
rebar with the specified welds. The investigation established that the procedure used for rebar
welding without pre-heating, although formally code-compliant, was not compatible with the
chemical composition of the rebar steel. As a result, hardened and embrittled Heat Affected
Zones (HAZ) formed at the contact of vertical rebar and transverse spiral ties, acting like
notches in the rebar (Figure 2). The cracks initiated in the HAZ associated with the tack weld
and quickly progressed through it to the base metal, at which point they would have grown
large enough to precipitate unstable crack growth under the applied stress. It was reported that
despite the ductile character of the reinforcing steel, the crack growth was rapid and the fractures were primarily brittle in nature.

Figure 2: Heat Affected Zones appearance and measurement.

1.2

Extent of Investigation Program

Using this information, the decision was to be made whether the entire array of piles meets
the reliability criteria or it has to be removed and replaced.
Piles of three different sizes: 450 mm (18″), 508 mm (20″) and 610 mm (24″) in diameter –
were used on the project. The investigation focused on the heaviest loaded 610 mm piles. The
piles were formed of concrete with 28-day cylinder strength 30 MPa and reinforced with
twelve 25 mm diameter steel bars (yield limit 400 MPa) and 10 mm spiral ties at 300 mm
spacing. Altogether, 450 piles of this size were involved. Due to the large number of piles, it
was decided to use statistical approach to the assessment of their reliability.
The total probability of failure is calculated as:
P(M > Mr) = P1 × P2 × P3
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(1)

where P1 = P(A) − probability of failure of an isolated HAZ under rebar yield force;
P2 = P(B | A) − probability of failure of a rebar if a HAZ failed.
P3 = P(M > Mr | B) − probability of failure of a pile if a rebar failed.

2

Probabilistic Models and Reliability Studies

2.1

Statistics of the Applied Loading

The piles under investigation, the structures that they support, and the load combinations
these structures are subject to are too numerous to accurately summarize on a case-by-case
basis. Besides, the loads and resistances themselves are random quantities and may vary according to their local distributions.
The customary design practice for laterally loaded piles in North America assumes that the
pile in the ground reaches its capacity when its top lateral deflection in the uncracked state is
6 mm (¼″) . While in most cases this does not mean physical failure, the 6 mm is the limit of
elastic response of the soil and if this limit is surpassed, the magnitude of pile deflection starts
increasing rapidly, which may cause serviceability issues with the supported structure.
From soil-pile interaction modelling performed by the project geotechnical consultant, for the
610 mm pile to deflect 6 mm in a fixed-head condition (as in a pile cap), a 200 kN lateral
force at the top is required, which causes maximum bending moment 300 kN-m in the pile.
For the smaller 508 mm pile, a lateral force 160 kN and a moment 200 kN-m are necessary.
Based on this evaluation, the maximum factored moment in the 610 mm diameter pile was
taken as uniformly distributed between 200 and 300 kN-m, with corresponding moment-toshear-force ratio (shear span) 1.5 m and with no axial force. The largest moments are associated in load combinations with compressive, not tensile forces, which are beneficial for flexural resistance of concrete piles; therefore their exclusion is conservative.

2.2

P1: Probability of Failure of an Isolated HAZ under Rebar Yield Force

The critical size of the HAZ that triggers unstable crack propagation was assessed in accordance with API Standard 579 [1] by methods of fracture mechanics. A specialist consultant
(see Acknowledgements section) was retained by the owner to perform the assessment. The
consultant chose to use an “actual” stress level in the rebar evaluated from the applied loads,
which was less than the full yield stress of the steel, and an “average” size of the HAZ extracted from the metallographic report. The assessment included three major parts:
− Fatigue screening per API 579, Part 9 was performed, which showed that fatigue due to
cyclic wind load would not be an issue for the subject rebars;
− The stress intensity factors (KI) and critical stress intensity factors (KIC and KIP, for static
and progressive crack growth, respectively) were calculated for the “crack-like flaw” of the
geometry as shown in Figure 2 but with the assumed “average” size of the flaw.
− The fracture mechanics J-integral was computed based on an advanced finite element analysis using ANSYS software in the elastic-plastic stage. The purpose of this computation was to
construct the Failure Assessment Diagram (FAD), which is the dependency between the relative stress level (= reference stress at the crack divided by the yield limit) and the stress inten-
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sity factor ratio (KI / KIC ) that triggers the unstable growth of the crack. Points below the
critical curve on this diagram pass the check and the crack is categorized as “non-growing”.
The consultant’s assessment concluded that the crack of the chosen “average” size (1.7 mm
based on micrographic evidence taken on a longitudinal slice of the rebar, not by Figure 2)
and under the “actual” rebar stress level (amounting to 47% of the specified yield stress) was
non-growing.
The project design team, of which the writer was part, developed this assessment further. It
was argued that the analysis should have been done for the full yield force of the rebar, not for
a reduced “actual” stress. Also, the assumed “average” size of the flaw was only a one-spot
assessment and did not allow risk level estimation if the flaw size varied. An additional point
of contempt was that the consultant used the yield limit of the steel from a single tension test
performed by the metallography consultant, not the much lower value from the design code.
In order to facilitate reliability analysis, the analytical procedure described in the consultant’s
report was re-created in MathCAD software and modified as follows. First, the stress level in
the bar was taken equal to the yield stress, as adopted in the technical theory of bending of
reinforced concrete members. Second, the yield stress was set to the specified value of 400
MPa, not to the value that resulted from the actual tensile test (490 MPa), which cannot be
guaranteed for all rebars in the heat. Third, the size of the crack-like flaw was varied as a parameter to obtain a point that lies on the FAD curve, which is the maximum size of the crack
before it spurs uncontrolled growth.
The result of this assessment is presented in Figure 3. The critical size of the crack-like flaw
was found to be 3 mm. The modified assessment is substantially more stringent than the one
originally performed by the fracture mechanics consultant.

Figure 3: FAD diagram and determination of critical crack size.

The statistics of the actual crack sizes were derived from the limited evidence presented in
Figure 2. Most likely, the crack sizes are normally distributed; however, with only 3 direct
measurements available (the measurement used by the fracture mechanics consultant is believed to be taken some distance away from the actual weld), Student t-distribution with 2
degrees of freedom was used. From the data in Figure 2, the sample mean is 2.47 mm and the
sample standard deviation is 0.245 mm. The statistic adopted:
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t=

X−X
s

(2)

where X = the current value, X = the sample mean and s = the sample standard deviation,
lacks the usual normalizing multiple N (N = the number of trials) because the hypothesis
considered (H: X > 3 mm) is about an individual trial, not about the mean. The resulting probability of the result of a single trial to exceed the critical value in a single test is P1 = 8%.

2.3

P2: Probability of Failure of a Rebar if a HAZ Failed

This probability was established by tension testing of a rebar fragment with a simulated tack
weld and a hardened zone, performed by the metallography consultant. The following diagram was derived that captures the progression of failure of a section with a HAZ (Figure 4).

Figure 4: Deformation diagrams of rebars with and without tack welds.

It was found that the rebars with a defect have the same yield stress as undamaged rebars
(which is attributable to the relatively small size of the HAZ compared to the entire section)
but have severely limited ability to deform plastically after they have reached the yield limit.
In terms of reliability, the residual ductility in the rebar with a HAZ is highly uncertain. To
stay on the conservative side in the practical situation, it was assumed that the rebar with a
failed HAZ cannot develop any plastic deformation, failing in a brittle manner as soon as it
reaches yielding. This is equivalent to considering P2 = 1 (certain failure of the bar) if the
strain exceeds the yield point. Hence p = P1 × P2 = 0.08 is the probability of a single rebar
failure, taken as a constant in the subsequent derivations.

Figure 5: Analytical model of a pile and the results of its conventional (plastic) analysis.
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2.4

P3: Probability of Failure of a Pile if a Rebar Failed

This probability depends on the position of the rebar in the pile and the applied load. The pile
section is shown in Figure 5 and the principal results of its plastic analysis (without rebar rupture) are provided in Figures 5, a, b. The design factored pile moment capacity is 306 kN-m.
Below 242 kN-m, no bars reach yielding and there is no problem with embrittlement.
2.4.1 Concrete section capacity calculation
The evidence in Figure 5 is the starting point in the assessment of how much the section capacity is impacted by the premature failure of the rebars. Unfortunately, commercial software
for reinforced concrete section analysis is not suitable for analyzing sections with rupturing
rebars. This analysis was performed manually by developing a custom MathCAD template,
which implements conventional methods of flexural concrete section analysis per CSA Standard A23.3 [2]. These methods are based on the plane strain hypothesis [3]. For instance, consider the calculation of the sectional capacity at the moment when the most tensioned rebar
φ f
reaches the rupture state. The strain in this rebar at this instant equals ε s = s y where the
Es

resistance factor of steel φs = 0.85 according to [2]. Assuming the depth of the compression
zone = c, from plane strain assumption the strains in all rebars and at the compression edge of
the section can be calculated. Then the forces (tensile and compressive) Fi in all rebars are
calculated from their respective deformation diagrams, limited by yielding or snapping (the
term used for rupture of the bars) as applicable.
The compressive force in the concrete compression zone is calculated as
C = ∫∫ σdA

(3)

Ac

where the concrete stresses σ = Ecε ≤ α1 φc fc′ , α1 = 0.805 for 30 MPa concrete and the
resistance factor for concrete φc = 0.65. The “plastic” portion of the compression zone where
σ = const = α1 φc fc′ is shaped as a circular segment and the “elastic” portion of the compression zone where σ < α1 φc fc′ is a truncated circular segment, and the stresses over it are linearly distributed. The areas, first and second moments of these shapes about the centerline of
the section can be calculated using finite formulae of geometry, thus producing the quantity C
and the distance yc from the centroid of the body of compressive stresses over the compression zone to the centerline of the section.
The equations of static equilibrium of axial forces and moments in the section are:
C + Σ Fi = 0

(4)

Cyc + Σ Fi yi = M0

(5)

Solving Equation (4) in MathCAD by trial and error, the depth of the compression zone c is
found. Then Equation (5) gives the initial moment capacity of the section, M0.
This capacity is rectified in accordance with [2] to account for shear stresses in the section. In
case of failure from both moment and shear, the initial moment capacity is replaced with
M0 = M + (V – 0.5Vs) dv cot θ
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(6)

where Vs = the portion of shear force resisted by transverse reinforcement, dv = internal lever
arm in the section and θ = the angle of inclination of shear cracks to the member axis, all calculated by the formulas of [2]. In the considered case, the shear span ratio a = M/V = 1.5 m is
taken as a constant (see para. 2.1 above) and the true moment capacity of the section is
M =

M 0 + 0.5V s d v cot θ
≤ M0
d v cot θ
1+
a

(7)

The results of sectional analyses are summarized in Table 1.
Table 1: Pile section moment capacities and curvatures for different rebar behaviour scenarios

Most
tensioned
No. pos. rebar
1*
Yield
2
Yield
3
Yield
4
Yield
5
Snap
6
Snap
7
Snap
8
Snap
9
Snap
10
Snap
11
Snap
12
Snap
13
Snap
14
Snap
15
Snap
16
Snap
17
Snap
18
Yield
19
Yield
20
Yield
21
Yield
22
Yield
23
Yield
24
Yield
25
Yield
26
Yield
27
Yield

Second
row of
rebar
Yield
Yield
Yield
Yield
Yield
1/2 Snap
1/2 Snap
Snap
Snap
Yield
Yield
1/2 Snap
1/2 Snap
Snap
Snap
1/2 Snap
1/2 Snap
Snap
Snap
Yield
Yield
1/2 Snap
1/2 Snap
Snap
Snap

Third
row of Moment Curvature
rebar
kN-m
1/m
Yield
306.62 0.01867
240.495 0.00579
254.051 0.00634
Yield 279.274 0.00844
196.227 0.00554
209.973 0.00606
Yield 235.548 0.00799
167.112 0.00578
Yield 193.213 0.00756
122.006 0.00552
Yield 148.919 0.00715
1/2 Snap 201.681 0.00756
Snap 166.417 0.00715
1/2 Snap 157.726 0.00715
Snap 120.499 0.00675
1/2 Snap 111.304 0.00675
Snap
70.999 0.00636
213.017 0.00606
Yield 238.571 0.00799
170.266 0.00578
Yield 196.325 0.00756
1/2 Snap 246.77 0.00799
Snap 213.084 0.00756
1/2 Snap 204.753 0.00756
Snap 169.569 0.00715
1/2 Snap 160.92 0.00715
Snap
123.83 0.00675

By 1/2 Snap, a situation is meant when one of the two paired rebars snaps and the other one
does not; this event has probability 2p. The event when both paired rebars snap has the probability p2. The probability for the most tensioned (single) rebar to yield without snapping
equals 1 − p, for the second and third rows of rebars (paired), it is q = 1 − 2p − p2. The first
line in Table 1 is marked with an asterisk because it takes the loading beyond yielding of all
rebars and up to the point when the concrete in the compression zone crushes. The point corresponding to yielding of 5 rebars without crushing of the concrete is given in line 4 of the
141

table, it is 9% short of the section’s ultimate moment capacity. The minimum moment corresponding to snapping of all 5 rebars is a mere 23% of the nominal moment capacity of the
section; however, its probability is extremely small.
2.4.2 Probability of Pile Failure
Using the data of Table 1, a moment-curvature diagram was constructed for the considered
scenarios. Each point on this diagram corresponds to a possible state of the system when the
rebars either yield or snap. Connecting these points in logical progressions, a graph shown in
Figure 6 was obtained. Each arc connecting two points on it has a certain probability
attributed to it. Travelling along the various paths in the graph and multiplying probabilities
leading from event to event, obtain the resulting probability of this particular path. Adding
probabilities of all the different paths that lead from the initial point to a finish point of the
particular scenario in the graph, obtain cumulative probability of this scenario.
The scenarios corresponding to the same total number of snaps do not exactly converge to one
point, as seen from Table 1. However, for simplicity we joined together closely located
points, as shown with small circles in Figure 6, making sure that each such adjustment is
strictly conservative.

Figure 6: The graph of possible states of the pile with yielding and snapping rebars.

This graph is interpreted as follows. All paths start from point A where the first rebar yield
occurs. For piles having moment from 240.5 to 247.3 kN-m (from the properties of uniform
load distribution, 29 piles out of 450 fall into this category), only one rebar yields and the
capacity can drop from 100% to 81.6% with probability p due to process 1S (1st row of rebar
snaps), following the path AE. The total probability of this scenario is p = 0.08.
For piles having moment from 247.3 to 266.7 kN-m (there are 82 piles in this category), two
rows of rebars yield. The capacity can drop from 100% to 82.6% (point F on the diagram) if
one of the two scenarios happens:
• Path ABF: 1Y (with probability 1 − p) followed by 2H (with probability 2p) or
• Path AEF: 1S (with probability p) followed by 2Y (with probability q = 1 − 2p − p2). This
gives the total probability of reaching the point F from point A (after algebraic
transformations) 3p – 4p2 – p3 = 0.214.
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Alternatively for this category of piles, the capacity can drop from 100% to 66% (point G on
the diagram) if one of the two scenarios happens:
• Path ABG: 1Y (with probability 1 − p) followed by 2S (with probability p2) or
• Path AEFG: 1S (with probability p) followed by 2H (probability 2p). Therefore the total
probability of transition A-G equals (1 − p) × p2 + p × 2p = 3p2 – p3 = 0.019.
Similarly all other scenarios are investigated, which produces the following table (Table 2).
Table 2: Probabilities of various states of the pile with yielding and snapping rebars

Pile moment
kN-m
240.5 to 247.3
(1 rebar yields)
247.3 to 266.7
(2 rows yield)
247.3 to 266.7
247.3 to 266.7
266.7 to 306.6
(3 rows yield)

# of
piles
29

Event description

Point

Capacity drop to 81.6%

E

# of
paths
1

82

Capacity drop to 82.6%

F

2

82
82
169

Capacity drop to 66%
Capacity drop to 48%
Capacity drop to 84.3%

G
H
K

2
1
3

266.7 to 306.6

169

Capacity drop to 69%

L

4

266.7 to 306.6

169

Capacity drop to 53.3%

M

5

266.7 to 306.6

169

Capacity drop to 40%

N

3

266.7 to 306.6

3

169

Capacity drop to 25.4%

P

1

Probability Probability
(formula) (numerical)
0.08
p
3p – 4p2 –
p3
3p2 – p3
p3
p(1 − 2p −
p2) × (5 −
6p – p2)
2p2 × (4 −
7p + p3)
2p3 × (5 −
4p − p2)
p4 (5 − p)
p

5

0.214
0.019
0.000512
0.301

0.044
0.0048
0.000202
3.28E-06

Cost-Benefit Analysis and Decision Making

Table 2 establishes the probability of pile failure as a function of its severity: the more
profound failure is less likely. This dependency is important to assess the possible monetary
losses because very rare events of deep failure may have very costly consequences. If a failure
cost function is established, linking the amount of loss with the degree of pile capacity
shortage, then the expectancy of loss will be ΣniCi where ni = the number of piles in each
category and Ci = the cost of failure of each category. However, it is important to know not
only the expectancy of loss but also the degree of risk in probabilistic terms. In a project
situation, two questions may be asked:
• Suppose the expectancy of loss is less than N×Z (Z is the cost of replacement of one pile, N
is the total number of piles) and it is decided not to replace the piles but bear the
consequences. What is the probability of the final cost of failure being greater than N×Z?
• Suppose there is a maximum amount of bearable loss, X. What is the probability of the final
cost of failure being greater than X?

3.1

Expected Value Analysis

First of all, the cost function needs to be established. On a reasonable basis, the amount of
loss should increase exponentially depending on the severity of failure. A 20% under-capacity
may cause excessive rotation, sagging and deformation of the supported structure or
equipment, whereas 50% and more may lead to severe deformation, loss of integrity, or
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collapse. For illustration, assume that the cost of failure is $50K for each pile with 20%
insufficiency and $200K for each pile with 50% insufficiency. The corresponding function is
S = $50K × 4 (0.8 − φ) / 0.3

(7)

where φ = the residual strength ratio of the pile. According to this function, the pile that only
retained 25.4% of the initial capacity as per Table 2 will incur the cost of $625K to repair.
Under these assumptions, the expected cost of failure is μ = ΣniCi = $3.89M. Hence if the cost
of replacement of each individual pile Z is less than $3.89M / 450 = $8.64K, it seems more
economical to replace or reinforce the entire array of piles.

3.2

Risk Assessment

However, this is only an expected value; since the cost of failure is a random quantity, there is
a probability of it to be greater than μ. The full decision risk assessment for the specific
amount of loss in question can be performed using Poisson distribution. From the properties
of Poisson distribution, μ is the mean value of the distribution and the probability to incur the
e−μ μ c
limit target cost c is P(c ) =
. For example, if Z = $9.5K for each pile, then N×Z =
c!
$9.5K × 450 = $4.275M for the entire project. Comparing to the $3.89M expected cost of
failure, it seems that the piles need not be replaced; replacing them will cost 10% more than
coping with the expected risk. However, there is still a sizable probability that this decision is
not optimal. From the cumulative Poisson distribution constructed numerically, there is a
nearly 20% probability that the cost of failure will be greater than N×Z if no action is taken.
So it is not enough to establish that the expected loss is smaller than the cost of repair; if the
client is looking to reduce risk, they should seek greater margins.
To answer the second question, suppose that X = $4.5M is the maximum bearable loss; the
client has decided not to replace the piles and is ready to cope with some construction failures
as long as they do not exceed this value. From the cumulative distribution, this quantity has a
91.9% probability of not being exceeded, and an 8.1% probability of being exceeded.

4

Concluding Remark

The assessment presented illustrates how matters of reliability in the face of custom-incurred
uncertainty may be dealt with in a design office.
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Abstract: Hydraulic works are risky civil engineering structures and deterministic
methods are traditionally used to evaluate their stability. A complete probabilistic
approach has been developed to evaluate the structural stability of earth dams based
on construction data, involving the spatial variability of the hydraulic and mechanical properties of the dam as it was constructed.

1 Introduction
Hydraulic works – dams and dykes – are civil engineering structures that could represent a
high potential risk in case of failure. Among these, the embankment dams are the more common worldwide and are more concerned by failures than others types of dams [4].
Earth dams are subject to three predominant failure modes: external erosion due to submersion of the structure, internal erosion due to preferential flows inside the dam, and sliding of
the upstream or downstream slope. The latter mode of failure is not the most common form of
breach in structures [4]; but it is essential since it determines the geometric dimensioning of
the dam.
The structural safety of hydraulic structures is generally assessed deterministically, in the
framework of engineering. However, taking into account probabilistic considerations has progressed gradually in different areas of civil engineering, like geotechnics, leading to changes
in regulations. In France for example, documentation on hydraulic structures has recently
been modified due to FRench COmmittee of Large Dams (FRCOLD) which published recommendations for justifying embankment dams [1] and proposed the adoption of semiprobabilistic approaches consistent with the Eurocodes.
In this framework, a work aimed at developing a probabilistic approach to evaluate the structural safety of embankment dams with respect to sliding. Regarding earth structures, probabilistic considerations mainly focus on the spatial variability of the hydraulic and mechanical
properties of the materials composing the embankment dam. Developing such an approach
first requires building a deterministic model of stability allowing the introduction of probabilistic considerations. Lastly, mechanical-reliability coupling leads to the incorporation of spatial variability models in finite element (FE) model to calculate the global probability of
failure of the structure with respect to the mechanism analysed.
This issue has already been the subject of several research works [3], [5]. The authors used
the finite element method to consider the spatial variability of the hydraulic and mechanical
properties of embankment dams to study their influence on sliding. The limit state condition
of the sliding mechanism is often analysed using the shear strength parameters reduction
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technique [3], [5]. It is noteworthy that the studies performed often consider hypothetical cases, without taking into account the real variability encountered in the field. Only [9] used geostatistical methods to represent the variability of permeability in the core of a dam. Lastly, all
these studies generally only consider part of the global problem, and it is apparent that no
work has attempted to group all the elements together to provide an integrated study.
This thesis work proposes a global approach to characterise the spatial variability of hydraulic
and mechanical properties through random fields based on construction data and to produce
mechanical-reliability couplings using a stochastic finite element method to determine the
probability of failure of a dam. The study is based on an existing hydraulic structure presented
hereafter.

2 The studied dam
2.1 General description
The dam studied is located in western France, in the department of Vendée. Built in 1998, it is
a pseudo-zoned dam with a maximum height of 23 m, a 170 m long crest, holding a useful
volume of water of about 5 hm3. The structure shuts off a narrow valley covered by alluvial
deposits. With a total volume of about 140 000 m3, the body of the dam is composed of a core
(NOY) of sandy silts that supports the upstream shoulder (RAM) and the downstream one
(RAV) composed of coarse sand resulting from the alteration of schists. The variation of permeability between the core and the shoulders is less significant than for a classical zoned dam.
A chimney drain and toe drains are situated in the downstream shoulder to collect seepage
flows. The cross-section of the structure can be seen in Figure 1. The height of the crest is
53 m a.s.l. whereas that of the normal reservoir level is 50 m a.s.l.

Figure 1: Principal cross section of the studied dam and localisation of pressure cells

The behaviour of the structure is surveyed by a monitoring system. It includes pore water
pressure measurement cells installed in the dam and in the foundation, piezometers located on
the banks and the downstream toe, and boundary markers to permit topographical monitoring.
The pressure cells are mainly arranged as a function of three profiles, each profile having seven cells, as shown in Figure 1. The cells are denoted PX/Y, where X corresponds to the profile no. (4, 5 or 6) and Y to the cell no. (1 to 7). The flow across the structure is also measured
using spillways located at the outlets of the chimney and toe drains.

2.2 Available data on the studied dam
Different data on the studied dam were available. Firstly, we obtained information from the
design phase of the project. Thirty samples had been taken from the borrow areas of the materials used to build the structure. They were systematically subjected to grain size distribution
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analysis and other laboratory tests (Atterberg limits measurements, triaxial shear tests, Proctor
tests, etc.) were performed on some of them. Permeability tests were also performed but on a
small number of samples.
This first set of data was completed with a second from a series of tests performed on a testing
board before the construction of the dam. It allowed identifying the behaviour of the shoulder
material in compacted state on the basis of ten grain size distribution analyses and several
permeability tests.
The dry density and water content after compacting the earth fill were controlled when the
structure was brought into service. The dry density was measured using a Troxler nuclear
moisture density gauge. In all, more than a thousand measurements were performed on the
three zones (RAM: 376, NOY: 469, RAV: 333 respectively). The average of the dry densities
for the shoulder materials was close to 2000 kg/m3. It was lower for the core material
(1830 kg/m3). Statistically, these measurements all obey a normal distribution. The water content was also provided by the nuclear moisture density gauge. In addition, verification measurements were performed in an oven in the laboratory. Control measures were compared with
the results of the Proctor tests performed periodically during the construction.
Regarding the dam under study, a georeferencing plan was set up during the construction to
localise the measures used to control compacting in space (according to the three axes). We
could therefore rely on a large number of dry density measures and fairly precise spatial localisation. However, not all the measures performed had been geolocalised, although a large
number of samples were available (RAM: 248, NOY: 381, RAV: 272, respectively).
The data set was finally completed with twenty grain size distribution analyses performed on
samples taken directly from the dam under construction. Unfortunately, contrary to the compacting control measures, we did not have sufficiently precise information to localise the
origin of these samples, as the only information available was the area of the structure from
which the sample was taken and the number of the layer (and thus its height according to axis
Oz).

3 Probabilistic model of hydraulic and mechanical soil properties
The first step of the probabilistic approach is to represent the variability of the permeability of
the fill, which induces the hydraulic action inside the embankment, and of the mechanical
properties defining the shear strength of the soil.

3.1 Transformation relationships and predictive methods
It was seen previously that a very limited number of measures of the variables of interest
(permeability and shear strength parameters) were available, which is generally the case for
projects for hydraulic structures due to the cost of performing these tests in the laboratory. To
this purpose, it was necessary to use empirical prediction models and transformation methods
taken from the literature.
Concerning the permeability (Ksat), [2] identified a large number of predictive methods in a
detailed bibliographical review. It revealed that most of the models relied on easily accessible
physical parameters such as soil void ratio (e), soil particle density (Gs), grain size distribution
for non-cohesive materials and liquid limit for cohesive materials. According to the difference
between the two materials composing the dam, we chose for the studied dam the prediction
method developed by Kozeny-Carman, which can be used for both granular and clayey soils –
equation (1) where Ss is the specific surface of the material.
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Similarly, [7] gives relationships between geotechnical parameters that allow linking friction
angle and undrained cohesion ! for example to others soil properties like density or Atterberg limits. In our purpose, we chose to link the long-term friction angle ′ to the void ratio
through equation (2). No relation exists between long-term (drained) cohesion and other geotechnical property.

3.2 Probabilistic estimation of the global variability
The challenge is now to give a probabilistic representation of the variables of interest using
the available data on the studied dam.
The permeability variability is obtained through the probabilistic estimation of the specific
surface " based on the valorisation of grain size distribution analyses and Atterberg limits
measurements. Two specific surfaces corresponding respectively to the coarse and fine parts
of the materials are calculated. The first one is obtained thanks to a statistical treatment allowing to randomly give a grain size distribution curve. The latter is obtained through empirical
relations for fine soils between the specific surface and Atterberg limits represented by a random variable. Then, these two specific surfaces are weighted by the fine fraction # of the
fines sieved at 0.2 µm.
Concerning the shear strength parameters, the adopted approach proposes to represent the
whole Mohr circles on the same graph for a specific material and to fit a linear regression upon the tops of the circle (Lambe line). We are then able to represent the effective friction angle and cohesion by a random variable in analysing the uncertainties on this line and using the
transformation between the Lambe line and Coulomb line.

3.3 Representation of the spatial variability by random fields
The statistical treatment described above allows the probabilistic modelling of some prediction methods parameters using real data but does not give information about the spatial variability of the variables of interest. However, the chosen transformation methods – eq. (1) and
(2) – depend indirectly on dry density through the void ratio.
Thanks to the important number of control compaction measurements, a geostatistical analysis of dry density was also performed, in addition to the statistical treatment showing that this
parameter obeys a normal distribution for each zone (cf. 2.2). The principle of this analysis is
that it takes into account the fact that two values of a geotechnical parameter close to each
other in space will be increasingly similar as the distance between the two points of measurement of these values becomes smaller. This spatial correlation can be expressed graphically
by a curve called a variogram representing the variance between the values taken at two
points as a function of the distance that separates them.
The experimental variograms were calculated using the dry density data of our case study
according to the horizontal and vertical directions for each of the three zones (RAM, RAV
and NOY) (Figure 2). An exponential type theoretical model was then fitted to the six variograms obtained. They permit calculating the correlation lengths useful for the representation
of dry density by random fields.
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Figure 2: Variograms of dry density following horizontal (left) and vertical (right) directions for RAV

The random fields of variables of interest (i.e. permeability and friction angle) are then obtained from the random field of dry density and the transformation relationships. Figure 3
shows an example of realisation of the permeability random field.

Figure 3: Realisation of the permeability random field (m/s) – left: RAM and RAV, right: NOY

4 Stochastic finite element model and reliability analysis
4.1 Deterministic finite element model
4.1.1

Deterministic analysis of seepage through an embankment

The unsaturated and transient flow inside an earth dam is defined by Richards partial differential equation [8] which depends on the hydraulic head %, the hydraulic capacity , the time
(s), the water content by volume & and the permeabilities in the horizontal and vertical directions, respectively ' and ( . This equation includes the permeability of the porous material
as a function of saturation.
The mode of construction by layers used for embankment dams leads to anisotropy between
the vertical permeability and the horizontal permeability. It is important to consider anisotropy since it significantly influences the piezometric line. The anisotropy of permeability is
considered by noting the anisotropy coefficient ) = ' ⁄ ( .

In engineering studies, permeability is generally considered as constant in the hypothesis of a
completely saturated soil, which simplifies the Richards equation. However, this hypothesis is
a simplification for the sake of security in the case of hydraulic structures like embankment
dams. Permeability is modified as a function of the level of saturation of the material, which
also induces a contribution to cohesion by suction. The unsaturated behaviour of soils is often
represented in the literature by the relation proposed by Van Genuchten, which links volumetric water content to matric suction on the one hand, and permeability to volumetric water content on the other [10].
The problem of an unsaturated and anisotropic flow can be resolved using the finite element
method. Many software applications using this method can be obtained commercially. However, they are limited regarding the flexibility required to perform research and development
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work, particularly for the implementation of random fields. In our case, the hydraulic model
was developed using the finite element code Cast3M. The commercial code Geostudio was
used to validate the Cast3M model in the deterministic case.
4.1.2

Mechanical behaviour modelling

Once the hydraulic calculation has been performed, the pressure field can be integrated in a
finite element mechanical model, also performed with the Cast3M code. The mechanical
analysis uses the same geometry and mesh as the hydraulic calculation. The calculation is
therefore two-dimensional and performed with plane strains hypothesis, which is generally
accepted for a hydraulic structure whose length is generally much larger than the two others,
i.e. width and height.
The finite element calculation takes into account the plasticity of the embankment dam using
the Drucker-Prager criterion. It introduces a non-associated flow rule (inclusion of dilation)
and linear hardening. This criterion depends on the parameters that can be carried over by
analogy to the parameters classically used to describe the shear strength of an earth structure:
cohesion +′ and friction angle ′.
The loading imposed on the model comprises three components: the weight of the structure,
the hydrostatic pressure applied by the reservoir, and the pore water pressures calculated previously. The model of the embankment dam sliding mechanism built with Cast3M takes as
starting point the calculation of the stress field of the dam already in place.

In finite element analyses, the strength reduction technique is generally used to obtain the
safety factor [3], [5]. This consists in progressively reducing the mechanical shear strength
properties of the soil (cohesion + , and internal friction angle ′) with elastic-plastic behaviour
from a factor -" until failure occurs [1]. This failure is indicated by the non-convergence of
the calculation or by the sudden acceleration of displacements [5]. The safety factor is taken
as being equal to the critical reduction factor -",/ at failure.
The calculation of the safety factor using the strength reduction technique has been integrated
in the model developed with Cast3M. Since the non-convergence of the calculation stops the
program, a cut-off criterion based on the analysis of the second order work (Hill criterion)
was performed [6]. Failure is considered when the global second order becomes negative, i.e.
when the displacements suddenly accelerate. The surface of failure can be observed by virtue
of negative local second order work (Figure 4).
As in the case of the hydraulic model, the mechanical model formulated with Cast3M was
validated with the commercial application Geostudio.

Figure 4: Visualization of surface failure with negative local second work field
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4.2 Uncertainties propagation and reliability analysis
4.2.1

Coupling between hydro-mechanical FE model and reliability methods

Hydro-mechanical-reliability coupling is performed via Monte-Carlo simulations using the
reliability software OpenTURNS and the finite element code Cast3M. The global principle of
one Monte-Carlo simulation is the following:
-

a realisation of the random field of is generated, thanks to the probabilistic treatment described in part 3, and is used in the FE hydraulic model;
a pore water pressure field is calculated using the FE model described in 4.1.1;
this pressure field is used as input data for the mechanical calculation (see 4.1.2);
a realisation of the random field of φ′ is generated and also used as input data;
the safety factor of the structure is calculated by the strength reduction technique;
the operation is iterated N times until convergence of mean and standard deviation of
-" . The distribution of the safety factors -" is finally obtained (Figure 5).

Figure 5: Convergence graphs (left) and empirical distribution of factor of safety (right)

4.2.2

Reliability analysis

Then, the next step of the probabilistic approach is to compute a reliability index 1 from the
obtained distribution of the factor of safety with equation (3), where 23 and 43 are respectively the mean and the standard deviation of the distribution:
1=

23 5 1
43

3

The values of the computed reliability index guides afterwards to the use of another reliability
method. We propose to use the following approach:
- if the reliability index is upper than 4.75 (corresponding to a probability of failure of
10-6), it is useless to apply more complex reliability method because the failure probability is too low;
- if the reliability index is lower than 3.1 (corresponding to a probability of failure of
10-3), a direct Monte-Carlo simulations approach could be set up because the number
of required simulations is acceptable regarding the high probability of failure;
- otherwise, a meta-model could be build in order to give a probability of failure without
doing an important number of FE calculations.
In our study case, a mean of 2.45 and a standard deviation of 0.22 give a reliability index of
6.48. The dam studied is safe enough in the case of normal exploitation and other reliability
methods are useless.
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Conclusions and prospects
In recent years, the integration of probabilistic approaches to evaluate the stability of embankment dams has appeared necessary in view of the growing desire to improve their safety.
Although the equilibrium limit methods used classically permit such integration, the probabilistic analysis remain very limited and generally in the form of random variables. The FE
method provides an alternative and allows taking into account more complex hypotheses and
the use of random fields to model the spatial variability of the materials properties.
The approach proposed was based on coupling between finite element modelling using the
finite element code Cast3M and the reliability software OpenTURNS. It was applied to the
case of a dam case study for which a large number of data were available.
The global approach represents the spatial variability of the hydraulic and mechanical properties of a hydraulic structure in the form of random fields generated from the geostatistical
processing of real data measured on an embankment dam. It proved successful results regarding the permeability of the dam in comparing modelled and observed pore pressures. In terms
of reliability, Monte-Carlo simulations are carried out to obtain a distribution of the factor of
safety. A reliability index is then calculated and gives an estimation of the probability of failure and guide towards another reliability method to apply (direct Monte-Carlo simulations,
meta-model, etc.).
Several prospects concerning dams result from the developed reliability approach: the study
of others situations, like floods or earthquakes, or the consideration of others modes of failure
like overtopping and internal erosion.
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Abstract: Assessment of multiple hazards in the hurricane-induced offshore
environment is a complex problem, involving the correlation in space and in time of
many variables, such as wind speed, significant wave height, surge height and
others. There is a scarcity of measurements of these conditions during hurricanes
and, as a result, numerical models are usually adopted to estimate these variables in
space and in time. Such models are highly complex and computationally demanding
and metamodels have the potential to simplify and expedite their use in design and
risk assessment of the extreme offshore environment. Kriging, a popular
metamodeling method, is adopted in this study to predict time-dependent seastate
during hurricane conditions. A subset of a synthetic hurricane catalog is selected
and the corresponding seastate conditions are estimated using the commercial
numerical model Mike 21 HD/SW. The Kriging model is then adopted to emulate
the results of the numerical model and the performance of the Kriging model is
evaluated using cross-validation. The impact of several features of the Kriging
model on the model’s performance is discussed, including, in particular, the time
instances in the input vector, the size of the dataset, and the type of regression and
correlation models.

1. Introduction
Hurricanes induce multiple hazards in the offshore environment, and assessment of these
hazards for the purposes of design and risk assessment of offshore structures is a complex
problem. The low pressure at the eye of the hurricane causes hazards such as wind, storm surge,
waves, and current. These hazards persist over distances of hundreds of kilometers and
durations of days. Understanding the variability and correlation of these hazards in space and
in time is important to the engineering of offshore structures. This paper focuses, in particular,
on predicting time-dependent wave height in the offshore environment during hurricanes.
There is a scarcity of measurements of offshore conditions during hurricanes, and numerical
simulations [1-3] using physics-based models are an effective way to supplement this scarcity.
The model considered here is a coupled Mike 21 HD/SW model which estimates the wave and
storm surge fields, including their interaction, given the wind field of a hurricane. Numerical
models are computationally demanding, and metamodels (aka surrogate models or emulators)
have the potential to expedite their use. The Kriging model, a kind of metamodel, is a best
linear unbiased estimator [4] that includes predictions and uncertainty of the output and has
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been shown by other researchers to be a useful tool in the assessment of structural performance
[5,6]. Recently, the Kriging model has been used to estimate multiple hurricane-induced
hazards [7] and the time-dependent predictions of hurricane-induced storm surge [8]. The
Kriging model is also adopted in this paper to estimate the significant wave height predicted
by the Mike 21 HD/SW model during hurricanes.
The paper is organized as follows. First, the algorithm of the Kriging model is presented. Then,
a description of the parent model, Mike 21 HD/SW, is provided along with details of the
hurricane wind fields as input to the model. In the next section, an illustrative example of the
metamodel is introduced and, in the following section, the results of this example are discussed.

2. The Kriging metamodel
Considering a system with a standardized (i.e., with zero mean and unit standard deviation)
input vector {x} and an output vector {y} with dimensions of n and q respectively, the output
can be expressed as a realization of a regression model and a random process [4],
𝑦𝑙 (𝒙) = 𝒇(𝒙)⊤ 𝜷:,𝑙 + 𝑧𝑙 (𝒙)

𝑙 = 1, … , 𝑞

(1)

where 𝒇(𝒙)⊤ = [𝑓1 (𝒙) … 𝑓𝑝 (𝒙)] is a regression model, composed of p chosen functions, 𝜷:,𝑙 is a
vector of regression coefficients, and 𝑧𝑙 (𝒙) is a random process with zero mean and covariance
𝐸[𝑧𝑙 (𝒂)𝑧𝑙 (𝒃)] = 𝜎𝑙2 ℛ(𝜽, 𝒂, 𝒃). The term 𝜎𝑙2 is the process variance and ℛ is a correlation model
with decay parameter {𝜽} of the same dimension as input vector x.
Given a set of m known inputs [𝑺] = [𝒔1 𝒔2 … 𝒔𝑚 ]⊤ and outputs [𝒀] = [𝒚1 𝒚2 … 𝒚𝑚 ]⊤ (aka the
training set) of the system, the Kriging model uses a linear combination of these m outputs to
predict the response of any input vector x with dimension of n. The linear combination is
expressed as 𝒚̂(𝒙) = {𝒄}⊤ 𝒀, where {c} is a vector selected to minimized the mean squared error
(MSE) of the prediction. Thus the Kriging predictor and associated MSE can be expressed as,
̂(𝒙) = 𝒇(𝒙)⊤ 𝜷∗ + 𝒓(𝒙)⊤ 𝜸∗
𝒚
𝝋(𝒙) = 𝝈𝟐 (1 + 𝒖𝑇 (𝑭𝑇 𝑹−1 𝑭)−1 𝒖 − 𝒓𝑇 𝑹−1 𝒓)

(2)
(3)

where [𝜷∗ ] = (𝑭⊤ 𝑹−1 𝑭)−1 𝑭⊤ 𝑹−1 𝒀, {𝒓(𝒙)} is the correlation vector between the set of m given
inputs in S and the unknown input x, [𝜸∗] = 𝑹−1 (𝒀 − 𝑭𝜷∗ ), {𝝈𝟐 } is the prediction variance vector,
{𝒖} = 𝑭𝑇 𝑹−1 𝒓 − 𝒇 , [𝑭] = [𝒇(𝒔1 ) … 𝒇(𝒔𝑚 )]⊤ , and [R] is the correlation matrix of the random
process for the m given inputs,
𝑅𝑖𝑗 = ℛ(𝜽, 𝒔𝑖 , 𝒔𝑗 ),

𝑖, 𝑗 = 1, … , 𝑚

(4)

The regression model 𝒇(𝒙)⊤ is commonly modeled with polynomials up to second order. The
correlation model ℛ(𝜽, 𝒂, 𝒃) is commonly modeled as the products of stationary and onedimensional correlations. 𝜽 is optimized to minimize the prediction MSE in a vector form to
account for the anisotropy of the n input components.

3. The parent model
The parent model considered in this paper is the Mike 21 HD/SW model, which is used here
to estimate the significant wave height during hurricane conditions. This model requires an
estimate of the wind field for each hurricane. Since the availability of historical hurricane
records is limited, synthetic hurricanes are considered here. In particular, a stochastic synthetic
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hurricane catalog developed by Liu and Pang [9] is used. The wind field for each of the
synthetic hurricanes is modeled with the Holland model [10]. Details of the synthetic hurricane
catalog and the Holland model are provided in the following sections.

3.1 Synthetic hurricane catalog
Liu and Pang [9] developed a stochastic catalog of synthetic hurricanes for the Atlantic basin
following the probabilistic approach proposed by Vickery [11]. The catalog considers 100,000
years of hurricane activity (corresponding to ~480,000 hurricanes) and has been validated with
historical data along the U.S. Atlantic coastline [12]. Each hurricane is characterized at 6-hour
intervals in terms of seven parameters, the longitude and latitude of the eye, the central pressure
(Pc), the radius of maximum wind (Rmax), the translation speed (Vtr), the translation direction,
and the Holland B parameter (B).

3.2 The Holland model
The Holland model [10] is used to convert the parameters defining the synthetic hurricanes into
a wind field. The wind profile of the Holland model is expressed as:
𝑉𝑔 (𝑟, 𝜙) = [

𝐵 𝑅𝑚𝑎𝑥 𝐵
𝑅𝑚𝑎𝑥 𝐵
1
1
(
) (𝑃𝑛 − 𝑃𝑐 ) ∙ 𝑒𝑥𝑝 (− (
) ) + (𝑉𝑡𝑟 ∙ 𝑠𝑖𝑛 𝜙 − 𝑟 ∙ 𝑓𝑐 )2 ]0.5 + (𝑉𝑡𝑟 ∙ 𝑠𝑖𝑛 𝜙 − 𝑟 ∙ 𝑓𝑐 )(5)
𝜌
𝑟
𝑟
4
2

Where r is the radial position relative to the hurricane eye, 𝜙 is the angle clockwise from
hurricane heading direction, 𝑉𝑔 is the sustained wind speed at gradient height, 𝜌 is air density,
𝑃𝑛 is the peripheral pressure, and 𝑓𝑐 is the Coriolis parameter.

3.3 Mike 21 HD/SW
This study considers a coupled hydrodynamic (HD) module and spectral wave (SW) module
implemented in the commercial program Mike 21. The HD module solves the depth-integrated
incompressible Reynolds-averaged Navier-Stokes equations and has been used by other
researchers to study storm surge [13]. The SW module simulates the growth, propagation, and
decay of wind-waves and swell using the third-generation spectral wind-wave model and has
been shown to have reasonable results for hurricane conditions [3,14].

4. Illustrative example
The Kriging model, described in Section 2, is implemented here for predicting the significant
wave height during hurricanes at an example location near the coast of Massachusetts with
longitude -70.54°and latitude 40.85°where an offshore wind farm is currently being developed.
The parent model of the Kriging model is Mike 21 HD/SW as described in Section 3. The
intent of this example is to predict significant wave height time histories during hurricanes.
Several features of the Kriging model are examined including the type of regression model
(constant, linear and quadratic), the type of correlation model (linear, cubic, exponential and
Gaussian), the number of time instances and the time interval between the time instances of the
input vector, and the size of the dataset.
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4.1 Selection of synthetic hurricanes
The 100,000-year stochastic catalog of synthetic hurricanes described in Section 3 is filtered
to include only hurricanes which pass within 250 km of the example site and which have a
maximum sustained wind speed at the height of 10 m greater than 33 m/s at the example site
(i.e., the wind speed corresponding to a Category 1 hurricane in the Saffir-Simpson scale).
After this filtering process, the synthetic catalog is reduced to 322 hurricanes, the trajectories
of which are shown in Figure 1, with color indicating the hurricane intensity per the SaffirSimpson scale. Note that most of these synthetic hurricanes follow a northeasterly trajectory
near the example site.

Figure 1: Trajectories of 322 synthetic hurricanes along with the location of example site (white star).

For each of these 322 hurricanes, the wind field is generated using the Holland model where
hurricane parameters are linearly interpolated into 30-minute intervals from the 6-hour time
steps present in the synthetic catalog, and the seastates are then simulated using Mike 21
HD/SW. The domain of the model includes the majority of the U.S. Atlantic coast, and the
spatial resolution of the mesh within the model domain varies between 30 km for deep water
and 5 km for shallow water resulting in a total of nearly 50,000 elements. The significant wave
height is estimated at the example site for each hurricane. The model considers multiple
phenomena including wind-wave interaction, bottom friction, and white capping.

4.2 Kriging model input
This paper considers an input vector which includes up to six time instances of all seven
hurricane parameters, resulting in an input vector with dimension as large as 42. Multiple time
instances are considered because the significant wave height, particularly the portion of the
significant wave height influenced by swell, is influenced by both the instantaneous wind field
of the hurricane as well as the wind field history. The time instance is represented with the
variable Ti where the subscript i determines the hours relative to the instant when the wind
speed at the example site is predicted to be a maximum (e.g., T-2 is the time 2 hours before the
maximum wind speed). The time instances considered in this paper are constrained between T12 and T6, and the number of equally-spaced time instances ranges from one to six. All possible
intervals (minimum 1 hour) and initial time instances are considered, totaling to 385
combinations. For instance, if three time instances and 8-hour intervals are considered, there
are three potential input vectors, i.e., [T-12, T-4, T4], [T-11, T-3, T5], and [T-10, T-2, T6].
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4.3 Kriging model output
This paper considers the Kriging model which estimates the significant wave height at the
example location over the duration of the hurricane with particular emphasis on the timedependency of the significant wave height. For each of the 322 hurricanes simulated in this
study, the time lag between maximum wave height (as estimated by the MIKE 21 HD/SW
model) and maximum wind speed (as estimated by the Holland model) at the example location
is plotted in Figure 2(a). On average, the maximum wave height occurs 5 minutes after the
maximum wind speed, with a standard deviation of 1 hour. The maximum significant wave
height occurs within ±6 hours of the maximum wind in all but one of the 322 hurricanes. As
such, the output of the Kriging model is limited to estimating the significant wave height time
history between T-6 and T6. During each hurricane, there is a period of time for which the
significant wave height is greater than 90% of the maximum significant wave height for the
entire hurricane. Figure 2(b) shows the distribution of the durations of these periods for all 322
hurricanes. The peak of this distribution is 1 hour, and the minimum duration is 40 minutes.
Given this, a 30-minute interval is selected for the Kriging model output, and so the dimension
of the output vector of the Kriging model is 25 (i.e., the output is estimated for a 12-hour
duration, centered at T0 with 30-minute intervals).

(a)
(b)
Figure 2: Histogram of (a) time lag between the maximum significant wave height and maximum wind speed
during hurricanes;(b) duration of seastates with significant wave heights over 90% of the associated maxima.

4.4 Evaluation of the Kriging model
The performance of the Kriging model is evaluated using ten-fold cross-validation. The set of
322 synthetic hurricanes is randomly partitioned into ten equal subsets, and one subset is
retained as a validation set and the remaining nine are used as a training set to calibrate the
Kriging model parameters. This process is repeated ten times so that each subset is used once
for validation. The results from the ten validations are then averaged to assess the overall
performance of the model. The cross-validation method prevents overfitting, which often
results from traditional split-sample validation.
For the 322 synthetic hurricanes in this study and for an output of 25 time instances per
hurricane, the Kriging model provides a prediction of the significant wave height of the seastate
𝑦̂ ∈ ℝ322×25 . The root-mean-square error (RMSE) of the prediction compared to the Mike 21
HD/SW estimate is chosen to evaluate the performance of the Kriging model,
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𝑚

𝑞

1
2
𝑅𝑀𝑆𝐸 = √
∑ ∑(𝑦𝑖,𝑗 − 𝑦̂𝑖,𝑗 )
𝑚×𝑞

(19)

𝑖=1 𝑗=1

5. Results
Several features of the Kriging model are examined in this paper, including the time instances
of the input vector, the size of the dataset, the type of regression model (constant, linear and
quadratic), and the type of correlation model (linear, cubic, exponential and Gaussian). All of
the considered combinations of parameters and the total number of combinations are listed in
Table 1. It is noted that combinations are invalid if the number of regression coefficients
exceeds the size of the dataset. The results are presented and then discussed in the following
sections.
Table 1: Combinations of parameters considered in this study for evaluating the Kriging model.

5.3 Impact of regression and
correlation models
Regression
Correlation
model
model
385 […]
385 […]

5.1 Impact of the
time instances of
the input vector

5.2 Impact of the
size of the
dataset

Input vector

385 […]

Dataset size

1 [322]

Regression
model

1 [linear]

Correlation
model

4 [linear, cubic,
exponential and
Gaussian]

385 […]
6 [50, 100, 150,
200, 250, 322]
3 [constant,
linear and
quadratic]
4 [linear, cubic,
exponential and
Gaussian]

3 [constant,
linear, and
quadratic]
4 [linear, cubic,
exponential and
Gaussian]

4 [linear, cubic,
exponential and
Gaussian]

Total number of
combinations

1,540

21,928

4,096

1,540

1 [322]

1 [322]
1 [linear]

5.1 Impact of the time instances of the input vector
The impact of the selection of time instances of the input vector is evaluated in this section. All
of the results presented here are for a dataset size of 322 and for the linear regression model
(since this model provides the lowest RMSE for all considered combinations, as discussed in
Section 5.3). Both the number of time instances (one to six) and the time interval (0~18 hours)
between the time instances of the input vector are considered here.
Prediction results of the Kriging model with the lowest RMSE are shown in Figure 3(a) as a
function of the number of time instances in the input vector. In total, 1,540 combinations are
considered in this section, resulting from all combinations of four correlation models and 385
combinations of time instances. At first, as the number of time instances increases, the RMSE
decreases; however, the RMSE increases when greater than three time instances are considered.
Figure 3(b) shows cumulative distribution functions (CDF) of the RMSE for each considered
number of time instances among the 1,540 combinations of correlation model and time
instances. This figure also shows that the inclusion of three time instances in the input vector
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results in the overall best performance of the Kriging model, although the performance is
similar for two time instances.

(a)
(b)
Figure 3: Performance of the Kriging model in terms of (a) RMSE versus the number of time instances in the
input vector for the combinations of correlation model and time interval having the lowest RMSE and (b) CDF
of the RMSE versus the number of time instances for all 1,540 combinations of correlation model and time
interval.

The impact on the RMSE of the interval between time instances is similar to that of the number
of time instances. As the interval increases, the RMSE decreases to a minimum at an interval
of 4 hours. For intervals greater than 4 hours, the RMSE increases with increasing interval, see
Figure 4(a). Figure 4(b) shows CDF curves for the RMSE for times intervals of 0, 2, 4, 6, 8,
and 10 hours. The overall Kriging model performance is similar for time intervals of 4, 6, 8
hours.

(a)
(b)
Figure 4: Performance of the Kriging model in terms of (a) RMSE versus the time interval in the input vector for
the 1,540 combinations of correlation model and number of time instances having the lowest RMSE and (b) CDF
of the RMSE versus time interval for all 1,540 combinations of correlation model and number of time instances.

5.2 Impact of the size of the dataset
Six sizes of the dataset are considered here: 50, 100, 150, 200, 250, and 322. Each set is tested
for three types of regression model (constant, linear and quadratic) and four types of correlation
model (linear, cubic, exponential and Gaussian). The RMSE and efficiency of the Kriging
model are shown in Figure 5. The linear regression model has the lowest RMSE for all dataset
sizes. As the size of the dataset increases, the RMSE tends to decrease, and the CPU time
increases. Between the minimum dataset size of 50 and the maximum dataset size of 322, the
RMSE decreases by 34.2% and CPU time increases by a factor of ~50. It is noted that the rate
of improvement of the performance of the model decreases with increasing dataset size, while
the rate of increase in CPU time increases. For example, increasing the dataset size from 250
to 322 increases the CPU time by a factor of 1.7, but only improves the RMSE by 3.6%.
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Figure 5: Performance of the Kriging model and CPU time versus dataset size.

5.3 Impact of regression and correlation models
The impacts of three regression models (constant, linear, and quadratic) and four correlation
models (linear, cubic, exponential, and Gaussian) on the performance of the Kriging model are
examined in this section. For each of the three regression models, the performance of the
Kriging model is considered for 385 possible input time instances for the input vector, for four
types of correlation model, and for a dataset size of 322 (4,096 combinations in total). The CDF
curves for the RMSE of the three regression models are shown in Figure 6(a). The linear
regression model results in the lowest RMSE, ranging from 1.06 m to 1.91 m. The quadratic
regression model, though it may be optimized to an RMSE of 1.27 m, has an approximately
90% chance of having an RMSE greater than 2.5 m. It is worth noting that, for the constant
regression model, an upper bound of 2.4 m exists for the RMSE, and 63% of all combinations
give RMSE equal to 2.4 m. These combinations result in a regression coefficient 𝜷 ≈ 𝟎 and a
high value of decay parameter 𝜽, leading to the same prediction for all these combinations.
For each of the four correlation models, the performance of the Kriging model is considered
for 385 possible input time instances for the input vector, for a linear regression model, and for
a dataset size of 322 (1,540 combinations in total). CDF curves for the RMSE of the four
correlation models are shown in Figure 6(b). The Gaussian correlation model has the lowest
RMSE. The curves for the linear and cubic correlation models coincide, because the optimal 𝜽
is high, leading to low correlation between the test and training inputs, meaning that the
regression part of the Kriging model is the only contribution to the model prediction.

(a)
(b)
Figure 6: CDF of RMSE for the (a) three considered regression models for four correlation models, 385 input
time instances and a dataset size equal to 322 and (b) four considered correlation models for linear regression
model, 385 input time instances and a dataset size equal to 322.
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5.4 Discussion of results
For all the combinations of regression model, correlation model, size of the dataset, and time
instances of the input vector considered above, overall, the Kriging model with the linear
regression model and the Gaussian correlation model results in the lowest RMSE when the
time instances of the input vector are T-6, T-2, T2. This particular combination is selected here
for an analysis of the error. Figure 7(a) shows a scatter plot of 8,050 predictions of the wave
height (i.e., a half-hourly output vector for 12 hours for 322 simulated hurricanes) by the
Kriging model versus the corresponding numerical simulations in Mike 21 HD/SW. Note that
the Kriging model is not physics-based and sometimes predicts negative wave heights. The
distribution of the prediction error in the Kriging model (i.e., the difference between the
Kriging predictions and those of the Mike 21 HD/SW) is plotted in Figure 7(b), which indicates
that approximately 95% of the Kriging model predictions are within ±2.12 m of the numerical
simulation in Mike 21 HD/SW.

(a)
(b)
Figure 7: The performance of the Kriging model assessed as (a) a scatter plot of the wave height estimated by
the Kriging model versus the corresponding estimate from the numerical simulation in Mike 21 HD/SW and (b)
a histogram of the prediction error, i.e., the difference between the Kriging model and the numerical simulation.

6. Conclusion
The Kriging model is adopted in this paper to predict time-dependent wave heights during
hurricanes. The model is used to predict wave heights for a location near the coast of
Massachusetts. The Kriging model predictions are compared to numerical simulations in Mike
21 HD/SW of 322 synthetic hurricanes. The hurricanes are characterized with seven parameters,
which are specified in the input vector of the Kriging model for multiple time instances and
intervals. The Kriging model is evaluated using ten-fold cross-validation in terms of the rootmean-square error (RMSE) of the prediction of the Kriging model compared to that of the Mike
21 HD/SW model. This study considered 21,928 total instances of the Kriging model, resulting
from all combinations of three regression models (constant, linear and quadratic), four
correlation models (linear, cubic, exponential and Gaussian), six sizes of the dataset (50, 100,
150, 200, 250, 322), and 385 combinations of time instances of the input vector (up to six time
instances between T-12 and T6), and, for each, the RMSE is calculated. The results are:
(1) For the input vector of the Kriging model, specifying the hurricane parameters at multiple
time instances result in lower RMSE than specifying the hurricane parameters at a single time
instance. The lowest RMSE is found when two or three time instances are considered with a
time interval of ~4-8 hours. Overall, the input vector at T-6, T-2 and T2 resulted in the lowest
RMSE.
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(2) As the size of the dataset increases, the RMSE decreases, while CPU time increases, but
the changes in RMSE and CPU time are not proportionate.
(3) For the three regression models and four correlation models considered in this paper, the
linear regression model and the Gaussian correlation model show the best overall performance.
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Abstract: Suction anchors are becoming the preferred foundation solution for mooring different types of floating structures used in the offshore petroleum industry.
The design rules that define the required holding capacity of the suction anchor, and
the (partial) safety factor(s) are specified in the relevant codes and guidelines and/or
by the operator. However, in most design situations, it is not clear what reliability
level the code/operator requirements imply in terms of the expected annual failure
probability of the foundation. This paper presents a reliability-based design approach for suction anchors, where the design objective is to ensure that the annual
probability of failure is less than a target value. Example calculations are presented
for a suction anchor that is to be used as part of the foundation system for a semisubmersible at a clay site on the Norwegian Continental Shelf.

Introduction
Since the early 1980s, suction caissons have been widely used as foundations and anchors for
bottom-fixed and floating offshore structures. They are installed by self-weight and underpressure (suction) applied inside the caisson. It is estimated that, by the end of 2010, more than
1000 permanent offshore structures were installed using the suction anchor technology. Almost
all of these structures are used in the oil and gas industry. There is, however, increased interest
in the suction caisson technology in the offshore wind energy industry. It is expected that suction caissons will be used frequently as the foundation of both bottom-fixed and floating offshore wind turbines in the near future.
The focus of this paper is on reliability-based geotechnical design of suction anchors that are
used for mooring of floating structures (Figure 1). The geotechnical design aims at selecting
the anchor dimensions (diameter, penetration depth and location of padeye) that provide adequate holding capacity to resist the chain tension that acts on the suction anchor in various
design conditions. The tensile loads are transferred through a mooring line and chain to the
padeye on the anchor. The padeye location is optimised such that the anchor provides maximum
resistance under the design load conditions. The design rules that define the required holding
capacity of the suction anchor, and the corresponding (partial) safety factor(s) are specified in
the relevant codes and guidelines – e.g. ISO 19901-7 International Standard [9], DNV Recommended Practice E303 [7] and API-RP-2SK [4]. The platform operator may also define the
required safety factors for different loading situation based on combination of requirements
from different codes and standards.
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Figure 1: Typical suction anchors used as foundation of a floating offshore platform (courtesy: NGI).

Throughout the paper, example calculations are presented for a suction anchor that is to be used
as part of the foundation system for a semi-submersible at a clay site on the Norwegian Continental Shelf.

Calculation of Holding Capacity of a Suction Anchor
2.1 Required Inputs and Assumptions
The anchor geometry (diameter, penetration depth and padeye location), soil properties and
load characteristics are key input parameters to the suction anchor holding capacity calculations. Assessment of the soil properties at a clay site involves evaluation of the undrained shear
strength profile, shear strength anisotropy, time dependent set-up effect (i.e. changes in anchorsoil interface roughness with time after installation) and effect of cyclic loading. Regarding the
loads, it is necessary to know the design peak load and time history of the load in the mooring
line during the design storm event. The latter is required for the evaluation of the effects of
cyclic loading on soil properties, in particular the cyclic shear strength of the soil. There are
also a number of other aspects that require assessment, which are described below.
Tension crack: Depending on the location of the padeye, the anchor can rotate and translate in
the horizontal direction when it is subjected to a combined horizontal and vertical load. The
rotation can be positive or negative, implying that the top of the anchor displaces in the load
direction or in the opposite direction to the load. A tension crack may develop behind the anchor
if the top of the anchor rotates in the direction of the load. The development of the tension crack
can significantly reduce the holding capacity. In practice, the padeye is often placed deep down
(2/3 of total penetration or deeper) so that the anchor will rotate in the opposite direction to the
load (counter-clockwise direction in Figure 2), ensuring no tension crack development. However, sometimes an existing anchor is reused, and could be exposed to load conditions that are
different from those it was originally designed for. In this situation, the possibility of tension
crack must be evaluated and, in case the development of a tension crack is possible, it should
be taken into account in holding capacity analysis.
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Tilt and mis-orientation: After installation the anchors may experience tilt and mis-orientation.
The anchor design tolerances (±5° as per practice) with respect to tilt and mis-orientation should
be considered. For re-evaluation of an existing anchor, the actual measured tilt and mis-orientation should be used in the calculations.
Standards and code regulations: There are different design requirements in the different codes
and standards used for suction anchor design. For example, the ISO 19901-7 International
Standard [9] specifies an overall lumped safety factor for resisting the mooring line tension
(Table B.2 of Annex B of [9]), whereas the DNV Recommended Practice E303 [7] specifies
partial safety factors (load factor and material factor) for suction anchor design. The partial
safety factors specified in [7] depend on the consequence class.

2.1 Holding Capacity of a Suction Anchor in Clay
2.1.1

Basic mechanical model

The analysis of the holding capacity of a suction anchor involves two steps. Step 1 calculates
the chain tension reduction from the mudline to the padeye, as well as the chain angle, under
the design load. Step 2 verifies that the capacity of the anchor under the padeye load satisfies
the code- or operator-specified requirement. An iterative process is required between Steps 1
and 2 to find the ultimate mudline tension load that the anchor can withstand. Figure 2 presents
a schematic sketch of the process.

Figure 2: Loads acting on the chain at seabed and on padeye.

Step 1. Chain analysis
Results from a floating system motion analysis will give the mooring line tension load and line
uplift angle at the dip-down point, which is the point of the mooring line intersecting the seabed.
When the load is transferred through the soil from the dip-down point to the padeye and the
line drags through the soil, the line tension is reduced and the line angle is changed due to the
combined effect of soil friction and normal stress acting along the embedded chain line. The
design load at the pad-eye is found through solving a sequence of limit equilibrium equations
along the chain, which is discretized into finite length chain elements. In this study, the chain
configuration under the applied loads was analysed using the procedure described by Mortensen
[13].
Step 2. Anchor holding capacity analysis
The anchor holding capacity for inclined loading can be either calculated by simplified limit
equilibrium methods or by finite element analysis. In practice, simplified 2D finite element
programs, for example SPCalc [16], are often applied due to simplicity and efficiency. In such
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2D analyses, the 3D effects are considered by side shear factors that are calibrated from full 3D
finite element analyses. Andersen et al. [2] and Jostad and Andersen [10] present calibration
of the side shear factors and comparisons with 3D finite element analyses.
The benefit of using a finite element model for such analyses is clear, since this allows evaluation of the failure mode automatically. In the current study, the soil-structure side shear factor
was taken as 0.73 and the soil-soil side shear factor was taken as 0.7 based on the recommendations of Jostad and Andersen [10].
2.1.2

Effects of cyclic loading on holding capacity

The cyclic shear strength of the clay is defined as the sum of the average and the cyclic shear
stresses that causes failure after a specified number of load cycles. The cyclic shear strength is
a function of the combination of average and cyclic shear stress levels and the number of load
cycles. The cyclic strength of soil under undrained conditions is evaluated by the so-called
strain accumulation procedure for a design load history using contour diagrams from high quality cyclic laboratory tests on undisturbed samples. More details on the cyclic accumulation procedure and determination of the cyclic shear strength is found in Andersen et al. [3]. For suction
anchors, experience suggests that the cyclic shear strength of the soil may be greater than the
reference static shear strength because of the effect of rapid rate of loading on soil strength. The
enhanced strength due to shearing the soil at higher rate outweighs the strength degradation due
to repeated loading. In the current study, the reference static shear strength was used for the
anchor holding capacity analyses and the effects of cyclic loading were neglected.

Statistical Modelling of Loads Acting on the Anchor
3.1 Maximum Tensile Load in Mooring Lines at Various Return Periods
The mooring system which has been studied, consists of wire and chain. The system has been
designed in compliance with ISO 19901-7 [9]. The analyses were based on the frequency-domain model in the software package MIMOSA [12], which has been correlated and calibrated
against model test results. The analyses were carried out for 24 headings (15 degrees steps). In
order to provide a probability density function for the line tension at mudline, the maximum
tension was calculated by short term response analysis and environmental loads with 1-year,
10-year, 100-year and 10000-year return periods. The characteristic n-year responses were estimated by extracting the 90%-percentile of the line tension. The maximum line tension at the
seabed is taken as the maximum from all directions analysed. This is a simplified and conservative method to obtain probability density function for line tension. Calculation of line tension
for arbitrary metocean conditions requires substantial number of analysis, which has not been
part of the scope for the study performed.

3.2 Statistical Model for Annual Maximum Tensile Load in Mooring Lines
The Type I extreme-value distribution, known also as Gumbel distribution, is a common probability distribution function used for statistical description of the largest annual storm-induced
loads on offshore foundations. The calculated characteristic n-year maximum tension loads in
the mooring line for the example case study are plotted on Gumbel distribution paper in Figure
3. The Gumbel distribution parameters (mean and standard deviation) can be obtained from any
pair of return periods. The results of the reliability analyses, which are presented later, showed
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that the load value at design point corresponds to a return period between 100 and 10000 years.
Therefore, the distribution function parameters for the annual maximum tension in the mooring
line were fitted to the load data for 100-year and 10000-year return periods.

Figure 3: Maximum annual mooring line loads plotted on Gumbel distribution paper.

Reliability Analysis for a Suction Anchor in Clay
4.1 Suction Anchor Geometry
The cylindrical suction anchor in the example calculations has an outside diameter of 4.9 m and
length of 10.5 m. The padeye is located 3.4 m above the anchor tip.

4.2 Statistical Description of Soil Properties
At the study site, the soil conditions are characterized by an upper layer of very soft clay overlaying harder, overconsolidated clay layers. The key soil parameter for calculation of holding
capacity of a suction anchor in clay is the undrained shear strength. The undrained shear
strengths in the three soil units shown in Figure 4 were estimated by statistical analyses of the
soil data, combined with well-documented correlations and experience.
The procedures used for estimating the mean and standard deviation for independent and dependent soil variables were based on the recommendations in DNV-RP-C207 [6]. The parameters were assumed to either vary linearly with depth within each soil unit or be constant within
the unit. The spatial variation of soil properties in the vertical direction was assessed using the
procedure outlines by Nie et al. [14] and its effect on the standard deviation of the spatiallyaveraged undrained shear strength was accounted for in the calculations. Other sources of uncertainty, such as measurement error and limited soil data/samples, should ideally be addressed
in evaluating the statistics of soil properties. However, not enough data were available to do
this. Effects of spatial variability of soil properties in the horizontal direction were not taken
into account. However, the effect of spatial averaging of soil properties in the horizontal direction on the calculated reliability of holding capacity of an anchor embedded in a layered soil, at
a relatively shallow depth, is not expected to be significant. The blue line on the right-hand plot
on Figure 4 shows the expected reference undrained shear strength for a normally consolidated
clay at the site.
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Figure 4: Mean and mean ± 1 standard deviation of cone resistance and undrained shear strength suC.

The cone tip resistance, qc, and undrained shear strength, su were investigated because su is the
key parameter for anchor holding capacity calculation and su can be derived from qc. The
method developed by Lacasse et al. [11] to process statistically the cone resistance qc from the
CPTU data was used. Figure 4 illustrates the mean ± one standard deviation of the cone resistance qc and undrained shear strength in triaxial compression type of loading suC.
A lognormal distribution of qc and su is suggested as a reasonable assumption for the probability
density function of the cone penetration resistance and undrained shear strength. The lognormal
distribution also ensures that the qc/su-value parameters would not become negative in the probabilistic analyses of anchor capacity.
The undrained shear strength of clay is highly anisotropic. The su-profile in Figure 4 is for
undrained shear strength in triaxial compression type of loading. Based on the high quality
laboratory tests from undisturbed soil sample from the study site, the following mean values of
anisotropy ratios were respectively used for direct simple shear and triaxial extension modes of
loading: suDSS/suC = 0.9, and suE/suC = 0.7. A coefficient of variation of 10% was used for anisotropy ratios as suggested by Andersen et al. [2].

4.3 Reliability Analysis of Holding Capacity Using SORM
The first-order reliability method (FORM), as formulated by Hasofer and Lind [8], is the most
common calculation method in structural reliability analysis today. Breitung [5] extended
FORM and provided the theoretical basis for the second-order reliability method (SORM). The
SORM approximation in the commercial software package STRUREL [15] was used in the
analyses presented in this paper.
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Both FORM and SORM require the definition of a limit state function g(X) such that g(X) ≥ 0
means satisfactory performance and g(X) < 0 means failure. X is a vector of basic random
variables. The following limit state function was used in the calculation of the annual probability of anchor failure.
𝑔𝑔 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ∗ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∗ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 – 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠_𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

(1)

where 'capacity' is the reference static holding capacity of anchor, 'errmodel' is the modelling
uncertainty parameter in holding capacity calculations, 'cyclic' is the ratio of cyclic capacity to
reference static capacity, 'storm_load' is the annual maximum storm-induced load in mooring
line at seabed, and 'errload' is the random variable describing the uncertainty in load calculation
model. As mentioned earlier, the cyclic loading effects were neglected in the example calculation presented in this paper, i.e. the parameter 'cyclic' in Equation 1 was set equal to 1.0.
In the reliability calculations, a response surface approach was used to functional relationship
between the holding capacity and the undrained shear strength profile. Based on the physics of
the case study problem, the uncertainty in the undrained shear strength profile and the uncertainty in the shear strength anisotropy are the main contributors to the uncertainty in the estimated holding capacity. The holding capacity of the anchor was calculated for combinations of
three shear strength profiles, corresponding to µ, µ – σ, and µ – 2σ (µ = mean, σ = standard
deviation, see Table 1, and three anisotropy factors corresponding to µ, µ – σ, and µ – 2σ. This
required nine (3 × 3) deterministic calculations of holding capacity for the anchor. The reason
for choosing these combinations was to get an accurate description of the limit state function at
the design point (most likely combination of random variables at failure) in SORM analyses.
The interpolation functions listed on Figure 5 were used to define the functional dependence of
“capacity” on undrained shear strength and anisotropy factor. The dimensionless parameter ‘r’
on Figure 5 represents the change in the capacity in terms of number of standard deviations
from the mean value of undrained shear strength, and the parameter dimensionless “s” does the
same for the shear strength anisotropy factor.
To utilize the response surface method for description of the anchor holding capacity, the performance function shown in (1) for SORM calculations was rewritten as:
9

𝑔𝑔 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ∗ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∗ �� ℎ𝑖𝑖 ∙ 𝑥𝑥𝑖𝑖 � – 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠_𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖=1

(2)

where hi are the interpolation functions listed in Figure 5 and xi are the holding capacities at
nodes 1 through 9, which are listed in Table 1.
The response surface approximation for anchor capacity makes it numerically efficient to use
Monte Carlo simulation to estimate the failure probability. The combination of FORM/SORM
approximation and response surface method, however, has several advantages over standard
Monte Carlo simulation for achieving the objectives of this study. First, the sensitivity factors
and coordinates of the design point are outputs of the FORM/SORM analyses. The design point
coordinates can be used to calibrate the partial safety factors for deterministic design. Second,
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for the FORM/SORM approach, it is sufficient that the response surface accurately approximates the variation of anchor capacity in the vicinity of the design point. The MCS would require an accurate description of the anchor capacity for all combinations of random variables,
and hence a more complicated and computationally-intensive response surface.
h1 = 0.25⋅r⋅ (1+r)⋅s⋅(1+s)
h2 = 0.25⋅(1+r)⋅(2+r)⋅s⋅(1+s)
h3 = 0.25⋅(1+r)⋅(2+r)⋅(1+s)⋅(2+s)
h4 = 0.25⋅r⋅(1+r)⋅(1+s)⋅(2+s)
h5 = – 0.5⋅(2r + r2) ⋅s⋅(1+s)
h6 = – 0.5⋅(1 + r)⋅(2+r)⋅(2s + s2)
h7 = – 0.5⋅(2r + r2)⋅(1+s)⋅(2+s)
h8 = – 0.5⋅r⋅(1+r)⋅(2s + s2)
h9 = (2r + r2) ⋅(2s+s2)

Figure 5. Design of response surface calculations with two random variables in normalized coordinate system.
Table 1

Holding capacity calculations for response surface modelling of the example suction anchor. Values
listed are the static holding capacities in kN with reference to mooring line load at mudline (Fig. 2).

Undrained shear strength profile
Anisotropy ratios
µ (suDSS /suC = 0.9,

Mean (µ)1

(µ - σ)1

(µ - 2σ)1

11300

9400

7450

10350

8600

6850

9375

7800

6200

suE/suC = 0.7)

µ - σ (suDSS /suC = 0.8,
µ - 2σ (suDSS /suC = 0.7,

suE/suC = 0.62)
suE/suC = 0.54)

1) See section 4.1 and Figure 4.

Results for Example Suction Anchor
With reference to the limit state function in Equation 2, Table 2 lists the distribution functions
of the basic random variables that were used in the reliability analyses.
Table 2

Mean value, standard deviation and distribution functions of the basic random variables.

Variable
errmodel

Distribution function
Normal

Mean
1.0

Standard deviation
0.025

suC

Lognormal

See Figure 4

See Figure 4

suDSS/suC (1)

Beta (0.65 → 1.0)

0.9

0.1

errload

Normal

1.0

0.10

950 kN
980 kN
storm_load
Gumbel
(1)
suE/suC is assumed to be perfectly correlated with suDSS/suC

With the parameters listed in Tables 1 and 2, the annual failure probability of the anchor was
calculated to be Pf,annual = 4.4⋅10-5 (βannual = 3.92). Figure 6 shows the contribution of the different basic random variables to the total uncertainty in foundation performance. Since the load
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modelling contribution to the uncertainty is significant, a refinement of the load modelling is
considered an area for further improvements for these analyses.

Figure 6. Relative contribution of uncertainty in basic random variables to uncertainty in performance of example anchor.

Figure 7 shows how the annual reliability index changes when the load on the anchor or the
holding capacity of the anchor is scaled with respect to the Base Case.

Figure 7. Variation of the annual reliability index for the example anchor when the mooring line load is scaled
up or down with respect to the Base Case (Note: β = 3.72 ⇒ Pf = 10-4).

Concluding Remarks
This paper presented an approach for doing reliability-based design of suction anchors for
mooring of floating structures. The analysis results can also be used to calibrate the partial
safety factors in a deterministic design that would ensure that the annual probability of suction
anchor failure is less than a target value. A typical design criterion for holding capacity of a
suction anchor has the following format:
𝑅𝑅𝐶𝐶
(3)
≥ 𝑇𝑇𝐶𝐶−𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 ∙ 𝛾𝛾𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 + 𝑇𝑇𝐶𝐶−𝑑𝑑𝑑𝑑𝑑𝑑 ∙ 𝛾𝛾𝑑𝑑𝑑𝑑𝑑𝑑
𝛾𝛾𝑚𝑚
where RC is the characteristic anchor resistance, γm is the resistance factor, TC-mean is the characteristic mean line tension, TC-dyn is the characteristic dynamic line tension, and γmean and γdyn
are partial load factors. The values on the right-hand side of the design criterion above are
specified by the codes (e.g. DNV-RP-E303). Once the design point holding capacity (including
the effects of cyclic loading) for a given target annual failure probability is obtained, one could
assess the corresponding characteristic capacity RC, and evaluate the minimum resistance factor
γm required for achieving the target reliability level from inequality (3).
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Abstract: Assessing the risk posed by extreme natural events to the failure of offshore wind turbines (OWTs) is a challenging task. Highly stochastic environmental
conditions represent the main source of variable loading; consequently, a high level
of uncertainty is associated with assessing the structural demand on OWT structures.
However, failure of any of the primary structural components implies both complete
loss of the OWT and loss of earnings associated with production stoppage (i.e., business interruption).
In this paper, we propose the use of the Catastrophe (CAT) Risk Modelling approach
to assess the structural risk posed by extreme weather conditions to OWTs. To help
achieving this, we develop fragility curves – a crucial element of any CAT models
– for OWTs on monopile foundations. Fragility functions express the likelihood of
different levels of damage (or damage states) sustained by a given asset over a range
of hazard intensities. We compare the effect of modelling and analysis decisions on
the fragility curves, highlighting how different procedures could affect the estimated
probability of failure. We apply the proposed framework to two case-study locations, one in the Baltic Sea and one in the North Sea.

Introduction
The offshore wind industry has grown to the point where it supplies 11.03GW of electricity within
Europe, with a further 26.4GW of projects approved [1]. Approximately 80% of the offshore wind
turbines (OWTs) generating this power are on monopile foundations. One of the key elements in
designing offshore structures - or in assessing existing ones - is the estimation of the wind and wave
loading likely to be encountered during their life time. The design and assessment of OWTs is
currently based on deterministic (or semi-probabilistic) and prescriptive approaches, employing
safety factors to be applied to deterministic design quantities (i.e., load and resistance) and notional
return periods for the load conditions to be considered in the design. There are uncertainties associated with the calculation of structural capacity (e.g., geometry, materials) as well as bias in modelling assumptions. These uncertainties become particularly significant when considering extreme
weather conditions which are intrinsically more difficult to predict. Poor characterisation of these
uncertainties could lead to either too conservative designs or unsafe ones, with potentially catastrophic losses. This poses significant technical challenges but can also severely increase the cost
of financing offshore projects.
A framework based on Catastrophe (CAT) risk modelling is proposed here to assess structural and
non-structural risk associated with OWTs exposed to European extra-tropical cyclones (ETCs; i.e.,
winter storms). The proposed approach can be used to test innovative design strategies – extending
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performance-based engineering frameworks (also accounting for combined hazards); to devise efficient and targeted asset management; and to develop resilience-enhancing solutions for combined
wave and wind hazards (e.g., based on structural health monitoring and structural control). This can
help to reduce overall costs and ultimately reduce the levelized electricity cost for offshore wind
farms (OWFs). Figure 1 shows the basic structure of a CAT modelling approach which has been
adapted here for application to OWFs. The overall framework can be decomposed into a series of
sequential components [2]: exposure (information about asset location, construction details and replacement values), hazard (reliable estimation of relevant hazard intensities and their recurrence
periods), structural analysis (reliable estimation of engineering demand parameters, or EDPs, given
hazard intensities), and fragility (reliable estimation of damage and downtime given hazard intensities). The synthesis of such a framework (loss) provides many valuable decision-making and management metrics, for example, the average annual loss of an OWF or the association of total loss
magnitudes with recurrence periods.
Fragility functions, quantifying the probability of reaching certain limit-states, or performance levels (e.g., minor damage to complete structural collapse), given events of different intensities, are
fundamental tools in any CAT model. Damage-to-loss functions can then be used to convert the
damage estimates (from fragility) to loss estimates. Very few examples of such functions exist, and
no established guidance exist for calculating them.

Figure 1: Catastrophe modelling framework applied to an OWF.

In particular, analytical (i.e., structural simulation-based) fragility is commonly used, especially in
earthquake engineering, where such curves have been developed for a range of civil engineering
structures due to the lack of loss/damage statistics from past events. In wind engineering, Sorensen
[3] developed a limit state for failure of onshore turbine towers and proposed a range of random
variables to capture uncertainty in modelling assumptions. Assessment of OWT is more challenging because they are exposed to both wind and wave loading. The fragility of OWT on jackets was
investigated by Wei et al [4], who developed a performance-based assessment using results from
nonlinear static analysis to calculate the extreme response followed by Monte Carlo sampling to
associate a probability of failure with different return periods. The result was fragility curves based
on damage, first yield, and collapse limit states using the jacket base shear as an EDP. Similarly,
fragility of OWT on monopile foundations exposed to wind, wave and earthquake hazards was
investigated by Mardfekri [5]. Fragility curves investigated wind speed and wave height independently as the focus was quantifying simulation bias using high-performance computing. Techniques for assessing wind- and wave- induced demand on OWTs include Incremental Wind Wave
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Analysis (IWWA) [6] where the structural response to progressively increasing waves heights and
wind speeds is calculated. In IWWA, wind and wave conditions are coupled using mean return
period (MRP) or a joint probability distribution and the output is the structural response to increasingly rare environmental conditions. The existing implementation of the IWWA is based on nonlinear static analysis [6]. Due to the larger flexibility of OWT on monopiles and the need to capture
rotor dynamics, we propose the use of IWWA [6] with coupled time-history analysis; we also consider additional random variables to represent modelling uncertainty. Additionally, there has been
little research comparing the effect of different modelling and analysis assumptions on the fragility
of an OWT. The work referenced has continually identified the low probability of failure associated
with OWT structures exposed to normal (non-hurricane) conditions, therefore there is benefit to
investigating the lower tail of the fragility curve. Plain Monte Carlo techniques are poor in this
region and alternative, more advanced techniques may be more appropriate.
The paper investigates the sensitivity of fragility functions to different modelling and analysis decisions. We develop fragility functions for a reference OWT support structure at two different OWF
sites. The influence of analysis length, extreme load calculation, definition of limit state function
and the influence of including uncertainties is discussed. In addition, we investigate improving prediction of the lower tail of the fragility curve using the subset simulation [7] technique.
4, Run structural analysis to
assess limit state. For each
sample:
1, Select set
of MRPs

2, Calculate hub-height

3, Sample
random variables
( a 𝑁𝑅−𝑣𝑎𝑟 by
𝑁𝑠𝑎𝑚𝑝𝑙𝑒𝑠 matrix)

𝑖 = 1 mean wind speed and
significant wave height
(𝑉𝑤,𝑖 , 𝐻𝑠,𝑖 )

(𝑀𝑅𝑃𝑖 , 𝑖 =
1, … , 𝑁𝑀𝑅𝑃 )

a.
b.
c.

𝑖 =𝑖+1

Run a dynamic loadresponse calculation,
Define the limit state,
Determine whether or
not limit state is
exceeded at any timestep.

𝑖𝑠 𝑖 = 𝑁𝑀𝑅𝑃 ?
5, Calculate the probability of failure of 𝑃𝑓,𝑖

6, Fit a fragility curve to
vectors 𝑴𝑹𝑷 and 𝒑𝒇 .
Figure 2: Flowchart describing the fragility calculation procedure.

Fragility Calculations
2.1

Methodology

The fragility calculation procedure is comprised of the six steps described on the flowchart in Figure
2. The details required to implement the calculation are discussed in Section 2.3. This process allows a structural analysis package, such as Fatigue Aerodynamics Structures and Turbulence
(FAST) to be incorporated within the fragility calculation. It is also sufficiently general to encompass most forms of simulation technique, in this paper we apply both plain Monte Carlo and subset
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simulation [7]. The 3rd and 4th steps of the fragility calculation are different when using subset simulation as this technique is based on generating values of each input sample adaptively during the
reliability calculation, therefore they cannot be generated in advance. Separately two techniques are
used to compute EDP values used in the reliability calculation:
Non-parametric - EDPs are calculated by running structural analysis directly using the desired
environmental conditions as inputs. This means we directly simulate a broad range of environmental conditions and each sample used in the fragility calculation corresponds directly to the output
from a structural analysis runs. At higher MRP the analysis might start to produce physically meaningless results, for example waves that have troughs lower than the seabed. As a result, the envelope
of environmental conditions directly assessed has been limited to a maximum MRP of 109 .
Parametric - A second approach to EDP calculation attempted to alleviate the problem of having
a limited number of samples at each MRP by fitting a conditional distribution of EDP given a MRP
to output from structural analysis and substituting the resulting distribution into the limit state equation. A Generalised Extreme Value (GEV), Weibull and Lognormal distribution were also tested
but the GEV was found have the consistently highest log-likelihood. This made it faster to recalculate the limit state, allowing a larger sample sizes to be generated.

2.2

Case Study Site and Environment

Two sites were investigated in this study because of their contrasting environmental conditions:
Ijmuiden [8], located in the Netherlands, and Krieger’s Flak [9], located in Denmark. Ijmuiden has
22 years’ worth of wind and wave measurements [8], and distributions representing the occurrence
of different mean wind speeds and significant wave heights [10] have been published [8]. Krieger’s
Flak has 10 years’ metocean data and the full set of hourly wind and wave recordings were published, a 3-parameter Weibull distribution was fit to estimate the probability of different extreme
wind and wave results. The environmental conditions associated with a set of different MRP are
plotted on Figure 3 (left) and all data has a 10-minute averaging period. Intensity levels were simplified by combining the wind and wave conditions into a single metric – the MRP, this approach
is conservative [6] but simplified the analysis substantially. Both sites have water depth around
20m, making them suitable locations for the wind turbine model used.

Figure 3: Comparison of the wind and wave conditions at different MRP for Krieger‘s Flak and Ijmuiden OWF sites
(left), inset map shows site location. OWT structural model in FAST (right), main elevations highlighted.
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2.3

Structural Model

The OWT considered in this study is based on the National Renewable Energy Laboratory (NREL)
5MW reference turbine [11], as shown on Figure 3 (right). A full list of dimensions and material
properties are provided by Jonkman et al [11]. Dynamic response of the structure was calculated
using the computer program FAST [12]. The turbulent wind profile across OWT was calculated
externally using the program Turbsim [13], which generates turbulent wind histories for grid points
covering the OWT by converting a Kaimal spectrum with turbulence type ‘B’ [14] into a stochastic
time-history using Fast-Fourier transforms. The wave height time-history is generated by a similar
process using the JONSWAP spectrum [10] then a 2nd order wave model to calculate water kinematics. The NREL 5MW turbine has a cut-off speed of 25𝑚/𝑠, in all analysis the mean wind speed
was above the cut-off and so DLC 6.1a [14] was used to select analysis parameters. However, as
discussed above, we assess mean wind speeds well above the prescribed 50-year extreme MRP.
The assumptions used in this study introduce a number of inaccuracies into the load-response calculation: firstly, no foundation is modelled. Secondly, the 2nd order wave model cannot capture the
loads caused by large or breaking storm waves. However, the aim of this paper is to compare the
relative properties of fragility curves dependant on different assumptions, therefore, the use of this
simplified analysis is sufficient. Further studies are ongoing to investigate the impact of these assumptions.

2.4

Limit State Definition

The focus of this work is ULS failure of the OWT with failure occurring if either monopile or tower
collapse we assess this using two different limit state calculations. The first is taken from the work
of Sorenson et al [3] failure occurs when the tower plastic moment, subtracted by a factor calculated
from the cross sectional properties, is reached, Eq. (1):
1

𝐷

𝑋𝑦 𝐹𝑦

6

𝑡

𝑋𝐸 𝐸

𝐺𝑀𝑐𝑟 = (1 − 0.84 ⋅ ⋅

) (𝐷3 − (𝐷 − 2𝑡)3 )𝑋𝑦 𝑋𝑐𝑟 𝐹𝑦 −

𝑙𝑈𝐿𝑇 (𝑖, ℎ𝑠 , 𝑣𝑤 )𝑋𝑑𝑦𝑛 𝑋𝑠𝑡 𝑋𝑒𝑥𝑡 𝑋𝑠𝑖𝑚 𝑋𝑒𝑥𝑝 𝑋𝑎𝑒𝑟𝑜 𝑋𝑠𝑡𝑟

(1)

This will be referred to as the 𝑀𝑐𝑟 limit state for the remainder of the paper, 𝑙𝑈𝐿𝑇 (𝑖, ℎ𝑠 , 𝑣𝑤 ) is the
EDP and is defined as the maximum bending moment in structural analysis (i.e. a sample i-th) at a
specific mean wind speed (𝑣𝑤 ) and significant wave height (ℎ𝑠 ). The 𝑋 terms are variables which
capture modelling uncertainty and are defined on Table 1. In Eq. (1), 𝐷 is the component diameter,
𝑡 is the thickness, 𝐹𝑦 is the yield stress, and 𝑀𝑐𝑟 is the critical moment.
The NREL 5MW is a large utility scale OWT, therefore it has a low thickness to diameter ratio.
Both the tower and monopile are non-compact according to the definition provided in DNV-OSJ101 Section 7.3.1 [15] and exceed the Eurocode Class 3 cross-section limits [16], this indicates
potential shell behaviour. As a result the DNV steel buckling code [17] was used as the second limit
state, which uses Von Mises stress as the EDP. The monopile buckling resistance
(𝑓𝑐𝑎𝑝,𝑀 (𝐹𝑦 , 𝜎𝑉𝑀.𝑀 (𝑡))) was calculated using the provisions for local shell buckling in Section 3.4
of [17]. The column buckling check was found to be unnecessary for the monopile, because it is
fixed to the mudline which reduces its unconstrained length. The tower buckling resistance
(𝑓𝑐𝑎𝑝,𝑇 (𝐹𝑦 , 𝜎𝑉𝑀.𝑇 (𝑡))) was calculated using the provisions for column buckling in Section 3.8 of
[17], which was found to be the most onerous provision. Both capacity variables are time-variant
because the buckling strength is dependent on the stress state within the component, however it is
demonstrated later, in Figure 6, that this variability is small. Structural demand is calculated by
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transforming the force and moment outputs from FAST at each time step into stresses using a membrane shell calculation [17]. A single exceedance of the limit state was taken to result in failure of
either component. The DNV limit state was also considered for both the tower (𝑇) and monopile
(𝑀), Eq. (2):
𝐺𝐷𝑁𝑉,𝑇 = 𝑓𝑐𝑎𝑝,𝑇 (𝐹𝑦 , 𝜎𝑉𝑀.𝑇 (𝑡)) ⋅ 𝑋𝑦 𝑋𝑐𝑟 − 𝜎𝑉𝑀.𝑇 (𝑡) ⋅ 𝑋𝑑𝑦𝑛 𝑋𝑠𝑡 𝑋𝑒𝑥𝑡 𝑋𝑠𝑖𝑚 𝑋𝑒𝑥𝑝 𝑋𝑎𝑒𝑟𝑜 𝑋𝑠𝑡𝑟
𝐺𝐷𝑁𝑉,𝑀 = 𝑓𝑐𝑎𝑝,𝑀 (𝐹𝑦 , 𝜎𝑉𝑀.𝑀 (𝑡)) ⋅ 𝑋𝑦 𝑋𝑐𝑟 − 𝜎𝑉𝑀.𝑀 (𝑡) ⋅ 𝑋𝑑𝑦𝑛 𝑋𝑠𝑡 𝑋𝑒𝑥𝑡 𝑋𝑠𝑖𝑚 𝑋𝑒𝑥𝑝 𝑋𝑎𝑒𝑟𝑜 𝑋𝑠𝑡𝑟

(2)

The variables are the limit state function (𝐺𝐷𝑁𝑉,𝑇 𝑜𝑟𝑀 ), tower Von Mises stress at each time step
(𝜎𝑉𝑀.𝑇 (𝑡)), and monopile Von Mises stress at each time step (𝜎𝑉𝑀.𝑀 (𝑡)).
Random variables, shown on Table 1, were defined to capture the uncertainty in modelling the
OWT. Variables associated with the structural properties were selected based on published data [3],
[18]. Additionally, the environmental load model utilizes Fourier transforms to convert stationary
frequency spectra into random time signals, in this context the random variable is the random phase
angle used in the transform.
Table 1: Random variables associated with the structural model.

Type

Structural

Environmental

2.5

Parameter
Structural Dynamics (𝑋𝑑𝑦𝑛 )
Aerofoil data uncertainty (𝑋𝑎𝑒𝑟𝑜 )
Simulation statistics (𝑋𝑠𝑖𝑚 )
Exposure (terrain) (𝑋𝑒𝑥𝑝 )
Extrapolation (𝑋𝑒𝑥𝑡 )
Climate statistics (𝑋𝑠𝑡 )
Stress evaluation (𝑋𝑠𝑡𝑟 )
Blade deflection model uncertainty
(𝑋𝛿𝑙 )
Critical load capacity (𝑋𝑐𝑟 )
Steel yield strength – MPa (𝐹𝑦 )
Yield model uncertainty (𝑋𝑦 )
Young’s modulus model uncertainty
(𝑋𝐸 )
Wind Phase Angle
Wave Phase Angle

Mean
1
1
1
1
1
1
1

COV
0.05
0.07
0.05
0.10
0.05
0.05
0.03

Distribution
Lognormal
Gumbel
Normal
Normal
Lognormal
Lognormal
Lognormal

1

0.05

Lognormal

1
240
1

0.10
0.05
0.05

Lognormal
Lognormal
Lognormal

1

0.02

Lognormal

0
0

1
1

Uniform
Uniform

Reliability Calculation

The probability of failure at different MRP can be estimated using the limit state function (𝐺𝑖 =
𝐺𝑀𝑐𝑟 , 𝐺𝐷𝑁𝑉,𝑇 , 𝐺𝐷𝑁𝑉,𝑀 ). The plain Monte Carlo simulation estimator takes the form:
𝑁𝑖

1
𝑝𝑓 (𝑀𝑅𝑃𝑖 ) = 𝑃[𝐺𝑖 < 0|𝐼𝑀 = 𝑀𝑅𝑃𝑖 ] = ∑ 𝐼(𝐺𝑖,𝑘 ≤ 0)
𝑁𝑖

(3)

𝑘=1

Where 𝑁𝑖 is the number of samples generated at each MRP and 𝐼(𝐺 ≤ 0) is an indicator function
which takes the value 1 when the relevant limit state function is less negative.
Subset simulation is an efficient technique for simulating rare events, proposed by Au & Beck [7],
based on splitting a rare event into a series of conditional probabilities which are easier to calculate.
The probability of exceeding a threshold (𝑏) is calculated iteratively by estimating the probability
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of exceeding less rare thresholds 𝑃(𝑌 > 𝑏) = 𝑃(𝑌 > 𝑏𝑖 |𝑌 > 𝑏𝑖−1 ) ⊂ ⋯ ⊂ 𝑃(𝑌 > 𝑏1 ). The first
subspace 𝑃(𝑌 > 𝑏1 ) is calculated directly using Monte Carlo simulation and the samples that exceed the predefined limit (𝑏1 ) are used to define the limits of the conditional probability space
𝑃(𝑌 > 𝑏2 |𝑌 > 𝑏1 ). This procedure is repeated until the rare event threshold is met. Conditional
samples are generated by using Metropolis algorithm Markov chains starting from point that exceeded the previous limit (𝑏𝑖−1 ). Then the overall probability of a rare event occurring can be calculated by combining the initial and conditional probabilities:
𝑚

𝑃(𝑌 > 𝑏) = 𝑃(𝑌 > 𝑏1 ) ∏ 𝑃(𝑌 > 𝑏𝑖 |𝑌 > 𝑏𝑖−1 )

(4)

𝑖=2

An algorithm based on subset simulation adaptively samples each input random variable. It simulates increasingly rare events until the point at which failure occurs (i.e. the limit state) is identified.
The analyses summarised on Table 2 were run at each site, however, for brevity only the results
from Krieger’s Flak are presented as they are representative also of the Ijmuiden results. When
material and modelling random variables were not used, the X terms in the limit state Eq. (1) and
(2) were set to 1 and the yield strength to the mean value of 𝐹𝑦 = 240𝑀𝑃𝑎. To generate samples,
𝑁𝑖 , multiple runs of the structural load calculation in FAST were generated for each MRP (𝑁𝑀𝑅𝑃 =
16) we generate 400 10-minute simulations, resulting in a total of 6400 individual analysis runs for
each site.
Table 2: Summary of analyses

Analysis

Limit States

EDP Calculation

1
2
3
4
5

DNV
𝑀𝑐𝑟
DNV + 𝑀𝑐𝑟
DNV + 𝑀𝑐𝑟
DNV + 𝑀𝑐𝑟

Non-parameteric
Non-parameteric
Non-parameteric
Parameteric
Parameteric

Random
Variables
No
No
Yes
Yes
Yes

Reliability
Calculation
Plain Monte Carlo
Plain Monte Carlo
Plain Monte Carlo
Plain Monte Carlo
Subset Simulation

Results
3.1

Analysis 1 - Influence of Analysis Length

The limit state Eq. (1) and (2) used in this work are both assumed to be time independent, an approach that has been widely used for assessing structural reliability under stochastic loading. However, the fundamental problem is time-dependant, i.e., there is a correlation between the maximum
load experienced within a finite length simulation and the length of simulation. Converting wind
and wave spectra into finite time series is naturally associated with a probability that we will not
simulate the worst case combination of loading that could be generated by the spectra [19], with
this probability linked to the analysis length. We justify using a time independent approach based
on 10-minute long analyses by noting that the wind speeds measurements used are averaged over
10 minutes and that we assume the process of converting environmental spectra to time series accurately represents the actual physical process. Therefore, to capture the probability of exceeding a
MRP based on 10-minute averaged measurements it is appropriate to use a 10-minute long simulation. In addition, we assume that the hazard component of the CAT modelling process, not considered here, will be based on 10-minute averages. There remains value in assessing the impact that
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analysis length has on the properties of the fragility curve as a wide range of values, from 1.6
minutes [20] to 60 minutes [21] have been used in the literature.
Figure 4 compares fragility curves produced by selecting different averaging periods. Response at
the longer analysis periods was calculated by combining the corresponding number of 10-minute
simulations. The graphs indicate that the slope of the fragility curve and not just its location is sensitive to the analysis length, with longer analyses leading to a steeper fragility curves. This result
demonstrates that the analysis period used to derive the fragility curve needs to be consistent with
the hazard model otherwise bias will be introduced into the calculation of risk, which would comprise the later stages of the risk calculation.

Figure 4: Comparisons of fragility curves produced for the tower and monopile of the NREL 5MW turbine at
Krieger‘s Flak. The different curves indicate different analysis lengths.

3.2

Analysis 1-3 - Comparison of Limit States

The DNV and 𝑀𝑐𝑟 limit states are compared in Figure 5, the 𝑀𝑐𝑟 limit sate leads to failure at higher
MRP than the DNV limit state. This effect occurs with both the tower and monopile, it can be
explained by looking at the limit states in more detail. On Figure 6 (left) the moment capacity predicted using different limit states are compared; with the DNV limit state converted into an equivalent bending moment using a membrane stress calculation. The small variations in DNV capacity
are caused when the Von Mises stress approaching 0 and affects the characteristic buckling stress.
As discussed earlier, the 𝑀𝑐𝑟 limit state is calculated by subtracting a factor from the cross-section
the plastic moment, for the NREL 5MW the reduction factor is approximately 0.1. Therefore, using
the 𝑀𝑐𝑟 limit state, failure of the monopile will occur well above the point at which the outer fibre
of the cross section first yields. On the other hand, the DNV local buckling limit state is calculated
by dividing the yield stress by one plus the slenderness ratio to the power of 4, therefore it will
always be less than the material yield stress. The column buckling limit state is based on a similar
process of reducing the buckling strength. This explains why the fragility curve is shifted to the
higher probability region when the DNV limit state is used.
Another useful comparison is to look at the effect of including additional random variables from
Table 1 on the position and slope of the fragility curve. The results are also shown Figure 5 and
demonstrate that, as expected, including random variables changes the slope of both limit state’s
fragility curves by a similar angle but has no impact on the location of the curve.
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Figure 5: Comparisons of fragility curves produced for the tower and monopile of the NREL 5MW turbine at
Krieger‘s Flak. The different curves indicate different limit states; all assessed using 10-minute length analyses.

Figure 6: (left) Comparison between the limit states, all stresses converted into an equivalent bending moment. Graph
is a segment of a full 600s time-history run at a MRP of 3 ⋅ 107 . (right) Comparisons of fragility curves produced for
the monopile when subset simulation is used to improve lower tail fitting.

3.3

Analysis 4 and 5 – Low Probability Fitting

The lower tail of the fragility curve was investigated in Analysis 4 and 5, using plain Monte Carlo
and subset simulation. The general results computed for the monopile component are shown on
Figure 6 (right). Details of the calculation for the 𝑀𝑐𝑟 limit state are representative of other limit
states and are shown on Table 3. Subset simulation allowed the probability of failures to be calculated at the lower tail of the fragility curve, however for rare events the CoV in the probability of
failure prediction grows large. In this analysis the EDP calculation involved sampling from a conditional distribution that had previously been fit to the output of FAST analyses, therefore the limit
state could be solved without running a dynamic analysis. This meant a large number of samples
could be generated, for Monte Carlo simulation we used 5000 samples and for the subset simulation
algorithm we used step sized of 500 samples and a conditional probability step of 0.1. As the probability of failure increases in Table 3, the Monte Carlo technique appears to become more accurate
than subset simulation and this is misleading: a constant number of samples were generated at each
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MRP for plain Monte Carlo whereas for subset simulation the number of samples got progressively
smaller (as less steps were required to find the failure region). The apparent increase in the accuracy
of plain Monte Carlo simulation is therefore a result of the reducing sample size of the subset sample. The purpose of this comparison was to demonstrate the applicability of subset simulation to
calculating the lower tail of a fragility curve as opposed to quantifying its accuracy. Subset simulation is useful if the lower tail of the fragility curve is of specific interest, however if estimating the
general position of the curve is desired then Monte Carlo is easier to apply. In addition, care must
be taken when simulating extremely rare events to avoid values of the random variables that are
physically meaningless.
Table 3: Summary of analysis results at lower MRP at Krieger‘s Flak site for 𝑀𝑐𝑟 limit state.

MRP
1.00E+04
3.00E+04
1.00E+05
3.00E+05
1.00E+06
3.00E+06
1.00E+07
3.00E+07

𝑃𝑓 Monte Carlo
0
0
0
0
0
0.0004
0.0052
0.0282

𝑃𝑓 Subset
0
2.60E-19
4.54E-14
6.64E-10
1.58E-05
0.0005
0.0082
0.0366

CoV Monte Carlo
N/A
N/A
N/A
N/A
N/A
0.71
0.20
0.09

CoV Subset
N/A
1.35
1.13
0.89
0.55
0.41
0.20
0.14

Conclusions
Offshore wind farms play a key role in achieving the renewable energy targets for Europe (and
worldwide) over the next decades. Europe is at the forefront of existing and planned offshore wind
installations due to the rich wind resources. As the contribution to the overall electricity supply
increases to significant levels, the resilience of the installed assets both in the short and long term
needs to be assured. This paper represents a first step towards a novel, CAT risk- and resiliencebased modelling approach for the asset management of offshore wind farms, taking both extreme
weather conditions and structural fragility of the wind turbine system into account. In particular, the
paper investigated the sensitivity of fragility functions to different modelling and analysis decisions,
highlighting that:
1) Parametric approaches allow a large number of samples to be generated from using a smaller
number of simulation calls, allowing the lower tail of the fragility curve to be investigated efficiently. It also allowed us to employ subset simulation to investigate more frequent but low
probability of failure events which were unable to be investigated using non-parametric, plain
Monte Carlo-based, simulations.
2) Both the limit state definition and the analysis length had a significant impact on the location of
the fragility curve. Therefore, the choice of a limit state that accurately describes the problem
being investigated is important. In particular, for a large diameter utility scale OWT the DNV
limit state appears to be more suitable. It is conservative and includes the potential for local or
column buckling structural components, both of which are plausible modes of failure given diameter to thickness ratios of OWT.
3) The hazard model should explicitly account for the impact of analysis length on the fragility,
otherwise as demonstrated, bias will be introduced into the risk calculation due discrepancy between analysis length and environmental averaging period.
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Abstract: Simulation of hurricanes is a widely accepted method of studying hurricane wind hazards. By using a catalogue of simulated hurricanes, for any site of
interest, we can obtain a wind speed vector corresponding to hurricane events from
several thousands of years. The next step in hazard analysis is to represent this wind
speed vector using a suitable continuous probability distribution. This paper checks
the suitability of 11 types of distributions for this purpose, and presents some applications of the wind speed data represented by the distributions thus selected.

Introduction
For the purposes of wind-resistant engineering design as well as hurricane risk assessment at
any location, it is necessary to know the values of wind speeds corresponding to large return
periods, such as several hundreds or thousands of years. However, historical hurricane databases such as HURDAT contain records of less than 200 years of hurricane activity, using
which it not possible to estimate the wind speeds for larger return periods directly. A widely
accepted method of overcoming this limitation is to generate a synthetic hurricane wind database by simulating hurricanes occurring over a period of thousands of years [4, 6, 7, 8, 9]. Once
the process of wind speed calculation at a location is complete, it is convenient to represent the
results obtained using a continuous probability distribution.
A wind speed database covering the 30 Eastern US states as well as the exclusive economic
zone along the Gulf and the Atlantic coast was developed based on the simulated hurricane
catalogue developed by Liu [5], and methodologies established by Vickery et al. [13, 14]. This
paper examines the suitability of 11 probability distributions (as enlisted in Table 1) to model
the wind speeds in this database. The distributions selected here include some distributions that
are not commonly used for modelling wind speeds. Since wind speed data cannot have negative
values, distributions supporting only positive values have been selected, with the exception of
Gumbel Largest distribution, which has been chosen due to its widespread use in representing
wind speed data. Besides the distributions enlisted here, other distributions of varying levels of
complexity have been described in other studies [2,10].

Method of Analysis
The first part of this study deals with the simulation of hurricane catalogue and calculation of
wind speed in the 30 Eastern US states. This part shall be explained in detail in a separate future
publication, and only a brief description is presented herein. The second part deals with the
selection of appropriate continuous probability distribution to represent the wind speed database
generated in the first part, and is the main subject of this study.
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Table 1: Continuous probability distributions considered for modelling simulated hurricane wind speed data

Distribution
Lognormal
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𝑡𝑡(𝑥𝑥) = �1 + 𝑘𝑘 �
��
𝜎𝜎

𝑥𝑥 𝛽𝛽
�1 + � � �
𝛼𝛼

Burr (Type XII)

𝜎𝜎 > 0, 𝑥𝑥 > 0
−(𝑥𝑥 − 𝜇𝜇)
𝑧𝑧
𝑒𝑒 −𝑒𝑒 , 𝑧𝑧 =
𝛽𝛽

𝑥𝑥
1
𝑥𝑥 𝑎𝑎−1 𝑒𝑒 −𝑏𝑏
𝑏𝑏 𝑎𝑎 Γ(𝑎𝑎)

𝛽𝛽: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜇𝜇: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑣𝑣: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑢𝑢: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑘𝑘: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝜎𝜎: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜇𝜇: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
𝛽𝛽: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝛼𝛼: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑐𝑐: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑘𝑘: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝛼𝛼: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜔𝜔: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜇𝜇: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑠𝑠: 𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛𝑛
𝜎𝜎: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

1
𝑥𝑥
𝛾𝛾 �𝑎𝑎, �
Γ(𝑎𝑎)
𝑏𝑏

𝑎𝑎: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑏𝑏: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑄𝑄1 = 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑄𝑄 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
𝑠𝑠 ≥ 0, 𝜎𝜎 > 0
𝑥𝑥 > 0

(𝑧𝑧 −𝑎𝑎 + 1)−𝑝𝑝 , 𝑧𝑧 =

𝑥𝑥
𝑏𝑏

𝑝𝑝 > 0, 𝑎𝑎 > 0, 𝑏𝑏 > 0
𝑥𝑥 > 0
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𝜎𝜎: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜇𝜇: 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙

𝜇𝜇 ≥ 0.5, 𝜔𝜔 > 0
𝑥𝑥 > 0
𝑠𝑠 𝑥𝑥
1 − 𝑄𝑄1 � , �
𝜎𝜎 𝜎𝜎

𝑎𝑎 > 0, 𝑏𝑏 > 0
𝑥𝑥 > 0

𝑎𝑎 𝑝𝑝
𝑧𝑧 𝑎𝑎𝑎𝑎
� 𝑎𝑎
�
𝑥𝑥 (𝑧𝑧 + 1)𝑝𝑝+1

Parameters

𝑝𝑝: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑎𝑎: 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎
𝑏𝑏: 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

2.1 Simulation of hurricane catalogue and calculation of wind speeds
In order to generate the wind speed database, a variable resolution grid as shown in Figure 1 is
used. There are a total of 246,798 points in the grid portion on land and 59,344 points in the
maritime exclusive economic zone (EEZ). The resolution of the grid is 0.01° (~1.1km) for a
distance of about 20 miles inland from the coastline, 0.05° (~5.6km) for up to 300 miles inland,
0.10° (~11.1km) for beyond 300 miles inland and 0.05° (~5.6km) for the EEZ. Such a choice
was made in order to reduce the computation time as well as the database size, while giving due
importance to the sites near the coastline. Since this study primarily aims to discuss the method
of distribution selection, only the results on land are discussed. The results over the sea shall be
discussed in future publication after further modification to the simulation model.

Figure 1: Domain of wind speed database

The hurricane catalogue used to calculate wind speeds at each point in the grid contains about
900,000 events, corresponding to 100,000 years of simulated storms. During the wind speed
calculation, storms located within a 250km radius of the point of interest are selected, and only
the maximum wind speed due to each storm is saved.

2.2 Determination of probability distribution parameters
2.2.1

Extraction of subset-vector of wind speed

The output of the wind speed calculation contains a vector of wind speeds corresponding to the
events affecting the point of interest. In order to determine the probability distribution to represent the wind speed at various return periods, the first step is to divide the output vector into
several bins equal to the desired return period, and then extract the maximum wind speed in
each bins to obtain a subset-vector.
For example, let us consider a site in Charleston, SC at latitude 32.72° and longitude -79.89.
This site is affected by 123,720 events when subjected to a 100,000-year catalogue, and so, the
wind speed vector also contains the same number of data points. If we need to derive a distribution for a return period of 1000 years, we should divide it into 100,000/1000 = 100 bins.
That is, the bins are as follows: bin 1 = wind speeds corresponding to events within year 1 to
1000, bin 2 = year 1001 to 2000,…, bin 100 = year 99,901 to 100,000. The subset-vector, which
will contain 100 values, is obtained by choosing the maximum values in each bin, i.e.,
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Subset-vector for 1000 year return period = [max(bin 1), max(bin 2),…,max(bin 100)]
2.2.2

Fitting the subset-vector to probability distributions

The subset-vectors for selected return periods (10, 25, 50, 100, 300, 500, 700, 1000, 1700 years,
which include ASCE 7-10 wind speeds [1]) are then fitted to the probability distributions as
tabulated in Table 1 using the maximum likelihood estimation (MLE) method. A limitation of
MLE method is that it requires an initial guess for the values of the distribution parameters to
be determined, which may need to be reasonably close to the actual values. So, to determine
the initial guess, any methods such as method of moments, probability paper method or least
squares method can be used. The ease of application of these three methods can differ for various distributions. Method of moments can be useful if it yields closed form solutions, but in
cases where it requires the simultaneous solution of nonlinear equations, convergence issues
might appear. Similarly, least squares method, although much easier to compute than MLE
method, also requires an initial guess, and may occasionally fail to converge. On the other hand,
probability paper method does not require any initial guesses and thus avoids convergence issues, but instead it requires linearizing the nonlinear cumulative distribution function, which
may not be feasible in all cases. Therefore, to calculate an initial guess for any distribution, we
can select the easier of these methods for that particular distribution.

2.3 Goodness of fit test to select the appropriate distribution
After the continuous probability distribution parameters have been determined for the selected
return periods, Kolmogorov-Smirnov (KS) goodness of fit test is done to select the best fitting
distribution for that return period. Even though there are other goodness of fit tests such as the
Anderson-Darling (AD) test, an observation of large number of test results shows that KS test
is more difficult to satisfy, and if KS test is satisfied, AD test is usually satisfied. Therefore,
performing only the KS test is deemed sufficient.
KS test requires calculating the p-value, which indicates the probability that the data being
tested belongs to the distribution under consideration. That is, lower p-value implies lesser likelihood of the data belonging to the distribution. However, if the p-values are greater than the
level of significance, which is usually considered as 0.05, the KS test is considered to be satisfied. Thus, the p-values are used to determine whether each of the 11 distributions pass the KS
test in the selected return periods Additionally, in case several distributions satisfy the KS-test,
p-values can be used to compare these distributions with each other, the one with the higher pvalue being considered a better fit.

Results
Table 2 presents the percentage of sites where the MLE method converged to a solution, and
Table 3 presents the results of the KS test as total sites that satisfy the KS-test as a percentage
of the entire points in the grid.
The MLE method shows a 100% or close to 100% convergence in most of the cases except for
higher return periods in Dagum distribution. Due to such a high convergence rate, the results
provide sufficient basis to decide the suitability of various distributions. Table 3 shows that for
return periods of 10 and 25 years, very few points pass the KS-test, whereas, for higher return
periods, more distributions tend to satisfy the test. With reference to section 2.2.1., this is due
to large number of data at lower return periods, and less data at higher return periods. However,
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as shown in Figure 3b, even though KS-test is not satisfied, it is possible that the fitted distribution approximates the data closely enough to be acceptable for practical purposes.
Table 2: Percentage of the total number of sites where MLE method successfully converges

Distributions
10
Lognormal
100.0
Gumbel Largest 100.0
Frechet Largest
14.4
Weibull Smallest
100
GEV
100.0
Loglogistic
100.0
Burr (Type XII)
86.1
Nakagami
100.0
Rician
100.0
Gamma
100.0
Dagum
99.8

25
100.0
99.9
79.9
99.2
100.0
100.0
99.2
100.0
100.0
100.0
100.0

50
100.0
100.0
95.5
98.6
100.0
100.0
99.8
100.0
100.0
100.0
100.0

Return Periods (Years)
100
300
500
100.0 100.0 100.0
100.0 100.0 100.0
99.1 99.9 100.0
97.4 95.9 95.8
100.0 100.0 100.0
100.0 100.0 100.0
99.8 99.8 99.8
100.0 100.0 100.0
100.0 100.0 100.0
100.0 100.0 100.0
100.0 98.2 94.5

700
100.0
100.0
100.0
96.6
100.0
100.0
99.8
100.0
100.0
100.0
91.3

1000
100.0
100.0
100.0
97.2
100.0
100.0
99.1
100.0
100.0
100.0
87.1

1700
100.0
100.0
100.0
98.8
100.0
100.0
96.2
100.0
100.0
100.0
84.6

Table 3: Percentage of the total number of sites that satisfy the KS-test in different return periods

Distributions
Lognormal
Gumbel Largest
Frechet Largest
Weibull Smallest
GEV
Loglogistic
Burr (Type XII)
Nakagami
Rician
Gamma
Dagum

10
0.22
0.44
0.05
2.51
2.32
0.39
1.32
1.22
1.76
0.69
1.27

25
13.7
12.5
0.1
5.2
28.5
3.0
15.1
11.0
7.2
11.0
10.6

Return Periods (Years)
50 100 300 500 700 1000 1700
47.4 68.2 81.9 85.7 88.5 91.9 97.9
31.1 54.4 88.8 95.3 96.9 98.1 99.5
1.7 11.0 67.4 90.2 95.0 97.8 99.1
2.6 2.4 7.3 20.7 33.8 49.7 76.0
67.2 82.6 98.5 99.7 99.7 99.5 99.9
50.1 84.6 96.3 97.3 98.0 98.8 99.9
66.4 94.2 99.3 99.6 99.6 98.7 96.2
27.0 43.9 70.5 76.2 81.3 86.6 95.3
19.2 28.9 63.4 70.8 77.2 83.8 94.0
36.5 58.7 77.1 81.5 85.3 89.4 96.6
69.0 96.6 97.7 94.4 91.2 87.0 84.5

But for return periods of 50 years and above, sufficiently large number of points satisfy the KStest. Of all the 11 distributions, the GEV distribution consistently shows a good fit in all the
return periods above 50, closely followed by Loglogistic and Burr distributions. For return periods of 50 to 300, Dagum distribution also shows a good fit. If the MLE convergence rate of
Dagum distribution is improved, it could display a good fit at higher return periods as well.
It should be noted that, among the distributions that pass the KS-test, different distributions
show better fit (i.e. greater p-value) at different locations. But from a practical standpoint, it is
more convenient to use as less types of distributions as possible to represent the entire data. For
instance, at a location even if the p-value of lognormal or GEV distribution is greater than that
of Dagum distribution, we can still use Dagum distribution to represent the data if it passes the
KS-test.
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Figure 2: For a return period of 50 years, Dagum distribution satisfies the KS test at 69% of the sites as
indicated by the coloured region. For higher return periods, several distributions cover almost the entire
domain.

Figure 3: (a) An example of selected distributions fitted to a sample data at (26.25°,-97.4°) for a return period of
100 years. (b) Simulated CDF plotted with Burr (TypeXII) CDF at (32.28°,-80.66°) for a return period of 10
years. Even though Burr distribution does not pass the KS-test in this case, Burr CDF is quite close to the
emiprical CDF.

Applications
4.1 Representation of the distribution parameters as a function of return period
An immediate advantage of representing a wind speed database with a distribution is that a
reduction in the size of database is achieved, which can also help to expedite computations.
That is, instead of using the original wind speed vector, it is sufficient to store only the probability distribution parameters. However, this still necessitates storing the values of the parameters for several return periods. This limitation can be overcome by fitting these parameters to
equations which represent them as a function of return period. It will then be necessary to store
only the values of the coefficients of these equations. For example, for a site located at latitude
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25.9° and longitude -80.24° it is determined that loglogistic distribution best describes the simulated wind speed data. Then, as shown by Figure 4, the scale (α) and shape (β) parameters can
be represented by equations of type (1) and (2) respectively.
𝛼𝛼(𝑟𝑟) = 𝑙𝑙 𝑟𝑟𝑚𝑚 + 𝑛𝑛

𝛽𝛽(𝑟𝑟) = 𝑎𝑎 𝑒𝑒𝑏𝑏𝑏𝑏 + 𝑐𝑐 𝑒𝑒𝑑𝑑𝑑𝑑

(1)
(2)

Where, r is the return period and l, m, n, a, b, c and d are the coefficients to be determined by
curve fitting. The values of these coefficients will vary from site to site. An obvious advantage
of representing the parameters in this manner is that the parameters, and consequently the wind
speed, can be determined for any desired return period.

Figure 4: Loglogistic distribution parameters represented by equations (1) and (2) at (25.9°,-80.24°), with
coefficients l = -65.64, m = -0.175, n = 81.37, a = 21.19, b = 7.24(10-6), c = -15.06, and d = -0.0127. The R2
value is about 99% for both of the fitted curves.

4.2 Determination of wind hazard
Wind hazard represents the likelihood of occurrence of different values of wind speeds within
a certain time interval. Assuming that the temporal occurrence of hurricane events can be considered a Poisson process, the wind hazard curve can be represented by equation (3).
𝑃𝑃[𝑁𝑁 ≥ 1] = 1 − 𝑒𝑒−𝜆𝜆 𝑇𝑇

(3)

Where, P[N≥1] represents the probability that the wind speed W of a particular magnitude will
be exceeded at least once in an interval of T years (or the return period). The λ is the mean
annual rate of occurrence of W given by the relation λ = n/Y, where, n is the total number of
times W occurs in Y years. If the simulated wind speed data at a return period T is represented
using a continuous probability distribution function with a cumulative distribution function FT,
then the hazard curve can be represented by equation (4). Figure 5 shows an example of the
wind hazard curves plotted using equations (3) and (4).
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𝑃𝑃[𝑁𝑁 ≥ 1] = 1 − 𝐹𝐹𝑇𝑇

(4)

Figure 5: Wind hazard curves for a site located at (32.72°,-79.89°) obtained using simulated data (equation 3)
overlain with the curves obtained using the data fitted to Gumbel Largest distribution (equation 4), The thicker
lines and the dotted lines represent the simulated data.

In recent years, various frameworks for performance based wind engineering (PBWE) have
been proposed [3, 11, 12], which require site specific wind hazard information as an input. A
wind hazard curve database, therefore, is needed to aid further research and implementation of
PBWE methods. The hazard curves provided by the database discussed in this study can address
this need.

4.3 Calculation of failure probabilities
For assessing the risk of failure of a structure, it is necessary to calculate the probability of
failure (Pf) of a structural component, as given by equation (5). The results thus obtained can
be used for tasks such as calibration of factors of safety used in design codes, or estimating
financial losses due to hurricanes.
∞

𝑃𝑃𝑓𝑓 = � [1 − 𝐹𝐹𝐷𝐷 (𝑟𝑟)] 𝑓𝑓𝑟𝑟 𝑑𝑑𝑑𝑑
0

(5)

Where, FD(r) represents the cumulative distribution function (CDF) of the demand, and fr represents the probability distribution function (PDF) of the resistance. For example, the CDF of
wind speed can be converted into a CDF of uplift pressure on the roof of a building (i.e. the
demand) using equations commonly used in design codes [1]. The PDF of the roof panel uplift
resistance of the structural component can be selected from the relevant research literature.
Thus, knowing FD(r) and fr, the failure probability can be computed using equation (5).
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Conclusion
This paper discussed the suitability of 11 probability distributions in modelling the simulated
hurricane wind speed data for the Eastern United States. Distributions such as Gumbel and
Weibull have been used quite widely to model wind speed data, but this study shows that other
distributions such as Generalized Extreme Value, Loglogistic, Burr (Type XII) and Dagum distributions are quite capable of modelling the data closely, as evidenced by KS-test results. For
lower return periods (i.e. below 50 years) where very few cases satisfy the KS-test, the agreement between the actual and fitted data can still be close enough to be sufficient for practical
purposes. The wind speed database can therefore be represented by suitable probability distributions, which greatly reduces the size of the database, and can also help to expedite the computations. The parameters of the distributions can also be represented by equations which are
functions of return period, using which, wind speeds for any desirable return period can easily
be obtained. These results can be used for determining the wind hazard at a particular location,
as well as the failure probability of a structural component, making it useful for applications
such as performance based wind engineering and risk assessment. This study only discusses
the principles underlying the development of hurricane wind hazard curve database and presents a few examples. The complete details of the database shall be presented in a future publication.
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Abstract: As the offshore wind energy industry expands to include of floating offshore wind turbines (FOWTs), the development of these technologies may benefit
from cost reduction. A potential concept motivated by increased support structure
efficiency uses a multiline anchor concept, in which FOWTs share anchors instead
of each using their own separate set. The connection of multiple FOWTs to the same
anchor introduces multidirectional forces on the anchor, and accurate prediction of
these forces requires modelling of correlated environmental loading on the connected turbines. This paper investigates the spatio-temporal correlation of wave
loading on a multiline anchor system, and compares the results to those generated
by wave loading that is considered independent at each turbine location. It is concluded that correlation of wave fields does not change the multiline anchor dynamics
in terms of magnitudes or force cycles, but has a significant effect on the direction
of the multiline anchor force when the FOWT’s are non-operational.

Introduction
As the offshore wind energy industry continues to flourish, there is a distinct trend towards
installation in deeper waters [1]. These further offshore sites offer stronger, more consistent
wind resources and are not subject to shoreline aesthetics complaints from coastal residents.
This transition into deeper waters motivates the development of floating offshore wind turbine
(FOWT) technology, as fixed-bottom turbines are only feasible in water depths up to 60 m,
after which foundation costs become prohibitive [2]. Despite advancements in FOWT development evidenced by several successful demonstration projects [3], the high cost of installing
FOWT farms remains a significant barrier.
Thirty percent of this large capital expenditure of a commercial FOWT farm is for the support structure, inclusive of the platform, mooring lines, and anchors [3]. Current FOWT designs
utilize a minimum of 3 mooring lines and anchors per turbine for stationkeeping, but a shared
anchor concept may offer cost reductions in terms of materials, site investigation, and installa-
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tion, and a reduction in seabed disturbance via fewer anchor sites. This topic was first investigated by Fontana et al. [4]. A primary goal in developing this multiline anchor concept is understanding how to model the multidirectional loading on the shared anchor. Given that multiple
turbines are connected to the same anchor, the correlation of the environmental effects on each
turbine must be examined for its effect on the multiline anchor force and the temporal and
statistical properties of that loading. This paper describes a statistical comparison between multiline anchor forces under spatio-temporally correlated and independent wave loading, and provides recommendations regarding further design and analysis of a multiline anchor system
regarding wave correlation.

Software and Turbine Model
This section describes the details of the software, turbine model, and environmental conditions used in simulating the mooring and anchor dynamics of the FOWT used as an illustrative
example in this paper.

2.1 Software and FOWT Model
The NREL 5-MW reference turbine [5] and OC4-DeepCwind semisubmersible floating
system were chosen for the turbine and support structure, respectively. This buoyancy-stabilized semisubmersible platform offers multiple advantages, such as suitability in all water
depths (40 m – 1000 m), low installation vessel requirements, onshore assembly, and towing
stability [3]. Furthermore, several successful FOWT demonstration projects have utilized semisubmersible-type platforms, namely PrincipalPower’s WindFloat and Fukishima’s compact
and V-shaped semisubmersibles. Relevant properties of the mooring system are shown in Table
1, and full details of the support structure can be found in [6].
Table 1: Mooring System Properties of the DeepCwind Semisubmersible FOWT

Mooring system
Catenary
Mooring line type
Studless chain
Extensional Stiffness
753.6 MN/m
Water depth
200 m
Line Length
835.35 m
Chain Nominal Diameter
0.0766 m
Mass per Unit Length in Air 113.35 kg/m
Simulation of the FOWT system was conducted with the National Renewable Energy Laboratory’s software FAST. FAST is an extensively validated tool capable of coupled aero-hydroservo-elastic solutions, and is widely used in the research community due to its open-source
nature.

2.2 Mooring Dynamics
Mooring line and anchor dynamics were simulated via MoorDyn, a lumped-mass mooring
model within FAST. MoorDyn was chosen out of the three available mooring models in FAST
for its combination of accurate prediction of mooring dynamics and high computational efficiency. The model accounts for mooring line axial stiffness and damping, weight and buoyancy
forces, and hydrodynamic forces from Morison's equation assuming still water [7]. Line properties for the OC4-DeepCwind mooring system the MoorDyn input file are taken from [8].
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Furthermore, MoorDyn has been validated against experimental test data and industry standard
software to yield accurate results for mooring dynamics [8].
Seabed friction is not included in MoorDyn, but can have a significant effect on anchor
loading, especially in catenary mooring systems where large portions of the chain are resting
on the seabed [9]. To account for this effect, time histories of the mooring line lay length were
first determined from MoorDyn’s node location output, and seabed friction force, Ffriction, was
calculated by
(1)
𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 (𝑡) = 𝑓𝐿(𝑡)𝑊𝑠𝑢𝑏
where t is the time, f is the coefficient of static friction between the chain and the seabed, taken
here as 1.0 [10], L is the lay length of the mooring line on the seabed, and Wsub is the submerged
unit weight of the mooring line [10]. Anchor tensions from FAST outputs then were subsequently decreased by the force of the seabed friction at each timestep. The number of segments
per line used for the lumped-mass mooring dynamics model was increased from 20 to 165 to
increase the accuracy of the lay length time history.

2.3 Environmental Loading Conditions
Analysis of spatio-temporal wave correlation required evaluation of the multiline anchor
dynamics under a range of wind, wave, and operating conditions. Three critical environmental
conditions for the full scale VolturnUS project were selected for this purpose, shown in Table
2 [11]. These cases contain a normal operating case used in mooring system fatigue analysis
(DLC 1.2), and extreme operating (DLC 1.6) and non-operating (SLC) cases used in mooring
system strength analysis. The water depths of the OC4-DeepCwind FOWT and the full scale
VolturnUS project are 200 m and 168 m, respectively. Therefore, the environmental conditions
were assumed to be suitable for use in this project. The wind speeds in DLC 1.2 and SLC are
adjusted with the wind power profile law [12] to account for the difference in hub height between the NREL reference turbine and the VolturnUS full scale FOWT, which are 90 and 100
m respectively. The wind speed in DLC 1.6 is the rated wind speed of the NREL 5 MW reference turbine that produces peak thrust, as designated in [11]. Co-directional wind & wave directions of 0°, 30° and 60° are evaluated. The range of 60° is chosen because the platform and
mooring system both have 3-fold symmetry. Six 1-hour simulations using different random
seeds were completed for each combination of load case and wind & wave direction.
Table 2: Parameters of Design Load Case 1.2, 1.6 and Survival Load Case

Load
Case

Wind
Turbulence
Speed at
Intensity
Hub Height
DLC 1.2
10.1 m/s
9%
DLC 1.6
11.4 m/s
10%
SLC
44.3 m/s
10%

Significant
Wave
Height
2.7 m
8.0 m
12 m

Peak Spectral Wave
Period
7.0 sec
12.7 sec
15.3 sec

JONSWAP
Gamma
Factor
2.5
2.0
2.5

Current
Speed
0.23 m/s
0.30 m/s
0.52 m/s

2.4 Multiline Anchor Mooring System
A multiline mooring system using 3 anchors per turbine and 3 turbines per anchor was used
to evaluated the concept. This configuration was based off of the most common single line
floating turbine configuration – a three-line catenary mooring system, as used in a majority of
floating wind demonstration projects and concept developments. The multiline geometry is

197

obtained by patterning the existing 3 leg OC4-DeepCwind non-multiline mooring system, without any adjustment of the mooring system design in terms of number of lines, line length and
anchor radial distance from the fairlead. The multiline mooring layout and calculation of resultant force on the multiline anchor is shown in Figure 1. Additional multiline configurations
are discussed in [4].

Figure 1. Mooring layout and multiline anchor force calculation of multiline anchor system

Results and Discussion
As the wave field propagates through as wind farm, individual waves and groups of waves
will act sequentially on FOWTs, introducing potentially significant correlation in the mooring
line tension at neighboring FOWTs. Wave correlation was accounted for here by generating
samples of the sea surface elevation in the two dimensional space (x,t) where x is the position
in the direction of wave propagation and t is time [13], and implementing these user-defined
wave inputs accordingly in the FAST simulations. With this procedure, each turbine connected
to the multiline anchor experiences a wave field generated by the same wave seed, but at different points in space. Wind time histories at the FOWT locations are treated as independent,
with identical parameters (mean wind speed and turbulence intensity), because the spacing between turbines is large enough (11.5 rotor diameters) that wind wake effects can be assumed
negligible [14]. Current at each turbine is steady and thus not subject to correlation studies.
Only co-directional wind and waves are considered in this study.

3.1 Computing correlated and independent multiline anchor forces
Multiline anchor force is the vector sum of the 3 line tensions, each from a different FOWT
as shown in Figure 1. To calculate multiline anchor forces for each load case under the assumption of independent wave action, the governing the wave field on the downwind turbines
is kept the same, while the two upwind turbines undergo uncorrelated independent wave fields,
as shown in Figure 2. Due to the unidirectional nature of the waves modeled in this study,
FOWTs/Lines 1 and 3 experience identical wave fields in the correlated 0° wind and wave
direction (shown), and Turbines/Lines 2 and 3 experience identical wave fields in the 60° direction since the line through them is perpendicular to the direction of wave travel and therefore
parallel to wave crests.
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Figure 2: Calculation of correlated and independent loads for 0° wind and wave direction

3.2 Time Histories
In the 0° and 30° wind and wave directions, the magnitude and frequency content of multiline anchor force is governed by the Line 2 tension, therefore changes in the comparatively
small Line 1 and Line 3 tensions between correlated and independent time histories have a
negligible effect on the multiline anchor force, as shown in Figure 3. This is further evidenced
in the high correlation coefficients between the Line 2 tension and the multiline anchor force
for 0° and 30° directions, as shown in Table 3.
In the 60° case, the magnitude and frequency content of the multiline anchor force is governed by both Lines 2 and 3, as shown in Figure 5. The turbines of these lines are subjected to
identical wave fields since they are along the same line perpendicular to the wind & wave direction (in the same way that the turbines of Lines 1 and 3 are subjected to the same wave field
in the 0° wind and wave direction case, shown in Figure 2).
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Figure 3:200-second time history snapshots of Line 1, 2, 3, and multiline anchor force for DLC 1.2 with 0° wind
& wave direction comparing correlation and independence of the wave field
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Figure 4. 200-second time history snapshots of Line 1, 2, 3, and multiline anchor force for DLC 1.6 with 30° wind
& wave direction comparing correlation and independence of the wave field
Table 3. Average correlation coefficient between Line 2 tension and multiline anchor force

Correlated
Wind & Wave Direction DLC 1.2 DLC 1.6
0°
0.91
0.97
30°
0.90
0.96
60°
0.61
0.81

SLC
0.87
0.82
0.79
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Figure 5: 200-second time history snapshots of Line 1, 2, 3, and multiline anchor force for DLC 1.6 with wind &
wave direction 60° comparing correlation and independence

3.3 Mean and Maximum Multiline Anchor Force
Mean and maximum multiline anchor forces are compared for the correlated and independent loading cases. The comparison of maximum forces is of most importance in DLC 1.6 and
SLC, as these are strength load cases in the which the maximum force is the design load. The
forces shown in Table 4 are average values computed across the 6 different sets of random wind
and wave seeds used in each combination of load case, direction, and analysis type (correlated
or independent).
Correlated and independent values differ less than 4% in all comparisons except for the
mean and maximum multiline anchor force in the SLC with 60° wind & wave direction. Given
that the anchor design load is that produced worst case loading direction (0° wind and wave),
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the difference in the maximum anchor force for SLC in the 60° would not influence the strength
design.
Table 4:Average maximum and mean multiline anchor forces for correlated and independent wave fields

Max,
kN
Mean,
kN

Wind &
Wave
Dir.
0°
30°
60°
0°
30°
60°

DLC 1.2
Corr. Indep.

1,453
1,226
1,154
838
835
820

1,409
1,251
1,165
838
835
819

DLC 1.6
Corr. Indep.

%
Diff.
-3%
2%
1%
0%
0%
0%

2,728
2,193
1,654
988
978
943

2,759
2,214
1,597
989
978
949

%
Diff.

Corr.

SLC
Indep.

1%
1%
-4%
0%
0%
1%

2,944
2,514
1,604
542
530
438

2,937
2,470
1,768
553
530
491

%
Diff.
0%
-2%
9%
2%
0%
11%

3.4 Cycle Amplitude and Peak Force
The load cases differ in their outputs of interest, so it is important compare these outputs
directly between correlated and independent.
DLC 1.2 is used for fatigue design of the mooring and anchoring system, therefore the amplitude and number of cycles in the multiline anchor force time history are the outputs of interest
for this case. MATLAB’s rainflow function was used to extract cycle amplitudes and the total
number of cycles. Cycle amplitudes smaller than 10 kN are attributed to simulation output
noise, and were therefore not included in the cycle amplitude data. The difference in total
number of cycles per time history between correlated and independent was less than 1% in all
cases, and as a result the following comparisons are focused on the magnitudes of the cycle
amplitudes. Examination of the CDF plots in Figure 6a reveal that the cycle amplitudes in the
correlated and independent time histories are from the same distribution for a given loading
direction.
DLC 1.6 and SLC are used for strength design of the mooring and anchoring system, therefore the peak anchor tensions are outputs of interest in these cases. MATLAB’s findpeaks
function was used to determine all of the multiline anchor force peaks with a minimum distance
between peaks of 10 seconds, and the direction at each peak force was noted. Examination of
the CDF plots in Figure 6b and Figure 6c reveal that the peak force data in the correlated and
independent time histories are from the same distribution for a given loading direction.
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Figure 6: CDF plots comparing correlated and independent mutiline anchor force cycle amplitude in (a) DLC
1.2, and force peaks in (b) DLC 1.6 and (c) SLC for 0°, 30°, and 60° wind & wave directions
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3.5 Load direction
The implementation of a multiline anchor introduces a multidirectional loading. Therefore
a comparison of the load directions between correlated and independent cases is critical. In the
operating cases DLC 1.2 and DLC 1.6, the distribution of multiline anchor force directions is
the same for correlated and independent wave loading, as shown in Figure 7a and Figure 7b. In
the parked and feathered SLC, directions are only from same distribution for 30° wind and wave
direction, as shown
in Figure 7c.
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Figure 7. CDF plots of multiline anchor force direction comparing correlated and independent wave loading

This difference stems from the difference in environmental load contributions. In DLC 1.2
and DLC 1.6 when the turbine is operating, the wind thrust on the rotor is dominant load contributor, and the platform motion and in effect the line tensions are governed by this wind loading. Even though the wave fields acting on the turbines connected to Lines 1 and 3 and Lines 2
and 3 are exactly synchronized in the 0° and 60° case, respectively, their contribution to the
multiline force is so small compared to the wind loading that it does not produce a significant
difference in the direction of the multiline anchor force. In contrast, SLC is a case in which the
turbine is parked and feathered, and in the absence of wind thrust and the larger wave heights,
the waves are the dominant load contributor. The synchronization of the wave loading results
in a higher
density of forces in theF 0° and
1800 60° directions, compared to the independent case
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Figure 8. Rosette showing direction of multiline anchor force in SLC with 60° wind and wave loading. Fmulti is
the multiline anchor force in kN.
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In contrast, the results of the SLC 30° direction in every load case confirm that correlation
of waves in the direction of propagation has no effect on multiline anchor dynamics; when each
turbine connected to the anchor is subjected to a unique wind and wave field, regardless of
correlation or independence, the multiline anchor dynamics produced are statistically the same.
Visual inspection of one of the joint CDF plots also displays this difference of in the directionality of the multiline anchor force of the 0° and 60° for SLC, as in Figure 9. Even though
the distribution of peaks is the same between correlated and independent time histories, the
peak forces in the independent cases occur over a much wider range of directions, compared to
the correlated cases, in which the peak forces have a much higher probability of occurring in
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Figure 9. Joint CDF plots of multiline anchor force peaks and directions for SLC with 60° wind and wave direction
comparing correlated and independent wave fields

In the correlated cases, the 90th percentile peak tensions have a directional range of 42° with
43% of the directions within +/-10° of the wind & wave direction (60°). In contrast, the 90th
percentile peak tensions in the independent cases have a directional range of 117° and only 3%
within +/-10° of wind & wave direction. This shows that the peaks in the correlated cases are
resulting from additive nature of the synchronized load components in the wind & wave direction, while the peaks in the independent cases are resulting from a more random/varied distribution of multiline anchor force components in agreement with the nature of independence.
The synchronized loading from Line 2 and 3 is only additive for the multiline anchor force
components in line with wave direction (60°), while the force components from Lines 2 and 3
that are perpendicular to the wave loading tend to cancel each other out. This explains why
correlation in the 60° case does not increase the peak forces, and only narrows the directional
range of the peak forces.

Conclusions
Spatial and temporal correlation of the wave field must be accounted for in the design and
analysis of a multiline anchor system. While it does not produce large differences in the mean,
maximum values of the multiline anchor force compared to independent wave loading, it does
change the probability distribution of the direction of these forces. Wave correlation is required/important for determining multiline anchor dynamics only when the turbines are nonoperational and the wave fields are identical at 2 of the turbines connected to the multiline
anchor (0° and 60° in this study).
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This analysis of wave correlation in multiline anchor dynamics is specific to this mooring
system’s layout, spacing, and water depth; the effect of wave correlation would need to be
evaluated again for changes in any of these parameters. Furthermore, this analysis is completed
under the assumption of co-directional wind and waves with no directional wave spreading.
Multi-directional waves and wave directional spreading may result in different conclusions regarding wave correlation.
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Unique US Code Considerations in the Nascent Offshore
Wind Industry
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Abstract: This paper will discuss the environmental design considerations for offshore wind farm structures that are unique to the US industry. A case study will be
presented for a particular US East coast site where Keystone performed analyses to
determine what safety factors would be required to ensure minimum levels of reliability are met.

Introduction
The offshore wind industry has become fully developed in Northern Europe. Reasonable levels
of safety have been achieved based on structural design per the governing codes in place, including IEC 61400-3, ISO 19902 and DNVGL-ST-0126. What these codes fail to adequately
address are design considerations unique to areas where offshore wind is just getting started,
notably in East Asia and the United States. Of particular consideration, herein are the environmental conditions experienced on the Atlantic coast of the United States. Atlantic tropical storm
systems generally track a Northwesterly path from the Southern hemisphere near West Africa.
As they approach North America, they either enter the Gulf of Mexico, approach the US East
coast or turn back East to dissipate in the colder waters of the North Atlantic (see Figure 1).
The decades old Gulf of Mexico offshore oil & gas industry has well developed structural reliability criteria that give due consideration to tropical systems. However, these designs generally
carry a large top side dead load and do not experience the very large overturning moments and
torsional forces that offshore wind turbine foundations must resist. Keystone Engineering has
performed in depth analyses to determine gaps in the current codes as they apply to this new
industry.

Figure 1: Historic US Atlantic Coast Hurricane Tracks
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Offshore wind design standards are currently incomplete as they do not address the design of
wind turbine generators (WTGs) and foundations under hurricane load conditions. A few approaches have been proposed to extend the IEC 61400-3 [1] Design Load Cases (DLCs) to
account for severe tropical cyclones. One such approach (denoted as the ABS approach herewithin) extends the IEC DLCs 1.6a-b; 6.1a-c; 6.2a-b by accounting for 100-year return period
design conditions. This approach does not prescribe any variation from IEC on the specified
load factors, Partial Safety Factors (PSFs). Another alternative consists of conducting detailed
studies to determine the local metocean conditions and assessing the overload hazard of the
environmental loads as a function of return period. The resulting study data can be visualized
in a “hazard curve.” The curve steepness indicates the hazard the design conditions will be
exceeded (steeper indicates greater). The hazard curve is then used to adjust the environmental
PSF per recommendation in ISO 19902 [2]. This will provide assurance the design will pass a
“robustness check” based on the exposure category recommended in AWEA Offshore RP 2012
[4] (denoted hereafter as the API approach). To confirm that the PSFs prescribed in IEC 614003 [1] for 50-year design conditions are adequate for the 500-year robustness check, site and
substructure specific hazard curves are generated. This approach is consistent with L-2 exposure category structures designed by API RP2A [3]. A 500-year robustness check is expected
to be adopted by IEC based on the most recent meeting agreement among representatives from
countries with offshore wind sites exposed to tropical cyclones. AWEA Offshore RP 2012 [4]
also recommends that offshore WTG substructures should be robust enough to achieve the reliability of an L-2 Oil and Gas (O&G) structure in the Gulf of Mexico (GoM), which has the
reliability to withstand a 500-year return period event.

Method of Analysis
2.1 Objective
The objective of this study is to determine the required PSFs to use with the DLCs that consider
extreme or severe environmental conditions to withstand a robustness check for a 500-year
return period event (or have a probability of failure Pf ≤ 2x10-3) with un-factored hurricane load
conditions. A design methodology employing the API approach (hazard curves) was utilized to
determine the required Nominal Safety Margin (NSM) at which each particular DLC hazard
curve intersected the 500-year return period. This methodology considers site specific structural
configuration, soil conditions, and metocean conditions to determine the maximum overturning
moment (OTM) relative to the mudline. When considering foundations supporting Wind Turbine Generators (WTG), OTM is considered indicative of the overall stresses in the structure.
This is not correlative to the industry experience in the oil & gas industry. The key reason for
this is that oil & gas structures tend to have very high weight topsides when compared to a
WTG. The WTG foundations experience considerably high lateral loads at the rotor height as
all of the blade loads are resolved to this central hub which, in many cases, approaches an
elevation of 80-100m above mean sea level. This long moment arm produces significant OTM
at the connection flange and, ultimately, is resolved into a tension/compression couple at the
pile heads. The relatively low topsides weight has the effect of making many pile penetrations
driven by tension pullout. Oil & gas structures will, for the most part, have their designs significantly more driven by wave load. Generally, the pile penetrations for these structures are driven
by compressive loads. In the oil & gas industry, it is prudent to investigate base shear and OTM
at the mudline as driving considerations. For the purposes of this analysis, because of the reasons explained above, we only consider OTM for WTG foundations when developing hazard
curves.
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2.2 Data and Analysis Method
The joint static hydrodynamic and aero-elastic analyses were conducted using Bentley’s Structural Analysis Computer Software (SACS). The hazard curves were generated using 50, 100,
500, 1000, and 10,000-year return period conditions for tropical cyclone (hurricane) events.
The metocean data and WTG loads are all unfactored. The WTG loads for DLC’s 6.1a-c and
6.2a-b were scaled for the particular wind speed at hub height for each return period condition
based on an assumed function with respect to velocity. The WTG loads for DLC 1.6a-b are
based on the operating cut-out velocity for all return period conditions. Hazard curves were
created for IEC DLCs 1.6a-b, 6.1a-c, and 6.2a-b by calculating the OTM at the mudline. The
hazard curves were determined as the ratio of the extreme load to the 50-year loads. The ratio
(Ratiox/50) for a return period X (i.e. 50, 100, 500, 1000, or 10,000-year) to the design condition
return period (50-year) was determined as:
RatioX/50 = OTMX/OTM50 (1)
Hazard curves were also created as the ratio of the extreme load to the 100-year design condition
loads in order to compare the ABS Approach. For the IEC 61400-3 standard reference [1], the
environmental partial load factor (γe) for “normal” type DLCs, such as DLCs 1.6 and 6.1, is
1.35. The partial load factor (γe) for “abnormal” type DLCs, such as DLCs 6.2, is 1.1. The
required pile axial safety factor is 1.25 per ISO 19902 [2], which is equivalent to a soil resistant
factor (ϕsoil) for shaft adhesion and end bearing of 0.8. In LRFD based design, the lateral bearing
soil resistance factor is 1.0. This yields a design controlled by DLC 1.6 and 6.1 (normal) with
a nominal safety margin (γe/ϕsoil) of 1.6875 and a design controlled by DLC 6.2 (abnormal) with
a nominal safety margin of 1.375. For this study, a required Nominal Safety Margin (NSM)
[See Figure 2 below] is calculated based on site and substructure specific conditions. The required NSM is compared to the IEC NSM and the necessary partial load factor (PSF) for each
particular DLC is determined.

Figure 2: Illustration of Means, Biases and Safety Margins of Load and Resistance

For the purposes of this case study, two substructure types were analyzed. Renderings of the
structures are depicted in Figure 3 below.
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Figure 3: Inward Battered Guide Structure and Traditional 4-pile jacket SACS models

Environmental loading approach angles were considered to ensure that the maximum stresses
were seen in both structure types. This included 8 approach angles for the IBGS and 3 for the
traditional jacket. Wind and wave misalignment were considered per IEC. These varied with
each of the specific DLCs. Water levels were considered between Lowest Astronomical Tide
(LAT) and Highest Astronomical Tide (HAT), depending on whether it was of a benefit or
detriment to the design. Site specific metocean criteria were developed for all considered return
periods. These metocean criteria included wind speed, wave height and period, and current
speed. Wind turbine generator loadings were as specified by the original equipment manufacturer (OEM) and scaled by the square of the varying wind speeds for different return periods.
The exception to this was the OEM supplied gravity load which remained the same for all
analyses. The soil parameter at this particular location are shown in Table 1 below. Piles were
simulated using non-linear P-Y and T-Z curves. These were then normalized into 6x6 matrix
springs at the mudline. The pile penetrations for both foundation types were between 40m and
45m.
Table 1: Analysis Soil Parameters

Depth below
Seabed(m)
0.0
19.2
19.2
24.4
24.4
32.9
32.9
35.9
35.9
47.2
55.1

Soil
Type
Sand
Sand
Clay
Clay
Clay
Clay
Sand
Sand
Clay
Clay
Clay

Submerged Unit
Weight (kN/m3)
10
10
10
10
10
10
10
10
10
10
10

Undrained Shear
Strength (kPa)
NA
NA
48
48
24
24
NA
NA
38
124
124

Internal Angle of
Friction (deg)
32
32
NA
NA
NA
NA
32
32
NA
NA
NA

3. Results
3.1 API Approach – Hazard Curves
Figure 4 shows the hazard curve for the IBGS for DLC 1.6, which is a normal DLC type. The
required NSM is 2.0 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.6 to withstand
a robustness check for a 500-year return period event.
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Hazard Curves - IBGS
DLC 1.6 (Normal) - Normalized to 50 Years (-15° Misalignment)
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Figure 4: IBGS-DLC 1.6 – Normalized to 50 Years (-15˚ Misalignment)

Figure 5 shows the hazard curve for the IBGS for DLC 6.1, which is a normal DLC type. The
required NSM is 2.42 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.95 to withstand a robustness check for a 500-year return period event.
Hazard Curves - IBGS
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Figure 5: IBGS-DLC 6.1 – Normalized to 50 Years (-15˚ Misalignment)

Figure 6 shows the hazard curve for the IBGS for DLC 6.2, which is an abnormal DLC type.
The required NSM is 2.20 for having loss of yaw with every occurrence of extreme conditions.
The IEC NSM is 1.375 assuming infrequent (abnormal) loss of yaw.
Hazard Curves - IBGS
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Figure 6: IBGS-DLC 6.2 – Normalized to 50 Years (-15˚ Misalignment)
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Therefore, the PSF should be 1.76 to withstand a robustness check for a 500-year return period
event if yaw control is always lost. However, the probability of yaw failure is considered small
(conservatively less than 1 in 10) considering all the mitigation measures taken to prevent loss
of yaw (emergency generator redundant systems, etc.) that the IEC NSM of 1.375 is sufficient.
Therefore, design based on the joint probability of yaw loss and the extreme conditions greater
than 100 year would occur less than 2.0x10-3.
Figure 7 shows the hazard curve for the four-pile jacket for DLC 1.6, which is a normal DLC
type. The required NSM is 1.94 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.55
to withstand a robustness check for a 500-year return period event.
Hazard Curves - Four Pile Jacket
DLC 1.6 (Normal) - Normalized to 50 Years (-15° Misalignment)
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Figure 7: Four-pile Jacket-DLC 1.6 – Normalized to 50 Years (-15˚ Misalignment)

Figure 8 shows the hazard curve for the four-pile jacket for DLC 6.1, which is a normal DLC
type. The required NSM is 2.36 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.9
to withstand a robustness check for a 500-year return period event.
Hazard Curves - Four Pile Jacket
DLC 6.1 (Normal) - Normalized to 50 Years (-15° Misalignment)
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Figure 8: Four-pile Jacket-DLC 6.1 – Normalized to 50 Years (-15˚ Misalignment)

Figure 9 shows the hazard curve for the four-pile jacket for DLC 6.2, which is an abnormal
DLC type. The required NSM is 2.16 for having loss of yaw with every occurrence of extreme
conditions. The IEC NSM is 1.375 assuming infrequent (abnormal) loss of yaw.
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Hazard Curves - Four Pile Jacket
DLC 6.2 (Abnormal) - Normalized to 50 Years (-15° Misalignment)
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Figure 9: Four-pile Jacket-DLC 6.2 – Normalized to 50 Years (-15˚ Misalignment)

Therefore, the PSF should be 1.73 to withstand a robustness check for a 500-year return period
event if yaw is always lost. However, the probability of yaw failure is considered small (conservatively less than 1 in 10) considering all the mitigation measures taken to prevent loss of
yaw (emerging generator redundant systems, etc.) that the IEC NSM of 1.375 is sufficient.
Therefore, design based on the joint probability of yaw loss and the extreme conditions greater
than 100 year would occur less than 2.0x10-3.

3.2 ABS Approach
Figures 10 and 11 show hazard curves developed for both foundation types for DLC 6.1 that
are normalized to the 100-year return period. The required NSM for both substructures are
greater than the prescribed IEC NSM. This indicates that for this site, designing for 100-year
return period conditions does not achieve the reliability to withstand a 500-year return period
event. IEC plans to adopt a robustness check for a 500-year return period event.
Hazard Curves - IBGS
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Figure 10: IBGS-DLC 6.1– Normalized to 100 Years (-15˚ Misalignment)
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Hazard Curves - Four Pile Jacket
DLC 6.1 (Normal) - Normalized to 100 Years (-15° Misalignment)
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Figure 11: Four-pile Jacket -DLC 6.1– Normalized to 100 Years (-15˚ Misalignment)

Based on this finding, it is recommended that the API Approach should be used to ensure that
the substructure will be robust enough to achieve the reliability of an L-2 O&G structure in the
GoM, but not overdesigned.
3.3 Comparison of Hazard Curves – US Atlantic Coast and Gulf of Mexico
To demonstrate the importance of determining the site specific and structural configuration
specific hazard, hazard curves were created for the IBGS and the four-pile jacket in the West
GoM and Central GoM. DLC 6.1c was used to create the hazard curve as it is the worst case.
The same structural orientation angles for each foundation were used from the previous analyses. The PSFs were all unfactored (equal to 1.0) as the primary purpose of this study to determine the required PSF to withstand a robustness check for a 500-year return period event. As
per API RP 2MET [5], the wind and wave for hurricane conditions were combined with a misalignment of -15°. The same soil profile was also used from the earlier analyses for both the
West GoM and Central GoM.
Figure 12 shows the hazard curve for the IBGS in the West Gulf for DLC 6.1c. The required
NSM is 2.32 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.86 to withstand a
robustness check for a 500-year return period event.
Hazard Curves - IBGS - West GoM
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Figure 12: IBGS -West GoM-DLC 6.1c – Normalized to 50 Years (-15˚ Misalignment)
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Figure 13 shows the hazard curve for the four-pile jacket in the West Gulf for DLC 6.1c. The
required NSM is 2.27 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.82 to withstand a robustness check for a 500-year return period event.
Hazard Curves - Four Pile Jacket - West GoM
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Figure 13: Four-pile Jacket -West GoM-DLC 6.1c – Normalized to 50 Years (-15˚ Misalignment)

Figure 14 shows the hazard curve for the IBGS in the Central Gulf for DLC 6.1c. The required
NSM is 1.73 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.39 to withstand a
robustness check for a 500-year return period event.
Hazard Curves - IBGS - Central GoM
DLC 6.1c (Normal) - Normalized to 50 Years (-15° Misalignment)
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Figure 14: IBGS -Central GoM-DLC 6.1c – Normalized to 50 Years (-15˚ Misalignment)

Figure 15 shows the hazard curve for the four-pile jacket in the Central Gulf for DLC 6.1c. The
required NSM is 1.77 and the IEC NSM is 1.6875. Therefore, the PSF should be 1.42 to withstand a robustness check for a 500-year return period event.
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Hazard Curves - Four Pile Jacket - Central GoM
DLC 6.1c (Normal) - Normalized to 50 Years (-15° Misalignment)
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Figure 15: Four-pile Jacket -Central GoM-DLC 6.1c – Normalized to 50 Years (-15˚ Misalignment)

Based on these findings, the Offshore US Atlantic overload hazard is considerably greater than
the hazard of overload in the GoM areas. It should also be noted that the partial environmental
safety factor of 1.35 was originally calibrated for API RP 2A LRFD design guideline based on
historical experience of O&G structures. O&G structures carry much greater gravity loads and
are exposed to much less wind loads. As a result, the ratio of environmental loads to gravity
loads is much closer to 50/50, while WTG foundations typically have pile axial loads dominated
by wind and wave loads (90/10). Therefore, the NSM would not need to be adjusted for O&G
structures, because of the added reserve strength in the pile design due to the much greater
gravity axial loads relative to the environmental loads. The gravity loads do not increase during
an extreme environmental event and afford added axial capacity to resist the hazard of environmental overload.
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Abstract: This paper addresses efficient solution techniques for solving risk optimization (RO) problems. A review of the literature reveals that most techniques developed for efficiently solving Reliability-Based Design Optimization (RBDO)
problems do not apply to risk optimization, as failure probabilities are included in
the objective function. The framework developed herein includes a global optimization algorithm and Kriging surrogates to approximate the objective function. The
reliability problem is solved, for each optimization iteration, by an efficient simulation strategy (Ranked Weighted Average Simulation or RWAS). Two academic examples are employed to explore the efficiency and accuracy of the proposed
framework.

Introduction
Structural optimization is the formal process of looking for the best structural design, which
can fulfill a specified function, by accounting for conflicting goals. Unfortunately, economy
and safety are competing goals in structural engineering design. Generally, increasing safety
implies greater costs, and reducing costs may require a compromise in safety. In classical approaches, such as Deterministic Design Optimization (DDO) and Reliability Based Design Optimization (RBDO), this problem is addressed in a limited sense. While DDO does not explicitly
consider uncertainties, handling uncertainty in material strengths and loads indirectly by means
of safety factors or partial safety factors, RBDO explicitly brings failure probabilities as optimization constrains [1,3,8–10,24,29,31,33,34]. None of these approaches allow the designer to
take into account the different costs associated to structural failure. If failure is admitted as an
undesirable but ultimately unavoidable possibility, then the costs of failure also have to be accounted for. For reversible service failure modes, costs of failure will include costs of repair
and cost of downtime. For ultimate limit states, costs of failure include cost of removing the
collapsed member or structure, cost of downtime and cost of re-building. Failure of structural
systems is also likely to cause damage to building contents or to property of third parties, which
would have to be compensated. In this context, RO seems to be the most complete and general
of the three approaches [4]. A lot of attention has been given to RBDO in the last years, in order
to reduce the computational burden of dealing with optimization and reliability problems at the
same time [1,10,18,20,31,33]. On the other hand, RO is usually studied in the context of specific
problems [6,14,27,28,30], but not much has been discussed about efficient methodologies for
solving the problem. Surrogate models are often used in reliability and optimization problems,
since computation-intensive models must be solved several times. Zhoa [35] studied in depth
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the application of surrogate models for RBDO, and Dubourg et al. [11] coupled classical RBDO
methods with kriging surrogate models and subset simulation, obtaining an efficient strategy
for solving RBDO problems.
In structural engineering, most practical design optimization problems are highly non-linear,
which implies in many local minima [15]. The formulation of RO for structural optimization
only adds complexity to the problem. Objective functions may have very complex behavior
since numerical models may be implicit to it and different failure probabilities can be used as
arguments. In addition, there is no reason to suppose that problem’s constrains, if any, will
become active for the optimum point. This problem may be addressed by using heuristic optimization algorithms, since they work effectively in this context. One example was proposed by
Yang [32], based on the behavior of the characteristics of the fireflies, and showed that it can
be even more efficient than the Particle Swarm Optimization, used in many prominent structural
optimization works [13,19,22,23,32]. In this paper, a heuristic global optimization algorithm is
coupled to ranked weighted average method [21], and kriging surrogate models are used to
reduce the computational burden.

Risk Optimization Formulation
The main goal of RO is to minimize the total expected cost of a given system. In order to do so,
the designer must consider all different costs associated to that system. The construction cost
𝐶𝑐𝑜𝑛𝑠 (i.e. the total costs for assembling a given system, usually related to its dimensions and
used materials) is usually the quantity being minimized in most engineering DDO processes.
However, when failure is admitted as a possibility, in order to drive cost-effective design of
failure-prone systems, each possible failure mode has to be associated to a cost of failure. Let
𝒅 be a vector that gathers the design variables of the system to be optimized, and 𝑿 the random
variables vector. An expected cost of failure for a certain failure mode may be written as:
(1)
𝐶𝐸𝐹 (𝒅) = 𝐶𝑓 (𝒅)𝑃𝑓 (𝒅)
where
𝑃𝑓 (𝒅) = 𝑃[𝑿 ∈ Ω𝑓 ] = ∫ 𝑓𝑿 (𝑿)𝑑𝑿

(2)

Ω𝑓

is the failure probability of the given failure mode, which depends on d:
(3)
Ω𝑓 = {𝑿|𝑔(𝒅, 𝑿) ≤ 0}
Changes in 𝒅 which reduce costs may result in increased failure probabilities, hence increased
expected costs of failure. Reduction in expected failure costs can be achieved by targeted
changes in 𝒅, which generally increase costs. This compromise between safety and economy is
typical of structural systems. The economical balance of any structural engineering project can
be adversely affected by structural failure. By considering the total expected costs, CET, as the
objective function, one obtains what has been called Life-Cycle Risk Optimization (LCRO) or
simply Risk Optimization (RO) [2,5,7,17]:
(4)
𝒅∗ = 𝑎𝑟𝑔𝑚𝑖𝑛[𝐶𝐸𝑇 ]
where
𝑛𝑙𝑠

𝐶𝐸𝑇 = 𝐶𝑐𝑜𝑛𝑠 (𝒅) + ∑ 𝐶𝐸𝐹 𝑖 (𝒅)
𝑖=1
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(5)

and 𝑛𝑙𝑠 is the number of limit states associated to the problem. Of course, Equation (5) can get
more complex as more life-cycle costs are also considered. Operation, maintenance and disposal costs, among other possibilities, may also be relevant in different kinds of problems.
Since this type of problem brings conflicting goals in this formulation, optimization constrains
are often unnecessary. On the other hand, the system to be designed may also be subject to
regulatory rules on acceptable risk levels. In this case, constraints can be considered in the
formulation, in terms of system target failure probabilities 𝑃𝑓𝑇𝑠𝑦𝑠 or system target reliability
indices 𝛽𝑓𝑇𝑠𝑦𝑠 :
(6)
𝒅∗ = 𝑎𝑟𝑔𝑚𝑖𝑛[𝐶𝐸𝑇 |𝑃𝑓𝑠𝑦𝑠 ≤ 𝑃𝑓𝑇𝑠𝑦𝑠 ]
or
(7)
𝒅∗ = 𝑎𝑟𝑔𝑚𝑖𝑛[𝐶𝐸𝑇 |𝛽𝑓𝑠𝑦𝑠 ≥ 𝛽𝑓𝑇𝑠𝑦𝑠 ]

Stochastic Optimization by Monte Carlo Simulation
Many approximate methods based on FORM (First Order Reliability Method) have been proposed to work with RBDO [1,10,18,20,31,33]. They are all focused on the evaluation of probability constrains, performed concomitantly with some optimization algorithm, while it
converges to the optimum solution. On the other hand, for RO problems, failure probabilities
must be explicitly obtained every time the objective function is evaluated. In addition, both
limit-state equations and objective function may, in general, be high-dimensional and nonlinear.
Therefore, the usage of a zero-order global optimization algorithm, coupled with reliability
analysis performed by Monte Carlo simulation, is an effective way of performing RO, even
though computational costs tend to be high for both methodologies. This problem may be mitigated using efficient optimization techniques, such as the firefly algorithm [32]. In this technique, basically, a vector 𝒙𝑜 of 𝑛 points (fireflies) is randomly generated, each of them having
a light intensity 𝐼𝑛 determined by the value of the objective function in that point. In addition,
a control parameter 𝜆 is defined as the light absorption of the medium. In each iteration, fireflies
will move towards their brightest neighbors, as they tend to move to the brightest light, but their
luminous perception decreases with distance. Of course, 𝑃𝑓 (𝒅) must be calculated for every
firefly, since, in RO problems, it is part of the objective function.
Even with the usage of efficient global optimization techniques, computational costs might still
be prohibitive, so they should be coupled with other techniques of increased efficiency. An
efficient way of approximating Equation (2) by simulation was proposed by [25]. The Weighted
Average (WA) method consists in performing a uniform sampling for all the random variables
of the problem, and attributing a weight to each sampled point. This way the random variables
space is filled with points in all its regions. The discrimination of the probability content of
each arbitrary region is not given by the number of points sampled in it like in common Monte
Carlo simulation, but by the weights attributed to the points. The weight 𝑊 of each point is
defined as the image of the random variables joint probability density function in that point.
The failure probability is then estimated as:
∑𝑁
𝑖=1 𝐼𝑊𝑖
(8)
𝑝̂𝑓 = 𝑁
∑𝑖=1 𝑊𝑖
where 𝐼 is the index function, so that 𝐼 = 0 for points in survival domain and 𝐼 = 1 over the
failure domain. In this approach, the design point is simply regarded as the point over the failure
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domain with the highest 𝑊. Reliability problems can be accurately solved this way with a much
smaller number of simulations, compared to brute Monte Carlo simulations [25].
For further computational costs reduction, samples can be ranked in decreasing order of 𝑊, so
that those with very low weight are not taken into account. Since in WA many points are sampled in low probability regions of the space of the random variables, many points can be disconsidered with irrelevant loss of precision, which leads to the necessity of even less
simulations being performed [21]. The Weighted Average simulation approach was applied
[21,26] to solving RBDO problems in a very efficient way, but limited to the condition that the
design variables must be defined as means of some random variables associated with the problem’s constrains. The procedure proposed in this paper does not have this limitation.

Kriging Surrogate
The Kriging technique consists in predicting data using interpolation models, which are assembled considering a spatial correlation between the values of the function to be approximated.
Kriging models can be seen as the realization of a stochastic field, and thus the function to be
surrogated may be written as follows:
(9)
𝑔(𝒙) = 𝒇(𝒙)𝑇 𝜷 + 𝑧(𝒙)
where the first term defines a deterministic response surface that works as the mean of the
process. 𝒇(𝒙)𝑇 is a set of basis functions (e.g. polynomials), and 𝜷 is a vector that gathers
together the coefficients of the surface:
(10)
𝜷 = (𝐅 T 𝐑−𝟏 𝐅 𝐓 )−1 𝐅 T 𝐑−𝟏 𝚼
Matrix 𝑹 is the correlation matrix, given by Equation (13) for each pair of support points, matrix
𝐅 is the regression matrix, and 𝚼 is the set of model responses that have been evaluated. The
last term of Equation (9) is a homogeneous Gaussian random field with zero mean and constant
variance 𝜎𝑍2 :
1
(11)
𝜎𝑍2 = (𝚼 − 𝐅𝜷)T 𝐑−1 (𝚼 − 𝐅𝜷)
m
Its autocorrelation function is given by:
(12)
𝐶𝑜𝑣[𝑧(𝒙), 𝑧(𝒙′ )] = 𝜎𝑍2 𝑅(𝒙 − 𝒙′ , 𝜽)
With

𝑚
2

𝑅(𝒙 − 𝒙′ , 𝜽) = ∏ 𝑒 (−𝜃𝑖 𝛿𝑖 )

(13)

𝑖=1

𝑥𝑖′ )

where 𝛿𝑖 = (𝑥𝑖 −
is the distance between two studied points in the 𝑖𝑡ℎ direction. Other autocorrelation functions may also be applied, but the anisotropic Gaussian function is the most
common one [16].
Vector 𝜽 gathers the parameters that define the inverse of the correlation length. Since the correlation matrix 𝑹, hence 𝜷 and 𝜎𝑍2 , depend on 𝜽, the later vector has to be first calculated. This
is done by minimizing the function ℒ(𝜽), using the method of maximum likelihood:
1

(14)
ℒ(𝜽) = |𝑹(𝜽)|𝑚 𝜎𝑍2 (𝜽)
Once 𝜽 is defined, all the kriging parameters can be obtained, and a limit state or objective
function can be finally predicted by equation (9), with:
𝑧(𝒙) = 𝒓(𝒙)T 𝐑−1 (𝚼 − 𝐅𝜷)

(15)

𝒓𝑖 (𝒙′ )T = [𝑅(𝒙 − 𝒙′𝑖 , 𝜽)]

(16)

and
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Proposed Procedure
This methodology aims to solve general Risk Optimization problems. It consists in applying
efficient simulation techniques over a global zero-order optimization algorithm. In the case of
a RO problem with explicit constrains, such as minimum reliability indices, the points associated with violated constrains are simply penalized, so that they have very high objective function value. The Firefly algorithm is used in the examples, since it is known to be an efficient
heuristic optimization algorithm. For each cost function evaluation, failure probabilities are estimated by the Ranked Weighted Average (RWA) method, in order to reduce the number of
simulations. Since the nature of zero order algorithms tends to lead to many simulations, they
are performed not over the original problem, but over a kriging surrogate model, which is built
globally in the augmented space of the problem [11]. The kriging surrogate DOE consists in
uniform distribution for both random and design variables, which leads to better approximation
compared to sampling with the random variables probability density functions, since the simulation sampling itself is performed uniformly. The design variables interval is defined by the
optimization problem lateral constrains, and the random variables uniform interval is based in
an assumed reliability index, as defined by [25]. This way, every relevant region of the augmented space is considered. Further work is currently being developed to optimize the DOE
selection. Figure 1 shows a pseudo-algorithm that summarizes the procedure, utilizing the Firefly algorithm as the chosen global optimization technique.

-

Set lateral limits for 𝒅 and 𝑿, light absorption 𝜆 and maximum generation 𝑀𝑚𝑎𝑥
Perform uniform sampling.
Build Kriging surrogate with sampled DOE
Generate initial population of fireflies 𝒙𝑖 , 𝑖 = 1, 2, . . , 𝑛
Define light intensity 𝐼𝑛 for each firefly, performing RWA over the surrogate model
Counter 𝑀 = 0
while (𝑀 < 𝑀𝑚𝑎𝑥 )
for i = 1:n
for j = 1:n
if 𝐼𝑖 > 𝐼𝑗 move firefly j towards i end if
end
end
evaluate light intensity of new generation performing RWA over the surrogate
model
Rank the fireflies and find the current best
end while

Figure 1: Pseudo-algorithm for the proposed procedure
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Examples
6.1 RO with nonlinear objective and limit state function.
This academic example studies a nonlinear risk optimization problem, both in design and random variables. It consists in an objective function of 2 design variables, and 3 different hypothetical costs: a building cost 𝐶𝑏 = 100, associated with both variables; a maintenance cost 𝐶𝑚 ,
considered to be associated with only 𝑑2 ; and a high cost of failure 𝐶𝑓 = 106 . The goal is to
minimize:
(17)
𝑓(𝒅) = 𝑑1 𝑑2 𝐶𝑏 + 𝑑22 𝐶𝑚 + 𝑝𝑓 𝐶𝑓
and the probability of failure is associated to the limit state:
(18)
𝑔(𝑥) = 𝑑1 𝑋1 + 𝑑2 𝑋2 − 𝑋3 𝑋4
where the random variables are taken as normal, with moments as listed in Table 1.
Table 1: Moments of the random variable

Random Variables
𝑋1
𝑋2
𝑋3
𝑋4

Mean
1
1
80
6

SD
0.1
0.1
4
0.6

A minimum reliability index of 3 is imposed along with the following lateral constraints/limits:
100 ≤ 𝑑1 ≤ 1000
(19)
100 ≤ 𝑑2 ≤ 1000
For the solution, the firefly algorithm was set to 30 generations, with 30 fireflies each. The
kriging surrogate model is built from 50 support points, selected as discussed in Section 5. Since
Monte Carlo Simulation is subject to a sampling error, the analyses are repeated 20 times following the proposed procedure, and 20 times with no surrogate models. Mean squared errors
(MSE) of 𝑔(𝑥) are calculated, so that every time the original limit state equation was surrogated, it was also solved without surrogates. Good reliability results where obtained with only
300 samples in each simulation with the Weighted Average method. Ranking samples with a
tolerance of 10−8 for the 𝑝𝑓 error reduced this number to 158 samples, in average. Results in
Table 2 are the means of the 20 analyses (coefficients of variation are between parentheses).
The first column gathers the results for ranked weighted average analysis with no surrogate,
and the second, with kriging.
Table 2: Results of 20 analyses

𝑑1
𝑑2
𝐶𝑡
𝛽

Original 𝑔(𝑥)
645.27 (0.040)
100 (0)
7457173 (0.035)
3.30 (0.090)

Kriging
638.72 (0.044)
100 (0)
7392465 (0.037)
3.24 (0.073)

The mean of the MSE of 𝑔(𝑥) for the 20 analysis was 0.086, which is very small, since the
limit state equation evaluated in the means of the random variables, for every possible 𝒅, is in
the order of 102 . For 𝛽 = 3 and a coefficient of variation ≤ 10% for the 𝑝𝑓 , about 1.35×105
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simulations should be performed in case of running crude Monte Carlo simulation. Therefore,
if this problem was to be solved by the firefly method associated with crude Monte Carlo Simulation, the limit sate equation would have to be evaluated 30×30×1.35×105 = 1.215×108
times. Using the weighted average approach, 2.7×105 times, and ranking the samples,
1.422×105 . Of course, building the kriging global surrogate model, the limit state equation had
to be evaluated only 50 times. Despite this being a very simple limit state example, the result
illustrates how prohibitive this solution would be without the usage of surrogate models for
general cases, where the limit states are much more expensive to evaluate.

6.2 System reliability column optimization
A tubular steel column of length ℎ = 25𝑚, first studied by [12], is loaded by a vertical force
𝑃. The design variables are the diameter 𝑑 and the thickness 𝑡 (see Figure 2). The optimization
problem consists in minimizing:
(20)
𝑓(𝒅) = 𝐶𝑖 ℎ𝜋𝑡𝑑 + 𝑝𝑓 𝐶𝑓
subjected to:
𝛽𝑚𝑖𝑛 ≥ 4
(21)
1≤d≤3
−3
−3
4. 10 ≤ t ≤ 15. 10
where 𝐶𝑖 is the initial cost, taken as 20000/m³, and 𝐶𝑓 is the cost of failure, taken as 109 . 𝛽𝑚𝑖𝑛
is the minimum reliability index for each limit state: Equation (22) is related to material yielding, Equation (23) considers local buckling, and Equation (24) accounts for global buckling. In
Eq. (20), 𝑝𝑓 is the series system failure probability. The limit state equations are as follows:
𝑃
(22)
𝑔1 (𝑿, 𝑑, 𝑡) = 𝑓𝑦 −
𝜋𝑡𝑑
where 𝑓𝑦 is a random variable (see Table 3);
𝑔2 (𝑿, 𝑑, 𝑡) = (1,5 − √
where 𝜃 =

𝑘𝑑
𝑑
√1+0,005
𝑡

and 𝑆𝑐 =

2𝐸𝑡

𝑓𝑦
𝑃
)−
2𝜃𝑆𝑐
𝜋𝑡𝑑

(23)

;

𝑑√3(1−𝜈 2 )

𝑔3 (𝑿, 𝑑, 𝑡) = (𝛾 − √𝛾 2 − 1⁄𝜆2 )𝑓𝑦 −
𝑒

1

ℎ

𝑓𝑦

𝑃
𝜋𝑡𝑑

(24)

where 𝛾 = 2𝜆2 (𝜆2𝑒 + 𝑘𝑖 𝜆𝑒 − (0,2) + 0,8) and 𝜆𝑒 = 0,35𝑑𝜋 √ 𝐸 . The random variables charac𝑒

teristics are summarized in Table 3.

Figure 2: Studied Column
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Table 3: Random Variables

Var
𝑃
𝐸
𝑓𝑦
𝑘𝑑
𝑘𝑖

Description
Load
Young’s Modulus
Yield Stress
Knock-down factor
Imperfection
Parameter

Distribution
Normal
LogNormal
LogNormal
Normal
Normal

Mean
10
2,1. 105
650
0,54
0,49

Coef. of Var.
0,20
0,05
0,05
0,16
0,10

Following the proposed procedure, as few as 200 samples were found to be enough to account
for reliability results with weighted average simulation. This number may be reduced to about
80 when the samples are ranked. The firefly method required many evaluations; accurate results
required 60 fireflies over 50 generations and on. The kriging DOE was built as for Section 6.1,
but composed of 240 points. Table 4 compares the results (average of 20 runs) obtained with
the proposed procedure with those originally obtained by [12]. Results were obtained only using
the kriging surrogate. It can be observed that the total expected cost obtained was lower than
the reference solution, which was obtained using approximate methods. Since, in this example,
the firefly algorithm required more evaluations, the usage of kriging implies greater reduction
of computational cost, in comparison to the solution using the original response surface.
Table 4: Comparison between proposed procedure and reference

𝑑
𝑡
𝐶𝑡
𝛽

Reference
1,4
0,0103
23000
4,7

Obtained
1,21
0,01046
22499
4,3

Conclusion
This paper studied efficient techniques for solving risk optimization problems. A framework
was proposed, combining a global optimization algorithm (firefly algorithm) with Kriging surrogates to approximate the objective function. Failure probabilities were evaluated by a very
efficient ranked weighted average simulation technique. The efficiency and accuracy of the
solution framework was investigated with respect to two academic examples. It was shown that
accurate solutions can be obtained at a small fraction of the computational cost required for
solving the same problems without use of the surrogate models and via crude Monte Carlo
simulation. Since the academic examples addressed herein had analytical limit state functions,
use of Kriging surrogates would not be necessary. However, the conclusions derived herein can
be extended to problems where limit states, hence also objective functions, are given by computationally expensive numerical models. Solution of a complex numerical model example will
be included in the papers oral presentation.
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Abstract: An adaptive strategy to solve structural reliability problems by means
of sparse polynomial chaos expansions is presented. The experimental design is
iteratively updated based on the current estimation of the limit-state surface in an
active learging algorithm. The greedy algorithm uses bootstrap to provide a local
error measure for the polynomial chaos predictor and subsequently identify the
best candidate set of points to add to the experimental design. The approach is
demonstrated on a well-known analytical benchmark and on a complex realistic
slope-stability problem.

1 Introduction
Structural reliability analysis aims at computing the probability of failure of a system with
respect to some performance criterion when its governing parameters are uncertain. To account
for uncertainties, these parameters are modelled by a random vector X ∈ RM with prescribed
joint probability density function FX . The limit-state function g is defined over the support of
X such that {x : g(x) ≤ 0} defines the failure domain, while {x : g(x) > 0} defines the safe
domain. The limit state surface implicitly defined by g(x) = 0 lies at the boundary between the
two domains. The probability of failure of such a system can be defined as:
PF =

Z

{x:g(x)≤0}

fX (x)dx.

(1)

A straightforward approach to compute the integral in Eq. (1) is by means of Monte Carlo Simulation (MCS). However, standard MCS approaches can often not be used in practice because of
the large number of samples they require to accurately estimate small probabilities (i.e. ∼ 10k+2
for PF ≈ 10−k ). Well-known methods based on local approximation of the limit-state function
close to the failure domain (such as FORM and SORM [21]) can be more efficient, yet they
are usually based on linearization and tend to fail in real-case scenarios with highly non-linear
structural models and in high dimension (≥ 10).
In contrast, methods based on surrogate modelling have gained interest in the last few years.
Most approaches are based on active-learning strategies based on Kriging surrogate models,
as in the EGRA method [2, 1] and active-Kriging MCS (AK-MCS) [8]. Kriging has also been
employed to devise quasi-optimal importance densities in [7, 5]. Amongst other variations,
polynomial-chaos-based Kriging has also been used as an alternative metamodelling technique
[22] to overcome some of the limitations of pure Kriging-based methods.
Polynomial chaos expansions (PCE) are a well-established tool in the context of uncertainty
quantification, with applications in uncertainty propagation [11], sensitivity analysis [14] and,
to a lesser degree, structural reliability [23]. While often considered as an efficient surrogate
modelling technique due to their global convergence behaviour, PCEs have been employed
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only seldom in reliability analysis (see, e.g. [20]) due to their lack of accuracy in the tails of the
model response distribution, which are essential in this field.
In addition, active-learning approaches with surrogates require some form of local error estimate
to adaptively enrich an initially small set of model evaluations close to the limit state surface.
Kriging-based methods can rely on the Kriging variance for this task, but PCEs do not provide
a natural equivalent.
In this paper, we leverage on the properties of regression-based sparse-PCE [3] to derive a local
error estimator based on bootstrap resampling. We then use this estimator to construct an activelearning strategy to adaptively approximate the limit-state surface with PCE by minimizing a
misclassification probability at every iteration. The method is then showcased on both standard
benchmark functions and on a realistic slope-stability engineering example.

2 Methodology
2.1

Polynomial Chaos Expansions

Consider a finite variance model Y = M (X) representing the response of some quantity of
interest (QoI) Y to the random input parameters X ∈ RM . Polynomial chaos expansion is the
spectral decomposition of the model onto a set polynomials that are orthonormal with respect
to the input variables given by (see, e.g. [11]):
Y=

∑

yα Ψα (X),

(2)

α∈NM

where the yα are real coefficients and α is a multi-index that identifies the degree of the multivariate polynomial Ψα in each of the input variables Xi :
M

Ψα = ∏ φαi (Xi ),
(i)

(3)

i=1

(i)

where φαi represents a polynomial of degree αi orthogonal to the marginal distribution of Xi ,
FXi . For more details on the construction of such polynomials for both standard and arbitrary
distributions, the reader is referred to [25]. For the sake of notational simplicity and without
loss of generality, throughout this section we will assume independent input variables. Even
in the presence of a complex dependence structure between the input variables it is always
possible to construct isoprobabilistic transforms (e.g. Rosenblatt or Nataf transforms, see [15])
to decorrelate the input variables prior to the expansion.
The series expansion in Eq. (2) is traditionally truncated based on the maximal degree
p of the expansion, thus yielding a set of basis elements identified by the multi-indices
M

α ∈ A : ∑ αi ≤ p, with card(A ) = P. The corresponding expansion coefficients yα can then
i=1

be calculated
efficiently
n
o via least-square analysis based on a sample of the input random vector
(1)
(N)
X = x ,··· ,x
known as the experimental design (ED), and the corresponding model
o
n
responses Y = y(1) , · · · , y(N) as follows:
"
#
1 N (i)
(i)
yα = argmin ∑ y − ∑ yα Ψα (x ) .
N i=1
α∈A

(4)

When the number of unknown coefficients P is high (e.g. for high dimensionality or high degree
expansions), sparse regression techniques can be employed to efficiently solve the minimization
in Eq. (4) (e.g., least angle regression [10, 3]).
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2.2
2.2.1

Bootstrap-based local error estimation in PCE
Bootstrap in least-square regression

Adopting a least-square regression strategy to calculate the coefficients in Eq. (4) allows one
to use the bootstrap resampling method described in [9] to obtain information on the variability in the estimated coefficients due to the finite size of the experimental
design. o
Suppose
n
(1)
(N)
drawn
that a set of estimators θ is a function of a finite-size sample X = x , · · · , x
from
the random vector
X. Then the bootstrap method consists in drawing B new sample sets
o
n
(1)
(B)
from the original X by resampling with substitution. This is achieved by
X ,··· ,X

randomly assembling B−times N realizations x(i) ∈ X , possibly including repeatedly the same
realization multiple times within each sample. The set of estimated quantities
o
n can then be recalculated from each of the B samples, thus yielding a set of estimators Θ = θ (1) , · · · , θ (B) .
This set of estimators can be used to directly assess the variability of θ due to the finite size
of the experimental design X , at no additional costs, e.g. by calculating statistics, or directly
using each realization separately. An application of the bootstrap method combined with PCE
to provide confidence bounds in the estimated PF in structural reliability applications can be
found in [20].
2.2.2

PC-Bootstrap

We propose to use the bootstrap technique to provide local error estimates to the PCE
predictions. The rationale is the following: the PCE coefficients yα in Eq. (4) are estimated from the experimental design X , therefore they can be resampled through bootstrap.
This
can be achieved by o
first generating a set of bootstrap-resampled experimental designs
n
(b)
(b)
X , Y , b = 1, · · · , B . For each of the generated designs, one can calculate a correspond(b)

ing set of coefficients yα , effectively resulting in a set of B different PCEs. Correspondingly,
the response of each PCE can be evaluated at a point x as follows:
(b)

YPC (x) =

∑

(b)

yα Ψα (x),

(5)

α∈A

n
o
(b)
thus yielding a full response sample at each point YPC (x), b = 1, · · · , B . Therefore, empirical
quantiles can be employed to provide local error bounds on the PCE prediction at each point.

2.3

Adaptive PC-Bootstrap-based reliability analysis

In this section we present an adaptation of the PC-Kriging MCS algorithm in [22] that makes
use of PC-Bootstrap (hereafter referred to as PCB). Consistently with [8, 22], in the following
we will refer to this algorithm as Active polynomial-chaos-bootstrap Monte-Carlo simulation
(APCB-MCS). We follow the original idea of adaptively building a surrogate of the limit-state
function starting from a small initial experimental design and subsequently enriching it to optimize the surrogate performance for structural reliability. The algorithm is summarized in the
following:
0. Initialization:
(a) Generate an initial experimental design and calculate the corresponding PCBootstrap surrogate (see Section 2.3.1).
n
o
(i)
(b) Generate a large reference MCS sample XMCS = xMCS , i = 1, · · · , NMCS of size
NMCS (e.g. NMCS = 106 ).
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n
o
(b)
1. Calculate a set of MCS estimators of the probability of failure: PbF , b = 1, · · · , B with
the current PC-Bootstrap surrogate.

(1,··· ,B)
(see Section 2.3.2). If they are met, go to
2. Evaluate the convergence criteria on PbF
Step 5 (terminate the algorithm). Otherwise continue to the next step.

3. Evaluate a suitable learning function on the MCS sample XMCS (see Section 2.3.3).
(i)
Choose one or more additional xMCS ∈ XMCS and add them to the PC-Bootstrap ED
(see Section 2.3.4).
4. Update the PC-Bootstrap surrogate on the new ED and return to Step 1
5. Algorithm termination: return the PbF resulting from the PCE on the current ED, as well
(1,··· ,B)
set.
as the error bounds derived from the empirical quantiles of the current PbF

A detailed description of each step of the algorithm is given in the following sections.
2.3.1

Initial experimental design

The initial experimental design is usually generated by space-filling sampling techniques of the
random vector X, such as latin hypercube sampling (LHS) or pseudo-random sequences (e.g.
Sobol’ sequence). Alternative sampling techniques, such as the uniform sampling of a ball,
have also been proven effective in the context of structural reliability when low probabilities of
failure are expected ([4]).
2.3.2

Convergence criteria

The proposed convergence criterion of choice inspired by [22, 20] and it depends on the stability
of the PF estimate at the current iteration. Defining:


(b)
PbF+ = max PbF
PbF−

(6)



(b)
= min Pb
.
F

Convergence is achieved when the following condition is satisfied for at least two consecutive
algorithm iterations:
PbF+ − PbF−
≤ εPbF ,
(7)
PbF
with 0.05 ≤ εPbF ≤ 0.15 in typical usage scenarios.
2.3.3

Learning function

A learning function is a function that allows one to rank a set of candidate points based on some
utility criterion that depends on the application context. In this case, we followed the approach
in [22], by using as a learning function the probability of misclassification of the PC-Bootstrap
model on the candidate set given by XMCS .
(1,··· ,B)
Due to the availability of the bootstrap response samples YMCS , it is straightforward to define
the misclassification probability UFBR (where the subscript FBR stands for failed bootstrap
(i)
replicates) at each point xMCS ∈ XMCS as follows:
(i)
UFBR (xMCS ) =

(i)

(i)

BS (xMCS ) − BF (xMCS )
B
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(8)

(i)

(i)

where BS (xMCS ) and BF (xMCS ) are the safe (resp. failed) PC-Bootstrap replicates at point
(i)

xMCS . When all the replicates are either in the safe or in the failed domain, UFBR = 1 (minimum misclassification probability), while UFBR = 0 when the replicates are equally distributed
(i)
between the two domains. In the latter case, 50% of the B bootstrap PCEs predict that xMCS
(i)

is in the safe domain, while the other 50% predicts that xMCS belongs to the failure domain.
(i)

Therefore, maximum epistemic uncertainty on the classification of a point xMCS is attained
when UFBR is minimum.
2.3.4

Enrichment of the experimental design

The aim of the iterative algorithm described in Section 2.3 is to obtain a surrogate model that
minimizes the misclassification probability. As a consequence, the learning function in Eq. (8)
can be directly used to obtain a single-point enrichment criterion. The next best candidate point
for the ED x∗ ∈ XMCS is given by:


x∗ = argmin UFBR (x(i) ) .
(9)
(k)

x∈XMCS

Due to the global character of regression-based PCE, it can be beneficial to add multiple points
in each iteration so as to more uniformly sample several interesting regions of the parameter
space simultaneously. The criterion in Eq. (9) can be extended so as to include K distinct points
simultaneously to speed up computation. Following the approach in [22], k-means clustering
techniques
(see, e.g., [26]) can be used at each iteration so as to identify K different regions
n
o
(1,··· ,K)
XMCS
in the parameter space where the probability of misclassification is non zero. Then,
Eq. (9) can be directly applied to each of the subregions to obtain K different enrichment points:


(k)
(i)
x∗k = argmin UFBR (xk ) , k = 1, · · · , K
(10)
(k)

(k)

where x∗k ∈ XMCS is the k−th enrichment sample and UFBR is the learning function evaluated
on the k−th region of the parameter space.
Note that this approach is also convenient when parallel computing facilities are available and
in the presence of computationally expensive objective functions.

3 Results on benchmark applications
All the algorithm development and the final calculations presented in this section were performed within the UQL AB software framework [18, 19].

3.1

Four branch function

A common benchmark for reliability analysis functions is given by the four-branch function,
originally proposed in [24]. Although it is a simple analytical function, it shows multiple failure
regions and a complex limit-state surface. Its two-dimensional limit state function reads:


+x2
2 − x1√


3
+
0.1(x
+
x
)
1
2

2 



3 + 0.1(x1 + x2 )2 + x1√+x2 

2
g(x) = min
(11)
(x1 − x2 ) + √62










(x2 − x1 ) + √62

where the two random input variables X1 ∼ N (0, 1) and X2 ∼ N (0, 1) are modelled as independent standard normals. Failure occurs when g(x) ≤ 0.
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Due to the complex, multi-failure shape of the limit-state surface (represented as a solid black
line in Figure 1), classic methods like FORM/SORM and importance sampling tend to fail with
this benchmark. The reference failure probability of PF = 4.460 · 10−3 is obtained through an
extremely large MCS (NMCS = 108 ).

a. Initial experimental design

b. Final experimental design

Figure 1: Four branch function: limit state surface (black line) and experimental design before and after
enrichment

The initial experimental design for the APCB-MCS algorithm was obtained with a space-filling
LHS sample consisting of Nini = 30 points drawn from the input distributions (black dots in
Figure 1). Three points at a time were added to the experimental design during the enrichment
phase of the algorithm. The number of replications for the APCB-MCS algorithm is set to B =
100. For comparison, a similar analysis was performed on the same initial ED with the AK-MCS
module of UQL AB [17, 13], with an anisotropic ellipsoidal multivariate Kriging correlation
function. The convergence criterion in Eq. (7) was set to εPbF = 0.05 for both the AK-MCS and
APCB-MCS algorithms.
Convergence was achieved after 49 iterations, resulting in a total cost (including the initial
experimental design) of Ntot = 177 model evaluations. The experimental design points added
during the iterations are marked by red crosses on panel (b) of Figure 1. As expected, the
adaptive algorithm tends to enrich the experimental design close to the limit state surface as it
is adaptively learned during the iterations. A graphical representation of the convergence of the
algorithm is shown in Figure 2, where the estimated PbF is plotted against the total number of
model evaluations Ntot . The shaded area represents the 95% confidence bounds based on the
empirical quantiles as estimated from the bootstrap sample.
The final results of the analysis are summarized in Table 1, where the Hasofer-Lindt reliability
index β = −Φ−1 (PF ) is also given for reference. For comparison, the reference MCS probability as well as a converged AK-MCS estimate [8, 17] are also given. The latter converged to
a comparably accurate estimate of PF , at the cost of a slightly higher number of model evaluations.

3.2

Slope reliability

In this example, the realistic slope stability problem sketched in Figure 3a is considered. The
soil mass consists of two layers connected by a random interface I(x). The depth of the interface
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Figure 2: Convergence curve of the four-branch function. The reference PF is shown by a dotted line.
Table 1: Comparison of different reliability analysis methods for the four branch function

Algorithm

PF
4.46 · 10−3

MCS (ref.)
AK-MCS
4.52 · 10−3
APCB-MCS 4.53 · 10−3

β

Ntot

2.62 108
2.61 200
2.61 177

is spatially varying as a Gaussian random field with mean value µI = −9m (measured from the
top of the embankment), standard deviation σI = 2m and Gaussian autocorrelation function with
correlation length lI = 20m. To discretize the random field, the EOLE method [16] is chosen,
resulting in a total of nz = 15 random coefficients ξ1,··· ,nz ∼ N (0, 1) to represent 99% of the
field variance. Figure 3b shows graphically several realizations of the random interface. The
soil is assumed undrained, hence its failure is modelled following to the Tresca failure criterion.
The two layers are characterized by their undrained shear strengths cu,l (upper layer) and cu,u
(lower layer). Additional elastic properties of the entire soil mass include the random Young’s
modulus E and the deterministic Poisson ratio ν and soil density ρ. Table 2 summarizes the
distributions of all the 20 input parameters of this problem.
For each realization of the random input variables in Table 2, the soil properties are used as an
input to the freely available finite element slope-modelling software slope64 to calculate the
factor of safety via the shear strength reduction method [12] on the resulting configuration.
As opposed to the previous example, in this case the numerical solution of the calculation does

y [m]

10

cu,u

0
cu,l

I(x)

-10
0

20

40

60

80

x [m]

a. Slope model

b. Realizations of the random interface

Figure 3: Graphical representation of the slope model (a.) and realizations of the random interface (b.).
The model is vertically translated so as to guarantee that the interface I(x) is centred.
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Table 2: Probabilistic model of the input parameters for the slope reliability problem

Parameter
Description
E
Young’s modulus
ν
Poisson’s ratio
ρ
Soil density
cu,u
Undrained shear strength upper layer
cu,u
Undrained shear strength lower layer
ξ1,··· ,15
EOLE discretization coefficients

Distribution
µ
Lognormal
50 MPa
Constant
0.3
3
Constant
2 · 10 Kg/m3
Lognormal
40 kPa
Lognormal
60 kPa
Gaussian
0

σ
2.5 MPa
8 kPa
12 kPa
1

Table 3: Comparison of standard AK-MCS and APCB-MCS on the slope stability model

Algorithm

PF

AK-MCS (ref.) 6.1 · 10−3
APCB-MCS
6.7 · 10−3

β

Ntot

2.51 230
2.47 248

not allow one to create reference results based on a large-size MCS, since a single run of the
code takes about 3 minutes on an Intel Xeon E3-1275 (3.5GHz) desktop CPU. Therefore, the
results from APCB-MCS are compared to those of classical AK-MCS [8] on the same starting
experimental design. Both algorithms are initialized with Nini = 50 samples generated from a
uniform sampling of a ball of radius r = 5σ in the quantile space of the input distributions
(for details, see e.g. [4]). The number of replications for the APCB-MCS algorithm was set
to B = 100, with 3 points added at every iteration, while the Kriging correlation function for
AK-MCS was set to Gaussian, with an anisotropic ellipsoidal multivariate kernel [17, 13]. Due
to the high computational costs of the model and the relatively high complexity of the problem,
the convergence criterion in Eq. (7) was set to εPbF = 0.15.
Table 3 summarizes the results of the analysis for both AK-MCS and APCB-MCS after convergence of both algorithms. With the given convergence criterion, the two algorithms converged
within Ntot < 250 total model runs to PF ≈ 6 · 10−3 (with a ∼ 2% discrepancy on the related
reliability indices β ). Albeit APCB-MCS estimated a slightly higher probability of failure, the
results of both algorithms are comparable within the given convergence criterion.

4 Conclusions and outlook
A novel approach to solving reliability problems with polynomial chaos expansions has been
proposed. The combination of the bootstrap method and sparse regression enabled us to introduce local error estimation in the standard PCE predictor. In turn, this allows one to construct
active learning algorithms similar to AK-MCS to greedily enrich a relatively small initial experimental design so as to efficiently estimate the probability of failure of complex systems.
This approach has shown comparable performance w.r.t. to the well established activelearning-based method AK-MCS on both a simple analytical benchmark and a complex highdimensional engineering application.
Extensions to this approach can be envisioned in two main directions:
• advanced simulation-based reliability analysis methods (e.g. importance sampling [7]
and subset simulation [6]) could substitute the brute-force MCS phase of APCB-MCS
to achieve better PbF estimates at each iteration
• parallel computing facilities may be used during the enrichment phase of the algorithms
with expensive computational models when adding more than one point at a time.
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Additionally, the PCB approach itself introduced in this work can be used also outside of a
purely reliability analysis context, as it provides an effective local error estimate for PCE that
has somewhat hindered its usage in more advanced active-learning applications.
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[22] R. Schöbi, B. Sudret, and S. Marelli. “Rare event estimation using Polynomial-ChaosKriging”. In: ASCE-ASME J. Risk Uncertainty Eng. Syst., Part A: Civ. Eng. (2016).
D4016002.
[23] B. Sudret and A. Der Kiureghian. “Comparison of finite element reliability methods”. In:
Prob. Eng. Mech. 17 (2002), pp. 337–348.
[24] P.-H. Waarts. “Structural reliability using finite element methods: an appraisal of DARS:
Directional Adaptive Response Surface Sampling”. PhD thesis. Technical University of
Delft, The Netherlands, 2000.
[25] D. Xiu and G. Karniadakis. “The Wiener-Askey polynomial chaos for stochastic differential equations”. In: SIAM J. Sci. Comput. 24.2 (2002), pp. 619–644.
[26] M. Zaki and W. Meira. Data Mining and Analysis: fundamental Concepts and Algorithms. Cambridge University Press, 2014.

236

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Surrogate Models for Highway Bridge Networks and the
Impact of their Uncertainty on Seismic Risk Estimates
Keivan Rokneddina, Jayadipta Ghoshb, Leonardo Dueñas-Osorioc and Jamie E. Padgett c
a

b

AIG, Philadelphia, PA, USA
Indian Institute of Technology Bombay, MH, India
c
Rice University, Houston, TX, USA

Abstract: In addition to challenges in data collection, evaluating the seismic risk
for highway bridge networks is computationally expensive since it involves assessing the response of the bridges and the network to a large set of stochastic
earthquake events. This research focuses on the application of efficient surrogate
models at the bridge and network levels for seismic risk assessment while quantifying the impact of model uncertainties on risk estimates. The proposed surrogate
models can significantly reduce the required computational resources for risk assessment at the cost of additional yet manageable model errors. Further, this paper
presents methods to specify scenarios for surrogate model selection and assessment and to estimate their heteroscedastic errors. The evaluated errors for seismic
risk assessment from the presented surrogate models are found to be smaller than
those stemming from other sources in the process of risk assessment, such as the
seismic hazard. The paper concludes by introducing a fully simulation-based
scheme to benchmark the uncertainty bounds around the estimated risk for different bridge types and network topologies to inform decision making in practice.

Introduction
A resilience-based plan for maintenance, expansion and retrofitting decisions in highway
transportation networks involves quantifying the risk of bridge structural damage and traffic
interruption from extreme events throughout the lifecycle of the system and its components.
In addition to sustaining service under normal operational conditions and aging, highway
bridges and associated networks are expected to withstand excessive loads from natural hazards such as earthquakes and hurricanes. A comprehensive risk evaluation from exposure to
natural hazards helps system stakeholders anticipate the extent of degradation in system functionality, make informed cost-benefit decisions on mitigation plans, and set restoration priorities to optimally bring back the network to its working condition after the occurrence of
extreme events. Such comprehensive analysis of transportation systems often requires significant computational resources due to the sheer number of the system components (i.e., bridges), as well as the number of stochastic scenarios for which the response of the system needs
to be evaluated. A comprehensive risk evaluation should also aim to quantify the uncertainties
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in the risk assessment process and in the selection of the stochastic scenarios, which comprise
frequently anticipated events as well as the so-called black swans [1].
For this research, highway bridge networks are expected to provide uninterrupted access between two points in the area, and accordingly, network connectivity reliability is selected to
be the index to evaluate the network performance. Because this index is a probability and varies in [0, 1], it provides a normalized metric based on which the performance of different networks can be compared.
The authors previously developed surrogate models to evaluate seismic responses at the
bridge and network levels [2], applying them to a bridge network in Charleston, South Carolina, USA. While South Carolina frequently experiences large hurricanes (e.g., Hurricane Matthew which made landfall in October 2016), it is not frequently subject to disruptive seismic
events (the last major event took place in 1886). Nevertheless, the less likely seismic events
may have very severe consequences, and pose considerable risk to the region’s highway
bridge network. The previous study considered uncertainties in bridge structural and aging
parameters and quantified the impact of the uncertainties induced by the application of bridge
and network surrogate models on network performance evaluations. The proposed surrogate
models significantly reduce the computation time for network reliability assessment against
each seismic scenario. In exchange for the increased computational efficiency, each network
response estimate has an associated model fitting error. This paper expands the scope of the
study from single-event reliability assessment to a full seismic risk evaluation which is facilitated through a sequence of surrogate models and results in the development of the risk curve
(i.e., the annual probability of exceeding a loss index level). The errors induced by the application of surrogate models at the bridge and network levels are incorporated in the process of
risk assessment to provide uncertainty bounds around the mean risk curve.
The literature has demonstrated that the aleatory and epistemic uncertainties associated with
the seismic hazard, such as those from the ground motion models and the estimated frequency
of the stochastic events, significantly influence the seismic risk estimates [e.g., 3,4]. In comparison, the induced uncertainty from the application of surrogate models is acceptable for
most practical purposes. For their novelty, this study focuses on the surrogate level uncertainties, although the level of errors in hazard curves is also demonstrated in a case study.
To demonstrate the methodology, seismic risk is evaluated for a subset of the transportation
network in the northern suburbs of Charleston, South Carolina, USA, similar to the one presented in Rokneddin et al. [2]. The general process of seismic risk evaluation is discussed in
Section 2. Then, Section 3 demonstrates the development of surrogate models for bridge and
network reliability evaluations. The developed risk curve and its associated induced uncertainty bounds are presented in Section 4, along with discussions on the considered stochastic
seismic scenarios. Finally, Section 5 presents the conclusions and discusses the expansion of
this methodology to evaluate the induced uncertainties for more contrived network topologies.

Seismic Risk Evaluation and Associated Uncertainties in Networks
Given ns stochastic seismic scenarios in a stochastic event set, each with annual probability of
occurrence i, the annual probability that the network performance index (L) exceeds a certain
value l is given by [5]:

P( L  l )  1  e



ns

 P( Li l )i
i 1
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(1)

where L denotes the network connectivity reliability, and its value for a seismic scenario, given the resulting bridge failure probabilities, is estimated through a network reliability algorithm such as Monte Carlo simulation, Recursive Decompositions [6], or randomized (, )approximation schemes [7]. Since the annual event occurrence rates are provided with the
stochastic event set, solving Equation (1) requires estimating P(Li > l) for all scenarios. Using
a network reliability algorithm, P(Li > l) may be expressed as:
(2)
P( L  l )  P( L  l | r )  f [r ({D, C}|{im, x})]  f (im)  d im
i



i

R

IM

where im refers to the vector of ground motion values (here, PGA) at the location of each
bridge for Scenario i, and r = [r1, r2, …, rn]T is the vector of bridge reliabilities for a network
with n bridges. The vector of bridge reliabilities (r) is a function of Demand D and Capacity C
given inputs im and x = {x1, x2,…, xm}, where x denotes the critical input variables for bridges
as explained in Section 3. Evaluating the high dimensional integral in Equation (2) by Monte
Carlo simulations generally requires significant computational resources –even when the network size n is small– as covering the space for distributions of r and im can take a very large
number of samples. The use of surrogate models reduces the computational complexity and is
hence desirable for network reliability and risk assessments.
The distribution of im for Scenario i depends on the employed ground motion model, such as
[8] for the Central and Eastern United States. Since this research focuses on surrogate model
uncertainties, the ground motion uncertainties are not considered and the median ground motion map is used per scenario. Nevertheless, ground motion uncertainties can be incorporated
in risk assessment as shown elsewhere [e.g., 9]. Dropping the ground motion uncertainties
simplifies Equation (2) to:
(3)
P  L  l   P( L  l | r )  f [r ({D, C }|{im , x})]
i

i

R

i

where imi refers to the (median) ground motion map associated with Scenario i. Accordingly,
the uncertainties in evaluating Equation (1) stem from: 1) the choice of events in the stochastic set to represent the regional seismicity, 2) the choice of ground motion equation(s) and
their possible bias or model error, 3) the fragility model to estimate bridge reliabilities given a
ground motion map, and 4) the network reliability model to estimate the network response
given bridge reliabilities. This study focuses on the third and fourth sources, and quantifies
their impact on seismic risk assessment. It also demonstrates the uncertainties stemming from
the first two sources in Section 4.

Surrogate Models for Bridge and Network Reliability Evaluation
3.1 Parameterized Seismic Fragility Models and Error Propagation at the
Bridge Level
To evaluate bridge reliabilities rj, j = 1, …, n, this study uses parameterized fragility functions,
which unlike unidimensional fragility models are conditioned on multiple critical input parameters in addition to ground motion intensity for improved estimation. These fragility models are used for uncertainty propagation to develop confidence bounds about the mean
fragility estimate. The following subsections provide an overview of the identification of critical parameters in terms of uncertainty propagation, the parameterized fragility methodology
and the error propagation approach.
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3.1.1 Identification of critical parameter uncertainty for seismic fragility assessment
The ground motion sources of uncertainties for the conditional bridge reliabilities fR[r({D,
C}|{im, x})] include record-to-record variability and the incidence angle on the bridge structure. Other critical and potentially uncertain parameters (i.e., x) comprise of basic material
strength parameters, such as concrete and steel strength, structural modelling parameters such
as bearing stiffness and fiber-section modeling of bridge piers, geometric parameters especially for bridge-level reliability estimation, and even deterioration affected structural parameters
such as corroded rebar area or stiffened elastomeric bearing pads due to thermal oxidation,
among others. Details are shown in a case study in Section 4.2.
3.1.2 Parameterized fragility model and uncertainty propagation
The critical parameters identified in the previous step are used to generate an optimum combination of parameters that efficiently spans the input sample space using a Latin Hypercube
space-filling experimental design. Each row of the design matrix corresponds to a nonlinear
time-history analysis of the finite element bridge models after pairing them with a random
ground motion representative of the regional seismicity. Structural responses from the timehistory runs are used to develop surrogate models to establish a statistical relationship between the peak engineering demand parameter of bridge components (such as column curvature ductility and bearing deformations) and the critical input parameters. These models
enable generating a wide range of demand samples (D) to be compared with an equal number
of component capacity estimates (C) to simulate binary failure-survive samples, indicative of
demand exceeding capacity or vice versa.
The binary vectors per bridge component are aggregated to a system (i.e., bridge) level failure-survive vector following the series system assumption and enable the fitting of a logistic
regression model. This model is equivalent to the mentioned parameterized fragility function
which helps predict the bridge level reliability (for a single bridge) as in Equation (4).
(4)
1
r ({D,C}|{im,x}) 
m
0  imim    k xk
k 1
1 e
where, β0 is the intercept, βim is the regression coefficient for the ground motion intensity
measure im, and β1,…, βm are regression coefficients of the input parameters x1, …, xm for the
logistic model. The parameterized fragility models are used next in conjunction with Taylor
series expansions to compute the reliability uncertainty as a function of input parameter uncertainties and the metamodel error, as explained in [2].

3.2 Network Reliability Evaluation
For the network surrogate model, the input variables are the conditional bridge reliabilities rj, j
= 1, …, n. The authors previously verified that surrogate models developed by Random Forests (RF) [10] given bridge reliability input can predict the network connectivity reliability to
seismic scenarios with minimal errors [2]. As an ensemble regression method, the Random
Forest model estimates the network response 𝐿̂ using the expected value of B regression trees:
(5)
1 B
Lˆ  fˆrfB (r )   Tb (r )
B b 1
𝐵
where, 𝑓̂𝑟𝑓
(𝒓) denotes the predicted network response and 𝑇𝑏 (𝒓) is one of B regression trees
formed using a randomly selected (with replacement) subset of bridge reliabilities associated
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with the scenarios for RF model selection. The random selection of scenarios, i.e., bootstrap
sampling, de-correlates the B developed trees as each tree forms using a different set of samples. Accordingly, bootstrap sampling reduces the variance of the model without increasing
the bias, and thus, is widely used in Statistical Learning methods [11].
Developing surrogate models using Random Forests has several distinct advantages for predicting the network responses. For example, and unlike many other non-linear methods, the
process of model selection and assessment are performed in one sequence with no need for a
separate cross-validation. The RF model also provides a variable importance metric which is
desirable to identify key components of the highway bridge network. The test error and accuracy of response prediction of Random Forests are discussed in the next section.

Results and Discussions
The selected network for this study is a subset of the highway bridge network north of
Charleston, SC, as previously studied [2]. This network (Figure 1) is comprised of 22 bridges
of two classes: the Multi-span Simply Supported Slab (MSSS Slab) class with fifteen bridges,
and the Multi-span Simply Supported Concrete girder (MSSS Concrete) class with seven
bridges. The bridge characteristics and their seismic vulnerability are discussed elsewhere
[2,12,13], where they have been found to be seismically vulnerable due to inadequate seismic
detailing of bridge components.
To evaluate the seismic risk of network failure, the following metrics are selected to evaluate
the failure of the bridges and the highway network: for bridges, failure occurs when a bridge
exceeds the extensive damage state, corresponding at least partial closure expected beyond 30
days. In this case study, the highway bridge network is assumed to fail when either of the two
specified origin nodes in Figure 1 disconnect from the identified destination node.

Figure 1: Position and layout of the 22-bridge network. The dark circles and the triangle identify
the two origin and the single destination nodes, respectively.

4.1 Stochastic Seismic Scenarios
The logic tree in the 2008 update to United States seismic hazard maps [14] was used to generate a total of 398 stochastic seismic scenarios for the Charleston area. The ground motion
model developed by Shahjouei and Pezeshk [8] —which is part of the NGA East project— is
used to generate the median generate ground motion maps for each seismic scenario. To validate the generated ground motion maps, the resulting location-level hazard curves are compared against those from the 2008 United States Geological Survey (USGS) update. Figure 2
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depicts one such comparison: the generated hazard curve underestimates the USGS hazard
curve for Bridge No. 1. Similar trends are observed for the other benchmark bridge locations.
Nevertheless, the hazard curves are considered acceptable for the scope of this research. Developing a stochastic set of regional seismic scenarios and the associated set of the ground
motion maps are major sources of uncertainties for which the literature offers a few solutions
(e.g., [9,15]). In comparison to hazard sources, the propagated metamodeling errors for bridge
and network response evaluation are smaller. Since they are relevant and not fully understood,
this study is set out to probe such uncertainties as explained in this section and further discussed in Section 5.

4.2 Bridge and Network Level Reliability Uncertainty
For bridge reliability evaluation, the considered uncertainties stem from the geometric, structural, and aging variables in addition to those errors introduced by the application of surrogate
models. As an example, a 29 year-old MSSS Slab bridge within the network is selected to
showcase the uncertainties. Among the different parameters affecting the seismic fragility of
this bridge, uncertainty is assumed to stem from the parameters listed in Table 1 comprising
of material strength parameters as well as deterioration affected structural parameters. The
probability distributions and statistical moments of these parameters are characteristic of aging highway bridges in the chosen case-study region [12, 13]. The geometric characteristic for
this bridge and others in the network is adopted from the National Bridge Inventory Database
[16]. Propagation of uncertainty from these critical input parameters helps estimate the 95%
confidence bounds as shown in Figure 3. These uncertainty bounds along with the mean fragility estimate are subsequently propagated to network reliability estimation.

Figure 2: Sample hazard curve comparison (Bridge
No. 1)

Figure 3: 95% confidence interval around the mean
fragility estimate for the case-study MSSS Slab bridge.
The bounds reflect the uncertainty propagated from the
critical input parameters

At the network level, surrogate modelling is the sole source of uncertainty for response evaluation as the geo-location of bridges and the layout of connecting highway segments are assumed to bear no uncertainty. In order to develop the surrogate model to evaluate the network
connectivity reliability, 150 scenarios are selected from the 398-event set, out of which 80 are
used for RF model selection (i.e., training) and the remaining 70 scenarios were reserved for
RF model assessment (testing). The network responses for the scenarios in model selection
and assessment sets are evaluated using a simulation-based network reliability algorithm [13].

242

The motivation behind assigning a relatively large number of scenarios for model assessment
is to estimate the model prediction uncertainty for the full range of network response values in
order to evaluate P(Li > l) in Equation (3). The developed surrogate model is subsequently
used to evaluate P(Li > l) for the remaining 248 scenarios, saving over 62% of computation
time (248 / 398). In addition to developing the surrogate model, the network connectivity reliability values are separately calculated for the entire set of 398 scenarios using Monte Carlo
simulations to benchmark the surrogate model results in practice.
Table 1: Example of critical input parameter distribution parameters to estimate the uncertainty interval
around the mean fragility estimates for a select bridge. The probability distributions and statistical
moments of these parameters are characteristic for aging highway bridges in the case-study region
[12,13]

Variable Description

Unit Distribution Mean C.O.V.

Concrete strength

MPa Normal

Bearing pad coefficient of friction

-

Lognormal

33.80

0.13

1

0.10

Bearing pad shear modulus

MPa Uniform

1.40

0.30

Bearing dowel strength

kN

Lognormal

56.23

0.10

Column longitudinal rebar area

cm2

Lognormal

5.10

0.10

The selected scenarios for RF model selection and assessment should ideally span the entire
range of network responses. Since the network responses to seismic scenarios are not known a
priori, scenario selection for surrogate model development requires alternative methods. This
study used the averaged PGA values over the ground motion maps to inform scenario selection. Since the network responses to the entire set of 398 scenarios are separately available
from Monte Carlo analysis, it is possible to compare the distribution of the network response
from the selected scenarios against that of the entire set (Figure 4). This comparison suggests
that sampling of events informed by ground motion maps can be a successful strategy.
The developed surrogate model is estimated to produce small mean squared error (< 10-3) for
model assessment scenarios; however, the response error is heteroscedastic as verified by Figure 5, which demonstrates the estimated test errors from 70 scenarios for model assessment.
The error bounds are noticeably wider in the mid-range of response compared to the extreme
cases (those closer to zero or one). Considering the heteroscedasticity of errors can improve
the accuracy of the predictions; and accordingly, this study proposes the predicted network
responses be divided into two classes to evaluate P(Li > l): (1) the end-range (network response greater than 0.8 or smaller than 0.2) where the estimated prediction error is smaller
than the mean error, and (2) the mid-range (network response in [0.2-0.8]) where the estimated prediction error is larger than the mean error. For each class, the prediction error has a zero
mean and unknown standard deviation. Hence, the network response L for each class is given
by:
(6)
s
L  Lˆ  t( k 1)
k
where k is the number of test samples in each category, t(k-1) refers to the student-t variable
with k-1 degrees of freedom, 𝐿̂ is the predicted value, and s denotes the sample standard de-
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viation from k samples in each category. The 95% symmetric confidence bounds are taken as
the error bounds and are applied to the predicted values for the remaining 248 scenarios.

Figure 4: Histogram of Network Responses for the 150
Sampled Scenarios against that resulting from the
entire set of 398 seismic scenarios

Figure 5: Estimated test error in 70 test scenarios
resulting from the developed network RF surrogate
model with 80 training records

4.3 Risk Curve
The proposed risk assessment method by surrogate modelling enables the development of the
risk curve and propagation of the metamodeling errors from the bridge and network responses
(Figure 6). The mean curve uses the mean predicted values for both the bridge and network
responses. The two inner bounds represent the risk curves developed by incorporating the errors resulting from the bridge surrogate models, and the outer bounds denote risk curves developed by propagating the errors from both bridge and network level responses. Figure 6
verifies that the propagated errors from bridge response evaluations have a larger impact on
the risk curve compared to that from the network surrogate model. Moreover, the uncertainty
bounds are wider for large network responses (> 0.9). Nonetheless, the overall impact of metamodeling errors on the risk curve is small in comparison to those from the hazard sources as
reported in other studies (and demonstrated here by hazard curve comparison). The uncertainty bounds for any given seismic scenario may be significant as previously reported [2]; however, there also exist many events for which the predicted responses are associated with small
errors. Accordingly, the proposed metamodeling framework enables the development of the
risk curve with substantially fewer computations at the cost of inducing additional errors
which are acceptable for most practical purposes.

Conclusions and Future Research
Full seismic risk assessment for large highway bridge networks involves estimating the response of the network to a large set of stochastic events. This study presented an efficient alternative to this computationally expensive process by replacing Monte Carlo simulations for
bridge and network response evaluations with surrogate model predictions. This framework
enabled assessing the risk of network disconnection from the seismic hazard for a transportation network in South Carolina, USA. Although the uncertainties induced by the application
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of surrogate models in the case study risk assessment are generally acceptable in practice,
more studies are required to examine the impact of the introduced methodology for large networks with different topologies and more diverse bridge types.

Figure 6: The mean risk curve and its associated uncertainty bounds from the application of bridge and network level surrogate models

Coulston et al. recently proposed an alternative approach to estimate the uncertainty from
Random Forest models [17]. New analyses are underway to investigate this method in place
of the approach used in Equation (6) to examine the uncertainty bounds from the network surrogate model. Moreover, and to benchmark the produced uncertainty bounds by surrogate
models, a fully simulation-based scheme is desired along with analytical and guaranteed-error
approximation methods, both of which are currently underway. In these schemes, the failure
of all bridges from a ground motion map is simulated by generating samples of ground motion
records and x = {x1, x2,…, xm}. The simulated bridge failures are passed through for network
reliability assessment by optimal Monte Carlo simulation, Recursive Decompositions, or ( ,
)-approximations to assess the reliability of the network. Given a large-enough sample size
for ground motion records and x, this multi-pronged study provides the ultimate benchmark
for the introduced surrogate models. The presented framework makes the development of the
risk curve more accessible in practice which in turn informs resource allocation for upgrade
and retrofit and supports regional resilience studies.
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Abstract: An adaptive collocation-based surrogate model is developed for solving stochastic equations with random parameters. The method is based on a surrogate model of the solution defined on a Voronoi tessellation of the samples
of the random parameters with centers chosen to be statistically representative
of these samples. We investigate the use of various interpolants over Voronoi
cells to formulate the surrogate and we analyze their convergence properties. An
adaptive construction of the surrogate that incorporates the mapping between the
random parameters and the solution is then proposed. We present numerical examples that compare this surrogate with other collocation-based surrogates and
demonstrate the theoretical aspects of the adaptive method.

1 Introduction
Forward sensitivity analysis is concerned with investigating how the probability distribution
of an input random vector Z ∈ Rd defined on (Ω, F , P) affects statistics of the response U(Z)
where U is typically a functional of a solution to a PDE. The only general method to accomplish
this task is Monte Carlo wherein the PDE needs to be solved for many samples of Z. As this
e
can be computationally expensive, surrogate models Z 7→ U(Z)
have been developed in which
e
U(Z) approximates U(Z) and for which samples of the response are cheaper to procure.
Two general methods for constructing surrogate models for stochastic equations have flourished over the years. Stochastic Galerkin method [4] projects the response U(Z) onto a set of
e
orthogonal stochastic polynomial basis functions. Despite its convenience, U(Z)
only converges
2
e
to U(Z) in L (Ω) which renders U(Z) impractical for modeling extreme events. On the other
e over Γ = Z(Ω) through
hand, stochastic collocation [5, 7] simply constructs an interpolant U(z)
d
the interpolation nodes zk ∈ Γ ⊂ R . Under some assumptions on U(Z), the interpolant, and
e
the set of collocation nodes, U(Z)
→ U(Z) in L∞ (Ω) [5]. A major drawback of this method,
however, is that the nodes are oftentimes selected without regard to the probability law of Z.
e
To address the above concerns, we employ a novel surrogate model U(Z)
introduced in [3].
The interpolation nodes zk ∈ Γ in this method constitutes a Stochastic Reduced Order Model
(SROM) of the random vector Z which capture statistical properties of Z. A Voronoi tessellation
on the samples of Z is then constructed using {zk } as centers and on each Voronoi cell, a local
ek (Z) is formulated by performing a Taylor expansion of U(Z) at Z = zk . As shown
surrogate U
e
in [3], U(Z) → U(Z) in L p (Ω) and a.s. under mild conditions. However, while the construction
e
of U(Z)
captures the probability law of Z, it neglects to account for the variations in U(Z).
We therefore propose a framework for an adaptive construction for the SROM-based surrogate.
The method sequentially builds a SROM {e
zk } for Z that prioritizes regions of Γ with high
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probability and high variation in Z. We then propose refinement and stopping criterion for the
adaptive method based on the L p error for a given computational budget.
In what follows, we first provide a review on collocation-based surrogates and compare these
methods via numerical examples. Subsequently, we elaborate on the proposed adaptive approach for SROM-based surrogates and conclude by demonstrating the benefits of the adaptive
construction using numerical examples.

2 Collocation-based surrogates
2.1

Review of stochastic collocation

e
Stochastic collocation constructs an interpolant U(Z)
of U(Z) over Γ ⊂ Rd as follows:

1. Select collocation points {zk }nk=1 ∈ Γ and compute the value of the response U(zk ) ∀k.
2. Construct an interpolating function `k (Z) for each node zk such that `k (zk ) = 1.
en (Z) = ∑n U(zk )`k (Z).
3. Formulate the surrogate as U
k=1

The set of collocation nodes is obtained as a Cartesian product of the set of collocation nodes
in 1-d, i.e. full grid, while the interpolating functions are tensor products of interpolants in 1-d.
In order to circumvent the curse of dimensionality in high stochastic dimension, sparse grid
stochastic collocation offers a more practical alternative. Sparse grid nodes as in Figure 1 are
used as the collocation nodes, reducing the computational cost of using a full grid by orders
e is the
of magnitude. The interpolant is then constructed using Smolyak’s algorithm [5]. If U
sparse grid interpolant constructed using linear hat basis functions and nested Newton-Cotes
e L∞ → 0 assuming that U(z) ∈ C2 (Γ) [5].
equidistant nodes in each coordinate axis, kU − Uk
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Figure 1: Illustration of sparse grid using Newton-Cotes nodes for d = 3 for different sparse grid levels.
The nodes from a preceding level is a subset of the nodes in the succeeding level.

While stochastic collocation has attractive convergence properties, the sparse grid nodes do not
correspond to the probability law of Z and are only well-suited for hypercube domains.

2.2

SROM-based surrogates

e
An SROM-based surrogate model U(Z)
is a collocation-based surrogate for the stochastic response U(Z) constructed using SROM nodes and interpolants on Voronoi cells.
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2.2.1

Stochastic Reduced Order Model (SROM)

Consider a random vector Z ∈ Rd defined on the probability space (Ω, F , P). A Stochastic
Reduced Order Model (SROM) of size m is a discrete random vector Ze which takes on values
d
m
e
from the set {e
zk }m
k=1 ⊂ Γ ⊂ R with corresponding probabilities {pk }k=1 so that Z is statistically
representative of Z. Different methods on the construction of SROMs are elaborated in [4].

Example 1. Let Z = (Z1 , Z2 ) where Z1 ∼ beta(2, 6), Z2 ∼ beta(6, 6), corr(Z1 , Z2 ) ≈ 0.29. An
SROM Ze of size 15 is shown in Figure 2 marked by the black (left) and green (right) asterisks.
SROM Z̃ with samples of Z
1
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1

em (Z) (red surface)
Figure 2: Left – SROM Ze for Z in Example 1. Right – Illustration of the surrogate (1): U
for m = 15 where U(Z) = sin(Z1 + 3(Z2 − 0.2)) (blue surface) and Z is defined as in Example 1.

2.2.2

SROM-based surrogate using piecewise constant and piecewise linear interpolants
e
We now summarize the process of constructing an SROM-based surrogate model U(Z)
[3]:
1. Generate a large number N of independent samples {zk }N
k=1 ⊂ Γ of Z.

2. For a specified m, m  N, construct an SROM Ze = {e
zk }m
k=1 ⊂ Γ of size m for Z.

m
3. Partition the set {zk }N
z jk <
k=1 into m subsets {Γ j } j=1 defined by Γ j = {z such that kz − e
m
kz−e
zl k for l = 1, . . . , m, l 6= j} such that ∪ j=1 Γ j = Γ, i.e. a (discrete) Voronoi tessellation.

4. On each Voronoi cell Γ j , perform a zeroth-order or first-order Taylor expansion at e
z j.

The SROM-based surrogate can then be mathematically formulated as
em (Z) =
U

m

∑ 1(Z∈Γk )[U(ezk ) + ∇U(ezk ) · (Z − ezk )]

(1)

k=1

if a first-order Taylor expansion is performed in each cell while the term with the gradient in
em in (1) only
(1) is absent if a zeroth-order Taylor expansion is used. The construction of U
requires m evaluations of U(Z) and md gradient calculations along each component of Z. As
with stochastic collocation, the SROM-based surrogate has attractive convergence properties as
em (Z) in (1):
presented and proven in [3] and [6]. We only state the results for U

Theorem 1 (Grigoriu 2014). Suppose that |∂ 2U/∂ z(i) ∂ z( j) | ≤ M and Z(Ω) = Γ ⊂ Rd is an
em (Z) → U(Z) a.s
open convex domain. Consider a refining sequence of SROMs for Z. Then U
p
p
and in L (Ω) (if U(Z) ∈ L (Ω)).
249

em (Z) ≤ u) → P(U(Z) ≤ u) and E[U
em (Z) p ] → E[U(Z) p ]
As a consequence of Theorem 1, P(U
as m → ∞. Hence, the convergence properties of (1) are comparable to that of the sparse grid
stochastic collocation using linear hat basis and Newton-Cotes nodes under identical regularity
conditions on U(Z).
2.2.3

SROM-based surrogate using Sibson’s interpolant

We can further extend the class of interpolants introduced in [3] for the SROM-based surrogate
d
using Sibson’s interpolant. Suppose that we have {(e
zk ,U(e
zk ))}m
k=1 with Γ ⊂ R being the inm
terior of the convex hull of the nodes {e
zk }k=1 , and that we have a Voronoi tessellation of Rd
∗
zk }m
denoted by {Γk }m
k=1 as the centers. For a given z ∈ Γ:
k=1 with {e
∗
e∗ } of Rd with {e
e k }m ∪ { Γ
zk }m
1. Construct a Voronoi tessellation {Γ
k=1 ∪ {z } as the correk=1
sponding centers.

e∗ )/λ (Γ
e∗ ) where λ (·) is the Lebesgue
2. For each k = 1, . . . , m, compute wk (z∗ ) := λ (Γk ∩ Γ
e∗ upon
measure. This quantity represents how much volume from Γk is absorbed into Γ
∗
the inclusion of z as a Voronoi center.

em (z∗ ) = ∑m wk (z∗ )U(e
zk ) to be the value of the surrogate at z∗ .
3. Set U
k=1

Sibson’s interpolant possesses a number of properties that have been stated and proven in [2].
em (z∗ ) ∀z∗ ∈ Γ, 2) U
em (z∗ ) ∈ C1 (Γ) for all z∗ ∈ Γ, z∗ 6∈
Namely: 1) If U is linear, U(z∗ ) = U
m
{e
zk }k=1 , and 3) Sibson’s interpolant coincides with collocation using linear hat bases if NewtonCotes equidistant nodes are used as the collocation nodes for both in 1-d and 2-d. Hence, Sibson’s interpolant is a generalization of collocation using linear hat basis functions for arbitrarily
located collocation nodes, i.e. SROM nodes, for any dimension. The surrogate enjoys attractive
convergence properties that we have proven in [6]:
Proposition 2. Suppose that U(Z) is differentiable on Γ, the interior of the convex hull of
(i)
{e
zk }m
k=1 , and that |∂U(z)/∂ z | ≤ M for i = 1, . . . , d and z ∈ Γ. Consider a refining sequence of
em (Z) → U(Z) a.s. and in L p (Ω) (if U(Z) ∈ L p (Ω)) as m → ∞.
SROMs for Z. For p ≥ 1, U
em (Z) ∈ [Umin ,Umax ]) = 1.
Proposition 3. If Umin = min U(z) and Umax = max U(z), then P(U
z∈Γ

z∈Γ

Despite the flexibility it offers, its limitations are clear: the accuracy of the surrogate is affected
by the approximation used to compute the weights wk , especially in high stochastic dimension.

2.3

Comparison of collocation-based surrogates

We now investigate the effect of the location of the collocation nodes by comparing sparse grid
collocation with the SROM-based surrogate. We use the 1st-order Taylor interpolant for the
SROM-based surrogate as it provides a balance between accuracy and ease of implementation
while Newton-Cotes nodes and linear hat bases are used for sparse grid collocation.
Example 2. Let U(Z) = arctan(15 · kZ − 0.7k2 ) − arctan(15 · kZ − 0.3k2 ), Z ∈ Rd , where Zi ∼
beta(3, 3) and corr(Zi , Z j ) ≈ 0.85 for i 6= j.
e
Figures 3, 4, exhibit the L p errors kU(Z) − U(Z)k
L p (Ω) for d = 2, 6, respectively, and for
p = 1, 2, 3, ∞. The error for sparse grid is in blue while that for the SROM-based surrogate
is in red. The x-axis denotes the sparse grid level which corresponds to nl evaluations of U(z).
Hence,bnl /(d + 1)c SROM nodes are used to ensure that the number of computational units between both surrogates is similar. For d = 2, sparse grid collocation outperforms SROM-based
surrogate but this trend is reversed in high dimensions as it becomes more difficult for the former to target skewed distributions. Thus, this underscores the need to incorporate the law of Z
in the construction of the surrogate.
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Figure 3: L p error comparison for d = 2. Sparse grid level/Number of Nodes: 4/65, 6/321, 8/1537.
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Figure 4: L p error comparison for d = 6. Sparse grid level/Number of Nodes: 4/1457, 6/15121, 8/127105.

3 Adaptive construction for the SROM-based surrogate
We can further extend the SROM-based surrogate to also capture the regions of Z for which
U(Z) manifests substantial variation through a sequential construction of the surrogate. The algorithm presented here has some similarities with an algorithm coined for the deterministic case
in terrain modeling in 3-d [1], although both algorithms have been developed independently.

3.1

Description and Illustration of the Algorithm

As before, we will use the SROM-based surrogate with 1st-order Taylor interpolant. Instead of
simultaneously computing the gradients at all Voronoi centers, the centers at which the gradients
will be evaluated will be chosen sequentially. Therefore, we will assume that the following
parameters are specified: p – the order of the L p error (p ≥ 1), ε – tolerance level for the L p
error, τ – the available computational units/budget. Furthermore, the algorithm requires the
following initialization step. Within the available computational budget τ, generate an SROM
Ze = {e
zk }M
zk ), but not ∇U(e
zk ), for k = 1, . . . , M. Denote the set {e
zk }M
k=1 of Z and evaluate U(e
k=1
by A . The adaptive construction is then outlined below.
Algorithm 1 Adaptive Method for SROM-based Surrogate
1:
2:
3:
4:
5:

em (z) −U(z)k p p > ε do
while budget τ is not exhausted and approximate kU
L (Γ)
p (Γ ) error.
Select partition Γk ∈ {Γi }m
with
the
largest
approximate
L
k
i=1
em (e
Select e
z j ∈ Γk where |U(e
z j) − U
z j )| is the largest and compute ∇U(e
z j ).
em+1 (z) ← U
em (z) and the set A ← A \{e
Refine partition Γk and update the surrogate U
z j }.
end while
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At each iteration, the L p error of the surrogate is used as the refinement measure to drive
em (z) on the partition Γk is equivalent to kU(z) −
adaptivity. Mathematically, the L p error of U
p
p
e
e
Um (z)kL p (Γ ) = E[|U(z) − Um (z)| | Z ∈ Γk ] · P(Γk ), i.e. average p-th order surplus of the surrok
gate times the probability of that partition. To approximate P(Γk ), we determine the proportion
of samples of Z such that z ∈ Γk whereas for the average p-th order surplus conditional on Γk ,
we can perform Monte Carlo using the response values U(e
z j ) for e
z j ∈ Γk ∩ A where {e
z j } is
obtained from the initialization step above.
This refinement measure implies that the L p error over Γ will be used as a stopping criterion.
We now elaborate on some implementation issues of the adaptive algorithm.
3.1.1

Choice of parameters

The initialization step requires that values for p, ε need to be specified. The value of p can be set
to the largest moment order of the response or functional of the response that we are interested
in as convergence in L p also guarantees convergence in Lq for q ≤ p. On the other hand, ε must
be chosen so that the error in using a surrogate model is of the same order of magnitude as the
error due to using a discretized solution for the response in place of an analytic solution.
3.1.2

Choice of partitioning strategy

We have also investigated two strategies for partitioning Γk that is necessary for line 4 in Algorithm 1, namely neighbor-based refinement and cell-based refinement as shown in Figure 5
where the leftmost plot is the current iteration. Using the notation in Algorithm 1, the green
asterisks denote e
zk for which ∇U(e
zk ) has been computed and the black asterisk is e
z j which resides in the partition Γk . Under neighbor-based refinement, a Voronoi tessellation of Γ with e
z j as
an additional Voronoi center is performed to obtain the middle plot. For cell-based refinement,
only a Voronoi tessellation conditioned on Γk with the black and the green asterisk as centers is
performed to carry out the refinement. Hence, the partitions in this case are not Voronoi cells.
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Figure 5: Illustration of neighbor-based (middle) and cell-based (right) refinement.

It is clear that the cell-based refinement is less expensive computationally but the performance
of both strategies will be further investigated in the numerical results section.
An illustration of the adaptive method using neighbor-based refinement is shown in Figure 6.
Regions of Γ with high probability and with high variation in U(z) are prioritized.
3.1.3

Post-termination of the adaptive method

Upon termination of the adaptive algorithm, it is possible that A 6= 0,
/ i.e. there are nodes e
zj
for which U(e
z j ) is known but for which τ is insufficient to obtain ∇U(e
z j ). We propose the
construction of a hybrid surrogate model which incorporates the above information.
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Algorithm 2 Hybrid SROM-based surrogate model
1: for each partition Γk do
e z j )| p > ε.
2:
Find e
z j ∈ A ∩ Γk such that |U(e
z j ) − U(e
3:
Perform a cell-based refinement on Γk using {e
z j } found in the previous step and the
existing center of the partition.
4:
Select e
z j from the first step such that its resulting partition within Γk is inside
Conv({e
z j })M
j=1 , the set from the initialization step of the adaptive method.
5:
Use Sibson’s interpolant on these partitions corresponding to e
z j found previously.
6: end for

This construction ensures that the hybrid surrogate is exact for linear responses and that it
preserves the convergence properties of the 1st-order Taylor interpolant. An example of the
hybrid surrogate is illustrated in Figure 7 for U(Z) = arctan(50 · kZ − 0.75k2 ), Z ∈ R2 where
Zi ∼ beta(2, 2) i.i.d, p = 2. The left subplot is the resulting surrogate once the adaptive method
with neighbor-based refinement terminates while the right subplot is the hybrid surrogate with
Sibson’s interpolant employed in the green partitions. Sibson’s interpolant smooths out the overshoot caused by using the 1st-order Taylor interpolant in these partitions. While we cannot prove
that the hybrid decreases the L p error, we have Proposition 3 as a consolation.

4 Numerical results
We now demonstrate the benefits of an adaptive construction of the SROM-based surrogate over
the direct method through a variety of numerical examples in different stochastic dimensions.
Since we expect that the adaptive method will be more computationally expensive, we set the
number of gradient calculations for both methods to be identical for the comparison to be fair.
We first consider the case when the region of high probability of Z coincides with the region
where U(Z) has high variation. In this scenario, we expect the surrogate resulting from the
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Figure 7: Surrogate obtained from the adaptive method (left) and hybrid SROM-based surrogate (right).

direct construction to perform well as the need to locate regions of high variation is reduced.
Example 3. Let U(Z) = arctan(50 · kZ − 0.5k2 ), Z ∈ R6 where Zi ∼ beta(30, 30), corr(Zi , Z j ) ≈
0.2 and p = 4. Figure 8 (left) shows contours of U(z) with samples of Z assuming that Z ∈ R2 .
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Figure 8: Illustration of the response and distribution of the random vector for Example 3 (left), for
Example 4 (middle) and 5000 interpolated samples of U(Z1 , Z2 , 0.5, 0.5) for Example 5.

The L p error of the SROM-based surrogate obtained under direct construction (green), adaptive
method using neighbor-based refinement (blue), and adaptive method using cell-based refinement (red) is shown in Figure 9 for p = 1, . . . , 4 as a function of the number of nodes with
gradient calculated with 225 extra evaluations of U(z) for the adaptive methods. The L p error
under the direct construction was obtained for nodes with gradient calculations in intervals of 5
and these sets of nodes do not form a refining sequence.
It is not surprising to see that the adaptive method using cell-based refinement underperforms
– only 1 partition changes from one iteration to the next which makes it prone to slow convergence. For comparison, the number of partitions that change between consecutive iterations can
be large under neighbor-based refinement especially in high dimensions. To visualize this, the
simplest Voronoi cell is a hyperrectangle which has 2d faces in d dimensions.
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Figure 9: L p error of the surrogate for the response in Example 3 obtained using 3 types of construction.

We then investigate the case when the region where Z has high probability is mostly concentrated on regions where U(Z) has low variation.
Example 4. Set U(Z) = arctan(50 · kZk2 ), Z ∈ R6 where Zi ∼ beta(6, 20), corr(Zi , Z j ) ≈ 0.4 and
p = 4. An illustration of U(Z) and samples of Z for d = 2 is shown in Figure 8 (right).
The L p errors of the surrogate under the 3 different types of construction are presented in Figure 10 with the neighbor-based refinement requiring 171 additional evaluations of U(z) while
the cell-based refinement only requiring 150 more. Both adaptive methods outperform the direct construction in general with the expected behavior between the two refinement strategies
still persisting in this high-dimensional example.
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Figure 10: L p error of the surrogate for the response in Example 4 obtained using 3 types of construction.

We conclude this section with an example in which the response is a solution to a SPDE.
Example 5. Consider the PDE ∇ · (A(x, Z)∇U(x, Z)) = 0, x ∈ D with D = (0, l1 ) × (0, l2 ) and the
boundary conditions U(0, x2 ) = 0,U(l1 , x2 ) = 1 for x2 ∈ (0, l2 ) and Ux2 (x1 , 0) = Ux2 (x1 , l2 ) = 0
for x1 ∈ (0, l1 ) where Z = (Z1 , . . . , Zd ) is a random parameter. Physically, U(x, Z) represents
the electric potential on a specimen with A(x, Z) being the conductivity field. A quantity of
Z
∂U(x, Z)
1
interest is the apparent conductivity given by q(Z) = l2 A(x, Z)
dx which is a random
∂ x1
D
variable and for which we want to construct a surrogate. Suppose that Z ∈ R4 where Zi ∼
Unif(0, 1), corr(Zi , Z j ) ≈ 0.9 and p = 4, l1 = l2 = 1, and that our conductivity field is
2

A(x, Z) = 4 + ∑ (sin(2πZ2i−1 ) cos(2ix1 + 2ix2 ) + cos(2πZ2i ) sin(2ix1 + 2ix2 )).
i=1

The response can be visualized as in Figure 8.
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(2)

Figure 11 shows the L p errors of the SROM-based surrogate constructed in 3 different ways as
before with similar trends in the results. The neighbor-based refinement required 173 additional
evaluations of U(z) while cell-based refinement only required 149 more.
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Figure 11: L p error of the surrogate for the response in Example 5 obtained using 3 types of construction.

5 Conclusion
We have surveyed collocation-based surrogates for forward sensitivity analysis. We observed
that the convergence of sparse grid collocation in high stochastic dimension is slower as it does
not incorporate the law of Z. Thus, we advocate the use of the SROM-based surrogate in which
the interpolants employed are compatible with collocation nodes that align with the law of Z.
To improve the performance of the SROM-based surrogate, we proposed an adaptive construction which targets regions of Z with high probability and high variation in U(Z). Two
approaches for sequentially partitioning the probability space were investigated where we observed that neighbor-based refinement converges faster in high dimensions. A hybrid surrogate
was also proposed to in cases where the budget is insufficient to compute gradients at all nodes.
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Abstract: This paper proposes an improved version of the adaptive SVRbased method recently published in reference [6]. This new version hinges on an
anisotropic Gaussian kernel and model averaging. The performances of the proposed method are assessed on two challenging problems, which clearly shows
the high adaptivity of anisotropic kernels in surrogate-based reliability assessment.

1 Introduction
The propagation of uncertainties in costly-to-evaluate numerical models used in several fields of
engineering physics is often a challenging task. In many practical situations, the analyst is confronted with limited computational resources, which hamper the application of existing robust
solving techniques (e.g. Monte Carlo method and variant thereof). In this paper we will restrict
the scope of the analysis to the estimation of low failure probabilities w.r.t. to a given failure
criterion or set of criteria. We consider a time-invariant reliability problem directly expressed
in the so-called standard normal space by means of a suitable transformation (e.g. Nataf of
Rosenblatt transformation). The failure probability pf is given by the following n-fold integral:
pf =

Z

G(u)≤0

ϕn (u) du =

Z

Rn

1Fu (u) ϕn (u) du ,

(1)

where G : Rn → R is the limit-state function (LSF) expressed in the standard normal space,
Fu = {u ∈ Rn : G(u) ≤ 0} is the corresponding failure domain, ϕn is the n-dimensional standard
normal pdf, 1D (·) denotes the indicator function of domain D such that 1D (u) = 1 if u ∈ D,
1D (u) = 0 otherwise, and du = du1 . . . dun .
Several methods are available for estimating this integral, either based on sampling techniques
or an approximation of the LSF. The focus of this paper is on approximation methods, which
aim at replacing the true and costly-to-evaluate LSF by a cheap-to-evaluate surrogate model
constructed from a set as small as possible of selected data pairs {(ui , G(ui )), 1 ≤ i ≤ Nt }. In
an effort to minimize Nt , this set of data pairs is most often defined adaptively. Starting from a
small initial set of data pairs {(ui , G(ui )), 1 ≤ i ≤ N0 }, a few new points ui are selected at each
iteration s of the adaptive algorithm based on the information gained from the currently trained
es . The corresponding new data pairs (ui , G(ui )) become part of
surrogate model denoted by G
the newly defined training set denoted by T and the surrogate model is updated. Iterations s
are carried out until the surrogate model becomes sufficiently accurate for the specific purpose
of failure probability estimation in the present context.
Several types of approximation models have been used in structural reliability among which
polynomial response surfaces, artificial neural networks, polynomial chaos expansions (sparse
PCE [5]), kriging (EGRA [4], AK-MCS [14], SUR [3]) and support vector machines
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(2 SMART [7], ASVR [6]). In kriging-based approaches, several enrichment criteria have been
proposed to define the optimal location(s) of the next point(s) to add to the training set T . A
common idea is to make a controlled tradeoff between the exploration of the regions of interest
(subdomains of Fu with high probability content in reliability assessment) and the reduction of
the global uncertainty of the surrogate model (unexplored regions of the standard normal space
Rn due to the limited information brought by the current training set T ). These criteria are
defined in terms of the kriging predictor and the kriging variance, which are directly provided
by the kriging model that is trained, see e.g. [4, 14, 3]. In approaches based on support vector
machines used in classification (SVC), the first enrichment strategy investigated by researchers
was to take samples belonging to the SVC margin. In [18], it is suggested to select the point
of a given Monte Carlo sample set that minimizes both the distance to the SVM classifier constructed in the standard normal space and an inter-point potential energy. Another idea proposed
in [2] consists in selecting points on the SVC classifier that maximize the distance to the closest
points of the training set. Alternative strategies have been applied to approaches based on support vector regression (SVR). One suggestion is to elaborate training sets from Markov chain
samples or sample candidates [see, e.g., 10, 6].
In this paper a new adaptive method based on support vector regression is proposed, as an improved version of the ASVR method described in [6]. The main differences w.r.t. the ASVR
method are the following: surrogate models based on an anisotropic Gaussian kernel, model
averaging, new criteria for enrichment strategy and new convergence criteria of the adaptive
process. These main differences are addressed in Sections 2 and 3. The modified method denoted by iASVR in the sequel is applied to two examples in Section 4 with a comparison with
published results obtained with other methods. A conclusion is given in Section 5.

2 Surrogate models
Support vector regression [19, 12] is used for the construction of the surrogate models in the
proposed method. From a given set of training pairs T = {(ui , yi ), 1 ≤ i ≤ N} where yi = G(ui )
for i = 1, . . . , N, the objective is to predict a scalar output y ∈ R at any new point u ∈ Rn . In
the proposed method, we use L1-SVR based on the ε-insensitive loss function. The univariate
e in the form:
regression problem is solved by means of an approximation G
e (u) = h (u) + b
G

N

h (u) = ∑ ci k(ui , u) ,

where

(2)

i=1

where c = (c1 , . . . , cN )T ∈ RN is a vector of unknown expansion coefficients, b ∈ R is an unknown unregularized bias term and k : Rn × Rn → R is a selected positive definite kernel. Such
a representation is the solution of the following minimization problem:
N

1
min C ∑ ` (yi , (Kc)i + b) + cT Kc ,
c,b
2
i=1

(3)

where K = [ki j ]1≤i, j≤N is the so-called Gram matrix such that ki j = k(ui , u j ), where (Kc)i =
∑Nj=1 c j k(u j , ui ), where ` (y, u) is taken as the ε-insensitive loss function such that ` (y, u) = 0
if |y − u| < ε, |y − u| − ε otherwise, and where C is a regularization parameter. This parameter
C controls the tradeoff between finding a function h of low complexity and fitting well the
training data, which thus avoids overfitting. In contrast with the ASVR method based on the
isotropic Gaussian RBF kernel commonly used in the SVM literature, the proposed method
uses an anisotropic version of this kernel:
!
n

k(u, u0 ) = exp − ∑ γi (ui − u0i )2
i=1
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,

(4)

where u = (u1 , . . . , un ) ∈ Rn , u0 = (u01 , . . . , u0n ) ∈ Rn and γ1 , . . . , γn is a set of n strictly positive
parameters to tune. Such a kernel eliminates the components of u that have a low relevance for
the approximation of G by selecting appropriate bandwidths by means of the γi parameters. If
an input ui is not important, a small value of γi is selected. Contrarily, if the input is important,
a large value is selected. Appropriate values need to be found for the parameters C, ε and
γ1 , . . . , γn in order to obtain an SVR model with a good accuracy. Such values are obtained by
minimizing the span approximation of the leave-one-out approximation of Chang and Lin [9],
see [6] for details about these approximations. In the case of isotropic kernels, the number of
parameters to tune is low (a single parameter γ in case of a Gaussian RBF kernel, in addition
to C and ε). In such a context, the algorithm based on the cross entropy method proposed
in [6] is appropriate for hyperparameter selection. With anisotropic kernels, the optimization
problem is harder to solve due to the (n + 2) parameters to tune, where n is the dimension of the
input space. The Covariance Matrix Adaptation Evolution Strategy (CMA-ES) algorithm [15]
has been found to be particularly robust and efficient for solving the related hyperparameter
selection problem for moderate to large n.

3 Adaptive method for reliability assessment
The proposed method consists in constructing an iterative sequence of surrogate models in the
es : u 7→ G
es (u) , s = 1, . . . , sfinal }. As for the ASVR method [6], it
standard normal space: { G
is composed of three main phases. During phase 1, the method explores the safe domain as
fast as possible with surrogate models of moderate accuracy. This exploration is achieved by
means of new training points whose LSF evaluations decrease with s. The last two phases aim
at generating new training points close to the LSS until the prescribed convergence criteria
detailed in the following are met. SVR surrogate models are constructed at each iteration s with
a CMA-ES-based hyperparameter selection. The algorithm of the the proposed iASVR method
has the same structure as the one of the ASVR method. Due to space limitation, the emphasis
is put on the main aspects of this new algorithm and its differences w.r.t. the ASVR one.
(1) Training set. The initial training set is composed of N0 = 50 standard normal samples. At
each iteration s > 1, Na = 5 additional points are added to the training set T , following the
enrichment strategy defined in the sequel. As in the ASVR method, the objective is to work
with a training set of a given constant size Nmin (set to 100 in the application examples
addressed in Section 4). This implies the exclusion of some points from the training set
if the size of T exceeds Nmin . As in the ASVR method, the points with the largest LSF
evaluations are withdrawn from T .
(2) Intermediate thresholds yth;s . The exploration of phase 1 is made according to an intermediate thresholds yth;s of the LSF evaluations, which is decreased with s [6]. For each s, this
threshold is set as the median of the 50 points with the lowest LSF evaluations among all
points whose G-values are assessed up to iteration s.
es
(3) Weighted averaged surrogate models. At each iteration s, a surrogate new SVR model G
es over the last
is trained. In the iASVR method, a weighted averaged surrogate model G
n
10 iterations is also defined, for any u ∈ R :
es (u) =
G

s

∑

k=s−9

ek (u) ,
ωk G

(5)

where ωk = (10 + k − s)/55 for k = (s − 9), . . . , s. The choice made here gives bigger
weights to the SVR models obtained in the last iterations. The objective of such a weighted
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es appears better than the one of G
es , (b)
averaging process is threefold: (a) the accuracy of G
the SVR model construction in phase 1 becomes more robust, and (c) the gap between the
es (u) = yth;s } and {u ∈ Rn : G
es (u) = yth;s } is used for defining
two hypersurfaces {u ∈ Rn : G
one of the three convergence criteria.

(4) Sample sets USS;s and U SS;s . At each iteration, the subset simulation (SS) method [1] is
es (u) − yth;s and second with the LSF G
es (u) − yth;s . The
applied twice: first with the LSF G
samples generated in the last level of SS with the modified Metropolis algorithm of Au and
Beck whose LSF values are lower than zero are respectively denoted by USS;s and U SS;s .
From the settings that are made in the iASVR method (sample size of SS set 100,000 at
each level and target probability level set to 0.5 instead of a usual value in the range 0.10.2), we can set the size of the sets USS;s and U SS;s to 50, 000. The USS;s samples are used
for enriching the training set T , see the enrichment strategy defined in the following. These
two sets of samples are used for defining the convergence criteria of the iASVR method.

(5) Failure probability estimates pbs w.r.t. to intermediate thresholds yth;s . At each iteration s, a
failure probability estimate can be obtained w.r.t. to the intermediate thresholds yth;s . This
es (u) − yth;s . Note that yth;s is set to zero in phase
estimate is obtained from SS applied to G
2 and 3. These estimates pbs appear therefore as estimates of the failure probability which
needs to be assessed. The final estimate of the iASVR method is chosen as the average of
the last five pbs estimates.

(6) Sample subsets of USS;k and U SS;k between the two consecutive iterations k = s − 1 and
ek and G
ek at the two consecutive iterations k = s − 1 and k = s, we can define
k = s. From G
the sample subsets represented in Figure 1. The number of samples in B1 and B2 must
decrease when the SVR surrogate model becomes sufficiently accurate. The same remark
can be made about B 1 and B 2 , but also about D 1 and D2 .

(7) Convergence criteria. The algorithm switches from phase 1 to phase 2 when the intermediate threshold yth;s gets negative. It is then set to zero in phases 2 and 3. In order to define
when the algorithm switches from phases 2 to 3, we define the following normalized ratios
of samples:
rB1 B2 (s) = (#B1 /#Us + #B2 /#Us−1 ) /2

rB1 B2 (s) = #B 1 /#U s + #B 2 /#U s−1 /2
(6)

rD 1 D2 (s) = #D 1 /#U s + #D2 /#Us−1 /2 ,
ek (u) < yth;s } and U k = {u ∈ U SS;k : G
ek (u) < yth;s } for k = s − 1
where Uk = {u ∈ USS;k : G
and k = s, and where # denotes the cardinal of a set. The algorithm switches from phases 2
to 3 when:
rB1 B2 ;0.5 < 0.2 & rB1 B2 ;0.5 < 0.03

&

rD 1 D2 ;0.5 < 0.2 ,

(7)

where rB1 B2 ;0.5 , rB1 B2 ;0.5 , rD 1 D2 ;0.5 are the respective medians of rB1 B2 , rB1 B2 , rD 1 D2
over the last 10 iterations, i.e. from (s − 9) to s.
(8) Enrichment strategy. The additional points that are added to the training set T at iteration
s are randomly selected from the subsets B0 , B1 and B2 in phase 1. The numbers of
samples drawn from each subset are respectively proportional to #B0 /#Us , #B1 /#Us and
#B2 /#Us−1 . In phase 2 and 3, we only draw samples from B1 and B2 . In the application
examples given in Section 4, the total number of additional samples at each iteration is set
to Na = 5.
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B0
B1
B2
es (u) = yth;s
G

es−1 (u) = yth;s
G

B1
B2
es (u) = yth;s
G

es−1 (u) = yth;s
G

D1
es (u) = yth;s
G

4
4.1

D2
es (u) = yth;s
G

n
o
es (u) < yth;s & G
es−1 (u) < yth;s
B0 = u ∈ USS;s : G
n
o
es (u) < yth;s & G
es−1 (u) > yth;s
B1 = u ∈ USS;s : G
n
o
es−1 (u) < yth;s & G
es (u) > yth;s
B2 = u ∈ USS;s−1 : G
n
o
es (u) < yth;s & G
es−1 (u) > yth;s
B 1 = u ∈ U SS;s : G
n
o
es−1 (u) < yth;s & G
es (u) > yth;s
B 2 = u ∈ U SS;s−1 : G
o
n
es (u) < yth;s & G
es (u) > yth;s
D 1 = u ∈ U SS;s : G
n
o
es (u) < yth;s & G
es (u) > yth;s
D2 = u ∈ USS;s : G

Figure 1: Definition of sample subsets of USS;s and U SS;s

Application examples and results
Example 1: a two d.o.f. primary/secondary damped oscillator

This first example was initially proposed by De Stefano and Der Kiureghian [11] and studied in
several references published since 2010. The reliability assessment of a two-degree-of-freedom
primary-secondary system under a white noise base acceleration is considered. The system failure is defined in terms of the exceedance of the peak response of the secondary spring during
the loading. The uncertainty is modeled by 8 independent lognormally-distributed random variables. The mean value of the force capacity of the secondary spring Fs is either set to 15 or
27.5. The reader can find all the necessary details about the LSF and the distribution parameters
in [7], they are not recalled here due to space limitations. This problem is characterized by a
single MPFP with a strongly curved LSS at the MPFP, see a representation of the LSS in [6] for
µFs = 27.5.
The proposed iASVR method is applied to the two cases µFs = 15 and µFs = 27.5 with either
a Gaussian RBF kernel (iASVR-iso) or with the anisotropic Gaussian kernel defined in Eq. 4
(iASVR-ani). The results found with the iASVR method are given in Table 1 along with already
published results obtained by other methods. The results obtained with the iASVR method are
close to the reference results (about 1% of relative error for µFs = 15 and 1.5% for µFs = 27.5).
The isotropic kernel requires less calls to the LSF: 310 vs. 360 for µFs = 15, 540 vs. 690 for
µFs = 27.5. Under the same assumption of an isotropic kernel, the iASVR method appears less
costly that the ASVR method for the specific case µFs = 27.5. The performances of the iASVR
method are close to those of the method proposed by Chakraborty and Chowdhury [8] for this
example with µFs = 15. A relative error of about 2% can be achieved with the iASVR method
for a total number of calls to the LSF in the range 200-300, see right plot in Figure 2.
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Table 1: Example 1. Results

µFs = 15
µFs = 27.5
Method
pf estimate (# LSF calls)
pf estimate (# LSF calls)
−3
(a)
Subset simulation (reference)
4.78 × 10
3.78 × 10−7 (a)
−3
(b)
EGRA [4]
5.10 × 10 (1,694)
2 SMART [7]
−3
(c)
4.78 × 10 (1,719)
3.66 × 10−7 (4,011) (c)
AK-MCS [14]
4.83 × 10−3 (1,106) (b)
−3
Meta-IS [13]
4.80 × 10 (664)
3.76 × 10−7 (680)
−3
GSAS [16]
4.81 × 10 (867)
−3
DA-SED based G-ANOVA [8]
4.8 × 10 (248)
ASVR(-iso) [6]
3.81 × 10−7 (648) (c)
−3
iASVR-iso
4.80 × 10 (310)
3.72 × 10−7 (540)
iASVR-ani
4.73 × 10−3 (360)
3.73 × 10−7 (690)
(a) Reference results are those obtained in reference [7] by replicated subset simulations.
(b) EGRA and AK-MCS results are those reported in reference [16].
(c) 2 SMART and ASVR results are averages over replicated runs of each method (resp. 50 and
20 runs). Other results in this table are point estimates.
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Figure 2: Example 1 with µFs = 15. Plot pbs = pbs (Ns ). Phases 1-2-3 (left), phase 3 only (right). Blue:
iASVR-iso, red: iASVR-ani. Plain circle: end of phase 1, plain triangle: end of phase 2, plain square:
end of phase 3. Plain line: final estimation (average of last five pbs estimates)

4.2

Example2: a linear elastic frame structure subjected to lateral loads

A three-span, five-story, linear elastic frame structure subjected to lateral loads is studied in
this second example, see Figure 3. The problem has n = 21 random inputs: 3 applied lateral
loads, 2 Young’s moduli, 8 moments of inertia and 8 cross-sectional areas. This problem was
initially proposed by Liu and Der Kiureghian [17]. It was later studied in several research works
with differences in the input data. The problem settings here are those of reference [5], which
specifically considers normal distributions left-truncated at zero for the Young’s moduli E4−5 ,
the moments of inertia I6−13 and the cross-sectional areas A14−21 . The loads P1−3 are assumed
independent and lognormally distributed in [5].
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The frame element structural details and the statistical properties of each random input of X are
given in Table 2 and 3 respectively. A linear correlation is considered between the following
inputs:
• material properties: ρEi E j = 0.9 for i, j = 4, 5, i 6= j,
• moments of inertia: ρIi I j = 0.13 for i, j = 6, . . . , 13, i 6= j,
• cross-sectional areas: ρAi A j = 0.13 for i, j = 14, . . . , 21, i 6= j,
• moment of inertias and cross-sectional areas: ρAi I j = ρI j Ai = 0.13 for i = 6, . . . , 13, j =
14, . . . , 21, except for properties of a single frame element for which we have ρAi+8 Ii =
ρIi Ai+8 = 0.95 for i = 6, . . . , 13.
Failure is considered when the horizontal displacement u1 at node 1 exceeds 0.07 cm = 2.2966×
10−1 ft, see Figure 3. The LSF reads:
g (x) = g (x1 , . . . , x21 ) = 0.07 − u1 (x) .

(8)

Node 1

Figure 3: Example 2. A three-span, five-story, linear elastic frame subjected to lateral loads

Table 2: Example 2. Frame element properties

Element
B1
B2
B3
B4
C1
C2
C3
C4

Young’s modulus
E4
E4
E4
E4
E5
E5
E5
E5

Moment of inertia
I10
I11
I12
I13
I6
I7
I8
I9
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Cross-sectional area
A18
A19
A20
A21
A14
A15
A16
A17

Table 3: Example 2. Definition of marginal distributions of X

Xi
Mean µi
Std dev. σi
Xi
Mean µi
P1
30
9
E4
454, 000
P2
20
8
E5
497, 000
P3
16
6.40
I6
0.94
0.12
A14
3.36
I7
1.33
0.15
A15
4.00
I8
2.47
0.30
A16
5.44
I9
3.00
0.35
A17
6.00
I10
1.25
0.30
A18
2.72
I11
1.63
0.40
A19
3.13
I12
2.69
0.65
A20
4.01
I13
3.00
0.75
A21
4.50
2
4
N.B.: Pi , Ei , Ii , and Ai are respectively in kip, kip/ft , ft and ft2 .

Std dev. σi
40, 000
40, 000
0.60
0.80
1.00
1.20
1.00
1.10
1.30
1.50

The results obtained with the iASVR method with a Gaussian RBF kernel and an anisotropic
Gaussian kernel are given in Table 4. The reference failure probability pf ref = 1.05 × 10−4
has been obtained by SS with 500,000 samples per level. It is important to point out that this
reference probability differs from Φ(−3.96) = 3.75 × 10−5 reported by Blatman and Sudret as
a reference and obtained by FORM followed by importance sampling with 500,000 samples [5].
The results obtained with FORM, SORM and Sparse-PCE [5] are also given in the table.
It is found that only the iASVR method with an anisotropic Gaussian kernel is able to give a
failure probability estimate of acceptable accuracy (relative error of less than 4% w.r.t. to the
reference probability obtained by SS). The other methods gives estimates which are severely
biased. An investigation has been carried out in order to explain why all these methods fail. The
problem is characterized by a single dominant random input in the central tendency, here the
load P1 . Close to the LSS, the moment of inertia of the elements B1 which are located close
to the top-left corner of the frame structure becomes of similar importance as P1 . A cross-cut
at the MPFP P∗ in standard space expressed in the plane (uP1 , uI10 ) is given in Figure 4. From
this figure it is clear that the LSS is characterized by two branches of similar importances. The
FORM approximation only captures the right-hand side part of the LSS, as also done by the
iASVR method with an isotropic Gaussian RBF kernel and probably also with the sparse-PCE
method. The final SVR surrogate model based on the anisotropic kernel perfectly matches the
true LSS. The approximation obtained at the end of phase 1 is not sufficiently accurate, but it
is corrected during phases 2 and 3, see Figure 4. The other problems addressed in the literature
with different settings than those taken by Blatman and Sudret do no exhibit such a complex
LSS, they are all characterized by a weakly nonlinear LSS.
Table 4: Example 2. Results

Method
Subset simulation (reference)
FORM
SORM-cf
Sparse-PCE [5]
iASVR-iso
iASVR-ani
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pf estimate (# LSF calls)
1.05 × 10−4 (2 × 106 )
1.40 × 10−5 (256)
2.83 × 10−5 (252)(+256)
1.98 × 10−5 (450)
2.89 × 10−5 (380)
1.09 × 10−4 (575)

4
2
u I10

0
−2
−4
−4

−2

0
u P1

2

4

Figure 4: Example 2. Cross-cut (P∗ , uP1 , uI10 ) at MPFP P∗ in standard space. Black square: MPFP P∗ ,
black cross: projection of standard space origin onto (P∗ , uP1 , uI10 ) cross-cut plane, black line: true LSS,
green area: safe domain, pink area: failure domain, dashed blue line: iASVR-iso LSS at end of phase 1,
plain blue line: final iASVR-iso LSS (end of phase 3), dashed red line: iASVR-ani LSS at end of phase 1,
plain red line: final iASVR-ani LSS (end of phase 3)

5 Conclusion
This paper presents an updated version of the recently proposed ASVR method. The new
iASVR method makes use of the anisotropic Gaussian kernel and surrogate model averaging,
with some modifications of the enrichment strategy and convergence criteria. The performances
are comparable to those of the ASVR method with enhanced flexible models. The second example shows the advantages of using anisotropic kernels compared with isotropic ones. It is
however important to mention that anisotropic kernels are more difficult to tune, with a computational cost that substantially grows with the dimension n of the input space.
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Abstract: Multi-objective design problems that employ probabilistic quantities as
performance objectives and consider their estimation through stochastic simulation
are examined in this paper, focusing on development of a surrogate modeling
framework to reduce computational burden for the numerical optimization. The
surrogate model is formulated to approximate the system response (metamodel
output) with respect to both the design variables and the uncertain model
parameters (augmented metamodel input), so that it can simultaneously support the
uncertainty propagation as well as the design optimization. The established
metamodel is first utilized to approximate the system performance when
estimating the different probabilistic objectives for specific design configurations.
This information is subsequently exploited to identify the Pareto optimal solutions.
Kriging is chosen as metamodel, and its ability to offer a local estimate of the
metamodel prediction error is leveraged within different aspects of the numerical
optimization framework. To reduce the number of simulations for the expensive
system model an iterative optimization approach is established with adaptive
characteristics for controlling the metamodel accuracy.

Introduction
Engineering applications frequently involve multiple, conflicting and incommensurable objectives, leading to a multi-objective problem formulation [6] and ultimately to a set of Pareto
optimal design configurations (Pareto set) representing different trade-offs between these objectives. Such optimization problems always pose greater computational challenges than single-objective optimization problems due to the requirement to comprehensively assess the
trade-offs. The complexity of such design problems increases when modeling uncertainties
are also addressed in the problem formulation [2]. Such uncertainties, stemming from the incomplete knowledge about the examined system and its environment, impact performance
predictions and explicitly considering them in the design is important for identifying robust
solutions. A rational framework to accomplish this task is a probability logic approach, employed by assigning probability distributions to the characteristics of the model that are considered as uncertain. The objectives are then expressed by the expected value (i.e., a
probabilistic integral) of some chosen performance measure over the adopted probability distributions, such as reliability, risk or life-cycle cost. For applications that involve complex
numerical models for defining the response of the engineering system, stochastic (i.e. Monte
Carlo) simulation is the only applicable generalized approach for calculating the probabilistic
performances. This approach puts no constraint on the complexity of the adopted numerical
and probability models, but has an associated high computational cost due to the large number
of calls to the deterministic, computationally intensive simulation model that are needed to
calculate each objective function.
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A framework relying on surrogate modeling to approximate the system response is discussed
here to alleviate this burden. Formulation of the metamodel in the so-called augmented input
space [9], composed of both the design variables and the random variables, is considered. The
metamodel then simultaneously supports both the design optimization and the uncertainty
propagation. Such a formulation has been considered primarily for single-objective applications [1, 3, 11], whereas for multi-objective problems it has been adopted simply as a direct
implementation in the augmented space [4], with no effort to establish an adaptive control of
the metamodel accuracy. This work establishes a complete framework for implementation of
surrogate modeling in the augmented input space for multi-objective design problems.
Kriging [8] is adopted as metamodel since it has been proven highly efficient for approximating complex functions, while simultaneously being able to provide a local approximation to
the metamodel prediction error and gradient information. The error associated with the metamodel predictions is utilized in both the design problem formulation as well as in the computational approach for its solution. For leveraging gradient information, the epsilon-constraint
algorithm is adopted whereas an iterative optimization scheme is developed with goal to minimize the number of calls to the time-consuming simulation model.

Problem formulation and calculation of design objectives
Consider a system with design vector x  X   nx , where X is the admissible design space,
and uncertain parameters (i.e., random variables) θ  Θ   nθ with known probability density
function (PDF) p(θ) . Let z(x, θ)   nz denote the response vector of the system model, assumed here to be obtained through a time consuming call to a deterministic numerical function (simulator), and let hi (x, θ) :  nx nθ   denote the ith performance measure (used for
quantification of the ith design objective) in the nh-dimensional performance measure vector
h. The notation h[z | x, θ] will be also used herein, indicating explicitly that this measure is a
function of the response vector z but assumes also knowledge of design variables x and of
model parameters θ. The ith performance function (i.e. design objective) is then defined as

Hi (x)   p (θ) [hi (x, θ)]   hi (x,θ) p(θ)dθ
Θ

(1)

where  p ( θ ) [.] denotes expectation under probability model p(θ). The probabilistic performance function vector H(x) corresponds to the vector with components Hi(x).
The multi-objective design optimization under uncertainty is defined as the identification of
the feasible design vector that minimizes H(x). Since performance objectives are competing
there is no design solution that accomplishes this. This is resolved by looking at Pareto optimality. A design configuration is considered to be Pareto optimal if there exists no feasible
ones dominating it (i.e., having lower values for all components in performance function vector), and the set of all such configurations is denoted as the Pareto set Xp with its elements
denoted as xp. The Pareto front is the performance function space representation of the Pareto
set. It is generally impractical to find all Pareto optimums so the optimization strategies usually aim at finding a subset of them that represents the Pareto front well. Details for the specific
scheme adopted within the proposed framework are discussed in Section 4.
As stated in the introduction stochastic simulation will be used to calculate the multidimensional integrals representing the design objectives within the optimization framework. Using
N samples from importance sampling (IS) density qi(θ), where {θ}i  {θij , j  1, , N } denotes
the sample set, the integral in Eq. (1) is approximated as
N
Hˆ i (x |{θ}i )  1/ N  j 1 hi (x,θij ) p (θij ) / qi (θij )
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(2)

ˆ (x |{θ}) is obtained by combining all
The estimate for the probabilistic objective vector H
ˆ
component estimates H (x |{θ}i ) and the multi-objective design optimization under uncertainty can be then solved by substituting H(x) with that estimate. To reduce the computational
cost of the associated optimization a metamodeling framework is established here.

Kriging-aided optimization in augmented input space
A Kriging metamodel is adopted to approximate the relationship between the augmented input vector (composed of both the design and random variables y=[x; θ]) and the response vector z. This metamodel is then utilized to approximately solve the multi-objective design
problem. The fundamental hypothesis in Kriging is that any component in the true response
vector z is one realization of a Gaussian process [8]. For forming the Kriging metamodel the
output {z(yt), t=1,…,n} is observed at n distinct locations for the input {yt, t=1,…,n}, called
support points or experiments. Ultimately, Kriging provides the following distribution for the
Gaussian process approximating response z based on observations Y  [y1 y n ]T [8]:

M z (y | Y) ~ N  μz (y ), σ z2 (y ) 

(3)

where N(.,.) stands for Gaussian distribution, whereas μz (y ) and σ z2 (y ) correspond to the predictive mean and variance, respectively, for the output z. Derivative information for both
these quantities can be also easily derived [5] with very high computational efficiency.
The optimization problem can be now solved by utilizing the metamodel approximation for
z(y) when estimating the probabilistic performances. Instead of simply using the predictive
mean μ z (y ) to replace the response vector z(y) in the estimation of the performance measure
hi [z | x, θ] , an approach that would ignore the probabilistic information available through
M z (y | Y) , the error of the metamodel is explicitly utilized. This leads to the following predictive performance measure hikrig that approximates hi [11]

 z  μ z (y ) 
krig
hi [z | x, θ] 
dz  hi [μ z (y ), σ z (y ) | x, θ] (4)
σ
(
y
)
 z

where  M [. | Y] denotes conditional expectation under M z (y | Y) and  is the standard
Gaussian pdf. The integration in Eq. (4) is equivalent to propagation of the prediction error
associated with the Kriging metamodel and typically can be analytically performed [11]. This
leads to the predictive performance function estimates Hˆ ikrig (approximation for H i ):
hikrig (x,θ)   M  hi [z | x, θ] | Υ   

 nz

Hikrig  x    hikrig (x,θ) p(θ)dθ
Θ

(5)

Its approximation using stochastic simulation is
N
Hˆ ikrig  x |{θ}i   Hˆ i (x |{θ}i )  1/ N  j 1 hikrig (x,θij ) p (θij ) / qi (θij )

(6)

whereas the approximation, under the regularity conditions discussed in [11], to the gradient
vector Hˆ ikrig (x) is
1
Hˆ ikrig (x) 
N

 krig
p(θij )  1
h
(
x
,
θ
)

 i


qi (θij )  N
j 1 
N

T
  h krig (x,θ)
hikrig (x,θ)  p(θij ) 
i





j
x1
xnx
j 1  

 qi (θi ) 

N

(7)

where the derivation of analytical expression for the partial derivatives hikrig (x,θ) / xl (components of the gradient vector ) based on the derivative information for the Kriging metamodel μz (y ) / xl and σ z2 (y ) / xl is detailed in [11].
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Iterative multi-objective optimization approach
4.1 Preliminaries
For identifying the Pareto set the epsilon-constraint method is adopted, because of its gradient-based nature and ability to discover nonconvex regions of the Pareto front. Herein we focus on the bi-objective problem (nh = 2) for clarity, but note that approach can be extended to
multi-objective problems with nh > 2. Without loss of generality assuming H1 as optimization
function and H2 as constraint function, the epsilon-constraint method obtains Pareto optimums
by solving single-objective constraint optimization problems with different constraints ε r :
x rp  arg min x X Hˆ 1krig ( x | {θ}1 )

such that

Hˆ 2krig ( x | {θ}2 )  ε r

(8)

Through systematic variations of constraint  r , different Pareto optimums can be obtained.
The superscript r is utilized to describe the rth such constraint. Exploiting the numerical efficiency of the Kriging metamodel and also the gradient information provided in Eq. (7), optimization of Eq. (8) can be efficiently solved by any appropriate gradient-based optimizer.
To reduce computational burden, an iterative optimization scheme is established. At each iteration, the Kriging metamodel is constructed from the current set of experiments, and the set of
design configurations belonging to the Pareto front is identified. If convergence is not reached
yet, the set of experiment is enriched with refinement experiments, a new metamodel is developed, and the optimization proceeds to the next iteration. The approach consists of three
key components: generating the representative subset of the predictive Pareto set, checking
for convergence and enriching the experiments by refinement experiments if convergence has
not been reached. Details for these components are discussed sequentially next.

4.2 Pareto set generation
Let X(pk )  {xrp( k ) ; r  1,..., n(pk ) } be the representative subset of the predictive Pareto set identified in the kth iteration, further denoted as current Pareto set. A superscript in parenthesis .(k)
will be used herein to denote the iteration. For all stochastic simulations performed within the
kth iteration the same sample set {θ}i( k ) is utilized for each of the performance functions. All
evaluations of the performance are established utilizing the metamodel developed for the current iteration, leading to approximation hikrig ( k ) (x,θ) and estimate for the objective functions
Hˆ ikrig ( k ) (x |{θ}i( k ) ) [obtained by Eq. (6)].
The Pareto set generation ultimately boils down to the selection of the constraint values εr,
which is performed with a dual goal: (i) restrict search in feasible regions (i.e. regions for
which the second objective can satisfy the associated constraint); (ii) adequately represent the
entire Pareto front by populating evenly its different regions. The first goal is satisfied by
identifying first the anchor points, i.e., the points representing the minimum for individual
objectives. This is established through the unconstrained single-objective optimization:

xian ( k )  arg min xX Hˆ ikrig (x |{θ}i( k ) ); i  1, 2

(9)

These optimizations define the boundaries of current Pareto front, and also establish the range
for feasible constraints as ε r  [ Hˆ 2krig (x2an ( k ) |{θ}(2k ) ), Hˆ 2krig (x1an ( k ) |{θ}(2k ) )] .
For the second goal, a two-stage Pareto set generation procedure is adopted. The first stage
aims at approximating the Pareto set utilizing information from the previous iteration, and the
second stage aims at refining this set. First, the performance function for the design configurations in X(pk 1) are re-evaluated using the current, updated, metamodel and the new sample set
{θ}( k ) to provide Hˆ krig ( k ) (x |{θ}( k ) ) . The configurations whose corresponding value for Hˆ krig
i

i

2

i
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satisfy constraint for εr (based on anchor points) are retained as references. Let
X(rk 1)  {x rr ( k 1) ; r  1,..., nr( k 1) } denote this set. The following constrained optimization
problems are solved for r  1,, nr( k 1) for updating the interior of the Pareto front

xinr ( k )  arg min xX Hˆ 1krig ( k ) (x |{θ}1( k ) ) such that Hˆ 2krig (x |{θ}(2k ) )  Hˆ 2krig ( k ) (xrr ( k 1) |{θ}(2k ) ) (10)
Combining these interior points with the two anchor points solved through Eq. (9), the candi(k )
date Pareto set Xcp
is obtained. To establish a well-distributed front a refinement of X(cpk ) is
finally introduced by removing solutions in over-populated regions and identifying new solutions in under-populated regions, as/if needed. This leads to the current Pareto set X(pk ) .

4.3 Stopping criteria
Stopping criteria are based on assessing the discrepancy between the Pareto sets identified in
consecutive iterations, deciding to stop when this discrepancy is small. Since it is
computationally prohibitive to evaluate the actual performance of the identified solutions, a
probabilistic assessment of the performance is adopted here. To accommodate this, define as
probability of dominance  (x  x ')   1 x  x '  2  x  x ' the probability for one x
dominating another x ' , considering the uncertainty incorporated through the probabilistic
nature of the metamodel.  i  x  x ' corresponds to probability of superiority for the ith
objective. To calculate the latter each performance function {H i , i  1, 2} is approximated
though the conditional realization {H icr , i  1, 2} considering the predictive distribution for the
metamodel output M z (y | Y) . The conditional realizations can be given by an expression
similar to Eq. (5) by substituting hikrig (.) with hi [z | .] and using realizations of response z
from M z (y | Y) . Following an approach similar to the one established in [11] Ncr samples are
obtained for [ Hˆ icr (x)]t and [Hˆ icr (x ')]t ; t  1,, Ncr .  i  x  x ' is then estimated as



t

N
ˆ i  x  x '  1/ N r  t 1   Hˆ icr (x)    Hˆ icr (x ') 
cr

t



(11)

where the indicator function {.} is one if the condition within the brackets is satisfied (else it
is zero). Finally an approximation for the probability of dominance ˆ  x  x ' is obtained by
substituting these approximations ˆ i  x  x ' for each component  i  x  x ' . We further
define the following quantity, termed convergence indicator, which compares a new point to
all members of a set (here the previous Pareto set X (pk 1) is utilized)
r ( k 1)
ˆ
(12)
I (x | X( k 1) )  max
)
( k 1)  ( x  x
conv

p

r 1,2,, n p

p

A large value for I conv means that x clearly dominates some members of X(pk 1) . As the
process approaches convergence, precedent Pareto set X(Pk 1) should be near Pareto-optimal
even in current iteration, thus none of current ones in X (Pk ) should clearly dominate precedent
ones (i.e., dominate with high probability). This leads to main stopping criterion:

x  X(pk ) : I conv (x | X(pk 1) )   conv

(13)

where  conv is a predetermined threshold. This criterion cannot evaluate whether the coverage
offered by the two Pareto sets has remained the same, in other words if new domains of
interest have emerged. This may happen in the exterior (i.e. point extends beyond previous
anchor points) or the interior (i.e. point falls within two previous points but not close to them)
of the front. This leads to two additional stopping criteria: (i) the refinement process discussed
in Section 4.2 has not identified underpopulated regions and (ii) the anchor points have not
drastically changed between iterations. The optimization is terminated when all three
conditions are satisfied.
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4.4 Hybrid design of experiment
At the end of the kth iteration, and assuming that the optimization is not terminated, the current set of experiments needs to be enriched by refinement experiments. In this work, we employ a hybrid DoE that combines both space-filling DoE and adaptive DoE to achieve: (Ro.i)
satisfactory global accuracy and (Ro.ii) sufficient local accuracy for regions of importance for
the augmented input space. New experiments na1 and na2 are obtained from each strategy for a
total of na=na1+na2 additional experiments. This leads to a total of n(k+1)=n(k)+na experiments.
The space-filling DoE populates the entire augmented input space Y. In this work Latin Hypercube Sampling (LHS) is adopted for this purpose. For x LHS from uniform distribution
within the design domain X is adopted, whereas for θ LHS from distribution p(θ) is utilized.
The adaptive DoE targets regions of importance for the augmented input, adopting a sampling-based DoE [3]. This allows the identification of a new set of experiments that concentrate in the desired regions of interest. To do so, a larger population of candidate experiments
is generated based on some target distribution and is then clustered to the desired number of
experiments to eliminate inclusion of close-proximity ones.
The aforementioned target density is separately defined for the design variables x and the uncertain model parameters θ since each of them has different desired attributes with respect to
identification of new support points. For x these support points should be close to the Pareto
set in current iteration, since such regions represent the domain where the numerical optimization is expected to converge. Improvement of the metamodel accuracy in this domain is
expected to be impactful. The current Pareto set can be utilized to establish the target density
as it is a discrete (and well-populated) approximate representation of the underlying
continuous Pareto set. Rather than considering, though, the entire set, domains with sufficient
metamodel accuracy should be neglected as establishing improvement in those is not expected
to provide any benefits. To assess this the requirements presented in the previous section
related to stopping criteria are utilized. Any point satisfying all these criteria represents
domains that have not improved in the current iterations (overlapping, convergent regions of
Pareto fronts) and could be eliminated. Based on this observation the set of DoE
configurations X(dk )  {xed( k ) ; e  1,..., nd( k ) } is defined as the elements of X(pk ) that correspond to
(i) I conv (x | X(pk 1) )   conv or (ii) represent new point that emerged through the Pareto-front
refinement stage or (iii) correspond to points that have extended beyond the anchor points of
the previous iteration. The target density may be ultimately approximated based on X (dk )
through any desired approach. Here this is established through multivariate product kernel
density estimation (KDE) which gives

 d (x | X(dk ) )  1/ nd  e 1  l 11/ bl K  ( xl  xde (,lk ) ) / bl 
nd( k )

nx

(14)

where K(.) is the chosen kernel density function and bl the bandwidth parameter defining the
spread of the kernel, with subscript l is used to describe the lth component of design vector x.
For the uncertain model parameters θ, now, an accurate approximation is needed over the
domain in the uncertain model parameters space Θ that provides higher contribution towards
the integrand representing the two performance functions. This is established by introducing
the auxiliary density for design configuration x:

π (θ | x)  1/ 2 i 1 πi (θ | x);
2

πi (θ | x) 

| hikrig (x, θ) | p (θ)

 |h
Θ
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krig
i

(x, θ) | p (θ)dθ

| hikrig (x, θ) | p (θ) (15)

with  denoting proportionality and πi (θ | x) corresponding to the optimal IS density for each
performance function, representing the domain of importance for θ for that function.
Combining Eqs (15) and (16), the DoE target density π s( k ) (x, θ) is finally defined as:
π s( k ) (x, θ)  π(x | X(dk ) )π (θ | x)

(16)

Generating a sample [x, θ] from this density is decomposed into two steps: (a) simulate the
design variable sample xj from density  (x | X(dk ) ) , and (b) simulate the uncertain model parameter sample θj according to the auxiliary density conditioned on the simulated xj,
 (θ | x j ) . The second step is non-trivial though. For this reason a relaxation is introduced by
first replacing  (θ | x j ) with  (θ | x dj ( k ) ) where x pj ( k ) corresponds to the element (kernel) of
set X (dk ) from which sample xj was generated according to the KDE. This restricts the problem
to sampling from nd( k ) potential densities  (θ | x ed( k ) ); e  1,.., nd( k ) .This is further simplified by
approximating  (θ | x ed( k ) ) through KDE utilizing samples from it. This avoids use of
alternative direct sampling methods and also can be combined with the IS density formulation
(discusses later). It relies on generation of nis samples from density  i (θ | xed( k ) ); i  1, 2 ,
e  1,.., nd( k ) which can be performed through rejection sampling. Through these samples the
density  i (θ | xed( k ) ) can be approximated by its KDE approximation i (θ | xed( k ) ) , yielding an
expression similar to the one in Eq. (14). Finally  (θ | x dj ( k ) ) can be substituted by its KDE
approximation  (θ | x dj ( k ) ) and the desired sample θj can be then readily generated from it.
The metamodel accuracy is finally incorporated in the adaptive DoE by prioritizing candidate
samples with larger predicted error. This is facilitated by sorting the samples according to an
accuracy metric and retaining only those that correspond to larger values for this metric. The
linearized prediction variance of each performance function is utilized for this purpose,
2

 h [z | x, θ]

VAR[h (y )]    i
  m (y ) 

zm
m 1 
μ(y )


where m denotes the mth response function and .  ( y ) denotes evaluation for z=μ(y).
krig
i

nz

(17)

m

Based on the concepts discussed above, the adaptive DoE strategy is composed of the following steps with objective to sample na2 experiments: : (i) obtain a large number nc>>na2 of candidate experiments, Y  {y j  [x j ; θ j ], j  1, , nc } , sampled from the DoE target density
π s( k ) (x, θ) ; (ii) calculate the linearized prediction variance of every candidate experiment, and
only retain a certain portion of them arnc>>na2 [where ar<1] corresponding to higher VAR for
any performance function; and (iii) cluster the retained experiments through K-means to the
desired number of na2 centroids.

4.5 Additional implementation details and overview of algorithm
For the initial DoE strategy, the same space-filling DoE approach described above is adopted
to sample nr initial experiments for global accuracy consideration. nr is adaptively chosen
(start with nri and incrementally increase it by nra) based on a target accuracy metric (for example correlation coefficient) calculated through cross-validation. With respect to the IS densities, qi( k ) (θ) is selected as a mixture of optimal IS densities for the design configurations in
the precedent Pareto set X(pk 1) , which yields a density that will be adequate across the entire
Pareto front. Such density can be ultimately established via KDE, through merging samesized nis sample sets from the different optimal IS densities  i (θ | xrp ( k 1) ), r  1,, n(pk 1) . Samples available from definition of  (θ | x ed( k ) ) can be leveraged for this purpose.
The schematic of the overall optimization algorithm is presented in Figure 1.
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Initialization
Define response vector z, augmented input
y, calculate hkrig(x,θ)= hkrig[μz,σz |x,θ]
Evaluate model response
for the new support points
{z(yt); t=1,…,na}

1st
Perform initial DoE and get nr support points
iteration and evaluate response {z(yt); t=1,…,nr}
(k = 1)

Proceed to
Utilizing all support points formulate kriging metamodel
next iteration
and obtain approximation hikrig(k)(x,θ)
k=k+1

Perform Adaptive
Perform Spacefilling DoE and get DoE and get na2
support points
na1 support points
Hybrid DoE
Stop
yes

Obtain nis samples from each density πi(θ|xpr(k-1)) and use
them formulate IS density qi(θ) for each performance
functions through KDE (use p(θ) in first iteration)

no
Stopping criteria
satisfied?

Refine Xcp(k) to obtain final set
Xp(k) ={xpr(k) r=1,…,np(k)}

Generate Ν samples from qi(θ) for the stochastic
simulation-based evaluation of the performance objectives
and define set {θ}i(k)
Identify anchor points for the Pareto front through single
objective optimization xian ( k )  arg min xX Hˆ ikrig (x | {θ}i( k ) )

Combine interior and anchor points to obtain candidate set Xcp(k)
Identify interior points for the Pareto front using the previous Pareto front to guide epsilon constraint
selection xinr ( k )  arg min x X Hˆ 1krig ( k ) (x | {θ}1( k ) ) such that Hˆ 2krig (x | {θ}(2k ) )  Hˆ 2krig ( k ) (x rp( k 1) | {θ}(2k ) )


Figure 1: Schematic of algorithm

Illustrative Example
The framework is illustrated with an example considering the bi-objective design of bilinear
passive dampers for the suspension of a half-car nonlinear model riding on a rough road,
modeled as a stationary process. A complete description of the numerical model is included in
[7]. The model includes total of nθ=15 parameters. For the suspension damper a passive nonlinear implementation is considered, allowing a different stroke reaction when the suspension
is moving downwards as opposed to when moving upward [10]. The average damping coefficients C l and the percentage increase of damping r n for upwards movement of the suspension are taken as design variables. They are allowed to be separately selected for the front and
rear dampers (distinguished by subscript f or r), leading to definition of design variable vector
as x= [C lf rfn Crl rrn ]T .
Two objectives chosen are related to the ride comfort and road holding. For the ride comfort
the fragility (i.e. failure probability) related to the root mean square statistics (RMS) of the
vertical acceleration at the center of mass RMSac is used, whereas for the road holding the sum
of RMS dynamic forces developed between the ground and tires (RMStf, RMStr) is adopted.
These forces are calculated for each tire considering both the spring and dashpot connecting it
to the ground, whereas dynamic characteristics pertain to deviation from the static force developed to compensate for the car weight. For the acceleration fragility, log-normal characteristic are assumed [7] with threshold b=1 m/s2 defining acceptable performance and
coefficient of variation σb=5%. This leads to the following performance measures

h1 (x, θ)  Φ  (ln( RMSac )  ln(b)) / σb 

h2 (x, θ)  RMStf  RMStr

(18)

where Φ stands for standard normal CDF. The response vector is taken to correspond to the
log of the RMS acceleration and the RMS tire forces, representing the quantities needed in the
performance measures of Eq. (18), z=[ln(RMSac) RMStf RMStr)]T. All statistics are obtained
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through time-domain numerical simulation [7] to address the various source of nonlinearities
included. The computational burden for one evaluation of the response vector, is on the average 3s on a 3.GHz Xeon CPU.
The predictive performance measures are evaluated as
h1krig ( y )  Φ  ( 1 ( y )  ln(b )) /  b2   12 ( y ) 



h2krig ( y )   2 ( y )   3 ( y )

(19)

which leads ultimately to the desired analytic expression for it. The partial derivatives are
  (y )  ln(b) 
h1krig (y )
1 (y ) 1 1 (y )  ln(b)  12 (y ) 
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whereas the linearized prediction variance of Eq. (17) is
krig
1

VAR[h
1300

 1   (y )  ln(b) 
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Figure 2: Results for illustrative example. (a) Front evolution in sample iteration (second iteration), (b) front
evolution across all iterations and (c) comparison of reference and metamodel-aided solutions.

The design domains X has upper bounds [4000 Ns/m, 1, 4000 Ns/m, 1], and lower bounds
[400 Ns/m, -1, 400 Ns/m, -1]. For the DoE characteristics, the number of the initial support
points nInit and the additional refinement support points na are both taken as 500, and the
number of additional refinement experiments from space-filling (na1) or adaptive DoE (na2)
are taken as the same (250). Threshold δconv is taken as 0.52. To judge the quality of the results a reference set containing 15 well-distributed Pareto-optimal solutions along the actual
Pareto front are obtained by solving the initial design problem (no metamodel approximation)
using the efficient global optimization (EGO) approach and a weighted sum approach (to
convert problem to a series of single objective problems, appropriate for EGO).
Results are shown in Figure 2; the evolution of the Pareto front in a sample iteration as well as
across all iterations, and the comparison between the reference and the metamodel-aided
fronts (predictive front) are shown. It is evident from these results that the predictive Pareto
front progressively converges to the reference one. For obtaining the reference solutions a
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total of 3590000 simulations (of the exact model) were needed whereas the proposed approach converges in just 5 iterations with a total of 2500 simulations needed. This shows the
potential high computational benefits established through the proposed adaptive approach that
progressively seeks to identify the real Pareto front.

Conclusions
A Kriging-based, iterative optimization framework was developed for reducing the computational burden associated with multi-objective design under uncertainty problems that involve
complex numerical models and adopt stochastic simulation for evaluation of the different performance objectives. The metamodel is formulated in the augmented input space and utilized
to simultaneously support both the uncertainty propagation and the design optimization. To
reduce the number of simulations for the expensive system model an iterative optimization
approach is established. At each iteration, the Kriging metamodel is constructed from the current set of experiments, and the Pareto front is then identified. Convergence is evaluated by
comparing the fronts identified at subsequent iterations. If convergence is not reached yet, the
set of experiment is enriched with refinement experiments, a new metamodel is developed,
and the optimization proceeds to the next iteration. The illustrative example shows great improvement over a traditional approach in terms of number of expensive model evaluations.
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Abstract: This paper provides a brief overview of historical approaches to safety,
and introduces advanced measures of uncertainty for structure and community resilience. It addresses the importance of benefit and cost tradeoffs that should include
the physical, economic and social/political community.

Introduction
What is the real role of probability and risk computation in the safety of structures? Engineers
traditionally set design levels for structures and infrastructure by reference to implicit prior code
standards related to perceived safety. Practically, this was necessitated by an adherence to
Freudenthal’s concept of “notional probabilities” due to limited data for extreme events. Modern computational capabilities, acceptance of other advanced measures of uncertainty and an
increased public acceptance of risk and performance-based concepts has brought the structural
safety profession to the verge of leaving the calibration restriction behind. With this, however,
comes the obvious complication surrounding the level of safety. “Safe” is no longer an adequate
goal; instead, one must ask what are the benefit and cost tradeoffs, and how can the investment
in structures be justified vis-a-vis alternative investments for the well-being of society? Moreover, those tradeoffs must not relate to just individual structures or even systems, but to the
physical, economic and social/political goals of the community as a whole [4, 5, 6, 7, 8, 15].
Techniques applicable to retrofit permit comprehensive community resilience considerations
taking into account existing building stock in addition to new construction [10]. Modern methods of evaluating and communicating uncertainty employ linguistic and other qualitative concepts to bring together societal issues and engineering evaluations [1, 16, 19, 21]. This expanded
role for structural safety and reliability experts incorporates the realities of private and public
decision-makers, and thus communication and societal rationalities [9, 26, 27, 36, 38].

Incompatibilities of Lifetimes
2.1 Politics versus Infrastructure
One of the biggest impediments to a life cycle resiliency decision basis is the incompatibility
between the political horizons for publicly elected officials and decision makers (usually under
ten years) and the service lifetime of structures and infrastructure (75 to 100+ years). Noting
that neither time horizon is likely to change (undoubtedly a good thing), it becomes incumbent
then to develop mechanisms to communicate effectively with the public regarding the longterm consequences of investment decisions, and to reward public decision makers for more
optimal long-term decisions. Local officials tend to focus on decisions with short-term costs
and benefits, as opposed to those enhancing long-term sustainability [14], and thus they rarely
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invest in long-term risk-reduction policies (except following the occurrence of a disaster). For
natural hazard recurrence intervals of 100 years or more, this incompatibility is a key challenge
for effective risk communication. An event with an annual probability of 0.01 has only a 7%
chance of occurring during an elected official’s two four-year terms of office. Investment in
projects with immediate or short-term visible benefits to the public will be attractive to elected
officials. A sequence of short-term decisions is not a substitute for proper long-term analysis.
It is clear from social psychology studies that public decisions depend on more than the quantitative measures developed by engineering risk professionals. While such a public perception
basis will generally lead to decisions that are sub-optimal in terms of traditional quantitative
measures, engineering logic can improve these by extending beyond the traditional measures
to incorporate the normative decision-making process actually employed by the larger society
and by societal decision makers in positions of elected or appointed leadership. Good communication to politicians starts with good communication to the public at large.

2.2 CRISP, a Public Tool
The ASCE Report Card is a useful tool to communicate to the public and government the case
for increased investment in the nation’s infrastructure. It has, however, three major drawbacks:
1.
It is promulgated by the society representing those professionals that will benefit
from such investment,
2.
It lays out the costs, but not the benefits from such an investment (except for a
vague implied indication that such investment will improve the “grade”, and
3.
It is retrospective, containing nothing about the implicit future costs of current
infrastructure, or the change in future costs with investment
An unbiased, community-based philosophy can overcome these drawbacks (shortcomings?) if
it accounts for the future probability-weighted costs of current infrastructure and their changes
with investment [11]. Such a benefit/cost analysis will only be effective if it is founded on
robust probabilistic estimates and acceptable discounting assumptions. These are the fundamentals of CRISP, a proposed Community Resilient Infrastructure Sustainability Protocol.
CRISP is an accountability method for public understanding of implicit costs and risk in built
environment decisions for safety, vulnerability, performance and maintainability. CRISP would
be updated on an annual (or at least election cycle) basis, and would relate to individual communities (as opposed to the ASCE Report Card).
At the time of any election, a community or state official who is running for re-election must
publish a present value analysis of the public infrastructure within his or her region. This would
include not only the current benefit/cost analysis for any new structures, but also the change in
value to existing infrastructure. If nothing had been done to improve the efficiency and lifetime
safety of existing infrastructure, then during the time since the prior election there would presumably be a deterioration of these facilities. This loss would be combined with the benefits of
new infrastructure to present a total picture to the public. Such an analysis would be based on
appropriate stochastic models reflecting current and future benefits as well as costs, including
maintenance, repair, environmental degradation, and damage consequences (mortality, morbidity and direct and indirect economic) due to normal and disaster scenarios.

2.3 Pension Planning for Infrastructure
While the CRISP concept may seem difficult to implement, it utilizes the same exact concept
that communities are beginning to implement regarding their financial health, especially with
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regard to future pension commitments of employees. The path of least resistance for elected
officials when negotiating with representatives of public employees has been to offer more
generous pension parameters instead of an immediate increase in compensation. The latter
would appear on the annual budget for the community, while the latter is a future obligation. If
that future obligation were computed according to actuarially sound practices, there would be
nothing wrong with this approach. But as we are learning in many cases, the future obligations
can be made arbitrarily small by unrealistic assumptions of future financial parameters. The
obvious shortcomings in the current approach have come to light, for example, in many cities
(Chicago), counties (Orange County, California), states (Wisconsin) and countries (Greece).
The exact nature of CRISP needs to be developed, with input from engineers, economists and
social scientists, as well as the public at large. The credits and debits (benefits and costs) of
existing and planned infrastructure, properly discounted and weighted by likelihood of occurrence over a reasonable lifetime horizon, are the essential ingredients. The platform would provide a means to bring together immediate, demonstrable returns and optimal lifetime
investments that are based on the realities of the political process.

The Necessity of Discounting
Analysis over the useful life of infrastructure requires the use of discounting, but results are
very sensitive to this rate (or multiple rates if different ones are applied to different benefits and
costs) because of the long time horizon. Justification for discount rates in the economic markets
may not be appropriate for the use of public funds, or for issues involving mortality and morbidity, or for historical importance, welfare, etc. These involve complex issues of values [30,
31] and psychological tradeoffs [17].

3.1 Lifetime of Infrastructure
Life cycle costs are of course sensitive to the assumed useful lifetime of a facility. In reality,
most facilities will be maintained, repaired and rebuilt, rather than being removed. Fortunately,
with most common discount rates, the assumed lifetime becomes insignificant for values typically of interest for infrastructure planning. For instance, with a discount rate of 4%, in fewer
than 60 years the lifetime cost reaches 90% of the value for an infinite lifetime (and even for a
discount rate of 3% this occurs in fewer than 80 years). From the standpoint of communication
with the public, therefore, it is possible to talk about the infinite (or at least indefinite) lifetime
of a project (“permanent” improvement to the community). Advantages of this approach are
that this may be much easier to communicate and that the error introduced is reasonable. It also
avoids the difficult issue of trying to explain to the public what will become of a particular
project after its design lifetime.

3.2 Psychological Aspects of Discounting
As mentioned, discount rates arise from economic analysis, but they also have a psychological
basis (most people prefer receiving a benefit now rather than in the future, independent of economic aspects). Also discounting for value of life is controversial (why is it worth less in present
value for a life to be lost in a disaster than an actuarially equivalent life today?). The International Standards Organization has addressed this situation in setting discount rates for developed countries based on historical growth in population and economic level per capita.
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As presented in an earlier ICOSSAR, it is well known that psychological discounting decreases
with increased time before an event, questioning the use of a constant discount rate assumption
for deferred benefits. Their conjecture is that something converging to a hyperbolic form rather
than an exponential form may be more realistic. For instance, if one establishes equilibrium
with a certain discount rate in the first year, he or she would likely consider a much smaller
discount to deferring a benefit from nine hears hence to ten years. The approach here summarizes that presented previously [12]. Let r1 designate the rate of discounting for the first year,
and assume the rate follows a geometric progression, so that the rate in year i, ri, is given by
ri = a i −1 r1
(1)
in which a is a psychological parameter. With continuous compounding so the present discounted value, P, is related to a single payment future value, F, by an exponential expression:
P = Fe − rn
(2)
where r is the effective discount rate and n is the number of years in the future for which the
value of F is being discounted back to the present. For variable r it can be shown that the
product rn can be replace by the sum of the annual returns, and the following equality
n
(a n − 1)
i −1
a r1 = r1
∑
(a − 1)
i =1
(3)

can be substituted into Eq. (2), resulting in
P = Fe

− r1

( a n −1)
( a −1)

(4)
The effect of the psychological adjustment is significant, especially for long periods. Since this
psychological effect has been observed in sociological studies, it appears to be very important
when making investment decisions that are related to the deferral of benefits, especially for
infrastructure construction, which usually has a long design lifetime.

CRISP and Crisper
One can address the above issues of lifetime and discount rates either in the manners suggested
or with variation. Let it be assumed that infinite lifetimes are taken, and economic discount
rates are set according to banking methodologies (around 4% in most developed countries over
the past decade), and future costs and benefits related to mortality and morbidity are set around
2% [20]. Then all of the public portfolio of structures and infrastructure can be catalogued. For
example, consider a bridge that has annual probabilities of damage due to flooding of 1% and
due to an earthquake of 0.2%. The consequences of these events (the 100-year flood and the
500-year earthquake) can be estimated by existing fragility analysis (an essential part of performance-based design). Associated costs are computed for direct financial loss (liability and rebuilding the bridge), indirect financial consequences (loss of business to the community during
reconstruction), and mortality and morbidity. These costs can be discounted and added to give
the net present cost (assuming, for simplicity, that the bridge is reconstructed if it suffers damage). In addition, routine maintenance and periodic repair costs can be estimated and discounted. Taken all together in a life cycle present net worth computation as shown in Equation
(4) yields the “pension liability” cost for the bridge.
n

C=∑
j =1

∞

∑ [(1 + d
i =1

i, j
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) −i

P C
i, j

i, j

(5)

In which di,j is the discount rate for the jth cost item in year i, and there are a total of n different
cost items, some of which are zero in many years. Pi,j is the probability that the jth cost is incurred in year i. There are also excellent arguments that the net present value may not necessarily be the best metric for valuing long-term projects if there are important social and
economic impacts, such as metrics based on welfare economics [29].
The same approach can be followed for buildings and for transportation, power, telecommunications, water and waste systems. Consider now that a city official wants to spend public money
to upgrade an existing structure (for instance the flood hazard fragility for a bridge from the
100-year flood to the 500-year flood). The cost of this upgrade is a present value amount, and
the benefit is the reduced likelihood of future costs due to flood damage. These can be compared, and the public would then be informed of the change in pension cost due to the upgrading. It is certainly possible that the cost of the retrofit could be financed through bonds, in which
case the current cost would be the present discounted cost of the bond repayment schedule. This
approach would of course work as easily for a public-private partnership.
Now consider an alternative scenario in which the public official would like to construct a new
facility, such as a school, library or fire station. The cost that should be presented to the public
is given by Equation (1), that is, it should include future maintenance and risk costs of the
facility. It would also of course include the present value of the benefits of the facility to the
community. These can then be compared to present a total life cycle picture to the community.

Dealing with Uncertainty
5.1 The Civil Engineering Challenge
On many levels, civil engineering is a field of expert judgment, partial knowledge, and imprecision [13, 25, 35]. Structural systems are fundamentally unique in nature, each in a different
location, susceptible to different loads and uncertain events, all of which influence the system
over its lifetime. The design of any structural system is to ensure ‘acceptable’ levels of safety
and performance of the structure [22]. Safety levels often involve judgments that must consider
uncertainty, and making these judgments in the face of uncertainty inevitably plays a critical
role in the profession [9,]. Infrastructure decisions increasingly reflect multiple aspects of society, including social, political, economic and cross-disciplinary factors [3, 18, 28, 32]. This
multifaceted interaction lends itself to partial knowledge and uncertainty in many forms, including information that is fuzzy, vague, ambiguous, incomplete or imprecise. Today, the profession is challenged with recognizing and accounting for such uncertainties.

5.2 The Role of Subjective Probability
The class of subjective probabilities, or Bayesian degrees of belief, allows for a broader context
of probability theory, justified not necessarily by the objective or frequentist basis but to single
occurrence events in the form of a measure of one’s uncertainty about a particular event. As
such, judgments manifested in the form of subjective probabilities can be manipulated with the
axioms of probability theory.

5.3 Generalized Information Theory (GIT)
Although subjective probability offers a powerful framework for systematically incorporating
uncertainty into almost any problem, they cannot distinguish between known information and
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ignorance. Further, in cases with little or partial knowledge, judgments treated with a probabilistic model suggest there is precise information about both the event itself and its contrary.
These realizations have inspired research into a broader conception of uncertainty, exploring
important facets of uncertainty not probabilistic in nature [2, 25, 23, 24, 32, 40]. These other
forms of characterizing uncertainty have received very limited attention in the area of structural
risk and vulnerability, and it is apparent that a complete paradigm shift in embodying uncertainty is needed for more robust and resilient theories of structural and community vulnerability.
These new theories fall under the general umbrella of Generalized Information Theory, GIT.
GIT embraces two classes of mathematical developments, one of which generalizes classical
set theory, while the other derives from a generalization of classic measure theory. Thus, GIT
is a two-dimensional expansion on the traditional framework for handling uncertainty. Each
dimension is concerned with the stated generalizations: one dimension expands classical set
theory to other formalized languages, including fuzzy set theory; the other generalizes classical
probability theory to more general monotone measures.
5.3.1

Fuzzy Sets

The basis of fuzzy set theory modifies the classical set theory interpretation of an element,
traditionally viewed as either ‘in’ or ‘out’ of a set, to a degree (or grade) of membership. Concepts of pattern recognition may be very useful at a fundamental level in considering linguistically defined sets. The applicability of fuzzification offers several advantages for the treatment
of partial information encountered in multi-hazard analysis and structure/community resilience.
At a fundamental level, imprecision can be expressed mathematically, and partial information
is one manifestation of the fuzzy/crisp duality. Fuzzy sets, specifically fuzzy numbers and fuzzy
intervals, are ideal for information commonly treated as precise, but that is actually fuzzy by
nature. These sets capture intuitive and common human cognitions. Thus, the two concepts,
probability and fuzzy, are complementary, not competing notions of uncertainty.
Crisp set theory and classical probability theory are insufficient for manipulating the imprecision, uncertainty, and complexity of many real world applications. Information ‘fuzzy’ in nature
can be manifested in many ways: it can be measurement-based, numerical, perception-based,
linguistic or imprecise (“irreducibly vague” or “inherently vague). Fuzziness offers an appealing alternative to capture human cognitions, such as reasoning with partial information, and for
decision-making such as structural vulnerability. Moreover, membership functions can capture
the gradual nature of linguistic, imprecise categories. They also can handle uncertainties related
to imprecise information with more flexibility.
5.3.2

Monotone Measures

As mentioned, Generalized Information Theory (GIT) expands probability theory in two dimensions, and this section focuses on the generalization of the uncertainty associated with the
assignment of an element. This area of study falls under the theory of monotone measures [24,
37]. Monotone measures broaden the mathematical framework of probability theory, and several classes generalize the notion of uncertainty in the assignment of an element (x), to a particular set (A). Measures include possibility/necessity measures, Sugeno λ-measures,
belief/plausibility measures, interval-valued probability distributions and imprecise probabilities (general lower and upper probabilities). Of these, possibility/necessity measures, belief/plausibility measures and imprecise probabilities are among the most promising for the
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evaluation of uncertainty in a structural or community risk, reliability, vulnerability and resilience context. In the context of classical probability, the assignment of an element x, to the set
A is typically interpreted as a matter of likelihood or chance, or in the context of subjective
probabilities, as a degree of certainty. Monotone measures generalize this interpretation, typically associating notions of incomplete information with ‘evidence’ pertaining to x. From this
perspective, likelihood in the context of monotone measures is a specific form of evidence.
Mathematically, a monotone measure---denoted g(A)---is a mapping to the power set on the
unit interval. The value assigned to g(A) is an expression of the degree of evidence that supports
the belief that an element x belongs to a given crisp subset A (Ross 2010). The two axioms for
monotone measures are:
(g1) g(Ø) = 0, g(X) = 1
(g2) g(A) ≤ g(B), for all A, B ϵ P(X) if A ≤ B
(6)
The first requirement (g1) establishes the boundary conditions for any monotone measure:
where g(Ø) = 0 signifies no evidence or degree of support in the null set and g(X) = 1 indicates
complete evidence for the entire universe. The second requirement (g2), states that the evidence
supporting B must be at least as great as the evidence assigned to A, when A is completely
contained in B, the statement of monotonicity. This requires that all monotone measures satisfy
the inequalities in Equation (7) for A, B, and A U B.
g(A ∩ B) ≤ min[g(A), g(B)]
g(A U B) ≥ max[g(A), g(B)]
(7)
Probability theory satisfies the axioms of monotone measures, but in addition must satisfy the
additivity requirement, which is a critical restriction for the use of expert opinions.
Shafer [34] presented a theory of evidence in which belief functions could be formalized, arising not necessarily from upper and lower bounded probabilities, but from a degree of belief
based on available evidence, termed beliefs and plausibilities [39]. As the work became known
to the artificial intelligence community, the theory fell under the name of the Dempster-Shafer
Theory (DST) of evidence, or commonly, evidence theory [34].
Evidence theory is based on a measure of degree of belief, called a belief measure, Bel(A),
which expresses a degree of belief that the correct or true alternative belongs to the set A. Evidence theory is based on dual pairs of belief and plausibility measures.
A degree of belief in or evidential support of A, Bel(A), does not implicate disbelief of A̅.. For
this reason, evidence theory differs from classical probability theory in that it provides a natural
framework for modeling ignorance, which is the difference between the sum of the belief and
the belief of the complement [32]:
Ignorance = 1 – [Bel(A) + Bel(A̅)]
(8)
Another facet of evidence theory is the ability to combine information from multiple sources,
which can be thought of as a joint message, or a joint evidence assignment of the two pieces of
evidence [33]. The concepts of combining expert judgment from multiple experts in a mathematically founded framework will be very powerful in pairing engineering judgment with quantitatively- and qualitatively-based risk calculations.

Community Communication
Implementation of tools to mitigate natural hazard risk has political and public challenges.
These challenges include but are not limited to psychological biases in natural hazard risk per-
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ception, difficulties with public participation mechanisms, the frequent disconnect between political rationale and long-term sustainability and difficulties in using financial based methods
to quantify risk and risk mitigation actions. To overcome these challenges, engineers must
increase their accountability for the security of society, and integrate engineering solutions
within the social challenges of the risk decision-making process. New understanding and communication tools must focus on the issues of: (1) public risk perception, (2) public participation
in hazard mitigation planning, (3) incorporation of community values, (4) incompatibility of
political motivation and long-term planning, and (5) finances of risk and return. Developing
effective risk communication strategies based on an understanding of the framework of these
issues will promote optimal long-term sustainable policy with recognizable benefits to society.

Conclusions
Engineering risk professionals have a tremendous opportunity waiting for them. Rather than
just computing probabilities, along with engineering analysis, they can become true professional consultants for society. They will use probabilistic and structural safety methodologies
in order to enable members of a community to understand the full life cycle benefits and costs
of retrofit investment decisions. Elected community officials responsible to the public will have
a clear and immediate procedure to communicate the true implications of their decisions. This
gives them a strong opportunity, along with a clear obligation, in justifying their expenditures.
Long-term policy can be presented for election cycle review and evaluation.
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Abstract: A copula based approach is presented to investigate the impact of
copulas for modelling trivariate distributions on system reliability under
incomplete probability information. The objective of this study is to use trivariate
copula concept in a common geotechnical problem like retaining wall to make it
more realistic and efficient, since conventional design method considers only
lumped factor of safety. We have treated three parameters i.e., cohesion, internal
angle of friction and unit weight of soil material as random variables, other
parameters are assumed as constant. We have measured the dependence of them.
Pearson correlation is having several drawbacks so we have used the concept of
copula to simulate trivariate data. By applying cumulative distribution function
transformation the three random variables are transformed to a uniform domain to
form the copula. Best fit marginal distribution among Lognormal,
Truncatedgumbel, Truncatednormal and Gamma distribution is assessed with
Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC).
The trivariate frank and normal copula were applied to construct a tivariate model
incorporating the correlation of the soil parameter into numerical modelling.
Probability of failure of retaining wall in overturning mode is evaluated by solving
the triple integral. The proposed method for correlated variability modelling of
multivariate soil properties has been demonstrated as effective and helpful in
performing a site specific probabilistic analysis of the retaining wall.

1 Introduction
Variability and uncertainty are inevitable in Geotechnical engineering studies which involve
soil which is a natural material [1, 3]. In solving engineering problem, it is extremely
important to properly take uncertainty and imprecision into consideration [1]. Due to limited
number of data available for the analysis it is important to take imprecise probability into
account [2]. The properties of clayey and sandy soils such as cohesion, friction angle and unit
weight demonstrate large uncertainties and variations in laboratory tests [9]. The
conventional method of analysis of geotechnical structure cannot fully explain the safety
because the variation of soil properties is not considered. Probabilistic analysis approach
provides an objective tool to model uncertainty and variability. It gives an alternate approach
for assessing the reliability of geotechnical structures, where the variables included in the
analysis are expressed in probabilistic terms to account for the inherent uncertainty of each
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input variable [8, 9]. The coefficient of variation (CoV) is commonly used to describe the
variation of soil parameters because they are dimensionless and provide a meaningful
measure of relative dispersion of the data around the sample mean. The CoV of cohesion ‘c’
varies between (9-145%), CoV of φ or tanφ varies between 0.8% to 87.2% and that of unit
weight ‘γd’ varies in the range of 1% and 27.9% [13].
To evaluate the reliability of geotechnical structures exactly, the joint cumulative distribution
function or probability density function of variables should be known [5]. The negative
correlation between cohesion and friction angle has a significant effect on geotechnical
reliability and ignorance of such correlation would lead to an overestimate of the probability
of failure [10, 11]. Many researchers studied the geotechnical reliability considering the
dependence between the shear strength parameters [8, 13] with the assumption that parameter
follows normal distribution and have same type of marginal distributions, but in geotechnical
engineering the shear strength parameters do not always follow normal distribution and they
do not have same marginal distributions. To overcome these limitations copula concepts are
used. Copulas provide a general way for constructing multivariate distributions that satisfy
some non parametric measure of dependence and prescribed marginal distributions. The
impact of copula selection on geotechnical reliability was investigated by Tang [10, 11]. Wu
[13] employed the gaussian and frank copulas to model the trivariate distribution among c, ,
and γd of soil to find out the reliability of slope stability and bearing capacity of foundation.
In this study c, , and γd are fitted by trivariate normal copula and frank copula. The
dependence structures are examined for Watarase River data set and a goodness of fit for the
different model is assessed with AIC and BIC [13]. Probability of failure in overturning mode
of retaining wall is evaluated by solving the triple integral. This paper provides a detailed
procedure of copula theory in multivariate context to establish stochastic dependence. The
cumulative distribution function transformation is used to transform each random variable
into a uniform rank/domain. The trivariate normal copula and fully nested frank copula
(FNFC) were applied to construct a multivariate model incorporating the correlation of the
soil parameters into the numerical modelling. The effect of geometrical properties of
retaining wall is taken into the consideration for evaluating the probability of failure.

2 Copula theories for trivariate distribution
2.1 Copula theory
Copulas are functions that join or couple multivariate distribution functions to their onedimensional marginal distribution functions [7]. Alternatively, copulas are multivariate
distribution functions whose one-dimensional marginal distributions are uniform in the
interval of [0, 1]. Sklar’s theorem is the foundation of almost all applications of the copula
theory [7]. Let F (
be the joint CDF of a random vector X = [
].
(
Its marginal CDFs are (
(
.A joint CDF is defined as the probability
that X is less than or equal to a specific numerical vector [
]:
F(
)=P(
,
,…,
)
(1)
where P (.) denotes the probability. Then there exists an n-dimensional copula C such that for
all real [
],
(
F(
)= ( (
( ;θ)
(2)
Where θ is a vector of copula parameters describing the dependence among
.
The dimension of this vector varies with copula types from 1 × 1 to 1 × 0.5n (n − 1). For the
gaussian and frank copulas, the number of copula parameters is 0.5n (n − 1). If C is an n
(
dimensional copula and ( (
(
are marginal CDFs, then the function F
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(
) defined by Eq.(2) is a joint CDF with marginal distributions
(
(
(
(
. Sklar’s theorem [7] essentially states that the joint CDF of X
can be expressed in terms of a copula function and its marginal CDFs. Fitting a joint CDF of
measured data using copula can be evaluated by firstly finding the best fit marginal
distribution for all random variables and secondly identification of copula that provides best
fit of the measured dependence structure from a set of candidate copulas. These two steps can
be carried out separately. There are two common classes of copula i.e. Gaussian and
Archimedean copulas.
The trivariate normal (Gaussian) copula can be written as [7, 13]
(

(

(
(

=∫

∫

(
(

(

)

(

∫

(

(

(

(

(3)

(
(
(
Where
(
) denotes the joint cumulative distribution
function of a multivariate normal distribution with mean vector zero and covariance matrix
(
equal to the correlation matrix
denotes the standard normal
∫ (√
( is the quantile function of the
distribution,
is Gaussian copula function and
univariate standard normal distribution = (
is the marginal cumulative distribution
of

. The integral variable W= { } , and

[

] is the symmetrical

covariance matrix with the linear Pearson’s correlation coefficient
, which is correlation
parameter and is restricted to the interval from −1 to 1 [8]. The necessary parameters within
marginal normal distributions of these normal copulas have further extended the concept of
linear dependence to the modelling of correlated non-normal random variables [13], which
has obviously gained more popularity.
Another widely used family of copula functions is the Archimedean family [7], which is
constructed in a completely different way from the normal copula by using a generator
function
. The generator function of the Frank copula is
=
(
-1)/ (
-1)],
where θ is copula dependence parameter. For n = 3, the trivariate Frank copula is given by
(

( (
[

=

(
(

(
)(

)

(
(

)

]

(4)

where the Frank copula (
) and
is a convex decreasing function with (
and
(.) is the pseudo-inverse of (.). The generator function of trivariate Frank copula
only characterises the dependence structure of random variables and is often described by a
univariate function with the model parameter [12], it is usually designated as symmetric
multivariate Archimedean copula.

3 Dependence of soil properties and dependence measures
In this section Pearson correlation coefficient (
and Kendall’s rank correlation coefficient
( ) are described. Pearson’s rho (
, which is also called a product-moment correlation
coefficient, measures the degree of linear dependence between and
as
(

(
√

(

(
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(5)

where
(
is the covariance between X₁ and X₂,
(
= (
(
(
. There are some limitations, as
=0 does not necessarily imply independence;
it is not informative for asymmetric distribution; and the attainable correlation coefficient
values within the range [−1; 1] depend upon the marginal distributions F₁(.) and F₂(.) . This
has led statisticians to the use of concordance measures to characterise dependence such as
Kendall's τ and Spearman’s . Since Pearson rho (
is a measure of linear dependence, it
is valid only when joint CDF is Gaussian. Further
is invariant only under strictly
monotonic linear transformations [8]; thus the dependence measure needs to be evaluated for
each non-linear transformation. To remove the above limitations rank correlation can be used.
The commonly used rank correlation includes Kendall’s τ and Spearman rank correlation
coefficient. As a rank correlation coefficient, Kendall’s depends only on the ranks
underlying the sample for each interested variable rather than the actual numerical value [8].
Linear correlation coefficient and the scatter plot are used globally to measure the
dependence between two variables. Correlation coefficient cannot adequately summarize
complex dependencies into a single number. Some correlation coefficient can be present
between two datasets of different dependence pattern. To overcome this situation scatter plot
has been used effectively to display the entire dataset. After the identification of dependence
measures and marginal distributions among a set of random variables, the construction of a
joint description of these cross-correlated geotechnical parameters through copula approach is
expressed below. For the bivariate normal copula, there is a relationship between the linear
correlation
and the rank correlation τ:
(

(

(6)

where arcsine (t) is an inverse trigonometric function such that sin (arcsine (t)) = t. This
expression prompts an alternative estimation of
. The use of Eq. (6) may be more
advantageous as τ is rank-dependent and invariant with respect to strictly monotonic non
linear transformations.
3.1 Estimation of copula parameter
Parameter can be estimated by using semi parametric estimation method developed by
Zhang and Singh [14]. Let a random sample (
be drawn from the multivariate
distribution of
(

( (

(

(7)

where (
can either be empirical probability distribution or parametrically fitted
probability distribution. The log-likelihood function of the copula function can be expressed
as
(
Where
respect to

∑

[

(

(

)

(

)]

(8)

( denotes the copula density function [15]. Taking derivative of Eq. (8) with
and equating with 0 yields
(

∑

(

(

)

(

))

(9)

Where ( denotes the log-likelihood function and denotes the derivative of L (.) with
respect to parameter . The copula parameter can be estimated by solving Eq. (9)
numerically.
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3.2 Identification of best fit copula: AIC and BIC are used to identify the best fit copula. A
copula producing the smallest AIC and BIC values is considered to be the best fit copula [7,
8].
AIC = − 2 log (maximized likelihood for model) + 2(number of fitted parameters)

(10)

BIC=−2 log (maximized likelihood for the model) +k₁ Log (number of fitted parameter) (11)
Where k₁=the number of distributions parameters.

4 Modelling observed soil properties through copula
4.1 Measured data of c, and
The data of Watarase River [13], Japan has been used to examine the joint behaviours by
using gaussian and frank copula. c, , and γd are considered as random variable. After
determining the best fit marginal distribution for c, , and γd the next step is to identify the
copula that provides the best fit to the measured dependence structure between c, , and γd.
Copula producing smallest AIC and BIC is considered best fit copula. The value of CoV for
c, , and γd are taken as 64.5, 89.83 and 22.41% respectively [13]. Statistical characteristic
of the data are given in the sequence of sample size, mean and standard deviation respectively
as like for c (22, 33.67, 21.72), (17, 0.28, 0.25) and γd (28, 10.78, 2.42).
12
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Figure 1: (a) Best fitted marginal distributions of cohesion, (b) Best fitted marginal distributions of tan phi, and
(c) Best fitted marginal distributions of unit weight of soil.

Among the various possible marginal distributions, the following functions were tested in the
fit of these parameters: Trunc-normal, log-normal, Gumbel, and gamma distributions. These
four distributions can guarantee that the simulated for c, , and γd data are positive. The
suitability of distribution for these experimental data is measured using the BIC, and the AIC,
as listed in Table 1.The AIC is determined by log-likelihood, number of parameters, and
effective sample size as formulated in Eq. (10). The best-fitting distribution is highlighted by
its value in Table 1. The gamma distribution was selected as the best-fitting marginal
distribution for c, γd follows TruncGumbel, and the tan follows the TruncNormal
distribution, as shown in Figure 1 (a), (b) and (c) respectively.
Table 1: AIC and BIC of marginal distributions of Watarase river data
Soil
parameters

C(kPa)
tan
(kN/

)

AIC

BIC

Lognormal

TruncGumbel

TruncNormal

Gamma

Lognormal

TruncGumbel

TruncNormal

Gamma

178.27
-14.58
114.52

178.50
-15.88
114.39

177.80
-16.256
116.74

177.5
-15.90
115.50

180.7
-21.59
115.51

180.94
-22.90
114.61

180.24
-23.27
116.96

180.22
-22.81
115.62
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When the parameters c, , and γd were jointly analysed, they were all cross-correlated with
each other, as their dependence measurements demonstrate in Table 2. The friction angle of
soil has a strong positive correlation with their dry density γd. The value for Kendall's τ for
the parameters tan and is higher (τ = 0.639). The cohesion c of soils has a positive
correlation (τ = 0.347) with the dry density γd. A positive correlation between the cohesion
and the friction angle was revisited with a calculation with τ = 0.178. As expected, the
absolute values for Kendall's τ are lower than the ones of .
Table 2: Correlations of the Watarase River data

0.278
0.798
0.497

0.178
0.639
0.347

𝑡𝑎𝑛𝜑

𝑡𝑎𝑛𝜑

c; tan
γd; tan
γd; c

Sample
Size
22
17
28

Cohesion

Relation between parameters

𝛾𝑑

Cohesion
(a)

𝛾𝑑

(b)

(c)

Figure 2: Watarase river data set scatter plot of (a) c, tan (b)

(c)

of pseudo observations

The pairs from this observed triplets can be drawn in a ranked pseudo space, i.e., distributed
uniformly over a unit square, as shown in Figure 2. They further provide graphic evidence of
dependence structures. Based on the above analyses and graphic observations, both parameter
pairs (c, tan ) and ( , c) have similar values of dependence, and besides pair (tan , ) has
a strong dependence [13]. There is no physical reason for the two parameter pairs to have the
same (or at least similar) rank correlations. Here the pairs (tan , ) and (c, ) have the
same copula, and the existent dependency is weaker than that of the pair (c, tan ). Visual
scatter plots of realisations from the candidate trivariate normal copula and frank copula are
shown in Figure 3.

(a)

(b)

(c)

Figure 3: Watarase river data set scatter plot of (a) cohesion and unit weight, (b) cohesion and tan phi and (c) tan
phi and unit weight.

The differences are not pronounced, and both copula models can provide a good description
of the given experimental data. The estimated parameters
and
of the frank asymmetric
Archimedean copula are shown in Table 3. It is difficult to compare the fit of the two copulas
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directly because they are non-tested models [13]. However, the AIC results are −89.74 and
−40.26 for the normal and FNFC models, respectively. The smaller AIC value for the normal
model indicates that this model is preferred.
Table 3: Estimated copula parameters and AIC of various copulas
Parameters
Normal/Frank

AIC

Normal copula

Frank copula

0.179
0.639
0.347
-89.74

1.189
2.478
/
-40.26

5 Practical applications to the retaining wall problems
A semi gravity retaining wall [6] shown in Figure 4 is employed to investigate the reliability
of a retaining wall. The overturning failure mode is examined below because the relationship
between the strength parameters and factor of safety associated with this failure mode is
strongly nonlinear [8]. The existing deterministic approach evaluates a lumped factor of
safety against overturning failure about the wall’s toe as [6].
(12)
where
and
denote the actual resisting moments and overturning
moments, respectively; W₁ and W₂ are the component weights of the retaining wall, with
horizontal lever distances X₁ and X₂, respectively, measured from the toe of the wall; and is
the active earth thrust with a vertical lever distance
. In this, Rankine’s theory is used to
compute , which is based on the assumption that the back of the retaining wall is
frictionless. For backfill with for c, , and γd, is given by
√

(13)

In which
is the coefficient of active earth pressure, H is the height of the wall. According
to Rankine’s theory, is expressed as
(
(14)
Below the base of the wall and it has no effect on the stability of the wall. The active earth
thrust will act at a height of
above the base of the wall with a horizontal direction. In
Figure 4, the following equations can be established, for a wall with a vertical back:
W₁=
; X₁= b; W₂=
aH; X₂=b+
(15)
In which
is the unit weight of the retaining wall concrete.
X₂

H

C,ϕ,γ soil
𝑃𝑎

𝛾𝑑 𝐻 𝐾𝑎

𝑐𝐻√𝐾𝑎

X₁

W₁

O

W
₂

𝑐
𝛾𝑑

𝐻𝑜

b
a

Foundation soil

Figure 4: Geometry of analyzed retaining wall

From Eq. (12) it is clear that parameters c, , and γd have a significant influence on the
probability of overturning failure. A lognormal distribution is adopted to model the
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distributions of
other parameters H, a, b and
are assumed to be constant. So that
the correlation between c, , and γd can be effectively explored without interference from the
other random variables. The mean and CoV of c,
and
are (33.67, 64.5%), (0.28,
89.83%), (10.78, 22.41%) respectively [14]. The deterministic parameter is listed as H= 6.0
m, a= 0.4 m, b= 1.4 m and
= 24 kN/ .
5.1 Probability of failure

calculation

In today’s literature of reliability, many reliability methods such as first order reliability
method (FORM), second order reliability method (SORM) and monte carlo simulations
(MCS) are available for determining the probability of failure. But FORM and SORM may
result in error due to linearization at design point and MCS may result into statistical error, to
avoid this direct integration method is adopted to determine the
. By using direct
integration method, the effect of copula on
can be identified accurately.
(
(
is the performance function adopted for retaining wall.
(
can be obtained from Eq. (12). The probability of failure , is given by the
following triple integral.
(15)
∭ (
FS≤1

For retaining wall example by applying Shengjin’s formula [8] to solve the cubic equation
with respect to c, c can be expressed as
√

√

(

]

(16)

For easy calculation let denotes cohesion, denotes
and denotes
The density function in two dimensions in its general form is given as [4]:
(

( | )

( (

(

.

(

( ))

(17)

For three dimensional the density function can be written as
(

(

(

(
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(
(
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By using Eq. (17) and (19) in Eq. (18), it reduces to
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For Gaussian copula
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=V.

) =A. The middle term of Eq. (20) can be
(

(

(
(
(
written as
(
(21)
by using the value obtained in (20) and (21) in Eq. (15) we can easily calculate the
probability of failure by solving the triple integral. The values of
and
are
taken from literature [7] as follows- For Gaussian copula, copula density function is given as
(
(
(
(
(
(
(
);
(
);
(
)
(22)
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√
√

For frank copula, copula density function is given as
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Since Eq. (12) cannot account for the CoVs of
. To take into consideration these
statistics approximately, nominal factors of safety involving cautious estimates of the
are used [8]. Nominal factor of safety is obtained from the simulations as illustrated
in the literature [8]. The impact of copula selection on probability of failure is performed on
geometrical parameters (a and b). To facilitate comparison between the plots change in factor
of safety is presented in uniform way as changes in the nominal factor of safety.

6 Results and Discussion
In this paper, a trivariate copula based approach is presented for reliability analysis of
retaining wall. The association among the three mutually correlated soil properties (i.e.
cohesion, friction angle and unit weight of soil) is explored and used for dependence structure
modelling using copulas. From rank correlations of soil parameters, it is found that the
dependence among soil variables is statistically significant and therefore copula based
approach is adopted for retaining wall reliability analysis. FNFC and gaussian copula are
used to model the joint distribution of variables. As copulas are effectively preserving the
dependence structure of multiple soil properties. Gaussian copula is found to give least AIC
value among the copula, so Gaussian copula can be preferred (given in Table 3).
Nominal factor of safety

Nominal factor of safety
1.03 1.06 1.09 1.12 1.15 1.18 1.21 1.24 1.27 1.3

1.03 1.06 1.09 1.12 1.15 1.18 1.21 1.24 1.27 1.3
0.1
Probability of failure

Probability of failure

0.1
0.01

0.001

0.0001

0.001

0.0001

Gaussian copula
0.00001

0.01

Gaussian copula
Frank copula

Frank copula

0.00001

(a)

(b)

Figure 5: Probability of failure in retaining wall in overturning mode (a) a varying from 0.40 m to 0.58 m
(b) b varying from 1.40 m to 1.64m

For a nominal factor of safety 1.03 the probability of failure difference is negligible for both
copulas which is clear from the above graph. Geometrical parameter a or b also influences the
probability of failure, as a or b increases, nominal factor of safety increases, while the
probability of failure decreases. The probability of failure for equal value of nominal factor of
safety as a result of varying a and b are the same, for gaussian copula the value is (
and
) and for frank copula the value is (
and
),
indicates that varying a and b has equal effect on the probability of failure.

7 Conclusions
A detailed procedure with the help of copula theory in a multivariate context was established
to characterise stochastic dependence. The rationale behind this approach is that the
determination of a copula only relies on the ranks underlying the observed data rather than
the real values of the data. Copula producing the smallest AIC and BIC value is considered
best fit copula. The presence of correlation has considerable influence on the performance of
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the geotechnical systems, as demonstrated by the retaining wall problem. This correlation
should be well recognized in the calculation of failure probability. The trivariate frank and
normal copula were applied to construct a trivariate model incorporating the correlation of
the soil parameters into the numerical modelling. The geometrical parameters have a
significant role in probability of failure of retaining wall in overturning mode. As top width
‘a’ and bottom width ‘b’ of retaining wall increases, factor of safety increases to nearly 20%
resulting in lesser probability of failure. Gaussian copula is mostly suitable in analysis of
retaining wall in overturning mode because of its n-dimensional generalization. Future work
includes checking the reliability for other modes of failure of a retaining wall.
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Abstract: Recent research has indicated that accounting for ground motion duration
may lead to significant increase in seismic fragility of structures. However, past literature on life-cycle cost assessment of structures does not explicitly account for the
impact of ground motion duration on seismic vulnerability. The present study addresses this drawback by developing a framework wherein duration based fragility
curves are utilized for life-cycle cost assessment. Such investigations are particularly important for regions where long duration ground motions are expected to occur along the lifetime of the structure, for example in regions exposed to subduction
earthquakes. Excluding influence of ground motion duration on seismic fragility
curves may result in lower estimates of seismic life-cycle costs (SLCC).

Introduction
Life-cycle cost analysis presents a rational approach that considers and aggregates the costs
incurred during the lifetime of the structure ranging from initial construction cost, maintenance
and repair cost, demolition cost, amongst others in present day currency values. For buildings
and infrastructure systems located in moderate to high seismic zones, repair costs stemming
from earthquake-induced damage may contribute significantly to the lifetime loss estimates. In
this regard multiple researchers have focused on the development of methodologies to evaluate
the impact of seismic risk on lifetime building losses [1–5]. Two critical inputs to seismic lifecycle assessment include seismic fragility curves and regional hazard information. While the
building seismic fragility curves represent a conditional probabilistic statement indicating the
likelihood of damage given the intensity of ground motion, seismic hazard curves represent the
annual probability of exceedance of different ground motion intensity levels.
Ground motions can be primarily characterized by its intensity, frequency content and duration.
While the influence of first two parameter on seismic damage have been well established [6,7],
recent research has indicated that ground motion duration is a significant predictor of structural
damage [8–10]. In general, past literature has concluded that long duration ground shaking can
increase seismic fragility of buildings, especially for higher damage states such as complete
damage or collapse[11]. This study proposes a SLCC framework applicable for regions exposed
to long duration shaking. The framework is demonstrated for a case-study building located in
Seattle, Washington, USA that is in close proximity to crustal faults such as Seattle fault and
the subduction fault such as Cascadia subduction zone. The deaggregation of seismic hazard at
the site shows nearly 53% contribution to seismic hazard from subduction earthquakes and remaining from crustal earthquakes (Figure 1).
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The ground motions generated from subduction earthquakes are typically longer in duration
than those from shallow crustal earthquakes. Raghunandan et al.[11] found that on average, the
median fragility for collapse of modern ductile reinforced concrete moment frames in Seattle
is 40% lower when subjected to ground motions from subduction earthquakes, as compared to
crustal earthquakes. Therefore, for regions exposed to short and long duration ground motions,
use of separate duration dependent seismic fragility curves and deaggregated seismic hazard
from crustal and subduction sources may be necessary for accurate seismic life-cycle cost
(SLCC) assessment of structures. The proposed framework for SLCC analysis offers distinct
advantages over past literature that typically does not consider the influence of ground motion
duration on seismic fragility and lifetime loss estimates.

Figure 1 Seismic hazard deaggregation for the case-study site in Seattle, Washington, USA showing relative contributions from crustal and subduction source to total seismic hazard. The hazard deaggregation is calculated for
Sa(1s)and 2% in 50 year hazard [12].

The next section of this paper presents the proposed SLCC analysis framework that considers
seismic fragility and deaggregated hazard from crustal and subduction sources. The following
section describes a case-study building located in Seattle, Washington and provides details on
building modeling and dynamic analysis. Seismic hazard and fragility curve development for
crustal and subduction sources are discussed next along with SLCC calculations for the casestudy building. This section also includes a comparative assessment between the proposed
framework and conventional approaches to SLCC assessment. The paper ends with conclusions
and key recommendations for future work.

Life-Cycle Cost Assessment Framework
This section of the paper outlines the seismic life-cycle cost assessment methodology which
can incorporate both duration dependent and independent building seismic fragility curves, hazard data from crustal and subduction sources, and repair costs for different damage states to
estimate lifetime seismic losses.

299

2.1 Mathematical Model
Assuming a Poissonian process model for earthquake occurrences, the expected seismic losses
from building repairs over a time period T may be calculated as [13]:
T

n

E [ SLCC ]   i e  i t
t 1 i 1

Ci
(1   )t 1

(1)

where, λi represents the mean annual rate of building damage corresponding to damage state i,
n being the total number of damage states, Ci is the repair cost for damage state i and α is the
inflation-adjusted discount rate. For rare hazard events, such as earthquakes, the mean annual
rate of failure (λi) maybe approximated by the annual probability of failure [14] due to damage
state i only as shown in Equation (2).

i  PAi  PAi 1

(2)

The annual failure probability PAi is typically calculated as a convolution between the seismic
fragility and hazard curve as:
PAi   P  DSi | IM  a 

dH (a )
da
da

(3)

where P[DSi | IM = a] represents the building fragility given a ground motion intensity measure
IM = a and H(a) is the regional hazard curve quantifying the annual frequency of exceeding the
IM level a at the given site.
While the above Equations (1) to (3) illustrates the general framework for seismic life-cycle
cost assessment, for structures located in regions susceptible to crustal (C) and subduction (S)
earthquaked, one needs to consider the seismic risk separately and aggregate the respective
losses. The aggregated seismic life cycle cost [E(SLCCC,S)] can be calculated as:
T

I

E  SLCCC ,S    i ,C e
t 1 i 1

 i ,C t

T
I
Ci
Ci
 t
  i ,S e i , S
t 1
(1   )
(1   )t 1
t 1 i 1

(4)

where λi,C and λi,S represent the independent mean annual rate of damage corresponding to crustal and subduction sources respectively. Following Equations (2) and (3), it is evident that these
mean annual rates need to be calculated individually using the respective fragility function and
hazard curve for crustal earthquakes [P[DSi,C | IM = a] and HC(a)] and subduction earthquakes
[P[DSi,S | IM = a] and HS(a)].
Even for regions exposed to ground shaking from subduction zones, conventional approaches
towards seismic fragility assessment typically do not differentiate between building vulnerabilities under crustal and subduction earthquakes. Consequently, only the crustal fragility curves
P[DSi,C | IM = a] are used in conjunction with the total hazard [HC(a) + HS(a)] to first evaluate
the “total” mean annual failure probability of damage ( PAitot,C ) as:
PAitot,C   P  DSi ,C | IM  a 

d  H C (a)  H S (a) 
da

da

(5)

and then the mean annual rate of damage itot
,C [Equation (2)]. Consequently, the seismic lifecycle cost calculated using the crustal fragility and total hazard can be computed as:
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E  SLCCCtot    itot
,C e
T

I

 itot
,C t

t 1 i 1

Ci
(1   )t 1

(6)

The increased seismic vulnerability of buildings when exposed to long duration ground motions
from subduction earthquakes is explicitly accounted for in SLCC assessment using Equation
(4). On the contrary, Equation (6) presents conventional SLCC assessment of buildings without
considering the impact of long duration ground motions, even in regions susceptible to subduction earthquakes.

2.2 Seismic Hazard
The SLCC framework presented in this paper is applicable to regions exposed to seismic hazard
from both crustal and subduction earthquake faults, such as Pacific Northwest region of USA.
The seismic hazard at a site is represented by the seismic hazard curve that quantifies the annual
frequency of exceedance of ground motion intensities. The proposed framework requires combining subduction and crustal hazard curve with respective building fragilities [Equation (4)].
For this purpose, the total seismic hazard at a site is deaggregated into two parts: (a) crustal
[HC(a)] and (b) subduction hazard [HS(a)].

2.3 Building seismic fragility curves
The seismic vulnerability of a building due to structural damage is quantified using seismic
fragility curve that specifies the probability of exceeding any building damage state given the
intensity of ground motion. A building damage state is defined using structural response parameters such as roof drift, interstory drift, among others and corresponds to a specific level of
damage in the building.
A typical seismic fragility curve is represented by the median value and associated dispersion
of a lognormal cumulative density function. Conventional life cycle cost assessment studies use
fragility curves calculated using short duration crustal ground motions, even in regions exposed
to subduction earthquakes. The difference in seismic vulnerability when exposed to crustal or
subduction ground motions calls for investigating the impact of duration dependent fragility
curves instead of so-called “duration-blind” fragility curves on SLCC.

Representative case-study
To demonstrate the proposed framework for calculating SLCC of structures exposed to crustal
and subduction ground motions, a case-study 4-story reinforced concrete office building in Seattle, Washington is considered. The city of Seattle is susceptible to long duration ground shaking from Cascadia subduction zone and short duration ground motions from local crustal faults
such as Seattle fault. A nonlinear analytical model of the building is created and separate building damage fragility curves for crustal and subduction ground motions are generated after subjecting to sets of short and long duration ground motions. These fragility curves are combined
with the respective deaggregated crustal or subduction seismic hazard curves and building repair costs to calculate SLCC of the building following Equation (4).

3.1 Analytical modeling of archetypical building
The building used in this study is a reinforced concrete moment frame building designed according to modern seismic design codes in USA [15,16]. The building is designed as a space
frame with first story 15 feet high, rest of the stories 13 feet high and column spacing of 20 feet.
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The building is located at a site with stiff soil, NEHRP site class D [17]. The reinforced concrete
space frame is designed as so-called “special” moment resisting frame (SMRF) that satisfies
design and detailing requirements including strong-column weak-beam and shear capacity design. These frames have high deformation capacity or ductility and can undergo large inelastic
deformation under earthquake loads, causing ductile flexural failure of beams and columns.
The building is analytically modelled in OpenSees[18] software as two-dimensional, 3-bay, 4
story frame (Figure 2). Since the beams and columns are susceptible to flexural failure, they are
modelled using lumped plasticity beam-column elements that capture the flexural behavior of
building. The plastic hinges for the beam-column elements are modelled using hysteretic material developed by Ibarra et al.[19]. This material is capable of simulating material stiffness
and strength deterioration under cycles of dynamic loading. The properties of the plastic hinges
are defined based on element and reinforcement properties of the beam-column elements using
empirical equations developed from test results of more than 250 reinforced concrete columns[20]. The foundations are modelled using elastic, semi-rigid rotational springs at the base
of ground floor columns. Further details on the analytical building model can be found in
Raghunandan et al. [11].

Figure 2 Illustration of analytical building model[11]

3.2 Ground motions and dynamic analysis
For simulating the dynamic response of the building, the analytical building model is subjected
to crustal and subduction earthquake ground motion sets. The crustal set consists of ground
motions from 35 far-field shallow crustal earthquakes with Mw 6.4-7.6, recorded 7-26 km from
rupture source. The subduction set contains 42 ground motion recordings from subduction
earthquakes across the globe (Mw 6.8-9.0, recorded at sites 27-390 km from source), including
recent Tohuku, Japan and Maule, Chile earthquakes. The average 5-95% significant durations
[21] of crustal and subduction sets are 13.9s and 44.3s. Detailed information about the ground
motion recordings is provided in Raghunandan [22].
The dynamic response of the structure under the influence of dynamic loading is evaluated by
incremental dynamic analysis (IDA)[23]. In IDA, the structure is subjected to a ground motion
and its response in terms of engineering demand parameter, such as maximum interstory drift
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ratio is recorded. The ground motion is then scaled to a higher intensity while recording the
response of structure to scaled ground motion. The process of scaling ground motion and recording structural response is continued until building collapse occurs, indicated by large interstory drift ratios. The intensity of the scaled ground motion that causes the collapse of the
structure is called the collapse capacity of the structure. IDA is carried out on the case-study
building using the crustal and subduction ground motion sets.

Results and discussions
4.1 Seismic hazard and fragility curves
Seismic hazard curves for this study are obtained from USGS National Seismic Hazard Maps
by generating deaggregated hazard curves from each fault and combining the curves from respective fault types (crustal or subduction) [24]. Figure 3 (a) illustrates crustal and subduction
hazard curves generated for the site (NEHRP[17] site class D soil) considered in the case-study.

(a)

(b)

Figure 3 (a) Seismic hazard curves deaggregated by source for the case-study building site, (b) Seismic fragility
curves for the cast study building corresponding to slight, moderate, extensive and complete damage states, when
subjected to ground motions from Crustal (C) and Subduction (S) set.

This study generates seismic fragility curves following the IDA results after considering four
damage states based on the maximum interstory drift ratio experienced by the structure during
ground shaking: Slight (0.33%), Moderate (0.67%), Extensive (2%), and Complete (same as
collapse of structure) [11,25]. As elaborated earlier, two sets of duration-dependent fragility
curves are developed based on structural response from crustal and subduction sets of ground
motions. The intensity of the ground motion is measured using spectral acceleration at 1 second
[Sa(T=1s)]. This intensity measure is adopted for compatibility with ground motion intensity
measure of deaggregated seismic hazard curves obtained from USGS. This intensity measure
also takes into consideration the frequency content of ground motion at the fundamental period
of the case-study building, which is equal to 1 second. The spectral shape effects due to period
elongation and higher mode effects in measuring ground motion intensity is not considered in
this study.
It is observed that for damage states at low drift levels (slight, moderate and extensive), the
difference in median building fragility estimates is insignificant for crustal and subduction
ground motion sets. However, for more nonlinear damage states, such as complete damage
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occurring at high drift levels, the influence of ground motion duration on building fragility is
significant. The median fragility for complete damage state is 39% lower when the building is
subjected to long duration ground motions from subduction earthquakes instead of short duration ground motions from crustal earthquakes. Fragility dispersions are found to be higher for
subduction fragility curves. This is because of the wide range of ground motion duration in
subduction ground motion set, resulting in higher record-to-record variability. The fragility
curves only includes uncertainty due to record-to-record variability and does not include modelling uncertainty that will be considered in future studies. Figure 1(b) illustrates the seismic
fragility curves for four damage states for the case-study building when subjected to Crustal
(C) and Subduction (S) ground motions.

4.2 Seismic Life-cycle Cost Analysis
Repair cost ratios corresponding to different damage states used in this study are adoped from
HAZUS[25]. Comparison between the seismic life-cycle costs for the case-study building con-

sidering only crustal fragility curves and total hazard [ E  SLCCCtot  from Equation (6)], and
crustal and subduction fragilities separately with their respective hazards [E(SLCCC,S) from
Equation (4)] for a lifetime of 75 years reveals interesting trends. Figure 4 shows the relative
contribution of different damage states to the total seismic life-cycle cost. While the slight and
moderate damage states reveal a 3% and 9% increase in E(SLCCC,S) compared to E  SLCCCtot 

respectively, the highest difference of nearly 233% occurs for the complete damage state. These
observations are consistent with the fragility curves presented earlier in Figure 3 (b) as well as
past literature [26] that highlights the considerable influence of ground motion duration for
higher damage states. It is worthwhile to note that for the extensive damage state a 19% reduction is observed for the expected value of SLCCC,S compared to SLCCC owing to the higher
likelihood of being in extensive damage state when considering only crustal fragility curves
and total hazard.

Figure 4: Damage state contribution to the seismic life-cycle cost of case-study building for crustal fragility curves
and total hazard [E(SLCCC)], and both crustal and subduction fragility as well as hazard [E(SLCCC,S)]
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However, aggregated SLCC across all damage states throughout the lifetime of the structure
reveals a substantial increase of 16% when crustal and subduction fragilities and deaggregated
hazards are considered as compared to crustal fragility and total hazard. This underlines the
importance of incorporating the effect of ground motion duration via subduction fragility curves
for structures in regions susceptible to subduction earthquakes, not otherwise accounted for in
conventional SLCC analysis methodology.

Conclusions
This study proposes a novel framework to estimate seismic life-cycle cost for buildings located
in regions susceptible to long duration ground motions from subduction earthquakes. Long duration motions can result in increased seismic fragility of structures than when subjected to
short duration ground motions from crustal earthquakes. Conventional approaches for seismic
life-cycle cost evaluation that typically adopt fragility curves using crustal ground motions may
potentially underestimate lifetime losses.
The proposed framework is demonstrated on a 4-story reinforced concrete moment frame building located in Seattle, Washington where both subduction and crustal sources contribute significantly to the total seismic hazard. Subsequently, two different sets of fragility functions for
crustal and subduction ground motions are developed are derived using incremental dynamic
analysis technique. While longer ground motion duration results in significant reduction of 39%
in median fragility estimate for the complete damage state, an increase in dispersion is observed
across all damage states. Considering a service life of 75 years for the case-study structure, a
damage state-wise break up of seismic life-cycle cost reveals highest contribution due repairs
stemming from complete damage state compared to slight, moderate and extensive damage
states. Overall an aggregated increase of 16% in seismic life-cycle cost is observed using the
proposed methodology compared to conventional techniques thereby highlighting the need to
incorporate long duration ground motion for lifetime seismic loss assessments. The results of
this study will enable building owners, government officials and stakeholders to make informed
decisions for optimising repair prioritization of buildings located in subduction zones. Future
work on this topic will include the sensitivity of seismic life-cycle costs to different building
sites located in regions of varying seismicity stemming from subduction sources.
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Abstract: To optimize the investment level in projects that improve structural
safety, two approaches are commonly used. While Lifetime Cost Optimization
(LCO) balances upfront investments against a reduction in uncertain future failure
costs, the Life Quality Index (LQI) balances monetary expenditure against changes
in life expectancy. The LQI methodology is often considered as a boundary condition for LCO by requiring that the safety investment does not result in a reduction
of the LQI (LQI net benefit criterion). However, for safety investments defined by
a continuous design parameter, the net benefit criterion is often a weak requirement and a maximization of the LQI should be pursued. In this paper the LQI
maximum societal benefit criterion is introduced and its relationship with the LCO
criterion is investigated. Results indicate that for a societal decision maker the
LCO and LQI optimum design criteria are identical when the costs related to human losses are evaluated in accordance with the Societal Willingness to Pay concept. Any other evaluation method necessarily results in a suboptimal LQI and an
unnecessary loss of societal welfare.

Introduction
Contemporary society emphasizes the importance of safe and sustainable construction. A
common methodology is to minimize the total expected costs during the lifetime of the structure. This methodology is referred to as Lifetime Cost Optimization (LCO). An alternative
methodology is to assess the societal acceptability of decisions by considering their effect on
the life-expectancy e and the gross domestic product g through the compound indicator of the
Life Quality Index (LQI).
Application of the LQI to structural safety has found considerable support in the scientific
community. However, generally only the LQI net benefit criterion is considered, defining a
lower bound for the safety investment. Often this results in a very wide range of acceptable
designs, prompting many to believe that the societal acceptability criterion of the LQI should
not be explicitly considered when assessing the optimum level of structural safety.
However, the fundamental concepts underlying the LQI require that the level of safety investment is determined for which the LQI is maximal, i.e. maximizing societal welfare. This
‘LQI maximum societal benefit criterion’ is derived further and a comparison is made with
the LCO evaluation and with the LQI net benefit criterion. The conceptual application example at the end of the paper illustrates the different concepts and their interaction.
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The present value of future costs and benefits
Engineering problems in the field of structural safety are associated with the stochastic incurrence of costs and benefits during the lifetime of the structure. The incurrence of damages for
example relates to the uncertain exposure to extreme events, and to the probability of failure
given the extreme event. Furthermore, if the structure is systematically renewed or repaired
after failure, the renewed structure is again exposed to possible damaging events. This sequence of renewed exposures is referred to as a renewal process. A systematic derivation of
the fundamental equations underlying renewal processes can be found in [7].
In summary, all the stochastically incurred costs and benefits have to be discounted to their
present value by a continuous discount rate γ. Describing the occurrence of failure by a homogeneous Poisson process with renewal rate λ given by the annual probability of failure Pf,
and considering the costs Hi incurred at the ith renewal (i.e. failure) to be independent and
identically distributed with mean value µ H, the expected present value of the damage cost D is
given by (1). When the time horizon tmax approaches infinity, eq. (1) reduces to the wellknown result (2) mentioned for example in [8].

E [ D] = µ H

tmax

∫P

f

exp ( −γ t )dt = µ H

Pf

lim E [ D ] = µ H

Pf

0

tmax →∞

γ

γ

(1 − exp ( −γ t ) )
max

(1)

(2)

As indicated by (1) and (2) and considering the derivations further in this paper, a traditional
cost optimization or LQI evaluation based on expected costs does not require knowledge of
the variability of Hi. Decision making based on expected costs is however rational and moral
only when considering situations where no possibility of ruin exists, see for example the concurrent arguments made by Taleb in [9]. If catastrophic – or more general: unacceptable –
losses are possible, the necessary actions for eliminating these possibilities should be identified first, before continuing for example to a cost-optimization based on expected losses.
In the remainder of this paper the time horizon tmax for the assessment will be considered as
infinite, based on the observation that for large finite time horizons the present value contribution of costs incurred at tmax is very small, diminishing the difference between a large but finite time horizon and an infinite time horizon. Considering for example a discount rate of 3%,
a cost Hi incurred 100 years in the future has a present value of only 0.05Hi. Furthermore, as
indicated in [1] the assumption of an infinite time horizon is especially reasonable when considering a portfolio of buildings from a regulatory perspective (societal decision maker).

Lifetime Cost Optimization (LCO)
Lifetime Cost Optimization (LCO) determines the level of safety investment in the design and
construction stage which minimizes the total cost over the lifetime of the structure (maximizes total utility), taking into account the uncertain future occurrence of damage due to exposure
to adverse events. The basic formulation for the lifetime utility is given by (3), with Z the total
utility, B the benefit derived from the structure’s existence, C the initial construction cost, D
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the damage cost due to adverse events during the lifetime of the structure, and θ the vector of
design parameters considered for optimization [8]. In the remainder of this paper only a single
design parameter θ will be considered for simplicity. As the goal of the optimization is to
maximize Z, the optimum design criterion is given by (4).

Z (θ ) = B (θ ) − C (θ ) − D (θ )

(3)

dZ ( θ )
=0
dθ

(4)

The benefit B accrues over the lifetime of the structure. When considering a pure safety investment, the benefit derived from the structure’s existence relates to the avoidance of failure
costs. Consider for example a situation where an annual failure probability Pf,0 exists in absence of any safety investments. The decision to make a safety investment will then result in a
change of regime from a situation governed by the reference failure probability to a situation
governed by the new annual failure probability Pf(θ). Considering the avoidance of the reference state failure costs as a benefit derived from the structure’s existence, the expected present value evaluation of B is given by (5) as an application of (2), with µ M the expected direct
and indirect material losses associated with a failure event and µ F the expected costs associated with human losses. The right-hand equality in (5) is given by rewriting µ M and µ F as a
product of the exposed population N, the annual GDP per capita g and failure cost indicators
ξM and ξF. The cost-indicators ξM and ξF have the advantage of indicating the severity of the
damages in respect to the monetary capacity of the exposed population.

B (θ ) = ( µ M + µ F )

Pf ,0

γ

= Ng (ξ M + ξ F )

Pf ,0

γ

(5)

The initial construction cost C is realized at the start of the structure’s existence. The ratio of
C to the exposed population N and the GDP g defines ξC (6). Naturally, ξC is a function of θ.
The damage cost D relates to the uncertain failure costs incurred in the new regime considering the residual failure probability Pf(θ). Evaluating the expected repair cost µ R for the structure as a ratio r of the initial construction cost, the expected present value evaluation of D is
given by (7). Here r is assumed independent of θ for simplicity.

C (θ ) = NgξC (θ )

D (θ ) = Ng ( rξC (θ ) + ξ M + ξ F )

(6)

Pf (θ )

γ

(7)

The above equations allow elaboration of the LCO optimum design criterion (4) to (8), where
the θ-dependency of ξC and Pf has been omitted in order not to overburden the notations.

d ξC
dθ

 rPf
1 +
γ


 rξC + ξ M + ξ F dPf
=0
+
γ
dθ
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(8)

The LQI and its application to decision making
4.1 Introduction
The Life Quality Index (LQI) as introduced by Nathwani et al. [4] provides a powerful compound social indicator which can be applied to evaluate the societal acceptability of decisions
related to Life Safety. As stated by Lind et al. [3], the underlying goal of safety investments
and risk management should be to cost-effectively improve the overall societal welfare. Consequently, key parameters incorporated in the LQI are the annual GDP per capita g and the
life expectancy e. These parameters are considered together with an exponent q defining the
trade-off between work and leisure to form the LQI index (9). Derivations of the LQI index
are given amongst others by [4], [6] and [8]. Note that slightly different definitions of the exponent q exist, with a recent definition given in [6]. These differences are, however, of little
importance for the discussions in the current paper.
LQI = g q e

(9)

4.2 The LQI net benefit criterion
Investment in a safety measure will generally result in a change of the LQI, as given by (10).
Generally, the investment results in a reduction dg of the GDP, while on the other hand resulting in a small increase de of the life expectancy e. If both dg and de apply on a yearly basis
(10) can be evaluated directly (see [4] for examples). The societal acceptability of the measure
is then defined by requiring that the change in LQI is positive, resulting in (11) as the common formulation of the “LQI net benefit criterion”. When dLQI is zero, the safety measure
has no net benefit for society, but neither results in a loss of societal welfare.
dLQI = qg q −1edg + g q de

(10)

dLQI
dg de
=q
+ ≥0
LQI
g
e

(11)

In the field of structural safety the costs and benefits accrue stochastically over time, and
therefore the present value of (11) needs to be considered. Denoting with PV(.) the present
value evaluation and considering both q and g to be constant, results in (12).

 dLQI
PV 
 LQI


=


tmax

∫
0

 dg de 
q
+  exp ( −γ t )dt =
q
e 
g
 g

tmax

tmax

0

0

∫ dg exp ( −γ t )dt + ∫

de
exp ( −γ t )dt
e

(12)

The present value evaluation of dg is equivalent to the per capita present value of the monetary costs and benefits accrued up to tmax. This results in (13) (considering the evaluations
above in Section 3 and an infinite time horizon tmax, while dividing by N for a per capita evaluation and omitting the costs to human life which are evaluated separately through de).
∞

1

 ξM

∫ dg exp ( −γ t )dt = N  Ng 
0

γ

Pf ,0 − ξC −
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rξC + ξ M

γ


Pf  


(13)

As discussed in [1], [4], [8], the relative change in life expectancy can be related to a change
in mortality dM, through the demographic constant CFM, giving (14) with Nf the expected
number of casualties in case of a failure event. This results in (15) for the present value of
de/e.

N
de
≈ CFM dM ≈ CFM f ( Pf ,0 − Pf )
e
N

(14)

N f Pf ,0 − Pf
de
exp ( −γ t )dt = CFM
γ
e
N
0

(15)

∞

∫

Requiring that the present value of dLQI is positive, the LQI net benefit criterion for safety
investments, where costs and benefits stochastically accrue in the future, is given by (16).

N f Pf ,0 − Pf
ξ
rξ + ξ

q  M Pf ,0 − ξC − C M Pf  + CFM
≥0
γ
γ
N
 γ


(16)

4.3 The LQI maximum societal benefit criterion
As applied in [4], the LQI net benefit criterion is a rational tool for evaluating the acceptability of binary safety decisions (e.g. “is the proposed ‘seat cushion flammability regulation’
beneficial for society?” see [4]). The LQI net benefit criterion has, however, also found general acceptance in the literature on structural safety. When considering a single continuous
safety parameter, θ, the LQI net benefit criterion is used to define a lower bound, θmin (see e.g.
[1] and [8]), leaving the field open for an LCO evaluation for θ ≥ θmin.
The underlying goal of the LQI application is, however, to maximize societal welfare, in
agreement with the fundamental principle stated by Lind et al. [3] that safety investments
should improve overall societal welfare. Therefore, when determining the appropriate level of
investment in a safety parameter θ, the present value of dLQI / LQI as given in (12) should be
maximized. This consideration results in the general ‘LQI maximum societal benefit criterion’
of (17), resulting in (18) when taking into account (13) and (15).
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(18)

Elaborating (18) gives (19), which has been arranged to follow the same structure as the LCO
criterion of (8).

dξC
dθ

 rPf
1 +
γ



+


rξC + ξ M +

CFM N f

γ
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qN

dPf
dθ

=0

(19)

Comparison between LCO and LQI optimum solutions
Comparing the LCO and LQI optimum design criteria of (8) and (19), similarities are observed. The parameters applied in both equations may, however, have different values, depending on the viewpoint of the decision maker. For example, the parameter ξM associated
with direct and indirect material losses will generally be evaluated differently by different
private stakeholders, and will have yet another value from a societal viewpoint. Considering
the background of the LQI as an indicator for societal welfare, the LQI is necessarily evaluated from a societal perspective. More precisely, the LQI should be evaluated from the perspective of the group of persons bearing the costs and reaping the benefits of the safety measure
(note that this does not imply that every person bearing the costs also has to be a beneficiary).
Often the investment in structural safety is fully determined by a societal decision maker. On
the one hand the performance specifications for large safety projects (e.g. surge barriers) will
generally be set by a governmental decision, while on the other hand the safety levels obtained in common structures are (in general) defined through the applicable codes, standards
and regulatory requirements. In current practice a private evaluation of the optimum safety
level is conceivable only for exceptional situations. Consequently, the societal decision maker
is the most relevant point of view both for the LCO and the LQI assessment. For the societal
decision maker, the evaluation of the parameters ξC, ξM, r, and γ are the same in both (8) and
(19). Comparing (8) and (19) for a societal decision maker, the LCO and LQI optimum design
criteria are identical if Equation (20) holds for evaluating the human consequences.

ξF =

CFM N f

(20)

qN

Multiplying (20) with Ng gives (21), an evaluation of the expected costs µ F associated with
losses of human lives and limbs in case of a failure event. Considering failure events to occur
with renewal rate λ, the present value evaluation of (21) is given by (22), in accordance with
Section 2 above. The approximations on the right hand of (22) are introduced through (14).
Multiplying all members of the equation with γ and acknowledging that µ F·λ is monetarily
equal to N times an expected annual loss dg of GDP per capita, results in (23). The right hand
equality in (23) is identical to the Societal Willingness to Pay (SWTP) as derived by Pandey
and Nathwani [5], proving that the LCO and LQI optimum design solutions of (8) and (19)
are identical for a societal decision maker when the costs µ F (i.e. ξF) associated with losses to
human life and limb are evaluated in accordance with the SWTP principle.
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(21)
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(23)

The above indicates a perfect compatibility of the LCO and LQI optimum design solutions
when evaluating loss to human life and limb in accordance with the SWTP. Other LQI-based
methods for evaluating losses to human life and limb exist (see the literature study in [1]), but
these different evaluations will necessarily result in a suboptimal LQI.
Note that the conclusions above are valid only when investment costs (ξC), repair costs (r),
material damages (ξM) and discount rates (γ) are the same in both the LCO and LQI evaluation. As mentioned earlier, this will generally not be the case for a private decision maker.
Currently, the compatibility of a private LCO with the LQI is considered to result from applying the LQI net benefit criterion as a boundary condition. This is however not recommendable, as discussed further. To discern a possible way forward, consider that amongst others the
variability of costs and the uncertainty with respect to the discount rate imply that the future
LQI realization is stochastic. Consequently, decision support methods as in [10] can be applied to determine an acceptable range for the decision parameter θ based, for example, on a
maximum acceptable deviation between the optimum LQI and the LQI resulting from the
private decision. Within this acceptable range, private LCO evaluations can be considered
acceptable. This is not further elaborated here.

Discussion on the application of the LQI net benefit criterion
Recent literature applying the LQI in the field of structural safety considers the LQI net benefit criterion of Equation (16) as defining a lower bound for the safety investment, see e.g. [1]
and [8]. Furthermore, the LQI net benefit criterion is often applied neglecting the benefit term
(i.e. the reduction in material damages). Occasionally even the present value evaluation is
omitted. A number of objections can be raised to this application:
•

•

•

•

When considering investments in a continuous safety parameter the LQI net benefit
criterion may result in a very wide range of acceptable designs, i.e. accepting design
options far from the societal optimum, resulting in unnecessary loss of life.
When costs are stochastically incurred over the lifetime of the structure, the present
value of the future material losses and (reduction in) risk to human life and limb have
to be considered. Neglecting the present value evaluation will result in a distortion of
the LQI cost-benefit evaluation.
The LQI net benefit criterion of (16) is dependent on the reference failure probability
Pf,0. The acceptability of a final safety design according to the net benefit criterion
may therefore depend on any intermediate safety levels obtained. See Section 7.3 for
an application of this path-dependency.
Neglecting the reduction of material damages when evaluating the LQI net benefit criterion results in a weakening of the criterion (i.e. accepting lower levels of safety investment). Consider for example a situation where an expensive safety investment
monetarily ‘pays for itself’ by reducing the present value of future material losses. In
this situation every associated risk reduction with respect to human life and limb effectively comes at zero cost, and therefore this safety investment should be implemented in accordance with the LQI principle, even if the ‘crude’ investment per life
year saved is very high.
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Example application
7.1 Problem statement
The example application presented here is an adaptation of the flood protection problem in
[8]. A town has an annual probability of flooding Pf,0 of 0.1 due to the bad shape of the existing dams. New dams will be constructed and the optimum dam height should be determined.
Values of relevant parameters are given in Table 1. For the newly constructed dam, the annual
probability of flooding Pf will be governed by the dam height through (24). The construction
cost is a function of the dam height through (25).
Table 1: Parameters governing the flood protection problem

Parameter
Dam height
Overtopping parameter
Dam cost per m3
Dam length
Relative repair cost dam after overtopping
GDP per capita
Work-leisure trade-off factor
Discount rate
Population distribution constant
Expected number of casualties in case of a flood
Total population town
Expected direct and indirect material losses due to flooding

Symbol
h
b
c
L
r
g
q
γ
CFM
Nf
N
µM

Value
TBD
3
150
10000
0.2
25000
0.143
0.05
19.2
50
200000
5·107

Dim.
m
m
USD/m3
m
USD
1/year
persons
persons
USD

  h 3 
Pf = exp  −   
 b 



(24)

C ( h ) = ch2 L

(25)

7.2 LCO and LQI evaluation
The total utility ZLCO is evaluated in function of the dam height in accordance with (3) and the
derivations in Section 3. Results are visualized in Figure 1 for different ξF. The optimum dam
heights hLCO according to the LCO optimum design criterion of (8) are indicated for each ξF.
Furthermore, Figure 1 visualizes the present value evaluation of dLQI / LQI according to (12)
and the derivations in Section 4.2. The minimum required dam height hmin according to the
LQI net benefit criterion of (16) is indicated in the graph, as well as the optimum dam height
hLQI according to the LQI maximum societal benefit criterion. As visualized in Figure 1, the
optimum heights hLCO and hLQI match when ξF = 0.0336, i.e. when ξF is determined through
(20). As in [8], the LQI net benefit criterion is found to impose only a very limited restriction
on h (discussion further in Section 7.3). For completeness, note that the LQI net benefit criterion of (16) is positive only in the range {4.01m; 17.04m}. In casu only the lower bound hmin
is of importance as the upper bound is considered outside the range of reasonable values for h.
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Figure 1: Total utility ZLCO and LCO optimum design (hLCO) in function of ξF. Present value evaluation of dLQI /
LQI and LQI optimum design (hLQI)

7.3 Discussion on the LQI net benefit criterion
In this Section ξF is considered in accordance with (20), resulting in hLCO = hLQI and the total
utility ZLCO being (up to a constant factor) equal to PV(dLQI / LQI). Consequently, the LQI
net benefit criterion is identical to the requirement ZLCO ≥ 0. Results are visualized in Figure 2
considering different Pf,0. For large Pf,0 the net benefit criterion results in a low value for hmin,
far from the optimum value hLQI. It can be argued that this weak requirement is not compatible with the philosophy underlying the LQI. For small Pf,0 however the upper bound hmax for
the net benefit criterion comes into play as well (i.e. Pf,0 = 0.02). And for even smaller Pf,0
(i.e. Pf,0 = 0.01) the net benefit criterion indicates that no acceptable dam height exists as all
investments result in ZLCO < 0. Note however that in the simplified example, no deterioration
or damage of the existing dams has been considered (i.e. the decision to build a new dam was
a priori assumed as a given). Therefore, the result for Pf,0 = 0.01 should be considered as a
theoretical and illustrative result only. Application of the LQI maximum societal benefit criterion is, on the other hand, independent of Pf,0. In conclusion, it is suggested that the LQI maximum societal benefit criterion is more relevant for guiding investment in a safety parameter,
while the net benefit criterion is most beneficial to support binary decision making. Referring
to the result for Pf,0 = 0.01 in Figure 2, the binary evaluation indicates that currently no investments should be made (for the simplified model described above). When the decision to
build a new dam is a given, the LQI maximum societal benefit criterion guides the decision.

Conclusions
Application of the LQI net benefit criterion in the field of structural safety may result in a
weak requirement serving as a boundary condition for LCO with respect to a continuous design parameter. In agreement with the philosophy of maximizing societal welfare, which underlies the LQI, an LQI maximum societal benefit criterion is presented. For a societal
decision maker the resultant LQI optimum safety investment is identical to the optimum safety investment obtained through LCO if the costs associated with human losses are evaluated
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according to the Societal Willingness to Pay concept. Other methodologies necessarily result
in a suboptimal present value for the LQI change resulting from the safety investment. Further
developments are required for integrating the societal LQI evaluation with private LCO. The
current concept of applying the LQI net benefit criterion as a lower bound for the private LCO
may be too weak a requirement.

Figure 2: Total utility ZLCO for ξF = 0.0336 for different Pf,0. Minimum dam height hmin (LQI net benefit criterion)
and hmin,, optimum dam height hLCO = hLQI (LQI maximum societal benefit criterion).
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Abstract: In this paper, a life-cycle seismic loss assessment is performed for three RC
frame structures. The seismic hazard for Bucharest is generated by the Vrancea intermediate-depth seismic source which generates, on average, 2 – 3 earthquakes with MW
≥ 7.0 per century. Three RC frame structures are designed using the seismic action for
Bucharest, evaluated for three mean return periods of 100 years, 225 years and 475
years. The seismic loss assessment is performed for the three structures using a 50000
years Monte-Carlo simulated earthquake catalogue. In addition, a seismic performance
evaluation based on SAC/FEMA approach is also applied. The results show that a further increase of the seismic hazard level from the current mean return period of 225
years to 475 years is economically feasible.

Introduction
Bucharest, the capital city of Romania is one of the cities with the highest seismic risk in Europe
due to a combination of high seismic hazard and relatively high vulnerability of the built environment. The current residential building stock comprises of over 130000 buildings, according
to the most recent census from 2011, out of which more than 60% were built before the major
Vrancea earthquake of March 4, 1977 (moment magnitude MW = 7.4 and focal depth h = 94
km). This event triggered significant changes in the seismic design provisions and as such the
buildings built after this seismic event are characterized by a much smaller vulnerability than
the ones built prior to it. The most recent seismic hazard study of Pavel et al. [1], [2] shows that
the peak ground acceleration corresponding to a mean return period of 475 years (probability
of exceedance of 10% in 50 years) is in excess of 0.35 g and that the main contributor to the
seismic hazard is the Vrancea intermediate-depth seismic source. A more detailed discussion
regarding the seismic hazard for Bucharest is shown in the subsequent section.
In this study, we evaluate the seismic performance of three RC five-story RC frame structures
designed for the seismic action corresponding to three different mean return periods using an
approach based on seismic risk assessment performed for a Monte-Carlo simulated earthquake
catalogue and through the SAC/FEMA approach.

Seismic hazard for Bucharest
The seismic hazard curve for peak ground accelerations computed based on the PSHA (probabilistic seismic hazard assessment) performed by Pavel et al. [1] is shown in Figure 1. The
uniform hazard spectra for three mean return periods (MRP) of 100 years, 225 years and 475
years are shown in Figure 2. It is to be emphasized that the uniform hazard spectra are not
design spectra used for structural design, they simply show the spectral ordinates with the same
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exceedance probability in a given number of years. On the other hand, all the design response
spectra from the Romanian seismic design codes issued after the Vrancea earthquake of March
1977 exhibit a constant acceleration plateau which covers a broad range of periods (up to 1.5
or 1.6 s, depending on the version of the code). The long-period amplifications which were
noticed on the recordings obtained during the Vrancea seismic events of March 1977 and August 1986 cannot be accounted for through UHS.

Figure 1: Seismic hazad curve for peak ground acceleration for Bucharest

Figure 2: Uniform hazard spectra for three mean return periods for Bucharest

Analysed structures
A RC frame structure with a symmetric layout across both horizontal directions is analyzed in
the subsequent section. The structure has five stories in height (5 x 3.0 m) and is 24.0 m x 24.0
m in plan. The planar layout of the model structure is shown in Figure 3. The model structure
was designed for three mean return periods (MRP) of the seismic action, namely 100 years, 225
years and 475 years. The corresponding exceedance probabilities of the seismic action are 39%,
20% and respectively 10% in 50 years. Thus, the structures will be denoted hereinafter as structure no. 1 (S1), structure no. 2 (S2) and structure no. 3 (S3). The design of the three structures
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was performed according to the Romanian seismic design codes, namely the code P100-1/2006
[3] and P100-1/2013 [4]. The peak ground accelerations used for computing the base shear
coefficient has a mean return period of 100 years in the case of the code P100-1/2006 [3] and
225 years, respectively for the code P100-1/2013 [4]. The cross-section dimensions which are
kept constant throughout the building height, as well as the corresponding longitudinal reinforcement are given in Table 1.

Figure 3: Planar layout of the analysed RC frame structure

Table 1: Cross-sections and longitudinal reinforcement for columns and beams

Structure

Columns
Cross-section
Longitudinal
(cm)
reinforcement

1

50 x50

12Ø16

2

55 x 55

4Ø20 + 8Ø16

3

60 x 60

12Ø20

Beams
Cross-section
Longitudinal
(cm)
reinforcement
Top: 2Ø20 + 1Ø25
(1Ø16 + 2Ø20)
25 x 50
Bottom: 1Ø16 +
2Ø20 (3Ø16)
Top: 1Ø20 + 2Ø25
(3Ø20)
25 x55
Bottom: 2Ø16 +
1Ø20 (3Ø16)
Top: 1Ø20 + 2Ø25
(3Ø20)
25 x 60
Bottom: 2Ø16 +
1Ø20 (3Ø16)

The slab is made of cast-in-situ reinforced concrete and has a thickness of 15 cm for all three
structures. The beam reinforcement pattern is kept constant for the first three stories and is then
reduced for the last two stories. In the case of the columns, the longitudinal reinforcement is
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similar for all the stories since it represents the minimum quantity of reinforcement. A steel
grade S500 is employed for both the longitudinal and transverse reinforcement. A concrete class
C30/37 is employed for all the structural elements. The transverse reinforcement is computed
based on the moment capacity of both the beams and the columns. Both Romanian seismic
codes from 2006 and 2013 follow to a great extent the Eurocode 8 [5] format for capacity design
of RC frames. The peak ground accelerations used in the design process were 0.24 g for MRP
= 100 years, 0.30 g for MRP = 225 years and 0.36 g for MRP = 475 years, respectively. A
ductility class high (H) was assigned to all three structures and the corresponding behavior
factor q was taken as 6.75 (the effect of structural overstrength is included).

Structural assessment
Nonlinear static analyses (pushover) were conducted for all three structures using the code
STERA 3D [6]. The basic assumptions, similar with the ones from the paper of Pavel and
Pricopie [6] are described briefly subsequently. All the structural elements are considered as
line elements and the floor diaphragms are modelled as rigid in their plane. The beams are
modelled as elements with nonlinear flexural hinges at both ends and a nonlinear shear hinge
in the middle of the element. The column element is modelled using a multi spring (MS) model
with nonlinear axial springs at both ends and bi-directional nonlinear shear springs in the middle. The additional effect of the slab is taken into account in the modelling of the beam elements.
The hysteretic model of the beam elements is based on a trilinear model which can account for
strength degradation, stiffness degradation and for slip degradation, as well. The multi spring
(MS) model for the vertical elements consists of five areas – the four corner areas have both
concrete and steel nonlinear springs, while the central area has only a nonlinear concrete spring.
The concrete and steel strengths are based on mean strengths of the materials taking into account also the concrete confinement and the steel consolidation. The tension strength of the
concrete is neglected in the analyses. In the case of the steel nonlinear springs, the maximumoriented model is adopted prior to yielding and a trilinear model is adopted afterwards. The
trilinear hysteresis rule is also adopted for the concrete springs with consideration of the
strength degradation after the yielding point. A Rayleigh damping model is used in the computations, with a damping of 5% for the first eigenmode. The fundamental eigenperiod for the
three structural models using uncracked sections varies from 0.51 s for S3 structure to 0.69 s
for S1 model. A comparison of the pushover curves for the three analyzed structures is shown
in Figure 4. Structure S2 has a base shear force capacity which is almost 20% larger than that
of structure S1, and the capable base shear force of S3 model is also roughly 20% larger than
that of S2 model. The capable base shear force represents 19.4% of the building weight for S1,
22.5% for S2 and 25.6% model S3.
The methodology SPO2IDA proposed by Vamvatsikos [8] estimates the performance of SDOF
(single degree of freedom systems) by approximating the pushover curve of the real structure
with a backbone curve, taking into account strain hardening, pinching or negative stiffness segments. Thus, through this method, one can easily derive the IDA (incremental dynamic analysis) curves for various structural systems. In addition, nonlinear time-history analyses (NTHA)
were performed using 20 horizontal components recorded in Bucharest area during the Vrancea
intermediate-depth earthquakes of March 1977 (moment magnitude MW = 7.4, focal depth h =
94 km), August 1986 (MW = 7.1, h = 131 km) and May 1990 (MW = 6.9, h = 91 km). The
absolute acceleration response spectra for the 20 horizontal components are plotted in Figure
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5. One might notice that some of the horizontal components have quite high spectral amplitudes
in the long-period range (mainly recordings from the 1986 and 1990 seismic events). The recordings were scaled to 10 intensity levels starting from 0.02 g and up to 1.0 g. The NTHA
were performed only for the S1 structure. In a future extension of this study, the other two
structures will be subjected to NTHA, as well.

Figure 4: Comparison of pushover curves for the three anlyzed structures

Figure 5: Absolute accelration response spectra for the 20 horizontal components used for nonlinear timehistory analyses

The comparisons between the IDA curves for the maximum story drift and the drift corresponding to the maximum top displacement (obtained by diving the maximum displacement to the
total building height), obtained using SPO2IDA method and NTHA are shown in Figure 6. The
results show that the IDA curve obtained from NTHA exhibits higher amplitudes (e.g. drifts)
than the curve derived from SPO2IDA method. It is to be noted that the maximum allowable
storey drift from the current Romanian seismic design code P100-1/2013 [4] for the Ultimate
Limit State (ULS) is 2.5%.
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Figure 6: Comparison between the IDA curves obtained from SPO2IDA method and from NTHA for the
maximum story drift (left) and the drift corresponding to the maximum top displacment (right)

Seismic performance assessment
The SAC/FEMA mean annual frequency (MAF) format offers a simple expression to convolve
the seismic hazard with the structural response and estimate the mean annual rate (or the mean
return period) of exceeding any limit state that can be deﬁned on the structural response [9].
The closed-from solution for the expression for mean annual frequency of exceedance of a limit
state is derived by taking into account the random uncertainty in three main elements: seismic
hazard, structural response (as a function of ground motion intensity) and capacity [10].
The aleatory variability and the epistemic uncertainty were both assessed using the procedure
given by Jalayer and Cornell [10] for the structure designed for a mean return period of the
seismic action of 100 years. The IDA curve for both the maximum story drift and the top drift
was assessed using the results of the NTHA, shown in the previous chapter. The hazard curves
for the maximum story drift and the top drift as a function of the variability taken into account
are shown in Figure 7. The maximum story drift which corresponds to a mean return period of
100 years (structure S1) is 0.92 if only the aleatory variability is accounted for and 1.21 if both
aleatory variability and epistemic uncertainty are considered. In the case of the drift corresponding to the maximum top displacement, the values are 0.66 and 0.88, respectively. It is to be
noted that the maximum story drift values are below the 2.5% limit imposed by the code for
ULS.
A subsequent performance assessment for all three structures was performed using the N2
method [11] coupled with a Monte-Carlo simulated earthquake catalogue for Vrancea seismic
events [12]. In the N2 method [11], the inelastic demand spectrum is obtained from the elastic
design spectrum by using ductility based reduction factors (in this case the factors proposed by
Vidic and Fischinger [13]). Both the earthquake demand and the structural capacity (obtained
from the equivalent single degree of freedom system – SDOF) are plotted in the spectral acceleration – spectral displacement format (SA – SD). The inelastic spectral accelerations and displacements are evaluated by reducing the elastic response spectrum. The procedure aims at
evaluating the spectral acceleration and displacement corresponding to the so-called performance point by reducing the elastic demand spectrum and by intersecting it with the capacity
curve.
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Figure 7: Hazard curve for the maximum story drift (left) and the drift corresponding to the maximum top
displacment (right) taking into account inly aleatory varaiblity and both aealtry variability and epistemic
uncertainty

The Monte-Carlo simulated earthquake catalogue for Vrancea intermediate-depth seismic
source is based on the seismicity parameters used in the seismic hazard study of Pavel et al. [1].
Only earthquakes with magnitudes MW ≥ 6.0 are considered in the catalogue, since smaller
magnitude seismic events cause only panic throughout the population and practically no structural damage. Thus, the catalogue contains 13894 individual earthquakes which cover a time
span of 50000 years. It is emphasized that 1480 seismic events have magnitudes MW ≥ 7.0, out
of which 437 events have MW ≥ 7.5. In order to evaluate the peak ground acceleration in Bucharest during each individual seismic event in the catalogue, the ground motion model of Vacareanu et al. [14] is employed. This model was ranked as the best in the process of testing and
grading ground motion models for the Vrancea intermediate-depth seismic source performed
in the study of Pavel et al. [1]. The ground motion model of Vacareanu et al. [14] is used in
conjunction with a recently proposed spatial correlation model by Pavel and Vacareanu [15].
Both inter- and intra-event variability are considered in the simulations. From the entire database of points used in the seismic risk analysis performed by Pavel et al. [12], a point was
randomly selected and its corresponding peak ground accelerations represent the input for the
risk assessment performed in this study. Subsequently, the selected peak ground acceleration
was used for anchoring the design response spectrum from the current version of the Romanian
seismic design code P100-1/2013 [4]. The structural capacity curves were derived based on the
pushover curves obtained previously, while the fragility parameters were taken from Vacareanu
et al. [16].
The economic loss models and the casualty models are both taken from HAZUS-MH [17].
However, some modifications with regard to the cost ratios for reinforced concrete buildings as
a function of the damage state were applied using data from Bal et al. [18]. The average damage
ratios (values between 0 and 1), as well as the average direct losses given as percentages of the
building’s value are given in Table 2 and are obtained for the entire earthquake catalogue.
After the design of the buildings, the reinforcement and concrete quantities were evaluated for
all three structures. The other non-structural elements were considered similar for all three
structures and were thus disregarded. The results are summarized in Table 3. It is noteworthy
the fact that an increase of the seismic strength either from a mean return period of 100 years
to 225 years or from 225 years to 475 years leads to a decrease of the average direct losses
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which is superior to the increase of the material costs implied by the increased seismic action.
Thus, one can conclude that a further increase of the mean return period associated with the
seismic action in the future Romanian seismic design code is feasible from the economic point
of view.
Table 2: Average damage ratios and average direct loss (as percent of the building value)

Structure

Average damage ratio

1
2
3

0.240
0.191
0.157

Average direct loss (%
of the building value)
0.232
0.181
0.146

Table 3: Comparison between the ratios of the material quantities and the ratios for average direct losses

Ratio
225/100
475/100
475/225

Material
quantity
1.14
1.38
1.21

Average direct
losses
1.28
1.59
1.24

Subsequently, the mean damage ratio was evaluated for each 50 years’ period within the earthquake catalogue. The statistical analysis of the results showed that a lognormal distribution
could be fitted on the distribution of the mean damage ratio. The comparison of the lognormal
probability density functions (PDFs) for the mean damage ratio in 50 years as a function of the
mean return period of the seismic action is shown in Figure 8. The results show that as the mean
return period of the seismic action, the mean damage results tend to become more grouped with
regard to the corresponding mean value.

Figure 8: PDFs for the mean damage ratio in 50 years
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Conclusions
In this paper, the first step towards a life-cycle analysis of RC structures is performed in the
light of a future Romanian seismic design code which will have an increased mean return period
of the seismic action. The analysis of three five-story RC frame structures designed for three
mean return periods of the seismic action (100 years, 225 years and 475 years) have shown that
from the economic point of view, a further increase of the seismic action is economically feasible. Moreover, the mean damage ratios computed for a time span of 50 years tend to become
more grouped with regard to their mean value. In addition, this study has highlighted differences observed between the IDA curve computed from NTHA performed using recordings obtained in Bucharest area during Vrancea intermediate-depth earthquakes and the curve obtained
through the SPO2IDA method [9].
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Abstract: This paper presents a collection of cost models that together predict the
lifetime cost of a building, using detailed building information modeling. Different
models address different phases in the life cycle of a building, from construction
and extreme hazard events to demolition. In each phase the direct costs, environmental impact costs, and human health costs are forecasted. Random variables
describe uncertainties in the intervening variables; hence, the total cost is also a
random variable. The software framework calculates the expected value of that
cost and minimizes it using gradient-based optimization algorithms. An example
application is presented to demonstrate the import of a building information model
and estimation of the probability distribution of its total life cycle cost.

1 Introduction
This paper seeks to identify the optimal design of buildings from a holistic perspective in
which life-safety concerns are amended with a broad range of considerations. The entire life
cycle of the building is considered and all concerns are translated into probabilistic cost estimates. In spite of powerful optimization algorithms the answer to what is holistically the best
choice of materials, dimensions, and configurations is often unanswered in practice. One reason is that developers, architects, users, and societies may have different objectives, ranging
from cost of construction to aesthetic appeal and environmental impact. Another challenge is
the need for unbiased models to predict the costs and benefits that matter to both private and
public stakeholders. As a result, concerns such as environmental impacts and cost of possible
extreme events are not often quantified simultaneously or in an explicit and comprehensive
manner. This issue is addressed in this paper through the development of new cost models
that are implemented alongside finite element models in order to facilitate detailed life-cycle
analysis of buildings.
Although structural components are typically designed to meet limit-states formulated in
terms of stresses and deformations the use of cost as a decision-criterion is not new. The
structural reliability community has long employed objective-functions formulated in terms of
cost [1]–[3]. The earthquake engineering community has in the last 20 years developed models and procedures for cost-based design and retrofit [4]–[9]. Following both those research
directions the research group of the first author developed the computer program Rt [10]. It
was employed to calculate the cost of seismicity in the Vancouver region in Canada with a
large number of random variables and interacting models for hazards and structures [11],
[12]. That program is extended in this paper with detailed building modeling and new cost
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models. The life-cycle cost of structures has been estimated in previous work, e.g., [13], [14]
and the objective in this paper is to refine the granularity of the structural models and the
scope of the cost models.

2 Framework
The models presented in this paper are implemented in an object-oriented software architecture that extends the computer program Rt [10] in a version labeled Rts. The object-oriented
approach means that all code resides in classes from which objects are created at run-time.
For example, two existing classes are RBooreAtkinson2008IntensityModel and RHazusBuildingModel; it is understood from these class names that they contain a well-known earthquake
intensity model and a well-known structural damage model, respectively. A host of other
models are available, all with a class name starting with R as a matter of convention. A new
model named RDetailedBuildingModel is implemented in this paper and shown among other
new classes in Figure 1. The new building model inherits functionality from the base class of
all models in Rts, i.e., it can take as input random variables, design variables, and responses
from other models. Like the other models it also has access to the collection of analysis methods in Rts, such as linear solvers and time-stepping algorithms. The unique feature of RDetailedBuildingModel is that it makes use of a new framework of classes, shown below it in
Figure 1.
At the bottom of Figure 1 are the classes RNode and RElement, the latter with subclasses for
specific element types. These classes are available in any object-oriented finite element program, such as OpenSees [15]. It is the classes RDetailedBIM and RComponent, the latter with
subclasses for specific building components, which accommodate the new cost models presented in this paper. Figure 1 shows that RDetailedBuildingModel contains an RBIM object,
which contains data imported from an external building information model. RBIM takes an
industry foundation class file and creates the building components. The file is in the STEP
format and Rts uses IfcPlusPlus, an open source C++ tool, to read it [16].
Input from upstream
models that predict the
time, location, magnitude,
and intensity of hazard
occurrences

RSomeHazardModel
RDetailedBuildingModel

Total cost

RSomeOther HazardModel
Link to building
information model

RBIM
Symbols:
RComponent
RComponent
RComponent
RComponent

= inheritance (“is a”)

RPoint
RPoint
RPoint
RPoint

= aggregation (“has a”)
RConcreteColumnComponent

RLoadGenerator

RLinearFrameElement

RMeshGenerator

RElement
RElement
RElement
RElement

RBilinearMindlinElement

Figure 1: Class map.
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...

RConcreteSlabComponent

RNode
RNode
RNode
RNode

...

3 Cost Matrix
An overview of the costs considered in this study is shown in Figure 2. Each cell in the matrix
represents one cost. The matrix is organized such that each row in the matrix addresses one
phase in the life of the building. For example, the manufacturing of the construction materials
is addressed by the first row. The columns of the matrix separate the costs in each phase into
direct cost, environmental impact cost, etc. The grey-shaded cells are addressed in this paper;
the blank cells are either not meaningful, such as building functionality before the building is
built, or not addressed yet, such as human health impacts of demolition.
Direct cost
Environmental impacts
Human health
Functionality
Human experience
Manufacturing
Construction
Operation
Extreme hazard events
Demolition

c2
c2
c4
c6
c8

c1
c3
c5
c3
c9

c1
c3
c5
c7

Figure 2: Matrix of costs.

In the following, models are established and implemented in Rts for each cost in the greyshaded cells in the cost-matrix in Figure 2. Because there are nine models the total cost is
9

cTotal = ∑ ck ⋅ e− r⋅tk

(1)

k=1

where e− r⋅t =discount factor, r=real interest rate, and tk=duration from present time to the
occurrence of cost k. In the following presentation of the models the intervening variables are
defined without providing values, probability distributions, and references to where such information is found. That information is summarized in a subsequent table.
k

3.1 Material Manufacturing Phase
The manufacturing phase consists of extraction and manufacturing of materials. The environmental and human health costs of these activities are presented in this section, while the
cost of purchasing the materials is included in the construction phase. Using the notation c1
from Figure 2 this cost is formulated as
M ⎛
N
⎛ EM γ n ⎞ ⎞
c1 = ∑ ⎜ wm ⋅ imEM ⋅ ∑ ⎜ f n,m
⋅ ⎟⎟
ρn ⎠ ⎠
m=1 ⎝
n=1 ⎝

(2)

where M=number of materials (wood, steel, concrete, glass, aluminum, plastic, copper),
N=number of energy sources (diesel, gasoline, fuel oil, liquid petroleum gas, electricity, natural gas, coal), wm=total weight of material m in kg, imEM =energy intensity required for extracEM
tion and manufacturing of material m in J/kg, f n,m
=fraction of energy source n that is

employed in the extraction and manufacturing of material m with

∑

N
n=1

EM
f n,m
= 1 for each m,

γn=conversion from fuel amount or electricity amount to environmental cost in $/L for fuel
and in $/kWh for electricity including health impacts, and ρn=energy density obtained from
energy source n in J/L for fuel and in J/kWh for electricity.
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3.2 Construction Phase
The costs of construction are labeled c2 and c3 in Figure 2. c2 is the direct cost of construction,
i.e., the cost of purchasing material and labor, and c3 is the environmental impact costs. In this
paper, c2 is modeled by Bayesian linear regression, using data obtained from the RS Means
construction cost catalogue [17]. RS Means contains a hierarchy of labels for different materials and labor tasks, which are added to obtain the total construction cost, including direct cost
of purchasing materials. The construction cost model for a circular reinforced concrete column is presented here. The parameters that most influence that cost are height, h, diameter, d,
concrete strength, fc, and the reinforcement ratio, ρ. Because there is interaction between d
and ρ the following model was found to have several appealing features for the generated
data:
3

c2 = θ1 ⋅ h + θ 2 ⋅ d + θ 3 ⋅ f c + θ 4 ⋅ ρ ⋅ d + ε

(3)

where θi=model parameters and ε=model error, all random variables. The cubic root transformation is employed to achieve the best results in terms of normality of the error and heteroskedasticity for the generated data [18].
The environmental impact of construction is related to the transportation of workers and materials and also the use of heavy machinery on the construction site. This cost is formulated as

c3 = c3H + c3W + c3M

(4)

where H, W, and M stands for heavy machinery, workers, and materials, respectively. The
environmental cost of use of heavy machinery is
N
⎛
γ ⎞
c3H = f WH ⋅t W ⋅ i H ⋅ ∑ ⎜ f nH ⋅ n ⎟
ρn ⎠
n=1 ⎝

(5)

where fWH=fraction of total worker hours allocated to the use of heavy machinery as determined by the construction type with fWH<1, tW=total worker-hours for the entire construction
project, iH=energy intensity required by work with heavy machinery in J/worker-hour, and
fnH =fraction of energy source n that is employed in the use of heavy machinery with

∑

N
n=1

f nH = 1 . The environmental cost of transporting workers to and from the construction site

is
c3W =

t W W N ⎛ TW TW γ n ⎞
⋅ d ⋅ ∑ ⎜ in ⋅ fn ⋅ ⎟
ρn ⎠
tS
n=1 ⎝

(6)

where tS=number of hours in one shift, typically 8, i TW
=energy intensity required to transport
n
workers using transportation mode n in J/passenger/km, dW=distance travelled by the average
worker per day including return trips in km, and fnTW =fraction of energy source n that is employed in the transportation of workers with

∑

N
n=1

f nTW = 1 . The environmental cost of trans-

porting materials to and from the construction site is
M ⎛
N
⎛ TM γ n ⎞ ⎞
c3M = ∑ ⎜ wm ⋅ imTM ⋅ d M
⋅
f ⋅ ⎟⎟
m ∑ ⎜ n,m
ρn ⎠ ⎠
m=1 ⎝
n=1 ⎝

331

(7)

where imTM =energy intensity required to transport material m in J/kg/km, d Mm =distance between
TM
manufacturing plant and construction site for material m in km, and fn,m
=fraction of energy

source n that is employed in the transportation of material m with

∑

N
n=1

TM
f n,m
= 1 for each m.

3.3 Operation Phase
In this paper the cost of heating, cooling, lighting, etc. during the life of the building are addressed by costs c4 and c5 in Figure 2. c4 predicts direct cost and c5 predicts environmental
impact cost. In the present study the annual energy usage is predicted by using the program
eQUEST®, which is developed as a part of the Energy Design Resources program in California. Given the output from that program the direct cost is
N

(

c4 = Δt ⋅ ∑ iOn ⋅ γ! n
n=1

)

(8)

where Δt=considered time period in years, iOn =annual demand for energy source n, and γ! n
=conversion from fuel amount or electricity amount to direct purchase cost in $/L for fuel and
in $/kWh for electricity. Similarly, the environmental cost of operation is
N

(

c5 = Δt ⋅ ∑ iOn ⋅ γ n
n=1

)

(9)

3.4 Extreme Events
Several initiatives in the earthquake engineering community have resulted in models to estimate the repair cost for damage caused by ground motion. One approach is to categorize the
potential damage in discrete damage states and develop fragility curves that estimate the
probability of each state for a given demand parameter [6]. Once the damage state is predicted
the amount of repair and its cost are estimated. In this paper another approach is explored in
which visual damage is predicted from detailed finite element models; the repair action is then
predicted based on inspection of that damage, from which the time and cost of repair is estimated [19]. That cost is estimated within each building component and then summed, applying factors for economy-of-scale and demand surge.
Other costs of extreme hazard events are addressed at the building level. The model for c3
presented earlier is reused here to estimate the environmental impact and human health cost of
the construction work associated with repair. However, the damage can have additional impact on human health, such as injuries caused by a severely damaged load-bearing system.
This cost is labeled c7 in Figure 2 and is formulated as
S
⌢
c7 = G ⋅ ∑ f s,I j⋅ cs

(10)

s=1

where S=number of severity levels of the injuries (basic aid, medical attention, critical emergency, casualty), f s,I j =fraction of people with injury severity level s if building damage state j
(slight, moderate, extensive, complete without collapse, complete with collapse) occurs with

∑

f = 1 for each j, c⌢s =cost of injury per person for injury severity level s, and G=number

S
I
s=1 s, j

of people in the building at the time of the event. Notice that for each building analysis in Rts
the realization of the random variables are given; hence, the damage state, j, is known.
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3.5 Demolition Phase
Demolition of the building adds to the total cost of the building but this phase also carries
potential for recycling of materials for future use. Designing for material reuse is rewarded;
material recovery subtracts from the total cost, both direct and environmental, in the models
formulated here. The cost labeled c8 in Figure 2 is the gain from selling recycled materials,
formulated with a minus sign as
M

(

c8 = − ∑ wm ⋅ f Rm ⋅ α m
m=1

)

(11)

where f Rm =fraction of material m that is recyclable and αm=direct cost of purchasing that material in $/kg. The environmental impact cost also has as term that reduces the total cost:
c9 = c9L + c9TL − c9R

(12)

where L, TL, and R stands for landfill, transportation to landfill, and recycled material, respectively. The first of these models is the environmental impact of landfill disposal and
reads
M

c9L = ∑ wm ⋅(1− f Rm ) ⋅ lm

(13)

m=1

where lm=environmental cost of placing material m in landfills in $/kg. The environmental
impact of transporting material to the landfill is
M
N
⎛ TM γ n ⎞
c9TL = ∑ wm ⋅(1− f Rm ) ⋅ i TM ⋅ d L ⋅ ∑ ⎜ f n,m
⋅ ⎟
ρn ⎠
m=1
n=1 ⎝

(14)

where dL=distance to the landfill in km. Finally, the benefit to the environmental of recycling
material is
M
N
⎛ EM γ n ⎞
EM
c9TL = ∑ wm ⋅ f Rm ⋅ 1− f ER
⋅
i
⋅
∑
m
⎜ f n,m ⋅ ρ ⎟⎠
m=1
n=1 ⎝
n

(

)

(15)

where f ER
=fraction of energy used in the creation of construction-ready material from the
m
recycled material relative to the production of new materials with all f ER
< 1 . Ongoing work
m
aims to include the direct cost of demolition or deconstruction of the building, as well as the
direct cost charged by the landfill to deposit materials there.

4 Parameter Values
All classes in Figure 1 contribute to the calculation of the total cost in Eq. (1). RDetailedBuildingModel contains a database of energy intensities, defined as random variables.
That model calls the RBIM object to obtain the total volume of concrete, etc. In turn, the
RBIM object loops through all objects that are a subclass of RComponent to obtain material
volumes, construction cost, and cost of potential damage. Figure 3 shows the class interfaces
that support this functionality. For example, the weight of materials for construction and repair comes from the components via RBIM, as do the number of worker hours for construction and repair. As shown in the left-hand side of Figure 3 the other parameters reside in
RDetailedBuildingModel. Due to space limitations it is not possible here to provide all probability distributions and parameter values for all parameters of all models. However, Table 1
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gives references to tables and papers where this information is provided. The table numbers
refer to the Masters thesis by Gill [18]. In the analyses conducted thus far, the following parameters are considered as random variables: 1) all energy intensities, 2) conversion factors
from energy source to cost and impact, and 3) the cost of injuries. The direct cost of materials
is obtained from RS Means [17]. For the fractions not given in Table 1 the following assumptions are made: fWH is set based on construction type, e.g., 30% for high-rise concrete; fnH is
assumed 100% diesel; fnTW is assumed 50% cars, 20% bus running on diesel, and 30% metro;
and

TM
is assumed 100% diesel. The energy intensity required by work with
fn,m

heavy machinery assumed to have a mean equal to 268 MJ/worker-hour and a 20% coefficient of variation.
RDetailedBuildingModel

RBIM

RComponent

Member functions:
evaluateModel( )

Member functions:
getTimeOfConstruction( )
getTimeOfDemolition( )
getConstructionCost( )
getRepairCost( )
getVolumeOfConcrete( )
getVolumeOfSteel( )
getVolumeOfWood( )
getVolumeOfRepairedConcrete( )
getVolumeOfRepairedSteel( )
getVolumeOfRepairedWood( )
getNumberOfWorkerHoursForConstruction( )
getNumberOfWorkerHoursForRepair( )
getOccupancyNumber( )
getOccupancyType( )
getBuildingDamageState( )

Member functions:
getConstructionCost( )
getNumberOfWorkerHoursForConstruction( )
getVolumeOfConcrete( )
getVolumeOfSteel( )
getVolumeOfWood( )
getVisualDamage( )
getRepairAction( )
getRepairCost( )
getRepairTime( )
getRepairActionList( )
getVolumeOfRepairedConcrete( )
getVolumeOfRepairedSteel( )
getVolumeOfRepairedWood( )
getNumberOfWorkerHoursForRepair( )

Data members:
BIM
S

αm

t

lm

imEM

γn

i

fnH

f ER
m

γ! n

i TW
n

fnTW

dW

ρn

imTM

TM
fn,m

⌢
cs

imO

f nO

EM
f n,m

WH

f

H

f s,I j
f Rm

dM
m
L

d

Data members:
Dimensions
End/corner coordinates

Data members:
List of components

Figure 3: Class interfaces.
Table 1: Parameter values; table numbers refer to [18].

Parameter
γn

References
[20]

Parameter
lm

Values
Table 3-23

References
[21]

γ! n

Values
Table 3-3
Table 3-4
-

[22]

f ER
m

Table 3-15

[23], [24]

ρn

Table 3-10

[22]

EM
f n,m

[25]

⌢
cs

Table 4-6

[26]

f s,I j

Figure 3-11
Table 3-18
Table 4-7

imEM

Table 3-7

[25], [28]

f Rm

Table 3-14

[29]

i TW
n

Table 3-8

[30]

f ER
m

Table 3-15

[23], [24]

imTM

Table 3-13

[31]

[27]

5 Example
The building shown in the screenshot of Rts in Figure 4 is used to demonstrate the cost models presented above. The building information model is created in the program Archicad developed by Graphisoft and imported into Rts with the capability described in Section 2. The
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building consists for four columns, one roof, and four non-loadbearing walls. Analyses are
conducted for three options, all with the same non-loadbearing walls: 1) a concrete option,
with four reinforced concrete column components and one reinforced concrete slab component; 2) a steel option, with four standard steel column components and one corrugated steel
roof component; and 3) a wood option with four timber column components and a crosslaminated timber roof. The column dimensions and roof thickness were similar for the three
analysis options.

Figure 4: The user interface or Rts showing the example building.

Figure 5 shows the result obtained when the output from RDetailedBuildingModel is input to
the RScenarioModel, which analyzes the building at key times, such as construction, demolition, and extreme hazard events in between. The total cost output from that scenario model is
input to the RSamplingModel, which conducts Monte Carlo sampling. The resulting relative
frequency diagrams shown in Figure 5, akin to probability density curves, suggest that wood
is the best option from a life-cycle cost perspective.
0.00025

Relative Frequency

0.0002

Concrete
Wood

0.00015

Steel

0.0001
0.00005
0
0

20000

40000

60000

80000

100000

Cost [$]

Figure 5: Relative frequency diagrams for total life cycle cost.
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6 Conclusions
A collection of probabilistic cost models are presented and implemented in an object-oriented
software framework. Information-rich finite element representations of structural components
provide the information required by the cost models. The result is the total life cycle cost of a
building, including direct costs, environmental impact costs, repair costs, and human health
costs. A demonstration is provided where a building information model created in Archicad is
imported and subjected to life-cycle analysis. The results suggest construction with wood may
have the lowest cost probabilities over the lifetime of the building.
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Abstract: The paper looks at the nature of the terrorist adversary by exploring
their capabilities and motivation, technical skills, and target selection. Key among
this is the risk of progressive collapse, and the track record of terrorists attacking
targets in the West. In many cases, counter-terrorism in the West is an exercise in
“ghost-chasing”. In the past decade most deaths from terrorists in the West have
arisen from shooting attacks and mass transit bombings. In this case, there is little
or no need to protect civilian buildings, bridges and other infrastructure from
bombs. Existing infrastructure has also proven to be highly resilient and robust
against bombings.

1 Introduction
A few weeks after the terrorist tragedy of September 11, 2001, the director of the FBI informed President George W. Bush “that there were 331 potential al-Qaeda operatives inside
the United States.” Over the next year, the official ghost count rose considerably. Intelligence
sources were soon telling rapt and uncritical reporters—and presumably the president of the
United States—that the number of trained al-Qaeda operatives in the United States was between 2,000 and 5,000. Terrorist cells, they confidently disclosed, were “embedded in most
U.S. cities with sizable Islamic communities,” usually in the “run-down sections,” and were
“up and active”—electronic intercepts had found some of them “talking to each other.” At it
happens, however, scarcely any al-Qaeda operatives have ever been unearthed in the United
States [14]. The government, as it happens, has been far better at counting them than at finding them.
Chasing ghosts is an expensive, exhausting, bewildering, chaotic, and paranoia-inducing process. The United States currently spends $115 billion annually on domestic homeland security
measures [11,14]. These are significant expenditures that rarely are subject to cost-benefit or
risk analysis. This lack of scrutiny leads to risk-averse and costly counterterrorism policies.
Some counterterrorism measures may not even be needed because the capacities of Islamist
extremists seeking, aspiring, or vaguely thinking about terrorism in the United States generally seem to be unimpressive, and any threat they present appears to be quite limited. The
tragic attacks in Orlando, Paris, Brussels, Nice and Berlin shows that the terrorist threat is
real. However, there is a natural tendency to over-react to such events, and to massively inflate the capabilities of the perpetrators. This article seeks to evaluate the capacities of
Islamist terrorists in the West, and the risks they pose to human life. It specifically looks at
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the nature of terrorism by exploring their capabilities and motivation, technical skills, and
target selection. An improved understanding of the threat allows decision-makers to more
effectively deploy resources to counter such threats, which includes appropriate design and
assessment of civilian and military protective structures.
The investments in protective structures and measures to mitigate blast effects is considerable.
These efforts focus on vulnerability and consequence modelling as many research challenges
remain for these topics. Given the nature of the terrorist threat, however, do many buildings or
structures require enhanced levels of protection? It might be reasonable to conclude that protective structures have had little or no effect on reducing the terrorism risks to human life
[21,24]. They may have a deterrent effect, but there is little evidence that the provision of protective design to buildings has saved lives.

2 Risk Framework
The standard definition of risk adopted by the U.S. Department of Homeland Security and
risk analyses for many applications [20] is:

(Risk) = ( Threat ) × (Vulnerability) × (Consequences)

(1)

Reformulating Eqn. (1) shows that the Annual Fatality Risk (AFR) is:

AFR = Pr ( T ) Pr ( H T ) Pr ( D H ) Pr ( L f D)

(2)

where Pr(T) is the annual threat probability, Pr(H|T) is the conditional probability of a hazard
(successful detonation of a bomb) given occurrence of the threat, Pr(D|H) is the conditional
probability of damage state given that the bomb detonates successfully, and Pr(Lf|D) is the
conditional probability of a fatality given occurrence of the damage. The Benefit-to-Cost
Ratio (BCR) for a protective or security measures is

BCR =

Pr( T) Pr (H T) Pr (L H)LΔR
C security

(3)

where Pr(L|H) is the probability of loss conditional on the hazard, ΔR is the risk reduction
attained from protective or security measures, L is the direct and indirect economic loss arising from direct physical damage, loss of life and injuries, and indirect and societal losses, and
Csecurity is the annual security cost - see Stewart [22] for more details.

3 Threat
3.1 Capacities of the Terrorist Adversary
In 2009, the Department of Homeland Security issued a lengthy report on protecting the
homeland. Key to achieving such an objective, it would seem, should be a careful assessment
of the character, capacities, and desires of potential terrorists targeting that homeland. However, it devotes but two sentences to an assessment of the actual nature of the adversary it is
so concerned about: “The number and high profile of international and domestic terrorist attacks and disrupted plots during the last two decades underscore the determination and persistence of terrorist organisations. Terrorists have proven to be relentless, patient, opportunistic,
and flexible, learning from experience and modifying tactics and targets to exploit perceived
vulnerabilities and avoid observed strengths” [3].
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In stark contrast, when seeking to describe their terrorist subjects, the authors of a set of 76
case studies of Islamist terrorists focused on the U.S. since 9/11 chiefly apply different descriptors: incompetent, ineffective, unintelligent, idiotic, ignorant, inadequate, unorganised,
misguided, muddled, amateurish, dopey, unrealistic, moronic, irrational, foolish, and gullible
[10]. Not all the terrorist perpetrators or would-be perpetrators reach the level of “buffoon of
Shakespearian proportions,” used by the judge to describe the “leader” of a plot to bomb
Bronx Synagogues in 2009, but a strikingly high percentage do qualify for the distinction.
The lack of success of terrorists in the United Kingdom, Canada, and Australia mirrors that in
the United States. The number of people killed by Islamist extremist terrorists since 9/11 in
the US is about six per year and less than four per year in the UK, while for Canada and
Australia, it is two or three in the last decade.
Suggestive of their capacities is the rather impressive inability of the terrorists to create and
set off a bomb. In many instances, the only explosive on the scene was a fake one supplied by
the police, and it is clear that many would-be terrorists generally lacked the capacity to create
or acquire one on their own. As a result, with only one exception, the only method by which
Islamist terrorists have killed anyone in the United States since 9/11 was through the firing of
guns as in such cases as those of Fort Hood in 2009, San Bernardino in 2015 and Orlando in
2016. In the exception, the Boston Marathon terrorists did manage to set off a pair of crude
homemade bombs in 2013, killing three in a crowded area.
This inability to fabricate bombs is impressive because, in principle, an improvised explosive
device, or IED, is relatively simple to design and manufacture if done by well-trained personnel [5]. However, analysis of the Global Terrorism Database (GTD) shows that the probability that an IED will inflict damage is about 20% for terrorists in Western countries, where
there is less opportunity for IED operational skills to be acquired. By contrast, the probability
that a terrorist or insurgent IED attack will be successful is more than three times higher in the
Middle East [5,6]. Former TSA director Kip Hawley notes that even world-class laboratories
are able to get the explosive mixture right only one time in three when making hydrogen peroxide bombs [8]. This difficulty may help explain why no terrorist has been able successfully
to detonate a bomb of that sort in the United States since 2001, and why, except for the four
bombs set off in London in 2005, neither has anyone in the United Kingdom. The detonation
of suicide vests by seven terrorists in Paris in November 2015 seems to have claimed a single
victim as well as the wearers. The explosions in Brussels in March 2016 marked the first time
terrorists have been able to kill with explosives anywhere in Western Europe in over a decade.
There has been a tendency to exaggerate not only the skills of the terrorists, but the importance and potential destructiveness of their plots. A New York Times article in 2009 was engaging in considerable understatement when it observed, “Since the terrorist attacks of Sept.
11, 2001, senior government officials have announced dozens of terrorism cases that on close
examination seemed to diminish as legitimate threats” [9]. In this spirit, the efforts of the
Times Square bomber of 2010 are blithely held to have “almost succeeded” [18]. However,
the bomb was reported from the start to be “really amateurish,” with some analysts charitably
speculating when it was first examined that it might be “some sort of test run” created by
“someone who’s learning how to make a bomb and will learn from what went wrong with this
[one].” Apparently because it is difficult to buy explosive fertiliser, the bomber purchased the
nonexploding kind instead [10,11].
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3.2 Threat Likelihood
Since 9/11, dozens of cases have come to light of Islamist extremist terrorism, whether based
in the United States or abroad, in which the United States itself has been, or apparently has
been, targeted [10]. Seven of these cases, or one case every two years, involved putting together an Improvised Explosive Device (IED) to be used against a building. Targets included
a Bronx Synagogue, a Dallas skyscraper, buildings at Times Square, a military recruitment
centre in Maryland, a Chicago bar, and Wichita airport. Only one of the targets was a large
government building (Dallas), and only one plot resulted in an IED actually being built by the
wouldbe terrorist (Times Square) - all the rest were bogus bombs supplied by the FBI. The
threat likelihood Pr(T) against large government buildings over the 14 year period 2002 2015 is approximately 8×10-6/building/year [24]. Ellingwood [4] suggests that the threat
probability may be increased to 10-4/building/year for high density occupancies, infrastructure
close to economic centres, key governmental and international institutions, monumental or
iconic buildings or other critical facilities with a specific threat.
According to the GTD, in the 14 year period 1998-2011 there were five bombing and shooting attacks on large airport terminals in Europe (one every 2 or 3 years), the same number of
attacks in the Asia-Pacific area, and one in the U.S. If we assume there are 70-75 large airports in Europe and in the Asia-Pacific area, the probability an individual airport will be attacked is approximately 0.5% per year for each area. In the U.S. the attack probability is
considerably lower at approximately 0.2% per year. Of the 11 attacks, most failed to inflict
any casualties or significant damage at all; that is, the yearly likelihood an individual airport
will be successfully attacked is lower by more than a half. One study points out that the average number of fatalities from a truck bomb is 36 and that only 0.5% of bomb attacks had
more than 30 fatalities [14].
Moreover, in many cases, target selection is effectively a random process, not one worked out
with guile and careful planning. Often, it seems, targets have been chosen almost capriciously
and simply for their convenience. Thus, a would-be bomber targeted a mall in Rockford, Illinois, in 2006 because it was nearby. Terrorist plotters from the “JIS” cult in Los Angeles in
2005 drew up a list of targets that were all within a twenty-mile radius of their shared apartment. And one of the Boston Marathon bombers of 2013 lived within three miles of the attack. Or, there was the terrorist who, after several failed efforts, went home and, with no plan
at all, shot at a military recruiting centre three miles from his apartment.
A shooting or vehicle attack is much easier to accomplish because guns are generally easier to
acquire and discharge than bombs. With the exception of the London, Madrid, and Brussels
bombings, all deaths from terrorists in the West have resulted from shooting or vehicle attacks. The ability of terrorists to acquire, place and successfully detonate a bomb is often
lacking, and is borne out in the historical record.

4 Hazard, Vulnerability, and Progressive Collapse
Grant and Stewart [5] found that the likelihood that an IED attack will cause damage or casualties is approximately 15-20% for terrorists operating in Western countries. A more recent
study found that the general figure across all IED attacks (of all sizes) for the US was
Pr(H|T)=15% chance of a ‘successful attack’ [6]. Note that IED attacks in the US are less
likely to succeed than those in other areas in the Western world.
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The likelihood that a one tonne or larger IED (which in all likelihood would be needed to
cause progressive collapse) would successfully detonate, and reach maximum energetic output will be lower than 15%, particularly taking into account the difficulty of obtaining explosives and preparing them for maximum energetic output. This is particularly apt for “home
made” Ammonium Nitrate Fuel Oil (ANFO). For example, the explosive output of ANFO is
highly sensitive to mix proportions, and energetic output can reduce by 50% or more if mix
ratio is not optimal, if poorly mixed, or if agricultural fertiliser is used [15].
The likelihood of progressive collapse will be very low. This is partly due to the large size of
a Vehicle Borne Improvised Explosive Device (VBIED) necessary to cause progressive collapse, and also the robustness of many structures against progressive collapse.
One of the largest VBIED attacks was on the U.S. Marines barracks in Beirut, Lebanon, in
1983, when a suicide bomber detonated a truck bomb containing more than 4,000 kg of TNT
equivalent that caused a partial progressive collapse, killing 241 U.S. military personnel while
wounding more than 100 others. A larger 9,000 kg VBIED attack on the Khobar Towers in
Saudi Arabia in 1996 resulted in massive damage to the building killing 19 people, but there
was no progressive collapse. A VBIED attack on the U.S. Embassy in Kenya in 1998 killed
213 people, including 44 American embassy personnel. Up to 1,000 kg of explosives were
used. Although there was little structural damage to the five-story RC embassy, the explosion
reduced much of the interior to rubble. It was secondary fragmentation from flying glass, internal concrete-block walls, furniture, and fixtures that caused most of the embassy casualties.
The majority of the casualties, however, resulted from the collapse of an adjacent building
and from flying glass from other buildings located within a three-block radius.
In 1993, six people were killed when a van containing 600 kg of explosives detonated in an
underground car park at the World Trade Center in New York, carving out a crater of nearly
30 m that was several stories deep and several more high. The 1995 Oklahoma City bombing
resulted from a VBIED of approximately 1,000 kg of TNT equivalent, in which partial progressive collapse killed 165 people. The 2011 bombing of a Norwegian government building
was a VBIED reportedly carrying 100 kg of ANFO. No major structural damage was reported. Large truck bombs detonated in London by the IRA in the 1990s, reputedly up to 1
tonne of ANFO, damaged many buildings, but no major structural damage was reported.
The evidence to date shows, then, that no modern or well-designed tall or large building has
fully collapsed as a result of an IED. Moreover, experience in the UK shows that intense blast
loadings cause little structural damage to reinforced concrete (RC) or steel framed buildings
designed to modern codes. Most damage occurs to the building facade, particularly glazed
areas [19]. This is not to say, though, that blast loadings cannot cause severe structural damage, such as that experienced by the Murrah Building in Oklahoma City. However, in this
case, partial collapse of the building was caused by disintegration of a critical column. If the
building had been designed as a Special Moment Frame for earthquake design, the loss of
floor area would have been reduced by between 50-80% [2]. Damage to the Pentagon on September 11 2001 was contained by the structures’ robustness to progressive collapse, namely,
its continuity, redundancy and energy-absorbing capacity [1]. Progressive collapse provisions
are now being incorporated into US design codes [7,25]. However, with the exception of
extraordinarily large blasts, a moment resisting RC or structural steel frame designed and detailed for alternative load paths should provide significant structural resistance to prevent collapse [6]. This is confirmed by Sezen et al. [17] where columns were removed from soon to
be demolished steel framed buildings without causing progressive collapse.
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This is an important observation because it follows that it is very difficult for a single IED,
even one as massive as the ones in Beirut and Khobar, to totally destroy a properly designed
and engineered multistorey building normally comprised of structural steel and RC floors,
beams, and columns. Nearly all properly engineered buildings show an ability to absorb
extraordinary blasts and have significant reserve capacity. Therefore, it is very difficult (and
very rare) to “destroy” a building. This also helps explain why there is more terrorist devastation in Iraq, Afghanistan, and Pakistan: many buildings are made of unreinforced masonry or
were otherwise inadequately constructed, making them more vulnerable to explosive blast
loading, just as with earthquakes and other natural hazards [11,23]. Given a typical attack, the
probability of progressive collapse is very low indeed.

5 Losses
The probability that an individual will be killed in a damaged building Pr(Lf|D) is, in most
cases, quite low. Stewart [22] showed this probability to be 0.03% for the World Trade Center
bombing in 1993, 45.1% for the 1995 Oklahoma City bombing, 6.9% for the 2001 World
Trade Center attacks, and 0.8% for the 2001 attack on the Pentagon.
Loss (L) comprises of (i) direct costs including loss of life and physical damage, (ii) indirect
costs such as business losses, loss of tourism, reduction in GDP, etc., and (iii) social losses is
the effect of the level of fear and anxiety within society (and perhaps on civil liberties). The
losses are interconnected, for example, a fearful public may be reluctant to travel and so contribute to business and tourism losses, or may be reluctant to invest. People often effectively
place a higher value on a life lost to terrorism than on one lost to more mundane and less sensational hazards [11]. A value of statistical life approach concluded that the best estimate is
about $7.5 million [16]. The differentiation between direct, indirect, and social losses is less
precise, hence, aggregate losses presented in this section tend to err on the conservative side
by placing a high premium on indirect and social losses as “increased fear and anxiety within
society may be one of the most important consequences of terrorist attacks” [16].
Losses from VBIED attacks on the World Trade Center in 1993 and Oklahoma City in 1995
come to several billion dollars. It is important to stress, however, that very few terrorist attacks exact damage on such a scale. Analysis of the GTD shows that of 219 terrorist incidents
in the U.K. involving explosives, only two inflicted damage that the GTD considered “catastrophic” - a bombing in London that killed three people in 1992 and the 1993 London financial area bombing, each causing losses of $1 to 2 billion [11].
The 2001 attack on the Pentagon resulted in repair costs of $500 million, compensating the
families of the 184 victims reached $1.2 billion, and, when additional costs of social and
business disruptions, loss of tourism, etc, are included the total loss approaches $10 billion
[11]. The 2001 attacks on the World Trade Center caused close to $200 billion in total losses
including $20 billion for loss of life, $30 billion in direct physical damage including rescue
and clean-up costs, and social and indirect losses to the economy reaching up to $140 billion
due to people’s reluctance to travel, invest, feeling confident about the future, and other riskaverse behaviour [11]. These attacks, however, represent very much an outlier of losses from
terrorism. Scarcely any terrorist attack before or after, in war zones or outside, has inflicted
even one-tenth as much damage as 9/11 which has proven to be much more of an aberration
than a harbinger. For more details, see Mueller and Stewart [11,15].
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6 Case Study - Large Government Buildings in the United States
This case study aims to describe existing fatality risks from progressive collapse caused by a
large VBIED, and then assesses the costs and benefits of design (protective) measures mandated by the United States to mitigate against progressive collapse for new or leased federal
government (civilian and defence) buildings [7,25] where there has not been a direct threat
made against the building or its occupants. Design guidelines to minimise the occurrence of
progressive collapse for military and federal government buildings [7,25] apply to approximately 25,000 buildings in the United States. Following the discussion above, estimates of
threat likelihood, vulnerability, consequences, risk reduction and costs are shown in Table 1,
for a new large federal government building valued at $50 million.
Table 1. Hazard, Damage, Loss, and Risk Reduction Likelihoods, and Cost.

Low
Annual Fatality Risk:
Pr(H|T) Likelihood of large VBIED detonation
0%
Likelihood of complete progressive colPr(D|H)
0%
lapse if VBIED detonates
Pr(Lf|D) Likelihood of death
85%
Cost-Benefit Analysis:
Likelihood of Loss from progressive
Pr(L|H)
0%
collapse if VBIED detonates
L
Loss from progressive collapse
$1 billion
Risk reduction from UFC/GSA proΔR
80%
gressive collapse design provisions
Additional annual building cost if de$25,000
Csecurity
signed to UFC/GSA design provisions

Mid

High

Distribution

15%

25%

Triangular

7%

30%

Triangular

93%

100%

Triangular

7%

30%

Triangular

-

$2 billion

Uniform

90%

100%

Triangular

-

$100,000

Uniform

A life-safety risk analysis is considered for VBIED threats to large government buildings, and
that these buildings have not been designed to UFC or GSA progressive collapse provisions.
The consensus risk acceptance criteria for involuntary fatality risk to an individual is that
annual fatality risks for a hazard that are smaller than one in a million are deemed to be acceptable or at least tolerable, and further regulation is generally not warranted [11,14,20]. The
existing risk given by Eqn. (2) is stochastic due to the stochastic nature of hazard, damage and
loss likelihoods. Hence, the probability that annual fatality risk exceeds the acceptance criteria
of 1×10-6 can be estimated, see Table 2. The analysis shows that there is zero likelihood of
existing risk exceeding acceptable risk for annual threat probabilities less than 2×105
/building/year, and is only 25.3% for a higher threat likelihood of 5×10-5.
Table 2. Fatality Risks and Cost-Effectiveness Metrics [24].

Pr(T)
Mean Annual
Pr(AFR>1×10-6)
/building/year Fatality Risk
8×10-6
1.2×10-7
0%
-5
-7
5×10
7.5×10
25.3%
1×10-4
1.5×10-6
62.4%

Mean
BCR
0.003
0.021
0.041

Pr(BCR>1)
0%
0%
0%

Clearly, as a threat to human life, terrorist attacks on buildings with the intent to cause progressive collapse represent a low, acceptable risk. However, terrorism causes losses well be-
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yond that of fatalities, which magnifies its ability to ‘terrorise’ and frighten a society, and
make people risk-averse. In this case, a cost-benefit assessment is a more tractable approach
for assessing the effectiveness of counter-terrorism or protective measures.
For a high threat probability of 1×10-4 per building per year there is a mean net loss of
$60,500 per building per year, meaning that $1 of cost buys only 4 cents of benefit, see Table
2. As expected, the probability that protective measures against progressive collapse are costeffective is 0% for realistic threat probabilities. Halving the security costs and doubling social
and economic losses still leads to Pr(BCR>1)=0% for threat probabilities up to 1×104
/building/year. The BCR is still significantly less than unity even when the loss from a single
attack is increased ten fold. These results show that for all realistic combination of threat,
hazard, and loss there is very high likelihood that UFC and GSA design provisions to mitigate
against progressive collapse will fail to pass a cost-benefit assessment. The threat probability
has to exceed one in a thousand per building per year for high surety that protective measures
are cost-effective. For more details of the analysis, see Stewart [24].

7 Terrorism as a Risk to Human Life
The annual fatality risks from terrorism in the developed world are, in almost all cases, less
than one in 1 million per year. For the United States from 1970 through 2015 (which includes,
of course, the 9/11 attacks), they are one in 4 million per year. For the period from 2002
through 2015, they are one in 62 million per year. Even including the 2015 and 2016 attacks
in Paris and Nice, the annual fatality risk in France is one in 5.7 million for the period 2002 to
2016. For Australia the risks are one in 55 million in the years since 2002. The annual fatality
risks from terrorism of all kinds in the developed world are a thousand times lower than the
current murder rate. The odds of being killed in a traffic accident are 4,000 times higher than
perishing from a terrorist attack.
Applying conventional standards, then, under current conditions terrorism presents a threat to
human life in the Western world that is, in general, acceptable. And efforts, particularly expensive ones, to further reduce its likelihood or consequences are scarcely justified. Indeed, a
legitimate policy consideration might be to wonder whether expenditures designed to keep the
terrorism risk that low have been excessive, and whether some of them might be better focused on dealing with hazards with higher risk. Ignoring this policy option comes at the expense of considerable opportunity costs.
Finally, in the post-9/11 threat environment, as noted, successful attacks generally use guns or
vehicles as the means to kill victims. Protective structures have had little or no effect on reducing the terrorism risks to human life in the Western World. Moreover, most attacks involving explosives have taken place inside buildings, trains or buses, not outside them. It could be
argued that they may have had a deterrent effect of course, but there is little evidence to support this.

8 Infrastructure Resilience
Mueller and Stewart [11] conclude that protecting against essentially random conventional
terrorist attacks is futile; and that only target sets with quite large physical, economic, psychological and/or political consequences warrant specific structural protective measures.
Infrastructure protective measures are only the ‘last line of defence’. The Federal Bureau of
Investigation (FBI) and other police and intelligence services (and tip-offs from the public
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combined with terrorist incompetence) are responsible for foiling or preventing most terrorist
plots [13,14]. Spending on policing and intelligence measures (such as the FBI) to warn or
prevent terrorist attacks is likely to be the more cost-effective countermeasure as this would
have the greatest impact on the threat probability for buildings [11,13,14].
Other terrorist threats to buildings may have higher likelihoods. These include, shooter attacks, detonating IEDs inside a building, or glazing and facade damage from a range of IEDs.
In most cases, most casualties will result from exposure to blast overpressure (lung rupture,
whole body displacement, or skull fracture), and debris or fragmentation (primary debris from
the device itself, secondary debris from non-structural building components such as glazing,
cladding and fencing, and crater ejecta). If progressive collapse is avoided, as it nearly always
is, casualties seldom result from structural (load carrying capacity) damage to buildings. On
the other hand, designing against progressive collapse may improve building robustness
against seismic, vehicle impact or other hazards. Such a co-benefit may add to the benefit side
of the ledger, thus improving the cost-effectiveness of protective measures to prevent progressive collapse. For a fuller discussion, see our two books [11,14].

9 Conclusions
It has essentially become accepted by many officials that the likelihood of a large-scale organised attack like 9/11 has declined, and that the terrorist attacks to most fear in the developed
world are those of a smaller scale [12,14]. These can still inflict tragic losses. But even if they
do occur, they will not change the overall fatality risk very much, and one attack is not necessarily an indicator of more to come. In the aftermath of the Madrid and London train bombings in 2004 and 2005 there was much speculation that these attacks heralded a start of a new
terror campaign. Ten years on, no successful attacks had taken place in these countries. In the
past decade most deaths from terrorists in the West have arisen from shooting and vehicle
attacks, not from bombs. In this case, there seems to be little or no need to protect civilian
buildings, bridges and other infrastructure from bombs. Existing infrastructure has proven to
be highly resilient and robust against bombs, and progressive collapse is an extremely rare
event. There may be increased need for protective structures for iconic or monumental buildings, embassies, or other infrastructure which serves an important government, military or
national security role. However, these comprise a very small sub-set of existing infrastructure,
and in most cases, are already sufficiently protected.
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Abstract: Modern probabilistic tsunami hazard analysis (PTHA) combines information from earthquake catalogs and scenario-based stochastic tsunami simulations to obtain tsunami hazard curves for specific locations. The tsunami hazard
curve represents the mean annual rate of exceedance of predefined values of tsunami intensity measures (inundation depth, flow velocity, etc.). Hazard curves can
be developed based on the empirical estimates obtained from numerous simulations or analytical functions that are fitted to the simulated data. This study presents a Bayesian methodology to obtain robust analytical tsunami hazard curves,
from a simulation-based PTHA. Specifically, a Bayesian evidence-based model
selection is carried out to determine the best probability distribution fitting to the
simulated data among several analytical probability distribution functions that are
suitable to characterize tsunami hazard parameters. Once the best probability distribution is identified, it is used to build a robust hazard curve integrating the final
analytical distribution and the joint posterior distribution of the hazard curve parameters (i.e. the statistics) calculated for the evidence assessment. In addition,
model averaging is presented and compared with the single robust model. As
demonstration, the procedure is applied to the Tohoku region of Japan. Specifically, the robust tsunami hazard curve for a site along the coastline of the City of
Sendai, Miyagi Prefecture, Japan, is presented.

Introduction
Probabilistic tsunami hazard analysis (PTHA) is the prerequisite for effective disaster risk
reduction policies. The main output of the PTHA is the tsunami hazard curve, representing the
mean annual rate of exceedance of predefined values of tsunami intensity measures (IM),
such as inundation depth (h) or flow velocity (v). In a recent study [1], a novel simulationbased methodology to calculate the tsunami hazard curve has been developed. Specifically,
the final tsunami hazard curve is obtained through the combination of conditional hazard
curves corresponding to different values of magnitude. Each conditional hazard curve represents the empirical inundation results obtained from numerous tsunami simulations based on
stochastic earthquake source models.
Building upon the results obtained in the previous study, a method to fit the conditional hazard curves with an analytical probability distribution is presented herein. The adoption of analytical probability distributions has two advantages. Firstly, parametric models reduce
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numerical cost with respect to non-parametric models, and improve robustness, avoiding
overfitting problems [2]. Secondly, for some analytical distributions, it is possible to perform
the risk integration between hazard and fragility in closed form.
In this study, a three-step approach is followed. First, candidate probabilistic models suitable
to describe tsunami hazard parameters are selected among those available in literature [3].
Then, an evidence-based Bayesian model selection [4] is carried out to find the most suitable
probability distribution. Finally, a “robust” model is calculated by integrating the analytical
distribution of the tsunami hazard and the joint posterior distribution of the hazard curve statistics obtained from the assessment of the model evidence.
One of the most useful applications of the Bayesian framework is to make robust predictions
about future events based on past observations [5] that may be available as measured data or
empirical results obtained from numerical experiments. Generally, a Bayesian approach for
robust predictive analysis involves multi-dimensional integrals that have to be evaluated numerically, with a high computational effort. In the case of analytical tsunami hazard curves,
the number of parameters (i.e. the statistics of the hazard curves) is relatively small (less than
three); therefore, the Bayesian procedure becomes feasible with a reasonable computational
time.
The proposed Bayesian method has two important advantages with respect to the previous
applications: (i) the procedure considers the uncertainty in parameter estimation, reflecting the
limited number of simulations, and (ii) Bayesian fitting procedure allows incorporating information on regression parameters available from previous studies, choosing suitable prior
functions for the regression parameters.
Taking advantage of the model selection results, a Bayesian model averaging [6] is also carried out, and the result is compared with the robust model. The model averaging, also known
as hyper-robust model [5], allows to combine all the analytical models taken into account
through a weighted average based on the evidences of the models.

Probabilistic Tsunami Hazard Analysis
In this section, a summary of the new PTHA developed in De Risi and Goda [1] is presented,
and the conditional tsunami hazard curves are defined. Specifically, De Risi and Goda [1]
proposed a simulation-based procedure for near-field seismic sources to estimate the likelihood that tsunami inundation at a particular location will exceed a given level, within a certain period of time. To reduce the computational efforts and to focus on the methodological
aspect, only a specific seismogenic context, i.e. near-field sources in the Tohoku region of
Japan, is taken into account. Nevertheless, the procedure can be extended to consider also farfield sources and can be applied to other subduction zones. Once a tsunami occurrence model
is defined, the first step of the procedure is to assess a magnitude-frequency distribution of
major tsunami events; this function is then used to calculate the annual rate of exceedance of
major tsunami events. For a given value of earthquake magnitude, size and geometry of the
rupture area are determined using probabilistic models of earthquake source parameters (i.e.
position, length, width, strike, and dip), in form of so-called empirical scaling relationships
[7], bespoke for subduction zones. In this step, both aleatory and epistemic uncertainties of
the source parameters are incorporated based on the probabilistic information available in the
literature. Therefore, for each value of magnitude, multiple realizations of possible earthquake
slip distributions can be generated using a spectral synthesis method [8]. Subsequently, for
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each generated slip distribution, the seafloor vertical displacement is calculated using analytical formulae [9,10] and tsunami simulation is performed by solving nonlinear shallow water
equations [11]. By repeating the above procedure for numerous tsunami scenarios, samples of
the maximum tsunami wave height at a location of interest can be obtained for each magnitude. The results obtained from the simulations are used to build empirical complementary
cumulative density functions (CCDF), representing the conditional probability distribution of
reaching or exceeding a given IM value (Figure 1a). The site-specific tsunami hazard curve
(Figure 1c) is eventually derived by integrating the tsunami simulation results and the magnitude-frequency distribution for the discrete value of magnitude (Figure 1b), and multiplying
the result by the occurrence rate of earthquake from the subduction fault.

Figure 1: (a) Conditional hazard curves for tsunami wave height; (b) Weighted conditional hazard curves for
tsunami wave height; (c) Final tsunami hazard curve.

The hazard analysis results shown in Figure 1 are carried out at a coastal site in Sendai,
Miyagi Prefecture, Japan; in this region, the subduction fault plane is well defined from previous studies [12] and information on regional seismicity was available. Empirical results
shown in Figure 1a, also named conditional hazard curves in Section 1, are the main focus of
this research. Specifically, De Risi and Goda [1] indicated that 300 simulations were enough
to observe stable results for the specific location in Sendai in terms of high/low percentile
values of tsunami wave height (e.g. 10th and 90th percentiles). In the following, only 100
simulations are used for the Bayesian procedure, and the results are then compared with the
300 simulated results. This demonstrates the possibility to reduce the number of simulations
by adopting analytical models. Such a computationally efficient method is particularly useful,
when high-resolution propagation/inundation models need to be implemented.

Methodology
3.1 Candidate probabilistic models
Many studies suggested that the log-normal (LN) distribution is the most suitable in fitting the
tsunami wave heights observed along a given coastal line [3,13-16]. On the other hand, other
studies indicated that tsunami heights can be approximated by different probability distributions [3,17]. Therefore, further investigations are required. In this study, seven distributions,
widely applied in the modeling of extreme events, have been considered: the Exponential distribution (EXP, Eq.1), the Log-Normal distribution (LN, Eq.2), the Log-Cauchy distribution
(LC, Eq.3), the Generalized Pareto distribution (GP, Eq.4) with threshold factor equal to zero,
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the Generalized Extreme Value distribution (GEV, Eq.5), the three-parameter Log-Normal
distribution (LN3, Eq.6), and the Generalized Logistic distribution (GLO, Eq.7).
𝑓(𝑥) = 𝜃1 ∙ 𝑒 −𝜃1∙𝑥
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GEV, LN3, and GLO are three-parameter distributions; LN, LC, and GP, are two-parameter
distributions; EXP is a one-parameter distribution.

3.2 Bayesian model selection
According to the classic statistical approaches, the best-fit probability distribution for the peak
tsunami height can be determined through various types of goodness-of-fit test, such as 2
test, Cramer-von Mises test, Kolmogorov-Smirnov test, Anderson-Darling test, the probability plot coefficient (PPCC) method, or the L-moment ratio diagram [3]. In addition, Akaike
Information Criterion (AIC) and Bayesian Information Criterion (BIC) are also applicable in
the model selection. In this study, a Bayesian model selection is applied.
Denoting the available empirical data to be fitted with a generic model Mi among N given
models by D, the probability of the generic model Mi can be obtained as follows:
𝑃(𝑀𝑖 |𝑫) =

𝑝(𝑫|𝑀𝑖 ) ∙ 𝑃(𝑀𝑖 )
,
∑𝑁
𝑖=1 𝑝(𝑫|𝑀𝑖 ) ∙ 𝑃(𝑀𝑖 )

(8)

𝑖 = 1, … , 𝑁

where P(Mi|D) is the posterior distribution of the model Mi and can be used to select the most
probable among the considered N models. P(Mi) is the prior distribution of the model Mi and
can be taken to be 1/N. Finally, P(D|Mi) is called evidence for the model Mi provided by the
data D. According to Muto and Beck [18], the log-evidence can be expressed as the difference
of two terms:
𝑙𝑛[𝑝(𝑫|𝑀𝑖 )] = ∫ 𝑙𝑛[𝑝(𝑫|𝜽𝒊 , 𝑀𝑖 )] ∙ 𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) ∙ 𝑑𝜽𝒊 − ∫ 𝑙𝑛 [
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𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 )
] ∙ 𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) ∙ 𝑑𝜽𝒊
𝑝(𝜽𝒊 |𝑀𝑖 )

(9)

where p(D|i,Mi) is the likelihood function depending on the adopted model Mi and its parameters i. Specifically, assuming that data are independent, the likelihood is the product of the
probability of the data D given the parameters i. p(i|Mi) and p(i|D,Mi) are the prior and the
posterior of the model parameters, respectively. The prior distribution of the model parameters represents the information available on i prior to the estimation, while the posterior of
the model parameters is obtained according to the Bayesian paradigm [19]:
𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) =

𝑝(𝑫|𝜽𝒊 , 𝑀𝑖 ) ∙ 𝑝(𝜽𝒊 |𝑀𝑖 )
∫ 𝑝(𝑫|𝜽𝒊 , 𝑀𝑖 ) ∙ 𝑝(𝜽𝒊 |𝑀𝑖 ) ∙ 𝑑𝜽𝒊

(10)

It is worth noting that in Eq.9, the first term of the right-hand side is the posterior mean of the
log-likelihood function which gives a measure of the average goodness-of-fit of model Mi to
the data, and the second term is the Kullback-Libler information [20] (or relative entropy),
which is a measure of the information gain about Mi from the data. Therefore, Eq.9 explicitly
accounts for a trade-off between the data-fit of the model and its model complexity, i.e. how
much information it takes from the data [5].

3.3 Robust hazard curve
The evidence-based assessment facilitates the calculation of robust hazard curves [21]. In fact,
once the most suitable model Mi is identified, the posterior distribution of its parameters
p(i|D,Mi) can be used to build the robust predictive probability density function of future
response X through the Total Probability Theorem (TPT):
𝑝̂ (𝑿|𝑫, 𝑀𝑖 ) = ∫ 𝑝(𝑿|𝜽𝒊 , 𝑫, 𝑀𝑖 ) ∙ 𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) ∙ 𝑑𝜽𝒊

(11)

The robustness of the model comes from the fact that it takes into account the uncertainty in
parameters of the model Mi, reflecting the limited number of data D (i.e. simulations). It is
worth noting that the robust hazard curve is the expected value of a prescribed probability
model taking into account the posterior distribution of the model’s parameters. Therefore, the
variance of the model can be calculated as follows:
2
𝜎𝑝(𝑿|𝑫,𝑀
= ∫ 𝑝(𝑿|𝜽𝒊 , 𝑫, 𝑀𝑖 )2 ∙ 𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) ∙ 𝑑𝜽𝒊 − [∫ 𝑝(𝑿|𝜽𝒊 , 𝑫, 𝑀𝑖 ) ∙ 𝑝(𝜽𝒊 |𝑫, 𝑀𝑖 ) ∙ 𝑑𝜽𝒊 ]
𝑖)

2

(12)

The calculated variance can be used to define a confidence interval around the robust model.

3.4 Model averaging
Equation 8 can be used not only for selection of the most probable model, but also for response prediction based on all models taken into account. Let X denote the quantity to be predicted. According to the TPT, the probability of X given the data D can be calculated as
follows:
𝑁

𝑝(𝑿|𝑫) = ∑

𝑖=1

𝑝̂ (𝑿|𝑫, 𝑀𝑖 ) ∙ 𝑃(𝑀𝑖 |𝑫)

(13)

instead of using the single best model for prediction. The operation presented in Eq.13, which
is a weighted average of the models adopting as weight the evidences, is also called posterior
model averaging in the Bayesian literature [22] or hyper-robust predictive model.
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Results
4.1 Bayesian model selection
The first step for the model selection is the computation of the posterior joint-distribution
p(i|D,Mi) of the parameters i for each considered model. This is calculated according to
Eq.10. The adopted data are the tsunami wave height results from 100 stochastic tsunami
simulations, chosen randomly from the 300 available simulations presented in [1]. For the
prior distribution p(i|Mi), independence of the parameters is assumed, therefore the joint prior distribution is decomposed in marginal distributions of independent variables. In particular,
as priors, uniform distributions are used in absence of other information. Figure 2 shows, for
example, the posterior distributions of the three parameters necessary to define the GEV model for the seven magnitude values. Once the posterior distributions for all the parameters of all
the selected models are obtained, it is possible to calculate the evidence according Eq.9 and
then the probability of the models according to Eq.8.

Figure 2: Posterior probability distribution of the GEV parameters.

Figure 3 shows the probabilities of the eight considered probability models. It is possible to
observe that the GEV model is the preferable in many cases, except for the value of magnitude 7.5. It is noteworthy that the LN model and the three-parameter LN and GLO distributions are equally competitive. Table 1 shows the maximum likelihood parameters obtained
from the posteriors corresponding to the best models that are based on the Bayesian model
selection.

Figure 3: Probabilities of the considered models for each value of magnitude.
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Table 1: Maximum likelihood parameters of the best analytical model for each magnitude

Mw

Best Model

1

2

3

7.5
7.75
8.0
8.25
8.5
8.75
9.0

LN3
GEV
GEV
GEV
GEV
GEV
GEV

-1.80
0.28
0.31
0.08
0.03
-0.19
-0.15

1.02
0.21
0.42
0.83
1.28
1.98
2.39

0.08
0.40
0.81
1.60
2.85
5.38
7.56

4.2 Robust hazard curve and model averaging
Once the best model for each magnitude is identified and the posterior distributions of the
parameters are determined, it is possible to build the robust hazard curve according to Eq.11
and Eq.12. Figure 4a shows the conditional robust hazard curves for each magnitude, whereas
Figure 4b shows the weighted conditional hazard curves. Subsequently, the curves are combined to obtain the final robust hazard curve, as shown in Figure 4c. Latter figure shows that
the hazard confidence interval (dashed magenta lines) around the central estimate (solid magenta line) contains the hazard results obtained through the 300 simulations (solid black line).

Figure 4: Robust hazard assessment: (a) Conditional hazard curves for tsunami wave height; (b) Weighted conditional hazard curves for tsunami wave height; (c) Final tsunami hazard curve.

It is worth noting that there are some discrepancies between the robust hazard curve and the
curve representing the empirical data; specifically, it can be observed that the robust hazard
curve slightly overestimate the mean annual rate of occurrence.
Finally, a model averaging operation, according to Eq.13, is carried out, and the results are
reported in Figure 5. Figure 5c shows the hyper-robust curves obtained by averaging the different probability models according to their evidence values. Also in this case, the confidence
interval associated with the final hazard curve contains the empirical results based on the 300
simulations. However, no significant fitting improvement can be observed with respect to the
simple robust model shown in Figure 4c.
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Figure 5: Hyper-Robust hazard assessment: (a) Conditional hazard curves for tsunami wave height; (b)
Weighted conditional hazard curves for tsunami wave height; (c) Final tsunami hazard curve.

Conclusions
This study presented a Bayesian methodology to obtain robust tsunami hazard curves from a
simulation-based PTHA. Specifically, this work has built upon the results obtained by De Risi
and Goda [1], presenting the tsunami hazard for a site along the coastline of the City of Sendai. The original simulation study [1] suggested that 300 simulations are required to obtain
stable results in terms of low/high percentiles. In this study, the possibility to reduce the number of simulations to 100 is demonstrated using a Bayesian model fitting. First, several probabilistic analytical models for extreme events are investigated through an evidence-based
model selection analysis. It was found that the GEV model is the most suitable in almost all
the examined cases. The proposed procedure takes into account the uncertainty in parameter
estimation, reflecting the limited number of simulations, and allows to derive the mean hazard
curve as well as its confidence interval. The results showed that the tsunami wave heights
based on 300 simulations are close to the robust tsunami hazard curve based on only 100 simulations. In addition, the hyper-robust curve based on model averaging was evaluated; the
hyper-robust curve does not provide additional benefits in terms of fitting with respect to the
simple robust model for this specific case.

Acknowledgement
This research is funded by the Engineering and Physical Sciences Research Council
(EP/M001067/1).

References
[1]

[2]

[3]

R. De Risi and K. Goda. Probabilistic Earthquake–Tsunami Multi-Hazard Analysis:
Application to the Tohoku Region, Japan. Frontiers in Built Environment, 2(25). doi:
10.3389/fbuil.2016.00025, 2016.
I. Zentner. A general framework for the estimation of analytical fragility functions
based on multivariate probability distributions. Structural Safety. doi:
10.1016/j.strusafe.2016.09.003, 2016.
D. Kim, B.J. Kim, S.O. Lee, and Y.S. Cho. Best-fit distribution and log-normality for
tsunami heights along coastal lines. Stochastic Environmental Research and Risk Assessment, 28(4), 881-893, 2014.

356

[4]
[5]

[6]

[7]

[8]
[9]
[10]
[11]

[12]

[13]
[14]

[15]
[16]
[17]
[18]

[19]
[20]
[21]

[22]

J.L. Beck and K.V. Yuen. Model selection using response measurements: Bayesian
probabilistic approach. Journal of Engineering Mechanics, 130(2), 192-203, 2004.
S.H. Cheung and J.L. Beck. Calculation of posterior probabilities for Bayesian model
class assessment and averaging from posterior samples based on dynamic system data.
Computer‐Aided Civil and Infrastructure Engineering, 25(5), 304-321, 2010.
A.E. Raftery, D. Madigan, and J.A. Hoeting. Bayesian model averaging for linear regression models. Journal of the American Statistical Association, 92(437), 179-191,
1997.
K. Goda, T. Yasuda, N. Mori, and T. Maruyama. New scaling relationships of earthquake source parameters for stochastic tsunami simulation. Coastal Engineering Journal, 58(03), 1650010, 2016.
P.M. Mai, G.C. Beroza. A spatial random field model to characterize complexity in
earthquake slip. Journal of Geophysical Research: Solid Earth, 107(B11), 2002.
Y. Okada. Surface deformation due to shear and tensile faults in a half-space. Bulletin
of the Seismological Society of America, 75(4), 1135–1154, 1985.
Y. Tanioka and K. Satake. Tsunami generation by horizontal displacement of ocean
bottom. Geophysical Research Letters, 23(8), 861–864, 1996.
C. Goto, Y. Ogawa, N. Shuto, and F. Imamura. Numerical method of tsunami simulation with the leap-frog scheme (IUGG/IOC Time project), IOC Manual, UNESCO, No.
35, Paris, France, 1997.
K. Goda, P.M. Mai, T. Yasuda and N. Mori. Sensitivity of tsunami wave profiles and
inundation simulations to earthquake slip and fault geometry for the 2011 Tohoku
earthquake. Earth, Planets and Space, 66(1), 1-20, 2014.
W.G. Van Dorn. Tsunamis. Contemporary Physics, 9(2), 145-164, 1968.
K. Kajiura. Some statistics related to observed tsunami heights along the coast of Japan. In: Tsunamis–Their Science and Engineering, Iida K, Iwasaki T (eds). Terra Scientific Publications, Tokyo, 131-145, 1983.
C.N. Go. Statistical distribution of the tsunami heights along the coast. Tsunami and
accompanied phenomena, Sakhalin, 7, 73-79, 1997.
B.H. Choi, E. Pelinovsky, I. Ryabov, and S.J. Hong. Distribution functions of tsunami
wave heights. Natural Hazards, 25(1), 1-21, 2002.
R. Mazova, E. Pelinovsky, and A. Poplavsky. Physical interpretation of tsunami height
repeatability law. Vulcanology and Seismology, 8(1), 94-101, 1989.
M. Muto and J.L. Beck. Bayesian updating and model class selection for hysteretic
structural models using stochastic simulation. Journal of Vibration and Control, 14(12), 7-34, 2008.
G.E.P. Box and G.C. Tiao. Bayesian inference in statistical analysis. Wiley, New York,
1992.
S. Kullback and R.A. Leibler. On information and sufficiency. The annals of mathematical statistics, 22(1), 79-86, 1951.
F. Jalayer, R. De Risi and G. Manfredi. Bayesian Cloud Analysis: efficient structural
fragility assessment using linear regression. Bulletin of Earthquake Engineering,
13(4),1–21, 2015.
A.E. Raftery, D. Madigan and J.A. Hoeting. Bayesian model averaging for linear regression models. Journal of the American Statistical Association, 92(437), 179-191,
1997.

357

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Risk-Based Bridge Ranking Considering Transportation
Network Performance
David Y. Yanga,b and Dan M. Frangopolb,*
a

Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hong Kong,
China
b
Department of Civil and Environmental Engineering, ATLSS Engineering Research Center, Lehigh University,
Bethlehem, PA, USA. *Corresponding author; Email: dan.frangopol@lehigh.edu

Abstract: A new method is proposed to rank bridges for intervention actions based
on risk. Failure probabilities are estimated based on the condition ratings of bridge
superstructures and substructures as well as a Markov chain deteriorating model.
Markovian transition matrices are obtained from a comprehensive database in the
national bridge inventory of the United States. Bridge failures in a transportation
network are modeled as Bernoulli random variables and are correlated based on a
simplified random field model. For each bridge under consideration, its failure risk
is assessed according to the direct failure consequence and its impact on other
bridges due to failure correlation and traffic disturbance. To evaluate the later, transportation network analysis is carried out to re-assign the total traffic demand in the
highway network with failed bridges. Marginal societal costs in terms of running
and time costs are evaluated based on the variation of traffic flow in the analyzed
transportation network. Based on the failure risks, candidate bridges are ranked for
intervention actions. Through a numerical example, the proposed method is illustrated and compared with the state-of-the-practice approaches for funding allocation. Compared with the state-of-the-practice methods, the proposed method is
capable of incorporating network performance and spatial correlation into the bridge
ranking process and provides an important basis for intervention planning and portfolio management.

Introduction
Bridges in a transportation network are likely to deteriorate due to aggressive environments.
The urgency of infrastructure deterioration is not only embodied in the massive repository of
deficient structures, but also relevant to the even scarcer resources that can be deployed on
maintenance projects. Limited resources for bridge maintenance and rehabilitation require that
the intervention priority should be ranked reasonably based on bridge condition states and impacts on the transportation network. Nevertheless, based on the questionnaire by Federal Highway Administration [1], most states in the United States do not have a systematic strategy for
allocating funding among deficient bridges. Worst-first approaches based on sufficiency rating
or other indicative indicators are still being widely in use [1] though it has been commonly
acknowledged that the impact of bridge failure on the entire transportation network is different
from one bridge to another [2], [3].
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In order to better allocate the resources, decision makers should rank bridges based on more
objective indicators and take network performance into consideration. For the former, reliability- and risk-based indicators have been widely used for maintenance scheduling in a transportation network [4]–[6]. As far as network performance is concerned, traffic flow assignment is
needed to predict the dynamics of traffic flow due to bridge failure and/or maintenance [2], [7]–
[10]. To combine the two aspects mentioned above, the current study proposes a risk-based
approach for properly ranking bridges for necessary maintenance actions. Bridge failures in a
transportation network, estimated through a Markov model, are represented by Bernoulli random variables and are correlated with adjacent bridges based on a simplified random field
model. For each bridge under consideration, its failure consequences are evaluated holistically
based on its direct failure cost, the increased direct failure risks of other bridges as well as the
increased societal risk imposed to traffic users through traffic disturbance. Based on the preceding analysis, marginal bridge risks in monetary terms are finally computed, dependent on
which candidate bridges are ranked for intervention actions.

Markov Chain Model of Bridge Deterioration
Markov chain model has been extensively used in infrastructure management [10]–[14]. The
model divides the performance of structural components into a series of mutually exclusive and
exhaustive states, usually known as Markovian states (MSs). The basic assumption of Markov
chain model is that the following Markovian states are solely dictated by the current state. The
transition from one state to another is defined by a probability of transition, which can be assembled to a matrix referred to as Markovian transition matrix (MTM). As a result, if condition
ratings are regarded as Markovian states of bridges, future Markovian states of bridges (or
bridge elements) can be predicted as follows:

𝒙(𝑠+1) = 𝑻𝑇 𝒙(𝑠)

𝑎11
0
= 0
⋮
[ 0

𝑎12
𝑎22
0
⋮
0

𝑎13
𝑎23
𝑎33
⋮
0

⋯ 𝑎1𝑛 𝑇
⋯ 𝑎2𝑛
⋯ 𝑎31 𝒙(𝑠)
⋱
⋮
⋯ 1 ]

(1)

where x(s) and x(s+1) are the vectors of probabilities with respect to each Markovian state at the
current time slot s and the following time slot s+1, respectively; aij is the transition probability
from state i to state j; n is the total number of Markovian states; and T is the MTM of Markov
chain model.
Bridges in a transportation network are usually required to be inspected on a regular basis, e.g.
every two years in the United States. The inspection results, in terms of condition ratings of
structural components, are collected by the department of transportation of each state and submitted to FHWA [15], where a national bridge inventory (NBI) is assembled and updated annually. Based on these data, the MTM of bridge superstructure can be obtained as follows:

𝑻𝑠𝑢𝑝

0.9847 0.0126
0
0.9808
0
0
=
0
0
0
0
0
0
[ 0
0

0.0018
0.0140
0.9756
0
0
0
0

0.0009
0.0043
0.0212
0.9880
0
0
0

0
0.0005
0.0022
0.0085
0.9852
0
0

0
0.0004
0.0010
0.0031
0.0113
0.9944
0

0
0
0
0.0004
0.0035
0.0056
1 ]

while the deterioration of bridge substructure can be modeled by the following MTM:
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(2)

𝑻𝑠𝑢𝑝

0.9847 0.0126
0
0.9808
0
0
=
0
0
0
0
0
0
[ 0
0

0.0018
0.0140
0.9756
0
0
0
0

0.0009
0.0043
0.0212
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0
0
0

0
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0.9852
0
0

0
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0.0010
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0.0113
0.9944
0

0
0
0
0.0004
0.0035
0.0056
1 ]

(3)

where condition ratings 8 and 9 in the FHWA system [15] are merged as one single Markovian
state of deficient structure; condition ratings from 0 to 2 (inclusive) are merged as another single
Markovian state of intact structure. Figure 1 illustrates the evolution of Markovian states of
bridges using the MTMs in Eqs. (2) and (3).

(a) Superstructure condition rating
(b) Substructure condition rating
Figure 1 Markovian deterioration of bridge super- and substucture

Condition ratings, and consequently the MSs defined above, are related to structural reliability,
but often in an implicit way [10]. For instance, Saydam & Frangopol [10] assumed a percentage
loss of reinforcement cross-section to each condition rating in the PONTIS system [16]. For
condition ratings in the FHWA system, a similar relation between resistance loss and condition
ratings is assumed in this paper. In the current study, a linear relation between MSs and the
capacity-to-demand ratio, usually referred to as central safety factor θ, is assumed as follows:
𝜃(𝑀𝑆) =

𝜃7 − 𝜃1
(𝑀𝑆 − 7) + 𝜃7
7−1

(4)

where θ1 = 4.84 and θ7 = 1 are back calculated based on the assumption of reliability indices
of 4.7 and 0 for MS 1 and MS 7, respectively. Based on Eq. (4), the reliability indices with
respect to each MS can be obtained by the following equation:
𝛽=

𝜇𝑅 − 𝜇𝑆
√𝜇𝑅2 𝛿𝑅2

+

𝜇𝑆2 𝛿𝑆2

=

𝜃−1
√𝜃 2 𝛿𝑅2 + 𝛿𝑆2

(5)

where μR and δR are the mean value and the coefficient of variation (COV) of capacity, respectively; μS and δS are the mean value and the COV of demand, respectively. In this paper,
δR = 0.150 and δS = 0.375 are assumed [17]. Based on Eq. (5), the reliability indices with respect
to MS 1 (condition ratings ≥ 8) and MS 7 (condition rating ≤ 2) are 4.7 and 0, respectively.

Transportation Network Analysis
The graphical model of a highway transportation network can be constructed based on the geospatial information on the website of OpenStreetMap [18]. All the highways are modeled as
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bidirectional links between highway joints, modeled herein as nodes. Traffic demand in a certain region can be either predicted based on gravitational model [9] or directly extracted from
census data [7]. The former is more appropriate for seismic hazard or other catastrophic disasters that can dramatically skew traffic demand between origin-and-destination (OD) pairs,
while the latter is deemed more suitable for latent deterioration, despite which the daily commute demand is not likely to vary. Therefore, the latter is used in this paper, with census data
drawn from the FWHA website [19]. For traffic assignment, user equilibrium (UE) is employed
to load the highway transportation network according to the travel costs on links, computed as
follows [20]:
𝛽

𝑡𝑎 (𝑓𝑎 ) = 𝑡𝑎,0 [1 + 𝛼 (

𝛽

𝑓𝑎
𝑠𝑎,0
𝑓𝑎
) ]=
[1 + 𝛼 ( ) ]
𝑓𝑎,𝑐
𝑣
𝑓𝑎,𝑐

(6)

where α = 0.15 and β = 4 [9]; ta,0 is the free speed travel time equal to the ratio of length (sa,0)
to the free speed (v); and fa and fa,c are the flow on link a and the capacity of link a, respectively.
In particular, Frank-Wolfe (FW) algorithm, together with Dijkstra’s shortest path algorithm, is
used for UE-based traffic assignment in an efficient manner [21].

Risk Assessment of Bridges in a Transportation Network
For the proposed method, bridges are ranked for maintenance priorities based on their failure
risks. Herein, risk is defined as the product of failure probabilities and failure consequences in
monetary value [4], [10], [22]:
𝑅 = 𝑃𝑓 ∙ 𝐶

(7)

where Pf is the failure probability; C is the failure consequences (C) in monetary value. Clearly,
a reasonable estimation of bridge risk involves these two aspects: evaluation of failure probabilities and estimation of failure consequences.

4.1 Failure Probabilities of Bridges
As presented previously, the failure probabilities of bridge super- and substructures can be related to their condition ratings. For a bridge that consists of both super- and substructure, its
failure probability can be determined by considering the bridge as a two-component series system. Since the failure of super- and substructure are correlated, the following expression is used
to obtain the failure probability of this two-component series system [23]:
𝑝𝑓 = 𝑝𝑠𝑢𝑝 + 𝑝𝑠𝑢𝑏 − (𝛾√𝑝𝑠𝑢𝑝 𝑝𝑠𝑢𝑏 (1 − 𝑝𝑠𝑢𝑝 )(1 − 𝑝𝑠𝑢𝑏 )) − 𝑝𝑠𝑢𝑝 𝑝𝑠𝑢𝑏

(8)

where psup and psub are failure probabilities of super- and substructure, respectively; γ is the
coefficient of correlation between super- and substructure failures.
Apart from the correlation between super- and substructure, it should be realized that bridge
failures in a network are also very likely to be correlated spatially due to their shared environmental and loading conditions. As a result, when analyzing a particular bridge by assuming its
failure, one should be aware of the fact that the failure probabilities of its adjacent bridges
should also be significantly increased, implying that a bridge in a dense cluster of bridges may
be more important than a similar bridge isolated from others. To model this effect, one can
resort to random field theory to quantify spatial correlation [8]. For instance, in the current
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study, the (spatial) coefficient of correlation between two bridges X and Y is defined by the
following exponential relation [8]:
𝜌𝑋𝑌 = 𝑒𝑥𝑝 (−

2
𝑑𝑋𝑌
)
𝜆2

(9)

where ρXY is the coefficient of correlation between bridges X and Y; dXY is their distance [km];
and λ is the correlation length [km]. Based on the correlation in Eq. (9), correlated Bernoulli
random variables can be generated to represent the events of bridge failures. In addition, Bayesian rule can be used to update failure probabilities of other (especially adjacent) bridges given
the failure of the bridge under consideration, illustrated by the following equation [23]:
𝑝𝑓′ = 𝑃𝑟[𝑋 = 1|𝑋𝑒 = 1] =

𝜌√𝑝𝑓,𝑒 (1 − 𝑝𝑓,𝑒 )𝑝𝑓 (1 − 𝑝𝑓 ) + 𝑝𝑓,𝑒 𝑝𝑓

(10)

𝑝𝑓,𝑒

where pf’ is the updated failure probability of any other bridge X given that the bridge Xe has
failed; pf,e is the failure probability of bridge Xe; ρ is the coefficient of correlation between
bridge X and bridge Xe obtained from Eq. (9).

4.2 Consequences of Bridge Failure
Highway bridges are located in the network model based on their geographic coordinates stored
in the NBI database. As stated earlier, the failure of a bridge poses two major detrimental consequences: direct cost quantifying a reconstruction and indirect (societal) cost imposed to users
consisting of running and time costs. In order to measure the risk involved in the future, an
annual discount rate r = 2 % is used to obtain the present value of cost [4], [10]. For direct cost,
the cost of a bridge (present value) is related to the bridge length and width as follows [4], [10]:
𝐶𝑏𝑟𝑖𝑑𝑔𝑒 (𝑡) =

𝑐𝑏𝑟𝑖𝑑𝑔𝑒 𝑊𝐿
(1 + 𝑟)𝑡

(11)

where Cbridge is the total cost; cbridge is the cost per unit area; W and L are the width and length
of bridges, respectively, which can be found in the NBI database of bridges. The running cost
and the time cost are incurred by detours and congestion due to bridge failure, which can be
determined by transportation network analysis. For a specific bridge, its failure increases the
free speed cost due to detours and decrease the capacity of the link because of switching to
secondary roads. Specifically, the following equations are used to adjust the link properties if
failed bridges occur on a link [9]:
′
𝑡𝑎,0
=

𝑠𝑎,0 + ∑𝑠𝑏∈ℱ𝑎 𝑠𝑏
𝑣

′
𝑓𝑎,𝑐
= 𝑓𝑎,𝑐 ∙ (1 − 𝑚𝑎𝑥 𝑑𝑐 )
𝑑𝑐 ∈ℱ𝑎

(12)
(13)

′
where 𝑡𝑎,0
is the modified free speed cost; ℱ𝑎 is the set of failed bridges on link a; sb is the
′
detour length of a bridge that can be found in the NBI database; 𝑓𝑎,𝑐
is the modified link capacity; and dc is the capacity drop of due to a bridge failure. Based on the traffic flow on each link,
total travel time (TTT) and total travel distance (TTD) can be determined as follows [2]:

TTT = ∑ 𝑓𝑎 𝑡𝑎 (𝑓𝑎 )
𝑎∈𝒜
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(14)

TTD = ∑ 𝑓𝑎 (𝑠𝑎,0 + ∑ 𝑠𝑏 )
𝑎∈𝒜

(15)

𝑠𝑏 ∈ℱ𝑎

where 𝒜 is the set of all links; fa is the traffic flow on link a. Due to the increase of traffic cost
[Eqs. (12) and (13)], the additional societal consequences in terms of running and time costs of
traffic users can be calculated as follows [4], [10]:
𝐶𝑟𝑢𝑛 (𝑡) = [𝑐𝑟𝑢𝑛,𝑐𝑎𝑟 ∙ (1 −
𝐶𝑡𝑖𝑚𝑒 (𝑡) = [𝑐𝐴𝑊 𝑂𝑐𝑎𝑟 ∙ (1 −

𝑇
𝑇 (TTD𝑐𝑜𝑛𝑑 − TTD0 )
) + 𝑐𝑟𝑢𝑛,𝑡𝑟𝑢𝑐𝑘 ∙
]
(1 + 𝑟)𝑡
100
100

𝑇
𝑇 (TTT𝑐𝑜𝑛𝑑 − TTT0 )
) + (𝑐𝐴𝑇𝐶 𝑂𝑡𝑟𝑢𝑐𝑘 + 𝑐𝑔𝑜𝑜𝑑 ) ∙
]
(1 + 𝑟)𝑡
100
100

(16)

(17)

where Crun and Ctime are the total running cost and the total time cost, respectively; TTDcond and
TTTcond are the conditional TTD and TTT given bridge failures; TTD0 and TTT0 are the initial
TTD and TTT without any bridge failure; descriptions of all other parameters are summarized
in Table 1 [13].
Table 1 Parameters in risk assessment [13]

Parameter
T
cOTC
Ocar
Otruck
cAW
cbridge
crun,car
crun,truck
cgood

Description
Ratio of average daily truck to average daily traffic
Average compensation for truck drivers
Average vehicle occupancies for cars
Average vehicle occupancies for trucks
Average wage of car drivers
Rebuilding cost of bridges
Running cost of cars
Running cost of trucks
Time value of a cargo

Value
0.12
26.797 USD/h
1.5
1.05
22.82 USD/h
894 USD/m2
0.08 USD/km
0.375 USD/km
4 USD/h

Illustrative Example
In this section, a numerical example of bridge ranking is presented to illustrate the proposed
method. The results of risk-based bridge ranking are compared with those obtained by the conventional worst-first approach based on safety and sufficiency ratings [15]. The example features a real-world highway transportation network in Los Angeles county with 40 nodes, 66
bidirectional links, and 91 highway bridges [18], [24]. The graphical model of this network is
shown in Figure 2 [18], [24].
Link cost in terms of travel time is defined by Eq. (6), with the capacity fa,c = 8000 vehicle/h
and the free speed v = 108 km/h [24]. Link lengths are calculated based on the geographic data
of links. Traffic demand between OD pairs is obtained from the census data on the FHWA
website [19]. Highway bridges are located in the network based on geographical data in the
NBI database. It should be noted that bridges with condition ratings equal or less than 6 (either
superstructure or substructure) are considered as candidate bridges in the bridge ranking process.
For each bridge in the network, the failure risk in 10 years is calculated. For the region under
analysis, λ = 8.43 km is assumed in Eq. (9) to obtain spatial correlation of bridge failures [8].
Given the failure of a bridge under consideration, there exists a significant impact on the failure
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probabilities of bridges nearby. The increased direct risk of all bridges can be assessed given
the assumed failure of the bridge under consideration.
Bridge failure conditions are generated stochastically by Monte Carlo simulation using the posterior failure probabilities and the random-field-based correlation. As the highway network is
located in an urban region, it is assumed that there always exist enough local roads to alleviate
traffic congestion due to bridge failures. Therefore, a 10% drop in traffic capacity is assumed
for all bridge failures [9]. For each failure condition, new traffic assignment is conducted, and
the corresponding societal cost is determined by Eqs. (16) and (17). Based on the risk assessment, the top 10 bridges, ranked with different methods, are compared in Figure 2. It can be
found that the worst-first approach based on safety or sufficiency ratings cannot provide riskinformed rankings of candidate bridges. Some of the bridges with low safety/sufficiency ratings
are actually located in low usage regions. The proposed risk-based method, by contrast, considers the spatial correlation of bridges, network configuration and usage, as well as the consequences of bridge failures.
N

Figure 2 Highway network of Los Angeles county [18] & Bridge ranking using different methods

Conclusions
For bridges in a highway transportation network, a new method to rank maintenance priorities
is proposed. The ranking method is based on risks of bridge failures, considering both the direct
cost of bridges and the indirect societal cost imposed to traffic users. The new method features
a number of novel characteristics compared with the state-of-the-practice methods. The following conclusions can be drawn:
1. Future condition ratings of ageing bridges can be estimated by Markov chain models based
on the comprehensive database in the National Bridge Inventory. A relation between Markovian state and structural resistance is proposed to estimate the reliability indices from
condition ratings.
2. Transportation network analysis is needed in order to take into account the network performance. The results of traffic assignment serve as a basis for the realistic estimation of societal consequences in risk assessment.
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3. The state-of-the-practice methods for bridge ranking, i.e. the worst-first method based on
safety or sufficiency ratings, cannot fairly consider the traffic usage. These methods are
likely to overrate bridges in low usage. The proposed method, by contrast, can properly
rank bridges for maintenance priorities considering failure risk and network performance.
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Abstract: This study aims to develop a numerical model to evaluate road surface
irregularity using acceleration time histories recorded by car navigation systems.
The records of the transverse component of acceleration of the vehicle are employed to detect road sections with an international roughness index (IRI) of 12
mm/m or above. To achieve this objective, the IRI was measured with an interval
of 10 m in the cities of Yokohama and Chofu. The relationship between the IRI
and the accelerations recorded by the car navigation system was evaluated, and
logistic regression analyses were performed. The discrimination ability of the numerical model was investigated, and it was applied to acceleration time histories
accumulated in March 2015.

1 Introduction
The infrastructure in Japan, which was mostly constructed in the 1960s, is facing aging problems. The ceiling panels inside the Sasago Tunnel, which is a motorway tunnel on the Chuo
Expressway, collapsed on December 2, 2012. Nine people were killed and two others were
injured [1]. Higher priority has been given to the maintenance of infrastructure since this
deadly accident. The Road Committee of the Panel on Infrastructure Development recommended full-scale maintenance of aging roads in 2014 [2]. According to their recommendations, pavements may be inspected or replaced based on an appropriate renewal period
depending on their deterioration level.
In Japan, road-surface-condition survey (RSCS) vehicles are often employed on major roads
to measure the maintenance condition index (MCI). The MCI, which was proposed by the
Ministry of Construction (Japan) in 1981, is an integrated index of cracking, rutting, and irregularity [3]. However, it is difficult to employ RSCS vehicles on community roads because
of the expense involved. A new, low-cost measure for the inspection of road surface conditions, applicable to community roads, is the primary requirement of small-to-medium-sized
municipalities.
Based on this background, this study aims to develop a numerical model to evaluate the road
surface irregularity using accelerations recorded by car navigation systems. A car navigation
system uses information from a global positioning system (GPS) to obtain velocity vectors
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Figure 1: Road-surface-condition survey (RSCS) vehicle of Kajima Road Co., Ltd.

z2

m2
k2

c2

z1
zin

m1
k1

Figure 2: Quarter car model to calculate the international roughness index (IRI)

from a previous position. If information from the GPS is not available, information from an
accelerometer installed in the car navigation system is used to ascertain the vehicle’s position.
The accelerations recorded by car navigation systems are accumulated in a database server
through the internet, and the longitudinal accelerations of automobiles are often employed to
evaluate the locations where traffic accidents and near misses are likely to occur [4]. Car navigation systems manufactured by PIONEER Corp. accumulate longitudinal and transverse
accelerations through the internet. This study employs transverse accelerations to evaluate
road surface irregularity.
To achieve this objective, the road surface conditions were measured using a RSCS vehicle.
The transverse accelerations recorded by the car navigation system installed in the RSCS vehicle were compared with the international roughness index (IRI). Logistic regression analyses were performed to detect road sections with an IRI of 12 mm/m or above. The best
threshold value was determined to maximize both the true positive rate and the true negative
rate. Finally, the numerical model was applied to the probe car data as of March 2015 to detect heavy pavement distresses all over Chofu City.

2 Datasets Employed in This Study
2.1 International Roughness Index (IRI)
A RSCS vehicle belonging to Kajima Road Co., Ltd. (Fig. 1) was employed to observe IRI.
The longitudinal profiles were recorded by a laser scanner installed in the vehicle. The IRIs
were calculated with an interval of 10 m assuming the quarter car model as shown in Fig. 2.
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Figure 3: Observed international roughness indices in Yokohama and Chofu Cities

Mass m2 represents the body of a vehicle and mass m1 represents the tire. The IRI is expressed
as
1 L/s
(1)
IRI   z 2  z1 dt
L 0
where z1 and z2, which are the responses against the road profile (zin), are the vertical displacements [mm] of m1 and m2, respectively; L is the length of each section (10 m); and s is
the speed (80 km/h). In order to obtain the IRI, the parameters of the quarter vehicle model
are set to the values as shown in Eqs. (2)–(5) [5].
m1 m2  0.15
(2)

c2 m2  6

(3)

k2 m2  63.3

(4)

k1 m2  653
(5)
In the guidelines on the inspection of pavements, compiled by the Ministry of Land, Infrastructure, Transport, and Tourism, heavy pavement distresses are associated with an IRI of
11–12 mm/m [2]. The IRI measurements were performed in Yokohama on September 29,
2015, and in Chofu on October 9, 2015. Figure 3 shows the IRI values measured in this study.

2.2 Acceleration Time History Recorded by a Car Navigation System
The trajectories of the automobiles are recorded by car navigation systems and archived
through the internet. The information on running histories is called probe car data, which is
used to provide traffic information such as prediction of traffic congestions and most appropriate route guidance. The accelerations of the automobiles are also archived as probe car data.
The longitudinal accelerations are employed to detect unusual behavior such as sudden decelerations, and to detect areas that are potentially hazardous to the drivers [4].
The car navigation systems manufactured by PIONEER Corp. after 2012 are capable of recording transverse as well as longitudinal accelerations. PIONEER Corp. archives the accelerations through the internet. The total length of the archived data reached approximately 350
million kilometers in two years [6]. The acceleration sampling frequency is set to 5 Hz, and is
associated with the locations, directions, time and date, and speeds.
In this study, a car navigation system manufactured by PIONEER Corp. was installed in the
RSCS vehicle of Kajima Road Co., Ltd. to observe the accelerations during IRI measurements
in Yokohama and Chofu. The vertical accelerations show the best correlation with the IRI;
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Figure 4: Transverse acceleration recorded by the RSCS vehicle of Kajima Road Co., Ltd.

Figure 5: Relationship between the speed and the transverse acceleration with respect to the IRI

however, they are not recorded by the car navigation system. Hence, transverse accelerations
were examined in correlation to the IRI. Figure 4 shows the transverse accelerations obtained
in this study.

3 Evaluation of Road Surface Irregularity using Transverse Accelerations
As mentioned in the previous section, the IRI was measured with an interval of 10 m in this
study. Therefore, the maximum and average transverse accelerations were also calculated
with the same interval. Figure 5 shows the relationships between the speed and the maximum
and average transverse accelerations. The maximum and average accelerations are defined in
terms of the absolute accelerations. The data points are depicted with different colors, which
correspond to different IRI ranges. Red and yellow indicate IRIs of greater than 12 mm/m and
8–12 mm/m, respectively, while blue corresponds to an IRI of 0–8 mm/m.
A series of logistic regression analyses was performed to detect the sections with an IRI of 12
mm/m or above. Eq. (6) was initially assumed, and the variables were selected based on the
Akaike Information Criterion (AIC) to find the best model.
exp(b0  b1 x1  b2 x2  b3 x3 )
p
(6)
1  exp(b0  b1 x1  b2 x2  b3 x3 )
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Table 1: Regression parameters and associated indices of the logistic regression model

Type of acceleration
acy (g)
acys (g)

b0

b1

b2

b3

AUC

Cutoff

TPR

TNR

-1.344
-1.274

-0.104
-0.104

―
―

7.991
0.305

0.77
0.77

0.040
0.040

0.72
0.71

0.74
0.72

Figure 6: Receiver operating characteristics (ROC) curves and definitions of the different fractions to draw
ROC curve

where x1 is the average speed of the vehicle [km/h] in an interval of 10 m. x2 and x3 are the
average and maximum transverse accelerations, respectively, in terms of g. b0–b3 are the regression coefficients, and p is the probability defined as
(7)
p  Pr(Y  1 x1 , x2 , x3 )
1  p  Pr(Y  0 x1 , x2 , x3 )

(8)

where the random variable Y = 1 when the section is associated with an IRI of 12 mm/m or
above. Y is set to 0 for the section with an IRI of less than 12 mm/m.
Two sets of transverse accelerations were employed in the logistic regression analyses: the set
of recorded transverse accelerations (acy) of the RSCS vehicle, and the set of standardized
transverse accelerations (acys) calculated using the mean () and the standard deviation ()
(Eq. (9)). The archived acceleration time histories used in the next section are collected from
different types of automobiles. The absolute value of the acceleration against the road surface
irregularity strongly depends on the type of the automobile. Hence, the standardized accelerations were employed only to calculate the magnitude of the acceleration.
(9)
acy s  (acy   ) 
The variables were eliminated sequentially from Eq. (6), and the best model associated with
the minimum value of the AIC was determined. According to the results, the average of the
transverse acceleration was not included in the best model. Table 1 shows the parameters obtained in this study. The discrimination ability of the model was evaluated on the basis of the
receiver operating characteristics (ROC) curve (Fig. 6). In the ROC curve, the true positive
rate (sensitivity) is plotted as a function of the false positive rate (1-specificity) by changing
the threshold value of p [7]. The definitions of different fractions are also given in Fig. 6. The
area under the curve (AUC) was calculated as 0.77 for both types of accelerations, which corresponds to a model with fair discrimination [8]. The best cut-off probability to maximize
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Figure 7: Extraction of the road sections with an IRI of 12 mm/m or above by the logistic regression model

both true positive rate (TPR) and true negative rate (TNR) was found to be 0.040, with a TPR
of 0.72, and a TNR of 0.74 when the recorded transverse accelerations were employed. A
similar result was obtained for the standardized transverse acceleration.
Using the developed logistic regression model, the sections with an IRI of 12 mm/m or above
were extracted using the transverse accelerations recorded by the car navigation system. Figure 7 shows the corresponding results. The overall accuracy was 74%, and the model can be
effective as an initial screening procedure in the detection of heavy pavement distresses.

4 Use of Probe Car Data for the Evaluation of Road Surface Irregularity
This study employed the probe car data for the evaluation of road surface irregularity. The
logistic regression model developed in the previous section was applied to the dataset compiled by PIONEER Corp. It consisted of the accelerations from various types of automobiles,
and the logistic regression model for the standardized transverse accelerations was used.
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Figure 8: Distribution of the total number of automobiles which constitute the probe car data in Chofu City,
Tokyo Metropolis as of March 2015.

The probe car data consists of the histories of automobiles in Chofu City, Tokyo Metropolis
as of March 2015. The locations, speeds, directions, date and time, and two components of
accelerations of the automobiles equipped with car navigation systems manufactured by
PIONEER Corp. are stored in the probe car data. The record of each automobile can be identified with a unique sequence number, and the number is renewed daily. The accelerations were
processed with respect to 25 × 25 m grid cells to detect sections with an IRI of 12 mm/m or
above.
Figure 8 shows the distribution of the total number of automobiles whose histories constitute
the probe car data as of March 2015 in Chofu City. The number of automobiles was calculated using the unique sequence number, which is renewed daily, and it reached 1,429. The histories from more than 200 automobiles were observed along Route 20, where the heaviest
traffic is generated in the area. The histories from 50–150 automobiles were also observed
along the other major roads.
The logistic regression model was applied to the probe car data, and the sections with an IRI
of 12 mm/m or above were extracted. The extraction rate was defined as the ratio of the number of extractions to the number of automobiles available for the sections (Fig. 9). Figure 10
compares the extraction rates with the IRI measured by the RSCS vehicle. The two symbols—○ and ×—indicate the values of the measured IRI. According to the results, the logistic regression model could detect sections with an IRI of 12 mm/m or above accurately
along the traverse line A. The extraction rates are greater than 30% where the measured IRIs
are greater than 12 mm/m along the traverse lines B and C. However, some of the sections
with an IRI of 12 mm/m or above were associated with low extraction rates along the traverse
lines C and D. In future studies, the results will be evaluated using the records of the inspection performed by the city government to draw a more accurate conclusion.
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Figure 9: Distribution of the extraction rates defined as the ratio of the number of extractions calculated by
the logistic regression model to the number of automobiles available for the section

Figure 10: Comparison between the measured IRI and the extraction rate calculated by using the logistic
regression model

5 Conclusions
In this study, we performed a series of logistic regression analyses to detect road sections with
an IRI of 12 mm/m or above using transverse accelerations recorded by the car navigation
system. Subsequently, a numerical model was applied to the probe car data to detect road sections with an IRI of greater than 12 mm/m over the entire city. The proposed method is expected to work as the first screening procedure in the detection of heavy pavement distresses.
To achieve the objective, a car navigation system manufactured by PIONEER Corp. was installed in a RSCS vehicle of Kajima Road Co., Ltd. Hence, the measured IRI could be directly
compared with the transverse accelerations recorded by the car navigation system. Although
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the vertical component of the acceleration, which shows the best correlation with the IRI, is
not obtained by the car navigation system, the transverse acceleration can be effective in the
detection of sections with large IRI.
The logistic regression model developed in this study was applied to the probe car data to
detect road sections with an IRI of 12 mm/m or above. However, a quantitative evaluation of
the accuracy is required to draw a more accurate conclusion. The records of the inspection
performed by the local government will be employed to evaluate the accuracy of the numerical model. Other discrimination models, such as support vector machines, will also be considered to obtain a better extraction result.
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Abstract: In the case of buried pipes, the soil can have a decisive influence on the
distribution of forces and displacements of the pipe and the surrounding soil. This
is called the soil-pipe interaction. On the other hand, if we consider the failures affecting the pipes and falling within the longitudinal bending, it appears that the joints
play a major role. A simple model that describes the soil-pipe interaction and takes
into account the spatial variability of the soil has been developed. The considered
pipe is subjected to the effects of earth loads and surface loads. A probabilistic analysis enabling to study the influence of spatial variability of geo-mechanical characteristics of the soil on the joint openings, for different burial depths of the pipes, as
well as for different joint stiffnesses, is carried out. Thereafter, rigid pipe-joint reliability is assessed.

Introduction
Joints with poor mechanical performance may cause infiltration, exfiltration and erosion of the
soil surrounding a buried pipe, which may lead to an overall pipe failure. Although the joints
are known to be the weakest points and may, to some extent, control the service life of a pipe,
a review of the state of the art shows that their design has drawn very little attention [1, 2] and
a property like the flexural rigidity of the joint is unreachable. On the other hand, the heterogeneity of the soil also affects the structural response of a pipe, in terms of forces redistributions
and structure movement. This heterogeneity results in spatial variability of soil properties. Finally, the loading on a buried pipe can be divided into two parts: the earth load and the surface
load. Their effects, which are often opposed to each other, reveal an optimum burial depth of
the pipe. In this paper, we focus on the effect of the joints stiffness (from flexible to rigid joints),
the soil variability (through random fields) and the external loads (surface and earth loads) on
the response of a rigid pipe in terms of joint openings.

About the models
2.1 Structure model
The pipe consists of a set of sections. Each section of finite length is decomposed into a number
of beams connected to each other by nodes. At the ends of sections, a pair of two independent
nodes is used to represent the joints. Each beam element is subjected to a uniformly distributed
loading q and rests on a soil modeled, according to the Winkler model, by a set of independent
springs with a coefficient of subgrade reaction ks, in order to take into account the soil-structure
interaction [3, 4]. This model is described by a uniaxial distribution of the form p (x) = ks.w (x)
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with p (x) the pressure applied to the abscissa x, w (x) the displacement in the direction transverse to the abscissa x and ks the coefficient of subgrade reaction. The pipe sections and the soil
are considered to have a linear behavior.
In our case study, the buried pipe consists of 6 sections, each 3 m long. The diameter is 1 m,
the thickness is 5 cm, and the Young's modulus is 25 GPa. This buried pipe is positioned at
different burial depths.

2.2 Loading model
The buried pipe is subjected to the earth load (equations 1 and 2) and the surface load whose
diffusion is calculated according to equation 3. The effects of these two loads and their superposition (Equation 4) depend on the burial depth. In this study, the variation range chosen for
the burial depth is between 0.5 m and 10 m.
𝑊𝑑 = 𝐶𝑑 𝛾𝐵𝑑2
𝐶𝑑 =

1
2𝐾𝜇 ′

(1 − 𝑒

−2𝐾𝜇 ′(

(1)
𝐻
)
𝐵𝑑

)

(2)

Wd is the earth load (per linear meter of pipe), γ the unit weight of backfill, Bd the width of
ditch, H the burial depth, K the Rankine coefficient and μ' the coefficient of friction.
In this study, γ = 19 kN / m3, Bd = 2m and Kμ' = 0.165 (determined experimentally [7, 8]).
𝑃𝑒𝑞 =

1
𝐷𝑒

0,5

𝐷 /2
𝜎𝑧𝑧 (𝑥, 𝑦)𝑑𝑥𝑑𝑦]
𝑒 /2

[∫−0,5 ∫−𝐷𝑒

and

𝜎𝑧𝑧 =

nQ𝑍 𝑛
2𝜋𝑅 𝑛+2

(3)

Peq is the equivalent vertical pressure applied to a horizontal surface which is tangent to the top
of the pipe, whose width is equal to the outside diameter and length equal to 1 m, De the outside
diameter of the pipe, Q the surface load and R the distance from the point of application of the
load to the point of computation of the stress. The values of the exponent n are 3 and 4.
The total linear pressure applied to the pipe Ptot is (equation 4):
𝑃𝑡𝑜𝑡 = 𝑊𝑑 + 𝑃𝑒𝑞 . 𝐷𝑒

(4)

Figure 1 shows the effects of the loads applied to the pipe and their superposition as a function
of the burial depth. We can notice an optimum burial depth of about 3 m, to which corresponds
the lowest total loading.

Figure 1: Loads applied to the pipe as a function of the burial depth.
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2.3 Soil variability model
The variability and/or the uncertainty related to the soil characteristics and, consequently, of
the coefficient of subgrade reaction have three sources:
 the soil is a medium which has a space heterogeneity resulting from its process of deposit and aggregation [6],
 the inaccuracy of measurements (possible differences between the measured values and
the true unknown values of the relevant parameter),
 model uncertainty, due for example to the fact that the coefficient of subgrade reaction
has only an empirical expression.
However, the variability and uncertainties do not have the same consequences. Variability can
create disorders when uncertainty only generates unawareness or ignorance (but no disorders
since it does not change the physics of the system).
Since the role of the longitudinal variability of the filling appears essential, we chose to model
it by using the theory of the local average of a random field developed by VanMarcke [9, 10].
Applications of this theory can be found in [3] and [4]. The random field of the coefficient of
subgrade reaction ks(x) is defined by three properties: its average value mks, its variance σ2ks
and its scale (or length) of correlation lc. This scale is related to a function of correlation ρ(τ)
(equation 5), where τ points out the distance between two points, and which describes the spatial
structure of correlation of the properties: ρ(τ) differs whether the properties vary more or less
quickly while deviating from a given point. This length of correlation (length from which the
correlation between soil properties tends to disappear) depends on the characteristic (modulus,
porosity, water content, etc.) and on the direction (horizontal or vertical). It should be noted
that several types of function of correlation (linear, spherical, etc.) could be used. The exponential form has been chosen.
|𝜏|

ρ(τ) = exp(−2 )

𝑓𝑜𝑟 𝜏 ≤ 𝑙𝑐

𝑙𝑐

(5)

The soil is subdivided into a number of zones in which the random field value is a random
variable with a value estimated by averaging the space field ks(x) over the zone. The local
average and the variance in zone i of length Di fulfills the following (expression (6)):
E(𝑘𝑠 (𝐷𝑖 )) = 𝑚𝑘𝑠

(6a)

var[𝑘𝑠 (𝐷𝑖 )] = χ(𝐷𝑖 ). var(𝑘𝑠 )

(6b)

The average value mks is considered constant for the entire field, independently on the location
of point x. The expression (6b) shows that the local variance var[ks(Di)] depends on the length
Di of zone i while following a named law of ‘‘reduction of variance’’ χ(Di).
χ(Di) is a measure of the variance reduction due to the random process averaging effect according to the length of the studied zone. It is related to the function of correlation [9] through the
following expression:
χ(𝐷𝑖 ) =

2
𝐷𝑖

𝐷

∫0 𝑖(1 −

𝑥
𝐷𝑖

) 𝜌(𝑥)𝑑𝑥

(7)

In the literature, no consensus exists on the choice of the probability distribution function of ks.
Here, a Lognormal probability distribution function for ks has been assumed.
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In this study, three average values of ks were chosen (5, 25 and 100 MN/m3) corresponding to
soils of low, medium and high stiffnesses. The coefficient of variation of ks is taken to be equal
to 0.2. Five values of ratio λ were also used (1, 5, 10, 20 and 50), where λ is the ratio between
the length of the soil correlation lc and the length of the section.

Monte Carlo Simulations
The method of Monte-Carlo Simulations (and its variants) consists in three stages:
1) discretization of the random field,
2) finite element analysis (deterministic computation),
3) statistical analysis of the response of the structure, after that a large number of simulations has been performed.
The principle of this method is based on the fact that the theory of probability, among its several
interpretations, has the interpretation as a mathematical theory for the behavior of sample averages of which the stabilization is guaranteed by the Kolmogorov’s law of large numbers. This
means that, in place of solving a given problem (by analytical or numerical mathematical methods), the solution can be interpreted as a mean value in a suitable stochastic experiment and it
is therefore possible to obtain a central estimate of the value of the solution by averaging a
suitably large number of independent outcomes of this experiment. The quality of the generator
of random numbers is however essential as well as the sample size.
For a given geometrical–material configuration, one generates a series of specific realizations
of the properties of the structure (random generation of parameters, respecting the prior statistical distributions). A deterministic solution is obtained with the P2 finite element method (element beam with two nodes) for each realization, the procedure being repeated until the results
can be regarded as statistically representative (stability of the response) with the desired accuracy. A statistical analysis of the set of responses is carried out at the end of simulations and
enables to deduce information useful for the system design.
The variables of interest in this study are the maximum joint opening Δθmax and the maximum
bending moment Mmax over the entire pipe.

3.1 Effects of soil properties variability
For the first part of the study, the values of the unit weight of backfill and the surface load are
considered deterministic. The probabilistic analysis is carried out by Monte Carlo simulations
(1000 simulations for each case in our study).
Figure 2 shows the influence of the correlation length of the soil on the (average value of)
maximum joint opening as a function of the burial depth (Figure 2.a) or the ratio λ (Figure 2.b).
It has been shown that for the same burial depth H, the higher is the correlation length of the
soil, the smaller is Δθmax. An optimum depth can also be noticed whatever the value of λ. Finally, the greater the coefficient of subgrade reaction ks, the lower is Δθmax.
Figure 3 shows the influence of the coefficient of subgrade reaction on Δθmax and Mmax, for very
rigid joint. It has been shown that the stiffer the soil, the lower are Δθmax and Mmax.
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(a)

(b)

Figure 2 : Influence of the correlation length of the soil on the maximum joint opening : for different burial
depths (a) and different coefficients of subgrade reaction(b).

(a)

(b)

Figure 3 : Influence of the coefficient of subgrade reaction on: maximum joint opening (a) and maximum moment (b).

Figure 4 shows the cumulative distribution functions of the maximum joint opening and the
maximum bending moment in the case of a burial depth equal to 5 m. We can see that the values
of the maximum joint opening are more scattered when the correlation length of the soil is the
smaller. On another hand, the variation of the correlation length of the soil has little influence
on the dispersion of the maximum bending moments.
Figure 5 shows the effect of the joints stiffness on Δθmax for different burial depths and different
correlation lengths of the soil; rj represents the ratio between the joint stiffness and the flexural
rigidity of the pipe. Depending on the joint, a different optimum burial depth can be noticed.
Similarly, a higher correlation length has a beneficial (reduction) effect on the joint opening.

(a)

(b)

Figure 4 : Influence of the correlation length of the soil on the cumulative distribution function of: the maximum
joint opening (a) and the maximum moment (b), for a burial depth of 5m.
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(a)

(b)

Figure 5 : Influence on the maximum joint opening of the burial depth (a) and the correlation length of the soil
(b) for several joints stiffnesses.

3.2

Effects of loading variability

For the second part of the study, we decided to analyze the effect of the variability and the
uncertainty of the loading on the maximum joint opening and the maximum bending moment.
Thus, either the surface load Q or the unit weight of backfill γ is considered to be lognormally
distributed. The probabilistic analysis is carried out by 100,000 Monte Carlo simulations.
In this part, ks has an average value of 100 MN/m3 of and a coefficient of variation of 0.2. λ =
50 and rj = 10-3.
Figure 6 shows the influence of the coefficient of variation of Q on the average value of the
maximum joint opening and the cumulative distribution function of the maximum joint opening
for a burial depth of 3m. We can see that the change in the coefficient of variation of Q has no
influence on the average value of the maximum joint opening, but we can notice a little difference of the cumulative distribution function.

(a)

(b)

Figure 6 : Influence of the coefficient of variation of Q on: the average value of the maximum joint opening (a)
and the cumulative distribution function of the maximum joint opening for a burial depth of 3m (b).

Figure 7 shows the influence of the coefficient of variation of γ on the average value of the
maximum joint opening and the cumulative distribution function of the maximum joint opening
for a burial depth of 3m. The average value of γ is taken equal to 19 kN/m3. Similarly, we can
see that the change in the coefficient of variation of γ has no influence on the average value of
the maximum joint opening, but we can notice a little difference the cumulative distribution
function.
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(a)

(b)

Figure 7 : Influence of the coefficient of variation of γ on: the average value of the maximum joint opening (a)
and the cumulative distribution function of the maximum joint opening for a burial depth of 3m (b).

Figure 8 shows the influence of the coefficients of variation of Q and γ on the cumulative distribution function of the maximum bending moment for a burial depth of 3m. It has been shown
that the higher are the coefficients of variation of Q and γ, the more the values of the maximum
bending moment are scattered.

(a)

(b)

Figure 8 : Influence of the coefficient of variation of Q (a) and the coefficient of variation of γ (b) on the cumulative distribution function of the maximum bending moment for a burial depth of 3m.

Assessment of the pipe-joint reliability
The tightness dysfunction is one of the dysfunctions leading to a violation of the serviceability
limit state (SLS). It is expressed in terms of a joint opening with a limit state function:
𝑔𝑂𝐽 = 𝑂𝐽𝑅 − 𝑂𝐽𝑆 ≤ 0

(8)

where OJR is the maximum acceptable joint opening and OJS is the maximum computed joint
opening.
For the maximum acceptable joint opening, we have adopted a mean value of 0.001rad (conventional values for rigid pipes) and a coefficient of variation of 0.2. By considering that OJS
follows Lognormal distribution for which the mean and standard deviation are obtained from
Monte-Carlo Simulations (Figure 9), and by assuming that OJR also follows Lognormal distribution, the Hasofer–Lind reliability index β is defined by the following expression (9):
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1

𝛽=

⁄
𝑅
𝑙𝑛{ 𝑆 [(1+𝐶𝑜𝑉𝑆2 )/(1+𝐶𝑜𝑉𝑅2 )] 2 }

(9)

1

⁄
{𝑙𝑛[(1+𝐶𝑜𝑉𝑆2 )(1+𝐶𝑜𝑉𝑅2 )]} 2

where R, S, CoVR, and CoVS mean, respectively, the mean values of OJR and OJS and their
coefficients of variation. The corresponding probability of failure is PF = ɸ(-β).

(a)

(b)

Figure 9 : Comparison between the fitting (using the maximum likelihood approach) of the computed values distribution with a Lognormal distribution and a Normal distribution for: CoV(Q)=0.5 (a), and CoV(γ)=0.1 (b);
H=3m (Fitting with Lognormal distribution has been validated).

The target value of the reliability index βEC1 to be reached in Eurocode 1 is equal to 1.5 for the
SLS [5]. At this stage of research development, the values of the obtained reliability indexes β
must be considered comparatively, rather than in an absolute manner, due to the following factors:
 the arbitrary character of the values taken for the acceptable values R,
 the type of the probabilistic distribution,
 the model uncertainties of the soil characteristics.
Figure 10 shows the values of the reliability index β as a function of the burial depth of the pipe.
We can see that for a burial depth below 1 m, the target value of the reliability index (βEC1 =
1.5) is not reached, which means that if we want to be in the safe zone, the minimal burial depth
of the pipe must be 1m.

(a)

(b)

Figure 10 : Values of the reliability index β for: different coefficients of variation of Q (a), and different coefficients of variation of γ (b).
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Conclusions
The superposition of the effects due to earth loads and to surface loads applied to a buried pipe
reveals an optimum burial depth of the pipe. An optimum burial depth of the same order was
obtained by analyzing the maximum joint opening and considering different correlation lengths
of the soil, or different coefficients of subgrade reaction and a high joint stiffness. However, by
varying the joint stiffness, the optimum burial depth appears to be different depending on the
case, making it difficult to define, in advance, a burial depth of the pipe. On the other hand,
taking into account the spatial variability of the soil, it has been shown that a pipe resting on a
very stiff soil with a high correlation length has the smaller values of the maximum joint openings and the maximum bending moments. Furthermore, a scattered pattern of the loading results
in a scattered pattern of the maximum joint opening and the maximum bending moment. Finally, with regards to the reliability index, we found that, in the conditions of our study, the
burial depth of the pipe must be greater than or equal to 1 m to be in the safe zone.
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Abstract: A follow-up methodology of pressure buried concrete pipelines is given
in this paper. The methodology allows to acquire a better knowledge of the determining factors of the mechanical behaviour of the pipelines in order to optimise the
asset management. A bidimensional geo-mechanical finite element model of a pipeline, which integrates the spatial variability of the soil, is considered to illustrate the
methodology. The results show the influence of the variability of the soil on the
structural integrity of the pipe at a given time.
n

Introduction

Asset management of drinking water supply aims at maintaining the infrastructure facility in
satisfactory condition in relation to technological, environmental, societal and/or socio-economic issues. Asset management includes the process of acquiring information (and its storage
in the form of databases), the assessment of the performance of the infrastructure facility (by
defining indicators/criteria [13]) and the refurbishment of elements or subsystems considered
faulty or as being at risk. The current strategies and action programs (inspection, maintenance
or refurbishment) concerning the asset management are applied at two scales:
•
•

at the global (asset) scale, where the aim is to define the maintenance budgets;
at the local (element) scale, where the aim is to justify the types and priorities of intervention and to establish a model for this intervention.

Statistical methods are well adapted to asset scale. At the element scale, management strategies
are generally based on an expert knowledge. Some of these strategies are hardly formalised and
partially meet alignment priorities. In fact, the elements in the decision-making process are
defined with a partial vision of the system: available data are limited or absent, the degradation
kinetics for this kind of pipelines are badly known, the numerical models to assess future degradation trends are rarely available and the effect of decisions taken by the asset managers is
uncertain. Consequently, some elements in the main water supply are probably replaced at an
early stage whereas others subjected to a much higher risk are ignored.
This paper aims firstly to give a proposed follow-up methodology of large diameter pressure
pipelines. The main interest is to model, at the element scale, the behaviour of buried pipelines
precisely from the point of view of the geo-mechanics and the physico-chemistry (soil-pipewater flow interaction and durability). These aspects can bring additional value and acquire an
important knowledge of some determinants of mechanical behaviour of pipelines. This information can then be used by asset managers to optimise the resource flows at the global scale.
A case study illustrates the follow-up methodology by considering a bidimensional geomechanical finite element model of a pipeline. This model integrates the spatial variability of the soil
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which is modelled by a 1-D normal stationary random field (in the direction of the longitudinal
pipe axis) generated by means of the Fast Fourier Transform method. For the case study, the
spatial variability approach followed in [23] is used. The post-processing of results would then
allow to assess the risk a pipe presents during operational service at a given time with respect
to some limit state performance criteria (e.g. the structural integrity).

Follow-up methodology of large diameter pressure water pipelines
A proposed follow-up methodology of concrete pipes transporting drinking water under high
pressure is discussed in this section. This methodology can be based on:
•
•
•
•

the acquisition of interesting orders of magnitude which are relevant to the aging and
the degradation of the concrete pipes;
the use of some of the orders of magnitude cited above as data input into geomechanical
models to study the behaviour of concrete pipes;
the use of other orders of magnitude as following-up parameters of degradation to validate the models and to readjust them in order to enhance their predictive function;
the integration of geomechanical models, used in a probabilistic context, into an optimisation approach for inspection and maintenance.

The methodology intends to optimise the resources for maintenance and thus to set up an efficient risk management which leads to associate the diagnostic, the prognostic and the decisionmaking concerning the desired performances (the structural integrity of pipes, the need to ensure continuity of service…). The different steps of the methodology are illustrated in Figure
1. They are described in the next sections.

Figure 1: Steps of the follow-up methodology of concrete pipes

2.1 Durability of concrete pipes
2.1.1 Concrete pressure pipes
Concrete pipes offer important benefits in relation to steel pipes since they resist to corrosion
under severe conditions and they are a cost-saving solution to the renewal of old iron pipes. The
most widely used type of concrete pipes to transport drinking water under high pressure are: (i)
the lined cylinder pipe, this is a steel cylinder lined with a concrete core and (ii) the embedded
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cylinder pipe, this is a steel cylinder embedded in a concrete core. These concrete pressure pipes
are also known as bonna pipes. Figure 2 shows this kind of pipe such as those built in North
America (USA) or in Europe (France). The outside diameter of this pipe is 250‒4000 mm and
its operational length is 2‒6 m. The external concrete revetment is strengthened with steel wires.
When steel wires are prestressed, the pipes are also known as Prestressed Concrete Cylinder
Pipes, PCCP. Otherwise, they are known as Reinforced Concrete Pressure Pipes, RCPP.

Figure 2: Diagram of a bonna pipe

2.1.2 Degradation mechanisms
The failure of bonna pipes because of the corrosion is progressive. In fact, such failure involves
successive cracks in the vicinity of the circumferential steel wires as a consequence of stresses
related to corrosion process. Global failure can be analysed, according to [20], by assessing the
residual resistance of the pipe (evaluation of the tensile stress of the concrete under both the
operational service and a transient pressure surge) resulting from damages following the loss
of local corroded wires and therefore, when this is the case, the loss of prestress. The stress
corrosion cracking usually causes abrupt brittle ruptures and does not show any signs of visible
damage.
Concerning prestressed concrete pipes, when a broken wire due to corrosion occurs, a lump
will often form at the surrounding area of the mortar layer. The effects of corrosion on the
integrity of the pipe are then studied from the inspection of the damaged areas. For example,
monitoring techniques as acoustic monitoring ([7], [17]) are used to detect broken prestressed
wires. These monitoring techniques (generally used on visible pipes) let the asset managers
identify an early detection of corroded zones (detection of macro-cracks and propagation of
cracks) thus enabling the time to respond to an eventual rupture of the system. Nonetheless,
these techniques can also be limited [7]. In fact, the assessment of broken wires in the joint zone
is very difficult.
The state of joints is also important. For example, [8] presents prestressed pipe breaks due to
both the corrosion in the joint because of a thin mortar layer and the corrosion in the steel
cylinder area near to joint. The combination of degradation mechanisms leads to an accelerated
failure of pipes. A physical model which estimates the failure of a pipe has to include at least
two models: one that describes the degradation process and another one that describes the geomechanical aspects.
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2.2 Geomechanical behaviour models
The design of longitudinal pipes in the literature is approached by models which consider pipes
as articulated elastic beams laying on an elastic continuum ([9], [10], [24]). These models are
grouped in two categories according to [1]:
- the local continuous medium models: the soil is represented by a linear or non-linear
medium with a mechanical behaviour described by stress-strain relationships; these
models can be solved by 2-D or 3-D numerical techniques limited to finite dimensions
of the system ([2], [11], [16]);
- the global simplified models: the local behaviour of soil is replaced by a simplified
mechanical model; the most used common model to represent soil-structure interaction
is the unidimensional Winkler model ([5], [6], [9], [10]).
The rigid or flexible pipes are vulnerable due to stresses generated by soil displacements. Generally, the settlements of pipes are often underestimated or neglected during the design phase.
Some studies addressing the influence of settlements on the behaviour of pipes and particularly
on the behaviour of joints exist (e.g. [18]). The rigidity of joints depends on technology and
geometry (flexible joints, welded joints). A realistic numerical value of joint stiffness remains
very difficult to identify, although some laboratory experiments have focused on this issue [3].

2.3 Uncertainties and spatial variability
In order to represent the non-linear and non-homogeneous soil characteristics, spatial variability
and uncertainties have to be taken into account. According to [5], for a Winkler model, the nonlinear aspects of the soil behaviour can be modelled by considering some types of law such as
k(t) and k(w) (where k, represents the coefficient of subgrade reaction). The first one describes
the progressive degradation of the soil properties and the second one the non-linear soil characteristics.
According to [4], the variation of parameter k is not necessarily due to spatial variability of soil
properties but to uncertainties of a chosen model. On the other way, whether empirical model
of k is given or not, the impact of spatial variations of k(x) needs to be measured. According to
[6], the role of longitudinal variability can be studied by considering random fields (e.g. [21]).
Random fields let to model the spatial variability characteristics of k (or of the soil properties
as the Young modulus of the soil Es, the poisson ration of the soil ns,…) through some parameters: the mean value mk, the variance 𝜎"# and the correlation length lc. This last parameter is
linked to autocorrelation function 𝜌 𝜏 , where 𝜏 indicates the distance between two points and
describes the spatial structure of the correlation of soil properties.
A statistical post-processing of results allows the analysis of the effect of soil variability on the
pipe mechanical behaviour. For example, it would be interesting to know more about the influence of both the correlation length of the soil and the joint stiffness [5] on the local mechanical
loadings for a transversal section of pipe. Another question arises about how to translate the
results of simulations in terms of risk analysis of pipes [6]: for example, from a probabilistic
view by the analyse of the distribution functions in order to assess the risk of exceeding certain
displacement or stress thresholds; from a reliability view by the assessment of both the limit
states functions and the reliability indices.
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2.4 Modelling of soil-pipe-flow water interaction
Modelling the behaviour of soil-pipe-flow water interaction remains limited in the literature. In
fact, this behaviour is a complex three-dimensional problem that requires very sophisticated
numerical models expected to make use of robust soil models (elastic-plastic perfect model,
Cam-Clay modified model, non-linear elastic model, elastic-plastic strain hardening model).
The soil is a multi-phasic material, it is not easy to forecast its behaviour with respect to materials as steel or concrete and its properties can strongly vary in an entirely different area. Furthermore, a soil is a highly heterogeneous material, and this heterogeneity is proving to be the
main cause of both uncertainty and variability. The variability may also involve another feature
called “regionalizing data” [4]. This means that the soil properties (permeability coefficient,
porosity, internal angle friction, water content, etc.) in two adjacent points of the material (in
both vertical and horizontal direction) are statistically closer than the measured ones in two
more remote points. The soil properties can then be considered as spatially structured and therefore allow the use of autocorrelation functions making possible to identify the distance (correlation length) from which soil properties become independent [6]. The dispersion of soil
properties also needs to be determined (standard deviation or coefficient of variation).
In order to ensure a safer design of a new pipe or to evaluate the residual life of an existent
buried pipe, a reliable assessment of soil stresses on the pipe due to soil-pipe displacements is
necessary. What we have to keep in mind is that the behaviour of a pipe depends on the stiffness
of each section of the pipe, on the position, the stiffness and the behaviour of the ring joints and
on the nature of the soil displacements.

2.5 Optimisation approach for inspection and maintenance
This step is the keystone of the follow-up methodology. Here, the construction of both the
global methodology and a suitable numerical tool has to allow a coherent link in line with early
needs expressed by an asset manager. The optimisation approach is thus based on the assessments/forecasting (outputs) of the precedent steps. These outputs become then interdependent
and each of them constitutes one brick or module that has its place into a global numerical tool.

Case study
The follow-up methodology of concrete pipes is purposefully focused on the modelling of soilpipe-flow water interaction system taking into account both the geomechanical behaviour of
the pipe and the durability. The interaction between the different steps of the methodology (Figure 3) is explained in this section. The steps “Geomechanical behaviour models” and “Durability of concrete pipes” have a double dimension: experimental observations and theoretical
models. The experimental observations allow access to data not available in current database
and that are needed to a better understanding of the involved physical mechanisms as well as
to validate and to qualify the developed models. The main purpose of the probabilistic and
reliability approaches (time-variant type) involved in the step “Uncertainty modelling and Spatial variability” and applied to the developed models in the other steps (“Geomechanical behaviour models” and “Durability of concrete pipes”) is to assess the risk a pipe presents during
operational service in relation to limit states to be defined. Updating of probabilistic distributions of pathological indicators through the identified degradation models in step “Durability
of concrete pipes” would be considered. In fact, the probabilistic approach will, in particular,
help to confirm both the forecasts on the sensitive zones to degrade with time and the forecasts
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for the key performance indicators over the long term. These approaches bring to risk/asset
managers essential elements for an optimal inspection and maintenance policy decision-making.
The case study, presented in Figure 4, illustrates the follow-up methodology. This is a mechanical model constituted by a concrete pipeline buried in a soil. It was developed within the
CAST3M finite element computer code (http://www-cast3m.cea.fr). The characteristics of the
concrete pipeline (48 m length), constituted by 8 individual pipe segments (each of 6 m length),
are given in Table 1. A combination of self weight (pipe, soil, water), service pressure (600
kPa) and working load (62 kPa on the compacted layer above the two central pipe segments) is
considered. The depth dimension of the natural ground corresponds to the dimension normally
used in the literature (above 5 times the external diameter of the pipe [19]). The pipe is modelled
with planar elements and is assumed to act in an isotropic and linearly elastic manner. The
mechanical model employs the Mohr-Coulomb model to describe the soil behaviour. The interfaces between the soil and the structure and between two individual pipe segments are modelled using joint elements. These are numerical interfaces with small thickness values, very
close or equal to zero.

Figure 3: Interaction between the different steps of the follow-up methodology of concrete pipes

↓↓↓↓↓↓↓↓↓↓↓↓↓↓↓↓↓↓ q=62 kPa

à length direction x
Figure 4: Finite element mesh used for the case study
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Table 1: Concrete pipeline and surrounding soil characteristics
Geometrical concrete pipe characteristics
Total length: L = 48 m
External
diameter:
Dext = 0.8 m
Thickness: ep = 0.072
m
Pipe length: lp = 6 m
Young’s modulus of
bonna pipe: Ec = 36
GPa
(short-term
strength)
Poisson coefficient of
bonna pipe: vc = 0.2
Young’s modulus of
steel joint: Ej = 210
GPa
Poisson coefficient of
steel joint: vj = 0.3

Surrounding soil characteristics

Compacted layer:
• Depth: Hs1 = 1 m
• Young’s
modulus:
Es1 = 50 MPa
• Friction angle: j’1 =
25°
• Poisson coefficient:
νs1 = 0.3
• Cohesion: c1 = 1 kPa
• Dry unit weight: g1 =
20 kN/m3

Natural ground:
• Depth: Hs2 = 4 m
• Young’s modulus: Es2
= 6 MPa
• Friction angle: j’2 =
25°
• Poisson coefficient: νs2
= 0.35
• Cohesion: c2 = 1 kPa
• Dry unit weight: g2 = 20
kN/m3

Loading

• Service pressure: Wp =
600 kPa
• Working load: q = 62
kPa

A sensitivity analysis would be necessary to identify the most sensitive parameters in order to
simplify probabilistic computations. In this case study, the natural randomness of the soil is
considered by looking at the Young’s modulus Es2 (natural ground) as a sensitive parameter.
The other parameters (geotechnical and geometrical concrete pipe parameters, external and internal loading) are considered as deterministic. A normal probabilistic distribution is considered
for the uncertain Young’s modulus Es2 parameter. Mean value is 𝜇()* = 6 MPa, a coefficient
of variation, COV (10%, 20% and 30%), is applied to 𝜇()* , standard deviation is then 𝜎()* =
𝐶𝑂𝑉×𝜇()* .
The normal distribution is adopted to generate simulations of the random field of Es2, with the
soil length direction x, according to Figure 4. The normal inverse cumulative distribution function, F-1, is obtained as follows:
𝐸2# 𝑥 = 𝐹 56 𝐹 𝑀 𝑥 𝜇, 𝜎

1

where 𝐹(𝑀(𝑥) 𝜇, 𝜎) is the cumulative distribution function of a zero-mean, µ, normal random
process, 𝑀(𝑥), with 𝜎 = 𝜎()* . The random field is generated by using the fast Fourier transform
method ([15], [22]). The generated 𝑀(𝑥) process associates a single exponential correlation
function 𝜌 𝜏 defined as:
𝜌 𝜏; = 𝑒𝑥𝑝 −2

𝜏;
𝛿;

2

where 𝜏; and 𝛿; are the distance between data points in the random field and the correlation
length of 𝐸2# in the soil length direction x, respectively.
The internal and external degradations of the pipe are expressed in a comprehensive manner as
follows:
𝑒 𝑡 = 𝑒B 1 − 𝛼× 𝑡
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3

where α is a coefficient that represents the kinetics of degradation front motion in the concrete
material and depends on the local degradation conditions; 𝑒B and 𝑒(𝑡) are respectively the initial
thickness and the thickness of the pipe at a given time t.
Three dysfunctions leading to an exceedance of a limit state can be defined:
-

the structural integrity
the hydraulic performance
the tightness dysfunction

Only the structural integrity is considered in this case study. This is expressed in terms of bending stresses with a limit state function that assesses the cracking state for a concrete pipe as:
𝑔F = 𝜎G − 𝜎H ≤ 0

4

where 𝜎G is the yield tensile strength of concrete (mean = 2.2 MPa, standard deviation = 0.1
MPa) and 𝜎H is the maximum bending stress computed with the mechanical model (Figure 4).
𝜎G and 𝜎H are considered to follow Lognormal distributions. The Hasofer-Lind reliability index
β is defined as [12]:
𝛽=

𝑅
1 + 𝐶𝑂𝑉H# 1 + 𝐶𝑂𝑉G#
𝑆
𝑙𝑛 1 + 𝐶𝑂𝑉H# × 1 + 𝐶𝑂𝑉G#

𝑙𝑛

6/#

5

6/#

where R, S are respectively 𝜎G , 𝜎H and COV is their coefficient of variation. The corresponding
probability of failure is 𝑃U = Φ −𝛽 . The target value of β to be reached in Eurocode 1 is equal
to 1.5 for the serviceability limit state (SLS) [14].
Figure 5a presents the results of the variation of the reliability index in function of time for four
values of correlation lengths varying from 3 m to 60 m (in Figure 5a, λ is the ratio between the
correlation length lc and the pipe length lp = 6 m). The variability of Young’s modulus in natural
ground, that is to say, the coefficient of variation CV of Es2, is fixed to 0.1. The number of
simulations for each step of time is 300. The initial state is considered at t = 0 years. The target
value of β is not attained over the life span of the pipeline (70 years). As observed in Figure 5a,
when lc = 60 m (λ = 10), the index β has almost the same values that lc = 3 m (λ = 0.5). These
four values of λ let to suppose an interval (between 3 m and 18 m) where the correlation length
value would be the most representative to assess the index β.
Figure 5b shows the effect of CV of Es2 on the variation of the index β for λ = 0.5. As it can be
seen from Figure 5b, the longer the dispersion of Es2 (highly heterogeneous soil) the longer its
notably effect on the early achievement of the target value (about t = 40 years).

(a)

(b)

Figure 5: Variation of the reliability index, (a): four correlation lengths varying from 3 m to 60 m, (b): effect of
CV
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This case study shows the need to take the soil spatial variability into account. In fact, a significant impact on the assessment of the reliability index is observed over time. These tools can
provide experts with decision-making elements for an improved calibration of safety in soilstructure interaction problems when the soil variability is an important parameter.

Conclusions
In this paper, a general vision was presented to optimise the management of pipelines through
a follow-up methodology. This provides a best understanding of the mechanical behaviour of
buried concrete pressure pipes. Furthermore, an emphasis was also placed on the effect of different mechanisms of degradation, particularly the corrosion, and the effect of the surrounding
soil on both the spatial-temporal behaviour and the integrity of a pipeline. Although these effects can be studied separately, it seems necessary to take into account all the possible interactions and the relevant physico-chemical phenomena and the application of a “mechanoprobabilistic/reliability” approach to acquire a better apprehension of both the risk involved at
a given time (structural integrity, service disruption,…) and the long-term life of the structures.
Experimental campaigns would allow to access some determinant elements as the soil-pipe
interaction, the effects of the soil variability and the degradation kinetic of the main structural
components of the pipe. In fact, these key elements that let a better understanding of the physical
of different coupled systems in concrete pressure pipes are not well enough known. These experimental campaigns will make it possible to validate and to qualify the numerical decisionmaking tools. The different steps of the follow-up methodology of concrete pipes proposed in
this paper intend to optimise the resources allocated to the asset management by an efficient
risk management process.
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Abstract: Corrosion has been known as the main reason causing material and
structural deterioration. Although the corrosion in soil essentially follows the electrochemical theory and appears simple, the analysis in realistic case is often complicated by the various chemical agents, aeration and the complexity associated
with the heterogeneity of soils. This paper aims to develop a reliability assessment
method for cast iron pipe fracture failure with consideration of randomness nature
of corrosion evolution and the effect of soil aeration. A probabilistic maximum pit
depth model has been developed based on a high number of corrosion measurements on excavated pipe sections. The concept of fracture theory has been employed to establish a limit state function for reliability analysis. A real pipeline
reliability assessment has been used as a case study to illustrate the application of
the proposed model. The outcome of the current study provides a useful tool for
engineers and asset managers to make maintenance strategies for corroded cast
iron pipelines.

1 Introduction
Corrosion has been well known as a main cause of deterioration for buried cast iron pipes. In
particular, the pitting corrosion poses a major threat to the operation of cast iron pipelines and
is regarded as the most hazardous damage type since it requires less mass loss to cause pipe
failures compared to uniform corrosion. Pipelines subjected to corrosion pits can fail in the
manner of either perforation or rupture [9], which can cause significant consequences in terms
of economic loss to water utilities, public safety, damage to property and also have an adverse
effect on the overall performance of their assets. Hence, failure prediction of this important
infrastructure can be useful for asset managers who can plan for repair actions and required
replacement in advance.
Pipe corrosion in soil essentially follows the electrochemical theory and appears simple, however, the analyses of pipe corrosion in soils are often complicated by the various chemical
agents and the complexity associated with the heterogeneity of soils [13,15,16,19]. A
throughout review of literature also suggests that most of studies suffer from issues with regards to the quality of data, e.g. small size of samples, high variance of pipe materials, lack of
soil properties information, and uncertainties associated with the damage of coating etc. As a
consequence, very weak correlations between soil parameters and corrosion rate were com-
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monly observed [5,15]. Also, The absence of necessary pipe corrosion and associated soil
information brings challenges for reliable corrosion predictions (e.g. pipeline reliability assessment). It is well known that corrosion of buried iron exclusively depends on soil types [8,
19], i.e. it varies from an almost unchanged rate in some soils to nearly stop in another soils.
Therefore, it is imperative to develop corrosion models with proper understanding of the underlying corrosion mechanisms in different types of soil. Such models can be used in conjunction with proper reliability assessments for predicting accurate safe life of buried cast iron
pipelines.
In order to conduct an accurate reliability assessment of underground pipelines, it is also important to utilize a reasonable failure criteria based on a detailed analysis of relevant failure
mode. An inspection of cast iron pipe failures in service reveals that the most common failures of cast iron pipelines are fracture related [5,10] due to the brittle nature of cast iron material. Since the cast iron is characterized by the presence of graphite flakes in the matrix of iron,
sharp tips often form on the surface of corrosion pits [4]. Subsequently, collapse of the pipe
occurs when the fracture toughness of pipe is exceeded. Despite the practical significance of
this observation, it is noted that little research based on fracture mechanics has been conducted to investigate the effects of corrosion pits on the residual capacity of cast iron pipes.
In this paper, a reliability assessment method using the proposed probabilistic corrosion models and limit state function has been presented. The maximum pit depth corrosion model with
considering the aeration of soil and randomness nature of soil properties has been developed
based on a long term field experiment reported by National Bureau of Standard (NBS). The
variance of analysis (ANOVA) has been conducted to validate the difference in corrosion
behaviors caused by soil aeration. Also, a limit state function based on fracture theory has
been established where the three dimensional characteristic of pitting corrosion is considered.
An example has been illustrated for the application of the proposed model to predict the failure probability of cast iron pipelines within the framework of a Monte Carlo algorithm. The
proposed method will enable better failure predictions for cast iron pipelines with sharp corrosion pits.

2 Corrosion Model Foundations

p
wh
ture
Frac

en

K > K IC

p
Localised corrosion pits

Before sandblasting

After sandblasting

Pit configuration (elevation view)

Figure 1: A pressurized cast iron pipe with an external sharp corrosion pit
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2.1 Corrosion of cast iron pipes
The corrosion of cast iron pipes comprise of wall thinning, pitting and forming graphitic zone
[10,16]. Compared with low carbon iron, the corrosion of cast iron is uniquely characterized
by the selective leaching of iron from the iron-graphite matrix [17], and an adherent layer
which mainly consist of iron corrosion products and graphite. This adherent layer can often
complicates in line inspections as they can hinder any visual defects of the servicing pipeline.
For example, a 37 aged cast iron pipe (150 mm ID) excavated from a site in Melbourne (Fig.
1) shows localized pitting corrosion on the exterior surface only after the adherent layer being
removed. Hence, accurate prediction of the growth of pit depth rather than merely relying on
condition assessment in cast iron pipe is especially significant.

2.2 Database selection
A limited number of databases [1,5,16,19] have been reported for corrosion information of
buried cast iron pipes. A rigorous review of these available data revealed that the National
Bureau of Standard (NBS) database is particularly of use as it contains successive corrosion
measurements for cast iron pipes which were buried in various soil environments for a relatively long term (from 0.9 year to 18 years). It can be found that some of the NBS data were
correlated by empirical (deterministic) relationships in [19], however, no particular attempt
was made to predict corrosion rates and most of the data are left for engineers to judge [18].
Unlike most of other data, the pipes specimens buried in NBS program were uncoated same
as most of aged cast iron pipes in service, allowing a more direct observation of corrosion
evolution. A comprehensive information of soils is also reported in addition to pipe corrosion
data in each location, which allows statistical models be developed with consideration of soil
property effects. In current study, the corrosion data of cast iron pipes buried in 74 different
soils are analyzed, which consists of 2036 measurements of maximum pit depth on 150 mm
pipe sections buried from 304mm to 1829mm depth.

2.3 Pit depth modeling
Pitting corrosion is complicated in nature and has been intensively investigated in the past
decades [2]. Although there is still a limited understanding of the pitting corrosion behavior
[2,11], it is acknowledged that pitting corrosion rate is non-linear and a time-dependent process. The most widely used model for the approximation of pit growth is based on a power
law function, which relates the pit depth to the exposure time as follows [19]

a  kt n

(1)

where a is the depth of pit at time t, k and n are respectively pitting proportionality and exponent factors. Equation (1) has often been used to derive an empirical corrosion model with
deterministic values [14]. As corrosion data is often scarce, the mathematically regressed k
and n and the resulting deterministic corrosion model is only a representative of corrosion
evolution for buried pipe under specific environments. For example, different values of k and
n were used in previous literature [9,14] pertaining to corrosion of cast iron in different environments. However, it is well known that the corrosion of buried iron is a function of many
factors such as the availability of oxygen, moisture, resistivity, salt contents and temperature.
Also, the high degree of uncertainties associated with these factors challenges better corrosion
prediction if included in a deterministic predicting framework. Hence, the characteristics of
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corrosion in soil demands a probabilistic corrosion model for accurate prediction of the pit
depth evolution.
In this paper, Equation (1) was fitted by the maximum pit depths from each location, as
shown in Figure 2(a). In total, k and n values from 73 different soils with 2036 excavated pipe
sections were determined. The analysis results revealed that the fitting in 80% of locations
have a coefficient of determination larger than 0.85, as illustrated in Figure 3. The coefficient
of determination in 5 locations have small values (less than 0.6), which were induced by high
variance of corrosion data at different exposure time. In general, the fitting of maximum pit
depth to Equation (1) is well considering the variances caused by the stochastic process of
corrosion, spatially and temporally changed soil properties.
m locations (soil samples)
ff (k)
(k)

ti
ti+1

Pit depth

ff (a)
(a)

ti
ti-1

ti+2

+
ff (n)
(n)

t2
t1

Predicted pit depth distribution at time ti ,ti+1,ti+2
Data fitting

t
Statistical characteristics of the parameters in model
(a)
Generation of basic random variables
{ aij , pij , di j , Di j }

ti

Failure criteria G ( K I , K IC , t )

Pipe and loading variables

Repeat N times

G≤0?
Yes

Estimation of failure
probability

Nf=Nf+1

P = Nf/N

(b)

Figure 2: Flow chart of the reliability assessment methodology: (a) Development of statistical corrosion models
of maximum pit depth for pipes under continuous corrosion observations, (b) estimations of the probability of
failure as pit depth grows

Good aeration

Fair aeration

Poor aeration

Very poor
aeration

Figure 3: Coefficient of Determination obtained from 73 locations

It is known [18] that the underlying corrosion mechanisms, which consist of formation of
protection film, diffusion of oxygen and ions and reactions of chemical agents etc., are different for irons buried in soils having different aeration. As a result, the corresponding corrosion
rate and pit depth evolution are different. In the NBS database, the aeration of soil was determined and classified through drainage tests [19]. In this paper, the corrosion data was ana-
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lysed based on different aeration levels, namely ‘good’, ‘fair’, ‘poor’ and ‘very poor’ aeration
and ‘all’ for whole samples.
Firstly, the mean and variance of k and n values in each category of soils were calculated by
fitting corrosion data in each location to Equation (1), which are presented in Table 1. From
the results, it is found that both the mean value of k and n varies between different soil categories depicting a potential dependence of these two factors on soil aeration. In order to test
whether the aeration has a statistical significance on the corrosion evolution and to verify the
efficiency of the classification of corrosion data based on soil aeration, the analysis of variance (ANOVA) has been conducted to investigate the differences among the groups for both
proportionality factor (k) and exponent factor (n). ANOVA provides a statistical test of
whether or not the means of several groups are equal. F test was used to check the statistical
significance of hypothesis. It is noted that the F value (0.6739) of k is less than the critical F
(2.737), implying that there is no statistical difference for k between soils groups with various
aeration although there is difference for the mean value between soil groups as shown in Table 1. In other words, the variance of k induced by other factors (within group) is larger than
that caused by aeration. In contrast, it is interestingly to note that a relatively large F value
(5.161) for n has been found (larger than the critical value), which suggests there exist a statistical significance of soil aeration for n factor. This finding from the current study revealed
that that n is closely related with aeration of soils as also claimed by [18].
Table 1: Mean and variance of k and n in each group of soils

Mean

Variance
k
n
k
n
All
0.821 0.685 0.425
0.077
Good
0.858 0.765 0.293
0.077
Fair
0.820 0.522 0.532
0.050
Poor
0.860 0.718 0.516
0.074
Very Poor 0.373 0.945 0.020
0.028
Secondly, after the classification of soils verified, the probability distributions of the
proportionality and exponent factors k and n have been analysed to develop a probabilistic
corrosion model for each category of soil. The probability density function that best-fits the
proportionality and exponent factors data was determined using EasyFit 5.6 [6]. The
parameters of the distributions were determined by the maximum likelihood estimates method
(MLE), whereas the best fits were selected by the Kolmogorov-Smirnov (K-S) test statistic.
The best-fit distributions include Gamma, Weibull, Frechet and Generalized Extreme Value
distributions (GEV). It has been found that in most cases, three-parameter statistical
distributions best fit the experimental data, and the use of the simpler two-parameter
distributions could overshadow some features of the observed distribution, similar to what
was observed by Caleyo et al. [3]. Based on the statistical analysis for the factors in the power
law function (Equation (1)), the relationship between the maximum pit depth and time can be
formalized as a set of equations for different soil groups as follows
am (t )  kt n [k

Gamma  p1 , p2 , p3  , n Gamma  p1 , p2 ]

(2a)

am (t )  kt n [k

Weibull  p1 , p2  , n GEV  p1 , p2 , p3 ]

(2b)

am (t )  kt n [k

Frechet  p1 , p2  , n GEV  p1 , p2 , p3 ]

(2c)

am (t )  kt n [k

Frechet  p1 , p2 , p3  , n Weibull  p1 , p2 , p3 ]
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(2d)

where the subscript “m” represents the maximum pit depth, p1 , p2 ,p3 are parameters in
distributions, and the values are presented in Table 2. The Equation (2a), (2b), (2c) and (2d)
are corrosion models in all soil samples, good aeration, fair aeration and poor aeration soils,
respectively. Since the sample size in soils with very poor aeration is small (only 4 locations),
it is thought insufficient to obtain the distributions of k and n factors in this soil group. Based
on ANOVA results, it is known that there is no statistical difference for k among soil groups.
Therefore, the distribution of k factor of corrosion model in very poorly aerated soil can be
approximated by that in all soil category. The n factor of corrosion model in very poorly
aerated soil is taken as a constant (as shown in Table 1), which is thought satisfied for use
with consideration of the small variance (0.028) from 4 locations ( with 140 excavated pipe
sections). Based on the above assumptions, the corrosion model of very poorly aerated soil
can be presented as follows
am (t )  kt 0.95 [k

Gamma  p1 , p2 , p3 ]

(2e)

Table 2: Parameters of distributions for Equation (2)

Aeration
𝑝1
𝑝2
𝑝3

k
n
k
n
k
n

All
1.1423
6.085
0.63809
0.11259
0.0913
---

Good
1.5639
0.08306
0.86026
0.019931
--0.38927

Soil groups
Fair
1.1789
0.03677
0.34913
0.17493
--0.65762

Poor
2.7583
1.3366
1.0259
0.39749
-0.54437
0.35243

Very poor
1.1423
--0.63809
--0.0913
---

3 Reliability Assessment Framework
Pitting corrosion is a localized form of corrosion by which pits with a wide range of configurations are produced in the material. A detail examination of literature suggests that current
research focuses more on corrosion induced blunt pits than sharp pits. Based on fracture mechanics theory, a narrow and sharp corrosion pit with the ‘sawtooth’ configuration (Fig. 1) is
more critical than blunt pits and acts as an initial crack in cast iron pipes for the subsequent
pipe cracking. Therefore, stress intensity factor K based on fracture mechanics theory has
been employed to quantify the asymptotic stress distribution close to the front of pit. In general, there are three deformation modes of fracture: (i) opening mode (Mode I); (ii) in-plane
shear mode (Mode II); and (iii) out-of-plane shear or tear mode (Mode III). In this paper, only
Mode I is considered since it is found to be the dominant cracking condition in pipes under
normal service conditions. According to fracture mechanics principals, the pipe containing a
sharp corrosion pit is expected to fracture when the stress intensity factor 𝐾IC exceed the fracture toughness as follows
K I  K IC

(3)

Using structural reliability theory [12], this failure criterion can be expressed in the form of a
limit state function as follows
G( KI , KIC , t )  KI (t )  KIC

(4)

where 𝐾I (t) is the Mode I stress intensity factor at time t and 𝐾IC is fracture toughness (a critical limit for the stress intensity factor). Using the limit state function (Equation (4)), the probability of pipe failure due to corrosion induced cracking can be determined from
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P [G( KI , KIC , t )  0]  P [ KI (t )  KIC ]

(5)

where P denotes probability of an event. For a specific structure, 𝐾I is not only related to the
applied stresses, but also a function of the overall geometry of the structure and corrosion pit
as follows
a a d b
KI   0  a f  , , , 
c d R c

(6)

where σ0 is the applied stress, a is the pit depth, f is the influencing coefficient function, c is
the half length of pit, d is the wall thickness of the pipe, b is and R is the inner radius of the
pipe. When a pipe is subjected to internal pressure p, the average hoop stress σ0 is
0 

pR
d

(7)

In order to derive a solution for stress intensity factor KI, most of works focus the derivation
of influencing coefficient function. In this paper, a new influencing coefficient expression for
maximum stress intensity factor which considers the three dimensional geometries of pit is
employed as follows
d
a b
d
 

c
d  2bc
a a d b
f  , , ,   ξ1
e 2 R 2 d 2c  ξ 2
e  ξ3 e 2 R
a
ad
c d R c

(8)

where ξ1 , ξ 2 , ξ 3 are 0.314, 0.057 and 0.457 respectively.The derivation of the above equation
was based on cast iron material with Elastic modulus 130 MPa and Possion ratio 0.23 and
more details is not presented here due to the page limit.
By substituting the Equations (1) (5) (6) and (7) into Equation (3), the limit state function can
be obtained as follows
G( K I , K IC , t ) 

pR
 am (t )
d

d am ( t ) b ( t )
b(t )
d 




c(t )
d  2c (t )
e 2 R 2 d 2c (t )  0.0570
e
 0.4568 e 2 R   K IC (t )
 0.3143


am (t )
am (t ) d



(9)

In this study, a Monte Carlo algorithm has been adopted as a pragmatic approach to solve
Equation (9) and estimate the probability of pipe failures. The procedure is illustrated in Figure 2(b). Specifically, with the distributions of inputs variables known, a vector of the basic
𝑗 𝑗
𝑗
𝑗
random variables {𝑎𝑖 , 𝑝𝑖 , 𝑑𝑖 , 𝐷𝑖 ∙∙∙} is generated in jth Monte Carlo step and substituted into
the Equation (9) for the ith time evaluation. The number of failure ( G( KI , KIC , t )  0 ) divided

by the total number N of Monte Carlo steps constitutes an unbiased estimate of the probability
of failure (PoF). The probability of pipe failure is calculated by repeating this procedure for a
successive time series, i.e. 𝑡1 , 𝑡2 ,𝑡3 …𝑡𝑖−1 ,𝑡𝑖 , for pipes buried in different classes of soils.

4 Example Problem
To illustrate the application of the proposed models for cast iron pipelines reliability assessment, a pressurized pipeline buried in each category of soils was used as the examples in this
paper. Due to the circumferential pit has little impact on the stress of pressurized pipes, only
the longitudinally orientated pit is considered. The random variables of pipe dimensions and
loading were illustrated in Table 3 [20] as. For simplicity, a relatively high aspect ratio of a/c
is used (i.e. a/c 1.0), and the ratio of b (pit width) to c (half length of pit) is assumed as 0.5.
Equally spaced time with 2.5 years apart was used for simulation from year 2.5 to year 50.
For each exposure time in a given soil class, Equation(9) was evaluated 5000 times to assure
the convergence of the Monte Carlo estimates [3].
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Table 3: Values of basic random variables used in worked example

Symbol
d
p
KIC
D

Parameter
Wall thickness
Internal pressure
Fracture toughness
Internal diameter

Units
Distribution
mm
Normal (10, 0.44)
MPa
Normal (0.45, 0.12)
MPa m1/2
Fixed value 10
mm
Normal (100, 5.43)

5 Results and Discussion
Firstly, the maximum pit depth distribution in soils with various aeration were generated by
using proposed corrosion model and Monte Carlo simulations. The results of the analysis are
presented in Fig. 4 for different exposure time 2.5, 10 and 30 years. It can be seen that the
distribution of the maximum pit depth varies with the soil category by different aeration levels. Analysis results revealed that the statistical distribution for maximum pit depths at a specific exposure time slightly changes in each soil category with the increase of the exposure
time, depicting the stochastic nature of pit growth. This may explain why different types of pit
depth distribution were reported in literature [3].

(a)

(b)

(c)

(d)

Figure 4: Distributions of the predicted corrosion pit depths by Equation (2): (a) all, (b) good aeration, (c) fair
aeration (d) very poor aeration

The probability of fracture failure of the pipe buried in different soils was calculated by using
the proposed approach, and the results are summarized in Figure 5. In general, the failure
probabilities of the pipe increase with the exposure time due to the time dependent growth of
pit depth. Comparison between the patterns of growth shows that soils with very poor aeration
are most corrosive while the soils with good aeration have minimum corrosivity. With the
presence of sufficient air, iron will be rapidly oxidized by oxygen into protective film which
can cause polarization on the corrosion electrodes, and consequently induce the decrease of
corrosion rates. The extremely high corrosivity of very poorly aerated soils can be explained
by the facts that poorly aerated soils can provide an anaerobic condition that is suitable for the
activities of microorganisms (e.g. sulfate reducing bacteria), which could heavily accelerate
corrosion [5]. In comparison, soils with fair and poor aeration have moderate corrosivity.
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Figure 5: Probability of fracture failure due to pitting corrosion for different soil environment

6 Conclusions
A new probabilistic corrosion model has been proposed in this paper to predict the maximum
pit depth of cast iron pipes buried in various aerated soils. The classification of soils based on
aeration has been verified by ANOVA analysis. The developed model has been utilized to
estimate the failure probability for pipes buried in different aerated soil classes using reliability assessment. A limit state function based on the concept of fracture theory was first developed, and Monte Carlo simulations were then conducted considering the randomness nature
of pit growth within the reliability assessment framework. A merit of the proposed corrosion
model lies in its ability of considering the influencing of soil aeration and the variance of
corrosion behviour in different soil environments. Another novelty in the current study is that
the inclusion of three-dimensionality of the corrosion pit for estimating probability of failure
via maximum stress intensity factor computation. The outcome from the study revealed that
the failure probability of pipeline is considerably affected by the aeration of soil, with very
poor aerated soils being most aggressive and soils with good aeration having minimum corrosivity. Hence, careful attention is required when evaluating the failure risk of pipelines buried
in less aerated soils. The proposed methodology can serve as a useful tool for engineers to
predict the failures of cast iron buried pipes with improved accuracy enabling better risk management.
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Abstract: In this paper, a new program, which considers the stochastic dynamic
analysis of an entire network and employs a probability density evolution method
(PDEM), is proposed to give the seismic reliability of pipes. Two physical equations, including a nonlinear finite element equation for the seismic stress, and a
von Mises stress equation, are adopted to give the performance function. Then,
using the PDEM, the probability density function of the stress ratio is derived, and
the seismic reliabilities of buried pipes can be obtained.
.

1 Introduction
Gas supply and water distribution networks, which have pipes that are mostly buried underground, are important components of lifeline systems. They play essential roles in sustaining
modern cities [1]. As the major components, buried pipes have been studied by many researchers. Since Newmark [2] first suggested that pipes moved together with the soil around
them subjected to seismic wave propagation, many models have been presented to calculate
the seismic response of pipes, e.g., the elastic foundation beam model [3, 4], shell model [5],
and finite element model[6]. Considering the interaction between different pipes, some simple
pipe systems, such as a pipe with branches, were studied [7-10].
As the ground motion and the pipe characteristics are random, the seismic responses of pipes
are essentially random. The seismic reliability is usually used to evaluate the performance of
the pipes under earthquakes. The first order second moment is a common method [1]. However, this method only considers the mean and standard deviation. As the result, its precision
is not high and may give the wrong evaluation. In this paper, a new program, which considers
the stochastic dynamic analysis of an entire network and employs a probability density evolution method (PDEM) [11], is proposed to give the seismic reliability. A nonlinear finite element equation for analyzing the seismic stresses of pipes and a von Mises stress equation of
pipes considering overburden pressure, temperature change, seismic stress, and Poisson effect,
are established to give the performance functions of pipes. Then, using the PDEM, the probability density function (PDF) of the stress ratio of buried pipes is derived after solving the
probability density evolution equation. Thus the seismic reliabilities of buried pipes can be
obtained by integration of the PDF from 0 to 1. Also, a simple network is used as an example
to validate the program.
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2 Modeling for Buried Pipe Systems
A finite element model for buried pipe systems [12], which can calculate the seismic
responses of an entire pipe system, is adopted to calculate the seismic stresses of the pipes.
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Figure 1 Modeling pipe as beam on elastic foundation

A buried pipe can be idealized as a beam on elastic foundation (BEF), as shown in Figure 1,
and its seismic responses can be obtained with a quasi-static approach. For the pipe in Figure
1, the axial and lateral motion equations can be respectively described as [12]
EA

EI

 2 u ( x, t )
 k A u ( x , t )   k A u g ( x, t )
x 2

 4 v ( x, t )
 k L v ( x, t )  k L v g ( x , t )
x 4

(1)
(2)

where EA and EI are the axial and bending stiffness of the pipe, respectively, kA and kL are the
spring stiffness per unit length of the soil surrounding the pipe along the axial and lateral directions, respectively, u(x,t) and v(x,t) are the axial and lateral displacements of the pipe, respectively, ug(x,t) and vg(x,t) are the axial and lateral displacements of ground motion,
respectively, and x is the coordinate along the pipe axis and t is the time.
Then, the following equation is established to describe the relationship between pipe
displacement and ground motion [12]:
[ K SYS ]{u(t )}  [ K S ]{u G (t )}

(3)

where [ K SYS ]  [ K P ]  [ K S ] is the system stiffness matrix, [ K P ] is the stiffness matrix of buried pipe elements, [ K S ] is the stiffness matrix describing the pipe-soil springs, and {u(t )}
and {u G (t )} are the displacement vectors of pipes and ground motion, respectively.
After solving Equation (3), the displacements of elements and the stresses of pipes can be
obtained. For example, if element i is a pipe element, then the axial strain and axial stress in
the middle of the pipe element are
 ipipe 

u2i  u1i
l

 ipipe  E ipipe

(4)
(5)

where u1i and u2i are the left and the right nodal displacements, respectively, l is the element
length, and E is the elastic modulus of the pipe.
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3 Stress Analysis of Buried Pipes
Aside from the stress caused by earthquakes, other effects, such as dead load, temperature
change, and Poisson’s effect, can also generate pipe stress.
Dead load is produced by the soil over pipes. When pipes are buried above the water line, the
dead load can be calculated as follows:

Pd   i Hi

(6)

where  i is the unit weight of the ith soil layer over the pipe and Hi is the corresponding
thickness.
When pipes are buried below the water line, the dead load is

Pd   i Hi   wh

(7)

where  w is the unit weight of water that usually takes the value of 10kN/m3 and h is the
height from the water level to the top of the pipes.
The analysis model is shown in Figure 2, and hoop stress is given by

 cs 

Fb M b t p

A
2I

(8)

where Fb and Mb are the axial force and bending moment of the pipe on the wall section,
respectively, A is the area of wall section per unit length, tp is the wall thickness of the pipe,
and I is the moment of inertia of wall section per unit length.

2β

Figure 2 The pipe under dead load

For a buried pipe, the maximal axial force and maximal bending moment on the wall section
are located at the bottom of the pipe, and can be respectively calculated as follows [13]:
Fb  K f Pd rp

(9)

M b  K m Pd rp

(10)

where rp is the pipe radius and K f and K m are the coefficients whose values are shown in
Table 1.
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Table 1 The coefficients for different β

β(°)

Kf

Km

0
15
30
45
60
75
90

0.1061
0.0990
0.0796
0.0531
0.0265
0.0071
0.0000

0.5872
0.4685
0.3772
0.3140
0.2754
0.2558
0.2500

When the temperature between installation and operation is different, temperature stress, an
axial stress, is generated and can be calculated as follows:

 lt   E (T2  T1 )

(11)

where  is the coefficient of thermal expansion, T1 is the installation temperature, and T2 is
the operation temperature.
Given a long pipe and a restrained axial deformation, axial stress is also generated as a result
of the Poisson’s effect of hoop deformation and is calculated as follows:

 lp    c

(12)

where  is the Poisson’s ratio.
Therefore, pipe hook stress  c is caused by dead load, and axial stress  l consists of three
parts, namely, seismic stress, temperature stress, and the stress generated by the Poisson’s
effect of hoop deformation. Therefore,

 c   cs
 l   le   lt   lp

(13)
(14)

where  le is the axial stress caused by earthquakes and is obtained using Equation (5).
For steel pipes that are subjected to two-dimensional stresses, the von Mises yield criterion is
usually used as the strength failure criterion. The von Mises stress can be written as

 m   c2   c l   l2

(15)

Apparently, during earthquakes, the von Mises stress of a pipe is a time history. In
engineering practice, the maximal value is usually adopted to avoid the failure. Herein，a
stress ratio is defined as
r 

 m ,max
y

where  y is the yield stress of the pipe and  m,max is the maximal von Mises stress.
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(16)

Then, the performance function of a pipes can be written as
Z  1  r

(17)

Accordingly, the seismic reliability of the pipe can be written as

p  P ( Z  0)

(18)

4 Probability Density Evolution Method
Recently, Li and Chen [11] developed a PDEM to analyze nonlinear stochastic dynamical
systems with random parameters subjected to stochastic excitations. This PDEM, which is
different from general methods that can only capture the moments of responses of stochastic
dynamical systems, is capable of giving the PDFs of such responses.
Most dynamical systems in engineering are well-defined systems; hence, the concerned
response usually exists uniquely and depends on basic random variables. This dynamic
response, X (t ) , can be conveniently expressed as a function of random variables

X (t )  H (Θ, t )

(19)

where Θ  (1 , 2 , ,  s ) is the basic random vector that characterizes the randomness
involved in the system and the excitation, s is the total number of basic random variables, and
H (Θ, t ) is a function of random variables Θ and time.
Equation (19) contains all the random factors of the system and the excitation.
Correspondingly, the velocity of X, the derivate of X respect to time, can be written as
H (Θ, t )
X (t ) 
 h(Θ, t )
t
.

(20)

where h(Θ, t ) is the derivate of H (Θ, t ) respect to time.
Based on the principle of the preservation of probability, a probability density evolution
equation (PDEE) can be established [11], in which the joint PDF of the augmented vector
( X (t ), Θ) satisfies the following generalized density evolution equation:
p XΘ ( x, θ, t )
p ( x, θ, t )
 h(θ, t ) XΘ
0
t
x

(21)

The initial condition of Equation (21) can be specified as
p XΘ ( x, θ, t )

t  t0

  ( x  x0 ) pΘ (θ)

(22)

where  is the Dirac function, and x0 is the deterministic initial value.
After solving Equation (21), the PDF of X can be easily obtained by
p X ( x, t )   p XΘ ( x, θ, t )dθ

(23)

Herein, in order to apply the PDEM, a virtual stochastic process could be established as
following:
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X (t )  H (Θ, t )  r sin(0.1 t )

(24)

Then, after solving the PDEE, the PDF of X can be obtained. Let t=5s, the PDF of the stress
ratio is then derived Then, the pipe reliability can be obtained by integrating the PDF from 0
to 1.

5 Case studies
5.1 Parameters for the simulation of the Wenchuan Earthquake
In this study, a physically-based random function model[14,15], which describes ground
motion field using several basic random variables, is adopted. Herein, the Wenchuan
Earthquake (M8.0) that occurred in China in 2008 is adopted as the excitation. In order to
identify the random parameters in the ground motion field model, 137 earthquake records are
collected. Then, the probability distributions and the corresponding parameters of these
random variables in the model are shown in Table 2.
Table 2 Probability distribution of random parameters

Random
variable
A0 (g·s/rad)

Probability
distribution

parameters

lognormal

(μ,σ )=(-2.8026,1.28790)

lognormal

(μ,σ )=(-2.3975,1.4965)

 g (/rad)

gamma

(k,θ)=(3.7318, 0.1115)

g

gamma

(k,θ)=(0.6893, 22.3654)

(s/rad·km)

normal distribution

( , )= (1.014×10-4, 2.214×10-3)

(km/s)

lognormal distribution

( , )=( 1.414, 0.2784)

T (s/rad)

μ and σ denote mean and standard deviation of the natural logarithm for lognormal distribution, and
mean and standard deviation for normal distribution.
k and θ are shape parameter and scale parameter.

5.2 A simple network
A simple network with 24 pipes is used as an example to illustrate the proposed program. The
layout of the network is shown in Figure 3. All pipes are steel pipes that are buried at a depth
of 1.0m. The elastic modulus of the pipes is 2.06  105 MPa, and the yield stress is 235 MPa.
The other parameters are shown in Table 3.
The network is assumed to be located at an area 80 km away from the epicenter of the
Wenchuan Earthquake. The angle between the propagation direction of the seismic wave and
the X axis is 30°. The site is a Type II site according to the Chinese Code For Seismic
Design of Buildings(GB50011-2010) [16]. To determine the seismic response of the buried
pipes, the network is discretized first. In this study, the element length of the pipes is 3m.
Therefore, the network consists of 4,540 elements and 4,547 nodes.
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Figure 3 A hypothetical network
Table 3 Pipeline parameters for hypothesis network

Pipeline
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

Diameter(mm)
400
400
400
250
200
200
200
200
250
200
250
250
250
350
400
250
250
250
250
300
300
200
250
200

Wall Thickness(mm)
12
12
12
7.5
6
6
6
6
7.5
6
7.5
7.5
7.5
10.5
12
7.5
7.5
7.5
7.5
9
9
6
7.5
6

Length(m)
300
850
300
400
600
850
450
300
650
350
400
1000
400
850
350
850
350
350
1000
1000
600
350
650
400

kL(N/m2)
4.94×108
4.94×108
4.94×108
5.12×108
5.18×108
5.18×108
5.18×108
5.18×108
5.12×108
5.18×108
5.12×108
5.12×108
5.12×108
5.00×108
4.94×108
5.12×108
5.12×108
5.12×108
5.12×108
5.06×108
5.06×108
5.18×108
5.12×108
5.18×108

Herein, it is assumed that T follows a uniform distribution U[−20 °C,20 °C] considering
engineering practice. Therefore, this study considers seven basic random variables, six
parameters of which are random variables in the stochastic ground motion model and shown
in Table 2, and temperature change T . Using a number theoretical method [17], 320
representative points with assigned probabilities are specified from the probability space.
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After substituting the parameters in the stochastic ground motion model and adopting the
superposition method of narrow-band harmonic wave groups, 320 representative ground
motion fields are generated. Some typical displacement time histories of ground motions at
nodes 2 and 9 are shown in Figure 4.
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(b) Sample 120
Figure 4 Typical time histories of the ground displacement
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Figure 5 The PDF of the stress ratio of pipe 16
Table 4 Pipeline reliability of the hypothesis network

Pipeline
1
2
3
4
5
6
7
8
9
10
11
12

Reliability
0.9366
0.9884
0.9399
0.9321
0.9612
0.9843
0.9765
0.9292
0.9656
0.9302
0.9394
0.9935

Pipeline
13
14
15
16
17
18
19
20
21
22
23
24

Reliability
0.9316
0.9808
0.9382
0.9726
0.9236
0.9245
0.9918
0.9924
0.9594
0.9226
0.9635
0.9230

Using the generated ground motion fields and aforementioned seismic analysis method for the
pipe network, 320 deterministic seismic response analyses are performed, and the seismic
stresses of the pipes are conveniently obtained. When calculating the pipe stress caused by
dead load,   15 is conservatively adopted because the force at the bottom is not a
concentrated force. Then, the maximal von Mises stresses and the stress ratios of all the pipes
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are obtained. Using the PDEM, the PDF of the stress ratio is derived. As an example, the PDF
of pipe 5 is shown in Figure 5, and its reliability is 0.9606. The reliabilities of all the pipes are
shown in Table 4.

6 Conclusions
In this study, based on PDEM, a new program is proposed to give the seismic reliability. Then,
the probability density functions of the stress ratio of buried pipes can be obtained, and the
seismic reliabilities are derived by integration of the PDF from 0 to 1. A simple network is
taken as an example to illustrate the proposed program. The example indicates that the proposed program can give the seismic reliabilities of the buried pipes readily.
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Abstract: The Botlek bridge recently built in Holland is the biggest moveable
bridge in Europe. One of the design difficulties was caused by irregular soil parameters under the piers. The soil properties have influence on stiffness and dynamic behavior of the whole bridge system. The contribution presents the
probabilistic response surface method results of pylon dynamic parameters on stochastic soil parameters under the piers and material pylon parameters.
The movable bridge system with decks in down position and counterweights in top
position was considered. The input data of the finite element model - material
properties of pylons and the measured soil parameters in nine areas under the pier
were used as mean values of input parameters for probabilistic design. The uncertainties were declared with help of truncated Gaussian distribution as statistical
distribution function. The Monte Carlo Simulation and the Response Surface
Method were applied. The output parameters of pylon which effect the dynamic
behavior of vertical-lift bridge pylons were analyzed with help of response surface.
It has been shown that the uncertainties of soil parameters have significant effect.
The soil parameters and material parameters of pylons have different influence on
the dynamic behavior of the pylons.

1 Introduction
The new Botlek bridge (see Figures 1 and 2) recently built in Rotterdam is the largest vertical
- lift bridge in Europe. The Vienna Consulting Engineers ZT GmbH [1] was responsible for
the structural design. The Botlek bridge is a structure of high importance. The design of this
sophisticated structure required detailed and expensive analyses. One of the design difficulties
was caused by irregular soil parameters under the piers. The soil properties have influence on
the stiffness and dynamic behavior of the whole bridge system. The paper presents the probabilistic response surface method results of dynamic parameters on stochastic soil under the
pier and pylon material parameters of pylons.
In frame of the design process of the bridge, the finite element model was created and analyzed using deterministic approach in statics and dynamics. The dynamic analysis was required due to wind loads, traffic loads and operation loads by movement of decks. Because of
uncertainty of variable soil parameters the probabilistic analysis was required. The paper focuses the probabilistic analysis of the bridge pier in operating position of the decks. The contribution serves as the base of dynamic study of the bridge.
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Figure 1: Botlek bridge – Rotterdam

Figure 2: Botlek bridge project of the vertical lift bridge: layout
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2 Structure
Two steel decks, 5000 tons weight each, are independently vertically movable on six concrete
towers – the lifting height is 31 m. The length of steel decks is 94 m, the width 49 m (the size
of each deck equals approximately playing field of soccer). The lifting system is fully balanced. The four concrete counterweights are guided on pylon towers and are connected
through ropes with decks at their ends. The material properties of concrete pylons are:
E= 0,34E+11 Nm-2 ; n= 0,2; r= 2500 kgm-3 Young`s dynamic moduli of soil under middle pier are listed in the Table 1 and in Figure 4 presented with different colors.
Table 1: E [ Nm-2 ] of soil under middle pier

North

West

1,600E7

1,625E7

1,650E7

1,450E7

1,475E7

1,500E7

1,325E7

1,350E7

1,375E7

East

South
Young`s dynamic moduli of soil from the lower edge of the pier in vertical direction gradually decrease up to zero.

3 Finite Element Model
The finite element model and analyses were realized in ANSYS environment [2]. The movable bridge system in operation position - with decks in down position and counterweights in
top position was considered. Applying the boundary conditions, the model of the pier could
be analysed separately. Finite elements were chosen from ANSYS library. The soil was modelled using solid elements. The finite element model of the middle pylons is introduced in
the Figures 3 and 4.

Figure 3: Finite element model of the middle pier

Figure 4: Different material properties of the soil
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4 Deterministic Analysis
The Eurocode 1: Actions on structures [4] prescribes the calculation of the wind loading according to natural frequencies of the bridge. For this reason the eigenvalue analysis was required. The deterministic eigenvalue analysis using Lanczos method with input parameters
(material properties of soil and pylon – see above the part 2 Structure) tested the model prepared for the probabilistic analysis. The first four modes are presented in Figures 5-8.

Figure 5: 1st mode

Figure 6: 2nd mode

Figure 7: 3rd mode

Figure 8: 4th mode

5 Probabilistic Analysis
All probabilistic analyses were performed in ANSYS. A special macro for probabilistic analysis was written in APDL language [2], [3].
The soil variable EZ_VAR, pylon stiffness variable EP_VAR and pylon mass density variable
G_VAR were defined as input random variables. The measured soil parameters in nine areas
under the pier (see Table 1) and the material properties of pylons (see part 2 Structure) were
used as mean values of random input parameters for probabilistic design. The uncertainties
have been declared with help of truncated Gaussian distribution as statistical distribution
function (see Figures 17-22). The standard deviations of the input variables were defined
sEZ_VAR = 20%, sEP_VAR =5% and sG_VAR = 10%.
The natural frequencies were defined as random output parameters.
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The Monte Carlo Simulation and the Response Surface Method were applied. In the first step
the Monte Carlo was performed. Figures 9-12 present the first natural frequencies values of
15 samples from Monte Carlo simulation.

Figure 9: 1th natural frequency vs. sample number Figure 10: 2nd natural frequency vs. sample number

Figure 11: 3rd natural frequency vs. sample number Figure 12: 4th natural frequency vs. sample number

The Response surface is defined by approximation function of output parameters on input
parameters. Using sample points in the space of random input variables, the quadratic
polynomial is an appropriate approximation function:

1

where
is the coefficient of the constant term, , i = 1,...NRV are the coefficients of the
linear terms and
, i = 1,...NRV and j = i, ...,NRV are the coefficients of the quadratic terms.
To evaluate these coefficients a regression analysis is used and the coefficients are evaluated
such that the sum of squared differences between the true simulation results and the values of
the approximation function is minimized.
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15 samples of Monte Carlo simulation (see Figures 9-12) served for the response surface derivation.
The natural frequency as random output parameter was fitted for 10000 samples (see Figures
13-16) on the response surface.
Using the approximation function instead of looping through the finite element model was in
our case efficient.

Figure 13: 1th natural frequency vs. sample number Figure 14: 2nd natural frequency vs. sample number

Figure 15: 3rd natural frequency vs. sample number Figure 16: 4th natural frequency vs. sample number

The histograms and cumulative distribution functions of input variables used in response surface simulations are presented in Figures 17-22 as a review tool.
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Figure 17: Histogram of soil input variable

Figure 18: Cumulative distribution function
of soil input variable

Figure 19: Histogram of pylon stiffness
variable

Figure 20: Cumulative distribution function
of pylon stiffness input variable

Figure 21: Histogram of pylon mass density
variable

Figure 22: Cumulative distribution function
of pylon mass density input variable
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The histograms and cumulative distribution functions of first natural frequencies as of output
variables in response surface simulations are presented in Figures 23-30.

Figure 23: Histogram of 1th natural frequency

Figure 24: Cumulative distribution function
of 1th natural frequency

Figure 25: Histogram of 2nd natural frequency

Figure 26: Cumulative distribution function
of 2nd natural frequency

Figure 27: Histogram of 3rd natural frequency

Figure 28: Cumulative distribution function
of 3rd natural frequency
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Figure 29: Histogram of 4th natural frequency

Figure 30: Cumulative distribution function
of 4th natural frequency

When we compare the results of Monte Carlo simulation (see Figures 9-12) and results of the
Response surface method (see Figures 23-30), the Response surface method provides improved information of output. For example, in the lowest natural frequency part (less than
0.25 Hz) which is critical under wind loading.
Probabilistic sensitivities measure how much the range of scatter of an output parameter is
influenced by the scatter of the random input variables. The probabilistic sensitivities of natural frequencies on input variables are shown in Figures 31-34: soil stiffness (red color), pylon
stiffness (green color) and pylon mass density (blue color).

Figure 31: Sensitivities of the 1st natural frequency
on input variables

Figure 32: Sensitivities of the 2nd natural frequency
on input variables

The pie charts present the relative sensitivities. A bar charts describe the sensitivities in an
absolute fashion (taking the signs into account); a positive sensitivity indicates that increasing
value of the random input variable increases value of the random output parameter for which
the sensitivities are plotted. Likewise, a negative sensitivity indicates that increasing the
random input variable value reduces the random output parameter value.

425

Figure 33: Sensitivities of the 3rd natural frequency Figure 34: Sensitivities of the 4th natural frequency
on input variables
on input variables

Comparison of sensitivities has shown that the soil input variable has the dominant influence
on the first and second natural frequencies, the pylon stiffness variable has weaker influence
but still stronger than the mass density variable (see Figures 31-32). The dominant influence
on the third and the fourth natural frequencies has the mass variable (see Figures 33-34). The
influence of the soil variable on the fourth natural frequency absents (see Figure 34).
It was shown that the uncertainties of soil parameters have significant effect. The soil parameters and material parameters of pylons have different influence on the dynamic behavior of
the pylons. The obtained results were useful in preliminary analyses in frame of the bridge
design and are applicable in analysis of the real dynamic behavior of the bridge.
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Abstract: For energy efficient building design it is of high importance to identify
and assess uncertainties and their impact on design decisions at every stage of the
design process. This work discusses the different types of involved uncertainties as
well as their modeling and aggregation in stochastic models for the different design
phases.

Introduction
In daily energy efficient building design, the designer is confronted with different questions of
stochastic nature. The most central one is the prediction of life cycle energy consumption and
CO2 emission. As energy consumption is the biggest cost factor over a building life cycle, this
question accompanies the whole design process, from early sketchy design phases over the
establishment of first parameterized models to complete building designs including energy system and material determinations. [25] found that the uncertainty in the annual energy consumption of a medium-sized office building, caused by climate and several operation parameters like
lighting and HVAC, ranges from about -30 % to +80 %.
However, there are also very specific questions, e.g. to define contractual issues. Here threshold
probabilities like the probability, that the temperature in certain rooms will fall more than 3 °C
below a defined set temperature at more than 5 days per year, are inquired. To determine such
threshold probability, models need to be refined down to the level of energy system components.
Trying to answer these design questions with deterministic models leads to oversized safety
factors and thus overdimensioned solutions. This on the one hand is a waste of resources and
on the other hand, leads to energy systems that work outside their optimal range most of the
time and hence wasting energy up to a factor of two.
Additionally, there is a very basic mathematical argument against deterministic approximations
of stochastic design questions, displayed by formula (1).
Let Xi , for i = 1, … , n represent n stochastic influences, like climate and building occupancy,
and let f: ℝn → ℝm be the energy simulation that maps these n stochastic inputs, together with
several fixed deterministic design parameters, to m outputs like energy consumption or CO2
emission. Then for non-linear f, and as energy simulation tools are based on big systems of nonlinear differential equations that is a valid assumption, the equation
(1)
E(f(X1 , … , Xn )) = f(E(X1 ), … , E(Xn ))
does generally not hold.
In Chapter 2, the different types of uncertainties are introduced and the general possibilities of
their inclusion into building energy analysis is discussed, while Chapter 3 addresses different
techniques to model these uncertainties. Chapter 4 summarizes the previous chapters into stochastic building energy prediction models and discusses their application.
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Uncertainties in Building Energy Prediction
The by far most popular tools for building energy simulation (BES), like EnergyPlus, rely on
systems of deterministic differential equations. In the upcoming chapters, these tools are introduced. Furthermore, the different types of relevant uncertainties and methods for their integration into BES are discussed.

2.1 Deterministic Building Energy Simulation
There are nowadays multitudes of software applications for engineers that are able to assess
building energy use. According to [22], the different models implemented in such software can
be from their purpose either diagnostic or prognostic. While a diagnostic model is used to identify the laws and factors that govern a certain system, a prognostic model is used to predict the
behavior of a system according to well-defined laws. Based on their definitions, the models
implemented can be categorized in either law-driven or data-driven models.
Law-driven models apply a given set of laws that in terms of building energy originate from
thermodynamics e.g. energy conservation law.
Data-driven models use an opposite approach that treat the system as a signal and try to derive
its properties statistically based on observed data [20]. They encompass black-box models (e.g.
artificial neural network), grey-box models, and detailed calibrated models [19]. Because they
use real system behavior data, data-driven models can describe a system with less parameters
as law-driven models. Those latter are often over-parameterized and require a certain amount
of input data. However, they offer the ability to model system behavior without preliminary
observed conditions.
Most solutions used in building design are BES models that can be categorized as prognostic
law-driven models. Widely used examples of tools that implement such models are EnergyPlus
[7] and TRNSYS [23]. Their underlying simulation models use a set of equations that describe
the several heat and mass flows in a whole building. Such equation systems are built upon some
fundamental equations like among others the heat equation that describes the heat conduction
phenomenon in a medium. This is a partial differential equation that can be formulated as follows, where θ is the temperature and α the thermal diffusivity.
∂θ
∂t

− α𝛁 2 θ = 0

(2)

The differential equation system in a BES model applies and combines different similar fundamental equations so that all heat transfers in solids, at surface layers and fluid volumes, as well
as energy conversions are represented. According to [4], there are three types of equations required to describe all energy flow paths. First order ordinary differential equations represent
physical regions undergoing multiple heat transfers and possessing averaged thermophysical
properties e.g. (3). Second order parabolic partial differential equations describe in detail capacity/insulation regions e.g. (2). Hyperbolic partial differential equations describe fluid flow
and convective coupling e.g. (4).
∂θ

C ∂t + H∆θ = 0

(3)

∂θ

(4)

In (3), C is the heat capacity of one region, H and ∆θ are respectively heat transfer coefficient
and temperature difference between first and second region.
∂t

+ 𝛁. (𝐯⃗θ) = 0

In (4), 𝐯⃗ is the fluid velocity in an advection phenomenon.
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2.2 Types and Sources of Uncertainty
Concerning BES during design, there are three relevant types of uncertainty: epistemic, aleatoric [6] and design-related.
 Epistemic uncertainty is also called systematic uncertainty. It refers to values that are
not uncertain themselves but, as people are not able or not willing to determine them
exactly, may be modeled as probability distribution. Typical examples are physical values like material parameters. As the deviations are very small, this type of uncertainty
will be ignored in the remainder of this work.
 Aleatoric uncertainty is also known as statistic uncertainty. These inherently stochastic influences cannot be controlled by the designer completely as their realization happens in the future, e.g. during building usage. Typical examples are climate and user
behavior, which will be discussed in detail in Chapter 3.
 Design-related uncertainty describes deterministic design parameters that are not defined yet, e.g. in the early design phases, and thus can be considered uncertain. An intuitive way of modeling them is the use of a uniform distribution with limits defined by
practical considerations. Alternatively, arguments can be found to use distributions determined from statistical analysis of past decisions in comparable buildings. In this case,
dependencies between variables are to be considered.
As stated by [13], for the case of building energy use it is commonly recognized by experience
that three main categories of parameters contribute the most to model outputs and are the most
uncertain at the same time. These are thermo-physical properties (climate and material properties), occupancy and occupant behavior, and air infiltrations, which belong to the first two categories. Additionally, the design related uncertainty, defined by means of level of development,
should be considered as substantial contributing uncertainty.

2.3 Current Approaches handling Uncertainty in Building Energy Analysis
There exist three different approaches to estimate the effect of aleatoric uncertainty on building
energy use. They consist of sampling-based methods, purely stochastic analytical methods and
hybrid methods combining both previous categories. Their applicability is directly influenced
by the available computational power and the solvability of the model.
Sampling-based methods are by far the most employed and rely on a deterministic BES model.
In this context, stochastic variables are preliminary sampled using such methods like Monte
Carlo or Latin Hypercube. The uncertainty and sensitivity analyses performed are in this sense
statistical experiments that produce a distribution of output values.
Stochastic analytical models instead include the variable randomness directly into the mathematical description of the building physical phenomena. Such a model relies on stochastic equations in which stochastic variables are either modelled as stochastic processes or probability
density functions with regard to model characteristics.
In both cases, a deterministic model of differential equations as mentioned in section 2.1 is used
as background. Hereby, the number of parameters introduced in the equation system increases
approximately proportional to the number of physical entities modeled in the three-dimensional
building model (e.g. rooms, walls). This kind of model can get highly complex when several
zones are modeled and even more when randomness is introduced. Therefor simplifications can
be done by removing spatial character like in often-used lumped models that consider building
rooms no more as spaces but as nodes, thus introducing derivatives of time only into the model.

429

A further simplification level can be reached when withdrawing both spatial and temporal characters. Such simplified models may express energy use as a function of fixed spatial parameters
like building volume and surfaces in a fixed time period. Such models become quite challenging
to determine as they can easily become too approximate. However they require very low computational effort; an argument for daily use.

Modeling of Uncertainties in Building Energy Simulation
In the upcoming chapter, the modeling of the most influential uncertainties found in Chapter 2,
namely climate and occupancy, is discussed in more detail. An important terminology for this
is level of development (LoD), which refers to the degree of specification of a Building Information Model. A detailed overview of the different LoDs and their requirements can be found
in [2]. In this work, it will suffice to distinguish between a low LoD, which belongs to early
design stages with little to no parametrization, and a high LoD, which can be found in later
design stages, where a nearly completely defined and parametrized building model is available.

3.1 Climate
The uncontrollable and uncertain influence on building energy consumption on top of most
people’s minds is climate. The climatic conditions are determined by the building location, an
information that is most often available even in the earliest design stages. The weather itself
cannot be known beforehand, especially when discussing a time span of about 30 years, the
usually assumed building life cycle in building engineering. The most important climate aspects
for building energy consumption are outdoor temperature and solar radiation, but also precipitation, humidity and wind speed play an important role.
3.1.1 Single climate parameters with coarse resolution
One advantage when predicting climate is the availability of huge sets of data for all involved
parameters. As long as the resolution is not too fine, values like daily average precipitation or
temperature can be predicted from this data, using classic prediction models like deterministic
regression models or stochastic autoregressive integrated moving average (ARIMA) models.
In addition, advanced techniques like fuzzy logics or artificial neural networks can be applied
[1]. However, for finer resolutions, e.g. hourly data as often used by BES tools, and when more
than one parameter is considered at the same time, these models reach their limits as climatic
processes are extremely complex and all parameters are highly dependent.
3.1.2 Climate trend
For energy predictions spanning the whole building life cycle, the impact of climate change on
the expected climate is an important consideration. The modeling of this trend shares the same
pros and cons as discussed in 3.1.1. As long as a single parameter is predicted with coarse
resolution, e.g. the yearly change in average temperature or precipitation, a variety of stochastic
models is available. For a finer resolution however, other approaches are required.
One non-stochastic idea is the so-called analogue scenario. To simulate the future climatic conditions in a certain location, one uses current weather data from a location, which has these
weather conditions today.
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3.1.3 Deterministic reference years
To get data of one year for all parameters of interest in a very fine resolution (sub one hour),
different kinds of synthetic weather data sets were developed. Typical examples are Test Reference Year, Typical Meteorological Year and Weather Year for Energy [5]. Their basic idea
is to mix months of different past years to get a resulting year with conditions close to the
average. Also years with extreme features, e.g. very hot, can be created this way. This approach
is very often used in energy simulation as this allows using data with specific features while
still maintaining all dependencies between the parameters, The downside is that this intrinsically deterministic approach fails to model the variability of climate and weather conditions.
3.1.4 High-resolution stochastic climate models
While stochastic models are used in climate modeling, e.g. to simulate atmospheric processes
[14], they are not suited to predict specific weather phenomena like temperature and solar radiation in high resolutions and over longer periods. In climate prediction, there is a distinction
between weather forecasting models for precise forecasts over short time periods (e.g. one
week) and coarse global climate models that model circulation processes in the atmosphere and
in the oceans. In BES, both is aspired; a fine resolution and a time frame from at least one year.
When keeping applicability in mind, the best model for the complexity of climate is data of past
years. When the uncertainty embedded in future weather is to be included in a MC based energy
analysis, each MC run can be attached with a randomly chosen set of real weather data, drawn
from a pool of relevant sets. Either this data is taken from the location itself, or in case of climate
change considerations, from a suitable location (see 3.1.2).

3.2 Occupancy
Different works have proven the importance of occupancy for building energy prediction, e.g.
[10], [17]. The latter finds in his experiments that the impact of user behavior on building energy consumption is bigger than the effect of climatic conditions.
The occupants’ impact is twofold. First, their presence is a source of heat. Second, presence is
the basis for possible interactions with appliances or the building energy system.
To reliable model occupancy, the envisaged usage of the future building has to be known. It is
obvious, that an office building shows different occupancy patterns than a residential building.
With this information, different approaches based on the actual LoD can be taken.
3.2.1 Fixed average values and deterministic schedules
When no time dependency is aspired, one can use a fixed value like occupants density, measured in occupants per square meter. This very basic representation of occupancy obviously does
not imitate real occupants’ presence schemes at all. However, it enables the consideration of
different expected degrees of occupancy in very early design stages and without any computational effort.
When time as variable is included in the analysis, as done by all common energy simulation
tools, the simplest and at the same time most popular approach in practice is the usage of deterministic occupancy profiles. The main problem with this approach is, in addition to the common shortcomings of deterministic modeling for non-deterministic phenomena that the lack of
variance in the beginning and ending times of occupant presence leads to wrong estimations for
peak energy demands [16].
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3.2.2 Markov chain models
The most common way to include the uncertainty of occupancy into time-based energy prediction are inhomogeneous first-order Markov chain models, see e.g. [18]. These models rely on
a set of transition matrices, one matrix per time step, which give the probability that a certain
change in the number of present occupants occurs. These matrices can be generated from real
data as done in [18]. However to do so, a database of sufficient size has to be available for the
envisioned building type. Assuming the existence of these matrices, the generation of time series from these models is very fast.
In early design stages, the building can be modeled as one or very few zones, e.g. flats in an
apartment building. For later design stages, these models can be detailed and individual models
for different zone types, e.g. office, kitchen, lounge, etc. can be defined.
3.2.3 Agent-based models
For late design stages and the investigation of detailed questions, agent-based modeling has the
highest degree in flexibility of all common occupancy modeling techniques [11], [12]. Here
every occupant is modeled individually. This enables a very high level of detail with the possibility to model personal preferences of individual persons. Furthermore it overcomes a common
downside of multi zone Markov chain models, the ignorance of the dependency between zones,
which means that when the occupancy count drops in one zone, it rises accordingly in another.
These upsides in accuracy come at the cost of high computational expenses.

Stochastic Models in Different Levels of Development
In the previous chapters, the major uncertainties influencing building energy consumption and
different methods for their stochastic representation were discussed. In the following sections,
different approaches to their integration into BES will be critically investigated.

4.1 Monte Carlo Models
In industry and in practice the most common methods to include uncertainties into energy calculations are Monte Carlo (MC) methods [8]. At first all uncertainties, which can be singlevalued or stochastic processes when a time-dependency is needed, are sampled from their corresponding probability distributions repeatedly. Then the model of interest, most often an energy simulation tool, is executed for each set of realizations from the stochastic influences. This
multitude of model execution gives a multitude of results, which are than evaluated. Such an
evaluation can include the computation of sensitivity indices and the calculation of statistical
indicators like mean value, variance or the probability to exceed a certain threshold.
4.1.1 Features of Monte Carlo sampling
An upside and one of the reasons for the popularity of MC in practice is that for simulation
tasks the user can rely on the tool he is accustomed to. An external application is only required
for the sampling of the uncertain inputs and the post processing of the simulation results. This
task can be achieved by a variety of tools, including MATLAB, R or in simple cases even Excel.
This severance between energy simulation and uncertainty modeling allows, if desired, for a
very high level of detail when modeling uncertainties. An illustrative example is the occupancy
modeling with agent-based approaches (see 3.2.3).
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A well-documented hindrance when performing MC simulations for building energy prediction
is, that running the underlying calculation model, mostly an energy simulation tool, is often
very time consuming and it has to be executed several hundred or even thousands of times.
Different approaches exist to tackle this problem.
4.1.2 Approaches for computing time reduction
Compared to the run times of energy simulation tools, the computing time required to sample
the inputs and post process the outputs is negligible. Thus, there are two ways to optimize MC
calculation times. The first is to minimize the number of model executions required to achieve
a certain quality of result. The second is the reduction of computing time needed for every
single simulation run.
A popular example for the first approach is Latin Hypercube Sampling (LHS), a special type of
stratified sampling. Its basic form was introduced in [15]; extensions were developed among
others in [9]. LHS aims at optimizing the spread of values sampled from a probability distribution, so less samples are needed for the convergence towards the theoretical distribution.
An example for the second approach is metamodeling. Its idea is to replace the original model
computed by the energy simulation tool with a mathematical model, also called surrogate
model, which can be computed much faster. This model has to be trained and validated using
simulation runs of the original model. There are many different techniques available, e.g. polynomial regression, multivariate adaptive regression splines or neural networks [24]. Both approaches share the drawback that no uncertainties expressed as time series can be processed.
4.1.3 Application of Monte Carlo sampling
Concluding, the main features of MC based uncertainty analysis are the possibility of detailed
external uncertainty modeling and high computational costs. This makes MC simulation especially suited for answering precise and well-defined questions in late design stages, like the one
about the probabilities of temperature falling below a certain threshold at several days. This is
because here, fewer designs are considered and thus the restriction of computing time is not as
penalizing as in early design stages, where many designs are examined. In addition, the external
modeling of uncertainties allows for a detailed model of the energy system and the corresponding uncertainties (failure probabilities on component level and failure propagation), as well as
control strategies. This high-level modeling increases the reliability of a found answer.
On the other hand, the calibration of simulation tools and uncertainty models to answer such
questions may need the input of a simulation expert.

4.2 Stochastic Differential Equations System
Alternatives to sampling-based methods consider stochastic variables directly as part of the
equations system that describes the building energy balance and conversion laws. This can be
done by enhancing the underlying deterministic models with random parameters. Those latter
can describe spatial or temporal randomness. Principally, models that use only derivatives of
time would include only temporal randomness while in partial differential equation systems
with derivatives of four variables (3 coordinate variables and time) both types of randomness
could be included.
Because of the high complexity, such models can acquire, it is of interest to use a simplified
and schematized building model. With regard to building design, this means that an analysis
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using such a simplified model can even be performed at a low LoD. As an example, [3] developed a specific lumped parameter model to describe the thermodynamic phenomena. It concentrates the spatially distributed physical characteristics of a building (e.g. in a room) into
topological entities (nodes) that dispose of thermal properties like temperature and heat capacity. A methodology was then developed for simulating and predicting building energy performance using stochastic differential equations (SDE) that describe the dynamic thermal behavior
of a building under random conditions. In such models, random variables can describe external
as well as internal loads. The external loads can be solar gain and external temperature while
the internal loads results from the human usage such as for example heat generation or appliance
use. Moreover, the randomness of some other system parameters like convective heat transfer
coefficients can be considered. Additionally, a SDE thermal model can be coupled with an
airflow model for representing mass transfers and convective effects.

Figure 1: Lumped model of a building including heat transfers, external and internal load parameters [3]

In a SDE system, the random variables are usually defined as stochastic processes. Most of
time, the Wiener process is used as basis representation of the time-dependent randomness. As
stated by [3], this is quite common in SDEs to model continuous phenomena. Because of the
difficulty and the infinite number of possible stochastic realizations and thus solutions to the
SDE, statistical approaches are often used to quantify the unknown outputs by the mean of their
moments e.g. mean value and standard deviation. The moments may be obtained either by MC
simulation or by the method of moment differential equations. With these methods, the SDEs
are turned into respectively solvable and simulation-ready deterministic equations.

4.3 Towards a Simplified Stochastic Energy Analysis Model
For very low LoDs, both approaches presented above are not suitable, as required parameters
and high computing times contradict the requirements of a fast and easy adapted decision support. A simplified model needs to be developed to fill this gap.
This model should comprise a small system of dependent equations, abstracted from basic physical laws (see 2.1) and/or generated from data with model fitting techniques like polynomial
regression. The building interior will be modeled as a single zone, because calculation complexity is decreased considerably by the ignorance of zones and air exchange between them.
[21] warrants this approach by showing that the error introduced by ignoring separate zones is
minimal when the interior mass of the building is considered in the calculations.
To reduce calculation time further, only the time frame itself, no calculation of time steps in
between is considered. Thus, no differential equations will be used.
Sensitivity studies have to be performed to determine the most important influence factors and
to find a balance between approximation error and requirements for model execution. The following list, retrieved from different sources (among others [8], [16]) serves as starting point:
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Building physical parameters: volume, envelope area, mass (envelope + interior)
Thermo-physical parameter: thermal capacity, thermal transmittance
Usage parameters: expected usage to derive occupants density and temperature set
points
 Climate parameters: building location to derive averaged parameters
After setting up the equations and defining the inputs, ways of solving or simplifying are examined. When no explicit solution is found aleatoric uncertainties as well as design-related
uncertainties stemming from the low LoD, can be simulated via MC or LHS. As the model is
defined in a way that the execution time will be negligible, thousands of runs can be performed
in little time. Important open questions are:
 What are the effects of each parameter on computing time, model definition effort and
output quality?
 What are the effects of different detail levels of modeling, e.g. differentiation between
day and night, summer and winter, the ignorance of time steps or the consideration of
set point temperatures?

Conclusion
An overview over stochastic influences on building energy prediction and their different ways
of modeling was presented.
It was found, that for high LoDs and detailed questions, MC models are a flexible way of BES
under uncertainty. They require a lot of computing time and expertise, but when used appropriately, they give the opportunity of modeling at a very high level of detail to focus on exactly
the question at hand. In addition, several techniques for computing time reduction are available;
however, they have their own restrictions.
On the other hand, MC approaches are unsuited for broad and general early design questions,
where many coarsely defined designs are to be checked. Here a gap was found. Simplified
stochastic models for mass use in early design stages need to be developed to give predictions
of energy consumption in a non-deterministic manner without the high requirements (computing time, user’s knowledge and LoD) of MC methods.
Basic features and first steps towards such a model were proposed.
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Abstract: The lognormal distribution is profusely used by the engineering
community in multifarious fields of engineering. Many a time, it turns out to be
the best probability model out of a number of competitors when dealing with datasets pertaining to non-negative random variables such as time to failure, time to
repair, pit depth, etc. Only very recently, the self-inversion property of the
lognormal distribution has been utilized to propose a new estimator of σ, the shape
parameter of the lognormal distribution. It has been shown that the self-inversionbased estimator is more efficient than the estimator generally used and, as such,
likely to yield a better-fitting model. In this paper, we utilize the self-inversion
property to propose an improved estimator of µ, the location parameter of the
lognormal distribution. By carrying out Monte Carlo simulation, we demonstrate
the superiority of the newly proposed estimator over the ordinary estimator in
terms of efficiency and, by fitting the distribution to a data-set picked up from
recent engineering literature, we demonstrate the usefulness of this estimator for
more accurate modeling. Given that important decisions taken by the engineering
community have a direct bearing on the safety and reliability of structures and
systems, the importance of accurate modeling is self-evident. It is hoped that this
work will motivate the adoption of the newly proposed estimator by the
community of reliability engineers.

1 Introduction
Data on quantitative and qualitative variables provides evidence which forms the basis for
appropriate decision-making. Probability distributions serve as mathematical models that are
utilized for describing data-sets pertaining to quantitative variables. The class of non-negative
continuous random variables caters to data-sets pertaining to engineering, medicine, social
sciences and other disciplines the histograms of which are generally positively skewed and
are modeled by distributions such the lognormal, Weibull and gamma distributions.
The lognormal distribution is extensively used in diverse fields of engineering including
structural reliability. This occurs when modeling variables such as live load, wind pressure,
yield stress, surface chloride content, pitting data, ultimate-to-nominal resistance for an RC
beam and many others. (See, for example, [4], [12], [13], [14] and [15].) As elucidated
in [8], this highly popular probability density function is a member of the class of
SIA log-symmetric distributions. SIA stands for ‘Self-Inverse at A’ and, only very
recently, the self-inversion property of the lognormal distribution has been utilized by [7] to
propose some new estimators of σ, the shape parameter of the lognormal distribution.
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Through Monte Carlo simulation, it has been shown that the SIA-estimator is more efficient
than the non-SIA estimator and, as such, likely to yield a better-fitting model.
In this paper, we utilize the SIA property to propose an improved estimator of μ, the location
parameter of the lognormal distribution. Through a simulation study, we elucidate the
advantage of using the newly proposed SIA-estimator instead of the non-SIA estimator and,
by fitting the distribution to a data-set picked up from recent engineering literature, we
demonstrate the usefulness of the SIA-estimator for achieving a better-fitting model.
Design-related decisions by engineers are of paramount importance as they have an impact on
the safety and reliability of structures and systems, and, in this context, the significance of
accurate modeling is obvious. We are optimistic that this research-work will motivate the
engineering community as well as other scientific communities to utilize the newly proposed
estimator when utilizing the lognormal distribution for modeling a set of non-negative data.

2 SIA Log-Symmetric Distributions
During the past decade, a particular type of continuous distributions called ‘log-symmetric’
distributions has caught the attention of some researchers. ‘Log-symmetry’ has been defined
in [11] as the property that Y /  is distributed exactly as  / Y where Y is the non-negative
random variable and  is the median of the distribution.
Almost concurrently, the nomenclature “self-inverse at a’ has been adopted in [10] for
distributions of Y fulfilling the property Y / a being distributed exactly as a / Y where the
median a is regarded as the point of reciprocity (or the point of inversion). The abbreviation
‘SIA’ for distributions Self-Inverse at A has been introduced in [9], replacing ‘a’ by ‘A’.
The varying nomenclatures have been put together in [8] by adopting the nomenclature ‘SIA
log-symmetric distributions’ for this class of distributions. Among others, the lognormal, loglogistic, log-Laplace, log-Student-t and log-Cauchy distributions belong to this class of
distributions. One of the fundamental properties of each member of this class is that Yp /  is
equal to  / Y1 p where Yp , 0  p  0.5 is the p th quantile of the distribution and

 is the

median.

3 Parameter-Estimation based on the SIA Property
Only very recently, the SIA property has begun to be utilized for developing estimators of
distribution parameters that are more efficient than the well-known estimators. The very first
SIA-estimator has been presented in [9] and is meant to estimate the mean of an SIA
distribution. The estimator is given by:
n

n

 xi  Â 2  x j 1

xSIA 

i 1

j 1

2n

(1)

where n is the number of observations and Â is the median of the observed values.
Through Monte Carlo simulation based on random sampling from the lognormal distribution,
it has been shown that the coefficient of variation of xSIA is much smaller than the coefficient
of variation of the ordinary sample mean. Employing both the SIA estimator and the non-SIA
estimator, the lognormal distribution is fitted to a set of data given in [5]. Through the
Kolmogorov Smirnov test, it is shown that the lognormal distribution based on the SIA
estimator provides a better fit to the data at hand than the one based on the non-SIA estimator.
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Following the approach presented in [9], an SIA-estimator of the Inter-Quartile Mean (IQM)
has been proposed in [6] for the case when a data-set consists of n values such that n is
divisible by 4. The formula of the Inter-Quartile Mean in this case is given by
3n

2 4
IQM   xi
n i  n 1

 2

4

subsequent to having arranged the data-values in ascending order. In contrast, the ‘SIAestimator’ that has been proposed in [6] is given by
3n

IQMSIA

ˆ2
1 4 
A
   xi 

n i  n 1 
xi 

 3

4

where n is divisible by 4, Â is the median of the data and the summation is to be applied after
having arranged the data-values in ascending order.
The above-mentioned two research-works have proposed SIA-estimators that can be used to
estimate the mean and the inter-quartile mean (respectively) of any SIA log-symmetric
distribution. In addition, a number of papers have emerged on SIA-estimation of the
shape/scale parameters of particular SIA log-symmetric distributions. [1] and [2] have dealt
with the scale parameter of the log-Cauchy distribution, [16] and [17] with the shape
parameter of the log-logistic distribution, and [7] with the shape parameter of the lognormal
distribution. In all of these papers, through simulation studies and model-fitting, it has been
shown that, in a situation where an SIA log-symmetric distribution is appropriate for
modeling the data at hand, the SIA-estimator is likely to yield a better-fitting model for the
data than the corresponding non-SIA estimator.

4 SIA-Estimator of Location Parameter of Lognormal Distribution
In this section, we discuss the estimation of μ, the location parameter of the lognormal
distribution. Beginning with a method very similar to the well-known method of moments, it
is easy to see that the simplest estimator of μ can be obtained by taking the natural logarithm
of the sample median. Adopting the nomenclature ‘Non-SIA estimator of μ’ for this
estimator, we have
ˆ Non-SIA  ln(mediansample )

(4)

However, the median does not utilize all the information available in a sample and, as such,
sample medians are more variable than the sample means. Consequently, there is a greater
probability of error in estimating the median of the distribution through the sample median
than through an estimator based on all the values. For the case of the Fatigue-Life (i.e.
Birnbaum-Saunders) distribution, an estimator of the median has been proposed in [3] on the
basis of the fact that, for this distribution, the median is exactly equal to the geometric mean
of the arithmetic and harmonic means. The authors give the name ‘mean-mean’ to the
estimator of β given by AMsample  HMsample where β refers to the scale parameter as well as the
median of the distribution.
The Birnbaum Saunders (BS) distribution belongs to the class of SIA log-symmetric
distributions and it is easy to show that the ‘mean-mean’ property is true not only for the BS
distribution but for every SIA log-symmetric distribution. Since, for the lognormal
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distribution with location parameter µ, the median is given by
estimator of µ’ can be written as

e , the ‘mean-mean-

1



ˆ mean-mean =ln AMsample  HMsample

2

(5)

In view of the arguments given above, it is obvious that the estimator based on the meanmean can be regarded as an improvement on the non-SIA estimator (4).
On the basis of the SIA property of the lognormal distribution, we propose here an estimator
that can be regarded as a further improvement in the estimation of µ, the location parameter
of the distribution. The estimator is given by

 Median sample +GMsample  AMsample  HMsample
ˆ SIA =ln 
3





1



2 





(6)

We call it the SIA-estimator of the location parameter of the lognormal distribution.

5 Simulation Study
In this section, we present the results of a simulation study based on 25,000 samples of
various sizes drawn from the lognormal distribution with Tables 5.1 and 5.2 contain the
values of the mean, variance and coefficient of variation for n  20, 35, 50, 75,100 and 250
for the cases   1&   1and   2 &   1 respectively.
For each of the 12 combinations of values of n, µ and σ depicted in Tables 5.1 and 5.2, it is
seen that the coefficient of variation of the SIA-estimator is smaller than the coefficient of
variation of the estimator based on the mean-mean and that the coefficient of variation of the
estimator based on the mean-mean is smaller than the coefficient of variation of the non-SIA
estimator. As such, it is obvious that, for each sample size, the estimator based on the meanmean provides an improvement on the non-SIA estimator and that the SIA estimator
provides a further improvement in terms of efficiency.

6 Application
Given the random variable X where f ( x) is a member of the class of SIA log-symmetric
distributions, an SIA estimator of the distribution mean has been introduced in [9]. The
authors prove that the newly proposed estimator matches the well-known estimator (i.e. the
sample mean) in that it is an unbiased estimator of the distribution mean, and report the
results of a simulation study to show that the newly proposed estimator surpasses the
ordinary sample mean in terms of efficiency. Based on xSIA , the authors develop an SIA
estimator of the shape parameter of the lognormal distribution and demonstrate the superiority
of the newly developed estimator over the ordinary ‘method of moments’ estimator by
applying both on a data-set given in [5]. The 29 data-values picked up by the authors
represent the times to repair (TTR) of one piece of construction equipment from a
contractor’s equipment fleet which works on 3-shift schedule around the clock in Canada.
The values are as follows:
3.20, 11.58, 38.37, 1.83, 6.52, 27.43, 15.93, 1.02, 0.50, 7.25, 1.17, 27.40, 92.90, 62.77, 0.33,
0.33, 0.95, 8.58, 1.00, 0.50, 13.83, 1.72, 10.25, 5.25, 40.02, 31.93, 88.27, 0.50, 4.35.
In [9], the lognormal distribution has been fitted to this data-set using each of the following
two pairs of estimators:
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Pair 1: Non-SIA-Estimator of µ and Non-SIA Estimator of σ;
Pair 2: Non-SIA-Estimator of µ and SIA Estimator of σ.
The authors utilize the Kolmogorov Smirnov Test for determining the goodness of fit.
Whereas in the first case, the value of the KS statistic D comes out to be 0.200 (which is less
Table 1: Values of the means, variances and coefficients of variation of the sampling distributions of the three
estimators (4), (5) and (6) based on 25,000 samples drawn from the lognormal distributions with

  1&   1 and   2 &   1.

Sample
size

 1&  1

  2 &  1

n

̂ Non-SIA

̂ mean-mean

̂SIA

̂ Non-SIA

̂ mean-mean

̂SIA

20

Mean=1.0053

Mean=1.0013

Mean=1.0065

Mean=2.0073

Mean=2.0009

Mean=2.0070

S.D.= 0.2728

S.D.= 0.2347

S.D.= 0.2287

S.D.= 0.2711

S.D.= 0.2334

S.D.= 0.2272

C.V.=0.2714

C.V.=0.2344

C.V.=0.2273

C.V.=0.1350

C.V.=0.1166

C.V.=0.1132

Mean=0.9983

Mean=1.0010

Mean=1.0024

Mean=1.9982

Mean=1.9982

Mean=2.0009

S.D.= 0.2116

S.D.= 0.1790

S.D.= 0.1727

S.D.= 0.2105

S.D.= 0.1792

S.D.= 0.1730

C.V.=0.2119

C.V.=0.1788

C.V.=0.1723

C.V.=0.1054

C.V.=0.0897

C.V.=0.0865

Mean=0.9999

Mean=1.0004

Mean=1.0018

Mean=2.0007

Mean=2.0016

Mean=2.0028

S.D.= 0.1738

S.D.= 0.1499

S.D.= 0.1436

S.D.= 0.1756

S.D.= 0.1510

S.D.= 0.1454

C.V.=0.1738

C.V.=0.1498

C.V.=0.1433

C.V.=0.0878

C.V.=0.0754

C.V.=0.0726

Mean=0.9992

Mean=1.0011

Mean=1.0015

Mean=1.9995

Mean=1.9994

Mean=2.0006

S.D.= 0.1453

S.D.= 0.1248

S.D.= 0.1192

S.D.= 0.1443

S.D.= 0.1240

S.D.= 0.1186

C.V.=0.1454

C.V.=0.1246

C.V.=0.1190

C.V.=0.0722

C.V.=0.0620

C.V.=0.0593

Mean=1.0007

Mean=1.0001

Mean=1.0013

Mean=1.9999

Mean=2.0000

Mean=2.0009

S.D.= 0.1244

S.D.= 0.1075

S.D.= 0.1026

S.D.= 0.1249

S.D.= 0.1071

S.D.= 0.1024

C.V.=0.1243

C.V.=0.1075

C.V.=0.1025

C.V.=0.0625

C.V.=0.0535

C.V.=0.0512

Mean=0.9998

Mean=1.0000

Mean=1.0003

Mean=2.0006

Mean=2.0003

Mean=2.0009

S.D.= 0.0793

S.D.= 0.0686

S.D.= 0.0650

S.D.= 0.0796

S.D.= 0.0685

S.D.= 0.0653

C.V.=0.0793

C.V.=0.0686

C.V.=0.0650

C.V.=0.0398

C.V.=0.0342

C.V.=0.0326

35

50

75

100

250

than the critical value 0.246), in the second case, the value of D comes out to be 0.173 which
is less than 0.200, the value obtained in the first case.
Based on the mean mean estimator and the SIA estimator of µ given in Section 4, here we
develop four pairs of estimators of µ and σ in addition to the two mentioned above, as
follows:
Pair 3: Mean-Mean-Estimator of µ and Non-SIA Estimator of σ;
Pair 4: Mean-Mean-Estimator of µ and SIA Estimator of σ.
Pair 5: SIA-Estimator of µ and Non-SIA Estimator of σ;
Pair 6: SIA-Estimator of µ and SIA Estimator of σ.
We fit the lognormal distribution to the data-set under consideration utilizing each of the four
pairs 3 to 6. Table 2 contains the values of the KS statistic D corresponding to all six pairs 1
to 6. From the table, it is obvious that, for this data-set, Pair 6 i.e. SIA-estimator of µ and SIA
estimator of σ performs better than all other pairs except one i.e. Pair 4. Since the coefficient
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of variation of ̂SIA has turned out to be smaller than that of μ̂ mean-mean in all twelve cases
presented in Table 1, we are confident that, in general, Pair 6 will out-perform Pair 4 when
fitting the lognormal distribution to a sufficiently large data-set.

Table 2: Values of the Kolmogorov Smirnov Statistic D for Six Different Combinations of Values
of Estimators of the Parameters µ and σ of the Lognormal Distribution
when fitting the Distribution to the 29 values utilized in [2]

̂ Non-SIA
̂ mean-mean

̂SIA

̂ Non-SIA

̂SIA

D in case of Pair 1:
0.199
D in case of Pair 3:
0.142
D in case of Pair 5:
0.163

D in case of Pair 2:
0.172
D in case of Pair 4:
0.118
D in case of Pair 6:
0.139

7 Concluding Remarks
In this paper, we have focused on the location parameter of the lognormal distribution that is
widely used in various fields of engineering. We have shown that the mean mean estimator of
the median developed back in the sixties for the Birnbaum Saunders distribution is equally
valid for the lognormal distribution. We have utilized this fact to develop the ‘mean-meanestimator of µ, the location parameter of the lognormal distribution. Going one step further,
we have utilized the SIA property of the lognormal distribution to develop an estimator of µ
that can be regarded as an improvement on the mean-mean-estimator. Through Monte Carlo
simulation, we have shown that, as far as efficiency of the three estimators is concerned, the
mean-mean-estimator is an improvement on the simple non-SIA estimator and that the SIA
estimator is a further improvement on the mean-mean-estimator. Last but not the least, we
have applied the newly proposed estimators to a data-set picked up from recent engineering
literature in order to demonstrate their usefulness in the context of modeling.
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Is there any strength in numbers? On the philosophy of
FORM/SORM and Subset Sampling
Karl Breitunga
a Technical

University of Munich, Munich, Germany

Abstract: In the origins as the main problem of structural reliability was seen
to compute failure probabilities for a given mathematical and mechanical model.
With the development of the research field now structural reliability can be seen
from a more general point of view. Is it now mainly a forward problem, i.e. to
find probabilities for a given model? Or, maybe is it more an inverse problem,
where we want to understand the specific structures causing failure? Depending
on the attitude of the scientist how he sees structural reliability and what he wants
to achieve different methods might appear preferable to him. If he focuses more
on the aspect to calculate failure probabilities, more forward methods like subset
sampling might seem more appealing. On the other hand, FORM/SORM concepts have as an aspect a certain model building part, by identifying design/beta
points and alpha factors. Here for these two different approaches it will be tried
to carve out the basic philosophies behind them.
Approach your problems from the right end
and begin with the answers. Then one day,
perhaps you will find the final question.
R. van Gulik, The Chinese Maze Murders

1 Introduction
The classical problem of structural reliability is the following. Given is a limit state function
(LSF) g(x) in the n-dimensional Euclidean space and a probability distribution defined by a
probability density function (PDF) f (x). The probability of failure is then P(F). Written as an
integral:
P(F) =

Z

f (x) dx

(1)

g(x)≤0

In the first glance now the problem is to compute the value of P(F). But is this really what
one wants to find? Only how to compute this integral? In the beginning of structural reliability
theory in fact this was the only goal. Given a LSF, in the last decades methods are developed to
calculate the probability of failure P(F).
Most methods transform the problem from the original space with PDF f (x) and g(x) into the
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standard normal space, i.e. the n-dimensional Euclidean space with PDF
!


n
X
|u|2
1
−n/2
−n/2
2
exp −
f (u1 , . . . , un ) = (2π)
exp −
un = (2π)
.
2
2

(2)

i=1

In the development of these methods certainly the researchers did not think about any sort of
philosophy, but the results and approaches taken create some sort of structure. Afterwards one
can try to analyze it and understand its peculiarities. From such an analysis one can attempt
then to find ideas for the further development and refinement of the field. Here it is attempted to
explain relations of structural reliability and its methods with structuralism and inverse problem
theory.
A problem of many methods in structural reliability is the fascination with the so-called "efficiency" of methods. Nowadays there is an inflation of the word "efficient" in the titles of papers.
But this seems — at least in the eye of the author — the wrong way. As said in [12], efficiency is something important in development, in research it is more important to understand
the algorithms.
Even if one agrees that efficieny is the important thing, how to demonstrate that an algorithm
is efficient? The usual approach of presenting some carefully chosen example and then jump
to a general conclusion, is popular, but not very useful. There is since some decades a research
field "experimental algorithmics" concerned with showing the performance of algorithms in
an experimental way, an overview can be found in [15] and [3]. These concepts might help
to examine the performance of structural reliability methods more efficiently [sic!] and more
convincingly.

2 Methods of Analysis
2.1

Crude Monte Carlo

One of the first methods used for the evaluation of eq. (1) was crude Monte Carlo. The advantage
of crude Monte Carlo is that it can be done without any theoretical considerations about the
structure of the problem, all one needs is a random number generator. The disadvantages are
the large computation effort and In the this method can now solve many problems easily since
the computational capabilities were increasing steadily over the years, but in the same time the
problems in reliability are becoming more and more complex. Therefore it is not a concept for
solving the problems of structural reliability.

2.2

FORM/SORM

Starting with the paper [10] the FORM concept saw a rapid development in the following
decades. In [4],[6] it was shown that SORM approximations are asymptotic approximations
for β → ∞. Using the concept of asymptotics many further improvements were developed.
Simplifications of the SORM method are derived in [7].

2.3

Subset Simulation

The subset simulation (SuS) concept has been proposed first in [1]. The procedure is a stepwise
Monte Carlo method. The basic idea of the method (see [2]) is to write the failure probability
P(F) as a product of conditional probabilities
P(Fn ) = P(F1 |F0 ) · P(F2 |F1 ) . . . · P(Fn |Fn−1 ) =
Rn

n−1
Y
k=0

P(Fk+1 |Fk )

(3)

with
= F0 ⊃ F1 ⊃ F2 ⊃ . . . ⊃ Fn = F. Since the respective (suitably chosen) conditional
probabilities are large compared with the probability P(Fn ) which should be estimated, such
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an approach has the advantage that these conditional probabilities can be estimated much more
efficiently with smaller sample sizes.

3 Structuralism
Structuralism is a scientific methodology emphasizing the relations between the elements of the
subject as main topic of the study, for a description see [13]. Following [16] "structuralism" can
be defined as a method of analyzing a body of information with respect to its inherent structure.
A system is any collection of interrelated objects along with all of the potential structures that

Figure 1: Example of a system: A framework and some potential structures

might be identified with it. So, from a structuralist point of view in structural reliability the
focus would be on studying the structure or configuration of components which leads to failure.
Whereas in considering structural reliability as a forward mathematical problem, one concentrates on finding probabilities, seeing it a structuralist problem, one concentrates on analyzing
the structure related to the failure. An isomorphism between two structures consists of a oneto-one correspondence between the elements of the two structures such that the stes of objects
from one structure are related if, and only if, the corresponding objects from the other structure
are related also.
A simple example of isomorphic structures in reliability are all the reliability problems defined
in the original space which can be transformed into the same failure domain in the standard
normal space using the transformation given in [14]. The structures have all the same failure
probability.
$x_2$

$x_1$
$x_2$
$u_2$

$x_2$

$x_1$

$u_1$

Standard space

Figure 2: Isomorphic reliability structures
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$x_1$

An important is to find for a given structure simpler substructures which retain in some way the
important information. Such a is called in [16] a reduction, a more appropriate name might be
projection. In reliability it might be necessary to project the original structure on several simpler
substructures to get a useful representation of the original structure.
In FORM/SORM the approach can be seen as a projection method. For arbitrary given LSF’s
g(u) with a unique design point u∗ with |u∗ | = β , the set of all these LSF’s is an affine space of
functions. The functions in this set are projected onto:
1. FORM: the set of all linear functions with g(u∗) = 0 by
g → gL = ∇g(u∗ )T (u − u∗ )

(4)

2. SORM: the set of all quadratic functions with g(u∗) = 0 by
1
g → gQ = ∇g(u∗ )T (u − u∗ ) + (u − u∗ )T ∇2 g(u∗ )(u − u∗ )
2

(5)

These projections also define new failure domains. So the problem of the failure probability
calculation is reduced to a substructure, i.e. the reliability problems defined by linear/quadratic
functions. In [5] it was shown that asymptotic approximations are possible also in the original
spaces by expanding around the point of maximal likelihood in the failure domain. So one has
a structural isomorphism between these methods in the different spaces.

4 Inverse Problems
Many mathematical problems are forward problems. Given is a model and the task is to compute
properties of it. For example, given a force field to determine the resulting deformations of a
plate. Inverse problems are problems where one wants to find from data the parameters/structure
of the underlying model. Classical examples are in Bayesian statistics the calculation of the
posterior distribution and in computer tomography the determination of the original image.
Whereas in a forward problem we start from the causes and end up with the results, in an
inverse problem we start with partial knowledge of the causes and/or the result and infer more
about the causes (see e.g. [17]).
At the first glance the structural reliability problem looks like a simple forward problem. Given
is the mathematical model by the LSF and one has to compute the probability of failure. Initially
this was in fact the problem, but with the further development of the field other points appeared
which were also of interest. The knowledge of the failure probability alone is often in no way
sufficient in reliability problems. If one knows the probability of failure, what components have
the main influence on its value? Can it be reduced below a target level by reasonable changes
in design? In reliability-based design optimization (RBDO) for a given design one needs for
improvements information about the influence of the design parameters. So, the basic mechanical/mathematical model might be given, but in reliability the real question is more to find the
"substructure" which is relevant for the failure of the system. This can be seen as an inverse
problem, finding the cause of failure.

5 On the Philosophy of the Methods
5.1

On the Concept of SuS

The Sus algorithm concentrates on the calculation of the CDF of the LSF, i.e. P(g(u) ≤ b). The
geometric information obtained during the calculation is discarded. In [2] in chap. 5 for the
analysis of a problematic case only the CDF of the LSF is used to analyze the case.
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The ignorance of geometric information about the LSF in SuS might lead to incorrect reliability
estimates. As an example here for the LSF
g(u1 · u2 ) = 16 − |u1 · u2 |

(6)

a SuS run is shown using the standard setup as described in [2]. The method does not find all
four design points. Further examples showing an underperformance of SuS due to a complex
geometry can be found in [8].
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Figure 3: SuS for a LSF with four design points

5.2

On the FORM/SORM Concept

These methods try to create a structure helping to explain the reasons for failure. The alpha
factors for a design point indicate the importance of the various components on the failure
probability.
A drawback of FORM/SORM is that in high dimensional spaces the asymptotic approximations are not very good. Therefore the derived geometry seems more important. The found
design points should be seen as indicators which regions are important for the failure case and
additional methods should be used to improve the estimates there.

6 Conclusions?
Now, are there any conclusions? Yes, for both concepts it is necessary to rethink their paradigms.
FORM/SORM should be expanded to a more general approach including improvement of the
analytic approximations (e.g. [11]) and dimension reduction (e.g. [9]). The improvement of
FORM/SORM seems to be possible using already existing methods in other fields.
SuS needs to include in some way the information from the geometry of the limit state surface
in its analysis and move away from its minimalist idea "numbers only". The geometric structure
of the limit state surface can have an important influence on the result of the algorithm and
erroneous results might be derived when this structure is ignored. But on the other hand, the
author has no clue how to find remedies for these shortcomings of SuS.
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Abstract: This paper presents an efficient method for time-variant reliability
analysis. It consists in a two-stage procedure where the extreme value of the performance function is first sampled using efficient global optimization. The statistical distribution of the extreme value is then approximated by polynomial chaos
expansion and the initial sample is iteratively enriched until a prescribed accuracy
is reached. Two examples are used to demonstrate the efficiency of the method for
high-dimensional problems and non-linear limit state functions.

1 Introduction
Time-variant reliability analysis provides valuable information for the decision-making about
the design and maintenance of structures. The goal is to estimate the probability that a structure will perform its intended function over its prescribed service lifetime. In general, degradation phenomena and dynamic loads induce time dependency. Research in the field of timevariant reliability analysis is still ongoing to develop highly efficient methods that provide a
good compromise between accuracy and calculation speed.
Simulation-based methods (such as Monte Carlo Simulation (MCS), Latin Hypercube Sampling (LHS), Subset simulations (SS), etc) are known for their high precision but are very
computationally prohibitive when studying complex engineering problems. In order to overcome this computational burden, various approaches are proposed in the literature of timevariant reliability analysis.
Based on the Rice's formula [1], the first-passage approach approximates the cumulative
probability of failure through the average rate of outcrossing of the performance function
from the safe into the failure domain. PHI2 [2] is a leading method of this approach. It is
based on a two-component parallel system reliability analysis and uses the first order reliability method (FORM). PHI2 is known for its high efficiency, yet it may yield erroneous results
in case of non-linear limit state functions (LSF) [3]. In addition, the assumption of independent out-crossings does not always hold. This issue was tackled in [4] where a time-variant
reliability method is proposed with joint upcrossings rates. However, the accuracy is still affected in the case of non-stationary stochastic processes.
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On the other hand, the extreme performance approach focuses on the global extremum of the
performance function and approximates the cumulative probability of failure as the probability that the extreme response exceeds a given threshold. In this context, the nested extreme
response surface (NERS) method was proposed in [5] and consists of a two-level procedure.
First, a vector of global extreme responses is identified using efficient global optimization
(EGO) [6]. Second, a nested time prediction model (NTPM) based on Kriging is built to approximate the time at which the extreme response occurs. Thus, any time-independent reliability method (MCS, FORM, etc) can be performed considering the one-component (extreme)
response. Although NERS can handle the time-dependent problem issue efficiently, using
FORM as a static reliability analysis tool can induce error. The computational efficiency of
NERS was improved in [7] where samples of random variables and time are drawn simultaneously. However, the proposed method still inherits the drawback of kriging that is impracticable for engineering problems that involve a significant number of random variables and/or
stochastic processes [8].
In this work, we propose to improve the efficiency and applicability of the extreme performance approach by integrating the sparse polynomial chaos (PC) expansion [9]. The goal is to
introduce an efficient time-variant reliability method that can efficiently tackle highdimensional problems and non-linear limit state functions. Even though PC expansion has
been intensively used recently in time-invariant reliability analysis, its application for transient problems is still insufficiently explored in the literature [3]. In Section 2, the proposed
methodology is detailed. It is then demonstrated in Section 3 on two case studies involving a
non-linear LSF and a high-dimensional problem. Finally, a concluding summary is given in
Section 4.

2 An Extreme Performance Method for Time-Variant Reliability
Analysis
The general problem of time-variant reliability analysis consists in the approximation of the
following cumulative probability of failure:
where and
are respectively the vectors of random variables and stochastic processes,
and
is the performance function. If one can identify the instant at which the minimum value of the response occurs,
can also be expressed as follows:
where
The performance function is non-monotonic with respect to time when dynamic loads are
involved. Due to the randomness of
,
is also a random variable.
This work proposes to solve equation (2) numerically using the following procedure. An initial sampling is first generated over the space of the random variables and stochastic processes. For each sample, a one-dimensional EGO is performed yielding an initial experimental
design (ED) that includes the sample points and their corresponding extreme responses. An
initial surrogate model of
can therefore be obtained using PC expansion. Since the accuracy of the surrogate model affects the numerical estimation of the cumulative probability of
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failure, the initial ED is automatically enriched and the polynomial model iteratively updated
until it reaches a prescribed accuracy level. The PC surrogate can therefore be used to simulate a sufficiently large sample of
so that
can be obtained at negligible computational cost using MCS. The procedure of the proposed method, herein denoted by EGO-PC, is
outlined in Figure 1 and its different key stages are detailed in the following subsections.
Preset: size of the experimental design Ni
size of the enrichment Nnew
target accuracy of the metamodel Q2tgt
Ns = Ni
i=1

Simulate a sample of the random variables
and stochastic processes (X(i),Y(i)(t))
Find min{G(X(i),Y(i)(t),t)} and collect Gmin(i)
(perform the Efficient Global Optimization)
Enrich the experimental
design
Ns = Ns + Nnew
i = i+1

i = Ns ?

i=i+1

NO

YES

Build up the surrogate model of Gmin
(perform the Sparse Polynomial Chaos Expansion)

NO

Q2≥ Q2tgt ?
YES

Calculate Pf,c(0,T) using MCS
Figure 1: Flowchart of the proposed methodology

2.1 Extreme Value Search Using Efficient Global Optimization
In time-variant reliability analysis, dynamic loads are usually modeled using stochastic processes. In this work, the Karhunen-Loeve (KL) expansion is used for the discretization. Let
be a stochastic process of mean
, variance
and autocorrelation function
.
can be approximated as follows:

where is a vector of independent standard random variables, and
are the eigenvalues
and eigenfunctions of the autocorrelation function, and is the truncation order of the KL
expansion.
After the discretization of all the stochastic processes, the time-dependent response can be
expressed as
. The total number of input random variables is therefore
, where
and
are respectively the number of physical random variables and sto-
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chastic processes and
is the truncation order of the
process. In what follows, we denote
by
the vector of all random variables. For each simulation
corresponds a trajectory of the response (i.e. a non-monotonic function of time).
In this equation, the values of the input random variables are fixed, thus
is a univariate function of time and can therefore be denoted by
. Suppose that the function
is
evaluated at some specific instants
{
} and let us denote by
the
vector of response values. To calculate the extreme response of
, first a one-dimensional
kriging surrogate is built using the available data points {
}. This allows to approximate
at any instant
as a random variable following a normal distribution with
mean
and variance
[10].
While
represents the model approximation of the performance function at instant ,
gives a local error estimation of the prediction and is obtained at no extra computational cost.
This is of a vital importance because
is a measure of the accuracy of the one-dimensional
kriging model. In this work, the expected improvement function [6] is used for the enrichment
procedure since the global minimum of
is the variable of interest. It is defined as follows:

where
denotes the current minimum value of
approximated using the Kriging
model built based on the current ED. The expected improvement function is evaluated all
over the time interval of study. It measures at each instant the improvement that can be
made to the kriging surrogate if the point {
} is added to the current ED. The surrogate
model is supposed well-trained once the maximum expected improvement over
is lower
than a prescribed threshold. Otherwise, the ED needs to be enriched by adding a new training
point {
} where
is found as follows:

The value of
is then equal to the current
at convergence. We denote by
the final
number of evaluations of the original model over
required for the estimation of
.
In order to estimate the distribution of
over the multi-dimensional space of random variables, one needs to build a model based on a reduced ED of points {
}. Note here that
the model to evaluate is
. It is a multi-dimensional problem whose dimension is equal
to
. In time-variant reliability analysis, this number is often high for problems involving stochastic processes. Hence, a metamodeling technique adapted to high-dimensional
problems should be used.

2.2 Adaptive Sparse Polynomial Chaos Expansion of the Extreme Response
The PC expansion [11,12] allows to approximate
with a linear combination of multivariate polynomials
that are orthonormal with respect to the joint probability density
function of the input random variables ( and ). This can be expressed as follows:
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where
are the coefficients of the polynomial expansion. Theoretically, this expansion has an infinite number of terms. Yet, in practice, a truncation is done by fixing a maximum degree of the polynomial chaos. The total number of terms is then equal to:

The multivariate polynomials
nomials
of degree :

where

are obtained as products of appropriate univariate poly-

is a multi-indices vector of the set

(

) defined as follows:

corresponds to a full polynomial chaos expansion with terms. However, increases
swiftly with
and , increasing thus the number of evaluations of the deterministic model. Therefore, the full expansion becomes prohibitive for high-dimensional problems (
≥
). To reduce the size of
one may choose
what favors the high order univariate polynomials and those involving low order interactions between input variables [9].
In order to further optimize the computational cost of the polynomial chaos expansion, an
original adaptive strategy was also proposed in [9] yielding a sparse surrogate model. The
sparse PC is built using an adaptive algorithm that iteratively enhances the polynomial under
construction by adding terms from , one by one and retaining only those that significantly
improve the accuracy of the model. This algorithm converges when
≥
, where
is a
preset target value of the determination coefficient given by:

is the mean square predicted residual and
is the number of samples used for the
construction of the PC model
.
The coefficients of the sparse PC are obtained by minimizing the mean-square error of the
surrogate model over the ED {
} as follows:

The solution can be expressed in the following equation:
where

is the a vector of the random extreme response and
and
.
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is a matrix of general term

2.3 Iterative Algorithm for an Optimal Computational Cost
Once built, the PC model can be used to estimate the minimum value of the response for any
new set of input random variables. However, the number of required samples is not a priori
known. We propose to start the algorithm considering a reduced ED of size
(see Figure 1). First, the EGO is carried out in order to obtain the vector
. Second, a sparse PC
surrogate is constructed based on the training points {
},
and
is computed. If
, the ED is to be enriched with
training points (e.g.
) and thus
EGO should be carried out to update the vector
. The algorithm iterates until
≥
. It is noted here that the computational cost (i.e. the number of evaluations of the
original performance function) required for the construction of
is equal to
.
Finally, MCS can be performed using
on a sufficiently large sample to estimate
with no extra computational cost.

3 Application Examples
3.1 A Mathematical Problem
The EGO-PC method is first investigated on the following time-dependent performance function where and are two standard normal random variables and
:

The LSF depicted in Figure 2 shows that this example is a non-linear problem.

Figure 2: The limit state function in the space of standard normal random variables

The proposed method is launched with an initial ED of size
and would be enriched
with new samples if needed. For each sample, EGO is performed to obtain
. For a prescribed accuracy
, the iterative algorithm requires enrichments of the ED. Figure
3 depicts the global extreme response surface over the space of random variables. It is shown
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that the PC model provides an overall accurate approximation of the extreme response function.
Besides the proposed approach, the NERS method [5] is also applied for comparison. Numerical results are given in Table 1. It can be noticed that EGO-PC outperforms NERS in
terms of accuracy and computational cost. In fact, even though in NERS the NTPM accurately approximates the time at which the extreme response occurs, performing FORM on a
non-linear LSF does not guarantee an accurate analysis. Figure 2 shows the most probable
failure point (MPP) predicted by FORM where the reliability index is approximated as the
distance between the origin and the MPP in the standard normal space. In this example,
NERS combined with FORM underestimates the reliability of the system whereas the proposed method gives a very accurate estimation with only
evaluations of the original
model.

Figure 3: Global extreme response surface
Table 1: Comparative results for the estimation of Pf,c(0,10)

Method

MCS

Relative error w.r.t. MCS
Number of function calls

-----

EGO-PC

NERS with FORM

3.2 Corroded Beam under Dynamic Load

Figure 4: Corroded beam subject to time-dependent random load
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The beam problem studied in [2,3] is recalled here. It consists in a steel bending beam of
length
and a rectangular section (
) as shown in Figure 4. The structure is submitted to a pinpoint dynamic load
applied at mid span as well as its own weight
, where
is the steel mass density. Random input parameters are
given in Table 2 where denotes the steel yield stress and is the autocorrelation length of
.
Table 2: Random variables and stochastic process

Parameter

Mean
Coefficient of variation
Distribution
Autocorrelation
240 MPa
10 %
Lognormal
--0.20 m
5%
Lognormal
--0.04 m
10 %
Lognormal
--5500 N
20 %
Gaussian Process

The four faces of the beam are subjected to a corrosion process that evolves linearly with time
with a coefficient
year. The beam is studied over
years and it fails when the
maximum bending moment at midspan exceeds the ultimate bending moment. Thus, the timedependent limit state function can be defined as follows:

In this example, three cases with different values of the autocorrelation length of
are considered in order to investigate the EGO-PC method for high-dimensional problems of different orders. The first case corresponds to a correlation length
year. The discretization of
the process in this case leads to
independent standard normal random variables. The
dimension of the problem is then
. The initial ED is of size
and it is enriched with
samples after each iteration. Before performing the EGO, the LSF is
evaluated at
equidistant instants over
, then
is increased when needed throughout the EGO.
is set to
.
The PHI2 method [2] is also performed .The numerical results given in Table 3 show that the
proposed method outperforms PHI2 and procures accurate results with a relatively low computational cost (7272 performance function evaluations for the estimation of
).
Two lower values of are also considered ( and months) and the associated results are
grouped in Table 4. It can be seen that EGO-PC still procures very accurate results for high
dimensional problems (up to input random variables). It is also noted that the computational cost slightly increases with the dimension of the problem but remains affordable. Figure 5
depicts the distribution of
for the three different values of and shows that the extreme
response is well approximated with the sparse PC expansion. This is also highlighted by the
accurate results of Table 4.
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Table 3: Comparative results for the estimation of Pf,c(0,T)
MCS

Time interval
[0, 2]
[0, 4]
[0, 6]
[0, 8]
[0, 10]

0.0036
0.0061
0.0086
0.0112
0.0137

EGO-PC
Relative Error
0.0033
8.33 %
0.0062
1.64 %
0.0091
5.80 %
0.0106
5.36 %
0.0134
2.19 %

0.0044
0.0080
0.0121
0.0170
0.0225

PHI2
Relative Error
23.14 %
30.96 %
41.11 %
54.41 %
64.57 %

Table 4: Performance of the EGO-PC method for different problem dimensions

Autocorrelation length
Dimension
Relative error w.r.t. MCS
Number of function calls
Number of PC terms

12 months
15
0.0134
2.19 %
7272
88

6 months
25
0.0195
1.12 %
7540
64

3 months
46
0.0261
6.45 %
8083
86

Figure 5: Corroded beam under time-dependent random load

4 Conclusion
This paper proposes a time-variant reliability method using efficient global optimization
(EGO) and polynomial chaos (PC) expansion. First, a sample of extreme responses is obtained performing EGO. Then, PC expansion is used to approximate its distribution. The two
steps are integrated in an iterative algorithm in order to control the accuracy of the estimation
of the cumulative probability of failure. Two case studies are used to demonstrate the robustness of the method for studying non-linear limit state functions and high-dimensional problems. Comparison with some recent time-variant reliability methods also proves its efficiency.
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Abstract: This paper presents the development of a stochastic tornado simulation
model for the United States (US). The continental of the US is subjected to more
than 1,000 tornadoes each year, causing significant financial losses and social
disruption. Compared to hurricanes, the damage region of a tornado is relatively
small and the probability of occurrence at a given location can be extremely low.
Therefore, it is not feasible to use solely the raw historical data or tracks to quantify
the risk of tornadoes for a given structure or a city that has not been affected by
historical tornadoes. In this paper, a methodology to perform stochastic simulation
of tornado tracks for the US is presented. The stochastic simulation framework
consists of a genesis model, which utilizes the kernel density estimation method to
simulate the spawn locations of tornadoes. Statistical models for tornado parameters
were calibrated using the historical tornado information obtained from the US
National Oceanic Atmospheric Administration (NOAA) Storm Prediction Center
(SPC). The statistical models were used to simulate 500,000 years of tornado
parameters. The tornado parameters include the tornado occurrence rate, intensity
(EF-scale), spawn location, touchdown time, path length and path width. All these
parameters are geographic dependent, meaning the parameters vary based on the
tornado spawn locations. The simulated spawn rates and other key parameters were
compared to the observations. Good agreements were observered between the
simulated and observed tornadoes.

Introduction
More than 1,000 tornadoes spawned every year in the continental of the United States (US),
making it the most tornado prone region in the world. Tornadoes cause significant financial
losses and social disruption to the US. The subdivision of the US National Oceanic Atmospheric
Administration (NOAA), the Storm Prediction Center (SPC), compiled a database of past historical events, with more than 60,000 tornadoes recorded since 1953. The annually observed
number of tornadoes, or annual occurrence rate, appears to be increasing. This could be due in
part to the improvement of technology used for tracking tornadoes and the public awareness in
reporting tornado incidents. Even with more than 60 years of data with over 60,000 known
tornado events, there are many areas in the US that have not been hit by tornadoes. Hence, it
may not be feasible to estimate tornado risk solely based on past observations.
This paper presents the development of a stochastic tornado simulation program using Monte
Carlo (MC) simulation method. Monte Carlo simulation is a computational technique that depends on repeated sampling of random numbers, often via probability distributions, to assess
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the responses of a complex process (or system) with random outcomes that is difficult or otherwise not possible to express using closed form mathematical equation. The MC modelling
technique has been widely used in hazard quantification and risk assessment of relatively rare
(low probability) and high consequence natural hazards, such as flood, hail, hurricane and tornado. Meyer [1] employed MC modelling approach to study the occurrence and distribution of
tornadoes in the continental of the US. Daneshvaran [2] evaluated the spatial frequency of occurrence of tornadoes in the US and estimated the losses due to tornadoes and hail outbreaks.
Banik [3] used a stochastic model to assess the probability of exceedance for the maximum
tornado wind speeds in the southern region of Ontario, Canada.
One of the key contribution of the tornado simulation methodology developed in this study is
the use of kernel density estimation (KDE) and MC methods to generate geographic dependent
tornado parameters, which include the EF-scale, spawn month, date and hours. Many previous
studies did not consider the tornado spawn month or time (S. Banik [4], S. Daneshvaran [2], C.
D. Standohar [5]), even though the spawn timing of tornadoes has been shown to play an important role in risk assessment. According to the study of Simmons and Sutter [6], the fatalities
were 15% higher for tornadoes occurred during offseason compared to tornadoes from March
to June. Also, based on the study of Ashley ([7], [8]), nocturnal tornado have higher fatality
rate than diurnal tornado. Thus, it is very important to have a model that can explicitly simulate
tornado parameters such as EF-scale, path length, path width, spawn month and spawn time in
a day.

Tornado Database
The strength of a tornado is classified based on a scale called, the Enhanced Fujita scale (EFscale). This EF-scale was derived from the original Fujita scale (F scale) proposed by Dr. Theodore Fujita in 1971. Note that the F-scale was not utilized by the SPC to rate tornadoes until
1973. The Enhanced Fujita scale (i.e. EF-scale) was later introduced in 2007.
There are two tornado databases that are widely used in tornado related research: (1) the Grazulis database contains over 10,000 tornadoes for the period of 1921 to 1995; (2) the NOAA
database with over 60,000 tornadoes for the period of 1953 to present. Both of these databases
contain detailed tornado track information such as, spawn location (latitude and longitude),
starting time, width, length, and damage classification. However, the Grazulis database only
includes F2 and more intense tornadoes prior to 1995. Instead of determining the tornado intensity based on field measurement using the “degree of damage” scale, recorded tornado intensities before 1973 were assigned purely according to the newspaper reports or photographs
of the affected regions.
The SPC tornado database from 1973 to 2015 was used in this study to develop the stochastic
tornado simulation program. According to the SPC database, the annual spawn rate in 1973 was
almost four times that of the 1950. The records prior to 1973 were excluded because it was
deemed incomplete or inaccurate due to poor observation coverage. In addition, the intensity
rating for tornadoes prior to 1973 was inconsistent with the new Fujita scale.
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Simulation Framework
3.1 Overview
The tornado simulation program contains three sub-modules: (1) genesis model, (2) track model
and (3) wind field model. The genesis model simulates the tornado annual occurrence rate and
spawn locations. The track model simulates the tornado parameters according to its spawn location and time (hour during the day and day during the year). The final simulated tornado
parameters include intensity (EF-scale), location, touchdown time, path length, path width and
heading direction. This paper presents the simulation of the intensity, spawn location and time
(hour and day).
All simulated tornadoes in this study are geographic dependent, which relates the simulated
tornado parameters with the spawn location. To achieve this feature, Kernel Density Estimation
method (KDE) was applied in both the genesis model and track model. The KDE method is one
of the most commonly used spatial analytical techniques, which can be used to estimate location
dependent probability density of various tornado properties. In KDE method, proper selection
of an optimal bandwidth is essential for estimating the true probability density. A large bandwidth will cause “oversmoothed” estimation, which obscures much of the data variation details
and makes the estimated probability densities essentially the same everywhere. In comparison,
if a small bandwidth is applied, the estimated density function will contain too many spurious
artifacts that may not be realistic. A bandwidth selection technique proposed by Botev [9] was
applied in this study. This method has superior computation efficiency and better performance
in the estimation of multimodal density function compared to other plug-in or ‘rules of thumb’
methods. The algorithm evaluate the best-fitted bandwidth according to the sample spatial distribution and size of the sample space.
3.1.1 Genesis Model
The negative binominal distribution was determined to be the best distribution for describing
the tornado annual frequency [10]. The probability density of the negative binomial distribution
is given by
𝑁𝑇𝑜𝑟 + 𝑟 − 1 𝑁
𝑃𝑟(𝑋 = 𝑁𝑇𝑜𝑟 ) = (
) 𝑝 𝑇𝑜𝑟 (1 − 𝑝)𝑟
𝑁𝑇𝑜𝑟

(1)

where, 𝑁𝑇𝑜𝑟 is the number of tornados occurred in a year. 𝑝=0.0165 and 𝑟=18.02 are the
distribution parameters fitted using the observed annual spawn rates of the SPC database. The
p and r parameters were estimated via the maximum likelihood method using the SPC data
from 1973 to 2015.
Quantile-Quantile (Q-Q) plot is a graphical method for comparing the empirical (observed) and
modeled probability distributions by plotting their quantiles against each other. If the empirical
and modeled probabilities have identical distributions, the points in the Q-Q plot will
approximately lie on a 45-degree diagonal line. In Figure 1, the modeled/fitted tornado annual
occurrence rates are plotted on the x-axis, and the corresponding quantile values from the actual
observations are plotted on the y-axis. The red dots in Figure 1 represent the 10th, 20th, 30th,
etc. percentiles of the two probability distributions. According to the observation, most of the
points are close to the 45-degree line which means the fitted negative binomial distribution can
be used to model the annual spawn rate of tornadoes in the US. It should be noted that the fitted
probability distribution model slightly underestimates the empirical dataset in region of high
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annual occurrence rate (>1500 tornado/year). However, this departure occurs at the 93th
percentile which indicates that disagreements are only occurred for extreme case with unusually
high number of tornoadoes.

Figure 1: Quantil-to-quantile plot of observed versus modeled annual tornado spawn frequencies.

To consider the variation in tornado occurrences due to climatological differences in the US
([6], [7]), this study modeled the tornado touchdown location as a geographic dependent
parameter. Each simulated tornado spawn location was randomly generate around a historical
spawn location by using a bivariate normal random number generator. The random number
generator returns a random point chosen from the bivariate normal distribution with input mean
(µ), and covariance (σ), where the µ controls the center of the distribution and σ controls the
dispersion of the distribution. The mean spawn location (µ) is sampled from the known spawn
locations of histical events (in terms of latitude and longitude) and covariance (σ) is obtained
from the optimal bandwidth using the KDE method.
The tornado genesis model simulation procedures are as follows:
1) randomly sample a tornado annual spawn rate ( 𝑁𝑇𝑜𝑟 ) from the negative binominal
distribution (𝑝=0.0165, 𝑟=18.02);
2) randomly select a tornado year (1973-2015) and use all the observed tornadoes in that
particular year to generate the KDE of the spawn locations;
3) randomly select 𝑁𝑇𝑜𝑟 spawn locations using all the observed tornadoes of selected year in
step 2;
4) use the KDE method to vary the spawn locations determined in step 3 (i.e. use a bivariate
normal distribution with the center (µ) equal to the intial spawn location determined in step 3
and the covariance (σ) equal to the KDE bandwidth to randomize the final spawn locations).
Note that if the randomized spawn location of a tornado is outside of the US land boundary (i.e.
spawn location is on the ocean), step 4 is repeated until that particular tornodo is inside the US
land boundary.
Figure 2 shows examples of simulated spawn location of tornadoes derived based on the
torandoes observed in year 1992 as the seeds. Blue dots are the observed tornado spawn
locations and red dots are the modeled tornado spawn locations in a simulation year.
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Figure 2 Modeled and observed tornado spawn locations using the tornadoes spawn in year 1994 as the seeds.

The spatial density contours or KDE of both the observed and modeled tornado spawn locations
are shown in Figure 3. As can be seen, the modeled tornadoes follow the spatial pattern of the
observed tornado distribution very well. Both the observed and modeled tornado spawn KDE
countours show high probabilities of occurence at the northwest region of Kansas and near
Louisiana.

Figure 3: Probability density contours of tornado spawn locations for modeled (left) and observed (right)
tornadoes using the tornadoes spawned in year 1994 as the seeds.

3.1.2 Intensity and Time Models
After the spawn location is generated for each simulated tornado using the Genesis Model, other
tornado parameters (such as intensity, spawn time and spawn month) are simulated using the
intensity and time models. To ensure that all the simulated tornado parameters follow the spatial
and temporal patterns of historical tornado records, each tornado parameter is analyzed and
simulated separately (Table 1).
When analyzing the specific tornado parameters, historical tornadoes of similar characteristics
are grouped into different categories (𝐵𝑖 ). The tornado spawn location records from these
grouped datasets are used for generating the probability density contours though the KDE
method and these contours reflect the spatial variation of tornado with a specific parameter
(intensity, spawn hour or day). The probability density contours for each parameter are further
used to derive the probability of tornado occurred at a given location, 𝑃(𝐵𝑖 ∩ (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 ).
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Table 1: Tornado parameter groups
Parameter

EF-Scale

𝐵𝑖
𝐵1
𝐵2
𝐵3
…
𝐵𝑛−1
𝐵𝑛

EF0
EF1
EF2
…
EF4
EF5

Spawn
Hour
1
2
3
…
23
24

Spawn
Month
Early Jan.
Late Jan.
Early Feb.
…
Early Dec.
Late Dec.

For example, to simulate the intensity of tornado 𝑗 occurred at a given location, historical
tornadoes are grouped into 6 categories 𝐵1 to 𝐵6 and each of these categories represents a
tornado intensity (EF-0 to EF-5). Probability density contours for EF-0 to EF-5 tornadoes are
derived from the tornado spawn locations of the respective intensity groups using the KDE
method. The probability density contours reflect the probability of tornado 𝑗 spawned at
location (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 given that the spawned tornado intensity of intensity 𝐵𝑖 , in mathematic
form 𝑃((𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 |𝐵𝑖 ). The probability of a spawned tornado is of intensity 𝐵𝑖 , (𝑃(𝐵𝑖 )), is
equal to the number of tornadoes in intensity group 𝐵𝑖 divided by the total number of observed
tornadoes. By using Bayes’ theorem, the probability of a tornado occurred at (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 and
its intensity is equal to 𝐵𝑖 is:
𝑃(𝐵𝑖 ∩ (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 ) = 𝑃((𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 ∩ 𝐵𝑖 ) = 𝑃((𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 |𝐵𝑖 ) × 𝑃(𝐵𝑖 )

(2)

Then,
𝑃𝐸𝐹𝑖_𝐿𝑜𝑐𝑗 =

𝑃(𝐸𝐹𝑖 ∩ 𝐿𝑜𝑐𝑗 )
∑5𝑖=0 𝑃(𝐸𝐹𝑖 ∩ 𝐿𝑜𝑐𝑗 )

=

𝑃((𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 |𝐵𝑖 ) × 𝑃(𝐵𝑖 )
∑5𝑖=0 𝑃((𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 |𝐵𝑖 ) × 𝑃(𝐵𝑖 )

(3)

Finally, the magnitude of tornado 𝑗 which spawn at location (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 are randomly sampled
from these six location probabilities, 𝑃𝐸𝐹0_𝐿𝑜𝑐𝑗 , 𝑃𝐸𝐹1_𝐿𝑜𝑐𝑗 , 𝑃𝐸𝐹2_𝐿𝑜𝑐𝑗 , 𝑃𝐸𝐹3_𝐿𝑜𝑐𝑗 , 𝑃𝐸𝐹4_𝐿𝑜𝑐𝑗 and
𝑃𝐸𝐹5_𝐿𝑜𝑐𝑗 (i.e. spawn probabilities for differnt EF-scale tornadoes at location (𝐿𝑎𝑡, 𝐿𝑜𝑛)𝑗 ).
Similar procedures are applied to simulate the tornado heading direction, spawn time, date and
month. The differences in simulate these parameters are in the representation of 𝐵𝑖 . When
determine tornado spawn time, 𝐵𝑖 means the tornado spawn time in a day which are organized
into 24 groups (hours 1 to 24). For the tornado spawn month, the tornado data are organized
into 24 groups with each month divided into two segments (i.e. first half and second half of a
month). The first half of a month always contains 15 days and the second half of a month
contains the remaining days of that month. When determine the tornado spawn month, 𝐵𝑖
represents the spawn month in a year which starts with “Early Jan.” and end up with “Late
Dec.”. After the spawn month is determined for a tornado, the tornado spawn date with that
month is then randomly sampled using a probability mass function derived directly from the
historical tornadoes spawn rate in that month.
The tornado path length and maximum width are simulated according to its EF-scale. Based on
the study of Brooks [13], tornado path length (PL) and maximum path width (PW) are related
to tornado intensity. An intense tornado tends to have a longer path length and a wider path
width. Brooks also modeled the tornado path lengths and maximum widths using Weibull
distribution. The cumulative distribution function of the Weibull distribution is
𝐹(𝑥) = 1 − exp[−(𝑥 ⁄𝑐 )𝑑 ]
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(4)

where 𝑐 and 𝑑 are the scale and shape parameters of the distribution. The fitted distribution
parameters for each tornado intensity using the maximum likelihood method are shown in Table
2.
Table 2 Modeled Tornado length and width distribution parameters
Length
(km)
Width
(m)

Parameter
c
d
c
d

EF-0
1.161
0.6773
41.32
1.055

EF-1
4.284
0.7288
93.56
0.9431

EF-2
10.28
0.7963
187.3
0.9084

EF-3
25.36
1.037
414.9
0.9944

EF-4
44.71
1.138
701.8
1.158

EF-5
67.67
1.549
952.4
1.377

Result and Discussion
To examine the performance of the tornado simulation meothod outlined in the previous
section, a tornado simulation program was developed and used to generate 500,000 years of
tornadoes, which includes almost half a billion simulated tornadoes. Comparisons are made and
presented in the next section for tornado intensity, spawn month and spawn time in a day of
simulated and observed tornadoes in the US.

4.1 Tornado tracks
As an illustrative example, comparison between the simulated and observed tornado tracks
within 64.4 km (40 mi) from the Oklahoma City for an observation period of 43 years is shown
in Figure 4. The full paths of the tornadoes are shown in Figure 5 along with the EF-scale
identified by color. The simulated tracks visually agree with the patterns of the historical
torando tracks. The corresponding tornado counts for each EF-scale are shown in Table 3. The
counts of the simulated tornadoes match the counts of historical observations resonably well.

Figure 4: Observed (left) and simulated (right) tornado tracks near Oklahoma City.
Table 3 Numbers of simulated and observed tornado tracks near Oklahoma City.
Tornadoes in Oklahoma City
Observed
Simulated
EF-scale
(1973-2015) (43 years)
EF 0
120
129
EF 1
124
115
EF 2
41
39
EF 3
20
19
EF 4
10
3
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EF 5

3

2

4.2 Intensity
The tornado probability mass functions for the simulated and observed tornadoes in the US by
intensity are shown in Figure 5. The breakdown of the simulated tornadoes by EF-scale matches
the observed tornado events very well.

Figure 5: Comparison between the observed and simulated tornado probability mass functions by intensity.

Probability density maps and contours were generated for simulated and observed tornadoes to
investigate the tornado spatial variation within the US (Figure 6). The patterns of the probability
density contours of the simulated tornadoes for each intensity match that of the contours from
the observed tornadoes. Weak tornadoes (EF-0 and EF-1) have a wide spread area of
occurrences and they cover the midsection and Southeast portion of the US. In addition, except
for those occurred in the Tornado Alley, the weak tornadoes are also likely to spawn in Florida
peninsula and region around the Gulf coast. The high occurences of weak tornadoes in the
coastal regions are mainly attributed to the tropical cyclones or hurricanes. Strong tornadoes
(EF-2 and EF-3) have high probabilities of occurrence in the Southeast region of the US, which
includes portion of the Tornado Alley and most of the Dixie Alley. The peaks of the probability
density countours for violent tornadoes (EF-4 and EF-5) are observed in Tornado Alley, Dixie
Alley and Midwest.

Figure 6: Spatial distributions of the observed and simulated tornadoes by intensity.
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4.3 Tornado Spawn Month
The seasonal variations of the occurence probabilities of tornadoes are explicitly considered in
this study. The comparison between the simulated and observed tornado monthly spawn rates
is shown in Figure 7, which shows very good agreements between the simulated and observed
spawn probabilities for all twelve months.

Figure 7: Comparison between the observed and simualted tornado probabilities by month.

Due to strong wind shears and atmospheric instability that often occurs in spring and summer,
the months with high tornado spawn probabilities are April to July. The geographic and
seasonal dependent behaviors of simulated tornadoees are shown in Figure 8. The geographic
regions with high spawn probabilities change dramatically with the change in season. During
the winter season (e.g. see Figure 8, December), tornadoes generally spawn in the Southeast
region where as during the summer, tornadoes generally occur in the Mid-west and North
Plains.

Figure 8: Spatial distributions of the observed and simulated tornadoes by spawn month.

4.4 Tornado Spawn Hour
It has been shown that tornado occurrence is highly correlated to the time/hour in a day and the
density closely follows the diurnal temperature curve [14], with the peak occurrence appears
during the late afternoon, while minimum occurrences just prior to the sunrise (Figure 9).
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Figure 9: Comparison between the observed and simulated tornado spawn probabilities by hour.

The spatial distribution contours of tornado occurrences grouped by hour in a day look similar
to the contours of tornado occurrence time in a year. When the diurnal temperature is low,
between 8 am (CST) to 12 am (CST), tornadoes are most likely observed in Florida and along
the Gulf Coast (Figure 10). The peak spawn locations move to Midwest and further spread out
to the North and Northeast parts of the US between 12 am (CST) to 8 pm (CST). Finally, the
peak regions return back to Florida, the Gulf Coast and Midwest between 8 pm (CST) to 8 am
(CST).

Figure 10: Spatial distributions of the observed and simulated tornadoes by spawn hour.

Conclusion
In this study, the NOAA SPC tornado database is utilized to develop a stochastic simulation
program. In the simulation program, the annual spawn rate is modeled using a negative binomial distribution. The spawn or touchdown locations are simulated using geographic dependent
kernel density estimation (KDE) maps, which specifically account for the variability of tornado
properties at different geographic regions (e.g. Tornado Alley, Dixie Alley and etc.). During
the preparation of this paper, a database of 500,000 years of simulated tornado tracks have been
simulated using the Clemson high performance computing facility. The track parameters include the tornado occurrence rate, intensity (EF-scale), touchdown location, touchdown time,
path length, maximum path width and heading direction. All these parameters are geographic
dependent, meaning the properties vary based on the geographic locations. The simulated
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spawn rates and other key parameters for the United States were compared to the observations
and the modelled results compared well with the observed tornado records.
.
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Abstract: In structural reliability analysis it is often the case that the analysis
should face the problem that the distribution models of the input random variables are uncertain. Such an epistemic uncertainty finds expression in the specification of some input distribution functions in interval form. For this problem
the question on the fluctuation of the reliability measures naturally emerges. A
crude Monte Carlo simulation for finding such an interval would consist in this
case in a nested approach, namely one in which it is necessary to estimate the
failure probability for several sets of random realizations of the input distribution parameter values, to each one of which there corresponds a set of input
distributions. On this basis the failure probability for each parameter set is hence
computed by conventional simulation of random variates. This approach implies
a huge computational labor, several times larger than the conventional case of a
Monte Carlo simulation for a model with given input distributions. In this contribution a method for drastically simplifying this task is proposed. It is based on a
property of the reliability plot, which is built using the design point vector given
by conventional FORM. The property consists in that the plot graphically represents the order statistics of the output variable, which in conventional reliability
analysis is the limit state function. It is demonstrated herein that such a mapping
obeys an elegant orthogonal hyperbolic pattern which allows an easy selection of
the values leading to the extrema of the function. For the present situation, a twolevel FORM approach is used to derive the polar vectors for building two plots,
one for the input variable space and another one for the uncertain input distribution parameter space. The new plot has the same geometrical structure as that of
the lower level, meaning that the parameter samples yielding the extrema of the
failure probability are to be found in two specific sectors, which are signaled by
the orthogonal hyperbolae. With the aid of an example, it is demonstrated that
this is in fact the case. This means that, after solving the two-level FORM problem (which converges very rapidly), it suffices to calculate the failure probability
(or the reliability index) for a small number of parameter samples thus selected.
Obviously, the method yields the same reliability interval estimates as the crude
two-level crude Monte Carlo, because the same Monte Carlo samples are used
in both cases. However, the vast majority of them are never actually evaluated
in the proposed approach, because of the exploitation of the ordering property
of the two plots. It is shown that, in deep analysis, such a property is due to the
optimization realized by the simple or the two-level FORM.
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1 Introduction
The most accepted definition definition of the reliability Ps of a structural or mechanical system
in the framework of classical probability theory is [17]
Ps = 1 − Pf

(1)

where Pf is the probability mass in a failure domain F of the space of the basic random variables
x of d dimensions, determined by a limit state function g(x), i.e. F = {x : g(x) ≤ 0}, S = {x :
g(x) > 0}. The failure probability is defined as
Pf =

Z

px (x)dx

(2)

F

where px (x) is the joint density function of the basic variables. An alternative meaningful measure of the reliability is the index

β = Φ−1 (1 − Pf )
(3)
where Φ is the standard Gaussian distribution function.
This classical approach to solve the reliability problem presupposes the knowledge of the joint
density function px (x). But at this point epistemic uncertainties emerge. In fact, not only there is
rarely sufficient knowledge on the mutual dependencies among the basic random variables but
also there are sometimes uncertainties either about the models used for marginal distributions
or about the parameters of a well selected model.
This problem has fostered the research on methods for estimating the effect of these uncertainties on the failure probability. For instance, in [19] it is proposed to construct probability boxes
on the basis of Tchebycheff’s inequality for the assessment of reliability bounds with the aim of
being consistent with the scarce randomness information. In [3, 6, 5], the first-order reliability
method (FORM) is extended for variables grouped in two sets, one of variables defined with
fully specified probability distributions, and another with variables defined only up to intervals
of fluctuation, while in [20] a numerical method for combining variables with specified probability distributions or intervals is proposed. In [23, 22] the calculation of reliability intervals of
systems is made on the basis of a FORM approach and in [14] a numerical method for the case
of a single interval-defined parameter per input distribution, based on the monotonicity of the
distribution functions, was developed. In the field of Monte Carlo simulation methods, an interval finite-element approach for linear structural analysis and a simulation method for calculating
the histogram and the confidence intervals of the failure probability is proposed in [26]. On the
other hand, in [25] the Importance Sampling concept is applied to the estimation of the reliability interval. Also, some proposals for estimating the reliability intervals have made use of the
the tools of classical interval analysis [18, 7]. Important formulas for estimating the reliability
intervals of series, parallel and series-parallel systems have been derived in [24]. Nevertheless,
for estimating reliability intervals of each component of such systems, interval analysis is of
limited applicability, due to the inherent limitations of interval arithmetic for complex problems
[2]. These problems are avoided when using a proposal for interval and fuzzy analysis published recently [11, 12, 13], based on the technique of the reliability plot introduced in [10].
Finally, the problem of uncertain distribution has been also modeled in the general framework
of random sets in [1]. The ideas and concepts reported in the last five references are combined
and improved herein, as explained along the paper.
Generally speaking, the methods just mentioned are oriented to estimate the interval of variation
of the failure probability, i.e. [Pf , Pf ], under the presence of uncertain epistemic information on
the input variables in different forms.
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In this paper we propose a method based on the ordering statistics properties of the reliability
plot [11]. For solving the problem, plots are built in two spaces, the first being the standard
Normal space for the input random variables (yielding a plot that is called herein inner reliability
plot) and the second being a truncated Normal space for describing the fluctuation of the input
distribution (yielding the outer reliability plot). This implies solving a meta-FORM problem in
the second space. Due to the ordering statistics representation property, the samples leading to
the extrema of the failure probability are to be found in specific regions of it, as demonstrated
next.
u2
S

F

u−

β

0
g(u) =

T

w

u

α
β

• u⋆

r

w
u1

Figure 1: Basic elements of the reliability problem and its FORM solution

2 The Reliability Plot
Let us assume that the reliability problem (2) has been transformed from the input space x to the
standard Gaussian space u, as is common practice in structural reliability analysis [15] (see Fig.
1). The Reliability Plot is construed with the two nonlinear features (v1 , v2 ) = (r, cos α ), where
r is the norm of a sample u and α the angle it makes with a suitable vector w [10]. Formally,

v1

v
ud
u
= r = t ∑ u2j

(4)

i= j

v2 = cos α = cos ∠(u, w)

(5)

From the statistical point of view, the relevant characteristic of this feature extraction procedure
is that the variables (v1 , v2 ) are independent, regardless of the election of vector w, while in Principal Component Analysis (PCA) or related methods they are merely independent. Moreover,
in such methods, the number of important features vary according to the spread of variance in
the multiple eigenvectors of a covariance or covariance-like matrix, so that in the projection of
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the samples onto two of them for visualization purposes, some information is lost. In contrast,
the polar transformation (v1 , v2 ) preserves all the entropy of the population. This means that
the plot realizes a drastic information compression, u ∈ Rd → v ∈ R2 without any loss. The
probabilistic characteristics of these variables are derived in [10].
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=

v1 = µv1

β/
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1 + v22
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•
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√•
( 2 µv1 , −1)
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Figure 2: Elements of the Reliability Plot

When use is made of the polar vector w given by the design point obtained in solving the FORM
optimization problem, a distinguishable clustering of the failure samples is made evident [10].
This allows an easy selection of the samples necessary to improve the FORM estimation of
the failure probability [10, 13]. In the reliability plot, the design point u∗ maps as the point v∗
of coordinates (β , 1), where β = ||u∗ || is the reliability index. On the other hand, the FORM
hyperplane w · u − β in Fig. 1 is represented as the line v2 = β /v1 in Fig. 2, because such is the
cosine of any sample lying on it with the polar vector w = u∗ .
Such a clustering of the failure samples is but an instance of the order-statistic representation
property of the plot, as demonstrated in [11]. In fact, for a function g(u), its cumulative distribution function can be presented represented in discrete form as P(g(u)) < bi ), i = 1, 2, . . ., n,
where n is the number of discretization points. Accordingly, the failure probability corresponds
simply to the case bi = 0. For the general case, the functions
hi (u) = g(u) − bi

(6)

have the same gradient as g(u). Thus, since the design point vector is defined in terms of the
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gradient at a certain point, it can be expected that in the (v1 , v2 ) plot, if v2 is calculated as the
cosine of the sample u with u∗ , the samples will form a roughly ordered structure of representation of the limit state function if the gradient does not present serious variations in the support
of the function.
As stated above, the samples on the FORM hyperplane are represented on the plot by the hyperbola v2 = β /v1 . Having resort to the theory of conformal mapping, the orthogonal trajectory
to the hyperbola xy = const is another hyperbola of equation x2 − y2 = const. Since the gradient
vector of a function signals the orthogonal direction to it, the latter hyperbola is highly relevant
from a statistical point of view, because it indicates the direction of the evolution of the limit
state function, which in uncertainty analysis corresponds to the so-called order statistics [11].
On this basis, the following set of hyperbolae describes the structure of the reliability plot:
v1 = µv1 1 + v22
v2 = β /v1

1/2

(7)
(8)

Here, the factor µv1 accounts for the fact that the first hyperbola should be displaced to cross the
center of the sample mass, located at (µv1 , 0). Since the intersect of a hyperbola (x/a)2 − y2 = 1
with the x−axis is located at (a, 0), the first of Eqs. (7) stems from by making a ≡ µv1 , x ≡ v1
and y ≡ v2 (see Fig. 2). Accordingly, the first hyperbola represents the evolution of the limit
state function from its highest to its lowest values, while the second marks the sector of the plot
in which the location of the failure samples is most likely. This allows an easy selection of the
relevant samples for improving the FORM failure probability estimate in order to give the same
one obtainable by a simple Monte Carlo simulation with a few samples additional to those used
for the FORM computation [13].
In what follows, the functions in Eqs. (7) will be respectively denoted as structuring hyperbola
and selection hyperbola.

3 Proposed Approach
The existence of an order statistic structure in the reliability plot suggests its use for solving the
problem of finding the reliability interval under the presence of an interval definition of some
parameters of the input distribution functions. In [9] an iterative method for solving this task
was proposed. It consists in mapping the interval-defined variables θ to a new space of standard
random variables z, whose dimensionality m is equal to the number of intervals in the input
distributions, and formulating the second-level problem
f (z) = P̄ − Pf (z)

(9)

s

(10)

where P̄ is a suitable threshold value for the failure probability. The iterative approach is solved
in a plot (t1,t2 ), defined as
t1 =

m

∑ z2j

i= j

t2 = cos ∠(z, y)

(11)

where y is a polar vector found in an iterative fashion. On the other hand, the variables z were
modelled with a symmetrically truncated standard Gaussian distribution defined by the wellknown 3σ −rule. This implies assimilating the absolute value of the range of fluctuation of a
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parameter θ , i.e. |θ − θ | to 6 times the standard deviation of θ and the interval (θ + θ )/2 to the
mean of θ . Thus, the following normalization rule for interval analysis ensues:
zj =

6θ j − 3(θ j + θ j )
|θ j − θ j |

, j = 1, 2, . . ., m

(12)

The method proposed herein represents an improvement of such an approach. The improvement
basically consists in that, instead of applying an iterative method, a two-level FORM approach
is used for finding the polar vector for structuring the order statistics of function f (z) defined in
Eq. (9). The first level is constituted by the limit state function as such, g(u), and is solved in
the u−space of dimensionality d. This problem is represented in the inner reliability plot. The
second level is defined by the function f (z) defined in the z−space of dimensionality m. This
is represented in the outer reliability plot. All this means that, for each iteration in the z−space
there corresponds a different set of distributions for the underlying problem Pf = P[g(u) ≤ 0].
As is well known, the computation of the design point corresponds to solving the optimization
problem
minimize β = uT u
subject to

1
2

g(u) = 0

(13)
(14)

The solution of this optimization problem is carried out by mean of iterative techniques ([16,
4]). For the z−space, this problem assumes the form
minimize δ = zT z
subject to

 21

f (z) = 0

(15)
(16)

Notice that, similarly to the basic reliability problem [8], this second-level FORM approach
hinges upon the radially symmetric structure of the underlying Gaussian multidimensional density function for the optimization problem to make sense. This preempts the use of, for instance,
a multidimensional density construed as the Cartesian product of univariate Uniform densities,
as it does not present such a structure. This explains the statement made above about the extension of this procedure to other cases in which some parameters of the input density function
px (x) are defined in interval form: namely, that the realizations of the parameters must be generated from a radially symmetric multidimensional density, such as the truncated Gaussian.
Since the actual distribution of such parameters is normally unknown, the use of the truncated
Gaussian density can be assumed simply as a means of generating random realizations of the
parameters while preserving the radially symmetric structure. Notice that in one important case
the distribution of the parameter is actually known: The uncertain mean drawn form a statistical
sample, which obeys a Gaussian density. Therefore, the radial symmetry is a requisite in this
case.
In conventional FORM analysis, the iterations proceed until the difference in two successive
iterations i − 1, i of the values of β becomes less than a small threshold (β (i) − β (i−1) ≤ 0.0001,
typically). This is necessary because the value of β is used for estimating the failure probability
as

β = Φ−1 (1 − Pf )
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(17)

In the present case, such a restriction can be relaxed, because the design points u∗ and z∗ are
not needed for probabilistic computations but for just the geometric representation of the order
statistics of the respective functions g(u) or f (z) in the reliability plot. Therefore, the iterations
are stopped according to the following criteria:

β (i) − β (i−1) ≤ 0.001

(18)

δ (i) − δ (i−1)

(19)

≤ 0.01

This implies that the convergence of the two-level optimization problem can be achieved very
rapidly. Once this two-level (or nested) FORM problems has been solved, the method for finding
the interval of the failure probability is carried out as follows:
1. A reliability plot (t1,t2 ) is construed for the z space representation of the uncertain parameters θ j .
2. A set of samples of z j among which those leading to the extrema of the failure probability
are to be found, are picked up by means of selection hyperbolae t2 = b/t1 from the top and
bottom sectors of the plot, where b is a suitable value representing a selection hyperplane.
It is selected on graphical basis in such a way that it allows a screening of samples from
the the top and bottom sectors of the plot.
3. The failure probabilities that correspond to these samples are computed by any suitable
method. From this collection the reliability interval is readily available.
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2
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0
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Figure 3: Elements of the Reliability Plot
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5

6

4 Example
The formulation of this example is adapted from [21]. The goal is to estimate the failure probability interval of an infinite slope inclined an angle θ with respect to the horizontal line. The
limit state function is
g(x) =

[γ (H − h) + h(γsat − γw )] cos θ tan φ
−1
[γ (H − h) + hγsat ] sin θ

(20)

where H is the soil depth above the underlying bedrock, h is the height of water table above the
bedrock, γ is the moist soil unit weight, γsat is the saturated unit soil weight, γw = 9.81kN/m3
is the water unit weight and φ the effective stress friction angle. The variables are modelled as
follows:
• H is a Uniform random variable in the range [2, 8] m.
• Since h cannot exceed H, it is modelled as h = HU , where U is a Uniform random variable
in the range [0, 1] m.
• φ is a Lognormal random variable with mean in the interval [33, 37] degrees and coefficient of variation in the interval [7, 9] %.
• θ is also a Lognormal random variable with mean in the interval [18, 22] degrees and
coefficient of variation in the interval [4, 6] %.
• γ = γw (Gs + Se)/(1 + e), where S is the saturation degree of the soil in its moist condition
(assumed equal to 20 %, S = 0.2), Gs is the specific gravity of solids. It is modelled with
a Kolmogorov-Smirnov probability box derived from 50 empirical observations.
• γsat = γw (Gs + e)/(1 + e). It is also modelled as a Kolmogorov-Smirnov probability box
derived from the same number of empirical observations.
Notice that the dimensionality of the inner problem is d = 6, while that of the outer one is also
m = 6. The two-level FORM procedure was applied with β̄ = 2 and the solution was found after
6 iterations.
For demonstrating that the extremes of the failure probability are located in the sector signaled
by the selection lines, use was made of 10,000 samples of vector z, for each of which the
failure probability was computed with 10,000 samples of u. The evolution of the Pf (z) function,
is shown in Fig. 3. It is evident that the presence of random variables with distributions very
different from the Normal one does not affect the smoothness of the evolution of the reliability
along the structuring hyperbola. In an actual case, a figure such as this is not available, because
the two-level Monte Carlo employed for its generation can have a prohibitive computational
cost. However, the mathematical properties of the plot allow a simple selection of the critical
samples, form the top and bottom zones, using two selection hyperbolae.
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Abstract: The paper is motivated by the study of the performance of passive
damping mechanisms, such as Tuned Mass Dampers (TMDs), when subjected
to earthquake excitation. In the design of a TMD, two types of uncertainty are
relevant: the stochastic excitation modeling the earthquake, and the inherent uncertainty of internal parameters of the damping device. A framework is presented
here that admits the combination of these two types of uncertainty to realistically
assess the efficiency of the TMD. The earthquake excitation is modeled by a
stochastic process, and random sets are used to model the parameter uncertainty
resulting in set-valued stochastic processes.

1 Introduction
The paper is motivated by the study of the performance of passive damping mechanisms, such as
Tuned Mass Dampers (TMDs), when subjected to earthquake excitation. A TMD [7] is a simple
vibrator mechanical device with a single dynamic degree-of-freedom (SDOF) of either massspring-dashpot or a pendulum-dashpot type. When appropriately designed, the kinetic energy is
transferred from the vibrating structure to the TMD, where it is subsequently dissipated through
its viscous element. The efficiency of this device depends on appropriate tuning of its system
parameters and on the frequency content of the excitation.
Seismic assessment of a TMD should consider the quantification of aleatory and epistemic uncertainties. The record-to-record variability of the earthquake excitation is the source of aleatory
uncertainty and can be modeled by stochastic processes. Epistemic uncertainties result from the
lack of knowledge of internal parameters as well as from approximations to reality of the underlying mechanical model. Here the effect of detuned TMD parameters comes into play, which
can be traced back to their internal uncertainty. Structural and TMD parameters can only be
determined within certain bounds, and they may be subject to change in the course of time.
In this paper, a framework is presented that admits the combination of stochastic processes
(i.e. the earthquake excitation) and interval type parameter uncertainty modeled by random sets
(i.e. epistemic uncertainty). The ground motion is modeled by a continuous time stochastic
process, more precisley, the colored noise based on the Kanai-Tajimi power spectral density
function [9, 21]. The structure-TMD system is then described by a linear system of stochastic
differential equations. The system response is a stochastic process depending on the uncertain
parameters of the damping device. These uncertainties are modeled by random sets, i.e., finitely
many intervals each coming with a probability weight. The approach is applied to show how
the efficiency of passive damping mechanisms can be realistically assessed in the presence of
uncertainty. The paper is based on the extensive studies [18, 17, 1] where TMD efficiency has
also been investigated in the presence of varying soil parameters.
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2 Set-valued stochastic processes
An Rd -valued stochastic process x on a time interval [0,t] assigns to each point of time t a
random variable x(t), defined on a probability space Ω with its σ -algebra Σ of measurable
sets and the probability measure P. The process is specified, if the finite dimensional joint
distributions of all random variables x(t), t ∈ [0,t] are known. A particularly important example
of a stochastic process is Brownian motion (or Wiener process). A one-dimensional Brownian
motion b is defined for t ∈ [0, ∞) as follows: each b(t) is a Gaussian variable with mean zero
and variance t. Further, the covariance of b(t1 ) and b(t2 ) equals min(t1 ,t2 ) and b(0) = 0. The
corresponding probability space is denoted by (Ωb , Σb , Pb ). Here and in the sequel variable νb
is reserved for the elements of the space Ωb with a similar convention for the other probability
spaces.
Continuous time white noise ḃ is the weak derivative of Brownian motion. It is a generalized
process with mean zero, infinite variance, and zero covariance. It is formalized here by means
of Itô’s integral, for which the reader is referred to the literature, e.g. [12]. For example, one has
the relation
Z t
b(t) =
db(s)
(1)
0

Systems of ordinary differential equations with white noise excitation are handled as Itô stochastic differential equations (SDEs):


dx(t) = f t, x(t) dt + g t, x(t) db(t)
(2)

interpreted as the integral equation

x(t) = x0 +

Zt
0

t

Z


f s, x(s) ds + g s, x(s) db(s)

(3)

0

where time t ranges in some finite time interval [0,t], x0 is a random variable representing the
initial value, f , g : [0,t] × Rd → Rd are coefficient functions, and b is a one-dimensional Wiener
process on (Ωb , Σb , Pb ). Their solutions are stochastic processes with continuous trajectories.
This paper is concerned with SDEs whose initial value and coefficients depend on parameters
(not certainly or precisely known). The latter are summarized in a tuple a ranging in a set A of
values. Equation (1) then reads as follows
xa (t) = x0,a +

Z t
0

f (s, a, xa (s)) ds +

Z t
0

g(s, a, xa (s)) db(s)

(4)

Under the assumption that for each a ∈ A a unique solution of (2) exists this leads to a family
of stochastic processes {xa (t)}t∈[0,t] , a ∈ A.
For modeling the epistemic parameter uncertainty random sets are used. In general, a random
set is a set-valued random variable satisfying certain measurability conditions (see e.g. [11]).
The simplest case arises when the underlying probability space is finite. In this case, one speaks
of finite random sets or Dempster-Shafer structures [6, 19]. Such a structure is given by finitely
many subsets Ai of the set A, i = 1, . . . , n, called the focal elements, each of which comes with
a probability weight pi , ∑ pi = 1.
For example, each set Ai could be the result of an interval-valued measurement and pi its relative
frequency in a sample. Alternatively, the sets Ai could be ranges of a variable obtained from
source number i with relative credibility pi .
As a random set, a Dempster-Shafer structure is viewed as given by an n-point probability
space ΩA = {1, 2, . . . , n} with probability masses {p1 , p2 , . . . , pn }. The assignment i 7→ Ai is the
defining set-valued random variable.
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Following Dempster and Shafer [6, 19], two important set functions are introduced: the lower
probability and the upper probability of an event B are defined by
P(B) =

∑

Ai ⊂B

pi ,

P(B) =

∑

pi

(5)

Ai ∩B6=0/

A good visualization of a random set can be given through its contour function on the basic
space A, assigning each singleton a its upper probability:
a → P({a})

(6)

1
0.8
0.6
0.4
0.2
0

(A3, p3)

(A2, p2)

(A1, p1)

Contour function

Probability weight

It is simply obtained by adding the probability weights pi of those focal elements Ai to which
a belongs. Figure 1 shows a random set and the resulting contour function where weights have
been chosen as p1 = 1/2, p2 = 1/3, p3 = 1/6.
1
0.8
0.6
0.4
0.2
0

Basic space

Basic space

Figure 1: A random set and its contour function; the three dots on the vertical axis symbolize the underlying 3-point probability space

In the sequel, random sets are needed that are defined on an arbitrary probability space
(ΩA , ΣA , PA ) and whose values are subsets of p-dimensional coordinate space A = R p . More
precisely, random compact intervals are used, that is, random variables
A : ΩA → Ic (A)

(7)

where Ic (A) denotes the set of all non-empty compact intervals in A. Random compact intervals are used since they have and imply advantageous theoretical properties (e.g. concerning
measurability, see [11]). In analogy to (3) the lower probability and the upper probability of an
event B are defined as
P(B) = PA ({νA ∈ ΩA : A(νA ) ⊆ B}),

P(B) = PA ({νA ∈ ΩA : A(νA ) ∩ B 6= 0})
/

(8)

The event B may be taken as any Borel measurable subset of A. The contour function is given
by (4).
In [15] a framework has been developed that combines the aleatory uncertainty coming from the
stochastic excitation and the epistemic parameter uncertainty. Denoting by (Ω, Σ, P) the product
probability space (ΩA × Ωb , ΣA ⊗ Σb , PA ⊗ Pb ), the basic idea is to define a set-valued map
X(t, ν) = {xa (t, νb ) : a ∈ A(νA )},

ν = (νb , νA ) ∈ Ω

(9)

by merging at each time, for each sample path of the Brownian motion and for each focal element of the random set all values of the solutions. The latter can be seen as a robust assessment
of the solution of the parameterised SDE (2). Note that X is a set-valued process, that is, at
each time t one has a random set X(t) whose values are non-empty compact subsets of Rd . For
further details the reader is referred to [15, 16].
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3 Application to Tuned Mass Dampers
This study focuses on the vibration mitigation of linear elastic load-bearing structures with a
SDOF represented by lumped mass ms , stiffness parameter ks , and viscous damping parameter
cs subjected to a base acceleration ẍg . To this structure a second SDOF oscillator is attached in
series, which serves as TMD, compare with Figure 2. The structural parameters of the TMD, i.e.
lumped mass, stiffness, and viscous damping parameter are denoted as md ( ms ), kd , and cd ,
respectively. The combined load-bearing structure-TMD system has two-degrees-of-freedom.
Both the displacement xs of the structure and of the TMD xd are measured relative to the base
displacement xg . The coupled equations of motion read as follows:
 
 
   
ẍs
ẋs
x
−1
M
+C
+K s =
ẍ
(10)
ẍd
ẋd
xd
−µ g

where



1 0
M=
,
0 µ


 2
ωs + ωd2 µ −ωd2 µ
K=
ωd2 µ
−ωd2 µ



2ζs ωs + 2ζd ωd µ −2ζd ωd µ
C=
,
−2ζd ωd µ
2ζd ωd µ
kd

md

cd

(11)

xd (t)
xs (t)

ms
cs
ks

xg(t)

Figure 2: Mechanical model of a SDOF vibration-prone structure equipped with a TMD

The variable µ denotes the mass ratio, ωs and ωd are the natural circular frequencies of the
stand-alone structure and the detuned TMD, respectively, ζs and ζd denote the non-dimensional
damping coefficients of the load-bearing structure and the TMD, respectively:
s
r
ks
kd
cs
md
cd
,
ζs =
(12)
µ=
,
ωs =
,
ωd =
,
ζd =
ms
ms
md
2ωs ms
2ωd md

Modeling of the earthquake excitation
In the literature (see e.g. [4, 14, 20]) one can often find a model proposed by Kanai and Tajimi
[9, 21]. In their approach the base acceleration of the earth surface layer is approximated by
the absolute acceleration of a linear SDOF oscillator excited by white noise. The corresponding
equation of motion reads as follows
z̈(t) + 2ζg ωg ż(t) + ωg2 z(t) = −ḃ(t)

(13)

ẍg (t) = −2ζg ωg ż(t) − ωg2 z(t)

(14)

where ωg and ζg are, respectively, the natural circular frequency and non-dimensional damping
coefficient of the oscillator corresponding to the properties of the subsoil. The ground acceleration is then modeled by the absolute acceleration of the oscillator, that is ẍg = z̈ + ḃ, which
results in the following stochastic process
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Its power spectral density is given by the equation
S(ω) = S0

ωg4 + 4ζg2 ωg2 ω 2
(ωg2 − ω 2 )2 + 4ζg2 ωg2 ω 2

(15)

where S0 is the (constant) power spectral density of white noise. Obviously, the spectral density
S is not constant and thus represents a special type of colored noise. The left picture in Figure 3
shows a plot of the power spectral density for the soil parameters ωg = 5 s−1 , ζg = 0.9, and for
the uniform spectral density S0 = 1.
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Figure 3: Left picture: power spectral density for Kanai-Tajimi model, ωg = 5 s−1 , ζg = 0.9, S0 = 1;
right picture: intensity function

Note that the process given by Equation (8) is (asymptotically) stationary. However, it is a wellknown fact that the base acceleration of earthquakes is non-stationary. To account for the nonstationarity the process from Equation (8) is multiplied with the intensity function I depicted in
the right picture of Figure 3 (see [5, 14]).This leads to the following model for ẍg :

ẍg (t) = I(t) − 2ζg ωg ż(t) − ωg2 z(t)
(16)

Rewriting the coupled equations of motion from (7) as a system of first order, and introducing
the stochastic process (10) for the base acceleration leads to the following six-dimensional linear
system of stochastic differential equations:
dx(t) = F(t)x(t) dt + g db(t)
where x = [xs , xd , z, ẋs , ẋd , ż]T , g = [0, 0, 0, 0, 0, −1]T and


0
0
0
1
0
0


0
0
0
0
1
0




0
0
0
0
0
1


F(t) = 
2
2
2
2

−ω
−
ω
µ
ω
µ
−ω
I(t)
−2ζ
ω
−
2ζ
ω
µ
2ζ
ω
µ
−2ζ
ω
I(t)
s
s
g
g
d
d
d
d
s
g
d
d


2
2
2

ωd
−ωd −ωg I(t)
2ζd ωd
−2ζd ωd −2ζg ωg I(t)
0
0
−ωg2
0
0
−2ζg ωg

(17)

(18)

Note that all parameters of the model are contained in the system matrix F. Furthermore, F is
time-dependent because of the intensity function I.
For reasons of comparison, the response of the system without TMD is considered, too. In this
case the motion of the corresponding SDOF oscillator is described by the equation
x̃¨s + 2ζs ωs x̃˙s + ωs2 x̃s = −ẍg
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(19)

Substituting the stochastic process (10) for ẍg leads to the first order SDE system


 
0
0
1
0
0
 0



0
1
0
 x̃(t) dt +  0  db(t)
dx̃(t) = 
2
2
−ωs −ωg I(t) −2ζs ωs −2ζg ωg I(t)
0
2
−1
0
−ωg
0
−2ζg ωg

(20)

where x̃ = [xs , z, ẋs , ż]T . In both systems (11) and (12) the initial values are assumed to be zero.

Modeling of the parameter uncertainty
For modeling the uncertainty of the TMD parameters random sets constructed from Tchebycheff’s inequality are used, which require only minimal information about the parameters. More
precisely, let a be an uncertain parameter preliminarily viewed as a random variable with expectation (or nominal) value a and variance σ 2 . Then one can define a random set A on ΩA = (0, 1]
by setting


A(νA ) = a − √σν , a + √σν , νA ∈ ΩA
(21)
A

A

Contour function

where ΩA = (0, 1] is equipped with the uniform probability distribution. It has been argued
in [18] that a focal set A(νA ) may be viewed as an approximate two-sided (1−νA )-fractile range
for the parameter a. Furthermore, it has been explained how to compute σ from a probabilistic
estimate about the range of the parameter. Figure 4 shows the contour function of a generic
Tchebycheff random set.
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_
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σ σ
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Figure 4: A generic Tchebycheff random set

Set-valued output
As shown above the motion of the combined structure-damper system is described by the linear
system of SDEs (11), where the parameters µ, ζs , ωs , ζd , ωd , ζg , ωg appear in the system matrix
F. In the next section TMD parameters are assumed to be uncertain. Denoting the pair (ωd , ζd )
by a the linear system (11) then reads
dxa (t) = F(t, a)xa (t) dt + g db(t)

(22)

where {xa (t)}t∈[0,t] denotes the solution process corresponding to parameter value a.
As a first indicator for the performance of the TMD the displacement xs of the structure is
considered. More precisely, xs is scaled by the largest structural displacement x̃s when no TMD
is attached. This leads to a map y defined on the time interval, the set of possible parameter
values A and the probability space Ωb of Brownian motion:
ya (t, νb ) =

xs,a (t, νb )
maxt∈[0,t] |x̃s,a (t, νb )|
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(23)

The latter can be seen as a non-dimensional displacement. According to Equation (6) a setvalued non-dimensional displacement is defined by
Y (t, ν) = {ya (t, νb ) : a ∈ A(νA )}

(24)

For reasons of comparison the non-dimensional displacement ỹ of the structure without TMD
ỹa (t, νb ) =

x̃s,a (t, νb )
maxt∈[0,t] |x̃s,a (t, νb )|

(25)

is also considered. Furthermore, the absolute values of the non-dimensional displacements ya
are of interest, too, resulting in the set-valued process
|Y |(t, ν) = {|ya (t, νb )| : a ∈ A(νA )}

(26)

The reader is referred to [18] for equations of the boundary processes of |Ỹ | and their mean
value functions.
A central concern is the effectiveness of the TMD, that is, to which extent the dynamic response
xs is reduced compared to the response x̃s when no TMD is attached. In the single-valued case
the peak response reduction coefficient and the root mean square (RMS) response reduction
coefficient are considered
v
uR t
u xs,a (t, νb )2 dt
maxt∈[0,t] |xs,a (t, νb )|
, rq,a (νb ) = t R0t
(27)
rm,a (νb ) =
maxt∈[0,t] |x̃s,a (t, νb )|
x̃s,a (t, νb )2 dt
0

For each parameter value a and for each path of the Brownian motion, the map rm,a represents
the reduction of the peak displacement of the structure, whereas rq,a computes the quadraticmean reduction (over time) of xs,a . Similar as in Equation (14) these maps can be extended to
the set-valued reduction coefficients Rm and Rq defined by
Rm (ν) = {rm,a (νb ) : a ∈ A(νA )},

Rq (ν) = {rq,a (νb ) : a ∈ A(νA )}

(28)

whose values are compact subintervals of the unit interval [0, 1].

4 Results of numerical simulation studies
Subsequently, results of numerical simulations are presented. In all computations it is assumed
that the mass ratio is 5%, i.e. µ = 0.05, and the structural inherent damping is 0.5%, i.e. ζs =
0.005. For the structural period Ts = 2π/ωs values ranging from 0.05 s to 5 s are considered. For
the soil frequency ωg (soil period Tg ) and the soil damping ζg values of 5 s−1 (2π/5 ≈ 1.26 s)
and 0.9 are employed. According to Eurocode 8 [8] and [13] this corresponds to soil class C. In
the following the TMD parameters ωd and ζd are assumed to be uncertain and thus varied. For
simulations where also the soil parameters are varied and assumed to be uncertain the reader is
referred to [17, 1].
For each tuple of parameter values approximations are computed using the Order 2 Implicit
Strong Taylor Scheme (see [10]). Each simulation involves 500 sample functions of Brownian
motion, and (constant) step size ∆t of the time discretization is chosen as min(Ts , Tg )/12 if
min(Ts , Tg ) < 1, or 1/20 otherwise.
To model the uncertainty of the TMD parameters ωd and ζd Tchebycheff random sets A1 and
A2 are used with nominal values
s
p
1 − µ/2
µ(1 − µ/4)
a1 = ω d = ωs ·
a2 = ζ d =
(29)
1+µ
4(1 + µ)(1 − µ/2)
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Note that these expressions have been shown to minimize the variance of the relative displacements of a main structure without viscous damping (ζs = 0) when exposed to white noise base
excitation (see e.g. [3]). Concerning the variability it is assumed that the actual values lie in a
range of ±40 per cent of their nominal values with 99 per cent certainty. As explained in [18]
this leads to a coefficient of variation of 0.04, that is, σi = 0.04ai . Corresponding to Equation (13) the focal elements are obtained as
h 
0.04  
0.04 i
Ai (νi ) = ai 1 − √
, ai 1 + √
(30)
νi
νi

where νi ∈ (0, 1]. For the numerical simulations each of the random sets is approximated
by choosing the focal elements obtained for the choices νi, ji = ( ji /10)2 , ji = 1, . . . , 10. The
corresponding weights are then given by p1 = 0.01, p j = νA, j − νA, j−1 = (2 j − 1)/100,
j = 2, . . . , 10. This leads to a better approximation than choosing νi, ji equidistantly from
(0, 1]. These approximations are combined to a two-dimensional random set by taking the
cartesian product of each of the focal elements of A1 with each of the focal elements of A2 and
multiplying the corresponding probability weights. This results in a finite random set consisting
of 100 focal elements being rectangles.
Figure 5 shows the expectation of the response reduction coefficients for 11 different values
of the structural period Ts , namely, 0.05, 0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4, 4.5, 5 (values in seconds).
The outer (black) lines in the left (right) picture are the interval bounds of the expectation
of the set-valued reduction Rm (Rq ). The central (red) line represents the reduction obtained
for the optimal parameter values ω d and ζ d . One can see that the RMS response reduction
coefficients are smaller than the peak response reduction coefficients. This is due to the fact that
in the left picture only the peak displacements of the trajectories are compared. These maximum
displacements usually appear during the period of strong ground motion (where the intensity
function equals 1). On the other hand, for the RMS response reduction all the displacements
observed during the time interval are taken into account. From further simulation studies [17, 1]
where ωd and ζd are varied individually it can be seen that most of the variation in the reduction
coefficients is due to ωd whereas varying ζd has almost no influence on the performance of the
TMD, which is coherent with outcomes of [23, 22] based on real recorded ground motions.
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1
0.8
0.6
0.4
0.2
0

0

1

2
3
4
structural period [s]

0.8
0.6
0.4
0.2
0

5

0

1

2
3
4
structural period [s]

5

Figure 5: Left picture: bounds of set-valued peak response reduction coefficient Rm (outer lines), peak
response reduction coefficient rm,a (central line) for different values of Ts and uncertain TMD parameters
ωd , ζd ; right picture: bounds of set-valued RMS reponse reduction coefficient Rq (outer lines), RMS
response reduction coefficient rq,a (central line) for different values of Ts and uncertain TMD parameters
ωd , ζd
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The left picture of Figure 6 shows the bounds of a sample function of the non-dimensional displacement Y of the load-bearing structure (bold lines) obtained by choosing one particular focal
element, a particular path of the ground motion process and Ts = 1 s. Thin lines represent the
corresponding sample functions of the non-dimensional displacement ya obtained for the nominal parameter values a = (ω d , ζ d ) and the non-dimensional structural displacement ỹ when no
TMD is attached. In the right picture of Figure 6 the mean value functions of |Y |, |ya | and |ỹ|
for Ts = 1 s are plotted. One can see that during the phase of strong ground motion the displacements of the load-bearing system damped by the TMD are fluctuating around a constant value.
Due to the increased damping by the TMD, these displacements decay much more quickly than
the displacements of TMD-free system after the end of the strong motion period.

0

0.3

−0.5

0.2

−1

0.1

−1.5

0

5

10
15
time [s]

0

20

0

5

10
15
time [s]

20

Figure 6: Left picture: Bounds of a sample function of the non-dimensional structural displacement Y
(bold lines) and sample functions of ya (central thin line) and ỹ (outer thin line) for Ts = 1 s and two
different focal sets for uncertain TMD parameters ωd , ζd ; right picture: mean value functions of the
absolute values of the non-dimensional structural displacement |Y | (bold lines), |ya | (central thin line)
and |ỹ| (outer thin line) for Ts = 1 s and uncertain TMD parameters ωd , ζd
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Dampers with uncertain parameters. In: J. Eberhardsteiner, H.J. Böhm, F.G. Rammerstorfer: Proceedings of the 6th European Congress on Computational Methods in Applied
Sciences and Engineering (ECCOMAS 2012), Vienna, 2012.
[18] B. Schmelzer, M. Oberguggenberger, C. Adam: Efficiency of tuned mass dampers with
uncertain parameters on the performance of structures under stochastic excitation. Proc.
IMechE, 224 (2010), Part O: J. Risk and Reliability, 297–308.
[19] G. Shafer: A Mathematical Theory of Evidence. Princeton University Press, 1976.
[20] T.T. Soong, M. Grigoriu: Random vibration of mechanical and structural systems.
Prentice-Hall, 1993.
[21] H. Tajimi. A statistical method of determining the maximum response of a building structure during an earthquake. In: Proc. 2nd WCEE, vol. II Tokyo: Science Council of Japan,
1960, 781–798.
[22] A. Tributsch, C. Adam: Evaluation and analytical approximation of Tuned Mass Damper
performance in an earthquake environment. Smart Structures and Systems, 10 (2012),
155–179.
[23] A. Tributsch, C. Adam, T. Furtmüller: Mitigation of earthquake induced vibrations by
Tuned Mass Dampers. In: Structural Dynamics - EURODYN2011, Proc. of 8th European
Conference on Structural Dynamics, July 4 – 6, 2011, KU Leuven, Leuven, Belgium (G.
De Roeck, G. Degrande, G. Lombaert, G. Müller, eds.), CD-ROM, 1742–1749, 2011.

492

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Efficient Computation of Upper Probabilities of Failure
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Abstract: Let (Xλ )λ ∈Λ be a family of random variables. Then the upper probability p f of failure is the solution ofRthe optimization problem p f = maxλ ∈Λ p(λ )
where p : Λ → [0, 1] : λ → p(λ ) = D 1g(x)≤0 fλ (x) dx is the probability depending on parameter λ , g : D → R a limit state function and fλ the corresponding
probability density function of the random variable Xλ . The aim of the paper
is to approximate the function p by Monte Carlo simulations and reweighting
techniques in an efficient way for solving the optimization problem. Different
methods are developed and compared using a simple engineering example.

1 Introduction
“Random sets”, “credal sets” or “families of random variables” as methods for describing impreciseness of random variables have increasingly attracted interest in the engineering community, see e.g. the survey article [2]. In most industrial applications, engineering structures are described by black box input-output models, given by large computer programs. To evaluate probabilities of output quantities, Monte Carlo simulation is the method of choice. Computational
effort is aggravated, if the input variables are imprecise random variables with set-valued parameters. The present paper was motivated by recent papers on computation of upper and lower
probabilities in engineering reliability [3, 4, 6] using Monte Carlo simulations and reweighting / importance sampling techniques. In the following we are focussed on these techniques, in
particular on the description and simulation of parameter dependent probabilities arising from
families of random variables (Xλ )λ ∈Λ , their maximization to obtain upper probabilities and on
the performance of these methods.
The paper is organized as follows. In Section
2, we describe the reweighting techniques for the
R
approximation of the function p(λ ) = D 1g(x)≤0 fλ (x) dx and the maximizing of p to obtain
the upper probability p f , as well. Section 3 is devoted to the set-up of the numerical example
used for testing the algorithms. In Section 4 different algorithms will be developed and tested.
Section 5 contains an interpretation of the test results and conclusions.

2 Upper probabilities and reweighting
2.1 Optimization problem to solve
Let a family (Xλ )λ ∈Λ of random variables parametrised by parameters λ = (λ1 , . . . , λn ) and a
limit state function g : D ⊆ Rd → R be given where g(x) ≤ 0 means failure. Then the upper
probability p f of failure is obtained by solving the optimization problem
p f = max p(λ ) with
λ ∈Λ

p : Λ → [0, 1] : λ → p(λ ) =

Z

D

1g(x)≤0 fλ (x) dx

(1)

where 1 is the indicator function and fλ the density function corresponding to the random
variable Xλ . Here in this context we call such a function p : Λ → [0, 1] “probability function”.
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2.2 Probability functions and reweighting
An efficient Monte Carlo method for approximating the probability function p is crucial for
maximizing and computing the upper probability p f . We start with a simple approach replacing
the integral in p(λ ) by Monte Carlo simulations for each λ ∈ Λ:
p(λ ) =

Z

D

1g(x)≤0

1 N
fλ (x) dx ≈ ∑ 1g(xλ )≤0
k
N k=1

(2)

where xλ1 , . . ., xλN is a sample distributed according to the density fλ corresponding to parameter
value λ ∈ Λ. Maximizing such an approximation of p to obtain an upper probability is not a
very easy task because of the high computational effort and because that the use of different
samples for different λ leads to a function which is not continuous and very “rough”. An idea
to avoid such problems is to use only one single sample x1 , . . . , xN distributed according to a
density fλ ′ > 0 and to apply reweighting (or important sampling) [5, 7, 8, 9] in the following
way [6]:
Z
Z
1 N
f (x)
f (xk )
fλ ′ (x) dx ≈ ∑ 1g(xk )≤0 λ
=: pλ ′ (λ ).
p(λ ) = 1g(x)≤0 fλ (x) dx = 1g(x)≤0 λ
fλ ′ (x)
N k=1
fλ ′ (xk )
D
D
(3)
Now, pλ ′ continuously depends on the argument λ = (λ1 , . . . , λn ) (if fλ is continuous, too).
This and the lower computational effort (only one sample) make further computations easier.
The upper probability p f of failure is approximated by the formula
′
′
f (xk )
1 N
p f ≈ max pλ ′ (λ ) = max ∑ 1g(xk )≤0 wλk (λ ) with weights wλk (λ ) := λ
.
(4)
fλ ′ (xk )
λ ∈Λ
λ ∈Λ N k=1
We note that we get different approximations of pλ ′ for different samples and different densities
fλ ′ . Variants of the above approach will be presented in detail in Section 4.

3 Numerical Example
3.1 Limit state function
As a simple engineering example we consider a beam of length L = 3 m supported on both ends
and bedded on two springs with uncertain spring constants, see Figure 1 (left). The values of
the beam rigidity EI = 1 kNm2 , of the elastic limit moment Myield = 12.3 kNm, and of the load
f (ξ ) = q = 100 kN/m are deterministic. We remark that in general the beam rigidity and load
may be uncertain, too. But for visualisation purposes we restrict ourselves to only two uncertain
variables.
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Figure 1: Left: Beam bedded on two springs. Right: Contour plot of the limit state function g depending
on the spring constants x1 and x2 ; safe region (g > 0) and failure region (g ≤ 0). The dark ellipse is the
set µ (Λ) = µ ([0, 1], [0, 2π ]) of expectations considered.
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The beam will fail in cases where the moment M exceeds the elastic limit moment Myield which
is described by the limit state function g(x1 , x2 ) = Myield − maxξ ∈[0,3] |M(ξ , x1 , x2 )| depending
on the spring constants x1 and x2 . In Figure 1 (right) a contour plot of g and the failure region
are depicted.

3.2 Family of random variables
For the two springs we have the following assumptions:
• The spring constants x1 and x2 are Gaussian distributed.
• The expectation µi of each spring constant xi is “approximately” 50 kNm−1 .
• The values of x1 and x2 are “nearly the same”. That means the spring constants are correlated.
Taking these assumptions into account, we model the uncertainty of the values of the spring
constants x1 and x2 by a family {Xλ }λ ∈Λ of two-dimensional Gaussian random variables
Xλ ∼ N(µ (λ ), Σ(λ )) where the expectation and the covariance matrix are parametrised
by λ = (λ1 , λ2 ) ∈ Λ with set Λ = [0, 1] × [0, 2π ]. The vector µ (λ ) of expectation and the
covariance matrix Σ(λ ) are given by the transformations
#
# " #
"
#"
"
"
#
1 6 3 λ1 cos λ2
50
µ1 (λ1 , λ2 )
28 25
=
+
and Σ(λ ) =
µ (λ ) =
. (5)
2 3 6 λ1 sin λ2
µ2 (λ1 , λ2 )
50
25 28
The transformation µ maps the unit disc onto an ellipse with midpoint (50, 50) kNm−1 (see Figure 1 (right)) describing the uncertainty we have about the expectation of the spring constants.
The covariance matrix Σ is assumed here to be constant.

3.3 Probability functions and upper probability
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pf = p(1, 4.069) = 0.0851

Here for this example we are able to compute the exact probability function p for comparison.
To visualize probability functions we have two possibilities: either on the set Λ = [0, 1] × [0, 2π ]
or on the ellipse µ (Λ) which is more appropriate. In the second case we write pλ′ ′ for the
probability function instead of pλ ′ where p′λ ′ is given by pλ ′ = p′λ ′ ◦ µ . In Figure 2 the exact
probability function is visualized as contour plot on Λ and on µ (Λ). Further an approximative
probability function pλ′ ′ = p′(0,0) generated by a Monte Carlo sample with N = 1000 is depicted
on µ (Λ). For all versions the maximum value is computed leading to the exact (first two probability functions) or to an approximative upper probability (third one).
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Figure 2: First: Contour plot of the exact probability function p depending on λ = (λ1 , λ2 ) and upper
probability p f = p(1, 4.069) = 0.0851. Second: Contour plot of the exact probability function p′ now
depending on (µ1 , µ2 ) on the ellipse µ (Λ) and p f = p′ (47, 46.7) = 0.0851. Third: Contour plot of one of
the approximative probability functions p′(0,0) based on N(µ (0, 0), Σ(0, 0)) for a sample with N = 1000
sample points, and approximation p′(0,0) (47.1, 46.7) = 0.1020 of the upper probability.
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4 Algorithms
Here we present five versions of algorithms for computing numerical approximations of the
upper probability p f of failure. These algorithms use the reweighting technique as described in
Section 2 to obtain probability functions pλ ′ : Λ → [0, 1] : λ → pλ ′ (λ ) based on a probability
distribution with parameter values λ ′ . All algorithms will be tested later on by means of the
numerical example in Section 3. For simplicity we assume that all distributions are Gaussian.

4.1 Algorithm 1: Simple reweighting
Our first approach is to simply maximize a probability function pλ(0) based on a starting point
λ (0) ∈ Λ and on the corresponding Gaussian distribution N(µ (λ (0) ), c · Σ(λ (0) )) to approximate
the upper probability p f . A parameter value c = 1 leads to the original distribution generated by
λ (0) and c > 1 leads to distributions with greater variance for better covering the distributions
of all involved random variables Xλ , λ ∈ Λ.
Choose a starting point λ (0) ∈ Λ and c ≥ 1.
Generate N sample points x1 , . . . , xN ∼ N(µ (λ (0) ), c · Σ(λ (0) )).
Density function: fλ(0) for distribution N(µ (λ (0) ), c · Σ(λ (0) )).

Weighting functions: wkλ (λ ) = fλ (xk )/ fλ(0) (xk ) with density fλ for N(µ (λ ), Σ(λ )).
(0)

Probability function: pλ(0) (λ ) =

1
N

λ
∑N
k=1 1g(xk )≤0 · wk (λ ).
(0)

Find λ ∗ ∈ Λ with pλ(0) (λ ∗ ) = max. (λ (0) is starting point of the optimization procedure.)
Upper probability of failure: p f ≈ pλ(0) (λ ∗ ).

4.2 Algorithm 2: Iterated simple reweighting
An idea is to iterate the above algorithm to improve the approximation of the upper probability
p f . In the current iteration step i we use the optimal parameter λ ∗ from the previous step i − 1
as a new starting point and proceed as in Algorithm 1. One would also have the possibility to
choose different sample sizes Ni for different iteration steps.
Choose a starting point λ (0) ∈ Λ and c ≥ 1.
i = 0.
Repeat
Generate Ni sample points x1 , . . . , xNi ∼ N(µ (λ (i) ), c · Σ(λ (i))).
Density function: fλ(i) for distribution N(µ (λ (i) ), c · Σ(λ (i))).

Weighting functions: wkλ (λ ) = fλ (xk )/ fλ(i) (xk ) with density fλ for N(µ (λ ), Σ(λ )).
(i)

Probability function: pλ(i) (λ ) =

1
Ni

Ni
1g(xk )≤0 · wkλ (λ ).
∑k=1
(i)

Find λ ∗ ∈ Λ with pλ(i) (λ ∗ ) = max. (λ (i) is starting point.)

λ (i+1) = λ ∗ . (New optimal λ ∗ is the starting point in the next step.)
i = i + 1.
Until a stopping criterion is satisfied.
Then p f ≈ pλ (i−1) (λ ∗ ).
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In each iteration step of this algorithm we have to generate a new sample because a new distribution is considered. But this is the reason why a new probability function pλ(i) may be far
away from the previous pλ (i−1) , even if the actual parameter λ (i) and the previous parameter
λ (i−1) are very close. This effect may disturb the whole iteration process. Thus, we cannot
expect convergence of the iterative algorithm. It also means that a stopping criterion such as
kλ (i) − λ (i−1) k ≤ TOL does not make sense in general. What we will do is to simply perform a
certain number of iterations, say n = 3 steps.

4.3 Algorithm 3: Design point based reweighting (importance sampling)
In this algorithm we first transform to standard normal space and compute the design point
ξ ⋄ ∈ Rd which we get by solving the following optimization problem:
Find ξ ⋄ such that kξ ⋄ k = min

subject to g(Tλ(0) (ξ ⋄ )) ≤ 0.

(6)

The transformation Tλ (0) from standard normal space to the original space is given by the formula Tλ(0) (ξ ) = C(λ (0) ) ξ + µ (λ (0) ) where C(λ (0) ) is the Cholesky factor of the covariance matrix Σ(λ (0) ). Then the design point ξ ⋄ is transformed back to the original space, x⋄ = Tλ(0) (ξ ⋄ ),
and used as expectation of the distribution N(Tλ(0) (ξ ⋄), c·Σ(λ (0) )) on which here the probability
function pλ(0) is based for obtaining an approximation of p f , see also Figure 3.
Choose starting points λ (0) ∈ Λ and ξ (0) ∈ Rd and c ≥ 1.
Transformation from standard normal space: Tλ(0) (ξ ) = C(λ (0) ) ξ + µ (λ (0) ).
Find ξ ⋄ such that kξ ⋄ k = min subject to g(Tλ(0) (ξ ⋄ )) ≤ 0. (ξ (0) is starting point.)
Generate N sample points x1 , . . . , xN ∼ N(Tλ(0) (ξ ⋄ ), c · Σ(λ (0) )).
Density function: fλ(0) for distribution N(Tλ(0) (ξ ⋄ ), c · Σ(λ (0) )).

Weighting functions: wkλ (λ ) = fλ (xk )/ fλ(0) (xk ) with density fλ for N(µ (λ ), Σ(λ )).
(0)

Probability function: pλ(0) (λ ) =

1
N

λ
∑N
k=1 1g(xk )≤0 · wk (λ ).
(0)

Find λ ∗ ∈ Λ with pλ(0) (λ ∗ ) = max. (λ (0) is starting point of the optimization procedure.)
Upper probability of failure: p f ≈ pλ(0) (λ ∗ ).
80
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5
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ξ2 0

T

ξ⋄

-5

λ(0)

x2
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40
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-5

0
ξ1

x⋄

20
20

5

40

60

80

x1

Figure 3: Standard normal space (left) and original space (right); 100 sample points (’·’) with expectation (50, 50) in the original space and (0, 0) in the standard normal space; importance sample (’+’)
with expectation x⋄ in the original space and ξ ⋄ in the standard normal space; design point ξ ⋄ and
transformed design point x⋄ .
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We will see that using a probability function pλ(0) which is generated by a distribution
N(Tλ(0) (ξ ∗ ), c · Σ(λ (0) )) instead of N(µ (λ (0) ), c · Σ(λ (0) )) leads to significantly better results
due to importance sampling based on design points.

4.4 Algorithm 4: Iterated design point based reweighting
Again we try to improve the approximation of the upper probability by iterating.
Choose starting points λ (0) ∈ Λ and ξ (0) ∈ Rd and c ≥ 1.
i = 0.
Repeat
Transformation from standard normal space: Tλ(i) (ξ ) = C(λ (i) ) ξ + µ (λ (i) ).
Find ξ ⋄ such that kξ ⋄ k = min subject to g(Tλ(i) (ξ ⋄ )) ≤ 0. (ξ (i) is starting point.)
Generate Ni sample points x1 , . . . , xNi ∼ N(Tλ(i) (ξ ⋄ ), c · Σ(λ (i))).

Density function: fλ(i) for distribution N(Tλ(i) (ξ ⋄ ), c · Σ(λ (i))).

Weighting functions: wkλ (λ ) = fλ (xk )/ fλ(i) (xk ) with density fλ for N(µ (λ ), Σ(λ )).
(i)

Probability function: pλ(i) (λ ) =

1
Ni

Ni
1g(xk )≤0 · wkλ (λ ).
∑k=1
(i)

Find λ ∗ ∈ Λ with pλ(i) (λ ∗ ) = max. (λ (i) is starting point.)
i = i + 1.
λ (i) = λ ∗ , ξ (i) = ξ ⋄ . (ξ ⋄ and λ ∗ are starting points in the next step.)
Until a stopping criterion is satisfied.
Then p f ≈ pλ (i−1) (λ ∗ ).
Similar to Algorithm 2 we simply perform a certain number of iterations, e.g. n = 3, because
there is no convergence guaranteed in general.

4.5 Algorithm 5: Global design point
In Algorithm 3 the design point ξ ⋄ was computed for a fixed given λ (0) , but here we solve a
more general optimization problem:
Find (ξ ⋄ , λ ⋄ ) ∈ Rd × Λ

such that kξ ⋄ k = min

subject to

g(Tλ ⋄ (ξ ⋄ )) ≤ 0.

(7)

This means we are computing the global (or overall) design point ξ ⋄ = ξλ⋄⋄ among all design
points ξλ⋄ generated by λ ∈ Λ where the optimal λ ⋄ is given by λ ⋄ = arg minλ ∈Λ {kξλ⋄ k}. Then
λ ⋄ is used as starting point for the maximization of pλ ⋄ corresponding to the design point ξ ⋄ .
Choose starting points λ (0) ∈ Λ and ξ (0) ∈ Rd and c ≥ 1.
Find (ξ ⋄ , λ ⋄ ) ∈ Rd × Λ such that kξ ⋄ k = min subject to g(Tλ ⋄ (ξ ⋄ )) ≤ 0.
(Starting points λ (0) and ξ (0) .)
Generate N sample points x1 , . . . , xN ∼ N(Tλ ⋄ (ξ ⋄ )), c · Σ(λ ⋄)).
Density function: fλ ⋄ for distribution N(Tλ ⋄ (ξ ⋄ ), c · Σ(λ ⋄)).
⋄
Weighting functions: wkλ (λ ) = fλ (xk )/ fλ ⋄ (xk ) with fλ for N(µ (λ ), Σ(λ )).
λ
Probability function: pλ ⋄ (λ ) = N1 ∑N
k=1 1g(xk )≤0 · wk (λ ).
Find λ ∗ ∈ Λ with pλ ⋄ (λ ∗ ) = max. (λ ⋄ is also starting point!)
Upper probability of failure: p f ≈ pλ ⋄ (λ ∗ ).
⋄
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4.6 Testing the algorithms

upper probability pf

We are testing the Algorithms 1–5 using our numerical example and N = 1000, 10000, 100000
sample points; either with no additional iterations (Algorithms 1, 3 & 5) or iterating 3 times (Algorithms 2 & 4); either with no increase of the variance (c=1) or increasing the variance (c=3) of
the distribution on which the probability function is based. We are running each algorithm 100
times and plot the different approximations p f (k) , k = 1, . . ., 100, of the exact p f = 0.0851 using
box plots. The narrower the boxes and the shorter the whiskers of the box plot the greater the
confidence we may have in the computed results. Starting points: One knows that the solution is
(0)
on the boundary of the ellipse generated by µ (λ ) which means λ1 = 1. In Figure 4 the starting
point is always λ (0) = (1, π /2) (far away from the exact solution (1, 4.0684)). In Figure 5 the
starting point is always λ (0) = (1, 4) (very close to the exact solution) which leads to narrower
boxes. The results will be discussed and interpreted in detail in the following section.
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Figure 4: Box plots for the upper probabilities p f obtained by running each algorithm 100 times using
N = 1000, 10000, 100000 sample points. Starting point is λ (0) = (1, π /2). If we increase the variance,
we use factor c = 3; if we iterate, we iterate 3 times. Exact solution: p f = 0.0851 at (1, 4.0684).
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Figure 5: Box plots for the upper probabilities p f obtained by running each algorithm 100 times using
N = 1000, 10000, 100000 sample points. Starting point is λ (0) = (1, 4). If we increase the variance, we
∗
= (1, 4.0684).
use factor c = 3; if we iterate, we iterate 3 times. Exact solution: p f = 0.0851 at λexakt
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Figure 6: Variances of 100 probability functions on µ (Λ); either based on the starting point λ (0) = (0, 0)
(left) or on the corresponding design point (right).
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5 Interpretation of Results and Conclusions
• Not surprisingly, Algorithms 3 and 5 have the narrowest boxes in the box plot diagram
resulting from our numerical tests. Both algorithms are using importance sampling, based
on the computation of design points. Determining the global design point among all design points induced by λ ∈ Λ in Algorithm 5 is an improvement in comparison to Algorithm 3 where design points are used which are not optimal in general. But the improvement is not as big as that it would be a problem if we are not able to find the global design
point. It may be sufficient to have a good approximation.
• An additional advantage of computing design points is to have good starting points and
good corresponding starting probability functions for the further optimization steps leading to the upper probability.
• Importance sampling is a variance reducing technique which also has positive effects on
the probability functions itself. Since probability functions change for different sets of
sample points, the (pointwise) variance is an interesting value for measuring the robustness. In Figure 6 contour plots of the variance of the values of two probability functions
on µ (Λ) are depicted (for our example and 100 different probability functions generated using 1000 sample points each time). The left one is directly based on parameter
λ (0) = (0, 0) and the right one on the corresponding design point. The decrease of the
variance is obvious. We also note that in both plots the variance just becomes greater in
regions where the maxima are (lower left area of the ellipse µ (Λ)).
• Iterating (three times in our experiment) and increasing of the variance (factor c = 3) have
only an advantage in algorithms not using importance sampling, significantly for starting
values more far away from the exact solution (1, 4.0684), e.g. λ (0) = (1, π /2) instead of
λ (0) = (1, 4) in our example. For the better Algorithms 3 and 5 we can see that it is often
even unfavourable to use iterating and especially to increase the variance.
• The computational effort of the algorithms consists of three parts:
1. We have n · N function evaluations of the limit state function g at N sample points
performing n iterations (n = 3 in our example). This is the most expensive part of
the algorithms, especially for functions g involving time consuming finite element
computations. But if we do not iterate (n = 1), there is no difference to the case
where we have only single random variables X modelling the uncertainties and not
families (Xλ )λ ∈Λ , independent of the number of uncertain or stochastic variables.

2. We have approximately 30–50 function evaluations of g to obtain the design points
in Algorithms 3 and 5. There are no additional iterations (n = 1) because it is not
recommended to iterate, see above.
3. We have around 30–50 function evaluations (per iteration for Algorithms 2 and 4)
of the probability function pλ(0) (or pλ (i) , pλ ⋄ ) to compute the maximum value of
pλ(0) to obtain an approximation of the upper probability p f . But these function
evaluations pλ(0) (λ ) are very cheap and do not count.
• In addition, one of the advantages of the reweighting technique in the above algorithms is
the smoothness of the probability functions which allows us to apply efficient optimization algorithms for obtaining their maxima.
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• Generalisation to families of random variables with arbitrary distributions: In this case
the Rosenblatt transformation is used for transforming to standard normal space in Algorithms 3, 4 & 5.
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Abstract: Random set theory (RST) is useful for the estimation the bounds of the
probability of events when there is both aleatory and epistemic uncertainty in the
representation of the input variables. Indeed, these methods allow to model basic
variables as CDFs, distribution-free probability boxes, possibility distributions
or families of intervals provided by experts, while representing the dependence
of the implied variables by means of copulas. RST can be used to estimate the
bounds on the probability of failure (PoF) of structural systems. In this paper,
we present a different method, which poses the calculation of the bounds of the
PoF as a reliability-based-design-optimization problem. We have proved theoretically and by means of numerical experiments that the proposed method provides
tighter bounds of the PoF than those estimated by RST. In the paper, we also theoretically and numerically discuss some interesting relationships between RST
and the proposed method.

1 Introduction
In order to estimate the probability of failure (PoF) of a system, reliability methods like FORM
or subset simulation, require precise knowledge of the cumulative distribution functions (CDFs)
of the implied input variables. However, under realistic conditions an accurate specification of
those CDFs is not possible, due to the lack of sufficient data for finding the probabilistic model
of each input variable. Therefore, alternative methods for dealing with incomplete knowledge
in uncertainty analysis have appeared, under the umbrella of imprecise probability methods.
One of these methodologies is random set theory (RST) which comprises uncertainty modeled
in the form of distribution-free probability boxes (p-boxes), possibility distributions, CDFs,
Dempster-Shafer (DS) structures or intervals. RST does not estimate a single PoF but lower and
upper bounds on the PoF.
We will consider two methods for estimating the lower and upper bounds of the PoF. The first
one, is based on RST; the second one, will consider families of probability measures indexed
by some parameter. We will relate both methods, and will discuss mathematically and numerically the relationship between those techniques. The paper establishes as well, some important
relationships between the current reliability methods and the aforementioned approaches for
finding the bounds of the PoF; indeed, the interval estimated with RST can be calculated using
the already available probabilistic methods for assessing the PoF, while the second problem
is related to reliability-based design optimization methods. This is an important outcome that
allows to effortlessly merge the vast experience gathered in stochastic mechanics with RST
and imprecise probability methods. It is important to comment that Fetz and Oberguggenberger
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[11] have recently published some results in this direction, which only consider distributional
p-boxes. In this paper, we will extend their conclusions.
After doing a brief summary on the main results in RST, copulas, p-boxes and intervals, we will
introduce two methods for calculating the PoF; the first one uses RST, while the second one
is an optimization over the space of uncertain epistemic parameters. Then, we will analytically
show that the latter method produces tighter bounds on the PoF. Later, these findings will be
confirmed through numerical experiments. The paper finalizes with the conclusions.
This paper is a reduced version of [5].

2 A brief review of random set theory
Let us consider a universal set X 6= 0/ and its power set P(X ), a probability space
(Ω′ , σΩ′ , PΩ′ ) and a measurable space (F , σF ) where F ⊆ P(X ). The reader is referred
to [7] for a nice introduction to random sets.
A random set (RS) Γ is a (σΩ′ − σF )-measurable mapping Γ : Ω′ → F , α 7→ Γ(α ). In other
words, a RS is like a random variable whose realization is a set in F , not a number; let
us call each of those sets γ := Γ(α ) ∈ F a focal element while F is a focal set. Similarly
to the definition of a random variable, the RS can be used to define a probability measure
on (F , σF ) given by PΓ := PΩ′ ◦ Γ−1 . In other words, an event R ∈ σF has the probability
PΓ(R) = PΩ′ { α ∈ Ω′ : Γ(α ) ∈ R }. Observe that when all focal elements of F are singletons,
then Γ becomes a random variable X ; hence, Γ(α ) = X (α ) and the probability of occurrence of
the event F, is PX (F) := (PΩ′ ◦ X −1)(F) = PΩ′ { α : X (α ) ∈ F } for every F ∈ σX . In the case
of RSs, it is not possible to compute exactly PX (F) but its lower upper and upper probability
bounds, which were defined in Dempster [8] by, LP(F ,PΓ) (F) := PΩ′ { α : Γ(α ) ⊆ F, Γ(α ) 6= 0/ }
and UP(F ,PΓ) (F) := PΩ′ { α : Γ(α ) ∩ F 6= 0/ }; thus, LP(F ,PΓ) (F) ≤ PX (F) ≤ UP(F ,PΓ) (F). Finally, a function X : Ω′ → X is a measurable selection of a RS Γ : Ω′ → F when X (ω ) ∈ Γ(ω )
for all ω ∈ Ω′ and X is σΩ′ − σX measurable.

3 Representing CDFs, probability boxes, and intervals as random sets
Since the original definition of RSs is very general, by setting Ω′ = (0, 1]r , σΩ′ = B(Ω′ ) and
PΩ′ = µC for some copula C, we can model possibility distributions, distribution-free p-boxes,
intervals, CDFs and DS structures, or their joint combinations [3]. Here B(E) stands for the
Borel set on the set E, and µC represents the Lebesgue-Stieltjes measure corresponding to the
copula C. Note that we are using copulas to represent the dependence between CDFs, p-boxes,
and intervals and relate them in order to form a joint RS. The method exposed is simply an
extension of Ferson et al. [10] to DS structures with infinite focal elements as explained in [3].
In this section, we will consider r = 1, that is, RSs whose underlying probability space is (0, 1]
equipped with the Lebesgue measure, i.e., α ∼ U (0, 1].

3.1 Cumulative distribution functions

The CDF FX associated to a random variable X can be expressed as a RS by setting Γ(α ) =
FX−1 (α ) = inf{x : FX (x) ≥ α , α ∈ (0, 1]}. Note that this representation of the CDF as a RS only
contains an aleatory component, which is portrayed either by α or by x = FX−1 (α ). There is not
an epistemic component in the description of a random variable.

3.2 Intervals
An interval I := [l, u] represents a range of values between a lower value l and an upper value
u. Intervals do not imply any knowledge of the CDFs of the values within l and u; in fact, all
CDFs in I are possible; therefore, intervals should not be confused with a uniform CDF between
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l and u. An interval I can be represented by the RS Γ(α ) = I. This representation of intervals
as RSs does not comprise an aleatory component, because all α ∈ (0, 1] symbolizes the same
information I. In this case, the epistemic component is given by the interval itself.

3.3 Probability boxes
A probability box (p-box) is a set of CDFs {F : F ≤ F ≤ F, F is a CDF} which conjointly represents the epistemic uncertainty about the CDF associated to a random variable. This family of
CDFs may belong to a reduced class of CDFs defined by a “parental CDF” or simply represent
all those CDFs that comply with the lower and upper bounds F and F. Using this distinction, pboxes can be respectively classified into two disjoint groups: distributional and distribution-free
p-boxes.
3.3.1 Distributional probability boxes
Distributional p-boxes, also known as parametric, result when there is uncertainty in the representation of the parameters of the so-called parental CDF. These parameters are imprecisely
stipulated as intervals. For example, consider a variable that is normally distributed with a mean
within the interval [3, 5] and whose variance is a fixed number in [1, 4]. Only those gaussian
CDFs whose mean and variance comply with those intervals will belong to the p-box; in this
case the parental CDF of the p-box is normally distributed; no other type of measurable selections within the p-box will be allowed. As discussed in Patelli et al. [12], it is not possible
to represent this kind of p-boxes by means of RSs. Only a rough approximation to a RS can
be performed by converting the distributional p-box to a distribution-free p-box. However, this
operation brings about loss of information.
3.3.2 Distribution-free probability boxes
This kind of p-box, also referred to as non-parametric, appears when the underlying family
of the CDF that gives birth to the p-box (the family of the parental CDF) is unknown; in this
situation, only the CDF bounds F and F are specified, and no assumptions about the parental
CDF, or shape of the uncertain CDFs are performed. A distribution-free p-box can be under−1
stood as the RS Γ(α ) = [F (α ), F −1 (α )], where F and F are known in advance. Note that
this definition does not use the concept of a parental CDF. Take into account that a distributional p-box can be approximated to a distribution-free p-box using the following method:
consider a random variable that follows a CDF F(·; θ ) with parameters θi ∈ Ii for i = 1, . . ., m
−1
−1
and θ = [θ1 , . . . , θm ]; in this case Γ(α ) = F −1 (α ; ∏m
i=1 Ii ) = [F (α ), F (α )] where F and F
−1
are estimated as F (α ) = infθ ∈∏mi=1 Ii F −1 (α ; θ ) and F −1 (α ) = supθ ∈∏mi=1 Ii F −1 (α ; θ ); in other
−1
words, Γ(α ) is the image of the set ∏m
i=1 Ii := I1 × · · · × Im through the function F (α ; ·); this
method pitifully includes additional CDFs that are contained in the p-box, and not only those
−1
related to the parental CDF, inasmuch as S(α ) ∈ [F (α ), F −1 (α )] for all measurable selections
S within the p-box.

4 Sampling from a random set and combination of focal elements
A sample from a RS can be obtained by drawing an α ∈ Ω’ from the copula C. Then, the
corresponding marginal focal elements are obtained and combined as explained later. Those n
samples of a RS form a DS structure (Fn , m), where Fn denotes the set of all sampled focal
elements and the basic mass asignment m is equal to 1/n for each sampled element.
Once a sample from each input variable is sampled, those intervals can be combined in order
to form a joint focal element. This is given by the cartesian product Γ(α ) = ∏di=1 Γi (αi ), where
d is the number of input variables and Γi (αi ) are the sampled focal elements from each input
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variable (which is a CDF, p-box, interval, DS structure or a possibility distribution). Note that
every joint focal element can be represented either by the d-dimensional box Γ(α ) or by the
point α ∈ Ω′ ; also, if all intervals Γi (αi ) are closed, then the focal element Γ(α ) is compact.

5 The aleatory and epistemic spaces
To portray the uncertainty in CDFs, distributional p-boxes and intervals, we will use the aleatory
Ω and the epistemic space Θ. On the one hand, according to the discussion in Section 4, a sample
from a RS is obtained by drawing an α ∈ Ω′ from a copula C. Note that a sample from an interval
does not have an aleatory component. Therefore, we will remove from Ω′ := (0, 1]r all those
components that represent intervals, so that we obtain the subspace Ω := (0, 1] p, with p ≤ r,
which we call from now on the aleatory space. Without loss of generality, all copulas in our
formulation will be defined on Ω, and from now on, all subsequent discussions will be done with
respect to this set. On the other hand, the epistemic space is made up by the Cartesian product
q
of all intervals that contain epistemic uncertainty, i.e. Θ = ∏i=1 Ii . The epistemic uncertainty
can be reduced when additional information is available; in the limit case that all desirable
information is at disposal, the epistemic space will reduce to θ ∗ which represents the true but
unknown parameters of the system.

6 Representing the limit state as a function of the aleatory and the
epistemic uncertainty

R

Let us consider the functions w and g. On the one hand, w : Ω × Θ → X , where X ⊆ d ,
is a function that retrieves the point x ∈ Γ(α ) after reducing the epistemic space in Θ to
θ ; that is, the image of Θ through w(α , ·) is the focal element Γ(α ); also, w(·, θ ) can be
understood as a random variable with parameter vector θ , and CDF F(·; θ ). Note that w
exists only if the RS Γ models intervals, distributional p-boxes, CDFs or the joint combination of these models of uncertainty. On the other hand, the so-called limit state function
g : X → is used to specify the failure criterion on the system; it separates the failure region F = {x ∈ X : g(x) ≤ 0} from the safe region {x ∈ X : g(x) > 0}. Finally, we will define the function h : Ω × Θ → as h = g ◦ w; it can be seen that h represents the system as
well, but its domain is the Cartesian product of the aleatory and epistemic spaces. Thus, the
failure set is also F = {x ∈ X : x = w(α , θ ∗ ),Rg(x) ≤ 0} = {x ∈ X : h(α , θ ∗ ) ≤ 0} and the
unknown PoF will be Pf (θ ∗ ) = PX (F; θ ∗ ) = Ω I[h(α , θ ∗ ) ≤ 0] dC(α ). where PX (F; θ ) :=
µC { α ∈ Ω : w(α , θ ) ∈ F } is the probability measure on the measurable space (X , σX ).

R

R

7 Mapping the focal elements through the system by means of the extension principle

R

Let us assume that the focal element Γ(α ) is a compact d-dimensional box in d and that
the functions g and h are continuous. The extension principle of RSs (see e.g. Ref. [2] and
references therein), allows us to find the image of a focal element Γ(α ) through the function g.
This procedure can be performed for example by means of interval arithmetic, the optimization
method, the vertex method, among others. In this case, since Γ(α ) is compact, its image through
the continuous
 functiong is also compact (and therefore bounded and closed) and is given by
g(Γ(α )) = g(α ), g(α ) where
g(α ) = min g(x) = min h(α , θ )
x∈Γ(α )

g(α ) = max g(x) = max h(α , θ ).

θ ∈Θ

x∈Γ(α )

θ ∈Θ

(1)

Also, the minimum and the maximum in the last equations are reached since Γ(α ) is compact.
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8 Calculating the bounds on the probability of failure
Given a RS, there are two methods for estimating the lower and upper bounds of the PoF, which
we will list in the following. In Section 9 we will see that the second method produces narrower
bounds on Pf (θ ∗ ).

8.1 The integration over the aleatory space approach
RST cannot obtain an exact value of the PoF, because the exact CDF of the input random
variables is unknown. However, RST provides lower and upper bounds estimates, which are
in the context of DS evidence theory (which is simply a particularization of RST to a finite
number of focal elements) the belief and plausibility of the failure set. Using an infinite number
of focal elements, Alvarez [1] showed
that the upper and lower bounds on the
PoF Pf (θ ∗ ) can be
R
R
estimated by Pf := µC (FLP ) = Ω I[α ∈ FLP ] dC(α ) and Pf := µC (FUP ) = Ω I[α ∈ FUP ] dC(α )
as long as the lower and upper inverses of F on Γ, FLP = {α ∈ Ω : Γ(α ) ⊆ F, Γ(α ) 6= 0}
/ and
FUP = {α ∈ Ω : Γ(α ) ∩ F 6= 0}
/ are µC -measurable sets. Alternatively, in Alvarez and Hurtado
[4], it has been shown that these integrals, can be expressed using equations (1), as
Pf =

Z

Ω

I[g(α ) ≤ 0] dC(α )

Pf =

Z

Ω

I[g(α ) ≤ 0] dC(α )

(2)

that is, the problem of finding the lower and upper bounds of the PoF Pf reduces to the problem
of calculating the PoF in the aleatory space Ω for two different limit state functions, namely g
and g. In this case the lower and upper inverses of the failure set F on the RS Γ can be expressed

respectively as, FLP = {α ∈ Ω : g(α ) ≤ 0} and FUP = α ∈ Ω : g(α ) ≤ 0 . The calculation of
those probabilities of failure can be performed using for example MCS, FORM or subset simulation, as shown respectively in Refs. [4, 6]. In fact, it is easy to adapt any structural reliability
method proposed within the field of stochastic mechanics to estimate integrals (2).

8.2 The optimization over the epistemic space approach
This method finds those measurable selections in the RS Γ defined by the parameters θ ∈ Θ
which provide the smallest and largest probabilities of failure. Here, the lower and upper bounds
of the PoF, are obtained as
Pf := min Pf (θ )

Pf := max Pf (θ )

θ ∈Θ

θ ∈Θ

(3)

where Pf (θ ) stands for the PoF of the system assuming that the epistemic uncertainty of the
system is reduced to the point θ ∈ Θ, that is,
Pf (θ ) =

Z

Ω

I[h(α , θ ) ≤ 0] dC(α )

(4)

provided that Pf (θ ) exists for all values θ ∈ Θ; it is clear that Pf (θ ∗ ) ∈ [Pf , Pf ]. Alternatively, integral (4) can be seen as the PoF associated to the measurable selection of the RS Γ defined by the
parameter θ , that is, Pf (θ ) = µC (Fθ ), provided Fθ := {α ∈ Ω : h(α , θ ) ≤ 0} is µC -measurable.
Note that the set Fθ is µC -measurable as long as h(·; θ ) is a random variable.
In this form, the calculation of the interval [Pf , Pf ] can be seen as two optimizations in which we
would like, in the case of Pf , to minimize the PoF over a “design space” Θ, which corresponds
to the epistemic space. The calculation of that probability can be performed using the methods
already established in the field of reliability-based design optimization, like for example sample
reweighting methods (in the case that all input variables are distributional pboxes or CDFs –
see e.g. Ref. [11]) or the stochastic subset optimization algorithm [13]. One advantage of this
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formulation is that it retrieves as well those θ -s in the epistemic space for which the PoF reaches
its bounds, that is,

θ min := arg min Pf (θ )

θ max := arg max Pf (θ );

θ ∈Θ

θ ∈Θ

(5)

here, θ min and θ max are respectively the most favorable and the most critical combination of
parameters in the epistemic space; notice as well that θ min and θ max might refer to a singleton,
or even contain multiple elements.

9 Relationship between the two approaches for estimating the bounds
on the probability of failure
We will show in the following that Pf ≤ Pf ≤ Pf (θ ∗ ) ≤ Pf ≤ Pf . It is important to comment
that Fetz and Oberguggenberger [11] have already shown that these inequalities hold in the
case that the epistemic space contains the parameters θ of a family of random variables (i.e.,
distributional p-boxes); in the following, we are expanding that result to include intervals as
well, using a different demonstration to the one they propose. In order to show the inequalities,
we require the following theorem:
Theorem 1. [5] On the one hand, the lower inverse of the failure set F on Γ, FLP , is the
intersection of all failure regions associated to the limit state functions h(·, θ ) in Ω for all
T
θ ∈ Θ, that is, FLP = θ ∈Θ {α ∈ Ω : h(α , θ ) ≤ 0} . On the other hand, the upper inverse of the
failure set F on Γ, FUP , is the union of all failure regions, associated to the limit state functions
S
h(·, θ ) for all θ ∈ Θ, that is, FUP = θ ∈Θ {α ∈ Ω : h(α , θ ) ≤ 0} .
In both cases note that neither FLP nor FUP correspond to a specific value of θ , but they are related to the whole epistemic space Θ; in other words, there is not a unique measurable selection
in the RS Γ that can be associated to the lower and upper inverses FLP and FUP . Now, we proof
the inequalities.
Theorem 2. The inequalities Pf ≤ Pf ≤ Pf (θ ∗ ) ≤ Pf ≤ Pf hold, provided the sets Fθ for all θ ∈ Θ,
FLP and FUP are µC -measurable.
Proof. First at all, we will assume that the sets FLP , FUP and Fθ for all θ ∈ Θ are µC -measurable
sets. On the one hand, in order to prove Pf ≤ Pf , let us consider a family of µC -measurable
T
sets Fθ = {α ∈ Ω : h(α , θ ) ≤ 0}. From Theorem 1, FLP = θ ∈Θ Fθ ⊆ Fθ ′ for any θ ′ ∈ Θ. In
T
consequence, µC ( θ ∈Θ Fθ ) ≤ µC (Fθ ′ ) for any θ ′ ∈ Θ, since µC (B) ≤ µC (B′ ) for any B ⊆ B′ .
This implies that, Pf = µC (FLP ) ≤ minθ ∈Θ µC (Fθ ) = Pf . On the other hand, to show that Pf ≤ Pf ,
S
S
from Theorem 1, Fθ ′ ⊆ θ ∈Θ Fθ = FUP for any θ ′ ∈ Θ. Therefore, µC (Fθ ′ ) ≤ µC ( θ ∈Θ Fθ )
for any θ ′ ∈ Θ. Thus, Pf = maxθ ∈Θ µC (Fθ ) ≤ µC (FUP ) = Pf . Finally, from the discussion in
Section 8.2, we have that Pf (θ ∗ ) ∈ [Pf , Pf ].
The following theorem describes the cases when Pf = Pf and Pf = Pf hold.
Theorem 3. [5] On the one hand, the equality Pf = Pf holds when: i) There exists a θ ∗ ∈ Θ such
that Fθ ∗ = FLP µC -almost everywhere., ii) There exists a θ ∗ ∈ Θ such that µC (Fθ ∗ ) = µC (FLP ).,
T
iii) The core of the set of inverse images S = {Fθ : θ ∈ Θ}, that is θ ∈Θ Fθ , belongs to S .,
iv) There is a point θ ∗ ∈ Θ such that h(α , θ ) ≤ h(α , θ ∗ ) for all α ∈ Ω and all θ ∈ Θ. This point
θ ∗ belongs to θ min and Fθ ∗ = FLP . On the other hand, the equality Pf = Pf holds when: v) There
exists a θ + ∈ Θ such that Fθ + = FUP µC -almost everywhere., vi) There exists a θ + ∈ Θ such
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that µC (Fθ + ) = µC (FUP )., vii) The support of the set of inverse images S = {Fθ : θ ∈ Θ},
S
that is θ ∈Θ Fθ , belongs to S ., viii) There is a point θ + ∈ Θ such that h(α , θ + ) ≤ h(α , θ )
for all α ∈ Ω and all θ ∈ Θ. This point θ + belongs to θ max and Fθ + = FUP . Finally, Pf = Pf =
Pf (θ ∗ ) = Pf = Pf holds when all all input variables are random.

The following theorem describes a special type of limit state functions for which Pf = Pf and
Pf = Pf at the same time.
Theorem 4. [5] Let θ A , θ B ∈ Θ and let us define a total order  in Θ by setting θ A  θ B
whenever Pf (θ A ) ≤ Pf (θ B ) (where ≤" is the standard less than or equal relation). If h(α , ·)
is an order-preserving function (Θ, ) → ( , ≥) for all α ∈ Ω, then Pf = Pf and Pf = Pf ; in
addition, the set S = {Fθ : θ ∈ Θ} is totally ordered by set inclusion ⊆ with minimal element
FLP and maximal element FUP .

R

10

Numerical examples

10.1 Example: a cantilever tube
Let us consider a example inspired from [9], which considers the cantilever beam of diameter
d and thickness t sketched in Figure 1, this tube is subject to external forces F1 , F2 , P and a
z

F2

F1

θ2

θ1

y
P
x
T

L2
L1

Figure 1: Beam considered in the Example 10.1.

torsional moment T . We will define the limit state function as the difference between the yield
strength σy and the maximum von Mises stress on the top surface of the beam at its fixed end
σmax , that is,
g(x) = σy − σmax
(6)
p
2 stands for the maximum von Mises stress at the restraint on the top
where, σmax = σx2 + 3τxz
fiber of the beam, σx = P+F1 sin θA1 +F2 sin θ2 + Md
2I represents the normal stress produced by the
Td
bending moments and axial forces, τxz = 4I , M = F1 L1 cos θ1+ F2 L2 cos θ2 is the shear stress
π
d 4 − (d − 2t)4 is the second moment of inertia
generated by the torsion at the free end, I = 64

and A = π4 d 2 − (d − 2t)2 is the area of the transverse section of the beam.
The representation of the input variables system is shown in Table 1. Here X1 , X2 , X5 , X6 and X7
are defined as CDFs, X3 and X4 are typified as distributional p-boxes and variables X8 , X9, X10
and X11 are modeled as intervals. Here N(µ , σ ) represents the gaussian CDF with mean µ and
standard deviation σ , U (a, b) symbolizes the uniform CDF
G(µ , σ ) stands for a
 in [a, b],and 
x−µ
x−µ
1
Gumbel (Type I extreme value) CDF f (x; µ , σ ) = σ exp σ − exp σ
with location and
scale parameters µ and σ respectively.
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Table 1: Input variables considered in Example 10.1

variable
X1 (F1 : kN)
X2 (F2 : kN)
X3 (P: kN)
X4 (T : N·m)
X5 (σy : MPa)
X6 (t: mm)
X7 (d: mm)
X8 (L1 : mm)
X9 (L2 : mm)
X10 (θ1 )
X11 (θ2 )

represented as
N(2, 0.2)
N(3, 0.3)
G([11.9,12.1], [1.19,1.21])
N(90, [8.95, 9.05])
N(200, 22)
U(2.9, 3.1)
U(41.8, 42.2)
interval(119.75, 120.25)
interval( 59.75, 60.25)
interval(19◦, 21◦ )
interval(30◦, 35◦ )

Moreover, we will assume that variables X5 to X11 are independent (and consequently they are
dim(r)
related through a product copula Cprod (r) := ∏i=1
X1 to X4 are related
 ri ), whereas variables
1/δ 
dim(α )
with δ = 10.
through a Gumbel copula CGumbel (α ; δ ) := exp − ∑i=1 (− ln αi )δ

Firstly, we have to set up the aleatory and epistemic spaces: on the one hand, the aleatory
space will correspond to Ω = (0, 1]7 and on this space, we will define the copula C(α ) =
CGumbel ([α1 , α2 , α3 , α4 ]; 10)· ∏7i=5 αi which models the dependence between the aleatory components of the input variables; on the other hand, the epistemic space will be Θ = [11.9, 12.1] ×
[1.19, 1.21] × [8.95, 9.05] × [119.75, 120.25] × [59.75, 60.25] × [19, 21] × [30, 35].
Next, we will consider  the functions w, g and h: the function w will be defined as w(α , θ ) := N −1 (α1 ; 2, 0.2), N −1 (α2 ; 3, 0.3), G−1 (α3 ; θ1 , θ2 ), N −1 (α4 ; 90, θ3 ),
N −1 (α5 ; 200, 22), U −1 (α6 ; 2.9, 3.1), U −1(α7 ; 41.8, 42.2), θ4 , θ5 , θ6 , θ7 , the limit state function g is specified by equation (6) and h = g ◦ w; here, N −1 , G−1 and U −1 are correspondingly
the quantile functions associated to the gaussian, Gumbel and uniform CDFs.
Now, the estimation of the bounds on the PoF was performed using the methods explained
in Section 8. On the one side, using Monte Carlo simulation (MCS) to solve integrals (2),
as explained in Refs. [2, 1], we obtained the estimators P̂f = 0.03107 and P̂f = 0.04341; this
methodology required the evaluation of the image of 106 focal elements; the bounds on each
focal element were calculated using equations (1). On the other side, using the optimization over
the epistemic space method of Section 8.2, we solved the optimization problems (3) and (5) to
ˆ
obtain P̂f = 0.03114 and Pf = 0.04343 with θ min = [11.9, 1.21, 9.05, 0.11975, 0.05975, 21, 35]
and θ max = [12.1, 1.19, 8.95, 0.12025, 0.06025, 19, 30]; here, each PoF was estimated using
MCS with 5 × 107 samples.
ˆ
Note additionally that P̂f ≈ P̂f and P̂f ≈ Pf . Let us inspect this issue by uniformly sampling 20000
points from each space Ω and Θ, in order to verify cases iv and viii of Theorem 3; in this order
of ideas, we set θ + = θ max ; using all possible combinations of those points we verified that all
4 × 108 combinations (α i , θ j ) fulfilled the inequality in Theorem 3 [case viii]. This certainly
gives a strong confidence to the fact that Pf = Pf ; a similar procedure was performed by setting
θ ∗ = θ min in order to test whether Pf = Pf by means of Theorem 3 [case iv], giving affirmative
results; please bear in mind that the numerical differences in those results are attributed to the
approximative nature of MCS.
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10.2 Example: a non-order preserving function
Consider the limit state mapping g(x) = 10 − x21 − x22 + x3 . The input variables X1 and X2 are
respectively represented as the distributional p-boxes N([−1, 2], 1) and N([−2, 1], 2), while the
random variable X3 follows a standard gaussian distribution N(0, 1). All input variables are
independent. In this example, the aleatory space is Ω = (0, 1]3 while the epistemic space is Θ =
[−1, 2] × [−2, 1]. A product copula defined on Ω is used to associate the aleatory components
of the input variables; also, w(α , θ ) = [N −1 (α1 ; θ1 , 1), N −1 (α2 ; θ2 , 2), N −1 (α3 ; 0, 1)]T .
The estimation of the PoF by means of equations (2) and MCS gives [P̂f , P̂f ] =
[0.02385, 0.71063] employing 105 focal element evaluations; also, we optimization probˆ
lems (3) gave θ min = [0, 0], θ max = [2, −2] and [P̂f , Pf ] = [0.141870, 0.510587] using 107
samples for the evaluation of the PoF. Observer that the inequalities in Theorem 2 are fulfilled.
In this case, the inclusion of the information of the parental family in the distributional probability boxes brought about a huge narrowing of 46% in the width of the interval which contains
the true value of the PoF.

11

Conclusions

In this paper, we presented two alternative formulations for estimating the bounds on the PoF
when using RST. The first formulation corresponds to the belief and plausibility calculated
with DS evidence theory when using an infinite number of focal elements. The second method
estimated the lower and upper probabilities using those measurable selections within the RS,
that were in agreement with the input information. We proved theoretically that the second
method provides tighter bounds on the PoF, and gave conditions under which both methods
estimate the same bounds.
We also related both aforementioned approaches with the methods that already exist in stochastic mechanics to estimate the PoF when all input variables are random and the methods of
reliability-based design optimization. This is a very important result which links flawlessly both
fields: imprecise probabilities and stochastic mechanics; while imprecise probabilities provides
the theoretical foundation, stochastic mechanics provides the numerical methods to estimate the
bounds in very efficient ways.
An extended version of this article, with additional results and examples is Ref. [5].
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Abstract: Global sensitivity analysis relates the uncertainty in the input of a
computational model to the quantity of interest (QoI). Sobol’ indices are among
the popular tools of global sensitivity analysis. They decompose the variance of
the QoI as a sum of contributions of the input parameters. In the present paper, this well-established method is extended to the context of input variables
modelled by probability-boxes, which belong to the class of imprecise probabilities. The use of polynomial chaos expansions (PCE) allows for an efficient (i.e.
accurate and inexpensive) estimation of the imprecise Sobol’ indices. A realistic
engineering problem highlights the high efficiency of the proposed metamodelbased algorithm.

1 Introduction
In modern engineering, complex systems and processes are modelled by computational simulation tools, such as finite element models. Such simulations map a set of input parameters
through a computational model to a quantity of interest (QoI). The input parameters are often
not perfectly known, because of noisy measurements, expert judgement, or intrinsic variability. In fact, a common situation in practice is to have only scarce or incomplete data. In such
cases, an imprecise probability framework can be more appropriate to model the uncertainty
than a conventional probabilistic approach. Imprecise probabilities include probability-boxes
[4], Dempster Shafer’s theory of evidence [3, 16], and fuzzy distributions [12].
In this context, engineers are concerned with the contribution of the uncertainty in each input
variable to the uncertainty in the QoI. Global sensitivity analysis [14] provides a powerful set
of tools to do so. As an example, Sobol’ indices are popular variance-based measures, which in
turn can be estimated efficiently using sparse polynomial chaos expansions (PCE) [2]. However,
global sensitivity measures (including Sobol’ indices) are applied mainly in the context of probability theory. In the context of imprecise probabilities, only a few publications are available,
including sensitivity indices for Bayesian hierarchical models [9], for fuzzy distributions [13],
and for probability-boxes [7].
In this paper, the PCE-based Sobol’ indices are extended to the case of imprecise probabilities,
in particular to the case of probability-boxes. The extension makes use of the recently published
augmented PCE approach [15] to allow for an efficient estimation of the imprecise Sobol’
indices. The performance is finally analysed on a realistic engineering application.

2 Sobol’ indices
2.1

Computational model

Consider a system whose behaviour is represented by a computational model M that maps the
M-dimensional input space to the one-dimensional output space:
M : x ∈ DX ⊂ RM 7→ y = M (xx) ∈ R,
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(1)

where x = (x1 , . . . , xM )T is the input vector and y denotes the quantity of interest (QoI). The
computational model is considered as a deterministic mapping and as a black box. As the input
vector x is assumed to be affected by uncertainty, an uncertainty model is introduced. In the
context of most classical uncertainty quantification analyses, probability theory is used. Then,
x is replaced by a random vector X with given joint probability density function (PDF) fX and
corresponding joint cumulative distribution function (CDF) FX . In this paper, the components
of X are assumed to be independent for the sake of simplicity. Then, the joint PDF can be
written as the product of its marginal PDFs denoted by fXi , i = 1, . . . , M. Note that the case of
dependent input variables can be addressed by using an isoprobabilistic transform, such as the
Nataf or Rosenblatt transform [10, 11].
Due to the uncertainty in the input vector X , the QoI is uncertain, too. Hence, the computational
model can be written as:
X).
Y = M (X
(2)
Besides propagating the uncertainty through the computational model to the QoI, a modeller is
interested in the relative contribution of the uncertainty in Xi ’s (both univariate and joint effects)
onto the uncertainty in Y . Such analyses are generally summarized as sensitivity analysis, including local and global measures. Local sensitivity measures estimate the influence of varying Xi
around its nominal value and are not discussed in this paper. Global sensitivity measures, such
as the Sobol’ indices presented in this paper, take into account the variability of the random
variables Xi .

2.2

Variance decomposition

Considering that the components of X are modelled by independent random variables, the socalled Sobol’ decomposition rewrites the computational model into summands of increasing
dimension [17]:
M

M (xx) = M0 + ∑ Mi (xi ) +
i=1

∑

1≤i< j≤M

Mi j (xi , x j ) + . . .

∑

+

1≤i1 <...<is ≤M

Mi1 ...is (xi1 , . . . , xis ) + . . . + M1,2,...,M (xx), (3)

where M0 is a constant (i.e. mean value of the function) and where it is imposed that the integral
of each summand over any of its arguments is zero:
Z

DX

Mi1 ...is (xi1 , . . . , xis ) fXi1 (xi1 ) . . . fXis (xis ) dxi1 . . . dxis = 0,

Then, the total variance of Y is defined as:
X )] =
D = Var [M (X

Z

DX

1 ≤ i1 < . . . < is ≤ M.

M 2 (xx) fX (xx) dxx − M02 .

(4)

(5)

By using the properties of Eq. (3), one obtains the following decomposition of the variance:
M

D = ∑ Di +
i=1

∑

Di j + . . . + D1 2...M ,

(6)

Mi21 ...is (xi1 , . . . , xis ) fX (xx) dxx.

(7)

1≤i< j≤M

where the partial variances are computed as:
Di1 ...is =

Z

DX
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Making use of this decomposition, Sobol’ indices [17] are defined as the relative partial variances:
Di ...i
Si1 ...is = 1 s .
(8)
D

2.3

PCE-based indices

The computation of the partial variances in Eq. (7) is computationally expensive due to the
multi-dimensional integrals and the expensive-to-evaluate computational model M . In order to
reduce the computational effort, PCE-based Sobol’ indices have been developed by [2].
Consider a PCE model that surrogates the computational model M by a sum of orthogonal
polynomials [6]:
X ) ≈ ∑ aα ψα (X
X),
Y (P) = M (X
(9)
α ∈A

X ) are multivariate orthonormal polynomials with respect to the input vector X , aα
where ψα (X
are the corresponding coefficients, A is a set of multi-indices α determined by a truncation
scheme. The multivariate orthonormal polynomials are composed of univariate polynomials by
tensor product, i.e. by multiplying the various polynomials in each input variable:
def

X) =
ψα (X

M

∏ ψαi (Xi) ,
(i)

(10)

i=1

(i)

where ψαi is the orthogonal polynomial of degree αi in the i-th variable.
The efficiency of such a PCE meta-model largely depends on the choice of the set of multiindices A in Eq. (9). Hence, a number of truncation schemes have been proposed such as the
ones summarized in e.g. [18]. Moreover, sparse PCE models can be obtained by e.g. least-angle
regression (LAR) [1].
Making use of the meta-model to estimate sensitivity measures, PCE-based Sobol’ indices are
defined as [2]:
,
1
(P)
(11)
Si1 ...is = (P) ∑ a2α =
∑ a2α ,
∑ a2α
D α ∈Ii ,...,i
α 6=0
α ∈Ii ,...,i
α ∈A ,α
1

s

1

s

where D(P) is the variance of the meta-modelled QoI Y (P) and I is a set of multi-indices with:


αk > 0 for all k ∈ {i1 , . . . , is }
Ii1 ,...,is = α ∈ A :
.
αk = 0 for all k 6∈ {i1 , . . . , is }

Using the PCE meta-model, the computation of the Sobol’ indices boils down to working with
the coefficients of the PCE, which is a simple operation at almost no computational costs. The
major part of the computational costs originates in the calibration of an accurate PCE model.

3
3.1

Imprecise Sobol’ indices
Definition parametric p-box

The previous derivations assume that the uncertainty in the input parameters can be represented by probability theory. When this assumption is not adequate, a more general framework
is required. Among the variety of methods considered in the class of imprecise probabilities,
parametric p-boxes are a generalization of the traditional distribution functions.
A parametric p-box (a.k.a. distributional p-box) is defined by a distribution function whose
hyper-parameters are modelled within intervals [4]. For a single variable X, we denote:
FX (x) = FX (x|θθ ),
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(12)

where θ ∈ DΘ are the hyper-parameters defined in the interval domain DΘ . The parametric
p-box allows for a clear distinction between aleatory (natural variability) and epistemic (lack of
knowledge) uncertainty: aleatory uncertainty is represented by the distribution family whereas
epistemic uncertainty is represented by the interval domain DΘ . This construction resembles a
Bayesian hierarchical model [5] in which the distribution of the hyper-parameters is replaced
by an interval domain.

3.2

Idea

In the context of parametric p-boxes, uncertainty propagation is typically conducted by nested
Monte Carlo simulation algorithms where an outer loop samples the hyper-parameters θ and
an inner loop samples the conditional probability distribution FX (xx|θθ ). Taking this idea into the
context of sensitivity analysis,
indices can be computed for each realization θ ( j) and
 the Sobol’

the corresponding CDF FX x θ ( j) . As a result, each realization j produces a different set of
Sobol’ indices. Finally, the bounds of the Sobol’ indices can be obtained by analysing the set of
j = 1, . . . , n realizations.
The random sampling-based approach is inefficient in determining the bounds of the imprecise
Sobol’ indices. In order to increase the efficiency, an optimization problem shall be defined:
Si1 ...is = max Si1 ...is (θθ ) ,

Si1 ...is = min Si1 ...is (θθ ) ,
θ ∈DΘ

θ ∈DΘ

(13)



where Si1 ...is ∈ Si1 ...is , Si1 ...is and Si1 ...is (θθ ) is the Sobol’ index corresponding to the conditional
input distribution FX (xx|θθ ).

3.3

Trivial solution

Eq. (13) includes the repeated computation of the variance decomposition in Eq. (6) and is,
hence, computationally expensive. In order to speed up the computation of the Sobol’ index
Si1 ...is , PCE models could be defined for every θ ∈ DΘ , similarly to Section 2.3:
(P)

(P)

(P)

Si1 ...,is = min Si1 ...is (θθ ) ,

(P)

Si1 ...,is = max Si1 ...is (θθ ) .

θ ∈DΘ

θ ∈DΘ

(14)

The use of the PCE models reduces the computational effort of computing Sobol’ indices for
a single θ but does not remove the repeated computation of the variance decomposition for
every θ ∈ DΘ . Hence, a large number of PCE models would be required while solving the
optimization problems in Eq. (14). In order to further reduce the computational effort, a new
algorithm is proposed in the following section, which boils down to generate a single PCE
model in an augmented space.

4 PCE-based imprecise Sobol’ indices
4.1

Augmented PCE

Let us define an augmented input vector which accounts for the aleatory as well as the epistemic
C , Θ ) where Ci = FXi (Xi |Θ
Θi ) denotes the CDF value of
uncertainty in a distinctive manner: V = (C
−1
Θi ), Ci ∼ U (0, 1). Based on the definition of a CDF, Ci follows
Xi and conversely Xi = FXi (Ci |Θ
a uniform distribution in the range [0, 1]. Note that in this formulation, C represents aleatory
uncertainty whereas Θ represents epistemic uncertainty of the parametric p-boxes. Then, a new
computational model can be formulated:
 def
C , Θ ) = M (aug) (V
V ).
W = M FX−1 (C
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(15)

Due to the construction of V , the parameters Ci and Θ i are independent. Considering the
interval-valued hyper-parameters as uniform distributions for the sake of meta-modelling, a
PCE meta-model for W can be formulated [15]:
V) =
W ≈ M (P) (V

∑

α ∈A

V ),
aα ψα (V

(16)

where ψα are multivariate orthonormal polynomials with respect to V . For further details on
how to calibrate such an augmented PCE model in a non-intrusive manner, the reader is referred
to [15].

4.2

Optimizations

When an augmented PCE model is available, imprecise Sobol’ indices can be obtained by postprocessing this augmented PCE model. As the multivariate orthonormal polynomials in a PCE
are the product of univariate orthonormal polynomials (see also Eq. (10)), the augmented PCE
model can be reformulated as:
C , Θ) =
W ≈ M (P) (C

∑

α ∈A

Θ) ψα C (C
C) ,
aα ψα Θ (Θ

(17)

α C , α Θ ) forms the same multi-index set as in Eq. (16) and ψα (V
V ) = ψα Θ (Θ
Θ) ·
where α = (α
C ) are the corresponding multivariate polynomials. Then, the QoI W can be formulated as
ψα C (C
a function of θ ∈ DΘ :

C ) = ∑ aα (θθ ) ψα C (C
C) ,
C , θ ) = ∑ aα ψα Θ (θθ ) ψα C (C
W (θθ ) ≈ M (P) (C
(18)
α ∈A

α ∈A

where aα (θθ ) is a new coefficient dependent on the value of θ . Note that several α Θ may
correspond to the same α C in α . Hence, the augmented PCE model can be rewritten with a
proper variance decomposition in terms of the aleatory uncertainty in C , conditioned on θ , as
follows:
!


(i)
C, θ ) = ∑
M (P) (C
∑ Inα (i) α ∗ o α C aα (i) ψα (i) (θθ ) ψα C∗ (CC ) , (19)
α C∗ ∈AC∗

i=1,...,nA

α C =α
αC

Θ

(i)
∗
where i marks the nA multi-indices in A and I is the indicator function with I = 1 for
 α C = αC
(i)
(i)
and I = 0 otherwise. AC∗ is the set of unique multi-indices α C ∈ A , and α (i) = α C , α Θ .
Rearranging the terms leads to the following coefficients as a function of θ :


(i)
n
o
∗
aα C (θθ ) = ∑ I α (i) α ∗ α C aα (i) ψα (i) (θθ ) .
(20)
i=1,...,nA

α C =α
αC

Θ

The rearranged PCE model then reads:
C) =
W (θθ ) ≈ M (P) (C

∑

α C∗ ∈AC∗

C) .
aα C∗ (θθ ) ψα C∗ (C

(21)

Coming back to imprecise Sobol’ indices, the optimizations in Eq. (14) can use the reformulated
model in Eq. (21):
,
(P)

Si1 ...is = min

∑

θ ∈DΘ α ∗ ∈I
i1 ...is
C

a2α ∗ (θθ )
C
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∑
∗

α C∗ ∈AC , α C∗ 6=0

a2α ∗ (θθ ) ,
C

(22)

(P)
Si1 ...is

= max

∑

θ ∈DΘ α ∗ ∈I
i1 ...is
C

,

a2α ∗ (θθ )
C

∑

α C∗ ∈AC∗ ,

α C∗ 6=0

a2α ∗ (θθ ) .

(23)

C

The optimization involves the coefficients aα C∗ (θθ ) based on a single augmented PCE model.
Hence, the computation of the imprecise Sobol’ indices can be seen as an inexpensive postprocessing task of an augmented PCE model.

5

Truss structure

5.1

Problem setup

Consider the simply supported, linear-elastic truss structure presented in [8] and sketched in
Figure 1(a). The computational model is a finite element model with constant Young’s modulus
(E = 200 GPa) and varying cross section area A. The uncertainty in the input originates in the
seven loads P1 , . . . , P7 , which are modelled by independent lognormal variables with mean value
µPi ∈ [95, 105] kN and standard deviation σPi ∈ [13, 17] kN. The QoI is the deflection of the truss
at midspan, denoted by u4 in Figure 1(a).
0.5
Reference
Approximation

8 x 2m
2m

0.4

P3

P4
u4

P5

P6

P7

0.3
(P)

P2

Si

P1

0.2

bars: A = 0.00535 m2
bars: A = 0.0068 m2
other bars: A = 0.004 m2

0.1

0

(a) Geometry

P1

P2

P3

P4

P5

P6

P7

(b) First order Sobol’ indices

Figure 1: Truss structure

5.2

Analysis

In order to estimate the influence of the loads onto the deflection u4 , imprecise Sobol’ indices
are computed using an augmented PCE model. The meta-model is calibrated based on N = 100
Latin-hypercube samples and n ph = 20 phantom points (for further details see [15]). Due to
the definition of the parametric p-boxes, the dimensionality of the augmented PCE model is
M = 3 · 7 = 21 rather than M = 7 of the finite element model.
The finite element model represents a monotone function. Hence, the extreme cases of the first
order Sobol’ indices can be obtained by setting one variable to {µPi = 105 kN, σPi = 17 kN}
and the other ones to {µPi = 95 kN, σPi = 13 kN} or vice versa. The reference solution are
obtained by a PCE and a large sample size.

5.3

Results

A PCE is derived in the augmented space of size 21 (seven input parameters times three variables to describe each p-box). An experimental design of size N = 2000 is used. Note that this
requires only 100 evaluations of the finite element model due to the use of phantom points, see
[15] for details.
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The accuracy of the augmented PCE model is measured by using a validation set of n = 105
Monte Carlo samples. The squared prediction error relative to the variance (a.k.a. relative genec gen = 5.7 · 10−7 , indicating an accurate meta-model.
ralization error) of W reads err
(P)
Figure 1(b) shows the results of the first order Sobol’ indices. The solid bars represent Si ,
(P)

whereas the hollow bars represent Si . The black bars mark the reference results which are
compared to the meta-model-based results in orange. The results are overlapping, indicating an
accurate estimation of the Sobol’ indices and confirming the impression gained from the small
prediction error.
The imprecise Sobol’ indices indicate that the central loads are most influential for the QoI. As
an example, load P4 has the largest values in terms of S4 as well as in terms of S4 . Besides the
absolute value of the Sobol’ indices, also the imprecision (i.e. Si − Si ) is largest for the central
loads. Interestingly, the influence of the five central loads (i.e. P2 . . . P6 ) is distributed rather
evenly. Hence, none of the load could be labelled as unimportant in this example.

6 Conclusion
Sensitivity analysis is a popular tool to analyse the input-output relationship of computational
models. In this paper, imprecise Sobol’ indices are discussed as a measure for global sensitivity
in the presence of imprecise probabilities. Out of the many concepts describing imprecise probabilities, parametric p-boxes are defined by a distribution function with interval-valued hyperparameters. This framework allows for a clear distinction of aleatory and epistemic uncertainty
and is hence interpretable in a straightforward way. Imprecise Sobol’ indices retain this separation of uncertainties by providing interval-valued Sobol’ indices. Therein, the absolute value
represents the aleatory uncertainty whereas the interval represents the epistemic uncertainty.
In order to speed up the computations of the imprecise Sobol’ indices, an augmented polynomial chaos expansion (PCE) is introduced. The imprecise Sobol’ indices are then obtained by
simply postprocessing the augmented PCE model. The extreme values of the Sobol’ indices
are computed by optimizing the coefficients of the augmented PCE, which is an inexpensive
operation. Hence, the proposed algorithm allows for analysing complex computational models
such as the illustrated truss structure.
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[12] B. Möller and M. Beer. Fuzzy Randomness. Springer, 2004.
[13] M. Oberguggenberger, J. King, and B. Schmelzer. “Classical and imprecise probability
methods for sensitivity analysis in engineering: A case study”. In: Int. J. Approx. Reason.
50.4 (2009), pp. 680–693.
[14] A. Saltelli et al. Global Sensitivity Analysis – The Primer. Wiley, 2008.
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Abstract: Most structural-scale material models are phenomenological or empirical in nature and require calibration from limited amounts of experimental data.
In this paper, we present a Bayesian approach for material model calibration
from limited data. The approach incorporates the uncertainties associated with
both the form and the parameters of probability models for material constitutive
parameters. Incorporating these effects results in an imprecise probabilistic material model that gives a more realistic assessment of the uncertainties associated
with the material performance than existing calibration practices based on, for
example, maximum likelihood estimation. The proposed calibration process is
applied to probabilistic parameter estimation of a viscoplastic damage model for
ductile metals. Specifically, the model is calibrated for aluminum alloy Al-6061
T6 at various temperatures to model structural response during fire. An experimental investigation of Al-6061 T6 at temperatures ranging from room temperature to 300◦ C has been conducted and the data are used for material model
calibration. The material model has been implemented in Abaqus and we assess
uncertainties in the tensile response of aluminum square hollow sections with an
aim at placing realistic bounds on their reliability. Probabilistic structural modeling is conducted using an efficient simulation-based method for propagating the
imprecise probabilities associated with material parameters.

1 Introduction
Considerable variability exists in the material properties of aluminum, especially at high temperature. This variability in the material properties is one of the factors which lead to variation
in the capacity of aluminum structural members to resist imposed loads. Mechanical test data
can be used to characterize the variability in the material properties. It is usually not practical
to perform a large number of mechanical tests on either material test coupons or models of the
structural members themselves, and hence the set of available test data is quite small in size.
The small amount of data means that the uncertainty in the parameters as well as in the form
of the probability model used to represent the mechanical properties is quite high. In such a
scenario, it becomes necessary to devise an approach that can rationally model the uncertainty
in the material parameters. One such approach as developed by the coauthors [9] is employed
in this study. This method uses Bayesian inference for updating the joint distribution of the parameters of the probability models based on data, information theoretic methods for probability
model selection, and importance sampling for efficient propagation of many probability models
through simulations of structural response. Details of the methodology employed are presented
in Sec. 3. The material behavior in these simulations is represented using a viscoplastic dam-
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age model, which has several parameters needing calibration to represent the experimentally
observed stress-strain behavior. Calibration of the material model is performed using a genetic
algorithm and the procedure is outlined in Sec. 2. The calibrated material model is implemented
in ABAQUS as a VUMAT through the WAifire module of WAimat Suite [6] and simulations of
a test case of a square hollow section subjected to tension have been conducted. Since, at the
time of writing, more test data was available at room temperature, the methodology was applied
to this set of test data and this simple loading case as a demonstration of concept and the results
are shown in Sec. 4 of the paper. Having studied this simple case allows us to investigate more
complicated geometries under different conditions of loading and/or temperature.

2 Mechanical testing and material model calibration
This section provides details of the mechanical testing methodology being employed in the
testing program, and of the material model and calibration procedures used.

2.1

Experiments

A series of steady state uniaxial tension tests were conducted at different temperatures on test
coupons of aluminum alloy 6061-T6 to infer some of its mechanical properties. In steady state
testing, the temperature and the speed of the crosshead are kept constant throughout the test.
Pin-loaded tension test specimens were prepared according to specifications in ASTM E8 out
of material from 5 batches sourced from two manufacturers. The length of the reduced section
was 2.5 inch, width was 0.5 inch and the thickness was 0.125 inch. The test coupons were attached to the loading apparatus inside a furnace and three thermocouples were attached at the
top, center, and bottom of the reduced section. Three tests were conducted from each batch of
material at temperatures of 20◦ C, 100◦ C, 200◦ C, and 300◦ C. For the tests at elevated temperature, the test coupons were heated to the desired temperature and were held at that temperature
for at least 20 minutes before loading. Force control was adopted during the heating phase to
allow thermal expansion without stressing the material. After the specimen temperature reached
equilibrium, displacement control was adopted and the crosshead was moved at a constant speed
such that the nominal strain rate over a gauge length of 2 inch was 0.005 /min. Digital image
correlation (DIC) was used to determine the displacement field within the specimen. To facilitate DIC, a random speckle pattern was painted using an airbrush on the surface of the test
coupon and images of the deforming specimen were captured at 3 second intervals during the
loading phase using a high resolution camera. The engineering stress-strain curve till failure of
the test specimen was determined over a gauge length of 2 inch using the force measurements
from the load cell and displacement fields calculated using DIC.

2.2

Material model

The material behavior is represented using a phenomenological damage model which is based
on dilatational plasticity. The formulation given in [7] and employed in [8] is adopted and the
important equations are given in this section. The plastic potential function used is dependent
on the hydrostatic pressure and is given by
q
(1)
f = J2 + nξ I12

where, J2 is the second invariant of the deviatoric stress tensor, n is the strain hardening exponent, ξ is the damage variable which is a scalar parameter controlling the softening behavior of
the material and I1 is the first invariant of the stress tensor. The evolution of the damage variable
is given by the equation
p+
dξ = Kdεkk
(2)
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p+
where, K is a calibration function and dεkk
is the expansive volumetric plastic strain. The yield
condition is given by
f
(3)
F = −1 = 0
k
where, k is the isotropic hardening function given by

k = k0 + k∞

Z

si j dεidev,p
j

(4)

√
where k0 = σy / 3, σy is the tensile yield stress, and dε dev,p is the incremental deviatoric plastic
strain. The associated flow rule to obtain the plastic strain increments is
dε p = dλ

∂F
∂σ

(5)

and the elastic constitutive law is given by
σ = E (dεε − dεε p )
dσ

(6)

where additive decomposition of the total strain tensor is made as dεε = dεε e + dεε p . The plastic
multiplier is obtained by satisfying the consistency requirement and is given by
 T
∂F
E dεε
∂σ
(7)
dλ =  T
 T
 T
∂F
∂F
∂F
∂F
∂F
∂F
T
E
s
k∞ ∂ s − ∂ ξ K ∂ I
∂σ
∂σ − ∂k
1

The elasto-plastic stiffness is given by


2.3


D = E I − 

Calibration

∂F
∂σ

T

E ∂∂ σF

−





∂F
∂σ

∂F
∂k

T

T

E ∂∂ σF

k∞ s T ∂∂Fs

For the case of uniaxial tension, the stress tensor is given by


σ (t) 0 0
σ] =  0 0 0 
[σ
0 0 0

−



∂F
∂ξ

T

K ∂∂ IF
1





(8)

(9)

where, σ (t) is the engineering stress given by σ (t) = F(t)/A0 where F(t) is the force measured
by the load cell and A0 is the initial cross sectional area of the test specimen. For isotropic
material and small strains the total strain tensor is given by


ε(t)
0
0

0
[εε ] =  0 −ν(t)ε(t)
(10)
0
0
−ν(t)ε(t)

where ν(t) = εεlat (t)
is the lateral contraction coefficient, where the longitudinal and lateral
long (t)
strains are calculated using DIC. The elastic strain tensor is given by
 σ (t)

0
0
 E

[εε e ] =  0 −ν σE(t)
(11)

0
σ (t)
0
0
−ν E
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where ν is the Poisson’s ratio and E is the Young’s modulus. The deviatoric stress tensor is
calculated using the stress tensor as si j = σi j − 31 δi j σkk and the plastic strain tensor can be calculated using the additive decomposition of the total strain tensor. Substituting for the deviatoric
stresses, and plastic strains and simplifying, the yield condition, Eq. (3), becomes
q
σ 13 + nξ
−1 = 0
(12)
R
k0 + k∞ 23 (1 + ν)σ dε p

The calibration function is given by


p 
εeq
K = k1 exp k2
N

(13)

p
p
=
is the equivalent plastic strain given by εeq
where, k1 and k2 are calibration constants, εeq
q
2
2 εi j εi j and N is the strain at the onset of necking. K is used in Eq. (2) to calculate the increment in the damage variable. The equations (2) and (12) are used in the model calibration
process to calculate the stresses predicted by the model to input plastic strains, conditioned on
the value of the calibration constants. The optimal values of the calibration constants are identified by solving an unconstrained optimization problem using a genetic algorithm (GA). The
objective is to minimize the norm of the difference between the experimental stress-strain curve
and the stress-strain curve obtained from the material model given by
r
(14)
min ∑ (σmod (ε p , σy , N, k1 , k2 ) − σexp (ε p ))2
k1 ,k2

εp

This calibration process is conducted to match each experimentally obtained stress-strain curve.
The values of σy , N, and ε p are obtained directly from the experimental data.
The only variables in the optimization process are k1 and k2 . The lower and upper bounds of
the values of these variables are set as 0 and 16 respectively and the individual string length
was such that a precision of better than 0.01 was achieved in the values of these variables. The
GA as implemented uses an elitist strategy with binary tournament selection, uniform crossover
with probability 0.5, and a high mutation probability of 0.1 to balance the high selection pressure caused by using an elitist strategy. The population size used was 250 and the number of
generations was 50. The entire process was repeated 30 times for each experiment and it was
seen that convergence was obtained in all the 30 cases to almost the same values of k1 and k2 .
The values of k1 and k2 which provided the best fitness was used and these values of k1 and k2 ,
along with N define the value of the damage variable at failure.
The values of the material parameters σy , N, k1 , k2 and ξmax were slightly different from each
test, conducted at the same temperature, indicative of the variability in these parameters. These
values were used as the input to the multimodel selection process and Bayesian importance
sampling, as outlined in Sec. 4.

3 Review of Bayesian importance sampling from limited data
This section provides a brief review of Bayesian importance sampling used for material model
calibration from limited data. The approach incorporates the uncertainties associated with both
the form and the parameters of probability models for material constitutive parameters. Incorporating these effects results in an imprecise probabilistic material model that gives a more
realistic assessment of the uncertainties associated with the material performance. One can find
more details in [9].
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3.1

Bayesian inference

Bayes’ rule provides a means of updating the knowledge of the parameters θ for probability
model M using collected data d . A posterior distribution p∗ (θθ |dd , M) reflecting our updated
knowledge is defined based on the data d and prior information, denoted p(θθ ; M), that reflects
our current belief or knowledge,
p∗ (θθ |dd , M) =

p(dd |θθ , M)p(θθ ; M)
∝ L (θθ |dd , M)p(θθ ; M)
p(dd ; M)

(15)

where L (θθ |dd , M) = p(dd |θθ , M) is the likelihood function and the normalizing factor p(dd ; M),
referred to as the evidence, is computed by marginalizing L (·) over the parameters θ
p(dd ; M) =

Z

L (θθ |dd , M)p(θθ ; M)dθθ

(16)

Since the integral is usually analytically intractable, the Markov Chain Monte Carlo (MCMC)
method is employed to draw samples from p∗ (θθ |dd , M). Here we use the affine invariant ensemble sampler for MCMC proposed by Goodman and Weare [3].

3.2

Multimodel selection and model uncertainty

Traditionally, statistical inference is applied to determine a single “best” model, that is the
sole model for making inference from data. However, any uncertainty associated with model
selection is ignored as a single best model has been found. In the limited dataset, rather than
very large datasets, it is intractable to identify a unique best model. Therefore, a process
referred to as multimodel inference [2] becomes necessary to quantify the model uncertainty
and compare the validity of multiple candidate models.
An appropriate model selection criteria is to minimize the information loss based on the
information-theoretic framework. Akaike [1] presented that the expected relative KullbackLeibler (K-L) information could be approximated by the maximized log-likelihood function
with a bias correction. Based on this relation, Akaike established the Akaike Information Criterion (AIC). For small datasets, a criterial extension of the AIC has been developed [5, 4]
as
2K(K + 1)
(17)
AICc = −2 log(L (θ̂θ |dd , M)) + 2K +
n−K −1
which should be used when Kn <∼ 40 and is generally more accurate than the classical AIC
regardless of dataset size.
It is useful to develop a relative scale for AICc values such that:
∆A = AICc − AICmin
c
(i)

(i)

(18)

(i)

(i)

where the best model has ∆A = 0 and all other models with positive ∆A are interpreted as the
information lost relative to the best model. Normalizing the likelihoods using a simple transformation exp(−

(i)

∆A
2

), we can estimate the model probabilities as
(i)

pi = p(Mi |d) =

exp(− 12 ∆A )
(i)

1
∑N
i=1 exp(− 2 ∆A )

(19)

In this study, AICc is utilized for multimodel selection given small dataset. Probability models
(i)
are ranked with respect to ∆A and model probabilities assigned according to Eq. (19).
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3.3

Importance sampling and the selection of an optimal sampling density

We now focus on the issue of efficient uncertainty propagation given the parametric and modelform uncertainties created by small datasets. To achieve the simultaneous propagation of many
possible target models, we utilize the principles of importance sampling and derive an optimal
sampling density for a set of plausible probability models.
3.3.1

Importance sampling

X ), the problem of uncertainty propagation is generally to
Given the performance function g(X
X )] where X ∈ Ω is a random vector having probability model
evaluate the expected value E[g(X
MX with density function p(xx) . The classical Monte Carlo estimator is given by:
X )] =
E p [g(X

Z

Ω

g(xx)p(xx)dxx ≈

1 N
∑ g(xxi)
N i=1

(20)

where E p [·] is the expectation under p(xx), x i are independent random samples drawn from p(xx),
and N is the number of samples. It is sometimes beneficial to draw samples from an alternate
density q(xx) such that the Monte Carlo estimator becomes

 Z
X)
p(xx)
1 N
p(X
p(xxi )
X)
q(xx)dxx ≈ ∑ g(xxi )
Eq g(X
= g(xx)
X)
q(X
q(xx)
N i=1
q(xxi )
Ω

(21)

where Eq [·] is the expectation with respect to q(xx). The ratios w(xxi ) = p(xxi )/q(xxi ) is defined as
the importance weights, that will play an essential role in the proposal approach. This process
is referred to as importance sampling and a critical challenge is to identify the “best” q(xx).
3.3.2

Optimal sampling density for multiple distributions

Much research has been conducted toward identifying an efficient proposal sampling density
q(xx) if the target density p(xx) is exactly known. However, the target density p(xx) is not known
exactly in the case of imprecise probabilities.
Instead, multiple probability models, Mi , are plausible, each with density functions identified
through multimodel inference (Eq. (19)) and uncertain parameters θ ∈ Θ ⊆ Rd , quantified
through Bayesian inference. This work aims to identify a single sampling density q∗ (xx) that
is representative of all plausible pi (xx|θθ ) and can be used with importance sampling to simultaneously propagate the full set of candidate probability models. We are interested in ensuring
that our sampling density is as close as possible to the target densities. This is achieved by minimizing the mean square differences (MSD) defining the difference between two distributions
P and Q over a space Ω as:
1
M (P k Q) =
2

Z

Ω

(p(xx) − q(xx))2 dxx

(22)

Consider that we have a finite set M = {Mi } , i = 1, 2, ..., Nd of candidate target probability models having densities pi (xx|θθ ). Thus the total expected mean squared differences can be defined
as:
"Z
#
Nd
Nd
1
(pi (xx|θθ ) − q(xx))2 dxx
E [M (M k Q)] = ∑ E [M (Mi k Q)] = Eθ
(23)
∑
2
Ω i=1
i=1
An overall optimization problem aims to minimize the expected mean square differences given
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the isoperimetric constraint as
minimize T̂ (q) = Eθ
q

ˆ =
subject to I(q)

Z

Ω

Z

Ω

F̂(xx, θ , q(xx))dxx



(24)

q(xx)dxx − 1 = 0

where the action functional F̂ is:
F̂(xx, θ , q(xx)) =

1 Nd
∑ (pi(xx|θθ ) − q(xx))2
2 i=1

(25)

ˆ
We define the Lagrangian associated with the objective functional T̂ (q) and the constraint I(q),
then vanish all variations δ q, δ λ
ˆ
δ L̂(q, λ ) = δ T̂ (q) + δ (λ I(q))
= Eθ
which leads to

R

x)dxx
Ω q(x

Eθ



Z 
Ω

 
Z

∂ F̂
(xx, θ , q(xx)) + λ dxx δ q +
q(xx)dxx − 1 δ λ
∂q
Ω

(26)

= 1 and

"
#

Nd
∂F
(xx, θ , q(xx)) + λ = Eθ − ∑ (pi (xx|θθ ) − q(xx)) + λ = 0
∂q
i=1

Solving for q(xx) gives the minimizer that is the optimal sampling density:
!
Nd
1
q̂∗ (xx) =
∑ Eθ [pi(xx|θθ )] − λ
Nd i=1
Which leads to λ = 0 such that

R

∗ x )dx
x = 1.
Ω q (x

q̂∗T (xx) =

(27)

(28)

The final optimal sampling density is therefore,

1 Nd
∑ Eθ [pi(xx|θθ )]
Nd i=1

(29)

The solution in Eq. (29) is a mixture distribution combining the candidate target densities and
their parameter ranges. It is straightforward to show that this solution generalizes as:
q̂∗T (xx) =

1 Nd
∑ Eθ [pi · pi(xx|θθ )]
Nd i=1

(30)

d
where pi is the AICc model probability (see Eq. (19)) for model Mi satisfying ∑N
i=1 pi = 1.

4

Application

For demonstration purposes, the proposed method is shown here for uncertainty in yield strength
only. Extension to uncertainty in the full damage model follows in a straightforward way. The
minimum design value for yield stress of aluminum alloy A1-6061 is σ0 = 35000 psi so that
we define a random variable σ̂0 as the deviation from this minimum value as σ̂0 = σ0 − 35000.
From the tension test results, we collect 13 yield stress data, as shown in Fig. 1. These serve as

527

4

3

2

1

0
3.4

3.6

3.8

4

Yield stress (psi)

4.2
10

4

(a)

(b)

Figure 1: (a)13 yield stress values that serve as the initial dataset for uncertainty quantification and
propagation in material model calibration, and (b) Candidate pdfs and the optimal sampling density
from 13 yield stress values

the initial data from which uncertainty will be quantified and propagated. Clearly, a probability
model form cannot be precisely identified from these limited data.
The minimum yield stress provides a lower-bound that we assume is strictly enforced. This
enables us to consider only probability models with support on the positive real line (0, ∞). The
AICc model selection criteria is employed to rank the candidate distributions as shown in Table
(i)
1. The top six probability models with ∆A < 5 have significant probability of being the “best”
model. Meanwhile, the last three models are removed since they have much larger AICc values
and very low probabilities. Thus, the top six probability models are selected to represent the
limited dataset.
Table 1: Ranked candidate probability models based on AICc given 13 yield stress values

Rank

Distribution

1
2
3
4
5
6
7
8
9

Rayleigh
Weibull
Nakagami
Gamma
Log-logistic
Lognormal
Inverse Gaussian
Levy
F

AICc

(i)

∆A

225.76 0.000
228.33 2.57
228.41 2.66
228.49 2.73
228.89 3.13
230.71 4.95
232.45 6.69
243.83 18.08
286.99 61.23

pi
0.471
0.130
0.125
0.120
0.098
0.040
0.017
5.59e-05
2.38e-14

Using MCMC, Bayesian inference from a uniform prior is used to estimate the joint posterior
parameter distribution for the six models. The six probability models with their joint parameter
distributions are then discretized to create a finite set of models using the Monte Carlo method.
The probability model is randomly selected based on the AICc probabilities pi in Table 1.
Fig. 1(b) shows 1000 candidate densities for the yield stress drawn from the model set. The
optimal sampling density q∗T (xx) is determined analytically as a mixture of these candidate
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density using Eq. (29) and is presented as the thick black line in Fig. 1(b). Then the cloud
of distributions in Fig. 1(a) are propagated using importance sampling reweighting 1000
samples generated from q̂∗T (xx). Figure. 2(a) shows the cumulative distribution functions for the
maximum tensile force in an aluminum tube section, highlighting the range of probabilistic
response resulting from both parametric and model-form uncertainties created by limited
dataset for the yield stress. The variations between colors stand for the model-form uncertainty
while the variations with a single color represents the parametric uncertainties for a given
model-form. Figure. 2(b) and (c) shows CDFs of the mean and standard deviation of the
maximum force respectively as well as the overall CDF considering all probability models as
shown by the thick black line in the figure.
The probability of failure issue is also investigated to study the effects of model-form and parametric uncertainty. We consider three cases where “failure” is assumed to occur when the maximum force is less than 13000 lbf, 14000 lbf and 14400 lbf respectively. Therefore, the empirical
CDFs for probability of failure are shown in Fig. 3. These figures also present the overall CDF
as well as the conditional CDFs given specific probability model with different colors.
1

Probability
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0.4
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Figure 2: (a) Collection of candidate empirical CDFs for maximum force, (b) empirical CDFs for the
mean of the maximum force, and (c) empirical CDFs for the standard deviation of the maximum force

A similar investigation has been conducted to study the total energy which is another important
probabilistic response. The empirical CDFs as well as the mean and standard deviation are
shown in Fig. 4.
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Figure 3: Empirical CDFs for the probability of failure occurs when (a) maximum force < 13000 lbf, (b)
maximum force < 14000 lbf, and (c) maximum force < 14400 lbf.
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Figure 4: (a) Collection of candidate empirical CDFs for total energy, (b) empirical CDFs for the mean
of the total energy, and (c) empirical CDFs for the standard deviation of the total energy
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Abstract: This paper introduces a new transformation-free generalized polynomial chaos expansion (PCE) comprising multivariate Hermite orthogonal polynomials in dependent Gaussian random variables. The second-moment properties of Hermite polynomials reveal a weakly orthogonal system when obtained
for a general Gaussian probability measure. Still, the exponential integrability of
norm allows the Hermite polynomials to constitute a complete set and hence a
basis in a Hilbert space. New analytical formulae are proposed to calculate the
mean and variance of a generalized PCE approximation of a general output variable in terms of the expansion coefficients and statistical properties of Hermite
polynomials. Numerical examples illustrate the generalized PCE approximation
in estimating the statistical properties of various output variables.

1 Introduction
The Wiener-Hermite polynomial chaos expansion (PCE), hereafter referred to as the classical
PCE, is an infinite series expansion of a square-integrable random variable involving Hermite
orthogonal polynomials in independent Gaussian random variables [8]. Later developments include extension to a generalized PCE to account for non-Gaussian variables [9]. The existing
PCE is largely founded on the independence assumption of input random variables, enabling
construction of multivariate orthogonal polynomials via tensorization of the spaces of univariate
orthogonal polynomials. In reality, there may exist significant correlation or dependence among
input variables, hindering or invalidating most existing stochastic methods, including PCE. Employing Gram-Schmidt orthogonalization [3], Navarro et al. [4] discussed construction of multivariate orthogonal polynomials for correlated variables. However, existence of multivariate
Hermite polynomials, which can be used as a basis for dependent Gaussian measures, has not
been recognized. Soize and Ghanem [7] proposed orthogonal bases with regard to a general
dependent probability measure of random input, but the bases are not necessarily polynomials.
In both works, the completeness of basis functions and treatment of infinitely many variables
have not been addressed.
The main objective of this study is to generalize the classical PCE to account for arbitrary
but dependent Gaussian probability measures. The paper is organized as follows. Section 2
discusses multivariate orthogonal polynomials for a general probability measure. Section 3 describes multivariate Hermite polynomials and new analytical formulae for their second-moment
properties. Section 4 formally presents a generalized PCE for a general dependent Gaussian
probability measure. In the same section, the approximation quality of a truncated generalized
PCE is discussed. The formulae for the mean and variance of the truncated generalized PCE are
also derived. Numerical results from two illuminating examples, including a practical engineering problem, are reported in Section 5. Finally, conclusions are drawn in Section 6.
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2 General Multivariate Orthogonal Polynomials
Let (Ω, F , P) be a complete probability space, where Ω is a sample space representing an abstract set of elementary events, F is a σ -field on Ω, and P : F → [0, 1] is a probability measure.
With B N representing the Borel σ -field on RN , N ∈ N, consider an RN -valued Gaussian random vector X := (X1 , . . . , XN )T : (Ω, F ) → (RN , B N ), describing the statistical uncertainties
in all system parameters of a stochastic problem. The non-zero, finite integer N represents the
number of input random variables and is referred to as the dimension of the stochastic problem.
Without loss of generality assume that X has a zero mean, that is, µ X := E[X] = 0 ∈ RN ; a
N
N×N is the
symmetric, positive-definite covariance matrix ΣX := E[XXT ] ∈ SN
+ , where S+ ⊆ R
set of N × N real-valued, symmetric, positive-definite matrices; and a joint probability density
function ϕX : RN → R+ , expressed by
[
]
1 T −1
− N2
− 12
ϕX (x; ΣX ) := (2π ) (det ΣX ) exp − x ΣX x .
(1)
2

Here, E is the expectation operator with respect to the probability measure P and det ΣX is the
determinant of ΣX . Given the abstract probability space (Ω, F , P) of X, the image probability
space is (RN , B N , ϕX dx), which is convenient to use for computations.
N
N
For j ∈ NN
0 and x = (x1 , . . . , xN ) ∈ A ⊆ R , a monomial in the variables x1 , . . . , xN is the
j
j
product xj = x11 · · · xNN and has a total degree |j| = j1 + · · · + jN . A linear combination of xj ,
where |j| = l ∈ N0 , is a homogeneous polynomial of degree l. Denote by PlN := span{xj : |j| =
N
j
l, j ∈ NN
0 } the space of homogeneous polynomials of degree l, by Πm := span{x : 0 ≤ |j| ≤
N
m, j ∈ NN
0 } the space of polynomials of degree at most m ∈ N0 , and by Π = R[x1 , . . . , xN ] the
space of all polynomials in N(variables.
the dimensions
) It is well known that
(N+l−1
) (N+m) of the vector spaces
N = N+l−1 and dim ΠN = m
PlN and ΠN
are
dim
P
= m , respectively [2].
∑
m
m
l=0
l
l
l

2.1 Measure-Consistent Orthogonal Polynomials

Let X := (X1 , . . . , XN )T , N ∈ N, be a general input random vector, which (1) has an absolutely
continuous joint distribution function FX (x) and a continuous joint probability density function fX (x) := ∂ N FX (x)/∂ x1 · · · ∂ xN with support AN ⊆ RN ; and (2) possesses absolute finite
moments of all orders. For any polynomial pair P, Q ∈ ΠN , define an inner product
(P, Q) fX dx :=

∫

AN

P(x)Q(x) fX (x)dx =: E [P(X)Q(X)]

with respect to the probability measure fX (x)dx and the induced norm ∥P∥ fX dx :=

(2)
√
(P, P) fX dx .

The polynomials P, Q ∈ ΠN are called orthogonal to each other with respect to fX (x)dx if
(P, Q) fX dx = 0. This leads to a definition of multivariate orthogonal polynomials as follows.

Definition 1 (Dunkl and Xu [2]) A polynomial P ∈ ΠN is said to be an orthogonal polynomial with respect to the inner product (·, ·) fX dx or alternatively with respect to fX (x)dx if it is
orthogonal to all polynomials of lower degree, that is, if
(P, Q) fX dx = 0 ∀Q ∈ ΠN with deg Q < deg P.

(3)

Under the prescribed assumptions, ∥P∥ fX dx > 0 for all non-zero P ∈ ΠN . Then the inner product
defined in (2) is positive-definite on ΠN . Therefore, there exists an infinite set of multivariate
orthogonal polynomials [2], say, {Pj (x) : j ∈ NN
0 }, P0 = 1, Pj ̸= 0, which is consistent with the
probability measure fX (x)dx, satisfying
(
)
Pj , Pk f dx = 0 whenever |j| ̸= |k|
(4)
X
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for k ∈ NN
0 . Here, the multi-index j of the multivariate polynomial Pj (x) refers to its total degree
|j| = j1 + · · · + jN . Clearly, each Pj ∈ ΠN is an orthogonal polynomial according to Definition
1. This means that Pj is orthogonal to all polynomials of different degrees, but it may not be
orthogonal to other orthogonal polynomials of the same degree.
Let V0N := ΠN
0 = span{1} be the space of constant functions. For each 1 ≤ l < ∞, denote
N
N
by Vl ⊂ Πl the space of orthogonal polynomials of degree exactly l that are orthogonal to all
N
N
N
polynomials in ΠN
l−1 , that is, Vl := {P ∈ Πl : (P, Q) fX dx = 0 ∀ Q ∈ Πl−1 }, 1 ≤ l < ∞. Then
Vl N , provided that the support of fX (x) has non-empty interior, is a vector space of dimension
(
)
[2]. Many choices exist for the basis of Vl N ; the bases of
KN,l := dim Vl N = dim PlN = N+l−1
l
Vl N do not have to be mutually orthogonal. Here, to be formally presented in the next section,
N
N
select {Pj (x) : |j| = l, j ∈ NN
0 } ⊂ Vl to be a basis of Vl , comprising KN,l number of basis
functions. Each basis function Pj (x) is a multivariate orthogonal polynomial of degree |j| as
discussed earlier. Obviously, Vl N = span{Pj : |j| = l, j ∈ NN
0 }, 0 ≤ l < ∞.
According to (4), Pj is orthogonal to Pk when |j| ̸= |k|. So are any two polynomial subspaces
N
Vl and VrN when l ̸= r. In consequence, there exist orthogonal decompositions of
ΠN
m=

m
⊕
l=0

and

Vl N =

ΠN =

⊕

l∈N0

m
⊕
l=0

N
span{Pj : |j| = l, j ∈ NN
0 } = span{Pj : 0 ≤ |j| ≤ m, j ∈ N0 }

Vl N =

⊕

l∈N0

N
span{Pj : |j| = l, j ∈ NN
0 } = span{Pj : j ∈ N0 }

(5)

(6)

with the symbol ⊕ representing orthogonal sum.

2.2 Weak and Strong Orthogonalities

A possible lack of orthogonality between two distinct polynomials of the same degree can be
used to characterize the strength of the orthogonality.
Definition 2 let X := (X1 , . . . , XN )T , N ∈ N, be an RN -valued general input random vector,
which has a continuous joint density function fX (x) and possesses absolute finite moments of
all orders. Then a set of multivariate orthogonal polynomials {Pj (x) : j ∈ NN
0 } consistent with
the probability measure fX (x)dx is called a weakly orthogonal system if, for all j, k ∈ NN
0,
(
)
Pj , Pk f dx = 0 whenever |j| ̸= |k|;
(7)
X

and a strongly orthogonal system if, for all j, k ∈ NN
0,
(
)
Pj , Pk f dx = 0 whenever j ̸= k.
X

(8)

Obviously, if a polynomial system is strongly orthogonal, then it is also weakly orthogonal.
However, the converse is not true in general, for instance, when the variables are dependent.

3 Multivariate Hermite Orthogonal Polynomials
When X has a Gaussian density function with support RN , as defined by (1), all moments of
X exist and are finite. Therefore, orthogonal polynomials in x exist with respect to the inner
product
∫
(P, Q)ϕX dx :=

RN

P(x)Q(x)ϕX (x; ΣX )dx =: E [P(X)Q(X)] .

(9)

N
Here, a special basis of Vl N , denoted by {Hj (x; ΣX ) : |j| = l, j ∈ NN
0 } ⊂ Vl , is presented, which
is weakly orthogonal as per Definition 2. The set of all such polynomials, that is, {Hj (x; ΣX ) :
N
j ∈ NN
0 } ⊂ Π comprises polynomials that are orthogonal with respect to the inner product in
(9). The polynomials are often referred to as multivariate Hermite orthogonal polynomials.
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3.1 Definition
A popular approach for defining multivariate Hermite polynomials entails derivatives of the
multivariate Gaussian probability density function [1]. Formal definitions of both orthogonal
and standardized orthogonal polynomials follow.
Definition 3 Let X = (X1 , . . . , XN )T , N ∈ N, be an RN -valued Gaussian random vector with
N ; and multivariate denzero mean; symmetric, positive-definite covariance matrix ΣX ∈ S+
sity function ϕX (x; ΣX ). Then a multivariate Hermite orthogonal polynomial Hj (x; ΣX ), j =
( j1 , . . . , jN ) ∈ NN
0 , of degree |j| = j1 + · · · + jN is defined as
( )j
(−1)|j|
∂
Hj (x; ΣX ) :=
ϕX (x; ΣX ),
(10)
ϕX (x; ΣX ) ∂ x
j

j

where (∂ /∂ x)j := ∂ j1 +···+ jN /∂ x11 · · · ∂ xNN .

Definition 4 A standardized multivariate Hermite orthogonal polynomial Ψj (x; ΣX ),
j = ( j1 , . . . , jN ) ∈ NN
0 , of degree |j| = j1 + · · · + jN is defined as Ψj (x; ΣX ) :=
Hj (x; ΣX )/(Hj (x; ΣX ), Hj (x; ΣX ))ϕX dx .
Definition 3 is a generalization of the definition of the jth-degree univariate Hermite orthogonal
polynomial obtained from Rodrigues’s formula [1]. Definition 4 facilitates scaling of multivariate Hermite polynomials, so that their standardized version reduces to multivariate orthonormal
polynomials for independent random variables.
From Definition 3, the set of Hermite polynomials {Hj (x; ΣX ), j ∈ NN
0 } for general dependent
Gaussian variables is weakly orthogonal with respect to (·, ·)ϕX dx , to be formally presented in the
following subsection. This means that Hj is orthogonal to all polynomials of different degrees,
but it may not be orthogonal to other orthogonal polynomials of the same degree.

3.2

Second-Moment Properties

When the input random variables X1 , . . . , XN are used as arguments, then the Hermite orthogonal
polynomials become functions of the random input. Therefore, it is important to derive explicit
formulae for their second-moment properties as described by Propositions 5 and 6 [5].
Proposition 5 The first-order moments of multivariate Hermite orthogonal polynomials are
{
[
]
1, j = 0,
E Hj (X; ΣX ) =
(11)
0, j ̸= 0.

Proposition 6 The second-order moments of multivariate Hermite orthogonal polynomials are

( −1 )θ

ΣX



, |j| = |k|,
j!k!
∑


θ!
[
]
N×N
θ ∈N0
E Hj (X; ΣX )Hk (X; ΣX ) =
(12)
r(θ )=j, c(θ )=k



|j|=|k|


0,
|j| ̸= |k|,

where θ ∈ NN×N
is an index matrix, comprising non-negative integers, with the (p, q)th ele0
ment θ pq ∈ N0 for p, q = 1, . . . , N; r(θ ) = (r1 , . . . , rN ) is the row-sum vector of θ with the pth
element r p = ∑N
q=1 θ pq ; c(θ ) = (c1 , . . . , cN ) is the column-sum vector of θ with the qth element
−1 θ pq
N
N
θ
cq = ∑ p=1 θ pq ; θ ! := ∏Np,q=1 θ pq !;and (Σ−1
with Σ−1
X,pq representing the
X ) := ∏ p,q=1 (ΣX,pq )
−1
(p, q)th element of ΣX . The summation in (12) is over all index matrices θ with the row-sum
vector r(θ ) = j and the column-sum vector c(θ ) = k such that |j| = |k|.
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Corollary 7 The first- and second-order moments of standardized multivariate Hermite orthogonal polynomials are respectively
{
[
]
1, j = 0,
E Ψj (X; ΣX ) =
(13)
0, j ̸= 0,
and


[
]
E Hj (X; ΣX )Hk (X; ΣX )


√
, |j| = |k|,
[
] √
2
2
E Ψj (X; ΣX )Ψk (X; ΣX ) =
E[Hj (X; ΣX )] E[Hk (X; ΣX )]


0,
|j| ̸= |k|.

(14)

3.3 Orthogonal Basis and Completeness

Do Hermite polynomials form a basis of L2 (RN , B N , ϕX dx)? Using the exponential integrability
of an arbitrary norm on RN , Rahman [5] has demonstrated, as summarized in the following two
propositions, that, indeed, Hermite polynomials span various spaces of interest.
Proposition 8 Let X := (X1 , . . . , XN )T : (Ω, F ) → (RN , B N ), N ∈ N, be an RN -valued Gaussian random vector with zero mean; symmetric, positive-definite covariance matrix ΣX ; and
multivariate probability density function ϕX (x; ΣX ). Then, {Hj (x; ΣX ) : |j| = l, j ∈ NN
0 }, the set
of multivariate Hermite orthogonal polynomials of degree l consistent with the Gaussian probability measure ϕX dx, is a basis of Vl N .
Proposition 9 Let X := (X1 , . . . , XN )T : (Ω, F ) → (RN , B N ), N ∈ N, be an RN -valued Gaussian random vector with zero mean; symmetric, positive-definite covariance matrix ΣX ; and
multivariate probability density function ϕX (x; ΣX ). Consistent with the Gaussian measure
ϕX (x)dx, let {Hj (x; ΣX ) : |j| = l, j ∈ NN0 }, the set of multivariate Hermite orthogonal polynomials of degree l, be a basis of Vl N . Then the set of polynomials from the orthogonal sum
⊕

l∈N0

span{Hj (x; ΣX ) : |j| = l, j ∈ NN
0}

(15)

is dense in L2 (RN , B N , ϕX dx). Moreover, with the overline denoting set closure,
L2 (RN , B N , ϕX dx) =

⊕

l∈N0

Vl N .

(16)

4 Generalized Wiener-Hermite Expansion
Let y(X) := y(X1 , . . . , XN ) {be a real-valued,[ square-integrable
output random variable of inter]
}
est. Then L2 (Ω, F , P) := y : RN → R, E y2 (X) < ∞ represents a Hilbert space of squareintegrable random variables y(X) equipped with the inner product (y(X), z(X))L2 (Ω,F ,P) =
(y(x), z(x))ϕX dx and norm ∥y(X)∥L2 (Ω,F ,P) = ∥y(x)∥ϕX dx . It is elementary to show that y(X) ∈
L2 (Ω, F , P) if and only if y(x) ∈ L2 (RN , B N , ϕX dx)

4.1 Generalized PCE

A generalized PCE of a square-integrable random variable y(X) is simply its expansion with
respect to an orthogonal polynomial basis of L2 (Ω, F , P), formally presented as follows.
Theorem 10 Let X := (X1 , . . . , XN )T , N ∈ N, be an RN -valued Gaussian random vector with
zero mean, positive-definite covariance matrix ΣX , and multivariate probability density function
ϕX (x; ΣX ) defined by (1). Then
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1. any random variable y(X) ∈ L2 (Ω, F , P) can be expanded as a Fourier-like infinite series of standardized multivariate Hermite orthogonal polynomials {Ψj (X; ΣX ) : j ∈ NN
0 },
referred to as the generalized PCE of
y(X) ∼

∑ CjΨj(X; ΣX),

(17)

j∈NN
0

where the expansion coefficients Cj ∈ R, j ∈ NN
0 , satisfy the linear system
[
]
[
]
∑ CkE Ψj(X; ΣX)Ψk(X; ΣX) = E y(X)Ψj(X; ΣX) , j ∈ NN0 , and

(18)

k∈NN
0

|k|=|j|

2. the generalized PCE of y(X) ∈ L2 (Ω, F , P) converges to y(X) in mean-square; furthermore, the generalized PCE converges in probability and in distribution.
See Rahman [5] for a proof. The generalized PCE extends the applicability of the classical PCE
for arbitrary but dependent Gaussian distributions of the random input. It should not be confused
with that of Xiu and Karniadakis [9], which still requires independence of random input.

4.2 Truncation
The generalized PCE contains an infinite number of orthogonal polynomials or coefficients.
In practice, the number must be finite, meaning that the PCE must be truncated. A popular
approach, adopted in this work, entails retaining all polynomials with the total degree |j| less
than or equal to m ∈ N. The result is an mth-order generalized PCE approximation
ym (X) =

∑

j∈NN
0
0≤|j|≤m

of y(X), which contains

Cj Ψj (X; ΣX ) =

m

∑ ∑ CjΨj(X; ΣX)

(19)

l=0 j∈NN
0
|j|=l

(
)
N +m
(N + m)!
LN,m =
=
m
N!m!

number of expansion coefficients, satisfying the finite-dimensional linear system
[
]
[
]
∑ CkE Ψj(X; ΣX)Ψk(X; ΣX) = E y(X)Ψj(X; ΣX) , 0 ≤ |j| ≤ m.

(20)

(21)

k∈NN
0

|k|=|j|

4.2.1 Second-Moment Statistics
The mth-order generalized PCE approximation ym (X) can be viewed as a surrogate of y(X).
Therefore, relevant probabilistic characteristics of y(X), including its first two moments and
density function, can be estimated from the statistical properties of ym (X). Applying the expectation operator on ym (X) and y(X) in (17) and (19) and imposing Corollary 7, their means
E [ym (X)] = E [y(X)] = C0

(22)

are the same as the zero-degree expansion coefficient and are independent of m. Therefore,
the generalized PCE truncated for any value of m yields the exact mean. The formulae for the
means in the classical and generalized PCE are the same, although the respective expansion
coefficients involved are not. Applying the expectation operator again, this time on [ym (X) −
C0 ]2 and [y(X) −C0 ]2 , and employing Corollary 7 results in the variances
537

∑N

Cj2 +

∑N

Cj2 +

var [ym (X)] =

j∈N0
1≤|j|≤m

and
var [y(X)] =

j∈N0
1≤|j|<∞

∑N

[
]
CjCk E Ψj (X; ΣX )Ψk (X; ΣX )

∑N

[
]
CjCk E Ψj (X; ΣX )Ψk (X; ΣX )

j,k∈N0
1≤|j|,|k|≤m
|j|=|k|, j̸=k

j,k∈N0
1≤|j|,|k|<∞
|j|=|k|, j̸=k

(23)

(24)

of ym (X) and y(X), respectively. Clearly, var[ym (X)] approaches var[y( X)], the exact variance
of y(X), as m → ∞. Compared with the classical PCE, the formulae for the variances in the
generalized PCE include a second sum, which represents the contribution from the correlation
properties of input variables X. The second sum vanishes in the formulae for the variances in
the classical PCE as X comprises only independent variables.
Being convergent in probability and distribution, the probability density function of y(X)
can also be estimated by that of ym (X). However, no analytical formula exists for the density
function. In that case, the density can be estimated by Monte Carlo simulation (MCS) of ym (X).
4.2.2 Expansion Coefficients
According to (21), determining the expansion coefficients of the mth-order generalized PCE
approximation requires solving an (LN,m × LN,m ) system of linear equations. However, the coefficients interact with each other only for a specific degree. Therefore, the coefficients for each
degree can be determined independently, described as follows.
(
)
Let 0 ≤ l ≤ m be a degree of orthogonal polynomials for which there are KN,l = N+l−1
l
number of lth-degree expansion coefficients Cj , |j| = l. To determine all lth-degree coefficients,
only a (KN,l × KN,l ) linear system,
[
]
[
]
(25)
∑ CkE Ψj(X; ΣX)Ψk(X; ΣX) = E y(X)Ψj(X; ΣX) , |j| = l,
k∈NN
0
|k|=|j|

has to be solved. When (25) is solved for l = 0, . . . , m, then all LN,m expansion coefficients for
degree at most m have been determined. Obviously, LN,m = ∑m
l=0 KN,l .
When the covariance matrix is positive-definite, the Cholesky factorization of the covariance
matrix leads to a linear map between dependent and independent Gaussian variables. Therefore,
the classical PCE can also be used for tackling dependent Gaussian variables. In contrast, the
generalized PCE proposed provides an alternative means of solving stochastic problems with
dependent Gaussian variables directly, that is, without the transformation.

4.3 Extension for Non-Gaussian Measures
Although the paper focuses on PCE for Gaussian measures, a further generalization is possible
for non-Gaussian measures. However, a few important conditions must be fulfilled before proceeding with the generalization. First, the non-Gaussian measures must be determinate. Moreover, the set of orthogonal polynomials consistent with a non-Gaussian measure must be dense
or complete in L2 (Ω, F , P). The denseness condition is satisfied for a compactly supported
density function. Otherwise, the exponential integrability of a norm will have to be established.
Second, numerical methods must be used in general to generate measure-consistent orthogonal
polynomials. In this case, the Gram-Schmidt orthogonalization [3] is useful for constructing
multivariate polynomials. Last but not least, deriving an analytical formula for the secondmoment properties of orthogonal polynomials for arbitrary non-Gaussian measures is nearly
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impossible. Having said so, these properties, which represent high-dimensional integrals comprising products of orthogonal polynomials, can be estimated by numerical integration with an
arbitrary precision even when N is large. Given that these issues are properly accounted for, the
rest of the PCE proposed should work for non-Gaussian measures.

5 Numerical Examples
Two examples, involving an implicit non-polynomial function satisfying a stochastic ordinary
differential equation and an implicit function derived from finite-element random eigenvalue
analysis, are presented to illustrate the generalized PCE.

5.1 Example 1
Consider a stochastic ordinary differential equation (ODE) [5]
dy(t; X)
= −(1 + X1 ) [y(t; X1 , X2 ) − (1 + X2 )] , 0 ≤ t ≤ 1,
dt

(26)

with a deterministic initial condition y(0; X) = 0, where t is an independent variable and
X = (X1 , X2 )T is a bivariate Gaussian input random vector. The input has mean µ X = E[X] = 0,
positive-definite covariance matrix ΣX with variances σ12 = σ22 = 1/4 of X1 and X2 and correlation coefficient −1 < ρ < 1, and a joint density function described by (1) for N = 2.
A direct integration of the stochastic ODE leads to the exact solution: y(t; X) = (1 + X2 )[1 −
exp{−(1 + X1 )t}]. As a result, the mean and variance of y(t; X) were obtained exactly. Since
y(t; X) is a non-polynomial function, a convergence analysis with respect to m – the order of
the generalized PCE approximation – is essential. Employing m = 1, 2, 3, 4, 5, 6, the secondmoment statistics of the six PCE approximations of y(t; X) were exactly calculated, which is
possible as all expectations involved can be exactly determined.
Define at t = 1 an L1 error em := |var[y(1; X)] − var[ym (1; X)]|/var[y(1; X)] in the variance, committed by an mth-order generalized PCE approximation ym (1; X) of y(1; X), where
var[y(1; X)] and var[ym (1; X)] are exact and approximate variances, respectively. Figure 1
presents five plots describing how the error em , calculated for each of the five correlation coefficients, decays with respect to m. The attenuation rates for all five correlation coefficients are
very similar, although the errors for negative correlations are larger than those for non-negative
correlations. Nonetheless, nearly exponential convergence is achieved by the generalized PCE
approximations, preserving the exponential convergence of the classical PCE approximations.

Figure 1: Decay of L1 error in the variance of ym (1; X) in Example 1 with respect to m.
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5.2 Example 2
The final example entails random eigenvalue analysis of an undamped cantilever plate, shown
in Figure 2(a). The plate has the following properties: length L = 50.8 mm, width W = 25.4
mm, Young’s modulus E = 206.8 GPa, Poisson’s ratio ν = 0.3, and mass density ρ = 7827
kg/mm3 . The randomness in eigenvalues arises due to random thickness t(ξ ), which is repremean µt = 0.254
sented by a homogeneous, lognormal random field t(ξ ) = c exp[α (ξ )] with√
2
2
2
mm, variance σt = vt µt , and coefficient of variation vt = 0.2, where c = µt / 1 + vt2 and α (ξ )
is a zero-mean, homogeneous, Gaussian random field with variance σα2 = ln(1 + vt2 ) and covariance function Γα (τ ) = E[α (ξ )α (ξ + τ ) = σα2 exp[−|τ |/(0.2L)]. Two numerical grids were
employed: (1) a 10 × 20 finite-element analysis (FEA) grid of the plate, as shown in Figure
2(b); and (2) an 11-point random-field grid of the plate, parameterizing the random field α (ξ )
into a zero-mean, 11-dimensional, dependent Gaussian random vector X = (α1 , . . . , α11 )T with
covariance matrix ΣX = [Γα (ξi − ξ j )], i, j = 1, . . . , 11, where ξi is the coordinate of the column
of nodes after traversing 2(i − 1) columns of finite elements from the left. A quasi Monte Carlo
simulation (QMCS), in conjunction with 3000 samples from a Sobol sequence [6], was used to
estimate the expectations involved in determining the expansion coefficients.

W
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Figure 2: A cantilever plate; (a) geometry; (b) finite-element grid; (c) PDFs of eigenvalues.

Figure 2(c) illustrate the marginal probability density functions (PDFs) of the first two eigenvalues Λ1 and Λ2 by the first- and second-order generalized PCE approximations and crude
MCS. Only 10,000 FEA samples were used to develop the histograms of crude MCS in Figure

540

2(c). However, since the PCE approximations yield explicit eigenvalue approximations in terms
of multivariate polynomials, a relatively large sample size, 100,000 in this particular example,
was selected to sample (19) for estimating the respective densities by histograms as well. The
respective densities estimated by the second-order PCE approximations and crude MCS match
well over the entire support for both eigenvalues. In contrast, the first-order PCE approximations
produce satisfactory density estimates only around the means; there are discrepancies in the tail
regions of the densities. This suggests that the first-order PCE approximation may not lead to
accurate calculation of the probability density function. This known problem for the classical
PCE persists for the generalized PCE.

6 Conclusion
A new transformation-free generalized PCE comprising multivariate Hermite polynomials in
dependent Gaussian random variables is presented. Derived analytically, the second-moment
properties of multivariate Hermite polynomials reveal a weakly orthogonal system with respect
to an inner product comprising a general Gaussian probability measure. Nonetheless, the exponential integrability of norm still allows the Hermite polynomials to constitute a complete
set and hence a basis in a Hilbert space. New analytical formulae are proposed to calculate the
mean and variance of a generalized PCE approximation of a general output variable in terms of
the expansion coefficients and statistical properties of Hermite polynomials. Numerical examples developed from a stochastic ODE and a random eigenvalue analysis illustrate the use of a
generalized PCE approximation in estimating the statistical properties of output variables.
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Abstract: This paper presents a new method for time-variant reliability-based design optimization. It consists in building a unique kriging metamodel in a predefined augmented reliability space. The metamodel is then accurate regardless of
the position of the design point, and thus can be efficiently embedded in a doubleloop optimization procedure. Furthermore, a specific selection procedure of the
initial design point is proposed yielding a fast convergence of the optimization
algorithm.

1 Introduction
The main challenge in engineering design is to balance between the reduction of the life-cycle
cost and the increase of the structural performance. Traditionally, this task is done using deterministic optimization techniques, which usually lead to over-designing. A more rational
approach is to use reliability-based design optimization (RBDO) techniques. In this case, reliability requirements are directly introduced via probabilistic constraints that are checked
throughout the optimization procedure. Furthermore, a structure is designed to fulfill its intended function over its prescribed service life. The design process should then consider the
time-variability of excitations and degradation phenomena. Therefore, a complete study requires a time-variant reliability-based design optimization (t-RBDO) where the probabilistic
constraints are the cumulative probabilities of failure over the structure lifetime. While the
classical RBDO problem has been widely studied [1], t-RBDO is still an active area of research. This is mainly due to the fact that time-variant reliability analysis demands a higher
computational effort than the time-invariant analysis. And up to now, developing highly efficient time-variant reliability methods is still an ongoing research process.
The most straightforward way to perform t-RBDO consists in a double-loop approach [2] in
which the time-variant reliability analysis (inner loop) is embedded within the optimization
procedure (outer loop). Despite its easy implementation and high accuracy, this approach demands a high computational effort especially when it comes to complex engineering problems. To address this issue, some works attempt to dissociate the time-variant reliability
analysis from the optimization procedure through a decoupled approach. For instance, the
sequential optimization and reliability analysis (SORA) method is commonly used in timeindependent RBDO [3]. It transforms the RBDO problem into a sequence of deterministic
optimization cycles and uses the inverse reliability analysis (inverse FORM). Hu and Du [4]
extended SORA to t-RBDO problems involving only stationary stochastic processes by intro-
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ducing a new concept of the equivalent most probable point (MPP). In [1] a sequential optimization and system reliability analysis (SOSRA) was inspired from SORA. The method was
then combined with PHI2 [5] in the context of t-RBDO. Sequential methods are numerically
efficient, however they may not be provably convergent.
A mono-level approach was also proposed in order to efficiently solve the optimization problem. It transforms the double-loop problem into a single-loop one by introducing optimality
criteria to the FORM problem. Many mono-level methods were proposed in the literature of
time-independent RBDO [6]. However, the mono-level RBDO involves complex formulations and increases the number of optimization parameters what makes it inefficient when
multiple limit state functions (LSF) are involved. In [7] a mono-level method for finding the
optimal design under time-variant reliability constraints was proposed in which the outcrossing approach is used as a reliability analysis tool. Another method based on a nonlinear
interior point algorithm and a line search strategy was proposed for high dimensional problems [8].
In this paper, we present a new method for t-RBDO that can efficiently handle the degeneration of the structural performance through time. The proposed method consists in three major
steps: (1) an augmented reliability space [9] is defined for each design random variable. This
allows to account for both instrumental and aleatory uncertainties with one probability density
function (PDF). (2) A unique adaptive kriging metamodel is built for each time-dependent
LSF based on an experimental design (ED) generated from the augmented PDF. (3) The optimization algorithm is launched with an appropriate initial design point chosen on the LSF
and having the lowest cost. Even though the method can be classified as a double-loop approach, it has an improved efficiency. In fact, the reliability analyses are performed on the
metamodel that is built and refined before launching the optimization procedure. In addition,
the proposed selection procedure for the initial design point guarantees the convergence of the
optimization loop with a reduced number of iterations. Section 2 details how the metamodel
for the time dependent LSF is built in the augmented reliability space. The search for the initial design point and the optimization algorithm are then presented in Section 3. In Section 4,
two case studies are used to demonstrate the effectiveness of the proposed method. And Finally, a concluding summary is given in Section 5.

2 Adaptive Kriging Metamodel for Time-Dependent Limit State
Functions
In the literature of time-variant reliability analysis, two main categories of approaches can be
identified: the out-crossing approach [5] and the extreme performance approach [2,10]. Despite their proven efficiency for specific cases, these methods lack generality. The former approach arises accuracy issues for complex non-stationary problems, whereas the latter is
inappropriate for systems whose responses present several peaks over the time dimension.
On the other hand, metamodeling seems to be a promising technique in this field. Recently, a
single-loop kriging (SILK) metamodeling method [11] was developed and has shown remarkable efficiency. The main advantage of SILK is that it omits the extreme value search and
formulates the time-variant reliability problem as a one-dimensional classification problem. In
this section, the SILK method is first briefly reviewed, and then its extension to t-RBDO
problem is explained.
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2.1 A Brief Review of SILK
Let us denote by 𝐺𝐺 𝐗𝐗, 𝐘𝐘 𝑡𝑡 , 𝑡𝑡 the time-dependent LSF, where 𝐗𝐗 is the vector of random variable, 𝐘𝐘 𝑡𝑡 is the vector of stochastic processes and 𝑡𝑡 is the parameter time. In order to perform
SILK, the time interval of study 𝑡𝑡! , 𝑡𝑡! is first discretized into 𝑁𝑁! equidistant time nodes and
𝑁𝑁!"# samples of 𝐗𝐗 and 𝑁𝑁!"# trajectories of 𝐘𝐘 𝑡𝑡 are generated. An initial ED of size 𝑁𝑁!
(𝑁𝑁! ≪ 𝑁𝑁!"# ) is then defined as follows: 𝑁𝑁! values of 𝑡𝑡 are uniformly selected among the 𝑁𝑁! time
instants and 𝑁𝑁! samples of 𝐗𝐗 and trajectories of 𝐘𝐘 𝑡𝑡 are retained from the 𝑁𝑁!"# available. The
training points are then denoted by 𝑃𝑃 !,! = 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! with 𝑖𝑖 = 1, … , 𝑁𝑁! and 𝑗𝑗 ∊ [1, 𝑁𝑁! ], and
for each point the real response 𝐺𝐺 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! is computed. This I/O database is used to
build the initial metamodel 𝐺𝐺 𝐗𝐗, 𝐘𝐘 𝑡𝑡 , 𝑡𝑡 . Note that in the SILK method, for a given sample, a
stochastic process is represented by only one random variable that corresponds to its value at
instant 𝑡𝑡! . In this case, the dimension of the problem is equal to 𝑁𝑁! + 𝑁𝑁! + 1 where 𝑁𝑁! and 𝑁𝑁!
are respectively the sizes of 𝐗𝐗 and 𝐘𝐘 𝑡𝑡 , and the additional dimension corresponds to the time
variable. According to the classical kriging method, the random variable 𝐺𝐺 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! follows a normal distribution with a mean value µ! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! that represents the metamodel
approximation, and a variance 𝜎𝜎 !! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! that measures the local uncertainty of the
prediction. The reader may refer to [12] for details about the kriging method.
When the initial metamodel is defined, it is used to predict the time-variant response of the
𝑁𝑁!"# samples at the 𝑁𝑁! time instants, and thus 𝑁𝑁!"# trajectories of 𝐺𝐺 𝐗𝐗, 𝐘𝐘 𝑡𝑡 , 𝑡𝑡 can be obtained.
The key idea of SILK is that it classifies those trajectories between safe and unsafe (i.e. failing). A trajectory is failing if there is at least one instant 𝑡𝑡! ∈ 𝑡𝑡! , 𝑡𝑡! at which the response is
surely negative. And it is safe if for all instants 𝑡𝑡! ∈ 𝑡𝑡! , 𝑡𝑡! the response is surely positive. Otherwise, the trajectory is classified as "unsure". Therefore, an adaptive learning technique
should be used to refine the metamodel. For this purpose, the learning function 𝑈𝑈, first introduced by [12], is used and is defined as follows:
𝑈𝑈 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! =

µ! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡!

𝜎𝜎! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡!

1

If 𝑈𝑈 ≥ 2 then one can suppose that the sign of µ! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! is correctly determined (this
corresponds to an error of 0.023). Based on that, the 𝑁𝑁!"# trajectories can be classified as follows:
− surely safe: if ∀𝑡𝑡! ∈ 𝑡𝑡! , 𝑡𝑡! , µ! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! ≥ 0 and 𝑈𝑈 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! ≥ 2. Their number is
denoted by 𝑁𝑁!"#$ .
− surely failing: if ∃𝑡𝑡! ∈ 𝑡𝑡! , 𝑡𝑡! , µ! 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! < 0 and 𝑈𝑈 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! ≤ −2. Their number is denoted by 𝑁𝑁!"#$ .
− unsure: otherwise. Their number is denoted by 𝑁𝑁 ∗ = 𝑁𝑁!"# − 𝑁𝑁!"#$ + 𝑁𝑁!"#$ and from
∗
∗
which 𝑁𝑁!"#$
trajectories are potentially failing (0 ≤ 𝑁𝑁!"#$
≤ 𝑁𝑁 ∗ ). For such a trajectory
∃𝑡𝑡! ∈ 𝑡𝑡! , 𝑡𝑡! , µ 𝐱𝐱 ! , 𝐲𝐲 ! (𝑡𝑡! ), 𝑡𝑡! < 0.
!
Thus, the time-dependent probability of failure over 𝑡𝑡! , 𝑡𝑡! can be approximated as follows:
𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! =

∗
𝑁𝑁!"#$ + 𝑁𝑁!"#$

𝑁𝑁!"#

and its maximum percentage error is computed by [11]:
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2

𝜀𝜀!!"# =

!"#
!!∗ ∈ !, !∗

∗
𝑁𝑁!"#$
− 𝑁𝑁!∗

𝑁𝑁!"#$ + 𝑁𝑁!∗

×100%

3

The metamodel is supposed to be well trained if 𝜀𝜀!!"# satisfies the accuracy threshold. Otherwise, the ED needs to be enriched by adding the point with the highest uncertainty. The new
training point 𝑃𝑃 !!"#,!!"# = 𝐱𝐱 !!"# , 𝐲𝐲 !!"# (𝑡𝑡!!"# ), 𝑡𝑡!!"# is identified as follows:
and

𝑖𝑖!"# =

!"#$%&
!!!,..,!!"#

𝑗𝑗!"# =

!"#$%&
!!!,..,!!

!"#
!∈ !! ,!!

𝑈𝑈 𝐱𝐱

!!"#

𝑈𝑈 𝐱𝐱 ! , 𝐲𝐲 ! (𝜏𝜏), 𝜏𝜏
, 𝐲𝐲

!!"#

4

(𝑡𝑡! ), 𝑡𝑡!

5

< 0.95

6

Another criterion that measures the correlation between the new training point and the points
of the experimental design (of current size 𝑁𝑁! ) is defined in order to avoid the clustering issue
[11]. Therefore, the new training point should also verify the following condition:
!"#
!∈ !,!!
!∈ !,!!

𝜌𝜌 𝑃𝑃

!!"# ,!!"#

, 𝑃𝑃

!,!

It is noted that the SILK method was developed to approximate a time-dependent random
response provided that the probabilistic distributions of the inputs are known. However, in tRBDO problems, the design variables may be mean values and coefficients of variation of
input random variables. In this case, it is particularly inefficient to build a different SILK
metamodel for each possible position of the design point. To circumvent this issue, we propose to build a unique metamodel in an augmented reliability space that accounts for both
instrumental and aleatory uncertainties.

2.2 SILK in an Augmented Reliability Space
In this work, the design variables are mainly considered to be either deterministic parameters
or mean values of random variables. In the latter case, the augmented problem is formulated
in [9] by artificially considering that the design variables are uncertain with a uniform distribution 𝜋𝜋 over the admissible design space 𝒟𝒟! . Therefore, the augmented random variable 𝑋𝑋 𝜃𝜃
follows a PDF h that accounts for both, instrumental (related to the value of the design variable) and aleatory (related to the probabilistic distribution of the random variable, 𝑓𝑓! ) uncertainties. h is expressed as follows:
ℎ 𝑥𝑥 =

𝒟𝒟!

𝑓𝑓! 𝑥𝑥|𝜃𝜃 𝜋𝜋 𝜃𝜃 d𝜃𝜃

7

Note that in order to use the SILK method in the t-RBDO procedure, the metamodel has to be
accurate wherever the design point may lie. Thus, the ED has to uniformly span a sufficiently
large confidence region of the augmented PDF. A hyper-rectangular confidence region was
defined in [13] as a tensor product of the margin confidence intervals of 𝑿𝑿. For each design
random variable 𝑋𝑋! , a lower and upper quantiles (resp. 𝑞𝑞!!! and 𝑞𝑞!!! ) are defined to bound its
confidence interval while ensuring a minimum reliability level 𝛽𝛽! (e.g. 𝛽𝛽! = 8). 𝑞𝑞!!! and 𝑞𝑞!!! are
determined as follows [13]:
𝑞𝑞!!! =

𝑞𝑞!!! =

!"#
𝛉𝛉∈𝒟𝒟!
!"#
𝛉𝛉∈𝒟𝒟!

𝐹𝐹!!!
Φ −𝛽𝛽! |𝛉𝛉
!

𝐹𝐹!!!
Φ +𝛽𝛽! |𝛉𝛉
!

8

where 𝐹𝐹!!!! is the quantile function of the margin of 𝑋𝑋! , and Φ is the cumulative distribution
function of the standard normal distribution. Building the SILK metamodel based on an ED
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generated from the hyper-rectangular confidence region ensures that it will remain accurate
throughout the t-RBDO regardless of the position of the current design point.

3 Time-Variant Reliability-Based Design Optimization Procedure
The general problem of t-RBDO can be defined as follows:
∗
𝐝𝐝∗ , 𝛍𝛍∗𝐗𝐗 𝐝𝐝 = arg min C 𝐝𝐝, 𝛍𝛍𝐗𝐗 𝐝𝐝 , ℙ 𝐺𝐺! 𝐝𝐝, 𝐗𝐗 𝐝𝐝 , 𝐗𝐗 𝐜𝐜 , 𝐘𝐘 𝑡𝑡 , 𝑡𝑡 < 0 ≤ 𝑝𝑝! , 𝑖𝑖 = 1, … , 𝑛𝑛!"
, 𝑗𝑗 = 1, … , 𝑛𝑛!"
𝐻𝐻! 𝐝𝐝, 𝛍𝛍𝐗𝐗 ≤ 0
𝒅𝒅, 𝛍𝛍 ∈ℝ!𝕕𝕕
𝐗𝐗 𝐝𝐝

9

where C is the cost function to be minimized with respect to the 𝑛𝑛𝕕𝕕 design parameters that
might be either deterministic 𝐝𝐝, or mean values 𝛍𝛍𝐗𝐗𝐝𝐝 of the design random variables 𝐗𝐗 𝐝𝐝 . 𝐗𝐗 𝐜𝐜 is
the vector of classical random variables whose parameters are predefined. The optimal design
𝐝𝐝∗ , 𝛍𝛍∗𝐗𝐗 𝐝𝐝 should verify the 𝑛𝑛!" probabilistic constraints and the 𝑛𝑛!" deterministic constraints. 𝐺𝐺!
(𝑖𝑖 = 1, … , 𝑛𝑛!" ) represent the time-dependent LSF and 𝑝𝑝!∗ are the minimum safety requirements.
𝐻𝐻! (𝑗𝑗 = 1, … , 𝑛𝑛!" ) represent the deterministic soft constraints that usually allow to bound the
admissible design space and are inexpensive to evaluate.
Equation (9) is solved using a double-loop t-RBDO approach. The embedded reliability analyses are performed on the SILK metamodels of the LSF that are built and refined before
launching the optimization procedure. In this work, the Polak-He optimization algorithm
[13,14] is retained. It was first developed to efficiently solve deterministic optimization problems with inequality constraints by penalizing the most violated constraint.
Provided an initial design point 𝕕𝕕 ! = 𝐝𝐝 ! , 𝛍𝛍𝐗𝐗!𝐝𝐝 , each iteration consists in finding the descent
direction 𝛿𝛿 ! and the correspondent step size 𝑠𝑠 ! so that 𝕕𝕕 !!! = 𝕕𝕕 ! + 𝑠𝑠 ! 𝛿𝛿 ! . Determining 𝛿𝛿 !
and 𝑠𝑠 ! requires the calculation of the gradients of the cost function and also of the failure
probabilities via a reliability sensitivity analysis. The use of the so-called score function [13]
allows to estimate ∇𝕕𝕕 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! with the same 𝑁𝑁!"# evaluations of the metamodel that had been
beforehand used to estimate 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! . The kth coordinate of ∇𝕕𝕕 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! is approximated as
follows:
𝜕𝜕𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡!
1
=
𝜕𝜕𝕕𝕕!
𝑁𝑁!"#

!!"#
!!!

𝟙𝟙! 𝐱𝐱

!

where 𝜅𝜅! 𝐗𝐗, 𝕕𝕕 is the score function defined as follows:
𝜅𝜅! 𝐗𝐗, 𝕕𝕕 =

𝜅𝜅! 𝐱𝐱 ! , 𝕕𝕕

𝜕𝜕 log 𝑓𝑓𝑿𝑿 𝒙𝒙, 𝕕𝕕
𝜕𝜕𝕕𝕕!

10
11

In fact, the gradient-based optimization algorithm may get stuck in local optima (minima).
The effectiveness of the method highly depends on the topology of the design space and the
choice of the initial design point. In this work, we propose to launch the t-RBDO with a specific initial design point that guarantees the convergence after only few iterations.
The initial design point we propose here is the point on the LSF that has the cheapest cost.
!
𝕕𝕕 ! = 𝐝𝐝 ! , 𝛍𝛍𝐗𝐗 𝐝𝐝 can be considered as the solution of the following deterministic optimization
problem at different instants 𝜏𝜏 ∈ 𝑡𝑡! ; 𝑡𝑡! :
𝐝𝐝

!

!
, 𝛍𝛍𝐗𝐗 𝐝𝐝 = arg min C 𝐝𝐝, 𝛍𝛍𝐗𝐗 𝐝𝐝 , 𝐺𝐺! 𝐝𝐝, 𝛍𝛍𝐗𝐗 𝐝𝐝 , 𝛍𝛍𝐗𝐗 𝐜𝐜 , 𝐘𝐘 𝜏𝜏 , 𝜏𝜏 ≥ 0 , 𝑖𝑖 = 1, … , 𝑛𝑛!"
𝐻𝐻! 𝐝𝐝, 𝛍𝛍𝐗𝐗 ≤ 0
, 𝑗𝑗 = 1, … , 𝑛𝑛!"
𝒅𝒅, 𝛍𝛍 ∈ℝ!!
𝐗𝐗 𝐝𝐝

546

12

where 𝐘𝐘 is a representative trajectory of 𝐘𝐘 𝑡𝑡 around its mean value. Note that solving this
problem only requires the evaluation of the cost function, the deterministic constraints and the
metamodels of the LSF. Building the SILK metamodels in the augmented reliability space is
what allows to solve the problem at no extra computational cost.
In fact, the optimum solution 𝕕𝕕∗ of the t-RBDO is expected to be located not far from 𝕕𝕕 ! ,
inside the feasible region so that the prescribed reliability level is procured. In addition, the
optimal cost can only be lower than C 𝕕𝕕 ! . Based on this property, the Polak-He algorithm is
slightly modified so as the search for 𝕕𝕕 ! is conducted only in the direction of −∇𝕕𝕕 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! .
For the next points 𝕕𝕕 ! (𝑖𝑖 > 1), the descent direction and the step size are determined by considering both gradient vectors (−∇𝕕𝕕 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! and −∇𝕕𝕕 𝐶𝐶 ). The privilege given to −∇𝕕𝕕 𝑃𝑃!,! 𝑡𝑡! , 𝑡𝑡! in
the first iteration guarantees a faster convergence of the optimization procedure.

4 Application Examples
In this section, two case studies are used to demonstrate the accuracy and high performance of
the proposed method. To verify its efficiency, we provide the total number of calls to the deterministic model (𝑁𝑁!"#$ ) and the relative error of the failure probabilities. This error is only
significant for violated constraints and is defined as follows:
!
𝜀𝜀%

=

!"#
𝑃𝑃!,!
𝑡𝑡! , 𝑡𝑡!

!

!"#
𝑃𝑃!,!
𝑡𝑡! , 𝑡𝑡!

− 𝑝𝑝!∗
!

×100%

13

!"#
where 𝑖𝑖 is the index of the violated constraint, 𝑃𝑃!,!
𝑡𝑡! , 𝑡𝑡! is the cumulative probability of failure computed with the classical Monte-Carlo simulation method performed considering the
optimal design point.

4.1 A Mathematical Problem
The t-RBDO problem studied in [2] is recalled here. It consists in a mathematical problem
that involves two normal random variables 𝑋𝑋! ~𝒩𝒩 µ! , 0.6 and 𝑋𝑋! ~𝒩𝒩 µ! , 0.6 . The design variable vector is 𝕕𝕕 = µ! , µ! . The t-RBDO problem is performed over 𝑇𝑇 = [0, 5] and is defined as
follows:
∗
µ!∗ , µ∗! = argmin C µ! , µ! , ℙ 𝐺𝐺! 𝑋𝑋! , 𝑋𝑋! , 𝑡𝑡 < 0 ≤ 𝑝𝑝! , 𝑖𝑖 = 1, 2,3
0 ≤ µ! ≤ 10
, 𝑗𝑗 = 1, 2
!! ,!! ∈ℝ!

where 𝑝𝑝!∗ = 0.1 (𝑖𝑖 = 1, 2,3). The cost function and the LSF are given by:
C µ! , µ! = µ! + µ!

𝐺𝐺! 𝑋𝑋! , 𝑋𝑋! , 𝑡𝑡 = 𝑋𝑋!! 𝑋𝑋! − 5𝑋𝑋! 𝑡𝑡 + 𝑋𝑋! + 1 𝑡𝑡 ! − 20
𝑋𝑋! + 𝑋𝑋! − 0.1𝑡𝑡 − 5 !
𝑋𝑋! − 𝑋𝑋! + 0.2𝑡𝑡 − 12 !
+
−1
𝐺𝐺! 𝑋𝑋! , 𝑋𝑋! , 𝑡𝑡 =
30
120
90
𝐺𝐺! 𝑋𝑋! , 𝑋𝑋! , 𝑡𝑡 =
−1
𝑋𝑋! + 0.05𝑡𝑡 ! + 8 𝑋𝑋! + 0.1𝑡𝑡 − 𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡 + 5

14
15
16

In order to perform the proposed method, first the augmented PDF of 𝑋𝑋! and 𝑋𝑋! are defined.
The three SILK metamodels are built from an initial ED of size 𝑁𝑁! = 10 and then are independently refined until they meet the accuracy target 𝜀𝜀!!"! = 5%. The initial design point is
found to be 𝕕𝕕 ! = 2.5000, 4.3555 . Table 1 compares the results of the proposed method to
those obtained with the nested extreme response surface (NERS) approach [2]. In this exam-
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ple, the violated LSF around the optimal design is 𝐺𝐺! . Table 1 shows that when using NERS,
the admissible probability of failure is largely exceeded. Whereas, when applying the herein
proposed methodology, the algorithm converges to a design point at which the first LSF is
violated with an error 𝜀𝜀%! < 1%. The optimal cost obtained is slightly higher (1.7%) than the
one corresponding to NERS. However, since the first probabilistic constraint is not verified,
the optimal design found using NERS cannot be retained. Figure 1 shows the different positions of the design point throughout the optimization algorithm for the two methods. Figures 2
and 3 show, respectively, the convergence of the cumulative probabilities of failure and the
design cost throughout the iterations. It can be noticed that for NERS, the optimization algorithm converges very slowly when it approaches the target reliability level (Figure 1, 2 and 3),
which is not the case for the proposed method.
Table 1: Comparative results of t-RDBO methods

NERS
Proposed method
Initial Design [5.0000 ; 5.0000] [2.5000 ; 4.3555]
Optimal Design [3.6290 ; 4.0352] [3.4853 ; 4.3111]
Optimal Cost
7.6642
7.7964
𝑝𝑝!∗ , 𝑖𝑖 = 1,2
0.1000
0.1000
!"#
!
𝑃𝑃!,! 0,5
0.1216
0.1008
!
21.6 %
0.8 %
𝜀𝜀%
!"#
𝑃𝑃!,!
0,5 !
0.0836
0.0300
!"#
𝑃𝑃!,!
0,5 !
0.0000
0.0000
𝑁𝑁!"#$
336
99
𝑁𝑁!"#$%"&'(
4
4

Figure 1: Convergence of the optimization algorithm

Furthermore, note that the results obtained with NERS method highly depend on the position
of the initial design point that is usually chosen arbitrarily. In [2], 𝕕𝕕 ! was taken at the center
of the interval of possible values of the design variables. For another choice of 𝕕𝕕 ! the result
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will differ, and thus the number of iterations may increase, hence the advantage of the proposed approach.

Figure 2: Convergence of the three probabilities of failure

Figure 3: Convergence of the design cost

4.2 A Two-Bar Frame Under Stochastic Force
Let us consider the two-bar frame sketched in Figure 4, already studied in [4]. The frame is
subjected to a stochastic force 𝐹𝐹(𝑡𝑡), and its bars have random lengths (𝐿𝐿! and 𝐿𝐿! ), diameters (𝐷𝐷!
and 𝐷𝐷! ) and yield strengths (𝑆𝑆! and 𝑆𝑆! ). Random input parameters are given in Table 2.

Figure 4: A two-bar frame under a stochastic force
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Table 2: Input random parameters

Parameter
𝐷𝐷!

𝐷𝐷!
𝐿𝐿!

𝐿𝐿!
𝑆𝑆!

𝑆𝑆!

𝐹𝐹(𝑡𝑡)

Mean

Standard deviation
Distribution
Autocorrelation
-3
𝜇𝜇!!
Normal
--1x10 m
-3
𝜇𝜇!!
Normal
--1x10 m
0.4 m
Normal
--1x10-3 m
-3
0.3 m
Normal
--1x10 m
8
7
Lognormal
--1.7x10 Pa
1.7x10 Pa
8
7
Lognormal
--1.7x10 Pa
1.7x10 Pa
2.2x106 N
2x105 N
Gaussian Process exp − ∆𝑡𝑡 0.1 !

Let 𝐗𝐗 denotes the vector of random variables, 𝐗𝐗 = 𝐷𝐷! , 𝐷𝐷! , 𝐿𝐿! , 𝐿𝐿! , 𝑆𝑆! , 𝑆𝑆! . The t-RBDO problem
considers a time interval of 10 years and is defined as follows:
µ∗!! , µ∗!!

∗
= argmin C µ!! , µ!! , ℙ 𝐺𝐺! 𝐗𝐗, 𝐹𝐹 𝑡𝑡 , 𝑡𝑡 < 0 ≤ 𝑝𝑝! , 𝑖𝑖 = 1, 2
0.07 ≤ µ!! ≤ 0.25
, 𝑗𝑗 = 1, 2
!! ,!! ∈ℝ!
!

17

!

where 𝑝𝑝!∗ = 0.01, 𝑝𝑝!∗ = 0.001. The cost function and the LSF are given by:
C µ!! , µ!!

!
!
!
𝜋𝜋𝜇𝜇!! µ!!! 𝜋𝜋 µ!! + µ!! µ!!
=
+
4
4

18

𝐿𝐿!! + 𝐿𝐿!!
𝜋𝜋 !
𝐷𝐷! 𝑆𝑆! −
𝐹𝐹 𝑡𝑡
𝐿𝐿!
4
𝜋𝜋
𝐿𝐿!
𝐺𝐺! 𝐗𝐗, 𝑡𝑡 = 𝐷𝐷!! 𝑆𝑆! − 𝐹𝐹 𝑡𝑡
𝐿𝐿!
4
𝐺𝐺! 𝐗𝐗, 𝑡𝑡 =

19

In order to perform the SILK method, 𝐹𝐹(𝑡𝑡) is discretized over 10 intervals of one year using
the Karhunen-Loève approximation. The discretization allows to approximate
𝐹𝐹(𝑡𝑡) with the mean of 12 standard normal random variables. An initial ED of size 𝑁𝑁! = 100 is
used to build the initial SILK metamodels, then 62 and 246 samples are added to refine
𝐺𝐺! 𝐗𝐗, 𝑡𝑡 and 𝐺𝐺! 𝐗𝐗, 𝑡𝑡 , respectively. The initial design point is found to be 𝕕𝕕 ! = 0.1781, 0.1586 .
The method presented in this paper is compared with t-SORA [4] and the results are given in
Table 3 where the exact optimal design is also indicated. These results show that the proposed
method procure a very accurate solution of the t-RBDO problem even if stochastic processes
are involved. Its efficiency is proven by the low number of evaluations of the deterministic
model required by the metamodeling technique, and more importantly, by the low number of
iterations needed for the optimization procedure.
Table 3: Comparative results of t-RBDO methods
𝑁𝑁!!"#$!%&'

0
1
2
3

Design Point

Cost

!"#
𝑃𝑃!,!
0,10

!

!

𝜀𝜀%

Proposed method
0.0198
0.4900
--0.0284
0.0027
--0.0272
0.0077
--0.0270
0.0103
3.0 %
t-SORA
[0.2102 ; 0.1964] 0.0290
0.0094
6.0 %
Exact solution
[0.2027 ; 0.1894] 0.0270
0.0100
--[0.1781 ; 0.1586]
[0.2080 ; 0.1945]
[0.2038 ; 0.1901]
[0.2026 ; 0.1894]
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!"#
𝑃𝑃!,!
0,10

!

0.5199
0.0002
0.0008
0.0010

𝜀𝜀%

------< 5.0%

𝑁𝑁!"#$

0.0009

6.0 %

715

0.0010

---

---

!

------508

5 Conclusion
An efficient method for time-variant reliability design optimization is presented in this paper.
A kriging metamodel is built in an augmented reliability space and can be accurately used to
select an initial design point that guarantees the fast convergence of the algorithm. Numerical
examples show that the proposed methodology outperforms some recent methods and is also
applicable when stochastic processes are involved. Since the proposed approach is based on
kriging, it inherits the drawbacks of this technique when dealing with high-dimensional problems. The improvement of this aspect may be the scope of future works.
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Abstract: This paper establishes various advancements for the application of surrogate modeling for storm surge prediction utilizing an existing database of highfidelity, synthetic storms. Emphasis is first placed on the design of experiment
(DoE) for developing the database. Different choices are examined for this, ranging
from the conventional (for hurricane risk assessment) joint probability optimal sampling method to an adaptive, sequential DoE method by identifying at each iteration
a new synthetic storm (or number of storms) that maximizes the prediction-accuracy
enhancement. The performance of different DoE methods is evaluated based on the
required number of synthetic storms to achieve same level of accuracy. The impact
on risk estimation is also examined. Exploiting the recent database developed by the
Army Corps of Engineers for the North Atlantic (North Atlantic Comprehensive
Coastal Study), the discussion then moves to the impact of climate change within
this surrogate modeling framework. Two relevant issues are addressed: storm intensification and sea level rise. The first pertains to use of surrogate models for extrapolating predictions, and different metamodel tuning techniques as well as database
enrichment strategies are investigated to accommodate this. The latter pertains to
providing metamodels (and ultimately risk estimates) that can address sea level rise
scenarios.

Introduction
The devastating flooding effects of recent storms have emphasized the importance of efficient
(fast) and accurate tools for storm-surge risk predictions, either for real-time applications during land falling events [14] or for long term coastal risk assessment [10]. Towards this end,
recent numerical advances in surge modeling have produced high-fidelity simulation models
that permit a detailed representation of the hydrodynamic processes and therefore support high
accuracy forecasting [11]. Unfortunately, their computational burden is large, something that
limits their applicability for emergency response management and risk assessment. This conundrum has provided the incentive for researchers to examine surrogate [3, 5] and interpolation
methodologies [1, 2] that can provide fast predictions using a database of high-fidelity, synthetic storms, with a goal to maintain the accuracy of the numerical model utilized to produce
this database while providing greatly enhanced computational efficiency. These efforts are further promoted by the fact that various such databases are constantly created and updated for
regional flooding and coastal hazard studies [17].
This paper continues previous relevant work of the authors [4] and investigates the application
of Kriging surrogate modeling within this context, offering critical advancements for a number
of topics. Initially the design of experiment (DoE) for creating the synthetic storm database is
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discussed. Different choices are examined for this, ranging from the conventional joint probability optimal sampling method [16] for hurricane risk assessment applications to an adaptive,
sequential DoE method by producing at each iteration a new synthetic storm that maximizes
the prediction-accuracy enhancement. The sufficiency (accuracy of supported risk estimates)
and efficiency (number of storms needed) of the different DoE methods is compared. Exploiting
the recent database developed by the Army Corps of Engineers for the North Atlantic [9], the
discussion then moves to the impact of climate change within this surrogate modeling framework. Two relevant issues [6] are addressed: storm intensification and sea level rise. The first
pertains to use of surrogate models for extrapolating predictions, in this case to storms with
potentially higher intensity than the ones considered in the initial database. Different tuning
techniques and database enrichment strategies are investigated. The latter pertains to providing
metamodels to address sea level rise scenarios.
In the next section all theoretical details of the metamodeling framework are presented. This
includes an overview of the framework as well as introduction of the advancements established
in this work. Section 3 offers some details for the database used in this study. The DoE is then
discussed in Section 4 and the storm intensification in Section 5. Finally, implications related
to sea level rise are examined in Section 6.

Kriging Metamodeling Framework for Storm Surge Predictions
2.1 Preliminaries
For establishing the surrogate model, an appropriate parameterization of the database of synthetic storms is required to provide the model input [4]. Characteristics at landfall are commonly
selected for this purpose, assuming that the important variability prior to landfall is addressed
by appropriate selection of each track history when creating the initial database [10]. This is the
same approach utilized by the Joint Probability Method (JPM), the conventional methodology
for calculating storm risk [16]. Such a simplified parameterization of synthetic storms is typically feasible, since databases of such storms are commonly constructed following JPM principles. For the database utilized in this study, discussed in detail in Section 3, the nx dimensional
input vector is composed of: the latitude and longitude of the landfall location (location where
hurricane track reaches coast), the heading direction θ at that location, the central pressure deficit ΔP, the forward speed vf, and the radius of maximum winds Rm. The latter three are determined offshore, when storm has maximum intensity (this intensity starts to reduce close to
landfall [9]). Therefore x=[xlat xlong θ ΔP vf Rm] with nx=6.
After appropriate parameterization, each synthetic storm is characterized by
x  [ x1 x2 ... xnx ]  nx and provides predictions for the ny dimensional output vector y(x).
The different components of y(x), denoted yi(x) herein, may pertain to a response output at a
specific coastal location or specific instance in time (for time-dependent predictions [4]). Ultimately a database of n synthetic storms is available for the output {yh; h=1,…,n} for different
storm scenarios {xh; h=1,…, n}. We will denote by X  [x1 ... x n ]T   nnx and
n n
Y  [y1 ... y n ]T   y the corresponding input and output matrices, respectively. The former
one is frequently referred to as training points for the metamodel development and the latter as
observations. The domain covered by the training points will be denoted X herein. This is defined here as the union of box-bounded domains for each input component [ xkmin xkmax ] where
xkmin and xkmax are, respectively, the minimum and maximum values considered for input xk.

For implementation over an extended coastal region the dimension of ny can be very large,
which poses challenges in terms of computational efficiency. In such cases adoption of principal component analysis (PCA) as a dimensional reduction technique has been shown [3] to be
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beneficial. PCA provides a low-dimensional space of mc latent outputs (mc<<n), corresponding
to the eigenvectors associated with the mc largest eigenvalues of the covariance matrix for observations Y, and the surrogate model can be easier developed in this space. The metamodel
predictions are first established for the latent output z, and then transformed back to the initial,
high-dimensional output y. The exact value of mc is chosen so that the associated observation
Z for output z describes the variability of the initial observation matrix Y with high accuracy
(say 99.9%) or by performing a sensitivity analysis for the relative benefits [3], examining the
trade-off between computational efficiency and accuracy.

2.2 Kriging surrogate model
The Kriging metamodel is established for vector z with observation matrix Z (or y and Y, respectively, if PCA not used). Kriging approximates the true response as one realization of a
Gaussian process that also includes a regression model. Its fundamental building blocks are the
np dimensional basis vector, f(x), and the correlation function R(xl,xm|s) which is dependent on
hyper-parameters s. The former represents the underlying regression model, typically chosen
as lower order polynomial, and the latter the correlation for the Gaussian process. A common
choice for this function is the generalized exponential

R(xl , xm | s)  i x1 exp[si | xli  xim | nx 1 ] ; s  [ s1  snx 1 ].
n

s

(1)

For the set of n observations with input matrix X and corresponding output matrix Z, we then
define the n  n p basis matrix F( X)  [f (x1 ) f (x n )]T and the n  n correlation matrix R ( X)
with the lm-element defined as R(xl,xm|s), l,m=1, …, n. Also for every new input x we define
the n-dimensional correlation vector r(x|X)=[R(x,x1|s) … R(x,xn|s)]T between the input and each
of the elements of X. The Kriging prediction (given as row vector) is finally [12]

zˆ (x)  f (x)T β*  r (x | X)T R ( X) 1 (Z  F( X)β* )

(2)

where β*  (F( X)T R ( X) 1 F ( X)) 1 F( X)T R ( X) 1 Z . In addition, Kriging provides an estimate of
the accuracy of this prediction, termed the predictive variance, which is a function of x (and not
constant in domain X) and for output component zi is [12]

 i2 (x | X)   i2 [1  u(x | X)T {F( X)T R ( X) 1 F( X)}1 u(x | X)  r (x | X)T R ( X) 1 r (x | X)] (3)
where u(x | X)  F( X)T R ( X) 1 r (x | X)  f (x) , and the process variance is given by

 i2  1/ n h1 hi 2
n

(4)

with ρhi corresponding to the elements of matrix ρ  C( X) 1 (Z  F( X)β* ) and C(X) to the lower
Cholesky factorization for R(X). Each of the columns of the aforementioned matrix represents
the weighted regression error (across the different storms) for a specific output. Note that the
variation of σi(x) with respect to x is determined by the quantity in the brackets in Eq. (3), which
is independent of observations Y (and therefore common for all outputs). The difference between the outputs stems from  i2 , which is simply a scaling factor.
Note that the formulation discussed above considers development of a single metamodel to
provide predictions for the entire output vector. An alternative approach would had been to tune
different metamodels for each output component [3]. This ultimately pertains to selection of
different hyper-parameter vector s for each of these components. The choice of a single metamodel for the entire output has been shown, though, to be sufficient for the type of application
considered here when combined with PCA [4].
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2.3 Tuning or metamodel hyper-parameters
Accuracy of Kriging depends largely on the optimal selection (tuning) of the hyper-parameter
vector s. This is typically performed through the Maximum Likelihood Estimation (MLE) principle, where the likelihood is defined as the probability of the n observations, and maximizing
this likelihood with respect to s ultimately corresponds to the optimization problem
s  arg min s  R ( x) n

1



mc
i 1

 i i2 

(5)



where |.| stands for determinant of a matrix, and γi is a weight for each output quantity. Standard
approaches for solving this optimization are given in [7].
An alternative approach is to optimize the metamodel based on its predictive capabilities [15],
meaning its ability to provide accurate estimates for storms not belonging in the database.
Leave-one-out cross validation may be used for this purpose: each of the storms is sequentially
removed from the database, the remaining storms are used as training points to predict the output for that storm, and finally the discrepancy between the predicted and real responses is calculated. The leave-one-out error for the hth storm and the ith output is given by the closed-form
expression ehi  g hi / chh , where chh is the hth diagonal entry of R(X) and ghi corresponds to the
elements of matrix g  R ( X) 1 (Z  F( X)β* ) [15]. Accuracy of the metamodel may be ultimately assessed by averaging the error established over all storms and outputs, producing the
objective function



H m (s)  1/ mc  i c1  i 1/ n h1 ehi
m

n



(6)

This leads to the following optimization for the hyper-parameters, denoted CV herein,
s  arg min s H m (s)

(7)

which can be solved through any appropriate numerical scheme [15].

2.4 Tuning of hyper-parameter with preference to specific storm characteristics
The approaches discussed in the previous sub-section for tuning of the hyper-parameters give
an equal weight across all the storms in the database. It might be beneficial, though, to give
higher priority to storms within the database that have some specific characteristics. This will
be desired, for example, when the developed surrogate model will be required to provide predictions for storms with higher intensity than the ones considered within the available database.
This is a scenario that future intensification of storms might create, and will require extrapolating predictions outside X for the inputs associated with storm intensity. In this case giving
higher priority to storms within the database with higher intensity can provide improved accuracy when predicting the output for storms with even greater intensity.
This prioritization of different storms within the database can be accommodated by introducing
weight wh for each storm and by using a weighted average, rather than simply an average, for
calculating the desired statistics across the database. For the MLE tuning this requires substitution of  i2 in Eq. (5) with

 wi2   h1 wh hi 2 /  h1 wh
n

n

(8)

For the CV tuning this requires modification of Hm(s) to

H mw (s)  1/ mc  i c1  i
m
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n
h 1

wh ehi2 /  h 1 wh
n



(9)

2.5 Storm selection for formulation of the database
Accuracy of Kriging is significantly influenced [12] by the proper selection of the training
points, what is frequently referred to as design of experiments (DoE). Studies that have examined application of Kriging for storm surge predictions have been constrained so far [3, 4] to
existing databases, developed for coastal flood studies. Such databases are commonly designed
using the JPM optimal sampling (JPM-OS) approach [16] which provides synthetic storms
sampled from a discrete sets of values for each xk. An alternative approach would be to rely on
a sequential adaptive DoE [12], identifying the experiment (or set of experiments) within X that
will provide the best anticipated improvement of accuracy. To formalize this concept, let xnew
define the new storm (or sets of storms) added in the database, the normalized, weighted integrated mean square error over X is given by
IMSE ( X, x new )   I  ( x) s (x | X, x new ) dx
X

(10)

where X I is the integration domain, φ(x) is a weight function, typically chosen as 1 (i.e. no
preference across different subdomains in X I and therefore uniform weights), and
s (x | X, x new ) is the normalized predictive variance considering as experiments X and xnew

s (x | X, x new )  1  u(x | X, x new )T {F( X, x new )T R ( X, x new ) 1 F( X, x new )}1 u(x | X, x new )
 r (x | X, x new )T R ( X, x new )1 r (x | X, x new )

(11)

The term normalized is used here to stress that this variance does not correspond to a specific
output, that is, it ignores scaling by  i2 , since the latter has no impact on the optimization
examined here. Note that evaluation of s (x | X, x new ) requires ultimately estimation of the correlation matrix R ( X, x new ) , the basis function vector F( X, x new ) and the correlation vector
r (x | X, x new ) considering as training points the augmentation of both the existing ones X as
well as of the potential new one(s) xnew. It does not involve, though, the storm output for xnew.
IMSE ( X, x new ) corresponds to the average (across domain X I ) error of the metamodel established by using support points X and xnew, assuming no modification in the hyper-parameters.
The new training point(s) can be therefore selected to minimize this error, since this yields the
largest anticipated improvement for the metamodel. This corresponds to optimization
x new  arg min xnew D IMSE ( X, x new )

(12)

where D is the candidate domain for xnew, for example X. This optimization is known to have
multiple local minima, whereas it is computationally expensive since it involves an integration
to calculate IMSE ( X, x new ) . Stochastic principles are adopted here to address both these challenges: the optimization of Eq. (12) is performed through means of stochastic search considering nc candidates for xnew (this equivalently defines a discrete set for D) whereas the integral of
Eq. (10) is estimated through Monte Carlo integration considering ns samples of x from φ(x).

Details for Database of Synthetic Storms
The database utilized in this study corresponds to the greater US North Atlantic coast (Virginia
to Maine) and was developed by the US Army Corps for supporting the North Atantic Comprehensive Coastal Study [17]. Acronym NACCS will be utilized herein to characterize the
database. NACCS consists of a total of 1031 synthetic storms (original number [9] was 1050
but quality assurance checks reduce this to 1031 storms with validated results) separated into
two clusters, 595 landfalling storms and 436 bypassing storms. Storm surge was simulated by
a coupled high-fidelity numerical hydrodynamic model composed of STWAVE [Steady-State
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Spectral Wave model] [13] and ADCIRC [Advanced CIRCulation model] [8], with the Planetary Boundary Layer (PBL) model providing wind and pressure input to this coupled hydrodynamic model. The computational domain for generating the synthetic storms consists of 3.1
million computational nodes and 6.2 million elements, and encompasses the western North Atlantic, the Gulf of Mexico and the western extent of the Caribbean Sea. The largest elements
are in the Caribbean Sea, with nodal spacing of about 40 km. The smallest elements resolve
detailed geographic features such as tributaries, where nodal spacing is approximately 10 m.
Further details are discussed in [9]. Simulation of each synthetic storm requires several thousand CPU hours.
The synthetic storms were generated utilizing the JPM-OS approach considering the historic
characteristics of regional storms (probable combinations of storm intensity as well as track and
landfalling location for the region). 89 different master tracks were considered for the landfalling storms and 41 different master tracks for the bypassing storms. These tracks were varied
with different spacing across different subregions of the North Atlantic to create the total number of storm tracks. Landfalling storms have track headings of -60°, -40°, -20°, and 0° (clock-wise
from North) at the point of landfall. Bypassing storms have track headings of 20°, and 40°
(clockwise from North). The parameter ranges for the remainin inputs are the following: central
pressure deficit varied from 28 hPa to 98hPa with 5hPa increments, forward speed from 12 km/h to
88 km/h and radius of maximum winds from 25 km to 174 km.
Four variations of the synthetic storm database were developed. The first set, termed Base, was
modeled on mean sea level with no tides or long term sea level change. The second set, termed
Base+Tides, consisted of the first set but with each storm modeled on a unique randomly
selected tide phase. The third set, termed Base+Tides+SLR, was the same as the second except
a single global sea level rise (GSLR) offset of 1.0 meter was included in the hydrodynamic
simulations. An additional set of results, termed Base+rTides, was developed by linearly adding
96 random tide phases to the first set of results.
Only the landfalling hurricanes are examined in this study with emphasis on the Base set,
whereas as outputs the peak surge for 15275 nearshore nodes is examined. These correspond to
the nodes that were inundated over all storms in the database (output is available for a total of
18977 nearshore nodes), a choice made here to avoid the need for dry node correction [4]. Due
to the high dimensionality of the output, PCA was integrated in the surrogate modeling approach requiring only mc=53 latent outputs that account for 99.5% of the variability of the initial
outputs. The metamodel developed using the entire database has average coefficient of determination 97.9% and correlation coefficient 98.9%, indicating very high accuracy. For the remainder of the study this high-accuracy metamodel is used to directly replace the high-fidelity
model prediction when needed.

Storm Selection
The first topic investigated corresponds to the efficiency/sufficiency of the storm database. An
increasing number of storms n is considered for forming the database, and for each n value a
new metamodel is optimized using MLE approach. The accuracy of the metamodel is then
evaluated using leave-one-out cross validation statistics as well as risk estimation. The latter is
performed for two reference locations corresponding to Battery, NY (DD coordinates
40.7000, -74.0133) and Virginia Beach, VA (DD coordinates 36.8450, -75.9352). The benchmark risk corresponds to the entire suite of the 595 NACCS landfalling storms and is calculated
using their respective JPM-OS weights. This risk is represented as probability P(β) that the
surge will exceed threshold β. For the metamodel-based risk estimation, the established surrogate model is used to provide predictions for the 595 storms and the resulting risk. estimates.
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Four different approaches are examined for the DoE. The first, termed JPM-OS, randomly picks
one storm from the 595 available JPM-OS storms forming the NACCS database. The remaining
three approaches consider the IMSE-based optimization discussed in Section 2.5, with different
approaches for defining D. The second approach, termed JPM-Optimal, simply picks the best
storm from the 595 available JPM-OS storms forming the NACCS database [in other words D
is constrained to these 595 storms for the optimization of Eq. (12)]. The third and fourth cases
consider the best storm in D=XE, with the latter defined as an extension of X, corresponding to
a 10% increase of the box-bounded domain for each. Since metamodel will be ultimately used
to provide predictions for risk assessment purposes in X, with many (greater than 10%) of the
storms used in this assessment belonging to the boundary of X, this extension was deemed necessary to avoid these predictions corresponding also to the boundary of the domain used in the
metamodel development (where accuracy is expected to decrease). For the optimization of Eq.
(12) nc is set to 1000. The third approach, termed Optimal, picks the best new storm with metamodel hyper-parameters updated after identification of each new storm. The fourth approach,
termed Optimal10, picks a sequence of the 10 best storms, with hyper-parameters updated after
the entire sequence of 10 storms is identified. This fourth approach is motivated by the fact that
numerical simulation of storms is frequently performed in batches to exploit parallelization
efficiency. For all approaches, for the calculation of IMSE φ(x) is set to uniform, nc is selected
as 500 and XI is set equal to XE. All approaches initiate from a common (to facilitate consistent
comparisons) set of 40 storms, randomly chosen from the initial 595 storms. For the IMSEbased optimization approaches this initiation is necessary for building the metamodel used to
identify the next best storm to add in the database.
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Figure 1: Improvement of metamodel accuracy (described through R2) for the four different DoE scenarios
100

Benchmark
n = 50
n = 80
n = 160

metamodel
based

P(β)

Benchmark
n = 50
n = 80
n = 160

metamodel
based

10-1

Virginia Beach, VA
10

Battery, NY

-2

0

0.5

1

1.5

β

2

2.5

0

0.5

1

1.5

2

β 2.5

3

3.5

4

Figure 2: Risk estimates (probability P(β) exceeding thereshold β) for Virginia Beach, VA and Battery, NY locations using Optimal10 (n=50, 80 or n=100) DoE. Benchmark risk estimates are also shown in green dash lines.
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Figure 1 shows the improvement of the metamodel accuracy, described through the coefficient
of determination R2, for the four different DoE approaches as n increases. Figure 2 shows the
risk predictions for Optimal DoE scenarios for values of n = 50, 80 and 160. The results in
Figure 1 demonstrate that the explicit optimization for the storm to add yields significant improvement in metamodel accuracy (compare JPM-OS to the other three approaches), whereas
there are distinct benefits in searching for such a storm in a continuous domain D rather than
choosing between synthetic storms with predetermined discretized characteristics (compare
Optimal and Optimal10 to JPM-Optimal). The addition of multiple storms in batches does not
have an influence in this case (compare Optimal10 to Optimal). Moving now to Figure 2, the
risk predictions supported through the metamodel yield satisfactory accuracy even for small n,
whereas as n increases they converge to the benchmark risk even for rare events (small failure
probabilities). This shows that through selection of storms using explicit optimization the metamodel can facilitate high accuracy even with small number of storms.

Investigation of impact of storm intensification
The next topic investigated is the impact of storm intensification. The initial database is split
into two groups: 405 lower intensity storms with ΔP<65 hPa and 190 higher intensity storms
with ΔP>65 hPA. The corresponding sub domains in X are denoted as Xl (ΔP  [28 65] hPa)
and Xh (ΔP  [66 98] hPa), respectively. For the purposes of this study the latter are assumed
to correspond to scenarios representing future intensifications of storms. The surrogate model
is developed using only the storms in Xl (i.e. X=Xl for the metamodel development) and its
accuracy is evaluated separately for the storms in Xl (using leave-one-out cross validation) and
the storms in Xh. The latter represents the accuracy for extrapolating predictions for storms
having intensified characteristics. Both MLE and CV are considered for the hyper-parameter
tuning, whereas two cases are examined: no weights wh=1 and introduction of higher weights
for the storms (within Xl) with higher intensity, choosing wh=ΔP2. A third case is also examined,
allowing the addition of 10 storms, selected through the approach outlined in Section 2.5, and
targeting only the domain representing intensified storms (D is constrained to Xh). Accuracy
results for all cases are presented in Table 1. Figure 3 shows for some of the cases of interest
the coefficient of determination per storm as function of ΔP.
Table 1: Accuracy (coefficient of determination) for different scenarios related to storm intensification study

No weights
MLE CV
R2 for Xl (interpolation) 0.956 0.964
R2 for Xh (extrapolation) 0.811 0.916
1

CV with no weights

With weights With weights and added storms
MLE
CV
MLE
CV
0.952 0.963
0.953
0.963
0.857 0.930
0.868
0.947
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Figure 3: Accuracy (coefficient of determination) per storm as function of the intensity ΔP for some of the metamode tuning approaches examined for the scenarios evaluating impact of storm intensification.
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The results show that both introduction of intensity-related weight and addition of 10 storms
enhance the extrapolation prediction accuracy. In particular, the addition of 10 new, high intensity storms provides significant benefits. This is evident from the results of both Table 1 as
well as from Figure 3. The tuning of the hyper-parameters using CV outperforms tuning using
MLE by a considerable margin in terms of extrapolation accuracy and enhancement of it after
the addition of new storms.

Investigation of impact of sea level rise
For investigating the impact of sea level rise a separate metamodel is trained to evaluate the
difference between Base+Tides+SLR and Base+Tide scenarios. This difference may be approximated to correspond to the impact of the sea level rise and is denoted as SLR herein. Tuning
of a metamodel to directly predict the output for Base+Tides+SLR was found to have low accuracy, presumably due to the effect of the random phase tides. Since no information is available for this phase it cannot be directly used as metamodel input. By subtracting the results for
the Base+Tides+SLR and Base+Tide scenarios the impact of the tides is minimized. The metamodel developed for the SLR output has still low accuracy with average coefficient of determination 67.3% and coefficient of correlation 95.9%. This can be attributed to the influence of
the random tide scenarios; it could have been more beneficial to consider the sea level rise with
the Base configuration (Base+SLR), rather than including the effect of the tides as well. Risk
estimated with or without the effect of SLR are shown in Figure 4. Risk predictions including
SLR are established by adding up the predictions from the Base and SLR cases. Results stress
the importance of explicitly including SLR in the risk predictions.
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Figure 4: Risk estimates with and without the effect of sea level rise.

Conclusions
Various advancements were developed for the application of surrogate modeling for hurricane
risk assessment. Related to the selection of storms for forming the database of synthetic storms,
it was shown that an adaptive design of experiments (DoE), selecting the best new storm to add,
yields significant benefits. Even with a moderate number of added storms the accuracy for the
metamodel as well as for the supported risk predictions are high. Addition of such storms can
be done in batches (multiple storms added in one step) with negligible impact on the overall
benefits. Additionally, two issues related to climate change were examined, storm intensification and sea level rise. Storm intensification can be addressed by weighing the different storms
in the existing database, giving larger weights to storms of higher intensity. This facilitates
greater extrapolation accuracy for future, even stronger storms. In this context, the metamodel
hyper-parameter optimization based on predictive capabilities was shown to offer significant
advantages. Sea level rise can lead to significant changes in the estimated risk, but in this study,
low metamodel accuracy was established when trying to predict the sea level rise effects. Further research is needed in this direction.
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Abstract: A surrogate concept of multiple deterministic analyses to design safe,
economical, and more damage tolerant structures is presented. Structures fail from
time to time, particularly when excited by dynamic including seismic loadings due
to the presence of numerous sources of uncertainties in analysis and design. The
underlying risk needs to be estimated for a specific design and to compare different design alternatives. For wider acceptance, the dynamic loadings must be applied in time domain as required for the most sophisticated analysis. The
underlying risk needs to be estimated with respect to performance functions incorporating major sources of nonlinearity and uncertainty. These requirements or expectations can be satisfied by representing structures by finite elements (FEs) to
incorporate realistic behaviour of structural elements as they progress from linear
to nonlinear to failure states. For this class of problems, the performance function
for the reliability evaluation is expected to be implicit in nature. The response surface method (RSM) is selected to approximately express the implicit performance
functions explicitly in the failure region. To meet the objectives of the study, the
authors decided to integrate the first-order reliability method (FORM) and RSM
after removing its deficiencies. In generating a response surface (RS), several sampling schemes are selected around a center point and deterministic responses are
evaluated. A second-order polynomial is selected to represent a RS. The authors
explore the Kriging concept to generate a RS. The basic intent is to conduct the
absolute minimum number of FE analyses in the failure region to obtain an explicit
expression of the RS. To represent a RS using Kriging with the absolute minimum
number of analyses, a novel technique is proposed by integrating RSM with
FORM and Kriging. The capabilities of the proposed method are demonstrated.
The proposed concept of multiple deterministic dynamic response analyses in time
domain is expected to be reasonable and implementable.

Introduction
Structures designed and built satisfying all appropriate guidelines, spending a significant
amount of resources, fail to perform their intended use from time to time. Damages to infrastructures caused by earthquakes can significantly disrupt the economic activities of a region.
The authors believe that this is not due to lack of knowledge on how to design but failure to
make the appropriate assumptions. Limiting the discussion to failure caused by dynamic in-
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cluding seismic loadings, the profession has the knowledge with various degrees of sophistication to analyze and design structures when the loading is fully defined. Unfortunately, the time
history of a future design earthquake at a particular site cannot be predicted with certainty. This
will make the analytical prediction of the amplified dynamic responses extremely challenging
and structures may fail occasionally. Risk is generally estimated with respect to a performance
or failure condition. The structure is expected to develop different types of nonlinearities just
before failure. They also need to be incorporated in an appropriate risk analysis procedure.
Consideration of various sources of nonlinearities in the presence of uncertainty is not well
understood at this time. To satisfy the deterministic community who makes the design decision
most of the time, the dynamic loadings also need to be applied in time domain since the most
sophisticated analyses require it. All these limitations introduce risk of failure in designs even
when all prescriptive requirements suggested in codified approaches and practices commonly
used in the profession are satisfied. Since this risk of failure cannot be completely eliminated,
it needs to be managed and the necessary resources to build them need to be allocated appropriately. The authors and their team members have been working on quantifying risk in the
presence of major sources of uncertainty in important load and resistance related design parameters over a period of time. Their most recent work in estimating risk in the presence of various
sources of nonlinearity and uncertainty and applying the dynamic loading in time domain is
reported in this paper.

Reliability Analysis for Dynamic Loadings
In spite of significant mathematical developments in the classical random vibration approach,
it is seldom used for the structural reliability analysis. It is not considered further. To capture
physics-based nonlinear behavior, the finite element method (FEM)-based representation of a
structure is commonly practiced by the deterministic community and needs to be used for the
reliability analysis [7]. The concept becomes extremely inefficient to estimate risk for complicated structural systems when the dynamic loading is applied in time domain. The concept
needs further development to satisfy the needs for efficiency, accuracy, and robustness required
to estimate the reliability of realistic dynamic structural systems.

Risk estimation with Implicit Limit State Functions
For nonlinear time domain excitation problems, the performance or limit state functions (LSFs)
are expected to be implicit in nature. Since the derivatives of the LSFs with respect to the design
variables will be unavailable, the reliability evaluation using the commonly used first-order or
second-order reliability method (FORM/SORM) will require a considerable amount of expertise not expected from an engineer for routine applications. For implicit LSFs, the Monte Carlo
Simulation (MCS) can be used. For a properly designed engineered structure, the probability
of failure (PF) is expected to be of the order of 10-5 to 10-6. If one uses the basic MCS, it may
require about 106 to 107 simulations or deterministic evaluations according to Haldar and Mahadevan [6]. The authors noticed that one deterministic nonlinear dynamic FE-based time domain analysis of a real structural system may require about 1 hours of continuous running of a
computer. For the sake of discussion, assuming that it will take about 1 hour, to simulate 10,000
cycles will require about 1.14 years of continuous running of a computer. One can use several
sophisticated space reduction or variance reduction techniques to improve efficiency. It will be
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extremely desirable, if the information of risk can be extracted by conducting only hundreds of
simulation without compromising accuracy.
An implicit LSF can also be approximately explicitly represented by a response surface (RS)
and then FORM/SORM can be used to extract the reliability information. It is reported in the
literature that the use of higher than 2nd order polynomial to represent a RS can cause ill-conditioning [10]. For the class of problems under investigation in this study, the authors decided to
use a 2nd order polynomial to represent a RS. The basic RSM has three weaknesses: (1) it does
not use the information on distribution of the variables, (2) if the RS is not generated in the
failure region, it may not estimate the reliability correctly, and (3) for large systems, the optimal
number of sampling points required to generate it is an open question. The authors concluded
that LSFs generated by the RSM concept currently available will be inapplicable for the structural reliability estimation excited by dynamic loading.

Generation of Response Surfaces for Structural Reliability Analysis
Multiple deterministic analyses will be required to generate responses and then a 2nd order polynomial can be generated to fit the responses to obtain a RS. As expected, to generate a RS for
realistic structural systems with a very large number of random variables (RVs) will require a
very large number of deterministic evaluations making the effort very inefficient. To generate
a RS with fewer RVs, a sensitivity-based approach can be used [9]. Any RV with low sensitivity
index can be considered a constant at its mean value.
As discussed in Section 3, before the RSM concept can be used for the reliability analysis for
structures, its basic deficiencies need to be removed. To incorporate the distributional information of the RVs in generating a RS and to locate the failure region, the authors decided to
integrate FORM and RSM. Since FORM iteratively uses the distributional information of RVs
and iteratively locates the failure region, the integration will eliminate the first two deficiencies.
The removal of the third deficiency will require more sophistication in selecting sampling
points. The necessary steps required for the integration are discussed next.

4.1 Integration of FORM and RSM – Improved Response Surface Method
In the basic RSM, the region for selecting the sampling points is:
𝑋𝑖 = 𝑋𝑖𝐶 + ℎ𝑥𝑖 𝜎𝑋𝑖 where 𝑖 = 1, 2, … , 𝑘
th

(1)

𝑋𝑖𝐶

where, 𝑋𝑖 is the region of the i RV,
and 𝜎𝑋𝑖 are the coordinate of the center point and the
standard deviation, respectively, for the ith RV, h is an arbitrary factor that controls the
4
experimental region, and 𝑥𝑖 is the coded variable which assumes values of 0, ±1 or ± √2𝑘 ,
depending on the coordinates of the sampling points with respect to the center point, and k is the
total number of RVs. To overcome the weakness of the basic RSM, an improved RSM (IRSM)
is proposed by combining it with FORM. FORM is an iterative procedure and the first iteration
starts at the mean values of all RVs and all non-normal RVs are transformed into normal with
the equivalent normal mean (𝜇𝑋𝑁𝑖 ) and standard deviation (𝜎𝑋𝑁𝑖 ) for all non-normal RVs at their
respective mean values [6].
4.1.1 Mathematical form of improved response surface
In the present study, the RS is represented by a second-order polynomial without and with crossterms, expressed as:
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𝑘

𝑘

𝑔̂(𝐗) = 𝑏0 + ∑ 𝑏𝑖 𝑋𝑖 + ∑ 𝑏𝑖𝑖 𝑋𝑖2
𝑖=1
𝑘

𝑘

𝑔̂(𝐗) = 𝑏0 + ∑ 𝑏𝑖 𝑋𝑖 +
𝑖=1

(2)

𝑖=1
𝑘−1 𝑘

∑ 𝑏𝑖𝑖 𝑋𝑖2
𝑖=1

+ ∑ ∑ 𝑏𝑖𝑗 𝑋𝑖 𝑋𝑗

(3)

𝑖=1 𝑗>𝑖

where 𝑋𝑖 (𝑖 = 1,2, … , 𝑘) is the ith RV; 𝑏0 , 𝑏𝑖 , 𝑏𝑖𝑖 , and 𝑏𝑖𝑗 are unknown coefficients to be determined; and k is the number of RVs associated with the problem. The total number of unknown
coefficients to be determined for Eqs. (2) and (3) are : (2𝑘 + 1) and (𝑘 + 1)(𝑘 + 2)⁄2, respectively. When k = 5, the total number of coefficients required in Eqs. (2) and (3) will be 11 and
21, respectively. However, if k is much larger, say 50, the corresponding numbers are 101 and
1326, respectively, i.e. a significant computational effort is needed when Eq. (3) is used.

4.2 Extracting Reliability Information using IRSM
To initiate the iterative process of extracting the reliability information using IRSM, it is
proposed to use second-order polynomial without cross-terms, i.e. Eq. (2). The coordinates of
the center point will be assumed as the mean values of the RVs in the first iteration. After
selecting the sampling points around the center point according to a suitable scheme, the
maximum dynamic responses will be calculated at those sampling points using a nonlinear FE
algorithm. Then, an appropriate RS will be generated using IRSM providing the first explicit
LSF required for the reliability estimation using FORM. At this stage, the direction cosines of
all the RVs, αi, will also be available. They will converge after few iterations. Then, the
coordinates of the new checking point, 𝑥𝑖∗ , will be calculated by keeping the reliability index, 𝛽,
as the unknown parameter as:
𝑥𝑖∗ = 𝜇𝑋𝑁𝑖 − 𝛼𝑖 𝛽𝜎𝑋𝑁𝑖

(4)

where all the parameters were defined earlier. An initial estimate of 𝛽 can be obtained at this
time. With this updated information on 𝛽 and using Eq. (4), a new set of the coordinates of the
checking point can be obtained. The iterations will continue until 𝛽 converses with a pre-selected
tolerance level. At this stage, the coordinates of the most probable failure point (MPFP), 𝐱 ∗ and
the corresponding direction cosines will be available [7]. An estimate of 𝛽, which is the norm of
the final checking point can be made as:
𝛽 = √(𝐱 ∗ )𝑡 (𝐱 ∗ )

(5)

In the context of FORM, the direction cosines in the standard normal space for all RVs will be
available at the completion of the first iteration. The RVs with relatively low sensitivity indexes
can be kept constants at their mean values in the subsequent iterations. The number of random
variables will reduce from k to kR, where kR represents the number of most important RVs. Thus,
in Eqs. (2) and (3) k is replaced by kR.
The coordinates of MPFP obtained from the first iteration will be selected as the coordinates of
the center point for the second iteration. Deterministic responses will be evaluated at the
sampling points around the new center point. Following the same procedures described before,
a new estimate of β and the coordinates of a new MPFP will be obtained. When both the
direction cosines and β converge, the corresponding probability of failure will be the final
outcome.
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4.3 Selection of sampling points
The two most effective experimental designs for selecting sampling points are: (1) Saturated
Design (SD) and (2) Central Composite Design (CCD). In SD, a set of simultaneous equations
are solved to determine the unknown coefficients; thus, the number of deterministic analyses is
same as the number of unknown coefficients. So, SD without and with the cross-terms requires
2kR+1 and (𝑘𝑅 + 1)(𝑘𝑅 + 2)⁄2, respectively, deterministic analyses. SD is efficient but is
expected to be inaccurate. CCD consists of one center point, two axial points located on the axis
4
of each RV at distance α = √2𝑘𝑅 from the center point, and 2𝑘𝑅 factorial points. Thus, the total
number of FE analyses required for CCD is 2𝑘𝑅 + 2𝑘𝑅 + 1. For CCD, a second order
polynomial with cross-terms is required to generate a RS and a regression analysis is conducted
for obtaining the unknown coefficients to describe the RS. CCD is expected to be more accurate
than SD, but computationally very inefficient. The efficiency can be improved by reducing the
required number of unknown coefficients to define a particular RS.
4.3.1 Advanced Factorial Design (AFD)
By exploiting the advantages of SD and CCD, the authors considered the most efficient scheme
in the intermediate iterations and the most accurate scheme in the final iteration producing
several advanced factorial design (AFD) schemes. Some of them are:
Scheme 1: Use SD with second order polynomial without cross-terms, given by Eq. (2),
throughout all the iterations.
Scheme 2: Use SD with second order polynomial without cross-terms, given by Eq. (2), in
the intermediate iterations, and SD with second order polynomial with cross-terms, given by
Eq. (3), in the final iteration.
Scheme 3: Use SD with second order polynomial without cross-terms, given by Eq. (2), for
the intermediate iterations, and CCD with second order polynomial with cross-terms, given by
Eq. (3), for the final iteration.
Scheme 1 is expected to be the least accurate but the most efficient, and Scheme 3 the most
accurate but least efficient. The total numbers of deterministic FE analyses required, when kR =
5, to generate a RS for the three schemes can be shown to be 11, 21, and 43, respectively.
However, If kR = 50, the corresponding number of required deterministic evaluations will be
101, 1326, and 1.126E15, respectively. Since AFD Schemes 2 and 3 contain cross-terms, they
are considered further to improve efficiency without compromising the accuracy. The modified
versions of these two schemes are denoted hereafter as Schemes M2 and M3, respectively.
In Scheme M2, the total number of edge points are reduced. It is proposed to use the edge points
only for the most important RV in the last iteration. After generating the RS, the reliability
index β is evaluated. The edge points corresponding to the less important variables are added
one by one and β is re-calculated until the changes become negligible. For example, if the total
number of most sensitive RVs is m out of a total of kR, the total number of deterministic
evaluations required in the final iteration of Scheme 2 and M2 will be (kR +1)(kR +2)/2 and 2kR
+ 1 + m(2kR – m – 1)/2, respectively.
In Scheme M3, for a relatively large value of kR, factorial points of dimensions 2𝑘𝑅 require too
many deterministic evaluations. The authors proposed to use the factorial points only for the
most sensitive RV in the last iteration. As in Scheme M2, factorial points with lesser sensitive
RVs will be included one by one until the changes in the reliability index become small. It is to
be noted that the reduction of factorial points may result in ill-conditioning of the regression
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analysis due to the lack of data. To avoid this, as additional sensitive variables are added, the
cross-terms only for them will be considered. More generally, if number of most sensitive variables is m out of a total of kR, then the total number of FE analyses required for Schemes 3 and
M3 will be 2𝑘𝑅 + 2𝑘𝑅 + 1 and 2𝑚 + 2𝑘𝑅 + 1, respectively.
4.3.2 Kriging Method
The authors explored the possibility of using Kriging method (KM) [11] as an alternative to the
regression analysis in generating a RS. It can be considered as a surrogate meta-model. In the
context of generating a RSM using IRSM, the Gaussian assumption is expected to be reasonable.
KM relies on the concept that the near sample points should get more weightage as compared to
the far ones [12]. The two essential characteristics of KM that help to generate a desirable RS
are: (1) uniform unbiasedness of the RS and (2) the minimum prediction error among all the
possible forms of the RS. The best linear unbiased estimator of a LSF can be obtained by
satisfying them [13]. Among several versions of KM, Universal Kriging (UK) [8] is used. The
LSF generated by UK will be denoted in the subsequent discussions as UK-LSF. As mentioned
earlier, UK can estimate the LSF at unobserved points using a linear weighted sum of the
responses obtained from the FE analyses. A RS generated by UK can be expressed as [14]:
𝑟

𝑔̂(𝐗) = ∑ 𝜔𝑖 𝑍(𝐗 𝑖 )

(6)

𝑖=1

where 𝜔𝑖 ∈ 𝑅, 𝑖 = 1,2, . . , 𝑟 are unknown weights corresponding to the observation vector 𝐙 ≡
(𝑍(𝐗 𝑖 ), 𝑖 = 1,2, … , 𝑟), and r is the number of deterministic analyses for this discussion. The
observation vector Z consists of the response of the system at the experimental sampling points.
The UK method decomposes the Gaussian process 𝑍(𝐗) into a linear combination of a
deterministic function, 𝑢(𝐗), and a residual random function, 𝑌(𝐗), and can be represented as:
𝑍(𝐗) = 𝑢(𝐗) + 𝑌(𝐗)

(7)

𝑢(𝐗) in this study is a quadratic polynomial with cross terms, as in Eq. (3). 𝑌(𝐗) is an
intrinsically stationary function with zero mean and underlying variogram function 𝛾𝑌 . The
variogram is a tool to analyze the underlying relationship of the available spatial data.
To generate the appropriate variogram function, three fundamental steps are: (1) generating the
variogram cloud, (2) generating the experimental variogram, and (3) fitting the experimental
variogram with an appropriate variogram model. Assuming the dissimilarity of the responses at
two sample points is a function of the distance between them, the dissimilarity function can be
represented as:
1
𝛾 ∗ (𝑙𝑖 ) = [𝑍(𝑥𝑖 + 𝑙𝑖 ) − 𝑍(𝑥𝑖 )]2
2
th

∗ (𝑙

(8)
th

where 𝑥𝑖 is the sample point of the i RV, 𝛾 𝑖 ) is the dissimilarity function for the i RV, and
𝑙𝑖 is the distance in the ith RV axis. Since 𝛾 ∗ (𝑙𝑖 ) is symmetric with respect to 𝑙𝑖 , 𝛾 ∗ can be plotted
only against the absolute value of 𝑙𝑖 for each RV axis.
Several valid parametric variogram models are considered for fitting to the experimental
variogram, including Nugget effect, Exponential, Spherical, and Bounded linear models. The
family of stable anisotropic parametric variogram model can be represented as [13]:
𝑘

𝛾𝑌 (𝐥) = 𝑏 {1 − exp [∑ −
𝑖=1

|𝑙𝑖 |𝑞
]}
𝑎𝑖

with 0 < 𝑞 < 2

(9)

where l is a vector consisting of 𝑙𝑖 components, 𝑎𝑖 and 𝑏 are the unknown coefficients to be
determined, and k is the number of RVs.
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To satisfy the uniform unbiasedness of the UK predictor, the universality conditions considered
on the unknown weights can be represented as [3]:
𝑟

∑ 𝜔𝑖 𝑓𝑝 (𝐗 𝑖 ) = 𝑓𝑝 (𝐗 0 ) 𝑓𝑜𝑟 𝑝 = 0,1, … , 𝑃

(10)

𝑖=1

where 𝜔𝑖 is the unknown weight to be determined, 𝐗 𝑖 is the point in which the ith deterministic
analysis is estimated, 𝐗 0 is the point in which the response of the structure should be predicted,
and 𝑓𝑝 (𝐗 𝑖 ) is the ordinary regression function corresponding to a quadratic polynomial with
cross terms. Among all sets of weights which can satisfy the universality conditions, one can
minimize the variance of the prediction error. The optimal linear unbiased predictor is obtained
by an optimization process using Lagrange multipliers as:
𝚪𝑌 𝛚 + 𝐅𝛌 = 𝛄𝑌,0

(11)

𝑟×𝑟

where 𝚪𝑌 ∈ 𝑅
is the symmetric residual variogram matrix, i.e. (𝚪𝑌 )𝑖𝑗 ≡ 𝛾𝑌 (𝐗 𝑖 − 𝐗𝑗 ), 𝑖, 𝑗 =
1, … , 𝑟; 𝛄𝑌,0 ∈ 𝑅 𝑟×1 is the residual variogram vector, i.e. (𝛄𝑌,0 )𝑖 ≡ 𝛾𝑌 (𝐗 𝑖 − 𝐗 0 ), 𝑖 = 1, … , 𝑟;

𝛌 ≡ (𝜆0 , 𝜆1 , … , 𝜆𝑃 )𝑇 ∈ 𝑅 𝑃+1 is the unknown Lagrange multiplier vector to be determined by
minimizing the variance of the prediction error; and 𝛚 is the vector form of the unknown
weights. The important part of the solution of the system of equations for generating the RS is
the unknown weights. To reduce the computational demand, the solution for unknown weights
can be derived in closed-form as:
−1

𝛚 = 𝚪𝑌 −1 [𝛄𝑌,0 − 𝐅(𝐅 T 𝚪𝑌 −1 𝐅) (𝐅 T 𝚪𝑌 −1 𝛄𝑌,0 − 𝐟0 )]

(12)

The response surface 𝑔̂(𝐗) in each unsampled point can be estimated directly from the close
form solution of the weights. Substituting Eq. (12) in Eq. (6), a RS according to UK can be
represented as [12]:
T

−1

𝑔̂(𝐗) = [𝛄𝑌,0 − 𝐅(𝐅 𝑇 𝚪𝑌 −1 𝐅) (𝐅 T 𝚪𝑌 −1 𝛄𝑌,0 − 𝐟0 )] 𝚪𝑌 −1 𝐙

(13)

The RS obtained by Eq. (13) will be used to generate explicit UK-LSF; then FORM can be used
to extract the reliability information. It is to be noted that since CCD is used in the final iteration
of Scheme KM, it will require a large number of deterministic evaluations. To improve its efficiency, a modified Scheme KM, similar to Scheme M3, is proposed. KM can be used with the
same sampling scheme as for Scheme M3. When the total number of basic RVs is kR and m of
them are considered to generate factorial points, the total number of FE analyses required for
KM and modified KM (MKM) will be 2𝑘𝑅 + 2𝑘𝑅 + 1 and 2𝑚 + 2𝑘𝑅 + 1, respectively.

Limit States for Reliability Estimation
The reliability is evaluated with respect to serviceability and strength LSFs. For the serviceability, the LSFs for the inter-story drift or overall lateral displacement can be represented as:
𝑔(𝐗) = 𝛿𝑎𝑙𝑙𝑜𝑤 − 𝑦𝑚𝑎𝑥 (𝐗) = 𝛿𝑎𝑙𝑙𝑜𝑤 − 𝑔̂(𝐗)

(14)

where 𝛿𝑎𝑙𝑙𝑜𝑤 is allowable inter-story drift or overall lateral displacement specified in codes or
commonly used in practice, and 𝑦𝑚𝑎𝑥 (𝐗) is the maximum inter-story drift or overall lateral
displacement obtained by FE analyses
For the strength LSF, the following two equations are used [2]:
𝑃𝑢 8 𝑀𝑢𝑥
𝑔(𝑿) = 1.0 − ( +
) = 1.0 − [𝑔̂𝑃 (𝑿) + 𝑔̂𝑀 (𝑿)];
𝑃𝑛 9 𝑀𝑛𝑥

𝑖𝑓

𝑃𝑢
≥ 0.2
𝜙𝑃𝑛

(15)

𝑃𝑢
𝑀𝑢𝑥
+
) = 1.0 − [𝑔̂𝑃 (𝑿) + 𝑔̂𝑀 (𝑿)];
2𝑃𝑛 𝑀𝑛𝑥

𝑖𝑓

𝑃𝑢
< 0.2
𝜙𝑃𝑛

(16)

𝑔(𝑿) = 1.0 − (
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where ∅ is the resistance factor, 𝑃𝑢 and𝑃𝑛 are the required tensile/compressive strength, respectively, 𝑀𝑢𝑥 and 𝑀𝑛𝑥 are required and nominal flexural strength, 𝑔̂𝑃 (𝑿) is the axial load response
surface, and 𝑔̂𝑀 (𝑿) is the RS for bending moment.

Numerical Study
A 3-story 4-bay steel moment frame, as shown in Fig. 1, designed according to the 1997
NEHRP Provisions and reported in FEMA 355F [4, 5] is considered for this example. The
statistical properties of all the RVs are summarized in Table 1. The frame is excited by the time
history of the N-S component of 1940 El Centro earthquake for 30 s. For the serviceability limit
state, the permissible lateral displacement at the top of the frame is considered not to exceed
0.7% of the height of the frame. It is then increased by 125 percent since a time domain approach is used as suggested in ASCE/SEI 7-10 2010 [1]. δallow in Eq. (14) becomes 10.4 cm.
The reliability of structural systems excited by seismic loadings is estimated using both AFD
and KM and then compared in terms of their efficiency and accuracy. Reliability is also estimated using MCS to establish a benchmark value for the accuracy estimation.

Figure 1. Representation of 3 story steel frame

For this example, the total numbers of RVs for the serviceability and strength limit states are
19 and 35, respectively. Using SD without cross terms and FORM, the sensitivity indexes of
all RVs are evaluated and 8 of them are considered to be the most sensitive for both serviceability and strength limit states. Reliability indexes and the probabilities of failure for the lateral
deflection at the top of the frame and for a girder and a column, as shown in Fig. 1, are evaluated
using Schemes 1, 2, M2, 3, M3, KM, and MKM. The results are summarized in Table 2. Considering the PFs and the suggestions made in Haldar and Mahadevan [6], they are also estimated
using 300,000 simulation cycles requiring about 510 hours of continuous running of a computer. The results are also given in Table 2.
Several important observations can be made from the results. The PFs obtained by all 7 methods
proposed in this paper are very similar indicating they are viable. Since they are similar to that
of the results obtained by MCS indicating that they are also accurate. The major difference is
that MCS required 300,000 simulations but Scheme 3, computationally the most demanding
among the seven, required 329 deterministic evaluations. In Table 2, it is expressed as total
number of sampling points (TNSP). The results clearly indicate that the efficiency can be significantly improved without compromising accuracy by reducing the cross terms. The results
indicate that the serviceability and strength reliabilities are almost similar confirming the intended intention of the code that reliabilities for all LSFs should be similar. Current code requirements are very similar to what existed following the Northridge earthquake of 1994. The
study attests the advanced concepts incorporated in the current codes. The authors believe that
this simple example validates all 7 methods presented in this paper.
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Table 1: Statistical information for most important random variables

Type
Load
Material
Peraperties
Sample of
Cross
Sectional
Properties
W30X99

RV
DLF [kN/m2]b
DLR [kN/m2]
LL [kN/m2]
E [kN/m2]
FyC [kN/m2]
FyG [kN/m2]
A [m2]
Ix [m4]
Iy [m4]
Zx [m3]
Zy [m3]
Sx [m3]
Sy [m3]
ge

̅/Xn a
X
1.05
1.05
0.40
1.00
1.15
1.35
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Nominal
4.597
3.974
2.394
1.999E8
3.938E5
2.416E5
1.871E-2
1.661E-3
5.328E-5
5.113E-3
6.325E-4
4.408E-3
4.015E-4
1.00

Mean
4.826
4.173
0.958
1.999E8
4.529E5
3.261E5
1.871E-2
1.661E-3
5.328E-5
5.113E-3
6.325E-4
4.408E-3
4.015E-4
1.00

COV Dist.
0.1
NORc
0.1
NOR
0.25 Type 1
0.06
LN
0.1
LN
0.1
LN
0.05
LN
0.05
LN
0.05
LN
0.05
LN
0.05
LN
0.05
LN
0.05
LN
0.1 Type 1

̅/Xn stands for mean to nominal ratio.
X
Superscripts F and R stand for Floor level and Roof level, respectively.
c
NOR, and LN stand for Normal and Lognormal distribution, respectively.
a

b

Table 2: Reliability analysis results (Verification - 3 Story Steel Moment Frame)

Schemes a
1
2
M2
3
M3
KM MKM
MCS
β
3.552 3.551 3.551 3.583 3.577 3.55
3.549
3.558
Servicea
PF (e-04) 1.915 1.918 1.917 1.697 1.736 1.904 1.938
1.866
bility
TNSP
73
101
86
329
81
329
77
300000
β
3.466 3.466 3.466 3.475 3.481 3.466 3.467
3.447
Column
PF (e-04) 2.642 2.640 2.640 2.559 2.501 2.638 2.635
2.833
Cd
TNSP
139
167
152
395
143
395
143
300000
β
3.927 3.928 3.928 3.925 3.920 3.928 3.9280 3.907
Girder
PF (e-05) 4.294 4.283 4.283 4.344 4.424 4.292 4.283
4.666
Gd
TNSP
139
167
152
395
143
395
143
300000
a
Value of the h parameter in Eq. (1) for intermediate iterations and final iteration are equal
to 1 and 0.5, respectively.
Cases

Conclusions
A surrogate concept of multiple deterministic analyses to design safe, economical, and more
damage tolerant structures is presented. The underlying risk is estimated for a specific design
and to compare different design alternatives. Structures are represented by finite elements. They
are excited by seismic loadings applied in time domain. The underlying risk is estimated by
considering major sources of nonlinearity and uncertainty. The implicit limit state functions are
generated explicitly using an improved response surface-based method. Several advanced factorial schemes are proposed to calculate the deterministic responses in the failure region. The
Kriging concept is used to fit a second-order polynomial through these responses. The accuracy
in the estimated risk is established with the help of Monte Carlo simulations. The proposed
concept is clarified using an informative case study. The methodology can be used to design
more seismic damage tolerant structures.
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Abstract: This paper provides a comprehensive investigation into inflow sensitivity
analyses in CFD simulations and its propagation into the aerodynamic shape optimization of tall buildings utilizing CFD-based surrogate modelling methodologies.

Introduction
Wind loading is a major concern in the design of tall buildings. A creative tailoring of the
external geometry through effectively controlling wind flow patterns can benefit the reduction
of dynamic wind loading on the building, leading to many economic advantages. An automated
search for identifying optimal geometries of building through advanced computing would thus
represent a promising approach that enables a comprehensive exploration of the design space
guided by optimization algorithms. In an attempt to develop an automated strategy for shape
optimization, aerodynamic performances of the building need to be evaluated through computational fluid dynamics (CFD).
Nonetheless, the aerodynamic properties of a building are not only influenced by the geometry
of the building, but also impacted by uncertainties in the CFD modelling process such as inflow
and boundary conditions. Among them, inflow conditions are of utmost importance since it
largely determines the topological structure of wind flow and the complex interaction between
turbulence and the flow around the building [1, 5, 6]. In particular, we treat the incoming freestream turbulence parameters, represented here by the turbulence intensity and turbulence
length scale, as random variables, which is in part due to incomplete knowledge of the surrounding wind environment [7]. Aleatory uncertainty, associated with the inherent variability
of atmospheric flows [6], is also taken into account. Therefore, a single flow simulation with
unvarying inflow conditions cannot fully determine the aerodynamic properties of the building.
In order to achieve robust optimization of building geometry, these sources of uncertainty
should be properly quantified and introduced in the shape optimization framework.
In this study, the sensitivity of aerodynamic properties of the building with respect to the
changes in the turbulence intensity and the integral length scale of the incoming free-stream
turbulence is analysed. These are subsequently propagated into the CFD models and shape optimization framework through simulation-based methods. Moreover, surrogate modeling is employed as an efficient means of emulation to alleviate the significant computational effort
required by CFD analyses in a simulation environment. A multi-objective optimization strategy
in terms of minimization of mean drag and fluctuating lift coefficients is carried out to allow
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the automated search of aerodynamically favourable building shapes.

Design Variables
2.1 Shape Parameterization
The current study focuses on the aerodynamic shape optimization of cross sections of tall buildings. Figure 1(a) displays the baseline configuration along with geometrical design variables.
The baseline geometry is defined as a square with a non-dimensional width of B=1 and rounded
corners of radius 0.4 [2]. Due to the four axes of symmetry, the geometric configuration is fully
depicted by the shape between any two lines of symmetry. With this in mind, the two independent control points in Fig. 1, that are positioned with respect to the local reference system at x*1 =0.16 and x*2 =-0.04, are used to fully describe the geometry of the cross section. Accordingly,
geometrical design variables in the optimization problem are defined as the coordinates of the
control points in terms of the y* axis. To control the maximum allowable geometric change, the
following constraint functions are imposed as
 y1*  0.1
(1)
 *
 y 2  0.1
For representing the sculpting of the corners in a CFD modelling environment in terms of the
geometric variables introduced above, an efficient method for mesh morphing developed by
Wei et al. [13] is introduced, in which the corner of the building section is interpolated using a
cubic spline with a structured mesh throughout the computational domain (Figure 1(b)).

Figure 1(a): Baseline geometry.

(b): Mesh morphing.

2.2 Inflow Uncertainty
In the simplest description, inflow uncertainty can be characterized by two inflow variables:
the turbulence intensity Iu and the integral length scale in the longitudinal direction of the incoming free-stream turbulence Lu. Iu is generally defined as the ratio of the root mean square
(rms) velocity fluctuation of the streamwise component to the mean flow velocity while the
integral length scale can be viewed as a representative of the average size of the most energetic
turbulent eddies, which indicates the largest distance at which velocities of two points in the
flow field are meaningfully correlated [1]. Both of these variables exhibit considerable variations in the atmospheric environment and affect the turbulence distortion when flow approaches
a bluff body [5].
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To simulate an unsteady flow around various forms of cross sections, Unsteady Reynolds-Averaged Navier-Stokes (URANS) equations are employed in which the k-ω shear stress transport
(SST) model is used to compute the eddy-viscosity [3]. Inflow conditions of two flow parameters, namely the turbulent kinetic energy k and the inverse time scale ω, can be expressed in
terms of inflow variables as [5]
k

3
UIu 2
2

(2)

k
Lu

(3)

  C1/ 4

where Cμ =0.09 is a constant.
In natural wind, generally a low value of Iu is less than about 0.5% and high Iu is more than
10% or so [1]. Concerning the integral length scale Lu, the flow becomes correlated and unsteady when Lu is large with respect to the building dimension B. On the other hand, if the
length scale is small enough, turbulence will have the tendency to decay rapidly around the
bluff body [1]. In view of the above, the range of Iu and Lu/B are taken to be [0, 20%] and [103
, 10] in this study.

Stochastic Emulation Approach
Once the geometrical variables are defined, optimization algorithms will enable the comprehensive exploration of the design space in search of the optimal building geometry. Two competing aerodynamic quantities represented by the mean drag force coefficient μC and the
d

standard deviation of the lift force coefficient σCl are selected as objective functions for minimization. Despite the promise of the proposed methodology, a significant amount of computer
resources are necessary due to the computational burden of the CFD simulations required at
each optimization iteration. In order to overcome this significant computational hurdle, one
commonly used method, denominated surrogate modelling, provides a computationally inexpensive emulation that mimics the response of the more demanding CFD simulator [11]. The
surrogate model is calibrated based on a limited set of simulation runs, referred to as the design
of experiments (DoE) [4]. In this work, surrogate modelling as a stochastic emulator is utilized
both in the phase of sensitivity analysis as well as shape optimization.

3.1 Design of Experiments
In surrogate modeling, a probabilistically based sampling provides a mapping from analysis
inputs to analysis outputs [8]. Therefore, the principle of DoE is to efficiently fill the design
space with sampling points that characterize uncertain inputs [ y1* , y2* , Iu, Lu]. Among a number of sampling procedures, one commonly used method is Latin Hypercube Sampling (LHS)
[8], and is employed herein. The objective functions [μC , σCl ] at each sampling point are then
d

evaluated through CFD analyses, which serve as the training set for surrogate model.

3.2 Ordinary Kriging
Ordinary kriging is one commonly used surrogate model, of which the fundamental hypothesis
is that the true underlying function Y(x) can be modelled as a realization of a Gaussian stochastic
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process of the form Y ( x)    Z (x) , where µ is an unknown constant trend function and Z(x)
is a Gaussian process with zero mean and stationary covariance, cov(x, x)   2r (x  x; ) ,
with pre-chosen correlation function r and unknown hyper-parameters θ. Given a set of n observations y  [ y1 , y 2 ,..., y n ]T , the hyper-parameters θ can be selected as values which maximize the likelihood of the observation y, while the predictive mean m(x) and variance of function
s2(x) at an arbitrary location x can be analytically derived as the conditional mean and variance
of the Gaussian process [4].

Sensitivity Analysis
Since ordinary kriging models are defined by explicit algebraic equations, their evaluation requires little computational effort. This allows for the easy generation of large amounts of output.
A sensitivity analysis can thus be conducted based on stochastic simulation to examine the
dependence of aerodynamic performance measures on uncertain inflow conditions.

4.1 Global Sensitivity Index
A sensitivity analysis can be carried out by examining how much variability in the output is
induced by the uncertainties in input variables [9]. This can be achieved through analyses of
the Sobol’s sensitivity index [12]. In this study, it is used to assess the influence of inflow
parameters onto the aerodynamic quantities of the building cross-section. Herein we apply the
first-order sensitivity index defined as
S G ,i 

varΕ  f (x; η)  i 

 2f

(4)

where x is the geometrical variable vector, η  [k ,  ] contains uncertain inflow parameters, f is
the aerodynamic quantity under consideration, and i identifies inflow variable under consideration.

4.2 Local Sensitivity Index
Together with a global sensitivity index, a local sensitivity index can capture the local variation
of the aerodynamic quantities within the geometrical design space. A local sensitivity index can
be computed through the standard deviation of the aerodynamic quantities at any local region,
simply as;



S L ,i (x j )   Ε f (x j ; η)  i



(5)

in which j is related to the location of interest. Response surfaces of local sensitivity indices
built from the surrogate model can be straightforwardly visualized, providing a picture of the
varying inflow sensitivity of the aerodynamic performance measures in terms of the building
geometry. Therefore, geometric configurations that are highly influenced by the inflow variability can be easily discerned.
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Optimization Algorithms
As mentioned above, probabilistic characteristics of aerodynamic measures such as the mean
and standard deviation [μC , σCl ] of the drag and lift coefficients, as well as the most probable
d

values resulting from inflow uncertainty, can all be assessed through simulation-based methods.
In this respect, surrogate models corresponding to different probabilistic quantities must then
be calibrated within the geometrical design space. Concerning optimization algorithms, a controlled elitist genetic algorithm (GA), the NSGA-II, aims at finding the solution of the multiobjective optimization problem [2]. The algorithm starts with a population of many randomly
generated individuals. For each individual, the value of its fitness function, associated with the
aerodynamic quantities, is evaluated from the calibrated surrogate model. Random genetic operators are then used in the GA under specified selection rules to maximize the fitness function.
In view that we have two competing aerodynamic objectives for minimization, the optimal results will define a Pareto front of solutions.

Results
In this section, we will discuss the results of sensitivity analyses of the aerodynamic quantities
to inflow variability. Applicability of the proposed strategy to aerodynamic shape optimization
while considering inflow uncertainty is discussed.

6.1 DoE & Computational Modeling
In this work, Latin Hypercube Sampling (LHS) is applied to simultaneously generate 89 samples of the four free parameters that define the 4-dimensional design space. These samples are
separately plotted in Fig. 2 due to the difficulty of representing high-dimensional spaces. In
addition, the exponent of Lu is assumed as the uncertain parameter (uniformly distributed) rather
than Lu itself due to the wide range (10-3~10) of values Lu can assume.
URANS analyses are carried out in the CFD open-source code, OpenFOAM at each sampling
point. The computational domain extends to 19B downstream and 7.5B upstream. The width of
the computational domain in the transverse direction is 15B. The computational grid consists
of 360,625 cells. Particularly, wall functions for flow parameters k and ω are employed to resolve the flow down to the wall due to high Reynolds number (~105) flow. Figure 3 reports
snapshots of velocity fields at two representative sampling points.

Figure 2: DoE for a 4-dimensional design space.
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Figure 3: Instantaneous velocity field at two representitive sampling points (configurations).

6.2 Global Sensitivity Analyses
The global sensitivity indices SG defined in Eq. (4) are listed in the Table 1. In particular, the
values reveal that the mean drag and fluctuating lift coefficients are much less sensitive to inflow variability than to geometric variation. More specifically, turbulent kinetic energy k is
more influential to both aerodynamic measures than the inverse time scale ω. The variation of
k has a relatively large impact on the fluctuating lift coefficient as compared to the mean drag
coefficient. A possible reason for this could be that an increasing turbulence intensity leads to
earlier transition to turbulence and a more complete recovery of pressure on the side surfaces
of the building, resulting in a reduction in mean drag as well as the vortex-shedding pressure
energy [1, 10]. However, no clear cut reason for the influence caused by large or small integral
length scale is observed, possibly due to the resultant effect of large- and small-scales of the
approaching turbulence [1].
Table 1. Global sensitivity indices for inflow and geometrical variables

SG
SG for μC

d

SG for σCl

k

ω

y2*

0.0010
0.0022

1.8719e-06
1.8717e-05

0.7993
0.7282

6.3 Local Sensitivity Analyses
Following Eq. (5), local sensitivity indices for k and ω are calibrated and are shown in Fig. 4
and 5, respectively. Flat regions indicate that the aerodynamic measures are less sensitive to
inflow variables while higher sensitivity is results in concentrated peaks or regions with large
gradients. Concerning the turbulence kinetic energy k, the sensitive region falls into the 4th
quadrant of the geometrical design space, in which the shape with the largest sensitivity index
for both the mean drag and fluctuating lift is a square with double recession. This type of cross
section is also sensitive to the inflow variable ω in terms of the mean drag. The fluctuating lift
of a square with rounded corners is more greatly affected by the variation of ω.
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Figure 4: Local sensitivity indices of the two aerodynamic maeasures with respect to variations of k

Figure 5: Local sensitivity indices of two the aerodynamic mesures with respect to variations of ω

6.4 Uncertainty Propagation and Shape Optimization
In an attempt to propagate inflow uncertainties into shape optimization process, a large ensemble of the two aerodynamic measures [μC , σCl ] for each geometry in the design space is derived
d

from the ensemble of the inflow variables calculated using the emulator approach. The mean
values, variations around the means (evaluated by adding one standard deviation to the mean
values), and the most probable solutions for demonstrating the presence of dominant cases for
each aerodynamic measure, can be obtained. In particular, in order to find the most probable
value, one simple way is to use the kernel-smoothing density estimate for computing a sampledriven probability density function (PDF). The most probable value can then be readily obtained
from the maximum magnitude of PDF. New surrogate models based on the three probabilistic
characteristics of aerodynamic measures can then be calibrated. A Genetic algorithm (GA) is
adopted for finding the Pareto front of each surrogate model as shown in Figs. 6 to 8. Those
figures indicate that the response surfaces of the aerodynamic measures calibrated to the aforementioned three probabilistic characteristics are almost the same, with slight differences at
some local regions. Concerning the optimal geometries derived from the Pareto fronts, a square
with sharp corners are seen to be aerodynamically favourable in terms of the mean drag while
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a cross section with chamfered corners has the minimum fluctuating lift coefficient according
to surrogate models built based on mean values and standard deviation. The optimization results
from the surrogate model with the most probable solutions show that a square with rounded
corners has the superior aerodynamic performance. As for engineering practice, it would ultimately be the decision-maker who choices which surrogate model and optimal shape to consider.

Figure 6: Surrogate model based on mean solutions of aerodynamic measures, Pareto front and optimal shapes.

Figure 7: Surrogate model based on the standard deviation of aerodynamic measures, Pareto front and optimal
shapes.

Figure 8: Surrogate model based on the most probable solutions of the aerodynamic measures, Pareto front and
optimal shapes.
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Conclusions
This paper discussed the inflow sensitivity of aerodynamic forces acting on cross sections of
tall buildings and presented an efficient strategy for uncertainty propagation of inflow variability within aerodynamic shape optimization. Global and local sensitivity analyses are carried
out, through which inflow variables in terms of turbulence intensity and the integral length
scales are shown to have low sensitivity on aerodynamic measures such as mean drag and
standard deviation of the lift. Surrogate models that are calibrated based on different probabilistic properties of the aerodynamic force coefficients are used as means of stochastic emulation
for shape optimization. A case study is presented in which optimal cross-sections of a tall building are determined from Pareto fronts obtained through multi-objective surrogate optimization.
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Abstract: Three sensitivity analysis methods are employed for proper selection
of dominant random variables of prestressed composite bridge. The first one uses
the non-parametric rank-order statistical correlation between the basic random
variables and the structural response variable. The second method is neural network ensemble-based sensitivity analysis and the last one is sensitivity analysis
in terms of coefficient of variation. All three methods were utilized and compared for the prestressed concrete bridge made of MPD girders. Such an information was used for proper set up of stochastic model and response surfaces and
subsequent determination of selected uncertain design parameters followed by
load-bearing capacity and reliability assessment.

1 Introduction
Sensitivity analysis is a crucial step in the computational modeling and assessment. Through
sensitivity analysis we gain essential insights on computational model behavior, on its structure
and on its response to changes in the model inputs. Several interrogations are possible and
several sensitivity analysis methods have been developed, giving rise to a vast and growing
literature, e.g. [2, 12] .
In order to consider randomness, the computational analysis using partial safety factors can be
a pragmatic solution, but the most favorable is to perform the nonlinear analysis and utilize the
fully probabilistic approach. This approach provides more realistic consideration of randomness
of input parameters as material, technological, loading and environmental characteristics. All
these parameters affect load-bearing capacity and thereby reliability. To determine the significance of random variables is extremely important in the context of reliability analysis, e.g. [18].
With respect to uncertainties treatment in stochastic computational mechanics three main categories can be distinguished:
• Statistical analysis: Approaches focused on the estimation of statistical moments of response quantities, like means, variances, etc.;
• Sensitivity analysis: Approaches aiming at the quantification of sensitivity of output (response, failure probability) on variation of input basic variables – uncertainties input into
a response function;
• Reliability analysis: Approaches aiming at the calculation of theoretical failure probability – uncertainties input into a limit state function.
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Sensitivity analysis is very often considered as supporting method providing important information in decision making, e.g. for reduction of number of random variables of the task, for
checking and assessment of production process (which variables should be controlled properly), for selection of design variables in reliability-based optimization etc.
Three sensitivity analysis methods are employed for proper selection of dominant random variables of prestressed composite bridge in this paper: Non-parametric rank-order correlation, neural network ensemble-based sensitivity analysis and sensitivity analysis in terms of coefficient
of variation. All three methods were utilized and compared for the prestressed composite bridge
made of MPD girders. Such an information was used for proper set up of stochastic model and
response surfaces and subsequent determination of selected uncertain design parameters followed by load-bearing capacity and reliability assessment.

2 Non-parametric rank-order correlation
The relative effect of each basic variable on the structural response can be measured using
the partial correlation coefficient between each basic input variable and the response variable.
With respect to the small-sample simulation techniques utilized for reliability assessment of
time-consuming nonlinear problems, the most straightforward and simplest approach uses the
non-parametric rank-order statistical correlation [10]. The method is based on the assumption
that the random variable which influences the response variable most considerably (either in a
positive or negative sense) will have a higher correlation coefficient than the other variables.
For a detailed discussion of rank order correlation see [21]. Non-parametric correlation is more
robust than linear correlation, more resistant to defects in data and also distribution independent.
Because the model for the structural response is generally nonlinear, a non-parametric rankorder correlation is used by means of the Spearman correlation coefficient:
6 ∑Nj=1 (q ji − p j )2

, rs,i ...[−1, 1],
(1)
N3 − N
where q ji is the rank of a representative value of the random variable Xi in an ordered sample of
N simulated values used in the jth simulation, p j is the rank of the response variable obtained
in the same simulation.
For preparation of random samples crude Monte Carlo simulation method can be used. But a
proper sampling scheme is recommended, e. g. stratified Latin hypercube sampling [16]. This
method utilizes random permutations of number of layers of the distribution function of the
basic random variables to obtain the representative values for the simulation. When using this
method then the ranks q ji in (1) are directly equivalent to the permutations used in sampling.
Non-parametric rank-order correlation can be depicted using parallel coordinates [23]. Instead
of an orthogonal representation of (q ji , p j ), they are drawn in parallel and pairs of points are
joined by lines. A strong positive influence (high correlation coefficient) results in parallel lines
between the input variable and the response variable, while a strong negative influence results
in a bundle of intersecting lines.
rs,i = 1 −

3 Neural network ensemble-based sensitivity analysis
The second sensitivity approach is based on artificial neural network (ANN). ANNs as powerful, flexible, versatile techniques are often employed for solving various types of engineering
problems including prediction, classification, approximation, etc., see e.g. [4, 13, 17, 19]. Apart
from these prevailing applications, the use of ANNs to perform parameter sensitivity analysis for engineering systems is still lacking, although the huge potential of ANNs has become
evident in this area of research.
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In existing studies, e.g. [8, 9], mostly a single artificial neural network was applied. It is difficult,
however, for a single neural network to arrive at an accurate result of parameter sensitivity.
This is due to the uncertainty of neural network modeling. To address this deficiency, a neural
network ensemble-based (NNE) sensitivity analysis is used [3]. In this approach, a group of
preselected neural networks is trained to independently carry out neural network modeling and
performing parametric sensitivity analysis.
The NNE-based parameter sensitivity analysis is designed to overcome the deficiencies of existing ANNs-based parameter sensitivity analyses. The procedure involves four basic steps:
1. A sophisticated type of neural network is empirically chosen as the seed;
2. the seed produces a family of k candidate neural networks with dissimilar network structures;
3. with removal of inferior neural networks, n (n ≤ k) superior neural networks with better
performance are selected to form a NNE model;
4. a selected sensitivity analysis algorithm is implemented on the NNE model to perform
parameter sensitivity analysis, leading to a ranking of sensitivity for all the parameters
pertaining to the engineering system of interest.
Figure 1 shows a schematic of NNE-based parameter sensitivity analysis, where the components
of seed, candidates, NNE model and ranking are clearly identified.
Apart from network structures, a sensitivity analysis algorithm somewhat influences the result of
NNE-based parameter sensitivity analysis. Various sensitivity analysis algorithms can be found
in the literature, e.g. the partial derivatives algorithm [5], input perturbation algorithm [7] and
connection weights algorithm [6]. Among these algorithms, the most widely used is the input
perturbation algorithm, which performs sensitivity analysis based on assessing the effect of a
small input perturbation in each input on the outputs [1]. The greater the impact on the outputs,
the higher the significance of the input variable. The result of sensitivity analysis is obtained by
ranking the effects on neural network output induced by the same perturbation fashion in every
input variable. In general, the mean squared error of the neural network modeling increases
with the greater degree of perturbation caused by adding noise to the selected input variable.
The change of input variable takes the form Pi = Pi + δ , where Pi is the selected input variable
and δ is noise. δ increases in steps of 5 % of the mean magnitude of all input values up to 15 %.
In accordance with the increased magnitude of the mean squared error due to the change of
each input variable, the importance of input variables can be ranked; the input variable whose
perturbation most strongly influences the output possesses the highest sensitivity or importance.
In this study, the input perturbation algorithm is implemented on the NNE model to perform
parameter sensitivity analysis of engineering systems.

4 Sensitivity analysis in terms of coefficient of variation
The third method is sensitivity analysis in terms of coefficient of variation [18]. In this approach,
the ratio is calculated between the coefficient of variation of selected basic variable and the
partial coefficient of variation of resistance, for the case in which the selected random variable
is the only one treated as random in simulation process. This procedure requires additional
computational effort, therefore, in cases with time-consuming evaluation of original model, e.g.
nonlinear FEM model is employed, a suitable type of surrogate model is needed in order to
reduce the computational time to an acceptable level.
When using Monte Carlo type simulation, a simulated set of structural response variable R is
statistically evaluated and its coefficient of variation COVR can be determined. Let us designate
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Figure 1: A schematic view of NNE-based parameter sensitivity analysis

the partial coefficient of variation COVRi for the case in which the variable Xi is the only one
treated as random in the simulation process. The other basic variables are kept at their mean
values. The partial sensitivity factor αiCOV for the basic random variable Xi is defined as
αiCOV =

COVRi
,
COVXi

(2)

where COVXi is the coefficient of variation of basic variable Xi .
Sensitivity factor αiCOV express the relative influence of individual input random variable on
the variability of structural response. If K basic variables are considered as random ones, the
following approximate formula may be written:
s
COVR ≈

K

∑ (αiCOVCOVXi )2,

(3)

i=1

where COVR is the coefficient of variation of the response variable.
It can be seen from (3) that the actual influence (not the relative one) of random variable Xi is
represented by the value of COV2R . Such sensitivity may be easily depicted using pie chart.

5 Case study: Prestressed concrete bridge
5.1

Analyzed structure and stochastic model

All three sensitivity methods were utilized and compared for determination of dominant input
parameters of the prestressed concrete bridge. Such an information was used for proper set up
of stochastic model and response surfaces for particular limit states and subsequent determination of selected uncertain design parameters followed by load-bearing capacity and reliability
assessment [15].
Analyzed structure is a single-span post-tensioned composite bridge located in South Moravia
region in the Czech Republic. The bridge is made of twelve precast post-tensioned concrete
MPD3 (outer) and MPD4 (intermediate) type girders. Each of MPD4 girders was composed of
six segments that are connected to each other by the transverse joints; see the bridge composition
in Figure 2. The following loads were taken into account: dead load of the structure, longitudinal
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pre-stressing, secondary dead load and traffic load for the assessment of normal load-bearing
capacity. Loading scheme related to normal loading class consists of a three-axle vehicle in
every traffic line and a continuous load over the bridge width.

Figure 2: Longitudinal and transversal section of analyzed bridge

A stochastic model with a total number of 21 random input variables corresponding to the material properties and loads was used. Each variable was defined using appropriate probability distribution function (PDF), mean value and coefficient of variation (CoV); see Table 1. Stochastic
parameters of random input variables were defined according to JCSS [11] and TP 224 [20]
recommendations and these were updated based on the material parameters testing according to
diagnostic survey of the bridge. Statistical correlation between material parameters of concrete
of segments and transverse joints, prestressing tendons and stirrups was also considered and
imposed using a simulated annealing approach [22]. Correlation matrices (see Table 2) were
defined with respect to formerly performed tests and recommendations of JCSS.
A thousand random realizations of input variables were generated using the Latin Hypercube
Sampling simulation technique and numerical finite element method (FEM) analyses were performed repeatedly in order to obtain the structural response i.e. load-bearing capacity in tons. In
connection with type of the bridge, the limit state of decompression and limit state of cracking
were verified.

5.2

Surrogate model

Since computational time needed to obtain load-bearing capacities related to analyzed limit
states is relatively high (one FEM simulation lasts about 15 minutes) an ANN-based surrogate
model [14] was created using obtained samples in order to reduce the computational effort. First,
accuracy of surrogate model was verified by comparison of Spearman sensitivity factors obtained for original samples (FEM model) and for samples obtained from ANN surrogate model.
Figure 3 shows that in case of limit state of decompression (LSdec) the results of both models
are identical, in case of limit state of crack initiation (LScrack) the results are also almost the
same (accuracy of ANN surrogate model is slightly lower for LScrack due to nonlinear behavior during formation of cracks in the structure). Results confirmed that ANN surrogate models
are sufficiently accurate for both limit states and can be used for both NNE-based sensitivity
analysis and sensitivity analysis in terms of coefficient of variations.

5.3

Sensitivity analyses

In case of NNE-based sensitivity analysis, the neural network with 21 neurons in the input layer,
related to the input random variables specified in Table 1, and one neuron in the output layer,
corresponding to the response variable, i.e. load-bearing capacity for particular limit state, is
selected as the seed to generate a family of k = 8 candidate neural networks, each of which
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Table 1: Input parameters of the stochastic model
Input parameter
Parameters of concrete segments:
seg
Modulus of elasticity Ec [GPa]
seg
Tensile strength ft [MPa]
seg
Compressive strength fc [MPa]
seg
Specific fracture energy Gf [N/m]
Mass density ρ seg [kN/m3 ]
Parameters of concrete joints:
j
Modulus of elasticity Ec [GPa]
j
Tensile strength ft [MPa]
j
Compressive strength fc [MPa]
j
Specific fracture energy Gf [N/m]
Mass density ρ j [kN/m3 ]
Parameters of stirrups:
Modulus of elasticity E stirr [GPa]
Yield strength fystirr [MPa]
Ultimate strength fustirr [MPa]
Parameters of tendons:
Modulus of elasticity E ten [GPa]
Yield strength fyten [MPa]
Ultimate strength futen [MPa]
Prestress force P1 [MN]
Prestress force P2 [MN]
Prestress force P3 [MN]
Prestress force P4 [MN]
Others:
Secondary dead load g1 [kN/m]

PDF

Mean

CoV

Log-normal (2-par.)
Weibull min. (2-par.)
Log-normal (2-par.)
Weibull min. (2-par.)
Normal

37.20
3.301
43.35
82.51
23.80

0.10
0.15
0.08
0.15
0.04

Log-normal (2-par.)
Weibull min. (2-par.)
Triangular
Weibull min. (2-par.)
Normal

26.81
1.913
19.13
47.82
23.80

0.15
0.35
0.55
0.25
0.04

Normal
Log-normal (2-par.)
Log-normal (2-par.)

200.0
465.1
581.4

0.07
0.07
0.07

Normal
Normal
Normal
Normal
Normal
Normal
Normal

190.0
1248
1716
14.20
10.05
3.449
3.449

0.03
0.03
0.03
0.09
0.09
0.09
0.09

Normal

65.55

0.05

Table 2: Correlation matrices of material parameters
Ec
ft
fc
Gf

Ec
1
0
0.3
0

ft
0
1
0.4
0.8

fc
0.3
0.4
1
0

Gf
0
0.8
0
1

ρ
0
0
0
0

E
fy
fu
P

E
1
1
0.9
0

fy
1
1
0.9
0

fu
0.9
0.9
1
0

P
0
0
0
1

independently carries out neural network modeling to extract the relation between the input parameters and the corresponding load-bearing capacity. Taking into consideration performance
aspects such as accuracy and convergence, three preselected superior neural networks are selected to form the NNE model on which the input perturbation algorithm is implemented to
perform parameter sensitivity analysis. Superior neural networks of NNE model consist of 13,
15, and 21 neurons in hidden layer.
As described in section 4, when performing sensitivity analysis in terms of coefficient of variations the ratio is calculated between the coefficient of variation of selected basic variable and the
partial coefficient of variation of resistance, for the case in which the selected random variable
is the only one treated as random in simulation process.
Comparison of results of all three sensitivity methods is depicted in Figure 4. For mutual comparison, the sensitivity factors and NNE performance factors were normalized to the values of
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Figure 3: Comparison of Spearman sensitivity factors obtained for both original (FEM) and surrogate
(ANN) models for LSdec (left) and LScrack (right)

the most dominant parameter. From the results the following conclusions can be drawn:
• For LSdec, three dominant parameters were identified, see the top part of Figure 4 and the
left side of Figure 5. Prestress force P1 is the parameter with the high-level importance
(Spearman sensitivity is 0.81, normalized is 1 for all methods). The second important
parameter is prestress force P2 with middle-level importance (Spearman sensitivity is
0.49, normalized is about 0.6 for Spearman and NNE method, 0.4 for COV method).
The third important parameter is the secondary dead load g1 with low-level importance
(Spearman sensitivity is 0.17, normalized is about 0.2 for Spearman and NNE, 0.05 for
COV). Other parameters have sensitivity lower then 0.1 (0.09 normalized) and can be
declared as non-dominant (zero-level importance).
• For LScrack, six dominant parameters were identified, see the bottom part of Figure 4
and the right side of Figure 5. Parameters with high-level importance are prestress force
P1 (Spearman sensitivity is 0.61, normalized is 1 for Spearman and COV methods, 0.95
j
for NNE method), tensile strength of joints ft (Spearman sensitivity is 0.59, normalized
values are 0.98 for Spearman, 1 for NNE, and 0.83 for COV) and fracture energy of joints
j
Gf (Spearman sensitivity is 0.51, normalized are 0.84 for Spearman, 0.11 for NNE and
0.003 for COV method). Parameter with middle-level importance is prestress force P2
(Spearman sensitivity is 0.38, normalized values are 0.6 for Spearman and NNE, and 0.4
j
for COV). Parameters with low-level importance are compressive strength of joints fc
(Spearman sensitivity is 0.15, normalized are 0.24 for Spearman, 0.38 for NNE, and 0.12
for COV) and secondary dead load g1 (Spearman sensitivity is 0.14, normalized are 0.24
for Spearman and NNE, and 0.06 for COV). Other parameters have sensitivities lower
then 0.1 (0.1 normalized) and can be declared as non-dominant (zero-level importance).
• Identified sets of dominant parameters obtained by all three methods are close to each
other, especially sets obtained by Spearman and NNE methods are almost identical for
j
both limit states with exception of fracture energy of joints Gf in case of LScrack. This
discrepancy is caused by statistical correlation imposed between tensile strength and fracture energy. Since the former parameter has the high-level importance and the imposed
correlation is relatively high, see Table 2, sampling procedure utilized for Spearman sensitivity automatically keeps the high sensitivity also for the fracture energy. On the other
hand, the procedures of both NNE and COV methods remove correlation. In order to
confirm this assumption, the Spearman sensitivity was recalculated for uncorrelated variables, see results named Spearman-U in Figure 4.
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Figure 4: Comparison of sensitivity factors obtained using various methods for LSdec (top) and LScrack
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Figure 5: Comparison of sensitivity factors obtained using COV method for LSdec (left) and LScrack
(right)

6 Conclusions
The paper presents application of three alternative sensitivity analyses methods to real case
problem – prestressed concrete bridge. The following points can be highlighted:
• When normalized, all methods provide similar results. It reflects the capabilities of all
methods to capture relative influence of random variables. This is valid for dominating
random variables.
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• For non-dominating random variables, differences among methods are greater – this results is understandable as their influence cannot be assessed precisely since they play a
role of noise variable.
• Statistical correlation is the reason for bigger differences in results as it was detected
for concrete tensile strength and fracture energy in presented example. The nonparametric rank-order sensitivity keeps correlation (can be considered as advantage), other two
approaches, both NNE and COV methods, remove correlation.
• Sensitivity analysis in terms of coefficient of variation is more suited for estimation of
absolute importance of individual random variables. Influence can be expressed easily
in percentage of variability. Influence of groups of random variables (e.g. concrete, prestressing, etc.) can be easily performed. From the computational effort point of view, nonparametric rank-order sensitivity analysis is straightforward and is obtained as additional
result of statistical analysis, i.e. no extra simulations are needed to be performed. NNE
and COV methods are more difficult to perform. Utilization of surrogate models to approximate original response function is recommended in order to decrease computational
effort.
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Transport of the Czech Republic, Department of Road Infrastructure, Prague, 2010, (in
Czech).
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Abstract: Road asset management is a task of great responsibility, since it involves vital assets to the community. An efficient transportation network is essential for the modern society from the economic, societal and environmental point of
view. Today, it is a challenge for operators to manage road infrastructures under
their responsibility in an efficient way, meeting the present and future needs of the
community they serve. For this purpose, authorities need to produce an asset management plan which should not only define the goals to be achieved by exploiting
the roadway bridge network, but that should also identify the investment needs and
priorities based on a life cycle cost criteria. In addition, a proper condition assessment of these assets must be conducted to support the decision-making process
regarding their preservation.

1 Introduction
In Europe, as all over the world, the need to manage roadway bridges in an efficient way led
to the development of different management systems. Hence, nowadays, many countries have
their own system. Although they present a similar architectural framework, several differences can be appointed, for example, with regard to the condition assessment procedure.
These differences constitute a divergent mechanism that may conduct to different decisions
on maintenance actions.
Within the roadway bridge management process, the identification of maintenance needs is
more effective when developed in a uniform and repeatable manner. This process can be accomplished by the evaluation of performance indicators, improving the planning of maintenance strategies. Therefore, a discussion at a European networking level, seeking to achieve a
standardized approach in this subject, will bring significant benefits. Accordingly, a COST
Action recently started in Europe with the aim of standardizing the establishment of quality
control plans for roadway bridges (European Cooperation in Science and Technology – COST
2014). More information about this Action can be consulted in www.tu1406.eu.
In this context, a first step would be the establishment of specific recommendations for the
assessment of roadway bridges, namely, used methods for the quantification of performance
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indicators. A set of reference time periods for these assessment actions should be also presented. A second step would be the definition of standardized performance goals. Finally, a
guideline for the establishment of quality control plans in roadway bridges would be developed. In these plans, it is emphasized the importance of advanced deterioration prediction
models. Moreover, the concept of sustainable roadway bridge management, involving the
evaluation of environmental, economic and social performance indicators during the whole
PERFORMANCE INDICATORS FOR ROAD BRIDGES – OVERVIEW OF FINDINGS AND FUTURE PROGRESS | STRAUSS
life cycle, is also highlighted.
By developing
new approaches to quantify and assess bridge performance, as well as quality
Organization
specifications to assure an expected performance level, bridge management strategies will be
significantly improved, enhancing asset management of ageing structures in Europe.
WG5. Drafting of guidelines/recommendations

Existing
documentation
(format and
content)

WG4. Implementation in a case study

WG1. Performance indicators
Benchmarking

Document
preparation

Environmental indicators

Others

WG2. Performance goals
Validation

Easy to use
document

Technical indicators

Technical goals

Environmental goals

Others

WG3. Establishment of a QC plan
Discussion
Bayesian nets

Procedure to develop a QC plan for a single bridge

Figure 1: COST TU 1406 Structure Matos (2016)
2nd March 2017
Zagreb, Croatia

SLIDE 3

1 WG1 - Performance indicators

It is known that management systems are supported in QC plans which in turn are supported
by performance indicators. Therefore, it is highly important to analyse such indicators in
terms of used assessment frameworks (e.g. what kind of equipment and software is being
used), and in terms of the quantification procedure itself. In this particular work group, the
objectives will be the definition of:
(a) Technical indicators: the goal in the first step is to explore bridge structures performance
indicators, in the course of international research cooperation, which capture the mechanical
and technical properties and its degradation behaviour. Moreover, environmental condition,
natural aging, and material quality regarding to some indicators will be investigated and evaluated in their meaningfulness. These considerations, however, also include service life design
methods, aimed at estimating the period of time during which a structure or any component is
able to achieve the performance requirements defined at the design stage with an adequate
degree of reliability. On the basis of the quality of input information (mainly concerning with
the available degradation models), as sketched in the above description, it is possible to distinguish among deterministic methods, usually based on building science principles, expert
judgment and past experience, which provide a simple estimation of the service life, and
probabilistic methods;
(b) Sustainable indicators: in addition to technical performance indicators, which characterize
the ultimate capacity as well as serviceability conditions, environmental-based sustainability
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indicators, will be also formulated. These variables characterize the environmental impact of a
structure in the course of its total lifecycle, expressed in terms of total energy consumption,
carbon footprint (CO2 emission), raw materials balance, etc. These indicators can be separated into direct and indirect indicators, where the former are related to the construction/
/maintenance itself and the latter are caused e.g. as a consequence of limited functionality;
(c) Other indicators: other sustainable indicators, economic and social based, may be used to
evaluate a bridge performance. These indicators, based on the technical performance of a
structure, capture additional aspects that may influence the decision process and typically represent the discounted (accumulated) direct or indirect costs associated with construction and
maintenance. Summed up over the full life-time, they represent part of or the full lifecycle
costs. They can, in the context of multi-objective optimization, be understood as a weighting
scheme to arrive to a single objective function to be minimized.
The milestone for this task has been the publication of a report on these performance indicators [10]. Such report addresses a general description, how they are assessed (e.g. visual inspection, non-destructive tests and monitoring systems), with what frequency, what values are
generally obtained and, finally, some general recommendations.

2 WG2 - Performance goals
The main objective of this workgroup is to define a set of goals for previously identified indicators. These goals will vary according to technical, environmental, economic and social factors. Specific recommendations will be given in order to ensure that the definition of such
goals should be the most generalized as possible. In particular, it will be established:
(a) Technical goals: it will be analysed what goals are actually used for technical performance
indicators in roadway bridges and its components (e.g. bearing, joint, etc.). It will be also
evaluated which are being defined in the course of international research cooperation. There
will be an open discussion within the experts’ network in this field, in order to determine the
most important factors for the definition of such goals as well as the most suitable threshold
values. It will be established goals, both for deterministic and probabilistic methods, for timevarying indicators and for different assessment procedures (e.g. visual inspection, nondestructive tests and monitoring systems);
(b) Sustainable goals: specific goals will be defined for sustainable indicators, environmental
based. This task is much more difficult to perform than for technical indicators, as the historical data basis is much smaller. Nevertheless, an open discussion will be established within a
network of experts in this field, in order to identify the most important factors for the definition of these goals as well as the most appropriate threshold values;
(c) Other goals: the definition of goals for other sustainable indicators, economic and social
based, is extremely difficult as it largely depends on the established agreement between the
owner and the roadway operator (concession model). Nevertheless, it will be important for the
future of Europe to define such goals, or at least to provide some recommendations, so that
standardized procedures can be implemented. In order to achieve this objective, an open discussion will be developed among a network of experts.
The milestone for this task is the publication of a report on performance goals. Such report
will address a description of the most important technical, environmental, economic and social factors, how to compute each goal, with what frequency, what values are generally obtained as well as some general recommendations.
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3 WG3 - Establishment of a QC plan
The desired service quality of the whole bridge can be affected by a single dysfunctional
component or by the combination of several dysfunctional components. The decrease in
bridge service quality clearly depends on the degree of components’ dysfunctionality. This
dependency can be modelled, among others, by Bayesian nets, which provide the time variation of each bridge component performance.
However, in order to assure a desired service quality with minimum interruptions, bridge
owners launch preventative actions when the risk of service impairment, interruption or losses
in lifecycle costs reaches some predefined level. Implicitly the owners define herewith the
accepted risk which can be different from country to country, based on social equity principles. This accepted risk depends upon the established performance goals for each component
or combination of bridge components.
The QC plan mirrors these findings and is used for maintenance planning by defining a criteria for triggering maintenance interventions. Clearly, these QC plans have to be established
for each individual bridge. They perform the basis for the asset management of this type of
roadway infrastructure. The objective of this task is to establish a procedure, based on Bayesian nets or other heuristic rules used worldwide, which would allow the bridge owner to define
a QC plan for each individual bridge.
The milestone for this task is to prepare a report with detailed explanation of the steps towards
the establishment of a QC plan for different types of bridges.

4 Dissemination
The success of these tasks can be measured by the impact they have on the civil engineering
community composed by, among others, infrastructure owners and operators, standardization
bodies, scientific community, practicing engineers and other professionals.
The Action will enable useful synergies and disseminate the results to several target groups
and end users.
The effective dissemination and publication of the progress and results of the Action will be
assured through various mechanisms. Among these tools are: (i) website, leaflets, posters, TV
channels, radio stations, newsletters and online service news; (ii) workshops, conferences,
training schools and STSM (Short Term Scientific Missions); (iii) Conferences, peerreviewed articles and reports issued by the Action; and (iv) Guideline and link to standardization.
A website was developed – http://www.tu1406.eu – containing information about the Action
itself which will be continuously updated. Any expert may join the action by filling a google
form which is available in this website. Also available are a facebook page and a LinkedIn
account
accessible
by
https://www.facebook.com/tu1406ca
and
https://www.linkedin.com/company/tu1406.
Workshops, conferences, training schools and teaching activities will allow to explain the
performed scientific work between researchers, industry and stakeholders, as well as the practical approach of the developed guideline. STSM are specially promoted to early-stage researchers that encourage the synergy among institutions, accelerate the learning of students
and provide academia and industry with highly trained staff.
The achievements of this Action will be published in international conferences, as they bring
together researchers, academia and industry in an open-discussion forum, in peer-reviewed
articles, as they are an important tool to prove the impact and accuracy of obtained results and
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to make them available for the future, and in technical reports (state-of-art reports and others)
which will have the involvement of peer-reviewers from other countries.
The guideline to be achieved will include the establishment of QC plans in roadway bridges,
comprising performance indicators assessment and its goals, as well as the obtained results.
This recommendation report will be developed in close cooperation with scientific and practicing community and linked to European and international standards.

5 Framework
Each construction, during its life cycle, will face deterioration depending on several factors
such as the environmental condition, the natural aging, the material quality, the execution of
works and the planned maintenance. Therefore, Performance Indicators (PI) for the present
and future structural conditions on deterministic and probabilistic level have to be defined and
determined.
Management systems, capturing diﬀerent degradation processes, are very often used in relation to lifecycle analyses methods. Such systems, developed for a structural condition assessment, are usually based on deterministic performance prediction models which describe the
future condition by a functional correlation between structural condition attributes, such as the
structural age, and the mechanical, chemical and thermal loading processes.
Performance Indicators PI’s or in particular Key Performance Indicators KPI’s make it possible to define a set of objectives aimed to establish QC plans which ensure desired bridge quality service. However, those plans vary from country to country and, in some cases, within the
same country.
This leads to large variations in roadway bridges quality. Accordingly, the Action aims to
achieve the European economic and societal needs by standardizing the condition assessment
and maintenance level of roadway bridges.
The practical implementation of the above mentioned models requires detailed information
about their variables. Therefore, it is extremely important to analyse such indicators in terms
of used assessment frameworks (e.g. what kind of equipment and software is being used), and
in terms of the quantification procedure itself.

5.1 Data collecting
Based on the main objectives a technical survey was planned among the participating countries with a double objective: (1) to collect what is being done across Europe regarding the
quality specifications for roadway bridges and (2) to collect proposals for enhancement.
Then, it was mandatory to look over both application and research documents as well as to
performance indicators already in use by highway agencies and those which are still in a developing stage and require research work before they can be fully adopted and implemented
in real world. In order to establish a standardization procedure for the assessment of performance indicators, namely, those that should be considered in a QC plan, as well as to define
performance goals, a network of experts is needed.
Such network should incorporate people from diﬀerent stakeholders (e.g. universities, institutes, operators, consultants and owners) and from various scientific disciplines (e.g. on-site
testing, visual inspection, structural engineering, sustainability, etc.). As a starting point it was
decided to look into available guidelines and documents, in use by roadway bridge owners
and operators. The reason for such decision looks quite evident since:
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1. In most countries bridge performance is good. Therefore, agencies, at least in these countries, are doing a good job;
2. It is important to exactly know what are stakeholders doing in order to improve and enhance (if required) their procedures and rules;
3. The implementation of a common methodology across Europe, with ﬂexibility to accommodate country specific requirements, needs to know what is being done now. Too many
changes will make bridge owners and operators reluctant to apply the harmonized methodology in their daily work. In addition, the new harmonized methodology cannot disregard all the knowledge accumulated by owners/ operators along many years of bridge
inspection and maintenance.
In the first survey round, a questionnaire was drawn up with predefined performance indicators based on the mentioned characteristics and the country-specific situations. In addition to
the survey there was the request to upload and mark the phrases associated with performance
indicators in the documents that are used in the country specific inspection and evaluation
process of road bridges.
Following aspects served for the definition of performance indicators, the widely agreed performance goals are the following: any bridge should be safe, functional (serviceable), available (to the user), cheap (looking at the total lifecycle cost) and environmentally friendly. In
this sense, some possible performance indicators could be adopted in the following way:






Concerning the goal of safety: the load factor, the safety factor, the reliability index to
ULS;
Concerning the goal of serviceability: the condition index, the reliability index to SLS;
Concerning the goal of availability: robustness (the bridge should be minimally aﬀected
by external conditions not specifically foreseen during design), resilience (the bridge
should be quickly recovered from any undesired disruption);
Concerning the goal of aﬀordability: the total lifecycle cost, values related to the durability aspects (a more durable bridge will be a bridge cheaper to maintain). For instance:
diﬀusivity coefficient of chlorides in concrete, permeability of concrete cover;
Concerning the goal of being environmentally friendly: CO2 foot-print.

Based on the findings of this first survey it was decided to carry out a systematic screening on
practical national inspection and evaluation documents and on research documents in order to
discover in a comprehensive manner the usage of PI (performance index), PG (performance
goal), PT (performance threshold).

5.2 Data findings
The selected screening methodology was based on a deep analysis of the existing bridge inspection and evaluation policies in European countries and the main performance indicators
used with the objective to define a common group of quality specifications and control plans
that can be assumed by all these countries in the next future. This, with the aim to manage the
existing roadway infrastructure from a European and not only a country-specific perspective.
As expected, the information provided by each country was quite heterogeneous, despite the
tutorial prepared to facilitate the input of data. In some way, there was also some misunderstanding about what are performance indicators and how are they obtained. For instance, the
surface of a concrete abutment aﬀected by corrosion or the deck area aﬀected by concrete
spalling are not quite performance indicators, but quantities that can be used to assess the performance of the bridge. Therefore, an additional clustering and homogenization process was
required.
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In the first review of the screening background documents, and the database for performance
indicators, the following facts can be identified:
 Inspection and monitoring strategies for existing bridges, aim at the evaluation and assessment of structural safety and reliability (load carrying capacity, serviceability), with
the ultimate objective of determining traffic safety.
 Monitoring and evaluation measures are recommended with the aim of improving the understanding and the general assessment of the condition of the structure or also as a special inspection which enables the identification and localization of damage in time. The
ultimate objective is to safeguard the performance over the whole life-span.
 The basis of any kind of monitoring is always a detailed inspection. Such inspections may
be sub-dived in four time-related categories: (i) visual inspections, e.g. yearly basis; (ii)
simple checks, for instance 3 years after every main inspection; (iv) in-depth examinations
or main inspections, for instance every 6 years; (v) Special inspections, following exceptional occurrences or incidents.
 In case of defects or deficiencies, special inspections and further tests or examinations
have to be conducted with the aim of assessing whether or not these defects have any impact on the serviceability of the structure. On this basis, it shall be decided whether the deficiencies and/or damages are to be repaired in the course of the next maintenance action.
In general, in-depth examinations should be performed at intervals of no longer than 6
years.
 The aim of monitoring is to ensure both the reliability and the availability of the structural
elements and the whole system. The results of the individual monitoring tasks can be
transferred into a general and objectified evaluation system e.g. via an evaluation matrix.
The key elements of the evaluation system are the assessment of any reductions of functionality and the decisions regarding necessary measures.
 Monitoring of structures is a non-destructive method for evaluating a structure’s condition
which is based on measurement data. It may be applied either manually or mathematically
at defined intervals. The collected measurement data may describe either the load side or
the resistance side. Depending on the measurement task, various physical values can be
collected at diﬀerent intervals. The advantage of structural monitoring lies essentially in
the fact that distinct information about a physical value is collected over a longer period of
time at defined intervals. This may under certain circumstances enable predictions on the
future behaviour of any of the physical values of the structure. As an added bonus, any
change in a physical value (structural property) can be observed over time.
 Under no circumstances can monitoring actions replace detailed structural inspection.
Monitoring should be always complementary to inspections and add additional information on individual physical parameters regarding the prescription of maintenance
works.
 For many of the countries in COST Action TU1406 a rating system in a somehow similarly form are used for the performance assessment.
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Figure 2: Structure of Database, Hajdin (2016)

5.3 Data homogenization
After collecting the input from diﬀerent countries, based on surveying of inspection and evaluation documents related to bridge maintenance, assessment and management, it was concluded that results are partly heterogeneous with a number of overlaps.
This mainly results from free interpretation leeway and diﬀerent know-how of experts in visual inspections, performance evaluation, performance assessment and decision making.
Additionally, it is not unusual for diﬀerent bridge operators in the same country to use
diﬀerent approaches in bridge management.
Despite, at the end almost the same type of damages are covered and bridge inspection is carried out by bridge elements (components).
Therefore, a critical overview of contributions from diﬀerent countries, with respect to the
content and definitions, was necessary.
In order to do so, clustering of performance indicators into several groups was suggested.
Clustering was guided with the thought that it should allow to more easily identify methods
and procedures for revealing and quantifying performance indicators as well as to define levels of their contribution to a certain structural performance goal.
The clustering procedure allowed to reduce the list of terms related to performance indicators
in half, from more than 700 of terms to 385. Further, the clustering served for homogenisation
of the Croatian database as the basis for the homogenisation of complete European Database,
in order to harmonize the Performance Indicators from a European perspective.
Upon homogenisation from all countries the final number of indicators was significantly reduced. Then the further process will require what PIs are crucial and should always be used,
and which are specific-based, for example varying with the bridge type.
Further, reduction of performance indicators should be done through categorisation associated
with the requirements of WG2 – Performance goals & WG3 – Establishment of a QC plan.
This will include weighting of performance indicators importance for reaching performance
goals and establishing the final quality control plan.
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6 Conclusions
More work is necessary to identify key performance indicators. For further extension of the
database one should help in the following two main tasks:
1. To select the most important Performance Indicators for achieving Performance goals that
are crucial for optimal Quality Control Plan within bridge management
2. To allocate them with appropriate weights (importance level).
In order to select the most important Performance Indicators the following steps should be
followed:
1. Define crucial Performance Goals (for example: safety, serviceability, reliability, durability, availability, maintainability ...)
2. Categorise Performance indicators in relation to Performance Goals (at diﬀerent levels:
component, system, network; taken into account diﬀerent aspects: technical, sustainability, socio-economic),
3. Answer following questions:
 Is it measurable?
 Is it quantifiable?
 Is target value available?
 Is it valid for ranking purposes?
 Does it allow decision with economic implications?
The overall database should include the most important indicators for achieving the goals crucial for optimal quality control.
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Abstract: Under a certain and specific service environment, the calculation
models for durability of existing concrete structures are different with
which adopted in design. This paper build up a commonly expression of
probability durability assessment of existing structures, considering the
non-destructive testing results and the target reliability index. First, based
on the theory model of carbonation and corrosion development, it
introduced a correction coefficient for the corresponding correction with
the corrosion monitoring of steel, whose values must consider the actual
testing results, where the reinforcing steel bar corrosion exist. Then, it put
forward a probability expression with the measured results of probability
characteristics and the target reliability index, drawing lessons from the
basic idea of design-value method and the existing theory of structure
reliability, considering the concrete protective cover thickness and
compressive strength as basic random variables. It can calculate the
residual working life as the durability assessment result with quantitative
analysis, and provide a significant reference for the maintenance program.

1 Introduction
In the service life of concrete structures, the environmental erosion and material properties are
subject to the objective uncertainty and randomness. The residual durability life of the
concrete structure is the allowable useful life with prediction analysis based on the reliability
assumption, which is a random variable. Durability is a special reliability problem related to
the degradation of material properties. It performed as concrete’s carbonation in course of
their use, the decay of the protection role for steels, with leading to the corrosion of steel, the
degradation of the bond performance, the overall performance of the structure reaching or
exceeding the limit state not suitable for continue use. It means the reliability reduced, and the
ultimate practical life less than the designed service life[1]. It is a hot topic in civil
engineering to determine the residual service life of the existing structures and to provide the
scientific decision-making basis to select the reasonable maintenance, reinforcement and
dismantling plans for the owners[12].
In this paper, the residual service life of the existing structures is predict considering the
structural objective damage under the general atmospheric environment. It analyzed from the
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time point of view with amending the state equation, based on the measured carbonation
depth and corrosion depth. Considering the probability features of the variable and the target
reliability index of the crack expansion, using the design-value method put forward in
ISO2394[5], it directly established the life calculation expression. This expression can
quantitative predict the residual useful life of the structure under a certain guarantee ratio,
with the test results of service structures and the corrosion expansion life criterion.

2 The durability limit state equation
The main theories of the durability life prediction for reinforced concrete structures are the
theory of rebar de-blunt lifespan, the theory of concrete cracked life and the theory of
resistance life, which respectively using the rebar de-blunt, the concrete cracked, and the
carrying capacity as the limit indicators to predict the residual life[9]. For the concrete
structures in general atmospheric environment, corrosion cracked life criterion means the
structure reached the serviceability limit state with the protective layer cracking expansion
result from the steel corrosion expansion[1]. For some buildings with high requirements in
use or no cracks in surface, the corrosion expansion life is the end of the expectancy life as the
basis for a normal life prediction. This paper used the theoretical model of the concrete
cracked life theory in literature [1], established the limit state equation of durability and
calculated the crack propagation theoretical time.

2.1 The initial corrosion time
Regardless of the residual carbonization[1], the initial corrosion time is determined with the
depth of carbonization reaching the rebar surface. If considered the residual carbonization, the
depth of carbonation causing the initial corrosion may not have reached or exceeded the steel
bar surface. For the concrete structures under a general atmospheric environment, the
prediction carbonation depth with time increasing is shown as[1]:
Where,

Ct  K c k1  57.94*mc f cu  0.76   t

Kc

is the uncertainty factor of the calculation model for the carbonation depth;

k1

is the condition coefficient for carbide development calculated with k1  K e k j k co k p k s ;

Ke

is the environmental factor calculated with K e  2.56 4 T 1  RH  RH ;

T
RH

is the annual average relative temperature;
is the annual average relative humidity;
is the angle correction coefficient, taken as 1.4 for angle, and 1.0 for others;

k co 2
Cco2

is concentration effect coefficient of carbon dioxide calculated as k co   C co / 0 .0 3  ;
is carbon dioxide concentration;

kp

is the casting surface correction coefficient;

ks

is the working stress influence coefficient;

f cu

is the average value of the cube compressive strength of concrete;

mc

is the coefficient of mean value, calculated by the ratio of the average value and
standard value for the concrete cube compressive strength
is the structural design life.

kj

t

2

0 .5

2
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2

The limit state equation is g1  c  Ct  0 , considering the carbonation depth reached the
surface steel bar and causing the initial corrosion state, without considering the influence of
residual carbonization. Here c is the actual cover thickness. The initial corrosion time is:
t1  c  K c k1  57.94 mc f cu  0.76  

2

If considering the effect of residual carbonization, the limit state equation is
g1  c  x0  Ct  0 .
x0 is the
Where,
carbide
residue
expressed
as

x0  k0  c  5 ln( f cu / mc )  2.30 

,

in

which,

k0

is

calculated

with

k0  4.86   RH 2  1.5RH  0.45  . The steel initial corrosion time can be expressive as:
t1   c  k0 c  5  ln f cu m c  2.30   K ck1 57.94 m c f cu  0.76  

2

2.2 The initial corrosion cracking time
With the corrosion development, the corrosive cracking limit state defined the failure as the
corrosion depth t (expressed as a linear function of time  t  t1  ) reached the critical
corrosion depth  cr (assumed when corrosion crack width came to   0.1mm for easy to
notice). With large numbers of accelerated corrosion test data and engineering test results[1],
t and  cr , correlation with the material properties and environment parameters, can be
respectively described as:

 t  k2c 1.36 f cu-1.83  t  t1 
 cr  kcrs  a1c / d  a2 f cu  a3 
In which,
k2

is the corrosion condition coefficient calculated as k2  46kcr kce e0.04T  RH  0.45  3 ;

k cr

is the position correction coefficient for steel, taken as 1.6 for angle, and 1.0 for
others;
is the small environment correction coefficient, taken values of 1.0~1.5 when indoor
and outdoor climates, 3.0~4.0 when in damp areas, and 2.5~3.5when in drier areas;
is the reinforced location factor, taken as 1.0 for angle, and 1.35 for others;

k ce
kcrs

d
a1
a2
a3

2

is the diameter of bar;
is the parameters considering tendon types, taken respective values of 0.012，
0.00084，0.022 when plain round bar, 0.008，0.00055，0.022 when deformed
bars, and 0.026，0.0025，0.068 when stirrup or steel mesh reinforcement.

With the equation of the corrosive cracking limit state taken as g 2   cr   t  0 , the corrosion
cracking initiation time t is shown as:
t  t1  kcrs  a1c / d  a2 f cu  a3 c 1.36 f cu1.83 / k 2 
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3 The modified assessment expression with test results
The actually results and the theoretical calculation values are often different, considering the
difference between the calculated approximation and the construction quality level. In this
paper, it modified the calculation formulas accordingly with the actual test results,
considering the steel un-rust and corrosion respectively.

3.1 No corrosion when assessed
After t0 years used before assessment, no corrosion found means the time is earlier than the
initial corrosion time. The test carbonation depth x is the actual carbonation depth after using
t0 years. To take the difference between the actual environmental effects and the theoretical
assumptions into account, the carbonation depth correction factor K1 is introduced to replace
the uncertainty coefficient K C in the calculation model, calculated with K1  x Ct0 , where
Ct0 is the calculated carbonation depth after t0 year with Equation (1). In view of the fact that
assessment and reinforcement should be a comprehensive consideration of structural safety
performance and economic benefits, the uncertainty of the calculation mode is indirectly
considered with the correction factor K1 . The uncertainty coefficient of the calculation model

K C is no longer use. With this corrected, it obtained the initial corrosion time t1 respectively
with considering the residual carbonization or not:
Not considering the residual carbonization
t1  c  K1k1  57.94 mc f cu  0.76  

2

Considering the residual carbonization





2

t1   c  k0 c  5   ln  f cu m c  2.30  K1k1 57.94m c f cu  0.76  


As the Equation (1) and (4) shown, the carbonization rate is a square root function of time and
the corrosion rate is a simple function of time. The limit state equation corrected
2
as g 2   cr  K1   t , and the corrosion cracking initiation t2 corrected as:
t2   k crs a1c d  a2 f cu  a3   K1 2k2 c 1.36 f cu1.83   t1

3.2 Corrosion when assessed
After the use of t0 years before testing, steel corrosion depth has been identified as y . With
introducing the corrosion correction factor K 2  y  t0 , in which,  t0 is the calculation value
with Equation (4) after t0 years. The corrosion cracking initiation time t2 is corrected as:
t2   kcrs  a1c d  a2 f cu  a3   y 

4 Life prediction

K k c
2 2

1.36

f cu1.83   t0

y

With the tested project of service structures, the corresponding statistical data obtained can
used to infer the residual working life, such as the mean values and variation coefficients of
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the measured protective layer thickness, concrete strength, carbonation depth and the steel
corrosion. Design-value method can directly use these statistical results to calculate the
residual service life with a certain guarantee rate, which combined with the reliability
calculation basic theory and the corrosion cracking initiation expression, choosing a target
reliability index by the owner. It is normal, flexible, and easy to master by the relevant staff.

4.1 The basic variables
The design-value method[5] is on basis of the stochastic processes combination theory and JC
method, which directly establishes the function between the design values, the target
reliability index, the target working life and the probability characteristic of the basic
variables[7]. Essentially the design values are the checking point values in the calculation
process of the reliability index. This paper using the design-value method do the residual
working life prediction effectively based on a certain reliability. It enables the owner
flexibility set a target reliability index and working life according to their needs, introducing
the measured statistical results.
Corresponding to a limit state, the structure is not failing when g ( X 1 , X 2 , , X n )  0 . If the
design checking point of the basic variable

X i ( X 1、X 2、
、X n ) shown as

P*  ( x1* , x2* , , x*n ) and the sensitivity coefficient ai* determined in the calculation process of
the reliability index with FORM (First Order Reliability Methods)[5][7], they are satisfied
with the follow expression:
FX i ( xi* )   (  i*  ) i  1, 2, , n

y

With formula conversion, the design values can be defined as x  FX [  (   )] , according
to the probability distribution of the basic variable[7].
Considering the above expression of the mentioned limit, there are many factors affecting the
calculation result of the corrosion cracking time. However, the protective layer thickness and
the concrete compressive strength are the most important factors, always with high variation
and great influence on the prediction result according to engineering experience. For simplify,
it only takes these two factors as the random variables, considering their measured statistical
characteristics and ignoring the randomness of others. According to the statistics results[1],
the protective layer thickness and concrete cubes compressive strength have normal
2
distribution shown as N（i , i ）. With the above design-value method, the design value of
variable can be expressive as:
*
i

1

i

*
i

xi*   i   i*  i   i 1   i*  i 

This formula can introduce the optional reliability index and the actual test results of the
service structure (the mean values and variance coefficients of the variables).The sensitivity
*
coefficient  i here reflects the sensitivity of the reliability index with basic random
variables[5]. It can obtained a good precision reliability controlling with a reasonable choice
of the sensitivity coefficient value about the structural durability analysis. In the literature[15],
*
*
it determined the sensitivity respectively as  X  0.85 and  X  0.35 of the main control
and the non-master control variables respectively, analyzed with the whole single-control type
of the optimal reliability control mode, and ensuring a high control accuracy degree of
reliability. According to the grey relation theory[2], the influence level and sensitivity of each
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is studied, shown the concrete cover thickness impact on the durability working life is much
more than the concrete compressive strength. Based on the above analysis, it takes the
sensitivity coefficient of the concrete cover thickness and the concrete compressive strength
*
*
respectively as  c  0.85 and  fcu  0.35 .

4.2 Calculation of the residual working life
The FORM, a practical reliability calculation method, simplifies the limit state equation as a
linear function, and the result shown as a reliable index closely related to the failure
probability. For a non-linear function, the design checking point is the Taylor series
expansion point of it, and the linearized limit state equation is the tangent plane at the
checking point of the original limit state surface. In the standard normal random vector space,
reliability index is the shortest distances from the origin to the failure surface. The coordinate
origin corresponds to the mean value of the random variable, and the checking point is the
closest point to the coordinate origin. In this checking point, the error between the tangent
plane and the original surface is the smallest, and the accuracy is highest. This method is well
with a unique calculated reliable indicator result on different equivalent functions.
Considering a limit state of the component reliability analysis as Z  R  t   S  t  , where
R  t  is the resistance of the component and S  t  is the corresponding load affection at the

same section. Both of them are functions of time[5]. The resistance attenuates with the
cumulative damage of the external environment, showing the limit state surface continuously
shifted to the coordinate origin following its normal line in the standard normal random vector
space. The dynamic reliability index  of the structure decreases with the service time
increasing, and the structure fails when it below a certain limit. The above principle can
shown in Figure 1.
Y2
Limit state
equation change

Limit state surface

0

β
OY

Y1

Figure 1: Dynamic reliability of service structure

In Figure 1, the reliability index at the checking point calculated with the limit state surface is
corresponded to the tangent plane Z L  0 . For evaluation the residual working life of the
existing structures, the design checking point replaced by the actual checking point. The
failure probability is higher with its increasing damage. If the value of the target reliability
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index  not changed, the limit state equation of the structure must change, which means the
dynamic variety with time, and the reduced of the future service life. In the design-value
method, the influence of the design working life implied in the load probability distribution,
and the sensitivity coefficient reflected the variability of the statistical characteristics of the
basic variables. All of these can reflect the dynamic change with the actual test results.
The working life calculated with the design-value method, is the actual service time of the
structure in the actual service environment. The residual service life is this calculated working
life subtracting the used time. The actual checking point value calculated by taking the test
results of the basic variables into the Equation (11). The target reliability index and
corresponding failure probability considered with the serviceability limit state, can be chosen
with owners in Table 1.
Table 1: Target Reliability Indices for Serviceability Limit States（50 Years）

Relative cost of
safety measure

Probabilistic
model code[7]

High

 =1.3
（Pf  10-1）
 =1.7
（Pf  5  10 -2）
 =2.3
（Pf  10-2）

Normal
Low

ISO2394[5]and
ISO13822[6]

EN1990[3]

 =0
（Pf  5  10 -1）

 =1.5
（Pf  7  10-2）

 =1.3
（Pf  10-1）
 =2.3
（Pf  10-2）

GB50153[4]

 =0~1.5
（Pf  5  10 -2）

Then the residual service life based on the actual test results can calculated with follows
equations:
Steel has no corrosion when assessed without considered the residual carbonization:
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Steel has corrosion when assessed:









*
*
k

crs a1  c 1   c  c  / d  a 2  f cu 1   f cu  f cu  a 3  y 
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 1.83
 1.36
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5 Examples
In order to verify the correctness of this method, and confirm its flexibility and convenience
than the current life prediction methods, it used the example in literature [8], to calculate,
compare and analyze.
The reinforced concrete column selected here described with the section size
of 450mm  450mm in the general atmospheric environment, with the II grade, and with
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diameter of 16mm ribbed bar as longitudinal reinforcement. The design concrete protection
layer thickness is c  50mm ,  c  0.3 , and the design concrete strength is  fcu  30 MP ,

 f  0.2 , with the designed service life of t  50a . In actual used of the structure, the
environment annual average temperature is 12 ℃, and the annual average relative humidity is
60%. After 13 years used, the measured carbonation depth is x  32mm , and the measured
protective layer thickness is c  45mm and  c  0.2 , the test concrete strength is
 f  30MP and  f  0.25 . The target working life will predicted with the corrosion
cu

cu

cu

cracking life criterion, choosing the reliability index of   1.28 , and without taking the
carbonization residuals into account.
According to the above test results, the actual carbonation depth is less than the protective
layer thickness, and the steel is under corrosion. In literature [8], it used the Monte Carlo
method drawing the frequency histogram of the prediction life and cumulative failure
probability curve by the results of the corrosion crack evaluation, with 5000 times simulation
of the protective layer thickness and the cube strength by normal distribution. With
coordinated the intersection of 10% failure probability and the cumulative frequency, the
calculated time is 42.5 years. It is to say the prediction residual working life of durability is
29.5 years with the target reliability index of   1.28 . However, this method needs the
Monte Carlo computer simulation program, the life frequency histogram drawing, and the
cumulative failure probability curve. This method is much hard to promote and applied with
its indispensable skills difficultly to master.
With the method mentioned in this paper, the carbonation correction coefficient K1  1.409 is
calculated first, and other basic parameters are determined the same as literature [8].
Considered the values of the basic variables and the Equation (11), the residual working life is
calculated as 28.7 years directly, with the corrosion cracking life criterion and the reliability
index of   1.28 . The result is less one year than the Monte-Carlo method in literature [8],
but this method greatly reduces the computational complexity and makes the method of
durability life prediction more flexible and easy to use.

6 Conclusions
In this paper, theoretical corrosion time can obtained from the limit state equation with the
corrosion cracking life criterion, considering the actual corrosion by correction factors. It
based on the basic reliability calculation theory of the JC method and the design-value method.
It can directly introduce the actual statistical characteristics of the basic variables and the
target reliability index chosen with the corrosion life criterion. It assessed the time-dependent
reliability with the dynamic change of the structure functions under the actual environment,
which reflects the durability reduction in actual used of the structure.
The residual working life of the existing concrete structures can be determined with this
probability assessment method based on the test results, depended on the actual degradation
rate. The crack propagation time determined here has a certain guarantee rate, established
with the design-value method. The calculation method is flexible, convenient and easy to
master for the evaluation workers. The calculation result is enough accurate to provide a
rational theoretical basis to select the maintenance and reinforcement scheme for the owners.
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Towards Effective General Probabilistic Model
Representation (GPM) for Shear Resistance
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Abstract: This contribution assesses the consistency of reliability performance
index of the operational Eurocode 2 Variable Strut Inclination Method (VSIM) of
shear design across parametric variations of shear reinforcement and concrete
strengths. The General Probabilistic Model (GPM) for the reliability assessment
was developed based on the probabilistic representation of analytical formulation
of the VSIM with no constraint applied to the strut angle and probabilistic
representation of Modified Compression Field Theory (MCFT) based sectional
analysis program. The outcome of this study presents the fundamental differences
in reliability performance obtained using the two models.

1

Background

The shear capacity of reinforced concrete beams are influenced by a large number of
parameters and the difficulty of accurately predicting shear capacity is widely researched [14]. Some of these parameters include the shear span-to-depth ratio (𝑎/𝑑), percentage of
longitudinal reinforcement (𝜌𝑙 %), aggregate size, and amount of stirrup reinforcement
(𝜌𝑤 𝑓𝑦𝑤𝑚 ) (See Figure 1). Recent studies have shown that mean value predictions of the
Variable Strut Inclination Method (VSIM) for shear design used in the operational Eurocode 2
(EC2) is excessively conservative at low amounts of shear reinforcement and lacks
conservatism at higher amounts of shear reinforcement [2]. The work of Mensah et al. [5, 6]
confirmed observations by other researchers [2], which pointed to insufficient safety bias of
VSIM shear capacity predictions at high amounts of shear reinforcement. No evidence was
found from background documents and relevant literature that the VSIM shear design
procedure was calibrated to account for this systematic trend. Reliability assessment of the
shear design method allows to assess the consistency of its performance in terms of the
reliability index across practical ranges of shear reinforcement (𝜌𝑤 𝑓𝑦𝑤𝑚 ) and subsequently,
would allow calibration of appropriate partial factors to ensure its safe and economic use in
practice.
This contribution therefore assesses the consistency of reliability index of EC2 shear design
method across parametric variations of 𝜌𝑤 𝑓𝑦𝑤𝑚 and concrete strengths 𝑓𝑐 . The large bias and
high uncertainty of the EC2 VSIM shear design model factor resulted in the investigation of
alternative models suitable for best-estimate predictions of shear resistance. The General
Probabilistic Model (GPM) for the reliability assessment was developed based on the
probabilistic representation of the unbiased version of the EC2 VSIM procedure termed
𝑉𝑉𝑆𝐼𝑀−𝐴 , that is, allowing the concrete strut angle to attain any value (Section 3.3) and
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probabilistic representation of MCFT-based sectional analysis program (V𝑅2𝑘 ) (Section 2.2).
MCFT-Response 2000 is incorporated simply to validate results obtained from the VSIM
reliability model. The outcome of this study will also present the fundamental differences in
reliability performance obtained using the two GPMs for performance assessment.

Figure 1. Schematic diagram of Reinforced Concrete beam with longitudinal and stirrup reinforcement

2

Shear Resistance Models

2.1

Eurocode 2 (VSIM) shear resistance model

For members with vertical shear reinforcement, the design shear resistance according to EC2
[7] is taken to be the lesser of either (1) or (2). The recommended limiting values for 𝜃 (3) are
given by the expression 21.8 ≤ 𝜃 ≤ 45.
V𝑅𝑑,𝑆 =

A𝑠𝑤
𝑆

V𝑅𝑑,𝑚𝑎𝑥 =
𝜃 = sin

−1

𝑧

𝑓𝑦𝑤𝑘

γ𝑠

𝑏𝑤 𝑠𝑣1 (

𝐶𝑜𝑡𝜃

(1)

𝛼𝑐𝑐 𝑓𝑐𝑘

)
γ𝑐
(𝐶𝑜𝑡𝜃+𝑡𝑎𝑛𝜃)

√

𝐴𝑠𝑤 (

𝑓𝑦𝑤𝑘

𝑏𝑤 𝑠𝑣1 (

(2)

)

γ𝑠
𝛼𝑐𝑐 𝑓𝑐𝑘
)
γ𝑐

(3)

A𝑠𝑤 is the cross-sectional area of the shear reinforcement, 𝑠 denotes the spacing of the stirrups,
𝑓𝑦𝑤𝑘 and 𝑓𝑐𝑘 represent the characteristic values of the steel yield strength and concrete
compressive cylinder strength respectively. The internal lever arm may be taken as 𝑧 = 0.9𝑑.
𝑓

𝑐𝑘
𝑣1 may be taken to be 0.6 for 𝑓𝑐𝑘 ≤ 60 MPa, and as 0.9 − 200
for high-strength concrete beams.

𝛼𝑐𝑐 = 0.85 for non- pre- stressed structures. γ𝑐 and γ𝑠 are partial material safety factor for
concrete and steel. EC2 [7] recommends the value of γ𝑐 = 1.5 and γ𝑠 = 1.15. Characteristic
values (𝑓𝑦𝑤𝑘 ,𝑓𝑐𝑘 ) and partial factors (γ𝑐 ,γ𝑠 ) are introduced in the design process to incorporate
some safety bias.

2.2

MCFT-Response 2000 Based Shear Design Model

MCFT-Response 2000 (R2k) is a two dimensional sectional analysis program that evaluates
the strength of a reinforced concrete cross-section subjected to shear, moment and axial load
using the basis of the Modified Compression Field Theory (MCFT). It was developed at the
University of Toronto by Evan Bentz [1]. Its capacity predictions can be classified as LoA IV
estimates of shear resistance (highest level of approximation) according to the fib MC 2010

613

classification system [3, 8]. MCFT has proven to make better predictions of shear strength than
any alternative shear design theory in use today [1, 9].

3

Reliability Analysis for Shear Resistance

3.1

Principles of Reliability Assessment

The theory of structural reliability is developed mainly for the analysis of a simple requirement
that the action effect, Q is lower than the structural resistance P [10]. In this contribution, it
will be used to assess the reliability performance of the operational EC2 VSIM shear design
procedure. The limit state function 𝑔(X) is expressed as (4).
𝑔(𝐗) = 𝑃(𝑋) − 𝑄(𝑋)

(4)

where Q is the load effect. P is the resistance. X is a vector of random basic variables on which
the resistance and loads depend.

3.2

Model Uncertainties for Reliability Analysis

Model Factor statistics were investigated in detail to incorporate its effective representation as
part of the assessment. The important statistical properties of model uncertainty can be obtained
by comparing model predictions with physical test results [11]. In accordance with [12-14], the
relationship for model uncertainty (MF𝑥 ) associated with a single experiment, 𝑥, as used in this
study, is determined by (5).
MF𝑥 =

𝑉𝑒𝑥𝑝,𝑥
⁄𝑉

𝑀𝑜𝑑𝑒𝑙,𝑥

(5)

where V𝐸𝑥𝑝,𝑥 represents the failure load for a single experimental beam (𝑥) and V𝑀𝑜𝑑𝑒𝑙,𝑥
represents the predicted shear resistance for the same beam (𝑥)

3.3

Model Uncertainty Factor Statistics

The Model factor statistics (MF𝑠 ) were developed using a database of 113 experimental test on
slender reinforced concrete beams with vertical shear reinforcement compiled by Reineck et al
[15]. All beams in the database were simply supported rectangular sections subject to point
loads. The range of values of parameters as presented in the database corresponds to design
situations found in practical structures. MF𝑉𝑆𝐼𝑀−𝐿𝜃 is the model uncertainty derived from
unbiased EC2 VISM shear resistance model 𝑉𝑉𝑆𝐼𝑀−𝐿𝜃 . 𝑉𝑉𝑆𝐼𝑀−𝐿𝜃 shear capacity predictions are
best estimate predictions obtained based on mean values of material strength (instead of
characteristic values) with partial material safety factors equal to one. The strut angle 𝜃 is
restricted to the range of 21.8 ≤ 𝜃 ≤ 45 .The limited strut angle as stated in the operational
EC2 VSIM shear design function is a form of bias imposed on the concrete compressive strut
angle to build conservatism in the model. The lower limit of 21.80 is enforced to achieve more
conservative estimate of shear predictions while the upper limit of 450 is to prevent overly
conservative estimate.
MF𝑉𝑆𝐼𝑀−𝐿𝜃 was found to have mean value of (𝜇𝑀𝐹 = 1.62 ) and a spread of (𝜎𝑀𝐹 = 0.49)
confirming the trend that the unbiased stirrup resistance function V𝑉𝑆𝐼𝑀−𝐿𝜃 is generally
conservative in its predictions. The trend of V𝑉𝑆𝐼𝑀−𝐿𝜃 revealed that its predictions are
parametrically sensitive to 𝜌𝑤 𝑓𝑦𝑤𝑚 declining to marginal conservativism and eventually
becoming un conservative as 𝜌𝑤 𝑓𝑦𝑤𝑚 increases. This trend, to a large extent, is responsible for
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the high variation of MF𝑉𝑆𝐼𝑀−𝐿𝜃 . The large bias and high uncertainty displayed by the unbiased
operational EC2 shear design model ( V𝑉𝑆𝐼𝑀−𝐿𝜃 ) resulted in the investigation of alternative
models better suited for best-estimate predictions of shear resistance.
Alternative functions investigated includes V𝑉𝑆𝐼𝑀−𝐴 and 𝑉𝑅2𝑘 . 𝑉𝑉𝑆𝐼𝑀−𝐴 is the shear resistance
prediction of the analytical formulation of unbiased EC2 VSIM shear design procedure (VSIMA) with no constraint applied to the strut angle 𝜃𝐴 , resulting in model uncertainty factor of
MF𝑉𝑆𝐼𝑀−𝐴 . V𝑅2𝑘 is the unbiased shear capacity predictions provided by MCFT-Response 2000
sectional analysis program (R2k), offered by input of mean values of its basic parameters. The
model uncertainty factor derived is denoted 𝑀𝐹𝑅2𝑘 . The basic statistical properties of the
derived 𝑀𝐹𝑠 are reported in Table 1.
MF𝑉𝑆𝐼𝑀−𝐴 is considered to be more suitable for reliability assessment, due to its lower standard
deviation (𝜎𝑀𝐹 ) of 0.15 compared to MF𝑉𝑆𝐼𝑀−𝐿𝜃 with standard deviation (𝜎𝑀𝐹 ) of 0.49. The
strong trend, resulting in high uncertainty and bias of MF𝑉𝑆𝐼𝑀−𝐿𝜃 makes it evident that the
V𝑉𝑆𝐼𝑀−𝐿𝜃 may not provide a good GPM representation for reliability performance assessment.
Therefore, the V𝑉𝑆𝐼𝑀−𝐴 calculation procedure was adopted as GPM for the reliability
assessment of EC2 shear design procedure. The high accuracy displayed by both V𝑉𝑆𝐼𝑀−𝐴 and
V𝑅2𝑘 prediction models (in terms of mean and dispersion) and milder sensitivities to
𝜌𝑤 𝑓𝑦𝑤𝑚 and other factors that affect shear strength are pointers to their suitability as
representation for general probabilistic Model (GPM) for performance assessment of EC2
shear design procedure.
Table 1. Statistical Properties of Model Factors 𝑀𝐹𝑉𝑆𝐼𝑀−𝐿𝜃 , 𝑀𝐹𝑉𝑆𝐼𝑀−𝐴 and 𝑀𝐹𝑅2𝑘

Statistics of the Model
Factor

𝐌𝐅𝑽𝑺𝑰𝑴−𝑳𝜽

𝐌𝐅𝑽𝑺𝑰𝑴−𝑨

𝑴𝑭𝑹𝟐𝒌

Number of experiments
Mean (𝝁𝑴𝑭 )
Standard Deviation (𝝈𝑴𝑭 )
Coefficient of
variation (𝛀𝑴𝑭 )

113
1.62
0.49
0.30

113
0.78
0.15
0.20

Subset of 93
1.05
0.18
0.17

3.4

Performance Assessment

A GPM for shear capacity may be derived from any unbiased prediction model for shear
capacity with quantification of its uncertainty. Mensah [16] showed that model uncertainty
dominates the reliability performance of stirrup reinforced concrete beams. Thus other sources
of variability was not accounted for here and (6) can probabilistically approximate shear
capacity, where V𝑚 is the mean value prediction of the model under consideration and 𝑀𝐹
accounts for its bias and scatter relative to experimental observations. Reliability assessment
requires a GPM that properly represents shear failure behaviour in terms of the main material
and geometric parameters over the range of practical application [17]. As such, some GPMs
may be better suited for reliability assessment than others.
V𝐺𝑃𝑀 = 𝑀𝐹. 𝑉𝑚

(6)

The limit state function for shear resistance is expressed as (7).
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𝑔(X) = V𝐺𝑃𝑀 − V𝑅𝑑,𝑆

3.5

(7)

Representative Test Case for reliability analysis

To assess the performance of the alternative GPMs a representative test case was used with
basic parameters as detailed in Table 2. The concrete strength 𝑓𝑐 and amount of stirrup
reinforcement 𝜌𝑤 𝑓𝑦𝑤𝑚 , were varied parametrically. The parametric variation of 𝜌𝑤 𝑓𝑦𝑤𝑚 was
achieved by varying the stirrup spacing, s, whilst keeping the values of all other parameters
constant.
Table 2. Basic parameters of the test case

Test
bw
case No. [mm]

d
[mm]

125
215
1
*𝑑𝑎𝑔𝑔 is the aggregate size

fcm
[MPa]
*varies
40,52,88

ρl
[%]

fywm
[MP]

3.77

366

4

Result of Reliability Investigation

4.1

Parametric Assessment

ρw fywm
[MPa]
*varies
0.37 - 2.16

a/d

𝒅𝒂𝒈𝒈
(mm)

2.45

13

The parametric assessment conducted on the test case showed that the mean values of the
GPMs (V𝐺𝑃𝑀 ) differ from the experimental observations and are sensitive to some parameters
of the test case under investigation. Figure 2 presents the plot of the GPM mean values at
varying 𝜌𝑤 𝑓𝑦𝑤𝑚 and 𝑓𝑐𝑢 for the test case investigated (Table 2). The GPM mean values for the
two models are expected to be a close match. Nevertheless, the results showed that systematic
influences affect their mean value predictions of shear resistance (V𝑚 ). Figure 2 showed an
increasing trend of V𝐺𝑃𝑀 values as 𝜌𝑤 𝑓𝑦𝑤𝑚 increases. Concrete strength 𝑓𝑐𝑢 significantly
influence V𝑉𝑆𝐼𝑀−𝐴 while having little effect on V𝑅2𝑘 . As shown in Figure 2, a wide difference
is observed between V𝑉𝑆𝐼𝑀−𝐴 at 𝑓𝑐𝑢 = 40 𝑀𝑃𝑎 vs 𝑓𝑐𝑢 = 88 𝑀𝑃𝑎 which increases with
𝜌𝑤 𝑓𝑦𝑤𝑚 . The sensitivity of V𝑉𝑆𝐼𝑀−𝐴 to 𝑓𝑐𝑢 is explained by the absence of the restriction on its
concrete strut angle (𝜃𝐴 ) which freely assumes any calculated value as discussed in section 3.3.
Concrete strength is reflected only through its influence on the strut angle in EC2 VSIM
procedures with no direct contribution to the shear resistance function in Equation 1. From
Equation 3, the concrete strut angle (𝜃) at failure point is dependent on 𝜌𝑤 𝑓𝑦𝑤𝑚 and 𝑓𝑐𝑢 .
The concrete strut angle (𝜃𝐴 ) decreases as 𝑓𝑐𝑢 increases resulting in flatter angles and implying
higher V𝑚 values for VSIM-A.
Figure 3 compares the normalised mean shear capacity predictions of unbiased EC2 VSIM
V
V
shear resistance model ( 𝑉𝑆𝐼𝑀−𝐴⁄𝑏 𝑑) and MCFT-Response 2000 ( 𝑅2𝑘⁄𝑏 𝑑 ) respectively to
𝑤
𝑤
V𝑒𝑥𝑝
⁄𝑏 𝑑) from the database of 113 beam
normalised shear resistance observations (
𝑤
experiments. The trend line of unbiased R2k predictions in Figure 3 closely follows that of the
experimental observations confirming its exceptional ability to predict shear capacity also
noted by other researchers [5, 16]. This similarity in trends proves that R2k capacity predictions
provide the most accurate representation of both the behaviour and ultimate strength of stirrup
reinforced concrete members. The trend line of unbiased EC2 VSIM mean shear capacity
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predictions (VSIM-A) fails to adequately capture the experimental observations with the bias
between the trends increasing as 𝜌𝑤 𝑓𝑦𝑤𝑚 increases.
170
150

VGPM (kN)

130
110
fcm 40 R2k

90

fcm 40 VSIM-A
70

fcm 52 R2k
fcm 52 VSIM-A

50

fcm 88 R2k
fcm 88 VSIM-A

30
0

0.5

1

1.5

2

2.5

ρw fywm [MPa]
Figure 2. The mean values of 𝑉𝐺𝑃𝑀 respectively for GPMs VSIM-A and R2k for the test case
9

Vexp
VSIM-A

8

R2K
Log. (Vexp)

7

Log. (VSIM-A)

V⁄(𝑏𝑤 𝑑)

6

Log. (R2K)

5
4
3
2
1
0
0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

ρw fywm [MPa]
Figure 3. Comparison of mean shear capacity predictions from EC2 VSIM-A and R2k to experimental
observations
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4.2

Shear Reliability

The ultimate reliability performance assessments of the EC2 [7] shear design procedure was
based on a performance function 𝑔(𝐗) where MF𝑉𝑆𝐼𝑀−𝐴 and MF𝑅2𝑘 respectively are treated as
the only random variable of V𝐺𝑃𝑀 . The reliability indexes β obtained from the FORM
evaluations of 𝑔(𝐗) are plotted in Figure 4 for the two respective GPMs and parametric
variations of concrete strength and stirrup reinforcement. The resistance performance
requirement for EC0 RC2 (β𝑅𝑡 = 3.04) is also shown on the Figure.
The Figure generally show a decrease in estimated β values as 𝜌𝑤 𝑓𝑦𝑤𝑚 increases, and a general
increase in β values with increasing concrete strength 𝑓𝑐 . There is increasing mean value
predictions V𝑚 for the two models as 𝜌𝑤 𝑓𝑦𝑤𝑚 increases, thereby resulting in decreasing
β values with increasing 𝜌𝑤 𝑓𝑦𝑤𝑚 situations. Sensitivity of β values to 𝑓𝑐 is clearly influenced
to some degree by the sensitivity of V𝐺𝑃𝑀 to 𝑓𝑐 (see Figure 2). The inspection of β𝑉𝑆𝐼𝑀−𝐴 and
β𝑅2𝑘 curves revealed that for a specified combination of 𝜌𝑤 𝑓𝑦𝑤𝑚 and 𝑓𝑐 situations, β𝑅2𝑘 values
are generally greater than corresponding β𝑉𝑆𝐼𝑀−𝐴 . At 𝑓𝑐 = 88 𝑀𝑃a, β𝑅2𝑘 values appear not to
be consistently greater than corresponding β𝑉𝑆𝐼𝑀−𝐴 values (compared to other 𝑓𝑐 situations).
For a specified 𝑓𝑐 situation both β𝑉𝑆𝐼𝑀−𝐴 values and β𝑅2𝑘 values decrease with an increase in
𝜌𝑤 𝑓𝑦𝑤𝑚 with the more critical decline in the β𝑉𝑆𝐼𝑀−𝐴 values for the test case considered. For
slightly low 𝑓𝑐 situations (𝑓𝑐 = 40 𝑀𝑃𝑎) , the β𝑉𝑆𝐼𝑀−𝐴 values generally decline with
increasing 𝜌𝑤 𝑓𝑦𝑤𝑚 until they eventually cease to satisfy the performance requirements for
shear resistance recommended by basis of design standard EC0. β𝑅2𝑘 satisfy the performance
requirements for shear resistance recommended by EC0 (RC2) for all 𝑓𝑐 situation considered
and 𝜌𝑤 𝑓𝑦𝑤𝑚 not exceeding 2MPa. The differences between β𝑅2𝑘 and β𝑉𝑆𝐼𝑀−𝐴 values derive
directly from differences in the estimates of the mean value of shear resistance V𝑚 .
10
9
8

β_𝑣𝑎𝑙𝑢𝑒𝑠

7
6
5
4
3
2
1
0
0.3

0.5

0.7

0.9

1.1

1.3

1.5

1.7

1.9

ρw fywm [MPa]
fcm 40R2K
fcm 40VSIM

fcm 52R2K
fcm 52VSIM

fcm 88R2K
fcm 88VSIM

Figure 4. Comparison of the Reliability performance 𝛽 for the two GPMs
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2.1

2.3

5

Conclusion

The implementation of two different prediction models (V𝑉𝑆𝐼𝑀−𝐴 and V𝑅2𝑘 ) to establish GPM
functions for shear resistance V𝐺𝑃𝑀 revealed that each model is sensitive to different design
parameters. Consequently, indicating that the application of the Model factors (MF𝑉𝑆𝐼𝑀−𝐴 and
MF𝑅2𝑘 ) to the mean value of shear resistance V𝑚 were inadequate in equating the GPM mean
values for the two models .
Shear reliability performance is dominated by the model uncertainty [11]. The reliability
performance investigations conducted confirmed the declining level of shear performance as
the amount of shear reinforcement 𝜌𝑤 𝑓𝑦𝑤𝑚 increases confirming the initial observation about
the sensitivity of EC2’s VSIM procedure against 𝜌𝑤 𝑓𝑦𝑤𝑚 . Shear reliability performance
(estimated β values) increases as 𝑓𝑐 increases. This affirm that shear performance is sensitive
to 𝜌𝑤 𝑓𝑦𝑤𝑚 and 𝑓𝑐 . The shear reliability index showed general lower levels of reliability at shear
reinforcement exceeding 1.3 MPa for low concrete strength 𝑓𝑐 . This confirms potentially
inadequate reliability performance of EC2’s VSIM design function at combinations of high
𝜌𝑤 𝑓𝑦𝑤𝑚 with low concrete strength [17]. A strong observation from the conclusions above
holds that higher concrete strengths improves the safety and reliability performance of the
design. In general, the large variation and lack of uniformity of reliability index obtained as the
amount of shear reinforcement increases demonstrate the importance of performing reliabilitybased calibration of partial factors for the design formulation. There is need to introduce and
calibrate a partial factor of safety to account for significant model uncertainties in the prediction
of shear capacity.
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Abstract: The European Standard for design of concrete structures within the use
of non-linear methods shows deficit in global reliability for cases, when the concrete
columns fail by the stability loss before reaching the design resistance in the critical
cross-sections. The buckling failure is a brittle failure which occurs without warning
and the probability of its formation is markedly influenced by slenderness of the
column. Here presented calculation results are compared with results from the experiment which was carried out in cooperation with STRABAG Bratislava LTD in
Central Laboratory of Faculty of Civil Engineering SUT in Bratislava. The following paper aims to compare the global reliability of slender concrete columns with
slenderness of 90 and higher. The columns are designed according to methods offered by STN EN 1992-1-1: namely, a general non-linear method and methods based
on nominal stiffness and nominal curvature. The mentioned experiments served also
on the one side as basis for deterministic nonlinear modeling of the coloums and
subsequent the probabilistic evaluation of structural response variability. Final results may be utilized as thresholds for loading of produced structural elements and
they aim to present probabilistic design as less conservative compared to classic
partial safety factor based design and alternative ECOV method.

Introduction
Method of reliability of structures according to the Eurocodes is based on the use of partial
factors of reliability, when the required probability of failure is ensured by them. In ULS, the
effect of loads is increased by partial factor of reliability γF and the resistance of materials is
reduced by partial factor of materials γM.

 F Ek 

Rk
M

(1)

Eurocode [1] for design of concrete structures offers three methods for taking the second order
effects into account [3, 5, 6]: The method based on nominal curvature (Chap. 5.8.8), the method
based on nominal stiffness (Chap. 5.8.7) and general non-linear method (Chap. 5.8.6).
The buckling failure of compressed slender concrete members can; however, overtake the
reaching of the material resistance in critical cross-section [4]. In these cases the definition of
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partial factor of reliability for buckling failure is appropriate, because the partial factors of materials cannot apply and do not contribute to the overall reliability of design. So far, only the
Austrian NA recommends the partial factor of reliability for stability failure [2].

Experimental verification of slender concrete columns
The task of the experiments was to design geometry and reinforcement of columns together
with the initial eccentricity of the axial force in such a way that the columns collapse due to
stability loss inside the interaction diagram, i.e. before achieving the design resistance in critical
cross-section with approximate compressive strain in concrete εc1 = 1,5 ‰ [4].
The force and the initial eccentricity e1 for the buckling failure were determined using nonlinear calculations in the Stab2D-NL software. The standard characteristics of the material
C45/55 and steel B500B were used in these calculations.
The experimentally verified concrete columns have a rectangular cross-section with the dimensions of 240 x 150 mm. The total length of the columns with steel spread plates is 3840 mm.
The columns are reinforced with four bars, Ø14 mm in diameter. These four bars are supplemented with another four bars with diameter of Ø14 mm and length of 600 mm on both ends
of the columns. The supplementary bars are welded to steel plates with thickness of 20 mm.
The transverse reinforcement consists of two leg stirrups with diameter of Ø 6 mm. As the local
failure in the ending parts can precede the stability collapse of the columns, the resistance is
increased by doubling the transverse reinforcement along the length of the additional bars. In
Figure 1 are presented the geometry and the reinforcement of columns.

Figure 1: The shape and reinforcement of columns.
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Experimental results
After the production of experimental samples and preparation of laboratory conditions, the concrete columns were tested in The Central laboratory of the Civil Engineering faculty SUT Bratislava.
During the experiment, measurements were taken on both sides of the concrete cross-section
(Fig. 2). The values measured on the compressed side go as follows: e2 – second order eccentricity, TP1 & TP2 – compressive strain in the concrete and D1 – distance on the chosen base.
On the side in tension these values were measured: E2 – second order eccentricity, TP3 & TP4
– strain of concrete and D2 – distance on the chosen base.
The results of experiments are shown in Figure 3. The diagram on the left side presents the M
- N relation for the increase of axial force and bending moment in the critical cross-section. The
diagram on the right side shows the ε - N relation for strains on both sides of cross-section.
Despite the fact that columns were fabricated using the same materials and high attention for
accuracy, the differences in results are notable. The major difference in buckling force reaches
15,9%, whereas in deformations of columns in the middle (e2) it goes up to 44,9%. The measurements were taken on 6 testing samples of slender concrete columns.

e2
E2
TP1

TP3
TP2

D1
D2

Figure 2: Measurement places on the testing columns.
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Figure 3: a) bending moment – axial force, b) strain – axial force.

Comparison of the overall reliability of the columns by stability
loss
In Figure 4, there is a comparison of results for the experimentally verified columns S1-1 to S16. Marked with a thick line is the group of results from the non-linear calculations calibrated to
the mean values of material characteristics [1], Chap. 5.7(4), acquired from experiments. The
axial force at stability loss is then 306,5 kN. When assuming the characteristic values of material characteristics, the axial force at the stability loss is 279,9 kN. Finally, when assuming the
design values of material characteristics [1], Chap. 5.8.6(3), the axial force is 240,0 kN.
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Figure 4: Reliability of the columns by stability loss – λ = 89 and e1 = 40mm.

Table 1: Comparison of the reliability of columns - λ=89 and e1=40mm.
overall reliability to the characteristic
values of material properties
Section
Section
Section

5.8.6(3)
5.8.7
5.8.8

characteristic
Design
Stiffness
Curvature

Axial force [kN]
design
characteristic
279.9
240.0
171.4
205.0
146.4
153.0
109.3

γF
Load

γM
material

γo
overall

1.40
1.40
1.40
1.40

1.00
1.17
1.37
1.83

1.63
1.91
2.56

According to the method based on nominal stiffness [1], Chap. 5.8.7, the maximal resistance of
the column with slenderness of λ=89 is 205,0 kN. The maximal resistance is the point where
the stiffness curve intersects the design interaction diagram. According to the method based on
nominal curvature [1], Chap. 5.8.8, the resistance of the column is 153,0 kN.
Table 1 summarizes the partial factors of reliability for the loads, materials and also the overall
factor of reliability.
The overall reliability of the design according to the method based on nominal curvature is 1,57
times higher than the reliability of the non-linear method according to [1], Chap. 5.8.6(3).

Parametric study of reliability
5.1 Columns with slenderness λ = 89, 100, 120, 140, 160 and initial eccentricity
e1=40mm
The differences in reliability of design methods according to EC2 for slenderness of λ = 160
and the initial eccentricity of e1=40 mm are shown in Figure 5. The resulting values for the
column resistance, partial reliability factors for loads and materials together with overall reliability factors of the above stated design methods are in Table 2.
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Table 2: Comparison of the reliability of columns - λ=160 and e1=40mm.
overall reliability to the characteristic
values of material properties
Section
Section
Section

5.8.6(3)
5.8.7
5.8.8

-150

characteristic
design
stiffness
curvature

Axial force [kN]
Design
Characteristic
99.0
90.0
64.3
68.0
48.6
48.0
34.3

γF
load

γM
Material

γo
overall

1.40
1.40
1.40
1.40

1.00
1.10
1.46
2.06

1.54
2.04
2.89

M-N diagram C45/55 (λ=160)

N (kN)

NRb.m=105,0

-100
NRb.k=99,0

Charac.

NRb.d=90,0
ID mean
NEd,Stiff=68,0

ID characteristic
γM = 2,06

ID design

N-50
Ed,Cur=48,0

5.7(4)
5.8.7

5.8.8
5.8.6(3)
characteristic

0
0

10

20

M (kNm)

30

Figure 5: Reliability of the columns by stability loss – λ = 160 and e1 = 40mm.

Probabilistic analyses
The aim with respect to the probabilistic analyses was to estimate the statistic variability of the
Normal-Moment capacity of discussed slender columns and to propose probabilistically based
design values or resistances. For the purpose of stochastic analysis the SARA GUI environment
along with solver ATENA and reliability tool FReET [11] were utilized. Sensitivity analysis
performed at the beginning of the whole process showed the most decisive/dominating parameters of non-linear modeling. A set of 12 parameters was utilized for stochastic evaluation of
structural response variability. Stochastic model of concrete was based on data presented in [13,
15, 12], obtained by ANN based identification [10].
Identified material parameters of concrete were obtained from laboratory test under perfect
condition-resulting in quite small variability of material parameters of concrete. In order to
ensure realistic results it was necessary to introduce higher variability for obtained material
parameters and to randomize also density of concrete mixture. Nonlinear modeling of performed experiment showed some variability of reinforcing influence around calculated value.
Due to low of experimental samples it was not possible to perform reliable estimation, therefore
it was decided to introduce uncertainty corresponding to recommendations in [9].
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Figure 6: Finite Element Model with boundary conditions

The whole stochastic model of destructive test of column is shown in Table 3, where E and
the utilized correlation matrizes are presented in Table 4 to 8
Table 3: Stochastic model of destructive test
Parameter

Mean

COV [%]

PDF

Unit

Steel reinforcement (Bars and stirrups)
E

200

2

Normal

[GPa]

fys

500

5

Normal

[MPa]

E

38.17

18

Weibull min (3 par)

[GPa]

Ft

3.471

15

Gumbel Max. EV I

[MPa]

Fc

-46.75

6

Gumbel Min. EV I

[MPa]

Gf

8.677E-05

22

Gumbel Max. EV I

[MN/m]



0.0023

4

Normal

[kton/m³]

Concrete C45/55
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Source

Table 5: correlation of parameter for concrete. Series 2

Table 4: correlation of parameter for concrete. Series 1

E

E

Ft

Fc

Gf



1

0,6

-0,7

0,8

0

E

1

-0,9

0,5

0

Ft

1

0,7

0

Fc

1

0

Gf

1



Ft
Fc
Gf




Table 6: correlation of parameter for concrete. Series 3

E

Ft

Fc

Gf



1

0,36

-0,42

0,48

0

E

1

-0,54

0,3

0

Ft

1

0,42

0

Fc

1

0

Gf

1



Fc
Gf




Ft

Fc

Gf



1

0,48

-0,56

0,64

0

1

-0,72

0,4

0

1

0,56

0

1

0
1



Table 7: correlation of parameter for concrete. Series 4 (no correlation)

E

Ft

E

E
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Table 8: correlation of parameter for concrete. Series 5 (matrix of Series 2 *-1)
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Design based on probabilistic assessment
Stochastic analysis of coloumn described in this paper is the first from scheduled probabilistic
assessments of laboratory tested columns. Due to enormous computational demands of such
study it was decided to utilize efficient HSLHS [14] concet implemented in FReET software
[11]. This approach allows to extend the number of performed simulations after previously
performed runs of LHS simulations. The aim is to perform analysis with lower number of generated samples at the beginning to fix possible errors and to use previous simulations in case
that no errors will occur.
Statistics of response of above described columns using a set of 11 simulations extended in
second run of HSLHS method by another 20 simulations so the total amount of performed
simulations is so far 31,..,.. .The response of the assessed structural member was evaluated for
two limit states (I) Ultimate limit state represented by critical value of force applied during
experiment (peak of LD diagram). (II) Service limit state represented by value of force in
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both limit states. Charts displayed in Sects. 7.2 and 7.3 shows comparison of fully probabilistic
approach, classical calculation of response using partial safety factors and so called ECOV
method [8] to estimate design value. In case of fully probabilistic design, calculated percentile
of N-M resistance corresponds to probability 0.0012 according to recommendations in [7]
(based on separation of resistance and action of load variables). Figure 7 shows comparison of
first 31 LD Curves for calculated simulations
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Figure 7: N-M Diagrams of stochastic models.
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7.1 Ultimate Limit States
The estimated probability function (PDF) of N/M resistance is shown in Fig. 8. Structural response was considered to be lognormally distributed. Lognormal probability distribution function is utilized in order to demonstrate results and to compare calculated structural response
with alternative approaches. More appropriate distribution function will be determined using
curve fitting approach based on the complete set of 301 planed simulations
2D Model (Series 1) – PDF
Dist. = Lognormal (2 par)
Mean = 344,786
Std. = 26,877
2D Model (Series 1 - 60 Samples) – PDF
Dist. = Lognormal
Mean = 345,941
Std. = 23,818
2D Model (Series 2) – PDF
Dist. = Normal
Mean = 347,654
Std. = 22,956
2D Model (Series 3) – PDF
Dist. = Normal
Mean = 343,663
Std. = 26,658
2D Model (Series 4) – PDF
Dist. = Weibull min (2 par)
Mean = 342,655
Std. = 20,142

Figure 8: PDF of applied force at ultimate limit state

Summary
The global reliability of slender columns according to the non-linear design method is several
times lower than the global reliability of slender columns according to the method based on
nominal stiffness or nominal curvature.
The user of non-linear software can cause yet another reduction of the global reliability when
entering the input data for non-linear calculations. This applies mainly in cases, when the aim
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of the design is minimization of dimensions and saving of material. This is often the main criterion on free market in the European Union. The difference in axial force of predictions of
results within planned experiments was 23% and the difference between maximal force within
non-linear calculations and experimentally verified columns was even 41% [4].
In cases, when the buckling failure precedes the failure of critical cross-sections, the non-linear
method according to EC2 for slender columns cannot utilize part of reliability ensured by partial
factors of reliability on the side of materials. Therefore the standard [1] EN 1992-1-1 requires
revision for this domain with further verification of the reliability index and probability of failure.
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Abstract: Diagnoses are carried out by EDF for justifying the integrity of in-service
penstock pipes thinned by corrosion. For this purpose, a deterministic margin factor
regarding plastic collapse is calculated by taking into account quantiles on input
variables affected by dispersions and/or uncertainties. This paper presents an optimization of these quantiles by a semi-probabilistic approach. For each calculation
case, an individual quantile is computed to comply with an annual failure probability
target value.

1 Introduction
The French electricity and energy company EDF operates more than 450 hydropower plants.
Penstocks are used to convey the water under pressure to the turbine. They represent a cumulative length of more than 250 km. These pipes may be submitted to thinning due to corrosion
which may increase the risk of failure due to plastic collapse. To control this risk, the fitness
for service of the operated pipe, i.e. its mechanical integrity, has to be justified.
This justification of fitness-for service is based on a complete diagnosis. Firstly, it consists in
visual examinations, thickness measurements and material characterization (hardness measurements may be completed by tensile tests on samples). These measurements lead to estimate
statistical distributions of loss of thickness ∆e and ultimate tensile strength Rm. Finally, a Margin Factor is calculated, by using a traditional deterministic approach.
The calculation of the Margin Factor takes into account deterministic “calculation values” for
the loss of thickness ∆ed and the ultimate tensile strength Rmd. For both ∆e and Rm, the calculation values are taken equal to the mean value of the variable minus a standard deviation multiplier γ multiplied by the standard deviation.
The purpose of the study presented in this paper is to optimize these standard deviation multipliers γ by using a semi-probabilistic approach. In this optimization, the format of the mechanical integrity analysis remains deterministic, but the parameters of the deterministic analysis are
optimized through an estimation of the failure probability that has to comply with a target reliability. This kind of approach has been extensively used in many industrial branches and countries, as in the Eurocodes [7].
The paper presents the mechanical model of the structural behavior to plastic instability, as well
as the probabilistic model. The model has been applied for various assumptions regarding the
deterministic mechanical parameters (e.g. nominal thickness enom, mean and standard deviation
of the ultimate tensile strength Rm, standard deviation of the thickness σ∆e …), leading to a large
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number of cases. For these calculations, an envelope value of annual loss of thickness should
be taken.
For each case, an annual failure probability is evaluated. It can be interpreted in our case as a
difference of two consecutive cumulated failure probabilities because the limit state function G
decreases with time. As potentially numerous cases have to be considered, it was important to
implement optimized numerical methods. Firstly, it is shown that the computation of two successive failure probabilities can be avoided due to the fact that the G-function decreases with
time. It is therefore possible to improve the computational performance. Secondly, the use of
the importance sampling method based on the FORM approximation (FORM design point) is
justified. This classical probability evaluation method allows a good compromise between accuracy and performance.
Finally, for a given target failure probability, it was possible to propose optimized values of the
standard deviation multipliers γRm and γ∆e involved in the definition of the calculation values
Rmd and ∆ed which are used for the evaluation of the Margin Factor.
The results of this optimization are presented for steel grades between 320 MPa and 600 MPa
for a target annual failure probability comprised between 10-6 and 10-7 for an elementary pipe.

2 Method of Analysis
2.1 Physical model
2.1.1 Failure criterion
The failure mechanism considered is plastic collapse. The brittle rupture mode is not considered. Under these conditions, the failure criterion, expressed as the exceeding of the limit of the
flow stress σf by the circumferential stress, can be written as follows (see nomenclature):
σC > σf

Failure

To get an expression of the problem independent from the pressure the pipe diameter and the
in-service pressure, this criterion may be written as follows:
−

∙

⋅

△

△

<0

(1)

The allowable stress f can have two expressions (cf. section 2.1.2).
According to [3], we consider a flow stress , which covers the resistance of parent metal and
welds. For this purpose, we choose the following envelope flow stress:
=

1,15 ×

;

"# "
$

%

(2.a)

If the stress-strain curve does present a Lüder’s Plateau, a more severe flow stress should be
taken into account:
=

(2.b)

2.1.2 Evaluation of the deterministic Margin Factor MF
In a diagnosis, the mechanical integrity of a pipe section (consisting in a shell) is characterized
by the Margin Factor, MF, defined as the ratio between the allowable stress f to the circumferential stress:
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For normal in-service conditions, the allowable stress f depends on the quality of information
concerning the material:
- When measurements are available for checking the material properties, f is defined as:

-

*

;

+

=

$

;

+

=

"# "

;

(4.a)
%
When only documents are available for the material properties (without any
measurement), one takes:
*,, $,"#

;

"
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%

(4.b)

2.2 Probabilistic model
2.2.1 Random variable distributions for material characteristics
For material properties, a linear regression has been issued on a sample of penstock grade steels
to estimate the distribution of Re. The figure 1 illustrates the general correlation between µ Re
and µ Rm, with A = 0,834 and B = 64 MPa:
μ"

1 2

= 3 ∙ μ"+ − 4

(5)

We notice that for some special steel grades, the general regression can overestimate or underestimate µ Re. The standard deviation on the estimation of µ Re by the linear regression is equal
to 30 MPa.
µ(Re ) MPa
800
700

Samples of aged penstock steels
600

S235, S355, S550 : [8], [9]
500

µ(Re)reg = 0,834 x µ(Rm) - 64
(General regression for penstock steels)

400
300

General regression ± 1 s.d.

200

General regression ± 2 s.d.
100
200

300

400

500

600

700

800

900

µ(Rm) MPa

Figure 1: Linear regression between µRe and µRm for several steel grades

Data on an existing penstock before its diagnosis generally contains information on the grade
of steel. However, measurements of characteristics (tensile tests or hardness measurements) are
only available by sampling. The mean value of the yield strength µ Rereg can be obtained from
the mean value of ultimate tensile strength µ Rm by applying the general regression (5) and the
available tensile tests allow to reset a better estimation of µ Re, more specific to the considered
steel grade. Since the different pipes constituting the whole penstock are of the same grade, it
is possible to put the following hypotheses:
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-

For a considered grade of steel, Rm should follow a normal distribution whose coefficient of variation is generally below 5%;
- The coefficient of variation of Re is correlated to cvRm and generally greater ([3] mentions a global coefficient of variation up to 7% for Re).
These hypotheses lead us to write the following modeling:
= 3∙

+

−4+6

(6.a)

where ε is a normal variable:
- µ(ε) corresponds to the gap between μ
and its estimation by the general
regression μ" 1 2 = 3 ∙ μ"+ − 4 for the considered grade of steel. Therefore:
μ" = 3 ∙ μ"+ − 4 + μ 7

-

(6.b)

For a considered penstock, its standard deviation σ(ε) characterizes the dispersion of
Re around the mean value 8
= 3 ∙ + − 4 + μ 7 knowing the value of Rm.
Based on observations made on samples of different steel grades, we consider that the
envelope standard deviation of µ ε is proportional to μ" :
9

= : ∙μ

(6.c)

;

The comparison of cvRe vs. cvRm measured on a sample of 19 steel grades with Monte-Carlo
simulations of the Eqs. (6.a) to (6.c) with different values of ω has shown that medium to
envelope estimations of cvRe were obtained with: ω ∈ [2% ; 5%].
2.2.2 Random variable distributions for loss of thickness
The difference between nominal thickness enom and residual thickness results from:
- the supply thickness, generally greater than enom and normally distributed;
- thinning due to water and atmospheric corrosion, which is spatially distributed. It is
normally distributed.
The analysis of 16 penstock diagnoses (with moderate to very severe corrosion thinning), with
more hundreds thickness measurement zones on each penstock have shown that the standard
deviation of ∆e generally ranges between 0,25 and 0,5 mm and never exceeds 1 mm. Therefore,
we chose: σ∆e ∈ [0,25 mm ; 1 mm].
2.2.3 Random variable distributions of the whole model
Finally, the model uses three random input variables (cf. nomenclature):
-

Rm:
∆e:
ε:

Normal distribution; where µ Rm and σRm depend on the steel grade;
Normal distribution; its mean µ ∆e and standard deviation σ∆e are variable;
Normal distribution; its mean µ ε depends on the steel grade and its standard
deviation σε is proportional to ω.

2.2.4 Limit state function
The expression of the G-function is given, for each case, by Eq. (1) in conjunction with either
Eq. (4.a) or Eq. (4.b). In the following, we only develop the case (4.a), with measurements
available on the material and with the flow stress given by Eq. (2.a). Then, Eq. (1) can be written
as follows:
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The expression of G depends on time since the safety margin MF depends on time. MF is assumed equal to 1 at the end of year N; consequently, its value at the end of year N-1 should be
a little bit higher than 1, and it comes:
&' P − 1 =
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+△ T +△ UQQVUW

(8)

Then the two expressions of G at the end of year N and of year N-1 can be derived:
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(10)

The annual thinning of penstocks is generally due to atmospheric and water corrosion. The
recorded corrosion rates are usually in a range between -10 µm/year and -100µm/year. In this
study, the annual failure probabilities are calculated, assuming that ∆eannual = -100 µm/year
considered as an envelope value of the corrosion rate.
2.2.5 Annual probability
Failure during year N corresponds to the following intersection of events:
< =X , Y < 0 ∩ < =XC* ,Y ≥0

(11)

Then, one gets:
_`GGa`b P = _ < =X , Y < 0 ∩ < =XC*, Y ≥0

(12)

In our case, the corrosion phenomenon results in a wall thinning and consequently, the G-function trajectories decrease with time. Therefore, one gets the inclusion:
< =XC*, Y < 0 ⊂ < =X , Y < 0

(13)

And it comes:
_`GGa`b P = _ < =X , Y < 0 − _ < =XC* , Y < 0

(14)

However, this expression is not interesting in terms of practical numerical evaluation, since it
involves the evaluation of two probabilities instead of one, leading to a higher computational
cost for a given precision. It is preferable to notice that due to inclusion (13), the intersection
< =X , Y < 0 ∩ < =XC*, Y ≥0 is equivalent to the event {< =X , Y . < =XC*, Y < 0}.
_`GGa`b P = _ < =P , Y . < =P−1 , Y < 0

(15)

This expression can be useful since it reduces to a single event.
2.2.6 Numerical methods for estimating the failure probability
Since the target reliability levels are relatively high, Crude Monte Carlo is not appropriate for
evaluating (12) or (15). Classical variance reduction techniques would be preferable; a common
possibility would be to require to importance sampling. One difficulty of importance sampling
is to select a relevant new instrumental distribution; as explained in [1], a common practice is
to choose for this new density a normal density centered at the design point u* derived from a
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preliminary FORM evaluation. This is due to the fact that the weight of the failure probability
is generally concentrated in the vicinity of the FORM design point u*. This option is available
in the uncertainty treatment software OpenTURNS used at EDF and PHIMECA Engineering
and jointly developed by EDF, PHIMECA Engineering, Airbus Group and IMACS, which proposes a variety of uncertainty propagation methods [2]. Note that due to inclusion (13), the
design point of the event will be the design point of the event { < =X , Y < 0 }. OpenTURNS
offers the possibility to vary the standard deviation of this density: in some cases a significant
correction of the FORM approximation may be necessary if some contributions far from the
design point have been missed.
An alternative possibility is to use the FORM-System method coupled with importance sampling: in this approach the event is considered here as the intersection of two events and two
sampling densities are used, centered at each design point. This method proves to be robust and
is recommended for validation.
In the following study the first method has been selected based on the product formula (15),
and FORM-System with Importance Sampling has been used for validation.
2.2.7 Target reliability
Various references related to the definition of reliability target values have been reviewed [37]. All these references consider various classes of failure consequences, and are related to the
failure of an entire structural system. Depending on the environment of the penstock, the consequence range of a penstock failure can be considered from “severe” to “very severe” without
any redundancy. Therefore an annual failure probability from 7 x 10-5 to 10-5 has to be considered for an entire penstock (see [3] and [7]).
This target probability may seem low by comparison with the failure rates generally observed
on penstocks in the world. The mean annual failure rate of penstocks is indeed between one and
two order of magnitude higher than this target probability. However, an in-depth analysis shows
that these failures are frequently due to other phenomena such as rock falls, landslides or accidental overpressures. It is justified to aim such a low probability for normal in-service conditions.
As the whole penstock is generally composed by some tens to some hundreds of elementary
pipes, we propose to choose a target annual probability equal to 10-7 to 10-6 for an elementary
pipe, depending on the length of the penstock concerned by the diagnosis.

2.3 Applied methodology for quantile evaluation
The calculation cases are characterized by some distribution and deterministic parameters. For
most of the mechanical integrity analyses, it is possible to get the value of each of these definition parameters. Consequently, for one given calculation case it is possible to find couples (γRm
, γ∆e) for which the failure probability is exactly equal to the target probability value, except if
in the considered range of couples (γRm , γ∆e) (i.e. [0 ; 2,5]2) no solution is available (too high
or too low probability values). It can be shown that the probability of failure Pf is a decreasing
function of γ∆e, and also a decreasing function of γRm. Therefore, Pf is also a decreasing function
of γ such that (γRm, γ∆e) = γ . (1 ; 1). The maximum value of Pf is obtained for (0 ; 0) and the
minimum for (2,5 ; 2,5). Consequently, unless no solution (γRm , γ∆e) in [0 ; 2,5]2 exists, there
is a unique solution γ . (1 ; 1) such that Pf(γ) = Pftarget. The methodology is described on the flow
diagram presented in figure 2 below. Note that this is not an optimization problem looking for
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an optimal solution for some classes of calculation cases: for each case, the unique solution (if
any) is calculated.

2.4 Calculation cases
The calculation cases presented in this paper relate to the allowable stress f1 (cf. Eq. (4.a)).
The standard deviation multiplier γ has been optimized for 780 combinations of the input parameters. The parameters are in the following intervals:
- Allowable stress : f = f1;
- Mean value of the ultimate tensile strength: µ Rm ∈ [320 MPa ; 600 MPa];
- Coefficient of variation of the ultimate tensile strength: cvRm ∈ [2% ; 5%]. Calculations
have been limited to this reduced interval, because analysis has shown that there were
less opportunities for optimizing γ<2 for steel grades with strong dispersions of Rm.
Moreover, in this case it is recommended to use the allowable stress f = f2.
- ω ∈ [2% ; 5%];
- Nominal thickness of the pipe: e nom ∈ [10 mm ; 30 mm];
- Standard deviation of the thinning : σ∆e ∈ [0,25 mm ; 1,00 mm];
- Deviation to the general regression Re = f(Rm): µ ε ∈ [-50 MPa ; +30 MPa].
It can be shown that the γ coefficient is a monotonic function of some parameters. More precisely, it clearly appears, for some parameters, that the envelope case (i.e. the highest value of
γ) corresponds to the lowest value of µ Rm, the lowest value of µ ε, the lowest value of enom and
the highest value of σε.
For a given Pftarget

For a given joint distribution (Rm, ∆e, ε)
(corresponding to the calculation cases defined in §2.4)

MF = 1
µε
enom

Results:
A unique (γRm , γ∆e) = γ . (1 ; 1) such that Pf(γ) = Pftarget
Figure 2: Flow diagram of the optimization process

3 Results
3.1 Annual failure probability for γ = 2
A first calculation of the failure probability has been done for the usual value γ=2 which is
generally the default value taken in diagnoses. The figure 3 shows the failure probabilities calculated with this γ default multiplier.
These results highlight that:
- The failure probability is an increasing function of cvRm;
- The steel grades for which µ Re is 50 MPa (1,65 standard deviation) lower than the mean
µ Re-µ Rm regression lead to a failure probability approximately one decade greater than
the failure probability for steel grades which follow the general regression;
- For most cases, as soon as cvRm ≤ 5%, the annual failure probability is lower than 10-7.
Therefore, an optimization of γ is possible.
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Remark: due to the linear dependence of annual failure probability with the annual thinning
rate ∆e annual, it is possible to consider an equivalence between Pftarget = 10-7 associated with
∆eannual = -10 µm/year and Pftarget = 10-6 associated with ∆eannual = -100 µm/year.
1,E-04

Pf

1,E-05
1,E-06

Pftarget

1,E-07
1,E-08

CV(Rm) ≤ 5%, µ(eps) = -50 MPa

1,E-09

CV(Rm) ≤ 5%, µ(eps) = 0

1,E-10
1,E-11
1,E-12
300

400

500

µRm (MPa)

600

Figure 3: Annual failure probability for γ = 2

3.2 Separate optimization of the γopt multiplier
Separate optimization has been performed for separate subsets of input parameters combinations. The figure 4 below shows the results of optimization of the standard deviation multipliers
γopt with respect to a target annual failure probability equal to 10-7 or 10-6. This optimization is
carried out for standard steel grades (320 MPa ≤ µ Rm ≤ 600 MPa) which follow the general
regression and enom ≥ 10 mm. For these cases, the envelope curves for
γopt(10-7) and γopt(10-6) are represented. We notice that:
- For steel grades which follow the general regression (µ ε = 0), the envelop value of γopt
strongly decays as µ Rm increases.
- For steels for which the general regression overestimates µ Re (µ ε = -50 MPa), the envelope value of γopt does not significantly decay as µ Rm increases.
µε = 0

µ ε = -50 MPa

γopt

γopt

2,00

2,00
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Figure 4: Optimization of γ with and ∆eannual = -100 µm/year

Moreover, it can be interesting to integrate the considerations regarding the monotonic behavior
of γ given in §2.4.: they can help to identify kinds of envelope cases for which γ is equal to 0,
or inferior to a certain value. These envelope cases can also be used to evaluate the influence
of some parameters on γ. Some illustrative results are given in table 1 below.
They correspond to the failure criterion defined by flow stress
stress f = f1, µ ε = 0, µ ∆e = 0 and ω = 5%.
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(see Eq. (2.a)) with allowable

Case n°1 gives such an envelope case for (cvRm = 5% ; σ∆e = 0,25mm). It clearly shows that for
even quite low mechanical properties and small wall thicknesses, it is possible to reach
γopt = 0. All cases with higher µ Rm and enom will have also a γopt =0. Case n°4 confirms this fact.
Similarly, cases n°2 & n°3 give envelope cases for (cvRm = 5% ; σ∆e = 0,5mm) and
(cvRm = 5% ; σ∆e = 1mm). It can be seen that when σ∆e increases, enom has to increase also.
Case n°5 gives also an envelope case for (cvRm = 5% ; σ∆e = 1mm). Compared to case n°3
(similar parameters except for cvRm), it can be seen that enom is lower, due to the fact that cvRm
is lower.
Case n°6, compared to case n°5, shows that enom has a significant influence on γopt.
Cases n°7 & n°8, compared to case n°1, also show that σ∆e have a significant influence on γopt.
Table 1: Some envelope cases
µRm cvRm µ∆ e σ∆e

µε

ω

enom

∆eannual

Pftarget

Pfreal

βtarget

βreal

γopt

1 320 0,05
2 320 0,05
3 320 0,05

0 0,25

0 0,05

10

-0,1

1,00E-07

4,94E-08

5,199

5,329

0,00

0

0,5

0 0,05

20

-0,1

1,00E-07

2,87E-08

5,199

5,427

0,00

0

1

0 0,05

30

-0,1

1,00E-07

3,18E-08

5,199

5,408

0,00

4 600 0,05
5 320 0,02
6 320 0,02

0 0,25

0 0,05

10

-0,1

1,00E-07

1,37E-11

5,199

6,660

0,00

0

1

0 0,05

20

-0,1

1,00E-07

2,31E-11

5,199

6,582

0,00

0

1

0 0,05

10

-0,1

1,00E-07

1,00E-07

5,199

5,199

1,51

7 320 0,05
8 320 0,05

0

0,5

0 0,05

10

-0,1

1,00E-07

9,97E-08

5,199

5,200

0,22

0

1

0 0,05

10

-0,1

1,00E-07

9,99E-08

5,199

5,199

1,55

4 Conclusions
In mechanical diagnoses of existing penstocks subjected to corrosion thinning, the calculation
of Margin Factor requires deterministic values for ultimate tensile strength Rmd and thinning
∆ed, corresponding to quantiles of Rm and ∆e. They are usually taken at two standard deviations
(γ = 2), considering uncertainties and natural dispersion on these variables.
In order to optimize standard deviation multipliers γ for guaranteeing a given target reliability
with regard to the risk of plastic collapse, a semi-probabilistic approach has been developed.
This approach led to implement a structural reliability model for the evaluation of the annual
failure probability of a thinned penstock. A specific formulation has been carried out for the
limit state function. This formulation is independent from the diameter and the in-service pressure. It simplifies the parametric study by limiting the variable parameters. In these conditions,
it was possible to cover most of penstock configurations. Because the limit state function is
decreasing with time, it was also possible to calculate directly the annual failure probability Pf
by considering a single event. This scheme allowed more accurate estimations.
Finally, this study has shown that for most grades of steels (320 MPa to 600 MPa) and for usual
nominal thickness range (10 mm to 30 mm), it is possible to reduce the default standard deviation multiplier γ=2 usually applied to the standard deviation of the ultimate tensile strength σRm
and thinning σ∆e. For certain combinations of input parameters, values of γ from 0 to 1,75 are
compatible with an annual failure probability Pftarget = 10-7 for elementary pipes.
An in-depth analysis of these results is still necessary, in order to define optimal envelop γ for
multi-parametric regions corresponding to subsets of input parameters. Further studies with
fracture mechanics considerations should also be carried out for evaluating pipes with cracks.
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Nomenclature
•

Generic notations:
µX
Mean value of the random variable X
σX
Standard Deviation of the random variable X
(
cvX
Coefficient of variation of the random variable X (fgh = i)
ji

•

Random variables:
Rm
Ultimate tensile strength of the material of the shell considered (MPa)
∆e
Difference from the nominal thickness (mm)
XN
Random variables vector (distribution at the end of year N)

•

Deterministic parameters:
enom
Nominal thickness of the shell (mm)
∆eannual
Annual wall thinning due to corrosion (mm)
MF
Deterministic Margin Factor
Limit state function:
G(XN, p)
Limit state function, performance function, margin

•
•

Standard deviation multipliers, associated to the quantiles:
γRm
Standard Deviation Multiplier (SDM) related to Rm
γ∆e
Standard Deviation Multiplier (SDM) related to ∆e

•

Quantities related to the random variables:
Re
Yield strength of the material (MPa): Re = Α . Rm - B + ε
∆ed
Deviation to the nominal thickness for the Margin Factor calculation (mm):
∆ed = µ ∆e - γ∆e . σ ∆e (“d” = “calculation value for diagnosis” ≠ “design value”)
Rmd Calculation value of the ultimate tensile strength (MPa): Rmd = µ Rm – γRm . σRm
Re d
Calculation value of the yield strength (MPa):
Red = A . Rmd - B + µε
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Abstract: Target reliability levels are derived by optimizing initial structural costs
and considering three major types of potential consequences of structural failure:
a) direct and indirect economic losses, b) societal consequences resulting from
fatalities and injuries, and c) environmental impacts. The guidance on how to estimate and combine these consequences is provided; societal consequences are
expressed using the Life Quality Index (LQI) concept. The case study focused on a
generic load-bearing member reveals that target reliability levels for structural
design are commonly dominated by economic criteria.

1 Introduction
The construction industry is a key commercial field for implementation of the EU Policies
focused on the single market, sustainability, environment and energy. Presently 40-45% of
Europe’s energy consumption stems from buildings with a further 5-10% being used in processing and transport of construction products and components [1]. Structural design concepts
need to be optimized in order to minimize total costs including initial costs and consequences
of possible structural failures. Outcomes of such optimizations can be implemented into present design formats through target reliability levels.
According to ISO 2394 [2], these target levels can be specified by total cost optimization and
by the marginal life-saving costs principle using the Life Quality Index (LQI), i.e. by considering consequences associated to human losses. In the present contribution, structural reliability is optimized considering three major types of potential failure consequences: a) direct and
indirect economic losses due to structural failure, b) societal consequences resulting from fatalities and injuries, and c) environmental impacts. The guidance on how to estimate and
combine these consequences is provided; societal consequences are expressed using the LQI
concept. In a case study focused on a generic load-bearing member, optimized reliability levels are critically compared with the recommendations of ISO 2394 [2].
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2 Methodological background
2.1 Economic optimization
According to the former ISO 2394:1998 [3] and its new edition [2], the target level of reliability should depend on the balance between the consequences of failure and costs of safety
measures. From an economic point of view, the objective is to minimize the total lifetime
cost. The expected total costs Ctot may be generally considered as the sum of the expected
structural cost, costs of inspections and maintenance, and costs related to failure (malfunction)
of a structure. The decision parameter(s) d to be optimised in structural design may influence
resistance, serviceability, durability, maintenance, inspection strategies etc. Examples of d
include shear or flexural resistances, stiffness of a girder to control deflections etc.
The optimization procedure used in this contribution has been described in [4] and developed
in [5]. The structural costs under consideration include:
 Cost C0 independent of the decision parameter (surveys and design, temporary and
assembly works, administration and management, etc.),
 Cost C1(d) dependent on the decision parameter; normally the linear relationship can
be accepted, C1 × d.
In general, the former cost exceeds significantly the latter i.e. C0 >> C1 × d [9]. Failure
cost Cf – the cost related to consequences of structural failure – may include (depending on a
subject concerned, ISO 2394 [2]):
 Cost of repair or replacement of the structure,
 Economic losses due to non-availability or malfunction of the structure, as discussed
before,
 Societal consequences (costs of injuries and fatalities that can be expressed e.g. in
terms of compensations or insurance cost),
 Unfavourable environmental effects (CO2 emissions, energy use, release of dangerous substances etc.) as is related to environmental risk described in Section 4,
 Other (loss of reputation, introducing undesirable ‘non-optimal’ changes of design
practice).
The estimation of failure cost is a very important, but likely most difficult step in the cost optimisation. For consistency, the structural and failure costs need to be expressed on a common
basis. This is achieved by converting the expected failure costs, related to a lifetime t, to the
present value [5]:

1  1  pf d  / 1  q 
E[Cf(t,d)] ≈ Cf pf(d) Q(t,d) = Cf pf(d)
1  1  pf d  /1  q
t

(1)

where Cf = present value of the failure cost; pf(d) = failure probability related to a basic reference period – typically one year [4]; and Q = time factor considering the annual discount
rate q [5]. The lifetime is considered herein to be a minimum from:
 The design working life with respect to ultimate and serviceability limit states
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A useful life determined by obsolescence with respect to physical, economic, functional, technological, social, legal or political aspects; for details see [14, 22].
The term ‘lifetime’ is used here to make distinction between:
 A broader definition adopted here, covering a design working life and useful life, and
 The definitions provided in EN 1990 and ISO 2394 where the aspect of usefulness is
not explicitly considered.
The estimate of a lifetime at design phase is related to considerable uncertainties and in many
cases the lifetime should be treated as a random parameter in economic optimisation studies.
The expected total costs are expressed as:
E[Ctot(t;d)] = C0 + C1 × d + Cf pf(d) Q(t,d)
(2)
The optimum value of the decision parameter dopt (optimum design strategy) is then obtained
by minimising the total cost. Apparently dopt is independent of C0. Following this procedure,
target reliabilities based on economic (monetary) optimisation can be derived in accordance
with [2, 7].

2.2 Human Safety and LQI principle
In general, two types of human risk are distinguished: the individual and the societal risk. The
annual probability of being harmed describes the risk to an individual due to a hazardous situation and is called the individual risk. The individual risk does not account for costs of safety
measures but provides a useful comparison with risk to other activities that are acceptable for
the society. In this contribution, the risk to society or to a group of persons at risk (group risk)
as a whole is of prime interest. The societal risk is often represented by a numerical F-Ncurve as described in [8]. This curve (N represents the number of fatalities and F is the frequency of accidents with more than N fatalities) shows the probability of exceedance as a
function of the number of fatalities N on a double logarithmic scale and are used for risk assessment in several industrial fields such as chemical, offshore or transportation industry. The
societal or group risk can be linked to the individual risk through statistical information on
occupancy.
The Life Quality Index LQI, as for example discussed with respect to its implementation in
technical standards in [9], was developed to support decisions related to allocations of available public resources between and within various societal sectors and industries. The LQI is an
indicator of the societal preference and capacity for investments into life safety expressed as a
function of GDP, life expectancy at birth and ratio between leisure to working time [2].
The ISO standard [2] provides detailed guidance on how preferences of the society regarding
investments into health and life safety improvements can be described by the LQI concept.
The target level is derived by considering the costs of safety measures, the monetary equivalent of societal willingness to save one life, and the expected number of fatalities in the event
of structural failure. Essentially, this approach combines economic and human safety aspects.
Compared with economic optimization, it should lead to lower target reliability indices, as
only the human consequences of structural failure are taken into account, while other losses
such as economic and environmental costs are not taken into account. In the LQI approach,
the danger to which the people are subjected might vary on an individual basis within the
group of people affected, which may be deemed unethical [13].
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3 Discussion
Target reliability criteria are implemented based on the aforementioned methodological aspects in various international and national standards. In EN 1990:2002 [10] and
ISO 2394:2015 [2] the index β is generally used as a measure of the reliability. Reliability
index is related to the failure probability through the inverse of the standardized normal cumulative distribution. The target reliability levels in codes of practice provide criteria for limit
states that do not account for human errors, i.e. the target levels should be compared with the
so-called notional reliability indicators, ISO 2394:2015 [2]. The target reliability levels are
usually related to member failures and are differentiated with respect to various parameters
with the most important of them being the consequence class reflecting the failure consequences and though reflecting the risk aspect. The parameters of risk acceptance criteria used
in industrial applications and related standards have a considerable scatter. The comparison of
selected approaches is discussed in [4] and can be summarized as follows:
 Rational risk acceptance criteria are needed for human safety, economic and environment consequences of structural failure.
 In general the optimum reliability levels should be specified considering both the relative costs of safety measures and failure consequences over a structural lifetime under the constrains imposed by human safety.
 An overall design strategy is mostly dominated by economic aspects while human
safety aspects need to be verified only in special cases.

4 Estimation of total failure consequences
Besides human safety, environmental and economic risks play an important role in decision
making. The environmental consequences can be presented in terms of permanent or longterm damage to terrestrial, freshwater, marine habitats and groundwater reservoir. Thereby the
parameter of damage is commonly represented by the damaged area or volume, for example
of soil or groundwater. As explained above, the LQI approach considers basically human
safety and leads to somehow lower values compared to reliability targets in standards [4]. The
total consequences Cf should be obtained by adding human losses including injuries, economic losses and environmental losses:
Cf = SWTP (Nf +b Ni) + Ck +cu AEk
(3)
where Nf = number of fatalities; Ni = number of injuries; b < 1 parameter weighing injuries
with respect to fatalities, for example b = 0.1 [11]; SWTP = societal willingness to pay [4, 9];
Ck = economic (financial) consequences; AEk = damaged area of the environment (soil, surface or underground water, air pollution); and cu = unit costs to recover the damaged area.
A possible monetarization of the environmental consequences can be interpreted from the
Swiss guideline [11]:
 cu = 10 × SWTP per km2 of superficial water
 cu = 0.001 × SWTP per km2 per year for contaminated soil.
It is noted that life-saving costs must be discounted at the same rate as other investments to
avoid inconsistency.
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5 Case Study
The following case study is focused on a generic load-bearing member – a key component of
a structural system – and optimized reliability levels are derived for different ratios between
the aforementioned types of consequences for ultimate limit states. The case study takes basis
in the simple example provided in Annex G of ISO 2394 [2] to allow for comparison with the
target reliability levels given in this standard.
A fundamental limit state function is considered:
Z(d) = R(d) – E
(4)
where R = resistance; E = annual maxima of a load effect; d = decision parameter defined
here as the ratio between the mean values of R and E, d = μR / μE. Annual failure probability is
obtained as pf(d) = P[Z(d) < 0].
Probabilistic models of basic variables are described in Table 1. The load model may represent annual maxima of wind pressure assuming small variability of permanent actions. Larger
coefficients of variations should be considered in common cases for snow and imposed loads
whilst lower values often apply for traffic loads, water actions or heavy imposed in industrial
buildings.
Table 1: Probabilistic models of basic variables

Variable
Resistance

Load
effect

Description
Properties of resistance parameters such as material characteristics
or geometry and resistance model uncertainty related to e.g. flexural or shear resistance, axial compression, buckling etc.
Properties of:
- permanent actions
- time-invariant components of variable actions such as shape,
exposure and other factors or load model simplifications such as
neglect of spatial variability
- annual maxima of time-variant components of variable actions,
for instance snow load on the ground, basic wind velocity pressure,
imposed or traffic loads.
Combination of variable actions is not considered herein.

Distr.

μX

Coeff.
var.

lognormal

μR

0.2

Gumbel
(max)

μE

0.4

For the probabilistic models given in Table 1, the annual target reliability index of 4.7 – indicated in EN 1990 [10] for a medium reliability class – is reached for d = 6.7.
The tentative minimum annual target reliabilities provided in ISO 2394 [2] are based on the
following acceptance criterion:


C (d )   s   
d p f d 
 K1  1
dd
SWTP  N f

(5)

The parameters indicated in Annex G of the ISO standard are adopted in the following analysis:
 K1 = 10-4.5 for small relative life-saving cost that is deemed relevant for most design
situations where higher reliability can be readily achieved;
 γs = 0.03 as an interest rate of relevance for decision-making on behalf of society,
moderately selected rate of economic growth;
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ω = 0.02 as an annual rate of obsolescence that corresponds to the reciprocal value of
a lifetime;
 SWTP = 5 100 000 CHF;
 Nf = 10 is the expected number of fatalities that could be associated with Consequence
Class CC3 according to ISO 2394 [2] where CC3 is associated with Nf < 50 and CC2
with Nf < 5; five CCs are distinguished in the ISO standard. Medium failure consequences are related to ten fatalities in [15]. Note that the empirical data in [16, 17]
provide indications on the relationship between Nf and collapsed floor area (buildings)
or span length (bridges).
For these notional values, C1(d) = 32 000 CHF is obtained. K1 in the range from 10-5 to 10-4 is
associated with annual target reliability index of 4.2 in ISO 2394 [2] and this reliability level
corresponds to d = 5.5, which is about 20 % lower compared to the Eurocode level.
Equation (5) takes into account only fatalities. In most structural collapses, human consequences related to injuries are equally or more important than those associated with fatalities.
The analysis of failure consequences by Kanda and Shah [20] reveals that the ratio inj =
b Ni / Nf – see Equation (3) – ranges from 0.05 to 2.5; the extreme values were obtained for
fire stations and apartments, respectively. Note that the analysis covered residential houses,
small shops, tall office buildings, hospitals, fire stations and nuclear power plants exposed to
earthquakes.
Figure 1 displays the variability of annual reliability index βLQI obtained from relationship (5)
with lifetime – affecting a value of the annual obsolescence rate – for inj = 0; 1 and 2.5. It
appears that the effect of lifetime and of the human consequences due to injuries is marginal;
as an example:
 βLQI increases from 4.25 to 4.37 for lifetimes of 25 and 100 years, respectively, and for
inj = 1;
 For lifetime of 50 years, the consideration of injuries leads to increasing βLQI from
4.17 (no injuries) to 4.32 and 4.44 for inj = 1 and 2.5, respectively.
Most of structural failures are associated with economic losses rather than with severe human
consequences. The results obtained by Kanda and Shah [20] suggest that the ratio between
economic losses and human consequences due to fatalities and injuries, econ =
Ck / [SWTP(Nf + b Ni)] – see Equation (3), – ranges from nearly zero to 4. The extreme values
were obtained for nuclear power plants and small shops, respectively. Note that econ ≈ 6 was
obtained for the World Trade Centre collapse [21] while econ exceeding 4.5 and 10.7 was
estimated for the Kobe and Northridge earthquakes, respectively [23].
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Figure 1: Variability of annual βLQI with lifetime
(inj = 0; 1 and 2.5)
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Figure 2: Variability of lifetime βecon with lifetime
(inj = 1; econ = 0; 2 and 4)

Total lifetime cost can be optimised using the methodology provided in Section 2.1 for the
annual discount rate q = 0.03. Figure 2 shows the variability of economically optimal βecon
values with lifetime for inj = 1 and three values of econ – 0; 2 and 4. It follows from the figure that:
 The effect of lifetime on the βecon values is small.
 βecon is close to the value 3.8 given in EN 1990 [10] for 50 years when only human
consequences are considered and losses due to injuries are equally important to those
resulting from fatalities (inj = 1 and econ = 0).
 βecon increases by about 0.4 when economic losses become considerable (econ = 4).
Also shown in Figure 2 is βLQI for the alternative when the losses due to injuries are disregarded. It can be seen that it provides a lower bound on the target levels. Note that βLQI is recalculated from annual to lifetime values using the relationship based on the assumption of
independent annual failure events; see EN 1990 [10].
It is noted that the effect of environmental consequences – see Equation (3) – can be investigated in a similar way as is presented for economic losses.
The aforementioned results are based on coefficient of variation of annual maxima of load
effect VE = 0.4 (Table 1) that may represent a dominating wind action. The following results
suggest that the effect of VE on the target levels is small (lifetime of 50 years):
 Lifetime values βecon(inj = 1; econ = 2): 4.2 for VE = 0.15 (for instance for well-defined
imposed or traffic loads); 4.1 for VE = 0.4 (~wind pressure); and 4.05 for VE = 1.0
(~imposed load);
 Annual βLQI(inj = 0): 4.35 for VE = 0.15; 4.2 for VE = 0.4; and 4.0 for VE = 1.0.
Note that cases where structural reliability is dominated by time-invariant variables or where
non-stationary conditions – e.g. deteriorating structures or increasing loads – require further
discussions beyond the scope of this limited study.
Figure 3 reveals a significant effect of the constant K1 given in relationship (5) on βecon. The
constant gives an indication on the ratio between failure consequences and marginal cost of
the decision parameter; larger values of the constant represent increasing significance of fail-
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ure consequences relatively to costs of safety measures. Apparently, this factor is a key parameter when specifying target levels.
5
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βLQI(50 y.,
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2
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4

Figure 3: Variability of lifetime βecon with the ratio econ and different values of K1 (t = 50 years; inj = 1)

The numerical example is intentionally based on the values of the parameters indicated in
ISO 2394 [2]. However, different values may apply in practical applications. As shown
above, the key issue is the specification of failure consequences and the marginal cost of a
decision parameter. More attention needs to be paid also to obsolescence rate and lifetime,
estimates of which are associated with considerable uncertainties and depend on the type of
use of a building as examined in extensive studies by Langston [14, 22]. In addition, appropriate values of the interest and discount rates need to be defined – values lower than 3 %
were proposed [18, 19] for sustainable intergenerational decision making associated with
longer lifetimes. However, preliminary results suggest that the aforementioned influences
remain small – for example considering inj = 1 and econ = 2:
 A lifetime value βecon = 4.1 is obtained for t = 50 y.; ωs = 2% and γs = q = 0.03.
 It decreases negligibly (to 4.0) for t = 100 y.; ωs = 0.5% and γs = q = 0.02.

6 Conclusions
The target reliability levels should be derived by optimizing the total costs and implementing
the three types of direct and follow-up failure consequences including fatalities and injuries,
economic losses and environmental impact. The ratios between the different consequences
vary considerably depending on characteristics of an initiating event, type of structure and
occupancy, location of the structure, interdependency with other infrastructures etc.
The presented case study of a key load-bearing member covers a wide range of the aforementioned consequences caused by earthquakes. It follows from the numerical analysis that:
 The optimum design strategy is commonly dominated by economic consequences; reliability indexes derived from the Life Quality Index (LQI) principle according to
ISO 2394:2015 seem to be lower when human losses are considered only.
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Large economic consequences due to direct or indirect losses including environmental
recovery and clean-up costs may increase the target level of reliability index significantly.
 The ratio between failure consequences and marginal costs of the decision parameter
is of key importance when specifying an appropriate target level.
 It seems that the effect of lifetime and of the human consequences due to injuries is often marginal.
Target reliability levels should be established in close cooperation of reliability and risk experts, owners and economists as they are affected by civil engineering, economic, societal and
environmental factors. For standardization purposes, it is recommended to specify failure
consequences on a monetary basis.
Further extensions are needed to provide an overall insight into establishing target levels and
provide the basis for standardisation:
 The consequence database utilised in this study is based on experience with earthquakes and major collapses. Further studies should thus be focused on other initiating
events such as strong wind or heavy traffic loading and more frequent failures that result in local damage.
 Infrastructures are becoming more and more interconnected and follow-up consequences for major accidents may need to be revised in a resilience-based context.
 The economic optimisation presented herein assumes a limited lifetime; in [2, 9] the
assumptions of systematic replacement and indefinite lifetime are adopted. The two
different approaches need to be further compared and discussed.
 The effect of a lifetime and obsolescence rate needs to be further investigated due to
various influencing and highly uncertain contributing parameters.
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Abstract: In recent years, Japanese structural design codes have been modified so
as to comply with international standards, such as ISO2394. The most of the design codes to be revised adopt the partial factor format in the safety verification.
One of the critical issues is how to set the appropriate partial factors for various
limit state functions. In this study, the procedure to set partial factors according to
the required safety level is described. The results of this study can be used as reference materials when some design codes are revised complied with international
standards.

1 Introduction
In TBT (Technical Barriers to Trade) Agreement [1] which came into effect in 1996, it is required that technical regulations should be developed as performance codes and complied
with international standards. In Japan, to comply with these requirements, The Building
Standard Law was revised in 1998, and some structural design standards have also been revised as performance codes. As for international standards, there is ISO2394 (General principles on reliability for structures) [2]. In this standard, limit state design method is adopted and
it is required that the quantitative verification of structural safety with respect to required performances should be carried out for each limit state. To estimate the performance quantitatively, reliability-based design is indispensable. In other words, it is required in TBT
Agreement that domestic design codes should be revised as reliability-based design.
In line with this trend, some Japanese design codes have been revised, however, only Technical standards and commentaries for port and harbour facilities in Japan [3] was completely
revised in 2007 in accordance with the concept of the reliability-based design. The concept of
Standard specifications for concrete structures [4] which is established by Japan Society of
Civil Engineers was made a transition from allowable stress design method to limit state design method. However, the study on the way to estimate safety factors is hardly carried out.
In this study, the way to estimate partial factors and the values of those to apply the present
Standard specifications for concrete structures to the level 1 reliability-based design (reliability-based design with partial factors) are shown. Additionally, this study aims to provide the
knowledge obtained from this study to revise the standard as complying with international
standards in the future. In Standard specifications for concrete structures, many methods to
check the performance of structures are provided, and we focus on the ultimate limit state of
RC section subjected to bending moment and axial force in this study.
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2 Model Settings
The target structure is a RC beam with rectangular cross section as shown in Figure 1. The
beam is subjected to the bending moment M and the axial force N. We assume the stressstrain curves shown in Figure 2 and 3 for concrete and reinforcement, respectively. N-M interaction curve is expressed in Figure 4. The eccentricity (e = M / N) at balanced failure condition is 0.3.

3 Limit State Function and Partial Factors
3.1 Limit State Function
The limit state function g in partial factor format for the ultimate limit state of reinforced concrete structures subjected to bending moment M and axial force N is expressed as

g = M u ( f 'c g c , f y g s ) g b − g f M

(1)

Here, M u : ultimate capacity of bending moment of structural section, f ' c : compressive
strength of concrete, f y : yield strength of reinforcement, M : bending moment, γ c : material
factor of concrete, γ s : material factor of reinforcement, γ b : structural element factor and γ f :
load factor.

100

500

3-D19

100

N

3-D19

1000

M

Figure 1: Cross section

Figure 2:Concrete model
N
eccentricity： e =

M
N

Compressive failure
Balanced failure condition
eb = 0.30
M
0

Figure 3:Reinforcement model

Tensile failure

Figure 4:N-M interaction curve
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3.2 Estimation of Partial Factors
As design variables in this study follow a normal distribution (see the next chapter), partial
factors can be estimated by the following equations.

γ = fk fd
f d = µ (1 − αβ tV )

(2)
(3)

Here, f k is characteristic value, f d is design value which is the value of design variables at
the design point, µ is the mean of design variables, α is the sensitivity factor of design variables, β t is target reliability index, and V is the coefficient of variation (COV) of design variables.
The process to calculate partial factors by reliability analysis is shown in Figure 5. In the reliability analysis, probability to the limit state is calculated using the statistic of design variables and reliability index can be obtained. As the aim of this study is to obtain partial factors
corresponded with target reliability index, we choose the way to find the partial factors when
obtained reliability index equals to target reliability index by processing the calculation shown
in Figure 5 repeatedly with changing mean of the bending moment.

Input:
statistic of design variables (µ, V) ,
data of RC section, eccentricity e,
bending moment M

Calculation:
・ X → U (Rosenblatt transformation)
・ g = Mu - M

Reliability Analysis

Output:
reliability index β, sensitivity coefficient α

partial factor g
Figure 5: Procedure to estimate partial factors
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4 Design Variables
4.1 Statistics and Distribution
The statistics and the distribution type of design variables are shown in Table 1. We use the
statistics of compressive strength of concrete and yield strength of reinforcement which authors usually use in the practice. Since the COVs are not so large, we assume normal distribution as the probability density function of all design variables.
In Standard specification for concrete structures, member factor γ b is taken as 1.1. In this
study, we assume that the value obtained by dividing flexural strength by member factor is
fractile value of 5%, and under this assumption, we estimate member value.

4.2 Range of Variation
In order to check the influence on partial factors, reliability analysis are conducted changing
the COVs of three design variables, compressive strength of concrete, yield strength of reinforcement and bending moment. The COVs of the variable are changed like below.
Compressive strength of concrete: 0.05, (0.075), 0.10
Yield strength of reinforcement: 0.04, (0.06), 0.08
Bending moment:
0.05, (0.10), 0.15
Here, the values in brackets are standard values.
Eccentricity e is also changed to eight kinds of values, 0.02, 0.05, 0.1, 0.2, 0.5, 1.0, 2.0 and
5.0. In this study, we assume that bending moment M and axial force N are perfectly correlated, so eccentricity e becomes the definitive value.
Partial factors of the design variables are calculated under five levels of target reliability indexes, 2.0, 2.5, 3.0, 3.5 and 4.0. Additionally, in the case that COV of bending moment is
20%, partial factors are calculated and compared with those of the case that COV of bending
moment is 10%. In this case, the standard values are used as COV of each design variable and
target reliability index is changed to five levels of values, 3.0, 3.5, 4.0, 4.5 and 5.0.
Table 1 Statistics and distribution type of design variables

Design
variables
compressive
strength of
concrete
(N/mm2)
yield strength
of reinforcement
(N/mm2)
bending
moment
member
factor

Mean

Characteristic
value

COV

Distribution
type

33.7

30

0.075

normal
distribution

379

345

0.06

normal
distribution

*

mean

0.10

1.0

mean

0.055
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normal
distribution
normal
distribution

5 Reliability Analysis
The concept of the reliability analysis adopted in this study is as follows.
1) Transform the design values to the standard normal variables by Rosenblatt transformation
2) Search the point which is the minimal distance point from the limit state (g(u)=0) to the
origin in a standard normal space (this point u is called design point). The distance from
the origin to the design point is the primary approximation of reliability index (β).
3) Calculate the occurrence probability of the area which is approximated by the hyperplane (l(u)=0) tangent to the failure surface at the design point (First Order Reliability
Method, FORM) The occurrence probability by FORM is described as

Pf ≈ Φ (− β )

(4)

Here, Φ (⋅) is the standard normal probability distribution function.
4) Calculate the occurrence probability of the area which is approximated by the paraboloid
(q(u)=0) which curvature equals to the curvature of the failure surface at the design point
(Second Order Reliability Method, SORM) [5] (see Figure 6). The occurrence probability
by SORM is described as

Pf ≈ Φ (− β ) ⋅ C s
n −1

(

C s = ∏ 1 −ψ (− β )k j
j =1

ψ (− β ) =

(5)
−1 2

)

ϕ (− β )
Φ (− β )

(6)
(7)

Here, C s is the correction factor of FORM, k j is the j-th curvature of the failure surface

at the design point, and ψ (− β ) is the standard normal probability density function.
5) Converge to the exact result by correcting the result of SORM using Importance Sampling (IS) [6] (see Figure 7). The occurrence probability by IS is described as

Pf ≈ Φ (− β ) ⋅ C s ⋅ Ci
Ci =

n −1

 1
1 N Φ ( f (v i ))
(
)
ψ
β
k j vij2 
exp
⋅
−
−

∑
∑
N i =1 Φ (− β )

 2
j =1

(8)
(9)

Here, Ci is the correction factor of SORM, v i is the vector obtained by the i-th sampling,

and f (v i ) is the distance from v i to the failure surface.
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β

g ( u ) =0
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0
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1
σj =
1 − ψ (− β ) k j
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Figure 6: FORM / SORM

Figure 7: Update by importance sampling

6 Results
6.1 Material Factor
To examine the effect of the eccentricity, COV of material strength and coefficient variations
of the applied load, reliability analysis is conducted.
6.1.1

Effect of eccentricity

The relationship between eccentricity and COV of the compressive strength of concrete and
the yield strength of reinforcement is shown in Figure 8.
In the compressive failure area (e < 0.3), as the target index βt becomes larger, the material
factor of the compressive strength of concrete gc becomes larger. On the other hand, the material factor of the yield strength of reinforcement gs remains constant (=0.92). This value equals
to the value obtained by dividing the characteristic value of the yield strength of reinforcement (=345N/mm2) by the mean of that (379N/mm2). It means that the yield strength of reinforcement at the design point becomes the value around the mean and in the compressive
failure area the variability of the yield strength of reinforcement does not affect the limit state
function so much.
In contrast, in the tensile failure area (e > 0.3), as the target index βt becomes larger, the material factor of the yield strength of reinforcement gs becomes larger. On the other hand, the
material factor of the compressive strength of concrete gc remains constant (=0.90). This value
equals to the value obtained by dividing the characteristic value of the compressive strength
of concrete (=30N/mm2) by the mean of that (33.7N/mm2). It means that the compressive
strength of concrete at the design point becomes the value around the mean and in the tensile
failure area the variability of the compressive strength of concrete does not affect the limit
state function so much.
To confirm this tendency, we calculated the flexural strength under changing the material
factor of the yield strength of reinforcement in the compressive failure area and the material
factor of the compressive strength of concrete in tensile failure area. The results are shown in
Table 2. In compressive failure area, even if the material factor of the yield strength of reinforcement changes, the ultimate capacity of bending moment does not change. Similarly, in
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1.05

β=2.0, γc

1.00

β=4.0, γs
β=3.5, γs
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β=3.0, γs
β=2.5, γs
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β=2.0, γs
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0.01

1.00

0.10

10.00

eccentricity e

Figure 8: Relationship between eccentricity and the coefficient of variations of the compressive strength of concrete and the yield strength of reinforcement

tensile failure area, even if the material factor of the compressive strength of concrete changes,
ultimate capacity of bending moment does not change. The reason for this tendency is that in
compressive failure area the design value of the yield strength of reinforcement is smaller
than the yield strength.

6.1.2

Effect of COV of material strength

The relationship between the material factor of concrete strength and COV of that is shown in
Figure 9. In compressive failure area, as COV of the concrete strength becomes larger, the
material factor becomes larger.
Similarly, the relationship between the material factor of the yield strength of reinforcement
and COV of that is shown in Figure 10. In tensile failure area, as COV of the yield strength of
reinforcement becomes larger, the material factor becomes larger.
Though Figure 9 and 10 shows the results at βt=3.0, we have confirmed that the results at the
other βt follow the same tendency.
6.1.3

Effect of COV of load

The relationship between COV of load and the material factor of each strength of concrete
and reinforcement in compressive area (e = 0.02) is shown in Figure 11. It shows that as COV
of load becomes larger, the material factor of concrete strength becomes smaller. Additionally,
the same relationship as above in tensile area (e = 5.0) is shown in Figure 12. It shows that as
COV of load becomes larger, the material factor of yield strength of reinforcement becomes
smaller.
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Figure 9: Concrete strength (Effect of COV)
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Figure 10: Yield strength of reinforcement
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Figure 11:Material factor (Effect of COV of load) [Compressive failure area]

Figure 12: Material factor (Effect of COV of load) [Tensile
failure area]

6.2 Load Factor
The relationship between eccentricity and load factor is shown in Figure 13. As target index βt
becomes larger, load factor gf also becomes lager. The load factor in tensile failure area is
larger than that in compressive failure area, however, the difference of that is not so big, so it
can be said that we can use constant load factor regardless of the eccentricity.

6.3 Member Factor
The relationship between the eccentricity and member factor is shown in Figure 14. As target
index βt becomes larger, member factor gb also becomes lager. The member factor in tensile
failure area is slightly larger than that in compressive failure area, however, the difference of
that is not so large, so we can use constant member factor regardless of eccentricity.
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Figure 13:Load factor (Effect of eccentricity)

Figure 14:Member factor (Effect of eccentricity)

7 Setting of Partial Factor
The partial factors based on this study are shown in Table 2. In this table, the partial factors in
Standard Specifications for Concrete Structures (JSCE) and COVs are also described.
Table 2 shows that as the target index becomes larger (in other words, the higher safety level
is required), each partial factor also becomes larger. The reason why the material factor becomes less than 1.0 in some cases is that the design values of concrete strength and yield
strength of reinforcement are larger than the characteristic value of those and partial factors
are defined by dividing the characteristic value by the design value (see eq.(2)).
Table 3 shows the results in the case that COV of load is 10%, and we also calculate the case
that COV of load is 20% and set the partial factors. The results are shown in Table 3. Comparing both results at the same target reliability index, load factor of the latter is 25 to 30%
larger than the former one. However, the other factors of the latter are 2 to 5% less than the
former one.
From these reasons, the conclusions below can be drawn.
1) The partial factors need to be decided according to the required safety level (target reliability index).
2) Each partial factor should be decided combined with other partial factors.
3) When a partial factor is changed, all other factors should be also revised.
Table 2 Partial factors (COV of load = 10%)

Target index

Material factor

Load factor

Member factor

βt

gc

gs

gf

gb

2.0
2.5
3.0
3.5
4.0
C.O.V.

0.98
1.01
1.03
1.07
1.11
7.5%

0.97
0.99
1.01
1.03
1.05
6%

1.13
1.16
1.19
1.23
1.25
10%

1.06
1.07
1.09
1.11
1.12
5.5%
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Table 3 Partial factors (COV of load = 20%)

Target index

Material factor

Load factor

Member factor

βt

gc

gs

gf

gb

3.0
3.5
4.0
4.5
5.0
C.O.V.

1.00
1.03
1.06
1.09
1.13
7.5%

0.98
1.00
1.02
1.04
1.06
6%

1.49
1.56
1.63
1.69
1.75
20%

1.06
1.08
1.10
1.12
1.14
5.5%

8 Conclusions
In this study, the partial factors about “the ultimate limit state of RC structures subjected to
flexural moment and axial force”, which is defined in Standard specifications for concrete
structures, is discussed based on reliability analysis. The conclusions of this study are bellow.
1) The way to calculate the partial factors of the design variables based on reliability analysis is described.
2) Even if the constant values are selected as material factor, load factor and member factor
regardless of the eccentricity, it does not influence on the result of performance verification so much.
3) The partial factors of design variables should be selected according to the required safety
level (target reliability index).
4) Each partial factor of design variables should be selected by combining with others.
5) When COV of a design variable is changed, all partial factors of the design variables
should be revised.
When the level 1 reliability-based design is adopted in structural design standards, 1) to unify
the way to set the safety level, 2) to collect the statistics of deign variables and 3) to use more
precise reliability analysis method, are essential.
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Abstract: As an international standard for the harmonization of practical semiprobabilistic structural design, ISO22111 is now under revision. The present paper proposes a practical method for load and resistance (LR) factors that can be
applied to a wide range of target reliability levels where random variables are
approximated as shifted lognormal random variables. Although LR factors for
shifted lognormal random variables cannot generally be expressed in a closed
form, they can theoretically be expressed simply under certain conditions. The
applicability of the proposed method was investigated by checking the achieved
reliability level considering various statistical characteristics of the loads and resistance.

1 Introduction
It is widely acknowledged that the performance level of a structure in terms of safety and serviceability should be differentiated depending on the failure mode and associated consequences.
Such a problem can be treated more rationally with probabilistic methods that can explicitly and
consistently take into account uncertainties in loads, material properties, etc. Semi-probabilistic
design formats have been developed in many countries by using load and resistance (LR) factors, partial factors, or r-year return values; the performance level can be controlled by adjusting
these factors and/or values. Efforts have been devoted to spreading the idea and harmonizing design formats. ISO22111 [3], which is an international standard for practical semi-probabilistic
structural design, is now under revision. However, intensive knowledge on the theory of probability and statistics is required to determine the appropriate factors for satisfying a target reliability level.
In order to fully implement the advantages of reliability-based design, practical methods have
been developed for determining LR factors by using lognormal approximation [5, 1] to take advantage of the fact that LR factors for lognormal random variables can be expressed in a closed
form. Although such approximation provides a simple method, it cannot really capture the tail
behavior of non-lognormal random variables and provides a relatively large error, especially
when the target reliability is relatively high. Zhao and Lu [6] proposed a method for LR factors
that uses the third-moment method based on the three-point lognormal distribution. However,
the third-moment method is not quite applicable when the variability in resistance is relatively
large and the target reliability is relatively high.
In accordance with the revision of ISO22111, this paper proposes a practical method for LR
factors that can be applied to a wide range of target reliability levels where random variables
are approximated not by lognormal but by shifted lognormal random variables. By adjusting
three parameters rather than two, the tail behavior of a non-lognormal random variable can be
captured well. Although LR factors for shifted lognormal random variables are not generally
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expressed in a closed form, they can theoretically be expressed simply under certain conditions.
The approximation formulas for various random variables following Type I and Type II extreme
value distributions are also presented in this paper. The applicability of the proposed method was
investigated by checking the achieved reliability level and considering the various statistical
characteristics of the loads and resistance.

2 Load and resistance factors for shifted lognormal random variables
2.1 Load and resistance factors
When a structural component with the resistance R is subjected to a combination of load effects
Si (i = 1, . . . , n), the limit state function can be expressed as
n

G(r, s) = r − ∑ si

(1)

i=1

The random variable X, which is either R or Si , can be transformed into the standard normal
random variable, U, by the following equation:
X = FX−1 {Φ(U)}

(2)

where FX−1 (x) is the inverse of the cumulative distribution function (cdf) of X and Φ(u) is the
standard normal cumulative distribution function.
By substituting Eq. (2) into Eq. (1), the corresponding limit state function g(u) in a standard
normal space can be obtained. By applying FORM [4], the design point u∗ = −α · β can be
determined as the closest point on the limit state surface g(u) = 0 to the origin, where α is the
directional cosine vector of g(u) at the design point and β is the reliability index.
By substituting u∗X = −αX · β into Eq. (2), the design points in the original space r∗ and s∗i ’s can
be obtained. The design format for the limit state design can be obtained as
n

ϕ · µR = ∑ γi · µSi

(3)

i=1

where µX is the mean of X, and γi and ϕ are the LR factors, respectively. These are expressed
as
F −1 {Φ(−αX · βT )}
γi or ϕ = X
(4)
µX
where βT is the target reliability index.

2.2

Load and resistance factors for shifted lognormal random variables

When a random variable X is a shifted lognormal random variable, the cdf of X, FX (x), can be
expressed as
)
(
ln(x − x0 ) − µlnY
(5)
FX (x) = Φ
σlnY
where µlnY and σlnY are the mean and standard deviation, respectively, of lnY . Y is a lognormal
random variable defined as Y = X − x0 .
When R and Si ’s are shifted lognormal random variables, the LR factors can be expressed by
substituting Eq. (5) into Eq. (4):

γi = exp (−αSi · βT · σlnYi ) · exp(µlnY ) + s0i /µSi

(
)
ϕ = exp −αR · βT · σlnY0 · exp(µlnY0 ) + r0 /µR
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(6)
(7)

where Y0 and Yi (i = 1, . . . , n) are lognormal random variables defined by Y0 = R − r0 and Yi =
Si − s0i , respectively.
As unknown values in Eqs. (6) and (7), µR are αX ’s can be estimated with several iterations [4].
If appropriate initial values can be obtained as proposed in the following, they can be estimated
fairly accurately with only one iteration.
By substituting Eq. (5) into Eqs. (2) and (1), the limit state function can be expressed as
(
)
n
n
µR
µSi
+ r0 − ∑ s0i
(8)
g(u) = exp(uR σln R ) √
− ∑ exp(uSi σln Si ) √
2
2
i=1
1 +VSi
1 +VR i=1
where VX is the coefficient of variation (c.o.v.) of X
The directional cosine αX at the design point can be expressed as

αX =

∂ g(u)
∂ uX

u=−α ·βT

= σln X exp(−αX βT σln X ) √

µX
1 +VX2

(9)

It is proposed here that the initial factor of αR be estimated as

where σln Q is estimated by

σlnY0
σln R
αR = √
=√
2 +σ2
σlnY
σln2 R + σln2 Q
ln Q
0

(10)

√
σln Q = ln(1 +VQ2 )

(11)

and VQ is the c.o.v. of Q estimated by

VQ =

σQ
=
µQ

√

n

∑ σSi

√

2

i=1
n

∑ µSi

=

i=1

n

∑ σYi 2

i=1

n

n

i=1

i=1

(12)

∑ µYi + ∑ s0i

Note that Eq. (10) provides a rigorous value when a component is subjected to a single load
effect and when R and S are ordinal lognormal random variables.
Then, the directional cosines for load effects Si are estimated by

αSi =

σln Q
σSi
·√
σQ
σ2 +σ2
ln R

(13)

ln Q

The initial value of µR is estimated by using Eqs. (3), (6) and (7) with directional cosines
estimated by Eqs. (10) and (13).
When more than one load effect can be considered as primary load effects, FORM tends to
provide non-conservative results. In order to take this into account, it is proposed that the target
reliability index be multiplied by the safety factor κ , which is defined in Eq. (14), before the LR
factors are finally estimated with Eqs. (6) and (7).

κ=

(

1
1+ √
βT

)(

√

1
(αR )2 + (max{αSi })2
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)

−1 +

n

∑ σln Si − max{σln Si }

i=1

10βT

(14)
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Figure 1: Achieved level of reliability with shifted lognormal random variables
Table 1: Probability models of the load effects and resistance

Variable
R
S1
S2
S3

Cdf
Lognormal
Lognormal
Lognormal
Shifted Lognormal

C.o.v.
0.15 , 0.5
0.1
0.45
0.2 , 0.45 , 1.0 , 2.0

Mean
βT = 1.0 - 5.0
1.0
1.0
1.5

x0
0
0
0
-0.5 , 0 , 0.5

2.3 Numerical examples
Figure 1 shows the reliability index achieved by using the LR factors described above (vertical
axis) along with the target reliability index (horizontal axis). It is assumed that a structural component with the resistance R is subjected to a combination of three load effects: S1 , S2 , and S3 .
The target reliability index and statistics of the load effects and resistance considered here are
summarized in Table 1. Without loss of generality, only S3 is assumed to be a “shifted” lognormal random variable (see Eq. (8)). The achieved level in the numerical examples presented in
this paper was estimated by using the importance sampling technique, in which the mean values
of the sampling function are set to the design point estimated by FORM. The figure shows that
the achieved level agrees fairly well with the target level.
Figure 2 shows the absolute values of the directional cosines estimated by Eqs. (10) and (13) (•)
along with those estimated by FORM (◦). The directional cosines can be reasonably accurately
estimated by Eqs. (10) and (13) with only one iteration.
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Figure 2: Directional cosines with the proposed method

3 Shifted lognormal approximation
3.1 General formulation
A random variable X̃ can be approximated as a shifted lognormal random variable X such that
the cdf of X̃, which is given by FX̃(x) , is equal to that of X, which is given by FX (x) (Eq. (5)), at
the following three non-exceedance probabilities:

 FX̃ (x1 ) = p1 = Φ(a1 )
F (x2 ) = p2 = Φ(a2 )
(15)
 X̃
FX̃ (x3 ) = p3 = Φ(a3 )
In order to do so, the following nonlinear simultaneous equation must be solved:

 ln(x1 − x0 ) − µlnY = a1 · σlnY
ln(x2 − x0 ) − µlnY = a2 · σlnY

ln(x3 − x0 ) − µlnY = a3 · σlnY

(16)

Eq. (16) can be analytically solved under the condition that a1 = a, a2 = a + b, and a3 = a + 2b:
x1 · x3 − x22
x1 + x3 − 2x2
{(
) }
x3 − x2 1/b
= ln
x2 − x1

x0 =

σlnY

µlnY

(

(x2 − x1 )2
= ln
x1 + x3 − 2x2

)

− a · σlnY

(17)

(18)

(19)

Note that x1 + x3 − 2x2 ̸= 0.

3.2

X̃ ∼ Type I extreme value distribution

The cdf of X̃ can be expressed as

FX̃ (x) = exp(− exp(−α (x − u)))
where

α=

1.282
,
σX̃

u = µX̃ −
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0.5772
α

(20)
(21)

Let q1 j = − ln(p j ) = − ln(FX̃ (x j ))( j = 1, 2, 3). Then from Eq. (20),
xj = −

ln(q1 j )
+u
α

(22)

By substituting Eq. (22) into Eqs. (17), (18), and (19), x0 , µlnY , and σlnY can be expressed as
{
(
) }
A1
x0 =
1+
− 0.4502 VX̃ µX̃
(23)
1.282

µlnY

(

)
B1
· σ − a ·C1
= ln
1.282 X̃

(24)

σlnY = C1

(25)

where A1 , B1 , and C1 are constants expressed as
A1 =

B1

ln(q11 ) · ln(q13 ) − {ln(q12 )2 }
ln {q12 2 /(q11 · q13 )}

{ln(q12 /q11 )}2
=
ln {q12 2 /(q11 · qI3 )}

C1 = ln

3.3

[{

ln(q13 /q12 )
ln(q12 /q11 )

(26)

(27)

}1/b ]

(28)

X̃ ∼ Type II extreme value distribution

The cdf of X̃ can be expressed as

( ( ))
u2 k
FX̃ (x) = exp −
x

in which
u2 =

µX̃
,
Γ (1 − 1/k)

VX̃ =

√

(29)

Γ(1 − 2/k)
−1
Γ(1 − 1/k)

where Γ(•) is a gamma function.
Let
1
1
q2 j =
=
1/k
{− ln(p j )}
{− ln(FX̃ (x j ))}1/k

( j = 1, 2, 3)

(30)

(31)

Then from Eq. (29),

x j = u2 · q2 j

(32)

A2
·µ
Γ (1 − 1/k) X̃

(33)

By substituting Eq. (32) into Eqs. (17), (18), and (19), x0 , µlnY , and σlnY can be expressed as
x0 =

µlnY

{

B2
= ln
·µ
Γ (1 − 1/k) X̃

σlnY = C2

}

− a ·C2

(34)
(35)
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where A2 , B2 , and C2 are constants expressed as
A2 =

q21 · q23 − (q22 )2
q21 + q23 − 2q22

(36)

B2 =

(q22 − q21 )2
q21 + q23 − 2q22

(37)

C2 = ln

{(

q23 − q22
q22 − q21

)1/b }

(38)

3.4 Non-exceedance probabilities to be matched
The achieved level of reliability using the shifted lognormal approximation can depend on the
non-exceedance probabilities Φ(a), Φ(a + b), and Φ(a + 2b) in Eq. (15). It is ideal to have a
single set of (a, b). However, the course of this research showed that it is not quite possible
to do so, especially for the Type II distribution function considering a relatively wide range
of reliability indices that can be set in the design of ordinary structures. According to Annex
G in ISO2394, the tentative target reliability indices related to a 1-year reference period and
ultimate limit states are within the range of 3.1–4.7, which roughly corresponds to the target
reliability indices of 1.5–4.0 for a reference period of 50 years. The target reliability index for
the serviceability limit state is generally lower than that of the ultimate limit state. Therefore, it
is proposed here that the values of a and b be given as a function of the target reliability index:
√
b = 0.8 βT

a = 0.7βT − b ,

(39)

Figures 3 and 4 show some examples of the statistics of the shifted lognormal random distribution function to approximate a Type I (Figure 3) or Type II (Figure 4) extreme value distribution
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ϰ



ϱ

function. The mean of the original distribution is assumed to be unity, and the c.o.v. is assumed
to be 0.2, 0.45, 1.0, or 2.0.
In Figure 3, note that σY of the shifted lognormal random distribution function to approximate
a Type I distribution function does not change with the c.o.v. In these figures, these statistics
can be approximated as simple functions of the c.o.v. of the original random variable and βT
for practical application.

4 Numerical examples
Figures 5–8 show the reliability index achieved by using the shifted lognormal approximation and LR factors described in Section 2.2 along with the target reliability index. The target
reliability index and statistics of load effects and resistance summarized in Table 1 are also considered here, except that S3 follows either the Type I (Figure 5) or Type II (Figure 6) extreme
value distribution function.
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Figure 5: Achieved level of reliability by lognormal approximation under a single load effect (Type I)

ɴ

ϱ
ϰ ϱ
ϯ ϰ ϱ
Ϯ ϯ ϰ ϱ
ϭ Ϯ ϯ ϰ
ϭ Ϯ ϯ
ϭ Ϯ
ϭ
ϭ

Ϯ

ϯ
ɴd

ϰ

;ĂͿsZсϬ͘ϭϱ

ϱ

ϭ

Ϯ

ϯ
ɴd

;ďͿsZсϬ͘ϯ

ϰ

ϱ

ϭ

Ϯ

ϯ
ɴd

ϰ

ϱ

;ĐͿsZсϬ͘ϱ

Figure 6: Achieved level of reliability by lognormal approximation under a single load effect (Type II)
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Figure 7: Achieved level of reliability by lognormal approximation under a load combination (Type I)
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Figure 8: Achieved level of reliability by lognormal approximation under a load combination (Type II)
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First, it is assumed that a structural component with the resistance R is subjected to a single load
effect S3 that follows either Type I (Figure 5) or Type II (Figure 6). The figures show that the
achieved level using the proposed method agrees fairly well with the target level, which indicates that the original distribution function is reasonably approximated by a shifted lognormal
distribution function.
For Figures 7–8, it is assumed that a structural component with the resistance R is subjected to
a combination of the load effects S1 , S2 , and S3 . When S3 follows a Type I distribution function
(Figure 7), the achieved level agrees reasonably well with the target level. When S3 follows a
Type II distribution function (Figure 8), the achieved level agrees reasonably well with the target
level in most cases; however, there are a few cases where the achieved level is non-conservative.
Further investigation is necessary regarding this matter.

5 Summary
This paper proposes a practical method for LR factors that can be applied to a wide range
of target reliability levels where random variables are approximated not by lognormal random
variables but by shifted lognormal random variables. By adjusting three parameters rather than
two, the tail behavior of a non-lognormal random variable can be captured well. Although LR
factors for shifted lognormal random variables are not generally expressed in a closed form,
they can theoretically be expressed simply under certain conditions.
The general procedure for LR factors can be summarized as follows:
1) Determine the statistics of the approximated shifted lognormal random variable by using
Eqs. (17)–(19),
2) Determine the initial values of directional cosines by using Eqs. (10) and (13) and the
mean of the resistance by using Eqs. (3), (6), and (7),
3) Determine the directional cosines by using Eq. (9),
4) Finally, determine the LR factors by using Eqs. (6) and (7),
Numerical examples are presented that consider various statistical characteristics of the loads
and resistance, and the reliability level achieved with the proposed method agrees fairly well
with the target level.
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Abstract: Cylindrical steel silos are very common structures. They can be found in
a large variety of facilities from breweries to chemical processing plants. In Europe, the design of such silos is governed by EN 1993 which is valid for all kinds
of steel structures. The difference with conventional steel structures is the load
modelling which is specified in EN 1991-1-7. No difference is made in the partial
factors compared to conventional steel structures such as industrial halls or buildings. Additionally, silos are often considered part of a machine, e.g. the brewing
facility, and then structural regulations may be neglected resulting in a less reliable
structure.
The present paper addresses all of the factors that affect the governing limit states
for silos, namely buckling due to axial compression of the silo shell due to selfweight and friction between fill and shell, and tensile failure of the shell in tangential direction. The target reliability associated with these limit states can be optimized accordingly, depending on the structural configuration of the system (e.g.
freestanding/detached, staircases), loading characteristics, and consequences of
failure. Robustness measures are also considered and the results are assessed by
comparison with recommendations available from technical literature and codes of
practice.

Introduction
The key objective in structural design is the design of sufficiently safe and reliable structures.
While safety commonly refers to the absence of hazards, reliability is quantifiable and can be
determined by probabilistic methods. In current structural design codes, the requirement of
structural safety is deemed to be satisfied by the use of partial safety factors which can be
derived from probabilistic analysis. Unlike other structures in construction, the reliability of
steel silos has not been subjected to extensive research in the past.
Steel silos are structures that can be found everywhere in the world and is being built in large
numbers. They are required in many different industries, from chemical to pharmaceutical, to
construction and brewing. In general, cylindrical steel silos behave differently from conventional steel structures. They are about ten times more likely to fail (Proske 2008) and exhibit a
shorter service life. Structural failure of the cylindrical silo shell is almost always due to sudden buckling, another aspect that is different from most steel structures which exhibit ductile
failure modes. Additionally, the initial investment for such silos is small compared to conven-
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tional buildings but the cost in case of failure is large due to possibly extended loss of service
for the entire facility and possible loss of human life.
Steel silos are usually arranged in groups of several silos next to each other, often sharing a
steel substructure. Figure 1 shows the failure of a cylindrical steel silo. In this case, a leakage
due to corrosion occurred (left) which led to buckling failure of the entire silo shell (right) [2].

Figure 1: Failure of a steel silo due to corrosion [2]

Failure of steel silos leads to severe economic damages, since people are often in the direct
vicinity of steel silos due to the location of the silo within a factory outlet and silo failure likely causes a production stop in the respective plant. Despite this, silos are not expensive structures, the related cost for construction is relatively low compared to other kids of structures.
Thus, it is important to keep in mind that silos are much likelier to fail than other structures
[1]. The question arises if silo design based on structural design codes is appropriate. The issue is that the target reliability is applicable to other types of structures such as bridges and
buildings, and uses fixed assumptions on the ratio of initial investment to failure. This paper
aims to provide an optimized value of target reliability specifically for steel silos with waterlike fills.

Reliability of Structures
The term reliability pertains to every aspect of a structure; structures must be reliable when it
comes to load bearing capacity as well as serviceability. In design, every variable is uncertain
to some extent. The uncertainty may be in the strength of materials as well as in dimensions
and quality of workmanship. All parameters, further referred to as basic variables, influence
the properties of a member. Reliability is linked to the probability that a member will exceed
a certain limit state. This can be described by limit state functions. For ultimate limit state, the
limit state function can be written as in Eq. 1:
𝑍(R, E) = 𝑅 − 𝐸

(1)

In the case where R = E, the ultimate limit state is reached. It can be seen from this equation
that the safety of a member can be defined as the difference between the resistance and load
effect. It must be noted that R and E are independent random variables in many cases, so they
have to be described by means of stochastics. Therefore, a stochastic model, mostly consisting
of a probability distribution is required for every basic variable. Figure 1 shows this for a
simplified two-dimensional case.
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Resistance R
Safety margin
Z = R-E
Load action E

Probability of
failure Pf

Figure 2: Definition of Structural Reliability [4]

Load-Carrying Behaviour of Silo Shells
Cylindrical steel silos consist of the cylindrical shell, which contains the fill, and a substructure, which transfers the loads to the soil. The substructure is commonly a typical steel structure consisting of beams and columns, that will experience loads from the silo shell. The
design of the substructure falls within the scope of the common steel design codes, such as
EN 1993.
The shell is subject to a more sophisticated state of stress. Depending on the kind of fill,
stresses in vertical direction due to self-weight and friction between silo shell and fill as well
as tangential stress in the shell can occur. Additionally, external loads due to wind and operational load peaks due to the emptying and filling of the shell are possible. Due to the very
small thickness of the walls of the shell, plate buckling can also occur, especially when the
shell has been weakened due to e.g. corrosion (see Figure 1). Despite the higher failure rate of
silos and the relatively low structural costs, a clear tendency to save material by minimizing
the thickness of the shell walls was observed during the main author’s practice. Silo shells
with a ratio of height-to-wall thickness of 30,000 and higher are not uncommon. To save material, only the bottom sections are executed with a larger wall thickness.
The focus here lies on failure due to tangential stresses caused by water-like fills such as
brewing draff. This is a typical situation for silos in the brewing industry. Failure, however,
will more likely occur because of defects due to corrosion and/or overload.

Capacity Prediction and Model Uncertainties
The required wall thickness due to stress in tangential direction may be derived from basic
mechanics by Barlow’s formula (see Eq. 2):
𝑡=

𝜎𝑑
2𝑓𝑦

From there, the limit state can be expressed as in Eq. 3.
2𝑡𝑓𝑦 − 𝜎𝑑 = 0
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(2)

(3)

For failure due to tangential stress, the only relevant parameters are the wall thickness t, the
yield strength of steel fyd, the diameter of the silo d and the occurring stress σ.
Considering the water-like character of the fill, the occurring stress can be calculated from
Eq. 4.
𝜎 = 𝛾ℎ

(4)

Introducing the model uncertainty for resistance and occurring stress as multiplicative random
variables, the limit state function can finally be formulated as in Eq. 5.
𝑔(𝑥) = 2Θ𝑅 𝑡𝑓𝑦 − Θ𝐸 𝛾ℎ𝑑

(5)

Stochastic Model
5.1 Loads
The only acting load in the considered case is the self-weight of the fill causing tangential
stress in the silo shell. The volume of the fill is known, since filling and drainage are subject
to monitoring. The self-weight of the fill is normally being monitored by scales, thus the uncertainty related to the scale influences the scatter of the design load. This scatter is small.
The filling (e.g. brewing draff) is similar to water, but the density exhibits variation due to
different brewing processes in each brewery. Additionally, the density is temperaturedependent.

5.2 Resistance
The wall thickness and yield strength of the steel determine the resistance of the silo shell due
to internal pressure. The variability of the shell thickness is relatively small since the silos are
produced in perfect factory conditions and measured all throughout the production process.
Thus, the variation of the wall thickness depends on the tolerance of the production facility.
These tolerances are small and commonly do not depend on the absolute value of the wall
thickness. The scatter of the steel strength can be determined on the basis of the JCSS Probabilistic Model Code [7]. However, considering the small thickness of the silo wall, small deviations in the wall thickness may have significant effects.

5.3 Basic Variables
Based on the discussion in sections 5.1 and 5.2, the stochastic model for the reliability analysis in section 6 is defined. It is provided in Table 1. Note, that the column mk provides the
defined characteristic value, e.g. the 5%-quantile for strength or the 50%-quantile (mean) for
dead load. For the reliability analysis, these must be converted to mean values in every case
using the provided type of distribution and the scatter.

Reliability Analysis
The reliability analysis was performed for a number of silos which differ in diameter, height
and wall thickness. Figure 3 shows the variation of reliability as a function of the wall thickness. The value of the wall thickness, which would be obtained by application of the partial
safety factors according to EN 1993 are marked.
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It can be seen, that the reliability increases strongly with the wall thickness and vice versa.
The differences in reliability between the different silos, mostly stem from the differences in
dimensions. Since the production tolerances are independent of the absolute value of the respective dimension (wall thickness, height, diameter) and silos with larger dimensions react
less sensitive to the deviations in the dimensions, the reliability becomes greater for larger
dimensions.
The interesting fact is that the required wall thickness by application of the partial safety factors according to EN 1993 into the design check equation, Eq. 3, leads to a reliability  = 4.7
for every ratio of h/d. This equals the target value according to EN 1990 and shows that the
safety factors are calibrated well for the investigated type of design check for the examined
kind of silo.
Table 1: Stochastic Model

Basic variable
yield strength fy
wall thickness
diameter of silo
height of silo
density of fill
model uncertainty
resistance
model uncertainty
load action
1
standard deviation

Type of distribution
lognormal
normal
normal
normal
normal
lognormal

mk
235 MPa
3.1 mm
dm
hm
10 kN/m³
1.0

CoV
7%
0.3 mm1
0.75 %
0.3 %
5%
5%

lognormal

1.0

3%

 = 4.7

Figure 3: Reliability over wall thickness for various ratios of hm/dm

Socio-Economically Optimal Target Reliability
The values of target reliability provided in the codes, e.g. in EN 1990, always represent a
compromise between safety and efficiency. Larger values of the target reliability will result in
more conservative design while smaller values will lead to less safe structures. Thus, the fail-
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ure consequences and derived benefit linked to a structure should determine the target reliability.
The provided values currently are mostly empirical and have been derived from previous code
generations or have been established without reliability analysis. For the cylindrical steel silos
with water-like fill, as investigated in this paper, no such study reliability analysis has been
conducted yet.
To assess these target reliability, the optimal target reliability in terms of socio-economic benefit will be derived for typical silos by application of full-probabilistic optimization. The optimization uses a targeting function which will be derived based on the general form
according to [10], see Eq. 6.
𝑍(𝑝) = 𝐵(𝑝) − 𝐶(𝑝) − 𝐷(𝑝)

(6)

where B(p) is the benefit derived from the silo depending on the design parameter p, C(p) is
the structural cost (initial investment) and the D(p) are the failure consequences.
The equation has to be modified to account for reconstruction of the structure after failure,
which is assumed to be the typical case for steel silos since operation of the facility has to
continue. Additionally, an interest rate has to be considered because a decision about an event
in the future (failure) has to be made at an earlier point in time. The interest rate  has shown
to be one of the most important parameters in probabilistic optimization, see [3]. A good estimation for this long-term annual interest rate is 2% to 3%. In this study,  = 2% will be
used. A Poisson stochastic process with intensity  is used to model the reconstruction and the
increasing likelihood of failure with time. Eq. 7 is the modified targeting function.

𝑍(𝑝) =

𝜆 (𝑃𝑓 (𝑝))
𝐵(𝑝)
− 𝐶(𝑝) − (𝐶(𝑝) + 𝐻) ∙
𝜑
𝜑

(7)

The common benefit derived from silo structures is the gain in production capacity resulting
in larger sales. The design parameter, here wall thickness t, will only affect the benefit negligibly due to the very small absolute value.
The failure consequences D(p) can be written in terms of the variable f(p). This variable can
be defined according to Eq. 8.

𝑓(𝑝) =

𝐶(𝑝) + 𝐻
𝐶(𝑝)

The JCSS [5] provides values for this ratio for typical kinds of structures, see

Table 2.
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(8)

Table 2: Suggested values for f(p) according to [5]

Range of f(p)
f(p) ≤ 2
2 < f(p) ≤ 5
5 < f(p) ≤ 10
10 < f(p)c

Failure consequences
small
medium
large
catastrophic

Examples of structures
agricultural structures, silos, masts
office, residential, industrial
highway bridges, theatres, hospitals
-

The recommended values show that the failure of silos is normally associated with small consequences. This is a reasonable assumption since silos are not permanently operated by personnel and the number of possible fatalities is thus small. The failure consequences are
governed by the economic loss due to a (temporary) loss of production capacity and the cost
for reconstruction.
Introducing Eq. 8 into the targeting function, the new targeting function becomes
𝜆 (𝑃𝑓 (𝑝))
𝑍(𝛾𝑤 )
𝐵(𝑝)
=
− 1 − 𝑓(𝑝)
𝐶(𝑝)
𝜑 ∙ 𝐶(𝑝)
𝜑

(9)

Another aspect for this type of silo should be considered, too. The benefit is constant and independent from the design parameter (wall thickness t). Thus, it only represents a scaling parameter for the target function.

Figure 4: Reliability over wall thickness for various ratios of h/d

680

Figure 4 shows the target function Z(p) in Eq. 6 over the wall thickness t for various silos with
different ratios of h/d. The benefit was set to 40 MU (monetary units) in this example. The
variation of the optimum value of the wall thickness t is relatively insensitive to changes in
interest rate and f(p). This insensitivity is due to the strongly governing influence of the reliability, in terms of wall thickness, and thus the failure consequences. However, it is found that
the optimum corresponds to values of the reliability of optimization  3.3 to optimization  3.8,
compared to design  4.7, and thus is a strong indicator that design according to EN 1993 delivers sufficiently safe and efficient silo structures. It also indicates that there may be room for
further improvement. However, this would require the investigation of every possible failure
mode, including plate buckling in case of corrosion damages.
Table 3: Results of design vs. results of optimization 

hm/dm
14/4 m
10/5 m
5/5 m
20/4 m

wall thickness design
[mm]
1.97
1.76
0.88
2.81

wall thickness optimization
[mm]
1.7
1.5
0.75
2.5

optimization
3.4
3.3
3.3
3.7



Conclusion
The reliability of cylindrical steel silos with water-like fills, as they are common in e.g. the
brewing industry, is investigated. A simplified approach only taking into account tensile failure of the silo shell has been chosen. It was found that the provided reliability  is approximately equal to 4.7 in case of design according to EN 1993. This is equal to the required
target value. A full-probabilistic optimization based on socio-economic impact led to smaller
values as optimum, indicating that design according to EN 1993 leads to sufficiently safe and
efficient silo structures with possible improvement in terms of efficiency.
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Approaches for an optimisation of partial safety factors
for historic timber structures
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Abstract: The aim of this contribution is to analyse the potential for a modification
of partial safety factors (PSF) for existing timber structures. Target and minimum
reliability level for historic structures are discussed first. PSF are calculated with
fixed sensivity factors to study the effects of a variation of input parameters. Additionally, two structural elements of representative timber constructions are analysed.
Realised safety levels using PSF on the demand side from EN 1990:2010-12 and for
an adaption of G as in SIA 269:2011 for selected failure modes are determined using
First Order Reliability Method (FORM). Besides, the influence of a modification of
M to M = 1.25 on the reliability level is studied. A potential for an optimisation of
PSF for existing timber structures can be concluded.

Introduction
In recent standards of civil engineering the design of new-built constructions is being done
using semi-probabilistic partial safety factor method. Using these factors, a target reliability
level shall be ensured. However, these factors have been calibrated using the determinations of
former codes without exact probabilistic determination. These factors are defined for new structures. When working with existing structures, circumstances are different: information can be
gathered on-site, the structure has proven itself and safety measures often include more effort
and less benefit when compared to the application at new structures. This is why it should be
analysed if partial safety factors (PSF) should be adjusted to reach a more economic design of
existing structures.
In some countries, adjusted PSF already exist. To be named here are SIA 269:2011 [1] which
includes a modified safety factor for permanent actions. What is more, NEN 8700:2011-12
provides adjusted factors for permanent and variable actions dependant on two target reliability
levels (target i.e. reconstruction and minimum i.e. disapproval level). Besides, the working
group of CEN/TC250/WG02 published a report in 2015 which among others contains adjusted
PSF as well. However, in these documents no special reference to construction material is made
and PSF are mainly adjusted on the demand side. For some construction materials suggestions
already exist in this field. For example, in Germany some standards including adjusted PSF on
the material side for concrete structures can already be used (e.g. [2] [3] [4]). In [5] a summary
can be found. However, no special regularities for existing timber structures exist yet. What is
more, there are few possibilities to consider properties measured on-site in design in a standardised way. That is why this contribution analyses the potential for an adjustment for PSF for
existing timber structures.
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Symbols and Statistical Parameters for Historic Timber Structures
The following symbols are used:
a
αE
αR
β0
βt
COV
M
G
Q

Parameter of Gumbel distribution
Sensivity factor for actions
Sensivity factor for resistance
Minimum reliability index
Target reliability index
Coefficient of variation
Partial Safety Factor for material
Partial Safety Factor for permanent action
Partial Safety Factor for variable action

Ed
Ek
m
q
Rd
Rk

u

Design value of action
Characteristic value of action
Mean value
Fractal value
Design value of resistance
Characteristic value of resistance
Standard deviation
Parameter of Gumbel distribution

For the following calculations the statistical parameter presented in table 1 are applied.

Model

Demand Resistance

Table 1: Statistical Parameters for Modelling Historic Timber Structures
Basic variable
Strength properties
Compression
Bending
Tension
Permanent load
Construction dead load
Live load
Residence
Model uncertainty
Resistance
Demand – self weight
Demand – variable actions

Distr.

mx /Xk

COV

Remarks

LN
LN
LN

-

0.20
0.25
0.30

COV value from [6]
COV value from [6]
COV value from [6]

N

1.0

0.10

COV value from JCSS PMC [6]

GUM

1.10

0.20

COV value from CIB W81 [7]

N
N
N

1.0
1.0
1.0

0.05
0.05
0.10

A model uncertainty of 5% can be realised by a qualified survey on-site using appropriate techniques. These techniques have evolved significantly during the last years, see e.g. [8]. Furthermore, the cross section has to be determined on-site. This is why no scatter is taken into account
for geometrical properties.

Target Reliability for Historic Structures
3.1 Basics
When assessing and evaluating an existing structure the design situation is different compared
to new buildings. Parameters for demand and resistance can be updated. What is more, (possible) damages can be taken into account directly. This enhanced knowledge level leads to the
possibility to adjust the reliability index as a general safety distance between action and resistance without lowering the implied socially accepted safety level. This chapter summarises
suggestions from the literature for adjusted target reliability indices for historic structures. Using the cited references, minimum and target values are defined for the following studies. The
following calculations are considering a reference period of Tref = 50 years. Therefore, target
reliability indices have to be transformed into this reference period, if not already given in the
reference. The transformation is done as follows [9].
  t ,n     t ,1 

n

(1)

As in this contribution CC2 is being looked at, these values are highlighted by light grey shades.
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3.2 Target values by classification depending on reliability/ consequence class
EN 1990:2010-12 includes the target reliability dependent on the reliability class (RC). Steenbergen et al. suggest to lower this value by Δβ = 0.5 for the target value and Δβ = 1.5 for the
minimum value for existing structures [10]. The JRC Science and Policy Report worked out by
the group CEN/TC260/WG02 from 2015 [11] gives reliability indices dependent on the reliability class (RC) for existing structures. These values are consistent with the minimum values
from NEN 8700:2011-12. Table 2 summarises the values from the mentioned references.
Table 2: Target reliability index in different reliability classes, reference period Tref = 50 years

βNew

βMin,Existing

Reliability
class

EN 1990:2010-12
[12]

RC 0/ CC1a
RC 1/ CC1b
RC 2/ CC 2
RC 3/ CC 3

3,3
3,8
4,3

Steenbergen et al.
[10]
1,8
2,3
2,8

βTarget,Existng

CEN Report [11]
NEN 8700:2011[13]
wn
wd
1,8
0,8
1,8
1,1
2,5
3,3

Steenbergen et al.
[10]
2,8
3,3
3,8

NEN 8700:2011
[13]
wn
wd
2,8
1,8
3,3
2,5
3,8
3,3

wn – wind not dominant, wd – wind dominant

3.3 Target values considering an economic optimisation
The classification of the reliability index can also be done using the costs for the safety measure
and the consequences of failure. This classification is used in ISO 2394:2015 [14] and the Probabilistic Model Code [15]. The Swiss code SIA 269:2011 [1] uses a similar classification, but
instead of the “relative costs of safety measures” the “efficiency of measures” considered.
Diamantidis et al. [16] suggest a reduction of the target reliability index for existing structures
under economic optimisation using a value of 0.5 (applied on the values from ISO 2394:1998).
To consider increased costs of safety measures, Vrouwenvelder (2002) suggests to move in the
table for the reliability index from Probabilistic Model Code to the top, i.e. from e.g. low costs
to normal costs [17].
Table 3: Target reliability for 1 year/ 50 years reference period for ultimate limit state
Relative
costs of
safety
measure/
efficiency
of
measure

Low consequences of
failure
New
structures
[1]
Eq.
[14]
(1)
[15]

T=1a

Great/
Low
Normal/
Mean
Low/
Great

Existing
structures
[16]

T=50a

T=1a

3.1

1.7

2.6

3.7

2.7

3.2

4.2

3.2

3.7

T=50a

Moderate consequences of
failure
New
structures
[1]
Eq. (1)

[14]
[15]

T=1a

0.81
1.20
1.83
2.20
2.55
2.70

Existing
structures
[16]

Great consequences of
failure
New
structures
[1]
Eq.
[14]
(1)

Existing
structures
[16]

[15]
T=50a

T=1a

3.3

1.8

2.8

4.2

3.2

3.7

4.4

3.5

3.9

T=50a

1.17
1.30
2.55
2.70
2.82
3.20

T=1a

T=50a

T=1a

3.7

2.7

3.2

4.4

3.5

3.9

4.7

3.8

4.2

T=50a

1.83
2.20
2.82
3.00
3.21
3..30

Dark grey shades: derived from Vrouwenvelder [17]

Based on the cited literature, a target value for existing structures βt = 3.2 and a minimum value
β0 = 2.5 (Tref = 50 years) are defined for the following studies.
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Simplified Calculation of Partial Safety Factors for Existing
Timber Constructions
4.1 Definition of Partial Safety Factors
General remarks
Using fixed sensitivity factors, partial safety factors can be calculated in a simplified way. Sensitivity factors are αE = -0.7 and αR = 0.8 as defined in EN 1990:2010-12 Annex C. Hence,
resistance and action side can be considered as independent [12]. In this approach, model uncertainties are considered by an increase of the coefficient of variation of the variable. However,
another option is to define uncertainty factors to multiply with the PSF of the variable. For
detailed explanations see fib Bulletin 80 from 2016 [18].
Material Resistance
The material resistance is assumed to be lognormal distributed. For the characteristic value the
5% quantile is used. Partial safety factors can be calibrated as follows:
M 

Rk



Rd


 exp  0,5  COV

  exp COV  


m R  exp  0,5  COV R2  COV R   1 ( q )
mR

2
R

  R    COV R

R

R

    1 ( q )



(2)

Dead Loads
Dead loads are assumed to be normal distributed. EN 1990:2010-12 allows to use the 50%
quantile as a characteristic value, if the construction is not too sensitive against changes of dead
loads. Therefore, the partial safety factor can be calculated as:
G 

Ed
Ek



m E  1   E    COV E 



1

m E  1  COV E   ( q )





1   E    COV E
1  COV E   1 ( q )

 1   E    COV E

(3)

Variable Loads
To model variable loads, exponential distributions are used. Here, Gumbel distribution is applied. For variable loads, the reference period is of interest. Characteristic values are defined in
EN 1990:2010-12 as 98% quantile for a reference period Tref = 1 year, or as the modal value in
Tref = 50 years. The partial safety factor can be calculated using:

Q 

Ed
Ek

u


With COV 

1
a

ln  ln  ( E   ) 

u

1
a

Parameters:

(4)

a

 ln  ln( p ) 


 6

u

0,5772
a


it becomes:


Q

 COV E 6

1 
 0,5772  ln  ln    E   






COV E 6
T
1
 0,5772  ln  ln q 
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(5)

4.2 Results
Table 4 shows the results of the calculation of partial safety factors using fixed sensivity factors.
The coefficients of variation of the material properties for this calculations are selected based
on the Probabilistic Model Code of the JCSS Part 3.5 [6]. In [5] a study regarding the influence
of different wood species using this simplified method has been done.
Table 4: Partial Safety Factors calibrated with fixed sensivity factors
Basic variable

γmod2

COV

COV
COV

COV

Variable

Model

Total

LN

0.20

0.054

LN

0.30

Soft wood

LN

Soft wood
-

Mat

1

|αi|

βt.new
=3.8

βt.exis
=3.2

β0.exis
=2.5

Ref3

0.20

0.8

1.34

1.21

1.08

[6]

0.054

0.30

0.8

1.52

1.32

1.11

[6]

0.25

0.054

0.25

0.8

1.42

1.25

1.09

[6]

N

0.10

0.054

0.11

0.7

1.29

1.25

1.19

[6]

GUM

0.20
0.19

0.10

0.22
0.21

0.7

2.06
2.01

1.84
1.79

1.61
1.58

[7]
[7]

GUM
GUM

0.16
0.25

0.10
0.10

0.19
0.27

0.7
0.7

1.90
2.33

1.71
2.05

1.52
1.77

[19]
[19]

Distr.

Resistance

Compression strength
Soft wood

Tension strength
Soft wood

Bending strength

Demand

Self-weight
Live load
Residence
Office

Further variable loads
Wind
Snow

-

1

The values depending on the kind of wood in DIN 68264:2003 are related to flawless wood
exis – existing structure. new – new structure. t – target value. 0 – minimum value
3 References for assumption for COV
Variable which refers to the basic variable (material or action)
4 A qualified survey on-site is prerequisite!
2

For material resistances, the calculated partial safety factor is strongly dependent on the coefficient of variation of the material strength. As different timber material properties have different
coefficients of variation, it is important which property is considered. That is a significant difference in comparison with other materials. Using COVR = 0.20 for the compression strength
and βt,new = 3.8 a slightly greater value for M (M = 1.34) is calculated than fixed in the recent
standard (in EN 1995-1-1/2010-12 M = 1.3). This could arise from the simplifications of this
method. For higher coefficients of variation (i.e. for bending and tension strength), the calculated value for M is higher. However, when lowering the target reliability for existing structures
as suggested above, a potential for an optimisation of the PSF, especially for compression and
bending strength, can be indicated. As a main indicator for the scatter of the material properties
the recommended values from the JCSS Probabilistic Model Code [6] are used. For further
analysis, a division dependant on grading classes would be useful. Here, testing is currently
carried out at HNE (Germany).
It can be seen, that partial safety factors (PSF) for variable loads in recent standards are probably
too low, as they are fixed in the standard to γQ = 1.50. For dead loads the partial safety factor
reaches the requirements for new buildings, it is fixed in EN 1990:2010-12 to γG = 1.35. A
potential for an optimisation for existing structures can be seen.
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The results show, that a potential for an optimisation of partial safety factors for historic timber
constructions generally exist. As these results are calculated using a simplified method, probabilistic parameter studies are recommended for an accounted adaption.

FORM Analysis of Structural Timber Elements
5.1 General Specifications and Aim of Analysis
The safety level which is reached using PSF of EN 1990:2010-12 and EC 1995-1-1:2010-12
under application of the load which can be taken by the construction under the assumption of a
one-hundred percent workload is determined. This load is calculated from the deterministic
design equation of the latest design standards EN 1995-1-1:2010-12 and used in the probabilistic calculation. Analysed are a tie beam under permanent load and a beam of a ceiling under
permanent and live load. Calculations have been carried out using MATLAB. A step-by step
example for a FORM analysis can be found in [5]. Used statistical parameters are shown in
table 1. These calculations aim to evaluate the results of the simplified calculations.
As mentioned above, some standards already include adjusted PSF for existing structures. SIA
269:2011 [1] permits G = 1.20 for updated permanent actions. NEN 8700:2010-12 includes
G = 1.20 (disapproval) and G = 1.30 (reconstruction) [13]. To analyse the potential for an
optimisation of the PSF on the material side, the influence of an adjustment of the PSF for the
permanent action to G = 1.20 is studied and the influence of an additional modification of M
to an exemplary value of M = 1.25 on the reliability level are analysed.

5.2 Tie-beam
Analysed was a tie-beam, material C24 (EN 338:2009 [20]) under normal moisture conditions
(figure 1). The tension strength has the biggest scatter and is therefore the most unfavourable
material property for a statistical analysis with only dead load. Using a coefficient of variation
for the load COVE = 10% and a model uncertainty θE = 5% as stated above, the following results
can be calculated (figure 2).

Figure 1: Safety Level Tie-Beam under Dead Load

Obviously, for this example the reached safety index is highly dependent on the coefficient of
variation of the material strength. In the Probabilistic Model Code of the JCSS Part Timber [6]
a coefficient of variation of COVR = 0.30 is recommended for the tension strength of structural
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timber. As indicated in the figure, for this value the safety index is β = 3.3 when G = 1.35,
which is lower than the target value for new buildings (βt = 3.8). Assuming that we have an
existing structure and updated information on actual load and material properties this value is
acceptable. If the coefficient of variation can be determined using testing on-site and a lower
value is reached, the realised safety level increases significantly. A potential for an adjustment
of the partial safety factor for the material property for this structural element can be seen.
An adjustment of G = 1.20 has a significant influence (see figure 3). Here, adjusting the PSF
for the material does not seem to be reasonable when a tension force is assumed. However, for
material properties that have a lower COV (bending, compression), the PSF can be optimised.

Figure 2: Safety Level Tie-Beam under Dead Load – PSF on material side adjusted

5.3 Beam of a Timber Ceiling
The second example is a beam of a historic timber ceiling under dead and live load. A possible
cross section is shown in figure 4. This element is analysed concerning bending load.

Figure 3: Historic Timber Beam Ceiling – Example for construction [21]

A COVE of 10% for the dead load has been chosen on the safe side. Model uncertainty is again
a coefficient of variation of 5%, a qualified survey on-site has to be assumed. Using this assumptions, the following relation between coefficient of variation for the material resistance
(COVR) and the reliability index β can be drawn for a bending load (figure 5 and 6). The load
ratio between variable and permanent actions have been chosen based on self-weight of common structures and typical live-load classes. A load ratio of qk/ (gk + qk) = 0.5 is the common
case for many structures. This is also covered by the assumptions below.
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Figure 4: Beam of Ceiling under Dead and Live Load, influence of COVR on Safety Level and Sensivity Factors,
Load Ratio qk / (qk + gk) = 0.3

Figure 5: Beam of Ceiling under Dead and Live Load, influence of COV R on Safety Level and Sensivity Factors,
Load Ratio qk / (qk + gk) = 0.7

An appropriate coefficient of variation for the bending strength is COV = 0.25 (JCSS [6]). The
reliability index β = 3.61 for qk/ (qk + gk) = 0.3 and β = 3.30 for qk/ (qk + gk) = 0.7 is reached.
Again, this is a little too low for the requirements of a new building, but for an existing one this
is acceptable (again under assumption that updated data for load and resistance are used!). Besides, the influence on the variable action in the reliability when having low COV of the material strength can be seen. Studying the development of the sensitivity factors it can be seen, that
even when considering a load ration qk/ (qk + gk) = 0.7 the influence of the material property on
the reliability index is higher than the influence induced be the variable action when having a
coefficient of variation COV > 0.20. Hence, for a beam subjected to bending by live load the
influence of the material scatter is the dominating influence. This emphasizes the importance
of a qualified survey on-site to determine actual material parameters. The influence of permanent actions and model uncertainties is significantly lower.
To study the effect of an adjustment of the PSF for permanent action and material property, the
load ratio qk/ (qk + gk) = 0.5 is chosen as an example, as this is the common case (figure 7).
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Figure 6: Beam of Ceiling under Dead
and Live Load, influence of COVR on
Safety Level, G and M adjusted, Load
Ratio qk / (qk + gk) = 0.5

It can be seen that when adjusting both G and M as indicated in the figure the target reliability
defined before for existing structures is approximately reached

Conclusion
Both, the probabilistic studies and the simplified calculations show, that partial safety factors
are highly dependent on the coefficient of variation of the material strength. For the tension
strength, which has a comparatively high coefficient of variation, the target reliability index
respectively the partial safety factor of EN 1995-1-1:2010-12 for new buildings cannot be verified under the given assumption. Nevertheless, a potential for an optimisation for PSF especially for bending and compression strength for existing timber structures can be concluded.
An exemplary adjustment to M = 1.25 has been studied for these structural elements.
Besides, sensivity factors for the beam under dead and live load have been studied. The sensitivity factor for dead loads was not high. Hence, the influence on the reliability level is not high
which is due to a low coefficient of variation used. Concerning the beam of the ceiling, the
sensitivity factor for the live load is lower than the sensitivity factor for material strength for
coefficients of variation of the material above COV = 0.20. As for timber material properties
coefficients of variation of the bending strength is in most cases higher than that, the influence
of the material scatter is higher than the influence of the variation of the variable load. This
emphasizes the importance of a qualified survey on-site when evaluating an existing building,
as load-bearing behaviour can be modelled more appropriate which has a great influence on the
reliability analysis which is an important finding.

Outlook and Further Research
In further research more structural elements and loads have to be studied, especially roof structures, to create broadly applicable results. Besides, the influence of more than one material
resistance in the limit state function has not been analysed. What is more, testing on-site has to
be done to evaluate the accuracy of the chosen probabilistic parameters. Predictions have to be
made, how reliable the results concerning material strengths determined with different techniques are. For practical application a distinction of PSF between material properties would be
possible. The effect of the timber grade on the COV of the material hast to be studied, too.
For further research the following fields can be summarised:
 Probabilistic parameter studies on the reliability of elements under snow and wind load
 Probabilistic parameter studies including combined strain (e.g. bending & compression)
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Testing on-site concerning COV’s in different timber for timber in existing structures
Development of a consistent concept for optimised partial safety factors for existing
timber structures dependant on the knowledge level gained on-site
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Abstract: This paper introduces an innovative probabilistic model for assessing
earthquake rupture occurrence. This model is able to account for the complexity
of time and space interactions of ruptures. The rupture occurrence is modeled as
a Multivariate Bernoulli that is updated as a function of the time since the last
rupture at different locations of the fault. A correlation model is introduced to account for the likelihood of rupture propagation. As a result, significant improvement from current methods is obtained: the ”inconsistency” problem of current
models is overcome by using the Multivariate Bernoulli model. The applicability
of the model is successfully tested on the subduction zone of Peru. This model
was able to closely match the average release of energy and the histogram of the
earthquake magnitudes on the fault.

1 Introduction
Earthquakes have caused major disruption of cities. The 2010 Haiti Earthquake caused more
than 300,000 deaths, and the 2011 New Zealand Earthquake caused damage of $ 20 billion. The
study of the earthquake rupture process is the first key step to analyze any earthquake consequence, from casualties to economic losses. Probabilistic models have been developed to assess
the earthquake’s occurrence, rupture size, magnitude, and location. Poisson models, a subset of
the probabilistic models, have been widely used to assess earthquake rupture occurrence, however, they are not able to represent the interactions over time (time-dependent models) or space
(i.e. rupture propagation) that characterize earthquakes [12].
Even though several models have been proposed to assess both time and space interaction of
earthquake ruptures, the development of comprehensive models that assesses both interactions
is still an active area of research. There are several models that consider only time interactions
(e.g., Brownian Time Passage distributions (BTP) [10]). They are often used to model a characteristic earthquake of fixed or random magnitude; the magnitude is considered independent of
the time between earthquake occurrences. These models built on previous methodologies that
used the slip-predictable [8] or time-predictable hypothesis [1]. However, these models lack the
treatment of uncertainty and interaction of ruptures occurring at different locations.
More comprehensive models integrated the time and space interactions of the earthquake ruptures (e.g. Semi-Markov process [9], (Uniform California Earthquake Rupture Forecast, version
2) UCERFv2 [3], UCERFv3 [4]). These models are based on the discretization of the fault into
small segments. The Semi-Markov process initiates the rupture at one segment and propagated
it to neighboring fault’s segments [9]. While this model incorporates time and space interactions, after selecting the nucleation location, the rule adopted for rupture propagation is based
only on the accumulated slip at the segment where the rupture starts. UCERFv2’s models first
estimated probabilities of any possible rupture on the faults (i.e. any possible segment rupture
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configuration). Then, all rupture occurrences are sampled independently to estimate probability
distributions resulting from the rupture model. Results from this procedure revealed a mistmatch
between the initial and final distribution of earthquake interarrival times resulting in ”inconsistency” of the model. Modifications introduced in UCERFv3 reduced the inconsistency, but did
not completely remove it.
This paper proposes an innovative probabilistic model to represent the earthquake occurrence
in a seismic fault that includes the time and space interactions of earthquake ruptures. An important contribution of this paper is the treatment of the earthquake rupture occurrence as a
joint probability distribution of many small fault segments. As a result, this methodology completely overcomes the ”inconsistency” problem found in UCERFv2 and UCERFv3. The model
is tested by analyzing the rupture occurrences of large earthquakes on the subduction zone along
the Coast of Lima, Peru.

2 Time and space dependent earthquake rupture model
A probabilistic model that evaluates earthquake occurrence is presented herein. This model
considers the interaction over time (i.e. elastic-rebound theory) and space (i.e. multi-segment
rupture and rupture propagation) of earthquake rupture occurrences in faults. Therefore, the
model relies on the fundamental elastic rebound theory for earthquake occurrence [12], that
states that earthquakes occur when the amount of energy accumulated between tectonic plates
reaches the internal capacity. This theory implies that rupture probabilities decrease after the
occurrence of a large earthquake and then increase as tectonic stresses reaccumulate over time.
The probabilistic model consist of the following steps: 1) discretize the fault into small segments, 2) find the interarrival time distribution of rupture occurrence of each segment, and 3)
find a spatial correlation function that models the rupture propagation probability (i.e. the influence of rupture occurrence to neighboring segments). The following explains the probabilistic
models used in this framework.

2.1

Probabilistic models

Figure 1 represents an idealized fault discretized into N elements. This line can represent an
strike-slip fault, or a rectangular subduction fault idealized as a line parallel to the fault strike.
The elements represent the rupture units in the model, and their lengths can be associated with
the smallest earthquake magnitude that can cause damage. Thus the model approximates the
real rupture of earthquakes to the rupture of a certain number of units of the idealized fault. For
example, the red zig-zaged line in the graph represents an earthquake rupture over three units
of the fault.

Figure 1: Discretization of the fault into small segments. The red zig-zag line represents a rupture on the
fault.

Let Xt be the rupture vector at year t, where Xt ∈ {0, 1}N , N is the number of elements in
the earthquake fault, and t is a one-year time index. Although in this paper the earthquake
occurrences are tracked in one-year time intervals, the model can take different time intervals
depending on the objective of the analysis. Each element in Figure 1 will have a corresponding
element of the vector Xt , where Xt ( j) is the rupture state of the j-th element. Xt ( j) is equal 1 if
there is a rupture (i.e. if the segment is in red in Figure 1) during year t, or 0 otherwise, where
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j = 1, 2, · · · , N.
Additionally, let Tt be the vector containing the time since the last earthquake up to year t on
each segment, where Tt ∈ NN , N is the number of elements in the fault, and t is the year index.
Tt ( j) is the j-th element of the vector Tt corresponding to the time since the last earthquake in
the j-th element, where j = 1, 2, · · · N. According to these definitions, Equation 1 holds. This
equation resets the time since the last earthquake to 1 for year t + 1 if there is a rupture on the
j-th element during year t, otherwise, the the time since the last earthquake is increased by 1.
Tt+1 ( j) = (Tt ( j))(1 − Xt ( j)) + 1

(1)

Xt |Tt ∼ Mutivariate Bernoulli(pt )

(2)

pt ( j) = P[Xt ( j) = 1|Tt ( j)] = P[Tt ( j) + 1 ≥ t j |t j > Tt ( j)]

(3a)

Using these definitions, then the statistical model is described as follows. The probability of Xt
conditioned on Tt is estimated using a Multivariate Bernoulli distribution as shown equation 2,
where pt is a vector containing the probabilities of rupture during year t given Tt for each fault’s
element. pt ( j) is the j-th element of pt and is the marginal probability of rupture occurrence
at the j-th fault’s element during the year t given that the last rupture occurred Tt ( j) years
ago. Therefore, pt ( j) can be calculated as shown in equation 3, where t j is the interarrival time
between ruptures at the j-th element.

pt ( j) =

P[Tt ( j) + 1 ≥ t j > Tt ( j)]
1 − P[Tt ( j) ≥ t j ]

(3b)

The rupture interarrival time t j is modeled by a Brownian Time Passage (BTP) distribution.
BTP processes represent an incremental stress accumulation on the fault that is result of a fixed
stress rate and a random noise; whenever the stress reaches certain stress threshold, a rupture
is generated. This model has been applied by USGS to estimate the time-dependent seismic
hazard of California [4]; a more comprehensive review of the applicability of this distribution for
modeling earthquake occurrences can be found in [10]. The BTP Probability Density Function
(PDF) for the j-th element is given in Equation 4. The PDF is defined by the parameters µ j and
α j.
µ j 1/2  (t − µ j )2 
Pt j (t) =
exp −
2πα j t 3
2µ j α 2j t

(4)

  dist(i, j) 2 
ρi, j = exp −
γ

(5)



A correlation model is introduced for the Multivariate Bernoulli in order to evaluate the interaction over space of ruptures. This is the influence that a rupture at one specific segment can have
on neighboring segments, or in other words, the propagation effect of ruptures to neighboring
segments. The spherical correlogram, shown in Equation 5, is used for this model. This function gives the correlation of rupture occurrence between the elements i and j of the fault, and
it is function of the distance dist(i, j) between them. The correlogram model is defined by the
parameter γ.

Using these formulations, the model for multi-segment rupture occurrence at each year is complete. However, there is no close-form solution for the correlated Multivariate Bernoulli in terms

696

of the marginal probabilities of rupture occurrence pt and the correlation model ρi, j . Therefore,
sampling earthquake occurrences from this distribution is not possible. In order to overcome this
issue, an approximated multivariate Bernoulli model is developed. First, a vector Zt of normally
distributed random variables is introduced as given in Equation 6. The mean is a zero-valued
vector, and the covariance matrix is extracted from the correlogram function in Equation 5.
Then, a transformation is applied to Zt as shown in Equation 7. The inverse normal CDF function is applied to each element of Zt . Xt ( j) will equal 1 if the inverse CDF of Zt ( j) is smaller
than pt ( j), or 0 otherwise. pt ( j) is obtained from Equation 3, which uses the CDF of the BPT
distribution. This approximated distribution, defined in terms of Zt , will preserve the marginal
probability distributions of rupture occurrence pt , but will slightly modify the final correlations
of multi-segment ruptures. Even though the resulting distribution is an approximated version of
the original, this procedure has been successfully applied numerously [6].
Zt ∼ N (0, Σ), where Σi, j = ρi, j

(6)

Xt ( j) = 1{Φ−1 (Zt ( j)) < pt ( j)}

(7)

Using this procedure, the samples of multi-segment rupture occurrence can be easily obtained
for each year. The next section will show a case study, where all the parameters of this model
are estimated using historic earthquake data, and then applied to evaluate probabilities of future
earthquake ruptures in a subduction zone.

3

Model Applied to Subduction Zones

The model is demonstrated through an application to assess the occurrence of large earthquakes
on the subduction zone along the Coast of Lima, Peru.

3.1

Rupture Earthquake Data

Figure 2 shows the subduction zone off the coast of Peru. The cyan plane shown in the graph
is the region of study. This plane has approximately 770 km along the fault trench, and it has
been identified as one of the main sources of earthquakes in Peru [13]. This plane was idealized
into a line parallel to the trench of the fault (solid blue line), and it was subdivided into ten
equal-length elements. Each element has a length of approximately 77 km, which corresponds
roughly to an earthquake magnitude of 7.5 according to the scaling relationship proposed in
[14]. Therefore, this is the minimum magnitude that the model will analyze. This magnitude
was chosen since it corresponds to the minimum magnitude of the historic earthquake catalog
that was used to calibrate the model.
The seismicity of approximately 450 years was included in the analysis. This catalog is considered complete for earthquakes larger than 7.5 Mw. Table 1 shows this catalog and the sources
from which this information was extracted. Figure 2 shows the rupture areas of earthquakes
that were recorded by seismic instrumentation. To the right of this graph, a time line of the
rupture events is shown with the corresponding rupture lengths of each event. For the preinstrumentation events, estimates of their location were used [2]. For the post-instrumentation
events, the reported areas were projected into the fault trench direction. Previous to the seismicinstrumentation time, the estimates of rupture length were based on earthquake damage [2].
Table 2 shows the years of rupture occurrence at each fault’s element. Since earthquake rupture
lengths do not match the discretization perfectly, the following rule was used: whenever the
events ruptured less than 50% of a segment length, no rupture was considered to occur on the
segment; otherwise, a rupture was considered to occur on the segment. This is not considered a
limitation of the model as higher accuracy can be obtained by defining smaller element lengths
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Table 1: Catalog of large earthquakes’ Mw and rupture lenghts

Year
1586 1619
Mw
8.1 7.85
Lrup (km) 175 125
Source
[2]
[2]

1664
7.5
75
[2]

1678
7.85
125
[2]

1687
8.4
300
[2]

1725
7.5
75
[2]

Year
1940 1966
Mw
8.2
8.1
Lrup (km) 230 185
Source
[7]
[7]

1970
7.9
115
[7]

1974
8.1
250
[7]

1996
7.5
80
[11]

2007
8.0
160
[11]

1746
8.6
350
[2]

along the source than those considered herein. The objective here is to demonstrate how the
models works.
Table 2: Years of rupture occurrence of each fault element of Figure 2

Section Label
1
2
3
4
5
6
7
8
1687 1664 1586 1586 1746 1746 1678 1678
2007 1687 1687 1687 1940 1940 1746 1725
2007 1974 1746 1974 1966 1966 1970
1940
1974

3.2

9
1996

10
1619

Model calibration

First, the marginal probabilities of rupture interarrival times for all the ten segments of the fault
are found. For elements with at least three ruptures in the catalog (i.e. at least two interarrival
time samples), the parameters µ j and α j of Equation 4 are calculated using the Maximum
Likelihood Estimator (MLE) method. For elements with two ruptures (i.e. only one interarrival
time sample), the MLE can not be applied to estimate both parameters. Consequently, the Equal
Moment method is used. The mean is set up to the only existing sample time, and the coefficient
of variation is set to the average coefficient of variation of the elements with at least three
ruptures; this coefficient is 0.92. For the elements that ruptured only once in catalog, i.e. no
intearrival time sample, a mean of 450 years and a coefficient of variation of 0.92 is assumed.
Different values of γ of the correlogram model, shown in Equation 5, are studied to determine
the ones that best approximate the earthquake data. The following values of γ were analyzed:
96, 193, 289, 385, and 481 km. Figure 3 shows the correlogram functions for each of these
values.

3.3

Results

This study uses a 100,000-year simulation of the rupture process using Monte Carlo analysis.
The sampling procedure of rupture occurrence for a general nyears number of years is shown in
Algorithm 1. This algorithm uses the calibrated parameters found in the previous subsections.
Figure 4a and b show one realization of the rupture process for the next 10,000 years using a γ
values equal to 96 and 289 km, respectively. The graphs indicate that as the value of γ increases,
the number of events decreases and rupture lengths increase. This occurs since large γ values
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Figure 2: Region of study of large Mw earthquake occurrence (cyan quadrilateral), and discretization of
this region in 10 equal-lenght sections (dashed blue lines). Rupture lengths of previous large
earthquakes are shown (pink lines) on their respective sections. The label of each section is shown
inside of the pink shapes.

generate stronger correlations as seen in Figure 3, and therefore, the probability of earthquake
propagation to neighboring elements increases so that the elements tend to rupture together
rather than individually.
In order to verify that the model can replicate the complexity of the rupture process in this
sudbuction zone, the average annual release of energy in the historical catalog is compared to
the ones obtained from the model for the different γ values. The energy release of the catalog
is calculated by uniformly distributing the seismic moment, M0 , over each of the elements that
rupture. M0 is calculated from the relationship proposed by Hanks and Kanamori (Equation 8,
where M0 is in units of 10−7 Nm) [5] using the Mw values from Table 1. At each element, all
releases of M0 were added and divided over the 450 years. This is shown in black in Figure
5a. An identical procedure is followed to estimate the average annual release of M0 for the
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Figure 3: Exponential variogram for γ = 96, 193, 289, 385, and 481 km .

Algorithm 1 Sample rupture realizations
1: procedure S AMPLING(nyears )
2:
Initialize Σ as a NxN matrix
3:
for j = 1, · · · , N do
4:
Initialize T1 ( j) as the number of years since the last rupture at segment j until today.
5:
for k = 1, · · · , N do
6:
Calculate Σ( j, k) as ρ j,k in Equation 5.
7:
end for
8:
end for
9:
for t = 1, · · · , nyears do
10:
Sample Zt using Equation 6.
11:
for j = 1, · · · , N do
12:
Calculate pt ( j) using Equation 3.
13:
Find Xt using Equation 7.
14:
Find Tt+1 using equation 1
15:
end for
16:
end for
17: end procedure
simulation; M0 is averaged over the 100,000 years of simulation. These results are also shown
in Figure 5a. This plot indicates that the model can reproduce the shape of the annual average
release of M0 . The γ values of 193 and 289 km give the results that match the catalog the best.
While there is a ”bump” at element 3 that the model cannot represent well, the energy releases
at all other segments are well represented.
2
Mw = log(M0 ) − 10.7
(8)
3
The histogram of Mw of the historic catalog is next compared to the histograms resulting from
the model. Figure 5b shows this comparison. The histogram from the historic catalog is shown in
black. These results indicate that γ values of 193 and 289 km match very well the distribution of
Mw from the historic catalog. These γ values were the same ones that showed the best agreement
in the average annual release of M0 in Figure 5a, therefore, from both perspectives: preserving
the average annual release of M0 and the histogram of Mw , these values can be used to represent
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Figure 4: 10,000 years of simulated rupture occurrence. a) γ = 96, b) γ = 289 km.

Figure 5: Historic catalog vs. model results. a) Average annual M0 release, b) distribution of Mw

the rupture propagation behavior for large earthquakes on the subduction zone along the Coast
of Lima.

Figure 6: Comparison between initial and simulated distribution of rupture interarrival time of element
4 of the fault.
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Finally, the interarrival time distribution of segment 4 is compared to the results from the simulations. As stated previously, one main challenge of the time-dependent statistical models is to
overcome the ”inconsistency” of previous models: the initial assumed distributions of rupture
interarrival time were different from the ones resulting from the simulations. Specifically, there
was an overestimation of the probabilities at the lower tail of the distribution [3, 4]. In order
to overcome this inconsistency, an intrinsic, ”consistent” model is applied. The multi-segment
rupture occurrences are modeled using a joint probability distribution with a spatial correlation model scheme. Therefore, marginal distributions of interarrival time distributions at each
segment remain the same in the simulations. Figure 6 shows the initial assumed distribution of
rupture interarrival time for segment 4 in black. This distribution is compared to the histogram
resulting from the simulation in Algorithm 1. Since the model is intrinsically consistent, it can
be seen that this histogram converges to the black curve.

4 Conclusions
This paper presents a probabilistic model for assessing earthquake rupture occurrence. The
aim of this model is to extend current probabilistic methodologies to comprehensively evaluate the interactions over time and space (i.e. rupture propagation) of earthquake ruptures. The
”inconsistency” of current methodologies is addressed by modeling multi-segment earthquake
rupture using a multivariate Bernoulli distribution. The multivariate distribution is function of
1) marginal rupture probabilities at different fault segments estimated according to the time
since the last rupture at each segment, and 2) a spatial correlation function that models rupture
propagation from individual segments to their neighbors.
The case study evaluates earthquake rupture occurrence of large events in the subduction zone
of Lima using the model presented herein. The correlation function is calibrated to find the
parameters that best represented the rupture process of this subduction zone. Results from this
calibration indicated that this model is capable of matching 1) the average seismic moment release on each segment of the fault with reasonable accuracy, and 2) the histogram of earthquake
magnitude occurrence on the fault of the earthquake catalog of the last 450 years. Additionally,
the ”consistency” of the methodology is displayed by showing that the proposed probability
distribution of interarrival times at segments matched the simulations.
These findings show that the model can capture the complexities of the earthquake rupture process. Still, further work is needed to make this model more robust: 1) Physics-based models can
be coupled with this probabilistic methodology to enlarge the timespan of the historic earthquake catalogs. Large earthquakes have interarrival times of hundreds, and sometimes even
thousands of years, and therefore, this information cannot be estimated with statistical confidence by using historic catalogs that do not have a long timespan. Catalogs resulting from
physics-based models can address this issue. 2) The functional form of the spatial correlation
model of earthquake occurrence can be directly explored from data. In this paper, an spherical
form was used, however, historical or physics-based catalogs can be used to evaluate the validity
of this form.
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Abstract: Quantification of seismic collapse risk of structures requires consideration of uncertainties in seismic loading and in modeling of structures. In this
paper, we discuss recent efforts to quantify stochastic properties of structural
modeling parameters. Results include development of a new technique to estimate stochastic dependence among model parameters, an assessment of the
impacts of these correlations on structural reliability, and a discussion of the implications of these findings. The results further confirm the importance of considering model parameter uncertainties when evaluating structural collapse risk, as
expected given the significant uncertainties associated with modeling this phenomenon. Further, the results illustrate several practical approaches for better
estimating and propagating these uncertainties in practical structural response
assessments (i.e., without dramatically changing analysis approaches currently
used in earthquake engineering).

1 Introduction
Seismic risk analysis requires quantification and propagation of uncertainties in order to quantify the probability of adverse outcomes. Significant effort has been devoted to quantifying and
assessing uncertainty in ground shaking and structural model parameters, but much less attention has been given to stochastic dependence among parameters [1]. A number of studies have
performed risk analysis with assumed dependence among parameters [2, 3, 4, 5, 6].
To consider dependence, we utilized the concentrated plasticity model proposed by Ibarra et
al. [7], and shown in Figure 1. The ‘backbone’ model has five parameters: capping plastic
rotation (θcap,pl ), secant stiffness to 40% of the component yield moment (EIst f ), yield moment
(My ), capping moment (Mc ), and post-capping rotation (θ pc ). A sixth parameter (γ) governs
deterioration under cyclic loading. This model is often used when simulating sidesway collapse
in frame structures [e.g., 8, 9, 10].
Predictive models for these parameters find their marginal distributions to be lognormal (with
the exception of Mc which is strictly greater than My and so requires a mild transformation to
be modeled as a lognormal random variable [11]. We make the additional mild assumption that
the joint distribution of their logarithms is multivariate normal; dependence among parameters
can then be quantified by correlation coefficients. We thus discuss correlation coefficients for
model parameters exclusively below.
When modeling a complete structure, these concentrated plasticity elements are utilized at the
ends of beams and columns (Figure 2). The structural model then requires the six component
parameters to be specified at the many locations throughout the structure.
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Mc
Moment

My

EI

stf

θcap,pl

θpc

Chord Rotation
Figure 1: Ibarra et al. [7] model for moment versus rotation of a plastic hinge in a structure, with the
five backbone model parameters labeled.

Predictive models for mean values and standard deviations of these parameters have been calibrated from component test data [12, 13], and predict values as a function of component geometry, axial load, etc. Of interest here is the correlation among parameter values. Note that
correlation exists between parameters for a given component, as well as from component-tocomponent; we refer to these as within- and between-component correlations, respectively.

2 Estimating correlations
Gokkaya et al. [11] proposed the following method for estimating correlations. A set of observed parameter values from a large set of tests are considered, where there are groups of
components analogous to a set of components in a building. Predictive equations for means
and standard deviations of those parameter values are needed as well (in this study they were
already available, but in principle could be developed in conjunction with the correlations).
For the data set considered below, there are multiple tests performed by individual laboratories, and here we refer to these as ‘test groups.’ Most of these test groups have specimens with
similar dimensions, and with fixed steel yield strength and area ratio of longitudinal reinforcing steel. The primary differences among the tests within a test group are the level of axial
load and transverse reinforcement. These variations are analogous to variations we anticipate
among components in a real-world building. Given these features, we make the assumption that
model parameter values observed from tests in a single test group will show similar stochastic
dependence to model parameter values among components in a real building (resulting from
similarities in environmental conditions, workmanship, etc.). With this assumption, we then estimate model parameter correlations within test groups, as described below, in order to estimate
correlations for building models.
We compute prediction residuals by comparing the observations from the test data to model
predictions:
ln ykij = ln ŷkij + ε̃ikj
(1)
where i and j represent the test group and test number, respectively, and the superscript k indicates the random variable of interest. Random variable k from the test specified by i and j is
associated with observed value ykij , predicted value ŷkij , and residual ε̃ikj .
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Within-event correlation

Component i: { θcap,pl , EIstf , ...}
Between-event
correlation

Component j: { θcap,pl , EIstf , ... }

Figure 2: Illustration of locations in a structural model with concentrated plasticity elements, indicating
within- and between-component correlation.

A one-way random effects model is applied to residuals from Equation 1 to assess the correlation structure of the model parameters [14]. The test groups are treated as a random effect, and
logarithmic residuals of each random variable, ε̃ikj , are considered without any further transformation, leading to the following equation:
 
 
k
ln yi j − ln ŷkij = ε̃ikj
(2)
= µ k + αik + εikj

where µ k is the mean of the data, and α k and ε k represent between- and within-test-group variability, respectively. The α k and ε k terms are independent random variables with zero means and
variances σk2 and τk2 , respectively. These variances are estimated from the regression procedure.
From Equation 2, and the definition of correlation, the correlation coefficient for the logarithms
of the model parameters k and k0 within a given component is:
ρln yk ,ln yk0
ij

ij

ρα k ,α k0 σk σk0 + ρε k ,ε k0 τk τk0
i
i
q ij ij
= q
σk2 + τk2 σk20 + τk20

(3)

where all of the required correlation coefficients and standard deviations needed to evaluate
this formula can be estimated from the random effects regression results. Similar results can be
derived for between-component correlations [11].
When this approach was applied to concrete beam-column test data, between-component correlations of like parameters showed high values (i.e., My , θcap,pl , EIst f /EIg and Mc /My have
correlations of 0.7 or greater). This implies that values of these parameters across components
will tend to take similar values.
Within a component, correlations of model parameters are small. Correlation between Mc /My
and My , and between Mc /My and θcap,pl , was approximately 0.3, and other parameter pairs had
smaller correlations.
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3 Impact on seismic reliability
3.1

Analysis procedure

To evaluate the impact of the above parameter correlations, seismic reliability analyses were
performed. Monte Carlo simulations of building models were generated (where the six parameter values discussed above were randomized to have appropriate variance/covariance structure).
Each realization of the structure was then subjected to an incremental dynamic analysis, increasing the amplitude of the ground motion (as measured by an intensity measure, im) until a failure
was observed. For the results below, failure was defined as exceedance of a peak story drift
ratio somewhere in the building. The im causing failure is influenced by variability in ground
motion properties among ground motions with that im value, and by uncertainty in structural
behavior (quantified by the parameter uncertainty discussed above). The analysis results are
quantified by a fragility function estimating the probability of failure (F) at a given IM level,
im (P(F|IM = im)), and parameterized here by a lognormal cumulative distribution function:


ln (im/θ )
(4)
P (F|IM = im) = Φ
β
where Φ () is a standard normal cumulative distribution function, and θ and β are distribution
parameters estimated from the analysis data.
The mean annual frequency of failure (λ f ) is then obtained by integrating the collapse fragility
function with the ground motion hazard curve for the site of interest [15], as given in Equation
5.
Z ∞
dλIM (im)
λf =
d(im)
(5)
P(F|IM = im)
d(im)
0
where λIM (im) is the mean annual rate of exceeding the ground motion im and
slope of the im hazard curve at im.

3.2

dλIM (im)
d(im)

is the

Analysis results

The above procedure was performed for a number of reinforced concrete frame buildings. For
each building, a number of approaches to model parameter uncertainty were also considered.
A ‘median model’ case set all parameters to their median predicted values, and considered
no parameter uncertainty. A ’no correlation’ case considered all parameters uncertain, but uncorrelated (i.e., independent, given the multivariate Gaussian distribution considered). A ’full
correlation’ case considered all parameters uncertain, and perfectly correlated. Finally, a ’partial
correlation’ case considered all parameters uncertain, and partially correlated with correlation
coefficients estimated from the procedure of Section 2. The partial correlation case is considered the best estimate of structural reliability, and the other cases were considered to evaluate
the importance of incorporating correlations and to assess the accuracy of potential simplified
correlation representations.
Figure 3 shows example results from this procedure. These results are for a modern four-story
three-bay reinforced concrete frame. The building is assumed to be located in Los Angeles, was
designed to satisfy 2003 IBC and ASCE 7-02 design standards [16, 17]. An OpenSEES model
of the building, with a first-mode elastic period of 0.94s, was used for analysis [18, 2]. The 44
far-field ground motion components from FEMA-P695 were used as input ground motions [19].
These results show that parameter uncertainties are not particularly important for moderately
nonlinear response (i.e., story drift ratios < 0.03), as all modeling approaches gave comparable
answers. But for more severely nonlinear response, the results varied more dramatically. At a
story drift ratio of 0.1 (generally associated with sidesway collapse), the predicted exceedance
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Annual rates of exceedance

rate varied by a factor of 2.5 between the median model case and the full correlation case. The
(benchmark) partial correlation case produced results between these two extremes, and was best
approximated by the no correlation case. A number of other structural performance metrics were
considered (e.g., median and log-standard-deviation of response at a given im level), and the
accuracy of simplified correlation representations varied depending upon the metric of interest.
A broader set of analyses of this type produced a number of other findings [20]. The example
building here had regular strength and stiffness distribution over its height, and so variations in
parameter values generally did not change the collapse mechanism; for other structural models (e.g., those with a soft story) the collapse mechanism could change depending on a given
realization of parameter values. This has important implications for structural engineers, as it
indicates that a structural model with median model parameters may not indicate all plausible
collapse mechanisms that could be present if one explicitly considers the uncertainty in the
structural models representation of the building.
A general finding was that model uncertainty in general became more important as the degree of
nonlinearity in the building increased. This is intuitive in that structural models (and associated
model parameters) are less well understood at severe deformation demands. It also highlights
that conclusions about the importance of model uncertainty require consideration of the limit
state being considered; reference studies considering uncertainty in elastic model parameters,
moderately nonlinear (or non-deteriorating) structures did not give an indication of the importance of model uncertainty on collapse capacity, as was observed in this study.
10

−2
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−3

No Correlation
Partial Correlation
Full Correlation

Median Model
10

−4

0

0.02

0.04
0.06
Story drift ratio

0.08

0.1

Figure 3: Mean annual frequency of exceedance of maximum story drift ratio using the considered correlation models (adapted from [11]).

4 Conclusions
This paper summarizes findings from recent studies on a new technique for estimating dependence among model parameters; this approach uses random effects modeling of parameters
estimated from a database of experimental component tests, in order to quantify the degree to
which parameter variability is shared across components or across parameters within a component. Groups of component tests that are conducted in similar conditions, and are investigating
the impacts of particular properties of components that can effectively represent different locations in a structure, are suitable for this estimation approach. To illustrate the impacts of this
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modeling techniques, results from a case study analyses are presented. More detailed results
and discussion are available in the papers cited above, and in [21].
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Abstract: In this paper, we have employed two algorithms, frequentist and
Bayesian, which fall into the broad class of Generalized Linear Models, to implicitly capture heteroscedasticity (non-constant variance) while performing regression of structural response on scalar seismic intensity measures. In particular, these algorithms have been applied to a four-story steel moment frame subjected to earthquake ground motions, considering different response quantities
such as drifts, floor accelerations and joint rotations. Two commonly used intensity measures, peak ground acceleration and spectral acceleration at the elastic
first mode period, have been considered independently to study their efficiency
in capturing the variance functional form. The functional form of variance estimated by these algorithms has been compared to an empirical exact functional
form obtained through Incremental Dynamic Analysis (IDA). In general, the estimates of the variance function obtained by these algorithms compare well to
the IDA approach, given the small number of non-linear dynamic analysis required. Moreover, the Bayesian algorithm, under certain specification of priors,
leads to smaller sum of squares of errors and improved co-variance structure of
the predicted regression parameters as compared to the frequentist algorithm.
With these algorithms, the cloud-based approach can account for response heteroscedasticity with no additional computational expense, potentially improving
the accuracy of seismic response analysis.

1 Introduction
The PEER framework for Performance Based Earthquake Engineering (PBEE) quantifies
uncertainty in decision variables (eg. cost) due to earthquakes by propagating uncertainties that
exist at various analysis levels, namely, seismic, demand, damage and loss analyses [8]. The crucial and computationally expensive stage of analysis in the PEER framework is the estimation
of demand hazard, which links earthquake occurrence intensity to structural damage. The demand hazard computation stage is also termed Probabilistic Seismic Demand Analysis (PSDA).
One of the more straight-forward methods used in PSDA is the cloud-based approach wherein
structural response or Engineering Demand Parameters (EDP) from a suite of non-linear dynamic analyses performed on the structure are linked to scalar earthquake Intensity Measures
(IM) using ordinary least squares regression (OLS). Then, the probability that EDP exceeds a
particular value given IM is computed by assuming that OLS residuals are normally distributed.
This is shown as [3, 2, 6],
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ln(Y ) − ln(Yb (IM))
Pr.(EDP > Y |IM) = 1 − Φ
σ

!

(1)

where, Y and Yb (IM) represent the EDP level and predicted value of EDP from OLS regression given IM respectively, Φ is the standard normal cumulative distribution function and σ is
σlnEDP|lnIM , the standard deviation in predicted lnEDP from OLS regression. One of the common assumptions made in cloud-based PSDA is that σ is constant across all levels of IM. This
is known as the homoscedasticity assumption.
Although assuming homoscedasticity is convenient in PSDA, several authors observed that
σ can vary considerably with IM level [3, 2, 6]. This variation of σ with IM level is termed
as heteroscedasticity. For example, by scaling ground motion records to different IM levels and
performing nonlinear dynamic analyses on the structure, [3, 2, 6] observed that there can be
significant variation of σ with the IM level. Furthermore, [2] proposed an explicit method to
capture this heteroscedasticity and incorporate it in equation (1). Their method involves explicitly fitting a functional form to σ values at select IM levels, which are obtained by performing
nonlinear dynamic analyses using ground motion records scaled to these IM levels.
In this paper, we describe two implicit heteroscedasticity capturing algorithms, frequentist
and Bayesian, in section 2. These algorithms fall into the broad class of regression models
known as Generalized Linear Models (GLM). GLMs relax certain assumptions made in OLS to
improve predictions of the response variables. For example, certain classes of GLMs do not assume that regression residuals are normally distributed. [10] is one such example where GLM
regression was performed by assuming residuals are gamma distributed for linking collapse
spectral displacement to significant duration, building time period and ductility. Other classes
of GLMs do not assume homoscedasticity in response variables. The algorithms employed in
this paper are tools for implementing the heteroscedastic GLMs. Given EDP-IM data and under a cloud-based approach, these algorithms implicitly detect heteroscedasticity and quantify
variance change as a function of IM.
In section 3 a description of the building model and ground motion data used is given. The
capability of frequentist and Bayesian algorithms in capturing heteroscedasticity are assessed in
section 4. This evaluation is done by comparing the variance functional form obtained by using
the above-mentioned algorithms to an empirical exact functional form obtained via Incremental
Dynamic Analysis (IDA). Finally in section 5, the impact of heteroscedasticity on fragility
estimation is investigated.

2 Algorithms considered to capture heteroscedasticity
Two algorithms, frequentist and Bayesian, to capture seismic response heteroscedasticity
are considered. Bayesian procedures gives us an advantage to control the results of analysis by
adjusting the priors. If the priors are assumed to be non-informative, the output of Bayesian
procedures essentially converge to that of frequentist.

2.1

The frequentist algorithm
The model for mean EDP estimation is given as [6],
ln(EDPi ) = β0 + β1 ln(IMi ) ⇔ Ye = X βe

(2)

where the equation on the left hand side represents the scalar form of the model while the
equation on the right hand side represents its equivalent vector form. In the vector form, Ye is an
N × 1 vector with each component as ln(EDPi ), X is a N × 2 matrix with each row as [1 ln(IMi )]
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and βe is 2 × 1 vector with components β0 and β1 . The model for variance estimation is given
as,
e = Z γe
ln(σi2 ) = γ0 + γ1 IMi + γ2 IMi2 ⇔ K

(3)

es+1
es+1 = α
es + ∆
α

(4)

e is an N × 1 vector with each component as ln(σ 2 ), Z is a N × 3 matrix with each row
where K
i
as [1 IMi IMi2 ] and γe is 3 × 1 vector with components γ0 , γ1 and γ2 . The model in equation (3)
is similar to that used by [2] except that natural logarithm of variance is estimated to ensure
positivity of this quantity. Given the vectors of EDP and IM values, the coefficients in equations (2) and (3) are estimated via the maximum likelihood method [1]. Because of the greater
dimensionality of the coefficient vector, no closed form solutions exist. So, we resort to the
Fisher-scoring algorithm. In statistics, the Fisher-scoring algorithm is a numerical technique to
solve the maximum likelihood problem similar to the Newton-Raphson scheme in optimization problems. The estimation of regression coefficients via the scoring algorithm can be made
through the following equation [11],

e is a 5×1 vector containing regression
where, the subscript ‘s’ represents the iteration number, α
e
coefficients of models (2) and (3), ∆ is a correction vector. The correction vector is given as,
h
T
T
e
∆s+1 = (X W s X)−1 X W s Res

iT
2
f
e
(Z Z) Z(W s Rs − 1N )
T

−1

where, W is a N × N diagonal matrix with ith component as

1
,
σi2

(5)

Re is an N × 1 residual vector

with ith component as ln(EDPi ) − β0 − β1 ln(IMi ), Re2 is an N × 1 squared residual vector with
the ith component as (ln(EDPi ) − β0 − β1 ln(IMi ))2 and 1f
N is an N × 1 vector containing ones.
e
In the first run of the algorithm, initial guess for β0 can be made using Ordinary Least Squares
(OLS) regression, initial guess for γe0 has the first element as natural logarithm of OLS variance
e0 can be arbitrarily made.
and rest of the elements as zeroes and initial guess for ∆

2.2

The Bayesian algorithm

The variance functional form can also be estimated using Bayesian procedures. Under a
Bayesian setting, coefficient vectors βe and γe have a prior and posterior probability distribution
on them. The prior distribution reflects an individual’s belief on the coefficient vectors and the
posterior distribution obtained via Bayes’ rule is a modification of the prior distribution after
accounting for the observed data. The joint posterior distribution for the regression coefficients
in the mean and variance functional forms is shown as,
p(βe, γe | Ye ) ∝ p(Ye | βe, γe) p(βe, γe)

(6)

where, p(Ye | βe, γe) is the likelihood of observing the response Ye and p(βe, γe) is the prior distribution for the coefficients βe and γe. In a Bayesian setting, often times closed-form solutions do
not exist for the posterior, hence, the posterior is numerically simulated using Markov-ChainMonte-Carlo (MCMC) sampling. In this paper we use a hybrid Gibbs-Metropolis algorithm
to sample from the posterior p(βe, γe | Ye ) [4]. In particular, the coefficients in the vector βe are
sampled using the Gibbs algorithm because it is straight forward to derive the full conditional
distribution of βe given γe and Ye . While the coefficients in the vector γe are sampled using the
Metropolis algorithm as it is intractable to derive the full conditional distribution of γe given βe
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and Ye . In the Gibbs algorithm, full conditional distribution for βe given γe and Ye is first constructed. This is shown as,
eβ , Σβ )
p(βe | γe, Ye ) ∼ N (M

(7)

Σβ = [Σβ o + X W X]−1

(8)

T e
eβ = Σβ [Σ−1
e
M
β o Mβ o + X W Y ]

(9)

−1

T

eβ o and Σβ o are bi-variate prior mean vector and co-variance matrix respectively; and,
where, M
eβ and Σβ are bi-variate posterior mean vector and co-variance matrix respectively. In a Gibbs
M
algorithm, all the samples drawn from p(βe | γe, Ye ) are accepted. Given βe, γe is sampled using
Metropolis algorithm. In a Metropolis algorithm, a proposal distribution for γe (γe∗ ) is first constructed. This is shown as,
eγ , Σγ )
γe∗ ∼ N (M
−1

T

(10)

Σγ = [Σγo + 0.5Z Z]−1

(11)

Te
eγ = Σγ [Σ−1
e
M
γo Mγo + 0.5Z Yt ]

(12)

1N ) + [W Re2 ]
Yet = (Z γe − e

(13)

eγo and Σγo are tri-variate prior mean vector and co-variance matrix respectively; and,
where, M
eγ and Σγ are tri-variate proposal mean vector and co-variance matrix respectively. A transM
formed response variable (Yet ) to achieve good acceptance rates in the Metropolis algorithm is
expressed as [4],
After sampling a proposal vector γe∗ which contains the variance functional form coefficients, the acceptance ratio (α) is calculated using [7],
n
e∗ )))
ln(α) = min 0, [sum(ln(dnorm(Ye , X βes+1 , σ
es )))]
− sum(ln(dnorm(Ye , X βes+1 , σ

(14)

o
e
e
+ ln(dnorm(γ∗ , Mγo , Σγo )) − ln(dnorm(γs , Mγo , Σγo ))

e is given by sqrt(exp(Z γe)). If α is greater than a
where, dnorm is the normal density and σ
uniformly distributed random variable, we accept the proposal γe∗ , otherwise, we reject it.

Choice of prior for the Bayesian algorithm

The Bayesian algorithm requires priors for the mean function coefficients (equation (2))
and variance function coefficients (equation (3)). The prior for mean function coefficients is set
to be a bi-variate normal distribution with mean and co-variance inferred from the frequentist
algorithm. This is done to make maximum utilization of the data for estimating the variance
functional form. The prior for variance function coefficients is set as a tri-variate normal distribution with zero mean and a co-variance structure. When this co-variance structure was set
to have large values for diagonal elements (i.e. setting a flat or non-informative prior for the
variance coefficients), frequentist and Bayesian solutions converged. However, when this covariance structure was set to be diag([10 1010 10]), Bayesian solutions produced lower Sum
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of Squares of Errors (SSE), in some cases, as compared to the frequentist solution. Moreover,
posterior co-variance structure of the response variance functional form improved. Hence, this
partially non-informative prior will be considered in this study.

3 Case study description
Structure description
For investigating the performance of the frequentist and Bayesian algorithms in capturing
heteroscedasticity, a four story steel moment frame building was considered. The building was
designed for seismic loads in metropolitan Los Angeles, CA. The fundamental time period of
this building is 1.33 seconds and the base shear coefficient of the structure is about 0.082. A
model for the two-dimensional frame on the EW perimeter was developed in OpenSees [9]
by Eads 2013 [5]. Material nonlinearity was taken into account via a lumped plasticity approach. Second order (geometric nonlinear) effects on this two-dimensional frame caused by
non-tributary gravity loads were modeled using a leaning column.

Ground motions

5

6

4

5
Frequency

Frequency

The heteroscedasticity-capturing algorithms were applied to the four-story steel moment
frame using the FEMA P695 far-field set. This record set has been used in many recent studies that conducted seismic response analyses on structural models. The ranges of earthquake
magnitude, Joyner-Boore distance and PGA in the considered record set are 6.5-7.5, 7.1Km26Km and 0.13g-0.82g respectively. As it is intended to capture heteroscedasticity in structural
response between IM ranges 0.01g-2g for PGA and 0.01g-1.5g for Sa(T1 = 1.33s), an assemblage of ground motion record sets was created using the FEMA record set and the same record
set scaled twice and thrice. Out of this assemblage, approximately eighty records were selected
such that the IMs PGA and Sa(T1 = 1.33s), independently, have an approximate uniform distribution within the considered IM ranges. This was done to avoid a biased and hence erroneous
estimation of variance functional form by the algorithms due to concentration of large numbers
of IM values within a narrow range. Typical frequency distributions of the two IMs are shown
in Figure 1.

3
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Figure 1: Typical frequency distributions of IMs: (a) Sa(T1 = 1.33s) and (b) PGA used for the analysis.
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4 Results
The frequentist and Bayesian algorithms described in section 2 were applied to the structure
described in section 3. A MATLAB code has been developed to implement the above-mentioned
algorithms. The EDPs considered in this analysis are Inter-story Drift Ratio (IDR) and Peak
Floor Acceleration (PFA) at all four stories, Roof Drift (RD) of the structure and middle node
Joint Rotation at second story (JR). As mentioned earlier, the IMs Sa(T1 = 1.33s) and PGA
are considered independently in order to study their effectiveness in predicting the variance
functional form for different EDPs.
The variance functional forms predicted by the two algorithms are evaluated by computing
the Sum of Squares of Errors (SSE) with reference to IDA data. IDA was conducted using the
forty-four ground motion records (both the horizontal components considered) of FEMA record
set. For each of the two IMs, ground motion records were scaled with an interval of 0.05g until
1.5g for Sa(T1 = 1.33s) and until 2g for PGA, independently. During the scaling process some
earthquake records caused the structure to collapse. These collapse-causing earthquake records
were discarded from further analysis, i.e., they were not subjected to further scaling. Given an
IM level and the no-collapse EDP values from the analysis, the standard deviation in EDP values
was computed. Finally, given an EDP and IM, a variance functional form similar to that shown
in equation 3 was fit using these conditional standard deviation in EDP values. It is noted that
the variance functional form obtained using IDA procedure required around thousand non-linear
dynamic analyses for each IM in comparison to eighty analyses required for implementing the
two algorithms.

4.1

Sa(T1 = 1.33s) as conditioning IM

Table 1 shows the SSE in the variance functional form predicted by the frequentist and
Bayesian algorithms with reference to IDA data. Also shown in this table are the SSE in the
variance fit made directly to IDA data assuming a functional form same as the one shown
in equation (3). It can be seen from this table that the SSE in the variance functional forms
predicted by the algorithms approach the IDA fit functional form for both drift related and
floor acceleration related EDPs. It can also be noticed that in some cases (for the EDPs IDR1,
IDR2 and PFA3) the partially non-informative priors for the Bayesian algorithm described in
section 2.2 leads to less SSE in comparison to the frequentist algorithm. In other cases the SSE
in the variance functional form captured by the Bayesian and frequentist algorithms are quite
close. Figure 2 shows the variance functional forms obtained via the frequentist and Bayesian
algorithms, IDA data and fit to IDA data for some select EDPs. It can be noted from this figure
that the standard deviation in EDP given IM can vary considerably with the typical ranges being
0.15-0.45 for the drift related EDPs and 0.35-0.55 for the floor acceleration related EDPs.
Table 1: Performance evaluation of the frequentist and Bayesian algorithms under the conditioning IM
Sa(T1 = 1.33s) with reference to IDA data

SSE freq
SSE Bayes
SSE IDA

4.2

IDR1 IDR2
0.09
0.1
0.06 0.04
0.03 0.03

IDR3 IDR4 RD
0.05 0.05 0.07
0.04 0.07 0.06
0.03 0.04 0.02

JR
0.04
0.07
0.02

PFA1
0.07
0.06
0.006

PFA2 PFA3
0.032 0.09
0.04
0.06
0.01 0.006

PFA4
0.04
0.05
0.01

PGA as conditioning IM

Table 2 shows the SSE in the variance functional form predicted by the frequentist and
Bayesian algorithms with reference to IDA data. Also shown are the SSE in the variance fit
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Figure 2: Evaluation of the performance of frequentist and Bayesian algorithms in capturing heteroscedasticity under the IM Sa(T1 = 1.33s) and for the EDPs: (a) Inter-story Drift Ratio 1 (IDR1)
(b) IDR4 (c) Roof Drift (d) Peak Floor Acceleration 1 (PFA1) (e) PFA2 (f) PFA3. The circles represent
conditional standard deviations obtained through IDA.

made directly to IDA data. Unlike the case where the conditioning IM was Sa(T1 = 1.33s),
it can be seen that the SSE are considerably different from the IDA fit values especially for
the drift related EDPs. For the floor acceleration related EDPs on the other hand, the SSE in
the captured variance functional forms by the algorithms tend to approach IDA fit values. This
indicates that the conditioning IM is important for the frequentist and Bayesian algorithms
to perform effectively. Also, it can be observed from Table 2 that SSE are less for the drift
related EDPs captured by the Bayesian algorithm with the partially non-informative priors with
reference to the frequentist algorithm. Figure 3 shows the variance functional forms obtained
via the frequentist and Bayesian algorithms, IDA data and fit to IDA data for some select EDPs.
It can be seen that for the drift related EDPs, the standard deviation change is almost negligible
with respect to IM. For the floor acceleration EDPs on the other hand, there is a considerable
standard deviation change with the typical range being 0.2-0.4.
Table 2: Performance evaluation of the frequentist and Bayesian algorithms under the conditioning IM
PGA with reference to IDA data

IDR1 IDR2
SSE freq
0.63 0.61
SSE Bayes 0.48 0.44
SSE IDA
0.04 0.06

IDR3 IDR4 RD
0.75 0.33 0.63
0.58 0.23 0.48
0.02 0.06 0.06
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JR
1.22
0.98
0.04

PFA1
0.11
0.11
0.01

PFA2 PFA3
0.40
0.12
0.37
0.11
0.05
0.01

PFA4
0.02
0.02
0.005
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Fit to IDA data
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Figure 3: Evaluation of the performance of frequentist and Bayesian algorithms in capturing heteroscedasticity under the IM PGA and for the EDPs: (a) Inter-story Drift Ratio 1 (IDR1) (b) IDR4
(c) Roof Drift (d) Peak Floor Acceleration 1 (PFA1) (e) PFA2 (f) PFA3. The circles represent conditional
standard deviations obtained through IDA.

5 Impact on fragility estimation
To investigate the impact of heteroscedasticity on fragility estimation the EDP and IM are
considered to be Roof Drift (RD) and Sa(T1 = 1.33s) respectively. RD is often an EDP of interest during probabilistic seismic loss assessment and as noted previously, the heteroscedasticity
capturing algorithms perform well when the conditioning IM is Sa(T1 = 1.33s). Figure 4 shows
the fragility curves for the RD values 0.02, 0.03, 0.04 and 0.045. Three methods, IDA, GLM
algorithm and homoscedasticity, were used to obtain the fragility curves. In the IDA method the
variance functional form directly fit to IDA data was used, in the GLM method the Bayesian
algorithm was used to estimate the variance functional form utilizing limited data and constant
variance was assumed across all IM levels in the homoscedasticity method. Upon obtaining the
variance functional form, equation (1) was used to obtain the fragility curves. It can be observed
from Figure 4 that at lower levels of RD considering heteroscedasticity does not make any difference in fragility estimation. However, at high levels of RD (>0.03) considering heteroscedasticity changes the fragility estimates noticeably from assuming homoscedasticity. Also, the algorithms used in this paper are able to reproduce fragility curves which match closely with IDA
method.

718

1

0.8

0.8

P(RD > 0.03 | IM)

P(RD > 0.02 | IM)

1

0.6
IDA
Heteroscedasticity
Homoscedasticity

0.4
0.2
0

0.6
0.4
0.2
0

0

1
Sa(T1 = 1.33s) (g)

2

0

(a)

2

(b)
1
P(RD > 0.045 | IM)

1
P(RD > 0.04 | IM)

1
Sa(T1 = 1.33s) (g)

0.8
0.6
0.4
0.2

0.8
0.6
0.4
0.2
0

0
0

1
Sa(T1 = 1.33s) (g)

0

2

(c)

1
Sa(T1 = 1.33s) (g)

2

(d)

Figure 4: Evaluation of the impact of heteroscedasticity on fragility estimation at roof drifts: (a) 0.02 (b)
0.03 (c) 0.04 (d) 0.045. IDA refers to utilization of the variance functional form from IDA results and
heteroscedasticity refers to use of the Bayesian algorithm to capture the variance change.

6 Conclusions
This study has applied two algorithms, frequentist and Bayesian, to capture seismic response
heteroscedasticity (standard deviation change) in a four story steel moment frame building. The
following conclusions can be drawn:
• In line with previous research, the standard deviation in EDP is found to vary considerably
with IM level. Typical range of standard deviation was found to be 0.15-0.45 for the
drift related EDPs and 0.35-0.55 for the floor acceleration related EDPs under the IM
Sa(T1 = 1.33s). For the IM PGA on the other hand, the standard deviation did not vary
considerably with IM level for the drift related EDPs while the standard deviation ranged
between 0.2-0.4 for the floor acceleration related EDPs.
• The frequentist and Bayesian algorithms performed well in capturing variance change as
a function of IM when the conditioning IM was Sa(T1 = 1.33s). The results obtained via
these algorithms have been compared to “exact” results obtained through IDA. When the
conditioning IM was PGA, the algorithms performed poorly for drift related EDPs. This
indicated that the conditioning IM is important for the algorithms to perform effectively.
• The Bayesian algorithm under a particular prior specification led to smaller SSE and
improved co-variance structure for variance functional form coefficients in comparison to
the frequentist algorithm.
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• Assuming that a proper IM is selected, the proposed approach is valuable in that it reproduces the heteroscedasticity using only eighty simulations in comparison to the thousand
simulations required for IDA.
• It was also observed that at lower levels of roof drift considering heteroscedasticity did
not affect fragility estimation. However, at high levels of roof drift (>0.03) considering
heteroscedasticity resulted in a closer match to IDA results than the homoscedastic assumption.
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Abstract: In this study, an approximation method of estimating an exceedance
probability of the maximum ductility factor of an inelastic oscillator is proposed
based on the equivalent linearization technique using the capacity spectrum (CS)
method. The CS method seeks to determine the first point at which the demand
spectrum crosses the CS, which can be interpreted as a first passage problem
of a stationary standard normal stochastic process. Because the auto-correlation
function is not continuous when the difference is equal to zero, and because the
crossing event cannot be modelled as a Poisson process when the CS is close to
the horizontal axis, the mean crossing rate is semi-theoretically estimated based
on Monte Carlo simulation. The accuracy of the proposed method is demonstrated by using numerical examples.

1 Introduction
Predictors of seismic structural demands such as interstory drift ratios that are faster than nonlinear dynamic analysis (NDA) are useful for structural performance assessment and design.
Several techniques for realizing such predictors have been proposed by using the results of a
nonlinear static pushover analysis and the maximum response of an inelastic oscillator that is
equivalent to the original frame [8][3][13][11].
In reliability-based seismic design of a structure, it is necessary to express the maximum response of the inelastic oscillator probabilistically. This information can be obtained via NDA,
but requires thousands of samples. In practice, the use of simpler methods, such as an equivalent linearization technique (EqLT), using an elastic response spectrum seems more reasonable;
design spectra are being developed on the basis of probabilistic approaches such as uniform
hazard spectrum (UHS) and conditional mean spectrum [2].
A UHS is obtained by plotting the response with the same (i.e., uniform) exceedance probability
for a suite of elastic oscillators with different natural periods; hence, a UHS represent no specific
ground motion [1]. Although there exists certain correlation among the spectral responses of
elastic oscillators to a ground motion (e.g., [2]), perfect correlation is implicitly assumed in the
use of a UHS. In such a scenario, the response may be overestimated via EqLT when a very rare
event is considered.
The correlation among spectral responses may be considered by using a conditional mean spectrum (CMS), which is the mean spectrum conditional to the event that the spectral displacement
of an elastic oscillator with a certain period equals the displacement with, for example, 10%
exceedance probability in 50 years. However, the authors have shown that the EqLT using CMS
can provide fairly optimistic estimates [9].
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A new approximation method is proposed using semi-theoretical solutions of the first passage
problem by converting a probabilistic elastic displacement response spectrum into a stationary
standard normal random process. The accuracy and applicability of the method are discussed
by using numerical examples.

2 Equivalent Linearization Techniques
2.1 Equivalent Linearization Technique
In an EqLT, the maximum displacement of an inelastic oscillator with the elastic natural period,
T1 , and the damping factor, h1 , is approximated by using that of an elastic oscillator with the
equivalent natural period, Teq , and the equivalent damping factor, heq , as
E
I
(Teq ; heq )
(T1 ; h1 ) ≈ SD
SD

(1)

I
µ = SD
(T1 ; h1 )/δy

(2)

where SD (T ; h) is the spectral displacement of an oscillator with the natural period, T , and
the damping factor, h; the superscripts E and I represent the elastic and inelastic responses,
respectively. Often, Teq and heq are expressed as functions of the maximum ductility factor of
the inelastic oscillator, µ , which is defined as

where δy is the yield displacement of the oscillator.
Several linearization techniques have been proposed (e.g., [6],[12]); among them, the following
formulae for an oscillator with a bilinear backbone curve [12] are used in this study.
√
µ
Teq = T1 ·
(3)
1 − k2 (1 − µ )
√
(4)
heq = 0.25 · (1 − 1/ µ ) + h1
where k2 is the second stiffness ratio of the backbone curve.

2.2 Capacity Spectrum Method
The capacity spectrum (CS) method [5] can be used to graphically estimate the inelastic displacement as the intersection of the capacity spectrum and the demand spectrum (DS). To take
into account the effect of heq , the demand spectrum must be adjusted by multiplying it with
the damping reduction factor, Fh (h), defined as the ratio of the spectral response of an elastic
oscillator with a damping factor h to that with the damping factor, h1 . Because heq is a function
of the unknown value µ , an iterative procedure is generally required for its determination.
In contrast, the response can be estimated directly by considering the demand and capacity
spectra in an ordinal T -SD coordinate rather than an SD -SA coordinate, as shown in Figure 1
[10]. The SD axis can be transformed linearly into the axis of the maximum ductility factor,
µ , by dividing SD by the yield displacement of the inelastic oscillator. The T axis can also be
expressed in terms of µ because Teq is a function of µ , as expressed by Eq.(3). Then, the capacity
spectrum can be obtained by connecting the corresponding values in the linear (vertical) and
nonlinear (horizontal) µ coordinates.
On the basis of Eq.(3), the capacity spectrum, CS (T ), of an inelastic oscillator with a bilinear
backbone curve and mass equal to unity can be expressed as,
CS (T ) = δy · µ =

9.8 ·Cy (1 − k2 ) · T 2 9.8 ·Cy · T12 (1 − k2 ) · T 2
· 2
· 2
=
; T ≥ T1
k1
4π 2
T1 − k2 · T 2
T1 − k2 · T 2
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(5)

where k1 and Cy are the elastic stiffness and yield base shear coefficient of the oscillator, respectively; the acceleration attributable to gravity is 9.8 (m/s2 ).
The following damping reduction factor [7] is used in this research:


; 0 ≤ T ≤ 0.2

(D(h) − 1) · (5 · T ) + 1
D(h)
Fh (h) =
(6)
[√
] ; 0.2 ≤ T ≤ 2


D(h) ·
h/h1 · (T − 2)/40 + 1
; 2≤T ≤8
where

D(h) =

√

1 + 25 · h1
1 + 25 · h

(7)

Capacity Spectrum

Capacity Spectrum

When the probability distribution and
7
Demand Spectrum
auto-correlation function of the n-year
(elastic)
6
E (T ; h) are available, the ex5
maximum SD
4
ceedance probability of the n-year maxA’
3
imum displacement response of an inDemand Spectrum (inelastic)
2
elastic oscillator can be estimated by
A
1
Monte Carlo simulation. This simula0
tion finds the intersection of each sam0
E (T ; h), which is a demand specEqLT
ple of SD
man
eg.
trum, and CS (T )/Fh (heq ), which is here1
4
9
EqLT
0
after designated a factored CS, g(T ),
(see Figure 1). However, such a procedure requires extensive computational
effort, and thus, a more practical method
Figure 1: Capacity-spectrum method in T -SD coordinate
is investigated in the next section.
ϰ

3 CS Method as First Passage Problem
In the CS method, the event that the equivalent natural period, Teq , is longer than teq corresponds
E (T ; h) is always above the factored CS in the range of (T ,t ) (the hatched
to the event that SD
1 eq
area in Figure 2(a)). According to previous studies (e.g., [2]), the auto-correlation function of
E (T ; h) depends only on the difference between the logarithms of two natural periods as shown
SD
in Eq.(8) and Figure 3.
(π
)
KSD (ζ ) = 1 − cos
− 0.366 · ln(10) · |ζ |
(8)
2

Figure 2: Schematic illustration of CS and DS in standard normal stochastic process
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in which

ζ = log(T ) − log(T1 ),

X(τ ) =

Correlation coefficient

E (T ; h) can easily be transformed
Therefore, SD
into a stationary standard normal stochastic
process, X(τ ) where τ = log(T ) + 1. Then,
the CS method can be interpreted as the first
passage problem of a stationary standard normal stochastic process crossing a factored
CS, which is accordingly transformed, downward as shown in Figure 2(b)[9]. By this
transformation, the DS is normalized and the
information regarding structural characteristics and seismic hazard, except for the autoE (T ; h), is reflected
correlation function of SD
to the shape and position of the factored CS.
E (T, h) is lognormally distributed, it
When SD
can be transformed into a stationary standard
normal stochastic process by

T1 ≥ 0.109(s)

(9)

1.0

Ϭ

0.8
0.6
0.4
0.2
0

0.1

1

10

Natural period (s)
E (T ; h)
Figure 3: Auto-correlation model of SD

E (τ , h)) − µ
ln(SD
ln(SE (τ ))

σln(SE (τ ))

D

(10)

D

E (τ )), respectively.
in which µln(SE (τ )) and σln(SE (τ )) are the mean and standard deviation of ln(SD
D

D

4 First Passage Problem of Stationary Standard Stochastic Process
4.1 Theoretical Solution of Mean Crossing Rate
Consider an event that a stationary standard normal stochastic process, X(τ ), crosses a constant
threshold g downward. The mean crossing rate, νg , can be expressed by

σV
νg = √ ϕ (g)
2π

(11)

in which ϕ (•) is the standard normal probability density function, and σV is the standard deviation of V (τ ) = dX(τ )/d τ , which can be expressed as
√
d 2 KX (ζ )
(12)
σV = −
d ζ 2 ζ =0
in which KX (ζ ) is the auto-correlation function of X(τ ), which depends only on the time difference, ζ = τ − τ1 .
If the threshold varies with time, the mean crossing rate can be expressed as
[
{
{ ( )}]
( ) }
ġ
σV
1 ġ 2
νg (τ ) = √ exp −
+ ġ Φ
· ϕ {g(τ )}
(13)
2 σV
σV
2π
in which ġ = dg(τ )/d τ and Φ(•) is the standard normal probability distribution function.
If the events of crossing a threshold g(τ ) are rare, the occurrence of the events can be modelled
by a Poisson process, and the probability, P0 (tL ), that no crossing occurs within time interval
(0,tL ) can be approximately expressed as
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( ∫
P0 (τL ) = P[X(τ ) > g(τ ); 0 < τ < τL ] = exp −

0

τL

νg (τ )d τ

4.2 Mean Crossing Rate Based on Simulation

)

(14)

Correlation coefficient

To estimate a mean crossing rate by using
Eq.(14), the second-order derivative of the auto1.0
correlation function of X(τ ) must be available at
ζ = 0, as shown in Eq.(12). However, as shown
0.8
in Eq.(8) and Figure 3, the auto-correlation funcE (T ; h) is not continuous at ζ = 0. Even
tion of SD
0.6
if a mean crossing rate can be estimated accus^сϮ͘Ϭ
rately, the exceedance probability cannot be ac0.4
s^сϭ͘ϱ
curately estimated by using Eq.(14) if the threshs^сϭ͘Ϭ
0.2
old is close to the horizontal axis. Under such
s^сϬ͘ϱ
ƐƚĂŶĚĂƌĚ ŶŽƌŵĂů
circumstances, the crossing event would not be
0
1
10
rare and cannot be modelled by a Poisson proNatural period (ζ)
cess.
In this research, attempts are made to estimate
E (T ; h)
Figure 4: Auto-correlation model of SD
σV in Eq.(11) based on Monte Carlo simulation
so that the exceedance probability can be estimated by using Eq.(14).
The auto-correlation function expressed by Eq.(8) is affected by the nonlinear transformation
E (T ; h) into a standard normal stochastic process. If SE (T ; h) is lognormally distributed, the
of SD
D
auto-correlation function of X(τ ) can be expressed as [4]
)
(
ln 1 + KS (ζ ) ·VSD (T1 ) ·VSD (T )
KX (ζ ) = √ (
) √ (
)
2
ln 1 +VSD (T ) · ln 1 +VS2D (T )

(15)

in which VSD (T ) and KS (ζ ) are the coefficient of variation (c.o.v.) and the auto-correlation funcE (T ; h), respectively. Figure 4 illustrates examples of K (ζ ) when SE (T ; h) is lognortion of SD
X
D
mally distributed with constant c.o.v. along with that expressed by Eq.(8).
4.2.1 σV for Crossing Constant Threshold

σV is determined iteratively for each constant threshold within the range of g = −3.0 to 2.0 by
Monte Carlo simulation with 32,000 samples so that the exceedance probability estimated by
the simulation agrees with that estimated by Eqs.(11),(12) and (14). Figure 5 shows examples
of agreement and non-agreement. The increment of τ in the simulation is set to be 0.001.
During the course of research, it was found that a constant value of σV cannot provide an
accurate estimate of the exceedance probability, particularly when g is large (see Figure 5(b)).
Thus, σV is modelled here as a function of τ and the slope of KX (ζ ) at the vicinity of ζ = 0 as
in which

σV (g, τ , dK) = σV 0 (g) · f1 (τ , dK)
{
√ }
f1 (τ , dK) = 1 + a1 (dK) · exp −8 · τ
dK =

KX (0.001) − KX (0)
0.001
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(16)
(17)
(18)
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Figure 5: Example of satisfactory agreement and non-agreement of exceedance probability between simulation and semi-theoretical result (g = 1)
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Figure 6: a1 (dK) estimated by simulation

Based on the simulation results as shown in Figure 6 including the results using auto-correlation
models other than those shown in Figure 4, a1 (dK) in Eq.(17) is modelled by
a1 (dK) =

1
+5
(−dK + 0.65)5

(19)

Then, σV 0 (g) in Eq.(16) is determined for each threshold based on the simulation. By expressing
the horizontal axis with log10 {1 − Φ(g)} and the vertical axis with log10 {σV 0 (g)}, σV 0 (g) is
approximately plotted on a straight line except for −0.2 ≤ log10 {1 − Φ(g)} < 0 as shown in
Figures 7 and 8. Accordingly, σV 0 (g) is modelled by the combination of a linear function and
an exponential function as
in which

log10 σV 0 (g) = b1 (dK) · z + b2 (dK) + 1010z+b3 (dK)

(20)

z = log10 {1 − Φ(g)}

(21)

and b1 (dK), b2 (dK), and b3 (dK) are modelled based on the simulation results as shown in
Figure 9 as
b1 (dK) = −1.04

(22)

b2 (dK) = 0.65 log10 (−dK) + 0.6

(23)

0.1
− 0.7
dK

(24)

b3 (dK) =
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Figure 8: σV 0 estimated by simulation (−0.2 ≤ z < 0)

Figure 7: σV 0 estimated by simulation (z ≤ −0.2)
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Figure 9: b1 (dK), b2 (dK) and b3 (dK) estimated by simulation

4.2.2 σV for Crossing Time-Varying Threshold
When the threshold varies with time, further modification on the mean crossing rate is necessary. Based on the iterative analysis, the mean crossing rate is determined considering the
instantaneous slope of the threshold, ġ, and initial value of the threshold g(0) as
in which

σV (g(τ ), ġ, g(0), τ , dK) = σV 0 (g(τ )) · f1 (τ , dK) · f2 (g(τ ), ġ, g(0), dK)
{

0.5ġ
f2 (g(τ ), ġ, g(0), dK) = 1 + ġ · (g(τ ) − g(0) + c1 (dK)) ·
+ 10ġ·c2 (dK)
g(τ ) + 10

(25)
}

(26)

c1 (dK) and c2 (g(0)) in Eq.(26) are modelled based on the simulation results as shown in Figure
10 as
c1 (dK) = 1.0dK + 0.83

(27)

c2 (g(0)) = 0.1g(0) − 0.25

(28)
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Figure 10: c1 (dK) and c2 (g(0)) estimated by simulation

5 Numerical Examples
Figure 11 shows the maximum ductility factor of inelastic oscillators with elasto-plastic backbone curves. It is assumed that the oscillator is subjected to a seismic hazard with the following
characteristics:
E (T ; h) is lognormally distributed, with auto-correlation function given by Eq.(8).
- SD
E (T ; h) is constant for any value of the natural period and equal to 1.0 or
- The c.o.v. of SD
2.0.

- The 90% non-exceedance probability of the response spectrum for damping factor, h,
equal to 0.05 is given by the design spectrum prescribed in the Japanese seismic provisions as shown in Figure 12. The characteristic period of the response spectrum, Tg ,
defined as the boundary between the acceleration constant domain and the velocity constant range, is equal to 0.86 s.
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Figure 11: Exceedance probability of maximum ductility factor
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Figure 13: CS in standard normal stochastic process

The following characteristics of the oscillator are
considered:

1500

- Yield base shear, Cy =0.3 or 0.5.
- Natural period, T1 = α · Tg with α =0.25,
0.5, or 1.0.

1000

500

- Damping factor, h=0.05

0
The CS transformed into the standard normal
0
1
2
3
stochastic process is illustrated in Figure 13.
In Figure 11, the maximum ductility factors estimated by the proposed method is presented by Figure 12: Design spectrum in Japanese seismic
blue lines. Those estimated by Monte Carlo sim- provision
ulation as rigorous estimates, and those by EqLT
using UHS, are also presented by red and yellow lines, respectively. As shown in the figure that
EqLT using UHS provides an erroneous estimate, particularly when the c.o.v. of the Cy is large
and α is small. On the contrary, the proposed method provides a fairly accurate estimate in most
cases.

6

Conclusions

In this study, an approximate method of estimating the exceedance probability of the maximum ductility factor of an inelastic oscillator is proposed based on the equivalent linearization
technique using a capacity spectrum (CS) method. The CS method seeks to determine the first
point at which demand spectrum (DS) crosses the CS. Because the auto-correlation function of
response spectrum is only a function of the difference between the logarithms of two natural
periods, the response spectrum, which is a DS in the CS method, can easily be transformed
into a stationary standard normal stochastic process. Thus, the CS method can be interpreted
as a first passage problem of a stationary standard normal stochastic process. Because the autocorrelation function is not continuous when the difference is equal to zero, and because the
crossing event cannot be modelled as a Poisson process when CS is close to the horizontal axis,
a semi-theoretical formula is proposed to estimate the mean crossing rate based on the results
of Monte Carlo simulation. The accuracy of the proposed method is demonstrated by using
numerical examples.
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Abstract: The 2011 Tohoku Earthquake caused severe damages in thermal power
plants and it posed power shortage risk in Japan. In this paper, we set a damage
database of thermal power plants and based on the its statistical analysis, the empirical fragility curves of power plant facilities and the associated functions to predict
the recovery duration were estimated.

Introduction
The 2011 off the Pacific coast of Tohoku earthquake (hereinafter the 2011 Tohoku Earthquake)
caused severe damage to the operability of thermal power plants installed in eastern Japan. 19
plants (40 units, total 23,650 MW) located in Kanto and Tohoku regions were affected by the
earthquake and tsunami and, as a result, about 30% of thermal power generation capacity in
eastern Japan was lost. This simultaneous and prolonged shutdown of the thermal power plants
was one of the main causes of the power crisis in Japan. In addition to the restoration of the
damaged plants immediately after the disaster, the electric power suppliers re-started the aged
power plants after long-term suspension and installed emergency power supply facilities (e.g.
gas turbines, diesel generators) in order to secure electric power supply capacity (Figure1). In
the light of the lessons learned from the disaster, estimation of the possible damage of individual
power plants and their outage time is required for enhancing the efficiency of a pre- and postdisaster countermeasures. Especially in Japan, the share of thermal power plants in total power
generation capacity has been growing after the earthquake and clarification of damage and recovery mechanism of thermal power plants due to such large scaled, complex hazard has been
an important issue. Although a substantial need of the methodology, there do not have much
works regarding on the prediction of post-earthquake functionality of thermal power plants (e.g.
[1][2]).
For the above mentioned issue, authors have been developing a database of thermal power
plants, which includes information of observed seismic ground motions, tsunami heights, facility damages and recovery duration due to the Tohoku earthquake. Based on its statistical analysis, the empirical fragility curves of power plant facilities and the functions to predict the
recovery duration of power plants using the damage state of facilities as explanatory variables
were developed [3]. These functions can be applied for the prediction of seismic impacts on
thermal power plants and the assessment of power shortage risk for future disasters. In this
paper, we focus on introducing an overview of the database and show original fragility and
recovery models with re-examinated and detailed facility classifications.
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Figure 1: Recovery of thermal power generation capacity after the 2011 Tohoku earthquake

Concepts of the Evaluation of Post-Earthquake Operability of
Thermal Power Plants
Figure 2 summarize the factors of post-earthquake operability and recovery of thermal power
plants learned from the Tohoku earthquake. In these factors, the dominant one is the damage
state of facilities that compose power plants. In the case of thermal power plants or such largescaled, complex systems, the damage state of system X is expressed as a vector as followed.
X  x n, k 
(1)
where, n is the number of sub-systems that compose a thermal power plant, k is that of damage
ranks, x n, k , is a binary variable which is to be 1 when the damage rank of the sub-system n is
k and which is to be 0 in other cases.
The damage state of each sub-system can be estimated by fragility curves f n,k ( z ) , which take

intensity of external force as an explanatory variable.

f n, k ( z)  PrRn, k  S | z 

(2)

where, R and S are resistance and external force or response, respectively. z is the intensity
of external force. Once we know the fragility of each sub-systems, Fault Tree Analysis (FTA)
External forces
(Ground motion , Tsunami, Liquefaction)

Disruption of Road
traffic system and
logistics
Damages of
sub-systems of
plants

Disruption of
fuel, water,
electricity etc.

Allocation of
restoration
materials

Damages of
neighboring
facilities

Secondary
disaster

Operability and
recovery of thermal
power plants

Figure 2: Factors affecting operability and recovery of thermal power plants after the earthquake
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or Event Tree Analysis (ETA) can be applied to predict the probability of system failure and if
we can define the standard restoration time Ti , j for each sub-system i and damage state j , possible recovery duration T can be estimated stochastically.
We estimate the seismic and tsunami fragility of sub-systems based on the observed damage
data of thermal power plants due to the 2011 Tohoku earthquake. As for the prediction of recovery duration, , instead of the above mentioned approach, we analyze the relation between
damage state of sub-systems and recovery duration statistically and estimate the recovery function G(t | X ) which predict the recovery duration T stochastically using the damage state of
sub-systems X as a parameter.
G(t | X )  PrT  t | X 
(3)

Database Development
In the previous study[2], we focused on 29 plants (125 units, total 57,580MW) located in
Tohoku and Kanto region and their facility damage, observed records of external forces, and
recovery duration collected by published reports (e.g.[4]-[6]) was compiled in a database in
terms of plants. Figure 3 shows the spatial distribution of the surveyed plants and Table 1 shows
the frame of the developed database.
a) Observed ground motion and tsunami records
Figure 3 shows the values of PGA and tsunami inundation depth recorded at the sites or nearest
observing stations. The minimum and maximum PGA are 30 and 735 gal, respectively but
there is no sample in the range from 150 to 300 gal and from 600 to 700 gal. The power plants
located along the Pacific Ocean except for Hachinohe power plant were experienced the PGA
more than 300 gal. Note that these records were observed by the seismometer in the ground
level except for some plants (see the legend in Figure 3). The number of power plants hit by
0
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Figure 3: Spatial distribution of thermal power plants and observed records
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Table 1: Frame of database
Name of power plant
a) Observed records

PGA
Tsunami inundation depth
Occurrence of liquefaction

Sub-system

1. Port Facilities
1-1. Protective & Mooring Facilities
(e.g. Breakwater, tide wall, quay wall, pier, mooring post)
1-2. Cargo Handling Facilities
(e.g. Coal unloader, loading arm, receiving piping)
2. Fuel Storage & Supply Facilities
(e.g. Tank, piping, pump, silo, coal conveyer)
3. Intake/Outlet & Water Supply/Treatment Facilities
3-1. Intake & Outlet Facilities
(e.g. Intake, screen, outlet, inlet & discharge channel)
3-2. Water Storage, Supply & Treatment Facilities
(e.g. Tank, piping, pump, waste water treatment equipment)
4. Power Receiving Facilities
(e.g. Cable, transformer, switching station)
5. Boiler
(e.g. Boiler, draft fan, condenser, deaerator)
6. Turbine & Generator
(e.g. Turbine, generator, main oil pump, lubricating oil tank)
7. Flue Gas Treatment Facilities
(e.g. Chimney, electrostatic precipitator, ash handling system)
8. Service Building
9. In-Plant Environment
(e.g. Road, revetment, fences & gates)

Cause of damage

1. Ground motion 2. Tsunami 3. Ground deformation

Damage rank

A. Severe damage/ major repair
C. Minor damage

b) Damage of sub-systems

B. Moderate damage/ partially repair
0. Non-damage

c) Recovery duration

the earthquake following tsunami is 9 and they all located in the coastal areas of the Pacific
Ocean. The maximum inundation depth is in the range from 0.8 to 13 m but there is no sample
in the range from 5 to 12 m.
b) Damage of sub-systems
We classified the facilities that compose thermal power plant as sub-systems and define “Cause
of damage” and “Damage rank” for each sub-system of each plant. Table 1 shows the definition
of each items. We examinated the classifications of sub-systems determined in the previous
research, deviding “1. Port Facilities” and “3. Intake/Outlet & Water Supply/Treatment Facilities” into 2 more categories, respectively. The total number of categories of sub-systems is 11.
“Cause of damage” is classified into 3, namely damages due to “ground motion”, “tsunami”
and “ground deformation” such as liquefaction or ground subsidence. Tsunami-induced damages include impacts by floating objects and anchored ships. “Damage rank” is defined as 4
categories by the level of physical meanings.
c) Recovery duration
In this database, “recovery duration” means the length of time needed to resume operation. In
case of the power plants where more than one units are installed, the duration until the first unit
restarts is idealized. Figure 4 shows the distribution of recovery duration of 19 plants affected
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Figure 4: Distribution of the recovery duration of earthquake-affected plants

by the earthquake. 30% of affected plants resumed operation in 3 days and 50% of the plants
has restored in 2 weeks. On the other hand, 40% of the plants needed more than 3 months to
restart and these plants are all tsunami-affected ones. Figure 4 shows the distribution of recovery duration in terms of unit is also described as a reference. Note that there are one units closed
after the earthquake but it was planned before the disaster.

Fragility of Sub-systems of Thermal Power Plants
Based on the database, fragility curves of each sub-system are modeled. Many researches has
been contributed to the study of fragility curves (e.g.[7]). In this study, we employ multinomial
response model and estimate the parameters of probabilistic distributions by maximum likelihood estimation. The probability that the damage rank of the sub-system n equals to k
( k  0, C, B, A denotes “None damage”, “minor damage”, “moderate damage” and “severe damage”, respectively) when the external force (e.g. PGA, tsunami inundation depth) is z , Pn,k ( z ) ,
is shown as follows:
Pn,0 ( z)  1  Fn,C ( z)

(4)

Pn,C ( z)  Fn,C ( z)  Fn, B ( z)

(5)

Pn, B ( z)  Fn, B ( z)  Fn, A ( z)

(6)

Pn, A ( z)  Fn, A ( z)

(7)

where, Fn,k ( z ) is a cumulative distribution function that means the probability that the damage
rank of the sub-system n exceeds k when the exposed force is z . We assume Fn,k ( z ) as
lognormal distribution.
Fn, k ( z ) 

f n, k ( s) 

f
z

0

n, k

 ln s   n, k 2
exp

2 2
2 s

1
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(8)

( s)ds






(9)

The likelihood function L of the multinomial response model is shown in Eq.10 and undetermined variables in Eq.9 (  A ,  B ,  C ,  ) is estimated so as to maximize the value of L , with the
assumption that  becomes the same for all the damage ranks.
L(  A ,  B ,  C ,  ) 

N

 P

n,k

( z i )  nki

(10)

i 1 k

where, N is the number of sample data,  nki is a binominal variable that equals to 1 when the
damage state of the sub-system n of the sample data i is k and equals to 0 in other cases.
Estimated value of the parameters of fragility curves and the results of likelihood-ratio test  2
and McFadden determination coefficient  2 is shown in Figure 5 and Table 2.
 2  2ln L0  ln L1 

(11)

Table 2: Estimated parameters of fragility curves of sub-systems
(a) Seismic fragility
SubSystem

1-1

1-2

2

3-1

3-2

4

5

6

8

9

N

20

20

23

23

25

21

28

22

22

20

20

NB

0

0

2

1

5

2

7

2

2

0

0

NC

0

0

5

2

2

0

7

1

0

0

0

N0

20

20

16

20

18

19

14

19

20

20

20

5.37

5.81

5.90

6.06

4.86

5.49

B

―

―

6.64

6.42

5.73

C

―

―

5.29

6.04

5.40



―

―

1.07

0.005

0.72

0.03

0.57

2

―

―

21.62
***

50.54
***

29.52
***

29.11
***

2

―

―

0.43

1

0.54

1

7

―

―

―

―

―

0.16

0.001

―

―

28.93
***

45.15
***

30.50
***

―

―

0.47

0.93

1

―

―

―

significance level : * 0.1, ** 0.05, *** 0.01

(b) Tsunami fragility
SubSystem

1-1

1-2

2

3-1

3-2

4

5

6

7

8

9

N

9

9

9

9

9

9

9

9

9

9

9

NA

5

4

1

2

3

2

1

0

2

1

1

NB

1

0

5

2

4

5

5

6

2

7

6

NC

0

0

0

1

0

0

0

0

0

0

0

N0

3

5

3

4

2

2

3

3

5

1

2

A

0.73

1.11

1.66

2.46

1.41

1.84

2.22

―

1.51

2.09

2.13

B

0.37

―

0.47

1.06

-0.03

-0.07

0.37

0.34

1.07

-0.17

0.09

C

―

―

―

0.52

―

―

―

―

―

―

―



0.94

1.34

0.006

1.87

0.84

0.94

0.54

0.96

0.25

0.31

0.41

2

5.95

1.87

19.78
***

9.99*

5.19

5.81

10.66
**

3.53

12.63
***

15.11
***

13.09
***

2

0.30

0.15

1

0.40

0.26

0.29

0.54

0.28

0.64

0.76

0.66

significance level : * 0.1, ** 0.05, *** 0.01
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Figure 5: Fragility curves of sub-systems

 2  1

ln L1
ln L0
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(12)

where, L0 is a likelihood of null hypothesis and L1 is that of alternative hypothesis. In this study,
null hypothesis means “probability of the occurrence of each damage rank is the same regardless of PGA or tsunami inundation depth”. Although the sample size is small, Table 2 shows
that the obtained fragility curves fit well to observed data. Among the sub-systems, the vulnerable one to ground motion is boiler and minor damages are observed in some plants for less
than 200gal. As for tsunami-induced damages, port facilities, water supply & treatment facilities, and power receiving facilities are relatively fragile and the damage probability increases
around 2m inundation depth.

Recovery Function
The probabilistic function was estimated to predict post-earthquake recovery duration of thermal power plants based on the data of facility damages and recovery duration of the 19 earthquake-affected plants. In this paper, we employ survival analysis theory, translating “survival
time” as “recovery duration” and “death (event)” as “resume of operation”. Suppose that T
denotes recovery duration of a plant and its probabilistic distribution is shown as g (t ) , the probability of T  t is shown as follows:



t

G(t )  Pr(T  t )  g ( s)ds
0

(13)

In this study, we assume g (t ) as lognormal distribution and the facility damages of a plant X ,
as a covariate. The probability that T  t for the damage of the sub-systems of a plant X is
shown as follows:
 ln t  X ' 
G(t | X )  Pr(T  t | X )  





(14)

where, X is a column vector with n  k size, n means the number of sub-systems that compose
a thermal power plant and k is that of damage ranks. In this study, n is 11, k is 3 and the size
of X is 33. Each element of the vector X , x i , j , is a binary variable which equals to 1 when the
damage rank of the sub-system i is j and 0 in other cases.  is a parameter that means the
impact of damage occurrence of sub-systems on recovery duration. Maximum likelihood
method is employed to estimate the undetermined coefficients (  ,  ) and the group of subsystems X ' is selected to minimize the value of AIC.
Table 3 shows the estimated value of parameters. In the selected 9 variables, the values of  7 ,
 8 ( in-plant environment) ,  2 ( turbine & generator) and  4 ,  5 ( flue gas treatment facilities)
are relatively large. We need to pay attention to translate the values of  , because in the case
that the in-plant environment or turbine & generator are damaged, other sub-systems such as
port facilities or fuel facilities are damaged simultaneously and damages of several facilities
can represent those of other facilities. Figure 6 shows the comparison of the recovery duration
of the 19 plants and their predicted median value of duration by the developed model. The
observed and predicted recovery duration are consistent but the model underestimates in some
cases. One of this reason may be the impact of factors other than facility damages such as the
disruption of utilities or damages of neighboring facilities.
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Table 3: Estimated parameters in recovery function
Sub-system (Damage rank)

Estimation

S.D.

1

Boiler (C)

0.47

0.32

2

Turbine & Generator (C)

3.45***

0.85

3

Flue Gas Treatment Facilities (A)

2.17***

0.70

4

Flue Gas Treatment Facilities (B)

3.20***

0.69

5

Flue Gas Treatment Facilities (C)

2.34***

0.75

6

Service Buildin (B)

-1.39

0.85

7

In-Plant Environment (A)

4.45***

0.96

8

In-Plant Environment (B)

3.58***

0.60

9

In-Plant Environment (C)

0.70

0.45

0.60***

0.16


significance level : * 0.1, ** 0.05, *** 0.01
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Figure 6: Comparison of observed duration and estimated recovery one

Conclusions
This study developed empirical fragility curves associated with sub-systems in thermal power
plants based on the analysis of the data of the 2011 Tohoku earthquake event. The obtained
fragility curves are functional in terms of PGA and tsunami inundation depth, respectively.
Considering the combined effects of hazards is needed in the future works. We also estimated
the recovery function to predict the recovery duration of thermal power plants after an earthquake, using state of sub-system damages as explanatory variables. The recovery duration estimated by the model is consistent with the recorded one.
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Reliability of the diagrid vs. trussed shells by the Stochastic
iterative perturbation-based Finite Element Method
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Abstract: The main purpose of this work is to compare two different types
of large scale shell structures – (a) based on the rectangular net supported with
the trussed elements and (b) using the diagrid system – both in terms of the stochastic time-independent reliability including uncertainty of the shell height.

1 Introduction
Diagrid structures appeared recently to be more efficient than traditional structural shells
concerning at least optimization of their mass to the strength ratio [4, 5]. Due to an aesthetic
potential and also due to an increasing architectural popularity it seems therefore essential
to examine their reliability and, additionally, compare it with this obtained for traditional
shells based on the orthogonal (or radial) grids. Computer analysis of civil engineering
structures with random parameters has remarkably increasing influence on the structural
design process, optimization and reliability modelling because of variety of uncertainty
sources. The Authors have decided to analyze the shell height as the Gaussian random
parameter, which is usually postponed in numerical experiments of this kind. A solution
of the structural problem including randomness is finished with the reliability indices
verification, obviously according to the general rules included in Eurocodes [1]. Their
determination has been provided here by an application of the generalized iterative stochastic
perturbation method [6] and polynomial response functions. Computational implementation
of this method is carried out for eigenvibration and static problems using the FEM civil
engineering system ROBOT, where the coefficients of polynomial responses are computed
in the computer algebra system MAPLE from several solutions of the original problem
obtained for shell height varying about its mean value. This form of the response functions
leads to determination of all their partial derivatives with respect to stochastic input variable
and this response can be further used for determination of probabilistic moments and final
values of the reliability indices. Finally, the values of parameter β determined for two
different types of steel shell structures may be compared to find out, which structure is more
efficient in terms of the given uncertainty.

2 The iterative stochastic perturbation technique
The basic idea of the stochastic perturbation approach is an expansion of all random functions
of the given problem via Taylor series of the required order about their expectations using
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the parameter   0 . In the case of some real function f b  of the stationary input random
variable b  with a symmetric probability density function, one can show that in the 10th
order perturbation approach the expectation of the structural response function of course
remains the same in both linearized and in the nonlinear iterative schemes:

    21m! 
5

E  f b ; b   f b

0

2m

m1

 2m f b 
b 2m

 2m (b 0 )

(1)

b b0

where 2m (b) denotes 2mth order central probabilistic moment of the quantity b, which for
the Gaussian distribution is defined as:
2m (b)  (2m  1)!! (b)2m

(2)

where  (b) stands for standard deviation of the input random variable substituted further
by a product of the expected value b 0 and coefficient of variation  (b) .
Next three probabilistic moments are obtained by including Taylorexpansion of the tenth
order valid for the expected value into their well-known integral definitions. As a result we
obtain some extra components in comparison with the linearized version of stochastic
perturbation technique, which can be represented for the variance as follows:
2
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(
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Finally, the coefficient of variation, the skewness and the kurtosis are additionally defined as:
  f b ; b  

Var  f b ; b 
,  s  f b; b 
E  f b ; b 

3  f b ; b 

 Var  f b; b

3

,   f b; b 

4  f b; b

Var  f b; b2

3

(4)

3 Response Function Method
As shown above, one of the crucial issues during applying the iterative perturbation based
approach is numerical determination of partial derivatives of the structural response function
of up to nth order with respect to the randomized parameter. To complete this task,
it is necessary to determine such a function by a multiple solution of the boundary value
problem around the expectation of the random parameter: b  b0  b, b0  b . The unknown
response function is approximated by the following polynomial basis:



f b  D1  b n 1  D2  b n  2  ...  Dn  b0
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(5)

and the coefficients Di for i  1,...,n are computed by using of the Weighted Least Squares
Method. It makes possible to calculate up to nth order derivatives of the function f b
with respect to b at the given b 0 as:
 k f b 
b k


k



n  i   D1  b

i 1


k

nk



n  i   D2  b n  ( k 1)  ...  Dn  k

(6)

i 2

4 Finite Element Analysis
Numerical tests have been performed on the two different types of large scale shell structures
– (a) with the rectangular net supported with the trussed elements (Fig. 1) and (b) with
a diagrid system (Fig. 2). The first is the realistic engineering structure erected in Poland.

Figure 1: Model T

Figure 2: Model D

Model T is developed with the use of 38 arch trusses tied with the bracings and have 5785
3D truss (the bracings) and frame (the rest) linear elastic elements and 2120 nodal points with
6 degrees of freedom each. Model D consists of over two times less finite elements:
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1025 nodes and 2874 rigidly connected 3D frame finite elements which build the grid of right
triangles. The structures are based on the oval reinforced concrete support replaced here
with the system of infinitely stiff supports with fixed movements and free rotations in each
direction. All the structural members have been prepared with the stainless steel S355.
The bracings have been made from circular, posts and braces from square, and the rest from
rectangular hollow sections (Fig. 1, 2). The approximate weight of Model T (counted based on the
lengths of model's members, not the real structural elements) has reached 251 t, when
the Model D - 289 t. Two load cases has been defined: the first (permanent loads) is connected
with the weight of the roof covering (0,60 kN/m2), installations (0,30 kN/m2) and supporting
structure itself, the second represents snow loads of 0,96 kN/m2 according to Eurocode 1 [2].

Figure 3: Deformation of the structures

The global deformation in the Serviceability Limit State (SLS, Fig. 3) and the stresses
in the Ultimate Limit State have been computed by using second-order elastic global analysis
P-Delta to more realistically predict the structural behavior [3]. The Finite Element Method
based modal analysis has been also performed. Higher eigenvibrations and their modes have
been also computed, but a verification of the first mode has been presented only (Fig. 4).

Figure 4: The first mode of vibration

The purpose of computational FEM analysis is to determine extreme fundamental
eigenfrequency, extreme reduced stresses and vertical deflections and locations of these
extreme values on the shell surface.

5 Computational Reliability Analysis
For all response functions, the formula (5) has been adopted to approximate their dependence
on the shell randomized height (Fig. 5). The determination of their correlation coefficients has
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confirmed the fitting correctness. They are very close to one ranging from 0,99836368
for the extreme reduced stresses in Model T to 0,99999934 for the fundamental frequency
of Model D. The values of the constants have been obtained by using the Weighted
Least-Squares Method (WLSM) to modulate the importance of computational analysis
results. The values computed for the expectation of the shell height have been recognized as
crucial. Their weight (10) have been assumed as the sum of the rest ten equivalent results'
weights (equals 1).

Figure 5: Dependence of the response function with respect to the shell height for
a) the vertical deflection in Model D
b) the fundamental eigenfrequency of Model T

The coefficient of shell's height has been treated as the Gaussian input random variable
defined by its expected value (1.0) and input coefficient of variation (α). Probabilistic
moments and coefficients have been computed by using the formulas from (2) to (4) and their
results are shown in Figs 6-9.

Figure 6: Expected values of vertical deflections (left), extreme reduced stresses (middle)
and fundamental eigenfrequency (right)
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Figure 7: Coefficient of variation of vertical deflections (left), extreme reduced stresses (middle)
and fundamental eigenfrequency (right)

Figure 8: Skewness of vertical deflections (left), extreme reduced stresses (middle)
and fundamental eigenfrequency (right)

Figure 9: Kurtosis of vertical deflections (left), extreme reduced stresses (middle)
and fundamental eigenfrequency (right)
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In general, the results for both models are very similar in qualitative terms and also
in quantitative terms in case of fundamental frequency. For the rest the differences
are significant. However, it is worth emphasizing that the resulting coefficients of variation
for the vertical deflections and the fundamental frequency are similar for both models
and linearly dependent upon the input one in the intervals [0.0, 0.04] and [0.0, 0.08],
correspondingly, with the slope of the first close to two. For larger values the increase
of the final value is more and more rapid. The Cornell reliability indices have been calculated
by using the limit function g according to the following formula:


Eg  ER  E  ER  EE 
ER  EE 



  g   R  E 
Var R  E 
Var R   Var E 

(7)

where R denotes the resistance, E stands for the effect of actions and the first two probabilistic
moments have been determined by using the 10th order iterative perturbation-based numerical
approach. These reliability indices have been also computed by making the following
assumptions: (1) the difference between frequency of forced vibration and fundamental
frequency should be bigger than 25%, (2) admissible stress equals 355 MPa and (3) vertical
deflections are limited to 1/250 of the shell width in corresponding place. Their variations
upon the input coefficient of variation of shell's height (α) have been presented in Figs 10-11.

Figure 10: Reliability index of vertical deflections (left), extreme reduced stresses (middle)
and fundamental eigenfrequency (right)

All of them show that reliability indices nonlinearly decrease together with an additional increase
of the uncertainty of the shell height, therefore probability of failure increases, which is compliant
with the engineering intuition in this matter. Final values are remarkably sensitive to the input
coefficient α and even its small change results in the apparent change of these indices.
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Figure 11: Comparison of various reliability indices

The reliability indices are very similar for the extreme reduced stresses (Fig. 10, middle),
but not so much as for the fundamental frequency (Fig. 10, right). The difference is noticeable
when the vertical deflections are concerned. This is understandable, because we compare
the structure made from the solid-section elements (Fig. 2) with the truss (Fig. 1).
It is reflected in multiple difference for both structures in favour of Model T (Fig. 12).
However, in the considered interval of parameter α, the minimal values of reliability indices
have been obtained for the reduced stresses (Fig. 11). They are the ones, which decide about
fulfillment of the safety conditions. Model T is more reliable for α ϵ [0.0, 0.085], while
Model D is more efficient within the interval [0.085, 0.200].

Figure 12: Ratio of the reliability indices for traditional and diagrid shells
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6 Concluding remarks
[1] Stochastic method of determination of the reliability indices presented above appears
to be an efficient tool to calculate index β for different performance functions. It is confirmed
directly by the computations that with an increase of an uncertainty in the given shell height,
the reliability indices remarkably decrease; it perfectly coincides with an engineering intuition
in this matter.
[2] In general, the results for both models are very similar in qualitative terms, but in
quantitative terms the differences are sometimes significant like for the reliability index of the
vertical deflection. The decisive values of reliability indices have been obtained for the
reduced stresses, while the shell structure is very sensitive to input uncertainty in its
geometrical parameters.
[3] The values of reliability index β for different limit states can be further used in reliability
assessment by comparing the minimal one (connected in this case with stresses) with its limit
dependent upon the reliability class, reference period and a type of the given limit state given
in the Eurocode appendices [1].
[4] Further computational models in this area should consider higher order reliability models.
This study may be also extended to include uncertainty of some other, perhaps turning out
as more decisive, parameters as well as stochastic fire reliability of such a large scale shell
structures.
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Abstract: The estimation of uncertainties in probabilistic structural analysis may
improve if the spatial variability concept is properly introduced. The presented paper
addresses various discrete particle placement choices and schemes for discrete
particle models such that the governing realization of random fields for spatially
variable material properties is correlated to a particular structural discretization (i.e.
radius and placement of particles) in a discrete framework. Although some discrete
element models already mimic microstructural effects of concrete very well, when
compared to the continuum framework, there are still reasons for introducing higher
order spatial variability, such as the statistical size effect that cannot be captured
numerically without introducing spatial variability in the material property fields
with an appropriately chosen auto-correlation length. By introducing the newly
developed spatial variability package, classical experiments for concrete may be
more realistically reproduced and associated statistical features discussed, also in
terms of particular particle placement schemes, observed scattering and physical
reference.

Introduction
Recent developments in particle placement schemes for the lattice discrete particle modelling
(LDPM) [1]–[3] are presented in this paper as one of the essential components of probabilistic
structural analysis and uncertainty quantification. In this context, the random field and spatial
variability concepts in general are frequently adopted in order to account for the fluctuations of
material characteristics on scales independent of the geometrical characterization of the
mesostructure as represented by particular particle configurations mimicking the aggregate
placement. The original LDPM modelling paradigm naturally accounts for material
heterogeneity by randomly placed particles with diameters randomly sampled from a fuller
curve and filling a required volume fraction. Although this method proves to be sufficient for
some application domains, the authors believe that the LDPM realism may be enhanced by
introducing correlated particle placement schemes, which would enable to control and interpret
the response scatter.
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LDPM
A well-established member of the discrete framework, the lattice discrete particle model
(LDPM) has been extensively calibrated and validated and it has shown superior capabilities in
reproducing and predicting concrete behaviour. It simulates the mesostructure of concrete by a
three-dimensional (3D) assemblage of particles (fig. 1) that are generated randomly according
to a given grain size distribution. Delaunay tetrahedralization and 3D domain tessellation are
used here to generate a system of cells interacting through triangular facets. Displacements and
rotations of such adjacent particles form the discrete compatibility equations in terms of rigid
body kinematics. At each cell facet the mesoscale constitutive law is formulated such that it
simulates cohesive fracture, compaction due to pose collapse, frictional slip and rate effect. For
each single particle an equilibrium equations are finally formulated. An extended version of
LDPM is currently developed and simulates various coupled deterioration mechanisms, such
as Alkali-Silica reaction (ASR) [3], [4]. A further development is the age-dependent LDPM
framework in which the local material properties are derived by chemo-mechanical coupling
with a chemo-hygro-thermal model [5] which also drives the creep and shrinkage analysis in a
rate type form [6].

Stochastic framework
The uniqueness of each LDPM realization may be mostly attributed to the initial randomized
particle generation, assuming deterministic boundary conditions and insignificant solver noise.
In the context of engineering risk analyses, where structural models typically do not have a
closed-form solution and a single evaluation is already computationally demanding, the
requirement is to reproduce the statistical characterization of the response quantities. In some
cases, the sensitivity of response to individual input parameters, such as material, technological
or environmental characteristics can be estimated by the deterministic study of the problem
(identify unfavourable conditions) and a sampling strategy can be effectively formulated. This
is routinely done e.g. in structural static analysis with randomized scalar input variables, such
as material parameters [7]–[9]. Such approach yields reasonable results in terms of accuracy
and computational cost, unless due to a high number of random input variables, an extremely
complex (or ill-defined) structural model, or simply due to solver noise, the particular inputoutput dependency becomes non-monotonous [10].
The importance of spatial variability in structural safety is indicated by a growing number of
publications; however, effective sampling strategies are yet to be established [11]. Unlike in
the previous case of scalar random input variables, the sensitivity of individual input patterns
(random fields) cannot be obtained by a deterministic study of the problem and the likelihoods
cannot be easily assigned to individual realizations of such patterns due to obvious reasons [12].
Here it should be noted that in most cases the spatial heterogeneity at arbitrary scale (meso,
micro and macro) is irrelevant for the assessment of engineering structures made from basic
construction materials, such as concrete, steel or wood. However, it becomes highly relevant to
currently designed composites [13], structural details such as those of anchoring technology
[14] or geotechnical assessment [15]. Similarly, the implicit treatment of spatial variability is
important to the reliability based code calibration [16], [17], design of experiments [18] and
verification of various hypotheses or limit theorems, such as fracture behaviour or size effect
[14], [19].
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3.1 Implementation of spatially variable fields
A spatial variability package has been developed by the authors for the LDPM, implemented in
the solver MARS (Multiscale-multiphysics Analysis of the Response of Structures) [20], [21],
which includes spectral representations of random fields (Gaussian and non-Gaussian; fig. 1),
gradient-based fields (fig. 2) and an equation interpreter for arbitrary matrix algebraic
operations. This unique package further includes various particle placement schemes, as
introduced in the next chapter, some of which may utilize the resulting random field or a
combination of several random fields. This way, inherent variability, construction process, such
as concrete casting, and transport processes (such as e.g. diffusion) may be experimentally
investigated in the multiscale-multiphysics framework.

Figure 1: Example of particle placement and size governed by random field in 2D (left), realization of random
field in 3D (center) and particles correlated to this random field (size, position), following a fuller grading curve
(size) and filling a 30% volume (right).

Figure 2: Comparison of IRPP (top- left) and gradient-based field (bottom-right) simulating the effect of gravity
during castig process, both following a fuller grading curve (size) and filling a 30% volume (right).
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Placement schemes and material characterization
The proposed particle placement schemes may significantly influence the scattering and
asymptotic properties of the spatially variable models and thus contribute to the general
understanding of the physics and reliability of spatial variability.
The abstraction levels for LDPM are categorized as following.

4.1 Independent and random particle placement
Independent and random particle placement (IRPP) and random diameter according to the size
distribution curve and required volume fraction, as is currently implemented in the LDPM. No
conflicting requirements are to be solved. Overlapping or less than minimum distance particles
are resamples. Implications are scarcely populated boundary regions and invariant coefficient
of variation, typically around 4.5% for classical concrete experiments (three point bending test),
which is less than observed. The original procedure for generating particles is described in detail
in [1].

4.2 IRPP combined with random or gradient-based field for material
characterization only
The second abstraction level assumes the original particle placement scheme, i.e. the IRPP,
combined with one or more random fields, which is used to describe material local fluctuations
of material properties resulting from inherent variability (random field) and construction or
transport processes (gradient-based fields). Similarly to the previous case, there are no
geometry-related conflicting requirements and overlapping or less than minimum distance
particles are resampled. Boundary regions may be normally populated by adopting a simple
modification to the re-sampling algorithm.
Material characterizations derived from random fields must be verified for inadmissible values,
such as negative strength, modulus, etc. This may lead to a conflict if the governing probability
distribution used for generating the random field is to be maintained. Otherwise, truncated
distributions may be used or the realization of random field can be rescaled to fit admissible
range [11], [22], [23].

4.3 Particle generation governed by initial random or gradient-based field
Here it is assumed that an initial random or gradient-based field of choice (or their arbitrary
combination) is governing not only the material properties, but also the particle generation
process (i.e. the position and/or the size of each particle). If particle generation is to be governed
not only by granulometric distributions, but also by an initial random or gradient-based field,
the particle generation becomes a complex problem and has to be approached by balancing
trade-offs between conflicting goals. Clearly, the global requirement on particular size
distribution can lead to a local conflict with the initial random field, the role of which can be
further ambiguous if we consider it to affect both the position and size of the particles
(clustering of large particles). Details regarding the associated steps/choices for random fields
were published in [24]. For higher volume fractions this becomes a computationally expensive
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procedure, however local conflicts can be resolved in parallel and terminate with the first valid
particle. The advantage of the approach lies in the compatibility of the mimicked meso-structure
with the material property fields which otherwise cannot be maintained. This implies a causal
relationship between spatial variability, auto-correlation length of the random fields, type of
spectral function and meso/micro-structure of the material which is an open research question.

Discussion
A spatial variability package for LDPM has been presented, including two new abstraction
levels for LDPM, where material characterization and/or particle generation are governed by
an initial random field, which increases the consistency of the LDPM modelling paradigm and
potentially enhances the realism of the LDPM simulations, if properly understood. This,
however, requires addressing several milestones, such as:




Establishing a physical reference for the governing random field model, in particular
the choice of spectral function, its parameters and relationship to correlation length.
Introducing and combining different sources of spatial variability, i.e. not only material
parameters, but also the construction and diffusion/transport processes.
Objective statistical characterization of spatially variable LDPM models in a small
sample Monte Carlo simulation framework.

Addressing such high-dimensional problems will not be possible in the near future without
massive parallelisation of the associated tasks and utilization of scientific clusters. In order to
introduce spatial variability into structural reliability, some preliminary work of [11], [12] on
identification strategy for correlated random processes may be further utilized for LDPM
models, realizations of which may be further classified by the resulting correlation structure. In
this way, various particle placement schemes may not only be statistically benchmarked, but
also characterized in terms of first passage probabilities or probability distributions, given a set
of critical criteria for a particular model.
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Abstract: In this study, the simulation of wave propagation in soils exhibiting
spatial variability of shear modulus G is considered. The concept of dynamic
mean and variability response functions (DMRF, DVRF) established in [11, 10]
is used to take into account the uncertain soil properties in finite element analyses of shear wave propagation. A finite element method-based fast Monte Carlo
simulation procedure is applied to numerically evaluate the above functions. The
advantage of the methodology lies on the independence of the DMRF and DVRF
which are assumed to be deterministic, on the underlying correlation structure of
G. By integrating the product of the spectral density of G with the DMRF and
DVRF functions, the mean and variance of the ground response are obtained for
each time step of the dynamic analysis. The accuracy of the proposed methodology is validated by comparison to the results obtained by application of a direct
Monte Carlo simulation, where the random field realizations of G are generated
using the spectral representation method. Applications of the method consist of
wave propagation of simple Ricker wavelets as well as recorded earthquake motions in 1D and 2D soil domains. Extensive sensitivity analysis is carried out
demonstrating the effectiveness of the proposed methodology. To this purpose,
a number of correlation structures of the underlying fields representing G are
tested and useful conclusions regarding the statistical characteristics of the wave
propagation phenomenon are drawn.

1

Introduction

Soils are among the most variable materials, exhibiting spatial variability and uncertainty of
their properties even in soil layers considered homogeneous in geotechnical applications. Given
this, the influence of inherent soil variability on geotechnical engineering applications has attracted considerable attention in recent years. Dynamic problems with stochastic soil parameters in particular have been investigated in a number of research articles [5, 14]. For an in-depth
coverage of probabilistic modeling in geotechnical engineering, the reader may refer to [3].
In most studies, geotechnical problems have been analyzed in the context of the finite element
method, incorporating in various ways the stochastic property of the soil. A version of the Monte
Carlo simulation (MCS) method is usually adopted to quantify the response variability with
respect to the stochastic property considered. The well-known limitation of the MCS, however,
is its large computational cost, while its main disadvantage regarding geotechnical problems is
that the correlation structure of the underlying stochastic property of the soil materials has to
be known in advance, which is rarely the case. As a result, the study of the sensitivity of the
required response with respect to different correlation characteristics makes the MCS almost
prohibitive for the treatment of realistic applications.
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In order to tackle the aforementioned limitations, the concept of dynamic variability response
functions (DVRF), introduced in [11, 10], is employed in the present study to solve the problem
of shear wave propagation in soil layers with spatially variable shear modulus G. The DVRF
is but a direct extension of the original VRF introduced [13, 2, 7], which is a Green’s function
relating the variance of a response quantity of a system to the spectral density function of its
underlying uncertain parameters. As such, it depends on deterministic system properties related
to geometry, boundary and loading conditions, mean material properties, as well as the standard
deviation σ f f of the considered stochastic parameter. In this study, the DVRF is estimated numerically using a so-called fast Monte Carlo finite element based procedure explained in [9, 12].
It is also demonstrated that the DVRF and the closely related dynamic mean response function
(DMRF), which provide the spectral-free advantages of the VRF for dynamic loadings, give
insight into the wave propagation sensitivity to uncertainty and can thus be used to accurately
calculate the mean and variance of the ground response.

2 Variability response functions
The concept of variability response functions (VRF) was introduced by Shinozuka in a series
of seminal papers: [13, 2, 7]. Its main advantage is that the provided information related to
the variance of a response quantity is expressed independently of the correlation structure of
the underlying uncertain system property considered. As a result, the VRF is a deterministic
function depending on the structure to be analyzed, its boundary conditions and the loading
applied. Initially, the methodology was applied to simple statically determinate truss and frame
structures with linear material properties under static loading conditions. However, it has since
then been extended to treat dynamic problems, leading to the concept of dynamic variability
response functions (DVRF), as described in [11, 10]. It has to be noted though that, an explicit
formula for the VRF can be derived only for very simple models. In order to address this limitation, a fast Monte Carlo simulation (fMCS) methodology was devised, which generalized the
applicability of the VRF in general finite element models.

2.1

Definition of DMRF and DVRF

The DMRF/DVRF were introduced in [11, 10]. They are but a straightforward generalization
of the classical MRF/VRF for treating transient stochastic problems. In particular, the DVRF is
defined as:
Z +∞
Var[d(t)] =
DV RF(t, κ, σ f f )S f f (κ)dκ
(1)
−∞

where d(t) is the studied response, which is a function of time, and S f f the 1D spectral density
function of the underlying random field. The definition of the DMRF is analogous:
E[d(t)] =

Z +∞
−∞

DMRF(t, κ, σ f f )S f f (κ)dκ

(2)

where E[d(t)] is the mean value of the response quantity d, which is also a function of time.
The equivalent relations for 2D stochastic problems are:
Var[d(t)] =

Z +∞ Z +∞

DV RF(t, κ1 , κ2 , σ f f )S f f (κ1 , κ2 )dκ1 dκ2

(3)

E[d(t)] =

Z +∞ Z +∞

DMRF(t, κ1 , κ2 , σ f f )S f f (κ1 , κ2 )dκ1 dκ2

(4)

−∞

−∞

−∞

−∞

where κ1 and κ2 are the two wave number axes.
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2.2

The fast Monte Carlo simulation method

An explicit formula for the DVRF and DMRF functions can only be obtained for very simple
models. Thus, for general finite element models they are calculated using numerical techniques.
In this study, the fMCS method is used, whose main concept is the generation of random fields
f (x) for 1D problems and f (x, y) for 2D, corresponding to random cosines, with monochromatic
spectral densities.
2.2.1

Problems in 1D

For 1D problems, the fMCS method is reduced to the following steps:
1. For the standard deviation σ f f of the studied quantity generate N(5-10), sample functions
of cosines for each corresponding wave number κ given by:
√
(5)
f j (x) = 2σ f f cos(κ · x + φ j )


where φ j is the center of intervals 2πN j , 2π(Nj+1) for j = 0, 1, . . . , N − 1. In general, due
to the symmetry of the DMRF/DVRF functions for stochastic systems in 1D, only positive wave numbers are used. An upper cut-off wave number κu is each time chosen and
the wave number axis is subdivided in M intervals. Given this, the discretized version
of Equation (5) is:
√
(6)
fi j (x) = 2σ f f cos(κi · x + φ j )
where κi = i∆κ for i = 0, 1, . . . , M and ∆κ = κu /M indicates the wave number spacing.

2. For each discrete wave number κi , calculate the variance and mean of the response from
the N corresponding fi j j = 1, 2, . . . , N realizations of the random sinusoid.
3. Calculate the values of the DMRF and DVRF at the wave number κi using the following
relations:
E[d(t)]κi
σ 2f f

(7)

Var[d(t)]κi
σ 2f f

(8)

DMRF(t, κi , σ f f ) =

DV RF(t, κi , σ f f ) =

4. Gather all the required DMRF and DVRF values for each wave number κi and each time
step for the standard deviation σ f f ; the overall procedure may be repeated for alternative
values of σ f f .
2.2.2

Problems in 2D

For 2D problems, the method is adjusted in order to take into account the two wave number
axes. Thus the relation corresponding to Equation (5) for the 2D case is:
√
(9)
fk (x, y) = 2σ f f cos(κx · x + κy · y + φk )


2π(k+1)
where φk is the center of intervals 2πk
,
for k = 0, 1, . . . , N − 1. Unlike the 1D case,
N
N
the DMRF/DVRF functions in 2D are not fully symmetric, prompting us to consider positive,
as well as negative wave numbers for the two wave number axes. However, the steps followed
in the 2D case are analogous to the ones described in Section 2.2.1 and are thus not mentioned
here.
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3 Simulation of stochastic shear wave propagation in soils
In this study, the stochastic soil parameter considered is the inverse of the soil shear modulus
1/G, which varies randomly along the vertical axis y in 1D models and in the horizontal and
vertical axes x, y for plane strain models. In the general 2D case, the following relation holds:
1
= F0 · (1 + f (x, y))
G(x, y)

(10)

where G(x, y) denotes the soil shear modulus at the spatial point with coordinates (x, y) and
f (x, y) is a zero-mean homogeneous stochastic field modeling the spatial variation of 1/G
around its mean value F0 = 1/G0 .
The shear wave propagates through an underlying bedrock layer considered homogeneous to
the soil layer above. In addition, the compliance of the underlying bedrock layer is taken into
account by attaching viscous dampers to the base nodes of the soil model, according to the
methodology proposed in [6]. Both 1D and 2D shear wave propagation is considered and the
corresponding models used are illustrated in Figures 1 and 2 respectively. For the simulation of
shear wave propagation in the 1D case, simple linear 1D isoparametric elements are considered
where the shear modulus G is used instead of the Young’s modulus E and the axial displacements are replaced by displacements normal to the element axis. For the 2D wave propagation,
standard isoparametric plane strain 4-node quadrilateral elements are used.

hel
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ui
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j
i

Fi

x

H

csb = ρbVsb
incoming wave

Figure 1: Numerical model used for the simulation of 1D shear wave propagation in soil

3.1

Numerical application

In this section, the DMRF/DVRF methodology is applied in the simulation of shear wave propagation in 1D and 2D soil domains. In both cases, the soil material properties considered are
the same, whereas the inverse of the shear modulus G is the uncertain soil material parameter
which has to be incorporated in the analysis. Both models consist of a soil layer loaded with an
incoming stress wave from the bedrock layer below considered homogeneous. The deterministic soil layer parameters assumed are: density ρ = 1.8 Mg/m3 , Poisson’s ratio ν = 0.3 and the
corresponding bedrock properties: Vsb = 760 m/s, ρb = 2.4 Mg/m3 , νb = 0.3. The HHT-α [4]
method is used for the time integration of equations of motion with parameter α = −0.02. The
mean value of the shear wave velocity is Vs0 = 240 m/s corresponding to a mean shear modulus of the soil G0 = ρ · Vs02 = 103.68 MPa. The shear modulus of the bedrock is calculated by
Gb = ρb ·Vsb2 = 1386.24 MPa. As explained in Section 3, the inverse of the soil shear modulus
is modeled as the random field with spatial value given by Equation (10) where f (x, y) denotes
a zero-mean homogeneous random field. For 1D fields, the horizontal coordinate x is omitted
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Figure 2: Numerical model used for the simulation of 2D shear wave propagation in soil

and Equation (10) is reduced to one dimension. However, it is important to emphasize that, in
the fMCS case, f corresponds to the random cosine defined in Equations (5) and (9), while in
the direct MCS method, f corresponds to a zero-mean random field. In this study, the spectral
representation method is used to generate realizations of the random field f in the MCS case.
3.1.1

Wave propagation in 1D

For the 1D simulation of shear wave propagation, the finite element model, illustrated in Figure 1, consists of 100 1D elements with height hel = 1.0 m for a total soil layer height
H = 100 m. Unit area A = 1.0 m2 is used for each element, while Rayleigh damping is considered with damping ratios ξ1 = ξ2 = 0.05, corresponding to the first two vibrational modes
of the model at ω1 = (πVs0 )/(2H) and ω2 = (3πVs0 )/(2H). A viscous damper is then added
at the base node of the model to simulate the compliance of the bedrock layer with damping
value cnodal
= ρb ·Vsb A = 1824.0 kN · s/m. Loading cases consist of a propagating Ricker synsb
thetic wavelet with amplitude 1kN, as well as a real recorded earthquake motion, namely the
Gilroy No1 EW recorded during the 1989 Loma Prieta earthquake [8]. The underlying correlation structure of the random field f (y) is assumed to correspond to an exponential spectral
density of the following type:
1
S f f (κ) = σ 2f f b3 κ 2 exp (−b |κ|)
4

(11)

The inverse of shear modulus of the soil 1/G is evaluated at the middle point of each element
according to Equation (10) (midpoint approach). As stated above, the fMCS is used to numerically evaluate the DMRF/DVRF functions. Figures 3 and 4 depict the DMRF and DVRF
functions estimated via fMCS for a Ricker wavelet and the Gilroy earthquake motion record
for σ f f = 0.2. It is clear that the DMRF of the response quantities is constant with respect to
the wave number of the underlying random field. In contrast, the DVRF is affected by a range
of small values of wave number κ, indicating that the response variance of the 1D shear wave
propagation phenomenon is sensitive to strongly correlated values of 1/G.
Figure 5 presents plots of the mean and variance of the displacement, velocity and acceleration
of the soil surface for the Gilroy motion, calculated with MCS and fMCS for a Gaussian field
with σ f f = 0.2 and correlation parameter b = 40 m. Only the first 10 s of the time histories of the
ground response quantities are illustrated, since their values for t ≥ 10 s are very small. From
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the comparison of mean of displacement, velocity and acceleration, it is also evident that the
results calculated with the fMCS methodology coincide with those calculated with the MCS.
In the case of variance, the results obtained via the fMCS methodology differ slightly from the
MCS only in the peak values of the response, with a maximum error of less than 15%.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: DMRF and DVRF of ground response for incoming Ricker wavelet with unit amplitude for
σ f f = 0.2: (a) displacement DMRF, (b) velocity DMRF, (c) acceleration DMRF, (d) displacement DVRF,
(e) velocity DVRF and (f) acceleration DVRF.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4: DMRF and DVRF of ground response for incoming Gilroy earthquake motion record for σ f f =
0.2: (a) displacement DMRF, (b) velocity DMRF, (c) acceleration DMRF, (d) displacement DVRF, (e)
velocity DVRF and (f) acceleration DVRF.
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Figure 5: Mean and variance of ground response for incoming Gilroy motion for a Gaussian field with
σ f f = 0.2 and correlation parameter b = 40 m: (a) displacement mean, (b) velocity mean, (c) acceleration mean, (d) displacement variance, (e) velocity variance and (f) acceleration variance.

3.1.2

Wave propagation in 2D

For the 2D simulation of shear wave propagation, the corresponding model consists of a soil
layer with horizontal dimension L = 200 m and vertical dimension H = 40 m. Viscous dampers
are added to the base nodes in both the horizontal and vertical directions, simulating the compliance of the bedrock layer; the numerical model is illustrated in Figure 2. The shear modulus
of the bedrock is Gb = 1386.24 MPa and its Poisson ratio ν = 0.3, while the damping values are
csb = ρb ·Vsb = 1824.0 kN · s/m3 for the horizontal and c pb = ρb ·Vpb = 3412.39 kN · s/m3 for the
vertical, where Vpb = 1421.83 m/s is the P-wave velocity in the bedrock layer. In order to obtain
the actual nodal damping values used in the finite element model, damping values c pb and csb
have to be multiplied with the corresponding nodal area A, i.e. cnodal
= csb A and cnodal
= c pb A.
sb
pb
In general, given the shear modulusr
G, Poisson’s ratio ν and density ρ of a material, the P-wave


G(2−2ν)
velocity can be calculated by Vp =
ρ(1−2ν) . Quadrilateral plane strain 4-node isoparamet-

ric elements [1] with sides of 1 m have been used for a total number of 8000 elements. A 2D
correlation structure of exponential type is used with the spectral density function, given by:

2 
2 !
b
b
b
κ
b
κ
x y
y y
x x
S f f (κx , κy ) = σ 2f f
exp −
−
(12)
4π
2
2

The mean and variance of the response quantity d(t) are calculated via Equations (3) and (4)
using numerical integration, since the fMCS methodology provides discrete values of the
DMRF/DVRF functions. In the meanwhile, the horizontal response of the top middle node
is monitored. Figure 6 illustrates the DMRF/DVRF functions estimated for the Gilroy motion
with underlying σ f f = 0.2. From these figures, it can be seen that the most interesting response
variability characteristic lies on the observation that the DVRF values are high only for minute
wave numbers on the κx axis, while a larger range of wave numbers on the κy axis contributes
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to the response variance. Thus, in 2D, the shear wave propagation variance appears to be much
more sensitive with respect to correlation characteristics of the vertical direction. In Figure 7, a
comparison between the response mean and variance obtained via application of the fMCS and
MCS is made for the Gilroy motion. Note that the underlying random fields for both loading
cases have standard deviation σ f f = 0.2 and correlation length parameters bx = by = 100 m. It is
obvious that, the mean is accurately captured by the fMCS methodology; in terms of variance,
similarly to the 1D case, errors exist only in cases of steep response changes, but stay within
reasonable bounds with error less than 25%. Nevertheless, the actual shape of the variance is
accurately captured.

(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

Figure 6: DVRF of ground response for incoming earthquake motion for σ f f = 0.2: (a) displacement
DVRF for κy = 0.0 (rad/m), (b) displacement DVRF for κx = 0.0 (rad/m), (c) displacement DVRF
for κx = κy , (d) velocity DVRF for κy = 0.0 (rad/m), (e) velocity DVRF for κx = 0.0 (rad/m), (f)
velocity DVRF for κx = κy , (g) acceleration DVRF for κy = 0 (rad/m), (h) acceleration DVRF for
κx = 0.0 (rad/m) and (i) acceleration DVRF for κx = κy .

4

Concluding remarks

In this study, it was shown that, via the DMRF/DVRF methodology, the mean and variance of
the ground response are accurately calculated for shear wave propagation problems in soils.
Errors regarding the system response are negligible when considering the mean of the response
quantities, while the error of the variance based on the DVRF stays within reasonable bounds.
It was also demonstrated that the phenomenon of shear wave propagation in 1D soil is sensitive
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Figure 7: Mean and variance of ground response for Gilroy motion for a Gaussian field with σ f f = 0.2
and correlation parameters bx = by = 100 m: (a) displacement mean, (b) velocity mean, (c) acceleration
mean, (d) displacement variance, (e) velocity variance and (f) acceleration variance.

to underlying random field representations of 1/G, which exhibit large correlation lengths. The
DVRF spread is much more significant in the frequency axis corresponding to the vertical direction, as was demonstrated by 2D wave propagation analyses. Thus, in 2D problems and in the
vertical dimension, the range of sensitive wave numbers is much larger. Finally, it was proven
that the DMRF/DVRF functions are extremely useful when considering the incorporation of
uncertain material parameters, revealing the system sensitivity to uncertainty. What’s more, the
DMRF/DVRF functions can be calculated effectively via the fMCS method and, given their
spectral density and probability distribution free nature, the mean and variance of the ground
response are easily obtained for alternative correlation structures, without the need for further
finite element simulations.
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Abstract: Buckling strength (Pn ) of cold-formed steel (CFS) members depends
not only on their non-dimensional slenderness λc , but also on the geometric imperfection (d) inherently present due to their cross-sectional slenderness. Previous works on strength characterization of CFS members although provide estimate for Pn as a function of nondimensional slenderness, do not account for the
uncertainties imparted due to the randomness in d. To identify uncertainties in
the flexural strength due to the randomness in the imperfection value, sufficient
simulations of the predefined model is usually required, which is immensely
costly. To avoid that, we propose an interpolation based metamodel employing
the stochastic kriging technique, which simultaneously considers (i) the intrinsic
uncertainty due to the stochastic nature of the physical process and (ii) the extrinsic uncertainty due to the interpolation based response prediction. For a selected
statistics of Type 1 imperfection, this study provides the estimates of the critical
buckling strength for a range of possible λc values, supported by the associated
confidence bounds. It is observed that with the increase in the slenderness, the
critical strength loses its sensitivity to local geometric imperfection and becomes
mostly influenced by slenderness.

1 Introduction
Although previous works on the strength characterisation of cold-formed steel (CFS) members have provided estimates of the critical buckling strength (Pn ) as a function of the nondimensional slenderness (λc ), these estimates have not accounted for the uncertainties imparted
due to the randomness in geometric imperfection (GI) [11], where λc is defined as [1]
r
Fy
(1)
λc =
Fe
Here, Fy is the material yield stress, and Fe is minimum critical elastic column buckling stress (in
flexural, torsional or flexural-torsional buckling mode). Imperfections are usually uncontrollable
and random in nature (however, a probabilistic measure of the imperfection magnitude d can
be assumed to be available), and therefore should be considered as a stochastic variable in
the simulation. Inclusion of this stochastic variable d, however, transforms the deterministic
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simulation to a stochastic one. Typically, Pn estimation for any given CFS member involves
costly simulations of a high fidelity model. To capture the randomness in Pn at a given λc ,
multiple simulations of the model at different realisations of d usually become necessary. Thus,
for a generalized prediction model for Pn (that is at any arbitrary λc ), a very high computational
resource is required, which is sometimes unattainable and not practical as well.
Interpolation based metamodels, developed using a limited number of simulations, to replace
the costly simulation model itself, is one approach to reduce this computational demand. Kriging can be identified as a potential method in this attempt, since it can estimate the structural response measure at the unmeasured location using a relatively small amount of the data available
at the measured/simulated locations. Yet, kriging is typically limited only to the deterministic
systems [15], and therefore its stochastic variant, that is, ‘stochastic kriging’ (SK) [4] needs to
be employed here instead. SK can be thought of as an extension of kriging, which provides a
stochastic framework to deal with the uncertainty in the simulator model. This technique characterises both intrinsic uncertainty due to the stochastic nature in the simulator model as well
as the extrinsic uncertainty in the unknown “response surface” to be estimated. SK uses not
only the mean of responses at measured locations, but also the associated spatial variability
information to systematically reduce the uncertainty in the predicted measure. Thus, unlike deterministic metamodels, SK provides an estimation of the variance, which in turn helps to put a
confidence bound on each prediction.
The primary goal of the work presented here is the uncertainty quantification in Pn for lipped
channel CFS sections with a random Type 1 [11] local geometric imperfection (Fig. 1a), using
a polynomial chaos expansion (PCE) and stochastic kriging based metamodelling technique. It
aims at obtaining a stochastic ‘strength curve’ [1] for such sections, accounting for the randomness in the imperfection magnitude, d.

2 Local geometric imperfection and its statistical characterisation
It is well known that CFS members are highly susceptible to GIs, which eventually reduce their
load-carrying capacity [10, 7, 11, 2]. However, these GIs are very uncertain in nature due to
the manufacturing, transportation, handling processes. Recently the statistical characterisation
of a CFS member’s critical strength has been investigated by Hashmi et al. [6, 5], based on
the statistics of Type 1 local GI obtained in an earlier study [11]. It has been observed that
a lognormal distribution best fits the variability in the (normalised) amplitude of this GI, as
shown in Fig. 1b. For the work presented here, values for d/t (t = thickness of the web) are
realised treating this imperfection as lognormally distributed with a mean of 0.5 and standard
deviation of 0.66 [11].

3 Finite element analysis for obtaining Pn
The general purpose finite element (FE) package Abaqus [13] is used to find the critical buckling
strength (Pn ) of an imperfect lipped CFS channel member. In this process, initially an eigenvalue
analysis is performed to find the local buckling modes, which is then scaled to a randomly
simulated imperfection magnitude value and used as a perturbation for the buckling analysis.
For obtaining the buckling load of the perturbed member, a static incremental load analysis is
performed, using the “Riks” approach. Both material and geometric nonlinearities are included
in this analysis. The critical buckling strength is defined by the maximum axial compressive
load observed in the load deformation plot, before reaching a negative slope. In the “Riks”
analysis, the locally imperfect member gradually reaches a member buckling mode (showing
varying levels of local-global interaction, depending on λc ) [6], as shown in Fig. 2a.
Fixed boundary conditions are imposed at the ends of the member. This, as well as the axial
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Figure 1: (a) Type 1 local geometric imperfection; (b) CDF of the observed data and trial distributions
for normalised imperfection, d/t

force, are applied at the centroid of the end cross-sections, and are transferred to the member
by connecting (all degrees of freedom of) the centroid with the nodes at the end section through
‘kinematic couplings’, as shown in Fig. 2b. The S4R element is used to model the member, with
an elastic-perfectly plastic material model: elastic modulus = 203 GPa; Poissons ratio = 0.3;
and yield stress = 388 MPa.
In order to find the effect of d on Pn , a set of five different cross-sections, referred to as “simulation samples”, are selected. However, to check the accuracy of the prediction model, few
random cross sections are also selected, which are referred to as “validation samples”. Details
of the sample design is presented in Tab. 1. The sample sections are labelled based on the
standard practice followed by the Steel Stud Manufacturers Association (SSMA), USA. The
cross-sections selected have bw /b f ≥ 2 – where, bw and b f are the depth of web and the width
of flange, respectively – and larger lip lengths. This precludes any distorsional buckling in these
sections, as confirmed through the eigenvalue analyses. Thus, the effect of distorsional buckling is not present in the metamodel created using these samples either. Different lengths of the
sections are considered in order to study the behaviour for different λc , in the range of 0.1 to
2.0. A total 1500 FE simulations are used after validating the buckling analysis approach with
available experimental data (details in [5]).
Table 1: Section properties
Sample type
Simulation sample

Validation sample

Section ID
350S162-68
400S162-68
362S137-68
362S162-68
400S137-68
450S162-68
600S162-68

bw (mm)
88.90
101.6
92.07
92.07
101.6
114.3
152.4

b f (mm)
41.28
41.28
34.93
41.28
34.93
41.28
41.28
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bl (mm)
12.70
12.70
9.530
12.70
9.530
12.70
12.70

λc
0.75, 1.0, 1.27, 1.5, 2.0
0.1, 0.25, 0.5, 0.75, 1.0, 1.27, 1.5, 2.0
0.75, 1.0, 1.27, 1.5, 2.0
0.25, 0.5, 0.75, 1.0, 1.27, 1.5, 2.0
0.75, 1.0, 1.27, 1.5, 2.0
0.4, 1.4
0.9

(a)

(b)

Figure 2: (a) Member buckling of section 400S137-68, with λc = 0.75 (deformation scale = 4); (b)
Coupling of the centroid to the section at member ends

4 Quantification of Pn : A PCE based metamodelling approach
4.1

Polynomial chaos expansion

Statistical characterisation of the buckling load of CFS members by means of Monte Carlo simulation (MCS) require a large number of FE model runs [12, 6], which result in costly computational efforts. In order to overcome these issues, the metamodelling technique of polynomial
chaos expansion is used in this work. The PCE based metamodel describes the uncertainty in
a structural response parameter, using a set of orthogonal polynomial bases and associated coefficients [14]. For an engineering system, which can be represented by a model, with input
parameters ξ, as Y = M (ξ), the general form of PCE can be represented as [3]
Y = M (ξ) = ∑ yα Ψα (ξ)

(2)

α

where, Ψα are the multivariate orthonormal polynomials, and α are the multi-indices that map
the multivariate Ψα to their corresponding bases, which are denoted as the PCE coefficients
yα . These associated coefficients in the PCE based metamodel can be interpreted in the form of
mean, variance, and higher moments of the random output parameter.

4.2

Development of the PCE-based metamodel

The metamodel contains polynomial based equations defining the response Pn (treated as yd for
SK) as a function of the stochastic input variables. d in the superscript indicates a design point.
These PCE metamodels are created for each λc (treated as xdi for SK) for all the cross-sections
listed in Tab. 1. For this purpose, the PCE module of the MATLAB toolbox UQLab [9] has been
used, which facilitates the application of state-of-the-art algorithms for a non-intrusive approach
of PCE metamodelling. A Hermite polynomial basis is selected for the PCE metamodelling
considering the lognormal distribution followed by imperfection magnitude d [16]. Various
approaches are available to obtain the coefficients yα . A non-intrusive approach [3] is followed
in this uncertainty quantification task, where the coefficients are calculated from the results
obtained using a deterministic structural analysis model at the selected experimental design
points. 50 (= m) design points are found sufficient for a fourth-order (N = 4) PCE metamodel
for achieving the level of accuracy for 1000 MCS. This (truncated) PCE metamodel (M PCE )
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can be expressed as
Pn ' M PCE (ξ ) = y0 + y1 ξ + y2

(ξ 2 − 1)
(ξ 3 − 3ξ )
(ξ 4 − 6ξ 2 + 3)
√
√
+ y3 √
+ y4
6
2
2

(3)

The PCE coefficients {y0 . . . y4 } are obtained from the 50 design samples, using the least angle
regression (LARS) method. The basic statistical parameters (mean µ PCE and variance σ 2,PCE )
for the metamodel are obtained as as [8]
µ PCE = E[M PCE ] = y0

(4)

σ 2,PCE = ∑ y2α

(5)

α

The sampled PDFs based on the PCE metamodel are compared with those obtained using 1000
MCS. Some sample comparisons are presented in Fig. 3 for the section 362S162-68 at λc =
0.75 and 1.00.
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Figure 3: Comparison of PCE and MCS results for (a) λc = 0.75 and (b) λc = 1.00

5 Stochastic kriging
Stochastic kriging is meant to treat stochastic systems with a kriging based interpolation technique. Let us first assume that a set of simulation outputs y(xdi ) for n number of design points xdi ,
are available. For each design point xdi , m number of replications of the simulation experiment
are performed, that yield n × m sets of design variable-output pairs: {xdi, j , ydi, j }, for i = [1, · · · , n]
and j = [1, · · · , m]. The first two statistical estimates for the stochastic response are presented
here:
µy (xdi ) =

1
m

m

∑ y(xdi, j )

j=1

h
i2
1
d
d
d
σy (xi ) = ∑ y(xi, j ) − y(xi )
m j=1
m

(6)

We intend to develop a metamodel using these simulation results, that can be employed to
predict (the mean of) the output measure, along with the associated uncertainties for m numbers
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of design point xkp . The typical approach in this attempt is to first define the simulated response
measure y through a regression model at the ith design point:
y(xdi ) = B(xdi )T β + εi (xdi )

(7)

where, B(xdi ) is a set of known polynomial functions of xdi . β is the regression coefficient which
needs to be estimated in an mean squared error (MSE) optimum sense (discussed later). εi (xdi )
is the intrinsic uncertainty due to the inherent randomness in the stochastic simulation model.
This uncertainty can be assumed to have zero mean with a stationary variance. Additionally,
there will be extrinsic uncertainty in the metamodel, because making a metamodel for the entire design space using a small set of design data imparts more (statistical) uncertainty in the
prediction, even if the observation can be assumed to be noise/error free. To incorporate this
uncertainty in a stochastic framework, the response measure can be defined as
p

p

p

y(xk ) = B(xk )T β + M(xk )

(8)

Here, the superscript p indicates a prediction point (rather than a design point). M represents
the extrinsic uncertainty that comes in to the picture because of using a limited number of
sample design points. M is a realisation from a zero mean random field, where it is assumed to
have spatial correlation: M(x) and M(x0 ) are highly correlated if the spatial distance between
x and x0 are small, and with the increase in the distance they tend to behave more and more
independently.
Combining the intrinsic (Eq. 7) and extrinsic (Eq. 8) uncertainties into a single formulation, the
prediction model for a stochastic system can be demonstrated as
p

p

p

p

y(xk ) = B(xk )T β + M(xk ) + ε(xk )

(9)

p

The intrinsic uncertainty ε(xk ) is defined using the variance in all the simulated outputs associated to the replications of the simulation for a particular design point xdi . This is assumed not to
be constant and it varies over different design points. The variance in each experiment is defined
as Σεi = Cov[ε(xdi, j )] > 0 ∀ j. Σε gives the intrinsic covariance structure for all i. Thus, Eq. 9
can be written as
1 m
y(xdi ) = β B(xdi ) + M(xdi ) + ∑ ε(xdi, j )
(10)
m j=1
Here, the extrinsic variance is defined using a certain correlation model:
Cov[M(xdi ), M(xdi0 )] = δ 2 Corr[M(xdi ), M(xdi0 )]
=δ

2

R(xdi , xdi0 )

(11)

where, δ 2 is the covariance of the Gaussian process and R(xdi , xdi0 ) is the correlation function
between two points on the design space, that depends only on the distance between the design
points, and not on any design point itself. Efficient models are available to define this correlation
structure, e.g., Gaussian model, exponential model, etc. We have employed a Gaussian model
for this study:
!
R(xdi , xdi0 ) = exp

nd

∑ θh|xh − x0h|n p

(12)

h=1

where, nd is the number of design variables and n p is the order of the Gaussian model. θh is the
parameter of the model that defines the roughness of the response surface between two design
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points. Finally, the covariance for the entire set of design points is written as


1
R[xd1 , xd2 ] · · · R[xd1 , xdn ]
R[xd , xd ]
1
· · · R[xd2 , xdn ]
 2 1

ΣM = δ 2 

..
..
..
.
.


.
.
.
.
d
d
d
d
R[xn , x1 ] R[xn , x2 ] · · ·
1

(13)

To define the covariance between a prediction point and all the available design points (ΣM (xp ; ),
or ΣM0 in short), the following covariance matrix is required:
 p

R[x1 , xd1 ]
R[xp , xd ]
2 
2
ΣM0 = δ  1..
(14)



.
p
R[x1 , xdn ]

In this study, we assume that the covariance matrix ΣM can be modelled by imposing a suitable semivariogram model on the available data, while the prediction covariance matrix ΣM0
can also be calculated using the same model. Using the model parameters (τ and θ ) of the
semivariogram, the optimum estimate for β can be obtained as
β̂ = {B(xd )T (ΣM + Σε )−1 B(xd )}−1 B(xd )T (ΣM + Σε )−1 y

(15)

Using this information, the MSE-optimal prediction for yP (xp ) at the prediction point xp is
yP (xp ) = β̂ B(xp ) + ΣTM0 (ΣM + Σε )−1 {yd − β̂ B(xd )}

(16)

where, B(xp ) is the trend polynomial matrix for prediction points. The associated MSE with the
prediction can be estimated as


−1 
−1
T
p T
p
2
T
−1
(17)
MSE = τ − ΣM0 ΣM ΣM0 + δ δ B(x ) (ΣM + Σε ) B(x )

h
i
Here, δ = 1 − B(xp )T (ΣM + Σε )−1 Σ0 It should be mentioned here that the first two terms in
the MSE expression is due to the extrinsic uncertainty,s which is common for both kriging as
well as stochastic kriging. However, the braced part is solely due to the intrinsic uncertainty
emanating from the randomness within the system.

6 Result and discussion
A nonlinear finite element (FE) simulator is used to understand the CFS column’s buckling
behaviour affected by the Type 1 local GI. An eigenvalue analysis followed by an incremental
static load analysis (perturbed by the local GI, scaled to a specific d for a selected design point)
is conducted in the FE package Abaqus [13]. Details of the buckling analysis are available in
previous works [6, 5], and are avoided here. This FE model is simulated at five different λc
values for five CFS cross sections. For each λc , the model is simulated for different values of d
based on the realizations of d/t drawn from its lognormal distribution (t being the thickness of
the CFS member), within the PCE based metmodel framework. Simulation results corresponding to this set of λc values are then used to make a stochastic kriging model of the system with λc
as the control variable and d as the uncontrollable stochastic variable. The developed SK metamodel is further simulated for a dense array of λc to predict the mean estimate of Pn / (AFy ), and
the associated 95 percentile confidence bounds.
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The simulated data are used to define the spatial covariance model. For this, a set of eight
different semivariogram models are tested on the design data set and presented in Fig. 4. It is
observed that out of this set, the Gaussian model for the semivariogram gives the best regression
(based on the maximum coefficient of determination, R2 ). Only this model is therefore used for
the further analysis and prediction. The Gaussian model is defined with τ and θ as the model
parameters. The initial estimate for the regression coefficient (βˆ0 ) is obtained using
β̂ = {B(xd )T B(xd )}−1 B(xd )T y

(18)

and the initial estimate for the constant τ 2 is obtained as
h
i
τ 2 = Var y − B(xd )β̂

(19)

Optimal estimates for β̂ and θ̂ are then obtained using a constrained optimisation in which the
objective function is set considering the following log-likelihood function for the parameter:
o
1n
−1
T
L (τ ; θ ) = − n ln(2π) + ln (| (ΣM + Σε ) |) + y (ΣM + Σε ) y
2
2

(20)

In order to maintain numerical stability, the lower bounds for τ 2 and θ are assumed to be very
small positive value. Finally, using the estimated optimal set of parameters is employed to define
the estimate for β̂ using Eq. 15.
During the prediction phase of this algorithm, a set of prediction points xkp are first selected, and
subsequently for each prediction point the required ΣM0 matrices are obtained using the spatial
correlation model developed previously. Finally the prediction mean at those design points and
associated confidence intervals are computed using Eqs. 16 and 17. The prediction mean of the
kriging metamodel gives the strength curve of CFS section (Fig. 5). This shows that the shape of
this statistical (mean) strength curve is similar the deterministic ones available in design codes.
Experimental
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Figure 4: Correlogram of the simulated data
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Figure 5: Strength curve based on the SK metamodel (predicted mean with associated confidence bounds)

7 Conclusions
This study focuses on the prediction of flexural buckling strength (Pn ) of CFS members with
Type 1 local geometric imperfection using stochastic kriging. The novelty of the work lies in
the formulation of a SK metamodelling framework, where the intrinsic uncertainty (due to the
stochastic nature of the simulator model) and the extrinsic uncertainty (due to the interpolation based response prediction) are considered simultaneously. A non-intrusive polynomial
chaos expansion technique is also employed to avert the use of computation heavy Monte
Carlo simulation in the estimation of response statistics. The PCE and SK based metamodel
finally provides the statistical estimate of buckling strength (supported by the associated confidence bounds) at different non-dimensional slenderness. The buckling strength (Pn ) versus
non-dimensional slenderness (λc ) curve obtained is akin to the strength curves available in design guidelines. However, here it also incorporates the effect of local geometric imperfection
in a robust statistical sense. It is observed that with the increase in λc , the CFS section’s buckling strength looses its sensitivity to the local GI. The statistical strength curve presented in
Fig. 5 can be used for actual designs using CFS lipped channel sections with Type 1 geometric
imperfection.
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Abstract: Due to the uncertain microscopic structure of the material, the strength
of the material exhibit strong randomness. This randomness of strength is related to
the volume of material and the stress gradient. It is called Stochastic Size Effect
(SSE). The traditional reliability theory is difficult to analyze the safety of the structure considering SSE. Therefore, to overcome the drawback of traditional theory
and deterministic finite element method, a three-dimensional (3D) Stochastic Finite
Element Method (SFEM) with custom random fields is proposed in this paper.
Meanwhile, ABAQUS and MATLAB were used to perform 3D parametric modeling, solving and statistical analysis. The Maximum Entropy (ME) fitting method is
employed to fit the distribution function of structure response. Furthermore, the reliability of steel structures with stress gradient was analyzed using this method. In
this paper, the Stochastic Finite Element method and Stochastic Size Effect are
combined, in order to analyze the reliability of steel structures.

1 Introduction
Essentially, the uncertainties of the material strength are necessarily presented in the entire volume of the structure, because the mechanical defects of the material are randomly distributed
in the whole structure. Traditionally, the stochastic size effect for brittle material has been explained by Weibull-type statistical weakest link model [1]. In the literature [2], a combination
between the weakest chain model and fiber bundle model was used to describe stochastic size
effect in elasto-plastic material and it is validated by experiment that the strength of steel is
related to the volume of the specimen. However, this stochastic size effect based on a mathematical model is the result of the phenomenon obtained by a variety of assumptions and simplifications. Theoretically, the stochastic size effect based on the uncertainty of the material can
be obtained by the FEM simulation, when the randomness of the material can be defined with
mathematical model.
Recently, computational stochastic mechanics is continuously being developed and extensively
used, because the influence of uncertainty of the computational model on the reliability is gaining ever greater importance [3–6]. This influence can be analyzed by stochastic finite element
methods (SFEM), which is an extension of classical deterministic finite element method (FEM)
for uncertainty problems. SFEM is mainly used for FEM that takes into account the uncertainty
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of the geometry, material properties and applied loads of a structure [7]. Usually, these uncertainties are spatially distributed over the region of the structure and are modeled as random field
(RF) [8]. However, most of the researchers consider the randomness of elastic materials and
these researches are still confined to two-dimensional analysis [9,10], because three-dimensional problems for the randomness of elasto-plastic material need to consume a lots of computing resources.
In this paper, the 3D flexural members with stress gradient are analyzed by SFEM considering
the uncertainty of elasto-plastic material. The statistic samples of the ultimate bearing capacity
of the entire flexural member was obtained by the repeated calculation with SFEM and its distribution was determined using the maximum entropy (ME) principle [11]. Finally, the structure
response of the whole structure is applied to the structural reliability analysis with the firstorder reliability method (FORM).

2 Discretization of RF and SFEM
2.1 Discretization by Karhunen–Loève expansion
A random field can be obtained by using the mean 𝜇(𝑿) and finite variance 𝜎 2 (𝑿) on a probability space (𝛺, 𝐹, 𝑃). Necessarily, the discretization procedure is applied to the random field,
because continuous random field cannot be embedded in the discrete FEM program. The discretization of Gaussian random field was simulated by using the Karhunen-Loève series expansion in many literature [12,13]. The 3D random field 𝐻(𝑿, 𝜃) with non-zero means and Gaussian (or non-Gaussian) distributions are decomposed into a deterministic part and a stochastic
part as follows:
∞

𝐻(𝑿, 𝜃) = 𝜇(𝑿) + ∑ √𝜆𝑖 𝜉𝑖 (𝜃) 𝜑𝑖 (𝑿)

(1)

𝑖=1

where H(X, θ) represents a random field; X is the position vector defined and θ is primitive randomness that belongs to the space of random event; ξi (θ) is a statistically uncorrelated random
variable; λi and φi (X) are the eigenvalue and the eigenfunction of the autocovariance kernel,
which are the solution to the homogeneous Fredholm integral equation of second kind [14].
Latin Hypercube Sampling (LHS) which is based on utilization of stratified sampling technique
was employed as a more efficient sampling method for the random variable ξi (θ) in this paper,
so that the number of simulation is reduced [15]. In the discretization with the numerical method,
the summation of the infinite number of terms in Eq. (1) and (2) need to be approximated using
truncated expansion after 𝑀 terms.
An approximation to transform the non-Gaussian field defined from the Gaussian random field
by the nonlinear function is widely used in the literature [16]. The random field with lognormal
distribution can be obtained with Gaussian distribution through the Eq. (25) [10]. Simultaneously, the required mean value 𝜇𝑁 (𝑿) and standard deviation 𝜎𝑁 are obtained by conversion
from mean value and standard deviation of the lognormal distribution.
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∞

𝐻𝑡𝑟𝑎𝑛 (𝑿, 𝜃) = 𝑒𝑥𝑝 [𝜇𝑁 (𝑿) + ∑ √𝜆𝑖 𝜉𝑖 (𝜃) 𝜑𝑖 (𝑿)]

(2)

𝑖=1

By the approximation of truncating the expansion, the KL expansion can be transformed to the
solution of an eigenvalue problem of the Fredholm integral equation. The Galerkin finite element method is more suitable for solving the random field of KL expansion problem, becausethe analytical solution of the Fredholm integral equation only exists for most covariance
function. In Galerkin method, the approximation requires that the integral of the weighted residuals in the entire space should be zero. Hence, the problem can be expressed with matrix as
the solution of generalized algebraic matrix eigenvalue in Eq. (3).
𝑨𝒅𝑖𝑗 = 𝜹𝑖𝑗 𝜆̂𝑖 𝑩𝒅𝑖𝑗 (𝜹𝑖𝑗 𝑖𝑠 𝑡ℎ𝑒 𝐾𝑟𝑜𝑛𝑒𝑐𝑘𝑒𝑟 𝑠𝑦𝑚𝑏𝑜𝑙)

(3)

where the different matrices are defined as follows:
𝑨𝑖𝑗 = ∫ ∫ 𝐶𝐻𝐻 (𝑿1 , 𝑿2 )𝜙𝑖 (𝑿1 )𝜙𝑗 (𝑿2 )𝑇 𝑱2𝑒 𝑑 𝑿1 𝑑𝑿2

(4)

𝑩𝑖𝑗 = ∫ 𝜙𝑖 (𝑿) 𝜙𝑗 (𝑿)𝑇 𝑱𝑒 𝑑𝑿

(5)

𝑫

𝑫

𝑫

where dij is the jth nodal value of the ith eigenfunctuons, Je is coefficient matrix mapping from
local coordinates of RF element to global physical coordinates in RF element; ϕj (X) is the jth
basic function of eigenfunction. 𝐶𝐻𝐻 (𝑿1 , 𝑿2 ) is the autocovariance function and can be referred
as kernel function. The autocovariance function depends on the distance 𝑑 = |𝑿2 − 𝑿1 | between two points in the 3D space and can be expressed by the autocorrelation function
𝜌𝐻𝐻 (𝑿1 , 𝑿2 ), i.e. 𝐶𝐻𝐻 (𝑿1 , 𝑿2 ) = 𝜎(𝑿1 )𝜎(𝑿2 )𝜌𝐻𝐻 (𝑿1 , 𝑿2 ), where 𝜎 is the standard deviation
of random field.
For a three-dimensional random field, each element in matrices 𝑨𝑖𝑗 and 𝑩𝑖𝑗 needs to compute
separately three-fold and six-fold integral. This renders the assembly of these matrices computationally expensive and unacceptable [13]. Hence, the Matrix 𝑨𝑖𝑗 (or 𝑩𝑖𝑗 ) containing the sixthorder integral is aggregated by three matrices which are derived from a one-dimensional element and have low-order integration in Eq. (6).
𝑨11
𝑨𝑖𝑗 = [ ⋮
𝑨𝑛1

⋯
⋱
⋯

𝑨𝐷
𝑖𝑗 = ∫ ∫ 𝑒𝑥𝑝 (−
𝐷

𝑫

𝑦

𝑥
𝑧
𝑨11
𝑨11 𝑨11
𝑨1𝑛
⋮ ]=[
⋮
𝑦
𝑥
𝑧
𝑨𝑛𝑛
𝑨𝑛𝑥1
𝑨𝑛𝑦1 𝑨𝑛𝑧1

⋯
⋱
⋯

𝑦

𝑥
𝑧
𝑨1𝑛𝑥
𝑨1𝑛𝑦 𝑨1𝑛𝑧
]
⋮
𝑦
𝑥
𝑧
𝑨𝑛𝑥𝑛𝑥
𝑨𝑛𝑦𝑛𝑦 𝑨𝑛𝑧𝑛𝑧

|𝐷1 − 𝐷2 |
) 𝜙𝑖 (𝐷1 )𝜙𝑗 (𝐷2 )𝑇 𝑱2𝐷 𝑑 𝐷1 𝑑𝐷2
𝑙𝐷

(𝐷 = 𝑥, 𝑦 𝑎𝑛𝑑 𝑧)

(6)

(7)

where 𝑛 represents the 𝑛th element in 3D and 𝑛𝑥, 𝑛𝑦 and 𝑛𝑧 are the number of element in each
dimension, i.e. 𝑛 = 𝑛𝑥 ∙ 𝑛𝑦 ∙ 𝑛𝑧. Therefore, it is possible to accelerate the decomposition of the
discrete 3D random field by using this method, and the computational resource consumption is
greatly reduced.
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2.2 Intrusive formulation of stochastic finite element
Theoretically, the stiffness matrix of element is obtained from the Gaussian integration by using
the material properties defined at the integration points. Therefore, the discrete value of the
random field must be mapped to the integration point of the FE mesh. In the literature [10], the
proposed method which is called general mapping-interpolation method determines the material properties with randomness at each integration point by using the relationship between the
coordinates of the discrete values of the random field and the coordinates of the corresponding
integration points in two dimensions. Furthermore, by this method the two completely separated
simulated RF mesh and FE mesh can be mapped to each other. In this paper this method was
employed and also extended to the three-dimensional model, because the simulation of the random field can be realized completely independent of the finite element model.
According to the material's stress-strain curve the random field of the elasto-plastic material
can be simplified into two independent random fields, which considers Young's modulus
E(X, θ) and yield strength fy (X, θ). Therefore, the constitutive equation of the elasto-plastic material at the integration point can be expressed as follows:
𝑒𝑝

𝑒
𝐶𝑖𝑗𝑘𝑙 (𝑿, 𝜃) = 𝐶𝑖𝑗𝑘𝑙
−

𝜈

= 𝐸(𝑿, 𝜃) ((1+𝜈)(1−2𝜈) 𝛿𝑖𝑗 𝛿𝑘𝑙 +

𝜈
2(1+𝜈)

= 𝐸(𝑿, 𝜃) ∗ 𝑲𝑒 −

9𝜇 2 𝑠𝑖𝑗 𝑠𝑘𝑙
(3𝜇 + 𝐸𝑡 )𝜎𝑓2

(𝛿𝑖𝑘 𝛿𝑗𝑙 + 𝛿𝑖𝑙 𝛿𝑗𝑘 )) −

𝐸(𝑿,𝜃)
𝑓𝑦 (𝑿,𝜃)2

∗

1
𝐸(𝑿,𝜃)3𝜈+2(1+𝜈)𝐸𝑡

𝐸(𝑿, 𝜃)
1
∗
∗ 𝑲𝑝
2
(𝑿,
𝑓𝑦
𝜃) 𝐸(𝑿, 𝜃) ∗ 3𝜈 + 2(1 + 𝜈)𝐸𝑡

∗

9𝜈2

𝑠 𝑠
2(1+𝜈) 𝑖𝑗 𝑘𝑙
(8)

where λ and μ represent Lamé parameters; skl and skl are deviatoric stresses; ν is Poisson's ratio; K e and K p represents two tensors (matrices) with determine quantities.
The two random fields Young's modulus 𝐸(𝑿, 𝜃) and yield strength 𝑓𝑦 (𝑿, 𝜃) were generated in
advance in the software MATLAB and the random field will be mapped to the integration points
of every element by using the ABAQUS subroutine UMAT based on the general mappinginterpolation method. The nonlinear iteration required for the elasto-plastic constitutive stiffness matrix at each integration point of the element was performed in the UMAT. Then the
elasto-plastic element stiffness matrix was assembled into a global stiffness matrix and this
matrix will be delivered to a numerical solver with pre-defined boundary conditions.
Since the stochastic finite element method with elasto-plastic materials involves nonlinear iterative calculation at integration points, some stochastic finite element methods (such as Neumann SFEM and spectral SFEM) cannot be applied to solve such problems. However, the direct
Monte Carlo simulation (MCS) is the simplest method to simulate the response of structures
with uncertain material properties by using a very large number of similar random samples. The
number of the required sample for MCS is difficult to be accepted by the analysis of structural
reliability in practice, when the structural reliability coefficient is relatively large. As an alternative, the probabilistic description of response can be obtained by the fitting techniques of the
probability distribution function and then used in the reliability assessment [17].
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3 Probabilistic response and reliability analysis
3.1 Maximum Entropy fitting method
The Probability Density Function (PDF) of structural response can be obtained using traditional
fitting techniques, and the corresponding parameters of the theoretical probability distribution
can be estimated. However, the accuracy of the results depends on the selected probability
model and the sufficiency of the sample. It is worth noting that the guarantee of accuracy is a
prerequisite for FORM or more accurate SORM: the distribution of random variables is correct
and the corresponding statistical parameters are accurate. In the case of a small number of sample, some different distributions may be accepted at the same time, and the statistical parameters
of random variable may differ from the true value. Especially, the resistance distribution of
structure response obeys the combination of two distributions considering the stochastic size
effect [2]. Therefore, the ME fitting function was used to construct the optimal probability distribution for the distribution of 𝑀𝑟𝑒 under the known information in this paper. The purpose in
the ME fitting Method is to find a probability density function 𝑝(𝑥) with the ME 𝐻 under the
constraints [18]. This is formulated as a constrained optimization problem:
𝑀𝑎𝑥𝑖𝑚𝑖𝑧𝑒

𝐻 = − ∫ 𝑓(𝑥)𝑙𝑛𝑓(𝑥)𝑑𝑥
(9)

{
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐸{𝜙𝑛 (𝑥)} = ∫ 𝜙𝑛 (𝑥)𝑓(𝑥)𝑑𝑥

where 𝜙0 (𝑥) = 1 and 𝜙𝑛 (𝑥) = 𝑥 𝑛 . 𝐸{𝜙𝑛 (𝑥)} is the 𝑛th moment of the random variable. The
conventional method to solve the optimization problem is to introduce the Lagrange multiplier
𝜆𝑛 . The 𝝀 = [𝜆0 ⋯ 𝜆𝑛 ] is obtained by solving the set of 𝑛 + 1 nonlinear equations as follows:
∫ 𝜙𝑛 (𝑥) 𝑒𝑥𝑝 [− ∑

𝑁

𝜆𝑛 𝜙𝑛 (𝑥)] 𝑑𝑥 = 𝐸{𝑥 𝑛 }

𝑛=0

(10)

The PDF of ME is wittier with the Lagrange multiplier 𝝀 as follows:
𝑁

𝑓(𝑥) = 𝑒𝑥𝑝 [− ∑

𝑛=0

𝜆𝑛 𝜙𝑛 (𝑥)]

(11)

In this paper, the forth order moment constraints are employed with the ME fitting method for
obtaining the PDF of resistance moment. The histogram of the resistance moments, which are
calculated by SFEM under considering nonlinear material, and the ME PDFs are shown in figure 1. a). Figure 1. b) shows the PDFs obtained by the ME fitting method with different sample
sizes. Obviously, the ME PDF provides an acceptable approximation for the PDF of resistance
moment, when the sample size is equal to or larger than 500.
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Figure 1. a). Statistical results of moment response and ME PDF; b). ME PDFs for different sample sizes.

3.2 First Order Reliability Method (FORM)
The reliability approach is intended to evaluate the probability of failure of a structure considering randomness. The failure criteria in mechanics are usually defined by load effect (stress,
strain or deformation). Let 𝑺 denote the set of all basic random variables associated with the
structure under consideration, and 𝑔(𝑺) = 0 represents the limit state surface. Thus, the probability of failure is given by:
𝑃𝑓 = ∫

𝑔(𝑺)≤0

𝑓𝑺 (𝑺)𝑑𝑺

(12)

where 𝑓𝑺 (𝑺) represents the joint probability density function of 𝑺. In the first-order reliability
method (FORM), the limit-state surface in the standard normal space is replaced by the tangent
plane at the point with minimum distance from the origin. The probability of failure can be
written as follows:
𝑃𝑓 = 𝜱(−𝛽)

(13)

where 𝜱(∙) denotes the standard normal cumulative distribution (CDF) and 𝛽 is the reliability
index.
In this paper, the limit-state function of the structure is defined in terms of the maximum plastic
bending moment.
𝑔(𝑺) = 𝑀𝑟𝑒 − 𝑀𝑙

(14)

where 𝑀𝑟𝑒 and 𝑀𝑙 are separately the plastic moment of resistance and applied moment, which
are random variables due to randomness of material properties and load. The probability distribution of 𝑀𝑟𝑒 is obtained by ME fitting method based on the response of structure which is
analyzed by SFEM with random field considering elasto-plastic material properties.

4 Probabilistic modeling of the ultimate bearing capacity of flexural
members
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4.1 Numerical example
In order to analyze the reliability of the ultimate bearing capacity of the bending members under
considering the stochastic size effect, three and four-point (3p and 4p) bending simulations of
I-section beam with the random fields of yield strength and Young’s modulus was implemented
by SFEM in figure 2. a). The average stress-strain curve of the material was determined by
uniaxial tensile test with 4 mm circular cross-section. It is assumed that the yield strength and
Young’s modulus of random field separately obey lognormal distribution and Gauss distribution, and the corresponding mean value and coefficient of variance are 𝜇𝐿 = 300 MPa, 𝑐𝑣𝐿 =
0.1 and 𝜇𝑁 = 210 GPa, 𝑐𝑣𝐿 = 0.01. The isotropic exponential function [12] was defined as
autocorrelation function of random field and the length of the discrete random field is assumed
as half the correlation length (4 cm). The simulated random field was defined as a three dimensional rectangular space of 𝐿 × 𝐵 × 𝐻. The geometrical parameters of three different beams are
shown in table 1. It is assumed that the distribution of 𝑀𝑙 is Gaussian distribution (N) and extreme value distribution type I (EXI) and corresponding coefficient of variation (CV) for two
distribution is 0.03.
Table 1. Geometric parameters of the beams
B
Tf
Tw

H

H
[mm]

B
[mm]

Tf
[mm]

Tw
[mm]

Wpl
[cm³]

L
[m]

100
200
300

55
100
150

5.7
8.5
11

4.1
5.6
7.1

37.6
209.7
602.1

1
2
3

Figure 2. a). Distribution of yield stress in I-section beam; b). influence of beam height on the mean value and
CV of response distribution function.

The relationship between the statistical response of the plastic bearing capacity of the structure
and the volume (height) of the beam is shown in figure 2. b). The two ordinates represent the
ratio of the mean value of response (𝑀𝑚𝑒𝑎𝑛 ) to the plastic moment (𝑀𝑝𝑙 = 𝑓𝑦_𝑚𝑒𝑎𝑛 ∙ 𝑊𝑝𝑙 ) and
ratio of the CV of response and RF. The mean value and CV of the response distribution are
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reduced with the increased volume of the structure and the rate of this change is gradually decreased. This phenomenon is consistent with the stochastic size effect in the literature [2].

4.2 Results of the reliability analysis
Figure 3. a) shows relationship between the number of structure response samples and the reliability indices 𝛽 with the FORM for the beam with 200 mm high. The results show that the
influence of sample size on the reliability of the structure is negligible, when the number of
samples is equal to or greater than 150. Essentially, the sample size changes only the distribution function of the structural response obtained by the ME fitting method. Because FORM is
an approximate method by the transformation of non-Gaussian distribution to Gaussian distribution, it leads to the loss of the details of the distribution function and it accelerates the reliability index to stabilize. This trend is applicable to different types and distribution function of
load. Obviously, the reliability indices of 3P and 4P bending beam have a relatively large difference even if the structure is applied by the same bending moment, due to the stochastic size
effect caused by different yield volume under the ultimate bearing capacity.

Figure 3. a). FORM reliability indices for increasing sample sizes; b). fluctuation of reliability indices considering stochastic size effect.

The FORM reliability indices 𝛽 by the proposed method under the different boundary conditions was compared figure 3. b). The 𝑀𝑙 ⁄ 𝑊𝑝𝑙 in abscissa represents equivalent stress of the
structure, where 𝑀𝑙 is the mean value of the applied moment. For different sizes of beam, the
reliability index of the 3P bending beam is always greater than the 4P bending beam with the
same 𝑀𝑙 ⁄ 𝑊𝑝𝑙 value. However, the relationship of reliability index and the volume of structure
cannot be simply summarized. For example, in the case of three-point bending increases the
structural reliability index with the enlarged volume of the structure, while in the case of fourpoint bending decrease. Therefore, the reliability analysis for flexural members considering the
stochastic size effect needs to be calculated separately for each structure, because the reliability
index of the structure is significantly influenced by the effective volume and stress gradient of
the structure.
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5 Conclusion
In this paper, the discretization of RF and the response analysis of structure by SFEM with
elasto-plastic material are realized by using the combination of ABAQUS and MATLAB. Additionally, an effective method based on SFEM for response variability and reliability analysis
is proposed. This method combines the ME fitting method for resistance moment of responses
and the FORM for reliability evaluation. The FORM reliability index is obtained with a small
sample size using this method, thereby effectively avoiding the unacceptable computational
cost problem caused by the direct MCS.
Three- and four-point bending simulations of the I-section beam with the stochastic size effect
are performed and the corresponding reliability indices are calculated with the proposed method.
The results show that the strength, which has been obtained from small specimens through
statistical analysis in the laboratory, is no more accurately applicable to large construction considering the stochastic size effect in the reliability analysis. Simultaneously, the reliability index
𝛽 is closely related to the effective volume and stress gradient of the structure.
This paper presents a method based on SFEM for the analysis of structural reliability considering stochastic size effect, but the parameters of the uncertainty of material properties (such as
the correlation length and the parameters of statistical distribution) need to be obtained with a
plenty of numerical simulations based on the structural response inverse analysis or through
experiments in the laboratory. Then, the elastic and plastic moment of resistance of the steel
structure is redefined based on the reliability theory with SFEM considering SSE.
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A new Karhunen-Loève expansion for high-dimensional
random fields simulation
Zhibao Zheng and Hongzhe Dai
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Abstract: Karhunen-Loève (K-L) expansion is a widely used method for stochastic
processes simulation. However, for the high-dimensional random fields, which are
common in practical engineering problems, the simulation by direct KL expansion
is generally not feasible because the solution of high-dimensional eigenvalue problem is difficult to obtain. Based on the present KL expansion technique, this paper
proposes a new general decomposition method for high-dimensional random fields
simulation or synthesis. The proposed method expands an n-dimensional random
field to a stochastic process and an (n-1)-dimensional random field, and further expand the intermediate (n-1)-dimensional random field to a new stochastic process
and an (n-2)-dimensional random field. In this way, the original n-dimensional random field is expanded into n stochastic processes, each can be simulated by using
the present KL expansion. The implementation of the proposed method is straightforward because only the present KL expansion is used in the process. The effectiveness of the proposed method are demonstrated by numerical example.

Introduction
Problems involving random processes are commonly encountered in various ﬁelds of engineering. The modelling of parameters of input and/or system itself by means of stochastic processes
increases signiﬁcantly the size and complexity of the analysis. The use of multi-dimensional
random fields gained momentum due to the continued increase in available computational resources and nowadays is commonly used in many disciplines [1]. Several examples can be
found in various fields of engineering . For instance, a number of common excitations, such as
seismic ground motion, water velocity due to random waves, and wind velocity, can be reasonably modeled as random fields. For each of these environmental loads one often needs to use a
multi-dimensional random field model to consider spatially correlated vector time histories of
motion occurring simultaneously at different locations. In practice, it will often be the case that
an amount of real realizations of a random field are required. This is because the solution of
practical engineering problems is often obtained through Monte Carlo simulation (MCS), in
which the simulation of sample realizations of multi-dimensional random fields is one of the
most important stages [2,3]. On the other hand, in the context of stochastic finite element analysis of structures, the discretization of continuous random fields becomes necessary. For computational purposes, the discretization must represent the continuous random field with
sufficient accuracy with as few random variables as possible. As a consequence, the simulation
and discretization of multi-dimensional random fields is of practical and theoretical importance
[4,5].

788

According to [6], the two most widely used approaches for simulating one-dimensional random
field, known as stochastic process, are based on the spectral representation or on the KarhunenLoève (K-L) expansion. Although the former has been successfully extended for simulating
multi-dimensional random fields, e.g., [7], the present paper is focused on method that based
on K-L expansion since it is a powerful tool for representing stationary and nonstationary,
Gaussian and non-Gaussian stochastic process with explicitly known covariance functions [8,9].
The K-L expansion requires the solution of a Fredholm integral equation of the second kind
with the covariance function of the stochastic process as the integral kernel. For multi-dimensional random fields, it is generally not feasible to obtain the numerical solution of the Fredholm
integral multi-dimensional eigenvalue problem [10]. This is why, in the last few years, most
applications of K-L expansion only focus on simulating stochastic process.
This paper develops a generalization of K-L expansion for multi-dimensional random fields
simulation. The new method expands an n-dimensional random field into a one-dimensional
stochastic process and an (n-1)-dimensional random field, the obtained (n-1)-dimensional random field is further decomposed into a new one-dimensional stochastic process and an (n-2)dimensional random field. By repeating this process, the original n-dimensional random field
is decomposed into a series of one-dimensional stochastic processes step by step, each can be
represented by using traditional K-L expansion. Thus, the developed method is embedded into
the well-established framework of the K-L expansion for simulating stochastic process, and
obviating the need for solving the multi-dimensional integral eigenvalue problems. The paper
is organized as follows: the traditional K-L expansion is briefly introduced in Section 2, followed by the developed method for simulating multi-dimensional random fields. Example is
finally given in Section 4 to demonstrate the application of the proposed method.

Karhunen-Loève expansion of stochastic process
The K-L expansion is a series expansion method for the representation of the random process.
The expansion is based on a spectral decomposition of the covariance function of the process.
Consider a second-order random process X (t , θ ) indexed on a bounded domain D. Assume that
the process has a mean X (t ) and a finite covariance function C (t1 , t2 ) , then the process can be
expressed as
∞

X (t=
,θ ) X (t ) + ∑ λn ξ n (θ ) f n (t )

(1)

n =1

where λn and f n (t ) are the eigenvalue and the eigenvector of the covariance kernel, respectively. By definition of the covariance function, it is bounded, symmetric and positive definite.
Thus, it has the spectral decomposition
∞

C (t1 , t2 ) = ∑ λn f n (t1 ) f n (t2 )

(2)

n =1

That is, λn and f n (t ) are the solutions of the following intergral equation

∫

D

C (t1 , t2 ) f n (t1 )dt1 = λn f n (t2 )
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(3)

Due to the symmetry and the positive definiteness of the covariance kernel, its eigenfunctions
are orthogonal and form a complete set. They can be normalized as ∫ f n (t ) f m (t )dt = δ nm , where
D

δ nm is Kronecker delta. The uncorrelated random variables ξ n (θ ) in Eq.(1) can be expressed as
=
ξ n (θ )

1

λn

∫ [ x(t ,θ ) − x (t )] f ( t ) dt
n

D

(4)

with mean and covariance function given by

=
E [ξ n ] 0,=
E [ξ nξ m ] δ nm

(5)

It is known that the K-L expansion converge in the mean square sense for any distribution of
random process [6]. For practical implementation, the series is approximated by a finite number
of terms, say M, giving
M

Xˆ (t=
,θ ) X (t ) + ∑ λn ξ n (θ ) f n (t )

(6)

n =1

The corresponding covariance function is given by
M

Cˆ (t1 , t2 ) = ∑ λn f n (t1 ) f n (t2 )

(7)

n =1

For fixed M, the resulting random process approximation Xˆ (t , θ ) is optimal among series expansion methods with respect to the global mean square error [6].

Simulation of high-dimensional random fields by K-L expansion
The usefulness of the K-L expansion hinges on the ability to solve the Fredholm intergral equation of the second kind as shown in Eq. (3), which can be solved analytically only for few
autocovariance functions and geometries. Detailed closed form solutions for some type covariance functions for one-dimensional homogeneous stochastic process can be found in [6]. Expect in some particular cases, the integral eigenvalue problem (9) has to be solved numerically.
Fortunately, numerical methods can be employed to approximate the integral eigenvalue problems for most of the one-dimensional covariance functions [11]. However, for the covariance
functions defined on multi-dimensional domain, one has to solve the corresponding multi-dimensional Fredholm integral equation, which is a challenging problem. In order to avoid numerically solving the multi-dimensional integral eigenvalue problem in the simulation of a
multi-dimensional random field, we develop a new method on the basis of traditional K-L expansion. We describe the new method by using a 2-dimensional random field in Section 3.1,
and then generalize the method for simulating an arbitrary n-dimensional random field in Section 3.2.

3.1 Simulation of a two-dimensional random field
Consider a two-dimensional random field X ( x, t , θ ) , defined on a probability space (Ω, A, P)
and indexed on a bounded domain D. Without loss of generality, we assume that the random
field has a zero mean and a finite covariance function, C ( x1 , x2 , t1 , t2 ) , which is bounded for all
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x , then the covariance C ( x1 , x2 , t1 , t2 ) becomes a
x, t ∈ D . Fix the position vector, i.e., x=1 x=
2
quasi one-dimensional covariance C (t1 , t2 , x) . In this case, the process can be expressed as
∞

X ( x, t , θ ) = ∑ ξi ( x, θ ) λi ( x ) f i (t , x )

(8)

i =1

where λn ( x) and f n (t , x) are the eigenvalue and the eigenvector of the covariance kernel

C (t1 , t2 , x) , respectively. Note that λn ( x) and f n (t , x) are both functions of variable x. By definition of the covariance function, it is bounded, symmetric and positive definite. Thus, it has
the spectral decomposition
∞

C ( x, t1 , t2 ) = ∑ λn ( x) f n (t1 , x) f n (t2 , x)

(9)

n =1

That is, λn ( x) and f n (t , x) are the solution to the follwoing Fredholm intergral equation

∫

D1 ( x )

C ( x, t1 , t2 ) f n (t1 , x)dt1 = λn ( x) f n (t2 , x)

(10)

where the sub-domain D1 ( x) ∈ D is dependent on the varaible x. Fig.1 geometrically describes
the relations between D1 ( x) and D. Due to the symmetry and the positive definiteness of the
covariance kernel, its eigenfunctions are orthogonal and form a complete set. They can be
normalized according to the following criterion

∫

D1 ( x )

f n (t , x ) f m (t , x )dt = δ nm

(11)
t2

D1
D
t1
x

Figure 1 Sub-domain of the integral in Eq. (10)

Compared with the random variables ξ n (θ ) in Eq. (4), it is not difficult to find that parameter

ξ n ( x,θ ) in Eq. (8) is function of the position variable x and hence can be considered as a stochastic process, which can be expressed as

ξ n ( x, θ ) =

1
λn ( x)

∫

D1 ( x )

w( x, t , θ ) f n (t , x)dt

(12)

with mean and covariance function given by

=
E [ξ n ( x,θ )] 0,=
E [ξ n ( x,θ )ξ m ( x,θ )] δ nm

(13)

Obviously, as long as this intermediate one-dimensional stochastic process ξ n ( x, θ ) is simulated,
the original two-dimensional random filed X ( x, t , θ ) can be represented just by using the expansion in Eq. (8). Hence, it is required to explicitly derive the covariance function of ξ n ( x, θ )
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so that this process can be simulated by means of K-L expansion. To implement this, we denote
H n ( x1 , x2 ) as the covariance function of ξ n ( x, θ ) . By substituting Eq.(12) into the definition of
a covariance function, H n ( x1 , x2 ) is derived as
H n ( x1 , x2 ) = E [ξ n ( x1 , θ )ξ n ( x2 , θ ) ]
 1

1
(
,
,
)
,
(
,
,
)
,
w
x
t
f
t
x
dt
w
x
t
f
t
x
dt
θ
θ
= E
(
)
(
)
∫ 1 1 n 1 1 1 λ ( x ) D ∫( x ) 2 2 n 2 2 2 
 λn ( x1 ) D1 ( x1 )
2
n
1 2

1
E [ w( x1 , t1 , θ ) w( x2 , t2 , θ ) ] f n ( t1 , x1 ) f n ( t2 , x2 ) dt1dt2
=
λn ( x1 )λn ( x2 ) D1 ( x1 )∫∫
× D1 ( x2 )

=

1
λn ( x1 )λn ( x2 )

(14)

C ( x1 , x2 , t1 , t2 ) f n ( t1 , x1 ) f n ( t2 , x2 ) dt1dt2

∫∫

D1 ( x1 )× D1 ( x2 )

where E[.] denotes the mathematical expectation. Thus, this intermediate stochastic process
ξ n ( x,θ ) can be simulated by using the K-L expansion as
∞

ξn ( x, θ ) = ∑ηnk (θ ) µnk g nk ( x )

(15)

k =1

where µnk and g nk ( x) are the eigenvalue and the eigenvector of covariance H n ( x1 , x2 ) , a solution of the integral eigenvalue problem:

∫

D

H n ( x1 , x2 ) g nk ( x2 ) dx2 = µnk g nk ( x1 )

(16)

and ηnk (θ ) are a set of uncorrelated variables satisfying E [ηnk (θ )] = 0 and E [ηnk (θ )ηnl (θ )] = δ kl .
Thus, by substituting the representation of ξ n ( x, θ ) in Eq. (15) into the K-L expansion as given
in Eq.(8), the original two-dimensional random field X ( x, t , θ ) is expanded as
∞

∞

X ( x, t , θ ) = ∑∑ηik (θ ) λi ( x ) f i ( t , x ) µik gik ( x )

(17)

k 1
=i 1 =

The covariance function has the following spectral decomposition:
∞

∞

C ( x1 , x2 , t1 , t2 ) = ∑∑ λi ( x1 )λi ( x2 ) f i ( t1 , x1 ) f i ( t2 , x2 ) µik gik ( x1 ) gik ( x2 )

(18)

k 1
=i 1 =

In this way, the original two-dimensional random field X ( x, t , θ ) is firstly decomposed into a
set of deterministic functions and corresponding random processes, and these intermediate random processes are then expanded by K-L expansion one more time. The original two-dimensional random field is represented just by using traditional K-L expansion twice.

3.2 Simulation of a multi-dimensional random field
The expansion that proposed above can be straightforwardly extended to three- or multi-dimensional random fields simulation. For a zero-mean three-dimensional random field X ( x, y, t , θ ) ,
we firstly fix the position vector x=
x=
x and y=
y=
y , and determine the eigenvalues and
1
2
1
2
eigenfunctions of the 'quasi' two-dimensional covariance C ( x, y, t1 , t2 ) , the corresponding random coefficients would be a set of intermediate two-dimensional random fields. Since these
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intermediate random fields can be further expanded, the original three-dimensional random
field X ( x, y, t , θ ) can be finally represented by
∞

∞

∞

X ( x, y, t , θ ) = ∑ λi ( x, y ) fi (t , x, y )∑ µij ( y ) gij ( x, y )∑ηijk (θ ) µijk pijk ( y )

=i 1

(18)

=j 1 =
k 1

Eq. (18) can be rewritten in an unified form as
∞

∞

∞

X ( x, y, t ,θ ) = ∑ λi1 ( x2 , x3 ) fi1 ( x1 , x2 , x3 )∑ λi1i2 ( x3 ) fi1i2 ( x2 , x3 )∑ηi1i2i3 (θ ) µi1i2i3 fi1i2i3 ( x3 ) (19)

=
i1 1

=
i2 1 =
i3 1

The notations in Eq. (19) can be easily extended to represent an arbitrary n-dimensional random
field X ( x1 , , xn ;θ ) as
X ( x1=
, ⋅⋅⋅, xn ;θ )

∞

∞

∑

λi ( x2 , ⋅⋅⋅, xn ) fi ( x1 , ⋅⋅⋅, xn )∑ λi i ( x3 , ⋅⋅⋅, xn ) fi i ( x2 , ⋅⋅⋅, xn )
1

1

12

=
i1 1 =
i2 1
∞

⋅⋅⋅ ∑ λ

12

(20)

∞

(x ) f

( x , x ) ∑ ηi1 ,⋅⋅⋅,in (θ ) λi1 ⋅⋅⋅in fi1 ⋅⋅⋅in ( xn )

i1 ⋅⋅⋅in−1
n
i1 ⋅⋅⋅in−1
n −1
n
=
in−1 1 =
in−1 1

where subscript n represents the nth dimensionality. The covariance function of X ( x1 , , xn ;θ )
has the following spectral decomposition
C ( x11 , x12 , x21 , x22 , ⋅⋅⋅, xn1 , xn 2 )
∞

∑

=

i1 =1

∞

∑
i2 =1
∞

∑

λi ( x21 , ⋅⋅⋅, xn1 )λi ( x22 , ⋅⋅⋅, xn 2 ) fi ( x11 , ⋅⋅⋅, xn1 ) fi ( x12 , ⋅⋅⋅, xn 2 ) ×
1

1

1

1

(21)

λi i ( x31 , ⋅⋅⋅, xn1 )λi i ( x32 , ⋅⋅⋅, xn 2 ) fi i ( x21 , ⋅⋅⋅, xn1 ) fi i ( x22 , ⋅⋅⋅, xn 2 ) ×⋅⋅⋅
12

12

12

12

∞

λi ⋅⋅⋅i ( xn1 )λi ⋅⋅⋅i ( xn 2 ) fi ⋅⋅⋅i ( xn −1,1 , xn1 ) fi ⋅⋅⋅i ( xn −1,2 , xn 2 ) × ∑ λi ⋅⋅⋅i fi ⋅⋅⋅i ( xn1 ) fi ⋅⋅⋅i ( xn 2 )
1

n−1

1

n−1

1

n−1

1

n−1

in−1 1 =
in−1 1

1

n

1

n

1

n

Note that the limits of each summation in Eq.(20) and Eq.(21) are from one to infinity. Since
each summation means one round of K-L expansion for simulating the corresponding one-dimensional stochastic process, the series in each summation can be approximated by a finite
number of terms, just like the cases in Eq.(6) and Eq.(7) as
X ( x1=
, ⋅⋅⋅, xn ;θ )

M1

∑

M2

λi ( x2 , ⋅⋅⋅, xn ) fi ( x1 , ⋅⋅⋅, xn )∑ λi i ( x3 , ⋅⋅⋅, xn ) fi i ( x2 , ⋅⋅⋅, xn )
1

1

=
i1 1 =
i2 1
M n−1

⋅⋅⋅ ∑ λ

12

Mn

(x ) f

12

( x , x )∑ηi1 ,⋅⋅⋅,in (θ ) λi1 ⋅⋅⋅in f i1 ⋅⋅⋅in ( xn )

i1 ⋅⋅⋅in−1
n
i1 ⋅⋅⋅in−1
n −1
n
in−1 1 =
in 1
=

and the corresponding covariance function is approximated as
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(23)

C ( x11 , x12 , x21 , x22 , ⋅⋅⋅, xn1 , xn 2 )
=

M1

∑

λi ( x21 , ⋅⋅⋅, xn1 )λi ( x22 , ⋅⋅⋅, xn 2 ) fi ( x11 , ⋅⋅⋅, xn1 ) fi ( x12 , ⋅⋅⋅, xn 2 ) ×
1

i1 =1

M2

∑
i2 =1

1

1

1

(24)

λi i ( x31 , ⋅⋅⋅, xn1 )λi i ( x32 , ⋅⋅⋅, xn 2 ) fi i ( x21 , ⋅⋅⋅, xn1 ) fi i ( x22 , ⋅⋅⋅, xn 2 ) ⋅⋅⋅×

M n−1

∑

12

12

12

12

Mn

λi ⋅⋅⋅i ( xn1 )λi ⋅⋅⋅i ( xn 2 ) fi ⋅⋅⋅i ( xn −1,1 , xn1 ) fi ⋅⋅⋅i ( xn −1,2 , xn 2 ) × ∑ λi ⋅⋅⋅i fi ⋅⋅⋅i ( xn1 ) fi ⋅⋅⋅i ( xn 2 )
1

n−1

1

n−1

1

n−1

1

n−1

in−1 1 =
in−1 1

1

n

1

n

1

n

Since the truncated series in each summation is the optimal representation of the corresponding
one-dimensional stochastic process , the K-L expansion in Eq.(23) is thereby optimal with respect to the mean square approximation error.
It should be noted that the covariance H n ( x1 , x2 ) of the intermediate random fields ξ n ( x,θ ) contains 1

λn ( x1 )λn ( x2 ) , which is dependent on x1 and x2. In order to avoiding the complicated

computation of H n ( x1 , x2 ) , we consider a new stochastic process

λn ( x)ξ n ( x,θ ) instead of

ξ n ( x,θ ) . The covariance of λn ( x)ξ n ( x,θ ) is derived as
Rn ( x1 , x2 ) = E  λn ( x1 )ξ n ( x1 , θ ) λn ( x2 )ξ n ( x2 , θ ) 

∫∫

=

C ( x1 , x2 , t1 , t2 ) f n (t1 , x1 ) f n (t2 , x2 )dt1dt2

(25)

D1 ( x1 )× D1 ( x2 )

where Rn ( x1 , x2 ) is the covariance of the new process

λn ( x)ξ n ( x,θ ) . Compared Rn ( x1 , x2 )

with H n ( x1 , x2 ) , it is not difficult to find that the only difference between these two covariance
kernels is that the term 1

λn ( x1 )λn ( x2 ) in H n ( x1 , x2 ) is diminished. Once covariance Rn ( x1 , x2 )

is determined, the process λn ( x)ξ n ( x,θ ) can be simulated by using K-L expansion as
∞

λn ( x)ξ n ( x,θ ) = ∑ηnk (θ ) µ nk g nk ( x)

(26)

k =1

where µ nk and g nk ( x) are the eigenvalue and eigenvector of covariance Rn ( x1 , x2 ) , satisfying

∫

D1

Rn ( x1 , x2 ) g nk ( x2 )dx2 = µ nk g nk ( x1 )

(27)

Thus, by substituting Eq.(26) into Eq.(8), the K-L expansion of the two-dimensional random
field X ( x, t , θ ) in Eq. (17) can be rewritten as
∞

∞

X ( x, t , θ ) = ∑∑ηik (θ ) fi (t , x) µ ik g ik ( x)

(28)

k 1
=i 1 =

and the covariance function in Eq.(18) is accordingly simplified as
∞

∞

C ( x1 , x2 , t1 , t2 ) = ∑∑ fi (t1 , x1 ) fi (t2 , x2 ) µ ik g ik ( x1 ) g ik ( x2 )

(29)

=i 1 =
k 1

Following this way, the simulation of n-dimensional random field in Eq.(23) and Eq.(24) can
be accordingly rewritten as
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=
Xˆ ( x1 , ⋅⋅⋅
, xn ;θ )

M1

M2

∑

f i1 ( x1 , ⋅⋅⋅, xn )∑ f i1i2 ( x2 , ⋅⋅⋅, xn ) ⋅⋅⋅

M n−1

Mn

=
i1 1 =
i2 1

∑

f

(30)

( x , x )∑ηi1 ,⋅⋅⋅,in (θ ) λi1 ⋅⋅⋅in f i1 ⋅⋅⋅in ( xn )

i1 ⋅⋅⋅in−1
n −1
n
in−1 1 =
in 1
=

and
C ( x11 , x12 , x21 , x22 , ⋅⋅⋅, xn1 , xn 2 ) =
M1

∑

M2

f i1 ( x11 , ⋅⋅⋅, xn1 ) f i1 ( x12 , ⋅⋅⋅, xn 2 )∑ f i1i2 ( x21 , ⋅⋅⋅, xn1 ) f i1i2 ( x22 , ⋅⋅⋅, xn 2 ) ×⋅⋅⋅

(31)

=
i1 1 =
i2 1
M n−1

∑

in−1 =1

Mn

f i1 ⋅⋅⋅in−1 ( xn −1,1 , xn1 ) f i1 ⋅⋅⋅in−1 ( xn −1,2 , xn 2 ) ∑ λi1 ⋅⋅⋅in f i1 ⋅⋅⋅in ( xn1 ) f i1 ⋅⋅⋅in ( xn 2 )
in−1 =1

Compared with Eq.(23), Eq.(30) is more applicable for simulating an n-dimensional random
field not only due to its simplified form, the more important reason is that the Fredholm integral
equation with the covariance Rn ( x1 , x2 ) is more easy to solve than that with H n ( x1 , x2 ) . Therefore, Eq.(30) is proposed as a general formula to represent multi-dimensional random field in
practice. The general procedure of the proposed method for simulating an n-dimensional random field is firstly to fix the position vector to determine the eigenvalues and eigenfunctions of
the corresponding quasi covariance function, and then to construct the covariance Rn ( x1 , x2 ) of
the intermediate (n-1)-dimensional random field according to Eq. (25), and finally solve the
integral eigenvalues problem that associated with kernel Rn ( x1 , x2 ) . When the above process is
repeated by n times, the original n-dimensional random field is decomposed into a total of n
one-dimensional stochastic processes, each can be represented by using the traditional K-L expansion. In this way, the proposed method is embedded into the well-established framework of
the K-L expansion.

Numerical example
In this section, an illustrative example is provided to examine the effectiveness of the proposed
method. It considers a stationary two-dimensional random field with separable covariance function, the results of the proposed method are compared with the exact solutions. Consider a zeromean two-dimensional random field X ( x, t , θ ) with covariance function given by
 1
 1
x1 − t1 ∈ 0,  , x2 − t2 ∈ 0,  (32)
 d
 d
1, 2 of null correlation bewhere d is a parameter that is used to adjust the distance xi − ti , i =
C ( x1 , x2 , t1 , t2 ) = (1 − d x1 − t1 )(1 − d x2 − t2 ) ,

tween X ( x1 , t1 , θ ) and X ( x2 , t2 , θ ) . In this example, d is adopted as one. To implement the proposed method to simulate X ( x, t , θ ) , we firstly fix x1= t1= x to obtain a 'quasi' onedimensional covariance as

C ( x, x2 , t2 ) =1 − x2 − t2 , x2 − t2 ∈ [ 0,1]

(33)

and determine the eigenfunctions of the covariance C ( x, x2 , t2 ) . Consider realizations of the
corresponding process on interval [0,1], then according to Eq.(10), the homogeneous Fredholm
integral equation of kernel C ( x, x2 , t2 ) becomes

795

1

∫ 1 − x
0

2

− t2  f n ( x2 , x)dx2 =λn ( x) f n (t2 , x)

Closed form solution for Eq.(29) can be found in [6] as
=
i 2k − 1
iπ ,
cos ωi t

=
fi (t , x) =
, ωi  2
1 sin 2ωi
 tan ω 2 , i = 2k
+
i

2
2ωi

(34)

(35)

Once the eigenfunctions of the covariance C ( x, x2 , t2 ) is obtained, we then need to determine
the covariance of the intermediate process λn ( x)ξ n ( x,θ ) that corresponds to the eigenfunctions
fi (t , x) in Eq.(35). According to Eq.(25), the covariance Ri ( x1 , t1 ) can be easily derived as

Ri ( x1 , t1 ) =1 − x1 − t1

(36)

Thus, based on the analytical solution of the integral eigenvalue problem of type given in Eq.
(34), the eigenvalues and eigenfunctions of Ri ( x1 , t1 ) are given as

=
µ ij

cos ωij x

2
=
, g ij ( x)
2

ωij

1 sin 2ωij
+
2
2ωij

(37)

=
j 2k − 1
 jπ ,

ω=j  2
. The random variables ηij (θ ) that correspond to the eiwhere ω=
ij
, j = 2k
 tan ω 2
j

genvalues µ ij can be determined by using the method given in Eq. (4). Thus, by substituting
Eq.(35) and Eq.(37) into Eq.(30), the random field X ( x, t , θ ) is represented by

ωi cos ωi t cos ω j x

M1 M 2

X ( x, t , θ ) = 2∑∑ηij (θ )
=i 1 =
k 1

Figure 2:

ω j (ωi + sin 2ωi ) (ω j + sin 2ω j )

Eigenvalues and eigenfunctions of the covariance

(38)

Figure 3: exact and approximate covariance at position x1= t1= x= 0.5
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Figure 4: exact and approximate covariance at position t= t1= t2= 0.7

Figure 5: exact and approximate covariance at position x1 = 0.2 x2 = 0.6

In this example, the number of the terms that retained in Eq.(38) is adopted as M1=5 and M2=5
Figs. 2 shows the first 6 eigenfunctions fi (t , x), i = 1, , 6 and eigenvalues associated with the
covariance kernel as given in Eq.(32). Since the eigenfunctions g ij ( x) and eigenvalues µ ij of
covariance Ri ( x1 , t1 ) have the same structure as those given in Eq.(35), they also can be described by Figs. 2. Figs. 3-5 show the exact covariance function, the approximated covariance,
and the associated errors at the position x1= t1= x= 0.5 , t= t1= t2= 0.7 and x1 = 0.2 , x2 = 0.6 ,
respectively. It can be seen that for all these cases, the approximations of covariance function
based on Eq. (31) agree well with the exact covariance, illustrating the effectiveness of the
proposed method.

References
[1]

[2]
[3]

[4]
[5]

[6]
[7]

W. Betz, I. Papaioannou, D. Straub, Numerical methods for the discretization of random
ﬁelds by means of the karhunen-loeve expansion, Computer Methods in Applied Mechanics and Engineering 271 (2014) 109–129.
M. Grigoriu, Evaluation of karhunen-loeve, spectral, and sampling representations for
stochastic processes, Journal of Engineering Mechanics 132 (2) (2006) 179–189.
G. Stefanou, M. Papadrakakis, Assessment of spectral representation and KarhunenLoeve expansion methods for the simulation of gaussian stochastic ﬁelds, Computer
Methods in Applied Mechanics and Engi-neering 196 (21-24) (2007) 2465–2477.
G. Stefanou, The stochastic ﬁnite element method: Past, present and future, Computer
Methods in Applied Mechanics and Engineering 198 (9-12) (2009) 1031–1051.
H. Dai, Z. Zheng, W. Wang, Nonlinear system stochastic response determination via fractional equivalent linearization and Karhunen-Loeve expansion, Communications in Nonlinear Science and Numerical Simu-lation (In Press).
R.G. Ghanem, P.D. Spanos, Stochastic Finite Elements A Spectral Approach, Dover Publications, New York, 1991.
L. Chen, C. W. Letchford, Simulation of multivariate stationary gaus- 616 sian stochastic
processes: hybrid spectral representation and proper orthogonal decomposition approach,
Journal of Engineering Mechanics 131 (8) (2005) 801–808.

797

[8]

K. Phoon, H. Huang, S. Quek, Comparison between karhunen-loeve and wavelet expansions for simulation of gaussian processes, Computers & Structures 82 (13-14) (2004)
985-991.
[9] K. Phoon, S. Huang, S. Quek, Simulation of second-order processes using karhunenloeve expansion, Computers & Structures 80 (12) (2002) 1049-1060.
[10] T. A. Burton, Volterra integral and diﬀ erential equations, Elsevier, 2005.
[11] K. Phoon, S. Huang, S. Quek, Implementation of karhunen-loeve expansion for simulation using a wavelet-galerkin scheme, Probabilistic Engineering Mechanics 17 (3) (2002)
293–303.

798

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Random Fields in Bayesian Inference:
Effects of the Random Field Discretization
Felipe Uribea , Iason Papaioannoua , Wolfgang Betza , Elisabeth Ullmannb , Daniel Strauba
a

Engineering Risk Analysis Group, Technische Universität München, 80333 München, Germany.
b
Chair of Numerical Analysis, Technische Universität München, 85748 Garching, Germany.
E-mail: {felipe.uribe, iason.papaioannou, wolfgang.betz, elisabeth.ullmann, straub}@tum.de

Abstract: Probabilistic analysis of engineering systems often requires models
that account for the random spatial variability of their parameters. Information
about a target set of parameters can be obtained using mathematical models in
combination with observational data. Bayesian inference handles this task by
computing a posterior probability distribution that quantifies the combined effects of prior knowledge and observations. However, the complexity of the inference process is increased when the spatial variation of the parameters is considered. Spatially variable quantities are usually modeled by random fields that are
discretized with a high number of random variables. In this paper, the challenge
is addressed by representing the random field with the Karhunen-Loève expansion with the purpose of evaluating its effects on the outcome of the Bayesian
inference. To this end, the influence of the number of terms in the expansion
and the correlation length of the prior random field are assessed. The analytical
study is carried out on a cantilever beam with spatially variable flexibility. We
show that it requires more terms in the series expansion to identify the flexibility random field with the same accuracy as the deflection solution. Furthermore,
the decay of the variance error when estimating the posterior flexibility is slower
than in the posterior deflection.

1 Introduction
In order to realistically model the behavior of engineering systems, uncertainties in material
properties and loading conditions must be taken into account. Monitoring and other observational data can be used in combination with mathematical models to obtain information on
uncertain parameters. Bayesian inference provides a framework to deal with this task by specifying a prior probability distribution for the uncertain parameters and a likelihood function for
the representation of the data. The Bayesian inference process is often carried out numerically
since analytical solutions are difficult to compute in most cases. The computational cost involved in the updating process is usually high, primarily because the underlying deterministic
model needs to be solved many times.
An additional level of complexity is included if the random spatial variability of the model parameters is considered. The spatial variation is generally modeled using random fields, whose
parameter space contains an infinite number of elements describing the uncertain quantity at
each point of the continuous domain of the system [10]. A major issue is the proper representation of spatially variable quantities with random fields defined by a finite number of random
variables. Therefore, random field discretization methods are applied to reduce the dimensionality of the original random field and to obtain more tractable computations.
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A detailed investigation of the effects of the random field discretization on the Bayesian inference has not been conducted so far [9]. Among the several existing methods for random
field discretization, the Karhunen-Loève expansion is especially suitable to perform Bayesian
inference on random fields, as it often leads to efficient representations with small numbers of
random variables. The present contribution uses this method to parametrize the random field so
that the inference can be carried out on the random variables arising from the representation.
By varying the number of terms in the expansion, a dependence of the dimensionality on the
prior and likelihood can be established in order to evaluate its impact on the posterior solution.
Furthermore, a study about the influence of the correlation length of the prior random field on
the posterior statistics is also provided. In this way, different prior random field assumptions
are incorporated into the inference process. These aspects are investigated in the learning of the
flexibility of a cantilever beam based on measurements of the displacement along its length.
The advantage of this example lies in the possibility to derive closed-form expressions of the
posterior random field. This analytical representation allows us to efficiently carry out an error
analysis in order to evaluate how the Karhunen-Loève discretization of the prior random field
influences the posterior statistics.

2 Modeling and Discretization of Random Fields
2.1

Overview

Random fields are mathematical models used to represent phenomena in which the quantity of
interest fluctuates discretely or continuously through space in a non-deterministic pattern. Traditional applications of random fields include materials properties with random spatial variability,
geometrical imperfections, among others.
Let (Ω, F, P ) be a probability space and ξ ∈ Ω a random event. A random field [10] can be
understood as an indexed collection of random variables {H(x, ξ) : x ∈ D} representing the
evolution of uncertain values that are spatial coordinates on some bounded domain D ⊂ Rd .
A random field is said to be Gaussian if all finite-dimensional distributions of the set of random variables {H(x, ξ) : x ∈ D} are Gaussian [10]. Gaussian random fields are completely
characterized by their first- and second-order moments, i.e., the mean function µH (x) : D → R
and the autocovariance function CHH (x, x0 ) : D × D → R = σH (x)σH (x0 )ρHH (x, x0 ), where
σH (x) and ρHH (x, x0 ) are the standard deviation and autocorrelation coefficient functions of the
random field, respectively [2].
The parameter space of a random field usually contains an infinite number of elements [10]. For
the numerical representation, random fields must be approximated in terms of a finite set of random variables using stochastic discretization methods. According to the underlying probability
distribution of the random field, those methods can be grouped in two categories: those that
seek the representation of Gaussian random fields and those that deal with non-Gaussian ones.
Particularly, several methods have been proposed over the past decades for the representation
of Gaussian random fields [2]. Among the different alternatives, the so-called series expansion
methods [7] represent the random field as a finite series expansion of random variables and
deterministic functions. This contribution focuses on this approach, and more precisely on the
Karhunen-Loève expansion, which is introduced next.

2.2

Karhunen-Loève Expansion

Consider a real-valued random field H(x, ξ) with mean µH (x) and autocovariance function
CHH (x, x0 ). It can be proved that the autocovariance function is symmetric, bounded and positive semi-definite [1]. Under these conditions, H(x, ξ) can be approximated by Ĥ(x, ξ) using a
linear combination of orthogonal functions resulting from the spectral decomposition of a cer-
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tain integral operator with the autocovariance function as kernel. This representation is known
as the Karhunen-Loève (K-L) expansion [4] and is expressed after truncating the series at the
M -th term as,
M p
X
λk φk (x)θk (ξ),
(1)
H(x, ξ) ≈ Ĥ(x, ξ) = µH (x) +
k=1

where, {θk (ξ)} is a set of mutually uncorrelated random variables with zero mean and unit
variance (i.e. E[θk (ξ)] = 0 and E[θk (ξ)θl (ξ)] = δkl ), and λk ∈ [0, ∞) and φk (x) : D → R
are the eigenvalues and eigenfunctions of the associated integral operator of the autocovariance
function. It is assumed that the eigenvalues are arranged in a non-increasing sequence [1].
The set of eigenpairs {λk , φk } is obtained Rthrough the solution of the homogeneous Fredholm
integral equation of the second kind [4], D CHH (x, x0 )φk (x0 )dx0 = λk φk (x), for which analytical solutions exist only for specific cases of autocovariance functions [6]. In general, the
solution must be estimated numerically, e.g., by approximating the eigenfunctions as a linear
combination of complete basis functions [2].
The approximation error arising from the K-L discretization can be quantified by means of
different types of measures. This allows one to evaluate the number of terms in the expansion
that must be included in the series to achieve certain error margins. For instance, the local
approximation is usually quantified in terms of the mean squared error E[(H(x, ξ)− Ĥ(x, ξ))2 ].
Another alternative is to consider global error measures that average local pointwise errors over
the domain [2]. These measures are functions of the number of terms in the K-L expansion and
are defined by the relative errors of
R the mean and variance, given respectively by the following
weighted integrals (where |D| = D dx):
1
ε̄µ (M ) =
|D|

Z

D

E[H(x, ξ)] − E[Ĥ(x, ξ)]
dx,
E[H(x, ξ)]

1
ε̄σ (M ) =
|D|

Z

D

Var[H(x, ξ)] − Var[Ĥ(x, ξ)]
dx.
Var[H(x, ξ)]
(2)

3 Inverse Problems and Bayesian Inference
In science and engineering, the estimation of uncertain model parameters based on indirect
observations is a common task. These type of inferences are known as inverse problems [5]. The
goal is to find a set of parameters such that, ỹ ≈ y = g(θ), where g : RM → Rm is the model or
observation function which describes the relationship between the data ỹ ∈ Rm and the model
parameters θ ∈ RM . When the relationship between ỹ and θ is linear and deterministic, the
model observation can be simply obtained as the solution of the system of equations y = Aθ,
where A ∈ Rm×M is called the observation matrix [5].
In real applications, the measured quantity ỹ always contains some noise representing the natural discrepancy between the model and the available data. Thus, the classical linear inverse
problem is generally written in the form, ỹ = Aθ + ε, where the noise ε ∈ Rm is generally
assumed to be independent of θ and has a certain joint probability density function fε . There
exists several approaches for computing the solution of inverse problems. One class of methods
determines point estimates of the quantities of interest based on the available data, e.g., regularization techniques [5]. Another common approach is the Bayesian framework [3, 5], which is
the focus of this paper and is briefly described in the following.
Let θ be a set of uncertain variables and suppose that a set of observed or measured data points
ỹ are given. Using Bayes’ theorem, the belief about θ can be updated by,
f (θ|ỹ) =

f (ỹ|θ) f (θ)
,
f (ỹ)

801

where the prior distribution f (θ) represents the initial knowledge about the parameters before
performing any measurement; the likelihood function L (θ) = f (ỹ|θ) is a measure of the
plausability ofRobserving data ỹ conditional on the parameter vector θ; the model evidence
cE = f (ỹ) = f (ỹ|θ) f (θ) dθ acts as a normalizing constant; and the posterior distribution
f (θ|ỹ) represents the updated belief about θ after performing the measurement ỹ [3]. The
resulting posterior probability distribution is the solution of the inverse problem.

4
4.1

Example Problem
Exact Prior and Posterior Solution

In this study, the spatially variable flexibility F (x) of a cantilever beam is updated [8]. The
beam has length L = 5 m and is subjected to a deterministic point load P = 20 kN at the free
end, as shown in Figure 1. A set of m = 50 deflection measurements is taken at equally spaced
points x̃ = {0.1, 0.2, ..., 5} of the domain.

Figure 1: Cantilever beam: True and measured deflection. The measurements are generated by simulation assuming a true (but in real applications unknown) deflection of the beam.

The flexibility is defined as the reciprocal of the bending rigidity of the beam, i.e. F (x) =
1/(E(x)I), where E(x) is the Young’s modulus and I is the moment of inertia. The prior
distribution of F (x) is described by a homogeneous Gaussian random field with mean
µF 
=

|x−x0 |
−7
−1 −2
0
2
1 × 10 N m and exponential autocovariance kernel, CF F (x, x ) = σF exp − lF ,

with standard deviation σF = 3.5 × 10−8 N−1 m−2 and correlation length lF = 2 m.
The associated prior mean and autocovariance functions of the deflection w(x) can be evaluated
using the prior information about F (x) and assuming an Euler-Bernoulli beam model. As F (x)
is Gaussian and w(x) is a linear function of F (x), the prior distribution of w(x) is also Gaussian
[5]. The bending moment M (x) is expressed in terms of the deflection w(x) as,
M (x) = −E(x)I

d2 w(x)
dx2

=⇒

−M (x)F (x) =

d2 w(x)
.
dx2

(3)

Integrating Eq. 3 twice and noting that the bending moment of the cantilever beam can be simply
calculated as M (x) = P (L − x), an analytical expression for the deflection (to be used as the
observation function in the Bayesian inverse setting) can be obtained by solving the following
equation,
Z Z
x

s

w(x, F ) = P

0

0

(L − t)F (t) dtds.
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(4)

Consequently, the mean of w(x) can be computed using µF (x) as,
Z xZ s
P µF 2
(L − t)µF (t) dtds =
µw (x) = P
x (3L − x)
6
0
0
and similarly, the autocovariance function of w(x) can be deduced using CF F (x, x0 ) as the
solution of the following quadruple integral (which can be computed analytically):


Z x0 Z x Z s 0 Z s
|t − t0 |
0
2 2
0
Cww (x, x ) = P σF
(L − t)(L − t ) exp −
dt dt0 ds ds0 .
lF
0
0
0
0
The mean and autocovariance functions for each prior random field are shown in Figure 2.
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Figure 2: Mean and autocovariance functions of the prior flexibility and prior deflection random fields
(lF = 2).

It is assumed that the measurements are subjected to an additive noise which is described by
a joint Gaussian PDF fε with zero mean vector µε = [0, ..., 0] and covariance matrix with
components Σεε (i, j) = σε2 exp (− |x̃i − x̃j | /lε ) for i, j = 1, ..., m. The standard deviation of
the measurement error is σε = 0.001 m and its correlation length lε = 1 m. These considerations
yield a Gaussian likelihood function [8].
Since the prior and likelihood functions are modeled as Gaussian, the posterior distribution will
also be Gaussian [3]. Now, assume the vectors of Gaussian random variables [F, w̃] and [w, w̃],
where F and w correspond to the flexibility and the deflection at a discrete number of spatial
points. Note that the mean vectors and covariance matrices of the formed random vectors can be
partitioned accordingly in terms of the individual and crossed components [10]. Hence, the exact
posterior of the flexibility f (F|w̃) and the deflection f (w|w̃) can be calculated analytically as
conditional PDFs from their corresponding joint PDFs using Bayes’ theorem (see [5] for further
details). These posterior random fields given by multivariate Gaussian distributions have the
following mean and autocovariance parameters,
µF |w̃ = µF + ΣF w̃ Σ−1
w̃w̃ (w̃ − µw̃ )

T
ΣF F |w̃ = ΣF F − ΣF w̃ Σ−1
w̃w̃ ΣF w̃

(5)

µw|w̃ = µw + Σww̃ Σ−1
w̃w̃ (w̃ − µw̃ )

T
Σww|w̃ = Σww − Σww̃ Σ−1
w̃w̃ Σww̃ ,

(6)
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where most of the quantities are known from the prior random fields and it can be seen that
Σw̃w̃ = Σww + Σεε , Σww̃ = Σww and the covariance matrix ΣF w̃ is obtained by computing the
R x0 R s
corresponding covariance function CF w̃ (x, x0 ) = P σF2 0 0 (L − t)CF F (x, t) dtds on a given
x, x0 ∈ D. Figure 3 shows the exact mean and autocovariance functions for each posterior
random field.
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Figure 3: Exact mean and autocovariance functions of the posterior flexibility and deflection random
fields (lF = 2).

4.2

Approximated Posterior Solution Using the K-L Expansion

The K-L expansion of the prior flexibility random field (Eq. 1) can be replaced into the forward
model (Eq. 4) to obtain,
w(x, θ) =

Z

0

xZ s

with, Φk (x) =
form as,

0

"

M p
X
P (L − t) µF (t) + σF
λk φk (t)θk

RxRs
0

0

k=1

#

dtds = µw (x) + P σF

M
X
k=1

p
Φk (x) λk θk

(L − t)φk (t) dtds. Alternatively, this equation can be expressed in matrix

w = µw + ΦΛθ = µw + Aθ
√
where the matrix Λ = P σF diag( λ) ∈ RM ×M (λ is the vector of eigenvalues), the matrix
Φ ∈ Rn×M is computed by the solution of Φk (x) evaluated at a given partition of the domain
x = [x1 , x2 , ..., xn ] ∈ D = [0, L] (for k = 1, ..., M ), and the mean vector µw ∈ Rn×1 is
given by the prior mean deflection evaluated in such a partition. Notice that Φk (x) can be solved
numerically given that the eigenpairs of the target autocovariance kernel are available. However,
since the exponential autocovariance kernel has closed-form solution for its eigenpairs [4], the
double integral Φk (x) can be solved analytically.
Now, proceeding in a similar way to the exact posterior case, we assume a Gaussian random
vector composed by the two random vectors θ and w̃. Again, the posterior distribution can be
calculated as the conditional PDF of θ given w̃ from the joint PDF f (θ, w̃) using the Bayes’
theorem [5], then
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1
1
T
−1
exp − [θ − µθ|w̃ ] Σθθ|w̃ [θ − µθ|w̃ ]
f (θ|w̃) = p
2
(2π)M det(Σθθ|w̃ )

where the conditional mean vector µθ|w̃ and the conditional autocovariance matrix Σθθ|w̃ are in
analogy to Eqs. 5 and 6, given by
µθ|w̃ = µθ + Σθw̃ Σ−1
w̃w̃ (w̃ − µw̃ )

T
Σθθ|w̃ = Σθθ − Σθw̃ Σ−1
w̃w̃ Σθ w̃

here, it is seen that µw̃ = µw , µθ = 0, Σθθ = I (where I ∈ RM ×M denotes the identity
matrix) and
terms are Σθw̃ = E (θ − µθ )(w̃ − µw̃ )T = AT and

 the remaining covariance
T
Σw̃w̃ = E (w̃ − µw̃ )(w̃ − µw̃ ) = AAT + Σεε . Therefore, the mean and covariance matrix
of the posterior distribution for the K-L parameters θ can be computed respectively as,
−1
−1
µθ|w̃ = AT AAT + Σεε
(w̃ − µw ) and Σθθ|w̃ = I − AT AAT + Σεε
A.
The posterior distribution of the flexibility and deflection random fields can be obtained by
propagating the posterior of θ through the K-L expansion and the observation function. In this
case, both approximated posteriors random fields are also multivariate Gaussian described by
the following approximated mean and autocovariance functions,
µ̂F |w̃ (x) = µF (x) + σF

M p
X

ĈF F |w̃ (x, x0 ) = σF2

λk φk (x)µ(k)
θ|w̃

k=1

µ̂w|w̃ (x) = µw (x) + P σF

M p
X

M X
M p
X
λk λl φk (x)φl (x0 )Σ(k,l)
θθ|w̃
k=1 l=1

(k)
θ|w̃

λk Φk (x)µ

k=1

M X
M p
X
Ĉww|w̃ (x, x ) = (P σF )
λk λl Φk (x)Φl (x0 )Σ(k,l)
θθ|w̃ .
0

2

k=1 l=1

Note that the approximated posterior deflection parameters can be written in a compact matrix
form as µ̂w|w̃ = µw + Aµθ|w̃ and Σ̂ww|w̃ = AΣθθ|w̃ AT .

5 Numerical Investigations
Figures 4 and 5 present the 95% confidence intervals (CI) of the posterior flexibility and deflection for different correlation lengths of the prior random field lF = [0.5, 2.5, 4.5] and number
of terms in the K-L expansion M = [5, 10, 20]. The exact 95% CI of the posterior solution is
highlighted (blue shaded area). Notice that all approximated CIs are within the exact interval.
As expected, in both cases the results are more accurate for larger correlation lengths.
It can be seen that the number of terms in the K-L expansion of the posterior flexibility (Figure 4) must be increased for small correlation lengths in order to obtain a better approximation
(M ≈ 20). As the correlation length increases, this number can be reduced since the estimation
improves considerably. A similar study was conducted to illustrate the approximation in the
posterior deflection (Figure 5). In this case, the K-L representation requires a smaller number
of terms (M ≈ 5), since the approximation is almost in agreement with the exact solution even
when the variability of the random field is high. This behavior can be attributed to the fact that
the posterior deflection is computed by an averaging of the K-L expansion of the flexibility
random field. As a result of this process, the influence of the higher K-L eigenfunctions is almost negligible, and hence, only the first modes have a large contribution to the random field
representation.
The error measures given in Eq. 2 are computed for the prior and posterior flexibility and deflection random fields as a function of the number of terms in the expansion (M = 1, ..., 100)
and for different correlation lengths of the prior random field (lF = [0.5, 2.5, 4.5]); the results
are shown in log-log scale plots on Figures 6 and 7.
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Figure 4: Posterior flexibility: 95% CI for different correlation lengths and terms in the K-L expansion.
The shaded area corresponds to the exact CI.

Figure 5: Posterior deflection (relative to the prior mean): 95% CI for different correlation lengths and
terms in the K-L expansion. The shaded area corresponds to the exact CI.

The comparison between the averaged relative mean error ε̄µ (M ) in the posterior random fields
is shown in Figure 6. For the prior random field, this error measure becomes zero since the exact
and approximated mean function values coincide. However, for the posterior random field, the
truncation in the K-L expansion induces an error in the mean approximation. This error is
controlled primarily by the number of terms in the expansion and its magnitude is considerable
small as this number increases. Despite the fact that ε̄µ (M ) is small in this particular application,
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it can be seen that it is at least one order of magnitude higher for the posterior flexibility than
for the posterior deflection.
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Figure 6: Averaged relative mean error in the posterior flexibility and deflection random fields for different correlation lengths and terms in the K-L expansion.

Next, the comparison between the averaged relative variance error ε̄σ (M ) in the prior and posterior random fields are shown in Figure 7, which illustrates the prior (first column) and the
posterior (second column) approximations. It is interesting to see that the influence of the correlation length in the posterior random field is not as large as for the prior random field. The
variance error decay of the flexibility (proportional to 1/M ) is slower than in the deflection.
Hence, the uncertainty about the posterior flexibility random field is more difficult to reduce as
more terms in the K-L expansion are required to obtain the same variance error levels as for
the posterior deflection. This characteristic behavior is again a consequence of the averaging,
since the decay in the deflection is proportional to some power of 1/M (this can be verified
analytically and is left as a further study).

6 Conclusions
The present paper investigates the influence of the random field discretization on the outcome
of the Bayesian inference based on an example with analytical solution. In particular, the prior
random field has been approximated using the truncated K-L expansion in order to reduce the
dimensionality and to efficiently parametrize the random field. The advantage of the proposed
example lies in the possibility to derive the exact and approximated posterior random fields
analytically. This allows us to efficiently carry out an error analysis. We have shown through this
study that the K-L discretization has different influence on the prior and posterior random fields
of the inverse and forward problems. In the forward problem (deflection), the approximation
errors of the posterior mean and variance are small. Due to the averaging process that is carried
out during the computation of the deflection, the higher K-L modes are essentially canceled
out, and therefore, only the first modes of the expansion contribute to the representation. This
behavior is different when the quantity of interest is highly dependent on the local fluctuations,
e.g. strains and stresses (this is left as a further study). In the inverse problem (flexibility), the
variance error decrease is slow compared to the deflection, and thus a larger number of terms in
the K-L expansion are required for its accurate representation. Furthermore, in spite of the fact
that the error levels in both quantities are not considerably drastic in this example, the results
indicate that it might be desirable in complex engineering applications the use of a finer K-L
discretization when dealing with inverse problems.
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Abstract: Site response analysis, namely the analysis of the wave propagation of
shear waves through a soil deposit, requires the specification of the input ground
motion and the dynamic characterization of the soil deposit. While the stochastic
approach is commonly used for modelling seismic excitation, the use of probability density functions for describing the soil properties is consistent only when
precise informations based on a large amount of data from soil surveys are available. Conversely, a non-probabilistic approach based on fuzzy set theory would
be more appropriate for dealing with uncertainties that are just expressed by
vague, imprecise, qualitative, or incomplete information and supplied by engineering judgement. In this paper, a hybrid fuzzy-stochastic 1D site response
analysis approach for dealing with soil uncertainties defined as convex normal
fuzzy sets is addressed. Zadeh’s extension principle, in combination with an efficient implementation of the Differential Evolution Algorithm is used for global
minimization and maximization. Results are presented as fuzzy median value of
the largest peaks of the peak ground acceleration at the surface by considering
four types of soil classified in accordance with the European seismic building
code.

1 Introduction
Site response analysis aims to predict the influence of the local site effects on the characteristics
of the earthquake motion. The most widely used technique is the study of the one-dimensional
amplification of vertically propagating waves by solving the dynamic wave equation in the
frequency domain with equivalent linear elastic soil properties. While the traditional practice
deals the seismic input motion as the only source of uncertainty by considering it as random,
owing to the complexity of its intrinsic structure, soil characterization manifests various sources
of uncertainties due to the soil spatial variability and to the dispersion of the soil parameters that
should be taken into account. Although site property variabilities are sometime assumed having
a normal or lognormal distribution, e.g. [3] , due to the geologic process, the natural spatial
variability of the soil can be relevant resulting in a strong variation of the properties even over
small distances; soil properties maps, generated from soil surveys, do not provide sufficient
information about soil deposits and rock formation. Furthermore, due to the large amount of
data required to estimate the parameters for the dynamic geotechnical characterization of the
soil deposit, the use of probability density functions for all of them becomes inconsistent; a
probabilistic model dealing with these uncertainites requires supplying greater knowledge than
that gained from actual experience. [2] showed, for geotechnical systems, the high sensitivity
in calculating the failure probability when different distributions obtained by fitting the same
input data from laboratory tests are used.
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The genuine lack of knowledge or imprecision in the definition of a property, in addition to
the dispersion of the data caused by systematic measurement errors, fluctuations and sample
disturbance, determine unavoidable uncertainty of an epistemic nature. Converse to aleatory
uncertainty, epistemic uncertainty can eventually be reduced through the collection of more and
better data. In order to avoid misleading representations, several approaches alternative to the
probabilistic method, referred to as non-probabilistic methods, have been developed. In particular, fuzzy set theory [6] can be applied for dealing with non-random, incomplete, imprecise
information as well as linguistic vagueness, namely the use of natural linguistic information in
engineering judgement knowledge, for classifying generic class of soil (e.g. soft, medium, rigid)
or the soil deposit type (e.g. class A-B-C-D according to the EN 1998-1). Fuzzy set theory uses
the concept of possibility in which a fuzzy set Ã, is described as a class of objects with a continuum of grades of membership µÃ , ranging from α = 0, i.e. the object does not belong to the set,
to α = 1, i.e. the object completely belongs to the set. In this paper, the fuzzy logic approach is
used for dealing with uncertainties of the main parameters involved in the site response analysis, i.e. the shear wave modulus G0 , the soil unit density ρ0 , the critical damping ratio ξ , and
the depth of the soil deposit h. The membership function of the fuzzy output ãPGA (h̃, G̃0 , ρ˜0 , ξ̃ )
representing the fuzzy median value of the largest peaks of the free field acceleration at the
top surface, as a function of the fuzzy parameters G̃0 , ρ˜0 , h̃ and ξ̃ , is obtained by the Zadeh’s
extension principle, in combination with an efficient implementation of the Differential Evolution Algorithm for global minimization and maximization [4]. In section 2 we describe the
one-dimensional site response analysis problem in terms of its associated stochastic equation.
Section 3 briefly describes the basic concepts and tools of fuzzy numbers and fuzzy calculus,
including the application of the differential evolution (DE) algorithm to the extension principle.
The fuzzy stochastic site response model and the results of its application to four different soil
deposits are illustrated in section 4. Conclusions are drawn in section 5.

2 Stochastic 1D site response analysis problem
The stochastic equation of the one-dimensional (1D) site response analysis problem is addressed
in this section by considering the seismic motion uncertain, in particular random. The site response analysis aims to evaluate the effects of the local soil conditions on the amplitude and
frequency content of the seismic motion that propagates through the soil deposit during an
earthquake event. By applying the approach based on Random Vibration Theory, the stochastic
process of the ground motion acceleration Üg (ω), modelled as a zero-mean stationary Gaussian
stochastic process fully described by the knowledge of its power spectral density function, denoted by SÜgÜg (ω), where ω ≥ 0 is the circular frequency and each superscript dot indicates time
differentiation, is propagating vertically through the soil deposit from the bedrock (z = zbed ) to
the ground surface acceleration through the following expression in the frequency domain:
SÜ Ü (ω) = |H(ω)|2 SÜgÜg (ω)

(1)

where H(ω) is the transfer function of the soil deposit representing the ratio between the acceleration Ü(ω) at the surface and the acceleration Üg (ω) at the bedrock computed by solving the
one-dimensional soil amplification problem described in the frequency domain by the following
dynamic equation:
d 2U(ω, z)
= ρω 2U(ω, z)
(2)
G(1 + 2iξ )
dz2
where z is the depth from the ground surface, ρ is the soil density, G is the shear stiffness
modulus of the soil, ξ is the critical damping ratio, and i is the imaginary unit. It is worth noting
that the dependency of the soil properties, ρ, G, ξ in the transfer function H(ω) has been
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omitted. In order to take into account the nonlinearities of the soil properties, a discretization of
the soil deposit in more layers with constant properties and a equivalent linear methodology is
applied. Statistical quantities of the response are thus derived from the stochastic Eq. (1) for each
i-th layer of local coordinate ζi ; in particular, the characteristic acceleration XÜ is computed as
the fractile of order p (usually the median, i.e. p = 0.5ζi ) of the distribution of maxima through
the first crossing problem defined as follows:
q
XÜ,i (Ts , p, ζi ) = ηÜ,i (Ts , p, ζi ) λ0,Ü,i
(3)

where Ts is the time length of the stationary part of the signal; ηÜ,i are the peak factors determined by the relation obtained by [5]; λ0,Ü,i is the zero-order response spectral moment of the
acceleration, expressed as
Z
λ0,Ü,i =

∞

0

SÜ Ü,i (ω) dω,

(4)

It should be stressed that the dependency of the spectral moment of Eq. (4) to the system parameters has been omitted for brevity. Therefore, objective of this paper is the investigation of
XÜ from Eq. (3) when the soil properties are uncertain but not random.

3 Fuzzy approach for accounting soil parameter uncertainty
In this section, a fuzzy logic approach for stochastic 1D site response analysis, when soil parameters are uncertain, is established. In our soil amplification problem, in combination with
the random nature of the input motion, sources of uncertainty include variability in material
properties, such as the shear elastic modulus, the unit density, and the damping ratio as well as
geometric boundaries as the thickness of the soil deposit. These uncertainties are mainly caused
by measurement errors, sampling disturbance and/or incomplete knowledge about soil description and the use of natural language for classifying the ground type (e.g. soft, soft-to-firm, stiff,
very stiff) or the soil type (e.g., as classified by the Unified Soil Classification System). In this
context, Fuzzy sets theory [6] has been shown to be effective for dealing with the epistemic
nature of these uncertainties (e.g see [1]). Especially when evidences do not allow a probability
interpretation of the data sets, fuzzy logic is a reasonable approach for capturing the vagueness
meaning of their properties; moreover, contrary to the use of interval analysis, where only upper and lower bounds are assigned to each parameter, the fuzzy sets provide further information
about the grade of possibility (or possibility distribution) on the interval.

3.1

Fuzzy sets and Intervals

Given the soil property, or more generally, the system parameter A, its representation as a fuzzy
set Ã over a given set (or space) X of elements (the universe) is usually defined by its membership function
µÃ : X −→ [0, 1]
(5)

and a fuzzy (sub)set Ã of X is uniquely characterized by the pairs (x, µÃ (x)) for each x ∈ X; the
value µÃ (x) ∈ [0, 1] is the membership grade of x to the fuzzy set Ã.
Our interest are fuzzy sets when the space X is R (unidimensional real fuzzy sets). Denote by
F (R) the collection of all the fuzzy sets over R. Fundamental concept in fuzzy theory is the
level-sets (or level-cuts) of its membership function); for α ∈]0, 1], the α−level cut of Ã (or
simply the α − cut) is defined by
[Ã]α = {x|x ∈ R, µÃ (x) ≥ α}

(6)

. It can be related to the level of knowledge of the fuzzy set A, in which for increasing values of
α, the uncertainty of the system parameter decreases.

812

The α − cuts of a fuzzy number or interval are non empty, compact intervals of the form
+
[Ã]α = [A−
α , Aα ] ⊂ R.

(7)

+
b−
b+
If A−
α = A and Aα = A , ∀α ∈ [0, 1] we have a crisp interval or a crisp number (if, in addition,
b− = A
b+ ).
A
Any fuzzy number or interval Ã ∈ F 1 has the well known LR-representation (L for left, R for
right), i.e. its membership function is of the form
 L
A (x) if a ≤ x ≤ c



1
if c ≤ x ≤ d
µÃ (x) =
(8)
R
A (x) if d ≤ x ≤ b



0
otherwise

where a ≤ c ≤ d ≤ b, the function AL : [a, c] → [0, 1] is non-decreasing with AL (a) = 0, AL (c) = 1
and the function AR : [d, b] → [0, 1] is non-increasing with AR (d) = 1, AR (b) = 0. The interval
[a, b] is the support and [c, d] is the core. If c = d, we obtain a fuzzy number. We refer to the
functions AL (.) and AR (.) as the lower and upper sides of Ã, respectively.

3.2

Fuzzy Extension Principle

Elements of F 1 will be denoted by letters Ã, B̃, C̃ and the corresponding membership functions
by µÃ , µB̃ , and µC̃ . Given two fuzzy numbers Ã, B̃ ∈ F 1 , the four arithmetic operations are
defined by the use of the Zadeh’s extension principle (◦ ∈ {+, −, ×, /}):
µÃ◦B̃ (z) = sup min{µÃ (x), µB̃ (y)}.
z=x◦y

(9)

Consider the extension of a function f : Rn → R to a vector Ã = (Ã1 , Ã2 , ..., Ãn ) of n fuzzy
+
numbers, with k-th component Ãk ∈ F 1 given, in terms of α-cuts, by [Ãk ]α = [A−
k,α , Ak,α ] for
k = 1, 2, ..., n.
Denote by B̃ = f˜(Ã1 , Ã2 , ..., Ãn ) the corresponding fuzzy interval. For a continuous function
+
f : Rn → R, the α −cuts [B−
α , Bα ] of the fuzzy extension B̃ are obtained by solving the following
box-constrained global optimization problems (α ∈ [0, 1]):

B−
(10)
α = min f (x1 , x2 , ..., xn )|xk ∈ [Ãk ]α , k = 1, 2, ..., n

B+
(11)
α = max f (x1 , x2 , ..., xn )|xk ∈ [Ãk ]α , k = 1, 2, ..., n .
For general functions, we need to solve numerically the global minimization and maximization
problems above; regarding the particular nature of our problem, a differential evolution (DE)
Method is applied which adopted strategy is the following: SPDE (Single Population DE procedure): start with the (α = 1) − cut back to the (α = 0) − cut so that the optimal solutions
at a given level can be inserted into the ”starting” populations of lower levels; use two distinct
populations and perform the recombinations such that, during generations, one of the populations specializes to find the minimum and the other to find the maximum. In this paper, the
procedure SPDE has been implemented using MATLAB ; a detailed description with extended
computational results can be found in [4].

4 Numerical Analysis
Stochastic 1D site response analyses are carried out by considering uncertainty in the definition
of the soil parameters described according to the fuzzy approach. Four different soil deposits
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Figure 1: Power spectral density function defined at the outcrop bedrock

classified into ground types A-B-C-D complying with the seismic code EN 1998-1:2004 are investigated. The soil profiles consist of saturated clays with different consistency, ranging from
soft to rigid, resting upon a uniform linear visco-elastic bedrock. The mechanical parameters
of the soil deposits and the underlying bedrock, intended as crisp or ”best-estimate” values, are
reported in Table 1; furthermore theqtable indicates the shear wave velocity of the soil calcu-

lated according to the relation Vs = Gρ0 with which each soil deposit has been characterized.
The initially homogeneous profile is discretized in 0.5 m thick-layers assuming constant equivalent linear properties, compatible with the current shear strain computed at each iteration,
according to the modulus reduction curve and the damping ratio curve proposed by Seed and
Sun (1989) and Idriss (1990), respectively. The input seismic process applied at the outcrop
bedrock is fully described by the stationary power spectral density, SÜ0Ü0 (ω), determined from
the response-spectrum-compatible modeldepicted in Figure 1, consistent with the soil type A
and peak ground acceleration a0 = 0.96 m s−2 .
Table 1: Crisp soil parameters

Ground type Vs [m/s] G0 [MPa]
A/bedrock
1000
2.1 × 106
B
400
3.36 × 105
C
250
1.3 × 105
D
150
4.7 × 104

4.1

ρ[kg/m3 ]
2100
2100
2100
2100

ν
ξ0
0.45 0.025
0.45 0.05
0.45 0.05
0.45 0.05

Fuzzyfication of the stochastic site response analysis

The fuzzy logic approach to the analysis entails a transformation process of the crisp or deterministic system parameters into fuzzy sets with grades of membership, referred to as fuzzification; different levels of fuzziness can be defined according to which parameters are considered
fuzzy sets and which are not, being described by crisp or deterministic values. Afterwards, the
hybrid fuzzy-stochastic site response analysis is conducted in order to provide fuzzy outputs.
Our computational results are obtaining by the Zadeh’s extension principle, in combination
with an implementation of the DE algorithm SPDE as described above. Analysis outcome is
intended to provide information on both the quantification of the random and epistemic uncertainties on the main output results of the analysis and the propagation of the uncertainty through
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the system; it is defined as follows:
q
X̃Ü,i (Ts , p, ζi ) = ηU,i (Ts , p, ζi ) λ̃0,Ü,i (Ã)

(12)

in which λ̃0,Ü,i (Ã) is the fuzzy zero-order response spectral moment derived from Eq. (3) by
considering fuzzy system parameters (Ã), namely the soil/site properties involved in the site
response analysis. In the present study, subjective informations are considered by constructing membership functions based on the knowledge acquisition procedure, preliminary carried
out by several experts merging the objective available but imprecise information. The proposed input reference membership function has a symmetric trapezoidal shape described three
characteristics: i) the core mid-point A of the parameter representing the ”best-estimate” or
crisp value, ii) the confidence, in non-probabilistic sense, or radius σcore = A−,+
1 /A defined as
the ratio between
the
edge
of
the
core
interval
to
the
core
mid-point,
and
iii)
the confidence,

−,+
L
R
σsupp = σsupp = A0 /A defined as the ratio between the edges left and right, respectively, of
the interval of the support to the core mid-point.
The investigated uncertainties are the position of the bedrock that determines the soil deposit
thickness h, the initial shear modulus G0 , the unit density, ρ, as well as the initial critical damping ratio ξ0 expressed as fuzzy sets, i.e. h̃, G̃0 , ρ̃ and ξ˜0 , respectively. Based on subjective
information, symmetric trapezoidal-shaped membership functions are constructed for describing the uncertain parameters for the four soil deposits considered in the analysis; Table 2 reports
the parameters that determine each membership function. The fuzzy set h̃ has σcore = 0, thus it
is a symmetric triangular fuzzy number whose core is crisp owing to the sharp interface boundary. It is worth noting that the classification of each soil deposit based on the crisp values, still
remains valid for values on the core while for larger uncertainties, i.e. by decreasing the α-cut,
the same soil deposit might change rank.
The simulation is carried out by developing a numerical algorithm in MATLAB environment
used to solve the α-cut problem of at each α level. Eleven α-cuts are considered although five
of them, namely α = 0, 0.25, 0.5, 0.75 and 1 are highlighted. Differential evolution method is
applied in order to obtain the fuzzy extension of the function as defined in Eq. (12). Noteworthy,
the result of the partial differential equation is the power spectral density thus a functional
depending on frequency and fuzzy variables, therefore in order to deal with the optimization
procedure, a parameter of synthesis is defined. In particular, in this paper, results
 of problem
solving are presented in terms of fuzzy set of the median value ãPGA h̃, G̃0 , ρ̃, ξ˜0 of the largest
peak of the acceleration at the top surface as follows:


˜
ãPGA h̃, G̃0 , ρ̃, ξ0 = X̃Ü (20, 0.5, 0)
(13)
in which Ts = 20s, p = 0.5 and ζ0 = 0 have been assigned (see Eq. 3).
Table 2: Fuzzy sets parameters

Fuzzy set
Core mid-point
σcore
h̃
40 m
0.00
4
G̃0
(210, 33.6, 13.0, 4.7) × 10 MPa 0.05
ρ̃
2100 kg m−3
0.02
˜
ξ0
0.05/0.025
0.02

L,R
σsupp
0.2
0.3
0.2
0.1

Results of the parametric analyses are described in terms of membership functions of the fuzzy
output ãPGA for each of the four soil deposits. It is worth mentioning that each black dot on
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the left and right side of the MFs is obtained by a specific quadruple (h, G0 , ξ0 , ρ0 ) of crisp
values belonging to the specific α-cut of each fuzzy input calculated by solving the optimization
problems (min and max) corresponding to the fuzzy extension of Eq. (13), i.e., for each α ∈
[0, 1], we have two quadruples of values h ∈ [h̃]α , G0 ∈ [G̃0 ]α , ρ0 ∈ [ρ̃0 ]α , and ξ0 ∈ [ξ̃0 ]α ,
corresponding to the minimization and the maximization problems.

4.2

Soil Type A

The fuzzy input memberships functions of the soil type A used in the analysis are depicted in
Figure 2a while Figure 2b shows the analysis output in terms of membership function of the
median peak ground surface acceleration. It is worth noting the the core mid-point value is exactly corresponding to the peak input ground acceleration a0 = 0.96 m s−2 , since the soil deposit
is characterized by the same properties as the outcropping bedrock. The fuzzy output has a
nonlinear LR-shaped membership function, fairly asymmetric with respect to the core towards
the right branch as indicated by the dotted black curve collecting the mid-points of each interval associated with every α-cuts calculated in the analysis. Therefore, a higher uncertainty on
the input parameters, namely a small value of α-cut, leads to an overestimate of the expected,
possible, peak ground acceleration on the ground surface with respect to the mid-core value. In
Table 3 are reported the parameters of the membership functions resulting from the analysis in
L,R
terms of core mid-point aPGA as well as core and support confidences σcore and σsupp
, respectively. In soil type A, the measured global confidences of both the core and support of the result
are lower than maximum values of confidences assumed for the describing the fuzzy uncertainties of the input soil parameters. Therefore, the reduced degree of the uncertainty indicates a
small sensitivity of the seismic response for this type of ground.

Figure 2: Membership functions of the: a) input soil parameters; b) surface peak ground acceleration
for ground soil A

4.3

Soil Type B

Fuzzy input memberships functions for the investigated soil type B are depicted in Figure 3a.
The result of the analysis in terms of membership function of the median peak ground surface
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Table 3: Parameters of the output membership functions for the investigated soils.

Ground type
A
B
C
D

aPGA
0.960 m/s2
1.481 m/s2
1.483 m/s2
1.251 m/s2

σcore
0.017
0.014
0.011
0.026

L
σsupp
-0.115
-0.121
-0.143
-0.297

R
σsupp
0.164
0.164
0.203
0.282

acceleration is illustrated in Figure 3b. The fuzzy output has a nonlinear LR-shaped membership function, asymmetric with respect to the core towards the right branch as indicated by the
dotted black curve resulting in overrating the expected peak ground acceleration on the ground
surface with respect to the mid-core value. Moreover, as the previous case as shown Table 3,
the uncertainty valued by the confidences is reduced with respect to the uncertainty assumed for
the input parameters.

4.4

Soil Type C

The investigated soil type C is characterized by the fuzzy soil properties depicted in Figure 4a.
The result of the analysis in terms of membership function of the median peak ground surface
acceleration is illustrated in Figure 4. The membership function of the fuzzy output is strongly
nonlinear, asymmetric with respect to the core towards the right branch resulting in overrating the expected peak ground acceleration on the ground surface with respect to the mid-core
value. It can be observed from the dotted black curve that the propagation of the uncertainty is
associated with a change of the slope at around α-cut = 0.5. Moreover, as shown Table 3, the
maximum value of the confidence of the support is as high as the mean confidence assumed for
the input parameters.

4.5

Soil Type D

The result of the fuzzy optimization carried out by considering the fuzzy input memberships
functions reported in Figure 5a for the last investigated soil type D is depicted in Figure 5b; the
membership function of the median peak ground surface acceleration is characterized by fairly
symmetric trapezoidal shape but converse to the previous case, the values of the mid-points
are smaller than the mid-core value inducing an underestimate of the expected, possible, peak
ground acceleration on the ground surface with respect to the crisp, deterministic value.
Furthermore, in soil type D, the measured global confidences of the support of the result are
higher of the average confidence values assumed for describing the fuzzy uncertainties of the
input soil parameters, reaching a value around 30% as shown in Table 3. Therefore, an important
sensitivity of the seismic response is expected for this type of ground.

5 Conclusion
A fuzzy logic approach for dealing with soil uncertainties has been applied to the stochastic 1D
site response analysis.
The fuzzy output is the median value of the largest peak of the accelerations at the ground surface determined for various α-cuts representing the grade of membership to the set for 4 types
of soil classified as A-B-C-D in accordance with the European Seismic Code. Results showed
trapezoidal shaped membership functions, usually asymmetric towards the higher values except
for the soil ground D. A strong influence of the soil uncertainties has been observed, in particular the effect of the nonlinearities becomes relevant on the propagation of uncertainty when for
soft soil are considered.
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Figure 3: Membership functions of the: a) input soil parameters; b) surface peak ground acceleration
for ground soil B

Figure 4: Membership functions of the: a) input soil parameters; b) surface peak ground acceleration
for ground soil C
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Figure 5: Membership functions of the: a) input soil parameters; b) surface peak ground acceleration
for ground soil D
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Abstract: Engineers have often to tackle the challenge of ensuring the reliability
of a structure in a framework of incomplete knowledge or uncertain information.
The goal of this contribution is to investigate the consequences of an uncertain
correlation length on the mechanical response of a structure and to suggest innovative and efficient numerical approaches to predict the uncertain mechanical
resistance.

1 Introduction
In order to quantify the reliability of a structure, diverse uncertainties must be taken into account, e.g. uncertain geometry, loading or constitutive parameters. One may distinguish into two
kinds of uncertainties, the aleatory ones, which are due to the randomness of a phenomenon itself, and the epistemic ones, which are caused by a lack of knowledge or data [3]. While aleatory
uncertainties are not reducible, epistemic uncertainties can be reduced by gaining more information. However, this is not always realizable, e.g. because of technical limitations or economical
reasons. Distinguishing them and using appropriate numerical tools allows to exploit the whole
available information with accuracy.
Multiple approaches have been proposed in the literature. Evidence theory considers the imprecision of underlying data by assigning a probability to subsets instead of elements of a fundamental set, which leads to a belief and a plausibility measure bounding the probability measure
[2, 14]. Other authors assume the realisations of a random variable not to be included in a classical set but to lay within a fuzzy set, using fuzzy probability theory [10]. Within a probability
bounds analysis, the probability measure is bounded by an upper and a lower function, enveloping a so-called probability box (p-box) [5, 17]. A critical review on these and further approaches
to describe mixed uncertainties can be found e.g. in [1, 9, 12].
In the context of structural mechanics, finite element computations considering epistemic random parameters have been proposed by several authors, e.g. Doc et al. have studied mechanical
structures with Young’s modulus and body force considered as imprecise random fields with
bounded statistical moments [4]. Möller et al. have quantified the uncertain parameters as fuzzy
random variables [11].
Classical stochastic computations consider generally mechanical structures with uncertain constitutive parameters described by a random field. Thus the values of the different parameters
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are defined in the probability and physical spaces. An easy approach is to represent a random
field by a Karhunen-Loève expansion, which is based on the spectral decomposition of the covariance kernel. The model postulates then a priori a spatial evolution of the covariance within
the structure, which may be characterised by the correlation length [6]. As the experimental
identification of the covariance kernel would be a tedious process, this parameter is generally
arbitrary defined without considering the influence on the random results. Up to the knowledge
of the authors, the influence of the lack of information in terms of correlation structure on the
stochastic results has not been comprehensively investigated for non-linear structural mechanics. For other applications, the recent investigation of Khazaie et al. [8] on the influence of
the correlation structure on the scattering cross sections for elastic wave propagation can be
mentioned. It has been concluded that the correlation structure has peculiar consequences, the
controlling factors for the low-frequency behaviour are the mean value of the power spectral
density and it first non-vanishing derivative at the origin, whereas the high frequency behaviour
is controlled by the third moment of the power spectral density function.
The first innovative aspect of this contribution is to investigate the influence of the correlation
structure on the stochastic response of a non-linear mechanical structure. In particular, a covariance kernel is assumed and as a precise value of the correlation length is difficult to determine
experimentally, it is assumed to be an imprecise random variable. The computational approach
is based on finite element computations. The second contribution is to investigate optimal
discretisation methods in order to use imprecise random fields as input for finite element
analysis. The numerical challenge is to minimise computation costs and time consumption
while providing an acceptable accuracy. To solve the stochastic differential equation efficiently,
a stochastic collocation method is proposed, solving the equation not by pseudo-random
sampling but based on few collocation points given by a pre-defined lattice structure.

2 Stochastic Collocation Method for Probability Boxes
Regarding a random field X(x, ω), the covariance of two values X(x1 , ω) and X(x2 , ω) corresponding to two points x1 and x2 is described by a correlation function. This function may be
parameterised by the correlation length lc . In practice, determining this characteristic value is
often complicated and not precise. Therefore, the correlation length is assumed to be intervalvalued, which leads to an imprecise random field. Using two nested loops, this field is discretised and considered as an input of deterministic finite element (FE) simulations, as visualised
in Figure 1.
Sample Correlation Length:

Loop for the epistemic variable

Karhunen−Loeve Expansion
Loop for the aleatory variable

Sample Input Random Field:
Finite Element Analysis
Interpolation (Smolyak Algorithm)

Figure 1: Flowchart of the nested algorithm for finite element analysis considering a mixed random field
described by both epistemic and aleatory uncertainties
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First, the epistemic correlation length is discretised in an outer loop, resulting in a set of covariance kernels and so different random fields which are modeled by Karhunen-Loève expansions.
In an inner loop, the input random fields are sampled either by a Monte Carlo simulation or by
using the collocation points of a stochastic collocation method. Multiple realisations are created and the underlying stochastic differential equation is solved by successive deterministic
FE computations. Within a postprocessing procedure, the result of the random computation is
evaluated which leads to a p-box outcome.

2.1

Stochastic Differential Equations

Given a probability space (Ω, F , P), where Ω is the sample space, F the set of events and P
the probability measure, a stochastic differential equation is given by
(
L (ω, x; u) = f (ω, x),
x ∈ D,
(1)
B(ω, x; u) = g(ω, x),
x ∈ ∂ D,
for P-almost everywhere ω ∈ Ω. L denotes a non-linear differential operator and the operator
B describes the boundary conditions [16]. Aim of the stochastic FE simulation is to find the
primary variable u(ω, x) : Ω × D → R solving Equation (1). Only simulations based on input
random fields represented by their Karhunen-Loève expansions are considered here.

2.2

Karhunen-Loève Expansion

The Karhunen-Loève expansion (KLE) is a method for discretising a random field X(x, ω)
within a domain Ω × D based on the spectral decomposition of the covariance function
∞

Cov (x1 , x2 ) = ∑ λi φi (x1 )φi (x2 ),
i=1

(x1 , x2 ) ∈ D 2

(2)

where λi denotes the i-th eigenvalue and φi the corresponding eigenfunction of the covariance
kernel. The eigenpairs {λi , φi } are the solution of the Fredholm integral equation
Z

Cov (x1 , x2 ) φi (x2 ) dx2 = λi φi (x1 ).

(3)

D

Further information on the solution of this equation can be found in [6, 15]. Then, the random
field X(x, ω) can be approximated by a series expansion X̂(x, ω) truncated at order T around
the expectation field E{x}
T

X(x, ω) ' X̂(x, ω) = E{x} + ∑

i=1

p
λi ξi (ω)φi (x).

(4)

Thus, the dependence of the random field on space x is described by the eigenfunctions while its
dependence on chance is transferred to a standard normal random variable ξi (ω). Two methods
to sample this random variable are investigated here.
2.2.1

Choosing ξi (ω) by Monte Carlo Method

A straightforward method to choose values for the standard normal random variables ξi (ω) is
sampling them by Monte Carlo (MC) method. In order to create nMC realisations of the KLE
random field truncated at order T , nMC × T random variables are generated.
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Thus, the stochastic differential equation is solved by successive deterministic FE simulations, each one considering a different realisation. The results of all realisations are interpreted
statistically e.g. by evaluating the mean and standard deviation of all the individual deterministic FE simulations. For an accurate estimation of the random outcome, a very large number
of realisations has to be considered such that the tails of the probability distribution are not
ignored. To overcome this poor convergence rate, a more efficient approach is proposed.
2.2.2

Choosing ξi (ω) by Stochastic Collocation Method

As MC simulations, stochastic collocation method (SC) is based on repetitive deterministic
computations of a certain set of realisations. However, instead of sampling ξi (ω) pseudorandomly, these values are chosen within a predefined lattice. Thus, the tale values are taken efficiently into account within the collocation scheme [16].
Here, the collocation grid is determined by Smolyak algorithm [16]. The set of N-dimensional
collocation points ΘN is given by
[

ΘN =
Θi1 × · · · × ΘiN ,
(5)
k+1≤|i|≤k+N

where N is the stochastic dimension, k denotes the Smolyak level and each Θi is a onedimensional set containing mi points, where mi = 1 if i = 1 and mi = 2i−1 if i > 1. Within this
work, the collocation points are chosen to be Gauss-Hermite abscissas, as the resulting sparse
grids allow to consider an unbounded random space. The points of the Gauss-Hermite grids are
nested, which provides a beneficial reduction of computational cost [7]. Some two-dimensional
grids are represented in Figure 2 for different Smolyak levels k.
5

5

5

5

0

0

0

0

-5
-5

0

(a) k = 1

5

-5
-5

0

5

-5
-5

(b) k = 2

0

(c) k = 3

5

-5
-5

0

5

(d) k = 4

Figure 2: Two-dimensional Gauss-Hermite grids for different Smolyak levels k

For KLE of the random field truncated at order T , a T -dimensional collocation grid is required.
Then, the coordinates of every point are inserted as ξi , i = 1, ..., T to define one realisation of
the random field from each collocation point.
The stochastic response of the structure is estimated during the postprocessing as the polynomial interpolation of the results of nSC realisations, e.g. using Newton’s divided difference
formula [13]. For Smolyak algorithm, the N-dimensional interpolant I (u) of the primary variable u at level k is given by a combination of one-dimensional interpolants U i (u) [16]

I (u) =
(6)
∑ η(|i|) · U i1 ⊗ · · · ⊗ U iN ,
k+1≤|i|≤k+N
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where i = (i1 , ..., iN ) is a multi-index such that |i| = i1 + ... + iN and the factor η(|i|) is defined
as


N −1
N+k−|i|
η(|i|) = (−1)
·
.
(7)
N + k − |i|
In comparison with MC, this numerical approach allows to reduce the computational cost as
a lower number of non-linear FE computations is required. The two methods are evaluated on
an academic example.

3 A Test Problem
The two algorithms are applied to a two-dimensional structure. The results of SC and MC
simulations are compared regarding accuracy and efficiency.
The geometry considered is a square plate of length lx = ly = 1 m, which is pulled upwards
by a constant line load of q0 = 540 kN · mm−1 in direction of y, as represented in Figure 3. The
outcome of interest is the deflection uy,P of the top middle point P.
q0

uy
P

ly
y
x

lx

Figure 3: A plate in traction

The structure is made of steel, whose mechanical behavior is represented by an elastoplastic model including linear kinematic hardening described by the hardening parameter
Hkin = 1.5 GPa. Each deterministic computation is a force-driven non-linear FE simulation assuming plane strain. The square is discretised using 10 elements in each direction.
The yield stress σy is considered as an imprecise random field, for which the random variable
has a Gaussian distribution with the expected values E{σy } = 240 MPa and a standard deviation Std{σy } = 0.05 · E{σy }. Considering an isotropic random field, its spatial distribution is
described by a Gaussian covariance kernel

 !
|x1 − x2 | 2
Cov (x1 , x2 ) = exp −
,
∀ (x1 , x2 ) ∈ D 2 ,
(8)
lc
with a correlation length lc comprised within the interval [0.5 m, 1.0 m]. The influence of the
correlation length on the sampled input random field is illustrated on Figure 4. The yield stress
field has less spatial variation for the larger correlation length. However, the difference between
two realisations does not seem very significant as the correlation length interval considered is
not very large.
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Figure 4: Realisations of the yield stress field (σy in MPa) for two different correlation lengths, considering a Gaussian kernel correlation

Considering a random yield stress with an uncertain correlation length for its Gaussian kernel
correlation, the estimated deflection uy,P of the top middle point is an epistemic random variable
with a p-box distribution shown in Figure 5. Knowing only the interval to which the correlation
length belongs, for any possible value of the deflection, only a lower and a upper bound (F u , F u )
of the probability can be provided. It can be noted that even for a small size of interval for the
correlation length, and so with only a slight difference on input random fields as shown in
Figure 4, the influence on the mechanical response of the structure is significant.
1

F u (uy,P )
F u (uy,P )

Fu (uSC
y,P )

0.8
0.6
0.4
0.2
0
0

0.5

1

1.5
uSC
y,P

2

2.5
·10−2

Figure 5: P-box of the deflection uy,P of the point P enveloped by the upper probability F u (uy,P ) and the
lower probability F u (uy,P ) considering an interval-valued correlation length lc ∈ [0.5 m, 1.0 m]
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The cumulative distribution function (CDF) of the uncertain deflection Fu (uy,P ) for every
sample of the correlation length is represented on Figure 6(a), with their corresponding interpolated expected values E{uy,P } depicted in dashed lines. The CDFs exhibit a certain step pattern
due to the pre-defined collocation points and their property of being nested. At first glance, it
appears that the boundaries of the p-box are defined by the upper and lower values of the correlation length. If this was true, a discretisation of the interval-valued correlation length would
have been obsolete. However, viewing closer, it turns out that there are critical areas where this
does not hold. In Figure 6(b), it is visible that, at some points, the supposed upper and lower
bounds of the correlation lengths lc = 0.5 m (dark blue line) and lc = 1.0 m (red line) are crossed
by the results of correlation lengths in-between. Thus, it can be noted that the two bounds of
the p-box are not defined by the lower and upper values of the correlation length. Therefore, it
is confirmed that the interval-valued correlation length has to be discretised.
0.82

1

0.6

deterministic
lc =0.5 m
lc =0.6 m
lc =0.7 m
lc =0.8 m
lc =0.9 m
lc =1 m

0.4
0.2
0

1

2

3
uy,P [m]
(a)

4

Fu (uy,P )

Fu (uy,P )

0.8

5

0.8

0.78
1.7

·10−3

2.1
uy,P [m]
(b)

2.6
·10−3

Figure 6: Distribution of the deflection uy,P of the point P considering different correlation lengths lc
in a) next to a closer view of a critical point in b)

The smaller the correlation length is, the more likely is the deflection to be large. In
comparison, the estimation of the deflection for a unique deterministic FE simulation using
σy = 240 MPa is equal to 1.272 mm which is smaller than the expected value for any of the
stochastic computations considering a mean value of the random yield stress equal to 240 MPa.
Note that the line load q0 has been chosen such that the deterministic simulation just reaches
plasticity.
For the different discretised correlation lengths, the interpolated expected value E{uSC
y,P } and
SC
standard deviation Std{uy,P } obtained by Smolyak algorithm are given in Table 1. The results
of the upper and lower bounds of the interval-valued correlation length are validated by the statistical results of a MC reference solution; mean value µ(uMC
y,P ) and empirical standard deviation
0.5
MC
ν (uy,P ). A relative error is estimated as
err(•) =

k •MC − •SC k | •MC − •SC |
=
.
k •MC k
| •MC |
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(9)

Table 1: Estimation of the mean and standard deviation of the deflection uy,P of the point P by MC and SC
computations for the same random distribution and Gaussian covariance kernel, but different correlation
lengths (using a Smolyak level k = 4 and an order of truncation T = 5 for SC, and nMC = 105 samples
for MC)

E{uSC
y,P }
MC
µ(uy,P )
err(E{uSC
y,P })
Std{uSC
y,P }
0.5
ν (uMC
y,P )
err(Std{uSC
y,P })

[mm]
[mm]
[mm]
[mm]

0.5 m
1.776
1.773
0.0015
0.935
0.939
0.0043

Correlation Length lc
0.6 m 0.7 m 0.8 m 0.9 m
1.891 2.013 2.129 2.230

1.229

1.530

1.810

2.058

1.0 m
2.317
2.301
0.0070
2.276
2.261
0.0066

SC is based on Smolyak algorithm at level k = 4 using Gauss-Hermite sparse grids and based
on KLE truncated at order T = 5. To analyse the performance of SC strategies, MC computations obtained with nMC = 105 samples are considered as reference solution, and a relative error
is estimated. Comparing the results in terms of mean value, the error is less than 1%.
In Figure 7, the interpolated expected value E{uy,P } and standard deviation Std{uy,P } for
some SC computations for lc = 0.5 m or lc = 1.0 m, k ∈ [1, 4] and T ∈ [2, 5] are represented. A
fast convergence to the MC reference solution (red lines) is observed.
A Smolyak level k = 4 is needed for accurate SC results. Concerning the required order of
truncation T , it is noted that its influence changes with respect to the correlation length. The
smaller the correlation length is, the higher is the required order of truncation to obtain accurate
results. Finally, the chosen SC parameters are k = 4 and T = 5, which gives nSC = 1471 unique
collocation points.
Although the time consumption of the Smolyak interpolation increases rapidly with increasing T , these parameters still offer a considerable time saving; SC simulations with such values
last around 13% of the time required for the equivalent MC computations.

4 Conclusion
Within this paper, a probability box algorithm has been proposed using stochastic collocation
method based on Smolyak algorithm. The yield stress has been considered as an input imprecise random field discretised by Karhunen-Loève expansion, based on a Gaussian kernel
and an interval-valued correlation length. Regarding the elasto-plastic deformation of a plate in
traction, the size of the interval of the correlation length has some influence on the estimated
uncertain deflection. This information is directly provided by a p-box. It has been shown that
the resulting p-box is influenced by the discretisation of the interval-valued correlation length
and thus cannot be computed by regarding only the upper and lower bounds of its interval.
The proposed algorithm has shown to be significantly more efficient than a classical Monte
Carlo simulation. The convergence to Monte Carlo solutions is fast for an increasing Smolyak
level and order of truncation of the Karhunen-Loève expansion.
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Figure 7: The interpolated expected value and variance provided by SC method for increasing Smolyak
level k and order of truncation T converge to the statistical mean value and variance of MC computations
depicted as red lines.

For future investigations, several random variables will be simultaneously considered. On
an other hand, the algorithm will be further investigated for example by comparison with alternative numerical strategies such as projection methods, or with optimisation by provided
goal-oriented refinement.
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Abstract: Survival signature is a summary of the structure function, which is
sufficient for basic reliability inferences. In addition, survival signature has the
advantage of quantify the reliability of complex systems with multiple types of
components when compared with the former system signature. The main assumption used in the survival signature is that the component failures are considered independent. In the real world, however, there are some common cause
failures within the systems. Common cause failure occurs when multiple components fail due to shared causes, especially in complex systems. In order to
perform reliability analysis on systems with common cause failures, the α-factor
model-based time independent and time varying methods are introduced, respectively. In practical application, the α-factor estimator or parameters of the system might not be defined completely due to limited data, which requires to take
imprecision into account. The applicability of the proposed methods is demonstrated by analysing a complex system reliability in the presence of common
cause failures.

1 Introduction
Dependence among failure might affect considerable the reliability of system. Dependence represents a common feature of component failures that needs to be model appropriately for a realistic analysis of systems and networks. The proper consideration and modelling of CCFs are
essential in complex systems reliability analysis as they may have a large effect on the systems’
overall functionality. Often the assumption that the components failures are independently is
considered in classical reliability analysis on systems. However, CCFs make this simplification
not realistic. What is more, CCFs have been shown to decrease the reliability and availability
of complex systems [6]. Therefore, common cause failures are extremely important in reliability assessment and must be given adequate treatment to minimise overestimation of systems’
performances.
A number of parametric models have been developed for common cause failures over the last
decades. For instance, Rasmuson and Kelly reviewed the basic concepts of modelling CCFs
in reliability and risk studies [14]. One of the most commonly used single parameter models
defined by Fleming [9] is called the β -factor model, which is the first parameter model applied
to common cause failures in risk and reliability analysis. Then, he generalised the β -factor
model to multiple Greek letter model in 1986 [8]. The α-factor model originally proposed by
Mosleh et al. [11] develops CCFs from a set of failure ratios and the total component failure
rate.
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Recently, based on the α-factor model, Kelly and Atwood [10] presented a method for developing Dirichlet prior distributions that have specified marginal means. A robust Bayesian approach
to modelling epistemic uncertainty in the imprecise Dirichlet model has been discussed by Troffaes et al. [16]. Coolen and Coolen-Maturi [4] present a non-parametric predictive inference for
system reliability following common cause failures of components but limited to systems with
exchangeable or a single type of components. Here, the work presented in Ref [4] is extended
to perform reliability analysis on complex systems by considering CCFs among components
belong to different types, the proposed approach is based on the survival signature [2].
Survival signature is a powerful methodology can not only hold the merits of the former system
signature [15], but can be used in complex system with components belong to multiple types. In
essence, it does not have the assumption that components of different types are exchangeable,
which overcomes the long-standing limitation of the system signature [1]. This is useful when
a system which may have components with failure times that follow different probability distributions [3]. Survival signature can also be adopted to analyse system affected by imprecision
[7]. Coolen and Coolen-Maturi [5] linked the (imprecise) probabilistic structure function to the
survival signature. Efficient simulation approaches based on survival signature for reliability
analysis on large systems have been recently been proposed [12] [13].
In order to analyse complex systems with common cause failures, the α-factor model is adopted.
The proposed model allows to distinct between the total failure rate of a single component and
the common cause failures modelled by α-factor parameters, which can be obtained through experts’ judgement of the system or the past data. In many cases, however, the α-factor estimators
cannot be quantified precisely because of limited test data, incomplete information, ignorance
and so on. Thus, it is essential to take this incertitude into consideration, which will lead to the
imprecise system reliability probability.
This remainder of the paper is organised as follows. Section 2 gives a brief conceptions about
the α-factor model and survival signature. The proposed approach for system reliability analysis
after common cause failures is presented in Section 3. In Section 4, a numerical example is
conducted to show the applicability and performance of the proposed approach. Finally, the
paper is concluded in Section 5.

2 System Reliability Modelling
2.1

Survival signature

Suppose there is a system with m components which belong to K ≥ 2 component types, with mk
components of type k ∈ {1, 2, ..., K} and ∑K
k=1 mk = m. Assume that the random failure times of
components of the system type are exchangeable, while full independence is assumed for components belong to different types (iid), Coolen [2] proposed the survival signature which can be
denoted by Φ(l1 , l2 , ..., lK ), with lk = 0, 1, ..., mk for k = 1, 2, ..., K. It defines the probability that
the system functions
given that lk of its mk components of type k work, for each k ∈ {1, 2, ..., K}.
mk 
k
k
k k
k
k
There are lk state vectors xk with ∑m
i=1 xi = lk (k = 1, 2, ..., K), where x = (x1 , x2 , ..., xmk ). Let
Sl1 ,l2 ,...,lK denote the set of all state vectors for the whole system, and it can be known that all
the state vectors xk ∈ Slkk are equally likely to occur. Therefore, the survival signature can be
expressed as:
 −1
mk
Φ(l1 , ..., lK ) = [ ∏
] × ∑ φ (x)
l
k
x∈Sl ,...,l
k=1
K

1

(1)

K

Let Ck (t) ∈ {0, 1, ..., mk } denote the number of k components working at time t. Assume that
the components of type k have a known cumulative distribution function (CDF) Fk (t) and the
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components failure times of different type are assumed independent, then:
 
mk
P( {Ck (t) = lk }) = ∏ P(Ck (t) = lk ) = ∏
[Fk (t)]mk −lk [1 − Fk (t)]lk
l
k
k=1
k=1
k=1
K
\

K

K

(2)

Hence, the survival function of the system with K types of components becomes:
m1

P(Ts > t) =

∑

l1 =0

mK

...

∑

lK =0

Φ(l1 , ..., lK )P(

K
\

{Ck (t) = lk })

(3)

k=1

Equation 3 shows that the structure of the system is separated from the its components failure times, which is the typical advantage of the survival signature. The survival signature is a
summary of structure functions and only needs to be calculated once for the same system. As a
result, it is an efficient method to perform system reliability analysis on complex systems with
multiple component types.

2.2

α-factor model

The α-factor model explicitly includes all the possible combinations of multiple failure events.
The parameters αk of the model are the fractions of the total probability of failure in the system
that involves the failure of k components due to a common cause.
The probability of a common cause basic event involving failure of k components in a system
of m components can be calculated by Equation 4
Qk =

k

m−1
k−1

αk
Qt
αt

(4)

where, k = 1, 2, ..., m and αt = ∑m
k=1 kαk . Qt is the total probability of failure accounting both
for common cause failures and independent failures. The alpha parameter estimator can be
expressed as:
αk =

nk
m
∑i=1 ni

(5)

where, nk is the number of events with k failed components.
The α parameter estimator represents the probability that exactly k of the m components fail,
given that at least one failure has occurred. It can be seen from Equation 5 that the sum of
all the αk is 1. The advantage of the α-factor model is its distinction between the total failure
rate of a component Qt , for which we generally have a lot of information, and common cause
failures modelled by αk , for which we generally have very little information [16]. Therefore,
the characters of the α-factor model make it possible to combine with the survival signature to
assess the complex system reliability.

3 Proposed Approach
In this section, the survival signature is introduced to analyse complex system with common
cause failures. Based on the results of [4], the α-factor model can be applied to calculate system
reliability in the presence of common cause failures.

3.1

Time independent system reliability after CCFs

Let assume that there is a system with mk components belong to type k ∈ {1, 2, ..., K}. When
a failure event occur, P( f1 , f2 , ..., fK ) denotes the probability that how many failures occur of

832

each component type. The survival signature Φ(l1 , l2 , ..., lK ) represents the probability that the
system is functioning when lk components of type k are working, which can be expressed as
Φ(l1 , l2 , ..., lK ) = P(system f unctions | lk components o f type k work), where k ∈ {1, 2, ..., K}.
Let P(SCCF ) express the probability that the system still functions after a common cause failure
event and can be calculated as

P(SCCF ) =

m1

∑

mK

...

l1 =0

∑ Φ(l1, ..., lK )P(m1 − l1, ..., mK − lK )

(6)

lK =0

where fi = mi − li .
From Equation 6 it can be seen that unlike the P(Ts > t) calculated by Equation 3, the survival
function of the system after a CCF is independent of t. In addition, the typical merit of the
survival signature can also be held. To be specific, the survival signature, which encompasses
information of the system structures, and the probability distribution, which relies on the common cause failures of the components belong to different types, is separated in the equation.
The α-factor model with estimate of the alpha factor parameters are mainly used in this section.
And they are given by Equation 5 for a common cause group of m components.
P( f1 , f2 , ..., fK ) is constructed by using the past data available on the system, combined with
the α-factor model for CCFs. For this standard α-factor model, there are assumptions that
P(0, 0, ..., 0) = P(0, f2 , ..., fK ) = P( f1 , 0, ..., fK ) = ... = P( f1 , f2 , ..., 0) = 0, as there must be at
least one component fails of each type. What is more, there is another assumption that the
components failures of each type are independent, which implies that P( f1 , f2 , ..., fK ) = P( f1 ) ∗
P( f2 ) ∗ ... ∗ P( fK ).
Recall that αnkk gives the probability that exactly nk components fail, given that they belong to
type k. For example, if there is only 1 component of type 1 failure, it follows that P( f1 = 1) =
α11 . Thus, the alpha parameters provide all the information required to specify the distribution.
For instance, P(1, 1, ..., 1) = α11 α12 ...α1K .
The next step is to calculate the survival signature, which will then be combined with the probability of failure considering CCF P( f1 , f2 , ..., fK ) to assess the survival function of the system.
It is not necessary to calculate all the survival signatures as it can identify which values are
required by Equation 6.

3.2

Time dependent system reliability after CCFs

Given numbers nk with k ∈ {1, 2, ..., K} of components of each type that fail simultaneously
after a common cause event, the components of one type are all equally likely to be failing.
Assume Ck (t) expresses the number of k components function at time t after a common cause
failure, therefore,

P(

K
\

K

{Ck (t) = lk − nk } | CCF) = ∏

k=1

k=1




mk
[Fk (t)]mk −lk +nk [1 − Fk (t)]lk −nk
lk − nk

(7)

So the functioning of the system after a common cause failure can be predicted by Equation 8.

P(Ts > t | CCF) =

m1 −n1

∑

l1 =0

...

mK −nK

∑

lK =0

Φ(l1 , ..., lK )P(

K
\

{Ck (t) = lk − nk } | CCF)

(8)

k=1

It can be see from Equation 8 that the survival function of the system is dependent of time t.
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3.3

Imprecise system reliability after common cause failures

In the application engineering world, if the system has not been in operation in the past (e.g.,
is a new system), or it does not usually encounter common cause failure events. All of which
means there may not be enough data to estimate the values of the accurate α-factor parameters.
In addition, experts can provide a estimation of the number nk of common cause components
failures, but often only an interval is predicted.
Therefore, the α-factor parameters might have imprecise values with [α kmk , α kmk ]. Since
P( f1 , f2 , ..., fK ) is estimated based on the α-factor model, the imprecision will propagate to
P(m1 − l1 , ..., mK − lK ). The survival signature remains unaffected by the imprecision since it is
only influenced by uncertainty and imprecision in the system structure. Hence, the bounds of
the survival probability are calculated as

P(SCCF ) =

P(SCCF ) =

m1

∑

mK

...

∑ Φ(l1, ..., lK )P(m1 − l1, ..., mK − lK )

l1 =0

lK =0

m1

mK

l1 =0

lK =0

∑ ... ∑ Φ(l1, ..., lK )P(m1 − l1, ..., mK − lK )

(9)

(10)

For time varying system reliability after CCFs, if there lack of information on components failure time distribution, the cumulative distribution function Fk (t) will have uncertainty. Similarly,
the survival signature remains the same. Therefore, the lower survival function of the system
after CCFs is

P(TS > t | CCF) =

m1

mK

K

l1 =0

lK =0

k=1

∑ ... ∑ Φ(l1, ..., lK ) ∏ [P(Ck (t) ≤ lk | CCF) − P(Ck (t) ≤ lk − 1 | CCF)]
(11)

and the corresponding upper survival function is

P(TS > t | CCF) =

m1

∑

l1 =0

mK

...

∑

lK =0

K

Φ(l1 , ..., lK ) ∏ [P(Ck (t) ≤ lk | CCF) − P(Ck (t) ≤ lk − 1 | CCF)]
k=1

(12)

4 Numerical Example
In this Section, three cases are analysed. To be specific, the first two cases show the application
of the proposed approach for time independent and time varying system reliability after CCFs
respectively, while case three considers imprecision within the system with common cause failures. Figure 1 shows a complex system with thirteen components which belong to four k = 4
types (m1 = 3, m2 = 4, m3 = 2, m4 = 4).

4.1

Case 1

Firstly, let determine the values of the survival function by using the standard α-factor model
from hypothetical data collected from the system. Suppose that the common cause failure
groups are the same as component types, this is logical in engineering world as the components
of the same type have similar characteristics, therefore, they are more likely to be influenced by
the same common cause event.
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Figure 1: Complex system with thirteen components which belong to four types. The number inside the
component box represents the type, while the number outside the box expresses the component index.

There have n1 = 1, n2 = 2, n3 = 1 for component of type 1. n1 = 1 means that there has been
1 previous occurrence of failure with just one component of type 1. So the α-factor parameter
estimator in this case is
α11 =

n1
1
=
n1 + n2 + n3 4

(13)

α21 = 12 , α31 = 14 and ∑3k=1 αk1 = 1.
For type 2, n1 = 2, n2 = 1, n3 = 1 and n4 = 2, which gives α12 = 31 , α22 = 16 , α32 = 16 and α42 = 13
respectively. There are n1 = 2 and n2 = 1 for type 3. Thus, α13 = 32 and α23 = 13 .
Similarly for component type 4, the data of n1 = 3, n2 = 3, n3 = 1 and n4 = 1 lead to α14 = 38 ,
α24 = 38 , α34 = 18 and α44 = 18 .
We assume that a common cause failure event occur will affect at least one component of
each type. According to the α-factor model, therefore, it can be known for this system that
P(0, 0, 0, 0) = P(0, b, c, d) = P(a, 0, c, d) = P(a, b, 0, d) = P(a, b, c, 0) = 0, for a = 1, 2, 3, b =
1, 2, 3, 4, c = 1, 2 and d = 1, 2, 3, 4.
Based on the assumption that the failure components of different types are independent, we
obtain that P( f1 , f2 , f3 , f4 ) = P( f1 )P( f2 )P( f3 )P( f4 ).
Recall that α11 represents the probability that exactly one component of the three components
of type 1 fail. Hence, it follows that P( f1 ) = α11 . So the alpha parameters provide all the infor1
.
mation that required to specify the distribution. P(1, 1, 1, 1) = α11 α12 α13 α14 = 14 ∗ 31 ∗ 32 ∗ 83 = 48
Then, it is necessary to calculate the survival signature Φ, which is used to combine with the
P( f1 , f2 , f3 , f4 ) to assess the survival probability of the system. For P(1, 1, 1, 1), its corresponding survival signature is Φ(2, 3, 2, 3), which means that probability of the system works given
that exact 2 components of type one, 3 components of type two, 2 components of type three and
3 components of type four are working. There are altogether 48 possible state vectors, of which
41 combinations allow the system to function. Therefore, Φ(2, 3, 2, 3) = 41
48 .
All the values of P( f1 , f2 , f3 , f4 ) and their corresponding survival signature Φ(m1 − f1 , m2 −
f2 , m3 − f3 , m4 − f4 ) can be calculated. Based on the values of P and Φ and the Equation 6, the
50
probability that the system survivals after a common cause failure event P(SCCF ) is 139
.
This probability is unsatisfactorily low, which is probably due to the assumptions of the standard
α-factor model. Therefore, it is necessary for the engineers to consider the cost of replace or
repairing the components immediately, or do not take any actions before the next common cause
failure happens. This is also an example of the decision theory may be used in complex system
reliability area.
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4.2

Case 2

It is assumed that all components of the same type have the same failure time distribution. Their
failure type and distribution parameters are listed in Table 1.
Table 1: Failure types and distribution parameters of components of the system in Figure 1

Component Type Distribution type Parameters (α, β ) or λ
1
Weibull
(1.8,2.2)
2
Exponential
1.2
3
Normal
(2.3,1.6)
4
Lognormal
(3.2,2.6)

If a common cause event occurs, the influenced components of each type will fail simultaneously with the given probability, and those from the same component type all equally likely to
be failing. The survival signature remains the same as before, but the number of the working
components decrease.
Let C(0, 0, 1, 1) denote the common cause failure group with one component from type 3 and
one from type 4, without any components fail for other two types. In order to show the results clearly, here are the other five conditions with common cause failure groups C(1, 1, 1, 1),
C(0, 2, 0, 2), C(2, 2, 1, 2), C(2, 2, 1, 3) and C(2, 3, 1, 3). The time dependent survival function of
the system after the these conditions’ common cause failures can be seen in Figure 2.
1
No Common Cause Failures
C(0,0,1,1)
C(1,1,1,1)
C(0,2,0,2)
C(2,2,1,2)
C(2,2,1,3)
C(2,3,1,3)

0.9

Survival Function P(Ts>t)

0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.5

1

1.5

2
Time t

2.5

3

3.5

4

Figure 2: Survival functions of the system after some conditions’ common cause failures.

After the common cause failures, the survival function of the six conditions are lower than it
without the CCFs. It can also be seen that the more numbers and types of the components are
influenced by CCF, the lower of system reliability is as expected. This is also agree with our
common sense.
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4.3

Case 3

In this subsection, let consider uncertainty in the system reliability analysis after common cause
failures. In Case 1, if the system has not suffered CCF in the past, there might not be enough
data to calculate the α-factor parameters, although the standard α-factor model can still be
implemented by using experts’ judgements.
Given that a total of 20 common cause component failures has occurred across the complex
system in Figure 1, let two groups of experts estimate how the data would be spread. Suppose
group one gives that α11 = 52 , α21 = 15 and α31 = 25 for components type 1, while for components
type 2, α12 = 0, α22 = 25 , α32 = 25 and α42 = 51 . α13 = 23 and α23 = 13 for components type 3, and for
components type 4, α14 = 73 , α24 = 71 , α34 = 27 and α44 = 17 . At this time, even the survival signa41
ture of Φ(2, 3, 2, 3) remains the same as 48
, which is a big value within the survival signature.
1
However, its corresponding P(1, 1, 1, 1) decreases from 48
to 0. Let summarise the products of
P( f1 , f2 , f3 , f4 ) and their corresponding Φ(m1 − f1 , m2 − f2 , m3 − f3 , m4 − f4 ), then the survival
6
probability P(Ts > t | CCF) of the complex system after the next CCFs is 23
.
1
1
1
1
1
1
1
2
For group two, the estimated data are α1 = 2 , α2 = 3 , α3 = 6 , α1 = 4 , α22 = 14 , α32 = 14 ,
α42 = 14 , α13 = 21 , α23 = 12 , α14 = 38 , α24 = 38 , α34 = 14 and α44 = 0. For this circumstance, P(1, 1, 1, 1)
3
increases to α11 α12 α13 α14 = 12 ∗ 14 ∗ 12 ∗ 38 = 128
. Therefore, P(Ts > t | CCF) = 179
456 according to
Equation 6.
So due to the epistemic uncertainty in this example, the probability bounds of the system works
3
6
, 128
].
after the next common cause failure event is P(Ts > t | CCF) = [ 23
As for time dependent system reliability after CCFs in this case, it is difficult to know the
precise distribution parameter of components type 2 due to lack of information. Therefore, the
parameter λ has imprecise values [1.0,1.3] instead of the precise value of 1.2. The imprecision
within the components failure time distribution can propagate to the complex system. So now
the imprecise time varying survival functions of the system after the six conditions’ common
cause failures can be seen in Figures 3 and 4.
1
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Figure 3: Survival function bounds of the sys-Figure 4: Survival function bounds of the system after the common cause failures of C(0,0,1,1),tem after the common cause failures of C(1,1,1,1),
C(0,2,0,2) and C(2,2,1,3), respectively.
C(2,2,1,2) and C(2,3,1,3), respectively.

In the real applications, for instance, due to confidential contract, it is sometimes difficult to
know the exact configuration of the system, which leads to imprecise survival signature. For this
kind of “grey” system, the system reliability after common cause failures can also be modelled.
It can be seen that epistemic uncertainty will lead the uncertainty within the system in this
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Case. In order to reduce the imprecision, engineers need to put efforts to get the precise αfactor parameters or components failure time distribution parameters.

5 Conclusions and Discussions
Common cause failure events have the capability to reduce significantly the reliability and availability of systems, therefore, it is essential to analyse and model the effects of CCF. This paper
includes the effects of CCF into survival signature to compute the reliability analysis of complex
systems.
The survival signature is a summary of system structure function, which makes it is efficient
to analyse complex systems, while CCFs are modelled by an α-factor model. The effect of
epistemic uncertainty are also taken into account to perform reliability analysis on complex
system with different types after CCFs. As a result, lower and upper bounds of the system
survival probability are obtained. The feasibility and effectiveness of the proposed approach
have been demonstrated by solving numerical example cases.
The proposed approach allows to perform a more realistic simulation of system and can be
adopted, for instance, to decide whether to repair or replace the failed components immediately,
or after the next common cause failure event. In other words, the administrator or designer
has to consider the cost of repairing or replace the components as soon as possible, or taking
the risk of allowing the next common cause failure event to occur before performing repair or
replacement.
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History Matching with Robust Predictive Metamodels
Jonathan Sadeghi and Edoardo Patelli

Institute for Risk and Uncertainty, University of Liverpool

Abstract: In this paper a novel approach is presented for history matching models without making assumptions about the measurement error when the available
data is limited. Interval Predictor Models are used to robustly quantify the noise
in the observation data and a novel objective function is proposed to quantify
the quality of matches in a frequentist probabilistic framework. The method is
applied to a simple numerical example in order to evaluate its applicability and
efficacy, and the proposed method identifies a reasonably small feasible region
for the matched parameters. The effect of increasing the number of data points
on the history matching is also discussed.

1 Introduction
History Matching is a method of calibrating a model, with the aim of inferring unknown parameters of the model by matching real world observations to its output. We believe the model is
reasonably physically accurate, but some input parameters of the model are unknown. In many
circumstances we may not know the error in the observed data (known as the truth case) and we
are forced to make assumptions which may not be justified regarding the distribution of noise
in the data [1]. These assumptions may cause the derived values for the model parameters to be
biased or incorrect, and hence our predictions will have incorrect uncertainty bounds. In addition, our data may be limited in the sense that we do not have enough data to uniquely match the
model and hence, there may be many possible matches. Therefore, we may be unable to make
unique predictions regarding future behaviour of the system [7].
Bayesian Inference is a technique frequently used to allow data (sometimes known as the evidence) to be combined with our prior belief in the model parameters. However it requires
that the likelihood of observing a particular set of data is known, given a particular model, in
addition to having a prior belief in the model parameters (although some techniques exist to
choose so-called non-informative priors) [6]. Determining these two pieces of information can
be challenging when the available data is limited.
In this paper, in order to quantify the noise in our data we will create a metamodel. Metamodels
(also known as surrogate models or emulators) are approximate, black box models which can
be constructed by fitting a model to training data or simulations. Metamodels are of use when
we have a model which is computationally expensive and it is therefore infeasible to run the
many simulations required to obtain samples for a Monte Carlo simulation, for example. An
approximate model is needed to perform many simulations quickly. In this context metamodels
are models of models. Metamodels are also of use when we have some data from a process
and we wish to construct an approximate black box model of the Data Generating Mechanism
(DGM), and this is the context in which metamodels will be mainly used in this paper.
Interval Predictor Models (IPMs) [2] are a type of metamodel well suited to dealing with scarce
and limited data. For each initialization of their input parameters, Interval Predictor Models
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output an interval rather than a single value, and hence their predictions reflect the data’s uncertainty. Compared to conventional regression techniques less assumptions are made about the
data, and crucially no distribution is assumed for the errors.
Our proposed approach uses an Interval Predictor Model and a novel objective function to avoid
making the assumption that the error on the measurements is Gaussian when history matching.
To the authors’ knowledge this has not been achieved in any existing paper.
In Section 2 some background information about Bayesian analysis and a common objective
function used for history matching is described. In Section 3.1 an alternative method is proposed, making use of Interval Predictor models to quantify the uncertainty in the observation
data. In Section 4 the proposed methodology is applied to solve a simple test case, where we
would like to fit a power law to the data is generated from a different analytic function with
added noise. A conclusion and recommendations for future research are given in Section 5.

2 History Matching Background
2.1

Existing Method

Bayesian Inference is a popular technique used as a tool for robust history matching when we
wish to determine unknown parameters of a model from observed data, in order to use the
model to make predictions about future observations [1]. These techniques will be outlined in
this section. An approximate model M is compared to observed measurements µo which are
produced when the error defined by parameter σ is applied to the unobserved true model output
µt . In history matching problems we wish to find the parameters m of M which are responsible
for producing output µo . Therefore we wish to find the value of m which is most likely given
the model and our observations, which is equivalent to finding the maxima of the function
P(m|µo , σ , M) = P(m|M)

Z

P(µt |m, M)P(µo |µt , σ )
dµt ,
P(µo |σ , M)

(1)

where P(µo |µt , σ ) is the measurement error and is usually assumed to have a Gaussian distribution in µo centred around µt , normalised by σ , i.e.
!
1
[µo − µt ]2
P(µo |µt , σ ) = √
exp −
.
(2)
2σ 2
2πσ
P(µo |σ , M) may be taken to be constant. P(µt |m, M) represents the modelling error and various
assumptions can be made for this error as in [1], including no modelling error. In some works
(for example, [7]) the analyst simply found the minima of the function
Λ(m|µo ) =

i=No

∑

i=1

[µi o − ωi (m)]2
,
σi2

(3)

where No is the total number of measurements to be used for history matching and ω(m) is
the prediction of µ by M. The subscripted i allow us to perform a summation for models with
more than one output. This approach is followed because thee minima of Λ(m|µo ) coincide
with the maxima of P(µo |µt , σ ). In this paper we wish to avoid making the assumption that the
measurement error is Gaussian, and instead use Interval Predictor Models to give an unbiased
estimate of the measurement error.

3 New History Matching Approach
3.1

Interval Predictor Models

Let us consider a Data Generating Mechanism (DGM) which acts on a vector of input variables
x ∈ Rnx to produce an output y ∈ Rny . We will approximate the DGM with an Interval Predictor
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Model (IPM) which returns an interval for each vector x ∈ X, the set of inputs, given by

Iy (x, P) = y = G(x, p), p ∈ P ,

(4)

where G is an arbitrary function and p is a parameter vector. In order to be useful, the interval
we create should have the smallest range possible whilst still enclosing all data points generated
by the full model. The theory for the single output multi input case (nx > 1, ny = 1) of IPMs
with a linear parameter dependency is described by Crespo in [2], and is summarised here. By
making an approximation for G Eqn. 4 becomes

Iy (x, P) = y = pT φ (x), p ∈ P ,
(5)
where φ (x) is a basis (polynomial and radial bases are commonly used), and p is a member of
the hyper-rectangular uncertainty set

P = p : p ≤ p ≤ p̄ ,
(6)

where p and p̄ are parameter vectors specifying the defining vertices of the hyper rectangular
uncertainty set. The IPM is defined by the interval
Iy (x, P) = [y(x, p̄, p), ȳ(x, p̄, p)],

(7)

where y and ȳ are the lower and upper bounds of the IPM, respectively. Explicitly, the lower
bound is given by




T φ (x) − |φ (x)|
T φ (x) + |φ (x)|
+p
,
(8)
y(x, p̄, p) = p̄
2
2
and the upper bound is given by
ȳ(x, p̄, p) = p̄

T






φ (x) + |φ (x)|
T φ (x) − |φ (x)|
+p
.
2
2

(9)

An optimal IPM is yielded by minimising the expected value of
δy (x, p̄, p) = ( p̄ − p)T |φ (x)|,
by solving the linear and convex optimisation problem


p̂, p̄ˆ = argmin Ex [δy (x, v, u)] : y(xi , v, u) ≤ yi ≤ ȳ(xi , v, u), u ≤ v ,
u,v

(10)

(11)

where xi and yi for i = 1...N are training data points, which in the case of a metamodel should be
sampled from the full model. The constraints ensure that all data points to be fitted lie within the
bounds and that the upper bound is greater than the lower bound. This combination of objective
function and constraints is linear and convex, and is known as a Type-1 IPM. In the case of a
radial basis, more sophisticated constraints may be added to avoid over-fitting of the data [3].
work all Interval Predictor Models are Type 1 IPMs, with polynomial bases, i.e. φ (x) =
In this
i
2
1, x , xi3 , ... with x = [xa , xb , ...] and i j = [i j,a , i j,b , ...] with i j 6= ik for j 6= k.
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3.2

Proposed Method

Consider a model which produces a time series of measurements as an output. Taking data
points consisting of input-output pairs from the model, with time as the input, a surrogate IPM
can be created for the model provided enough data points are available. The surrogate IPM will
provide a robust estimate of the range of possible measurements from the model, which follows
from Section 3.1. The reliability R of an IPM represents the probability that a future unobserved
data point (i.e. not contained in the training data set) is contained within the IPM. R is bounded
by
P(R ≥ 1 − ε) ≥ 1 − β ,
(12)
for reliability parameter ε and confidence parameter β satisfying



 
k + d − 1 k+d−1 D i
ε (1 − ε)D−i ≤ β ,
∑
k
i
i=0

(13)

where k is the number of discarded points, D is the total number of data points, and d is the
number of optimisation parameters required [2]. By taking the value of reliability as confidence
asymptotically approaches 1 we can be almost certain in our lower bound for reliability. In this
paper we will arbitrarily choose a 99% confidence level for the reliability and therefore the
value of 1 − ε when β = 0.01 will be referred to as R∗ from here on. In principle a higher level
of confidence can be used, however for the examples in this paper a 99% confidence level is an
illustrative choice.
We will make the assumption that there is no model error i.e. our simulations were generated
by the same data generating mechanism represented by our IPM. Therefore, for any simulation,
the probability that Ĉ of D̂ simulated measurements fall inside the IPM is given by the binomial
distribution,
 
D̂ C
P(Ĉ = C) =
R (1 − R)D̂−C ,
(14)
C

where R is the true value for the reliability of the IPM which is not known. Using the lower
bound for R, R∗ , and the cumulative density function for binomial distributions we can calculate
a bound for P(Ĉ ≤ C), the probability that the number of simulated measurements which fall
inside the IPM is less than a particular value C:
 
D̂ ∗ i
P(Ĉ ≤ C) ≤ ∑
R (1 − R∗ )D̂−i .
i
i=0
C

(15)

P(Ĉ ≤ C), or alternatively C, provides a figure of merit for history matches. We can compute
Eqn. 15 for each simulation and discard any simulations achieving an unsatisfactory P(Ĉ ≤ C)
(P(Ĉ ≤ C) ≤ 0.05 for example). By using this method we simply search for feasible values
of the model parameters in a robust manner, rather than attempting to search for a most likely
estimate of the parameters. In other words we are attempting to find and discard values of the
model parameters which we are sure do not fall within the confidence interval. Depending on
the quality of our reliability bounds it may only be possible to identify a fraction of these values.
In this way the method may be seen as a way to use imprecise probabilities to compute bounds
on the p-values from frequentist inference. A Bayesian approach would not be applicable as we
only have a bound on the CDF, but not the likelihood function itself. In addition, to use Bayesian
inference we would require a prior distribution. Making assumptions about a prior distribution
would defeat the object of not making assumptions for the likelihood function. Therefore the
feasible parameter regions found in this paper are confidence intervals and not credible intervals.
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It should be noted that as the output from our simulations (µt ) has not yet been distorted by the
error parameter (σ ), then the assumption that they are from the same DGM as the observations
used to construct the IPM (µo ) may be unjustified. The uncertainty from the measurement error
is causing an uncertainty in the matched parameters of the model when we violate this assumption. Although we can be reasonably sure that the samples of the input parameters we discarded
were not matches, the set of potential matches we have found is an overestimate. Running the
model forward with all of the matched parameter values will yield an interval µt , which will not
necessarily contain all of µo . A more robust approach could be achieved by training a second
IPM with the model parameters to be matched and time as inputs. Then robust predictions could
be made by propagating the matched parameter values through the second IPM.

3.3

Implementation

OpenCOSSAN is an open source and free toolbox for uncertainty quantification in MATLAB
[4] [5]. Users can download the engine, make modifications and easily quantify uncertainties in
many disciplines. An OpenCOSSAN class, inheriting the abstract metamodel class, was created
to implement the IPM as described in Section 3.1. The class constructor allows the user to
provide any data set or full model (with choice of sampling method) and generate an IPM.
The user must specify necessary parameters for the type of IPM being created. In this paper
the interior point linear optimisation algorithm in MATLAB was used to solve the optimisation
program in Eqn. 11.

4 Numerical Applications
4.1

Method

As in [1], the following function will be taken as a black box representing an unknown process
f (z) = (z2 + 0.1z)2 + η1 ,

(16)

where η1 is normally distributed noise with standard deviation 0.2 f (z). The history we will
attempt to match will be between the times z = 2 and z = 7, at intervals of 0.1 (i.e. z1 = 2,
z2 = 2.1 etc.). Therefore D = 51 data points are available for matching. We will attempt to fit
the function
g(q, z) = zq ,

(17)

where we wish to find the value of the parameter q which we believe will most successfully
allow us to reproduce unobserved f (z) with g(q, z). In practice g(q, z) would usually be a complex computational model, chosen to represent the known physics of the process f (z) as closely
as possible.
We will vary q between 0 and 6, with an interval between samples of 0.001. The following
objective function was computed for all simulations in the data set to perform the match:
∆(q) =


D̂ ∗ i
R (1 − R∗ )D̂−i ,
i

C(q) 

∑

i=0

(18)

with
(
1
C(q) = ∑
i=1 0
nz

if g(q, zi ) ∈ Ii
otherwise,

where Ii is the output interval for the IPM for quantised z, zi . In this example D̂ = 51.
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Figure 2: Confidence Parameter - Reliability Parameter plots for polynomial IPMs of degree 2,
with D = 51 and k = 0.

Figure 1: A history from f (z) with degree 2 IPM
fitted.

The identified set of possible q was then used to compare g(q, 10) with f (10), by comparing the
output interval for g(q, 10) with 1000 realisations of f (10). The output interval for g(q, 10) was
computed by taking the maximum and minimum values of g(q, 10) for all feasible q. If the set
of q is large and g(q, 10) is a monotonically increasing function of q then this procedure may
be completed more efficiently by only using the minimum and maximum values for q.

4.2

Results

A plot of the history data with the fitted IPM of degree 2 is shown in Fig. 1, with the corresponding reliability plot shown in Fig. 2. In this example, Fig. 2 shows that R > 0.76 with confidence
0.99 and so R∗ = 0.76. If a more robust prediction interval was desired then the analyst could
simply choose a higher confidence and consequently a lower reliability (for example, R > 0.711
with confidence 0.999).
Fig. 3 shows ∆(q), the objective function, plotted against q for D̂ = 51. It was found that ∆(q) >
0.01 in the interval between q = 3.557 and q = 4.229, and therefore values of q inside this
interval were possible matches for the model parameters.
As g(q, z) is monotonically increasing in q, it is acceptable to use an interval for q, i.e. q = 3.557
and 4.229. For g(10) this gives a prediction of ḡ(10) = 16943 and g(10) = 3605.8. Fig. 4 shows
a comparison between the obtained prediction interval for D̂ = 51 and 1000 sampled values of
f (10). All of the samples fall inside the prediction interval, which is an unexpectadly good
result for two reasons. Firstly, the confidence in the reliability of the IPM was only 0.99 and
the probability threshold we use for ∆(q) was 0.01. Therefore at each of these stages of the
calculation we will lose 1% of feasible matches. Secondly, we should note that we have made
the assumption that there is no model error which is clearly not true in this example as f (z) has
a different functional form to g(z). Even if this assumption were true, using the feasible values
of q to give an interval for g(10) corresponds to a feasible interval for µt , which is not the same
as our samples of f (10) (which correspond to µo ). Crucially, and as discussed in the Section
3.2, µt is yet to be affected by the error defined by the parameter σ . Consequently, the interval
we have found should be regarded as a prediction interval for µt , and not µo .

4.3

Discussion

The IPM illustrates the effect of taking more data as the analyst will be able to calculate how
many more data points are required to increase the value of R∗ to a particular value, and therefore
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improve the method’s ability to discriminate between different potential values for the matched
parameters. In the case that a large number of measurement data points are available, the analyst
could also remove outliers from the IPM using the procedure described in [2], if the reduction
in R∗ was acceptable.

5 Conclusions
A method for history matching has been proposed which does not require the analyst to make the
assumption that the measurement error has a Gaussian distribution. Instead, Interval Predictor
Models have been used to robustly quantify the measurement error in observation data. The
method relies on our ability to bound the reliability of an IPM, and hence to calculate bounds on
the p-values for potential matches using a bound for the binomial CDF. The proposed method
has been applied successfully to a simple test case where a feasible parameter interval was
identified. The proposed method is general and could be applied to other history matching
problems, regardless of the amount of measurement error.
The technique would also be of use if some data has been lost, for example if a reading at
a particular period in time is not available. In this case the IPM should provide an unbiased
estimate of the lost reading and so the history match would still be possible.
Currently the discrepancy between the functional form of the matched model and the true data
generating mechanism is not accounted for in this framework and the technique is most applicable in cases where this error is small or not present. It would be desirable to integrate a
technique to account for this error into the framework in order to achieve more accurate values
for the matched parameters.
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Estimating Rare-event Probabilities without Data
Scott Ferson
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Abstract: How should the epistemic uncertainty inherent in expert elicitation be
captured and projected in computations? What are the epistemic uncertainties associated with expressions of the form “1 in 10^7”, “about 1 in 1000”, or “never been
seen in over 100 years of observation”?

Introduction
It is important to be able to estimate risks for complex engineered systems with no performance
histories such as spacecraft of new design or biological control strategies using novel genetic
constructs that have never existed before. When operating in a new extreme environment like
outer space, even an off-the-shelf component with familiar properties may exhibit new behaviors. Likewise, releasing organisms with altered genes can theoretically lead to horizontal transfer of genetic material across species, which could create completely novel organisms. There
are essentially two approaches to estimating probabilities when there is virtually no data: expert
elicitation (i.e., guessing), and disaggregation into constituent parts whose probabilities are easier to estimate (i.e., breaking the problem into subproblems). When the latter approach is no
longer workable, analysts must resort to the former and rely on expert opinion and estimation.
How should analysts model expert opinions about event probabilities of the form “1 in 107”,
“about 1 in 1000”, or “it’s never seen in over 100 years of observation”, so they can be used in
calculations that account for rather than ignore epistemic uncertainties? In general, how should
we characterize probabilities of events that are so rare that they have never been observed? By
what principles can such characterizations be projected in probabilistic analyses such as risk
assessments or reliability calculations? This paper fashions a skeleton of a strategy to answer
these questions.

Confidence box approach
Confidence boxes (c-boxes) were introduced by Balch [1;8;10] under the name confidence
structures as imprecise generalizations of confidence distributions [4;5;6]. C-boxes often can
have the shape of a probability box [7], but they represent no random quantity. Instead, they are
estimators of fixed quantities and provide traditional confidence intervals for that quantity at
all possible levels of confidence. Figure 1 shows how these confidence intervals can be recovered from such a c-box. For this and most graphs of c-boxes in this paper, the abscissa is a
binomial rate (probability) being estimated and the ordinate is cumulative confidence. Set  to
one or  to zero to get a one-sided confidence interval. As long as  > , every such interval is
a true confidence interval in the sense of Neyman [16] at confidence level . This means that
these intervals, and this approach using c-boxes, provide a means whereby analysts can guarantee statistical performance in repeated applications of the method.
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Figure 1: A c-box for a binomial rate, with an ()100% confidence interval

Figure 2: C-boxes for three inputs for a fault tree and their ‘top event’ A & B & C
Graphs in the top row of Figure 2 are three c-boxes in a simple fault tree. The first is a degenerate c-box about the probability of event A, which is assessed as surely 25% probable to fail,
perhaps because of a long history of prior sampling. The second and third c-boxes estimating
the probabilities for events B and C respectively are based on small data sets, as indicated below
the graphs. These three c-boxes can be combined multiplicatively using the methods of ordinary
probability bounds analysis [7] and their product, also shown in Figure 2, represents the prob-
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ability of the joint event A & B & C. Remarkably, this structure also has the confidence interpretation, that is, any probability levels  and  define a ||100% confidence interval for the
joint probability. The fact that the confidence interpretation can be projected through ANDs
and ORs of a fault tree means that we can compute with confidence, literally and figuratively,
in a way that neither Bayesian methods nor traditional frequentist methods can match [8;10].
Figure 3 depicts c-boxes for the binomial rate p for a variety of k/n data sets, where k is the
number of successes out of n random trials. Note that the areas within c-boxes on a row add up
to the vacuous interval [0, 1]. It will be convenient to denote these c-boxes with the notation
B(k, n). So, for example, Figure 1 depicts the c-box B(2,10) derived from randomly observing
k=2 events (successes) out of n=10 independent trials. We will use the word ‘corners’ to denote
the first one or two c-boxes in each row (and thus the last one or two as well). They represent
cases in which none or only a single trial among n trials yielded a success (or failure). These
corners are the c-boxes one would expect to encounter in sample data for very rare events, and
thus they are the typical fodder for fault tree analyses. Note that, excluding the first several
rows, these corners are almost indistinguishable graphically from their counterparts in lower
rows if the graph axes are well scaled. For instance, the c-boxes B(0, 10m) look identical for all
integer values of m  1 when they are displayed over the range [0, 10m1/2], and likewise all the
B(1, 10m) look alike on their respective scales.

Figure 3: Pyramid of c-boxes for the probability p given random sample binomial data k/n
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Each c-box in this pyramid corresponds to a suite of many possible Bayesian posterior distributions arising from the several standard uninformative priors, including the Jeffreys, Haldane,
Zellner and Bayes-Laplace (uniform) priors [24; 10]. Analysis under all of these priors yield
posteriors that lie entirely inside the corresponding c-box. C-boxes are thus essentially a robust
approach to Bayesian analysis similar in spirit and mathematical detail to Walley’s imprecise
beta model [26;27;25].
Note that the c-box approach handles the special case of estimating probability when the number of events is zero (or the same as the number of trials). This is called the zero-numerator
problem [28], or the null event inference problem [11], or even the virgin risk problem [14],
and is often considered problematic. Frequentist methods such the simple ratio and maximum
likelihood estimators yield zeros (or ones) in these cases, even though those probabilities seem
unreasonable for anything that can in principle occur. Traditional Bayesians have many answers
to the problem [24;28], again as a result of different choices for a prior. Unfortunately those
answers are inconsistent with each other. The c-box approach handles this problem as a trivial
special case, without the need to specify any prior (cf. [28]) or even any class of priors (cf.
[26,27]), and reveals the problem to be completely untroublesome. This is especially useful in
expert elicitation because of the commonness of cases involving a theoretically possible event
that has never yet been observed. Its probability should not be estimated as zero, but rather as
a corner c-box B(0, n) where n is the number of times it might have occurred.

Overconfidence
Many have noticed that pronouncements by scientists and engineers suffer from a systematic
underestimation of measurement uncertainty [20;12;23;29]. In one case for which multiple
measurements were made, about 70% of measurement ranges would be expected to enclose the
true value, but fewer than half of the ranges include the currently accepted value [12]. Morgan
and Henrion [15, page 59] asserted that this overconfidence “has been found to be almost universal in all measurements of physical quantities that have been looked at.” This overconfidence
is apparently pervasive in science generally and may be related to human abilities systemically.
If this bias occurs even when we are actually measuring something; one would surely expect
the overconfidence to be at least as large when we pontificate in expert elicitations. It is well
known in the psychometric literature that both lay people and experts alike are routinely and
strongly overconfident about their estimates [18]. When experts are asked to provide 90% confidence intervals for their judgments (which ought to enclose the true value 90% of the time on
average), their ranges actually enclose the truth only about 30 to 50% of the time.
Shlyakhter [21;23] studied the issue with respect to measured quantities (not probabilities) and
suggested that the propensity for overconfidence is so pervasive throughout science that we
should introduce an automatic inflation factor to all uncertainty statements to account for it.
Errors are expected to be zero-centered and normally distributed, which would imply a Student
multiplier of 1.96 to reach 95% coverage. But Shlyakhter’s evidence suggests that errors are in
fact distributed such that the Student multiplier needs to be 3.8 to achieve this 95% coverage.
To account for this understatement of uncertainty Shlyakhter suggests that 95% confidence
intervals should be wider by a factor of 3.8/1.96 ≈ 2 (without changing the means). Doubling
the widths of confidence intervals should then give them the intended coverage performance.
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Elicitation penalty
Utterances from experts do not generally constitute data like random sampling. Insofar as they
do not, there ought to be some kind of penalty that inflates the uncertainty associated with
inferences from them. We do not know what form this penalty should take, and full consideration of the issue is beyond the scope of this paper, but there are some ideas worth discussing.
For one, it seems reasonable that the penalty should be derived empirically, based somehow on
the actual performances that experts achieve in predicting comparable probabilities. For another, these performances should not be based merely on within- or even across-expert consistency [cf. 3]. Instead, performance should be assessed by a validation study that measures
the degree to which experts’ previous claims actually matched empirical reality.
The penalty that determines how much uncertainty should be inflated depends on the experts’
performance, on the correctness that they demonstrate. One might expect this would be different
for different experts, but there is evidence, as described in the previous section, of some systematicity about the understatement of uncertainty. Developing an empirical scheme to accounting for this pervasive and systematic misunderestimation would allow us to derive a
proper elicitation penalty, but it would require an appropriate validation study, specifically
tuned to estimation of rare-event probabilities in the absence of data. In lieu of such a study and
as a simple placeholder for it, this paper suggests an ad hoc transformation based on significant
digits in the elicited expressions.
Recall that significant digits about a number imply an interval. For a quantity x, this interval is
usually taken to be s(x) = [x  d(x), x + d(x)], where d(x) is half the magnitude of the decimal
place of the last significant digit of x. Because negative values are nonsensical in this context,
we can modify this formula slightly to avoid them:
x
s(x)
0
[0, 0.5]
1
[ 0.5, 1.5]
9
[ 8.5, 9.5]
10
[ 5, 15]
300
[ 250, 350]
8150
[ 8145, 8155]
7
110
[ 5106, 1.5107]
The placeholder elicitation penalty argues that the numbers in an expression like ‘1 in a 300’
are not counts but estimated quantities with imprecision like their significant-digit intervals.
For instance, presumably the assertion that an event has a probability of 1 in 300 would include
probability values as low as 0.5 in 350, and as large as 1.5 in 250. Thus, when expert elicitation
yields estimates of probabilities of the form “k out of n” where k and n are nonnegative integers,
we suggest these estimates be represented by E(k, n) = B(s(k), s(n)) which denotes the envelope
of all c-boxes whose k- and n-values are within the respective intervals implied by the significant digits in the expert elicitation.
Several of these structures are depicted in Figure 4 below. In each graph, cumulative confidence
is the ordinate, and the probability being estimated is the abscissa. Both axes range between
zero and one. The graphs depict the suggested structures E(k, n) for various values of k and n.
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For comparison, the corresponding c-box B(k, n) without any uncertainty inflation is also shown
in each graph in gray. Note that the breadth of E(2, 9) is twice as large that of the c-box B(2, 9)
in gray. The same is true for E(1, 900), and indeed for almost all of these uncertainty structures
based on significant digits. This is perhaps reasonable if we believe Shlyakhter’s argument that
confidence intervals should be doubled and extend it to the case of estimating probabilities.
Exceptions to this uncertainty doubling occur when the denominator n is an integer power of
ten, such as in the four right-most graphs in the figure. In these cases, the approach is even more
suspicious of the elicitation and increases the breath of uncertainty by over 200% compared to
the corresponding c-box. Of course, these exceptions are a simple consequence of the fact that
s(9) = [8.5, 9.5] has unit width, but s(10) = [5, 15] has a width of 10. This feature of the algorithm could be moderated or removed if desired, but it is potentially useful to presume greater
uncertainty when such round numbers are used to characterize a probability.
E(2,9)

0.0

0.2

0.4

0.6

E(2,10)

0.8

1.0

0.0

E(1,900)

0.000

0.004

0.2

0.4

E(0,1000)

0.6

0.8

1.0

0.000

E(1,1000)

0.008

0.000

0.004

0.008

0.004

0.008

E(1,1e+07)

0e+00

4e-07

8e-07

Figure 4: Uncertainty structures E(k,n) to characterize expressions like “k out of n”
The elicitation penalty should not always be applied. In some cases, information from experts
should actually be treated like random samples. For instance, when an expert says an event has
not been seen in one hundred years of observations, and those 100 years can be considered
random, i.e., independent trials from a stationary Bernoulli process, then the experts’ information describes random sample data that can be used to construct the confidence box B(0,100)
without caveat. There should be no penalty if the 100 years is factually correct, in the sense
that, if the event is still not observed by next year, the n-value would then be 101. If, however,
100 years is merely a rough estimate whose magnitude would still be 100 after twelve months
have passed, then some penalty should apply. If it is certain that the event has never occurred
but the duration of its non-occurrence is uncertain, perhaps the significant-digit inflation might
be applied to only the n-value to yield B(0, [50, 150]).

Uncertainty expressed by hedge words
Hedge words and phrases such as ‘about’, ‘around’, ‘at least’, ‘almost’ and ‘in the ballpark of’
commonly appear as modifiers in expert elicitations. It does not seem reasonable to ignore these
modifiers as they are clearly meaningful and relevant to any uncertainty analysis, yet there has
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been no clear consensus on how they should be used in quantitative calculations. Kent [13]
famously suggested formalizing the meanings of hedges within the intelligence community to
avoid miscommunication when using nontechical language such as ‘serious possibility’. His
scheme identified ranges of probabilities with English expressions:
certain
100%
almost certain
(93  ~6)%
probable
(75  ~12)%
chances about even (50  ~10)%
probably not
(30  ~10)%
almost certainly not (7  ~5)%
impossible
0%
which can obviously be extended to have more categories close to zero so as to facilitate elicitations of very rare events [11]. Kent’s scheme was rejected by his contemporaries as an imposition of bogus precision onto language, and all subsequent attempts to regularize the
interpretation of such expressions beyond a single project have failed.
A less prescriptive and more descriptive approach to the issue was taken by linguists [2;19]
who distinguish these hedges in two categories: approximators which include the words and
phrases such as ‘about’, ‘around’ and ‘ballpark’ that describe individual quantities, and shields
such as ‘probably’, ‘some believe that’, ‘‘I think’, and ‘we estimate that’ that modify entire
statements. Preliminary research [2;9] to quantify the meanings of approximators has several
interesting findings. Workers on Amazon Mechanical Turk contributed to a large data set describing the quantitative meaning of various approximators. Although there are several dozen
approximators commonly used in English, ranging from the prosaic ‘about’ to the colorful
‘well-nigh’, their multiplicity belies an underlying simplicity. In practice, humans seem to distinguish only three or four categories of modification. The words ‘about’ and ‘around’ are interpreted essentially as synonymous.
Figure 5 depicts the empirical uncertainty associated with the English phrase ‘about 260’ according to the respondents. The abscissa is n, whose nominal value is 260. The structure can be
understood as an empirical c-box if different humans who might be asked to interpret the expression are the statistical ensemble over which confidence statements are made. It was derived
from a regression equation [9] that was fitted to a set of intervals given by several hundred
respondants who use English as their native language. It is the envelope of the probability distributions 10zw/2q and 10z+w/2+q, where q is the lognormal distribution with mean
10^(2/2) and standard deviation (10^(22)  10^(2)) and w = 10^(0.4285z + 0.2807r +
0.0147zr  0.2085) is the overall width of uncertainty, and where  = 0.5837, z is the base-10
log of the value of the number 260, r is the base-10 log of its order of signficance. A simpler
characterization of this uncertainty structure might be the interval 10z  w/2, which in this case
is [245, 275].
This interval can be used to derive an uncertainty structure for expert opinion in the same way
that the significant-digit intervals were. It is also possible to use the entire c-box to do the same
thing. This is done by composing it with the E(k, n) structure. Horizontal slices are taken from
the structure in the figure below at every level from zero to one. Each such slice is an interval
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0.6
0.4
0.0

0.2

Cumulative probability

0.8

1.0

for n, which can be used to make an envelope for the E structure. The resulting set of many cboxes are averaged together to form the composite generalized c-box for the probability.

230

240

250

260

270

280

290

Figure 5: Empirical c-box describing the uncertainty in the phrase ‘about 260’

Conclusions
Traditionally, fault tree analysts often explain that their inputs are likely good only to an order
of magnitude, and yet they often use point estimates for them in computations. This reduces the
entire fault tree analysis to a back-of-an-envelope calculation of unknown reliability. How
should uncertainty about probability be characterized? Bayesians hold that it should be modeled
as a probability distribution [e.g., 17]. But what does it mean to characterize a fixed probability
value as a distribution? It may give a faithful summary of an analyst’s uncertainty, but it says
nothing about the physical world. It makes no guarantee of any kind about where the true probability lies, or even where it probably lies (if we want to use a frequentist’s definition of probability here). This may be entirely satisfactory in many cases, but an imprecise probability
approach [25] seeks to do more, to say something about the physical world.
An analysis based on simple intervals of probability could be fashioned that could guarantee
that the top-event probability is inside some prescribed range of possible values. At a minimum,
this would require the elicitation of sure intervals for each leaf’s probability. This is the simplest
possible generalization of the traditional approach using point estimates, and it has certain advantages, including simple ways to handle internodal dependencies and the performance guarantee. However, this is often too crude an approach, especially when leaf probabilities are hard
to bound.
Instead, this paper attempts a more subtle generalization that blends intervals and distributions
together in the hope of obtaining useful statistical guarantees, or at least guarantees under certain assumptions. It describes an extension of a method appropriate for random binomial sample
data to use with expert elicitation that envisions uncertainty penalties for various departures
from its assumptions. There is a penalty, for instance when the information comes from an
expert rather than from data. There is also an uncertainty penalty for not specifying a prior
distribution, and another for having some information in the form of expressions with linguistic
hedges.
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We have asked how analysts should model expert opinions about event probabilities in the form
of elicited expressions like “1 in 107”, “about 1 in 1000”, or “it’s never seen in over 100 years
of observation”, so they can be used in calculations that account for rather than ignore their
epistemic uncertainties? The paper discusses some strategies that provide partial solutions, including accounting for significant digits and hedged language in the elicited expressions. It
makes used of linguistics research that reveals a simple scheme to decode approximator words
such as ‘about’, ‘around’, and ‘at least’ in natural-language expressions. And it extends a particularly flexible method for random sample data based on confidence boxes to account for
uncertainty about a prior and to provide a statistical guarantee in the form of confidence statements that Bayesian methods generally do not provide. This confidence box approach is similar
to a special case of Walley’s imprecise beta model [26;27], and it is closely related to robust
Bayes analysis that accounts for uncertainty about the prior. These strategies can be combined
in a coherent probabilistic analysis that captures at least some of the express epistemic uncertainty implied by common utterances from experts. The analysis should be broadly acceptable
under both Bayesian and frequentist interpretations of probability, and it distinguishes epistemic and aleatory uncertainties. The results it produces are lower bounds on the uncertainty; a
fuller accounting may reveal yet more uncertainty.
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Abstract:
The present study focuses on the formulation and implementation of novel interval
finite elements (IFEs) with spatially varying uncertain Young’s modulus described
resorting to a recently proposed interval field model based on the so-called improved interval analysis. The IFEs are implemented into the commercial software
ABAQUS by coding User Element (UEL) subroutines in FORTRAN language.
Then, the bounds of the interval static response of structures discretized using the
implemented IFEs are evaluated by applying a response surface approach which
requires a certain number of deterministic analyses at selected sampling points.
Such analyses are efficiently performed in ABAQUS software framework taking
advantage of the implemented UEL subroutines.

1 Introduction
Nowadays, it is widely recognized that unavoidable uncertainties, deriving from the intrinsic
non-deterministic character of physical phenomena, have to be properly taken into account
when performing structural analysis. To this aim, one of the challenges currently faced by
researchers is to incorporate the non-deterministic character of the input properties into standard Finite Element (FE) models. The first and more traditional attempts to accomplish this
task have been undertaken within the probabilistic framework, leading to the development of
the so-called Stochastic Finite Element Method (SFEM) [11], which assumes a stochastic
model for the uncertain parameters of FE modelled structures. Unfortunately, the information
needed to define a reliable probabilistic distribution of uncertainties is not always available,
especially in early design stages. For this reason, alternative approaches based on nonprobabilistic concepts, such as the so-called Interval Finite Element Method (IFEM) [4,7,10],
have been developed. Since in the context of IFEMs the uncertain parameters are represented
as interval variables with given lower bound (LB) and upper bound (UB) [6], such methods
are very useful when only range information on the uncertain properties is available. It is
worth remarking that modelling the uncertain properties of the FEs as independent interval
variables, as customary in IFEMs, does not allow one to take into account the intrinsic spatial
dependency of uncertainties. Furthermore, the number of interval variables involved depends
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on the number of FEs of the chosen mesh, so that the procedure may entail a high computational burden.
To overcome this shortcoming, the so-called interval field [5,12] has been introduced as a
natural extension of the random field concept. The interval field is conceived as being able to
quantify the dependency between adjacent values of an interval quantity that cannot differ as
much as values that are further apart. Recently, an interval field model has been developed
based on the improved interval analysis via extra unitary interval (IIA via EUI) [8] which is
an effective remedy to the overestimation of the interval solution range due to the dependency
phenomenon [6].
The purpose of the present paper is to formulate novel interval finite elements (IFEs) with
uncertain Young’s modulus described as an interval field based on the IIA via EUI, and to
implement them into the commercial FE software ABAQUS. To this aim, User Element
(UEL) subroutines are coded in FORTRAN language. Then, a response surface approach [1]
is adopted to build a computationally efficient propagation scheme for evaluating the bounds
of the interval displacements. Such a procedure requires a certain number of deterministic
analyses which are performed within the ABAQUS framework.
Numerical results concerning a square plate under uniform traction with uncertain Young’s
modulus are presented to demonstrate the effectiveness of the proposed IFEs integrated into
ABAQUS.

2 Interval field based on the improved interval analysis via extra unitary interval
Let us consider a continuous body made of linear-elastic isotropic material which occupies
the volume V bounded by the surface S in its undeformed state. The body is subjected to
volume forces b( x ) in V and surface forces t ( x ) on the free portion St of the boundary surface S , with x denoting the position vector of a generic point referred to a Cartesian coordinate system O ( x , y , z ) ; the displacements u ( x ) are imposed on the constrained portion S u of

S . The loads act by hypothesis in a quasi-static manner and infinitesimal displacements are
considered. Without loss of generality, all input parameters are assumed deterministic, except
Young’s modulus of the material which is considered uncertain and modelled as an interval
field, according to a recently proposed model based on the IIA via EUI [8] herein briefly
summarized. Let Young’s modulus be defined by the following interval function:
I
I
E ( x )   E ( x ), E ( x )   E0 1  B ( x )  ,

x V

(1)

with midpoint and deviation amplitude given by
mid E I ( x ) 

E (x)  E (x)
 E0 ;
2

E ( x ) 

E (x)  E (x)
 E0 B ( x ), x V .
2

(2a,b)

In the previous equations, the superscript I denotes interval quantities; E ( x ) and E ( x ) are the
LB and UB functions; B I ( x )   B ( x ), B ( x )  is a dimensionless interval function with zero
midpoint and deviation amplitude  B ( x )  1 , so that the midpoint value of E I ( x ) , assumed
constant over the volume V , coincides with the nominal value of the uncertain Young’s
modulus E0 .
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It is assumed that the spatial dependency of the interval field is governed by a real, deterministic, symmetric, non-negative function,  B ( x, ξ ) , called spatial dependency function:
 B ( x, ξ )  mid  B I ( x ) B I (ξ ) 



  1,

mid E I ( x ) E I (ξ )

 E0 

2

x, ξ  V .

(3)

In order to incorporate the interval field model into the Finite Element (FE) framework, a
suitable discretization procedure is needed, which allows one to approximate the continuous
field by means of a finite set of interval variables. To this aim, regarding the function
 B ( x, ξ ) in Eq. (3), as the non-probabilistic counterpart of the autocorrelation function in
random field theory, a Karhunen-Loève (KL) - like expansion [3] can be applied, obtaining:









 B (x, ξ)   i  i (x) i (ξ)   B (x, x)  mid  B I (x)    i  i2 (x).
i 1

2

(4)

i 1

In the previous equation, i denotes the i-th eigenvalue of  B (x, ξ ) and  i (x) is the corresponding eigenfunction, solutions of a homogeneous Fredholm integral equation of the second kind [8].
Truncating Eq. (4) to the first M terms and taking into account Eq. (3), the dimensionless interval function B I ( x ) can be recast as follows:
M

I
I
B (x )   i  i (x) eˆi , x V

(5)

i 1

where eˆiI  [ 1, 1] is the so-called EUI [9]. Then, replacing Eq. (5) into Eq. (1), the interval
field, E I ( x ) , can be expressed as superposition of deterministic basis functions representing
the spatial character of the interval field, weighted by independent interval coefficients representing the uncertainty, i.e.:
M


E I (x)  E0 1   i  i (x) eˆiI  , x  V .
 i 1


(6)

3 Formulation of interval finite elements with spatially varying interval Young’s modulus
Taking into account Eq. (6), the interval constitutive matrix D I (x ) for the continuous body
with interval Young’s modulus can be expressed as follows:


D I ( x )  D0 1 



M


i 1



i  i (x) eˆiI  ,


(7)

where D0 is the nominal constitutive matrix.
Let the volume V of the body be subdivided into N e FEs. According to the standard displacement-based FE formulation, the interval displacement field within the e  th FE is expressed as follows:
u ( e ) I ( x )  N ( e ) ( x )d ( e ) I ,
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(e  1, 2, , N e )

(8)

( e) I

where N ( e ) ( x ) is the matrix collecting the deterministic interpolation functions; d
is the
interval vector listing the nodal displacements. Then, the interval strain field and the interval
stress field within the e  th FE take the following expressions, respectively:
ε ( e ) I ( x )  B ( e ) ( x )d ( e ) I ;

σ ( e ) I ( x )  D I ( x ) B ( e ) ( x )d ( e ) I

(9a,b)

where B ( e ) ( x ) is the strain-displacement matrix.
The interval element stiffness matrix is formally analogous to that pertaining to the deterministic FE, and it is defined as follows:



k (e) I 
V

B( e )T ( x )D I ( x )B ( e ) ( x ) dV ( e ) .

(10)

(e)

By substituting the expression (7) of the constitutive matrix D I ( x ) in Eq. (10), the interval
element stiffness matrix can be recast as:
k(e) I 

B

V (e)

( e )T

M
 M

(x)D0 1   i  i ( x) eˆiI  B( e ) (x ) dV ( e )  k 0( e )   k i( e ) eˆiI
i 1
 i 1


(e)

(e)

where k 0 denotes the element nominal stiffness matrix, while k i

(11)

represents the deviation

matrix associated to the i  th term of the KL-like decomposition:
k (0e ) 


V

k i( e )  i

B( e )T (x)D0 B( e ) (x)dV ( e ) ;

(e)

  (x)B
i

V

( e )T

(x)D0 B( e ) (x)dV

 e

.

(12a,b)

(e)

Notice that the number of independent interval variables of the model (see Eq. (6)), say M, is
not related to the number of FEs of the chosen mesh, but it depends on the truncation order of
the KL-like decomposition. This feature may involve a considerable reduction of the computational burden of the subsequent analysis.
The element force vector, which is not affected by the uncertainty, reads:
f (e) 



N ( e )T ( x ) b( x )dV ( e ) 

V (e)



N ( e )T ( x ) t ( x )dS ( e ) .

(13)

S t( e )

The interval nodal displacement vector of the e -th FE, d ( e ) I , is related to the global nodal
displacements, collected into the interval vector U I , as:
d(e) I  L(e) UI

(14)

where L( e ) is the connectivity matrix. Then, the standard assembly procedure yields the following set of linear interval equations governing the equilibrium of the FE model:
K I U I  F.

(15)

In the previous equation, K I is the interval global stiffness matrix, expressed as follows:
M

K I  K 0   K i eˆiI

(16)

i 1

where K 0 denotes the global nominal stiffness matrix and K i is the global deviation stiffness
matrix associated to the i  th term of the KL-like decomposition:
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Ne

K0   L

( e )T

e 1

(e)

Ne

Ki   L

(e)

k0 L ;

( e )T

e 1

(e)

(e)

ki L .

(17a,b)

Furthermore, the global nodal force vector F takes the following expression:
Ne

F   L( e )T f ( e ) .

(18)

e1

4 Approximate explicit bounds of the interval displacements
The purpose of interval FE analysis is to evaluate the LB and UB of the interval displacement
vector U , say U and U . To this aim, the knowledge of the exact or approximate explicit
relationship between the interval response and the EUIs plays a crucial role.
I

Let us assume that the j  th interval displacement component, U j , can be approximated as
I

M

M

I
eˆi

i 1

Ai , j  Bi , j eˆiI

U j  U 0, j   U i , j  U 0, j  
I

I

i 1

 U j (eˆ1 , eˆ2 , , eˆM )
I

I

(19)

I

I
where U 0, j is the nominal value; Ui , j is the i  th interval deviation associated to the i  th

term of the KL-like decomposition; Ai , j and Bi , j are 2M unknown coefficients. According to
the response surface approach [1], an appropriate design of experiments allows one to estimate such coefficients. To this aim, the approximate response is fitted to the exact implicit
I
I
one, U j , at 2M sampling points selected as follows: eˆiI  1 , eˆ j  0 , i  j  1, 2, , M ;
I
eˆiI  1 , eˆ j  0 , i  j  1, 2, , M . Thus, the coefficients Ai , j and Bi , j can be obtained as so-

lutions of the following set of 2M algebraic equations:
(i )

Uj
( i )

where U 0, j , U j

( i )

and U j

 U 0, j 

1
1
(i )
; U j  U 0, j 
,
Ai , j  Bi , j
Ai , j  Bi , j

i  1, 2,, M

(20a,b)

are the j  th components of the following vectors, respectively:
U 0  K 01F;
U

(i ) 

1

 ( K 0  K i ) F;

U ( i )   (K 0  K i ) 1 F ,

(21a-c)
i  1, 2, , M .
( i )

In the previous equations, U 0 denotes the nominal displacement vector; U

( i )

and U

are

the deterministic displacement vectors obtained setting all the EUIs equal to zero except the
I
I
i  th which is set to eˆi  1 and eˆi  1 , respectively. Notice that 2M  1 deterministic
analyses are requested.
Once the coefficients Ai , j and Bi , j are known, the approximate interval displacements in Eq.
(19) can be rewritten in the following affine form:
M



U Ij  U 0, j   a0i , j  ai , j eˆiI
i 1
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(22)

where a0 i , j and ai , j are the midpoint and deviation amplitude of the i  th series term, respectively:
a0 i , j 

Ui, j  Ui, j
2

; ai , j 

Ui, j  Ui, j

(23a,b)

2

with
 1

1
,
U i , j  min 
;
 Ai , j  Bi , j Ai , j  Bi , j 

 1

1
,
U i , j  max 
.
 Ai , j  Bi , j Ai , j  Bi , j 

(24a,b)

Then, the LB and UB of the j  th displacement component can be evaluated as follows:

 

M

U j  mid U Ij   ai , j ;
i 1

 

M

U j  mid U Ij   ai , j

(25a,b)

i 1

where

 

M

mid U Ij  U 0, j   a0i , j

(26)

i 1

is the midpoint value.

5 Implementation in ABAQUS
The interval FE formulation for the analysis of structures with uncertain Young’s modulus
described by the interval field based on the IIA via EUI, discussed in the previous sections,
keeps unaltered the main steps of the deterministic FE method, thus enabling the implementation into commercial FE software like ABAQUS. To this aim, a User Element (UEL) subroutine is coded in FORTRAN language to define the interval element stiffness matrix given by
Eq. (11). Moreover, in order to perform the integrations in Eqs. (12a,b), the Gaussian quadrature is applied.
As already outlined, the bounds of the interval static response of structures discretized using
the implemented IFEs are evaluated by applying the response surface approach, described in
Section 4, which requires 2M  1 deterministic analyses (see Eqs. (21a-c)). Such analyses can
be efficiently performed in the ABAQUS framework. In particular, in order to evaluate the
( i )

vectors U

( i )

and U

in Eqs. (21b,c), one has to perform 2M deterministic FE analyses
with element stiffness matrix defined by Eq. (11), where the i  th EUI is set to eˆiI  1 and
I
I
eˆi  1 , respectively, while eˆ j  0 , i  j  1, 2, , M . Similarly, the vector U 0 in Eq. (21a)

can be obtained considering the nominal element stiffness matrix, that is setting eˆiI  0 ,

i  1, 2,, M . The assembly is automatically performed by ABAQUS which delivers the
global stiffness matrix and the assigned boundary conditions to the numerical solver. The implementation of the IFEs into ABAQUS provides an efficient and versatile tool to analyse
complex structures with uncertain parameters.
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6 Numerical application
Let us consider a square plate clamped along one edge and subjected to a deterministic uniformly distributed traction along the opposite edge (Figure 1). Geometric properties of the
plate are assumed deterministic, while Young’s modulus of the material is considered uncertain and modelled as an interval field, according to the model based on the IIA via EUI [8]
described in Section 2. The plate is discretized into N e  16 plane stress four-node FEs (Q4)
with spatially varying interval Young’s modulus. The following data are assumed: width and
thickness of the plate L  0.1 m and t  0.001 m , respectively; nominal Young’s modulus
E0  210 GPa and Poisson ratio   0.3 ; traction p  10 MPa .
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Figure 1: Square plate under uniformly distributed traction with uncertain Young’s modulus

The following exponential expression of the spatial dependency function (see Eq. (3)) is assumed:




B

 x1 , y1 ; x2 , y 2   C B2 exp  


x1  x2
y  y2
 1
l Bx
l By


 .


(27)

In Eq. (27), the parameter C B affects the deviation amplitude of the interval field and thus the
degree of uncertainty, while the parameters lBx and lBy rule the spatial dependency of the
uncertain property along the x and y directions, respectively. The eigenvalues and eigenfunctions of the exponential function in Eq. (27) can be evaluated in analytical form [3]. The
KL-like decomposition is truncated to the first M  10 terms. Gaussian quadrature, based on
a 2  2 grid of integration points, has been performed in order to evaluate the integrals in Eqs.
(12a,b). The interval nodal displacements in the load direction, U jy ( j  1, 2, , 20 ), are seI

lected as response quantities of interest.
In order to scrutinise how structural response is affected by uncertainty, in Figure 2 the proposed bounds of the interval nodal displacements are compared with the exact ones obtained
by a combinatorial approach, known as Vertex Method [2]. For a problem involving M interval variables, the Vertex Method requires 2 M deterministic analyses, each of which involves one of the possible combinations of the endpoints of uncertainties. In the present case,
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the interval variables representing uncertainty are the EUIs appearing in Eq. (16). The exact
LB and UB of the response are then evaluated as the minimum and maximum, respectively,
among the solutions of the 2M required deterministic analyses. Figure 2 shows a very good
agreement between the bounds of the nodal displacements of the plate provided by the proposed IFE procedure and the Vertex Method for lBx  lBy  0.5L and two different values of
the parameter CB , say C B  0.05 and C B  0.1 . Furthermore, as expected, the region of the
interval displacements widens when larger values of CB are considered.
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0

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

a)

j
0.006

UjyI [mm]

0.005

Proposed
Exact

0.004
0.003

UB

0.002

LB

0.001

lBx=lBy=0.5L, CB=0.1, M=10

0

b)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

j

Figure 2: Bounds of the nodal displacements in the load direction of the plate with interval Young’s modulus:
comparison between the proposed and exact estimates for lB  lB  0.5L , a) CB  0.05 and b) CB  0.1 .
x

y

The propagation of Young’s modulus uncertainty to the response of the plate can be investigated by evaluating the so-called coefficient of interval uncertainty (c.i.u.):
c.i.u.[U Ijy ]=

U jy

mid U
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I
jy





U jy  U jy
U jy  U jy

.

(28)

This coefficient measures the dispersion of the response around the midpoint value. Figure 3
I
shows the comparison between the c.i.u. of the nodal displacements U jy provided by the pro-

posed IFEM and the Vertex Method for lBx  lBy  0.5L and two different values of the parameter CB , say C B  0.05 and C B  0.1 . As expected, the dispersion of the response around
the midpoint value increases as the parameter C B becomes larger.
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Figure 3: Coefficient of interval uncertainty of the nodal displacements in the load direction of the plate with
interval Young’s modulus: comparison between the proposed and exact estimates for lB  lB  0.5L , a)
x

y

CB  0.05 and b) CB  0.1 .

7 Conclusions
Novel interval finite elements (IFEs) with spatially varying interval Young’s modulus have
been formulated in order to overcome the shortcomings deriving from the inability of the traditional Interval Finite Element Methods (IFEMs) to take into account the spatial character of
the uncertain properties. Young’s modulus has been described as an interval field according to
a recently proposed model based on the so-called improved interval analysis via extra unitary
interval (IIA via EUI). The IFEs have been implemented into the commercial FE software
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ABAQUS by coding User Element (UEL) subroutines in FORTRAN language. Then, the
bounds of interval displacements have been derived by applying a response surface approach.
The main advantages of the proposed procedure may be summarized as follows: i) the spatial
character of the uncertain material property is taken into account; ii) the analysis of complex
structures with spatially varying interval properties can be efficiently carried out by taking
advantage of the implementation into the commercial FE software ABAQUS; iii) very accurate estimates of the bounds of the displacements are obtained by performing just a few deterministic analyses.
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Abstract: Uncertainties associated with performance prediction may be reduced
by including, within the performance assessment, information collected from inspections and structural health monitoring (SHM). Continuous monitoring is not,
in most cases, financially efficient. Therefore, presented herein is an approach that
determines cost-effective SHM plans that consider the probability that the performance prediction model based on monitoring data is suitable throughout the lifecycle of ship structures. The performance prediction modelling is accomplished
using statistics of the extremes and availability theory. Moreover, utility theory is
employed to incorporate the influence of the decision maker’s risk attitude on the
relative desirability of SHM plans. Optimization techniques are utilized to simultaneously maximize the utilities associated with monitoring cost and expected average availability in order to determine optimal monitoring strategies under
uncertainty. The proposed approach is illustrated on an existing naval ship and the
effects of both uniform and non-uniform monitoring time intervals on the optimal
SHM plans are investigated.

1 Introduction
With a sufficient amount of reliable monitoring data, structural performance under uncertainty
can be predicted adequately and the life-cycle management can be optimized to allocate limited financial resources and extend the service life of structural systems [14]. Determining
cost-efficient SHM plans that provide important information regarding ship structural performance is emphasized within this paper. Although, ideally, continuous monitoring is needed to
reliably assess and predict the performance of deteriorating ship structures, it is generally not
financially efficient. Therefore, there is a need to develop SHM plans that balance cost and
performance objectives using discontinuous monitoring [8]. In order to develop such plans,
probabilistic methods, time-dependent structural performance under uncertainty, and lifecycle cost analysis, performance prediction, and optimization techniques are necessary.
Utility theory is employed in order to integrate the influence of the decision maker’s risk attitude on the relative desirability of lifetime SHM plans [7]. In its most general form, utility,
always bounded by 0 and 1, is defined as a measure of desirability to the decision maker [1].
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Utility theory is a powerful tool used to facilitate rational multi-criteria decision making analyses considering uncertain information [10, 11, 12]. By implementing decision-based design
with utility analysis, one can avoid biases of the decision maker and determine which tradeoffs are most desirable [15].

2 Exceedance probability, expected average availability, and cumulative monitoring cost
A prediction function, based on monitored extreme data, can provide accurate information
regarding the effective stress range and the number of cycles a deteriorating system may experience during its service life. The future state of a system and whether it conforms to the
prediction function is based on the relation among the variation of monitored extreme data in
time. This type of analysis is particular helpful in evaluating fatigue structural performance
and assessing serviceability of deteriorating ship structures [5]. Figure 1 presents the general
concepts involved in determining the performance prediction, expected average availability,
and cost of implementing monitoring [8, 10].
The first step of the performance prediction process, as outlined in Figure 1, involves linear
regression, which is employed to establish an appropriate prediction function based on the
extreme monitoring data. The residuals between this prediction function and actual extreme
recorded data can be assumed normally distributed with a mean value of zero [1]. For this
particular case, the extreme values may be modelled by the Type I asymptotic form.

1.
Regression
of
monitoring
data

• Predict future performance
considering residuals as
random variables

2. Statistical
• Gumbel’s asymptotic
distributions; Type I, II, III

3.
Exceedance
probability

• Probability that the
performance prediction
model is usable in the
future
• Expected average
availability E(Ā)
• Probability that the system
is in an operating state

5. Costs
associated
with
monitoring

modeling of
extreme
values

4. Expected
average
availability

• Cost of implementing
monitoring Cm

Figure 1. Performance and cost prediction processes
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The second stage of the performance prediction process, as emphasized in Figure 1, involves
statistical modeling of extreme values. Exceedances, or future down- and up-crossings of the
minimum negative residuals and the maximum positive residuals, respectively, may also be
considered simultaneously. The probability associated with the number of future exceedances
ex is formulated considering the equations for a single exceedance and the Poisson process.
As an example of the third step in Figure 1, the probability that the maximum residual during
t future days will exceed the largest positive residual during τm monitoring days at least ex
times is [8]
ex −1  (t

Pex = 1 − ∑ 

k =0 

t m )k
k!

 t  
⋅ exp −

 t m  

(1)

where ex is the number of exceedances of the future prediction model and k is the number of
exceedances considered within the summation.
The fourth step outlined in Figure 1 involves calculating the expected average availability of
SHM plans. The availability of SHM data for performance prediction can be characterized by
the probability that the prediction model based on monitoring data can be usable in the future.
The expected average availability E(Ā) of the prediction model during a period τ is [1, 8]

E (A ) =

1

τ

τ

∫ (1 − P ) dτ
ex

(2)

0

For this analysis, two types of SHM plans are considered: ones that exhibit regular monitoring
periods and plans that possess non-uniform monitoring periods. Figure 2 depicts the typical
monitoring plan associated with regular and non-regular time interval monitoring periods. For
SHM plans with uniform monitoring periods, the relationship between the monitoring period
τm (days), time τ in days that the system is not monitored, an initial unmonitored time period
τini, which is assumed to begin immediately after the end of the reference monitoring period,
and the time horizon TL is illustrated in Figure 2(a). Similarly, SHM plans with non-uniform
time monitoring intervals are defined by an initial unmonitored time period τini, the duration
of each monitoring period τm1, τm2, …, τmn, and the duration of each non-monitoring interval
τ1, τ2, …, τn,, as shown in Figure 2(b). The expected average availability of SHM data considering uniform interval monitoring periods is directly calculated using Eq. 2. A weighted average over all monitoring cycles is computed in order to determine the expected average
availability of SHM plans with non-uniform monitoring intervals.
The fifth and final stage of process outlined in Figure 1 considers the costs associated with
monitoring. Assuming that the total monitoring cost of a SHM plan is proportional to the
monitoring duration, the cumulative monitoring cost Cm over a total time horizon can be calculated for plans that include uniform and non-uniform monitoring periods. The variables
involved in computing these costs are the reference monitoring cost Cm0 during τm0 days, discount rate of money r, total number of cycles investigated n, and cost of initializing monitoring Cp. For specific mathematical expressions to compute the total monitoring cost of a SHM
plan, the reader is referred to [10].
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Figure 2. Typical SHM plans considering (a) uniform and (b) non-uniform monitoring time intervals

3 Utility-based optimal SHM planning framework
Within the context of this paper, utility theory depicts the relative desirability of lifetime
SHM strategies to the decision maker. The risk attitude γ is defined as the negative ratio of the
second derivative of a utility function to its first derivative [2, 9]. Two types of attributes are
considered within this paper: (a) one that exhibits decreased desirability when increased (e.g.,
monitoring cost), and (b) one that possesses increased desirability when increased (e.g., expected average availability). A normalized attribute value x may be established for each type
of attribute considering decreasing xdec or increasing xinc desirability. The minimum and maximum values of the investigated attribute are utilized to normalize the utility so that it always
takes values between 0 and 1.
The utility type employed herein is the exponential formulation, given as [1]
u=

1 − exp[− ρ ⋅ x ]
1 − exp[− ρ ]

(3)

where ρ is the parameter associated with the exponential utility function. The risk attitude γ
for the exponential utility form is always equal to ρ. Negative and positive γ represent risk
acceptance and risk aversion, respectively. The bi-objective monitoring planning problem
presented herein simultaneously maximizes the utility associated monitoring cost and expected average availability. The set of Pareto optimum solutions for the bi-objective optimization problem is obtained utilizing genetic algorithms (GAs) with a sufficient number of
generations.
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4 Illustrative example
The approach presented herein is applied to the HSV-2 swift, an aluminium wave piercing
catamaran. The ship is 98 m long and is capable of achieving speeds of 38–47 knots
[3, 4, 6, 13]. The ship was instrumented with various types of sensors to measure the primary
load response, stress concentrations, and behaviour under secondary loading. The strain data
collected from these experiments were filtered and then used to obtain the stress range bin
histograms and average number of cycles for each operational condition [13]. The resulting
stress range histograms for a specific sensor are utilized herein as input for the presented
SHM planning framework. The outputs of the optimization are the durations of the monitoring periods, in days, as shown in Figure 2.
A total time horizon is assumed as 10 years or 3650 days. Within the proposed optimization
procedure, for each alternative (e.g., SHM plan) both the utility associated with total monitoring cost uc and the utility value that is representative of the expected average availability ua
must be evaluated. The utility value associated with the total monitoring cost is obtained utilizing Eq. 3 with a maximum budget of Cm,max = 8,000 (i.e., 40 times the reference monitoring
cost Cm0 = 200), reference monitoring cost of Cm0 = 200 during τm0 = 30 days, and discount
rate of money rm = 6%. Similarly, the expected average availability and its corresponding utility are calculated considering the residuals investigated within the performance prediction
process, the number of exceedances allowed ex, and Eq. 3.
An optimization procedure is carried out for a risk averse decision maker (i.e., γ = 1) considering ex = 3 exceedances of the minimum negative and maximum positive extreme values
and the total number of monitoring cycles j = 4. Some numerical constraints on the design
variables are considered, as follows: (a) 150 days ≤ τini ≤ 500 days, (b) 60 days ≤ τm ≤ 1500
days, (c) 60 days ≤ τ ≤ 1500 days, (d) duration of a SHM, plan including the last monitoring
period, is less than TL, and (e) duration of the SHM, plan including the last non-monitoring
period, is at least TL. Considering the non-uniform monitoring interval problem, constraints
(b) and (c) listed above are modified to include all monitoring durations (i.e., τm1, τm2, …, τmn)
and prediction durations (i.e., τ1, τ2, …, τn). Two Pareto optimal fronts for this problem are
shown in Figure 3: (a) one outlining SHM plans with uniform monitoring time intervals and
(b) the other emphasizing SHM plans with non-uniform monitoring time intervals.
Several representative solutions in the objective space are highlighted as five-point stars in
Figure 3. Representative solution groups A and B correspond to SHM plans obtained considering uniform and non-uniform monitoring time intervals, respectively. These representative
solutions are depicted in the design space in Figure 4 and Figure 5, respectively.
The optimized SHM plans obtained considering non-uniform monitoring time possess, in
general, larger cost utilities uc than uniform SHM plans with the same availability utility ua.
For instance, Solutions A3 and B3 possess the same availability utility ua = 0.6, yet the cost
utility uc corresponding to the non-uniform optimal SHM plan, Solution B3 (uc = 0.622) is
larger than that associated with the uniform optimal SHM plan, Solution A3 (uc = 0.532).
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B1

Utility associated with
monitoring cost uc

B2

0.8

Effect of the uniformity of
monitoring time intervals

A1
Uniform
SHM plans

0.6

B3 Non-uniform
SHM plans

A2
A3
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0.2
0

B4

Exponential utility form
Cm,max = 8,000

A4

PARETO OPTIMAL
SOLUTIONS

0

0.2
0.4
0.6
0.8
Utility associated with availability ua

1

Figure 3. Pareto optimal fronts considering uniform and non-uniform monitoring time intervals

Overall, the results of the investigated optimization problem allow the decision maker to
make cost- and availability-informed choices. For example, if a risk averse decision maker
desires to implement an optimized non-uniform SHM program that will provide useful information and exhibit high availability, say ua = 0.8, then he/she will choose optimal Solution
A4. Solution A4 consists of several segments: (a) an initial non-monitoring period τini = 150
days, (b) the first monitoring duration τm1 = 300 days, (c) the first non-monitoring period of τ1
= 537 days, (d) the second monitoring duration τm2 = 143 days, (e) the second non-monitoring

Figure 4. Uniform interval SHM plans corresponding to the four representative solutions A1, A2, A3, and A4 on the
Pareto front contained in Figure 3.
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Figure 5. Non-uniform interval SHM plans corresponding to the four representative solutions B1, B2, B3, and B4 on
the Pareto front contained in Figure 3.

period of τ2 = 241 days, (f) the third monitoring duration τm3 = 96 days, (g) the third nonmonitoring period of τ3 = 274 days, (h) the fourth monitoring duration τm4 = 762 days, and (i)
the fourth non-monitoring period of τ4 = 1148 days. The total monitoring cost of the SHM
plan associated with solution A4 is 6,175.

5 Conclusions
Cost- and availability-informed decision making regarding monitoring of structures may be
carried out considering the approach developed herein. A bi-objective optimization process is
performed that simultaneously maximizes the utilities associated with monitoring cost and
availability. Although exponential utility functions are employed within this paper, other utility types such as quadratic and logarithmic formulations may be considered. Overall, given the
risk attitude of the decision maker and a maximum budget, the approach may be used to facilitate cost- and availability-informed choices regarding the monitoring of ships and other structures.
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Abstract: The accurate assessment of failure probabilities is essential in the
design of complex aerospace system to ensure its reliability and performance.
To estimate such probabilities, input-output simulation codes are often used to
mimic the behavior of the considered system and to simulate its failure as a function of the input variables. For that purpose, from previously collected data, the
probability density function (PDF) of these variables are postulated and propagated into the simulation code using simulation based techniques (Monte Carlo,
Subset Simulation). However, these methods require the full knowledge of the
joint PDF of the input variables, which is often postulated among classical PDF
families, but for most of the industrial problems, only a limited knowledge about
the input distribution variables is available. In this paper, we propose to focus on
the impact of the input distribution tail modeling on the reliability of aerospace
systems. From collected data, a mixture joint PDF is constructed using Extreme
Value Theory to appropriately model the input tail distributions and copula theory to account for correlation between the variables. Then, the failure probability
is estimated using a combination of Subset Simulation and Kriging techniques
with a dedicated refinement strategy to limit the number of evaluations of the
computationally intensive simulation code. The method is illustrated on variable
complexity test cases from analytic to launch vehicle fallback zone estimation.

1 Introduction
Reliability assessment of aerospace systems is essential to estimate their performance and to
ensure safety. However, these probabilities of failure may be very low (< 10−4 ) and difficult to
estimate accurately. For such systems, as experiments and demonstrators are too expensive, the
reliability analysis relies on input-output simulation codes which mimic the behaviors of the
considered systems in order to simulate their failures as a function of the input variables. The
simulation-based reliability analysis techniques imply repeated evaluations of the simulation
codes based on sampled input variables in order to generate possible behaviors and to observe
system failures. Before running the simulations, a characterization of the input uncertain variables is necessary. For that purpose, from previously collected data or based on expert knowledge, the joint PDF of these variables are assumed and often selected among classical PDF
families such as Gaussian, Weibull, etc. Traditionally, a distribution type is postulated and the
distribution hyperparameters (mean, standard deviation, etc.) are estimated based on statistical
inference techniques (e.g. Maximum Likelihood Estimation (MLE), method of moments) using

877

observed data. When sufficient data are available, it may seem well-founded to use frequentist
techniques to estimate the parameters, and under some specific assumptions, convergence of the
estimators to the exact values may be proved [13].
However, for most of the industrial problems, due to the limited resources only a partial knowledge about the input distribution variables is available through data field collection. In this case,
uncertainty associated to the parameter estimates may be large and the importance of the distribution choices increases especially when the data are imprecise and sparse. Postulating input
probability distributions for the simulation-based reliability assessment determines the shape of
the input tail distributions and therefore the failure regions which significantly affects the failure
probability value. Indeed, in the central regions of the input distributions, sufficient information
may be available to use classical statistical inference techniques, however, in distribution tails,
only sparse data are available and alternative approaches have to be used.
In order to represent limited information on uncertainty, both probabilistic (frequentist techniques, bayesian methods, etc.) and non-probabilistic approaches (e.g. interval, evidence theory) have been explored. The topic of lack of knowledge of input distributions has been studied
in several papers [4, 12]. In [12], the authors explored the impact of sparse and imprecise input
data within the probability and interval frameworks. Furthermore, several studies have investigated the influence of epistemic uncertainty on the input PDF hyperparameters (mean, standard
deviation, etc.) [2] or on the limit state function [3]. However, these papers did not consider
lack of knowledge about input distribution tailmodeling. In [8] the authors studied the influence
of distribution tail modeling for gas turbine design. However, the authors did not propose a
methodology to account for modeling uncertainty in the input tail distributions and the dependence between the input variables.
The present paper focuses on the impact of input distribution tail modeling assumptions to
the estimated failure probability. Two important issues are encountered: the selection of the
distribution type and the estimation of the corresponding distribution parameters. The rest of
the paper is organized as follows. In section 2, the problem statement is introduced (section 2.1)
and based on collected data, we propose to fit the marginal distributions using a mixture joint
PDF: the central region is fitted by kernel-based techniques and the input distribution tailregions
using Extreme Value Theory. Then, to account for dependence between the input variables,
the copula theory is used. Finally, the failure probability is assessed using a combination of
Subset Simulation and Kriging techniques with a dedicated refinement strategy. In section 3, the
method is illustrated on variable complexity test cases from analytic to launch vehicle fallback
zone estimation and the results are compared to classical engineering techniques.

2 Proposed approach to account for lack of knowledge on the input
distribution tails
2.1

Problem statement

Consider a d-dimensional random vector X defined on the sampling space Ω by an unknown
joint Probability Density Function (PDF) fX . Consider a system characterized by a limit state
function g : Ω → R assumed to be a deterministic continuous input-output function. The reliability analysis of Zthe system consists in determining its probability of failure defined as
Pf = P(g(X) ≤ S) =

Ωf

fX (x)dx with S a threshold and Ω f = {x|g(x) ≤ S} the failure domain.

In an industrial context, the limit state function g(·) can result from complex system simulation
(e.g. optimization of a launch vehicle trajectory, CFD codes, etc.), hence it is assumed to be
computationally expensive to evaluate in order to provide the output for a given input. Moreover, due to the complexity of the physical phenomena involved in the simulation of g(·), it is
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supposed that g(·) is nonlinear and presents multiple failure regions.
In practice, to characterize the random vector X and its joint PDF fX , only a limited number
of observed data are available based on collected information in the field. However, in order to
estimate Pf based on rare event simulation techniques, the joint PDF which is an input of the
reliability assessment has to be accurately estimated, especially in the rare event regions often
corresponding to the input distribution tails. For that purpose, a four step approach is proposed
(Figure 1) and detailed in the following.
Creation of mixture PDF for the input marginal PDF

Step 1
Fit the central region
of the input marginal PDF

Step 2

Step 3

Fit the tail regions
of the input marginal PDF

Fit the correlations
between the input marginal
PDF with a copula

Step 4
Assess the probability of
failure using Kriging
and Subset simulation

Figure 1: Steps of the proposed approach

2.1.1

Step 1: fit the central region of the input marginal PDF

Let us assume that N collected data are available in order to characterize the joint PDF of
X = [X1 , . . . , Xi , . . . , Xd ]. To account for the different regions of the input distributions, the
central region of the marginal PDF fcXi , i ∈ {1, d} and the upper and lower tail regions of
the marginal PDF futXi , fltXi are estimated separately. Then, in each dimension, the marginal
PDF is characterized by a mixture of the tail distributions and the central distribution: fXi =
wlt fltXi +wc fcXi +wut futXi where the weights are defined such that wlt +wc +wut = 1. The thresholds between the central region and the tail regions are parameters of the method and they can
be determined by several techniques (Hill plot, tail index, etc.) and discussed in section 2.1.2.
Two methods may be used to fit the central region of the marginal PDF:
• parametric approach: the central region is fitted using
parametric X1
estimation
Maximum Likelihood Estimation (MLE) method comthreshold
threshold
bined with a Chi-square goodness-of-fit test in order to
find the appropriate distribution that best fits the observed central region data. The Chi-square goodness-offit test allows to evaluate the adequacy between the set tail region central region tail region
of observed central region data and a distribution. Sevkernel-based
eral classical families (Gaussian, exponential, Weibull,
estimation
X2
etc.) are tested and the most likely distribution based on threshold
threshold
the goodness-of-fit is selected. The likelihood function
gives information about how likely a hyperparameter θ
is to generate an observed random sample Xi . In other tail region central region tail region
words, let: Xi ∼ fcXi (xi |θ ) with θ the unknown hyperparameter of the central region marginal PDF fcXi of Xi , Figure 2: Fit the central region
the likelihood of the observed

 set of data Xi is defined as: of the marginal PDF by para( j)
( j)
ni
L(θ |Xi ) = ∏ j=1 fcXi xi |θ with xi , j ∈ {1, ni } the metric (dashed red line) and
jth observed data of the central region of Xi

kernel (blue line) approaches

The θ value that maximizes the likelihood function is therefore the most likely to generate the observed samples Xi . Therefore, MLE consists in finding θ that maximizes the
likelihood function. This approach is efficient in the central region of the marginal PDF
because most of the observed data are present in the central regions. It can be proved that,
under some conditions, the hyperparameter estimates θ̂ converged to the true value as the
data size approaches infinity [13].
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• kernel-based approach: the central region is fitted using a kernel densityestimator.
 The
central distribution is approximated according to fˆcXi (xi ) =

ni
1
ni h ∑ j=1 Ki

( j)

xi −xi
h

with

( j)

Ki (·) the kernel, h the bandwidth parameter and xi , j ∈ {1, ni } the jth observed data of
the central region of the marginal PDF of Xi . A range of kernel functions are commonly
used: uniform, Epanechnikov, normal, etc. The bandwidth h of the kernel is a parameter
which has a strong influence on the resulting PDF estimate. The most common optimality
criterion used to select theZbandwidth is by minimizingthe Mean Integrated Squared Error

2
ˆ
(MISE): MISEXi (h) = E
fcXi (xi ) − fcXi (xi ) dxi . For more details on kernel-based

method, see [10].
2.1.2

Ω

Step 2: fit the tail regions of the input marginal PDF

In the central region of the marginal PDF, the observed samples enable to accurately estimate
the hyperparameters of classical distributions or the bandwidth parameter of the kernel-based
PDF. However, when only a limited set of observed data is available, there are uncertainties
associated with the shape of the joint PDF and its hyperparameter estimates and the importance
of these uncertainties increases when the number of data decreases.
Therefore, a dedicated method to fit the tail regions of the
marginal PDF is necessary, because in these regions which
have a strong influence on the reliability assessment, only a
GPD tail distribution
limited number of observed samples are available. In order to
characterize the tail regions of the input marginal PDF, the Ex(1)
(m)
Gaussian
treme Value Theory (EVT) is used [11]. Let {Xi , . . . , Xi }
tail distribution
be a sequence of independent and identically distributed (iid)
samples in the tail region distributed according to a Cumuzoom
lative Distribution Function (CDF) FtXi . The classical asymptotically motivated model for excesses above a high threshold
is the Generalized Pareto Distribution (GPD). Pickands [11]
proved that if there is a non-degenerate limiting distribution
threshold
for appropriately linearly rescaled excesses of a sequence of
iid observations above a threshold u, then the limiting distri- Figure 3: Fit the tail region of
bution is a GPD. In practice, the GPD is used as a tail approx- the marginal PDF by GPD disimation to the observed data from which a sample of excesses tribution
x − u above some suitably threshold u are observed.
The GPD is parameterized by the scale and shape parameters σu and ξ and is defined such that:

h

i−1/ξ

 1 − 1 + ξ xi −u
, ξ 6= 0
+
h σu i
FtXi (xi |u, σu , ξ ) = P (Xi < xi |Xi > u) =
(1)

 1 − exp − xiσ−u
,ξ = 0
u
+

where s+ = max(s, 0). The parameters of the GPD are estimated by MLE based on the observed
data exceeding the threshold u. The difference with more classical distributions (Gaussian, Lognormal, etc.) is that GDP is suited for distribution tailmodeling especially in the presence of
limited observed data. Considering separately the central and the tail regions enables to appropriately model the uncertainty knowledge according to the available observed data and to not
assume Gaussian tail shape for the tail regions of the input marginal PDF. Different techniques
exist to set the value of the threshold used in GPD. For instance, the Hill plot is a graphical diagnostic for prior determination of the tail fraction, which plots the Hill estimator for a range of
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values of the corresponding threshold. The value of the threshold is chosen as the largest value
(i.e., lowest threshold) such that the Hill estimator has stabilized. For more details see [11].
2.1.3

Step 3: fit the correlations between the input marginal PDF by copula

The input joint PDF is modeled according to the copula theory
X
GPD distributions
which states that for any joint CDF FX there exists a unique
copula C(·) such that: FX (x) = C(FX1 (x1 ), · · · , FXd (xd )) where
X
FXi (xi ) is the ith marginal CDF of FX [5]. The corresponding joint PDF is given by: fX (x) = c(FX1 (x1 ), · · · , FXd (xd )) ×
∂C(x ,...,x )
∏di=1 fXi (xi ) where c(x1 , . . . , xd ) = ∂ x11···∂ xdd is the density of
Joint PDF f
the d-dimensional copula C(·). Copulas are functions that represent dependencies among variables, and provide a way to
X
X
create multivariate distributions that model correlated data.
GPD
There exists several families of copulae such as Gaussian,
distributions
Archimedean, etc. Based on the mixture marginal distribution
of steps 1 and 2 and the N collected data, copula parameters
θ are estimated
by maximizing
  the log-likelihood Figure 4: Joint distribution

  using
 MLE
(i)
(i)
from the marginal mixture PDF
.
, · · · , FXd xd
∑N
i=1 log cθ FX1 x1
1

1

X

2

2

and a copula

2.1.4

Step 4: Probability of failure assessment using Kriging surrogate model and Subset
Simulation

In order to estimate a rare event probability, several alternative techniques to the classical Crude
Monte Carlo (CMC) simulation method have been developed (Importance Sampling [7], Subset Simulation (SS) [1], etc.). Provided a large enough sample size, the CMC estimate of the
rare event probability is always accurate. However, recall that each realization of the random
sample is used to evaluate the computationally expensive limit state function g(·), therefore
considering a reasonable computational cost, rare event probability estimation requires dedicated simulation techniques in order to favor the generation of failed samples and consequently
reduce the computational cost and the variance of the probability estimation compared to CMC.
Among the reduction variance techniques, SS has the advantage to be adapted to the presence
of multiple failure regions and to the presence of non-linear limit state functions [9]. SS derives
the rare event probability of failure as the product of larger conditional ones. The probabilZ
m

ity of failure is computed by: Pf = P(g(X) ≤ S) =
fX (x)dx = ∏P X ∈ Ω fi |X ∈ Ω fi−1 ,
Ωf

i=1

with Ω f0 ≡ Ω ⊃ Ω f1 ⊃ · · · ⊃ Ω fm ≡ Ω f a decreasing sequence of m + 1 of subset failure domains where the ith failure domain is defined by ∀i ∈ {1, . . . , m} Ω fi = {x|g(x) ≤ Si }. Si∈{1,...,m}

is a decreasing sequence of intermediate thresholds and Sm = S. P X ∈ Ω fi |X ∈ Ω fi−1 is the
conditional probability that X ∈ Ω fi knowing that X ∈ Ω fi−1 . Generating
iid samples from the

conditional joint PDF is required to compute P X ∈ Ω fi |X ∈ Ω fi−1 but it is in most cases impossible as the conditional joint PDF is unknown. In practice, these densities are built by using
Monte Carlo Markov Chain method with for instance Metropolis-Hastings algorithm. For more
details on the use of SS for rare event probability assessment please refer to [1].
Even if SS is more adapted than CMC to estimate rare event probability, complex simulation
codes are often computationally intensive and this feature markedly hamper the probability
assessment. In order to further improve the computational cost, surrogate models ĝ(·) may be
used to replace the exact computational code. In this paper, Kriging technique is considered.
Kriging is a statistical surrogate model that may be used to approximate the limit state function
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g(·) by considering it as a realization of a Gaussian process [6].
Kriging requires an initial Design of Experiments (DoE) with
p samples X = {x(1) , . . . , x(p) } ∈ Ω p . Using the Kriging surrogate ĝ(·), the probability
of failure is approximated by P̂f =
Z
P(ĝ(X, X ) ≤ S) =

Ω̂ f

fX (x)dx with Ω̂ f = {x|ĝ(x, X ) ≤ S}.

InitialBKriging
BDoE

DeterminationBofBthe
misclassifiedB
sampleBset

In order to ensure the accuracy of the probability estimation
using the Kriging approximation, refinement of the surrogate
model in the rare event failure regions is necessary by adding
Yes
EmptyBsetB?
appropriate samples in the initial DoE (Figure 5). A dedicated
RefinedB
refinement strategy is used to improve the Kriging model and
KrigingB
No
model
to guarantee the accurate probability estimation [2]. From the
SS samples generated at each step j, the ones that can be poOptimization
solving
tentially misclassified are considered, i.e. their predictions by
Kriging model ĝ(xmc ) are above the current threshold S j while
OptimalB
the true values g(xmc ) are below and conversely. This set of
misclassified
BsampleBx*
misclassified samples is defined based on the confidence level
of the Kriging model (using the variance of the Gaussian proExactBfunctionBg(.)
cess). Among all the misclassified samples, an optimization
evaluation
problem determines the one that best improves the future potential accuracy of the Kriging model. Once that sample is
AddBx*Bto
determined, the exact limit state function g(·) is evaluated and
DoE
the sample is added to the existing DoE. The Kriging surrogate model is re-constructed based on the new DoE and the
BuildBnewBKriging
new misclassified points are evaluated. Until the misclassified
model
sample set is not empty the process keeps going. Once the
misclassifed sample set is empty, the probability of failure is
estimated using SS and the refined Kriging model. The strat- Figure 5: Dedicated Kriging
refinement strategy
egy used to refine the Kriging model is detailed in [2].

3 Applications
3.1

Analytic problem

The analytic test case is an illustrative problem to highlight the importance of simulation-based
reliability analysis using collected data from field.
Z The problem consists in estimating the following failure probability: Pf = P(g(X) ≤ S) =

Ωf

fX (x)dx with g(x) = − ∑2i=1 xi3 and S = −17.

The input joint PDF fX (·) is unknown, only 103 collected data are available (Figure 6). In practice, for the purpose of this analytic test case, the collected data have been generated according to Gaussian and LogNormal distributions: X ∼ 0.3 × N ([0, 0], [1.5, 0.1; 0.1, 1.0]) + 0.7 ×
Ln ([0.25, 0.1], [0.1, 0.01; 0.01, 0.1]). By generating 106 data according to fX (·), the reference
failure probability is Pf = 3.0 × 10−3 (Figure 7). The proposed approach (Figure 1) is compared
to three engineering techniques: i) fit independent parametric marginals using a Chi-square
goodness-of-fit to determine the appropriate distribution and estimation of the probability of
failure using CMC, ii) fit correlated parametric marginals using a Chi-square goodness-of-fit
and a copula combined with CMC, and iii) fit kernel-based density combined with CMC. In
order to highlight the average error and the variability of the methods compared to the reference
probability, the process is repeated 100 times with different collected data (each time composed
of 103 samples).
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Figure 6: Collected 103 samples

Figure 7: Failure domain using 106 samples
Subset Simulation steps

4
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Figure 8: Copula fit for the input collected data
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Figure 9: Subset Simulation steps for the analytic
test case

Probability

The comparison of the methods are illustrated in Figures
Empirical CDF
10 and 11. Figure 11 presents the results for the differ1
ent methods in terms of mean relative error compared to
the reference probability, standard deviation of the mean 0.998
relative error and the number of exact limit state function
evaluations. If the probability of failure is estimated only 0.996
using the collected data, in average the error is of 85%.
The classical engineering techniques are not suited to es- 0.994
timate the probability of failure, in average the independent parametric with CMC technique has an error of 98% 0.992
2.3
2.4
2.5
2.6
2.7
and 87% for correlated approach. Taking into account the
X1
correlation between the collected samples is important to
capture its influence on the failure probability but it is not Figure 10: CDF of the upper tail of X1
sufficient.
KDE with CMC has an error on average of 80% (better than just accounting for the collected
data). The proposed approach (TVE+Copula+Kriging+Subset Simulation) allows to have an
error of 52% on average with a standard variation of 34% with a limited number of exact limit
state function evaluations (35) compared to 106 to reach the same level of accuracy using CMC
and the exact function. Figure 10 illustrates the importance of appropriate upper tail modeling
of the input variables. The exact CDF is compared to the collected data empirical CDF, to the
proposed approach (TVE+Mixture+Copula) and to the different engineering techniques. The
proposed method is the closest to the exact CDF especially in the end of the upper tail where
the rare events cause failures in the output.
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CDF TVE Mixture Copula
CDF Lower Bound
CDF Upper Bound
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CDF Indep Gaussian
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CDF KDE

Figure 11: Results of the analytic test case

3.2

Launch vehicle stage fallout reliability assessment

All the launches operated from Kourou (French Guyana) have to comply with the French Space
Operation Act which sets up regime of authorization and verification of space operations in
order to protect people, properties, public health and environment. The stage fall back operation
on Earth has to comply with requirements for the protection of life and infrastructures. The
estimation of launch vehicle fallout safety zone is a crucial problem in aerospace because it
potentially involves dramatic repercussions on the population and the environment. For that
purpose, an efficient estimation of the probability that a launch vehicle stage falls at a distance
greater than a given safety limit is strategic for the qualification of such vehicles. In this test
case an hypothetical launch vehicle of approximatively 150t is considered. It lifts off from the
Kourou and aims at delivering a payload (1.5t) in polar orbit (circular at 700km). It is composed
of three solid propulsion stages. The first and the second stages fall back into the Atlantic
Ocean. The fall-back zone of the second stage is considered in this test case. The second stage
separation dynamics occurs approximately at an altitude of 164km and a velocity of 3.7km/s.
A 3 dimensional model with rotating round Earth is used for the re-entry simulation. At the end
of its mission, the solid stage falls into the sea at some distance of a predicted position. This
position is determined from the nominal fallout conditions when no perturbation of the re-entry
appears. See [3] for a complete description of the fall-back zone estimation.
The launch vehicle stage fall-back is modeled as an input-output function g(·) with an input
uncertain vector X of dimension 4 defined by 250 collected data (Figure 12) and one output
Y = g(X), representing the orthodromic distance between the estimated launch stage fall-back
position and the predicted one. The probability that the distance to the predicted impact position
exceeds 11.0km is predicted: P [g(X) > 11.]). The different components of X are the stage
separation altitude X1 and velocity X2 are perturbed depending on weather conditions during
the ascent atmospheric flight. The flight path angle X3 and the azimuth X4 characterize the
orientation of the stage with respect to the velocity vector at the stage separation influencing its
ballistic re-entry and consequently its impact position.
The input variables are correlated and 250 data are supposed to have been collected from previous launches (and have been simulated here according to a mixture of Gaussian and LogNormal
distributions). The probability of reference calculated by CMC using 105 input data (Figure 13)
is equal to 7.2 × 10−3 . The process is repeated 30 times and the results are illustrated in Figures
14 and 15.
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Figure 15: Results of the launch vehicle problem based on 30 process repetitions
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Figure 13: Input extended data set 105 samples

Figure 12: 250 input collected data

The same conclusions as the analytic test case
may be observed. Indeed, the proposed approach achieves to model the upper and lower
tails of the input variables based on the 250 collected data (on average 42% of error compared
to the reference probability of failure), whereas
classical engineering techniques either miss the
correlation between the variables, either miss
the appropriate distribution tail modeling resulting in an over or under estimation of the failure probability (between 52% and 91% of error
on average compared to the reference probability of failure). The estimation of the probability of failure requires only on average 123 calls
to the exact fall-back simulation codes com- Figure 14: Subset Simulation steps and failure repare to 5 × 104 for the classical engineering ap- gion
proaches.

4 Conclusions
In order to estimate rare event probability based on existing collected data from the field, a
process to model the input variable distributions has been proposed involving a combination
of mixture PDF, distribution tail modeling using Extreme Value Theory, dependency modeling
between the input variables with copula theory and a dedicated reliability assessment technique
based on Kriging surrogate model and Subset Simulation. This process has been evaluated on
an analytic problem and a launch vehicle fall-back zone estimation highlighting the importance
of an appropriate input variable distribution modeling especially in the distribution tail regions
which have a strong influence on the probability of failure calculation. In future works, the
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bounds of the probability of failure due to uncertainties on the hyperparameters of GDP and
copula should be estimated to provide a confidence interval on the probability estimation.
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Abstract: This paper proposes an adaptive kriging based method to compute
damage quantities required for the certification of wind turbine structures. The
proposed algorithm is based on iterative kriging approximations of the true damage value obtained by using a specific learning function and stopping criterion.
The method is tested on four reference study cases selected for their industrial
representativeness and/or relative complexity. The performance of the methodology is analyzed to emphasize its strengths and weaknesses.

1 Introduction
Since last few decades, wind energy production has increased to become one of the leading
green energy technologies. This evolution has come with a progress in deployed technologies,
diversifying the possible structural designs. Any wind turbine project has to be certified in
order to be funded, as the certification guarantees that the risk of collapsing is minimal. For
such purposes, standards, presented in [7] and [8], also as certification documents [1] guide
engineering simulations, listing all the possible solicitations the structure may be subjected to.
For a given life stage of the future wind turbine structure (normal power production, startup,
shutdown etc.), parametric solicitation models are defined with a range of variation for each
of their related parameters. All the parameter combinations have to be taken into account for
the fatigue certification process to be representative. To do so, it is more than 50 000 simulations that have to be computed to certify a given structure for fatigue over its lifetime. Moreover, the multi-physics modeling contained in the mechanical solvers makes computations very
time-consuming because of the involved non-linearities (approximately an hour of simulation
is required to account for an hour of solicitations). This is an industrial issue since wind-turbine
industries need to allocate considerable funds in simulations.
Practically, the fatigue certification process leads to the computation of a one-hour mean damage, noted D1h , for each of the life stages defined by standards. These certification documents
invite engineers to discretize the continue evolution of solicitation parameters. Considering this,
all the environmental parameter combinations have to be determined and the related one-hour
damages, d, simulated. Considering nc possible combinations of environmental parameters and
a discretization unity ∆, D1h is finally expressed by a discrete sum of parametric damages d,
weighted by their corresponding probabilities of occurrence p, as presented in Eq. (1).
D1h =

Z

x∈Dx

d(x).p(x)dx

nc

=

∑ d(xi).p(xi)∆

standards i=1

(1)

with x = [x1 , ..., xn p ] the vector of solicitation parameters defined on the domain Dx , d the relative computed damage and p, the probability of occurrence of the set of parameters.
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The computational expenses of such quantities is directly linked with the number of simulator
calls nc . To cut off with the certification simulation time, a solution consists in reducing the
number of simulator calls and hence approximating the quantity of interest.
This paper presents a possibility of simulation reduction using a parameter damage d approximation built with an adaptive metamodel based on kriging estimation.

2 Reduced design of experiments damage approximation using kriging metamodel
The metamodeling theory has first been developed with computer science developments due
to the restricted computing capacity of the former simulators. It gathers various methodologies
aiming at approximating costly numerical quantities. Those methodologies have been developed to be adaptable to any kind of engineering analysis. The kriging metamodel proposes an
interpolating approximation of the quantity of interest and has the advantage of providing an
uncertainty quantification over the estimated values known as the kriging estimation variance.
Considering this, an approximation of the d quantity evolution, noted d,ˆ over the environmental parameter domain of variation is computed considering a restricted design of experiments
(regrouping nr < nc simulator calls). The estimation of the one-hour mean damage therefore
becomes:
nc
ˆ i ).p(xi )∆
D1h ≈ D̂1h = ∑ d(x
(2)
i=1

2.1

The kriging approximation

Introduced by Krige [4] and formalized by Matheron [6], kriging provides a global approximation of a model response based on a reduced number of simulator calls. This approximation
has the particularity of being composed of a deterministic and a stochastic parts. The first part
sets the global trend of the model response built on a given design of experiments (DoE), which
regroups all the available information, that is the model response for nr simulation points. The
second part introduces a spatial correlation between model variables, by the addition of a Gaussian process realization. This allows one to take into account the surrounding effects of simulated points to refine the approximation. Considering an input vector regrouping the n p values
of solicitation parameters x = [x1 , ..., xn p ], the kriging theory considers the true response as:
d(x) = f T (x)β + Z(x)

(3)

where f and β respectively denote the vectors of regression functions and the associated parameters. Z is a realization of a Gaussian random process supposed to be stationary, with zero
mean and a covariance function, defined for i and j ∈ [1 . . . nc ] as:
COV (xi , x j ) = σ 2 r(xi , x j , Θ)

(4)

where σ 2 denotes the constant variance of the process and r, the autocorrelation function which
depends on hyper-parameters grouped in Θ. To solve equation Eq. (3), namely the regression
vector β , a suitable framework known as the Best Linear Unbiased Prediction (BLUP) is used.
Complete explanations and demonstrations are given in [2] (chap. 1). By using nr evaluations
of the model, the best estimate of β , denoted β ∗ , is obtained by:
β ∗ = (F T R−1 F)−1 F T R−1Y

(5)

with F the matrix of the basis function, R the correlation matrix, and Y the model response both
evaluated for the nr learning points. The best estimate of the variance of the process reads:
1
(6)
σ ∗2 = (Y − Fβ ∗ )T R−1 (Y − Fβ ∗ )
nr
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2.2

Kriging-based damage estimation

Based on the simulation of a reduced design of experiments of size nr and considering the
ˆ i ) for each combination of parameters i ∈ {1, . . . , nc }, the
predicted kriging approximation d(x
ˆ i ),
true value d(xi ) is supposed to be a realization of a Gaussian distribution with mean value d(x
2
and variance σi , the so-called kriging variance. Computed as a linear combination of parameter
ˆ i ), the estimated one-hour damage is also a realization of a Gaussian
damage predictions d(x
distribution defined by N (D̂1h , σD̂1h ), with:
nc

ˆ i )p(xi )∆
D̂1h = ∑ d(x
i=1

2.3

nc nc

σD̂2 = ∑
1h

ˆ i ), d(x
ˆ j ))
∑ p(xi)p(x j )COV (d(x

(7)

i=1 j=1

Adaptive kriging methodologies

The one-hour mean damage kriging prediction, denoted D̂1h and expressed in Eq. (7), is closely
related to the choice of design of experiments. Whatever the problem considered, the risk of
non-representativeness of the global response approximation is high considering an unique restricted set of simulated points. To overcome this possible issue, kriging approximations are
usually involved into iterative procedures, which aim at selecting the most valuable points to
augment the design of experiments. Depending on the expectations of the study, learning functions are used to quantify the most interesting points to be added. In reliability applications,the
AK-MCS method [3] uses for example a learning function quantifying the probability the expected value is mis-classified regarding the failure function. Picheny et al. [9] propose to orientate the refinement regarding a certain response region using a learning function according
importance to the relative input values. A convergence criterion is then used to stop the algorithm evolution with respect to the estimation error or the crossing of a given threshold. A
similar procedure is used in this study to provide an effective damage approximation algorithm.

3 Proposition of an adaptive damage computing methodology for wind
turbine structure certification
As explained in section 2.3, a simple kriging approximation of the one-hour mean damage D1h
could lack robustness depending the choice of the design of experiments. Here, the prior lack
of knowledge concerning the damage behavior does not allow engineers to constitute a representative initial DoE. An adaptive kriging methodology is therefore proposed. Design points are
iteratively added to the learning sample vector S. They are selected from a learning function and
the procedure runs until a stopping criterion is reached. These two key steps are subsequently
described.

3.1

Damage estimation learning function

In order to efficiently increase the learning sample size, the choice of the learning function is a
crucial step. In this specific problem, the potential contribution of a design point to the global
ˆ is evaluated for each of the
damage estimation has to be assessed. Therefore, the product d.p
non-simulated points, regrouped in the vector S̄. Moreover, in order to guaranty the representativeness of the estimation, the kriging variance can be taken into account. We here propose to
embody these two criteria into a specific learning function. The latter is then defined the upper
bound of the 95% confidence interval of the d.p estimation. This function, defined for each
element of the S̄ vector reads:
ˆ + 1.96σ (x))
fl (x) = p(x)(d(x)
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(8)

The non-simulated point which maximizes this learning function is added to the initial learning
sample set after being simulated. By using this quantity, the estimation of D1h is expected to be
iteratively closest to the true value.

3.2

Stopping criterion based on the coefficient of variation of the damage estimation

The global variance associated with the kriging estimation, introduced in Eq. (7) reduces with
the number of points added to the design of experiments. The coefficient of variation of the
estimation of D1h is easily computable as:
δ=

σD̂1h

(9)

D̂1h

The global estimation variance σD̂2 , defined in Eq. (7), decreases with the expansion of the
1h
size of the DoE. As the algorithm evolves, the global estimation is more and more accurate,
making the estimating variance decreasing. Therefore, the coefficient of variation can be used
to develop a convergence criterion. The procedure considers the estimation as convergent if the
coefficient of variation reaches a given threshold value.

3.3

Methodology global flowchart

Figure 1 describes the flowchart of the proposed methodology.
Generation of an initial design of experiments of size n0

Computation of the n0 initial point damages

Building of an initial kriging approximation dˆ0 ' d
0
Computation of the initial estimation D̂1h
(Eq. 2) and δ0 (Eq. 9)
Identification of the best candidate to be simulated using the learning function (Eq. 8):
x∗
=
argmaxfl (x)
iter = iter + 1

x∈S̄

Computation of the x∗ relative damage

Building of the iterth kriging approximation dˆiter
iter
Computation of D̂1h
and δiter
no

Is δiter < δt ?

'

d

yes

END

Figure 1: Damage adaptive kriging algorithm

The first step of the algorithm consists in the choice of the initial learning sample. The latter is
here randomly drawn using a latin hypercube sampling (LHS) of size n0 (considering uniform
distribution over the range of variation of the parameters). An initial estimation of the parametric damage d is computed from the mechanical simulation results for each learning point. Then,
an initial estimation D̂1h0 is provided using Eq. (2), considering the probability of occurrence
p known and constant. An iterative loop is then performed based on the computation of the
learning function for each non-simulated, or candidate, points. The learning sample size is increased by adding the best candidate point, ie. the point that maximizes Eq. (8). This allows one
to compute a more representative approximation dˆiter and so, a more precise estimation D̂iter
1h .
Iteratively the precision increases (i.e. the confidence interval on D̂1h decreases). The coefficient
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of variation δiter is finally computed and compared to the chosen threshold value δt to orientate
the algorithm to another iteration or to its end. The method is tested and assessed from four
study cases in section 4 for different study cases of the offshore domain of certification.

4 Numerical examples
As described earlier in the paper, damage values d of wind turbine structures are function of solicitation parameters grouped in the vector x. Considering offshore installations, solicitation parameters describe applied environmental loads, namely the sea and wind loads. In the standards,
the sea loading is defined from a set of parameters: the sea level, the wave spectrum, its wave
spectral peak period and the wind-wave solicitation misalignment. Those parameters allow one
to generate sea loading trajectories which should be representative with respect to evolving
hydrodynamic forces. The aerodynamic loads capture the action of the wind on the structure.
Wind trajectories are simulated given the wind mean speed at hub height and consider additional turbulence parameters. In the following, the study only considers that the damage value d
depends on the wind mean speed at hub height and the wind-wave misalignment, respectively
denoted Ū and θ . For the purpose of methodology testing, four several reference surfaces that
describe the evolution of the parameter damage d with respect to x = [Ū, θ ] are proposed, as
shown in Figures 2. The joint probability density function of the vector x is considered here
to be the same and is given in Figure 3. The one-hour mean damage approximation D̂1h is not
directly analyzed but the relative life stage damage over the structure lifetime, denoted subsequently D. This section aims at quantifying the convergence speed, precision and robustness of
the proposed kriging based algorithm. Thus, damage results from the latter algorithm will be
compared to the true ones obtained from the nc computations.

4.1

Presentation of the study cases

The damage values are computed at seabed level of a monopile support structure (comparable to
a tube). In the standard approach, one should have to compute nc =276 damage values to get D,
the wind mean speed Ū ranging from 3 to 24 m/s (23 values) and the wind-wave misalignment
from -180 to 180 degrees (12 values). Those values are used to plot the damage surfaces in
Figure 2. Here, four different structural fatigue responses are studied. The first situation (Figure
2-a) depicts a regular reaction of the structure when the second (Figure 2-b) and third (Figure
2-c) situations represent resonance-related responses (with respectively one and two peaks).
The last response is composed of ”crests” (Figure 2-d). These four situations have been chosen
for their representativity and/or the expected complexity of fatigue computation with a reduced
number of simulations. The related probability of occurrence is fixed for all of the reference
cases. It has been derived from the generic model and data provided by the NREL [10]. The
complete simulation of these four cases would need more than 240 hours each, in case multiphysics models were used.
To build kriging metamodels, we here resort to the DACE Matlab kriging toolbox [5]. The
linear interpolation model is selected for the trend computation and an anisotropic Gaussian autocorrelation function is set. The initial design of experiments features 10 points, i.e. 10 couples
x = [Ū, θ ] and the δt value of the stopping criteria is set to 10%.

4.2

Application of the algorithm to the study cases

Figure 4 illustrates the global learning behavior of the algorithm for each of the reference cases.
Contour plots refer to the reference d.p quantity which is used to assess the averaged 1 hour
damage D1h (by being summed over the definition domain). The blue crosses refer to the initial
learning sample points and red dots to the points added automatically by the algorithm respected
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Figure 4: d.p reference contour plots with initial (blue crosses) and expanding (red dots) design of
experiments

It should be noted that, the algorithm orientates the simulations to the high damage interest areas
corresponding to d.p peak responses. This is especially shown for three cases (Figures 4-a, 4-b
and 4-d). Case 3, depicted in Figure 4-c, shows a more spread learning expansion, because of
the relative complexity of its response peaks, which are located out of the high probability of
occurrence area.
Figure 5 depicts the iterative-evolving estimation of the lifetime mean damage D for the test
cases from an arbitrary design of experiments. The evolution of the upper bound of the 97.5%
confidence interval is also depicted.
Table 1: Performance of the methodology for reference cases

Case 1
Reference lifetime damage D
2.791x10−8
Estimated lifetime damage D̂
2.816x10−8
Relative Error
0.87%
Number of iterations to convergence
51
Total simulator calls reduction
4.52

Case 2
5.757x10−6
5.819x10−6
0.59%
47
4.84

Case 3
1.359x10−6
1.360x10−6
0.04%
148
1.75

Case 4
1.183x10−7
1.185x10−7
0.17%
62
3.83

The associated numerical results are summed up in Table 1. The precision of the estimations of
the lifetime damage is judged to be satisfying with relative errors of less than 1%. The required
number of calls to the mechanical model to reach the convergence criterion (δt < 10%) is reduced by comparison with the standard approach up to a ratio (initial and iterative simulations)
of 4.84 for the reference case 2 analysis. It is to be noted the conservatism of the stopping chosen criterion, requesting additional simulations whereas the estimation has converged. The only
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Figure 5: Convergence plots of the methodology for the 4 reference examples with an initial random DoE
of size 10

increase of the threshold value would not be efficient because of instability of the approximation explained in the following. Finally, two phases of the algorithm can be pointed out. First
iterations (from 1 to 10-40 depending the case) constitute a transient phase, characterized by
large variations on damage estimations and coefficients of variation. Few dozens of iterations
are needed for the algorithm to adopt a regular and convergent behavior. To understand this,
figure 6 shows the evolution of the correlation parameters of the wind mean speed and windwave misalignment involved in the autocorrelation function (Eq. 4), with respect to the iteration
steps.
One should remind that those parameters are estimated by the DACE kriging toolbox. Before the
approximation has enough information, the global shape of the approximated damage response
presents large and chaotic variations. Once the stabilization is reached, a convergent evolution
takes place with local model refinements.

4.3

Robustness of the proposed methodology

In order to test the robustness of the methodology, the algorithm has been tested 100 times in an
independent manner for each of the four reference cases. Each of the simulation is done from a
randomly generated initial design of experiments. Two quantities have then been analyzed: the
relative error on the estimation of the damage D and the number of iterations needed to reach
the stopping criterion. Table 2 presents the simulation results.
For each of the four reference cases, means and standard deviations of the estimation of D
relative error and iterations are presented. The mean relative error of the estimation of D varies
from 0.17 to 4.46%, with small variations inside a test case (maximal standard deviation of
2.14% for the reference case 1). The proposed method behaves accurately for the proposed
study cases with maximal relative error of 9.70% (reference case 1). The number of iterations
to reach the convergence criterion presents large variations from one reference case to another
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Figure 6: Evolution of the correlation parameters, denoted Θ and presented in Eq. (4) for the four
reference examples with an initial random DoE of size 10

Table 2: Robustness data analysis of the proposed algorithm (100 simulations with random initial design
of experiments generation).

Case 1 Case 2 Case 3 Case 4
Max of the D estimation relative error (%)
9.70
0.94
5.87
6.21
Mean of the D estimation relative error (%) 1.01
0.17
4.46
0.48
Standard deviation of the relative error (%)
2.14
0.53
0.52
0.87
Maximal number of iterations
56
49
150
69
Mean iteration number
38.04 42.91 147.29 61.31
Standard deviation of iteration number
8.88
2.87
1.05
11.75
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with a mean number of iterations from approximately 38 (case 1) to almost 150 (cas 3). The
standard deviation of iterations for cases 1 and 4 is large. This underlines that the behavior of the
algorithm cannot be considered as robust and emphasizes the importance of the initial design of
experiments choice.

5 Conclusions
An overall methodology is proposed with the aim of reducing the computational expense of
the fatigue certification of wind turbine structures. From an initial set of simulations, the global
damage quantity D1h is approximated using a kriging metamodel. Iteratively, points having
a high potential contribution to the damage value are simulated and the results are included
into the learning set of the approximation. The convergence of the algorithm is achieved when
the coefficient of variation reaches a fixed threshold value. The results are promising, as the
estimations of the damage values are close to their reference alue for the four studied cases.
The relative error is less than 10%. The reduction in the computational effort is also valuable
as the speedup is greater than 1.75. In the second hand, the learning behavior of the algorithm
well orientates the simulations to region of interest (high damage contribution and areas of
uncertainty). The analysis of large number of simulations however shows a lake of robustness
regarding the initial design of experiments. Indeed, even though the precision stays stable, the
total number of iterations can vary significantly from an initial simulation set to another. Future
works will focus on the analysis of the kriging metamodel behavior (transient/steady state limit
detection) and the impact of initial design of experiment to the convergence speed. To finish,
the convergence criterion will be thought to be less conservative.
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Abstract: Reliability allocation is the main work during the initial of product
development. The required reliability or failure rate is allocated to the subsystems,
parts and elements. In this process, the performance, safety of the structure and
difficulty of design must be taken into account. In the initial course, the factors are
uncertain due to lack of comprehensive information, which are not composed into the
mathematical description. In this paper, we evaluated the assembly parts of
mechanical system comprehensively and finished the reliability allocation and based
on the safety analysis on the mechanical system and grey theory. The evaluation
method that the decentralized information from the experts is induced into the exact
evaluation is proved to be fit for reliability allocation in the initial period, especially
suitable for the status of fewer experts.

1 Introduction
Reliability allocation is the essential part in reliability design process. According the
reliability index allocated to each subsystem or assembles the product is designed and
verificated. The multiple factors are taken into consideration to ensure the rationality
and accuracy of the allocation results.
Safety analysis is the process of evaluating the system safety with the risk information
obtained from the system operation. With the complexity and greatness of the airplane,
nuclear and chemical plants, the enormous casualties, property and environment
damages will occur in case of accidents. Sometimes the damages and subsequent
effects are hard to estimate. So the safety analysis draws more and more product
design engineers‟ attention, especially for facilities that will lead to serious safety
accident risks. Overall the safety analysis is the essential work during product design.
For products with high reliability and long life, they are designed, manufactured,
tested and accepted on the basis of the reliability index. It is very meaningful in
development and usage that the reliability is fairly quantitative-demanded and
allocated. During the initial stage of the product development the safety analysis is the
early preparation and supplements of reliability allocation as the improvement of
products safety. The reliability indexes are allocated using some weighted averaged
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methods on the basis of the rating data of the technical level, complexity, importance,
safety and operation environment factors [1].
In the initial stage of product development the „grey‟ cognitive information is
incomplete and unclear. Because of different experts‟ cognitive level the allocated
results are affected by too much subjective factors. Modification of the rating data in
traditional ways is unreasonable with the uncertainty of influence factors and
incompleteness of reliability data [2].
Tang Wuxiang et al. [3] proposed the grey estimation method to allocate the system
reliability indexes in the early days. But this method meets the problem of choosing
the grey weighted coefficients when the rating scores are the same. Liu Ying et al. [4]
suggested a combination of entropy weight and grey estimation methods, which relies
on the similar products‟ weighted data. According to the system fuzzy reliability
allocation method based on the fuzzy determination proposed by Wu Xiaoping et al.
[5], we developed the mechanical system reliability allocation method based on the
fuzzy mathematics. In their method the membership functions of (symmetry)
triangular fuzzy numbers are introduced to operating the defuzzification and
subsequently increasing the robustness.
The grey system theory provides a method to solve the uncertainty problems induced
by data incompleteness and cognitive factors. In this paper the safety is firstly
introduced into the mechanical product‟s reliability allocation to make the rating
range comprehensive. The grey estimation theory is also implemented to process the
data to obtain the reliability allocation. With this theory each influence factors are
analyzed, and at the same time the cognitive effects are considered. Finally a fair and
reasonable allocation result is obtained.

2 Mechanical system safety analysis
Safety risk, related with the occurring probability and consequences severity of the
accidents, is the characteristic quantity to determining the system safety. The
relationship is as below [6]
()
( ( ) ( )) ( )
Where ( ) is the safety risk at time t,
(
) is the
kinds of
() ( ()
()
( )) is the risk probability respectively,
accidents,
() ( ()
()
( )) Is the accidents severity.
Safety risk can be described as the dual form of risk probability and consequences
severity
()

{(

()

( )) (

()
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( ))

(

()

( ))} ( )

Where (

()

( )) Is the dual form of risk probability

severity

( ) at time

for accident

( ) and consequences

.

The risk probability and consequences severity can be quantified. In the early design
stage they can be qualitatively described and then classified by referring the similar
products. There are 5 levels of risk probability

( ): Almost certain (A), Likely (B),

Possible (C), Unlikely (D) and Rare (E), which is defined in Table 1. And there are 4
levels of consequences severity: Minor (IV), Medium (III), Severe (II) and
Catastrophic (I), which is defined in Table 2.
Table 1: The degree of the occurring probability

Degree

Levels

A

Almost certain

B

Likely

C

Possible

D

Unlikely

E

Rare

Probability description
Frequently occurring
Occurring some times in
life cycle
Probably occurring in life
cycle
Difficultly occurring in life
cycle
Too difficult to occur

Table 2:The degree of the consequences severity

Degree

Levels

Probability description
Human dead or system
I
Catastrophic
scrap
Human injured or
II
Severe
Occupational disease and
system damaged severely
Human injured or
III
Medium
Occupational disease and
system damaged slightly
IV
Minor
Slighter than III
Combining the risk probability and consequences severity, the safety risk matrix of
products are figured out in Fig 1, in which the safety level is classified as extremely
important, specially important, very important, fairly important and commonly
important.
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Figure 1: Safety risk matrix

3 Reliability allocation factors and its weight
The Reliability allocation factors consist of the technical level, complexity,
importance, safety and operation environment. In the rating system each index of the
factors has different relative importance, so the combination weight needs to be
calculated. The rating system is classified as 1-5 degrees as shown in Table 3. Then
the index combination weighted matrix, labeled as
, is built with experts‟ rating
scores. So the index combination weighted scalar is
(

)

( )

Where M = (9,7,5,3,1) is the weighted coefficients, n is the experts‟ number.
Table 3 :Index combination weighted scalar

complexity

technical
level

extremely
important
specially
important
very important
fairly
important
commonly
important
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importance

safety

operation
environment

The index combination weighted scalar reflects experts‟ attitude towards the index
importance in rating system.
Due to the structure and function differences of every assembly, each index has
different importance. So each assembly‟s index combination weighted scalar Wi
needs to be determined.

4 Reliability allocation model based on grey estimation matrix
(

) is labeled as the rating score of the ith index given

by the jth exporter of the Ath assembly. Then the Ath assembly‟s estimated index
matrix is
( )

(

(

)
[

) ( )

]

There are 4 grey levels of each assembly, named as 4-degree estimation method,
which consists of “high”, “above normal”, “normal”, “low”. The first degree‟s lower
limit is labeled as P which is assumed to be 9; and the second degree‟s middle level is
labeled as G which is assumed to be 7; and the third degree‟s middle level is labeled
as L which is assumed to be 5; and the last degree‟s upper level is labeled as C which
is assumed to be 3. According to the grey estimation method, the sth grey scale
weighted coefficient

(

) (s=1234) of

is obtained using the whitenization

weight functions, which are shown in Fig 2 and Fig 3.

Figure 2:The 1st and 3rd whitenization weight functions
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Figure 3 The 2nd and 4th whitenization weight functions

The whitenization weight functions are described as
[
)
(1) the 1st degree, grey scale

(

( )

)
{

(2) the 2nd degree, grey scale

(

[

( )

)

{
(3) the 3rd degree, grey scale

(

)

[

)

( )

)

{
(4) the 4th degree, grey scale

[

)
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(

( )

)
{

The grey level‟s weighted scalar is determined by its relevant grey scales and the grey
scales‟ degrees.
(
Where

(

)

(

(

)

) ( )

) is the weighted coefficient of the grey level t.
( )

The grey estimation coefficient

of the grey level k of assembly A for the ith

factor is
( )

∑

(

( )

) (

) (

)

So the grey estimation coefficient of the kth grey level of the factor i is [5]
( )

( )

( )

∑

(

)

Then the assembly A‟s grey estimation matrix is

( )

[

( )

( )

( )

( )

( )

( )

( )

( )

( )

(

)

]

Finally the assembly A‟s comprehensive grey estimation value is
( )
( )
( )
( )
The assembly A‟s failure rate is
( )

(

∑

)

5 Mechanical system’s reliability allocation
5.1 Building reliability diagram
A series mechanical system consists of 6 main segments. In Fig 4 is shown its
reliability diagram. The factors: 1, technical level, 2, complexity, 3, importance, 4,
safety and 5, operation environment are rated by 5 experts.

Figure 4: Mechanical system reliability schematic
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5.2 The influence factors’ weight coefficients
The assembly is rated from 5 factors according to rating principle by 5 experts, and
the index combination weighted matrix
is

(
[

)

]

Then the index combination weighted scalar is
(
) (

) (

)

5.3 The estimation coefficients of each assembly in different grey level
As an example, the estimation matrix of the 1st assembly by 5 experts is

( )

(

)
[

]

The estimation coefficients in different grey level of the 1st factor are
( )

(

( )

)

( )

(

( )

( )

(

( )

)

( )

( )

(

(

( )

)

(

( )

)

( )
( )
In the same way the estimation coefficients in different grey level of the other factors
are obtained.
( )

( )

)

)

( )

(

)
(

(

)

)

Then the assembly‟s grey estimation matrix is
( )

( )

( )

( )

(

)

(

)

(

)

( )

(

)

(

)

(

)

The comprehensive grey estimation value is
( )

( )

( )

In the same way other assembly‟s comprehensive grey estimation value is
Factor 2:
Factor 3:
Factor 4:
Factor 5:

( )
( )

( )
( )

( )

( )

( )

( )

( )

( )

( )

( )

( )

( )
( )
( )
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The assembly‟s grey estimation matrix is

(
[

)

]

The assembly‟s grey estimation value is
In the same way other assembly‟s grey estimation values are

Assuming the mechanical system‟s overall failure rate is
assembly‟s failure rate allocated is

.

, each

6 Conclusions
During the product design safety becomes more and more important, especially for
products leading to human and environment damages. In this paper the safety analysis
is firstly introduced into the mechanical products‟ early design stage. Each assembly‟s
semi-quantitative safety risk result is gained using the accidents consequences and
relevant probabilities. The 5 factors technical level, complexity, importance, safety
and operation environment are taken into consideration simultaneously.
In this paper the weighted values of 5 factors is firstly calculated, and then these
values are processed using the grey estimation theory, finally the grey level is
determined. Through this way problems are overcome that the comprehensive
reliability data is lacked in the early design stage and experts‟ rating results are
usually subjective and complex. Not only is the relationship among the factors taken
into consideration using this method, but also is the subjective factor analyzed. This
method is more suitable with insufficient experts in reliability allocation.
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Abstract: In this study, in order to investigate wave force according to the support
structure types and sea levels, wave force tests were carried out for three offshore
support structures and three sea levels. Based on the wave force tests, wave forces
patterns according to the support structure types and sea levels were investigated.
As the results of this study, it was found that the decreasing ratios of wave force
according to the wave periods were smaller at the HSWL and larger at the MSL.
Also, the increasing ratios of wave forces according to the wave heights was
smaller at the HSWL and larger at the LSWL. The decreasing ratios of wave
forces according to the wave periods and wave heights were larger in the Monopile
and smaller in the GBS and Hybrid. The variations of wave force according to the
sea levels were larger in the Monopile and smaller in the GBS and Hybrid.
Therefore, although wave forces were the largest in the GBS and the smallest in
the Monopile because of the wave projected area, it was concluded that wave force
effects of large-sized support structure were little sensitive to the wave periods,
wave heights, and sea levels than the slender support structure.

1 Introduction
Offshore support structures should have a structural safety against to the harsh offshore
conditions of wind, wave, and tidal. In order to satisfy structural safety of offshore support
structure, it is important to exactly evaluate wave force and wave-induced overturning
moment to the support structure [1].
Most of the recent offshore support structures for wind turbine are Monopile, Jacket, and GBS
(Gravity Based Structures). Recently, in order to improve wind energy availability and
economic efficiency, the capacity of wind turbine is drastically increasing from 1~3 MW to
7~10 MW. According to the increasing of offshore wind turbine capacity, support structure
also should be large-sized. However, the increasing of the size of support structure to improve
strength and stiffness disadvantages to the wave forces subjected to the support structures
because of the larger wave projected area.
In respects of the structural design, in the hydrodynamic analysis and structural analysis,
wave forces subjected to the support structure are calculated from Morison equation or
diffraction theory according to the shapes or size of support structures. However, it has known
that the wave diffraction effect subjected to the support structure changed according to the
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shape and size of support structure as well as the water depth and wave conditions [2]. Wave
diffraction effect directly influence on the wave force subjected to the offshore support
structures. Therefore, for the structural design of the large-sized offshore support structures,
wave diffraction effect subjected to the support structure has been evaluated experimentally
within a certain structural shape and design wave condition of the wave height, period, length,
and water depth because of the nonlinearity and complication of the wave diffraction effects
at the large-sized offshore structures.
In this study, in order to investigate wave force to the offshore support structure types and sea
levels, wave force tests were carried out for the three types of offshore support structures of
Monopile [3], GBS [4], [5], and Hybrid [6], [7], [8] with a scale factor 1:25. Three types of
offshore support structures had the different size and shapes. In order to consider sea levels
effects, three sea levels of HSWL(High Still Water Level), MSL(Mean Sea Level), and
LSWL(Low Still Water Level) were considered which were design guideline for the
southwest sea of South Korea. A total of fifty six cases of wave force tests were carried out
for the three support structures, three sea levels, and five reqular waves conditions. Based on
the wave force tests, wave forces to the sea level of the support structures were investigated.

2 Wave Force Tests
2.1 Test Models
In order to evaluate wave force subjected to the offshore support structures, three types of
support structures of Monopile, GBS, Hybrid were fabricated and tested under the various
wave conditions and sea levels, as presented in Figure 1. Three types of support structures
were designed and fabricated with Froude scale law of 1:25, and had the same total weight
and height. The details of three support models were summarized in Table 1.

(a) Monopile

(b) GBS

(b) Hybrid

Figure.1: Test models

2.2

Test Setup

In order to investigate wave force subjected to the support structures, experimental studies
conducted at the flume of the Cheonnam National University of the South Korea in July of
2016. The dimensions of the flume were 100 m (L) × 2.0 m (W) × 3.0 m (H).
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The mechanical frame designed specially and fabricated to allow wave-induced swing motion
of test models with the minimum friction, as presented in Figure 2 and Figure 3(a). Then,
some device to constraint wave-induced swing motions of test models, which connected with
the load-cell, attached to the mechanical frame, as presented in Figure 3(a). Then, the loads to
constraint swing motion of test models measured using the load-cell. Constraint force was
equal to the wave force subjected to the test models because test models maintained
equilibrium to the swing motion.
This test method had an advantage to remove sensor malfunction and error in the seawater
since load-cell positioned in the air [8]. In order to measure wave pressure distribution along
to the water depth, five to eight hydraulic pressure gauges attached to the front side of the test
models, as presented in Figure 3(b).
Table 1: Details of test models

No.
1
2
3

Type

203.00
203.00

Wave projected area (cm2)
HSWL
MSL
LSWL
2,328.0
1,920.0
1,512.0
4,442.0
4,000.0
3,471.3

203.00

3,924.8

Weight
(kg)

Dimension (mm)

Monopile 240(D1)×240 D2)×1,500(H)
GBS
260(D1)×740(D2)×1,500(H)
272(D1)×740(D2)×1,500(H)
Hybrid
*** D1=(4·Ø48+Ø80)***

3,462.4

3,000.0

* D1: top diameter, D2: bottom diameter, H: height

Figure 2: Concept of wave force measurement

2.3

Wave Conditions and Water Depth

Support structure models tested under the five regular wave conditions, as presented in Table
2. The wave variables of this wave test were the wave periods and wave heights. For the fullscale models on the regular wave, three cases of wave height (Hw) 3.435 m, 6.87 m, and 12.78
m were selected and these were scale downed to 0.137 m, 0.275 m, and 0.511 m by Froude
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scale law of 1/λ, where λ was a scale factor, for the small-scale model. In cases of the LSWL,
wave height 9.50 m was selected instead of 12.78 m to prevent wave breaking at the shallow
water [9], as presented in Table 2. Also for the full-scale models, three cases of wave period
(Pw) 7.5 s, 9.5 s. and 13.7 s were selected and these were scale downed to 1.5 s, 1.9 s, and
2.74 s by Froude scale low of 1/√λ for the small-scale model. Three cases of sea levels (h) of
24.25 m, 20.0 m, and 15.75 m were selected for the HSWL, MSL, and LSWL, respectively,
and these were scale downed to 0.97 m, 0.80 m, and 0.63 m by the scale factor of 1/λ.

(a) Constraint device and load-cell

(b) Hydraulic pressure gauges

Figure 3: Installation of the sensors
Table 2: Wave conditions

Wave

HSWL: 0.97 (24.25 m)
Hw (m)

MSL: 0.80 (20.0 m)

Pw (s)

Hw (m)

Pw (s)

LSWL: 0.63 (15.75 m)
Hw (m)

Pw (s)

#1

0.137 (3.435)

1.50 (7.5)

0.137 (3.435)

1.50 (7.5) 0.137 (3.435)

1.50 (7.5)

#2

0.137 (3.435)

1.90 (9.5)

0.137 (3.435)

1.90 (9.5) 0.137 (3.435)

1.90 (9.5)

#3

0.137 (3.435)

2.74 (13.7)

0.137 (3.435)

2.74 (13.7) 0.137 (3.435)

2.74 (13.7)

#4

0.275 (6.870)

2.74 (13.7)

-

- 0.275 (6.870)

2.74 (13.7)

#5

0.511 (12.78)

2.74 (13.7)

0.511 (12.78)

2.74 (13.7) 0.380 (9.500)

2.74 (13.7)

* ( ) outside: small-scale model, ( ) inside: full-scale model

3 Wave Forces
3.1 Wave Periods and Sea Levels
Wave force tests were carried out during the 300 s. Among the measured time series load-cell
data, 60 s data from 200 s to 260 s was selected as the typical wave force, which was well
presented wave force of test models. Noise of measured data set was eliminated using moving
average data processing method. Based on the measured data, minimum and maximum
magnitudes of the wave forces were calculated for the small-scale models and converted for
the real-scale models according to the Froude scale law.
As the results of wave force tests on the regular wave, measured wave forces for the smallscale models presented in Figure 4 to Figure 6 for the support structure types, respectively.

910

Amplitudes of wave forces for the real-scale models were summarized in Table 3. Measured
wave force to the wave periods had a similar tendency for the three sea levels. As the wave
period increased from wave #1 (7.5 s) to wave #3 (15.5 s) maintaining the same wave height
of 3.435 m, wave forces subjected to the support structure gradually decreased for the most
support structures at the three sea levels [8], [10], as presented in Table 3 and Figure 7. Wave
forces variation to the wave periods were about 0.80~0.97 at the HSWL, about 0.57~0.70 at
the MSL, and about 0.69~0.78 at the LSWL, as indicated in Table 4. The decreasing ratios of
wave force according to the wave periods were smaller at the HSWL and larger at the MSL.
Also the decreasing ratios of wave forces according to the wave periods were larger in the
Monopile and smaller in the GBS and Hybrid. As the sea levels were lower from HSWL to
MSL and LSWL, decreasing ratios of wave forces in the Monopile were about 0.80 at the
HSWL, 0.57 at the MSL, and 0.69 at the LSWL, and about 0.91 at the HSWL, 0.66 at the
MSL, and 0.78 at the LSWL in the GBS, respectively.

(a) HSWL: Wave #1(Hw=3.435m, Pw=7.5 s)

(a) LSWL: Wave #1(Hw=3.435m, Pw=7.5 s)

(b) HSWL: Wave #3(Hw=3.435m, Pw=13.7 s)

(b) LSWL: Wave #3(Hw=3.435m, Pw=13.7)

(c) HSWL: Wave #5(Hw=12.78m, Pw=13.7)

(c) LSWL: Wave #5(Hw=9.50m, Pw=13.7)

Figure 4: Measured wave force: Monopile

3.2 Wave Heights and Sea Levels
Measured wave force according to the wave heights had a different tendency for the three sea
levels. At the HSWL and MSL, as the wave height increased from wave #3 (3.435 m) to wave
#5 (12.78 m) maintaining the same wave period of 13.5 s, wave forces subjected to the
support structures increased linearly for the all test models [10]. The increasing ratios of wave
forces were the similar with the increasing ratios of wave height, about 0.88~1.04 at the
HSWL and about 0.84~1.02 at the MSL, as presented in Figure 8 and Table 5. As the wave
height increased 2.0 times from wave #3 (3.435 m) to wave #4 (6.87 m) at the HSWL, wave
forces increased about 1.83~2.08 times at the HSWL. As the wave height increased 3.72
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times from wave #3 (3.435 m) to wave #5 (12.78 m) at the HSWL and MSL, wave forces
increased about 3.27~3.47 times at the HSWL and 3.11~3.79 times at the MSL.

(a) HSWL: Wave #1 Hw=3.435m, Pw=7.5 s)

(a) LSWL: Wave #1 Hw=3.435m, Pw=7.5 s)

(b) HSWL: Wave #3 Hw=3.435m, Pw=13.7)

(b) LSWL: Wave #3 Hw=3.435m, Pw=13.7)

(c) HSWL: Wave #5(Hw=12.78m, Pw=13.7)

(c) LSWL: Wave #5(Hw=9.50m, Pw=13.7)

Figure 5: Measured wave force: GBS

(a) HSWL: Wave #1 Hw=3.435m, Pw=7.5 s)

(a) LSWL: Wave #1 Hw=3.435m, Pw=7.5 s)

(b) HSWL: Wave #3 Hw=3.435m, Pw=13.7)

(b) LSWL: Wave #3 Hw=3.435m, Pw=13.7)

(c) HSWL: Wave #5(Hw=12.78m, Pw=13.7)

(c) LSWL: Wave #5(Hw=9.50m, Pw=13.7)

Figure 6: Measured wave force: Hybrid 0°
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Table 3: Summary of maximum wave forces for real-scale models

HSWL
Wave Mono
GBS
pile
#1
#2
#3
#4
#5

973
1,024
783
1,451
2,610

2,608
2,778
2,377
4,877
7,774

Hybrid
0°
45°
1,140 1,095
1,141 1,171
1,110 1,047
2,238 2,180
3,752 3,633

MSL
Mono
GBS
pile
1095
823
627
2,375

4,151
3,793
2,748
8,541

Hybrid
0°
45°
1,730 1,695
1,611 1,569
1,198 1,191
4,070 4,087

LSWL
Mono
GBS
pile
896
717
619
1,332
2,391

3,738
2,905
2,906
6,435
9,412

Hybrid
0°
45°
1,820 1,743
1,562 1,549
1,287 1,282
2,631 2,618
4,640 4,537

(a) Monopile

(a) Monopile

(b) GBS

(b) GBS

(c) Hybrid 0°
Figure 7: Wave forces to wave periods and sea levels

(c) Hybrid 0°
Figure 8: Wave forces to wave height and sea levels
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At the LSWL, as the wave height increased from wave #3 (3.435 m) to wave #5 (9.5 m)
maintaining the same wave period of 13.5 s, wave forces subjected to the support structures
increased nonlinearly for the almost test models [8]. Although the increasing ratios of wave
forces from wave #3 to wave #4 indicated the similar levels with the increasing ratios of wave
height, about 1.02~1.11, increasing ratios of wave forces from wave #3 to wave #5 indicated
the larger levels with the increasing ratios of wave height, about 1.17~1.39, as presented in
Table 5 and Figure 8. As the wave height increased 2.0 times from wave #3 (3.435 m) to
wave #4 (6.87 m) at the LSWL, wave forces increased about 2.04~2.21 times, and as the
wave height increased 2.77 times from wave #3 (3.435 m) to wave #5 (9.5 m), wave forces
increased about 3.24~3.86 times.
As the results of the wave forces tests, it was found that the increasing ratios of wave forces
according to the wave heights was smaller at the HSWL and larger at the LSWL. Although
wave forces were the largest in the GBS and the smallest in the Monopile because of the wave
projected area as indicated in Table 1, The variations of wave force according to the sea levels
were larger in the Monopile, about 0.90~1.39 (49 %), and smaller in the GBS and Hybrid,
about 0.84~1.17 (33 %) in the GBS and about 0.91~1.30 (39 %) in the Hybrid.
Table 4: Summary of wave forces ratios to wave periods

No.
#1
#2
#3

Pw Mono
pile
7.5s 1.00
9.5s 1.05
13.7s 0.80

HSWL
MSL
LSWL
Hybrid
Hybrid
Hybrid
Mono
Mono
GBS
GBS
GBS
0°
45° pile
0°
45° pile
0° 45°
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1.07 1.00 1.07 0.75 0.91 0.93 0.93 0.80 0.78 0.86 0.89
0.91 0.97 0.96 0.57 0.66 0.69 0.70 0.69 0.78 0.71 0.74
Table 5: Summary of wave forces ratios to wave heights

No.
#3
#4
#5

HSWL
MSL
Hw Mono
Hybrid Mono
Hybrid
GBS
GBS
pile
0° 45° pile
0° 45°
1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2.00 1.83 2.05 2.02 2.08
(1.00) (0.93) (1.03) (1.01) (1.04)
3.72 3.33 3.27 3.38 3.47 3.79 3.11 3.40 3.43
(1.00) (0.90) (0.88) (0.91) (0.93) (1.02) (0.84) (0.91) (0.92)

Hw Mon
opile
1.00
2.00
(1.00)
2.77
(1.00)

1.00
2.15
(1.08)
3.86
(1.39)

LSWL
Hybrid
GBS
0° 45°
1.00 1.00 1.00
2.21 2.04 2.04
(1.11) (1.02) (1.02)
3.24 3.61 3.54
(1.17) (1.30) (1.28)

4 Conclusions
In this study, in order to investigate wave force according to the support structure types and
sea levels, wave force tests were carried out for three offshore support structures and three sea
levels. Based on the wave force tests, wave forces patterns according to the support structure
types and sea levels were investigated.
As the results of this study, it was found that the decreasing ratios of wave force according to
the wave periods were smaller at the HSWL and larger at the MSL. The decreasing ratios of
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wave forces according to the wave periods were larger in the Monopile and smaller in the
GBS and Hybrid.
Also, it was found that the increasing ratios of wave forces according to the wave heights was
smaller at the HSWL and larger at the LSWL. The variations of wave force according to the
sea levels were larger in the Monopile and smaller in the GBS and Hybrid. Therefore,
although wave forces were the largest in the GBS and the smallest in the Monopile because of
the wave projected area, it was concluded that wave force effects of large-sized support
structure were little sensitive to the wave periods, wave heights, and sea levels than the
slender support structure.
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Abstract: To tackle the computational burden of Monte Carlo simulation method
for predicting low failure probabilitiy, a variety of structural reliability methods
have been proposed in the literature including approximate methods (e.g. FORM,
SORM and response surface methods) and advanced simulation based methods.
Nevertheless, these methods need further refinement for nonlinear and highdimensional problems, particularly when involving multiple design points. Besides,
for real world problems, most of these methods require coupling with finite element
analysis, which is difficult and sometimes impossible to implement. To avoid
coupling, post-processing methods offer an attractive means to efficiently recover
the probability density function (PDF). Nevertheless, some post-processing methods
such as integer moment methods may generate large variance errors and the
accuracy is therefore sensitive to the data set used. In this paper, a Moment method
based on Entropy theories and Genetic Algorithm (MEGA) is proposed that has
small sampling variability even with a small number of simulations. The accuracy
and efficiency are demonstrated by an offshore drilling riser system example.

Introduction
Structural reliability is often measured by the probability that a component or system will perform a required function for a given period of time when used under stated operating conditions
[2]. The Monte Carlo simulations (MCS) is frequently used as a robust way to evaluate failure
probability. Nonetheless, for low probability events, this method requires a high number of
simulations and is computationally prohibitive for real world problems. Hence many structural
reliability methods have been proposed and can be categorized as approximate methods, advanced simulation based methods and post-processing methods. Compared to approximate reliability methods and simulation based reliability methods, post-processing reliability methods
have many advantages. These post-processing methods assume that the structural response variable follows certain model distribution with several unknown parameters, which are calculated
based on model parameter estimation methods. The post-processing reliability methods recover
the PDF of the structural response variable using a small number of simulations and thus reduce
the computation burden of MCS. The methods are structure independent and are thus applicable
to multiple design points, nonlinear problems and high-dimensional problems. Most importantly, post-processing methods need only simulation results (typically by means of finite
element analysis software) but do not need to couple with structural analysis. Decoupling from
structural analysis renders parallel computing possible to greatly improve the computational
efficiency. For structural design or optimization problems, the thresholds are often not known
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as a priori but are to be determined in order to achieve a certain reliability level. This requires
calculating multiple failure probabilities (or probabilities of exceedance) for different thresholds. In such cases, post-processing methods do not need to repeat structural analysis (which
can be time consuming for dynamic problems) when thresholds change. Similarly, there is no
need to conduct separate reliability analysis coupled with structural analysis for different failure
modes. Thus, post-processing reliability methods are easier to implement and more efficient
than approximate reliability methods and simulation based reliability methods. In this paper, a
post processing method referred as MEGA is proposed.
The theory of recovering PDF by using entropy theories with fractional moment has been developed for many decades in the field of mathematics. Nevertheless, despite the soundness of
the theory, its application on structural reliability analysis is quite rare. Its popularity for engineering applications is limited by: The theory regards the availability of a system of population
moments (real moments) as a prerequisite thus how to obtain the population moments remains
as a challenging issue. The theory requires optimizing a nonlinear and non-convex objective
function (Eq.(3)), no effective procedure or algorithm in the literature has been provided for
solving the global optimization problem with this objective function. Even though Zhang and
Pandey [17] uses fractional moments and maximum entropy (which are also used in this paper),
their method is a not a post-processing method and thus does not share the advantages of postprocessing methods as explained in the previous sections. More importantly, the global optimization problem remains unsolved. Recently, Xu [16] addresses the global optimization problem
and gives a better initial value for the optimization problem. But the optimization algorithm is
still a local optimization algorithm (the simplex search method [7] in MATLAB©), same as
[17], the optimal solution could hardly be found. The objective function of the optimization
problem in MEGA is nonlinear and non-convex with multiple local optima, and it is quite a
challenging task to find the global optimum. The optimum will determine the accuracy of the
structural reliability prediction results. We propose herein a global optimization algorithm to
derive a robust, accurate and efficient structural reliability method.

Recover PDF by entropy theories
The PDF model of MEGA originates from two entropy theories: Shannon’s Entropy theory and
Jaynes’ Maximum Entropy principle (MaxEnt). Shannon’s Entropy theory gives a mathematical description of entropy and MaxEnt provides the form of the PDF by maximizing the entropy
of the distribution. Kullback’s Minimum Cross-Entropy principle (MinxEnt) converts the recovering PDF problem to a minimization problem. The detailed description of entropy theories
could be found in [5].
The approximate PDF f M ( x) found by entropy theories is:
M

f M ( x)  exp( r x r ) ( 0  0)

(1)

r 0

where






M



j 1

 

0  ln   exp    j x dx 
0
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(2)

The objective function of the optimization problem with decision vectors of  and  is:
M

 

F (,  )    j E X
j 0

j

(3)

Thus to recover PDF by entropy theories is to minimize Eq. (3) to get decision vectors (model
parameters)  and  , and then get the PDF from Eq. (1).
The entropy theories assume the availability of population moments (real moments). Zhang and
Pandey [17] and Xu [16] obtained the moments of the response random variable from the
moments of the input random variables by simplifying the traditional integration procedure. In
this paper, population moments are approximated by sample moments with fractional order.
The well-known problem of using sample moments to approximate population moments is that
large variability exists for high order moments. By using lower order fractional, the variability
and the ill-condition of the prediction results could be reduced, as the difference between lower
order sample moment and population moment is trivial.

Optimization problem
Zhang and Pandey [17] carries out the optimization of Eq. (3) in MATLAB© with the simplex
search method [7], nevertheless, simplex search method is a local optimization algorithm thus
the solution will be easily trapped in local minima and highly dependent on initial values. Xu
[16] optimizes Eq. (3) by first estimating a near optimum solution, and then search the optimum
by using the simplex search method as in [17]. However, even with better initial values, the
limitations of simplex search method still exits, i.e., can be easily trapped into local minima and
needs many iterations (not efficient by the methods they proposed).
Thus, in order to solve the global optimization problem, we propose to compare some heuristic
and surrogate optimization algorithms and select the most proper algorithm to minimize
F (,  ) in Eq. (3). Surrogate and heuristic optimization algorithm do not require derivatives or
other mathematical characteristics of the objective function and can be used to find the global
optimum solution of problems with multiple minima. According to no free lunch theorem [15],
a general-purpose universal optimization strategy is theoretically impossible, and the only way
one strategy can outperform another is if it is specialized to the specific problem under consideration [3]. So a specific heuristic optimization algorithm or a surrogate optimization algorithm
that best fit for our problem should be chosen.
In this section, four heuristic optimization algorithms and three surrogate algorithms are compared with application to minimizing Eq. (3). The objective function is F (,  ) in Eq. (3), the
decision vectors are  and  .
The four heuristic methods are Dynamically Dimensioned Search (DDS) [14], Genetic Algorithm (GA), Stochastic Greedy Search (GS) and Simulated Annealing (SA) [13]. These methods are different in algorithm parameters, neighborhood definition and improvement algorithm.
The four surrogate methods are Local Metric Stochastic Response Surface Method (LMSRBF),
Cubic Radius Basis Function-Dynamic Coordinate search using Response Surface models
(CRBF-DYCORS), which is a modification of LMSRBF, Linear Radius Basis FunctionDYCORS (LRBF-DYCORS), and a surrogate method that uses Genetic Algorithm as a sampling method and RBFs as surrogate model (RBF-GA). Details of the methods could be found
from: [8-12, 14].
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The mean value plot and boxplot are compared by conducting 30 runs of each optimization
algorithm with application to MEGA.

Figure 1 Mean plot and box plot of best objective function value

The LHS figure in Figure 1 shows the mean of the best objective function value found by different algorithms per iteration. As can be seen from the blue color plots, GA has smaller mean
best objective function value and converges faster (the lines drops faster) than the other three
heuristic methods. As can be seen from the red color plots, except RBF-GA, all other three
surrogate methods perform quite well, i.e., have small mean best objective function value and
converges fast. Boxplot is way of describing data through quantiles, the middle red line represents the median, larger spacing between quantiles means larger variation, and the '+' symbol
represents the outliers. The RHS figure in Figure 1 shows the boxplot of the best cost value per
trial found by the different algorithms. It is clearly shown that GA, CRBF-DYCORS, LMSRBF,
LRBF-DYCORS have smaller mean and variation than the other four methods.
In conclusion, the surrogate methods (except RBFGA) and GA converge faster, and have the
lower mean and median than other methods. Therefore they are the best methods to minimize
the objective function in Eq. (3). When taking computational time into consideration, surrogate
methods are more time consuming than heuristic methods for this objective function. Thus GA
is recommended to use since it can produce results that are as good as surrogate methods with
less computational time.

Summary of the MEGA procedure
To recover probability density function using MEGA is to solve a mix-integer optimization
problem with a system of fractional moment constraints, where the objective function of the
optimization problem is derived from entropy theories. The main steps of MEGA are summarized below:
1. Normalize the random variable to (0,1] .
2. Identify the objective function of the optimization problem in Eq. (3)
3. Solve the optimization problem to get the optimum decision variables  ,  ;
4. Substitute the optimum decision variables  and  back to Eq. (1) to obtain the approximate PDF.
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5. Convert the PDF fY ( y) defined on (0,1] to the PDF f X ( x) defined on the original
domain.
6. Use the PDF to perform structural reliability analysis.

Application to a drilling riser system
Offshore structures are constantly experiencing random environmental loadings from winds,
waves and currents. The structural reliability analysis of offshore drilling riser system is quite
a challenging task considering the uncertainties from the environmental loadings and structures.
Due to the complexity of the offshore structures, the time domain analysis is quite time consuming. Efficiency is crystal important for offshore structural reliability analysis.
A drilling riser system is mainly used for well control containing functional fluids. The operability analysis of offshore drilling riser system is very crucial for offshore industry. The flex
joint angles are the failure modes for the operability analysis. According to offshore design
code API 16Q [4], the maximum flex joint angle should not exceed 4 degrees and the mean flex
joint angle should not exceed 2 degrees. In this study, we will look into the distribution of the
maximum flex joint angle.
The drilling riser system is modeled in the commercial FEM software Flexcom[6]. The stack
up of the drilling riser in the “A01 - Deepwater Drilling Riser example” in the Flexcom software
is used for ease of reproducing the results.
The water depth is 7500ft (2286m). The vessel has an initial upstream offset of 125ft (38m),
the top of the riser is connected to the vessel. The bottom of the riser is fixed at the seabed. The
drilling riser system is subjected to wave and current loadings.
The significant wave height (Hs) is modeled by Weibull distribution:

H
fH  h 
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 h

 H
 s






 H s 1

  h

exp  


  Hs






Hs







(4)

where  H s  2.255 ,  H s  2.156
The zero-crossing wave period (TZ) conditional on Hs is modeled by a lognormal distribution:
2

  ln Tz     

f Tz H s  
exp  
 
2
2
 Tz 2
 

 


(5)

  1.568  0.092h1.005

(6)

  0.165  0.290exp  -0.477h 

(7)

1

where

The surface current speed is 3.04 ft/s (0.93 m/s).
The main randomness is from the wave loading parameters Hs, TZ and wave phase values. As
100 harmonics are used in the spectral discretization, the dimension for this structural reliability
problem is 102 (Hs, TZ and 100 phase values). The simulation time is 1000s for each nonlinear
structural dynamic analysis. The maximum upper flex joint angles from each structural dynamic
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analysis are extrapolated. This study conducted 1.0×106 structural dynamic analysis with random inputs. The mean performance and the variability of the results are obtained by choosing
50 samples of size 200 to perform structural reliability analysis using MEGA.
From each set of simulation results, a failure probability distribution is obtained from MEGA.
The process is repeated 50 times for the 50 samples for each example. The mean of the failure
probabilities is obtained by averaging the 50 failure probability distributions. The coefficient
of variation (CV), which is the ratio of the standard deviation to the mean for describing the
variability to the mean, is obtained by calculating the standard deviation of the 50 sets of failure
probabilities. MCS has an explicit expression for describing the CV of its estimator, according
to [1], the CV of the MCS estimator is:

CVMCS  (1  p) / ( pN )

(8)

Thus statistical analysis is not required to obtain its CV. The error estimation of MEGA is an
ongoing work and could be possibly realized by bootstrapping but outside the scope of this
study, so statistical analysis of the method is performed to test its variability. Even though for
different problems, the variability might be different due to different properties of the structures
or environmental loadings, the statistical analysis could provide a general idea of how it behaves. For certain failure probability p and CV from the MEGA, N (sample size required for
MCS to get the same p and CV as MEGA) based on Eq. (8) could be back calculated thus the
efficiency and speed up of MEGA compared to MCS could be obtained.
The mean value is mainly for testing the accuracy and the CV is mainly for testing the efficiency
of the reliability method. In order to give a fair judgement for a certain structural reliability
method, bias error and variance error should be investigated concurrently.

Figure 2 Mean and CV of failure probability

Figure 2 shows the mean failure probability of 50 samples recovered by MEGA (the blue
dashed line), and the MCS results from 1.0×106 simulation (which is the black solid line). As
can be seen from the figure, the mean failure probability of MEGA agrees quite well with MCS
for failure probability larger than 1.0×10-4. For failure probability 1.0×10-3, the speed up is 3,
and for failure probability 1.0×10-4, the speed up is 10. For lower failure probability, higher
speed up is expected. Noted that the speed up is not as high as some paper declared (e.g. only
a fraction times of MCS) because CV is taking into consideration in this study.
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Table 1 The efficiency of MEGA compared to MCS with application to a drilling riser system example

UFJ angle (degree)
Failure probability
CV
N1 (sample size of MCS)
N2 (sample size of MEGA)
Speed up (N1/N2)
Efficiency (N2/N1)

Case 1
1.85
1.0×10-3
1.3
591
200
3
33.8%

Case 2
2
1.0×10-4
2.2
2065
200
10
9.7%

Conclusions
This paper presents a new moment method based on entropy theories and genetic algorithm.
The paper shows that to recover PDF using MEGA is to solve a global optimization problem
with a system of fractional moment constraints, where the objective function of the optimization
problem is derived from entropy theories. The population moments are approximated by low
order sample fractional moments to reduce the variance error. The nonlinear non-convex optimization problem is solved by different heuristic and surrogate methods, through mean value
comparison and boxplot comparison, GA is recommended for solving the real optimization
problem. Besides the optimization algorithm compared, many more heuristic and surrogate
methods are available in the literature. GA is recommended (good enough) but not the only
optimization algorithm that could be used, the main purpose of this study is to divert the reader
from the local optimization algorithm to more feasible global optimization algorithm.
The detailed procedure of MEGA is provided. By applying the MEGA to a drilling riser system
example, it demonstrates that the MEGA is accurate and efficient. The computational burden
is the main issue for offshore structural reliability analysis, which might be the reason why the
industry still use the deterministic approach for design and analysis. The efficiency of the structural reliability method is thus main concern for engineers and researchers. As can be shown
from the examples in this paper, the proposed MEGA could be much more efficient than MCS.
Noted that CV is considered to compute the speed up compared to MCS. Without considering
CV, the speed up will be much higher (only a fraction (say 1/1000) times of MCS as declared
in many papers). Some approximate methods and simulation based methods might have better
efficiency to specific problems, nevertheless, they are difficult and sometimes infeasible to implement to real life engineering problems. The efficiency of MEGA still have a space for improvement, which will be the future work of the authors. The main contribution of this paper is
to have successfully solved the global optimization problem, which clears a big obstacle for
applying entropy theories with fractional moments to structural reliability methods.

Acknowledgement
The authors thank the National Research Foundation, Keppel Corporation and National
University of Singapore for supporting this work done in the Keppel-NUS Corporate
Laboratory. The conclusions put forward reflect the views of the authors alone, and not
necessarily those of the institutions within the Corporate Laboratory.

922

References
[1] Ditlevsen O, Bjerager P. Methods of structural systems reliability. Struct Saf. 1986;3:195229.
[2] Ebeling CE. An introduction to reliability and maintainability engineering. New York:
McGraw Hill; 1997.
[3] Ho YC, Pepyne DL. Simple Explanation of the No Free Lunch Theorem of Optimization.
Cybernetics and Systems Analysis. 2002;38:292-8.
[4] Institute AP. RP 16Q:Recommended practice for design, selection, operation and
maintenance of marine drilling riser systems. 1993.
[5] Kapur JN, Kesavan HK. Entropy optimization principles with applications. Boston:
Academic Press; 1992.
[6] Kenny WG. Flexcom. 8.6.1 ed2016.
[7] Lagarias JC, Reeds JA, Wright MH, Wright PE. Convergence Properties of the Nelder-Mead Simplex Method in Low Dimensions. Siam J Optimiz. 1998;9:112.
[8] Müller J, Shoemaker CA, Piché R. SO-I: a surrogate model algorithm for expensive
nonlinear integer programming problems including global optimization applications. J Global
Optim. 2014;59:865-89.
[9] Müller J, Shoemaker CA, Piché R. SO-MI: A surrogate model algorithm for
computationally expensive nonlinear mixed-integer black-box global optimization problems.
Comput Oper Res. 2013;40:1383.
[10] Regis RG, Shoemaker CA. Combining radial basis function surrogates and dynamic
coordinate search in high-dimensional expensive black-box optimization. Eng Optimiz.
2013;45:529.
[11] Regis RG, Shoemaker CA. Parallel Stochastic Global Optimization Using Radial Basis
Functions. INFORMS Journal on Computing. 2009;21:411-26.
[12] Regis RG, Shoemaker CA. A Stochastic Radial Basis Function Method for the Global
Optimization of Expensive Functions. INFORMS Journal on Computing. 2007;19:497-509.
[13] Sait SM, Youssef H. Iterative computer algorithms with applications in engineering:
solving combinatorial optimization problems. Los Alamitos, CA: IEEE Computer Society;
1999.
[14] Tolson BA, Shoemaker CA. Dynamically dimensioned search algorithm for
computationally efficient watershed model calibration. Water Resour Res. 2007;43:W01413.
[15] Wolpert DH, Macready WG. No free lunch theorems for optimization. IEEE Transactions
on Evolutionary Computation. 1997;1:67-82.
[16] Xu J. A new method for reliability assessment of structural dynamic systems with random
parameters. Struct Saf. 2016;60:130-43.
[17] Zhang X, Pandey MD. Structural reliability analysis based on the concepts of entropy,
fractional moment and dimensional reduction method. Struct Saf. 2013;43:28-40.

923

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Reliability-based sensitivity analysis of aerospace systems
under distribution parameter uncertainty using an
augmented approach
Vincent Chabridona,c,∗ , Mathieu Balesdenta , Jean-Marc Bourinetc ,
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Abstract: Estimating sensitivities of the failure probability with respect to the
uncertainty modeling hypotheses in input is crucial in reliability assessment of
complex aerospace systems. Indeed, being confronted to limited data samples
or imprecise expert judgment, engineers still have to make the most informed
choices to quantify and propagate uncertainties through simulation models. In
this paper, we consider a bi-level uncertainty affecting both classical input variables and their probability distribution parameters. These probability distribution parameters are assumed following some parametrized laws with some a priori deterministic hyper-parameters. All these uncertainty levels are treated in a
Bayesian framework allowing to compute a “predictive failure probability” by
an “augmented reliability approach”. Thus, the objective of this paper is to derive a reliability-based sensitivity estimator of the predictive failure probability
with respect to the deterministic a priori hyper-parameters. The efficiency of the
proposed method is illustrated on academic and real industrial test-cases (launch
vehicle stage fallback zone estimation).

1 Introduction
Reliability analysis of complex aerospace systems is of prime importance in terms of human
and system safety, environmental impact and financial loss. Reliability assessment is classically
achieved by assuming a probabilistic framework to a set of d input basic variables, gathered
in a random vector X ∈ DX ⊆ Rd , defined by their joint probability density function (pdf)
fX : Rd → R+ . Then, reliability analysis can be performed by considering a simulation model
M : DX → DY ⊆ R of the system (here a static input-output model) such that: Y = M(X).
The limit-state function (lsf) g : Rd → R characterizes the behavior of the system and can be
expressed e.g., as g(X) = yth − M(X), where yth ∈ R is a characteristic threshold beyond the
one the system falls into a failure state. Based on this definition, one can define the failure
domain as the set Fx = {x ∈ DX : g(x) ≤ 0}. Therefore, the classical failure probability pf
reads:
Z
Z
pf = P [g(X) ≤ 0] =
fX (x)dx =
1Fx (x) fX (x)dx = E fX [1Fx (X)]
(1)
Fx

DX
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where dx = dx1 . . . dxd and 1Fx (·) is defined such that 1Fx (x) = 1 if x ∈ Fx and 1Fx (x) = 0
otherwise. This integral can be numerically computed by approximation techniques like first
or second order reliability methods (FORM, SORM) [7] or by sampling techniques based on
Monte Carlo simulations [7].
In practice, all this reliability process relies on the fact that some parametric pdfs are assumed
to the different basic variables. It means that the joint pdf previously described for X should be
written as fX (x; θ ), which means that the realizations x are conditional to a vector θ of distribution parameters. The choice of θ is either based on some experimental data or extracted from
literature, or finally assumed by some expert judgment [1]. However, in some cases, neither
data nor expert judgment are available (or in a better case, only limited information is available) which leads to admit that some uncertainty is affecting this a priori choice of distribution
parameters [4, 5]. In this context, there is a bi-level uncertainty affecting both x and θ . Thus,
the failure probability in Eq. (1) varies depending on the value of θ . Thereby, it is necessary to
quantify how these two levels of uncertainty influence the failure probability.
Reliability-based sensitivity analysis (RbSA), pursuing a similar goal to classical sensitivity
analysis (SA) [10], aims at studying how the uncertainty on some input variables plays a role
on the variability of the failure probability. By analogy with SA, one can distinguish between
two families of methods. Firstly, local sensitivity methods, mostly based on partial derivative of
the failure probability with respect to (w.r.t.) a given variable or parameter, aims at quantifying
a local effect at a certain point (e.g., at failure). Most of them are intrinsic to the technique
used for the probability estimation: sensitivity factors [7, 15] and omission factors [14] with
FORM, but also sensitivities for specific simulation methods (for instance adaptive importance
sampling [24], line sampling [25], subset simulations [23]), and finally, sensitivities using the
score function approach [11, 17], i.e. sensitivities based on the partial derivative of the pdf in the
integral equation of the failure probability. Secondly, global sensitivity methods regroup several
frameworks, from variance-decomposition-based methods (through the use of Sobol indices)
for [18] to density perturbation for [12, 13].
The contributions mentioned previously all focus on estimating reliability-based sensivities for
only fixed deterministic values of θ . Another approach consists in considering that θ varies on
its definition domain and characterizing the impact of the θ variation on the failure probability.
This case has already been treated in the context of double loop approaches [2, 22]: for a given
value of θ , one can compute an estimation of the failure probability Pf (θθ ), then by averaging
over all the values of θ , one can estimate the mean of the failure probability. This is what
we call the nested reliability approach (NRA). Within this approach, all the previous RbSA
methods can be devoted to quantify, either local or global sensitivities by repeating them for all
the values of θ . Nevertheless, adding a loop to sample some θ implies to drastically increase the
simulation budget which can become untractable for expensive simulation models. In this paper,
we describe another approach called the augmented reliability approach (ARA) which avoids
to set up any loop [4] and provides similar results than NRA in terms of reliability assessment.
We propose here to derive, within its framework, reliability-based sensitivity estimators with
no extra computational effort required for numerical evaluation. Let us consider that θ is a
realization of the random vector Θ according to the joint pdf πΘ (θθ ; ξ ). Indeed, two uncertainty
levels are involved in the reliability assessment problem.
In this paper, we discuss local RbSA for uncertain probability distribution parameters and we
propose to derive sensitivity factors of the failure probability w.r.t. the hyper-parameters ξ of
πΘ (θθ ; ξ ), with reduced computational cost, in the case of reliability assessment under bi-level
uncertainty. Here, we suppose that we have three levels of information: the basic variables gath-
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ered in the d-dimensional random vector X ∼ fX (·; θ ) : DX ⊆ Rd → R+ , the uncertain distribution parameters gathered in the k-dimensional random vector Θ ∼ πΘ (·; ξ ) : DΘ ⊆ Rk → R+
and some deterministic hyper-parameters (i.e. some moments) gathered in the vector ξ which
characterize the a priori choice made following some limited information or expert judgment.
We here assume that all the joint pdfs are continuous and have unbounded supports and we aim
at computing the local sensitivity of the failure probability w.r.t. an hyper-parameter ξ j ∈ ξ .
The estimator will be derived for classical crude Monte Carlo (CMC) and applied to both an
academic and an industrial test-cases.
The paper is organized as follows. Section 2 aims at presenting two existing approaches
(namely, NRA and ARA) to handle distribution parameter uncertainty in reliability analysis.
Then, the proposed methodology to derive sensitivities in the ARA context is given in Section 3, with some discussion about advantages in terms of computational cost. This methodology is then applied in Section 4 to two examples (one academic and one issued from the
aerospace industry). Finally, Section 5 draws some conclusions and presents future works.

2 Reliability under distribution parameter uncertainty
2.1

Problem statement

In this paper, one aims at propagating the bi-level uncertainty affecting X and Θ to see how it
affects the final failure probability. Another objective is to analyze whether the a priori choices
on ξ are reasonable or not and how a slight change in the values of these hyper-parameters
affect the failure probability variability. Following [4, 6], we use a Bayesian framework to treat
this problem.
Performing a reliability analysis at a given value θ , realization of Θ leads to express what we
call the “conditional failure probability”:
Pf (θθ ) = P [g(X) ≤ 0 | Θ = θ ]
Z

(2)

1FX (x) fX (x; θ )dx

(3)

= E fX [1Fx (X) | Θ = θ ].

(4)

=

DX

Thus, following [4], one gets the so-called “predictive failure probability” which takes into
account both uncertainties from basic variables and distribution parameters:
Θ)]
Pef (ξξ ) = EπΘ [Pf (Θ
=
=

Z

DΘ

Z

DΘ

(5)

Pf (θθ )πΘ (θθ ; ξ )dθθ
Z

1Fx (x) fX (x; θ )dx πΘ (θθ ; ξ )dθθ .
DX

(6)
(7)

Solving the last equation implies to develop a numerical strategy. It appears that it can be numerically solved by two different approaches.

2.2

Nested vs. augmented reliability approach

The first way to solve this integral equation relies on evaluating pointwise the inner integral for
each realization θ of Θ and then averaging over all the realizations. This is what we call the
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(a) NRA (3 × 200 samples/cloud).

(b) ARA (600 samples in the augmented space).
√
Figure 1: NRA vs. ARA
√ sampling strategies (600 samples in total) for X1 ∼ N (µX1 = 7, σX1 = 5/ 3),
X2 ∼ N (Θ, σX2 = 2/ 3) and one uncertain parameter Θ = µX2 ∼ N (2, 1.5).

“nested reliability approach”. This approach is a double-loop-based approach since it involves
the numerical estimation of two different quantities: the first (inside) loop computes an estimator
of the conditional failure probability given in Eq. (3) by integrating over the support DX . The
second (outside) loop computes an estimator of the predictive failure probability given in Eq. (6)
by integrating over DΘ . A generic NRA algorithm is provided in Algorithm 1. This approach
has been widely used in literature in various contexts [2, 22].
Θ, X)> [22]
Another way to solve Eq. (7) is to consider an augmented input random vector Z = (Θ
which contains the basic random vector and the vector of distribution parameters. A generic
algorithm is provided in Algorithm 2. Now, the strategy is to avoid a double loop and to directly
estimate the predictive failure probability by integrating over the domain DZ = DΘ ×DX , where
× is the Cartesian product while sampling with the joint pdf fZ (θθ , x) ≡ πΘ (θθ ; ξ ) fX (x; θ ).
The conditioning of X on Θ has to be respected though. This is what we call the “augmented
reliability approach”, which has only been explored, to our knowledge, in the FORM context [9,
20]. As for [19], the variation of the failure probability is assessed through confidence intervals
from the standard deviation of the reliability index computed by FORM, which is a different
purpose than the one exposed here.
def

For the sake of clarity, we will illustrate these approaches on a simple but comprehensive twodimensional example with one uncertain distribution parameter. In Figure 1a, only three clouds
of samples are plotted for three different values of θ = µX2 . Indeed such a sequential sampling
is the underlying principle of NRA. As for ARA, graphical results plotted in Figure 1b bring
out the different sampling strategy: covering in one step the augmented input space. One can
clearly notice the same trend between NRA and ARA, the first one by a sequential sampling
strategy, the second one by a simultaneous sampling over all the dimensions of the augmented
input space, but also that ARA offers better space-filling properties than NRA [3].
In this paper, we bound our study to the evaluation of the predictive failure probability and its
sensitivities w.r.t. the hyper-parameters ξ , through the ARA framework, with CMC for probability estimation. Derivation of the sensitivity estimator could be proposed with other sampling
methods (e.g., importance sampling) but are not detailed here for the sake of conciseness.
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Algorithm 1: NRA with CMC
Start;
Θ,X,{Nx , Nθ } (sampling budgets);
Define: ξ ,Θ
For k = 1 : Nθ ;
Sample Θ (k) | ξ ;
For i = 1 : Nx ;
Sample X(i) | Θ (k) = θ (k) ;
Evaluate the lsf: g(x(i) );
(k)
(k)
(i)
x
Pbf = N1x ∑N
i=1 1Fx (X ; Θ );
(k)
b
θ b
Pef = N1θ ∑N
k=1 Pf

Algorithm 2: ARA with CMC
Start;
Θ,X,Nx,θ (sampling budget);
Define: ξ ,Θ
For i = 1 : Nx,θ ;
Sample Θ (i) | ξ ;
Sample X(i) | Θ (i) = θ (i) ;
Evaluate the lsf: g(x(i) );
N
b
Pef = 1 ∑ x,θ 1Fx (X(i) ; Θ (i) )
Nx,θ

i=1

3 Proposed method for reliability-based sensitivity analysis
In the context of reliability assessment under parameter uncertainty using ARA, one wants to
estimate the predictive failure probability and some reliability-based sensitivities within the
same framework, with no extra computational effort, regarding the a priori choices that have
been assumed in a preliminary phase (e.g., based on some expert judgment).
Starting from Eq. (6), for a given ξ j ∈ ξ , one can derive the partial derivative of the predictive
failure probability w.r.t. this hyper-parameter ξ j :
Z

∂ e
∂
Pf (θθ )πΘ (θθ ; ξ )dθθ
(8)
Pf (ξξ ) =
∂ξj
∂ ξ j DΘ
Z
∂
=
[Pf (θθ )πΘ (θθ ; ξ )] dθθ
(9)
DΘ ∂ ξ j
Z
∂
=
Pf (θθ )
π (θθ ; ξ )dθθ
(10)
∂ξj Θ
DΘ
Z

∂
π (θθ ; ξ )
∂ξj Θ

π (θθ ; ξ )dθθ
Pf (θθ )
πΘ (θθ ; ξ ) Θ

Z Z
∂
=
1Fx (x) fX (x; θ )dx
ln πΘ (θθ ; ξ )πΘ (θθ ; ξ )dθθ
∂ξj
DΘ
DX

Z Z
=
1Fx (x)s j (θθ ; ξ ) fX (x; θ )dx πΘ (θθ ; ξ )dθθ
DΘ
DX


Θ; ξ )
= E fZ 1Fx (X; Θ )s j (Θ
=

DΘ

(11)
(12)
(13)
(14)

where s j (θθ ; ξ ) = ∂∂ξ ln πΘ (θθ ; ξ ) is called the score function [21]. Analytical formulas are availj
able in [16] to build the score functions for several distribution types.
Methods relying on the concept of score functions (originally from [21], also called kernel functions [16]) have already been used in a context of classical reliability-based sensitivity analysis
[8, 11, 17]. However, the main scope of this paper is to propose a similar method derived in
the context of the augmented approach for computing the predictive failure probability and its
sensitivities w.r.t. hyper-parameters under a bi-level of uncertainty, with no extra computational
effort. From an implementation point of view, Algorithm 3 provides the overall methodology.
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Algorithm 3: ARA/CMC with RbSA
Start;
Θ,X,Nx,θ (budget);
Define: ξ ,Θ
For i = 1 : Nx,θ ;
Sample Θ (i) | ξ ;
Θ(i) = θ (i) ; ξ ) = ∂∂ξ ln πΘ (θθ (i) ; ξ );
Compute s j (Θ
j

Sample X(i) | Θ (i) = θ (i) ;
Evaluate the lsf: g(x(i) );

Nx,θ
b
(i)
1
Pef = Nx,θ
∑i=1 1Fx (X(i) ; Θ )
Nx,θ
(i)
∂ b
1
Θ(i) ; ξ )
Pe = Nx,θ
∑i=1 1Fx (X(i) ; Θ )s j (Θ
∂ξ f
j

The following section aims at illustrating the benefits of the proposed method on both an academic and an industrial test-cases.

4 Application examples
4.1

Example 1: R − S academic test-case

The first example is an academic linear “Resistance - Sollicitation” problem involving two independent random variables. The aim here is to
demonstrate the effectiveness and the
accuracy of the method on a simple
test-case. The lsf g1 (·) and the input
probabilistic model are given in Table 1.

Table 1: Input probabilistic model for the lsf
g1 (X) = R − S = X1 − X2 .
Variable

Distribution

Mean

Std

X1 = R
X2 = S
Θ1 = µR
Θ2 = σR
Θ3 = µS
Θ4 = σS

Normal
Normal
Normal
Normal
Normal
Normal

µR uncertain
µS uncertain
ξ1 = µR = 11√
ξ3 = σR = 5/ 3
ξ5 = µS = 2 √
ξ7 = σS = 2/ 3

σR uncertain
σS uncertain
ξ2 = 0.5µR
ξ4 = 0.5σR
ξ6 = 0.5µS
ξ8 = 0.5σS

√
The classical√failure probability without parameter uncertainty, i.e. for R ∼ N (11, 5/ 3) and
S ∼ N (2, 2/ 3), is pf,ref = 1.895 × 10−3 (which is the exact value computed by FORM as the
lsf is linear). Here, we consider that the four distribution parameters are not perfectly known.
Some probabilistic model is assumed for each parameter to handle this lack-of-knowledge. The
four distribution parameters follow normal probability distributions with some a priori hyperparameters chosen by some expert judgment (see Table 1). In this specific case (normal random
variables and linear lsf), the failure probability thus simplifies as [7]:




µx − µx2 
θ1 − θ3 
= Φ − q
.
(15)
Pf (θθ ) = Φ − q 1
2
2
2
2
σX1 + σX2
θ2 + θ4

b
This simple closed-form solution allows to calculate Pef by taking its expectation. Then, one can
check and validate numerical results for the sensitivities by forward finite differences (FFD),
assuming a small perturbation step δ :
b
b
b
Pef |ξ j +δ − Pef
∂ Pef
≈
.
∂ξj
δ
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(16)

Numerical results are gathered in Table 2. One can notice that both sentivities computed with
FFD based on the analytical formula and the ones estimated by the proposed method (columns
3 to 5) perfectly match. The numerical results for the proposed method are averaged over 100
replications of the algorithm to compute the coefficient of variation (cv) of each estimate. Finally, three different sampling budgets are tested so as to check the convergence of the results.
Table 2: Sensitivities computed by FFD and by the proposed method.
Sensitivities
b
∂ Pef /∂ ξ1
b
∂ Pef /∂ ξ2
b
∂ Pef /∂ ξ3
b
∂ Pef /∂ ξ4
b
∂ Pef /∂ ξ5
b
∂ Pef /∂ ξ6
b
∂ Pef /∂ ξ7
b
∂ Pef /∂ ξ8
b
Pef
aN
θ

FFD a
−0.0223
0.0259

Nx,θ = 108 samples
Estimate cv
−0.0223

(0.41%)

Nx,θ = 106 samples
Estimate cv
−0.0223

(0.38%)

Nx,θ = 104 samples
Estimate cv
−0.0223

(4.0%)

0.0259

(0.63%)

0.0259

(0.53%)

0.0259

(6.0%)

0.0154

0.0154

(0.13%)

0.0155

(1.3%)

0.0152

(12%)

0.00107

0.000794

(3.8%)

0.000796

(36%)

0.000848

(312%)

0.0221

0.0223

(0.13%)

0.0223

(1.1%)

0.0220

(11%)

0.00451

0.00470

(0.93%)

0.00476

(9.1%)

0.00421

(99%)

0.0131

0.0129

(0.36%)

0.0129

(3.6%)

0.0135

(34%)

−0.0122

(0.53%)

−0.0122

(5.3%)

−0.0122

(46%)

−0.0118
0.0814

0.0814

(0.035%)

0.0814

b
= 108 samples → 108 values of Pbf (θθ ) → Pef =

1
Nθ

N

θ b
Pf
∑k=1

(0.33%)
(k)

0.0814

(3.6%)

(θθ ).

Analyzing these results allow us to draw three main conclusions. Firstly, the predictive failure
probability estimated is almost three logarithmic decades higher in terms of magnitude compared to the classical failure probability pf,ref , which indicates that the lack-of-knowledge on the
distribution parameters (even if the numerical values use here are not realistic) can have a huge
impact on the system reliability and safety. Secondly, regarding the sensitivities, one can rank
the hyper-parameters in terms of influence (in absolute value): {ξ2 , ξ1 , ξ5 }, then {ξ3 , ξ7 , ξ8 }, and
finally {ξ6 , ξ4 }. The sign of the sensitivity value indicates whether the hyper-parameter tends
to increase or decrease the reliability. This ranking, coherent with the physics, could allow to
make recommendations for more data to be collected or for more budget allocation in simulation to reduce the uncertainty. These sensitivities can also help engineers to question experts
regarding their affirmative choices and how they impact the reliability. Thirdly, one can notice
that, if estimating accurately a failure probability can be challenging, estimating its sensitivities
is even more as it requires a better precision (e.g., Nx,θ = 104 samples is enough to estimate the
predictive failure probability, but not enough to correctly estimate some low sensitivities).

4.2

Example 2: launch vehicle stage fallback zone estimation

During the real flight of a launch vehicle, uncertainties can be involved in the different flight
phases at different levels (e.g., on the dynamics perturbations or stage combustion). Uncertainties affecting the inputs of trajectory simulation code play a major role in terms of optimal
trajectory assessment (for ascent as well as for re-entry trajectories) since they directly impact
the system performances and can lead to a mission failure. After their propelled phase, the different stages reach successively their separation altitudes and may fall back into the ocean (see
Figure 2). Such a dynamic phase is of prime importance in terms of launcher safety since the
consequence of a mistake in the prediction of the fallback zone can be dramatic in terms of
human security and environmental impact.
The black-box model M(·) considered here is a trajectory simulation code of the dynamic fallback phase of a generic launcher first stage [2]. In input, six independent random variables
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represent some perturbations of initial conditions and launcher stage characteristics at separation point. The code output is the distance Dcode between the theoretical fallback position into
the ocean and the estimated one. The lsf g2 (·) and the input probabilistic model are given in
Table 3. The classical failure probability without parameter uncertainty (for a safety threshold
dsafe = 15, 000 meters) is pf,ref = 1.36 × 10−4 . Here, we consider that we lack of information
about the distribution parameters for the velocity perturbation (X2 ) and the flight path angle
perturbation (X3 ) at the separation point. For the sake of demonstration, the numerical values
(distribution parameters and hyper-parameters) used in this example are hypothetic. The analysis results for the proposed method are averaged over 40 replications of the algorithm (this code
is a simplified version of a real trajectory code with a reasonable computational cost) and two
different sampling budgets are tested so as to check the convergence of the results.

Figure 2: Illustration scheme of the first stage fallback phase into the Atlantic Ocean.
Table 3: Input probabilistic model for the lsf g2 (X) = dsafe − M(X) = 15, 000(m) − Dcode (m).
Variable

Physical quantities

Distribution

Mean

Std

X1 = ∆h (m)
X2 = ∆v (m.s−1 )
X3 = ∆γ (rad)
X4 = ∆ψ (rad)
X5 = ∆m (kg)
X6 = ∆Cd (1)
Θ2 = µX2 (m.s−1 )
Θ3 = µX3 (rad)

stage altitude perturb. at sep.
velocity perturb. at sep.
flight path angle perturb. at sep.
azimuth angle perturb. at sep.
propellant mass perturb. at sep.
drag force error perturb. at sep.

Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal

0
µX2 uncertain
µX3 uncertain
0
0
0
ξ1 = 0
ξ3 = 0

1, 650
3.7
0.001
0.0018
70
0.1
ξ2 = 3.3
ξ4 = 0.001

Table 4: Sensitivities calculated by the proposed method.
Sensitivities

Nx,θ = 106 samples
Estimate
cv

Nx,θ = 105 samples
Estimate
cv

b
∂ Pef /∂ ξ1
b
∂ Pef /∂ ξ2
b
∂ Pef /∂ ξ3
b
∂ Pef /∂ ξ4
b
Pef

−9.13 × 10−4

−8.81 × 10−4

(11.3%)

−2.27

(12.7%)

(3.44%)

2.95 × 10−3

(2.32%)

−2.31

(3.88%)

6.43

(2.18%)

4.401 × 10−3

(1.38%)

2.97 × 10−3

(7.32%)

6.51

(9.77%)

4.406 × 10−3

(4.31%)

Numerical results gathered in Table 4 have been obtained by replication of the Algorithm 3.
Moreover, two sets of results obtained with two different CMC sample sizes are presented.
One can first remark that numerical results are similar for both sets. Then, according to the
estimated sensitivities, the most influent hyper-parameters are ξ4 and ξ3 , which are respectively
the standard deviation and the mean value of the mean parameter of the variable X3 . One can
notice that taking into account this bi-level uncertainty makes the failure probability increase
from one decade between the classical and the predictive one.
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5 Conclusions & Perpectives
This paper proposes a method for deriving and estimating reliability-based sensitivities of the
predictive failure probability w.r.t. some a priori distribution hyper-parameters. Since classical
failure probability does not take into account possible uncertainty affecting probability distribution parameters, one changed the classical framework to a Bayesian one which allows to
compute the so-called predictive failure probability. Then, it has been shown that two sampling
strategies were available to estimate this probability. The most efficient one, called ARA, has
been chosen as the background framework for deriving the sensitivities as byproducts of a reliability analysis. The application of the methodology on an academic test-case demonstrated
numerical accuracy of the method compared to estimation using finite differences. Application
on a real industrial aerospace problem (launch vehicle stage fallback zone estimation) demonstrated the efficiency of the method for computing sensitivities with no extra computational cost
in addition to the one necessary for the failure probability estimation by CMC.
The method has been derived for probability distributions with unbounded support. Finally, one
could also consider that one or more probability distribution parameters follow some bounded
distributions (e.g., a uniform distribution with bounds given by some a priori expert judgment).
In this case, some integral bounds in the predictive failure probability formulation would depend
on the hyper-parameters. Another research track is to extend this work based on CMC to other
advanced sampling methods such as subset simulations. Finally, another track could be to take
into account possible uncertainties affecting correlations between the basic variables and to
derive similar sensitivities w.r.t. the correlation parameters. These perspectives are left for future
research.
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Abstract: The use of sampling based approaches causes the reliability analysis of multimodal limit state functions to be computationally burdensome. We
propose a new kind of adaptive response surface method to increase efficiency.

1 Introduction
In order to analyze physical models realistically including their random behavior, stochastic
approaches must be favored over deterministic ones. On the other hand, it can be observed, that
the complexity of physical models increase with increasing computational power which can
reduce the overall efficiency. Hence, reliability analysis has become one of the most burdensome tasks that must be conducted when designing a competitive product. For computationally
expensive tasks, metamodels often replace the original model to increase the efficiency. Nevertheless, these methods become inefficient with increasing number of dimensions. The adaptive
response surface methods, that have been proposed in [14] and [10], can overcome this difficulty but are not designed to handle high dimensional multimodal limit state functions. In this
research, a new adaptive response surface method is proposed for solving such problems.

2 Theoretical Background
2.1

Reliability Analysis

Reliability of a design is often associated with the probability of failure P(F ), that is defined
by the probability of the exceedance of some deterministic limit state function g(x) based on
the vector of random variables X. The probability of failure can be expressed as
P(F ) = P (X ∈ {x : g(x) ≤ 0}) =

Z

. n. .

Z

fX (x)dx

(1)

g(x)≤0

where fX (x) is the joint probability density function of the random multivariate X. Furthermore,
the limit state function g(x) in Eq. 1 can be replaced by an indicator function

0 : g(x) > 0
I(g(x)) =
(2)
1 : g(x) ≤ 0

which allows a more frequentist formulation of the probability of failure in Eq. 3 for a sufficiently large sample size N. An unbiased estimator of the probability of failure can be formulated as the relative frequency of the violation of the limit state condition
P̄(F ) =

1 N
∑ I(g(xi))
N i=1
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(3)

and is used within the Monte Carlo (MC) method [15]. An alternative method of calculating the
failure probability is directional sampling (DS) [1, 4], in which the input space is partitioned
into directions with equal probability and the probability of failure P̄(F ) is calculated from the
mean of the conditional probability P(F |Di ) of the distances ri to the region of failure in all
directions
P(F |Di ) = 1 − χd2 (ri2 )
P̄(F ) = E[P(F |D)]
(4)
2
where χ ()˙ denotes the probability density function of the chi squared distribution with d ded

grees of freedom, d is the number of input variables, ND is the number of directions and ri is
the euclidean distance of the region of failure to the design point for the i-th direction.
In this research, MC and DS are used for the reliability analysis of the metamodel, because
of their capability of handling the nonlinear limit state functions. DS with Fekete points as
directions [11] and Brent’s method instead of bisection is very efficient for a low number of
variables. Because of the low variance of the estimator, it is also better suited for a comparison
of the metamodels regarding the probability of failure. Nevertheless, a more detailed description
of these methods is only referenced, since the proposed method should work with any sampling
based strategy.

2.2

Metamodeling

The choice of the best response surface model is not a trivial one. Many of the contemporary
methods can deliver a good approximation depending on the type of the problem but it is not an
easy task to find a method that outperforms others consistently. Nevertheless, anisotropic universal Gaussian process (GP) [13] seems to perform better on average in [2]. Furthermore, the
interpolating nature of this method synergizes well with adaptive sampling strategies. Therefore
anisotropic GP is used for metamodeling in this research.
g(x)
g̃(x)

core of the cluster
labeled points
unlabeled points

samples
PR ĉ

xn

y = g(x)

R(x)

ε

95% confidence interval
x

xm

(a) Kriging approximation with noisy data

(b) DBSCAN with Nc = 2.

Figure 1: Visualization of the basic methods

The prediction function of a GP for the n-dimensional input design of experiments (DOE) X0
with N samples and the response vector y0
g̃(x) = PR (x, d)ĉ + R(x)

R(x) = q(x)Q̃(X0 )−1 (y0 − PR (X0 , d)T ĉ)

(5)

consists of two parts. The first part is a polynomial regressor PR (x, d)ĉ. The second part R(x)
interpolates the errors between the approximation of the polynomial term and the data points
with the help of the spatial correlation function q(x) as shown in Figure 1(a). In this research,
squared exponential and the absolute exponential functions
!
!
n
n

2
qi (x) = exp − ∑ θ j x j − Xi,0 j
qi (x) = exp − ∑ θ j x j − Xi,0 j
i = 1, 2, . . . , N (6)
|

j=1

{z

Squared exponential

}

|
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j=1

{z

Absolute exponential

}

are used as the correlation function q(x) = [q1 , q2 , . . . , qN ] and the correlation matrix Q(X0 )
consists of the correlations functions for the input DoE X0 . Furthermore, a noise term η is introduced to the correlation matrix to bound the pure interpolation and create a smoother metamodel
as in
Q̃(X0 ) = Q(X0 ) + IN η
Q(X0 ) = [q(X01 )T , q(X02 )T , . . . , q(X0N )T ]
(7)
where IN denotes the N × N identity matrix. This is especially useful for practical examples, if
the data has some intrinsic noise because of for instance variable selection. All free parameters
of the metamodel are obtained through optimization with leave-one-out cross validation [6].

2.3

Unsupervised Learning

Unsupervised learning algorithms can be used to analyze unlabeled data for creating subsets of
related points according to a set of rules. Hence, they can be used to obtain the region of interest
on the n-dimensional input space x ∈ IRn , using the samples that lie in the region of failure. Such
samples are always produced by sampling based reliability analysis methods, that can analyze
the multimodal limit state functions accurately. Thus for handling multimodal functions with
multiple regions of interest, supervised learning can be used to obtain each region of failure,
allowing a more localized adaptation of the DOE.
Density-based spatial clustering of applications with noise (DBSCAN) [5] is an unsupervised
learning algorithm, that seeks to achieve this goal by analyzing the distance of each data point
to its neighbors. It groups the samples into clusters based on this information and a pair of userdefined parameters, ε and Nc , which define the maximum distance for two points to be taken as
neighbors and the minimum number of points to build a cluster respectively. A simple example
of this method is illustrated in Figure 1(b). The red points are the core of the cluster, because
each of these points have at least Nc = 2 neighboring points within the distance ε. The blue
points also belong to this cluster, since they lie at a distance smaller than ε to at least one core
point. The gray points are not labeled, since they neither have 2 neighboring points within the
distance ε nor any core points within the distance ε.
DBSCAN has some advantages compared to other popular unsupervised learning algorithms. It
does not require any prior information about the number of clusters. Furthermore, it can handle
arbitrarily shaped clusters as long as the density difference between the clusters is not extremely
large. On the other hand, the results depend heavily on the maximum distance parameter ε. In
this research, we use an implementation of this method as found in [12].

3 Reliability Analysis with Adaptive Kriging
3.1

Overview of the Proposed Method

The proposed reliability analysis method (RAAK) is designed to analyze the multimodal limit
state functions with adaptive Kriging. Instead of using the robust estimators of reliability, which
require a large number of sample points, on the actual model, a metamodel is trained with far
fewer sample points and the reliability analysis is conducted on the metamodel.
To initialize the algorithm, a uniformly distributed DOE is calculated. Therefore, the upper and
the lower bounds for the DOE must be obtained, although they are generally not available for
many of the distribution families. Nevertheless, we set the global bounds such that,
FX (xl ) ≤

P(F )
100

FX (xu ) ≥ 1 −

P(F )
100

(8)

in order to aim for a relative accuracy of at least 1%, where FX (.) describes the multivariate
cumulative distribution function of the random variable X. xl and xu are the lower and the upper
bounds respectively. It is generally a good idea to set these bounds as small as possible, if a prior
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information about the probability of failure P(F ) is available. In this research, P(F ) is set to
10−6 for all of the examples. Furthermore the number of initial sample points Ni are chosen
sufficiently large according to the number of dimensions.
Consequently, a metamodel is trained and the reliability analysis is conducted on the metamodel
(see Figure 2). A convergence test is not possible after the first step, but for all the subsequent
steps, we calculate the convergence based on a relative tolerance parameter εtol
|Pk (F ) − Pk−1 (F )|
≤ εtol
Pk (F )

(9)

Since a variance of the estimator for the reliability analysis is generally available, a suitable εtol
can be chosen accordingly. If no convergence is observed, the designs that lie in the region of
failure are omitted to DBSCAN to determine the number of the modes or the regions of failure
in the limit state function as well as their spatial locations. If there are multiple regions of failure,
the points belonging to each region are omitted in the adaptation separately. Ns number of new
sampling points are generated at each step for the adaptation.
Adaptation

DBSCAN
no

k = k+1
Initial LHS

k = 1 Metamodel
Training

g̃k (x)

Reliability Pk (F )
Analysis

Convergence?

yes

P(F )

Figure 2: Flow diagram of the RAAK method

The adaptation is further described in the next section but each of the regions of failure is
granted a positive integer portion of Ns , that is proportional to the number of failed designs
in each region compared to the total number of failed designs. After the adaptation, a new
metamodel is trained and the process is repeated until the convergence criteria is fulfilled.
3.1.1

Adaptation

The term adaptation of the DOE is used here in the context of the expansion of the DOE by
creating new sampling points near the region of interest. Since Kriging, which works well with
latin hypercube sampling (LHS) [9], is our metamodel of choice, a LHS based approach is
chosen similar to [17]. The method described in this research is designed for optimization and
not reliability analysis, although an implementation for the reliability analysis can be found
in [10]. Nevertheless, our implementation of this idea has some differences, that increase the
overall quality of the DOE by minimizing the correlation error, besides utilizing Kriging as
metamodel.
After defining the region of interest (Figure 3(a)) by analyzing the failed designs, a new and
local LHS grid is defined on the region of interest (Figure 3(b)). Explicitly, we set the local
bounds to
q
q
xuL = µ + σ B = E[X f ] + 2 Var(X f )
(10)
xlL = µ − σ B = E[X f ] − 2 Var(X f )

where E[X f ] and Var(X f ) are the mean value and the variance of the failed points X f . Failed
points X f are acquired from the reliability analysis on the metamodel.
First, a query for the empty bins is initiated to check if any points from the previous DOE is
already filling some of the bins. The number of bins is increased until the required number of
empty bins or new sample points is achieved. In the example illustrated in Figure 3, a local LHS
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with 6 bins is prepared to acquire 5 new sampling points. Instead of creating a small DOE and
mapping it to the empty bins, as described in the aforementioned research, random points are
created on the original DOE.

xn

xn

initial DOE
new points
local LHS grid
xn

initial DOE
candidate points
local LHS grid

µn + 2σB,n

initial DOE
failed designs
bounds

µm + 2σB,m

g(x) = 0
xm

xm

xm

(a) Step 1

(b) Step 2

(c) Step 3

Figure 3: Demonstration of the Adaptation.

Furthermore, new sample points are omitted until all bins for all dimensions are filled, which
may cause some bins to be occupied by more than one point in some cases (cf. Figure 5).
Therefore, uniformity is not guaranteed in contrast to the standard LHS. Nevertheless, the new
points are rearranged with the help of a simulated annealing algorithm similar to [8], in order
to minimize the correlation error of not just the local but the global DOE and maximize the
minimum distance (Figure 3(c)). Hence, the resulting DOE generally has a lower correlation
error in comparison to mapping a DOE with no correlation error to a larger DOE. In the latter
case, the correlation of the larger DOE goes unnoticed, which affects the prognosis quality of
the metamodel.

3.2

Analytical Examples

3.2.1

Example 1 - Visualization

The Himmelblau function [7] in Eq. 11 is chosen for visualization purposes, since it exhibits
three regions of failure near zero (s. Figure 4) and has two input variables. Both variables are
normally distributed and have the identical expectation µ1,2 = −1 and standard deviation values
σ1,2 = 0.7.
2 
2
 2
x1 + x22
x1 + x2
− 11 +
− 7 − 50
(11)
g(x1 , x2 ) =
1.81
1.81
5
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(b) Surface plot

(a) Contour plot

Figure 4: Visualization of the Himmelblau Function

Using DS with 3000 directions, the probability of failure can be calculated as P̄(F ) = 1.718 ·
10−6 with a standard deviation of σP̄(F ) = 0 after ten runs. This is due to the fact, that a two
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dimensional space can be exactly divided into an arbitrary number of directions, since only one
angle is needed to define a direction. In comparison, MC with 108 sample points delivers a
probability of failure P̄(F ) = 1.709 · 10−6 with a standard deviation of σP̄(F ) = 1.25 · 10−7 .
After beginning with an initial sample size of Ni = 16, three iterations with Ns = 6 additional
samples are required by RAAK until convergence. With a total of 34 samples and using DS,
the probability of failure is calculated as P̄(F ) = 1.718 · 10−6 with a standard deviation of
σP(F ) = 1.102 · 10−11 after ten runs.
The demonstration of a single run is depicted in Figure 5. Only two of the three regions of
failure are discovered in the first pair of iterations. Therefore, no new samples are created on
the smallest region of failure, as can be seen in Figure 5(a). With increasing number of sample
points, the overall quality of the metamodel increases, so that on the third iteration the metamodel is almost identical to the original function. All three regions are discovered on the third
iteration and the purple colored points are sampled.
The adaptation is demonstrated in Figure 5(b). First, the region of interest is determined as
described before. In this case, an LHS grid for 6 samples is needed for adding two additional
sample points to the existing DOE. Furthermore, although two bins are free for the second
dimension x2 , there is only a single free bin in the first dimension x1 . In this case, instead of
increasing the number of bins in the local LHS, one of the full bins is chosen at random to insert
the second point. This way, a very sparse LHS grid with many unoccupied bins is avoided.
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Figure 5: Visualization of the RAAK method

3.2.2

Example 2 - Dependence on the dimensionality

A modified version of the Styblinski-Tang function [16] in Eq. 12 is chosen for studying the
dependence on the dimensionality (see Figure 6). Both variables are normally distributed and
have the identical expectation µ1,2 = 0 and standard deviation values σ1,2 = 0.7. The number of
the modes for this function increase with increasing number of dimensions n.
g(x) =

√
1 n 4
(xi − 16xi2 + 5xi ) + 39 n
∑
2 i=1

(12)

Results for different values of n with 10 independent runs of each method can be found in Table
2. The number of samples needed for RAAK has a high dependence on the number of input
variables as it can be seen in the results. It should be noted, that all of the input variables have
high importance for this function. In most practical examples, the number of variables can be
greatly reduced by using various variable selection methods [3]. Furthermore, MC is used for
the reliability analysis for n > 10.
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Figure 6: Visualization of the Styblinski-Tang function for n = 2

A relative accuracy of 1% is achieved for n ≤ 10 compared to the results of the DS, by setting
the target tolerance εtol from Eq. 9 to 1%. Since Fekete points are used for DS, the variance of
the algorithm is greatly minimized. Nevertheless, the number of directions has to be increased
to achieve an accurate estimation of the probability of failure especially at higher dimensions.
Table 1: Results for the modified Styblinsky-Tang function. P̄(F ) describes the mean value and σP(F )
the standard deviation of the predicted probability of failure in ten runs
n
2
3
5
10
15
20

N
37
82
242
618
1231
1937

RAAK
P̄(F )
3.895e-05
2.568e-05
1.965e-05
2.335e-05
4.968e-05
1.028e-04

σP(F )

N

1.724e-11
5.083e-08
7.136e-08
8.021e-08
3.507e-06
4.738e-06

107
107
107
107
107
107

MC
P̄(F )
3.916e-05
2.633e-05
2.029e-05
2.366e-05
4.631e-05
9.630e-05

σP(F )

N

DS
P̄(F )

σP(F )

1.449e-06
1.212e-06
1.060e-06
1.231e-06
1.583e-06
2.885e-06

3126
15832
22419
52242
97958
274322

3.895e-05
2.544e-05
1.951e-05
2.337e-05
4.520e-05
1.031e-04

0
7.822e-11
1.734e-10
3.442e-10
2.410e-10
9.873e-10

Since the variation of the estimator is higher for MC, the target tolerance εtol was set to 10% for
n = 15 and n = 20. It can be seen, that this tolerance is achieved at the cost of sample points.
Furthermore, the polynomial degree of the Kriging was set to zero to reduce the negative effect
of high dimensions on the metamodel. Nevertheless, training a metamodel with so many sample
points and conducting a MC simulation on such a metamodel is highly inefficient. Hence it
should be noted, that if a more efficient sampling based strategy is available to solve the problem
at hand, it should be used with RAAK instead of MC to increase efficiency.

3.3

Assumptions and Limitations

Besides being dependent on the ability of the chosen reliability analysis method to be able to
handle the original problem, RAAK has some other inherited limitations and assumptions. For
example, this problem could be solved by using a very robust method like MC. On the other
hand, predicting 108 points can also be computationally burdensome for some implementations
of GP. Thus, a memory efficient implementation of GP with multiprocessing capability should
be adopted.
Furthermore, as is the case with many metamodels, higher dimensional problems may require
a significantly higher number of sample points to converge to a solution, depending on the
difficulty of approximating the underlying function. Moreover, it is assumed that the quality of
the metamodel increases with an increasing number of sampling points. Although this has been
observed for all the examples in this research, this is not guaranteed for all limit state functions.
Nevertheless, only the approximation quality near the region of failure is relevant for most of
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the reliability analysis methods. Hence, even with an overall decrease of the prognosis quality
of the metamodel, a decrease of prediction errors in the region of interest can be observed.

4 Conclusion
An adaptive sampling strategy for the metamodel based reliability analysis of multimodal limit
state functions is proposed in this research. The method has a high dependence on the dimensionality, as is the case with most metamodel based methods. Nonetheless, it has been shown
that the method can handle multimodal functions with at least 20 input variables and a relatively low probability of failure. The number of variables could be further increased as long as
the metamodel is able to handle the problem. Although the method described in [10] is also
able to handle such a number of dimensions, the limit state function chosen to demonstrate this
is linear in contrast to the function in section 3.2.2. Moreover, the results of the test with the
Himmelblau function in section 3.2.1 show, that RAAK needs less samples to acquire a more
accurate result with DS for this function compared to the method described in [14].
Finally, only problems with a single limit state function were investigated in this research. However, the method can also handle multiple limit state functions without any modification, as long
as the failed samples from all of the limit state functions are omitted for the adaptation.
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Abstract: Global reliability of structures based on system-level global limit state
functions (GLSF) is an efficient and approximate approach to system reliability of
complex structures. However, the global limit state variable (GLSV) is generally an
implicit function of the basic random variables (RVs). Furthermore, the dimension
of the basic RVs is another bottleneck problem to the practical applications of this
approach. In this paper, both global reliability and global sensitivity of complex
structures under seismic actions are investigated. The stochastic response surface
model (SRSM) based on polynomial chaos expansions (PCE) through the non-intrusive regression technique is utilized to derive the first four moments of the GLSV.
The generalized lambda distribution is fitted for the probability density function
(PDF) of the GLSV using the approximated first four moments through the PCEbased SRSM. The global reliability index can then be easily calculated by the higher
order moment methods (HOMM) via the generalized lambda distribution. The PCEbased SRSM is further implemented to evaluate the global sensitivity indices of the
basic RVs on the GLSV. Taking reinforce concrete (RC) frame structures as case
studies, the global reliability and global sensitivity indices for the system-level
global deformation limit state of RC frame structures under seismic actions are calculated respectively. The accuracy and the efficiency of the proposed method are
verified and compared by the Monte Carlo simulation.

Introduction
Global reliability analysis (GRA) of structures is an approximate system reliability approach
using nonlinear structural analysis to find the global failure mode of a real and complex structure, construct its corresponding system-level global limit state function and approximately calculate structural system reliability [1-4]. This methodology can avoid the combination
explosion problem in the traditional failure mode approach (FMA) of system reliability theory
when searching the significant failure modes. Furthermore, the real constitutive equations of
materials can be taken and the correlation among the failure modes can be intrinsically considered when searching for the global failure mode based on the nonlinear whole-process analysis
of structures. Therefore, it is an efficient and pragmatic method for structural system reliability.
Lu, et al [5] classified the mathematical models of structural global reliability into three categories: the basic variable model, the comprehensive variable model, and the state variable
model. Once the system-level global limit state function (GLSF) is obtained, the system reliability can be approximately calculated by the component reliability methods, such as FOSM,
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FORM, SORM, or HOMM [1-5]. However, the GLSF is usually the implicit function of the
basic random variables (RVs). It is difficult to obtain the higher order moments (HOMs) and
the probability distribution function (PDF) of the global limit state variable (GLSV). In addition,
there may be many basic RVs to influence the GLSV. If all the RVs are treated as random
variables, the analysis process will become very complex and time consuming. Therefore, it is
necessary to analyze the global sensitivity of the GLSV with respect to the basic RVs. However,
the computation burden in global sensitivity analysis (GSA) still is another concern necessary
to consider.
To overcome the above problems, the meta- models from statistical learning theory can be taken
as surrogate models for the GLSF. Among the ample surrogate models, the polynomial chaos
expansions (PCE) has become more and more noticeable and popularized. As a random expansion technique, PCE originates from the mathematical descriptions of Brown motions by Einstein, Wiener and Itō [6, 7]. Nowadays, PCE has been widely utilized in many disciplines,
including stochastic finite elements [7], structural reliability [8], uncertainty quantification [9],
global sensitivity [10], random field [11], seismic vulnerability [12], robustness optimization
[13], among others. In this paper, a new global reliability approach for complex structures is
proposed by combining the PCE-based stochastic response surface model (SRSM) as a surrogate model for system-level GLSF of structures and a higher order moment method (HOMM)
via the generalized lambda distribution (GLD). The PCE-based SRSM is further utilized to
evaluate the global sensitivity indices the GLSV with respect to the basic RVs. Reinforce concrete (RC) frame structures are taken as case studies. The global reliability and global sensitivity
indices will be respectively calculated and validated for system-level deformation limit state of
RC frame structures under seismic actions by the proposed method.

Global Reliability Analysis of Structures Using PCE-Based Stochastic Response Surface Method and Improved HOMM
2.1 PCE-Based Stochastic Response Surface Model (SRSM)
By PCE method, a random variables u can be expanded as [8]:
n

n

i1

(

)

n

i1

i2

(

)

u ( ξ ) = a0 Γ 0 +  ai Γ 1 (ξi ) +  ai1i2 Γ 2 ξi1 , ξi2 +  ai1i2i3 Γ 3 ξi1 , ξi2 , ξ i3 + 
i =1

i1 =1 i2 =1

i1 =1 i2 =1 i3 =1

(1)

where {ξi }i∞=1 is a set of independent random variables following standard normal distributions,

Γ p (ξi1, ..., ξip ) is the generic formula of high dimension Hermite polynomials, ai1 ,…,aip are the
unknown deterministic coefficients.
Equation (1) is often expressed by a more concise form:
∞

P−1

i =0

i =0

u ( ξ ) = bΨ
i i ( ξ ) ≈ bΨ
i i (ξ )

(2)

where bi and Ψ i ( ξ ) are one-to-one correspondences between the coefficients to ai1 ,..., ai p and
the functions Γ p (ξi1, ..., ξip ) , respectively.
There are two categories of methods to compute the expansion coefficients in Equation (1)
through finite element analysis: intrusive procedures, and non-intrusive procedures. The latter
is more applicable and easier to use than the former [8, 9]. In one type of non-intrusive formulation, PCE is used to create the response surface without interfering with the finite element
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analysis software, which is so called the stochastic response surface method (SRSM). By this
method, structural response variable can be decomposed into the regression forms of the basic
random variables:
∞

P−1

i =0

i =0

T
Y = bΨ
i i ( ξ ) = bΨ
i i (ξ ) + εP = B Ψ (ξ ) + εP

(3)

B = ( b0 ,, bP−1 ) ； Ψ ( ξ ) = (Ψ 0 ( ξ ) , ,Ψ P −1 ( ξ ) )
T

T

(4)

The coefficients can be determined by the least squares regression of the residual, εP :

 = arg min E (Y − BTΨ ( ξ ) )2 
B

B∈RP

The estimation of the coefficients in the least squares sense is:
N
2
 = arg min 1  y( j ) − BTΨ ξ ( j )  = AT A
B



B∈RP N
j =1

( ) (

( )

Aij = Ψ j ξ ( ) , y = ( y 0 , , y N )

T

i

(5)

)

−1

AT y

(6)
(7)

2.2 SRSM-Based Improved High Order Moment Method for Global Reliability
Analysis of Structures
In global reliability theory of structures, the system-level GLSF is usually built based on the
global structural response and its threshold value as [1-5]:

Z = g ( X ) = g ( s ( X ) ) = r0 − s ( X )

(8)

where s(X) is the global response of the structure, which is an implicit function of the basic
RVs; r0 is the threshold of the global response s(X); Z can be called as the global limit state
variable (GLSV).
The failure probability of the structural system can be calculated by:

p f = P [ Z ≤ 0] =

0

 f ( z ) dz = F ( 0 )
Z

Z

(9)

−∞

where FZ (z) and fZ (z) are the cumulative distribution function (CDF) and probability density
function (PDF) of the GLSV Z, respectively.
Since the relationship between the structural response s(X) and the basic RVs is very complex
and implicit, the moments and the PDF or CDF of the GLSV Z are generally hard to obtain by
the analytic methods. In this paper, the PCE-based SRSM is used to solve this problem. After
the surrogate model for the GLSV Z is built by SRSM, the first four moments can be calculated
easily, then the PDF is fitted by the first four moments via the generalized lambda distribution.
2.2.1 Calculation of Statistical Moments Based on SRSM
Using the orthogonality characteristics of the Hermite polynomials, it is easy to derive the first
four moments of the GLSV Z [9]:
(10)
μ Z =  [ Z ] = b0
P−1

2
σ Z2 =  ( Z − μ )  =   Ψi2  bi2





i =1
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(11)

3
 ( Z − μ Z ) 
= 1
δZ = 
3
3

σZ

σZ

4
 ( Z − μ Z ) 

= 1
κZ =
4
4

σZ

σZ

P −1 P −1 P −1

  Ψ Ψ Ψ
i

j

i =1 j =1 k =1

k

 bi b j bk

(12)

P −1 P −1 P −1 P −1

  Ψ Ψ Ψ Ψ  b b b b
i

j

k

l

i

(13)

j k l

i =1 j =1 k =1 l =1

where μZ , σ Z2 , δ Z and κ Z are the mean value, variance, skewness coefficient and kurtosis coefficient of Z.
Since the basic RVs are assumed independent, and the Hermite polynomials are orthogonal, the
expectations in the Equations (10) to (13) can be easily computed as:
2
n
 n
  n
2
2




 Ψ i  =  ∏ H it   =∏   H it  = ∏ it!
(14)
j =1
  t =1
 t =1
n
n
 n

 Ψ iΨ jΨ k  =  ∏ H it ∏ H jt ∏ H kt 
t =1
t =1
 t =1


(

=   H i1 H j1 H k1


)( H

i2

) (

)

H j2 H k2  H in H jn H kn 


(15)

n

= ∏   H it H jt H kt 
t =1

n
n
n
 n

 Ψ iΨ jΨ kΨ l  =  ∏ Hit ∏ H jt ∏ H kt ∏ Hlt 
t =1
t =1
t =1
 t =1

=   Hi1 H j1 H k1 Hl1 Hi2 H j2 H k2 Hl2  Hin H jn H kn Hln  (16)



(

) (

)(

)

n

= ∏   Hit H jt H kt Hlt 
t =1

  H it H jt  H lt  =   a1ξtb1 + a2ξtb2 +  + amξtbm 

(17)

= a1 ξtb1  + a2  ξtb2  +  + am  ξtbm 
 0
 ξ b  = 
( b − 1) !!

(18)

2.2.2 PDF Fitting of Global Limit State Variable by Generalized Lambda Distribution
The generalized lambda distribution (GLD) has wide and successful applications [14]. The
GLD function with four parameters is usually written as the percentile form:

z = Q ( y ) = Q ( y = FZ ( z ) ;λ1 ,λ2 ,λ3 ,λ4 ) = λ1 +
fZ ( z ) =

λ3 z

λ3 −1

λ2
λ
+ λ4 (1 − z )

4 −1

λ

yλ3 − (1− y ) 4

λ2

(19)
(20)

where FZ (z ) and f Z (z ) are CDF and PDF of random variable Z respectively, λ1 is the location
parameter, λ2 is the scale parameter, λ3 and λ4 are the parameters which determine the skewness
and kurtosis coefficients.
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The four parameters of the GLD are directly determined by the first four moments calculated
by the SRSM, i.e., the Equations (10) – (13), the details of the fitting can be found in [14].

Global Sensitivity Analysis of Structures Using PCE-Based Stochastic Response Surface Method
In global sensitivity theory, the global sensitivity are usually evaluated by the analysis of variances (ANOVA) based Sobol’ index [9, 10].

3.1 Sobol’ Sensitivity Index
Consider the performance function like Equation (8):
Z = g(X) , X ∈Kn

(21)

n

where K is the domain of X.
To compute the global sensitivity indices based on ANOVA, the performance function can be
decomposed into the sum of all the components:
n

g ( X ) = g 0 +  gi ( X i ) +
i =1



1≤i < j ≤ n

gij ( X i , X j ) +  + g1,2 ,,n ( X1 , , X n )

(22)

where X is a set of n dimension input variables, which are independent with each other.
In Equation (22), the constant g 0 is the mean value of the performance function Z. The variance
of Z is:

D =   g ( X )  =

 g ( X ) f ( x ) dx − g
2

X

K

2
0

(23)

n

where fX (x) is the joint PDF of the input random variables.
Using the orthogonality between each component, the variance of Z can be expressed by the
sum of variances of each component:
n

D =  Di +
i =1

Di1 ,,is =

g

K

n

2
i1 , ,is



Dij +  + D1,2 ,,n

( x , , x ) dx , ,dx
i1

is

(24)

1≤i < j ≤ n

i1

is

，1 ≤ i1 <  < is ≤ n , s = 1, 2 , ,n

(25)

Therefore, the uncertainty of the variance can be decomposed into the contributions of each
component by itself and the contributions of the interaction between components. Then the
contribution percentage of each component can be evaluated by the ratio between the partial
variances and the total variance, which is also called Sobol’ sensitivity indices:

Si1 ,,is =

Di1 ,,is
D

(26)

From Equation (24), the following condition should be satisfied:
n

S + 

Sij +  + S1,2 ,,n = 1

i

i =1

(27)

1≤i < j ≤ n

where Si is the sensitivity index of the single variable Xi , also called the single sensitivity index.
The total influence related to the variable Xi can be evaluated by summing all the sensitivity
indices connected with Xi . This index is also named total sensitivity index:
SiT =  Si1 ,,is , Φi = {( i1 , ,is ) : ∃k ,1 ≤ k ≤ s,ik = i}
(28)
Φi
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When there are too many input variables, it will be too complex to calculate the total index by
Equation (28). Instead, this index can be computed by the sum of indices irrelevant to Xi :
(29)
SiT = 1 − S i

3.2 Calculation of Sobol’ Sensitivity Index Based on SRSM
To analyze the global sensitivity by SRSM, we can rewrite Equation (8) by reclassifying the
polynomials in the expansion [10]:
n

g PC ( X ) = g0 +   bαΨ α ( X i ) +
i =1 α∈Φi

+





1≤i1 <<is ≤ n α∈Φi1 ,,is

+



α∈Φ1 ,2 ,,n

 

1≤i1 <i2 ≤ n α∈Φi1 ,i2

(

(

)

bαΨ α X i1 , X i2 + 

)

bαΨ α X i1 , , X is + 

(30)

bαΨ α ( X1 , , X n )

 αk ∀k = 1,,n, k ∈ ( i1 ,,is )
Φi1 ,,is = α:
 α j ∀j = 1,,n, j ∉ ( i1 ,,is )

(31)

Because the input variables are standard normal variables and mutually independent; meanwhile, the mean values of the polynomials in the expansion are zero and the polynomials are
orthogonal with each other, these meet the requirements of the ANOVA. Then, the components
of Equation (30) are correspondingly
(32)
g i , ,i ( X i , , X i ) =  bαΨ α ( X i , , X i )
1

s

1

s

α∈Φi1 , ,is

1

s

Therefore the Sobol’ sensitivity indices based on SRSM can be calculated by
 bα2  Ψ α2 
Si1 ,,is =

α∈Φi1 ,,is

DPC

The total sensitivity index of each input variable can be computed by
S Tj1 ,, jt =
 Si1 ,,is

(33)

(34)

( i1 ,,is )∈Φ j1 ,, jt

Case Study: RC Frame Structures
4.1 Design and Modeling of the Case-Study Structures
Three reinforced concrete frames are chosen as the case study [4]. These frames have different
storeys and the same plane arrangement. The plane and elevation plans of the frames are shown
in Figure 1.
The design data of the three frames are the same except the concrete materials. The detailed
information is shown in Table 1.
OpenSees is chosen as the simulation platform to construct the finite element model for these
structures [4].
The statistical moments and the probability distributions of the basic RVs are listed in Table 2.
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Figure1: Plan and elevation views of RC frame structures
Table 1: Basic design information

Parameters
Value
Parameters
Value
Reference Wind Pressure
Ground Roughness
Type C
0.4kN/m2
Reference Snow Pressure
Standard Floor Dead Load
0.3kN/m2
4.5kN/m2
2
Standard Floor Live Load
Roof Live Load
2.0kN/m
0.5kN/m2
Thickness of Roof Slab
Design Earthquake Group
First Group
120mm
without People
Design Intensity
Ⅷ（0.2g）
Ground Characteristic Period
0.35s
Design Site Classification
Type Ⅱ
Stirrup Grade
HPB235
Main Steel Grade of Beam
C30 (F3)
HRB335
Concrete
and Column
C35 (F6, F9)
Table2: Statistical parameters and distribution types of basic random variables
Source of
Uncertainty

Random
Variable
X1 fc0,core
X2 fcu,core

Concrete C30

X3 εc0,core
X4 εcu,core
X5 fc0,cover
X6 εcu,cover
X1 fc0,core
X2 fcu,core

Concrete C35

X3 εc0,core
X4 εcu,core
X5 fc0,cover
X6 εcu,cover

Steel HRB335
(N/mm2)
Dead Load
(kN/m3)
Live Load
(kN/m)

Mean Value
28.99
N/mm2
17.91
N/mm2
0.0023
0.0143
25.57
N/mm2
0.0040
32.57
N/mm2
20.76
N/mm2
0.0022
0.0124
29.76
N/mm2
0.0040

Coefficient of
Variation

Relative
Coefficient

0.20

0.3
Lognormal

0.20

0.3

0.20

0.3
Lognormal

0.20

X7 fy
X8 (E0 )

378

0.10

200000

0.05

X9 (γ)

26.50

X10 (q)

0.98
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Distribution
Type

0.3
0.4

Lognormal

0.10

--

Normal

0.45

--

Gamma

4.2 Global Deformation Limit State Functions
The maximum story drift Δ D and top-story displacement u D of the structures under the seismic
actions are chosen as the global deformation demands. The thresholds Δ C and uC of the maximum story drift and top-story displacement respectively are chosen as the global capacities.
Then the global deformation limit state functions can be built as:

Z = g ( X ) = uC − uD ( X )

(35)

Z = g = ΔC ( X , uC ) − Δ D ( X )

(36)

The threshold of the maximum story drift is assumed as lognormal distribution, whose mean
values are listed in Table 3. The threshold of the top-story displacement is computed by the
threshold of the maximum story drift and the pushover curve [4].
The global deformation demands are obtained by the stochastic capacity spectrum method [4].
To consider the uncertainty of the ground motion parameters, the damping ratio, the maximum
seismic effect coefficient and the design characteristic period of ground motions are chosen as
the additional random variables, with the statistical parameters and distribution information
shown in Table 4 [4].

Intact
1/550

Table 3: Control target of the maximum displacement ratio between floors
Slight Damage
Medium Damage
Serious Damage
1/250
1/120
1/60

Collapse
1/50

Table 4: Statistical parameters and distribution types of random variables for ground motions
Random Variable
Mean Value
COV
Distribution Type
0.05
0.30
Lognormal
（Damping Ratio ζ）
（Maximum of Seismic Effect Coeffi0.90
0.05
Normal
cient max ）
（Ground Characteristic Period ）
0.35
0.10
Normal

4.3 Global Reliability Analysis Based on SRS-HOMM
Considering the randomness of the ground motion parameters and the thresholds, the surrogate
models of the global deformation limit state variables are constructed by choosing the highest
order of polynomials as three. The reliability indices calculated by SRS-HOMM and MCS are
shown in Table 5.
Table 5: Global reliability indices of global deformation limit states
Story Number
Reliability Index
3
6
Displacement
1.9649
1.5849
PCE-MCS
Drift
1.9451
1.5873
Displacement
1.9509
1.6102
PCE-GLD
Drift
1.9441
1.6133
Displacement
2.0196
1.7048
MCS
Drift
2.0196
1.7156
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9
1.5775
1.5903
1.5785
1.5958
1.8160
1.8160

The number of calling FEA needed for SRS-HOMM is 680, while the number in MCS is 30,000.
From the results, it is clear that the indices of the maximum story drift and top-story displacement are consistent. The results of the three-story frame has the highest precision and meet the
accuracy requirement. The results of the six and nine story frames have a relatively large error.
The reason is that the six-story and nine-story frames are more complex than the three-story
frame. When using the same polynomial order, the precision of the surrogate model may be not
enough.

4.4 Global Sensitivity Analysis Based on SRSM
Using the surrogate models for Equations (35) and (36), the global sensitivity indices of each
input variable can be computed. The indices of the target displacement ratio between floors are
has the largest impacts on
listed in Table 6. For all the frames, the global seismic capacity
the global reliability.

Random
Variable
ζ
max
,
,
,
,
,
,

γ

Table 6: Global sensitivity indices of goal displacement ratio between floors
Sensitivity Index
3
6
9
0.92236
0.000060
0.017702
0.048939
0.000304
0.000036
0.000198
0.000240
0.000155
0.000025
0.004609
0.000797
0.000017
0.000014

0.92286
0.000622
0.019174
0.050762
0.001074
0.000651
0.000965
0.000880
0.000752
0.000578
0.005626
0.001641
0.000515
0.000508

0.92196
0.000037
0.015779
0.038072
0.000407
0.000060
0.000256
0.000274
0.000074
0.000084
0.004948
0.000661
0.000247
0.000253

0.92423
0.002331
0.020290
0.042920
0.002770
0.002112
0.004110
0.002596
0.002229
0.002052
0.010985
0.003895
0.002624
0.002452

0.84765
0.000064
0.057456
0.006188
0.000007
0.000260
0.002444
0.001643
0.000690
0.000058
0.057433
0.012370
0.000046
0.000065

0.84861
0.001035
0.064104
0.008046
0.000946
0.001190
0.004043
0.002962
0.001846
0.000894
0.065202
0.016230
0.000980
0.001223

Conclusions
In this paper, the PCE-based stochastic response surface method (SRSM) and the improved
high order moment method (HOMM) through fitting the PDF of the state variable via the generalized lambda distribution are combined to compute the global reliability and sensitivity of
complex structures under seismic actions. It is shown by comparing with MCS that the proposed
approach is efficient and accurate. By global sensitivity analysis, the variables with very small
sensitivity indices can be replaced as deterministic ones, thus the computational burden of the
global reliability analysis can be greatly reduced.
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Abstract: In this study, an efficient approach based on Monte Carlo simulation is
proposed to take into account the effect of uncertainties in developing a surrogate
model for damage detection of structures. Two methods of surrogate model, Least
Square Support Vector Machines (LS-SVMs) and Kriging are compared and recommendations are presented.

1 Introduction
Structural health monitoring mainly aims at continuously tracking and evaluating the symptoms of deterioration or damage that may affect the operation, serviceability, or the safety and
reliability of a structure [1]. The vibration-based damage identiﬁcation methods are commonly used by the researchers in the field of structural health monitoring for the nondestructive
damage identiﬁcation of structures. The fundamental criteria in vibration-based damage identiﬁcation is that the damage-induced changes in the physical properties (mass, damping, and
stiffness) will cause detectable changes in modal properties (natural frequencies, modal damping, and mode shapes). Goyal and Pabla [2] and Fan and Qiao [3] presented an extensive review of the vibration-based damage detection methods. Damage detection is usually
performed by comparing the responses of the undamaged structure with those of the damaged
structure [4]. The frequencies, mode shapes, ﬂexibility matrices, mode shape curvatures and
vibration responses are frequently used as the metrics for damage detection [5, 6].
The use of approximate models known as surrogate models with a much lower computational
cost, instead of time consuming computer analysis codes (Finite Element Model) pervades
much of today’s engineering design and optimization[7], [8]. Detection of damage severity
is effectively the solution to the inverse problem [1]. However, it may be necessary in many
cases to solve the forward problem to generate data for the solution to the inverse problem.
Generation of data is usually computationally expensive and surrogate models are created to
reduce the computational expense [7].
In practice, however, uncertainties in the FE model parameters and modelling errors are inevitable [9]. The existence of modelling error in the FE model due to the inaccuracy of physical
parameters, non-ideal boundary conditions, ﬁnite element discretization and nonlinear struc-
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tural properties may result in the vibration parameters generated from such FE models not
being able to represent the relationship between the modal parameters and the damage parameters of the real structure accurately [9]. On the other hand, the existence of measurement error in the measured data, that is normally used as the testing data in a surrogate model, is also
unavoidable. Since the efﬁciency of a surrogate model prediction relies on the accuracy of
both components, the existence of these uncertainties may result in false and inaccurate predictions. Therefore, the impact of uncertainties on the reliability of surrogate models for structural damage detection needs to be analyzed.
Hence, the objective of this paper is to study the inﬂuence of uncertainty on damage identiﬁcation using a frequency index as the input variables. To consider the uncertainties in the
FE modelling and the measurement data, an approach introduced by Papadopoulos and Garcia
[10] is applied. To consider the effect of FE modelling error, a statistical surrogate model is
trained with vibration data generated from the FE model, but smeared with random variations.
To include the effect of noise in the measurement data, the testing data used as input to the
statistical LS-SVM model [11] and Kriging model [12] for damage identiﬁcation are also
smeared with random noises. Subsequently, in this paper a methodology is proposed for the
probability-based damage detection of a skeletal structure based on metamodeling techniques
and Colliding Bodies Optimization (CBO) algorithm [13]. In order to efficiently reduce the
computational cost of model updating during the optimization process of damage detection,
multiple damage location assurance criteria (MDLAC) index [8] based on the frequency
change vector of structures are evaluated using surrogate models. To validate this proposed
solution method, two examples are presented.
The paper is organized as follows. Section 2 presents the analytical formulation of MDLAC.
The brief introduction about surrogate method used in this paper is presented in Section 3.
Colliding bodies optimization algorithm is described in section 4. Probability based model
updating and proposed damage detection procedure is described in section 5 and 6. Numerical
examples are studied in Section 7, and Finally, Section 8 presents conclusions of the work.

2 Structural Damage Detection
Structural damage detection techniques can be generally classiﬁed into two main categories.
They include the dynamic and static identiﬁcation methods depending whether they require
the dynamic or static test data, respectively [1]. Dynamic identiﬁcation methods have shown
their advantages in comparison with the static –based approaches. Considering the dynamic
characteristics and corresponding information, the modal analysis data of a structure such as
the natural frequencies and mode shapes have been more widely used for damage detection
[4]. Determination of the level of correlation between the measured and predicted natural frequencies or mode shapes can provide a simple tool for identifying the location and severity of
structural damages. When the natural frequencies are employed to identify the damage, two
parameter vectors may be determined. One parameter vector consists of the ratios of the ﬁrst
n f natural frequency changes ΔF due to structural damage, i.e.:

Fh − Fd
(1)
Fh
where Fh and Fd denote the natural frequency vectors of the healthy and damaged structure,
respectively. Another parameter vector can be similarly deﬁned as:
ΔF =
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δ F ( ESV ) =
where F ( ESV

)

Fh − F ( ESV
Fh

)

(2)

is a natural frequency vector that can be predicted from an analytic model

and elemental stiffness vector (ESVs) ESV T = [E1 ,..., E i ,..., E n ] which represents a damage
variable vector containing the modulus of elasticity of structural elements (E i , i = 1,..., n ) of
all n structural elements.
Given the pair of parameter vectors, one can estimate the level of correlation in several ways.
An efﬁcient way is to evaluate a correlation index called the multiple damage location assurance criterion ( MDLAC ) which is expressed in the following form [14]:
MDLAC ( ESV ) =

( ΔF

ΔF T δ F ( ESV

T

)

2

ΔF ) (δ F T ( ESV ) δ F ( ESV

))

(3)

The MDLAC compares two frequency change vectors, one of which is obtained from the
examined structure and the other from an analytical model of the structure. The MDLAC
varies from a minimum value 0 to a maximum value 1 . It reaches a maximum value when
the vector of analytical frequencies equates to the frequency vector of the damaged structure,
i.e.

F ( ESV ) = Fd

(4)

3 Surrogate Model
3.1 The Kriging Surrogate
Kriging, which is widely used, is a combination of polynomial regression and Gaussian stochastic processes [12]. The regression model ﬁts the samples according to the rule of leastsquares estimation. The correlation model adjusts the prediction error by using maximum
likelihood estimation. Kriging is formulated as [15]:
regression
!#
"#
$
n

ŷ = Y (x) + Z(x) = ∑ βi f i (x) + Z(x)
!
i=0

(5)

correlation

Where Y ( x) = ∑ i =0 βi f ( x) is the regression model, which usually adopts polynomials up to
i
n

the second order to represent the global trend of the sample points. Z ( x) is the correlation
model, which is a Gaussian process with a mean value of zero and a covariance σ . The correlation model is given by
(6)
cov(Z ( x j ), Z ( xk )) = σ 2 R jk (θ , x j , xk )
where R jk is the Gaussian correlation function on the p-dimensional design space
p

R jk (θ , x j , xk ) = ∏ e

2

−θi ( x ji − xki )

i =1

(7)

In Equations (6) and (7), θ is the coefﬁcient vector of the correlation model. The optimal
coefﬁcients θ ∗ are found for maximum likelihood estimation. It is important to choose proper
formulations of the regression functions which represent the system behavior as precisely as
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possible. Higher-order polynomial regressions have the capability of approximating more
complex responses, but they require more sample points to determine the polynomial coefﬁcients. By properly selecting the polynomial orders and mixed terms of design variables
using knowledge of a system, the number of coefﬁcients in regression functions can be greatly reduced.

3.2 Least Square Support Vector Machines
Vapnik, et al. developed the (SVM) in early 1990s. SVM is a machine learning method developed based on the statistical learning theory [15]. The primary characteristics of SVM are: 1)
with respect to the structured risk minimization, specially while given a limited sample situation, they can aim at receiving optimization solution under existing information, and not
merely those solutions when the samples become infinitely large, 2) the algorithm is subsequently turned into a secondary optimization and will receive global optimization solution
analytically, 3) the algorithm transforms the practical problem into a high-dimensional space
by a non-linear transformation, and 4) it constructs the function of linear discriminant in the
high-dimensional space to realize the non-linear distinguishing features in the former space;
so it solves the dimension problem and guarantees that the learning machines have stronger
generalization ability. The LS-SVM is an expansion of standard SVM. Least square support
vector machines (LSVM) are a class of kernel-based learning methods and are the least square
versions of Support Vector Machines (SVM). They are a set of related supervised learning
methods that analyze data and recognize patterns, and which are used for classification and
regression analysis. They were proposed by Suykens and Vandewalle, [11] By using LSSVMs one can find the solution by solving a set of linear equations instead of a convex quadratic programming (QP) problem for classical SVMs. So LS-SVM can reduce calculating difficulty, accelerate solving pace and anti-interference ability [11].

4 Colliding Bodies Optimization
In the approach proposed in this paper damage detection of the structure is formulate as an
inverse optimization problem, in which the extent of damage to each element is considered as
the optimization variables. To solve this optimization problem, we utilize Colliding Bodies
Optimization (CBO). CBO is a population-based meta-heuristic optimization algorithm introduced by Kaveh and Mahdavi [13], which is based on the governing laws of one dimensional collision between two bodies in physics. One object collides with another object and they
move towards minimum energy level. The concept of CBO is simple in concept, it has been
demonstrated that it shows fast-convergence behavior and it depends on no internal parameter. For more details on the development of CBO used in this research the reader can refer to
Kaveh and Mahdavi [13] As far as the choice of objective function is concerned, it is defined
here as an unconstrained optimization problem as follows:
Find : ESV i = {E 1 , E 2 , E 3 ,...., E n }
Minimize : F (ESV ) = 1 − MDLAC

2

(8)

W here : E min ≤ E ≤ E max

where F (ESV ) corresponds to, and defines, the minimization problem and E min and E max
are the lower and upper bounds of the damage vector, respectively. The bounds are required
to meet the physical behavior of the structure. By using an optimization algorithm and solving
equation (8), the damage variables are determined.
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5 Monte Carlo Simulation for Probability Based Damage Detection
In this paer, the source of uncertainty is only considered as the noise in the data. Since
uncertainties (such as noise) inevitably exist in the measured vibration data, the updated ESV
( E ) is subjected to uncertainty as well. As mentioned before, the uncertainties in the measured modal data are assumed as independent normally distributed random variables with zero
means and a specified covariance. Accordingly, the eigenvalues and mode shapes can be expressed as [16]:

λiE = λiE,0 (1 + X λi ) , i = 1, 2,..., nm

(9)

φiE = φiE,0 (1 + X φi ) , i = 1, 2,..., nm

(10)

Where 0 represents the true values, and X λi and X φ i indicate relative random noises in the
measured frequencies and mode shapes, respectively. The mean value of vector X is zero
and the standard deviation indicates the noise level.
The statistics (mean value and standard deviation) of E can then be calculated by using perturbation method [16] or Monte Carlo simulation [9]. The second method can also give statistical samples of the updated ESVs, from which the statistical distribution can be obtained.
Studies have demonstrated that the statistical distribution of ESVs in the updated model is
also normal, verified by the goodness-of-fit test [16].

6 Main Steps for the Proposed Damage Detection Method
The main steps for the proposed probability based damage detection method using LSSVM, kriging surrogate and CBO algorithm are summarized as follows:
Step 1: Generating failure scenarios with the damage severity range between 0.05 and 0.35
with the increments of 0.05
Step 2: Developing FE model which computes the natural frequencies of the structure and
finally the MDLAC corresponding to the failure scenarios that have been defined in the previous step.
Step 3: Using the finite element (FE) model of the structure in order to generate training and
testing datasets for the development of surrogate model, that is used in the optimization process of damage detection.
Step 4: Setting the initial number of design variables equal to total number of elements.
Step 5: Engaging directly the surrogate model by the optimizer CBO to evaluate the objective
function to be minimized, in order to determine the extent of the damage of elements.
(Applying the surrogate model).
Step 6: Checking the convergence by computing 1 − MDLAC from (8). If the difference
between the two response vectors is negligible, save the results and terminate the optimization
process, otherwise, go to step 5.
In this study, in order to generate failure scenarios, which completely span the design space,
Latin Hypercube Sampling (LHS) method has been applied. LHS generates a sample of plausible collections of parameter values from a multidimensional distribution. The LHS was
presented by McKay in 1979 [17].
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7 Numerical Results of Damage Detection
In this study, two structures are selected as the numerical examples to reveal the robustness
and the degree of accuracy of the proposed damage detection method. These structures are:
1) A 31-member planer truss, and
2) A five-story, four-span frame.
The mass matrix is assumed to be constant and the damage in the structure is simulated as a
relative reduction in the elastic modulus of an individual element. The stiffness reduction ratio
(SRF) is defined as:

SRFi =

E − Ei
, i = 1,..., n
E

(11)

where E is the original modulus of elasticity and E i is the ﬁnal modulus of elasticity of the
i -th element. For the optimization process, the number of bodies for CBO was fixed to 40 for
each run along a maximum of 200 iterations.

7.1 Thirty One-Member Planar Truss
The 31-member planar truss shown in Figure 1 is modeled using the conventional ﬁnite element method without internal nodes leading to 25 degrees of freedom [18]. In this example,
the ﬁrst five vibrating modes are utilized for damage detection. The material density and elastic modulus are 2770 kg/m and 70 GPa, respectively. Two different damage scenarios given
in Table 1 are induced in the structure and the proposed method is tested for each case.
In this section, the influence of the noise in the accuracy of structural damage detection based
on modal data is investigated. In this study, the uncertain frequencies are considered as the
normal distributed random variables in (9). The mean values of the relative random noises
X λ i are zero, and standard deviations ξλ indicate the noise level. The mean values and standard deviations of SRFs are calculated from 500 samples, based on the Monte Carlo simulation framework [4].
Figure 2 and Table 2 show the mean value of SRFs for damage scenario 1, respectively. The
noise level is set as ξλ = 1% . Figure. 3 and Table 3 show the statistics of SRFs for damage
scenario 2.

Figure 1: The 31-bar planar truss
Table 1. Different Damage Scenarios For Planar Truss

Case 1

Case 2
Element

Element
Number

SRF

11

0.25

1

0.30

25

0.15

2

0.20
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Number

SRF

0.4
The mean value of SRF

0.35
0.3

0.25
0.2

Table 2: Mean value of SRF For Planar Truss

Actual
Damage
FE Model

damage scenario 1 ( ξλ = 1% )

LS-SVM
Model

0.15
0.1

0.05
0
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31

Damaged Element

1

2

Actual Damage

0.30

0.20

FE Model

0.300

0.202

LS-SVM Model

0.311

0.213

Kriging Model

0.333

0.190

Element Number

Figure 2: Mean value of SRF for damage scenario 1 (
ξλ = 1% )

0.3
The mean value of SRF

0.25
0.2

0.15

Table 3: Mean value of SRF For Planar Truss
damage scenario 2 ( ξλ = 1% )

Actual
Damage
FE Model
LS-SVM
Model

0.1

0.05
0
1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31

Damaged Element

11

25

Actual Damage

0.25

0.15

FE Model

0.251

0.151

LS-SVM Model

0.243

0.153

Kriging Model

0.272

0.153

Element Number

Figure3: Mean value of SRF for damage scenario 2 (
ξλ = 1% )

In both damage scenarios, the mean values of SRFs using the proposed method lead to accurate results. Moreover, the standard deviations of SRFs using the MDLAC index are small,
denoting that the damaged elements can be detected reliably. On the contrary, if the standard
deviations of SRFs become significant, it shows that the damage cannot be identified reliably. Futhermore, LS-SVM have better results in comparison with Kriging, meanwhile it also
uses fewer training data to acquire the knowledge of data. This is due to the fact that LS-SVM
was very effective for sparse and high dimensional data. Furthermore, LS-SVM have better
generalization abilities than Kriging.

7.2 Five-Story, Four-Span Frame
The second example is a five-story, four-span frame, as illustrated in Figure 4 [19]. The sections used for the beams and columns are (W12×87) and (W14×145), respectively. The material density is 7780 kg/m3 and the modulus of elasticity is 210 GPa. Different damage
scenarios are considered, as shown in Table 4. Figures 5 and Table 5 show the performance of
the proposed method for damage scenario 1.
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Figure. 4: A four-span five-story frame
Table 4: Different Damage Scenarios for Planar Frame

Case 1

0.3
The mean value of SRF

0.25
0.2

Case 2
Element

Element
Number

SRF

10

0.25

14

0.35

30

0.20

28

0.30

40

0.25

38

0.35

Actual Damage

Number

SRF

Table 5: Mean value of SRF For Planar Frame
damage scenario 1 ( ξλ = 1% )

FE Model
LS-SVM Model
Kriging Model

0.15
0.1

Damaged Element

10

30

40

Actual Damage

0.25

0.2

0.25

0.200

0.260

0.190

0.252

0.215

0.233

FE Model

0.05

LS-SVM Model

0
1 4 7 10 13 16 19 22 25 28 31 34 37 40 43

Kriging Model

0.254
0.250
0.240

Element Number

Figure5: Mean value of SRF for damage scenario 1 (

ξλ = 1% )

The results demonstrate the fact that CBO could effectively find the correct locations and
severity of the damages. For a larger noise level, that is ξλ = 10% , the statistics of SRF for damage scenario 2 are presented in Figure 6 and Table 6. In comparison with the lower
uncertainty level, the proposed method shows larger errors, but it can still acquire accurate
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mean values and small standard deviations of the SRFs. All these figures demonstrate that the
one stage method for damage identification using CBO algorithm is robust to the measurement noise. Also, these figures illustrate that the proposed method is very efficient for multiple structural damages; even though the damage severity is low.
0.4

Actual Damage

The mean value of SRF

0.35
0.3

FE Model

0.25

LS-SVM
Model

0.2

Table 6:: Mean value of SRF For Planar Frame
damage scenario 2 ( ξλ = 10% )

0.15
0.1

Damaged Element

14

28

38

Actual Damage

0.35

0.3

0.35

0.318

0.352

0.304

0.364

0.315

0.346

FE Model

0.05

LS-SVM Model

0

Kriging Model

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43

0.366
0.368
0.379

Element Number

Figure 6: Mean value of SRF for damage scenario 2 ( ξλ = 10% )

The numerical results reveal the high level of reliability in the performance of the proposed
method for accurately detecting the location and the severity of various damage scenarios.
The probability-based damage detection (PBDD) methods lead to higher SRF values at the
damaged elements and give lower SRF values for the undamaged elements.

8 Concluding Remarks
This study presented a statistical surrogate method that accounts for the inevitable FE modelling error and measurement noise for structural damage detection. Monte Carlo simulation
method is used to derive the statistical surrogate model and to identify the structural condition. Both the modelling error and measurement noise are assumed to have normal distribution
and zero means. Using this method, the probability of damage existence can be estimated.
The numerical results demonstrated that the accuracy of damage detection using CBO engaged by LS-SVM model as a surrogate of FE model is better than Kriging surrogate, and both
of them maintain an acceptable level of accuracy for damage detection compared with direct
FE model. Utilizing this solution procedure results in a substantial reduction in the number of
FE structural analysis required, which means more profound reduction in damage detection
process for large-scale structures. Future work will continue for investigating supervised and
unsupervised learning techniques, looking for combinations of techniques appropriate for various
situations.
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A Non-Intrusive Surrogate-Based Modelling Framework
for Non- Linear and Uncertain Wind Excited Dynamical
Systems
Wei-Chu Chuanga and Seymour M.J. Spencea
a Department

of Civil and Environmental Engineering, University of Michigan

Abstract: There is growing interest in applying the principles of probabilistic
performance-based design (PBD) to the analysis of wind excited building systems. From a computational standpoint, the extremely long duration of wind
storms, typically in the order of hours, as well as the challenging issue of propagating the inevitable uncertainties through the nonlinear systems make the estimation of extreme responses computationally burdensome. This paper is focused
on investigating the possibility of using advanced non-intrusive metamodelling
techniques in order to define a computationally tractable approach for propagating uncertainty through non-linear wind excited building systems.

1 Introduction
When it comes to designing buildings to resist natural hazards, there is a strong interest in
moving from the current prescriptive design philosophy towards a performance-based design
(PBD) approach [9, 1]. This interest stems from the advantages that an approach of this kind
can offer in terms of both the reliability and cost of the system. To apply such an approach to
systems subject to wind excitation, it is necessary to have a full understanding of the behavior of
the system from the elastic response to possible collapse scenarios. However, it is the extreme
response estimations that often become computationally burdensome as non-linear dynamical
systems have to be considered. This becomes particularly challenging if uncertainty is to be
propagated through the system, as required by modern probabilistic PBD [6]. In wind engineering, the problem is further complicated as the typical duration of an extreme wind storm is
in the order of hours, which eliminates the possibility of applying robust methods that require
non-linear dynamic integration of the entire load history, such as incremental dynamic analysis
(IDA) [15].
Recently, a numerical approach based on combining polynomial chaos expansions (PCEs) with
non-linear autoregressive with exogenous input (NARX) models has been introduced [14, 12,
13]. The approach is based on using the NARX models for mimicking the behavior of the dynamic system while the PCEs are used to treat the uncertainties in the system. In particular, the
NARX model is defined by appropriate vectors of regression functions and of coefficients that
are i nterms of the input random variables. By expanding these coefficients onto a PC basis,
which has been intensively examined for the evolution of uncertainties in dynamical systems in
combination with system identification tools, the resulting PC-NARX model is capable of efficiently reproducing the response of nonlinear dynamic systems with sufficient accuracy. This
surrogate-based framework has proved its effectiveness in several case studies with short duration stochastic excitation [14, 8]. For PCE, however, the number of terms to be computed grows
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dramatically as the input random variables increase, which makes the full expansion computationally unaffordable. An adaptive algorithm that retains only those terms significant to the
numerical evaluation of the solution is therefore applied to efficiently build a sparse PC expansion. Extensive research carried out in this direction has developed various selection methods to
identify appropriate PC basis [7, 5]. In particular, the least angle regression (LARS) has proven
to be an efficient technique in computing adaptive sparse PCEs at a relatively low computational cost [4]. This paper illustrates the applicability of the PC-NARX model to simulate the
dynamic response of wind excited system. First, the theories of PCE and NARX model are
briefly recalled.

2 Polynomial Chaos NARX models
In this section, the background of NARX model and PCE is recalled and the metamodel combining both models is presented to predict as well as to simulate the dynamic response of the
system.

2.1 NARX Model
The non-linear autoregressive moving average model with exogenous inputs (NARMAX)
model, which was first introduced in 1981 [2], can be used as a representation for a wide class
of nonlinear systems. In particular, the model is defined as:
y(t) = G(z(t))+ ε (t) = G(u(t), ...u(t −nu ), y(t −1), ...y(t −ny ), e(t −1), ...e(t −ne ))+ ε (t) (1)
where y(t), u(t), and e(t) are the time-dependent system output, input, and noise sequences,
respectively; ny , nu , and ne are the maximum lags for the system output, input, and noise while
G(·) is the underlying non-linear mathematical model to be identified. The model is essentially
an expansion of past input, output, and noise signals. A special case of the NARMAX model of
Eq.(1) is the NARX model without any noise-dependent model terms. In this case, the model is
expressed in the following form:
y(t) = G(z(t)) + ε (t) = G(u(t), ...u(t − nx ), y(t − 1), ...y(t − ny )) + εt

(2)

where εt is the residual error of the NARX model, which is assumed to be a normal random
variable with zero mean and standard deviation of σε (t), i.e. εt ∼ N(0, σε2 (t)). The equation
above can then be expressed in a linear-in-the-parameters form:
ng

y(t) = ∑ ϑi gi (z(t))) + εt

(3)

i=1

in which ng is the number of model terms gi (z(t))) that are functions of the regression vector
while ϑi are the coefficients of the NARX model.
The identification of an appropriate NARX model consists of two major phases, namely, structure selection and parameter estimation. Structure selection, i.e. deteriming which NARX terms
gi (z(t))) are in the model, is critically important to efficiently predict the output response. However, this problem is complicated when it comes to non-linear system identification. To avoid
the numerical and computational problems arising from the inclusion of spurious terms, several
approaches have been proposed to identify the simplest model that can appropriately represent
the underlying dynamics of the system [3]. The identified model, considered as a metamodel,
can then be used to predict the future response history and estimate the reliability of the system
based on the peak response.
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2.2 Polynomial Chaos Expansion
Polynomial chaos (PC) expansions can be used to represent a random model response through a
set of deterministic coefficients with associated basis. With this in mind, consider a deterministic
mapping Y = M(X) where X = {X1 , · · · , XM }T is a M-dimensional vector of the input random
variables and Y is the scalar output provided by the model (e.g. nodal displacement). In the case
of independent input random variables, the computational model, M(·), may be expanded onto
an orthonormal polynomial basis as:
Y = M(X) =

∑

aα ψα (X)

(4)

α∈NM

where aα are deterministic coefficients while ψα (X) are multivariate orthonormal polynomials
obtained through the tensor product of the univariate polynomials παi i (Xi ), 1 6 i 6 M where αi is
the degree of παi i . In particular, παi i represents a family of orthonormal polynomials with respect
to the marginal probability density functions of Xi . For instance, if standard Gaussian random
variables are considered, the corresponding basis comprises orthonormal Hermite polynomials.
In practice, the PC expansion in Eq.(4) has to be truncated to make it computationally tractable.
In this work, a hyperbolic truncation scheme [4] is applied in such a way that only those basis
polynomials with total degree not greater than p and rank not greater than r are retained, i.e.
AM,p
= {α ∈ NM : ∥α∥q ≤ p, ∥α∥0 ≤ r}
q

(5)

where 0 < q ≤ 1 is the parameter determining the hyperbolic truncation surface while the degree
and rank of an index α ∈ NM are given respectively by
M

∥α∥q ≡ ( ∑ αi )1/q
q

(6)

i=1

and

M

∥α∥0 ≡ ∑ 1{αi >0}

(7)

i=1

The truncated PCE may be recast as:
Y=

∑M,p aαψα (X) + ε ≡ aT ψ(X) + ε

(8)

α∈Aq

where a and ψ(X) gather all the coefficients and basis polynomials respectively while ε is the
truncation error. The coefficients may be estimated by regression method that minimizes the
mean square error:
â = arg min E[(M(X) − aT ψ(X))2 ]
(9)
α∈RA

Let X = {x(i) , i = 1, · · · , N} be a set of N realizations of the input random variables and Y =
{y(i) = M(x(i) ) be the corresponding output values. By evaluating the polynomial basis for each
sample point, the information matrix may be defined as follows:
Ψi j ≡ ψα j (x(i) ) i = 1, · · · , N, j = 0, · · · , P − 1

(10)

Then, Eq.(9) becomes a linear regression problem whose parameters can be obtained by the
least squares solution, that is:
â = (ΨT Ψ)−1 ΨT Y
(11)
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2.3 PC-NARX Model
In order to efficiently measure the extreme response, which is essential to probabilistic PBD
for estimating reliability and ultimately the cost of the system, a metamodelling approach is
applied to simulate the dynamic response as well as to propagate uncertainty through the nonlinear wind excited building systems. The approach is based on using a NARX model to capture
the dynamic behavior of the system and expressing the coefficients, which are random variables
themselves, through a PCE. The resulting PC-NARX model is a deterministic model aiming to
predict and simulate the response of a system subject to stochastic excitation.
With this aim, consider a numerical model y(t, X) = M(u(t, X) where X is a vector of random
input variables. To approximate the dynamic behavior, the following NARX model is introduced
to represent the output responses:
ng

y(t, X) = ∑ ϑi (X) gi (z(t))) + εg (t, X)

(12)

i=1

where εg (t, X) is the normally distributed residual error with zero mean and variance σε2 (t).
Contrary to classic NARX models that have deterministic coefficients, the NARX coefficients
in Eq.(12) are considered functions of the uncertain input random variables. To model this, the
stochastic coefficients ϑi (X) are expanded onto an appropriate PC basis through a truncated
PCE as follows:

ϑi (X) =

nψ

∑ ϑi, j ψ j (X) + εi

(13)

j=1

where ψ j (X), j = 1, · · · , nψ are multivariate orthonormal polynomials of X while ϑi, j for i =
1, · · · , ng and j = 1 · · · , nψ are associated deterministic PC coefficients with εi is the truncation
error. Finally, the time dependent output quantity can be represented by a PC-NARX model:
ng nψ

y(t, X) = ∑

∑ ϑi, j ψ j (X) gi(z(t))) + ε (t, X)

(14)

i=1 j=1

where ε (t, X) is the total error due to the truncation of both the NARX and PCE models. To
identify appropriate terms in the PC-NARX model, a two phase approach based on LARS will
be implemented. In this work, the power-form polynomial NARX model is used to represent
the non-linear behavior. The maximum lags for the system input and output in Eq.(2) need to
be identified based on known structural properties for the full NARX model. This full model,
however, usually contains more information than actually needed to properly represent the dynamic behavior. Therefore, a candidate NARX model containing a subset of NARX terms has
to be chosen by means of LARS. With this in mind, consider the one-step-ahead prediction of
the response for simulation k:
ng

ŷ(t, xk ) = ∑ ϑi (xk ) gi (ẑ(t)))

(15)

i=1

where xk is the kth realization of the M-dimensional vector of input random variables. Denoting
ϕ (t) = {gi (ẑ(t))), i = 1, · · · , ng }T and ϑ = {ϑi , i = 1, · · · , ng }T , the response prediction for all
time instants in the kth simulation can be written in the following matrix form:
yk = Φk ϑ(xk ) + εk
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(16)

where yk is the vector of output time-series, Φk is the information matrix with ith row containing
the evaluations of the NARX terms ϕ (t) at time instant t while εk is the vector of the residual
time series defined as:

ε (t, xk ) = y(t, xk ) − ŷ(t, xk ) = y(t, xk ) − ϕ T (t)ϑ (xk )

(17)

This simplifies to a linear regression problem where LARS can be applied to select relevant
NARX regressors. The corresponding NARX coefficients are estimated based on a prediction
error criterion that minimizes the sum of squares of the residuals for the complete set of simulations, i.e.
ϑ(xk ) = (ΦTk Φk )−1 ΦTk yk
(18)
With the identified NARX coefficients, the calibrated NARX model can be used to predict the
output series as follows:
ng

ŷ p (t, xk ) = ∑ ϑi (xk ) gi (ẑ p (t)))

(19)

i=1

where ẑ p (t)) = (u(t), · · · , u(t − nu ), ŷ p (t − 1), · · · , ŷ p (t − ny ))T . It is worth noting that the response is reconstructed recursively, i.e. current estimate is used to predict the response at later
instants. The relative error for the kth simulation is defined as:

εk =

T
(y(t, xk ) − ŷ p (t, xk ))2
∑t=1
T
(y(t, xk ) − ȳ(t, xk ))2
∑t=1

(20)

where ȳ(t, xk ))2 is the mean value of the response time series y(t, xk ). The most appropriate
NARX model is selected as the simplest one with sufficiently small overall error for all simulations, i.e.
1 K
ε̄ = ∑ εk
(21)
K k=1
After identifying the appropriate NARX model, the second phase is to expand those random
coefficients onto an appropriate PC basis, which is also selected by LARS, with corresponding
deterministic coefficients, leading to the PC-NARX model of Eq.(14).

3 Case Study
3.1 Description
In this section the PC-NARX model is implemented to predict and simulate the dynamic response of a wind excited system. Considering a SDOF Duffing oscillator subject to stochastic
wind loads, the dynamics of the oscillator can be described by the following equation of motion:
ÿ(t) + 2ξ ω ẏ(t) + ω 2 (y(t) + β y(t)3 ) = F(t)

(22)

where y(t) is the displacement response of the oscillator, β is the parameter governing the nonlinear behavior and F(t) is the wind excitation. The damping ratio and the natural frequency, are
considered deterministic with values ξ = 0.02 and ω = 0.19 rad/s. It should be observed that
the framework presented in this would could have easily considered uncertainties in parameters
such as the damping ratios, that suffer from significant uncertainty [10, 11], however, in order
to keep the problem as simply as possible they were considered constant.
To define the aerodynamic loads, F(t), acting on the system, the intensity of the wind event,
which is often described by the maximum wind speed, v̄z , to occur during the event at a height
of interest z (e.g. building or eave height) averaged over a fixed time interval T (e.g. an hour), has
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to be identified. This site-specific maximum wind speed is usually extrapolated from available
data consisting of wind speeds v averaged over a period τ and collected at a meteorological
station of height Hmet and roughness length z01 . This data can be extrapolated to the site of
interest through a model of the following type [9]:
v̄z (T, z0 ) = e7 e3

(

e5 z0
e6 z01

)e4 ·0.0706

·

ln[ e5zz0 ]

ln[ eH6met
z01 ]

e1 e2 v(τ , Hmet , z01 )

(23)

where e1 to e7 characterize the uncertainties involved in defining the transformation of Eq.(23).
In this work, the wind speed v was defined by a Type II distribution with mean value of 30 m/s
and standard deviation 3.5 m/s to represent the largest wind speeds to occur on an annual basis.
The roughness length was taken as z01 = 0.05 while a meteorological height of Hmet = 10 m
was considered. The roughness length at the site of the structure, z0 , was taken to be 0.02 m
while the parameters e1 to e7 where considered to assume their mean values as indicated in [9].
The resulting wind loads, F(t), acting on the system were generated by assuming a quasi-steady
model based on the identified wind intensity through the following relationship:
F(t) = η (v̄z + v(t))2 ≃ η (v̄2z + 2v̄z v(t))

(24)

where η is a coefficient equal to 0.5ρ C̄A, where ρ = 1.25 kg/m3 is the air density, C̄ = 1.3 is a
quasi-steady pressure coefficient, A = 122 m2 is the influence area in the direction of the mean
wind and v(t) is the zero mean fluctuating component of the wind speed acting on the system.
The stochastic process, v(t), can be simulated by the following series as N → ∞:
N
√
v(t) = 2 ∑ |H(ωl )| ∆ω cos[ωl (t) − θ (ωl ) + ϕl ]

(25)

l=1

where H(ω ) is an element of the decomposed cross-spectral density matrix of the fluctuating
wind speeds, θ (ω ) is the corresponding complex angle, ϕ are sequences of independent random
phase angle distributed uniformly over the interval [0, 2π ], ∆ω is the sampling frequency while
ωl is given by:
ωl = (l − 1)∆ω + ∆ω , l = 1, 2, . . . , N
(26)
The period of the simulated function is given by:
T̂ =

2π
2π N
=
∆ω
ωup

(27)

where ωup is the cut-off frequency. The larger the N under a specified upper cutoff frequency
ωup , the longer the period of the simulated stochastic process. In particular, by considering a
sampling frequency of 100 Hz and a storm duration of 655 s, a total of 163840 independent and
uniformly distributed random numbers were generated for each realization of F(t).
To calibrate the metamodel for representing the displacement time series y(t), 200 simulations
were carried out with the input random variables generated by Latin hypercube sampling. A full
NARX model was chosen as the following polynomial function:
gi (t) = yl (t − ny )F m (t − nu )

(28)

with l + m ≤ 3, 0 ≤ l ≤ 3, 0 ≤ m ≤ 1, ny = 1, 2, nu = 0, 1, 2, leading to 10 candidate terms
including the constant term.
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Figure 1: (a) Displacement prediction for a representative sample of the linear system by means of NARX
and PC-NARX model and the respective prediction error; (b) maximum displacement comparison for all
samples.

3.2 Results
To investigate the applicability of the PC-NARX model to wind-excited systems, both linear, i.e.
parameter β = 0 in Eq.(22), and non-linear SDOF systems were considered. For both systems,
the calibrated PC-NARX model will be used to predict as well as to simulate the displacement responses. The first 1000 time steps of the response are discarded to avoid the transient
dynamics for prediction. The reconstructed response is estimated by the metamodel with initial
conditions directly obtained by solving the differential equation of Eq.(22). In simulation mode,
on the other hand, the PC-NARX model is applied to efficiently simulate the response from the
beginning, i.e. with zero initial conditions and therefore including the transient portion of the
response.
3.2.1

Linear System

The best NARX model selected by LARS to predict the displacement response of the Duffing
oscillator contains 6 terms, namely the constant term, F(t), F(t − 1), F(t − 2), y(t − 1), and
y(t − 2). The mean relative error, ε̄ , is 1.86 × 10−9 over 200 simulations. It is worth noting that
the identified model contains only linear terms, which is as expected considering the linearity
of the system. In the second phase, the NARX coefficients were represented by adaptive PCEs
with maximum interaction rank r = 2 and truncation parameter q = 1. Figure 1(a) reports a
representative time history of the displacement response and the associated errors predicted
by the NARX as well as the PC-NARX model for all 200 samples. The extreme responses of
interest, e.g. the maximum displacements, predicted by PC-NARX model are compared with
the actual values computed from the full numerical method, as shown in Figure 1(b). The PCNARX model can predict the extreme response of a linear system with a high degree of accuracy
with a relative error of only 1.46 × 10−9 .
For simulation purposes, the PC-NARX model is trained for the entire time history including the
transient response. In this case, the best NARX model turns out to be the same as the prediction
model, containing 6 NARX terms, with mean relative error of only ε̄ = 1.04 × 10−15 over 200
simulations which is similar to the previous case. Indeed, the fidelity of the PC-NARX model
in this case was all but the same as that shown in Fig. 1.
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Figure 2: Displacement prediction of non-linear system by means of the NARX and PC-NARX model and
for a representative simulation.
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Figure 3: (a) Comparison between the predicted and reference maximum displacement for all samples;
(b) Reference and predicated exceedance probability of the maximum displacement.

3.2.2 Non-linear System
To predict the dynamic response of the wind excited non-linear system where the non-linearity
was given by β = 0.5, the best NARX model selected by LARS is the full model with mean
relative error ε̄ = 0.55 over 200 simulations, which is much larger than that of the linear system.
Figure 2 depicts the predicted displacement responses and the corresponding errors compared
to the reference solution for a representative sample. The predicted maximum displacements
are also compared, for all samples, with the values obtained from the full numerical model, as
shown in Figure 3(a) with relative error of 0.1. Figure 3(b) shows the exceedance probability of
the maximum displacements for both PC-NARX and full numerical model. It can be seen that
the responses predicted by the PC-NARX model are not guaranteed. The reason behind it can be
attributed to error accumulation, i.e. small prediction errors accumulating to larger ones due to
the model output feedback. In extreme situations, the model can become unstable, even though
it still possess very good one-step prediction performance. This is due to how the model was
trained in this work by minimizing the one-step prediction error. Not withstanding this, Figure
3(b) clearly shows the potential of the approach for predicting the extreme response distribution
of the non-linear system. In the case of simulation, the best NARX model is once again chosen
as the full model which gave a mean relative error of ε̄ = 0.67 over 200 simulations. Figure
4 reports the simulated displacement response with associated errors for the NARX as well as
PC-NARX models for a representative sample. As can be seen, the performance in simulation
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Figure 4: Displacement simulation of the non-linear system by means of NARX and PC-NARX model
and the respective simulation error for a representative samples.
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Figure 5: (a) Comparison between the simulated and reference maximum displacement for all samples;
(b) Reference and simulated exceedance probability of the maximum displacement.

mode is comparable to that seen in predication mode (2). Figure 5, on the other hand, shows the
comparison between the simulated and actual maximum displacements as well as the comparison between the actual and estimated exceedance probability of the maximum displacements.
As can be seen, in simulation mode, the PC-NARX model behaves in a similar fashion as seen
for the predication mode. Indeed, while there are differences between the simulated and actual
responses, the method is still relatively accurate with good simulation capabilities concerning
the extreme displacement distributions, as illustrated in Figure 5(b).

4 Concluding Remarks
This paper investigated the feasibility of using advanced non-intrusive metamodelling techniques to simulate the non-linear dynamic response of wind excited building systems. In particular, a recently proposed PC-NARX model is considered to capture the dynamics as well
as to propagate the uncertainties involved in the system. Case studies concerning linear and
non-linear systems demonstrated the applicability and the limits of such models. In particular,
since the NARX model was trained in a series-parallel configuration that minimizes exactly the
one-step prediction error, it was seen that error accumulation leading to long term inaccuracies
can occur, especially when used in a simulation mode. One way mitigate this inherent difficulty
would be to calibrate the model in parallel configuration that yields the optimal simulation error.
The next stage of this research will focus on developing such a model.
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Abstract: Bridges are crucial infrastructure systems whose destruction severely
affects society. Therefore, several studies have been conducted to assess the fragility of bridges against various hazards. However, few of these studies have focused
on floods, which account for a large percentage of bridge failures. To conduct
bridge flood risk assessment effectively, in this study, a Python-based interface for
FERUM and ABAQUS (PIFA) is employed as a computational platform of finite
element reliability analysis. Furthermore, a methodology to conduct an effective
flood fragility analysis using PIFA is presented. In the methodology, the finite
element model of a bridge is constructed to consider the effects of scour, debris
accumulation, material nonlinearity, and deterioration. To test the proposed methodology, it is applied to a real bridge in Republic of Korea, and flood fragility
curves of the bridge are successfully derived.

Introduction
Functional damage or even destruction of bridges by various natural hazards is socially and
financially costly to communities. Therefore, it is necessary to properly assess the fragility of
bridges against hazards and withstand their destruction. Indeed, many studies have been conducted for this reason; however, they have not focused on flood, even though research on the
failure of bridges in the United States has revealed that floods are one of the most threatening
hazards of bridges. It is reported that more than fifty percent of bridge failures in the United
States are due to floods [1]. Particularly, the main causes of bridge failure during a flood have
been identified as scour, accumulation of debris, and structural deterioration [1]. For accurate
flood fragility assessment, therefore, these causes need to be dealt with sophisticated methods
of structural analysis, such as finite element method [2-3], but it is costly and time consuming
because such a sophisticated structural analysis is required repeatedly during reliability analysis owing to uncertainty related to bridges and floods.
In this research, a new methodology for flood fragility analysis of bridges is proposed. To
conduct the flood risk assessment effectively, a Python-based interface for FERUM and
ABAQUS (PIFA), which was suggested as a computational platform of finite element reliability analysis [4], is employed in this study. The proposed methodology employing PIFA
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reduces the time cost considerably, even though the flood fragility analysis is performed in
conjunction with finite element analysis. Furthermore, certain considerations to produce a
finite element model of a bridge for assessing flood fragility are made, which makes it possible to take account of the effects of scour, debris accumulation, material nonlinearity, and
deterioration in the model.

Methodology
2.1 Finite Element Reliability Analysis Employing PIFA
A core idea of the finite element reliability analysis in PIFA is the coupling of reliability analysis and finite element analysis. It allows effective flood fragility analysis of a bridge, but it
requires a well-designed finite element model to obtain realistic structural responses of a
bridge under flood. This can be achieved by utilizing a software package of finite element
analysis, such as ABAQUS and ANSYS.
It is also an important task to reduce the time cost of the reliability analysis employing finite
element model, because reliability analysis must be conducted repeatedly with different values of random variables in order to calculate the probability of a bridge failure event. In many
cases, even one finite element analysis takes a long time to run because of its complexity, so
reliability analysis using a finite element model is inherently expensive. Therefore, a sampling
based method, such as the Monte Carlo simulation, which requires a large number of simulations, cannot be utilized to calculate the failure probability if an expensive analysis model is
employed. Instead, a non-sampling based method, such as the first-order reliability method
(FORM) [5] can be introduced to perform reliability analysis for a reduced cost. One of appropriate software packages for FORM is FERUM, which is a MATLAB-based open source
code for reliability analysis developed at the University of California Berkeley. It gives algorithms of several reliability analyses, such as FORM, SORM, important sampling, system
reliability analysis, etc., in the form of MATLAB code.

Figure 1: Overview of PIFA

To connect the finite element analysis tool ABAQUS with the reliability analysis tool
FERUM, PIFA was developed as a computational platform for non-sampling-based finite
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element reliability analysis [4], and its overview and algorithm are shown in Figure 1. As
shown in the figure, PIFA allows the performance of reliability analysis (i.e., the FORM analysis) using FERUM based on the structural analysis results from ABAQUS. The details on
the FORM are skipped in this paper, and more information can be found in the referenced
article [5].

2.2 Considerations in the Bridge Finite Element Model
For precise fragility analysis, it is crucial to construct a realistic finite element model and obtain accurate structural responses of a bridge. To this end, in this paper, the following topics
are considered in the bridge finite element model.
2.2.1 Material nonlinearity and structural deterioration
When a bridge is exposed to an extreme flood, the strains of concrete and steel of the bridge
may dramatically increase after yielding. Such material nonlinearity can be introduced into
the finite element analysis in the form of the proper stress-strain curves obtained from the
literatures. This is important to conduct the flood fragility analysis realistically, because the
material nonlinear properties of steel and concrete allow the consideration of a limit-state defined by the displacement ductility demand, which will be described later.
Furthermore, the deterioration of aged structural members results in weakening of their capacities. This should also be considered in order to develop a better model for finite element
analysis. It has been widely known that the corrosion of steel reinforcement bars is one of the
major causes of bridge deterioration. Corrosion, occurring because of contact between steel
reinforcements and the hydroxide ions in water, deteriorates reinforcement bars by decreasing
their effective area. Furthermore, it reduces the stiffness of the members and therefore, their
capacities as well. A model for the time-dependent decrease in cross sectional area of a rebar
can be selected as the deterioration model for bridge as follows [2]:


 Di 2
4

A(t )   [ D(t )]2
4

0





Di 
(for Ti  t  Ti 
)
rcorr 

D
(for t  Ti + i )

rcorr

(for t  Ti )

(1)

where A(t) is the cross-sectional area of a rebar in mm2, Di is the diameter of the initial rebar
in mm, Ti is the corrosion time in year, rcorr is the corrosion rate in mm/year, and D(t) is the
effective diameter of the rebar after t years. Additionally, the effective diameter is calculated
as follows:

D(t )  Di  rcorr  (t  Ti )

(2)

This concept can explain the corrosion of a steel pile as well. When the bridge pile, located
below or even above the ground, is exposed to water, it can be deteriorated by decreasing its
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effective cross-sectional area with an experimental corrosion rate of 13 μm/year [6], which
can be introduced to design the deterioration of piles. One difference between the rebar and
pile models is that the rebar starts to be deteriorated after Ti, which is related to the concrete
cover depth, but the pile begins to deteriorate right after construction because it is naturally
exposed to water in the ground.
2.2.2 Water flow load and scour
During a flood, water flow effects on a bridge occur through two mechanisms: pressure exerted on the piers and scour. A flood is a hazard that submerges a previously unsunken structure.
Therefore, its pressure alone may overload the bridge, but the much more serious effect is
caused when debris such as logs and trash are accumulated around the bridge pier. This increases the water pressure exerted, which can directly result in the collapse of a bridge. The
American Association of State Highway and Transportation Officials (AASHTO) [7] and the
Korean Highway Bridge Design Specification [8] give an empirical equation as a guideline
for the water pressure with debris accumulation as follows:

P  5.14 104  CD V 2

(3)

where P denotes the water pressure in MPa, CD is the drag coefficient which can be found in
the references [7-8], and V is the flow velocity of water in m/s. When there is debris accumulation, a large value is given to the drag coefficient Cd and the water pressure P naturally increases.
Furthermore, scour, which is the removal of sediment around the foundation, is reported as
one of the most critical reasons for bridge collapse in the United States, so it should also be
considered in the finite element model. A previous study showed that scour could be introduced into a bridge finite element model by introducing a ground element [9], but it makes
the finite element analysis expensive. An alternative method is to replace the ground element
with a spring of equivalent stiffness, as shown in Figure 2. In the finite element model, a pile
is connected to an imaginary point with a spring element, and the spring has a stiffness that
corresponds to the ground depth. The spring stiffness can be calculated by the nonlinear lateral resistance of the soil with the deflection, as expressed in Equation 4 [10].
 kH

P  Ac  pu  tanh 
 y
 Ac  pu


(4)

where P is the lateral soil resistance in kPa, Ac is the dimensionless coefficient accounting for
cyclic or static loading, pu denotes the ultimate resistance at the depth H in kN/m, k is the initial modulus of the subgrade reaction, and y is the lateral deflection in m.
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Figure 2. Designing method of pile in finite element model using a spring element

With this model, scour effect can be reflected in the finite element analysis by removing the
spring elements, which requires computing the scour depth. The Federal Highway Administration (FHWA) recommended the following equation, termed the Colorado State University (CSU) equation, to calculate the scour depth [11]:

H s  1.564  x

0.405

 V

 gd






0.413

(5)

where Hs denotes the scour depth in m, x is the relative approach flow depth in m, V is the
water velocity in m/s, g is the gravitational acceleration in m/s2, and d denotes the depth of
approach flow in m.
In summary, two effects of the flood flow load and scour are expressed as functions of water
velocity V; thus, it is effective to use it as an intensity measure in the flood fragility assessment for a bridge.

Application
3.1 Numerical Example: Wangsukcheon Bridge
3.1.1 Finite element model
To test the proposed methodology, it is applied to Wangsukcheon Bridge which is a real reinforced concrete bridge in the Republic of Korea. The length of the bridge is 50.4 m and the
height, width, and length of its piers are 8.1 m, 5 m, and 6 m, respectively. This bridge is located in the northeastern Korea where severe floods occur frequently. As shown in Figure 3, a
finite element model for ABAQUS is constructed on its actual design drawings, which allows
the consideration of the effects of scour, debris accumulation, material nonlinearity, and deterioration in the flood fragility analysis.
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Figure 3. ABAQUS finite element model of Wangsukcheon Bridge

The finite element model consists of a concrete deck, bearings, reinforced concrete piers, and
steel piles. The piers of the model bridge are not directly connected to the deck, but to the
isolated bearings. The deck is assembled on those bearings, so each pier responds respectively.
Therefore, for the sake of analysis efficiency, only one the most vulnerable pier sets is considered in this study. The pier has a height of 8.1 m and each of the piles has a length of 6 m.
The steel rebars of the intact bridge are D20 SD30 that has a deformed steel bar with a diameter of 0.02 m and a yield strength of 300 kg/cm2, and the piles are 508×12t model, which is
pipe shaped with a thickness of 0.012 m and a diameter of 0.508 m. The sizes of steel rebar
and pile are decreased in accordance with the steel corrosion model in Equation 1.
The material nonlinearity of concrete, steel for rebar and pile are also considered in the finite
element model. In this example, the stress-strain curves for each material obtained from literatures [12, 13] are introduced, and Figure 4 shows the stress-strain curves.
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Figure 4. Stress–strain curves of materials: concrete (top), steel bar of D20 SD30 (bottom-left),
and pile of 508× 12t (bottom-right)

3.1.2 Random variables and limit-states
In this numerical example, two kinds of uncertainty are considered: mass density and water
pressure intensity. Material properties such as Young’s modulus are not considered as random
variables in this example, because it was observed through a preliminary analysis that they
had a negligible impact to the flood fragility. Table 1 shows the statistical parameters (i.e.
mean and coefficient of variation) and distribution types of the random variables considered
in this study, and the random variables are assumed independent with each other. All statistical information of the random variables is obtained from literatures [14-16].
Table 1. Statistical parameters of random variables

Concrete mass density
Steel rebar mass density
Pile mass density
Water pressure intensity

Mean
2,300 [kg/m3]
7861.5 [kg/m3]
7868.6 [kg/m3]
1

Coefficient of variation
0.05
0.04
0.04
0.10

Distribution type
Normal
Normal
Normal
Normal

The limit-states defining the failure event of this reliability analysis are expressed in terms of
displacement ductility. Because of its nonlinear behavior, a bridge can collapse under excessive deformation even if the stress does not exceed the ultimate strength. This ductility failure
can be dealt with using the displacement ductility demand (MD), the ratio of the maximum
displacement of a structural member, such as pier rebar and pile, and the yielding displace-
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ment. The limit states of the ductility demand for piers and piles are defined in Table 2 [2]
and Table 3 [17-18].
Table 2. Limit states of the displacement ductility for piers

Limit-states
Threshold

Minor damage

Moderate damage

Major damage

Collapse

1 ≤ MD < 2.9

2.9 ≤ MD < 4.6

MD ≥ 5.0

Meaning

Minor cracks

Shear cracks

4.6 ≤ MD < 5.0
Extreme destruction without collapse of system

Collapse

Table 3. Limit states of the displacement ductility for piles

Limit-states
Threshold
Meaning

Minor damage

Major damage

1 ≤ MD < 3.3
1 plastic hinge occurring

3.3 ≤ MD < 7.0
2 plastic hinge occurring

st

nd

Collapse
MD ≥ 7.0
Collapse

3.2 Analysis Result: Flood Fragility Curves
Using the proposed methodology, the flood fragility curves of Wangsukcheon Bridge with
various deterioration duration are presented, as shown in Figure 5. Although four and three
limit states are respectively considered for piers and piles (as mentioned in Section 3.1), only
the fragility curves for piles are displayed in Figure 5, because the fragility curves related to
piles are observed to have much larger values than those related to piers. This means, in this
example, pile damage is much more likely to happen than pier damage.
The fragility curves, of course, show that exceedance probability increases with increasing
water velocity, and additionally, the more deteriorated a bridge, the more vulnerable it is.
However, in the case of the 75-year-old deteriorated bridge, the exceedance probability appears at about a water velocity of 8 m/s, which is a little bit high compared with the normal
flow velocity during a flood of 5 to 6 m/s. This is because the model bridge has a large pier
and deep pile sets that improve its capacity to withstand floods.

Conclusion
In this study, a new methodology based on finite element reliability analysis is proposed to
derive flood fragility curves of a bridge. A Python-based interface for FERUM and ABAQUS
(PIFA) is employed as a computational platform of finite element reliability analysis. In addition, the bridge finite element model is constructed so as to consider the effects of the major
issues with bridge failure under flood, which are scour, debris accumulation, material nonlinearity, and deterioration. The proposed method was applied to a real bridge in Republic of
Korea, and flood fragility curves of the bridge were successfully derived.
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Figure 5. Flood fragility curves of Wangsukcheon Bridge with various deterioration duration: 0 year (top-left),
25 years (top-right), 50 years (bottom-left), and 75 years (bottom-right)
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Abstract: The paper presents a comprehensive procedure to determine a reliability
and a load-bearing capacity level of the existing bridges on highways and roads.
Advanced methods of reliability analysis based on simulation techniques of Monte
Carlo type in combination with nonlinear finite element method analysis are used.
The reliability index is considered as a main criterion of the reliability level of the
existing structures as this index is described in current structural design standards,
e.g. ISO and Eurocode. The target design value of the reliability index is possible
to adjust in relation to the Bridge Management System and to the maintenance of
the existing bridge structures, according to the system of main and control inspections of bridges. A single-span slab bridge made of precast prestressed concrete
girders (60 years in operation) is used as example. Its load-bearing capacity is determined for the ultimate limit state and the remaining lifetime 2, 5, 10, 20, 30 and
40 years. The structural design load capacity was estimated by the fully probabilistic nonlinear FEM analysis using the simulation technique Latin Hypercube Sampling (LHS). Load-bearing capacity values based on a fully probabilistic analysis
are compared with the load-bearing capacity levels estimated by deterministic
methods of a critical section of the most loaded girders. The design resistance of
the girder at the ultimate limit state is calculated by methods using a global safety
factor according to the Eurocode 2 and the fib Model Code 2010 (the method of
the Estimation Coefficient of Variation ECoV). The adjustment of the target design value of reliability index and partial safety factors of loads, materials and
model resistance and load uncertainties was performed for each remaining lifetime
in relation to the detailed diagnostic survey and in relation to main and control
inspections.

1 Introduction
Bridges have to be designed in relation to the assumed reference period and the reliability
index to resist all possible load combinations that might appear during theirs usage time.
Assessment of reliability of existing bridge structures is the subject of research recently, e.g.
[3], [4], [10] and [11]. It can be performed by deterministic approach, which requires a design
action effect Ed o be smaller than a design resistance Rd of the structure or by stochastic
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approach, when calculated failure probability Pf is lower than the required failure probability
Pf,t for the given reference period.
An equivalent term to the failure probability is the reliability index βt that is a commonly used
measure of reliability of existing bridge structures. The reliability index βt is formally defined
in terms of the probability of failure Pf,t as:
= −Φ

,

,

1

where –Φ-1(Pf,t) is the inverse function of the standardized normal probability distribution. It
represents only an approximation, as Φ does not follow normal probability distribution
function in general case.
Reliability index updating in relation to satisfactory inspection and maintenance policies of
the existing bridge structures was described by Koteš  Vičan [6]. Their theoretical approach
considers that the inspecting structure reaches a common level of the failure probability Pf,t =
7,2.10-5 (t = 3,80). An inspection carried out in time tinsp < Td (Td is a designed bridge
working life, 100 years) will have a positive result that the verified bridge member should not
fail in the sense of exceeding any of its limit states.
Another assumption is that that the structural resistance R(t) and the action effect E(t) are time
dependent functions with a normal distribution. Positive result inspection can be described by
following relation
max

< ,

= 1,2 …

,

2

where Ei are mutually independent load effects which occur in succession randomly in time.
The failure probability Pf of the observed structural element at the remaining lifetime period
(tinsp, Td ) can be obtained by a conditional probability in accordance with
=

−
1−

,

3

where Pf(Td)is the failure probability at the planned remaining lifetime and Pf(tinsp) is the
failure probability at the inspection time of the bridge structure with updated information
about the technical state of the structure and its load-bearing capacity. Results of the updated
reliability index t in relation to the age of the bridge structure and its remaining lifetime are
shown in Table 1.
Table 1: Reliability levels for existing bridge evaluation for bridges with age ≥ 60 years without
degradation (according to [6])

Remaining
lifetime
[years]
2
5
10
20
30
40

t

60 years

2,828
3,098
3,279
3,434
3,512
3,561

Pf,t
2,35.10-3
9,75.10-4
5,22.10-4
2,97.10-4
2,22.10-4
1,85.10-4

The age of the bridge [years]
70 years
80 years
Pf,t
Pf,t
t
t
2,777
2,78.10-3
2,732
3,15.10-3
3,053
1,13.10-3
3,014
1,29.10-3
-4
3,239
6,00.10
3,204
6,78.10-4
-4
3,401
3,45.10
3,371
3,74.10-4
-4
3,483
2,48.10

t

90 years

2,692
2,978
3,172

Pf,t
3,56.10-3
1,45.10-3
7,57.10-4

2 Structural safety assessment using FEM nonlinear analysis
Methods for reliability and load-bearing capacity assessment using advanced techniques of
reliability analysis have been described in Červenka [1] and Šomodíková et al. [13]. In the
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following text deterministic and stochastic approaches of the existing bridge structure
reliability analysis, which use nonlinear FEM simulations at a structural element level and a
whole structure level, according to the international standards for designing building
structures will be introduced.

2.1 Deterministic approach
Bridge structure load-bearing capacity can be expressed for the dominant actions of load as
−

=

.
.

.
,

.

4

~
Vn is a traffic load value given e.g. in tons, Rd is a designed structural resistance, Eg are
permanent load effects and Ev are single accidental traffic load effects. Adjustment of partial
safety coefficients of material m, model uncertainties Rd, permanent load effects g, traffic
load effects v and model uncertainties of load effects Ed for desired reliability index t was
described in Sýkora et al.[12].

2.1.1

Non-linear analysis according to EN1992 – part 2

Designed resistance is calculated according to EN1992 – part 2 as
,

,

=

,

,….

.

,

5

where
is a global safety factor of resistance, Rd is a model uncertainty coefficient. Material
characteristics , , , , …. are considered by their adjusted values.
2.1.2

ECOV method –variation coefficient estimation

This method proposed by Červenka [1] is based on the idea, that the random distribution of
resistance, which is described by the coefficient of variation VR, can be estimated from mean
and characteristic values
. The underlying assumption is that random distribution of
resistance is according to lognormal distribution, which is typical probabilistic model for
structural resistance. In this case, it is possible to express the coefficient of variation as
=
Global safety factor

1
1,645

6

of resistance can be then estimated as
γ = exp 0,8.

.

, for

0,2

8

Eventually the design resistance Rd is calculated as a division of the mean resistance value
and a product of the global safety factor
of resistance and model uncertainties Rd.

2.2 Fully probabilistic approach
Probabilistic analysis of resistance and action can be performed by numerical method of
Monte Carlo-type of sampling, such as LHS sampling method. Results of this analysis
provide random parameters of resistance and actions, such as mean, standard deviation, etc.
and the type of distribution function for resistance.
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2.2.1

Design resistance estimation according to EN 1990

Value of the design resistance Rd is estimated by assuming two-parameter lognormal
distribution of the probability as
=

. exp −0,8.

.

9

Mean resistance value Rm and coefficients of variation Vr are calculated according to the
aggregate statistics of random simulations of structural response with a vector of material
characteristics and model uncertainties
=

,

,

,

,

,

,

,…

10

2.2.2 Design load-bearing capacity estimation according to EN 1990
Load-bearing capacity function S is estimated according to the aggregate statistics of random
simulations of structure response with a vector of random variables
=

,

,

,

,

,

,

,

…,

,

, ,

11

Material parameters, permanent loads g0, g1 and model uncertainties of resistance R and
uncertainties of model load effects E are considered as random variables.
Random traffic load Vi is assumed to be deterministic. Design value of the load-bearing capacity
Vi,d is estimated as
,

=Φ −

12

3 Example of the load-bearing capacity estimation of the slab bridge

Figure 1: Side view of the analyzed bridge, transversal section and longitudinal section of the bridge.

A bridge with an ID 55-046 built in 1950 bridges a road class I over the railway. The bridge is
considered as a single-slab span object with a prefabricated supporting structure and a
monolithic substructure. Superstructure of the bridge is a simple beam consisting of
12 prefabricated and precast prestressed concrete girders MPD4 (10 intermediate) a MPD3
(2 outlying). Length of the superstructure is 20,50 m, length of the bridging is 17,50 m and
width of the supporting structure is 11,0 m.
Detailed diagnostic survey of the superstructure did not show any damages of girders MPD4 a
MPD3 as a result of exceeding neither the ultimate limit state nor the serviceability limit state.
Corrosion of the reinforcement and prestressed tendons was not recorded either. Based on this
positive result of the supporting structure inspection the estimation of its normal load-bearing
capacity is performed for the reliability index according to Table 1.
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3.1 Numerical model
3.1.1 Numerical model
By assumption of forming ideally rigid slab from individual girders MPD3 a MPD4 thanks to
their transverse prestressing, plain FEM model was created using the computer program
ATENA 2D [2]. Concrete parts of each girder were modeled as a material model 3D Non
Linear Cementitious 2, prestressed reinforcement was modeled as a discrete member and soft
reinforcement of the girder individual segments was modeled as smeared.
In both cases the reinforcement material was modeled by bi-linear working diagram with
hardening. Simple beam placing on abutments was assumed. Structure model was loaded by
its dead load, transverse prestressing effects and other permanent loads. Loading scheme for
assessment of normal load-bearing capacity, which consists of continuous load and a two-axle
vehicle (load model LM1), is presented. Loading was simulated by increasing of deformation
or by loading force until a limit state was observed which corresponds to the loading level at
limit state of decompression (D), the limit state of crack formation (T) and the limit loadbearing capacity (U), see Figure 2.

Figure 2: Diagram of normal load-bearing capacity – deflection; direct stress at the supporting structure.

3.2 Deterministic analysis
3.2.1 Load-bearing capacity of the superstructure at the structure member level
Load-bearing capacity of the bridge superstructure was estimated as the lowest value of the
designed load-bearing capacities of the girders MPD4 a MPD3 for dominant actions of load
according to Eq. (4). The design resistance of the girder was estimated based on two separate
non-linear FEM analysis.
Table 2: Normal load-bearing capacity for ULS vs.
remaining lifetime (Deterministic method).

Probability index
(Remaining lifetime)

Figure 3: Normal Load-bearing capacity for ULS
vs. remaining lifetime (Deterministic method).

t = 2,828 (2 years)
t = 3,098 (5 years)
t = 3,279 (10 years)
t = 3,434 (20 years)
t = 3,512 (30 years)
t = 3,561 (40 years)
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Normal Load-bearing
capacity
Vn [tons]
EC2
ECoV
FP
46,5
44,1
45,8
44,9
42,6
44,4
43,7
41,6
43,5
42,3
40,8
42,8
42,2
40,3
42,4
42,0
40,1
42,2

Normal load-bearing capacity levels for the ultimate limit state (ULS) was estimated
according to the required reliability index t and the remaining lifetime 2, 5, 10, 20, 30 a 40
years. The age of the superstructure is 60 years. Resulting values of the normal load-bearing
capacity Vn are shown in Table 2. Figure 3 depicts the normal load-bearing capacity in
relation to the remaining lifetime estimated according to the method in EN1992-2 (blue line),
using the method of variation coefficient estimation - ECoV (green line) and based on the
fully probabilistic analysis FP (red line).

3.3 Fully probabilistic analysis
3.3.1 Stochastic modeling of basic variables
Stochastic parameters of basic variables were defined using software FReET [8] according to
Joint Committee on Structural Safety [5], including model uncertainties [9], and these were
updated based on the material properties of concrete and reinforcement obtained from
diagnostic survey.
Table 3: Definition of input parameters for assessment of load-bearing capacity.

Value
Unit
Parameters of concrete girder MPD
Young’s modulus
Ec
[GPa]
Tensile strength
fct
[MPa]
Compressive strength
fc
[MPa]
Fracture energy
Gf
[N/m]
Mass density
[kN/m3]
c
Parameters of concrete transverse joints between girders
Young’s modulus
Ec
[GPa]
Tensile strength
fct
[MPa]
Compressive strength
fc
[MPa]
Fracture energy
Gf
[N/m]
3]
Mass density
[kN/m
c
Parameters of prestressed tendons
Young’s modulus
Ep
[GPa]
Ultimate strain
[-]
p,lim
Yield strength
fp.y
[MPa]
Ultimate strength
fp,u
[MPa]
Parameters of reinforcement
Young’s modulus
Es
[GPa]
Ultimate strain
[-]
s,lim
Yield strength
fs,y
[MPa]
Ultimate strength
fs,u
[MPa]
Load and prestressing force
Second dead load
g1
[kN/m2]
Load model LM1
Vn
[tons]
Force in time t = 60 years.
Pt
[MN]
Model uncertainties
Resitance R
[-]
R,M
Load E
[-]
E,M

PDF*

Mean

CoV

LN 2 par.
LN 2 par.
LN 2 par.
LN 2 par.
N

37,2
3,30
43,4
8,25.10-5
23,80

0,10
0,15
0,08
0,15
0,03

LN 2 par.
LN 2 par.
Triang.
LN 2 par.
N

34,0
2,81
19,1
4,78.10-5
23,80

0,15
0,35
<29,8;8,5>
0,25
0,08

N
N
N
N

190,0
0,05
1248,0
1716,0

0,03
0,07
0,03
0,03

N
N
LN 2 par.
LN 2 par.

200,0
0,05
462,1
581,4

0,07
0,07
0,07
0,07

N
Det.
N

6,600
32,0
Pm,t

0,05
0,09

LN 2 par.
LN 2 par.

1,00
1,00

0,10
0,10

* N – normal distribution, LN 2 par. – 2-parametric lognormal distribution, Det. – deterministic value,
Triang. – triangular distribution

In total 32 random simulations were generated using stratified Latin Hypercube Sampling
(LHS) method, which is capable to cover space of random variables in terms of relatively
small number of sample [7]. Material parameters of concrete as well as parameters of
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reinforcement, prestressed tendons and a value of secondary dead load were chosen as
random variables. The self-weight of the structure and prestressed force were also randomized
using concrete mass density. Definitions of random input variables by their probability
density functions (PDF), mean values and coefficients of variation (CoV) are summarized in
Table 3. Statistical correlation between concrete and reinforcement material parameters was
also considered and imposed with respect to the formerly performed tests and JCSS
recommendations using the simulated annealing approach [14]. Finally, the traffic load for
determination of the load-bearing capacity was defined using a deterministic value of load
according to the valid loading schemes introduced in current codes for design.
3.3.2 Probabilistic analysis of the load-bearing capacity
Design value of the load-bearing capacity of the superstructure of a bridge was estimated

according to Eq. (12) considering the same reliability index t as in previous case of the
deterministic analysis at the structure member level. Resulting values of normal load-bearing
capacity Vn are summarized in Table 4. Figure 4 depicts the normal load-bearing capacity in
relation to the remaining lifetime using the fully probabilistic method of analysis.
Table 4: Normal load-bearing capacity for ULS vs.
remaining lifetime (Full probabilistic method).

Probability index
(Remaining lifetime)

Normal load-bearing
capacity
Vn [tons]

t = 2,828 (2 years)
t = 3,098 (5 years)
t = 3,279 (10 years)
t = 3,434 (20 years)
t = 3,512 (30 years)
t = 3,561 (40 years)

49,2
46,4
44,5
42,9
42,1
41,6

Figure 4: Normal load-bearing capacity for ULS vs.
remaining lifetime (Full probabilistic method).

Load-bearing capacity function S for the ultimate limit state was estimated based on 32 FEM
simulations of superstructure failure assuming traffic load. The most appropriate type of the
probability distribution functions and statistical characteristics were estimated and they are
given in Table 5.
Table 5: Probabilistic model of normal load-bearing capacity of ULS.

Value
Normal load-bearing capacity

S

Unit

PDF*

Mean

CoV

[tons]

LN 3 par.

85,5

0,17

* LN 3 par. – 3-parametric lognormal distribution

4 Conclusion
In conclusion, it has been proved that probabilistic methods in combination with nonlinear
FEM analysis represent an effective and practical tool in cases of evaluation of load-bearing
capacity and reliability of existing structures. It has been demonstrated that probabilistic
approach is less conservative and leads to slightly higher capacities than the deterministic one,
which is mostly applied using current codes for design. However, for more detailed
assessment of structures, more information is necessary to reduce model uncertainties and to
reach the most accurate results. Therefore additional information from detailed diagnostic
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surveys should be used to improve the computational models. The adjustment of the target
design value of reliability index in relation to the detailed diagnostic survey is also recommended.
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Abstract: The Simplified Fragility Analysis Method is being proposed for the
speed-up of the fragility calculations through a reduction of the number of analysis
cases. Proposed method is using a complete set of Monte Carlo (MC) generated
parameters for determining structural response at the given loading level and is
computing for each analysis case the loading level corresponding to the safety
threshold crossing, by using as reference the demand versus capacity curve determined with the representative values of the structure and soil parameters. The
method has been applied for determination of fragility curves of a typical RC Piers
with material and soil variability, reporting the speed-up obtained.

1 Introduction
Modern requirements for railways and highways have increased the demand for elevated
structures supported on RC piers. Intense seismic action occurring along the communication
way could induce damage to such vital structural elements and could determine the interruption of the traffic until restoration work is completed. For example, during the 2011 Great
Eastern Japan Earthquake a small but significant percentage of the RC piers along the highspeed train network sustained seismic induced damage [1]. Analysis of the marginal failure
risk of the typical RC pier structures of nearly identical characteristics is important to be performed considering the variability of the material and soil characteristics as well as of the
seismic risk along the communication route.
Seismic fragility analysis is considered an essential tool for the evaluation of the seismic risk,
its implementation in Monte Carlo (MC) based method requiring a significant computation
effort. The fragility analysis is able to account for the statistical uncertainty of the materials
and loadings and could model and quantify the failure probability and loss of functionality.
Fragility analysis by MC methods requires computation of the model that is including the
statistical variability of its parameters at incremental levels of loadings until failure condition
is observed. A large number of methods have been developed for the speed-up of the fragility
evaluation [2], [3], [4], either by the optimization of parameters distributions or by the implementation of efficient algorithms for determination of the failure levels. In the second category, the Simplified Fragility Evaluation Method has been suggested in [5], [6] for the
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speed-up of the fragility calculations and its implementation and computational efficiency are
being described herein. Further, the suggested method is being applied to evaluate the RC
piers fragility curves and probability of failure.

2 Simplified Fragility Evaluation Method
2.1 Method Description
The Monte Carlo method is the classic approach for computation of the seismic fragility
curves. For the determination of the fragility curve, the MC method requires a significant
number of numerical simulations to account for the failure behavior of the structure considering the probabilistic distribution of the structural parameters at incremental levels of seismic
loadings.
The proposed Simplified Fragility Evaluation Method implementation is accounting for the
variability of structural parameters into the response while reducing the computational effort.
Simplified Fragility Evaluation Method is requiring a single complete set of MC simulated
probabilistic response of the structure, computed at the loading level corresponding to the
characteristic load-response curve crossing the safety threshold level. The nonlinear loadresponse behavior of the structure computed with the characteristic values of the parameters is
assumed to be representing the structural response. Further, the characteristic load-response
curve is used as the reference curve for determining the crossing level corresponding for the
other modeled cases of the structural response distribution by extrapolation.
Simplified Fragility Evaluation Method implementation consists of following analysis steps:
 Generation by MC Simulation (MCS) of the parameter sets modeling the uncertainty of
the structural materials and foundation soil, with consideration of the probabilistic distribution of the parameter values.
 Determination of the characteristic demand-response curve of the structure, the curve is
representative for the non-linear behavior of the structure. For the actual implementation,
the mean value of each parameter is easy to be determined and it is applied for computation of the characteristic demand-response curve.
 Computation of the full set of simulations for each of the MCS generated parameter sets,
employing the non-linear time-history analysis of the response of structure corresponding
to each parameter set at one given loading level.
 Determination of the safety threshold crossing points by extrapolation, with the starting
point set to the computed demand-response values corresponding to each parameter set,
and using as reference the characteristic demand-response curve.

Figure 1: Overview of the Simplified Fragility Evaluation Method computational flow
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 Finally, the fragility curves are determined by plotting the cumulative failure probability
ratio versus the demand.
An overview of the Simplified Fragility Evaluation Method computational flow is shown
schematically in the Figure 1.
The proposed method determines in a simplified but computing efficient manner the earthquake input level corresponding to the exceedance of the safety threshold for each of the analyzed structural parameter cases, using a single full set of MC simulated responses for the
structure and the characteristic load-response curve as the reference for structural behavior.
Further, the Simplified Fragility Evaluation Method determined cumulative safety threshold
exceeded level cases are summarized into the corresponding characteristic fragility curves.
Overall, the method is faster to determine the characteristic fragility curves, through a significant reduction in the number of loading cases necessary for the identification of the threshold
crossing level. In addition, the speed-up achieved in comparison to MC Method is independent of the number of parameter cases considered for modeling the parameter distribution; the
proposed method allows including the necessary number of parameter combination cases to
proper account for the variability of parameters.

2.2 Simplified Fragility Evaluation Method Application to RC Pier Fragility
The proposed Simplified Fragility Evaluation Method is being applied to the seismic fragility
analysis of a typical RC Pier with a spread foundations designed by the Japanese Standard [7],
[8]. A typical RC pier with the dimensions as shown in Figure 2 is set according to the [7] and
is being analyzed by the proposed method.
For an effective numerical analysis, the RC pier is model by non-linear beam elements using
the Takeda model, with lumped masses modeling the supra-structure mass and with the
ground springs modeling the foundation flexibility, as shown in Figure 2. The non-linear
analysis is conducted using the batch analysis mode of the TDAP-3 FEM analysis program
developed by ARK Information Systems.

Figure 2: Overview of RC pier structural dimensions (left) and of the equivalent lumped mass analysis model
(right)
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For the analysis, MC simulated normal distributions of the concrete and soil uncertainty have
been generated with the parameter values listed in Table 1. The soil uncertainty is represented
by the distribution of the shear velocity Vs parameter, which is used further to compute the
ground spring parameters. The concrete material variability is modeled by the distribution of
the concrete compressive strength, and further the concrete modulus of elasticity and the tensile strength are assumed correlated and determined from the nonlinear equations described in
Table 1.
Table 1. Structural materials and soil materials characteristics

The failure limit state is defined by the flexural failure condition considering the combined
flexural moment and axial loading, and with the verification of the shear failure condition.
The failure limit threshold is set according to [7] and its value is compared to the rotational
angle term due to the horizontal translation component with the demand versus capacity criterion computed as per Eq. [1]:
𝐶𝑆 = (

𝐷𝑓
+𝑓 ) / 𝑦
𝐻

(1)

2.3 Comparison with MC Method
A comparison was made with the results by the MC Method in terms of computational effort
and numerical precision, by using the same numerical model, and input conditions. The input
seismic wave are conforming to the Japanese standard, the analysis is conducted with a Level
2 accelerogram in which the original inland earthquake with the peak acceleration of 749.6
gal (1gal=0.01m/s2) is re-scaled at peak acceleration levels between 200 gal and 1000 gal.
The analysis had modeled the concrete structural material and soil properties variability, and
determined the fragility curves corresponding to the exceedance of the failure threshold criterion defined in (1) considering the horizontal displacement component.
The MC Method determined mean structural response expressed by the horizontal displacement versus safety threshold ratio is shown in Figure 3 for incremental values of the peak
accelerations up to 1000 gal, with up to 1000 analysis cases computed at each loading level.
The MC Method determined fragility curve with up to 1000 analysis cases computed at each
loading level and the equivalent fragility curve computed by the Simplified Fragility Evaluation Method on equivalent computational settings and using 1000 analysis sets are being
compared in Figure 4.
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Safety Threshold Ratio

Demand vs. Safety
Threshold Ratio

[gal]

Figure 3: MC Method determined mean displacement versus safety threshold ratio

Figure 4: Fragility curves by MC Method and Simplified Fragility Evaluation Method

The Simplified Fragility Evaluation Method has a significant computational speed advantage
in comparison to the MC Method on equivalent settings as the model analysis with all combination of parameters sets is required at only one loading level while MC method requires the
equivalent computation at multiple loading levels. In addition, the Simplified Fragility Evaluation Method requires computation of the reference load-response behavior curve with the
characteristic values of the parameters, conducted at a number of loading points over the
evaluated range of the input motion.
The speed gain of the Simplified Fragility Evaluation Method versus the MC method is largely proportional with the reduction in the overall number of the computed structural analysis
cases. The overhead due to computation of the characteristic curve is neglectable in comparison to the evaluation of the effect of the parameter variability related analysis. In addition to
the speed advantage the method has other advantages, such as allowing a more discrete step
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for determination of the corresponding failure loading level for each parameter set, when
compared to the MC Method.
An evaluation has been made for incremental number of samples of 20 up to 1000 samples in
each set used in the characteristic fragility curves determination. The comparison between
fragility curves determined by MC method and by the proposed method using 40 samples and
1000 samples is shown in Figure 5. The likelihood between the fragility curves for 1000 data
analysis sets and 40 data analysis sets could be estimated versus the reference curve. The simplified fragility curve computed for 1000 sets determined with the input loading with peak
acceleration 800gal is taken as the reference curve. Increasing the number of samples per set
is reflected in a reduction of the samples dispersion when compared to the reference dataset.

Figure 5: Fragility curves determined by Simplified Fragility Evaluation Method for 40 data and 1000 data
analysis per set

Further, Simplified Fragility Evaluation Method is applied to seismic risk assessment. Seismic hazard curves determined as per [9] for the three seismic regions (S, K and M) are being
plotted in Figure 6. The seismic annual failure probability pf is computed using the cumulative failure probability represented by the mean fragility curves datasets F(s) as plotted in
Figure 5 and the mean seismic hazard G(s) (the mean number of occurrences per year in
which the ground motion exceeds s value of accelerations at the given location) as represented
in Figure 6. The seismic annual failure probability pf is given by equation (2) which is further
detailed in reference [10], [11] and is being integrated into a unique value for each region as
summarized in Table 2.
+∞

𝑃𝑓 = ∫

𝑠=0

−𝐹𝑆 (𝑠)
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𝑑𝐺(𝑠)
𝑑𝑠
𝑑𝑠

(2)

Figure 6: Seismic hazard curves for the three seismic regions

A good agreement is observed between the mean annual failure probability computed using
fragility curves shown in Figure 4, determined by the Simplified Fragility Evaluation Method
with 1000 data analysis cases per set and by the MC Method computed on equivalent computational settings, as summarized in Table 2.
Table 2. Seismic annual failure probability for the three seismic regions

Region

1.326E-02
2.026E-04
5.775E-03

1.313E-02
2.012E-04
5.680E-03

99.023
99.304
98.352

Coeficient of variation

S
K
M

pf by Simplified fragility
pf by MC fragility
pf by MC fragility vs
[failure probability/year] [failure probability/year] pf by Simplified fragility [%]

Number of analysis cases in fragility evaluation dataset
Figure 7: Coefficient of variation of the seismic annual failure probability pf versus
the number of analysis cases in fragility evaluation for the three seismic regions
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The coefficient of variation of seismic annual failure probability pf is evaluating the effect of
reduction of the number of analysis cases used in the fragility evaluation and is computed as
the ratio of the standard deviation divided by the mean value of the dataset. The comparison is
being made between the coefficient of variation for pf of for the initial set of 1000 analysis
cases for fragility evaluation determined by the proposed method and the coefficient of variation of pf for 10 subsets of 100 analysis, 25 subsets of 40 analysis and 50 subsets of 20 analysis. The effect of a reduced number of analysis cases used in the evaluation of the mean
fragility curve is reflected in an increase of the coefficient of variation of the failure probability as shown in Figure 7.
Presented method applicability is shown for the case of the RC pier structure characteristic
fragility curve determination and annual seismic failure probability evaluation, the method
implementation allowing for a speed-up of the overall computational process.

3 Conclusions
MC based methods are useful engineering tools for evaluation of the seismic risk and for the
determination of fragility curves, by including the effect of uncertainty of model parameters.
As MC based methods are computer intensive, for the speed-up of the fragility curves assessment, the Simplified Fragility Evaluation Method is being presented. The proposed method provides a faster way to identify the equivalent safety threshold crossing level and the
simplified fragility curves. The method could account for the structural material and the significant contribution due to the foundation soil material parameters uncertainty.
An application of Simplified Fragility Evaluation Method to fragility computation for a typical RC pier is being presented, and the effectiveness of the computation is reported. The
method is faster than an equivalent settings MC Method evaluation of the fragility curve as it
requires the computation of only one full set of analyses modeling the variability of the parameters at the given loading level. The speed-up obtained is independent of the number of
the computational cases required for the modeling of the parameters variability and is proportional to the total number of analysis cases.
Further, the verification of the fragility curves statistical dispersion is being compared for a
reduced number of analysis data in sets using as reference the original 1000 analysis data set.
The proposed Simplified Fragility Evaluation Method has practical applications in the speedup of the characteristic fragility curve analysis and the failure probability evaluation for typical pier structures.
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Abstract: This paper focuses on vulnerability assessment of smart bridge piers due
to vehicle collision forces. According to the recent study on bridge failures in the
United States, it was found that 12% of bridge collapses were caused by lateral
impact forces. This study conducts fragility analysis of bridge piers with damper
devices subjected to impact collision forces. For case study structure, a scaled reinforced concrete member equipped with magnetorheological (MR) dampers is selected. The smart bridge pier system is tested under a variety of collision forces
using a drop tower facility. Furthermore, various control command signals are applied to the MR damper for each collision force case. The collected data includes
accelerations, displacements, strains, and impact forces. Drift ratio is used as a
measure of structural performance, and the capacity model is selected from the
literature. In addition, the demand models are constructed with a Maximum Likelihood Estimation using 60 laboratory impact experiments. The final sets of fragility curves are developed using Monte Carlo Simulation. The simulation results
show that the fragility decreases when the MR dampers are installed on the bridge
pier. However, the reduction of risk for the bridge pier is not proportionally decreased as the level of voltage (or current) applied to the MR dampers increases.

1 Introduction
Bridge piers are very susceptible to collision loads. According to the study on bridge failues
in the United States, it was found that 12% of bridge collapses were caused by lateral impact
forces. The collision-induced excessive forces can affect the structural integrity of the bridge
by causing fracture or excessive deformations. Although a great deal of interest has been paid
to structural control systems subjected to earthquakes [16,17], very little has been done regarding the application of smart control technology to collision-induced impact response mitigation of bridge piers, e.g., collision between truck and highway bridges [2, 3, 4, 9, 19, 20].
In recent years, magnetorheological (MR) dampers, which uses a magnetic fluid that can
change its rheological properties with the application of a magnetic field, has attracted a great
deal of attention in the area of vibration control [5, 8, 13, 14, 15, 18, 21]. The MR damper can
be operated either as a passive or as an active control device. In active cases, the MR fluids
change into a semi-solid state in a few milliseconds with the application of a magnetic field.
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This unique aspect allows the MR damper remain operable as a passive damper even when
the control feedback components are not functioning properly.

Figure 1. High impact collision example
Other distinguishing properties of the MR damper are its mechanical simplicity, fast response,
high dynamic range, low manufacturing cost, large force capacity and robustness [6, 12, 22].
However, the development of an effective control algorithm for time-varying smart coastal
bridge pier-MR damping systems is challenging due to the uncertain impact behavior [2].
A review of the literature did not identify any studies that presented fragility analyses to investigate the impact of voltage signals on the performance of nonlinear time-varying smart
structures under a variety of collision excitations. Hence, the aim of this study is to provide a
systematic framework to conduct a collision fragility assessment of bridge structures with two
different levels of control signals (passive-on and passive-off). Improved understanding of the
dynamic behavior and collision performance of smart bridge pier may lead to new advances
in structural control engineering. A general procedure for fragility analyses would contribute
to a performance-based approach in which the design is based on various parameters, including the owner’s requirements, the functional utility of the smart structure, the seismic risk,
and potential economic losses [10,11]. It is important to evaluate the impact of voltage signals
of these controlled structures and determine ways to improve the collision resistance of controlled systems that might be found to be vulnerable.

2 Method of Analysis
2.1 Experimental setup
This research experimentally evaluates the impact response mitigation of the smart bridge pier
system. In this context, a scaled bridge pier is selected to obtain input-output data based on
the AASHTO specifications [1], it is designed to have the same stiffness with the full scale
pier. This single structure is then scaled down to fit in the drop tower test facility. The 1/150
scale is used for the dimensions of the bridge pier.
A scaled down bridge pier with a size of 15×25×100 cm is constructed. One end of the member is clamped in order to act as a fixed end while the other end is left free, similar to a real
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bridge pier. The modulus of elasticitiy and the compressive strength of the concrete was estimated as 15 GPa and 26 MPa, respectively. An MR damper is placed under mid-span of the
scaled bridge pier in order to investigate the performance of smart control system (Fig. 1).
The bridge pier is tested under various collision loads and voltage signals for the MR damper.
The collision test facility in Structural Impact Mitigation and Mechanics Laboratory in the
Civil and Environmental Engineering Department at Worcester Polytechnic Institute (WPI) is
used to apply collision loads to the bridge pier.

Figure 2. Test setup of a scaled-down bridge pier with an MR-damper
A total of 60 impact tests are performed to investigate the structure with and without an MR
damper. Four different impact force levels (free fall from 19.1, 38.1, 53.3, and 68.6 mm) are
evaluated under two different control levels. For each drop-release height and current on the
MR damper, the collision test is performed five times to validate the proposed control strategy. In this study, the passive control is simulated by applying two levels of control strategy:
passive-off (0 V) and passive-on (0.3 V) to the MR damper.

2.2 Probabilistic demand models and capacity limits
Using the scaled test results, probabilistic demand models are developed to describe the relationship between collision impact load and the corresponding maximum drift over the height
of a bridge column. Equation (1) shows the model form of a probabilistic linear model.
D(IL; Θ) = θ0 + θ1 ln(IL) + σε

(1)

where D( IL; Θ) = ln[δ ( IL; Θ)] = natural logarithm of the drift demand, Θ = (θ 0 ,θ1 , σ ) is a
vector of unknown parameters; ε is a random variable representing the error in the model
with zero mean and unit standard deviation; and σ is the standard deviation of the model error. The logarithmic transformation is used to approximately satisfy the normality assumption
(i.e., ε has the Normal distribution) and the homoscedasticity assumption (i.e., σ is constant).
Table 1 summarizes modeling parameters of probabilistic demand models, and Figure 3
shows probabilistic demand models of three cases: (1) uncontrolled, (2) passive-off, and (3)
passive-on. Based on the comparison of modeling uncertanty ( σ ), passive-off case has the
largest uncertanty (0.238) while passive-on case has the smallest one (0.159).
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Table 1. Model parameters of probabilistic demand models
Case

Parameters Mean

St. dev.

−8.52
1.49
0.210
−4.25
0.714
0.238
−7.09
1.19
0.159

0.860
0.149
0.0334
1.19
0.206
0.0376
0.804
0.138
0.0251

Uncontrolled

θ0
θ1
σ

Passive-off

θ0
θ1
σ

Passive-on
(0.3V)

θ0
θ1
σ

1

Correlation coefficient
θ0
θ1
σ
1.0
−0.999
1.0
0.0023 −0.0020
1.0
−0.999
1.0
−0.0301 0.0301
1.0
−0.999
1.0
0.0123 −0.0120

1.0

1.0

1.0

0.6
0.4

0.5

ln δ (%)

ln δ (%)

0.2
0

-0.5

0
-0.2
-0.4

-1

-1.5
5.2

-0.6
5.4

5.6
5.8
ln Impact Load (kips)

6

-0.8
5.2

6.2

(a) Uncontrolled

5.4

5.6
5.8
ln Impact Load (kips)

6

6.2

(b) Passive-off

0.4
0.2

ln δ (%)

0
-0.2
-0.4
-0.6
-0.8
-1
5.2

5.4

5.6
5.8
ln Impact Load (kips)

6

6.2

(c) Passive-on (0.3V)
Figure 3. Probabilistic demand models for bridge piers
For capacty limits of bridge piers, four performance levels based on the literature [7] are used.
The capacity limits include operational, life safety, near collapse, and collapse. The corresponding drift ratios are 1.0, 3.0, 5.0, and 8.8%, respectively.

2.3 Fragility analysis
Collision fragility of bridge pier is defined as the conditional probability of attaining or
exceeding a specific limit state for a given impact load. To develop desired fragility curves,
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several parameters including collision impacts, drift responses, and uncertainties are necessary to be defined. A set of fragility curves is developed using Monte-Carlo simulations. Figure
4 shows collision fragility curves for three cases.
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Figure 4. Fragility curves for bridge piers against collision impacts
As shown in Figure 4, the uncontrolled bridge pier provides higher fragility estimates than
those for the controlled cases (passive-off and passive-on). By comparing the collision fragility curves within the controlled piers, it can be observed that passive-off case provides lower
fragility estimates for all of the performance levels than those for the passive-on case.
Furthermore, it also observed that slopes of fragility curves for the passive-off case are less
stiff due to higher uncertainty associated with demand models.

3 Conclusion
This paper focuses on vulnerability assessment of smart bridge piers due to collision forces.
Collision fragility curves of bridge piers with damping devices subjected to vehicle impact
forces are developed. For developing probabilistic demand models, a total of 60 experimental
results from a scaled reinforced concrete member equipped with MR dampers is used. The
analysis results show that the fragility decreases when the MR dampers are installed on the
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bridge pier. However, the reduction of risk for the bridge pier is not proportionally decreased
as the level of voltage (or current) applied to the MR dampers increases.
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Abstract: Considerable weigh-in-motion (WIM) data is now available for most
states. The objective of this paper is to develop the live load model for Alabama.
Alabama traffic can be considered as representative for the Southeast region and
also many other states. The cumulative distribution functions (CDFs) of GVW moments, and shears are developed and plotted on the normal probability paper for an
easier interpretation. The CDFs are similar for most of the sites, but some exceptionally heavy vehicles were recorded for a few sites. Changes in loads and load
effects were observed over the years. The maximum mid-span moments three times
larger than HL-93 were obtained for short spans. With the consideration of multiple
presence, the results can serve as a basis for the development of a state-specific live
load for evaluation of existing bridges.

Introduction
Evaluation of existing bridges involves knowledge and prediction of the loads and assessment
of the load carrying capacity. In the new generation of design codes and evaluation guides, a
safety reserve is provided in terms of load and resistance factors that are determined in the
reliability-based calibration process [15]. The acceptance criterion is closeness to the target
reliability index. The code calibration requires the knowledge of statistical parameters of load
and resistance; in particular, this applies to live load. It is important to know the cumulative
distribution of live load and accurately predict what the maximum live load can be expected
within a given time period (e.g. a day, a week, a month, a year, etc.). The live load statistics
can be applied to the limit state function development. In particular, Strength Limit State requires the knowledge about the maximum possible live load during bridge service life [21].
The objective of this paper is to present the development of live load statistics based on monitored traffic data from 13 weigh-in-motion (WIM) locations in Alabama. To calculate the load
effects, such as moment and shear force, the vehicles from the WIM database are “run” over
influence lines. The resulting load spectra are presented in the form of cumulative distribution
function (CDF) on the normal probability paper. This allows for an easier interpretation of the
results. If the resulting CDF is in the form of a straight line, the corresponding GVW, moment,
or shear can be considered as a normal (Gaussian) random variable. The mean value and standard deviation can be read directly from the graph. Information on construction and interpretation of the normal probability paper can be found in the probability textbooks [3].
According to the Federal Highway Administration[2], from 11% to 52% of all bridges in a
state are structurally deficient or functionally obsolete. In particular, 22.4% of bridges
(3,608 out of 16,078) are in poor condition or need major repairs. Deterioration and failure of
existing bridges are prevented by providing the adequate safety margin in the design, which
requires the knowledge about the resistance and actual load components. Since transportation
structures, such as roads and bridges, are exposed to the moving traffic load, the traffic live load

1009

component plays a major role in determining the required resistance and estimating possible
damage.
Weight-in-Motion data is an important source of information about the actual traffic load
presented in the particular region or state. Traffic records are also weighty regarding the
frequency and configuration of vehicles. The detailed records from WIM stations include the
exact time and date, lane and direction code, speed, class of vehicle-based on FHWA
Classification Scheme [5], individual axle loads and spacing, GVW, and speed [22]. Routine
monitoring of the traffic in each lane is also needed for determining the Average Daily Traffic
(ADT) and Average Daily Truck Traffic (ADTT), which are necessary for fatigue life and load
capacity computation. This data is widely used for traffic monitoring and analysis, pavement
safety evaluation, bridge design, and enforcement.
A substantial amount of research was done using WIM data. New live load model developed
for LRFD bridge design code based on WIM survey data collected in 1975 by Ontario Ministry
of Transportation which consisted of 9,250 selected trucks[4]. The design load and resistance
factors for The AASHTO Load and Resistance Factor Design (LRFD) Bridge Design
Specifications were also developed using the Ontario WIM records[7, 8]. This data was used
for the first recalibration of the Ontario bridge design code. The procedure was applied to 20
selected existing bridges [16]. This research was extended by F. Moses,[6, 10], to derive the
live load factors for bridge evaluation which were supplemented in Guide Manual for Condition
Evaluation and Load and Resistance Factor Rating (LRFR) of Highway Bridges (2011) with
regard to load and resistance factor rating (LRFR).
The changes in the truck traffic volume, weight and configuration during recent decades were
emphasized in several sources [12, 6]. Thus, WIM database collected by Ontario Ministry of
Transportation can be considered local and outdated. A set of protocols and techniques from
the previous practice for collection and analysis of the new available WIM databases along with
the two methods for calibration of the live load factors for LRFD design are presented in the
report[8]. WIM records collected from 26 cited 2005-2006 in California, Texas, Florida,
Indiana and Mississippi were applied in this research.
The procedure to determine statistical parameters of the dynamic impact for highway bridges
was developed based on 75-mean maximum live load [1].

2. WIM Systems
The WIM data was obtained from 13 locations in Alabama. ALDOT incorporates three technologies for collection of weigh-in-motion data: traditional WIM stations, SiWIM or Bridge
WIM, and Virtual Weigh Stations. It operates 11 traditional WIM stations, one Virtual Weigh
Station and one SiWIM station. ALDOT plans transformation the traditional WIM stations into
Virtual WIM Stations. However, no data from these stations was available for this project.
In the traditional WIM station, the wheel loads are measured using a permanent bending plate
systems consisting of two scales and inductive loops. Calibration of the weighing system was
performed using test trucks [7].
The other system is SiWIM, and it uses the bridge as a scale. Strain transducers are attached to
structural components to measure strain/stress, and axle loads are calculated using influence
lines and calibrated factors[20]. The SiWIM system was installed on a bridge carrying US-231.
The accuracy of SiWIM is verified by following a procedure that is in accordance with the
European WIM Specifications[6]. The calibration was performed using test trucks, with known
axle loads and spacing. According to [20] Class A(5), the accuracy depends on the roughness
of the wearing surface. For a smooth surface, approximately 95 % of recorded vehicles are
expected to have the GVW within ±5 % of the actual value, a single axle load of ±15 % and a
group of axles within ±12 %. However, the results can be considerably less accurate for a very
rough wearing surface.
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There are several other factors that can influence the accuracy of measurements, such as
pavement roughness, resulting in bouncing axle movement or dynamic loads. However, the
dynamic portion of load can be estimated and filtered out. Temperature effect can be considered
as negligible due to a relative absence of freeze-and-thaw cycles in Alabama.
Most of the WIM systems can record over 15,000 trucks a day and collect about 30 days of
continuous raw data. Traffic Volume Trends (TVT) system is used to process the continuous
traffic volume data and produces a monthly Traffic Volume Trends report in the FHWA’s
Traffic Monitoring Guide Card format [22]. The WIM database obtained by combining TVT
monthly reports was analyzed in this project.

3. WIM Database Processing
The considered WIM data base includes over 97 million vehicles, collected by the Alabama
DOT (ALDOT) in 13 locations. For each location the records include at least one year of data,
in some locations from 2006 to 2014. Significant site-specific differences were observed, so
the WIM data was processed separately for each location. Special MATLAB[19] routines were
developed to convert the data into the required format. A summary of all the available records
is presented for each location identified with a station code, name and year.
However, the records include all the vehicles, also motorcycles, cars and light trucks that
practically do not cause any damage to bridges. It was observed that some data points were
recorded incorrectly. For location denoted as US-231, in addition to weight and geometry,
vehicles were photographed and the pictures were also recorded. The confrontation of
photographs with other recorded information was very helpful in identifying the questionable
data. The available WIM data was filtered to remove light-weight vehicles and questionable
records based on the criteria listed in SHRP 2 Research Report [1]. Additional filtering criteria
were applied to identify heavy vehicles that can cause significant damage to roads and bridges.
Therefore, vehicles were filtered out as either permit or illegally overloaded and analyzed
separately if:
-

Total number of axels is less than 3 and GVW is more than 220kN (50kips);
Steering axle weight is more than 150kN (35kips);
Individual axle weight is more than 200kN (50kips);

In addition, about 33 million records were eliminated because of errors in reading, light weight
or questionable configuration of axle loading. Thus, the remaining database consists of 57 million vehicles. A summary of the WIM database after the filtering is shown in Table 1.
Table 1: Number of vehicles in the WIM database for years 2006÷2014
Station сode
Period
of
taking
Total Number of
records
Truck Records, N
911
915
918
931
933
934
942
960
961
963
964
965
US231

2006-2007,
2006-2007,
2006-2008
2006-2011,
2006-2011,
2006-2008,
2006-2008,
2006-2008,
2006-2008,
2006-2008,
2006-2011,
2006-2008,
2012-2014

2013-2014
2010-2014
2014
2013-2014
2013-2014
2013-2014
2013-2014
2013-2014
2013-2014
2013-2014
2013-2014

1,414,723
1,668,558
9,454,026
9,133,511
5,061,730
3,361,605
3,249,384
1,435,591
5,171,572
6,574,376
3,767,670
6,562,102
452,576
57,307,424

* ALDOT data is for multilane cases, lane with maximum ADTT is listed
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Lane ADTT
755*
545*
5508*
2809*
1216*
2092*
1667*
787*
2862*
3305*
829*
3611*
890*

4. Gross Vehicle Weight
The gross vehicle weight (GVW) was considered for each location and year. Cumulative distribution functions (CDF) of GVW are plotted on the normal probability paper. In Fig. 1, an
example of gross vehicle weight records is shown for all locations and years 2006-2014. Most
of the curves representing CDF’s are similar. Less than 80% of all trucks are lighter than 350kN
[75kips], about 15% are between 350kN [75kips] and 450kN [100kips] and less than 1% are
above 450kN [100kips].
The maximum GVW of analyzed traffic tended to decrease since 2008 from 1300kN [300kips]
to 970kN (210kips). The heaviest truck with GVW about 1330 kN [300kips] was recorded at
location 960 [Fig. 1a]. However, the range of mean value remained the same over the years
2006-2008, between 130kN [30kips] and 260kN [60kips].
WIM data collected from 13 locations in Alabama was compared to the corresponding traffic
data for Oregon, Florida, Indiana, Mississippi, California and New York (Fig. 2) [1]. Some
extremely heavy trucks were recorded in Alabama. However, the number of records is different
depending on location and only 0.001% of trucks are heavier than 600 kN [130kips] in most
location in Alabama.

a)
b)
Fig. 1 - CDF’s of GVW for all years (a) and all available locations (b) (1kip=4.448kN)

Fig. 2 - Comparison of WIM data for Alabama with other states in the US (1kip=4.448kN)
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For each location, the distribution of GVW strongly depends on the traffic mix, in particular on
the dominating vehicle types. Therefore, the CDF’s were considered separately for different
vehicle classes as specified by the FHWA 1. The results are shown for the most common types
of trucks. The traffic mix composition was reviewed for each location and they are summarized
as shown in Class 9 (Fig. 3a) (5-axle, single trailer truck) was found to be the most common for
Alabama. The maximum value of GVW for class 9 (location 933 and year 2014) is about 920kN
(200kips). About 10% of all truck traffic of class 9 have GVW larger than 350kN [75kips]
(49,127 trucks) and about 1% have GVW exceeding 450kN [100kips] (4,913 trucks). This
corresponds to 8 % and 0.8 % of the total number of vehicles for all locations.
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Fig. 3. Percentage of each vehicle class for Alabama WIM locations (a) 933 and (b)963

However, class 9 is not a dominating type for all of the other locations. For example, for
location 963 and years 2013 and 2014, class 5 (2-axles, 6-tires, single unit truck) is the most
common vehicle with about 65% (343,867 trucks) out of the total number of 512,083 in 2013
and 40% in 2014 (Fig. 3a).
The maximum GVW for class 5 at location 963 and year 2014 is about 260 kN [55kips] – Fig.
4. At the same time, trucks heavier than 800 kN [175kips] constitute about 0.15% of the total
population, i.e. 514 trucks in 2013 and 818 trucks in 2014. The maximum live load can be
controlled by consideration of only a few types of vehicles. Therefore, it is important to identify
the types of vehicles that exceed legal load limits and prevent overloaded trucks from entering
the bridge.

Fig. 4 - CDF’s of GVW for location 963 (2006-2014) (1kip=4.448kN)
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1.1 5. Live Load Moments and Shears
Bridge damage is caused by live load effects, i.e. moments and shears. In the present study, the
maximum load effects such as moment and shear forces caused by WIM trucks were calculated
by running each vehicle over influence lines. The calculations were performed for simply
supported spans of 10m, 20m, 30m, 45m and 60m [30, 60, 90, 120 and 200ft]. The moments
and shear forces were calculated for one lane loaded. Since the maximum time stamp of the
WIM records is 1 minute, the multiple presence analysis cannot be performed. For an easier
interpretation of the results, the obtained moments and shear forces were divided by the
corresponding code specified values, i.e. HL-93 live load effects.
The CDF’s of the computed non-dimensional ratios for moments and shear forces were plotted
on the normal probability paper for each location and year. Examples of the results are shown
in Fig. 5a for moment ratios and span of 10m [30ft] for different years of taking records and all
WIM stations. Similarly, CDF’s of moment ratios for span of 60m [200ft] are shown in Fig. 5b
for different years and locations.

a)
b)
Fig. 5: CDF plot for ALDOT WIM database moment ratio for 10m [30ft] (a) and 60m [200ft] span (b) for 20062014 for all available sites.

Mean values for moment ratios vary from 0.3 to 0.45 for 10m [30ft] span as shown in Fig. 5a
and from 0.2 to 0.4 for 60m [200ft] as shown in Fig 5b. The maximum value of the shear force
ratio is from 1.0 to 2.6.
CDF curves for moment ratios are similar to shear force ratio. Mean value of the shear force
ratio varies from 0.3 to 0.45 for 10m [30ft] span and from 0.20 to 0.35 for 60m [200ft] span.
The maximum value of the shear force ratio is from 1.0 to 2.6 (i.e. 1.5 of the HL-93 moment).
The mean maximum daily value for 10m [30ft] span varies from 0.9 (years 2006-2014) to 1.1
[year 2011], the mean maximum weekly – from 1.15-1.25 (years 2006-2014) to 1.35 (year
2011). The mean maximum daily value for 60m [200ft] span varies from 0.65 (years 20062014) to 0.78 (year 2011), the mean maximum weekly – from 0.75-0.82 for years 2009-2013
to 0.81 for year 2011. The slope of CDF curves is similar to that observed for GVW.
Similarly to GVW, the CDF’s of the GVW for location 963 demonstrated considerable
differences in GVW distribution for time period from 2008 till 2013 (Fig. 10). From the Fig. 6,
it is clear that the changes occurred during 2008-2013 (WIM database for 2009-2012 is not
available). The mean value decreased from 0.7 (2006-2008) to 0.3 (2013-2014) while the
maximum moment ratios increased from 1.5 (2006-2008) to 2.4 (2013-2014). Moment ratio 2.4
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is the maximum value for the whole ALDOT WIM database. Opposite trend with GVW was
already discussed for the same location (Fig. 4) as well as changes in truck traffic mix.

6. Results and Conclusions
The maximum moment ratios were determined using the methodology previously used in
SHRP2 R19B report[1]. The same procedure was applied to the available ALDOT WIM data
to obtain the statistical parameters for live load effects in Alabama.

a)
b)
Fig. 6: CDF’s of moment ratios for 10m [30ft] (a) and 60m [200 ft](b) span length for the location 963 – 20062014

Since, moment ratio is a random variable the shape of the CDF depends on the period of time,
ADTT, and distribution of traffic. Еhe mean value of the maximum moment for any period of
time and ADTT can be determined based on the maximum number of vehicles (N) expected
during the considered time period. For each considered ADTT and period of time (in days) the
expected or mean value of the maximum moment is equal to the moment corresponding to
probability {1- Ф[1/N(T)]}, where F(x) is the CDF of WIM moments, which is Ф -1[1 -1/N(T)],
where Ф-1 is the inverse of CDF. The lane with maximum ADTT is taken for the further
analysis.
The shapes of CDF curves are similar regardless the number of records and actual ADTT at the
location. Only upper tails of each CDF representing the maximum values vary depending on
the number of recorded vehicles. Thus, for each CDF (each location) the maximum moment
(Zmax) can be determined by the vertical (probability axis) coordinate depending on selected
ADTT (Eq. 1):
1

Zmax =-Φ-1 ( )
N

(1)

where: -Φ-1 – is the inverse standard normal distribution function;
N – number of records for the period of time T (in days) and certain ADTT (Eq 2).
N=(T)(ADTT)

(2)

The WIM data per each lane is available for multilane roads in ALDOT WIM database. Thus,
the actual ADTT was determined for each location and lane.
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Values of Zmax were computed for the considered ADTT’s and time periods from 1 day to 100.
Specially developed MATLAB code was designed the way to obtain the corresponding
maximum moment ratio directly by reading it from the distribution curve for each ordinate
(Zmax). In the case of its absence on the actual CDF, it generates values using the power fitting
function to the upper tail of the distribution curve.
The statistical parameters can be easily obtained from the plot by direct reading the maximum
mean values. The standard deviation of the maximum mean values can be determined from the
graphs (slope of the CDF). Since ALDOT WIM data consists of 13 locations around the state,
it is assumed to be unbiased. The mean of these maximum mean values can be considered as
the mean maximum live load for the state of Alabama.
Live load statistical parameters such as maximum mean values for 75 years for most of the
locations in Alabama were grouped due to the shape of the curves and plotted versus considered
span lengths as it is shown in Fig. 6. The maximum moment is below 1.6 for most of the
locations and span length.
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Fig. 7: Maximum moment ratios expected in different periods of time (1ft=0.305m)

Based on the results of this the following was concluded:
1. The data can be considered as representative for the state.
2. About 50% of the original database was filtered out as light weight vehicles or incorrect
readings. In particular, this percentage varies from 5% (934 – Sumiton, US78 and 965
– Shorter, I85) to 80% (US-231);
3. On average, about 10% of all recorded vehicles are heavier than 80 kips. The mean
value of truck GVW varies from 30 to 60 kips. The heaviest vehicles with GVW of
about 300 kips was recorded in Alabama in 2006-2008.
4. There is no significant variation in GVW with regard to the time of taking records.
However, the maximum values of GVW decreased from 300 kips in 2006-2008 to 220
kips in 2009-2014. The most recent records have a cut-off region at the upper tail of the
CDF curves. It indicates a certain limitation of the maximum recorded truck weight.
5. CDF’s of the bending moment ratios demonstrate certain changes with regard to the
time and region. Thus, during 2006-2007 the distribution curves show a similar shape
for all considered span lengths for all locations (mean value – below 0.5, maximum –
around 2). In 2008, a significant increase in the maximum moment ratios for locations
961(Mobile, I-85) and 965(Shorter, I-85) for all span length (2.5 for 30ft span and above
2 for 200ft). Since 2009, long span moment ratios are mostly around 1 for most
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locations, while short span ratio decreased to 1.5 in most locations and then increased
to 2-2.5 for locations US-231 and 963 (Grand Bay, I-10). However, 2009-2012 WIM
database was represented by a few locations, the shapes of CDF’s for the same locations
are consistent.
6. There is a visible change of traffic at location 963 (I-10) from 2008 to 2013. In 2008,
the CDF’s of GVW were about the same for three WIM stations on I-10, one in
Alabama, one in Florida and one in Mississippi. The 2013 records show that even
though the maximum GVW decreased, but the moment and shear force ratio drastically
increased, for short spans from 1.5 to 2.1.
7. State load model developed based the extrapolation of the upper tail of the moment and
shear ratios CDF’s. This approach allowed calculation of the maximum live load effect
for different periods of time. Thus, the maximum moment ratio for 75 years is below
1.5 for most locations and span lengths.
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Abstract: We construct a new probabilistic model describing random deteriorating process of bridge integrity based upon Kachanov’s phenomenological law
describing damage growth. The proposed model is formulated as a stochastic
differential equation driven by a compound Poisson process. We further apply
the proposed model to a maintenance scheduling problem by the use of the wellknown stochastic control theory, where efforts of repair are dynamically optimized under minimization of expected total maintenance cost.

1

Introduction

Recently, damages in highly deteriorating bridges have become much more serious in Japan.
These damages are mainly due to lack of resistance, compared with the performance in early
period, caused by decrease of amount of reinforced steel as well as loss of covering depth of
concrete even under preventive maintenances have been performed. Further, increasing traffic
loads have generated much more serious damages of bridges.
In Hokkaido, the coldest area in Japan, bridges even under relatively low traffic loads have
been seriously damaged owing to quite large quantity of snow and other environmental factors
special to cold region. Such serious damages are caused by complex interaction among many
factors including bridge structure, traffic loads, salt damages, alkali aggregate reactions, frost
damages etc. Therefore, a prediction based only upon one or a few factors can not show a good
agreement with actual deterioration phenomena associated with bridges.
A more sophisticated approach has been developed for quantifying deterioration of bridges.
The integrity of bridges against structural deterioration is expressed as an index taking on a
normalized real number, which is called bridge healthy degree index (BHI)[1][2]. The currently
existing BHI data shows quite large scatters reflecting many random factors[3]. Thus, we have
to take a probabilistic approach for describing such random evolution of the quantified integrity.
The authors have reported some researches in which deterioration of concrete liner of tunnels
is mathematically described by a random differential equation driven by compound Poisson
process[4][5]. Further, discussions have been made on an optimization of maintenance strategy
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by applying the stochastic control theory[6]. A similar approach is expected to apply to random
degradation of BHI.
The purpose of this paper is to develop a similar stochastic model describing random bridge
degradation, where we try to apply a phenomenological law proposed by Kachanov in the field
of fracture mechanics[7]. Based upon the developed model, we discuss an optimal maintenance
strategy for bridges, in which repair efforts are optimally controlled so that the expected total
cost is minimized.

2
2.1

Random Deterioration Model for Bridge Integrity
Definition of bridge integrity index

Bridge Healthy degree Index (BHI) of each bridge member[1][2] is defined as
current residual asset value
BHI =
,
(1)
initial asset value
where the residual asset value is quantified by taking account of physical degradation. BHI of
whole bridge is defined as total summation of BHI of each bridge member. Thus, BHI takes
on a normalized real number in [0, 1], where BHI=1 corresponds to a state of almost perfect
integrity and BHI gradually decreases in the process of deterioration.
Fig.1(a) shows temporal variation of actual BHI data obtained from 832 bridges in Hokkaido
area Japan from 1938 to 2009 [3], which indicates that the temporal variation of BHI, i.e., bridge
degrading process shows quite large scatters.
2.2

Temporal variation of bridge integrity

Let X(t) be an integrity of bridge at time t quantified by the use of BHI. Since X(t) is not a
physical quantity, we can not directly apply a physical law for describing its temporal variation
process. Thus, we use a phenomenological law proposed by Kachanov[7]. It treats a degree of
residual resistance against fracture, which is quantified as a real number normalized in [0, 1],
i.e., the degree takes on unity when the material has almost perfect integrity against fracture
whereas it takes on zero when the state of material falls into perfect collapse. The Kachanov
law is expected to be applicable to the bridge deteriorating process since it is similarly based
upon a normalized index in [0, 1] and does not depend upon specific physical situation associated
with fracture phenomena.
Kachanov’s law is expressed as

dX(t)
= −β0 X(t)−γ ,
(2)
dt
where γ represents a shape parameter and β0 represents a degrading resistance. Since the degrading rate dX(t)/dt diverges when X(t) falls into zero, the range of X(t) can not be restricted
to the standardized interval [0, 1]. To avoid such a difficulty, we partially revise Eq.(2) as
dX(t)
= −β0 g(X(t)), g(x) ≡ x−γ FC (x),
(3)
dt
in which the function FC (x) is defined as
{
1
(ε ≤ x ≤ 1)
,
FC (x) =
(4)
(x/ε )γ +1 (0 < x < ε )
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where ε is a smallness positive constant. It should be noted that dX(t)/dt → 0 (X(t) → 0) in
revised Eq.(4) whereas dX(t)/dt → −∞ (X(t) → 0) in Eq.(2), that is, the solution of Eq.(4)
can not cross X(t) = 0 within a finite time. Since ε can be set arbitrarily small, we can almost
perfectly reflect the original degrading equation given by Eq.(2).
2.3 Randomization of degrading equation
In several studies with respect to the random behavior of fracture processes, it has been proposed that the random growth of damage is caused by a temporally random variation of the
growth resistance, which can be modeled by introducing a “noise” into the growth resistance.
In this paper, we apply a similar approach for degrading equation given by Eq.(3) through randomization of the degrading resistance β0 . Although we have many possibilities for modeling
such a noise, we here suppose that it is a Lévy process so that the solution of a randomized
equation has the well-known Markov property according to independent increments inherent in
Lévy processes. Thus, Eq.(3) is extended as
dX(t) = −β0 g(X(t))dt − g(X(t−))r(X(t−), dZ(t)),

(5)

where Z(t) is a Lévy process with mean zero, X(t−) is a left-continuous version of X(t) and
the function r(x, z) represents a shape function describing the effect of the noise process, which
is assumed to be satisfied with
r(x, z)
= 1,
(6)
r(x, 0) = 0, lim
z→0
z
so that Eq.(5) reduces to Eq.(3) when the noise disappears. The function r(x, z) should be selected so that X(t) is restricted to the unit interval [0, 1] even if Z(t) shows discrete jumps. One
of such functions satisfying Eq.(6) is
∫ x
}
1 {
dξ
−1
.
(7)
r(x, z) =
x − H (H(x) − z) , H(x) =
g(x)
1 g(ξ )

The Lévy-Itô decomposition theorem [8][9] shows that Z(t) is intrinsically reduced to the wellknown Wiener process when it is a continuous process whereas it is reduced to a compound
Poisson process if only finite jumps occur in a finite time interval, which is defined as
N(t)

C(t) =

∑ Yk ,

(8)

k=1

where N(t) is a temporary homogeneous Poisson process with an intensity λ and {Yk }k=1,2,··· ,
is a family of i.i.d. (identically and independently distributed) positive random variables, whose
probability distribution function F(y) = P(Yk ≤ y) is given. If Z(t) is a Wiener process, the solution process of Eq.(5) becomes a diffusion process, whose sample function shows very large
fluctuations around its mean behavior. Such a feature is not suited for actual degradation processes. Thus, we here select a compound Poisson process, i.e., we select Z(t) as its compensated
version,
(9)
Z(t) = C(t) − λ q1t. (q1 = E {Yk })
Substituting it into Eq.(5), we can obtain the following Itô stochastic differential equation describing the damage accumulation;
where β ≡ β0 − λ q1 .

dX(t) = −β g(X(t))dt − g(X(t−))r(X(t−), dC(t)),
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(10)

1

bridge integrity X(t)

bridge integrity
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(a) actual BHI data in Hokkaido[3]
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(b) Sample behavior of integrity degrading processes of a proposed model given
by Eq.(8)

Figure 1: Comparison between actual BHI data and generated samples of proposed BHI model.

2.4

Comparison with actual data

Fig.1(b) shows sample behavior of the integrity process generated according to Eq.(10), where
the degrading resistance β0 = 4.0 × 10−3 [year−1 ], the shape parameter γ = 3.0, the Poisson
intensity λ = 0.5 [year−1 ], the jump of C(t) is supposed to obey an exponential distribution
with mean q1 = 8.0 × 10−3 and the function r(x, z) takes a form of Eq.(7). In Fig.1(b), solid
curves show generated 40 samples obtained by solving Eq.(8) with the aid of Euler scheme
with a mesh size ∆t = 10−2 and light gray small dots represent actual BHI degrading data as
shown in Fig.1(a). We can see that the proposed model can well reproduce the tendency of
degradation shown in actual BHI data.

3 Formulation of a Maintenance Strategy
3.1 Basic assumptions on maintenance
We basically suppose the following maintenance strategy;
• The inspection-repair program starts at t = 0 and terminates at time t = T (> 0).
• When the bridge integrity is known to be x by an inspection at time t = s, we execute a
repair so that the integrity is raised from x to x + a(t). The repair amount a(t) is a stochastically control variable in our optimization procedure A cost required for such a repair
as well as an inspection is expressed as RREP (t, x, a(t)), where RREP (t, x, a) is a given
deterministic function. The integrity just after a repair can not exceed a predetermined
REP .
maximum value, denoted by xmax
• The bridge is supposed to fail when the integrity falls into a critical value xc (0 < xc < 1).
A cost incurred by a failure occurrence, denoted by CFAIL , is here assumed to be given
as CFAIL = CLOSS +CRIF , where CLOSS and CRIF represent a loss due to failure and a cost
required for reinforcement, respectively.
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• Occurrence of inspections can be expressed as a Poisson process, provided that the terminal time T is sufficiently large [4].
3.2

Value function and optimal strategy

Let J a (s, x) be an expected total cost incurred in a time interval [s, T ] under the condition that
an inspection is executed at time t = s with the detected integrity X(s) = x, with a control
a = {a(u); s ≤ u ≤ T }. Based upon our repair strategy given in Section 3.1, we can formulate it
as follows;
∫ T
(
)
J a (s, x) = E {K a (s, x)} , K a (s, x) =
RREP u, X a (u−), a(u−) dNR (u) +CFAIL NFa (u), (11)
s

X a (t)

where
represents a solution process under the control a, NR (t) is a Poisson process with
an intensity λR describing the cumulative number of inspections up to time t and NFa (t) is a
∞
(
)
counting process describing failures under the control a defined as NFa (t) = ∑ Θ t − Γaj , in
j=1

which Γaj is the j-th failure time under the control a and Θ(t) is a Heaviside unit step function.
That is, the first term of Eq.(11) represents a total repair cost with respect to inspections and the
second term represents a total cost associated with failures. It should be noted that NFa (t) is not
an independent noise but depends fully on C(t) and NR (t).
The optimal control, i.e., optimal repair strategy a∗ is defined as
∗

inf J a (s, x) = J a (s, x) ≡ V (s, x),

a∈D(x)

(12)

{
}
REP − x)+ for s ≤∀ t ≤ T is a feasible region of controls with
in which D(x) a; 0 ≤ a(t) ≤ (xmax
(x)+ ≡ max{x, 0}. It should be noted that the optimal value function V (s, x) satisfies the following terminal condition;
lim V (s, x) = 0.
(13)
s→T

3.3

Markov control and revision of the deteriorating equation

Similarly as in [4] and [5], we suppose a control of Markov type, i.e., the control process a(t) is
expressed as a(t) = α (t, X(t)) with a deterministic function α (s, x). In what follows, we use α
for describing the control, in the case of emphasizing the Markov control, for instance, we may
use the integrity process under the Markov control described by a function α (s, x) as X α (t).
The stochastic differential equation describing the temporal variation of the damage process is
revised as follows;
dX α (t) = −β g (X α (t)) dt − g (X α (t)) r (X α (t−), dC(t))

{
} α
RIF
+α (t, X α (t−))dNR (t) − X α (t−) − xmax
dNF (t),

(14)

which includes recoveries of the integrity by repairs just after inspections as well as reinforcements urgently performed after failures.
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4
4.1

HJB Equation for the Optimal Strategy
Necessary condition for the optimality

First, we derive a necessary condition for describing the optimal repair strategy based upon
the well-known Bellman principle[6]. Supposing that the optimal control a∗ is obtained, we
consider the following slightly changed control;
{
a
(s ≤ t ≤ s + ∆s)
â(t) = ∗ 0
,
(15)
a (t) (s + ∆s < t ≤ T )
with a smallness time ∆s. The optimality of a∗ ensures J â (s, x) ≥ V (s, x) for arbitrary selected
a0 even under the limit of ∆s → 0. Thus, the following equation holds;
[
]
}
1 { â
J (s, x) −V (s, x) = 0
(16)
inf lim
a0 ∆s→0 ∆s

Evaluating the left-hand side of Eq.(16) based upon the probabilistic model developed in Section
2, we can obtain the following equation;
inf [L a0 V (s, x)] = 0,

a0 ∈D(x)

L a0 V (s, x) = L0V (s, x) + λR {V (s, x + a0 ) + RREP (s, x, a0 )} ,
L0V (s, x) = −(λ + λR )V (s, x) +
+λ

∫ y0 (x)
0

(17)
(18)

∂
∂
V (s, x) − β g(x) V (s, x)
∂s
∂x

{
}
RIF
V (s, x − g(x)r(x, y))dF(y) + λ CFAIL +V (s, xmax
) F̄ (y0 (x)) ,

(19)

in which F̄(y) represents a complementary function of the probability distribution function of
jumps defined as F̄(y) = 1 − F(y), y0 (x) is a real number satisfying g(x)r(x, y0 (x)) = x − xc ,
V (s, x) is assumed to be differentiable and integrable in the point that integrals appearing in
Eq.(19) exist and satisfied with the terminal condition given by Eq.(13). Equation (17) is nothing
but the well-known Hamilton-Jacobi-Bellman (HJB) equation governing the optimal control.
It should be noted that the optimal solution of Eq.(17), denoted by a∗ , is obtained for each (s, x),
i.e., a∗ is a function of (s, x), which gives a Markov control function introduced in Section 3.3.
Thus, we denote the optimal solution as α ∗ (s, x).
4.2 Sufficient condition for the optimality
Next, we show that the HJB equation gives a sufficient condition for the optimality.
Suppose that a function W (s, x) satisfies
L β W (s, x) ≥ 0,

(20)

for arbitrary Markov control β , in which we assume that W is differentiable and integrals appearing in the left-hand side of Eq.(20) exist and the terminal condition Eq.(13) is satisfied, i.e.,
W (T, x) = 0. Letting X β (t) be a solution of Eq.(13) under the control β satisfying the initial
condition X β (s) = x, we newly define a stochastic process, by the use of W (s, x) in Eq.(20), as
∫ t
(
)
β
Ξ(t) = W (t, X β (t)) + RREP u, X β (u−), β (u−) dNR (u) +CFAIL NF (t).
(21)
s
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Applying the well-known Itô formula ([9]), we can obtain
∫ T {
}
E{Ξ(T ) − Ξ(s)} =
E L β W (u, X β (u)) du.
s

(22)

Since Ξ(s) = W (s, x) and Ξ(T ) = K β (s, x), Eq.(20) leads to E{K β (s, x)} ≥ W (s, x) for arbitrary
Markov control β , which indicates that W (s, x) gives the optimal value function and that the
optimal control can be obtained as a solution of the HJB equation.

5
5.1

Numerical Examples
Numerical scheme for the HJB equation

In this paper, applying a discrete numerical scheme proposed in [4] and [5], we derive a numerical solution of the HJB equation. The HJB equation can be rewritten as
∂V
= −Q1 (s, x;V ) − λR inf Q2 (s, x, α ;V ),
(23)
α
∂s
∂V
Q1 (s, x;V ) = L0V (s, x) −
, Q2 (s, x, α ;V ) = V (s, x + α ) + RREP (s, x, α ).
(24)
∂s
Hence, by approximating ∂ V /∂ s using a backward difference scheme, we can construct a backward difference scheme for the HJB equation as follows;
V (s − ∆s, x) = V (s, x) + Q1 (s, x;V )∆s + λR ∆s · inf Q2 (s, x, α ;V ).
(25)
α

A numerical solution can be obtained by solving Eq.(25) starting from the terminal condition.

A differentiation appearing in Eq.(24) is here approximated by a central difference scheme
except for a boundary and integrals in Eq.(24) is approximated by applying a trapezoidal rule.
5.2

Cost functions and parameter settings

We suppose that (i) a cost required for possible full repair is nonlinearly increasing as the maxiREP − x increases, where it can be expressed as a nonlinear power function
mum repair amount xmax
and (ii) a cost for a repair amount a is given as a linear proportion of the possible full repair[4].
Thus, the cost function for repair with inspection RREP (t, x, a) is expressed as
a
REP
RREP (t, x, a) = CINS +C0REP (xmax
− x)mREP REP
,
(26)
xmax − x
where CINS is a cost for inspection, which is here assumed to be constant, and the second term
represents a cost for repair with repair amount a. The positive parameter C0REP is a repair cost
parameter and mREP is a shape parameter.
We similarly suppose that the cost for a reinforcement is proportional to a power of the reinRIF − x , i.e.,
forcement effort xmax
c
RIF
CRIF = C0RIF (xmax
− xc )mRIF ,
(27)
where C0RIF is a reinforcement cost parameter and mRIF is a shape parameter of reinforcement
cost.
We set parameters with respect to the probabilistic degrading model developed in Section 2 in
the left table of Table 1, where we assume that jumps of C(t) obey an exponential distribution
similarly as in Section 2.4. Further, we here suppose that the function r(x, z) is given by Eq.(7).
On the other hand, we set parameters with respect to the maintenance procedure as shown in the
right table of Table 1. It should be noted that all costs are quantified by setting the inspection
cost as a cost reference value.
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Table 1: Parameters with respect to the probabilistic degrading model and he maintenance procedure.
mean degrading
resistance
Kachanov
shape parameter
intensity of
jumps of C(t)
mean jump of C(t)
critical integrity
maximum integrity
after repair
maximum integrity
after reinforcement

5.3

β0

4.0 × 10−3
[year−1 ]

γ

3.0

λ
q1
xc

[year−1 ]

0.5
8.0 × 10−3
0.25

REP
xmax

0.9

RIF
xmax

0.95

inspection cost
repair
cost parameter
reinforcement
cost parameter
failure cost
shape parameter
of repair
shape parameter
of reinforcement

CINS

1

C0REP

100.0

C0RIF
CLOSS

200.0
10.0

mREP

2.0

mRIF

2.0

Numerical results

Fig.2(a) and Fig.2(b) show the solution α ∗ (s, x) of the HJB equation and the corresponding
optimal value function V (s, x) respectively obtained as a solution of the HJB equation for
several values of the remaining maintenance period T − s with the intensity of inspections
λR = 0.2 [year−1 ] and the maintenance period T = 30 [years]. In Fig.2(a), α ∗ (s, x) represents
the optimal repair effort under the condition that the integrity equals to x just after an inspection at time s and the dashed line represents the maximum amount of repair in our setting, i.e.,
REP − x)+ . Numerical calculations are executed by setting a time mesh as ∆s = 10−3 and a
(xmax
mesh of x as ∆x = 1.07 × 10−3 for estimation of V (s, x) and its derivative.

We can see that the optimal amount of repair almost linearly decreases as the detected integrity
x increases. Although the optimal repair amount increases as the remaining time T −s increases,
its increasing rate gradually decreases as the remaining time increases, especially optimal repair
amount is not affected by the remaining period if T − s is larger than about 20 [years].

Fig.3(a) shows the effect of the intensity of inspections λR on the optimal repair effort α ∗ (10, x),
in which the maintenance period T is fixed at 30 [years]. As λR increases, the optimal repair
amount decreases especially in the region of small x, which is mainly due to that large amount
of repair is not needed so that we can reduce the repair cost because of short mean interval
between repairs. On the other hand, Fig.3(b) shows the effect of λR on the optimal value function
V (10, x). When x is larger than 0.8, V (10, x) increases as λR increases, otherwise it can be
effectively reduced as λR increases under the optimal control of repair efforts.

6

Conclusions

In this paper, we have developed a probabilistic model describing random deterioration of bridge
integrity, which is based upon the Kachanov phenomenological law describing material degrading process with the aid of a stochastic differential equation driven by a compound Poisson
process. Further, we have formulated an optimal maintenance strategy under control of repair
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amount at each inspections. The well-known HJB equation is derived for solving the optimization problem and some numerical examples have been shown for demonstrating the efficiency
of our optimization approach.
We have shown that sample behavior of the bridge integrity deteriorating process generated
through our probabilistic model can qualitatively well reproduce actual data obtained from quite
many existing bridges in Hokkaido area, Japan. We have clarified that (i) optimal repair effort
exists under tradeoff between the increase of repair cost and increase of failure cost including
reinforcement caused by lack of repair amount and (ii) the increase of the intensity of repairs
reduces the optimal repair amount and simultaneously reduce the expected total cost when the
detected bridge integrity is small.
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Abstract: Stays in a cable-stayed bridge are likely to rupture suddenly with the reduction of their resistance capacity results from harsh natural conditions or
manmade mistakes. Recently, there is a intense demand to study the sensitive extent
to which other components are affected This paper presents a study of the sensitivity
of the dynamic response of a long span cable stayed bridge to the location where the
cable breaks suddenly. To this purpose, the full dynamics analysis procedure is
adopted to figure out the districts that are heavily affected by the rupture based on
the dynamic results of structural components.

Introduction
Stay cables are extraordinary important components in cable supported bridges. In the service
period of a cable stayed bridge, cables are exposed to the risk of abrupt rupture results from the
reduction of resistance owing to environmental action or from sporadic accidental events like
fire, blast and vehicle collision, etc [1]. For long span cable stayed bridges, this situation is
sterner because they are built to span terrains like valley, ocean and river where the
environmental condition is comparatively severer.
When a stay breaks within a tiny second, the previous mechanics equilibrium is dissipated
and the sudden loss of the couple force inside the broken stay acting priorly on the remain
structure will give rise to a series of dynamic responses, which could lead to a chain reaction,
termed zipper-like collapse, one type of progressive collapse, in recent publications [2].
Because of the key role stays acting as and the vulnerability characteristic they have, cables
are usually endowed with high surplus degree in design procedure. Some codes and
recommendations also require that the scenario of cable loss should be considered like in [3, 4].
Up until now, the method dealed with cable breakage that existing codes recommend is the
Pseudo-dynamic Method in which a Dynamic Amplification Factor (DAF) is used. This method
is similiar with the one used in the response analysis of single-degree-of-freedom (SDOF)
systerms subjected to inpulsive loading, i.e. to achieve the dynamic response by multiplying
the static response by a DAF. However, the Pseudo-dynamic Method has been indicated from
a theory angle that it is not advisable in analyzing the dynamic response of cable stayed bridge
under the cable-breakage scenario [5, 6]. This method may also result in unacceptable errors in
pylons [7, 8], and a full dynamic analysis process is necessary in this type of analysis.
On the other hand, cable stayed bridges are redundant structures. The abrupt rupture of a stay
will lead to a consectutive reaction inside the whole bridge, making it unclear that how many
components are impacted severely. For some long span cable stayed bridges, decks have been
proved to be governed by the load case of cable loss even with the pseudo-dynamic method [9].
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Therefore, there is a intense demand to study the sensitive extent to which other components
are affected in recent days.
This paper presents a study of the sensitivity of the dynamic response of a steel cable stayed
bridge to the location where the cable breaks suddenly. To this purpose, the full dynamics
analysis procedure is conducted to fix the disctrict that are heavily affected by the rupture based
on the results of structural components.

Description of Cable Breakage Modelling
2.1 Outline of Prototype Bridge
A long span steel cable stayed bridge is considered to illustrate the cable-rupture simulation
and develop sensitivity studies. The prototype is a cable stayed bridge with double towers,
double cable planes, and with a main span of 648m and a total span of 1,288m, as shown in
Figure 1.
The decks are steel box girders and concrete blocks are placed internally over the 2 auxiliary
spans, acting as distributed anchors to balance the weight and load on the main span. The two
towers are hybrid structures consist of reinforced concrete (RC) legs below the decks and steel
pylons above. Every tower has two columns connected by four crossbeams, of which three
made of steel and one made of concrete from top to bottom. 84 pairs of stay cables are deployed
along the auxiliary spans every 12m and along the main span and side spans every 15m except
at the location of towers, where the decks are supported by bearings fixed on the concrete
crossbeams.

Figure 1: Prototype cable-stayed bridge

2.2 Description of Finite Element Analysis
The following investigation is handled on account of the aforementioned steel cable stayed
bridge. The whole structure is treated as union of four parts, i.e., longditudinal girders, towers
stay cables, and piers, and the two pylons are further devided into four pylon legs named P1,
P2, P3 and P4. Since the prototype bridge is symmetric, 42 different stay cables, namely, Ca-1
to Ca-42, as shown in Figure 2, are considered to break abruptly recpectively to acquire the
dynamic responses of all modelled components.
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Figure 2: Geometrical illustration of simulation

The proposed study on sensitivity extent of cable location is developed with finite element
method in the commercial software ANSYS as the parametric modelling procedures are
convinient to achieved in this nonlinear platform. Furthermore, full dynamic anaylysis based
on three-dimentional models is adopted to conduct the numeric investigation. The pylons, piers,
longitudinal girders and internal cross stiffening diaphrams of the prototype bridge are
simulated with beam elements while stay cables are modelled with truss elements. Main girders
and piers and connected using spring elements to simulate the bearing action. Moreover, the
equivalent elastic modulus of cables according to Ernst formulation is used.
In total, 88 elements of girders, 44×4 elements of 4 steel pylon legs and 84×2 elements of
2 planes of stay cables are generated, as shown in Figure 3.

Figure 3: Finite element model in ANSYS

In terms with the cable breakage simulation, three analysis steps are employed. In the first
step, dead loads acting on all components are statically applied on the strcuture to obtain the
initial state immediately before the rupture takes place. The second step is to simulate the
breakage scenario. The element of a cable is removed within a breakage duration of 0.005s [10],
which is acquired by killing the corresponding element in ANSYS. The last step is to proceed
the numeration to compute the dynamic responses, in which the nonlinearity of large deflection
is taken into account while the damp of structure is ingored. A duration lasts 10 seconds is
adopted in this stage after certifying that the largest values of all kinds of responses are able to
be achieved within.

Results and Discussion
After the dynamics analyses of 42 different cable breakage scenario are performed, results of
internal forces and displacements over the time of analysis duration are obtained. Bending
moments, torques and deflections of girders, bending moments and longitudinal displacements
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of pylons and axial forces of cables are compared between 42 situations to get the corresponding
extreme values to figure out the breakage of which cable will give arise to a lager response.

3.1 Girders
Figure 4 shows graphically the distribution of cable number that the corresponding cable
breakage results in a largest deflection of decks among 42 breakage scenarios. The largest
values of downward deflections of decks in the vicinity of cables from Ca-1 to Ca-27 are
numerously generated by the corresponding closest cable, while the decks distributed on the
central part of the main span are governed by the longest 2 stays in the side span, i.e., Ca-1 and
Ca-2. Furthermore, other decks of the counterpart in the bridge on the other side of the breakage
side are affected most seriously by longest 2 stays in the principal span, i.e., Ca-41 and Ca-42.

Figure 4: Distribution of cables result in extreme values of girder deflection

It can be concluded from Figure 5, which shows the cables leading to larger value of bending
moment in girders, that the maximal dynamic bending moment of decks, both positive and
negtive, is usually produced by a ajacent stay in most cases of the 42 conditions. In the other
longitudinal intact side, the graph is basically symmetric whereas Ca-1 and Ca-2 play an
important role in the auxiliary span and lateral span.

Figure 5: Distribution of cables result in extreme values of girder bending moment

Similiar circumstance is observed in the situation of the torque of girders that the greatest
torque is generated by the nearest stay most of timeFigure 6. The majority of the other side of
the main span is influenced severely by the long stays Ca-40, Ca-41 and Ca-42. Also, the intact
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side span is sensitive to the cables in the broken side span with moderate lengths, and the
impaired approach span is mostly governed by Ca-1.

Figure 6: Distribution of cables result in extreme values of girder torque

3.2 Pylons
As introduced previouly, 2 concrete-steel hybrid pylons are divided into 4 pylon legs, one of
which is attached to 42 cables to break abruply, and other 3 legs are undamaged, seen in Figure
2. In the following analysis, 4 pylon legs are studied seperatly.

(a) p1

(b) p2

(c) p3

(d) p4

Figure 7: Distribution of cables result in extreme values of pylon displacement (positive direction)

(a) p1

(b) p2

(c) p3

(d) p4

Figure 8: Distribution of cables result in extreme values of pylon displacement (negative direction)
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The state of longitudinal displacements of pylon legs, as shown in Figure 7 and Figure 8,
presents a extreme situation. In most locations on pylons, extreme values are caused by the
longest 2 stay cables of the bridge, i.e., Ca-1 in the auxiliary span and Ca-42 in the main span.
The largest diplacements of pylon legs in the positive direction are mainly generated by Ca-1,
in which a tension force with a negative direction acting on the pylon before the breakage takes
place exists. Similarly, the maximal negative displacements are mostly produced by Ca-42 with
a positive tension on the pylon side. It can also been seen that this ultra phenomenon is slighter
in the damaged longitudinal side compared to the other one.

(a) p1

(b) p2

(c) p3

(d) p4

Figure 9: Distribution of cables result in extreme values of pylon bending moment

Figure 9 plots the distribution of cables that lead to extreme absolute values of bending
moments inside the plyon legs. It takes on a approximate tendency that the greatest values are
achieved in the cases in which longer cables break suddenly. In the damaged side, most pylon
sections obtain the largest bending moment considering the breakage of Ca-1, and a handful
parts on the pylon top are stimulated with a high level value by Ca-42. With regard to the intact
side, the overwhelming majority of cases is enabled by Ca-39 and Ca-42.

3.3 Cables
Cable breakage also results in a lager axial force of the cables near the failure one, and Ca-1
as well as Ca-42 generate a maximum of dynamic cable force, see Figure 10, in the intact
portion in the proximity of shore.

Figure 10: Distribution of cables result in extreme values of cable axial force
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Conclusions
In the present study, sensitivity analysis in developed to study the disctricts that are heavily
affected by the cable rupture from the points of bending moments, torques and deflections of
girders, bending moments and longitudinal displacements of pylons and axial forces of cables.
The results show that in the case studied, deflections and internal bending moments and torques
of girder sections are sensitive to the cable breakage takes place neaby, and for steel pylons,
longditudinal displacements and bending moments are mainly governed by the failure of a few
longest stay cables.
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Abstract: Target safety levels (  t ) are key elements for reliability-based design and
calibration of design codes. They are derived by monetary optimization or from existing codes. The current article discusses these two approaches and proposes a
novel method for estimating  t from existing codes, based on a specific optimality
assumption. The method leads to implicit target reliabilities lower than the existing
code’s mean reliability. It further estimates how much a simplified safety format can
increase the cost of structures compared to codes of higher levels, and also can reduce the code’s mean reliability when a more homogeneous safety level is reached
through the optimization of the partial safety factors. The results are compared with
the ones obtained from another method presented in literature.

Introduction
Structural design codes are essential tools supporting structural engineering decision-making.
They simplify the engineering work, standardize design situations and ensure an adequate level
of structural safety. For semi-probabilistic codes, the safety level is controlled by the so-called
reliability elements such as the partial safety factors (PSFs) and load combination factors. Their
values are calibrated by code committees in order to reach a designated target safety level. This
procedure is generally referred to as code calibration (see e.g. [1-3]). The selection of the target
safety level is a crucial part of the calibration. Two main approaches are used for deriving target
reliabilities. The first is based on decision theory and monetary optimization. The second is
based on the evaluation of the implicit safety level of existing design codes with the hypothesis
that this is optimal. The article describes briefly the first approach and proposes a novel method
for the second one based on decision theoretical principles. In fact, the methods used in literature are either very simplistic or based on assumptions that lead to debatable results as it is
discussed in this paper.

Target safety levels from monetary optimization
The built environment, i.e. infrastructural elements, industrial buildings and facilities as well as
residential buildings, constitutes the basis for our economy and the continuous development of
our society. In this respect, structures play an important role since their primary purpose is to
provide the functionality of the built environment and the safety of its users. Consequently, a
large proportion of a society’s economic resources are invested in the continuous development,
maintenance and renewal of structures. Hence, it is of great importance that decisions made in
connection with structures are optimal. This implies that the benefits of structures as well as the
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possible adverse consequences, such as loss of lives and damage to the environment, and the
direct and indirect costs are considered and optimal decisions are identified.
Target reliabilities provided by the International Standard ISO 2394:2015 [4] and from the Joint
Committee on Structural Safety (JCSS) [5] are based on monetary optimization. Monetary optimization was first applied to code-making in the seventies [6-8]. Rackwitz further developed
the concepts and the theoretical background in a seminal article [9]. In the code-making perspective, it is the present value of the total expected societal net benefit from a series of structures to be built in the future that should be optimized. Codes are therefore tools supporting
decision-making that guarantee the continuous supply of functional and safe structures in a
cost-optimal way. Renewal theory is used to estimate these costs as systematic reconstruction
after failure or obsolescence is considered.
A general objective function was proposed [9] that considers costs associated to different events
(e.g. inspections, reparations and failure), immediate reconstruction after failure and continuous
discounting. A simplified objective function proposed in [9] is given in Eq. (1) :

P  p 
 

E Ctot  p    C0  CI p    C0  CI p  Ad     C0  CI p  H  f

i 
i



(1)

Where, C  p   C0  CI p is representing the construction costs and CI the marginal safety
costs,  the obsolescence rate, i the yearly interest rate, Ad the demolition costs, H the costs
associated to failure and  is the mean time between failure events that is represented by a
Poisson process. Pf  p  is the yearly probability of failure controlled by the decision parameter
p . The probability of failure is generically assessed based on a simplified limit state function
with g  r , s, p   pr  s where r and s are realisations of the random variables R and S representing the resistance and load effect considered with unitary mean and p is the central safety
factor, which is here considered to be the decision variable. The objective function in Eq. (1)
and the different cost components are illustrated in Figure 1 for some selected values of the
different parameters.

Figure 1. Monetary optimization for C0  1 MU , CI  0.01 MU , Ad  0 MU , H  8 MU ,   0.02 , i  0.03 ,
  1 , R lognormal with COVR  0.15 and S Gumbel with COVS  0.30 .

The optimization according to Eq.1 for the purpose of code optimization has to be considered
for a domain of structures and the associated consequence parameters therefore have the status
of average representative values for the considered domain. In fact, according to the classical
decision theory [10], the expected values for consequences are relevant and should be used for
decision-making on p .
Tentative target reliabilities for ultimate limit state failure given by the Joint Committee on
Structural Safety (JCSS) are summarized in Table 1. They were later introduced in the International Standard ISO 2394 [4]. These values were derived from monetary optimization following
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the concepts summarized above. Three different consequences classes are considered and characterized by the parameter    C0  CI p  H  C0 which is the ratio between the total costs associated with failure and the constant construction costs. Structures are also classified based on
the relative cost of safety measures CI / C0 . Nevertheless, the criteria for characterizing the different classes are not so rigorous as for the consequences [5]; (relative cost of safety measure
might be qualified as “Large”: CI / C0  101 ,102  ; “Medium”: CI / C0  102 ,103  ; “Small”:
CI / C0  103 ,104  ).
Table 1. Tentative yearly target reliabilities and corresponding failure probabilities for ultimate limit states,
from [5] and [4].

Relative cost of
safety measure
Large
Normal
Small

Minor
(0    2)

Consequences of failure
Moderate
( 2    4)

  3.7  Pf  104 

  4.2  Pf  105 

  3.1  Pf  103 

  4.2  Pf  105 

  3.3  Pf  5 104 

  4.4  Pf  5 106 

Large
( 4    10 )

  3.7  Pf  104 

  4.4  Pf  5 106 

  4.7  Pf  106 

Monetary optimization is based on a rigorous mathematical formulation and the objective of
optimizing the use of societal resources seems rational. Nevertheless, two major issues need to
be considered before its application. First, the reliability measure used in monetary optimization
is a nominal value since aspects as human errors and modelling biases are not accounted in the
limit sate function. Nonetheless, monetary optimization holds under the assumption that these
aspects do not affect the identification of the optimal design parameter. Under this assumption,
which is in general reasonable, the nominal probability of failure serves as a means for the
relative comparison among expected costs associated to different values of the design parameter
and selecting the optimal one [3, 11]. The second issue is that the selection of probabilistic
models representing the random variables in the limit state function and the (societal) costs
included in the objective function are often resting on subjectivity. If a reference class of similar
structures exists, the objective of making the code “as safe as” the reference class might solve
the issue, more details are given in Section 3. The calibration will be optimal when the selected
class of similar structures is optimal. When no subjectivity is involved, monetary optimization
becomes the most rational approach to use [12].

Estimation of the implicit target reliability of existing codes
Deriving reliability targets from the existing “best practice” and use them for relative comparison allows to partly overcome the issues discussed above. If the design solutions that correspond to an existing design standard are considered to be optimal in average, the reliability of
these design solutions might serve as a reliability target for future code developments [12-15],
but also for reliability based design for single design situations. The reliability of the single
design situation and the reliability of similar structures designed according to an existing code
are evaluated by using consistent modelling detail and assumptions. This relative comparison
is much less sensitive to subjectivity and modelling errors. However, it is of crucial importance
that the structures selected belong to a similar consequence class and cost of safety class, since
optimal safety levels depend mainly on these factors.
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Codes in use lead to levels of safety that are widely accepted by the society since they are results
of several adjustments based on gained experience and observations on the performance of real
structures. Further, the safety level of existing codes might be considered adjusted in order to
implicitly account for human errors, system effects, material deterioration, capacity of nonstructural elements etc. In fact, the society evaluates the safety of real structures (that includes
all of them) rather than the safety of error free structural elements considered in design codes
and/or reliability analyses. Gross human errors, system layouts and robustness and the other
aspects mentioned above are difficult to include in a pure monetary optimization due to lack of
models representing them. Moreover, the safety and societal failure costs might be back-calculated from existing codes [2] avoiding the difficult estimation required in the monetary optimization. The estimation of the target reliability level (  t ) from existing codes is performed by
selecting a representative “sample” of a class of structures (or structural elements) which just
meet the code’s requirements and evaluating their reliability. The task is not trivial since simplified code formats in use (e.g. load and resistance factor design, LRFD) lead to different reliability levels. Examples reported in literature show that the implicit reliability levels of some
existing codes can be represented by a random variable  with the density function
f    |  , COV  with mean value  and coefficient of variation COV in the range of,
approximately 5 to 30 %, see e.g. [16-19].
The derivation of the target is therefore an underdetermined problem with one degree of freedom. A constrain is therefore needed for defining whether the implicit target  is  B or any
other fractile of f  . Several calibration works reported in literature suggest the mean reliability
as logical choice for a target value [17, 20]. This reduces code optimization to a minimization
of the scatter of the reliability index. Targets might be associated to other fractiles of the distribution representing  , alternatively the predictive reliability index (see Eq. (2)) might be used.
It represents the reliability of a structure randomly chosen [13].

 pred   1

      f



  d 

(2)

This problem might be reduced through a more rational approach based on decision theory. The
problem’s degree of freedom is reduced under the assumption (i.e. a constraint) that the code
in use provides optimal structures, or at least some of them, see e.g. [13]. This assumption might
be generally considered as strong; however, it is indeed one of the main reasons for deriving
the target from existing codes. In fact, other strategies such as pure economic optimization
would be pursued when the existing codes are not considered optimal or not “performing well”.
A method for deriving a reliability target from existing codes is proposed in the following section.

3.1 Proposed method
The method proposed in this article is based on the assumption that the average total expected
costs of the structures designed with the current code is minimal. This implicitly means that not
all the structures are optimal, which is considered reasonable. In formal terms, it is assumed
that the code provides a distribution of reliability levels that minimizes the objective function
in Eq. (3). The notation E is used for highlighting the fact that the averaging is performed
over the reliability index. The variability of  , expressed with the coefficient of variation
COV , is considered a property of the code. Usually, a more refined code has lower COV
while a “simpler” code has larger COV .
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A higher design method, such as reliability-based design, provides COV  0 leading to all
structures with exactly   t and therefore E Ctot  p   Ctot  p  . Thus, the reliability level
minimizing Ctot  p     is the implicit target reliability level of the code, i.e.  t . This is found
to be smaller than  . A “perfect code”, intended as a code with COV  0 , would lead to all
structures with   t . Contrarily, real codes in simplified formats have COV  0 and are
characterized by   t . In simpler words, the safety level variation is accommodated in design codes by adopting mean reliabilities larger than the target as direct consequences of the
fact that the expected costs associated with under-design (   opt ) are larger than the ones
associated with over-design (   opt ), see Figure 1. Hence, reliability-based design of a single
structure similar to the ones covered by the code should be performed with a target safety level
 t lower than the code mean level since no variation needs to be accommodated.
For any given cost function Ctot  p  , the implicit values of H (or its mean) and  t can be backcalculated under the optimality condition once all the other parameters in the objective function
are assumed to be known. The plots in Figure 2 allow this estimation in a few steps for the
simplified cost function in Eq. (1). First, CI ,  and COV are estimated from the selected set
of representative structures or structural elements. The implicit value of H corresponds to the
ordinate of the point having abscissa equal to COV and elevation  . The implicit target
reliability is equal to the elevation of the point with same ordinate and abscissa equal to zero.
For illustrative purposes, consider a code characterized by CI C0  0.01 ,   4.2 and
COV  0.1 . The implicit consequence costs are estimated as H  3C0 (see the dotted line in
Figure 2) giving   4 and therefore moderate/large consequence class according to Table 1.
The implicit target reliability of the code is found to be around 3.95. The objective functions
illustrated in Figure 3 clearly show that the average expected costs of all optimal structures (
COV  0.0 ) is lower than the one for a real design code ( COV  0.1 ). Design codes greatly
simplify structural design at the price of larger average expected costs. In this example the
difference is very small (around 0.5 %). The difference is believed to be limited for existing
codes as well. Larger values would have required to review the codes in order to reduce the
excessive extra costs.

Figure 2. Relation among H , COV and  at optimum (i.e. dE Ctot  p  dp  0 ) for  represented by
normal distribution and Ctot  p  function with parameters as in Figure 1.
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Figure 3. Objective function for a single structure or an ideal code (left) and for a code providing variable reliability level (right), all variables as in Figure 1.

The optimality assumption at the basis of the presented method is not always possible to satisfy.
As clear from the plots in Figure 2, some couples of  ,COV cannot be considered optimal
for any value of H . An example might be a code with   4.0 , CI C0  0.01 and COV  0.2
that can be considered optimal only for negative values of H (that would represent a financial
gain in case of failure that is not realistic). This might be due to two different reasons or a
combination of them. The first is that the current code is not optimal at all. In this case it is not
necessary to derive target from it and therefore the pure monetary optimization remains the only
rational method. The second is that the parameters of the objective function are not estimated
correctly. The plots in the Figure are indeed sensitive to all the parameters involved as well as
the type of distribution representing  . Sensitivities to the different parameters are investigated
later in the article.
The proposed framework presents an interesting property when applied to the optimization of
an existing code. The reduction of the code’s COV through optimization of PSFs allows a
reduction in  since less variability has to be accommodated for. Figure 2 allows in this case
to quantify the reduction of the mean reliability index. If a code is considered with PSFs γ 0
giving COV,0 and ,0 . Optimization is performed iteratively by finding a set of PSFs giving
the optimal/minimal coefficient of variation ( COV,opt  COV,0 ) and the corresponding
,opt  ,0 . The latter is found on the plot by keeping constant ordinate since the consequence
costs are a property of the representative structures selected and therefore not changing with
the PSFs. For example, with CI C0  0.1 , COV,0  0.2 ,   4.0 and a set of PSFs that can
be optimized in order to have COV  0.07 , it might allow a reduction of the mean reliability
to ,opt  3.5 , see the dashed line in Figure 2.
The assessment of optimality of existing codes through the built structures might be questionable due to different reasons. Numerous conservative decisions are often taken in the different
phases of a structure’s life (design, construction, use and maintenance). The built structure becomes over-designed compared to the code requirements. Even the structures designed just satisfying the codes might be over-designed (i.e. non-optimal) due to the fact that design codes
might have been written and adjusted during the years with a certain conservatism induced by
the societal unbalance reactions between failures and over-design. When the optimality condition is strongly doubted, the combination of monetary optimization and assessment of existing
codes might be an alternative approach that requires further investigations.
The optimal mean reliability corresponding to a certain COV is sensitive to all the parameters
included in Eq. (3) as illustrated in the following Figures when compared with Figure 2. The
type of distribution representing  is influencing the relation remarkably. In detail, it is the
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difference in the tails that is believed to play a significant role since the total expected costs are
quite flat for over-designed structures (upper tail) and grow very fast for under-designed ones
(lower-tail) as illustrated in Figure 1. The distribution type and the coefficient of variation for
the random variables included in the limit state function influence the problem by changing the
relation between p and Pf  p  .

Figure 4. Optimal mean reliability for  represented by Lognormal distribution. Total expected costs Ctot  p 
and parameters as in Figure 1.

Figure 5. Mean optimal reliability for Lognormal distribution representing S . Total expected costs Ctot  p  and
parameters as in Figure 1.

Figure 6. Mean optimal reliability for different coefficient of variation of the random variables in the limit state
functions. Total expected costs Ctot  p  and parameters as in Figure 1.
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3.2 Comparison with another method
A different approach for deriving targets from existing codes is presented in literature leading
to significant different result due to a slight change of the optimality assumption. The assumption that all single structures designed with the code of interest are optimal, i.e. minimizing the
monetary objective function, was proposed by Ditlevsen in [13]. The different (optimal) level
of safety of the single structures is considered a consequence of the variation of failure costs
H over the different structures. For the simplified cost function in Eq. (1) this is equivalent
with considering H a random variable with realizations h . The functional relationship between
h and  ( h      p   ) is uniquely defined at optimum when CI and the other variables are
known. This allows to back-calculate the h -values and its distribution function f H from the 
-values. As mentioned before, following the classical decision theory, under uncertain gain or
utility function only the expected gain or utility function is relevant for the decision problem.
Hence,  t is minimizing the objective function where the random variable H is substituted by
its expected value E  H  . In case of the function  being convex we have that, for the Jensen’s
inequality,   E     E      E  H  that gives t   1  E  H    . The target reliability is therefore larger than the mean reliability provided by the design code at hand.
An example of calculation is illustrated in Figure 7 for the case introduced before, that is
  4.2 and COV  0.1 . With this method it is obtained that E  H   88 MU and t  4.6 .
Note that, according to [4] such a large value of the mean failure costs would require a riskbased design. The values are extremely different to the ones obtained with the proposed method
( t  3.95 , H  3C0 ).

Figure 7. Functional relationship between  and h at optimum back calculated for 1000 sampled values of  .
Total expected costs Ctot  p  and parameters as in Figure 1.
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The assumption that all structures designed with a code are optimal is very strong and questionable. First, because the reliability variation, or at least a part of it, is clearly a direct consequence
of the simplified design formats (e.g. LRFD format), see e.g. the example reported in [12]. The
scatter can definitely be reduced by optimizing the PSFs (see e.g. [20]) or by providing more
sets of them as discussed in [2]. Ideally, the scatter can be reduced to zero to the detriment of
the code simplicity. Second, the optimal reliability minimizing the objective function in Eq. (1)
is lower and upper bounded. The lower bound ( opt,min ) is obtained for H  0 under the consideration that structural failure is never associated with a monetary gain, i.e. H is never negative. For the example considered here, the lower bound was estimated to be opt ,min  3.62 .
The values of opt,min depend on all the factors included in the objective function. The optimal
reliability upper bound is expected to be present since it is quite unrealistic to consider a certain
design code to be optimal for H spanning over several orders of magnitude. For structures with
very large H is indeed suggested to perform a full-risk assessment instead of using existing
standards and given target reliabilities [4, 5]. Least, assuming the code to provide all optimal
structures leaves no space for further code optimization while it is clear to most that codes do
need improvements and optimizations.

Conclusions
A novel method for deriving target reliabilities from existing codes based on decision theory is
presented. Compared to existing approaches, the proposed method leads to target reliabilities
below the average reliability of the structures designed with the code at hand. This is shown to
be rational and consistent with the fact that failure consequences are often larger than safety
costs. Consequently, a reliability-based design of structures not covered by the code at hand
(but similar) should be performed with a target reliability which is lower than the code mean
reliability. Further, the proposed method allows to estimate the average costs of structures designed with a simplified code compared to the ones that are all optimal. Moreover, the application of the proposed method allows to reduce the code’s mean reliability when the reliability
variation is reduced through code optimization. The presented method is shown to partly solve
issues related to other methods presented in literature.
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Abstract: In the development of probabilistic structural designs codes, the distribution of maximum loads in the service life of the structure plays an important role. Wen, [2], presents a broad exposition of structural load problems from
an engineering perspective and highlights their importance. The distribution of
maximum load generated by the Poisson process is well known. If the loads
are generated by a stochastic renewal process, the derivation of this distribution
is not clearly presented. This research paper revisits the problem of finding the
distribution of the maximum load process, identifies limitations of existing approaches and presents more general solutions. The objective is to develop a new
solution for the maximum load distribution generated by a stochastic renewal
process, [1], in which the inter-occurrence time can follow a non-exponential
distribution. In this case, the maximum distribution has to be computed through
an integral solution.

1 Introduction
Technically, stochastic load process is modelled as a marked renewal process with two random
components: (1) the time between the load occurrences, T , and (2) the load intensity, X. In
structural reliability analysis, the homogeneous Poisson processes (HPP) is commonly used
to model the load processes. The HPP is a special case of a renewal process with T being
an exponential random variable. For a marked HPP, the distribution of maximum load can be
explicitly derived, and this solution is widely used in the time dependent reliability analysis of
structures.
In section 2 the sustained load process is introduced. In section 3 results are presented for
the HPP model and the maximum distribution is derived for general renewal processes as a
Volterra integral equation. Section 4 shows numerical results where the derived integral equation
is compared to the Monte Carlo simulation proceeded by comparing the integral equation to its
approximated HPP solution. In section 5 some concluding remarks are presented.
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2 Model of Sustained Load Process
In this paper stochastic processes of load is described by two components: the process of load
arrivals (time) and their load intensity (effect of load). The sustained load process presented
is used to model the sustained loads like live loads or snow loads and we are interested in the
maximum load distribution. For the sustained load process it can be assumed the first load starts
at time t=0. The load size is random and constant from its time of arrival till the arrival of the next
load. Then we have the iid sequence of independent random vectors pT, X q  tpTn1 , Xn q,n ©1}
with the convention T0 =0.
Let S=tSn , n©1u be the sequence of partial sums of the arrival times, i.e. Sn
Sn1 Tn , n © 1 where S0  0. Then the counting process
N pt q 

8̧

n1

1tSn1 ¨t u ,

 °ni1 Ti 
(1)

denoting the number of load arrivals on the interval r0,t s, is a renewal process. Loads arrive at
times Sn , n©1, and for each Sn the corresponding load size and duration are given by Xn 1 and
Tn respectively. Let tLpt q,t © 0u denote the intensity of the sustained load process at time t, i.e.
such that Lpt q can be written as
Lpt q 

8̧

n1

Xn 1rSn1 ,Sn q pt q.

(2)

Let Xn have marginal distribution with CDF FX pxq. Moreover, assume Lpt q can be non-zero with
probability p and zero with probability 1  p with 0 p ¨ 1. For an arbitrary time point the CDF
of Lpt q is given as
FLpt q pyq  p1  pqH pyq pFX pyq,
(3)
where H pyq is the Heaviside function given by:

H pyq  1r0,8q pyq.

(4)

A graphical representation with failure at time S6 is presented in Figure 1. We are interested in
calculating the distribution of the maximum of tLpt q,t © 0u for a given threshold m, i.e.
Rmax pt; mq  Ppmax Lpsq ¨ mq.
s¨t

(5)

3 Examples of Sustained Load Processes
3.1

The Poisson Load Process

In this individual sustained load process model the arrival of loads is modelled as a homogeneous
Poisson point process (HPP). This means the inter-arrival times T1 , T2 , T3 , . . . are exponentially
distributed with mean µ 1 .
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Figure 1: Process of load arrivals as a sustained load process where a failure occurs at time S6 .

Result 3.1. Let a Poisson process have mean inter-arrival time with rate µ 1 and let a new
mean inter-arrival time for T have rate λ 1 =p pµ q1 . If the sequences T and X  tXn , n © 1u
are independent, then
RHPP
max

pt; mq 



λ
1
µ



λ
FX pmq eλt p1FX pmqq .
µ

H pmq

(6)

Proof: Assume the Poisson process is an uninterrupted process (p=1) and there are no loads of
size 0. Let m ¡ 0 and note that

tmax
Lpsq ¨ mu  tmax Lpsq ¨ m,t
s¨t
s¨t

S1 uY

8
¤

tmax
Lpsq ¨ m, Sn1 ¨ t
s¨t

n1

Sn u

(7)

and for n © 1,

tmax
Lpsq ¨ m, Sn1 ¨ t
s¨t

Sn u  tmax X j ¨ m, Sn1 ¨ t
j ¨n

Sn u .

(8)

Since
Ppmax X j ¨ m, Sn1 ¨ t
j¨n

Sn q

 Ppmax
X j ¨ m|N pt q  nqPpN pt q  nq
j ¨n
p
µt qn µt
 FX pmq n! e
n 1
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(9)

it follows from (7) that
Ppmax Lpsq ¨ mq
s¨t




8̧

FX pmqeµt

8̧
n0

FX pmqn

n1
1

FX pmqn

1

pµt qn eµt
n!

pµt qn eµt
n!

FX pmqeµt p1FX pmqq .

(10)

a, a P R with probability p
0, with probability 1  p,

(11)


Since for an arbitrary Xn we have
Xn 

"

equation (10) can be written as
RHPP
max pt; mq  Ppmax Lpsq ¨ mq
s¨t

 rp1  pqH pmq

pFX pmqs eµt p1rp1 pqH pmq

 rp1  pqH pmq

pFX pmqs eµ pt p1FX pmqq .

pFX pmqsq

(12)

Since the occurrences of the non-zero values of Xn are random selections of the Poisson process
with occurrence rate µ, the sequence of non-zero values of Xn also form a Poisson process with
occurrence rate λ  pµ. Therefore, we have
RHPP
max

3.2

pt; mq 



λ
1
µ

H pmq



λ
FX pmq eλt p1FX pmqq .
µ

l

(13)

Load Arrivals as a Renewal Process

In this section the assumption of a Poisson model for the arrival times is relaxed. The sequence
T of inter-arrival times does not necessarily consist of iid exponentially distributed random
variables but of an arbitrary distribution.
Result 3.2. If the sequences T and X are independent and if the counting process tN pt q,t ©0u
is a renewal process with inter-arrival times T =tTn ,n©1u where the CDF of Tn is an arbitrary
distribution FT pt q, FT p0q  0, then
s
RW
max pt; mq  Ppmax Lpsq ¨ mq  1  pFX pmqp1
s¨t

where yrpt q satisfies


yrpt q  1  pFsX pmq



FT pt q
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»t
0

yrpt qq ,

yrpt  sqdFT psq .

(14)

(15)

Proof: Assume an uninterrupted process (p=1) and let m ¡ 0. We follow the same argument as
in the Proof of Result 3.1 but now we have that
Ppmax X j ¨ m, Sn1 ¨ t
j ¨n



pn1q pt q F pnq pt q .
T

Sn q  FX pmqn FT

This leads to

8̧

Ppmax Lpsq ¨ mq  FX pmqp1  FX pmqq
s¨t

Let
ypt q 

8̧
n1

n1

pnq pt q.

FX pmqn FT

pnq pt q

FX pmqn FT

(16)

(17)

(18)

be the infinite sum in equation (17). A renewal-type equation for y, which is useful for numerical
calculations, can be obtained as follows: for n ¡ 1

pnq
FX pmq FT pt q  FX pmqn
n

And since

8̧
n2

FX pmq

»t
0

»t
0

pn1q pt  sqdF psq  F pmq
FT
T
X

n1

FX pmq

pn1q pt  sqdF psq 
FT
T

»t
0

»t
0

pn1q pt  sqdF psq.
T

FX pmqn1 FT

(19)

FX pmqypt  sqdFT psq

(20)

it follows that y satisfies the following renewal-type equation
»t

ypt q  FX pmqFT pt q

0

FX pmqypt  sqdFT psq.

(21)

Now we relax the condition p  1, i.e. substituting equation (11) into equation (17) gives
Ppmax Lpsq ¨ mq  1 
s¨t

p q

pFsX m



1

8̧

n1

n

pnq pt q .

1  pFsX pmq FT

(22)

The infinite sum in equation (22):
yrpt q 

8̧
n1

n

pnq pt q,

1  pFsX pmq FT

(23)

similarly as shown above satisfies the renewal-type equation
yrpt q  1 

4

p q

pFsX m



FT pt q

»t
0



1  pFsX pmq yrpt  sqdFT psq.

(24)

Numerical Results

In order to compute the distribution in equation (14), the Volterra convolution integral in equation
(15) needs to be computed. This can be done using a Laplace transform or, as in this case, the
trapezoidal rule. The time grid is partitioned as 0, ∆t, 2∆t, . . . ,t where ∆t= 1 month.
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4.1

Verifying Analytical Results by Simulation

As an example of the result in equation (14), in Figure 2 we give a generic example which is
compared using the Monte Carlo simulation. In this example X is gamma distributed with PDF
given by
x
1
α 1  β
x
e
, x © 0, α, β ¡ 0
(25)
fX px; α, β q 
Γpα qβ α
while T is Weibull distributed with PDF:
fT pt; θ , γ q 

γ t
θ θ

γ 1

ep θ q ,t © 0, θ , γ
t

γ

¡ 0.

The parameters chosen are: shape parameter α  8, scale parameter β
and shape parameter γ  4 for the two cases p  1 and p  0.8.

(26)

 2, scale parameter θ  5

Figure 2: Renewal equation and Monte Carlo simulations for Weibull distributed inter-arrival times where
p  1 and p  0.8.

4.2

Comparison with HPP Model

In this example the load sizes affecting a structure are gamma distributed with shape parameter equal to α  4 units and scale parameter β  2.5. The mean load size is therefore
ErX s  αβ 10 units. The structure capacity equals m  19.3, which is the 95th percentile value
of the load size distribution.
The inter-arrival times of the loads are Weibull distributed with mean inter-arrival time
ErT s  20 years and coefficient of variation (COV) equal to 0.3.
In practice often hazards and other rare events are modelled as a (homogeneous) Poisson
process. We can approximate the Weibull load arrivals as the “equivalent” HPP with a mean of
20 years. Hence, the inter-arrival times are now exponentially distributed, i.e.
fT pt; µ q  µeµt , t © 0, µ
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¡0

(27)

with rate µ

 201 .

The reliability of this structure, for p=1, is given in Figure 3a. In this case the time horizon is t=150 years. The probability of this structure surviving at least 50 years is 85%.
According to the HPP approximation this probability is lower, hence the HPP approximation
underestimates the true structure reliability and is a conservative approach. In Figure 3b the
mean inter-arrival time of loads is 100 years and similarly HPP underestimates the reliability. In
practice a conservative approach leads to (unnecessary) higher costs and overestimation of the
reliability means the structure would be less safe then its assessment.

(a) Mean inter-arrival time 20 years.

(b) Mean inter-arrival time 100.

Figure 3: Comparison of reliability for a renewal load model and its HPP approximation with mean
inter-arrival time 20 and 100 years.

When t Ñ8 the difference between the true reliability and the approximated HPP reliability
becomes smaller. Moreover, for highly reliable structures, with relatively high capacity m, the
difference between the true reliability and the approximated HPP reliability is small. This can be
seen more clearly as follows. We can look at the probability of this structure surviving at least
50 years and compare this to the approximated HPP probability of surviving 50 years. To do so
we look at the error e defined as:
e

HPP
RW
max p50; mq Rmax p50; mq
RW
max p50; mq

(28)

for different values of the structure capacity m. These errors can be seen in Figure 4 where these
errors are given for the two different mean inter-arrival times 20 and 100 years. It can be seen
that high values of m, hence safer structures, lead to better HPP approximation of the reliability
(also underlining the use of the Poisson process to model rare events.)
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Figure 4: Comparison of error between a renewal load model and its HPP approximation as a function of
threshold m.

5 Conclusions
In this paper a general probabilistic model of load processes according to a sustained load
process is presented. The load arrivals and their intensities are independent stochastic processes.
This model generalizes inter-arrival times to be from an arbitrary distribution and not necessarily
from a homogeneous Poisson process.
From this paper we see:
• the advantage of the presented integral equation solution is that any distribution for interarrival times can be used, including HPP.
• HPP approximation is a good alternative when the threshold m is relatively high, i.e. when
structures are highly reliable the difference in reliability between the renewal process and
its HPP approximation becomes small.
• as t Ñ8 the difference between the stochastic load process and its HPP approximation is
small.
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Abstract: The principles of risk and reliability can be applied to extract a harmonised basis of structural design from mature standards. This paper demonstrates
how key elements of semi-probabilistic provisions for actions on structures can be
used to assess levels of harmonisation and differences for leading standards. This
approach can be used by standardisation groups with limited resources to advance
reliability-based design.

1 Introduction
The implementation of reliability-based design is now widely accepted and implemented in
standardized structural design practice. Over several editions and many decades, the International Standard ISO 2394 General principles on reliability for structures provided the conceptual basis for the reliability basis of structural design. An important concept is the need for
sufficient knowledge about the mode and consequences of structural failure, required for the
implementation of semi-probabilistic design, as stipulated formally in the latest edition
ISO2394:2015 [1]. Strict compliance to this principle requires a severe burden for proof on
the standardization process. However, a liberal interpretation accounts for a legacy of existing
design standards. Proof of compliance then boils down to the use of widely accepted standards as reference.
In spite of all the advantages of the rational basis provided to standards for structural design,
the effort required in executing a comprehensive reliability assessment and calibration of
structural engineering practice and conditions may exceed the capacity and information available to many countries. In addition to deriving appropriate levels of reliability from first principles, the calibration of reliability based design parameters and updating of existing
procedures and standards on actions and materials based structural resistance require substantial resources. The formal and standardised requirements for the development of semiprobabilistic standards may therefore inhibit universal use, rather than to facilitate the extension of such practice.
Conversely, the extensive investigations on reliability modelling, assessment and calibration
for leading international structural design standards provide evidence of compliance to the
principle of sufficient knowledge on structural performance. Furthermore, successful use in
design practice and continuous refinement and extension of reliability-based design provide
motivation for lagging countries to follow suit. The principles that are laid down by
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ISO 2394:2015 are in fact a consequence of the extended experience base reflected by reliability-based standards.
The combined body of existing knowledge therefore provides an opportunity for advancing
the use of this practice internationally, particularly to countries lacking the resources to start
from the principles of reliability. Although the fundamental principles of reliability are shared
by leading standards developers, accessibility of the knowledge and experience base is obscured by the different approaches taken to derive design procedures. An assessment of the
degree of agreement and differences between leading reliability-based standards will provide
an indication of the harmonisation in terms of principle, standardisation and format, provision
for specific conditions or preferences deriving from established practice.
The advantages of harmonisation to established reliability-based standards will be to share an
extended body of experience, gain access to alternative approaches to complement existing
procedures and to evaluate the rationality and effectiveness of existing procedures. The emphasis in this paper is however to improve accessibility of the existing body of knowledge and
experience to countries and standardisation groups with limited resources.
The scope of the assessment of harmonisation is based on the perspective of South African
experience in implementing and extending reliability-based structural design practice. The
limited scope of such a perspective is broadened somewhat by considering how this experience can benefit countries in a similar position.

2 Background to Reliability-Based Design Standards
2.1 Development of reliability-based standards
From its inception in 1960, the International Organisation for Standardisation Technical
Committee ISO/TC98 Bases for Design of Structures played a key role in the preparation of a
common approach to reliability of structures. The First Edition of ISO 2394 was published in
1973 [2]. In a radical revision, ISO 2394:2015 takes a more fundamental approach by capitalising on the advantages of basing design decisions on overall risk, not only on failure probability [3]. Risk informed decision-making was formally added to reliability and semiprobabilistic design.
APEC (Asia Pacific Economic Cooperation) took the initiative to develop an International
Standard having a harmonised system in agreement with the principles of structural reliability
as given by ISO 2394. This resulted in ISO 22111:2007 Bases for design of structures - General requirements [4], [5].
The development of the Structural Eurocode design standards provides a notable example of
the utility of a reliability-based approach that makes extensive use of the versatility of the
partial factor format for limit state design.
An early record of the use of reliability concepts for the head standard providing the basis of
design for the extensive set of Structural Eurocodes is provided by Background Documentation: Eurocode 1 Part 1 – Basis of design [6] [7]. Background information and guidance on
implementation is provided by [8]. Earlier formulation of reliability concepts are shared with
the development of ISO 2394 through the JCSS reports CEB Bulletin 112 and CEB Bulletin
116 both published in 1976 [9] [10].
Following early initiatives for providing a probabilistic basis for safety factors for the design
of concrete and steel structures, the need for load provisions that are independent of construction materials led to the development of probability-based load factors that were adopted for
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ANSI A59.1-1982, the predecessor of ASCE-7 [11] [12]. The reliability assessment based on
first order reliability analysis, with reliability target levels derived from acceptable existing
practice but with increased consistency in reliability, and surveys to obtain representative
models for load and resistance, is recorded in the seminal report NBS SP 577 [13], as reported
in [14] [15]. A Load and Resistance Factor Design (LRFD) format resulted in a compact set
of load combinations.
CSA S408 provides guidance on the development of limit states design standards. In addition,
it provides the basis of understanding of the safety and reliability implicit in Canadian design
standards [16].
The Architectural Institute of Japan provide recommendations for loads on buildings as guideline for standards development [17]. Although the recommended procedures are intended to
be independent of the design procedures, the stochastic basis of the recommendations point to
semi-probabilistic limit states design as general framework.
The Joint Australia / New Zeeland Standard AS/NZS 1170 [18] provides an example of a
standard for actions on buildings and structures, providing for conditions in the two respective
countries, based on the principles of reliability in accordance with ISO 2394.
The South African standard SANS 10160-1:2010 provides an example of scaling EN 1990
down to buildings and a limited scope of actions that need to be provided for [19].
The subsequent assessment focuses on EN 1990 and ASCE-7 to represent the extremes of the
formal treatment of all the reliability concepts to arrive at an articulated semi-probabilistic
coverage of a comprehensive scope of application, versus an approach where reliability concepts are largely captured in the background investigations to arrive at a concise presentation
of design procedures.

3 Reliability representation EN 1990 and ASCE-7
3.1 EN 1990 Eurocode: Basis of structural design
The comprehensive nature of EN 1990 can be characterised by providing an outline of the
breadth of its scope: The standard is intended for the design of the structural design of buildings and civil engineering works, including geotechnical aspects, structural fire design, situations involving earthquakes, execution and temporary structures. Topics range from
requirements, principles of limit state design through design verification to informative guidance on design assisted by testing. Detailed stipulations include an extensive array of partial
factors, ranging from provision for the equilibrium of structures sensitive to the variability of
permanent actions to alternative schemes for geotechnical actions related to buildings. At the
same time, the formulations are sufficiently general to allow for the determination of partial
factor values and the selection of options for action combination schemes to be determined by
member states as nationally determined parameters.
Basic requirements refer to sustaining of actions and remaining fit for intended use by having
adequate structural resistance, serviceability and durability. Damage caused by explosion,
impact or human error shall not be disproportional to the original cause. Various strategies
include appropriate design, detailing and control measures. Dedicated sections present the
principles of limit states design, basic variables and structural analysis and verification by the
partial factors method
Reliability management include provisions for the choice of levels of reliability based on
cause, mode and consequences of failure, public aversion and the expenses to reduce the risk.
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In addition to using representative values for actions and choice of partial factors to achieve
levels of reliability, various measures include quality management. Guidance is provided on
reliability and quality management, reliability-based procedures for the derivation of partial
and combination factors, the derivation of resistance based on testing.
Formats for design values for actions, action effects, material and product properties, geometry and resistance are provided in terms of characteristic values and partial factors. Action
combination expressions are provided for static equilibrium-, persistent and transient-, accidental- and seismic design situations for the ultimate limit state. Recommended values for
partial and combination factors are provided in the normative Annex A.1 for buildings and
Annex A.2 for bridges. A significant feature of the action combination format for persistent
and transient design situations is the provision of two alternative action combination schemes.
Similarly, three design approaches are provided for the design of structures, geotechnical actions and resistance, to be selected as national options.

3.2 ASCE-7 General
The compact and very operational format of presenting the general requirements and procedures for the combinations of loads provided in the first two chapters of ASCE-7 represents
not only an example of the use of the LRFD approach, but also demonstrates how the principles of reliability can be fully integrated in functional design procedures. The reliability basis
for design cases and parameters are revealed in the extensive commentary, with inclusion of
references to the underlying background investigations. A notable feature of the standard is
that whilst there is a very tight relationship between load specifications and the basis for design, unification with materials based design standards are left to the prerogative of standardisation organisations.
The scope of the standard specifically provides for minimum load requirements consisting of
the use of stipulated loads and their combinations together for the design of buildings, whilst
judgement is required when used for other structures. Basic requirements include the need for
adequate strength and stiffness to sustain the stipulated loads; to be obtained from design for
structural resistance using compatible standards. Standards known to be compatible, listed in
the commentary, include structural concrete, structural steel, timber, aluminium and masonry.
Acceptable strength shall be determined using strength, allowable stress or performance based
procedures. Only the case of strength procedures, representing limit state design, is considered in this assessment.
The combination of factored loads for strength design is compactly stipulated by 7 basic combinations, expanding to 16 load cases when all options are considered. Provision is made for a
list of 13 load classes as specified in the standard. A few exceptions are listed for the selection
of load factors for specific cases. Load combinations for strength and stability for optional
consideration of extraordinary events (such as fire, explosion, or vehicle impact) provide for
capacity, residual capacity and stability.
Extensive background information on load factors is provided in the commentary. Values are
obtained from [13]. General procedures for deriving load and combination factors are provided in the commentary discussing load combinations for non-specified loads.
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4 Common bases of design
The two reference standards EN 1990 and ASCE-7 represent two extremes of comprehensiveness versus direct and concise formulation. EN 1990 can be taken as a model for maximising harmonised design across diverse conditions and design practises, and unification of
standards across the scope of structural classes and materials. ASCE-7 on the other hand provides a most concise and crisp formulation of procedures for structural design. Both standards
effectively demonstrate the degree to which standardised design can be based on reliability
concepts. The rational reliability basis of EN 1990 appears to be more advanced, but this may
be more of a reflection of providing for an extensive scope of application. Indications are that
both standards are based on wide-ranging calibration to existing practice and judgement based
selection of design parameters.
The extensive formulation of requirements, principles of limit states design, basic variables
and guidance on reliability concepts of EN 1990 provides a sound basis for the development
of harmonisation and a clear top-down path for the derivation of design procedures. Conversely, ASCE-7 effectively provides all the essential information needed for operational design, where the reliability concepts form part of the background, as accounted for in the
standard development process. Whilst EN 1990 would be useful as a comprehensive model;
ASCE-7 would be the target specific procedures, on the condition that related standards specifying actions and materials-based design should be tightly managed.
The reliability basis for structural design can be considered as the input information on acceptable levels of reliability to be achieved when the design procedures are applied. Target
reliabilities for reliability or risk classes and other classifications, probability models for the
derivation of partial factors, separation of reliability into actions and resistance as summarised
in Table 1 are indicative of reliability parameters used for the two reference standards. Class
intervals for β50 of typically 0.5 are indicative of the resolution of classification, indicating a
range of two units between the values for EN 1990 Reliability Class 2 and ASCE-7 Risk Category II (shaded).
Table 1. Indicative reliability parameters for EN 1990 and ASCE-7
EN 1990

β50
Sensitivity

RC 1/I
RC2/II
RC3/III,IV
α E / αR

ASCE-7
(Classes of increasing severity of failure)
2.5
3.0
3.5
3.0
3.5
4.0
3.25/3.5
3.75/4.0
4.25/4.5
0.8 / 0.7

3.3
3.8
4.3
0.7 / 0.8

Comparative probability models for representative actions used for initial derivation of partial
factors are summarised in Table 2, with strategies for deriving initial partial factors for
EN 1990 (then ENV 1-1) reported in [7] and for ASCE-7 reported in [13], designated in the
table as JCSS and NBS respectively. Two partial factors for permanent load shown for EN
1990 indicate the permanent load to be leading or otherwise. For ASCE-7, wind load was later recalibrated to a partial factor of 1.6, and finally re-specified at return period values to improve risk consistency for regions subjected to tropical storms.
Despite the wide range of distribution parameters indicated in the background investigations
and differences in target reliabilities, as indicated in Table 2, selected values for partial factors
for permanent load (G) ranges from 1.15 to 1.35/1.4 and for variable loads (Q) from 1.5 to
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1.6 for the two standards. This observation provides the key in the search for common ground
between the two widely diverging standards.
Table 2. Probability models for basic actions reported for EN 1990 (ECCS 1996) and ASCE-7 (NBS)
ACTION (E)

µE/Ek

VE

σE

Distribution

E

Reference

Permanent (G)

1.05
1.05
1.12
1.31
0.91
0.78
0.93
0.82

0.10
0.10
0.3
0.25
0.2
0.37
0.15
0.26

0.10
0.10
0.34
0.33
0.18
0.29
0.14
0.21

Normal
Normal
Gumbel
Gumbel
Gumbel
Gumbel
Gumbel
Frechet

1.33 / 1.16
1.20
1.50
1.60
2.04
1.30 (1.60)
1.77
1.60

ECCS
NBS
ECCS
NBS
ECCS
NBS
ECCS
NBS

Imposed (QI)
Wind (QW)
Snow (QS)

4.1 Load combination schemes
Informative intervals of the relevant partial factors  G ,i and  Q , j for permanent and variable
actions Gk,i, and Qk,i at their characteristic value (Xk) for these combinations of actions are
indicated in Table 3.
Table 3. Informative intervals of the partial factors  G ,i and  Q , j for unfavourable permanent and variable actions Gi, and Qj for ultimate limit states excluding limit states of static equilibrium
Case

Actions considered
in design verification

Permanent
actions Gk,i

1

Permanent load only

 G,i Gk,i

2

One variable action

[1,0 – 1,4]
 G,i Gk,I

3

6
7

Imposed

Several variable
actions

[1,0 – 1,4]
 G,i Gk,I
[1,0 – 1,4]
 G,i Gk,I

Wind

Snow

Accompanying
variable actions Qk,j

Q,1 Qk,1

[1,0 – 1,6]

[1,0 – 1,4]
 G,i Gk,I

4
5

[1,05 – 1,4]
 G,i Gk,i

Leading variable action Qk,1

Q,1 Qk,1

[1,0 – 1,6]

Q,1 Qk,1

[1,0 – 1,6]

Q,1 Qk,1

[1,0 – 1,6]

[1,0 – 1,4]
 G,i Gk,I

 Q,j Qk,j

Q,1 Qk,1

[1,0 – 1,6]

[1,0 – 1,4]

[0,5 – 1,0]
 Q,j Qk,j

Q,1 Qk,1

[1,0 – 1,6]

[0,5 – 1,0]
 Q,j Qk,j
[0,5 – 1,0]

Notes: 1. Particular value of the partial factors depend on specific (local) properties of the relevant actions and required target
reliability of the structure; the greater the variability of the action and required target reliability the greater the partial factor.
2. Partial factors for favourable variable actions are zero.

A more direct comparison between the partial factor and LRFD formats can be made by comparing the partial load and combination factors for basic load cases, as listed in Table 4.
EN 1990 provides for a single load combination expression (Method 1) and a dual expression
(Method 2) that treats Gk as a leading action (Expression A). The modified version of Expression A that does not include Qk is similar to the dual expression format used by ASCE-7.
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Table 4. Comparison of partial factors used by EN1990 for Format A and by ASCE-7 for Format B
Permanent Gi
Design situation
Unfavourable / Favourable

Leading
variable
action

Accompanying
variable action

Q,j

Q,1

EN 1990 (FORMAT A)
1.35 / 1.0

1.5

1.05 [0.75 – 1.5]

Expression A-Mod

1.35 / 1.0

-

0

Expression A

1.35 / 1.0

-

1.05 [0.75 – 1.5]

Expression B

1.15 / 1.0

1.5

1.05 [0.75 – 1.5]

Method 1
Normal
(persistent,
transient)

Method 2

ASCE-7 (FORMAT B)
Strength: Normal

1.4

0

0

1.2 / 0.9

1.6

1.0 / 0.5

The implications of the alternative action combination schemes can be illustrated graphically
by comparing the effective load factor ELF = γGGk + γQQk as a function of the load ratio LR =
Qk/(Gk + Qk); as shown in Figure 1. The alternative EN 1990 methods represent the options
for combining Gk and the leading variable action Qk,1: Method 1 provides a conservative
combination of partial factors for leading Gk and Qk,1 respectively. Method 2 provides a dual
expression with respective leading Gk and Qk,1 with a Turkstra-type reduction of the remaining action, with a more conservative reduction for Gk used in the UK version of Method 2B.
The third option uses Method 2B as the operational combination, with a check (2A-Mod) to
provide for the situation where Gk might dominate. Notably, this is similar to the approach
followed by ASCE-7.
The comparison demonstrates that there are greater differences between the various EN 1990
methods (Figure 1(a)) than between the selected option of EN 1990 and ASCE-7 shown in
Figure 1(b); particularly within the central range of load ratios (LR 0.25-0.75). EN 1990
Method 1 simply provides a relatively conservative option for load combinations, by assigning a significant contribution to permanent actions. The degree of agreement is surprising
when it is noted that the EN 1990 and ASCE-7 methods are based on β50 values of 3.8 and 3.0
respectively.
A direct comparison of the EN 1990 and ASCE-7 combination factors is shown in Table 5.
The load factor for wind load from 2005 version of ASCE-7 is used for the comparison,
before re-specification to account for tropical cyclones.
Table 5. Load and combination factors for EN 1990 / ASCE-7, for leading imposed, wind and snow loads
Leading Load
Imposed
Wind
Snow
NOTE
1.

Load (Q) and combination Factor (ψQ)
Imposed
Wind
Snow
0.9/0
0.75-1.0/0.5
1.5/1.6
0.75-1.5/0.5-1.0
0.75-1.0/0.5
1.5/1.6
1
1
1
0.75-1.5/0.5 -1.0
0.9/0.5
1.5/1.6
Imposed or wind may be optional for leading snow load

The combination factors for EN 1990 are noticeably higher than for ASCE-7, with typical
values of 1.0 and 0.5 for respectively; the most significant differences are that ASCE-7 wind
needs not to be a combination load for leading imposed load and one combination load generally needs to be considered.
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Effective Load Factor (ELF)

1.6
1.5

Method 1
1.4

Method 2(b)

1.3
1.2

Method 2(a)

1.1

Method 2(a)-Mod

1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Load Ratio (LR): Variable/Total Load

(a) EN 1990 Alternative Methods (Dashed line Method 2(b)-UK)

Effective Load Factor (ELF)

1.6
1.5

ASCE-7

1.4
1.3
1.2

EN 1990 Method 2(a)-Mod & (b) (&UK)
1.1
1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Load Ratio (LR): Variable/Total Load

(b) Comparison of ASCE-7 & EN 1990 Equivalent method
Figure 1.

Graphic representation of effective load factors

5 Observations and conclusions
The agreement in effective load factors for the basic case of combining permanent and variable loads as provided by EN 1990 and ASCE-7 reflect some degree of underlying consensus.
The degree of judgement allowed by the standardisation process can be inferred from differences between the two methods allowed by EN 1990. The level of approximation used in the
calibration process can also be inferred from the single partial factor used for variable actions
as diverse as imposed, wind and now loads, for both of the standards. Furthermore, intervals
for β50 of typically 0.5 represent a relatively coarse resolution of setting target reliability levels. The remarkable success of such an approximate approach in existing standards should
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attract a more widespread use of semi-probabilistic limit state design. At the same time, it is
clear that there is scope for extending the rational basis of design through refined procedures.
Formally, semi-probabilistic methods are based on notions such as reliability classes and targets, classification of actions and formats for their combination, representative probability
models and calibration of partial factors. On this basis compliance to the requirement of
ISO 2394 [1] can be conferred. Considering the background investigations used for the present generation of standards [7], and [13], compliance is arguably more experience and
judgement based than on generally accepted probability models and uncertainty information.
According to ISO 2394, sufficient understanding of the consequences of failure, failure modes
and uncertainty representation is required, so that it could be categorized in order for design to
be standardised. The implication is that procedures for design verification should be provided
for each category. An assessment of the degree of harmonisation therefore also applies to the
way in which categories are implemented. Substantial overlap between the various standards
can be observed in terms of reliability, risk and consequence classes; limit states represent a
discernable part of categories, with additional classes of design situations and failure modes.
The classification of actions and separate provisions for each leading variable action form part
of the categorization process. Appropriate target reliability levels are required for each category. A very elaborate example of categorization is provided by AS/NZS 1170 [18], where annual exceedance probabilities are specified per country, design life, importance level for
building type, action: wind cyclonic/non-cyclonic, snow, seismic. Stipulated reliability levels
and intervals imply the use of refined probability models for the loads. The target reliability
levels seem to remain open to economic and societal optimisation taking into account country
national conditions.
The two standards used in the assessment, EN 1990 and ASCE-7 represent the two extremes
that can be considered as reference by a standards committee. If the choice is to follow the
comprehensive and formalised approach of EN 1990, the resulting standard should benefit
from careful consideration of the concise formulation of ASCE-7. Conversely, if the objective
is to provide an operational standard such as ASCE-7, the advantages of following the extensive approach presented by EN 1990 should provide a clear path between reliability concepts
and standardised procedures. Other standards referred to in this assessment provide complementary information on the principles of reliability, procedures for developing reliabilitybased standards and formulating standards that are adapted to the use of the specific country.
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Abstract: This paper discusses a computationally efficient framework for the hazard-compatible tuning of existing stochastic ground motion models. The tuning pertains to the modification of the probabilistic predictive relationships that relate the
ground motion model parameters to seismicity characteristics, whereas the seismic
hazard is quantified through ground motion prediction equations (GMPEs), which
for a specified earthquake scenario and period range provide information for both
the conditional mean and the dispersion (variability) of the resultant spectral accelerations. The proposed modification is defined as an optimization problem with a
dual objective. The first objective corresponds to comparison for a chosen earthquake scenario between the regional conditional hazard and the predictions established through the stochastic ground motion model. The second objective
corresponds to comparison of the new predictive relationships with the pre-existing
predictive relationships, developed considering regional data. This second objective
guarantees that the resultant ground motions not only match the regional hazard (objective one) but are also compatible with observed trends. The relative entropy is
adopted to quantify both objectives since they are both related to comparison between probability distributions, and a computational framework relying on Kriging
surrogate modeling is established for an efficient optimization.

Introduction
The growing popularity the past decade in simulation-based probabilistic seismic risk assessment [9, 10] has increased the importance of ground motion modeling. Though undoubtedly
scaling of ground motions [12] is the most popular methodology to do so, an approach that has
been gaining increasing interest within the structural engineering community [5, 6] is the use
of stochastic ground motion models [2, 3, 8, 13, 18]. These models are based on modulation of
a stochastic sequence, through functions (filters) that address spectral and temporal characteristics of the excitation. The parameters of these filters are related to seismicity and site characteristics (i.e., seismicity scenarios) through predictive relationships. Sample ground motions for
any desired seismicity scenario can be generated by determining the parameters of the
stochastic ground motion model through these predictive relationships and by utilizing a sample
stochastic sequence. This approach may ultimately support a comprehensive description of the
seismic hazard [9]. Various methodologies have been established for developing the
aforementioned predictive relationships, with main representatives being record-based and
physics-based models. Record-based models (also known as site-based) are developed by
fitting a preselected “waveform” to a suite of recorded regional ground motions [13, 18]. On
the other hand, physics-based models rely on physical modeling of the rupture and wave
propagation mechanisms [2, 3]. Emphasis in this study will be on the former models.
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An important concern related to the use of stochastic ground motion models for structural
engineering applications is the fact that through current approaches in selecting their predictive
relationships compatibility to the seismic hazard for specific structures and sites is not
necessarily obtained. This realization has motivated researchers to investigate the selection of
predictive relationships for stochastic ground motion models so that compatibility with Ground
Motion Prediction Equations (GMPEs), the established approach for describing seismic hazard,
is explicitly achieved, an idea first introduced in [15]. Formulation considers an explicit
optimization for matching the median predictions of the ground motion model to the spectral
acceleration estimates of GMPEs for a range of seismicity scenarios, while maintaining
physics-based principles or the matching to trends from real ground motions as an optimization
constraint, in an attempt to preserve desired ground motion characteristics. Vetter et al. [17]
recently extended the work of [15] by providing a versatile and computationally efficient
approach, relying on surrogate modeling principles, for tuning stochastic ground motion models
to establish compatibility with the median GMPE predictions for a range of structural periods,
seismicity scenarios and site conditions of interest. Two significant drawbacks of this tuning
approach, though, is that (i) the physical characteristics of the resulting acceleration time-series
are incorporated in the optimization merely as constraints, something that requires significant
experience in ground motion characterization for proper definition of the optimization problem
and (ii) match only to the median hazard is targeted without considering the associated
variability of the GMPE predictions. This study addresses these shortcomings by offering a
computationally efficient framework to modify stochastic ground motion models for specific
seismicity scenarios with a dual goal of (i) matching the prescribed hazard for a specific site
and structure while (ii) preserving desired trends and correlations in the physical characteristics
of the resultant ground acceleration time-series. The modification of the ground motion model
is formulated as a multi-objective optimization problem and a surrogate modeling approach is
adopted, similar to [17], to facilitate an efficient optimization.

Hazard-Compatible Ground Motion Modelling Framework
2.1 Preliminaries and Baseline Predictive Equation Formulation
Consider a stochastic ground motion model that provides acceleration time-histories a(t | θ, w)
by modulating a Gaussian white-noise sequence, w, through appropriate time/frequency functions that are parameterized through the nθ -dimensional model parameter vector θ   n . This
vector defines the model and is typically composed of various excitation properties such as
Arias intensity, strong ground motion duration or parameters related to frequency characteristics of the ground motion. Section 3 presents the specific model chosen for this study. Synthetic
time-histories can be created by relating θ to seismicity and local site properties through predictive relationships. The vector of these properties, referred to as seismological parameters, is
denoted as z. Common characteristics used for z [3, 13] include the fault type, the moment
magnitude and rupture distance of seismic events and the local soil profile. For record-based
models the standard approach for development of these predictive relationships [13] relies on
first matching the waveform characteristics to recorded ground motions (i.e., identify first θ for
each of the recorded ground motions in a given database) and then performing a regression to
relate θ to z. Typically this is performed by first transforming the problem to the standard
Gaussian space through a nonlinear mapping for each component θi. The transformed Gaussian
vector is denoted v(θ) herein. This ultimately leads to a Gaussian probability model
v~N(μp(z),Σp) with mean μp(z) that is dependent on z and covariance matrix Σp, identified by
the residuals of the regression, that is independent of z. The resultant probability model for θ is
denoted p(θ| μp(z),Σp).
θ
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2.2 Modification of Predictive Equations to Match a Target Hazard
This formulation for the predictive relationships of stochastic ground motion models, prioritizing a match to regional trends, provides synthetic ground motions whose statistics (mean and
dispersion) of output IMs do not necessarily match hazard-compatible IMs (in terms of their
mean and dispersion) as derived from GMPEs. To achieve this, a modification of the existing
probabilistic regression model for θ is proposed for specific seismicity scenarios defined by z
with objective to get a suite of acceleration time-series (i) whose mean and dispersion match a
target IM mean and dispersion vectors, while (ii) maintaining similarity to the predictive relationships already established for the model. The IM vector may include different response quantities of interest, for example characteristics of the ground motion, such as Peak Ground
Acceleration (PGA), Velocity (PGV) and Displacement (PGD) or elastic and inelastic spectral
responses for different periods of a Single Degree of Freedom (SDOF) oscillator. The target for
these IMs can be described through a GMPE [4,16]. Note that if match to spectral responses is
of interest, then a range of structural periods for which the match is established needs to be
determined as well.
To formalize these concepts, let Yi, i=1,…,ny denote the response quantities of interest. The
target hazard for there response quantities is provided by GMPEs, which yield a probabilistic
description ln(Yi ) ~ N (log Yi (z ),  i2 (z )) with log Yi (z ) and  i2 ( z ) corresponding to the mean and
variance, respectively, of the logarithmic IM. Let Yi g (θ, w ) denote the estimate for Yi established through the stochastic ground motion model for specific values of the model parameter
vector θ and a specific white noise sequence w [i.e. for a specific ground motion time-history
a(t | θ, w) ]. Considering the variability in both θ and w, the mean and variance for log(Yi g ) are
log(Yi g (μ, Σ ))  E  log(Yi g )   

( ig (μ, Σ )) 2  Var  log(Yi g )  = 

 log(Y

i

g

 log(Y

i

g

(θ, w )) p (θ | μ, Σ ) p ( w ) dθdw

(1)

2

(θ, w ))  log(Yi g (μ, Σ ))  p (θ | μ, Σ ) p ( w ) dθdw (2)

where E[.], Var[.] denote the expectation and variance operators, respectively, p(w) is the probability distribution for the stochastic sequence w and μ and Σ represent the mean and covariance
respectively for v. Note that both these quantities may be different from the ones given by the
predictive relationships μp(z),Σp. Similar to the GMPE predictions we will assume a lognormal
distribution for Yi g , ln(Yi g (μ(z ), Σ)) ~ N (log(Yi g (μ(z ), Σ)), ( ig (μ(z ), Σ))2 ) . This simplifies the
comparison between target and underlying (by ground motion model) hazard since they both
correspond to normal distributions for the logarithmic IM.
The hazard compatible modelling corresponds to modification of the probability model for θ,
ultimately of μ(z) and Σ and is formulated as multi-objective optimization problem with two
competing objectives

 μ, Σ 

*

arg min{Fp1 (μ, Σ | z ), Fp 2 (μ, Σ | z )}

(3)

The first objective corresponds to the discrepancy of the target seismic hazard to the hazard
established through the ground motion model, i.e. to a comparison between the GMPE-based
probabilistic hazard description ln(Yi ) ~ N (log Yi (z ),  i2 (z)) and the probability model for the
response output ln(Yi g (μ, Σ)) ~ N (log(Yi g (μ, Σ)), ( ig (μ, Σ))2 ) . The relative entropy D[a||b] is
utilized as measure for the difference between probability distributions a and b, a popular measure to quantify discrepancies between distributions, leading to
Fp1 (μ , Σ | z )   i y1 D  N (log(Yi g (μ, Σ )), ( ig (μ , Σ )) 2 ) || N (log Yi ( z ),  i2 ( z )) 
n
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(4)

where the summation of the entropy terms for each IM component for definition of the entropy
of the IM vector assumes that target hazard for each of them is independently determined. Since
the compared distributions are Gaussians the relative entropy can be readily evaluated as
D  N (log(Yi g (μ, Σ)),(σ ig (μ, Σ)) 2 ) || N (log Yi (z ), σ i2 ( z ))  

 log(Y

g

i

(μ, Σ)  log Yi ( z ) 
2σ i2 ( z )

2

 (σ g (μ, Σ)) 2  
1  (σ g (μ, Σ)) 2
  i 2
 1  ln  i 2

2  σ i (z )
 σ i ( z )  

(5)

Objective Fp2 measures that discrepancy between the initial probability model for the predictive
relationship p(θ| μp(z),Σp) and the modified one p (θ | μ , Σ ). The relative entropy is utilized
again as measure to quantify differences and since this entropy is invariant under a coordinate
transformation, the comparison can be established in the standard Gaussian space, leading to

Fp 2 (μ, Σ | z )  D  N (μ, Σ) || N (μ p (z ), Σ p ) 

(6)

with the entropy readily evaluated as
D  N (μ, Σ) || N (μ p (z ), Σ p )  





T
=1 / 2 tr  ΣΣ p1    μ p (z )  μ  Σ p1  μ p ( z )  μ   nθ  ln det  ΣΣ p1  



(7)

where tr[.] and det[.] stand for trace and determinant, respectively.
Solution of the multi-objective optimization of Eq. (3) ultimately leads to a Pareto-front of
dominant solutions that express a different compromise between the competing objectives Fp1
and Fp2. A solution is characterized as dominant (and belongs in the Pareto-set) if there is no
other solution that simultaneously improves both objectives Fp1 and Fp2. One can eventually
select a model configuration from this Pareto-set that yields the desired IM-compatibility
without deviating significantly from regional ground motion characteristics. Identifying the
Pareto front for this problem is, though, challenging since the computational challenge in
evaluation of objective Fp1 is significant, requiring evaluation of the multidimensional integrals
of Eqs. (1) and (2). To facilitate an efficient optimization that can be repeated for any desired
seismicity scenario z a surrogate modeling approach is adopted here, similar to the one utilized
in [17]. An overview of the surrogate modeling is presented in Section 4 with the resultant
surrogate model –aided optimization discussed in detail in Section 5. Before doing so, the
stochastic ground motion model utilized in the illustrative example is discussed.

Stochastic Ground Motion Model Utilized in the Study
The specific ground motion model used in this study is the record-based model proposed by
Rezaeian and Der Kiureghian [13] that efficiently addresses both temporal and spectral nonstationarities. The former is established through a time-domain modulating envelope function,
while the latter is achieved by using a frequency-domain modulation with characteristics that
vary in time. The baseline discretized time-history of the ground motion according to this model
is expressed as
h[t  ti , θ(ti ))]

k

a(t | θ, w )  q (t , θ)
i 1

k

w(iΔt )

kΔt  t  (k  1)Δt

(8)

 h[t  t , θ(t ))]
j 1

2

j

j

where w=[w(iΔt): i=1,2,…, NT] is a Gaussian white noise sequence, Δt is the chosen
discretization interval (assumed constant and equal to 0.005s in this study), q(t,θ) is the time-
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modulating function, and h[t-τ,θ(τ)] an impulse response function corresponding to the pseudoacceleration response of a SDOF linear oscillator with time varying frequency ωf(τ) and
damping ratio ζf(τ), in which τ denotes the time of the pulse
h[t  τ , θ( τ ))] 

ω f (τ )
1  ζ 2f ( τ )

 0;

exp  ω f ( τ )ζ f ( τ )(t  τ )  sin ω f ( τ ) 1  ζ 2f ( τ )(t  τ )  ; τ  t



(9)

otherwise

For the time varying characteristics a linear function has been proposed for the frequency and
a constant for the damping
 f ( )  mid   '(  tmid )

 f     f

(10)

with ωmid (central frequency),  ' (frequency variation) and ζf ultimately corresponding to
model parameters for the filter and tmid corresponding to the mid-time of the strong motion
duration (defined next). The time envelope q(t,θ) is given by [13]
 2 (2α ) 2 α2 1  α 1
3
q(t , I a , α2 , α3 ) = I a 
 t 2 exp(α3t )
 π Γ(2α2  1) 

(11)

where Γ(.) is the gamma function, Ia is the Arias intensity expressed in terms of g, and {α2, α3}
are additional parameters controlling the shape and total duration of the envelope that can be
related to the strong motion duration, D5-95 (defined as the duration for the Arias intensity to
increase from 5% to 95% of its final value), and tmid, the time Arias intensity corresponds to
45% of its final value. The pair {α2, α3} can be easily determined based on the values of {D595, tmid} [13]. To assure zero residual velocity, the simulated process is eventually high-pass
filtered, yielding the final excitaton a(t | θ, w ) . The filter corresponds to a critically damped
oscillator, and has minimal impact on the response beyond chosen corner frequency, ωc [13].
Ultimately, the ground motion model has as parameters θ={Ia, D5-95, tmid, ωmid,  ' , ζf } with the
first one directly impacting (scaling) the output and the remaining five, denoted by x herein,
having a complex nonlinear relationship to that output, so that θ={Iα, x}. The normalized
responses will be denoted si so that Yi g (θ, w )  I a si (x, w ) .
Predictive relationships have been established for θ by fitting the stochastic model to a subset
of the next generation attenuation (NGA) relationships strong motion database [13]. These predictive relationships relate θ to the following earthquake and site characteristics, defining seismicity vector z: the moment magnitude, M, the rupture distance, rrup, the type of fault F [F=0
denoting strike slip and F=1 reverse fault] and the shear wave velocity of the top 30m of the
site soil, Vs30. Details for these relationships, ultimately defining probability model denoted p(θ|
μp(z),Σp) may be found in [13].

Metamodel Details
The metamodel is developed to provide an efficient approximation to the stochastic ground
motion model output for specific model characteristics θ, i.e. to address the variability of the
response with respect to w. Ultimately this is established for the normalized response si and
pertaint to both the logarithimc mean and variance with respect to w, since both these statistics
are needed for the estimation of the objective function of Eq. (4). These statistics are
log( si ( x ))  E  log( si ( x ))    log( si ( x, w )) p ( w ) dw

(12)

( is ( x )) 2  Var  log( si ( x))  =   log( si ( x, w ))  log( si ( x ))  p ( w ) dw

(13)

2
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and note that they are both independent of the characteristics of the predictive relationships;
rather are simply functions of x directly. This is what makes the surrogate modelling approach
efficient: the surrogate model needs to be simply established within the domain of interest for
the model parameters of the ground motion model (i.e. the domain covered by the initial predictive relationships), and can be then leveraged, as detailed in the next Section to evaluate the
required statistics for different selections of the predictive relationships μ(z), Σ. In other words
the input to the metamodel is the low-dimensional vector x, and the formulation is independent
of z or the probability distribution characteristics μ(z) and Σ. The metamodel provides predictions (metamodel output) for both log( si ( x )) and  is ( x) .
For developing the metamodel a database with n observations is initially obtained that provides
information for the the x  log( si ( x )) and x   is (x) pairs. For this purpose n samples for
{x j , j  1,..., n} , also known as support points or experiments, are obtained over the domain of
interest for x. This domain, denoted X, should encompass the anticipated range that the
metamodel will be implemented in [i.e domain covered by p(θ| μ(z),Σ)]. The mean predictions
provided through the ground motion model are then established through the folowing process
considering nw white-noise samples
Step 1. Generate nw sample acceleration time-histories for different white-noise sequences
aκ (t | θ, w k ); κ  1,..., nw . Set model parameter Ia equal to 1.
Step 2. For each sample evaluate the responses of interest. For spectral quantities this will
entail numerical simulation of SDOF responses.
Step 3. Estimate the statistics over the established sample-set to obtain log( si ( x )) and  is ( x) .
Using this database the surrogate model can be formulated. Here Kriging is selected as surrogate model due to its ability to accurately describe complex functions [14]. Details for the
Kriging metamodel formulation may be found in [14] or [17], with the latter reference focusing
on a similar application as the one considered here, i.e. explicitly looking at metamodel
development for approximating the predictions of stochastic ground motion models. The
metamodel ultimately provides approximations for log( si ( x )) and  is ( x) .
The computationally intensive aspect of the entire formulation is the development of the database which requires response-history analysis for a large number of model parameters to populate X, and a sufficient number of white-noise samples to address the resultant variability in
the response. This needs to be performed, though, only once. As soon as the Kriging metamodel
is established based on this database, it can be then used to efficiently predict the responses for
any other x desired. Calculation of log( si ( x )) and  is ( x) can be also vectorized, something that
will be leveraged in the numerical optimization discussed in the next section.

Kriging-aided Multi-Objective Optimization
5.1 Calculation of Statistics of Interest
Calculation of the statistics of interest, given by Eqs. (1) and (2), simplifies to

log(Yi g (μ, Σ))  E log(Yi g )   E log( I a si )   1/ 2 E  log( I a )  E  log( si )

(14)

( ig (μ, Σ))2  Var log( I a si )   1/ 4Var  log( I a )  Var  log( si )  Cov  log( I a ), log( si ) (15)
where Cov[a,b] stands for the covariance between random variables a and b. The statistics for
Ia, that is the mean E [log( I a )] and variance Var[log( I a )] can be easily calculated using the
marginal distribution p(Ia|μ,Σ). The statistics that involve si require use of the metamodel to
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approximate the influence of w and Monte Carlo Simulation (MCS) to approximate the influence of the predictive relationship variability. Rather than performing two different MCS: one
for the expectation E [log( si )] and variance Var[log( si )] [which require samples from the marginal distribution p(x|μ,Σ)], and one for the covariance Cov[log( I a ), log( si )] [which requires
samples from joint distribution p(θ|μ,Σ)], a single MCS simulation is performed, utilizing a
common set of samples for all these statistics. This leads to the following approximations

E  log( si )   log( si (x)) p(x | μ, Σ)dx  1/ N s  j 1 log( si (x j ))
Ns

(16)

Var  log( si )     is (x)  p(x | μ, Σ)dx    log( si (x))  E  log( si ) p(x | μ, Σ)dx
2

2

 1/ N s  j 1  is (x j )   1/ N s  j 1  log( si (x j ))  E  log( si ) 
2

Ns

Ns

Cov  log( I a ), log( si )    log( I a ) log( si (x)) p (θ | μ, Σ)dθ  E  log( I a )  E  log( si ) 
 1 / N s  j 1 log( I aj ) log( si (x j )  E  log( I a ) E  log( si )
Ns

2

(17)

(18)

where [ I aj , x j ] correspond to samples from p(θ|μ,Σ), Ns is the total number of samples used and
log( si ( x )) and  is ( x ) are approximated through the Kriging metamodel for each one of these
samples. Utilizing vectorized manipulations for the metamodel both these quantities can be
calculated with very small computational effort, meaning that the MCS based estimation of
Eqs. (16), (17) and (18) can be efficiently performed.

5.2 Multi-objective Optimization
Calculation of statistics given by Eq. (14) and (15) [utilizing estimates of Eqs. (16), (17) and
(18)] facilitates an efficient approximation for objective Fp1. The multi-objective optimization
problem of Eq. (3) is then solved adopting a gradient-free exhaustive search [7]. A very large
number of nbc samples for μ and Σ are generated that are close to μp(z) and Σp, and objective
functions Fp1 and Fp2 are calculated. Estimation of objective Fp1 in this case leverages the computational efficiency of the metamodel in performing vectorized predictions by simultaneously
performing calculations for all nbc samples, or using subsets with a lower number of samples
depending on the available computational resources (memory can be a problem for vectorized
operations depending on the number of support points n). Note that for each of the samples of
μ and Σ the metamodel needs to be utilized to provide prediction for the Ns samples utilized
within the MCS. The dominant solutions representing the Pareto front can be then readily identified by comparing the values for the two objectives. The challenge in this case is that the value
of nbc needs to be large in order to obtain an adequate representation of the Pareto front. The
advantage is that vectorized calculations can be utilized for the metamodel predictions.

Illustrative Implementation
The box-bounded domain X for development of the metamodel is determined based on the
ranges reported in [13] as [5 45] s for D595 , [0.5 40]s for tmid, [-2, 0.5] Hz/s for  ' / 2 , [0.1
30] Hz for mid / 2 and [0.02 0.99] for  f . For the response output the peak pseudoacceleration (Y=PSA) for a SDOF system with 5% damping ratio and for 22 different periods
Ts=[0.01 0.02 0.03 0.04 0.05 0.075 0.1 0.15 0.2 0.25 0.3 0.4 0.5 0.75 1.0 1.5 2.0 3.0 4.0 5.0 7.5
10.0] s is adopted. The white-noise samples are chosen as nw  100. A total of 4500 support
points is utilized for the metamodel, leading to high coefficient of determination, over 98% for
mean predictions and 95% for variance predictions. For generating the total of 4500000 timehistories and performing the required simulations to develop the output database, close to 600
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CPU hours were required. Though this computational burden is significant, it should be stressed
that it corresponds to an initial only overhead of the approach. Once the metamodel is
developed, it can be then used for any required predictions since the established accuracy is
high and can support the multi-objective optimization as discussed in Section 5.2.
Here for illustration purposes three different events are examined, corresponding to seicmicity
scenarios {M=6, rrup=20 km}, {M=7, rrup=50 km} and {M=8, rrup=20 km}. For both cases the
match is provided for local site condition corresponding to shear wave velocity in the upper 30
m Vs30=600 m/s and a strike-slip fault. The target PSA values were estimated as the average of
four different GMPEs developed for crustal earthquakes in the Western U.S. [1] for a range of
periods T chosen as [0.3 0.4 0.5 0.75 1] s. The specific GMPES correspond to the 2008 models
[1] developed by Abrahamson and Silva, Boore and Atkinson, Campbell and Bozorgnia, and
Chiou and Youngs. Since many of the chosen GMPEs require additional seismicity inputs,
beyond M and rrup, the nominal relationships suggested in [11] are used to derive these inputs,
starting from the M and rrup values.
The optimization is performed utilizing a total number of nbc=50,000 samples, yielding a Pareto
front of dominant solutions for each event, reported in Figure 1. To validate the accuracy of the
Kriging approximation, the estimates of the objective function Fp1 established through the metamodel as well as through use of the actual ground motion model, i.e. utilizing directly Eq. (1)
and (2) [statistics are calculated again through Monte Carlo simulation, in this case simultaneously extending over both θ and w], are reported in this figure for each Pareto front point. It
should be noted that the resultant Pareto fronts include a larger number of points, but only 10
points are reported in Figure 1 for clearer presentation. The results for the match between the
target (i.e, GMPE-based) PSA probability model (mean and dispersion) estimated through
GMPEs and the resultant probability model for the ground motion outputs for all cases are
presented in Figure 2. In particular, Figure 2 shows spectral plots (for all T considered) for the
mean and mean ± one standard deviation estimated by the GMPEs for each seismicity scenario
and the corresponding spectral plots (estimated by the metamodel) for the original (Fp2=0) and
the modified predictive relationships for the ground motion model parameters. The modified
predictive relationship shown in Figure 2 corresponds to the point on the Pareto front with the
smallest discrepancy from the probability model of the target response output (smallest Fp1).
As shown in Figure 1, the predictions of the objective function Fp1 by the metamodel are in
good agreement with the ones provided through the stochastic ground motion model, validating
the accuracy of the metamodel approximation for the response output PSA. The Pareto front
points shown in Figure 1 correspond to ground motion models that represent a different compromise between the two objective functions, and ultimately one can be chosen based on any
desired criterion; for example the solution that remains below a desired threshold for Fp1 (i.e
provides sufficient hazard compatibility) or the solution that corresponds to the best comparative improvement of Fp1 without a significant compromise of Fp2 (this is facilitated by evaluating the slope of the Pareto front). Figure 2 verifies the hazard match in terms of both mean and
dispersion. Differences exist between the GMPE target and the original model in terms of both
the desired mean and desired standard deviation. Note that the reported trends (overprediction
by the ground motion model for small M and underprediction for large M) agree with the ones
reported in [13]. The proposed modification of the predictive relationships yields in all cases
examined, i.e. irrespective of the over or under prediction trends, a model that matches both the
target mean and the target dispersion (Figure 2). The compromise over the second objective Fp2
is larger for magnitude 6.
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Figure 1: Pareto fronts for M=6, rrup=20km (left), M=7, rrup=50km (middle) and M=8, rrup=20km (right).
Predictions through the metamodel as well as the actual ground motion model are shown.

Figure 2: Comparison of PSA mean (solid line) and mean  dispersion (dashed lines) predictions by the
original stochastic ground motion model to the ones by the modified stochastic ground motion model as well as
the targeted GMPE estimates for M=6, rrup=20km (left), M=7, rrup=50km (middle) and M=8, rrup=20km (right).

Conclusions
The tuning of stochastic ground motion models for compatibility with the regional hazard was
discussed in this paper. This hazard was described through the mean and dispersion predictions
of GMPEs. The tuning was formulated as modification of the probabilistic predictive relationships for the ground motion model parameters (relating these parameters to seismicity and site
characteristics) with a dual objective (multi-objective optimization) to match the aforementioned hazard while maintaining small discrepancy with pre-existing predictive relationships,
assumed to facilitate similarity to observed regional trends. Computational efficiency was established through a metamodeling approach, which provided an accurate approximation for the
response statistics of the ground motion model considering its stochastic variability. Once developed the surrogate model can facilitate an efficient optimization for any desired seismicity
scenario providing a Pareto front of optimal solutions. Within the illustrative example the approach was shown to identify ground motion model that provide the desired match to the conditional target hazard.
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Abstract: In this study, we propose a stochastic ground motion simulation framework that explicitly considers the spatial correlation of ground motions and thereby is suitable for regional seismic risk assessment. We first investigate the spatial
correlation characteristics of the simulation parameters; based on estimated simulation parameters and their spatial correlations using ground motion records from
Chi-Chi earthquake, we then present a simulation example to illustrate the importance of incorporating the spatial correlation of the simulation parameters. Future work will apply the framework in risk assessment from induced earthquakes.
d

Research Structural Engineer, United States (U.S.) Geological Survey

1 Introduction
Earthquake rates for portions of the Central and Eastern United States (CEUS) have increased
dramatically since about 2009. The majority of these earthquakes are classified as induced
because they are considered to be related to wastewater injection during oil and gas production, rather than tectonic activities [12]. Quantitative seismic loss assessment is needed to address the risks posed by these frequent, potentially damaging earthquakes. Since historical
ground motion records that match the possible future earthquake scenarios in this region are
not available, simulated records can be adopted to evaluate the seismic loss potential. For
ground motion simulation, we adopt a stochastic approach, recognizing the lack of detailed
geophysical information for the CEUS [13]. The simulated ground motion records capture the
intensity, duration, spectral content and peak values of actual ground motions, through use of
parameters that characterize the evolving intensity, predominant frequency and bandwidth of
the ground motion records. In addition to losses to individual buildings and infrastructure,
stakeholders are interested in understanding the seismic loss for the types of events that have
and could occur over the region. A number of studies [1, 2, 5, 9, 11] have demonstrated that
the spatial correlation in ground motions can significantly affect the outcome of seismic loss
estimates for spatially distributed structures/infrastructure. This finding emphasizes the importance of incorporating the spatial correlation characteristics of ground motions in the simulation approach.
In this paper, we work towards a regional seismic loss assessment for a portfolio of buildings
located in a CEUS city subjected to several induced earthquakes. As the first step towards this
goal, in this study we develop a stochastic ground motion simulation framework that specifically considers spatial correlations between simulation parameters that is suitable for regional
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seismic risk assessment in this region. Specifically, we first estimate spatial correlation characteristics between the simulation parameters using ground motion records from the 1999
Chi-Chi earthquake. This event is very well recorded, with about 400 records available in the
PEER NGA database. In addition, a number of researchers [3, 4, 6, 8] have studied the spatial
correlation characteristics of ground motion parameters (e.g., peak ground acceleration, PGA;
spectral acceleration, SA; and Arias intensity, IA) based on these records; here, we extend
these studies to the other ground motion parameters needed for the stochastic simulation. As
an illustration, we then present an example with simulated ground motion records for 5 sites
based on the estimated simulation parameters and their spatial correlation characteristics. Finally, we also explore the use of stochastic simulation parameters to characterize the recorded
ground motions from an induced earthquake ground motion database. These efforts lay the
groundwork for a more extensive and systematic study of the simulation parameters and spatial correlation characteristics that will make possible simulation of more realistic ground motions, and consequently improve the accuracy of regional loss estimation.

2 Stochastic Ground Motion Simulation Framework for Regional
Seismic Risk Assessment
2.1 Stochastic Ground Motion Simulation Approach and its Parameters
The stochastic ground motion simulation approach developed by Rezaeian and Der Kiureghian [13] is employed here. This nonstationary stochastic approach provides a convenient
method of generating synthetic ground motions that have characteristics similar to those of
real earthquake ground motions. The simulated ground motion can be thought of as white
noise excitation filtered through a linear single-degree-of-freedom oscillator with evolving
vibration frequency and a time modulation function to achieve spectral and temporal nonstationarity.
In this approach, ground motions are characterized by 6 model parameters that have physical
interpretations: 3 parameters define the time modulation function and 3 parameters control the
evolving predominant frequency and bandwidth of the ground motion. The time modulation
function 𝑞! 𝑡, 𝜶 can be written as proportional to a gamma probability density function:
𝑞! 𝑡, 𝜶 = 𝛼!! 𝑡

!!! !! !!

𝑒𝑥𝑝 (−2𝛼! 𝑡)

(1)

where 𝛼! , 𝛼! and 𝛼! are model parameters that are related to the Arias intensity, IA; the significant duration, D5-95, defined as the time between 5% to 95% of IA; and the time to the
middle of the strong ground motion phase, tmid, defined as the time to reach 45% of IA. The
spectral nonstationarity is controlled by 𝜔!"# , the filter frequency at tmid, and 𝜔′, the rate of
change of the filter frequency with time; the bandwidth (of the ground motion) is defined by
the damping ratio of the filter, 𝜁! .
The stochastic simulation approach starts with a set of seed motions representative of the
seismic environment of interest. Once the 6 model parameters are identified for each seed
record, marginal probability distributions are assigned to each parameter based on the observations in the seed record set. To relate the model parameters to an earthquake scenario, an
empirical regression that is analogous to a ground motion prediction equation can be developed for each model parameter. To facilitate the development of these regressions, the stochastic model parameters are transformed to standard normal space, based on the empirical
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marginal cumulative distribution for each, and denoted as vi (i = 1, 2, … 6). The standard deviation associated with each regression represents the uncertainty in the model parameter that
captures its variability across the simulated ground motions.
To simulate ground motion records for an earthquake scenario, one can randomly sample the
transformed model parameters vi (i = 1, 2, … 6) based on the prediction equations. Then, vi
are transformed back to the original model parameter space (IA, D5-95, tmid, 𝜔!"# , 𝜔′, 𝜁! ) according to their fitted marginal probability distributions. The time modulation functions and
the white noise filter can then be determined and, hence, the ground motions can be generated. This procedure is repeated multiple times to obtain a suite of simulated ground motions.

2.2 Spatial Correlation Characteristics of Simulation Parameters
The simulation procedure in the previous section is generally oriented toward ground motion
simulation at a single site, where the potential correlations between model parameters for spatially distributed sites can be ignored. As a result, we expect the simulated ground motion
may not be consistent with observed spatial correlation characteristics. If such simulations are
adopted in seismic risk assessment of spatially distributed assets, as shown by previous studies [5, 9, 11], the aggregate loss estimate will be biased. In the following, we develop spatial
correlation models for each simulation parameter based on historical ground motion records
from the 1999 Chi-Chi earthquake. These can be integrated into the simulation procedure by
developing spatial correlation models that can be used when randomly sampling the model
parameters for the simulation at each site. Spatial correlations among each model parameter
for different ground motions are calculated based on the regression residuals.
2.2.1 Ground Motion Records
The ground motion records from the 1999 Chi-Chi earthquake obtained from the PEER NGA
West database [10] are adopted in this study. After discarding poor-quality data recorded with
older-type instruments, we selected a total of 389 ground motion records. This is the same
dataset used in a previous study focused on spatial correlation of PGA and SAs [7]. The surface projection of the finite fault and the spatial distribution of the selected records shown in
Figure 1(a) indicates very good coverage over the island of Taiwan and varying source-to-site
distances.
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(a)

Figure 1: Selected ground motion records from the 1999 Chi-Chi earthquake: (a) locations of recording stations
and surface projection of the finite fault model; (b) histogram of separation distance within 50 km.

For the analysis that follows, we consider each horizontal component as a randomly-oriented
record to increase the number of samples. Based on this consideration, we show in Figure
1(b) a histogram for the separation distances between station pairs that are less than or equal
to 50 km. A maximum of 50 km is considered in previous studies [4, 7, 8] as the cut-off distance because the spatial correlations for ground motion parameters (PGA, SA and IA) beyond
this value is negligible. Generally, there are more than 1000 pairs of stations within a 3 km
bin for separation distances greater than about 5 km. Even at very close distances (less than
about 5 km), each bin contains more than 300 data pairs.
2.2.2 Prediction Models for Simulation Parameters
In Table 1, we assign probabilistic distributions for each of the six simulation-model parameters based on parameter values from the ground motion records from the 1999 Chi-Chi earthquake. The parameters are estimated using the method of maximum likelihood. In general, the
parameters values are in similar ranges to those reported in [13] that are based on 206 horizontal ground motion components recorded in 19 earthquakes from the NGA database. Since
we are working with a large number of ground motion records from a single event, the uncertainties associated with the parameters reported in Table 1 are smaller for IA, 𝜔!"# , 𝜔! and 𝜁!
compared to [13]. However, the standard deviations for duration parameters are larger, which
is because the largest source-to-site distance is about 200 km, while Rezaeian and Der Kiureghian [13] used 100 km. Given this choice, the larger variability observed for the duration
parameters is expected.
Table 1: Probabilistic distributions and bounds for model parameters.

Parameter
IA (s.g)
D5-95 (s)
tmid (s)
𝜔!"# /2𝜋 (Hz)

Mean
0.058
33.5
25.7
2.58

Standard Deviation
0.136
13.62
8.29
1.227

𝜔! /2𝜋 (Hz)

-0.046

0.0375
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Fitted Distribution
Lognormal
Beta
Beta
Gamma
Two-sided Generalized
Extreme Value

Bounds
(0, ∞)
[5, 140]
[8, 54]
(0, ∞)
[-0.3, 0.2]

𝜁!
0.13
0.118
Beta
[0.01, 1]
We then develop empirical prediction equations for the model parameters vi (i = 1, 2, … 6) in
standard normal space using the functional form below:
𝑣! = 𝑐! + 𝑐! 𝑙𝑛𝑅 + 𝑐! 𝑅 + 𝑐! 𝑙𝑛

!!!"
!!"#

+ 𝜀 𝑖 = 1,2, … 6

(2)

where c0, c2, c2 and c3 are regression coefficients; Vs30 is the average shear wave velocity of
!
the top 30 m of soil at the recording site; 𝑅 = 𝑅!"#
+ ℎ! , in which Rrup is the closest distance from the recording site to the fault rupture plane, h is a depth term that builds in nearsource saturations due to finite-fault effects, and ε is the residual. The value of h is determined
by searching within the range from 1 to 10 km to find the value that minimizes the standard
deviation of the residuals. We set Vref = 760 m/s. The regression coefficients and the standard
deviation of the residuals are listed in Table 2 for the transformed model parameters. Plots of
residuals, which are excluded from this paper to save space, do not show any apparent trend
with respect to source-to-site distance or site condition.
The regression analysis reveals some insights into the model parameters. For example, Arias
intensity decreases with distance and site stiffness (Vs30); the duration parameters (D5-95 and
tmid) tend to increase with distance, but decrease with site stiffness; the filter damping ratio,
𝜁! , decreases with source-to-site distance. These trends are consistent with those reported in
[13]. We adopted two distance terms (c1 and c2) in the functional form (Eq. 2). However, the
second term (coefficient c2) is not significant except for 𝜔!"# and 𝜔! . The use of two distance
terms is advantageous for these two parameters because we are able to model the change of
attenuation patterns with distance for 𝜔!"# and 𝜔! . The values of 𝜔!"# increase with distance
up to about 40 km, then decrease; while 𝜔! is the opposite, decreasing with distance up to
about 40 km then increase. In general, the standard deviations are similar to those in [13] except for duration parameters, which is because the use of larger source-to-site distance, as
mentioned above.
Table 2: Regression coefficients for the prediction models for transformed model parameters

Parameter
v1 (IA)
v2 (D5-95)
v3 (tmid)
v4 (𝜔!"# /2𝜋)
v5 (𝜔! /2𝜋)
v6 (𝜁! )

h (km)
5.9
1
1
10
1
10

c0
3.09
-1.54
-2.27
-1.12
1.12
2.37

c1
-0.837
0.169
0.359
0.947
-0.643
-0.505

c2
-0.00439
0.000383
0.00644
-0.0302
0.0138
-0.00703

c3
-0.622
-1.11
-0.605
0.865
-0.619
-0.121

σε
0.580
0.846
0.746
0.767
0.928
0.795

2.2.3 Spatial Correlation Characteristics of Model Parameters
Based on the developed prediction equations and the associated residuals, we investigate the
spatial correlation characteristics of model parameters. From a recorded earthquake (Chi-Chi
in this study), the spatial correlation coefficient for each model parameter can be computed
analogously with that for other ground motion intensities (e.g., SA), as
𝜌! 𝛥 = 1 −
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!! ! !
! !! !

,

(3)

where Δ is the separation distance between the j-th and k-th recording stations, 𝜎! Δ ! is the
variance of 𝜖! − 𝜖! , where 𝜖! is the residual with respect to a ground motion prediction equation for the model parameter that is developed previously, and 𝜎! is the standard deviation of
𝜖! . This calculation is carried out within each 3 km bin (Figure 1b).
Figure 3 shows the calculated spatial correlation coefficients and the fitted exponential model
ρ! Δ = exp (−𝛼Δ! ) for the transformed model parameters. The correlation coefficient for
Arias intensity shown in Figure 3a is very similar to that of SA at 1.0 s [7]. Although different
subset of ground motions from the Chi-Chi earthquake and different prediction equations are
used, this correlation closely matches the result of [3] for separation distance less than 50 km
by converting their semivariogram to correlation coefficients.
The spatial correlations of duration parameters v2 (D5-95) and v3 (tmid) are generally higher in
comparison with Arias intensity and other ground motion parameters. However, they show
different characteristics. For v2 (D5-95), the spatial correlation is relatively low, even for closely spaced sites (about 0.6 for separation distance less than 5 km); yet, the spatial correlation
decreases slowly with separation distance with value of 0.4 at 50 km for the fitted model.
Nevertheless, since the correlation coefficient equals unity at zero separation by definition,
the same exponential functional form is used to fit the spatial correlations of v2. On the other
hand, the spatial correlations for v3(tmid) is very high (> 0.8) at short separation distance and
decays faster to about 0.3 at 50 km.
The spatial correlations for v4 (𝜔!"# ), v5 (𝜔′) and v6 (𝜁! ) are rather low, especially for v4 and
v6. In general, the correlation coefficient is less than 0.2 for separation distance larger than 10
km. For v5, the correlation coefficient is less than 0.2 for separation distance larger than about
20 km. Although one may ignore correlations below 0.2 in practical applications, we apply
spatial correlations for the full range of separation distance until later analysis supports further
simplification.

Figure 3: Empirical spatial correlations and the fitted model for the transformed model parameters.
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2.2.4 Correlation Coefficients between Model Parameters
As investigated by Rezaeian and Der Kiureghian [13], the transformed model parameters are
not independent. We calculate the correlation coefficients between the transformed model
parameters and list them in Table 3. These correlation coefficients are generally similar to
those reported in [13], which are based on ground motions from multiple events. For example,
v1 (IA) is negatively correlated with duration parameters v2 (D5-95) and v3 (tmid), indicating the
motions with high amplitude tend to have shorter durations, because Arias intensity is more
strongly related to the amplitude of the motion than to the duration. As expected, v2 (D5-95)
and v3(tmid) are highly correlated. The negative correlation between v4 (𝜔!"# ) and v5 (𝜔′) indicates that motions with higher predominant frequency tend to have a faster decay of the frequency with time. The correlation between v5 (𝜔′) and v6 (𝜁! ) is negative and relatively
significant, suggesting a faster decay of the frequency with time tends to imply a broader
bandwidth. The correlations between some model parameters are very low and can be ignored
for practical applications. However, the cut off value for the correlation cannot be arbitrarily
determined without justification, and we use the full correlation matrix in the section to follow.
Table 3: Sample correlation coefficients between transformed model parameters.

v1
v2
v3
v4
v5
v6

v1
1

v2
-0.31
1

v3
-0.38
0.68
1

Symmetric

v4
-0.11
-0.21
-0.20
1

v5
0.05
0.20
0.05
-0.46
1

v6
-0.02
-0.04
-0.09
0.10
-0.29
1

3 Simulation Example
Based on the empirical prediction equations for the simulation parameters and their spatial
correlation characteristics, we simulate ground motions at 5 hypothetical sites for Chi-Chi
earthquake. These sites are assumed to be located at uniform site condition with Vs30 = 760
m/s and rupture distances of 50 km, 52 km, 60 km, 65 km and 70 km. The schematic layout of
the sites is shown in Figure 4a. For simplicity, the separation distance between a pair of sites
is assumed to be the difference between their rupture distances. This is true if the closest point
on the fault to the stations is on the west fault edge with zero depth. The simulations with and
without spatial correlations of the model parameters are repeated for 100 times each case.
Figure 4(b) plots the simulated ground motions examples, showing that the simulated ground
motions are similar to each other if the spatial correlations between model parameters are
considered (left column). On the other hand, visual inspection of the accelerograms in the
right column of Figure 4(b) shows that the characteristics of the simulated ground motions
can be very different from site to site.
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Figure 4: (a) Schematic layout of 5 hypothetical sites; and (b) sample simulations: left column results from spatially correlated model parameters, right column simulations ignore spatial correlation of the parameters.

Now we examine if including the spatial correlations between model parameters will produce
spatially correlated spectral acceleration (SA) consistent with observations from actual recorded ground motions. In Figure 5 we show the calculated spatial correlation coefficients
from the simulated ground motions with or without considering the spatial correlations between model parameters, and compare these with the observed spatial correlations of SAs at
0.3 s and 3.0 s. The observations are based on the fitted exponential spatial correlation models
are developed previously using the Chi-Chi ground motions [7]. First, the spatial correlation
coefficients for SA without considering spatial correlations of model parameters are essentially zero, which is expected since only the correlations between the parameters at the same site
(Table 3) are considered. Second, by using spatially correlated model parameters, the spatial
correlations of SAs increases. The increased correlations generally decrease with increasing
separation distance. However, the SAs from these simulations are not as highly correlated as
that observed in the Chi-Chi earthquake, indicating that ignoring the cross correlation between different parameters at different sites (e.g., between IA and D5-95 at different locations)
leads to insufficient correlations in the simulated ground motions. We will investigate the
spatial cross correlations of simulation model parameters in the near future.
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Figure 5: Comparison of spatial correlation coefficient for the simulated ground motions with or without considering spatial correlation between model parameters: (a) for SA at 0.3 s; (b) for SA at 3.0 s.

4 Exploration of Induced Ground Motions Characteristics
In this section, we explore the characteristics of ground motions from induced earthquakes.
We select 50 ground motion records with the largest PGA values from a database of ground
motions from induced earthquakes compiled by Rennolet et al. [12]. These records are from
33 earthquakes with magnitude ranges from 3.0 to 4.8. This database contains more than
100,000 ground motions from Oklahoma and Southern Kansas recorded between November,
2011 and March, 2016. The records are processed following the procedures described for the
NGA-West2 ground motion database, along with additional steps to check for record clipping
and modifications to the signal window to account for high seismicity rates in the region. Using the selected records from induced earthquakes, we summarize the probabilistic distributions of the simulation model parameters in Table 4.
Comparison of the results reported in Table 4 with those in Table 1 and [13] reveals some
characteristics of induced ground motions that are fairly different from tectonic ground motions. Specifically, the energy (IA) contained by these motions is small; durations (D5-95 and
tmid) are shorter; predominate frequency (𝜔!"# ) is higher; change of frequency with respect to
time (𝜔! ) is faster. However, the bandwidth (𝜁! ) is similar. These differences may be dependent on the earthquake magnitude since ground motions from large earthquake tends to be
stronger and have longer duration and richer low frequency content. Moreover, the relative
uncertainties of the model parameters are generally larger because the results for induced motions are derived based on 100 ground motion components. Future studies are deserved to
examine the unique features from induced ground motions.
Due to the limited spatial coverage of recording stations from induced earthquakes, the attempt to investigate the spatial correlation characteristics of induced ground motions lead to
unstable results. This lack of records is also true for tectonic earthquakes in the Central and
Eastern U.S. Given this situation, the empirical spatial correlation models for the stochastic
simulation model parameters developed in this study may be used.
Table 4: Probabilistic distributions and bonds for model parameters for ground motions from induced events.
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Parameter
IA (s.g)
D5-95 (s)
tmid (s)
𝜔!"# /2𝜋 (Hz)
𝜔! /2𝜋 (Hz)
𝜁!

Mean
0.0083
2.74
1.40
14.56
-1.78
0.17

Standard Deviation
0.013
3.20
0.90
4.28
2.82
0.18

Fitted Distribution
Lognormal
Beta
Beta
Gamma
Two-sided Exponential
Beta

Bounds
(0, ∞)
[0.19, 21]
[0.45, 6.5]
(0, ∞)
[-13, 3]
[0, 0.9]

5 Conclusions
We present a stochastic ground motion simulation framework that is capable of simulating
ground motions with realistic spatial correlation characteristics. The simulated ground motion
records are developed for use as ground motion excitations in regional seismic loss assessment. Spatial correlation characteristics of the simulation parameters are computed based on
records from the well-recorded 1999 Chi-Chi earthquake. The results suggest that the spatial
correlation of Arias intensity (IA), significant duration (D5-95), time to the middle of the strong
ground motion phase (tmid) and the rate of change of the filter frequency with time (𝜔′),
should be considered in the simulation. On the other hand, filter frequency at tmid (𝜔!"# ) and
the damping ratio of the filter (𝜁! ) for spatially distributed locations with separation distance
larger than 10 km may be considered independent for practical applications. Example simulations illustrate the importance of including such correlations. However, ignoring the spatial
cross correlations of simulation model parameters leads to unsatisfactory spatial correlations
between spectral accelerations, which is an issue for future investigation. We also examine a
limited number of ground motions from induced earthquakes whose characteristics differ
from that of strong tectonic ground motions, as quantified by the parameters in the simulation
approach. Future work is needed to systematically study induced ground motions and develop
empirical models that can be incorporated in the proposed framework in order to conduct regional seismic loss estimation under induced earthquakes.
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Resilient Isolated Bridges against
Extreme Ground Motions and Deterioration of Isolators
H. Matsuzakia and T. Tsumuraa
a

Department of Civil and Environmental Engineering, Tohoku University

Abstract: Rupture of isolators should be prevented under extreme ground motions
in view of post-earthquake repair time and cost of isolated bridges. Required capacity ratios between the isolator and the reinforced concrete column to prevent
rupture of the isolator were investigated considering deterioration of isolators and
the uncertainties in the material and mechanical properties of isolated bridges.

1

Introduction

It is very important that seismic damage will be induced at a specific member which can be
easily repaired in view of time and cost after seismic events. Once bearings of bridges are
ruptured, several months will be needed to repair. Especially, isolated bridges are difficult to
repair because isolators are designed for each bridge and manufactured after receiving an order.
Reinforced concrete columns of isolated bridges subjected to the design ground motion are
designed within limited nonlinear response to ensure that seismic energy is mainly dissipated
at isolators [5]. In view of capacity design, the yield strength of the isolator is set to be lower
than that of the reinforced concrete column so that the isolator yields in advance and dissipates seismic energy. Thus lateral force-lateral displacement relationship of isolators is often
modelled as a bi-linear model [7, 10] in the seismic design. However, lateral force of the isolator can increase due to the post-elastic stiffness under more severe ground motion than the
design ground motion. This increase can result in rupture of the isolator or large nonlinear
response displacement of the reinforced concrete column. Thus it is necessary to consider
strain hardening of the isolator in large shear strain range. It is also well known that stiffness
of isolators has statistical variability [1]. It is needed to consider the effects of uncertainties in
the material and mechanical properties of isolators and reinforced concrete columns on the
seismic behavior of isolated bridges.
Furthermore, performance degradation of isolators due to aging deterioration has been reported [2]. It is very important that seismic safety and reparability of isolated bridges are maintained with deteriorated isolators as well as those with sound isolators. Thus required capacity
ratios between the isolator and the column to prevent rupture of isolators should be investigated considering the effects of aging deterioration on the mechanical properties of isolators.
Required capacity ratios between the isolator and the column to prevent rupture of the isolator
will be investigated in this study based on static and dynamic analysis considering more severe ground motions than the design ground motion, aging deterioration of isolators and uncertainties in the material and mechanical properties of isolated bridges.
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Ultimate
(Rupture)

Lateral force

QBR

QCY
QBH
QBY

Column
Yield
Ultimate
Strain hardening initiation
Yield

Isolator

Lateral displacement
Figure 1: Skeletons of lateral force-lateral displacement relationship of an isolator and a column

2

Target Isolated Bridges and Analytical Conditions

2.1

Capacity Ratios

Skeletons of lateral force-lateral displacement relationship of an isolator and a column are
shown in Figure 1. Yield strength of the isolator is an important parameter [3, 6, 10] so that
the isolator yields in advance and dissipates seismic energy subjected to the design ground
motion. Thus a capacity ratio RQY determined as Equation (1) was used.

RQY  QBY QCY

(1)

where QBY is the yield strength of the isolator and QCY is the yield strength of the column.
If isolated bridges are subjected to more severe ground motion than the design ground motion,
as long as response shear strain is smaller than the strain at hardening initiation, seismic energy is dissipated stably at the isolator. On the other hand, the amount of energy dissipation is
not sufficient after strain hardening of the isolator occurs. Thus a capacity ratio RQH determined as Equation (2) was used to ensure adequate seismic energy dissipation at the isolator
subjected to extreme ground motions.

RQH  QBH QCU

(2)

where QBH is the strength at the strain hardening initiation of the isolator and QCU is the ultimate strength of the column.
Ultimate failure modes of isolated bridges are directly controlled by the ultimate strength of
isolators and columns. It is also needed to evaluate rupture strength of isolators degraded due
to aging deterioration. Thus a capacity ratio based on ultimate capacities of the isolator and
the column determined as Equation (3) was used.

RQU  QBR QCU

(3)

where QBR is the rupture strength of the isolator.

2.2

Target Isolated Bridges

Target isolated bridges consist of reinforced concrete columns with 5 lead rubber bearings
(LRB) at the top of a column on the stiff soil. To investigate the effects of capacity ratios between the isolator and the column on the failure modes of isolated bridges easily, isolators
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Table 1: Configurations of the target isolated bridges
Member
Superstructure
Isolator
(LRB)
Column

Component
Mass (ton)
Section (mm)
Total thickness of rubber (mm)
Diameter (mm) and number of lead plug
Section (mm)
Height (mm)
Mass (ton)
Longitudinal reinforcement ratio (%)
Volumetric ratio of tie (%)

Bridge 1
600

Bridge 2

Bridge 3

Bridge 4

480480
90

520520
110

560560
130

650650
170

754
27002200
10000
243
1.20
1.03

Table 2: Mechanical properties of the isolators per bridge column
Bridge
Bridge 1
Bridge 2
Bridge 3
Bridge 4

Yield
strength
(MN)
0.870
0.870
0.870
0.870

Strength at
hardening
initiation (MN)
2.28
2.68
3.11
4.20

Rupture
strength
(MN)
6.70
7.80
8.99
12.0

Yield
stiffness
(MN/m)
55.8
57.5
59.5
66.3

Lateral force

KB3
QBH

Equivalent
stiffness
(MN/m)
14.0
13.3
12.9
13.1

Equivalent
natural
period (s)
1.68
1.71
1.74
1.73

KB1

KB2
Shear strain of 150 % and 200 %

QBY
KB1

KBEQ
Lateral displacement

Figure 2: Lateral force-lateral displacement relationship of isolators

with different configurations at the top of the same column were used as shown in Table 1.
Bridge 4 has the highest capacity ratio of the isolator to the column. These isolated bridges
were designed based on the design specifications of highway bridges by JRA 2012 [5] and a
manual on bearings for highway bridges by JRA 2004 [4]. It is noted that every bridge has
sufficient seismic safety subjected to the design ground motion by JRA 2012 [5]. Yield
strength, yield displacement and ultimate displacement of the column based on nominal values in the design are 2.85 MN, 37.5 mm and 209 mm, respectively. Mechanical properties of
the isolators based on the nominal values are shown in Table 2. Equivalent natural period TEQ
in Table 2 is calculated based on Equation (4).

TEQ  2 ( M U  M C )(1 / K BEQ  1 / K CY )

(4)

where MU is the mass of superstructure, MC is the mass of column, KBEQ is the equivalent
stiffness of the isolator and KCY is the yield stiffness of column.
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Table 3: Input ground motions
Earthquake
1995 Kobe earthquake
2003 Tokachi-oki earthquake
2004 Niigataken-Chuuetsu earthquake
2008 Iwate-Miyagi earthquake
2011 Tohoku earthquake
2016 Kumamoto earthquake

Recording station
Kobe (JMA), Inagawa (Hanshin Expressway), Shin-Kobe (KEPCO)
and Kobe University
Shimizu (MLIT), Tsurui-Nishi (KiK-net), Tsurui-Higashi (KiK-net)
and Taiki (KiK-net)
Tookamachi (K-NET), Ojiya (K-NET) and Nagaoka (KiK-net)
Ichinoseki-Nishi (KiK-net) and Higashi-Naruse (KiK-net)
Kaihoku bridge (MLIT) and Shin-Bansui bridge (MLIT)
Ichinomiya (K-NET), Ohzu (K-NET), Takamori (K-NET),
Yabe (K-NET) and Kikuchi (KiK-net)

Response acceleration (m/s2)

60
50

damping ratio: 5 %
Original ground motion

40

Standard response acceleration spectrum
of JRA (2012) (Level 2, Type I, Stiff soil)

30

Standard response acceleration spectrum
of JRA (2012) (Level 2, Type II, Stiff soil)

20
10
0

1
2
Natural period (s)

3

Figure 3: Response acceleration spectra of original ground motions

2.3

Analytical Model

LRB was idealized based on a tri-linear model considering strain hardening of rubber as
shown in Figure 2. In Figure 2, the ratio of KB1 to KB2 was set as 6.5:1 based on JRA 2004 [4]
and the ratio of KBEQ to KB3 was set as 1:2.59 based on Adachi [1]. Skeleton and hysteresis of
reinforced concrete column were idealized based on bi-linear model and Takeda degrading
stiffness model by Takeda et al. [9], respectively. Thus the ultimate strength of the column
was idealized as same as the yield strength of the column. Dynamic response analysis was
conducted by idealizing a reinforced concrete column with deck and isolators as a 2 degree of
freedom model. Rayleigh damping was assumed, in which the damping ratios of the column
and the isolator were 2 % and 0 %, respectively.
Mechanical properties of deteriorated isolators are modelled based on the experimental results
of actual isolators [2]. 20 % increment of stiffness and 20 % reduction of rupture strength associated with deterioration of rubber, and 50 % reduction of shear strength of lead core associated with deterioration of lead core were assumed in the analysis.

2.4

Input Ground Motions

A total set of 40 lateral components of strong ground motions recorded on the stiff soil in Japan were selected as shown in Table 3. Response acceleration spectra of these original ground
motions are shown in Figure 3. Various types of ground motions in terms of response acceleration spectra were included in input ground motions.
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Table 4: Uncertain factors
Uncertain factor
Superstructure Mass
Isolator
Yield strength
Stiffness
Rupture strain
Column
Compressive strength of concrete
Section area of steel bar
Yield strength of steel bar
Young’s modulus of steel bar
Mass
Ultimate displacement

Distribution
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal

Specified
Mean/Specified
600 ton
1.05
Listed in Table 2 1.13
Listed in Table 2 1.00
250 %
1.34
23.5 N/mm2
1.20
Nominal value
0.97
295 N/mm2
1.20
2.06 105 N/mm2 0.97
243 ton
1.05
Calculated based 1.062
on JRA 2012

C.O.V
0.05
0.18
0.07
0.11
0.10
0.01
0.07
0.01
0.05
0.181

Table 5: Capacity ratios evaluated based on the mean values
Bridge
Bridge 1
Bridge 2
Bridge 3
Bridge 4

2.5

RQY
Initial
0.30
0.30
0.30
0.30

Deteriorated
0.15
0.15
0.15
0.15

RQH
Initial
0.73
0.85
0.98
1.32

Deteriorated
0.90
1.05
1.21
1.61

RQU
Initial
2.08
2.41
2.77
3.69

Deteriorated
1.72
1.99
2.29
3.04

Uncertain Factors and Fragility Analysis

Uncertainties in the material and mechanical properties of isolated bridges were included in
the analysis. Uncertain factors considered in the analysis are listed in Table 4. The uncertainty
in calculating ultimate displacement of columns is based on PWRI [8] and other uncertainties
are based on Adachi [1]. Capacity ratios calculated based on the mean values of the uncertain
factors listed in Table 4 as RQY, RQH and RQU are listed in Table 5.
Fragility analysis based on dynamic response analysis was conducted in the longitudinal direction of the bridges using Monte Carlo simulation. Number of trials in Monte Carlo simulation was set as 10,000 for each ground motion intensity. In fragility analysis, limit states
associated with the lateral displacement of isolators and columns were considered. Threshold
values are rupture strain for isolators and ultimate displacement  ls3 for columns based on
JRA 2012 [5]. If the response displacement exceeds the ultimate displacement of the column
in advance, it is considered that the column is damaged. On the other hand, response shear
strain exceeds the rupture strain of the isolator in advance, it is considered that the isolator is
damaged. If the isolator or the column of the bridge is damaged, it is considered that the
bridge system is damaged.
Elastic response acceleration at equivalent natural period Sa (TEQ) was adopted as the intensity
measure in the analysis. As input ground motions in the fragility analysis, ground motions
adjusted to the required Sa (TEQ) by varying amplitude property were used without varying
phase property.

3
3.1

Effect of Capacity Ratios on the Rupture Probability of Isolators
Skeletons of Lateral Force-Lateral Displacement Relationship of Isolators
and Columns

Skeletons of lateral force-lateral displacement relationship of isolators and columns calculated
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Figure 4: Sekeletons of lateral force-lateral displacement relationship of the isolator and the column based
on mean values
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Figure 5: Cumulative probability distribution of ultimate capacity of the isolator and the column
0

based on the mean values listed in Table 4 are shown in Figure 4. Increment of stiffness and
reduction of rupture strength of isolators due to deterioration of rubber can be confirmed.
Cumulative probability calculated considering the uncertainties in evaluating ultimate
strength of isolators and columns are shown in Figure 5. Figure 5(a) shows that the ultimate
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Figure 6: Response of Bridge 1 without deterioration of the isolator (Sa (TEQ)=7.3 m/s2)
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Figure 7: Response of Bridge 1 with the deteriorated isolator (Sa (TEQ)=6.4 m/s2)
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Figure 8: Response of Bridge 4 without deterioration of the isolator (Sa (TEQ)=7.4 m/s2)
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Figure 9: Response of Bridge 4 with the deteriorated isolator (Sa (TEQ)=6.1 m/s2)

strength of the isolator and the column is not separated if capacity ratios are low. However,
hierarchization of ultimate strength between the isolator and the column is clearly realized as
capacity ratios increase as shown in Figure 5(c) and (d). It is noted that inertia force by mass
of columns and damping effect cannot be considered in these static analysis. These dynamic
effects are considered in the dynamic response analysis.
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Figure 12: Fragility curves of Bridge 3
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Figure 10: Fragility curves of Bridge 1

1.0

0.0

1.0

2

Probability of failure

Probability of failure

Probability of failure

0.0

Probability of failure

3.2

Probability of failure

Probability of failure

1.0

12

1.0
0.8
0.6
0.4

Isolator
Column
System

0.2

0.0
4
6
8 10 12
0
2
4
6
8 10
Sa (TEQ) (m/s2)
Sa (TEQ) (m/s2)
(a) Without deterioration
(b) With deterioration
Figure 13: Fragility curves of Bridge 4
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12

Response of Isolated Bridges under Extreme Ground Motions

Responses of Bridges 1 and 4 subjected to NS component of Shin-Kobe record during the
1995 Kobe earthquake were compared to investigate the effects of capacity ratios on the
seismic behavior of isolated bridges. Dynamic response analysis was conducted using the
mean values listed in Table 4. Figures 6 and 7 show that response shear strain of the isolator
is nearly the rupture strain on the condition that the column reaches the ultimate limit state
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Figure 14: Relationship between capacity ratios and damage ratios at the isolator

regardless of deterioration of the isolator if capacity ratios are low. Furthermore, it is noted
that rupture of the isolator can occur considering uncertainties listed in Table 4. Figures 8 and
9 show that the responses of the isolator are still less than the hardening initiation though response displacement of the column reaches the ultimate limit state regardless of deterioration
of the isolator if capacity ratios are high.

3.3

Fragility Curves and Damage Ratios at Isolators

Figures 10-13 show fragility curves of the target isolated bridges. Capacity ratios of Bridge 1
are low, so not only the column but also the isolator can be damaged especially with the deteriorated isolator. However, damage is induced at the column as shown in Figures 12 and 13 as
hierarchization of ultimate capacity between the isolator and the column is clearly realized as
shown in Figure 5.
Figure 14 shows the relationship between the capacity ratios and damage ratios at isolators at
Sa (TEQ) of 10.0 m/s2. Damage ratio at the isolator is calculated based on the probability of
failure at the isolator (pfI) and the probability of failure as the bridge system (pfS) at Sa (TEQ)
of 10.0 m/s2. In Figure 14, it is noted that rupture of isolators can be prevented effectively
regardless of deterioration of isolators by setting RQH as an initial value greater than 1.0 or
RQU greater than 2.8 for the column analysed in this study.

4

Conclusions

Effects of capacity ratios on the damage ratios at isolators of isolated bridges were investigated considering aging deterioration of isolators. The following conclusions are drawn:
1) By setting capacity hierarchy between the isolator and the column, response of the isolator
is still less than the hardening initiation though response displacement of the column
reaches the ultimate limit state regardless of deterioration of the isolator.
2) Rupture of isolators can be prevented effectively regardless of deterioration of isolators by
setting RQH as an initial value greater than 1.0 or RQU greater than 2.8 for the column analysed in this study.
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Abstract: Storage tanks are one of the most important structural components in an
industrial complex. Damage to these structures due to seismic ground motions may
cause leakage of hazardous materials, fires, or structural collapse. It is therefore important to analyze the seismic fragility of storage tanks, particularly when filled with
liquid. When a storage tank is filled with liquid that oscillates during an earthquake,
additional forces can affect the wall and roof owing to hydrodynamic pressure. For
this reason, sophisticated structural analysis is required to take into account such a
liquid-structure interaction in a seismic fragility assessment. In this study, a reliability analysis software package is integrated with commercial finite element analysis
software to estimate the seismic fragility of liquid storage tanks. This integrated
system enables the automatic exchange of the input and output of reliability and
finite element analyses and the effective calculation of the probability of failure for
a given limit state using the first order reliability method (FORM). This computational platform for finite element reliability analysis is applied to an example of a
liquid storage tank, and the seismic fragility is successfully estimated in consideration of liquid-structure interaction

Introduction
Earthquakes frequently occur around the world and cause huge economic losses and many casualties. In particular, when structures such as liquid storage tanks in industrial complexes are
damaged by seismic loads, it may lead to leakage of hazardous materials and fires as well as
structural collapse. Therefore, it is prudent to evaluate the seismic fragility of liquid storage
tanks in advance, so as to take emergency action and manage earthquake risk appropriately.
When analyzing an oscillating liquid storage tank, the liquid-structure interaction effect
should be properly considered. Housner [1] investigated the motion of liquid in rigid cylindrical
and rectangular tanks subjected to horizontal ground acceleration. According to the research,
the hydrodynamic response of liquid can be characterized by two modes: impulsive and convective modes. The lower part of the liquid, having impulsive motion, is assumed to be rigidly
attached to the tank walls and move together with the tank walls. On the other hand, the upper
part of liquid has convective motion with a long period oscillation. In addition, Veletsos [2]
considered the flexibility of tank walls and found that the hydrodynamic pressure could have
greater influence on a flexible tank than a rigid one. In this regard, for accurate seismic assessment, a sophisticated structural dynamic analysis of a liquid storage tank is required to describe
the liquid-structure interaction in the seismic fragility analysis.
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In this study, FERUM-ABAQUS [3-4], which is a computational platform of two integrated
software packages, is employed to effectively estimate the seismic fragility of a liquid storage
tank. FERUM (Finite Element Reliability Using Matlab) and ABAQUS are specialized software packages for reliability analysis and finite element analysis, respectively. This coupled
system, FERUM-ABAQUS, makes it possible to automatically exchange the input and output
of reliability analysis and finite element analysis. It computes the probability of failure for a
given limit state using the first order reliability method (FORM) [5]. The reliability analysis
method, FORM, is widely used to analytically solve structural reliability problems. The concept
of FERUM-ABAQUS was initially introduced to perform reliability analysis in conjunction
with finite element analysis [3] and further developed by adopting a python-based interface [4].
Figure 1 briefly shows the framework of FERUM-ABAQUS.

Figure 1: Framework of FERUM-ABAQUS

Seismic Fragility Assessment
2.1 Reliability analysis method
FORM [5] is a common reliability analysis method that analytically computes the probability
of failure for a given limit state. The limit state is defined as the condition at which structural
behavior reaches a certain specified limit. Accordingly, the failure event indicates that structural
performance exceeds the limit state.
As the first step of the FORM analysis, a limit state function is defined in the original space
of random variables. In the next step, it is transformed into the standard normal space often
called the U space, in which U is the vector of uncorrelated standard normal variables. After
the transformation, the limit state function is linearly approximated at the point u*, which is
called the most probable point (MPP). The reliability index β, which is the minimum distance
between the origin and the linearized function, is calculated. Figure 2 describes the linearized
limit state function in the U space. The probability of failure is evaluated as shown in Equation
1.
𝑃𝑓 ≅ Φ(−β)

(1)

where Φ(·) is the standard normal cumulative distribution function. A more detailed explanation of FORM can be found in the reference [5].
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Figure 2: Linearized limit state function in FORM

2.2 Computational platform for seismic fragility assessment
In this study, a computational platform integrated with FERUM and ABAQUS is adopted to
estimate the seismic fragility of a liquid storage tank. FERUM is a reliability analysis software
package developed at the University of California, Berkeley, and it allows the users to perform
a reliability analysis using various reliability analysis methods including FORM. ABAQUS is
a commercial software package for finite element analysis, and it can deal with sophisticated
structural dynamics problems.
In FERUM-ABAQUS, ABAQUS performs finite element analysis based on the finite element model input from FERUM. A limit state function defined in FERUM is also computed by
taking the results of finite element analysis from ABAQUS. The above process is repeated until
the end of the FORM analysis. The advantage of this FERUM-ABAQUS platform is that it is
possible to exchange input and output data between the two software packages, thereby increasing the efficiency of the finite element reliability analysis. The more detailed explanation with
its application examples can be found in the references [3-4].

Numerical Example
3.1 Description of finite element model and input ground motions
This study concentrates on the seismic fragility estimation of a liquid storage tank benchmarked
from a previous study [6]. Table 1 represents the material properties of the steel and liquid
(gasoline) used in the tank model, and Figure 3 shows the ABAQUS finite element model of
the liquid storage tank and its dimensions. The material nonlinearity of steel [7] is also introduced to the finite element model, and nonlinear structural dynamic analysis using the
ABAQUS model is repeatedly performed for the seismic fragility estimation.
Table 1: Material properties of the finite element model

Material

Density (kg/m3)

Young’s modulus (GPa)

Poisson’s ratio

Steel

7850

203.395

0.3

Gasoline

680

-

-
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1000

23200

12600
11600

8

unit: mm

Figure 3: ABAQUS finite element model and dimensions

For the derivation of seismic fragility curves, three ground motion sets [8] are employed in
this study. Indeed, for accurate seismic fragility assessment, it is important to use suitable input
ground motions to the region of interest. In this example, however, ground motions are adopted
from a reference [8], because the example is constructed to test the proposed methodology for
seismic fragility assessment of steel tanks.
Table 2: Detailed information of input ground motions [8]
a/v ratio

Low

Intermediate

High

Distance Maximum accel(km)
eration (m/s2)

a/v ratio
(g/ms−1)

Name

Earthquake event/Location

Magnitude

Date

Soil type

Set01-01

Bucharest/Romania

6.40

3/4/1977

Rock

4

−1.906

0.275

Set01-02

Erzincan/Turkey

Unknown

3/13/1992

Stiff soil

13

−3.816

0.382

Set01-03

Aftershock of
Montenegro/Yugoslavia

6.20

5/24/1979

Alluvium

8

−1.173

0.634

Set01-04

Kalamata/Greece

5.50

9/13/1986

Stiff soil

9

−2.109

0.657

Set01-05

Kocaeli/Turkey

Unknown

8/17/1999

Unknown

101

−3.039

0.750

Set02-01

Aftershock of Friuli/Italy

6.10

9/15/1976

Soft soil

12

−0.811

1.040

Set02-02

Athens/Greece

Unknown

9/7/1999

Unknown

24

−1.088

1.090

Set02-03

Umbro-Marchigiano/Italy

5.80

9/26/1997

Stiff soil

27

−0.992

1.108

Set02-04

Lazio Abruzzo/Italy

5.70

5/7/1984

Rock

31

−0.628

1.136

Set02-05

Basso Tirreno/Italy

5.60

4/15/1978

Soft soil

18

0.719

1.183

Set03-01

Gulf of Corinth/Greece

4.70

11/4/1993

Stiff soil

10

−0.673

1.432

Set03-02

Aftershock of
Montenegro/Yugoslavia

6.20

5/24/1979

Rock

32

−0.667

1.526

Set03-03

Aftershock of
Montenegro/Yugoslavia

6.20

5/24/1979

Alluvium

16

−1.709

1.564

Set03-04

Aftershock of
Umbro-Marchigiana/Italy

5.00

11/9/1997

Rock

2

0.412

1.902

Set03-05

Friuli/Italy

6.30

5/6/1976

Rock

27

3.500

1.730
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Each of the three ground motion sets has five ground motions, which means a total of fifteen
ground motions are used in this study. The input ground motions are categorized into the three
sets according to a/v ratios where a is the peak ground acceleration (PGA) and v is the peak
ground velocity (PGV): low (a/v < 0.8 g/m·s-1), intermediate (0.8 g/m·s-1 ≤ a/v ≤ 1.2 g/m·s-1),
and high (1.2 g/m·s-1 < a/v) a/v ratios. The a/v ratio is considered as a meaningful parameter to
explain the characteristic of earthquake records [9]. A low a/v ratio indicates low frequencies
and long duration ground motions, whereas a high a/v ratio represents earthquakes with high
frequencies and short durations. In Table 2, detailed information on ground motions is provided.

3.2 Random variables and limit state
The Young’s modulus and yield stress of steel are selected as random variables in this example.
The statistical characteristics of the two random variables are obtained from a probabilistic
model code of the Joint Committee on Structural Safety (JCSS) [10] and shown in Table 3.
Impulsive and convective motion of the liquid in the oscillating tank can cause additional
stresses in the tank. Thus, the limit state is defined as the event in which the maximum stress in
any element of the tank wall at any time reaches the yield stress of steel.
Table 3: Statistical characteristics of random variables

Random variable

Distribution type

Mean (MPa)

Coefficient of variation

Young’s modulus
Yield stress

Normal
Normal

203.395×103
248.210

0.03
0.07

3.3 Seismic fragility curves
Before the seismic fragility assessment of the liquid storage tank, a nonlinear structural dynamic
analysis is performed with the mean values of the random variables. Two finite element models,
which are the tank with oscillating liquid and the tank with non-oscillating liquid, are used to
investigate the liquid-structure interaction effect. In the analysis, three ground motions of set0101, set02-01 and set03-01 are adopted, and their PGAs are assumed to be 0.4g.
Figures 4-6 show the results of the nonlinear structural dynamic analysis in terms of von
Mises stress. In Figures 5 and 6, the maximum stress appears at the lower part of the tank wall.
It may result from the impulsive motion of the liquid. In some cases, the maximum stress is
found at the upper part of the tank wall due to the convective motion of the liquid, as shown in
Figure 4. In addition, it can be easily found that the stress level of the tank with oscillating
liquid is much higher than the one of the tank with non-oscillating liquid. It implies that the
oscillating liquid in the tank subjected to seismic loads can affect severe damage of the tank
wall. Therefore, it is essential that the finite element model takes into account the liquid-structure interaction effect for accurate seismic fragility assessment.
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Figure 4: Results of nonlinear dynamic analysis (set01-01, 0.4g PGA):
tank with oscillating liquid (left) and tank with non-oscillating liquid (right)

Figure 5: Results of nonlinear dynamic analysis (set02-01, 0.4g PGA):
tank with oscillating liquid (left) and tank with non-oscillating liquid (right)

Figure 6: Results of nonlinear dynamic analysis (set03-01, 0.4g PGA):
tank with oscillating liquid (left) and tank with non-oscillating liquid (right)

Using the computational platform of finite element reliability analysis (i.e., FERUMABAQUS), the failure probabilities of the liquid storage tank with varying earthquake intensities are successfully computed. From these results, seismic fragility curves for different a/v
ratios are derived and shown in Figure 7. The seismic fragility curves in the figure show that
the seismic fragility of a liquid storage tank can vary according to the a/v ratios, which means
that the type of seismic ground motions is a critical factor to the seismic fragility of a liquid
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storage tank. In addition, if it is assumed that the three ground motion sets have the same probability of occurrence, the seismic fragility can be averaged, as shown in Figure 8.

Figure 7: Seismic fragility curves with different a/v ratios

Figure 8: The averaged seismic fragility curve

Conclusion
A liquid storage tank under seismic loads can suffer from serious structural damage owing to
hydrodynamic forces. Therefore, for accurate seismic fragility assessment, a sophisticated finite
element analysis technique that can analyze the liquid-structure interaction phenomenon is required during reliability analysis. In this research, a computational platform, FERUMABAQUS, is introduced to evaluate the seismic fragility of a liquid storage tank. This coupled
system enables the automatic exchange of input and output between FERUM and ABAQUS,
thus enhancing the efficiency and accuracy of the seismic fragility analysis.
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The nonlinear structural dynamic behavior of a steel tank containing oscillating liquid was
analyzed and compared to a tank with non-oscillating liquid, in order to understand the impact
of the oscillating liquid due to earthquake to the tank. It was observed that the oscillating motion
of the liquid in the tank gave significant effects on the structural integrity of the tank, which
indicates that sophisticated finite element analysis with a realistic finite element model is necessary for the seismic fragility assessment of the liquid storage tank. In this study, the coupled
system, FERUM-ABAQUS, was applied to perform reliability analysis in conjunction with finite element analysis, for the seismic fragility assessment of the liquid storage tank. Using
FORM, the failure probabilities of the liquid storage tank were effectively computed, and the
seismic fragility curves with different a/v ratios were successfully derived.
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Abstract: Post-earthquake recovery models can be used as decision-support tools
for pre-event planning. Two types of stochastic process simulation models are presented and used to re-enact the recovery following the 2014 South Napa earthquake,
focusing primarily on the reconstruction of damaged buildings. The objective of the
study is to validate the simulation methodology and formulate a generalized model
that can be used to generate recovery predictions for future earthquakes.

Introduction
The relative infrequency and spatiotemporal scale of major earthquake events make longitudinal collection of quantitative recovery data difficult. In light of this, simulation modeling is one
critical research advancement necessary for understanding and quantifying the complex processes driving post-earthquake recovery and the myriad of influences on outcome trajectories
over time. The pace of recovery depends on the extent of building and lifeline damage, the
availability of utilities, government assistance, and how quickly communities can repair or replace damaged infrastructure. As such, the time-dependent effects of hazard events on the built
environment is increasingly becoming prominent in discussions on how to improve post-earthquake recovery through policy and planning interventions.
Several simulation techniques have been employed in modeling post-earthquake recovery (reconstruction and restoration) including resource constraint models [1-5], statistical curve fitting
[6-11], agent-based modeling [12-20], discrete event simulation [21-31], stochastic process
simulation [32-37] and network modeling [38-40]. Most studies have focused on modeling the
restoration and/or reconstruction of specific built infrastructure systems such as lifelines
[1,2,7,8,10] and buildings [6,9,36,37]. Other studies incorporate both the social and built infrastructure systems within specific economic sectors such as households and businesses [11-20].
However, due to a lack of available data, there have been very few opportunities to validate
and/or calibrate these models.
This paper describes the use of building damage, permitting and repair data from the 2014 South
Napa Earthquake, to evaluate a stochastic process simulation post-earthquake recovery model.
Damage data was obtained for 1470 buildings and permitting and repair-time data was obtained
for a subset (456) of those buildings. A “blind” simulation is shown to adequately capture the
shape of the recovery trajectory despite overpredicting the overall pace of the recovery. Using
the mean time-to-permit and repair time from the acquired dataset significantly improves the
accuracy of the recovery simulation. A generalized simulation model is formulated by
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establishing statistical relationships between key time parameters and endogenous and
exogenous factors that have been shown to influence the pace of recovery.

Stochastic Process Recovery Simulation Models
Stochastic process simulation is a modeling technique that is used to represent different types
of discrete and continuous phenomena that randomly evolve in space and/or time. The recovery
of social (households, businesses, communities) and built (buildings and lifelines) infrastructure
systems following an earthquake can be described using discrete states that, with a great degree
of uncertainty, change with space and time making stochastic process simulation models useful
for representing different post-disaster recovery processes. In this study, two types of discretestate stochastic simulation models are used to quantify recovery trajectories for damaged buildings: discrete-time, state-based models and time-based models [41]. Discrete-time state-based
models, such as Markov chains, characterize the probability that the building transitions to a
higher recovery state within a discrete time interval conditioned on a set of explanatory variables such as the extent of damage to the building, neighborhood demographics or, in the case
of residential buildings, household income. Time-based models on the other hand, characterize
a probability density function of the time it takes to transition to a higher recovery state (also
referred to as state duration) given the same explanatory variables. The formulation of both
models starts with defining the discrete states that capture the recovery trajectory. The recovery
states can be selected based on the entity that is being represented and the information that is
available to characterize these states within the simulation environment. In previous studies,
recovery states for buildings have been characterized based on damage [13], loss, functionality[36] and recovery activities [37].
Figure 1 shows a conceptual recovery path that describes the repair/reconstruction of a damaged
building using the states described earlier, which are based on the issuance of construction and
completion permits. The continuous stochastic recovery function is also shown in Figure 1. The
basic assumption is that there is a probabilistic relationship between the various exogenous and
endogenous factors described earlier and the time spent in each state. Additionally, the sequence
of state transitions for a given recovery path is pre-determined and based on the order in which
the activities that comprise the recovery path will occur. The variables used to construct the
discrete state probabilistic models include the cumulative continuous recovery level, Qt  , the
vector of observed explanatory variables, X , and the discrete state of the building, Y t  , at
time t , measured from the time of the earthquake. The time spent within state i is denoted by
Ti . The time spent in the PreCon, Con and Com states is denoted by TPreCon, TCon and TCom
respectively. Since the recovery is modeled as a stochastic process, Ti is a random variable.
After establishing the discrete states associated with a recovery path, the discrete-time statebased model is constructed as a series of independent Poisson processes, each with their own
mean rate of occurrence. Given the current time, ti , the probability of transitioning out of state

i to the subsequent state i  1 at some future time ti   is the probability of i  1 occurring
at time ti   conditioned on state i being observed at time ti . This conditional probability,
Pti  T  ti   | T  ti  , is described using the following equation.
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Pti  T  ti   | T  ti  

Pti  T  ti    F ti     F ti 

PT  ti 
1  F ti 

(1)

where F ti   1  e  iti is the CDF of the exponential distribution. The mean rate of transitioning
from the current state is i 

1

i

, where the mean time to complete the activities involved in that

state,  i , can be obtained from empirical data from past earthquakes. Substituting the exponential CDF into Equation 1 produces the following functional form for the transition probability which is used in the state-based model:

e  i ti  
(2)
e iti
For the time-based model, the uncertainty in the duration of each recovery state is (e.g. time to
acquire construction permit, repair time) is considered by randomly sampling the duration Ti .
Monte Carlo simulation is used for both the time- and state-based models to generate multiple
realizations of the recovery path. For the state-based model, a single realization of a recovery
path is generated by randomly sampling the state at incremental points in time using the transition probabilities from equation (2). For the time-based model, a single realization of a recovery
path is constructed by randomly sampling the duration of each recovery state using their associated exponential distribution parameters. The extension of the discrete-state (time- and statebased) probabilistic models to include the explanatory variables can be achieved by developing
a statistical model in which X is the vector of independent variables and  i (or i ) is the
dependent variable.
Pti  T  ti   | T  ti   1 

Continuous recovery
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PreCon1
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4
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Discrete recovery
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0.0
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Figure 1. Conceptual representation of stochastic process modeling of building-level recovery using discrete
states derived from on the issuance of construction and completion permits

Re-enacting the Recovery Following the 2014 South Napa Earthquake
3.1 Description of Study Region and Key Data
A building damage dataset for the city of Napa was obtained from the Earthquake Engineering
Research Institute (EERI) clearinghouse website (http://eqclearinghouse.org/map/2014-08-241107

south-napa/). 1470 damaged buildings are included in the dataset, which contains several types
of building-specific information that are relevant to this study including location (address, latitude and longitude), occupancy type, post-earthquake inspection date, ATC-20 [42] placard
(yellow and red) and a brief description of the damage caused by the earthquake. The permit
issue and completion date for repair-work related to the Napa earthquake was acquired for 456
of the buildings (31.0%) included in the damage dataset described earlier. This information was
obtained from the online permitting and project review website (http://etrakit.cityofnapa.org/etrakit2/) for the city of Napa. Using these two pieces of information, the time-topermit is taken as the number of days from the date that the earthquake occurred to the permit
issue date and the repair time is estimated as the number of days from permit-issue to the completion date. Figure 2 shows histograms of the time-to-permit and repair times. The shape of
the histograms suggest that a lognormal or exponential function would be appropriate for modeling the probability distribution of these two time parameters.

(a)

(b)

Figure 2. Histogram of (a) time-to-permit and (b) estimated repair times for buildings in permit-issuecompletion dataset

A key objective in this study is to evaluate the efficacy of the stochastic process simulation
model in estimating the recovery trajectory of the buildings damaged during the earthquake.
This will be done by comparing the simulated and observed recovery trajectories, the latter of
which is generated using the permit-issue-completion dataset. To establish the observed
recovery trajectory, three building-level recovery states are defined. At any given time t (days)
following the earthquake, a building is described as being in the pre-construction (Pre-Con)
state if the building permit has not yet been issued. Between the permit-issue and completion
date, a building is in the construction (Con) state. After the completion permit is issued, the
building is in the completion (Com) state. We recognize that the issuance of a completion permit
may not correspond to the restoration of full functionality or occupancy in the building.
However, given the lack of data related to the functionality and occupancy of individual
buildings, in this study, the issuance of the completion permit (Com) is used as the penultimate
recovery state. To facilitate generating the recovery curve, the Pre-Con, Con and Com states
are assigned numerical values of 0, .5 and 1 respectively.
Figure 3 shows the observed recovery trajectory for the 456 buildings in the permit-issuecompletion dataset. For this subset of buildings, the general trend is that the reconstruction is
somewhat stagnant during the first 20 days following the earthquake. Following this period, the
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rate of reconstruction rises sharply until around 250 days from the time of the earthquake, after
which the slope of the recovery curve gradually declines towards the tail end.

Figure 3. Observed recovery trajectory for all 456 buildings in the permit-issue-completion dataset

3.2 Evaluating the Time-based Stochastic Simulation Model
The model is evaluated by performing a blind prediction of the reconstruction trajectory of the
buildings in the permit-issue-completion dataset. The goal here is to evaluate the model used to
simulate recovery trajectory (not the damage simulation model). As such, the observed spatial
distribution of damage is used for the blind prediction.
The formulation of the time-based stochastic process simulation model starts with defining the
discrete states that are used to describe the recovery path. Tables 15.10 of HAZUS [43] provides
estimates of the overall recovery times for different building types conditioned on the damage
state. The recovery times for the building types considered in this study (primarily single-family
light residential woodframe buildings) are 5 days, 120 days, 360 days and 720 days for slight,
moderate, extensive and complete damage respectively. Since the HAZUS recovery times are
aggregated, only two states are considered in the blind prediction model: (a) the building is
damaged and (b) the building is fully recovered, which are assigned recovery levels of 0 and 1
respectively.
For the time-based model, the recovery time is modeled using an exponential probability
distribution function with mean values and standard deviation corresponding to the recovery
times provided in HAZUS. A single realization of the recovery trajectory for the time-based
model is obtained by sampling the recovery time for each building from the exponential
probability distribution and constructing a recovery curve for the building portfolio. The
uncertainty in the recovery trajectory is incorporated by generating 200 realizations of the
recovery curve, which is shown in Figure 4a along with the observed recovery trajectory. The
number of realizations is chosen such that the maximum coefficient of variation in the mean
recovery curve is less than or equal to 5%.
Figure 4a shows that the blind prediction model adequately captures the overall shape of the
recovery curve including the steep slope in the early stages and the gradual reduction in the
overall rate of recovery with time. However, we also observe that the blind prediction model
significantly overpredicts the recovery level from the early stages up to about the time when
80% of the buildings have recovered. For example, at 50 days and 100 days following the
earthquake, the recovery level is overpredicted by factors of 2.6 and 1.5 respectively.
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The fact that the overall shape of the recovery trajectory is reasonably captured suggests that
the accuracy in the prediction model can be improved by using more refined estimates of the
input time parameters. To test this hypothesis, a second prediction model is constructed using
the mean time-to-permit and repair times from Figure 2 normalized by the square footage of the
building and conditioned on the inspection tag (yellow and red). The normalized mean time-topermit is 0.066 days/ft2 and 0.097 days/ft2 and the repair time is 0.063 days/ft2 and 0.104 days/ft2
for yellow- and red-tagged buildings respectively. In Figure 4b, the (mean) recovery trajectory
labeled “Updated Recovery Simulation” is obtained when using these mean values and three
recovery states (Pre-Con, Con and Com). It shows that the prediction model is vastly improved
when the observed mean-value time parameter inputs are used. Considering the same time
points used to evaluate the blind simulation model (50 days and 100 days following the
earthquake), the “updated” model estimates the recovery level within 20% and 40%
respectively of the observed values.

“Blind” Simulated Recovery

“Updated” Simulated Recovery

Observed Recovery

Observed Recovery

(a)

(b)

Figure 4. Comparing the (a) blind and (b) updated simulation results to the observed recovery trajectory for
the 456 buildings in the permit-issue-completion dataset

3.3 Time-Based Stochastic Process Simulation Model for Predicting Future
Post-Earthquake Recovery Trajectories
A Random Forest regression model is developed for the time-to-permit and repair time using
the twelve predictors and all 456 buildings in the permit-issue-completion dataset. The
statistical relationships between the time parameters and the various explanatory variables
including physical building information and scial economic factors are used to formulate a
generalized recovery model that can predict recovery trajectories for future earthquakes given
the spatial distribution of building damage described by the HAZUS states. While the model
will not be applicable to all scenarios, it can be used in cases where the affected region,
earthquake and recovery typology are judged to be comparable to the 2014 South Napa
consideration. In this study, the new model is used to generate a recovery trajectory for the 1470
buildings for which we have information on the damage state and predictors.
Figure 5 compares the simulated recovery trajectory for the dataset of 1470 buildings to the
“statistical” simulated and observed trajectories for the 456 buildings in the time-to-permit
dataset. It shows that the trajectory for the complete dataset closely follows that of the permitissue-completion subset up to about 58 days following the earthquake, after which the former
has a faster recovery. Without the permit-issue (where applicable) and completion date of the
1014 buildings not included in the permit-issue-completion dataset, a definitive explanation of
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this observation is not possible. However, we do know that many of those buildings were
damaged below the threshold that would require a permit to perform the repairs. These buildings
would generally have a faster recovery time than the buildings requiring permits. If the majority
of the 1014 buildings are in this category, this could be a possible explanation for the steeper
recovery trajectory (between 58 and 611 days after the earthquake) for the full dataset compared
to the permit-issue-completion subset.

“Statistical” Simulated Recovery (456 Buildings)
“Statistical” Simulated Recovery (1470 Buildings)
Observed Recovery (456 Buildings)

Figure 5. Comparing observed and statistical recovery simulation for the permit-issue-complete (456 buildings)
data subset the complete (1470 buildings) dataset

Summary and Conclusions
Post-earthquake recovery simulation is useful for quantifying and enhancing the seismic resilience of communities. By exploring trends for multiple “what-if” recovery-scenarios, different
types of resilience-building interventions can be evaluated including pre- (e.g. seismic retrofit
of infrastructure) and post-event (e.g. incentivize residents to remain in affected community and
rebuild) strategies. In this paper, stochastic process simulation models are used to re-enact the
recovery of the damaged building stock following the 2014 South Napa earthquake. The study
serves two purposes. First, the modeling technique is evaluated by comparing recovery predictions with empirical data on building repair and reconstruction following a real earthquake.
Secondly, the empirical data is used to update the simulation model for application to future
earthquakes, recognizing the inherent place- and event-specific nature of the model. The proposed recovery models can assist policy-makers, municipal governments, and planners in understanding and acting upon necessary solution alternatives for enhancing community
resilience. The general approach is extendable to other disasters, such as hurricane and floods.
The effect of lifeline damage on the recovery trajectory for the portfolio of damaged buildings
was not considered in this study. For the 2014 South Napa Earthquake, all major utilities and
transportation systems was restored within a week. As such, lifeline damage and restoration did
not have a major impact on the long-term recovery. However, for larger events with more widespread damage, lifeline restoration would be a major factor. Due to a lack of relevant information, building functionality was not considered in the recovery model. The “generalized”
model was developed using data from a single event. As such, future applications of that model
would need to be limited to scenarios where the target region, scale of damage and recovery
typology are deemed similar to that of the 2014 South Napa earthquake.
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Abstract: A semi-active control strategy of randomly base-excited structures with
MR dampers is developed based on the bounded Hrovat algorithm. The control
efficiency of MR dampers integrated in the structure subjected to random seismic
ground motions with certain occurrence period is addressed. A stochastic function
relevant to the properties of the site soil is employed to model the seismic ground
motion provided a seismic hazard scenario associated with source properties and
propagation path. For comparative purposes, the passive-off control strategy usually applied in practices of operating the MR damper is presented. Numerical results
reveal that MR damping control can strengthen the seismic reliability of structures
significantly. The semi-active control has more efficiency than the passive control.
Dynamic behaviors of the MR dampers, meanwhile, in the semi-active and passive
control manners are exposed whereby the applicability of semi-active control is
proved as well.

1 Introduction
Performance-based design of seismic structures receives an increasing interest in the earthquake engineering community. As an efficient manner enhancing the disaster resilience of
engineering structures, structural control has proved its values for a few decades. Magnetorheological (MR) dampers are regarded as the most promising devices of structural control
owing to their perfect dynamic damping behaviors[1,2]. The technical superiority of the MR
damper is that using the device, one could implement control modalities with none or less
power supply, i.e. passive-off and real-time control, which meets well with the requirements
of life-cycle performance-based design of seismic structures.
In the present paper, a semi-active control strategy operating the MR damper with the abovementioned three control modalities is presented, whereby the design and optimization procedure for the MR damping control of randomly base-excited structures is developed. The seismic ground motion is modeled as a stochastic function relevant to the properties of the site
soil provided a seismic hazard scenario associated with source properties and propagation
path. The control efficiency of MR dampers integrated in the structure subjected to random
seismic ground motions with certain occurrence period is addressed for illustrative purposes.
Numerical results reveal that MR damping control can strengthen the seismic reliability of
structures significantly. The semi-active control has more efficiency than the passive control.
Dynamic behaviors of the MR dampers, meanwhile, in the semi-active and passive control
manners are exposed whereby the applicability of semi-active control is proved as well.

2 Modelling of stochastic ground motion
Generally, the classical seismic models are the functions of power spectrum density, which
reveal the randomness of the seismic ground motion in the phenomenon sense. However, the
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model of power spectrum density cannot express the detail probability information of the
seismic ground motion. In this case, the accurate seismic reliability analysis still remains open.
Therefore, it is necessary to establish the function between the randomness of seismic ground
motion and the relative physical factors. Since the complicated mechanism of seismic ground
motion, it is almost impossible to reveal the random characteristics completely. However, the
uncertainties inherent in the seismic sources, propagation paths, and site soil mainly contribute to the randomness of seismic ground motion. The relationship between the surface ground
motion and the input excitation at the bedrock, natural frequency and equivalent damping
ratio of the engineering site can be thus established. For the sake of clarity, it can be modeled
as a SDOF(single-degree-of-freedom) system. The stochastic ground motion model in frequency domain is thus given by [3]

X g (Q,  )  H g (w0 , z ,  ) Ub (Qb , w )
H g (0 ,  ,  ) 

2 0  2i 0 
2 0   2  2i 0 

(1)
(2)

where X g (Q,  ), Ub (Qb , w ) are the frequency domain expressions of ground motions at the
engineering site and the bedrock, respectively. Q  {0 ,  , Qb } is the random vector
characterizing the randomness involved in the ground motion at the surface of the engineering
site, which is used to model the randomness inherent in systems. 0 ,  are the random
parameters denoting the random nature of the site soil, i.e. the predominant frequency of the
engineering site  0 and the equivalent damping ratio  . Qb  {b ,i }isb 1 is the random vector
characterizing the randomness involved in the ground motion at the bedrock coming from the
properties of the sources and the propagation path, sb being the number of the random
variables involved in this stage. H g (0 ,  ,  ) is a frequency transfer function;  is the
circular frequency; i is the unit of imaginary number 1 .
The time history of the stochastic ground motion could then be obtained by the inverse
Fourier transformation:
1  

xg (Q, t ) 
X g (Q,  )eit d
(3)
2 
where, the predominant frequency  0 and equivalent damping ratio  are the critical parameters representing the dynamic properties of the engineering site, of which the probability
distribution and statistical parameters can be identified by the seismic records of the certain
type of the engineering site. In this paper,  0 and  are assumed as being mutually independent random variables and both admit a log-normal distribution. The mean of  0 and  are 12
rad/s and 0.1 with the coefficients 0.42 and 0.35, respectively. Meanwhile, the initial phase
angle of the inverse Fourier transformation of the ground motion is treated to admit normal
distribution with  and 1.2 of mean and coefficient values, respectively.
According to the tangent spheres method [4], total 221time history samples of the ground motion representative points are selected with 50Hz of the sampling frequency and 20.48s timedomain duration. To reveal the non-stationary of the seismic intensity, the following uniform
modulation function is used[5]:
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 t 2 4,

f (t )   1,
 e 0.8( t tb ) ,


t  ta
ta <t  t b

(4)

t b <t  T

where t a and tb are 2 and 16s, respectively.

3 Bounded Hrovat algorithm based semi-active stochastic optimal control strategy
For the randomly base-excited structures controlled semi-actively with MR dampers, the motion equation can be expressed as:
  Θ, t   CY
  Θ, t   KY  Θ, t   B U  Θ ,t   D F  Θ ,t 
MY
s s
s

(5)

where Y is the inter-story drift vector; M, C, K are the mass, damping and stiffness matrix,
respectively; B s and D s are the location matrix of the dampers and the excitation, respectively;
U s is the damping force vector; F is the random excitation vector. For shear-valve MR damper, the damper force U s in Eq. (5) can be expressed as:
  Θ, t   U
U  Θ, t   C Y
s

d

dc

 Θ, t 

(6)

where, C d is the viscous damping coefficient of MR damper; U dc is the Coulomb force of the
MR damper which is mainly determined by the strength of the magnetic field and can be adjusted according to the control strategy. To make the MR damper have a good performance in
controlling the dynamic behaviors of the structural system, the bounded Hrovat algorithm is
applied for the semi-active control strategy [6]:
Cd X (Q, t )  U dc,max sgn( X (Q, t )), Case A: U a X  0 and U a  U d,max

(7)
U s (Q, t )   U a sgn( X (Q, t )),
Case B: U a X  0 and U a  U d,max
 


Cd X (Q, t )  U dc,min sgn( X (Q, t )), Case C: U a X  0
where, U s Θ, t  is the damping force of MR damper according to semi-active control strategy;
U a Θ, t  is the reference force according to corresponding active optical control strategy;

U d ,max Θ, t   Cd X Θ, t   U dc ,max is the maximum damping force of MR damper which can be
obtained at a certain time; X Θ, t  is the damper velocity; C d is the component of viscous
damping coefficient of MR damper; U dc ,max , U dc ,min are the maximum and minimum Coulomb
forces of MR damper, respectively.
As the mentioned in the previous section, one could implement two modalities applying MR
damper: semi-active control and passive-off control. The semi-active control strategy developed in this paper refers to Eq. (7). While the passive control strategy has the formulation as
follows:
(8)
U poff  Cd X  Θ, t   U dc ,min sgn  X  Θ, t  

1117

Us

Case B

Case A

Case C

Cd

Y

-U dc,min
-U dc,max
-Ua

Fig.1 Relationship between the damping force and the damper velocity
Figure 1 shows the relationship between the damping force U s and the damper velocity X in a
specified sample case at a certain time. In practical application, the effectiveness of the control strategy with MR damper highly relies on the accuracy and computational efficiency of
the model of the MR damper. In this paper, it is assumed that the control gain required in the
Eq. (7) could be fully obtained by the MR damper. To achieve the similar effectiveness with
the active optimal control strategy, the maximum control force in the semi-active control
strategy equals to the maximum control force in the active optimal control strategy,
U s ,max = U a ,max , and it is assumed that the inter-story in semi-active control strategy could
reach the same maximum value with that in the active optical control strategy. Then, the following equations could be derived:
U s ,max  Θ   Cd Ys U  Θ   U dc ,max  Cd Ya U Θ   U dc ,max  U a ,max  Θ 
(9)
s ,max

a ,max

Since the Coulomb force of the MR damper could be continuously adjusted by the strength of
the electric current, there is:

U s ,max  Θ   Cd Ys U

s ,max

Θ



 U dc ,max  s Cd Ys U

s ,max

Θ

 U dc ,min



(10)

In this paper, the minimum Coulomb force of the MR damper is assumed as U dc ,min  0 . Associating Eq. (9) with Eq. (10), the following could be derived:
U s ,max  Θ   sCd Ys U Θ   sCd Ya U  Θ   U a ,max  Θ 
s ,max

(11)

a ,max

Then, the damping coefficient Cd and the maximum Coulomb force of the MR damper could
be obtained :

U a ,max  Θ 

Cd 

s Ya U Θ 
(12)
a ,max


U dc ,max   s  1 Cd Ya U a ,max  Θ 

Therefore, the random optimal control force in the semi-active control strategy and the parameters of the MR damper could be determined. The state vector Y and the control force
vector U s could be obtained, which both are the functions of Θ and have the solution as the
following formulation:
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Y  t   H Y  Θ, t 
(13)

U s  t   H U s  Θ, t 
It can be seen that all the randomness of the system comes from Θ . Meanwhile, both Y and
U s are satisfied with the generalized density evolution equations, that is [7]:
 pYΘ  y, θ, t  
p  y, θ, t 
 Y  θ, t  YΘ
0

t
y

(14)

p
u
,
θ
,
t
p
u
,
θ
,
t






 U sΘ
U sΘ
 U s  θ, t 
0

t
u
where, pYΘ  y,θ, t  and pU s Θ u ,θ, t  are the joint PDFs of the Y  t  , Θ  and U s  t  , Θ  respec-

tively; Y θ, t  and U s θ, t  are the velocity arguments of Y t  and U s t  with the condition of
Θ  θ . The initial conditions of Eq. (14) are as followed:

 pYΘ  y, θ, t     y  y0  pΘ  θ 
t 0

(15)

 pU s Θ  u , θ, t  t 0    u  u0  pΘ  θ 
where, y0 ,u0 are the initial values of Y t ,U s t  respectively;   is the Dirac’s delta function.

Then the instantaneous PDFs of Y t  and U s t  at any time could be obtained:

 pY  y, t  
Θ pYΘ  y, θ, t  dθ

(16)

,
,
θ
,
θ
p
u
t

p
u
t
d

 U s    U sΘ 
Θ

Where,  θ is the distribution domain of Θ . Generally, it is difficult to obtain the analytical

solution of PDFs. A numerical scheme usually is employed which could refers to the reference[5].

4 Case study
In order to validate the effectiveness of the semi-active control strategy proposed in this paper,
a SDOF structure system subjected to random seismic ground motion and controlled by a MR
damper is investigated. The parameters of the system are as follows: structural mass,
m  1105 kg ; natural circular frequency, 0  11.22rad / s ; damping ratio,   0.05 ; tunable
times of MR damping force, s  8 . Seismic accelerations are simulated with the stochastic
ground motion model. Through the parameter optimization, the damping coefficient and the
maximum Coulomb force are designed as 0.6119 kN×sec/mm, 82.28 kN, respectively.
The root-mean-square displacement of structural system with and without control is shown in
Figure 2. It is seen that the structural performance gains a significant improvement both using
the semi-active stochastic optimal control and passive-off counterpart as well. Comparing
with the passive-off counterpart, the semi-active control gains a better control efficiency.
Especially in the time domain where a larger response of uncontrolled structure locates, the
semi-active control implements a serious response reduction. The details on the situation of
MR damping force tracing active optimal control force in root-mean-square sense are shown
in Figure 3. One could recognize that the semi-active control gains a good control-force
tracing with the active optimal control; while it is not so well in the passive-off modality. It is
explained that the passive-off modality has no ability of tracing the active optimal control
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force in real time though the damping coefficient used in the former is derived from the
optimization related to the latter. More accurate probabilistic representation is the probability
density function. Figure 4 shows the probability density functions of displacement at typical
instants with and without MR damping control. It is seen that the MR damping control can
reduce the variation of structural displacement significantly, where the distribution range of
PDFs becomes narrower. The highlight is laid upon the MR damping control in semi-active
modality, indicating that the structural system locates at more robust and more safe state.
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Fig. 2 Root-mean-square displacement of structural system with and without control
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Fig. 3 MR damping force traces active optimal control force in root-mean-square sense: (a) in
semi-active modality; (b) in passive-off modality
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Fig. 4 Probability density function of displacement at typical instants with and without MR
damping control: (a) without MR damping control; (b) MR damping control in semi-active
modality; (c) MR damping control in passive-off modality
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In order to expose the influence of the control strategy of semi-active modality and pass-off
modality upon the dynamic performance of MR dampers, the relationship curves between
damping force and damper displacement in case of a sample seismic excitation are shown in
Figure 5. It is seen that the relationship curves that the semi-active modality behaves as a
strategy associated both with displacement and velocity where the curve approaches to a rectangular figure; while the passive-off modality behaves as a strategy associated merely with
velocity where the curve approaches to an elliptical figure.
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Fig. 5 Relationship curves between damping force and damper displacement in case of a
sample seismic excitation: (a) in semi-active modality; (b) in passive-off modality

5 Conclusion
The control efficiencies of the semi-active stochastic optimal control and of the passive-off
counterpart are investigated. The influence of control modalities upon the reliability
enhancement of structures subjected to random seismic ground motion is addressed as well.
Numerical results reveal that MR damping control can reduce the seismic response
significantly no matter in the semi-active control modality or in the passive-off control
modality. It is noted that owing to a good control-force tracing with the active optimal control,
the semi-active control strategy can gain a more robust and more safe structural system.
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Abstract: Reliability-Based Design Optimization (RBDO) is a robust approach for
optimizing structures in presence of uncertainties. The formulation includes failure
probabilities as reliability constraints, which demand a great computational burden
to be evaluated. Many methods try to circumvent this issue by using approximations
based on the first order reliability method (FORM), but such strategies can lead to
infeasible solutions. Monte Carlo simulations, on the other hand, are
computationally expensive. Thus, this paper aims to couple a FORM-based scheme
for a global scan of the design space with an intelligent sampling method for a local
refinement of the solution, resulting in an efficient and accurate hybrid method for
solving RBDO problems.

1 Introduction
Structural design is the process of critically looking at alternative structural
configurations and selecting one which provides the best compromise between conflicting
goals; typically safety and costs. Reliability-Based Design Optimization (RBDO) is the generic
name given to structural optimization that explicitly considers uncertainties, where design
feasibility is stated as a function of reliability constraints. In RBDO, results depend directly on
reliability assessment, which can be done by either stochastic simulations or moment methods.
The computational cost of constraints evaluation is particularly significant, since reliability
analysis is performed inside an optimization framework, where calculations are repeated
hundreds to thousands of times [5]. Hence, considerable research has been concentrated on
developing practical means to make probabilistic design computationally feasible for complex
engineering problems [11,12].
As Monte Carlo simulations are computationally expensive, many methods to overcome
the difficulties in solving the nested reliability-optimization loops of RBDO problems have
been recently developed on the basis of the first order reliability method (FORM), due to its
simplicity and efficiency [5,8,9,17,19,22]. However, a literature survey revealed that the
solution of many benchmark problems used to validate such approaches is actually unfeasible,
when Monte Carlo simulation is used to evaluate the optimal designs [1]. This result is a
consequence of limit state linearization in FORM, and has been grossly overlooked in the
literature. On the other hand, solutions of RBDO problems using Monte Carlo simulation are
scarce, and generally too expensive for practical use [6,16].
With this background, this paper proposes a hybrid method for accurate and efficient
solution of RBDO problems. The proposed method efficiently combines a FORM-based
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scheme for a global scan of the design space, with a sampling-based method for a local
refinement of the solution. The developed scheme is shown to lead to accurate, feasible
solutions at a fraction of the computational cost of pure simulation-based solutions. In this
paper, we will first provide an overview of RBDO developments in Section 2, in order to lay
the foundation for our proposed hybrid method, described in Section 3. In Section 4, the
performance of the hybrid method is assessed using two benchmark examples and its accuracy
is compared with other RBDO methods. Conclusions are drawn in Section 5.

2 Overview of RBDO
A typical RBDO problem is defined by Equation (1):
min f  d, X, P 
d, μ X

(1)

Prob  g i (d, X, P)  0,   1  Ri , i  1, , nLS
Subject to:  L
U
L
U

 d  d  d , μX  μX  μX
where f ( ) is the objective function, d  R nD is the vector of deterministic design variables,

X  RnRD is the vector of random design variables, P  RnR is the vector of random parameters,
and nR, nRD and nR are the number of deterministic design variables, random design variables
and random parameters, respectively. The design variables are d and the means μ X of the
random design variables X. gi (d, X, P) and Ri for i  1,

, nLS are constraint functions and the
desired probabilities of constraint satisfaction, respectively, and nLS is the number of probability
constraints (limit state equations). The problem has also lateral constraints, represented by the
lower bounds d L and μ XL of d and X, respectively, and their upper bounds dU and μUX .
The first well-established solutions for this kind of problem involved a double loop, where
the reliability problem was solved by FORM in every step of the applied optimization
algorithm. The main drawbacks of this classical approach lies in the numerical effort required
to solve the system [8] and the lack of robustness, since the convergence of the reliability
assessment is not guaranteed [21]. As the double-loop strategy may be computationally
infeasible, various techniques that either decouple the two nested optimization loops [4,5,18,20]
or merge them in a single optimization loop [3,7,10] have been proposed, leading to significant
efficiency and convergence benefits.
A promising technique is the Single Loop Approach [1,9,10], that concomitantly searches
for the design point that satisfies reliability constraints and minimizes cost. The exact reliability
constraint is replaced by a linearization of the limit state function at the minimum performance
point [19]. This approximation is negligible when solving well-behaved problems, but for
highly non-linear problems it can overestimate or underestimate the actual probability of failure
[13]. Using stochastic simulations is the best way to eliminate such problem. However, it also
introduces a new issue that can make its use prohibitive: the need for using a large number of
samples to solve small failure probability problems.
A recent and very efficient way to evaluate the reliability constraint of the original RBDO
problem in Eq. (1) by simulation was recently proposed by [15]. The Weighted Average method
consists in performing a uniform sampling for all the random variables and random parameters
of the problem, and applying a weight to each sampled point. This allows the most relevant part
of the design space to be filled with points. In this case, the discrimination of the probability
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content of an arbitrary sub-domain is not given by the number of points sampled in it, like in
common Monte Carlo simulation, but by the weights attributed to them. The weight W for each
point is defined as the image of the random variables joint probability density function in that
point. Then, an index function is applied to distinguish samples in the failure region (I = 1, for
gi < 0) from those in the safe region (I = 0, for gi ≥ 0). Finally, the probability of failure is
estimated as:





N

Pˆf

i 1
N

IWi

(2)

Wi
i 1

The efficiency of WA can be further improved, if we adopt the ranking strategy proposed
by [14]. In this case, all samples are ranked in decreasing order of W, so that those with very
low weight are not taken into account. Since many points are sampled in low probability regions
of the domain of the random variables, many points can be suppressed with irrelevant loss of
precision, requiring even less simulations. Reliability problems can be solved this way with a
much smaller number of simulations, compared to brute Monte Carlo simulations, and have no
need for previous knowledge of the MPP coordinates, like other importance sampling
approaches [23].
The Ranked Weighted Average (RWA) simulation approach was applied to solving
RBDO problems, but limited to the fact that no design variables were deterministic [14]. In
such case, the efficiency of the method falls drastically, since a new round of simulations have
to be run.

3 Proposed optimization procedure
The proposed methodology intends to solve RBDO problems, considering the
compromise between accuracy and the computational cost required to obtain the optimal
design. It successfully combines the efficiency of the approximate Single-Loop Approach with
the precision of the Ranked Weighted Average simulation-based method.
Two main steps compose the hybrid procedure. First, the optimization problem is solved
using SLA [10], as described in Section 2, in order to obtain an initial guess and prevent running
computationally expensive simulations for uninteresting configurations which are
systematically explored. Then, the solution is refined through the RWA method [14], to ensure
design feasibility and push the optimal design to the limits of reliability constraints boundaries.
If the problem includes design random variables, the procedure follows a sequential
optimization framework. If not, a line search algorithm is applied to take solution towards the
optimum point.

3.1 Sequential optimization framework





Once the SLA candidate design point θSLA  dSLA , μSLA
has been found, the original
X
optimization problem is replaced by a series of sub-problems, in case X-type variables are
present. The optimization then follows a sequential framework, as described below.





Suppose the current candidate optimal design is θ( k )  dSLA , μ(Xk ) and k is the number of
iterations (for k  0, μ

(k )
X

μ

SLA
X

), the deterministic optimization sub-problem to be solved is

thus given by
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μ (Xk 1)  arg min f  dSLA , X( k 1) , P 

SLA
( k 1)

, P)  0,   PfT,i , i  1,
Prob  g i (d , X
Subject to: 
( k 1)
( k 1)
( k 1)

 L  μ X  L

( k 1)

T
where Pf , i is the target failure probability of the ith constraint, and L 

lower and upper bounds for the sub-domain of

μX ,

(3)

, nLS

( k 1)

and L 

are the

defined by

T
L(k 1)  min μ(Xk )  γ ( k )mb; μ(Xk )  (max
 2) σ

(4)

T
L(k 1)  max μ(Xk )  γ ( k )mb; μ(Xk )  (max
 2) σ

(5)

where mb is the size of the moving bounds, chosen as a fraction of the original lateral
constraints of X, and γ is a constant that controls the size of the moving bounds.
Since the local optimization domain affects the performance of the sequential
optimization framework, it should be appropriately selected. To do so, two different measures
are used to define its lower and upper bounds. The first one is related to the performance of the
deterministic optimization algorithm: as the size of the moving bounds grows, each iteration
takes longer to converge, but the total number of iterations is generally small; as mb decreases,
the sequential procedure may present a greater number of sub-problems, but they are solved
rapidly. The second measure, on the other hand, ensures that the WA sample generation interval
for each variable include part of the failure region. It is proportional to the highest target
reliability index of the original problem and the moments of the random design variables. The
former measure is also used to set the limits of the uniform distribution function used to generate
samples for the random parameters P.
Once the size of the sub-domain is defined, samples of X and P are uniformly distributed
following a Latin hypercube pattern. A deterministic optimization is then performed using any
arbitrary numerical algorithm [2] while the reliability constraints are evaluated through RWA.
The deterministic optimization continues iteratively, until the optimum point respects some
tolerance or until the solution violates any lateral constraint of the sub-problem. If this happens,
the current solution becomes the center point of a new sampling local domain, defined
according to an adaptive strategy. In this work, the following rule is used:
  X( k )   X( k 1)   X( k 1)   X( k 2)   0   i  0.7
i
i
i
i

(6)
if 
(k )
( k 1)
( k 1)
( k  2)







0



1.1




Xi
Xi
Xi
i
 Xi
where the value of γi is based on historical results of  X i , being unitary in the first three
iterations. After calculating γi, Eqs. (4) and (5) are applied.
When all convergence criteria are satisfied, the proposed procedure stops and returns the
SLA
best feasible solution for d* = d . This means that the final design is not necessarily the best
possible configuration for problems that have both deterministic and random design variables,
simultaneously. Even so, the solution is optimal in relation to the initial guess obtained through
SLA. The developed scheme is based on the assumption that design variables with some degree
of uncertainty are more relevant to the analysis and will make the response converge more
quickly to satisfying reliability constraints. Besides, it increases the efficiency of the method
by taking advantage of WA special features.
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3.2 Line-search framework
If the problem definition does not involve X-type variables, the sequential framework
described does not apply and the procedure follows with the optimization of deterministic
design variables. In this case, it is assumed that the distance between the optimum point d* and
the current point d(k) is proportional to the distance between the target failure probability and
the failure probability of the current design. This hypothesis is not exact, but is supported by
the fact that the SLA result is usually close to the true optimal configuration. Thus, the linear
approximation ends up pointing in a direction that, iteratively, converges to it.
The line-search algorithm works as follows: first, constraint gradients are evaluated with
SLA
a RWA sampling centered at d . With this, an improving feasible direction (defined as the
one that reduces the objective function while remaining strictly feasible for a small step size) is
determined using the method of feasible directions [2] and an arbitrarily small measure is taken
in the direction of that versor. The probability of failure at these two points is then estimated
and a linear optimization process is performed using this information. The goal is to make the
current design advance to a point closest as possible to the one associated to the target failure
T

probability, Pf . For this, an optimal step s is defined:
s

PfT  Pf( k 1)

(7)

Pf( k )  Pf( k 1)

where Pf( k ) and Pf( k 1) are the estimated failure probabilities of the current and the previous





iterations, respectively. For k = 1, Pf(0)  Pf dSLA . If s ≤ 0.5, the optimal point is closer to

d( k 1) , i.e., PfT  Pf( k 1)  PfT  Pf( k ) . Thus, the next point is obtained by:
d( k 1)  d( k 1)  s  d( k )  d( k 1) 

(8)

However, if s > 0.5, the starting point for the next trial configuration is the current design.
T

(k )

In such case, there are two possibilities. If Pf is located ahead of Pf

on the line that connects

d( k 1) and d ( k ) , the step value is updated to:
s  s 1

(9)

T
f

Otherwise, P is between those two points and the step is given by:
s   1  s 

(10)

In both cases, the new design point is calculated as:

d( k 1)  d( k )  s  d( k )  d( k 1) 

(11)

and its failure probability is estimated by RWA simulations, initiating a new cycle. The process
continues until some stopping criteria are satisfied.

4 Examples
4.1 Multiple limit states problem
A classical RBDO problem [1,10] consists in finding the optimal mean of two Gaussian
random variables, according to the following mathematical model:
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min f  1  2
1 , 2

Prob  g i ( X)  0,   (  T ), i  1, 2,3

 g 1 ( X)   X 12 X 2  20  1
(12)

2
2

s.t.:  g 2  X    X 1  X 2  5  30   X 1  X 2  12  120  1
 g X  80 X 2  8 X  5  1
 1

2
 3 
0  1  10, 0  2  10


both variables have σ = 0.3 and three target reliability indexes are tested (βT = 2, 3, 4).
This problem was initially solved by the SLA, and then by the hybrid method described
in Section 3. For the SLA solution, results similar to those obtained by [1] were found, as shown
in the first two columns of Table 1. Columns (3-6) present the mean value and coefficient of
variation (CV) of 20 runs of the hybrid algorithm. Slightly higher costs can be noticed. After
running both methods, the actual reliability of each design configuration was verified through
a Crude Monte Carlo simulation using 107 samples. This analysis revealed that constraints were
originally violated by the SLA, but the proposed procedure successfully led the results into the
feasible domain. In all cases, the index function (I) had to be evaluated only once, corresponding
to ten thousand limit state evaluations (against a minimum of 107 crude MC runs for βT = 4 and
CV = 10%).
Table 1: Comparison between SLA and proposed hybrid method.

T
2
3
4

fSLA

d*SLA

f

(1)

(2)

6.18
6.73
7.26

{3.29, 2.89}
{3.44, 3.29}
{3.61, 3.65}

(3)

CV(f)
(4)

6.331
6.825
7.350

0.2%
0.1%
0.1%

SLA

HYBRID

(5)

CV(d*)
(6)

(7)

(8)

{3.32,3.01}
{3.44,3.39}
{3.62,3.73}

0.4%
0.3%
0.2%

1.697
2.789
3.893

1.997
3.000
4.003

d*

Figure 1 illustrates the convergence of both random design variables for the hybrid
method when βT = 4. Noticeable, in the three first iterations, corresponding to the SLA stage of
the technique, variations are more abrupt. From fourth iteration on, simulation-based steps only
refine the solution.
5

Design variables

4,5
4
3,5

3

μ1

2,5

μ2
2
0

1

2

3
4
Iterations

5

6

Figure 1: Graph of convergence of the proposed procedure.
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4.2 Nonlinear mathematical problem
In this example, a mathematical model is used to assess the line-search algorithm
efficiency. The RBDO problem is expressed as:

min f  d12  d 22
d


1

(13)
Prob  d1d 2 P22  P1  0   0.01
s.t.: 
5


0  d  15
where both random parameters, P1 and P2, are normally distributed with respective means {5.0,
3.0} and a common coefficient of variation of 0.3. The target failure probability is 1%
(corresponding to βT = 2,32).
This problem was solved by [1] through several approximate methods, all of them
converging to the minimum objective f (d)  63.88. With the first part of the hybrid procedure,
the SLA algorithm resulted in the optimal point d*  {5.65, 5.65}, which recovers the same
reference objective function value. After running a Crude Monte Carlo simulation using 10 6
samples, an actual reliability index of 2.335 was found. The line-search optimization was then
performed. Design variables presented a mean of d*  {5.576, 5.576} for 10 runs of the
complete procedure, and a small coefficient of variation of 1.5%. This corresponds to a lower
objective f (d)  62.18, associated to a reliability index β = 2.324 that is even closer to the
boundaries of the feasible domain. Therefore, the hybrid method presented better results once
again. On average, the probabilistic constraint was evaluated 32,315 times, and 104 samples
were used for each simulation performed during the line-search optimization.

4.3 Short column design
The final example was extracted from [1,10] and involves the design of a short column
with rectangular cross-section of dimensions w and h, subjected to a normal force F and biaxial
bending moments M1 and M2, as illustrated on Figure 2. The hybrid method is applied in order
to minimize the cross-section area of the column under the target reliability βT = 3, considering
both width and height as design random variables.

Figure 2: Rectangular cross-sectional short column design.

According to the elastic-plastic constitutive law, the limit state function is expressed by:
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g ( X)  1 

4M1
4M 2
F2


bh 2 f y b 2 h f y  bh f 2
y

(12)

where the yield stress fy, the applied bending moments M1 and M2, and the applied normal force
F are taken as random parameters. All variables are assumed to be normally distributed, with
their statistical data given in Table 2. Different coefficients of variation are applied to the w and
h in order to test the robustness of the method and limiting cross-section aspect ratios are
considered as lateral constraints. The RBDO problem is written as:

min A  b .h
b ,  h

Prob  g ( X)  0,   (  T )
s.t.: 
0.5  b h  2

(13)

Table 2: Statistical data of the random variables in short column design problem.

Mean
COV

F (kN)

M1 (kN.m)

2500
0.2

250
0.3

M2 (kN.m) fy (MPa)
125
40
0.3
0.10

w (m)

h (m)
μb
μh
0.05 / 0.10 / 0.15

Similar to previous examples, the first part of the hybrid procedure recovered the same
optimal objective function values referenced in [1] for all the COVs adopted. The actual
reliability index of each design configuration was checked by Crude Monte Carlo simulations
using 106 samples, revealing that the probability constraint was once again violated by the SLA
solution. After running the sequential optimization framework, the hybrid method successfully
refined the short column design, driving it into the feasible domain. Table 3 presents the
complete solution of this RBDO problem, with statistics based on the results of 20 complete
runs of the hybrid algorithm.
Table 3: SLA and hybrid method results.

COV
0.05
0.10
0.15

d*SLA

fSLA

(1)

(2)

0.2024
0.2373
0.3014

{0.318, 0.636}
{0.344, 0.689}
{0.388, 0.776}

f

(3)

CV(f)
(4)

d*

(5)

0.2027 1.15% {0.321, 0.631}
0.2407 1.63% {0.349, 0.689}
0.3132 2.64% {0.400, 0.783}

CV(d*)
(6)

SLA
(7)

(8)

1.14%
1.17%
1.91%

2.960
2.917
2.866

2.969
2.979
2.983

HYBRID

For low coefficients of variation, the complete algorithm has not enough room for
improvements, since results from SLA are already sufficiently close to the feasible domain.
However, as COV grows, the highly nonlinear nature of the problem starts to influence the
solution of approximate methods, but such issue is successfully circumvented by the refinement
provided by the hybrid procedure.

5 Conclusion
This article proposed a hybrid method for solution of RBDO problems, combining the
SLA and RWA simulation techniques. Moment and simulation-based methods have their own
capabilities and limitations, regarding robustness and numerical performance, in solving
reliability problems. Aiming to explore the main features of each of them, the proposed
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procedure successfully combines SLA with RWA in a hybrid method capable of solving RBDO
problems with increased efficiency and accuracy. The Single-Loop Approach, which can find
points of minimum with a reduced number of limit state evaluations, is used for searching a
candidate design point. Because design feasibility is not guaranteed by moment methods, this
approximate solution is then refined through Monte Carlo simulations with ranked weighted
average sampling. By applying such intelligent sampling technique, the cost of evaluating
probabilities falls drastically, without compromising precision. Three academic examples were
used to illustrate the proposed methodology. All presented better results in comparison to the
originally applied techniques, with very little additional computational cost.
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Abstract: Critical infrastructure networks are the backbone of modern societies as
they provide them with the services that are essential for their continuous functioning. However, these networks are increasingly becoming more interdependent, potentially making them highly vulnerable. Hence, analyzing the vulnerability of these
interdependent infrastructure networks becomes a key element of network planning
and preparing for a disruptive event. Recognizing the inevitability of large-scale
disruptions, emphasis shifted from reliability-driven perspective of protection to a
perspective of resilience. This work offers a means to study the importance of interdependent network components with a resilience-focused performance measure in
mind. We propose two component importance measures based on an interdependent
networks resilience optimization model to prioritize the restoration process of the
disrupted components in each infrastructure network such that the resilience of the
interdependent infrastructure networks is maximized. The proposed measures are
illustrated through generated interdependent power-water networks. A simulation is
also provided to capture the uncertainty of the disruptive events and their effect on
the ranking of interdependent infrastructure networks components.

Introduction
Societies depend on the continuous and proper functioning of critical infrastructure networks
such as transportation, telecommunications, electric power, natural gas, and water distribution
to provide them with fundamental services to support their economy, security, and quality of
life. However, components of such infrastructure networks are subjected to disruptions (e.g.,
manmade accidents, malevolent attacks, or natural disasters) that could affect their performance differently due to their uncertainty and have direct consequences on communities.
Therefore, a key aspect of preparedness planning in infrastructure networks lies in identifying
the critical network components that influence not only (i) the performance of their networks
the most when disrupted or restored but also (ii) the performance of other networks due to their
interdependent nature.
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Component importance measures (CIMs) assist infrastructure decision makers by identifying
the critical and influential components (nodes and links) in their respective networks that affect
the performance of their infrastructure networks the most when disrupted or restored following
a disruptive event. Consequently, these critical components can be reinforced or protected prior
to a disruptive event and prioritized or expedited during the recovery process following a disruptive event [14]. Hence, several CIMs have been proposed in literature such as: network
efficiency [13], resilience worth [2], flow capacity rate [14], reliability achievement worth [16],
travel time and distance [18], accessibility [4] and optimal repair time [6], among others. All
these CIMs are proposed to identify critical components in a single infrastructure network.
However, infrastructure networks do not work independently from each other, but rather they
are highly interconnected and mutually interdependent in different ways (i.e., physical, cyber,
geographical and logical interdependencies [17]). Though interdependencies across critical infrastructure networks can improve their efficiency, the increasing interdependencies among
those interdependent infrastructure networks make them highly vulnerable to any disruptive
event. That is, the occurrence of a disruption in an infrastructure network may propagate to
other dependent infrastructure networks resulting in a much more significant impact on a society and its economy [12]. Hence, it is crucial to account for interdependencies between critical
infrastructure networks when studying their vulnerability or recoverability to obtain a realistic
analysis of their performance [8].
Multiple CIMs have been proposed in the literature to consider different types of the
interdependencies between critical infrastructure networks when identifying their critical
components such as: physical interdependency (e.g., interdependent rank ordering [5],
synergistic consequences [10], global safety efficiency [21]) and geographical interdependency
(e.g., geographic valued worth [15]). However, by recognizing the inevitability of large-scale
disruptions, emphasis shifted from reliability-driven perspective of protection [10,15,21] to a
perspective of resilience, or the ability to withstand, adapt to, and recover in a timely manner
from the effects of a disruptive event [20]. Therefore, it is important to have resilient
infrastructure networks accounting for the interdependencies between them. In this work, we
propose two resilience-based CIMs that (i) quantify the effect of the disrupted components on
the resilience of the interdependent infrastructure networks once they are recovered, and (ii)
measure the potential impact on the resilience of the interdependent infrastructure networks
caused by a specific disrupted network element, respectively. Hence, they provide a set of
prioritized restoration tasks for the disrupted components (nodes and links) in the
interdependent infrastructure networks aiming to enhance their resilience given their physical
interdependency (i.e., an output from an infrastructure network is considered an input to
another and vice versa). The two proposed CIMs are based on an interdependent network
resilience optimization model using mixed-integer programming (MIP) that considers
proportional disruptions for disrupted network components with a fixed recovery time for each
one of them [1]. The uncertain nature of disruptive events could lead to different prioritizations
for the restoration of the disrupted network components according to their proportional
disruptions.
The remainder of the paper is organized as follows. Section 2 provides a brief background
about network resilience. An interdependent network resilience optimization model is
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presented in Section 3. The proposed CIMs are discussed in Section 4. In Section 5, an
illustrative example is offered with the effect of uncertainty. Finally, concluding remarks are
provided in Section 6.

Network Resilience
Resilience is generally defined as the ability of an entity or system to withstand, adapt to, and
recover from a disruptive event to a desired level of performance [3]. Several different
approaches to quantify system resilience have been recently proposed in the literature [9].
However, in this work, we consider the resilience paradigm based on network performance
shown in Figure 1 [7], where two primary dimensions of resilience are illustrated: (i)
vulnerability, or the magnitude of damage to a network by a disruptive event [11], and (ii)
recoverability, or the timeliness at which a disrupted network recovers to a desired level of
performance [19].

Figure 1: Illustration of network performance across different transition states

The performance of the network across these different states over time is measured by the
function 𝜑(𝑡), which describes the behavior of the network prior to a disruptive event, 𝜑(𝑡0 ),
after being disrupted, 𝜑(𝑡d ), and after being recovered to a desired level, 𝜑(𝑡f ). Accordingly,
network resilience, denoted by Я, can be defined as the time dependent ratio of the network
recovery over the loss in its performance following a disruptive event [7] and mathematically
represented by Eq. ##.
Я𝜑 (𝑡|𝑒 𝑗 ) =

𝜑(𝑡|𝑒 𝑗 ) − 𝜑(𝑡𝑑 |𝑒 𝑗 )
, 𝑡 ∈ (𝑡s , 𝑡f )
𝜑(𝑡𝑜 ) − 𝜑(𝑡𝑑 |𝑒 𝑗 )

(1)

The value of the network resilience, Я𝜑 (𝑡|𝑒 𝑗 ), at time 𝑡 given the occurrence of a disruptive
event, 𝑒 𝑗 , is between 0 and 1 where Я𝜑 (𝑡|𝑒 𝑗 ) = 1 indicates the network is fully resilient.

Interdependent Network Resilience Optimization Model
3.1 Notations
There is a set of available time periods, 𝑇, and a set of interdependent infrastructure networks,
𝐾. For each infrastructure network 𝑘 ∈ 𝐾, there is a set of nodes, 𝑁 𝑘 , a set of links, 𝐿𝑘 , a set of
supply nodes, 𝑁𝑠𝑘 ⊆ 𝑁 𝑘 , a set of demand nodes, 𝑁𝑑𝑘 ⊆ 𝑁 𝑘 , a set of disrupted nodes, 𝑁 ′𝑘 , and
𝑘
a set of disrupted links, 𝐿′𝑘 . Each link (𝑖, 𝑗) ∈ 𝐿𝑘 in network 𝑘 ∈ 𝐾 has a capacity of 𝑢𝑖𝑗
and
′𝑘
′𝑘
the proportional disruption in node 𝑖 ∈ 𝑁 and link (𝑖, 𝑗) ∈ 𝐿 in network 𝑘 ∈ 𝐾 is denoted
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𝑘
by 𝑣𝑛𝑖𝑘 and 𝑣𝑙𝑖𝑗
, respectively. Let 𝑓𝑖𝑡𝑘 be the amount of supply at node 𝑖 ∈ 𝑁𝑠𝑘 in network 𝑘 ∈
𝐾, that is the maximum flow (i.e., the function by which the network performance is measured
and its resilience is determined) from supply node 𝑖 ∈ 𝑁𝑠𝑘 to demand nodes in network 𝑘 ∈ 𝐾
after recovery at time period 𝑡 ∈ 𝑇. The total maximum flow from all supply nodes to all
demand nodes in network 𝑘 ∈ 𝐾 prior and after the ocurrance of a disruptive event is
represented by 𝐹𝑜𝑘 and 𝐹𝑑𝑘 , respectively (i.e., 𝐹𝑜𝑘 refers to the original maximum flow at time
𝑡𝑜 , and 𝐹𝑑𝑘 refers to the maximum flow at time 𝑡𝑑 following a disruption, 𝑒 𝑗 , as shown in
̅
Figure 1). The interdependence between the networks is captured by a paramter 𝛽𝑖𝑖̅𝑘𝑘 which
equals 1 if node 𝑖̅ ∈ 𝑁 𝑘̅ in network 𝑘̅ ∈ 𝐾 depends physically on node 𝑖 ∈ 𝑁 𝑘 in network 𝑘 ∈
𝐾 to be operational, and 0 otherwise. Three decision variables in the model: a non-negative
𝑘
decision variable 𝑥𝑖𝑗𝑡
representing the flow through link (𝑖, 𝑗) ∈ 𝐿𝑘 in network 𝑘 ∈ 𝐾 at time
𝑘
period 𝑡 ∈ 𝑇, and two binary decision variables, 𝑧𝑖𝑡𝑘 and 𝑦𝑖𝑗𝑡
, equal 1 if node 𝑖 ∈ 𝑁 𝑘 and link
(𝑖, 𝑗) ∈ 𝐿𝑘 , respectively, in network 𝑘 ∈ 𝐾 is operational at time period 𝑡 ∈ 𝑇 and 0 otherwise.

3.2 Mathematical Model
There are two main assumptions for the resilience optimization model: (i) the model considers
proportional disruptions for the disrupted components, meaning that a disrupted node or link
might not be completely disrupted but instead functioning proportionally such that it enables
proportional functionality of dependent nodes, and (ii) all disrupted components are assumed
to have the same recovery time. Accordingly, the model can be formulated with Eqs. (2)-(14).
𝐾

𝑘
∑𝑇𝑡=1 [𝑡 (∑𝑖∈𝑁𝑘 𝑓𝑖𝑡𝑘 − 𝐹𝑑𝑘 ) − (𝑡 − 1) (∑𝑖∈𝑁𝑘 𝑓𝑖𝑡−1
− 𝐹𝑑𝑘 )]
𝑠
𝑠
𝑚𝑎𝑥 ∑ 𝜔 [
]
𝑇(𝐹𝑜𝑘 − 𝐹𝑑𝑘 )
𝑘

(2)

𝑘=1

Subject to:
∑

𝑘
𝑥𝑖𝑗𝑡

(𝑖,𝑗)∈𝐿𝑘

− ∑

𝑘
𝑥𝑗𝑖𝑡

(𝑗,𝑖)∈𝐿𝑘

𝑓𝑖𝑡𝑘 ,
= { 0,
−𝑓𝑖𝑡𝑘 ,

𝑘
𝑘
𝑥𝑖𝑗𝑡
− 𝑢𝑖𝑗
≤ 0,

∀𝑖 ∈ 𝑁𝑠𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇
∀𝑖 ∈ 𝑁 𝑘 \{𝑁𝑠𝑘 , 𝑁𝑑𝑘 }, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇
∀𝑖 ∈ 𝑁𝑑𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

∀(𝑖, 𝑗) ∈ 𝐿𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(3)
(4)

𝑘
𝑘
𝑥𝑖𝑗𝑡
− 𝑢𝑖𝑗
((1 − 𝑧𝑖𝑡𝑘 )×𝑣𝑛𝑖𝑘 + 𝑧𝑖𝑡𝑘 ) ≤ 0,

∀(𝑖, 𝑗) ∈ 𝐿𝑘 , 𝑖 ∈ 𝑁 ′𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(5)

𝑘
𝑘
𝑥𝑖𝑗𝑡
− 𝑢𝑖𝑗
((1 − 𝑧𝑗𝑡𝑘 )×𝑣𝑛𝑗𝑘 + 𝑧𝑗𝑡𝑘 ) ≤ 0,

∀(𝑖, 𝑗) ∈ 𝐿𝑘 , 𝑗 ∈ 𝑁 ′𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(6)

𝑘
𝑘
𝑘
𝑘
𝑘
𝑥𝑖𝑗𝑡
− 𝑢𝑖𝑗
((1 − 𝑦𝑖𝑗𝑡
)×𝑣𝑙𝑖𝑗
+ 𝑦𝑖𝑗𝑡
) ≤ 0,
̅

̅

∀(𝑖, 𝑗) ∈ 𝐿′𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

̅
∀𝑖 ∈ 𝑁 𝑘 , 𝑖̅ ∈ 𝑁 𝑘 , 𝑘, 𝑘̅ ∈ 𝐾, 𝑡 ∈ 𝑇

𝑧𝑖̅𝑘𝑡 − ∑ 𝛽𝑖𝑖̅𝑘𝑘 𝑧𝑖𝑡𝑘 ≤ 0,

(7)
(8)

𝑖∈𝑁𝑘
𝑘
𝑧𝑖𝑡𝑘 − 𝑧𝑖𝑡+1
≤ 0,

∀𝑖 ∈ 𝑁 𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

𝑘
𝑘
𝑦𝑖𝑗𝑡
− 𝑦𝑖𝑗𝑡+1
≤ 0,

∀(𝑖, 𝑗) ∈ 𝐿𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

𝑘
𝑘
𝑘
∑ [𝑧𝑖𝑡𝑘 − 𝑧𝑖𝑡−1
] + ∑ [𝑦𝑖𝑗𝑡
− 𝑦𝑖𝑗𝑡−1
] ≤ 1, ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇
𝑖∈𝑁′𝑘

(9)
(10)
(11)

(𝑖,𝑗)∈𝐿′𝑘
𝑘
𝑥𝑖𝑗𝑡
≥ 0,

∀(𝑖, 𝑗) ∈ 𝐿𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇
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(12)

𝑘
𝑧𝑖𝑡𝑘 ∈ {0,1}, 𝑧𝑖0
= 0,
𝑘
𝑘
𝑦𝑖𝑗𝑡
∈ {0,1}, 𝑦𝑖𝑗0
= 0,

∀𝑖 ∈ 𝑁 ′𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(13)

∀(𝑖, 𝑗) ∈ 𝐿′𝑘 , 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(14)

Objective (2) maximizes the resilience of the system of interdependent networks over the re𝑘
covery time horizon, 𝑇, where 𝜔𝑘 is the weight of network 𝑘 ∈ 𝐾 such that ∑𝐾
𝑘=1 𝜔 = 1.
Constraints (3) are flow conservation constraints at node 𝑖 ∈ 𝑁 𝑘 in network 𝑘 ∈ 𝐾 at time 𝑡 ∈
𝑇. Constraints (4)-(7) are capacity constraints on link (𝑖, 𝑗) ∈ 𝐿𝑘 in network 𝑘 ∈ 𝐾 at time 𝑡 ∈
𝑇 considering undisrupted network components in constraints (4), disrupted nodes in constraints (5) and (6), and disrupted links in constraints (7). The physical interdependence between the networks is represented by constraints (8), which ensure that node 𝑖̅ ∈ 𝑁 𝑘̅ in network
𝑘̅ ∈ 𝐾 cannot be operational at time 𝑡 ∈ 𝑇 unless node 𝑖 ∈ 𝑁 𝑘 in network 𝑘 ∈ 𝐾 is operational
at time 𝑡 ∈ 𝑇 as well. Constraints (9) and (10) ensure that once a node or link, respectively, in
network 𝑘 ∈ 𝐾 is recovered or operational at time 𝑡 ∈ 𝑇, it will remain operational thereafter.
Constraints (11) ensure that at most one component (node or link) in network 𝑘 ∈ 𝐾 can be
recovered during time 𝑡 ∈ 𝑇. Constraints (12)-(14) deal with the nature of the decision variables as well as reflecting the initial status of the disrupted nodes and links in network 𝑘 ∈ 𝐾.

Resilience-Based Component Importance Measures
4.1 Optimal Recovery Time
The optimal recovery time (ORT) CIM is defined as the optimal time to recover a disrupted
network component (node or link) such that the resilience of the interdependent infrastructure
networks is maximized over the recovery time horizon. It quantifies the effect of the disrupted
components on the resilience of the interdependent infrastructure networks once they are recovered and prioritizes them accordingly. The lower value of the ORT indicates the extent to
which the component is more important to the resilience of the interdependent networks. The
ORT of a disrupted network component 𝑒 ∈ 𝐸 ′𝑘 = 𝑁 ′𝑘 ∪ 𝐿′𝑘 in network 𝑘 ∈ 𝐾, denoted as
𝑘
𝐼𝑒𝑂𝑅𝑇 , is defined in Eq. (15), where 𝜇𝑒𝑡
represents the status of each component at time period
𝑘
𝑘
𝑘
𝑘
𝑡 ∈ 𝑇 such that 𝜇𝑒𝑡 equals 𝑧𝑖𝑡 if 𝑒 is a node (i.e., 𝑒 = 𝑖) and 𝜇𝑒𝑡
equals 𝑦𝑖𝑗𝑡
if 𝑒 is a link (i.e.,
𝑘
′𝑘
𝑒 = (𝑖, 𝑗)). Hence, 𝜇𝑒𝑡 equals 1 if component 𝑒 ∈ 𝐸 in network 𝑘 ∈ 𝐾 is operational at time
period 𝑡 ∈ 𝑇 and 0 otherwise.
𝑇

𝐼𝑒𝑂𝑅𝑇

𝑘
= 1 + ∑(1 − 𝜇𝑒𝑡
)

(15)

𝑡=1

4.2 Resilience Reduction Worth
The resilience reduction worth (ЯRW) CIM is defined as the ratio of the optimal system
resilience at recovery time 𝑇 to the optimal system resilience when a disrupted network
component (node or link) is not recovered at recovery time 𝑇. It measures the potential impact
on the resilience of the interdependent infrastructure networks caused by a specific disrupted
network element (i.e., when this specific disrupted network element is not recovered during the
recovery time horizon). The higher value of ЯRW indicates the more critical the component is
to the resilience of the interdependent networks. The ЯRW of a disrupted network component
𝑒 ∈ 𝐸 ′𝑘 = 𝑁 ′𝑘 ∪ 𝐿′𝑘 in network 𝑘 ∈ 𝐾, denoted as 𝐼𝑒Я𝑅𝑊 , is defined in Eq. (16), where Я(𝑇) is
𝑘
the optimal resilience of the interdependent networks at time 𝑇 and Я(𝑇| ∑𝑇𝑡=1 𝜇𝑒𝑇
= 0) is the

1137

optimal resilience of the interdependent networks at time 𝑇 when network component 𝑒 ∈ 𝐸 ′𝑘
is not recovered.
𝐼𝑒Я𝑅𝑊 =

Я(𝑇)
𝑘
Я(𝑇| ∑𝑇𝑡=1 𝜇𝑒𝑇
= 0)

(16)

Illustrative Example
5.1 Data
Due to the difficulty of obtaining real data for interdependent infrastructure networks [10], the
proposed CIMs are illustrated with realistic fictional interdependent networks generated using
the extended algorithm for proximal topology generator by [22]. Hence, we generate the
interdependent networks in two stages: (i) generating individual networks; and (ii) building the
interdependencies between them [1]. In this work, we consider two infrastructure networks,
namely simulated power and water networks. For the power network, power generators and
substations represent the supply and demand nodes, respectively, and the lines between them
represent the links. For the water network, water pumps and storage tanks represent the supply
and demand nodes, respectively, and the pipelines between them represent the links. These two
networks are interdependent as the water network needs power for operation and the power
network requires water for cooling and emission control [5]. Accordingly, the two generated
interdependent infrastructure networks are illustrated in Figure 2.

Figure 2: An interdependent networks example with a power network (blue nodes and links), a water network
(red nodes and links), and the interdependencies between them (green links)

5.2 Experiment
The two interdependent infrastructure networks were disrupted randomly, targeting the same
number and type of disrupted components in both networks. The set of disrupted components
in power and water networks are shown in Table 1, which shows the importance of each
disrupted component in power and water according to ORT and ЯRW (i.e., the rank or
restoration priority of each disrupted component with respect to each CIM). This is based on
the interdependent network resilience optimization model discussed in Section 3, which is
solved using LINGO 16.0. Though two disruption scenarios are considered for the disrupted
components in Table 1, complete disrutption (CD) and proportional disruption (PD), a fixed
recovery time of one time unit is considered for each disrupted network components.
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As shown in Table 1, the disrupted components in the two networks have generally different
ranks according to the two proposed CIMs , ORT and ЯRW, based on their importance and
effect on the resilience of the interdependent networks though there are some similarities such
as: node 4 in power network and links (11,14) and (14,16) in the water network. Also, links
(2,4) and (8,9) in the power network have the same ranks considering different scenarios with
different CIMs as they were ranked randomly since their network reaches the maximum level
of resilience in at time period 8. On the other hand, the ranks of the disrupted components in
both networks are also generally different when considering the two disruptions scenarios, CD
and PD with any of the two proposed CIMs, as shown in Table 1. Hence, the criticality of the
disrupted components in the interdependent infrastructure networks could be different due to
the nature of the disruptive event. For example, node 4 is the most important network
component in the power network when we consider a CD scenario for the disrupted component
(i.e., ranked first according to its score by ORT and ЯRW) but is not the most important
component when we consider a PD scenario (i.e., ranked eighth according to its score by ORT
and ЯRW).
Table 1: Restoration priorities for the disrupted components in the interdependent networks by ORT and ЯRW

Power Network
ORT
Disrupted
component CD PD
node
4
1
8
node
5
4
5
node
6
6
4
link (1,8)
5
1
link (2,4)
9
9
link (3,9)
2
3
link (4,7)
3
7
link (5,6)
8
6
link (6,8)
7
2
link (8,9) 10
10

ЯRW
CD PD
1
8
2
3
3
4
5
2
9
9
6
5
8
7
7
6
4
1
10
10

Water Network
ORT
ЯRW
Disrupted
component
CD PD CD PD
node
13
7
6
5
4
node
14
5
2
1
1
node
15
2
9
2
8
link (10,13) 10
8
10
9
link (10,18)
4
5
4
7
link (11,14)
9
10
9
10
link (11,17)
3
1
7
2
link (12,17)
1
4
3
6
link (13,18)
6
7
6
5
link (14,16)
8
3
8
3

Figure 3 shows the improvement in the resilience of each of the two generated infrastructure
networks along with the system of the interdependent networks by restoring the proportionally
disrupted components in both interdependent networks according to their importance (i.e.,
restoration priorities or ranks) based on the ORT importance measure. Two restoration
strategies for restoring the proportionally disrupted components in the power and water
networks are considered in Figure 3 which are: (i) restoring all the proportionally disrupted
components in both network according to their rank by ORT with PD disruption scenario
(“P.PD” for power network, “W.PD” for water network, and “S.PD” for the system of
interdependent networks), see Table 1, and (ii) restoring the proportionally disrupted
components in both network according to their rank by ORT with CD disruption scenario
(“P.CD” for power network, “W.CD” for water network, and “S.CD” for the system of
interdependent networks), see Table 1. Figure 3 shows the difference in the improvement of
the resilience when restoring proportionally disrupted netwoks components according to their
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priorities based on the worst case disruption scenario (i.e., completely disrupted) and current
disruption scenario considering their proportional disruptions. As a result, the rank of the
disrupted components considering CD disruption scenario is not neccessarily the best rank for
them in all disruptions scenarios as shown in Figure 3, which illustrates the importance of
considering the uncertain nature of the disruptive events when making restoration decisions.

Figure 3: Network resilience considering different restoration scenarios by ORT

5.3 Effects of Uncertainty
In general, different disruption scenarios could lead to having different priorities for the
restoration process of the disrupted components in the interdependent infrastructure networks.
To illustrate how the uncertain nature of the disruptive events could affect the ranking of the
disrupted components in the interdependent networks, we have considered 1000 different
proportional disruption scenarios generated randomly to find the probability that each disrupted
network component falls in each priority ranking.
Figure 5 and Figure 5 show the heat maps for the disrupted components in the power and water
networks according to the two proposed resilince-based CIMs, ORT and ЯRW, respectively.
Each heat map displays the disrupted components where the darker circle represents the higher
probability of that disrupted component being ranked in that position. For example, link (1,8)
in the power network has a higher probability using ORT than other disrupted components in
the same network to be ranked in the first position, R1, as the network component with the
highest priority to be restored first, see Figure 5(a). Similarly, link (8,9) in the power network
is always ranked by ЯRW in the last position, R10, as the least important network component
to be restored as shown in Figure 5(a).

1140

15

(10,13)

13

(11,14)

(13,18)

(14,16)

(11,17)

14

(10,18)

(12,17)

(8,9)

(5,6)

(2,4)

5

4

(4,7)

(6,8)

6

(1,8)

(3,9)

1

1

R1

R1
0.9

0.9

R2

R2
0.8

0.8

R3

R3
0.7

0.7

R4

R4
0.6

0.6

R5

R5
0.5

0.5

R6

R6
0.4

0.4

R7

R7
0.3

0.3

R8

R8
0.2

0.2

R9

R9
0.1

0.1

R10

R10
0

0

(a) Power network components by ORT

(b) Water network components by ORT

(10,13)

15

(11,14)

(14,16)

(11,17)

(13,18)

14

13

1

(10,18)

(12,17)

(8,9)

(2,4)

(5,6)

(4,7)

4

(3,9)

5

(1,8)

(6,8)

6
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Figure 5: Heat Maps for the interdependent networks by ЯRW

Concluding Remarks
Recognizing the inevitability of large-scale disruptions, this work proposes two CIMs, ORT
and ЯRW, to prioritize the disrupted components of interdependent infrastructure networks
based on an interdependent network resilience optimization model using MIP with the
objective of enhancing their resilience considering their interdependences and the uncertain
nature of the disruptive events. Multiple factors could affect the rank of the disrupted networks
components: (i) the nature of the disruptive event, (ii) the set of disrupted components, and (iii)
the interdependency between the infrastructure networks. The two proposed resilience-based
CIMs could be used for prioritizing the recovery of disrupted components in any set of
interdependent infrastructure networks considering the physical interdependence between them
such that the resilience of the system of interdependent networks is improved. However, since
a different rank could be obtained for the disrupted components in the interdependent
infrastructure networks due to different disruption scenarios, a robust or multi-criteria decision
making method could be utilized to have a unique rank for the disrupted components.
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Abstract: Tensile membrane structures (TMS) are lightweight flexible structures that are designed to span long distances with structural efficiency. Their
in-plane tensile stresses along with an anticlastic shape provide the necessary
resistance to carry external actions of wind, rain or snow. The stability – threatened by the inherent flexibility of these structures, along with their inability to
carry out-of-plane moment and shear – can only be achieved by a proper choice
of the initial prestress. Due to the highly random nature of wind forces, the designer encounters the challenge of prescribing the proper initial prestress values that ensure stability and equilibrium of the structure. This task gets further
complicated by the fact that the form-finding of TMS and their structural analysis under static loads are computation-intensive. In this work, a double-loop
reliability-based design optimisation (RBDO) of a benchmark TMS is proposed
which provides the optimum initial prestress values that give a stable TMS in the
presence and absence of random wind forces. The displacement of the membrane
is minimised under this random loading constrained to a stable TMS form and a
maximum failure probability against tearing of the membrane. The current work
is aimed at reducing the costly inner loop RBDO computation using a polynomial chaos expansion (PCE)-based metamodel. Results show that the proposed
metamodelling framework can achieve highly accurate optimum points at a relatively smaller computation cost, as compared to a simulation-based solution of
this RBDO problem.

1

Introduction

Tensile membrane structures (TMS) are long span light-weight structures constructed with flexible architectural fabrics. These fabric materials are composites [9], that have negligible bending
and shear stiffnesses. The membranes are prestressed initially to keep them in a stable form. For
a to-be-designed TMS with a certain set of boundary conditions, the typical design practice is
to specify the initial prestress based on the ‘target prestress’ that is desired to be obtained for
the structure in equilibrium [7]. Under the action of external forces, a TMS primarily transfers
the forces through the existing prestress and also by undergoing large deformations. The design
of TMS is a complex process involving three major steps: form-finding, static load analysis and
patterning. A review of these design steps can be found in Refs. [9, 12]. In the design stage, the
level of initial prestress must be adjusted properly to ensure the TMS’s stability, both in the presence and absence of external forces. However, estimating the proper initial prestress required for
this stability becomes difficult due to the uncertainty associated with the environmental loads
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that act on a TMS. Most commonly, wind load governs the design of such structures. The uncertainty in wind load must be considered during the design phase of a TMS in order to avoid
instabilities, such as, membrane tearing, slackness and wrinkling [3]. Therefore, the design objectives focus on the search for an optimum initial prestress considering the uncertainty in wind
load. Such an optimal solution can be dealt with in the broad area of reliability-based design
optimisation (RBDO) [1, 13, 3].
The solution process of an RBDO problem has two major parts: the optimisation part, and the
computation of the probability of failure (Pf ) part, which is treated in a framework of reliability
analysis. For an RBDO problem, the reliability computation may appear either in the objective function or in constraints. Selection of the algorithms, for both optimisation and reliability
analyses, determines the solution accuracy and the necessary computation time. For an RBDO
problem, the reliability-based constraints typically involve a significant amount of computation.
The primary objective of the RBDO computation is to obtain the desired solution within a manageable computation. Computation of Pf , using analytical limit state functions (LSFs), is less
demanding in simulation. However, due to the nature of most physical problems, the situation
demands for the evaluation of LSF using a high-fidelity solver as a black-box function. This
increases the reliability computation cost prohibitively. For a TMS, which requires significant
computations in terms of its form-finding and static load analysis, the additional component of
severe reliability computations makes the RBDO not implementable in real life designs [3].
The present work is aimed at reducing the computation cost of reliability analysis, and hence
to reduce the overall cost of RBDO of a TMS. To this end, a polynomial chaos expansion
(PCE) based metamodel is used. Metamodels, also termed as surrogate models, are computationally inexpensive alternative models that mimic or approximate the actual physical response,
which otherwise requires an expensive computation for evaluation. The PCE metamodels substitute the actual expensive model in the reliability computation phase, and thus help in reducing
the RBDO cost. PCE metamodels are constructed for obtaining the (uncertain) responses of a
benchmark TMS under uncertain wind loads. The metamodels for random responses, which
constitute the objective function and constraints, are used in the optimisation of initial prestress
values required for stability of the TMS.

2

Reliability-based design optimisation: A stochastic metamodelbased approach

2.1 Polynomial chaos expansion
A square-integrable random variable, random vector, or random process can be expressed as a
mean-square convergent series using random orthonormal polynomial bases, known as polynomial chaos expansion (PCE) for Hermite bases, and generalised polynomial chaos expansion
(gPCE) for other bases. The Hermite bases can account for Gaussian basic random variables.
However, if a random variable is non-Gaussian, then it must be transformed to the standard
normal random space, if Hermite polynomials are to be used. Let a vector of random variables
ξ with the support Dξ , be described by the joint probability density function (PDF) fξ . Considering a finite variance of the physical model Y = M (ξ ), such that
2

E[Y ] =

Z

Dξ

M 2 (ξ ) fξ d ξ

(1)

the polynomial chaos expansion of M (ξ ) becomes [11]
Y = M (ξ ) = ∑ yα Ψα (ξ )
α
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(2)

where, Ψα are multivariate orthonormal polynomials and α are the multi-indices that map the
multivariate Ψα to their corresponding bases, where the base coordinates are denoted by the
PCE coefficients yα . For real applications, the expansion of Y must be truncated by limiting the
number of PCE terms. Extending to M random variables, the complete N-order PCE is defined
as the set of all multidimensional Hermite polynomials (Ψ), whose degree does not exceed N
[6]:
Y (ξ1 , ξ2 . . . ξM ) ≈

P−1

∑ yα Ψα (ξ )

α =0

(3)

Here, P is the number of terms in the truncated PCE:
P=

N

k
=
∑ CM+k+1

k=0

(M + N)!
M!N!

(4)

The key point in PCE lies in the determination of the coefficients, which can be achieved by
the Galerkin method, by non-intrusive spectral projection (e.g., Monte Carlo simulation, importance sampling, Gauss quadrature and Smolyak’s coarse tensorisation), or by collocation [11, 2].
Recent studies on sparse PCE – a computationally lighter flavour of the “full” PCE, where only
the low-ranked polynomials are included – proposed a least-angle regression (LARS) method
for determining the PCE coefficients [2]. Determination of these coefficients using LARS is
computationally efficient, as demonstrated in [2]. LARS is selected in this study considering its
low computation cost.

2.2 Development of PCE-based metamodel for RBDO
In this work, a PCE-based metamodel of the model response is built for the optimisation simulation in a double-loop RBDO problem, that saves the computation cost significantly. In most
RBDO problems the model responses depend on both deterministic and random variables. However, the model responses formulated using PCE, as described above, considers only the random
input parameters. Hence, to include the effect of design variables on random responses Y in a
PCE framework, they must be defined in a random space. To define the design parameters in
a random space, the working principle of stochastic optimisation technique is utilised. Here,
the outer loop corresponds to the particle swarm optimisation technique. PSO characterises the
design variables as uniformly distributed particles in a random field [8]. However, it must be
noted that even if the optimum search process in PSO begins with random initialisation of tobe-optimised design parameters, the final outcome of optimisation are deterministic optimum
values only. The use of random design variables in building PCE models has already been performed in robust design optimisation problems [10].
Next, to build the PCE-based metamodel for RBDO, the following steps are adopted:
(I) Generate n samples of design variables, {x1 . . . xn }, following uniform distributions in the
optimum search domain. The design variables are assumed to be characterised similar to
the PSO particles in this design space.
(II) Once the (random) samples of design variable are generated, generate the same number
(n) of samples for intrinsic random variables following their probabilistic distribution:
{ξ 1 . . . ξ n }.
(III) Evaluate the “true” model responses using a costly but trusted numerical solver. Note that
the true model is evaluated only once for the input random samples.
(IV) Build the N-order PCE metamodel from the true model responses as outlined in Section
2.1.

1146

This PCE-based metamodel construction is decoupled from the optimisation loop. Once the
metamodel is build, the computation-intensive solver involved in reliability computation is replaced by it for the optimisation iterations. The major computation cost in developing PCE
metamodel involves the evaluation of (deterministic) coefficients for the multivariate polynomial basis. This cost is insignificant as compared to the true model evaluation cost and leads
to a faster RBDO. Note that in this work, the true model simulation and the chaos coefficient
calculation are based on a non-intrusive LARS approach.

3

Optimisation of a TMS under uncertain wind forces

For the purpose of validation and for demonstrating the advantage of the proposed methodology,
a conic TMS with plan dimensions 14 m × 14 m and a height of 5 m is considered (Fig. 1).
The same structure was adopted for a simulation-based RBDO problem in Dutta et al. [3] and
hence it can be used for validating and testing the computational framework proposed here.
This section describes the stochastic metamodelling of the structural response parameters for
this TMS. Later, the RBDO problem formulation, in context to the TMS design optimisation,
and the solution implementation scheme are illustrated.
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Figure 1: (a) A conic TMS; its (b) side elevation; (c) plan; and the (d) finite element model of a symmetric
quarter
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3.1 Stochastic metamodelling of response parameters for TMS
For the present optimisation problem, the TMS response parameters of interest are: the total
nodal deformation ( fδ ) and the absolute maximum and minimum membrane principal stresses
(p1max and p2min , respectively):
q
(5)
fδ = ∑ δ j = ∑ u2X j + uY2 j + u2Z j for j = 1, 2, . . . , Jnode
j

j

p1max = max p1l

for

l = 1, 2, . . . , Lelem

(6)

p2min = min p2l

for

l = 1, 2, . . . , Lelem

(7)

l

l

Jnode and Lelem are the total number of nodes and elements, respectively, used in the finite
element model of the TMS. uX j is the jth nodal displacement along the global X-direction. p1l
and p2l , respectively, are the maximum and minimum principal stresses in the lth element.
These responses – needed in formulating the objective function and constraints of Eq. 8 – are
nonlinear functions of design variables and random variables. For this problem, the design variables refer to the initial prestress. The inherent uncertainty considered in this model is due to
the effect of environmental loads on these structures. The flexible TMS are mainly designed
to resist the action of gusty winds. Due to the intrinsic uncertainty associated with wind loads,
there is a need to quantify the uncertainty propagated to the structural responses. For this uncertainty quantification, the intensity of the wind load (W ), which is defined to be uniform over the
horizontal (projected) plane of the TMS under consideration, is the only input random variable
considered, because the variation in W is significant more compared to the uncertainties associated with material properties, geometry and initial prestress. The dynamic relaxation (DR)
method is adopted here for TMS analysis.
The design wind load considered for this TMS is based on the formulation given in ASCE7,
similar to ‘ordinary structures’ [7]. The cumulative distribution function for W is obtained based
on a past statistical study [4] that has later been adopted in design code formulations. W follows
an Extreme Type I distribution with a coefficient of variation, VW = 0.37 and a bias factor, λW
= 0.78 [5]. The same probabilistic modelling of wind load was adopted in a simulation-based
RBDO of TMS by Dutta et al. [3].
The PCE-based metamodels for the responses – fδ and p1max , defined in Eqs. 5-6 – are formulated to replace costly simulations by the DR solver for uncertainty quantification [3]. In
metamodels, these two parameters are expressed in terms of input (uncertain) parameters – initial prestress and wind load – as random polynomial expansion bases. The PCE coefficients
are computed from paired samples of input (initial prestress and wind intensity) and output
(structural responses) parameters, using the LARS technique. The random samples of the design variables (initial prestresses) are generated uniformly over the design space, utilising the
properties of the stochastic optimisation process (that is, PSO). Similarly, sufficient realisations
are generated for the wind load intensity which is the only intrinsic random variable considered
here. Finally, a PCE model developed based on this design of experiment is compared with a
(simulation based) “true” model, in terms of accuracy.

3.2 The optimisation problem: Formulation and implementation
The RBDO problem for optimal performance of TMS is formulated next. The optimisation
problem formulation is taken from the works of Dutta et al. [3]. This helps to verify the optimisation results obtained from the proposed RBDO (using stochastic metamodels) for TMS with
the established results (using probabilistic simulations). For the optimisation problem, initial
prestress applied along the membrane warp and fill directions (pin,w and pin, f ) are the design
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variables. The objective is to minimise the mean of total nodal deformation (µ fδ ) due to the
random wind intensity (W ). Minimisation of µ fδ is equivalent to the maximisation of TMS
stability. For the RBDO, the inequality constraints are formulated such that the TMS stability is maintained both in the presence and the absence of wind load. First, the ‘without wind
load’ constraints are imposed during the form-finding analysis, in which the overall stresses are
constrained within the range of 0 to yield stress ( fy ). Later, the ‘with wind load’ constraint is
formulated in terms of an acceptable exceedance probability of membrane tearing. This tearing
failure occurs when p1max exceeds (the deterministic) fy of the membrane. This probability of
failure is constrained to a maximum of 10−4 .
minimise
pin,w , pin, f

F = µ fδ

subject to: p1max < fy
p2min > 0

without wind load

(8)

without wind load

p199.99 < fy

with wind load

where, p199.99 is the 99.99 percentile value of the maximum principal membrane stress obtained
from the (random) wind load analyses.
For a better understanding of the implementation, the proposed RBDO methodology using
PCE-based metamodels is pictorially demonstrated in the form of a flowchart in Fig. 2. In this
flowchart, the overall RBDO computation is built in a double-loop. The outer loop corresponds
to the PSO loop and the inner loop computes the reliability-based optimisation parameters (objectives and constraints) using the less costly stochastic (PCE) metamodels. In the outer PSO
loop, the initial membrane prestresses are adopted as randomly generated PSO particles. For
a set of initial prestress values (pin,w and pin, f ), a form-finding analysis is first performed using the DR algorithm with kinetic damping. The ‘without wind load’ constraints of Eq. 8 are
then checked for the form-found structure, and the particle is rejected/accepted based on this
constraint. For each accepted PSO particle, the three response parameters (Eqs. 5-7) of the formfound TMS, subjected to uncertain static wind loads, are then obtained using their stochastic
(PCE) metamodels. The reliability analysis, needed to obtain the RBDO parameters µ fδ and
p199.99 , is performed within the outer PSO loop to arrive at the optimum values of the initial
prestress.

4

Numerical results

The tensile membrane structure considered for this sample numerical exercise is a conic structure supported on a rigid square base with circular head ring at the top centre (see Fig. 1a). It has
a uniform thickness of 1.0 mm, and the following material properties: modulus of elasticity, E
= 600.0 kN/m; Poisson’s ratio, ν = 0.4; yield stress, fy = 40.0 kN/m. This structure is assumed
to be design for a wind load intensity, Wn = 1.0 kN/m2 . The membrane is discretised with constant strain triangular (CST) elements and the surface topology is defined with a trial shape to
start with the structural analysis. A detailed formulation and implementation of the membrane
structural analysis can be found in [9, 12, 3]. For each CST element, there are 3 translational
degrees of freedom per node {uX , uY , uZ } along the global {X, Y , Z} directions. These global
axes are shown in Figs. 1b and c. Making use of the symmetry of the TMS about X and Y axes,
the structure is analysed for a quarter part only (labelled ABC in Fig. 1c). Symmetric boundary
conditions are applied on the edges. Nodes along the square base and the head ring are fixed.
The quarter structure meshed with triangular CST elements is shown in Fig. 1d.
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Start PSO
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Form-finding analysis
Obtain p1max and p2min
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Reliability analysis using PCE metamodel

Obtain p199.99 and µfδ

Update particles

Reject particle

no

Check if
p199.99 < fy
yes

Convergence
criteria met?

no

Obtain
optimum pin,w , pin,f

yes
Stop

Figure 2: RBDO flowchart using PCE metamodel

4.1 Results for RBDO of a TMS using PCE-based metamodel
For the construction of PCE metamodels, 103 Latin hypercube samples of wind load and initial
prestresses are used. Please note that, as mentioned earlier, W is modelled with a Type I distribution and the design variables (pin,w and pin, f ) are selected considering a uniform domain
in the range (3.0, 5.0) kN/m. A third order PCE (N = 3) is constructed for the two response
parameters, fδ and p1max . The PCE coefficients yα are generated using a least angle regression
scheme. The metamodels are cheeked for accuracy at a random prestress set of pin,w = 4.672
kN/m and pin, f = 4.131 kN/m. The probability density functions (PDFs) estimated using the
third-order PCE at this point are plotted in Fig. 3, and are compared with the “true” PDFs, at
the same point, estimated using crude Monte Carlo simulations [3]. The comparison shows a
good match, which implies that the PCE metamodels can serve as surrogates for the structural
response parameters in the chosen problem. The leave-one-out error (εLOO ) for fδ and p1max are
obtained as 3.756% and 7.303%, respectively, at this random design point.
The RBDO problem is next solved using the formulation given in Eq. 8 in order to verify the
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Figure 3: Comparison of response PDFs using PCE-based metamodel and “true” model

accuracy of the proposed method. Based on the final PCE based metamodel, the optimum initial
prestress values in this RBDO are: pin,w = 4.917 kN/m and pin, f = 3.260 kN/m. The objective
function for this optimum point is found to be µ fδ = 1.682 m. The PCE metamodel based
results are close to those obtained by Dutta et al. [3], that were obtained using a Latin hypercube
sampling-response surface (LHS-RS) combine, requiring 2.5 times the number of load analysis.
It should be noted here that each load analysis using DR is significantly computation intensive,
making their process practically almost impossible to implement. These results, along with the
comparison with the LHS-RS method, are reported in Tab. 1.
Table 1: Optimisation results with computation cost data using PCE based metamodel
No. of DR runs
Optimum pin,w , pin,w (kN/m)
Minimised µ fδ (m)

5

PCE metamodel
1,000
(4.917, 3.260)
1.682

LHS-RS
2,500
(4.953, 3.231)
1.657

Concluding remarks

In this work, a non-intrusive procedure has been proposed to construct a PCE-based metamodel
to solve RBDO problems. The metamodelling procedure is achieved for all structural responses
required in the optimisation process (objective functions and constraints). The RBDO using the
PCE-based metamodel is demonstrated for the optimisation of a benchmark TMS under uncertain wind forces. The optimisation results with the metamodel-based RBDO have been validated
against the results of a simulation-based RBDO problem for the same TMS. The difference between the final results are negligible for all practical purposes. Furthermore, the results are obtained with a significant reduction in computation cost in case of the PCE metamodelling-based
RBDO. From this study, it can be concluded that the proposed PCE metamodelling technique
can be successfully applied to the problem of optimisation of TMS under uncertain wind loads.
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Abstract
The adoption of optimization strategies in an engineering design process is generally highly
advantageous. The optimization process typically aims to minimize some multi-objective functions subject to a series of constraints which might define the boundary of the acceptability
region. In real-life uncertainty is always present and needs to be considered since it can cause
significant changes in the behaviour of a system. The consideration of uncertainties increases
the difficulties in determining an optimum nominal design. In this paper, a novel optimization
method (Reliable & Robust Evolutionary Algorithm - RREA) is presented. The optimization
strategy is conceived in order to solve problems that are very time demanding and for which it
is difficult (and expensive) to determine derivatives and to identify and define the optimum set
of parameters. The approach is evaluated here on a test case considering the optimization of a
landing gear design in order to avoid shimmy phenomena. The resulting reduction in computational time arises from both the number of cases to be analyzed directly (through experiments
or numerical simulations) and the lack of a need to compute gradients.

1

Introduction

The analysis of aeronautical systems has to deal with the complexity characterizing such a
system. The complexity can be in terms of several aspects related to various disciplines: it can
involve the presence of a very large number of subsystems, such as flight controls, electrical systems, landing gear, avionics system, instrumentation and recording. The source of complexity
can be the number of components and their geometry as well as the non-linearities characterizing the system dynamics and the description of output quantities of interest, in particular in
defining locii of interest for considered optimizations. Development of techniques able to deal
with such complexity is needed especially in the presence of uncertainty. Techniques that are
commonly adopted to optimize a system under uncertainties [8][2] are Robust Design Optimization (RDO) and Reliability-Based Design Optimization (RBDO). These techniques are not
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always suitable because of two main problems: the prohibitive computational cost and the neglect of higher-order moments common for the RDO and RBDO techniques. There is therefore
a necessity to develop a method that can assure sufficient reliability and possibly robustness for
an engineering structure whose analysis is time demanding even in the absence of uncertainty.
The present paper aims to provide a technique that is able to deal with optimization of aeronautical systems that are complex due to the presence of non-linearities, number of components and
factors, and the definition of objective functions involving correlated quantities. The developed
strategy will reduce the complexity of a problem thanks to the incorporation of specific techniques; Sobol indexes are adopted to perform sensitivity analysis (SA), identifying the factors
that most influence the locii of interest; surrogate models and reduced order models (ROMs) are
constructed in terms of the identified factors and QoI; and evolutionary algorithms are developed
to perform the optimization. The strategy introduced here is called the Reliable & Robust Evolutionary Algorithm (RREA) and offers the possibility of considering both the reliability and
robustness of a system provided that statistical quantities are available. The validation considers
the minimization of the likelihood of the shimmy phenomenon [16, 12, 17], a self-oscillation in
wheel-based systems, so as to optimize a landing gear system; continuation analysis to perform
stability analysis of the system of interest.

2

Strategy

The proposed optimization algorithm (Reliable & Robust Evolutionary Algorithm - RREA) is a
procedure that aims to minimize the probability of failure without directly computing it, due to
the unfeasible computational cost in obtaining the probability density function of the quantity
of interest; it can be classed as an evolutionary algorithm ([3]). RREA aims to assure reliability
and/or robustness of the design, minimizing the objective function defined in terms of the mean
µd and deviation σd of the output of interest. For the RREA the objective function is defined in
order to obtain an optimum that assures the tangency between the uncertain boundary and the
limit condition from the reliable area
f (x) = |µd + Sσd |

(1)

where S is chosen assuming that the tale ends at Sσd . The starting step for the RREA procedure
is to identify the set of values for the parameters, F∗ , for which the locus of interest (LoI) is
tangent to the defined limit-state function g or for which the distance along the direction of
interest d for which the probability of failure is highest is a minimum, given a starting set for
the parameters F.
First phase: Preparation The objectives of the optimization are established including possible
acceptable tolerances. In particular, the limit state function g that delimits the failure region has
to be defined. Moreover, in the presence of a system with many parameters, as in a landing gear
system, sensitivity analysis needs to be performed to detect the most influential ones for the
considered objectives in the optimization process: Sobol indices ([9]) are adopted to achieve
this goal. Having identified the parameters to be considered during the optimization process,
the maximum negative percentage of variation Pmaxineg and the positive one Pmaxipos for the
ith considered parameter (i = 1...N ) are defined. If a symmetric variation of the parameter of
interest is adopted, then Pmaxineg is equal to Pmaxipos and the maximum percentage is Pmaxi .
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Second phase: Data Collection The quantities of interest (QoIs), those that describe the locus of interest and limit-state function, are evaluated for a suitable number of points in the
parameter space by directly running the numerical model or doing experiments. These are
needed to train surrogate models adopted in the SVD based methodology ([18, 13, 14, 15]).
Using the SVD/metamodelling based methodology can reduce by 95% the required to investigate across the parameter space to look for the set of nominal values F∗ for which the
stated tangency occurs. Knowing F∗ , the interval (xj,low , xj,upp ) of interest for each jth design parameter are selected such that the point F∗ is internal to the optimum uncertain interval of variation identified at the end of the I.D.E.A. process and that is around the optimum nominal value Fopt . If F∗ is selected considering the tangent condition, it is worth
noticing that the analyses are performed numerically, thus the tangency can be defined as the
state for which the locus of interest LoI is the nearest one to the defined limit function g a
long the direction of interest d previously identified. Mathematically, this can be expressed as
F∗ := F|(dist(g − LoI(F∗ )d ) = min(dist(g − LoI(F)d ).
1. Determine the upper and lower bounds for the optimum nominal value. Given that the
point F∗ needs to be internal to the final optimum uncertain interval of variation, the
stated bounds are shown as
Foptupp (1 − Pmaxineg ) = Fi∗

Foptlow (1 + Pmaxipos ) = Fi∗

(2)

2. Define the maximum possible interval of variation for the lower or upper nominal value
Fopt
[Foptlow (1 − Pmaxilow ), Foptupp (1 + Pmaxiupp )]

(3)

3. Substitute the lower and upper bounds of eq. (2) in : the sought expression is obtained as
[Fi∗ ·

1 − Pmaxineg
1 + Pmaxipos

, Fi∗ ·

1 + Pmaxipos
1 − Pmaxineg

]

(4)

The user can decide to consider more than one set F∗ to incorporate in the optimization process
and eventually pick the best set according to other requirements, such as robustness.
Third phase: Optimization The last phase of the algorithm is the core of the optimization.
In order to determine the set of values of the input factors that minimizes the selected objective function, a technique to approximate the statistical quantities has been used to reduce the
computational burden and an evolutionary algorithm has been considered. The approximated
statistical quantities have been determined using the Univariate Reduced Quadrature Technique
(URQ) ([6]). The URQ is a category of numerical approximation technique to compute the
integrals that define the stated statistical quantities such as Taylor-based Moment Propagation,
Gaussian Quadrature, Monte Carlo Simulations (MCS) and Statistic Expansion. The URQ technique provides formulas consisting of sums of functional values that try to match the highest
possible number of terms of the mean and variance expressions based on a third order Taylorseries expansion. The URQ has the advantage of having one less level of differentiation if
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compared to the methods based on first derivatives, thus it is advantageous with respect to the
gradient-based optimization techniques. URQ method has a higher accuracy than the one characterizing the linearization method, but similar computational cost. This has been shown in [6]
using the fourth-order Taylor-series expansion. Adopting URQ the required number of objective
function evaluations is 2n+1, where n is the dimension of the input factor x. The optimization is
based on the self-adaptive differential evolutionary paradigms introduced in [1]. The differential
evolutionary algorithm has been proposed by Storn and Price ([11] [10]) as a population-based
algorithm to be adopted in order to perform global optimization in the presence of continuous
domains. A Differential Evolutionary algorithm is quite simple to implement, it is robust and
belongs to the category of most powerful evolutionary algorithms ([1, 3]). All the versions of
the Differential Evolutionary algorithm comprise three main steps that need to be followed after
having generated the first population; these steps are mutation, crossover and selection. Having
identified the objective function to be considered during the optimization process, some variables need to be initialized. These variables are the initial and minimum population size N P ,
the scale factor F and crossover variable CR, the constants adopted to perform self-adaptation
(τF , τCR ), the maximum number of function evaluations NmaxF eval , the maximum number of
generations Gmax , the value to reach (if known) and relative acceptable error (V T R, ) and the
counter variables for the number of function evaluations and population reduction. Moreover,
the bounds (xlow , xupp ) for the considered input factors are determined during the second phase.
After initializing the stated variables, operations are followed to reach the global optimum. The
first population of input factors as well as the first set of scale factors F and crossover variable
CR are generated in accordance with the assumed variation of the considered factors and in
the interval of defined variation , i.e. [xmin , xmax ],[Flow , Fupp ] and [CRlow , CRupp ]. Then there
are the operations of crossover, mutation and selection. At a generic generation G, the population contains N P N -dimensional vectors. The individuals are then mutated using one of the
different strategies presented by [7]; of the various presented strategies , ‘rand/1’ and ‘best/1’
have been adopted here. In the mutation, the so called scale factor F , which is less than 2,
is used together with random factors, r1 , r2 , r3 , r4 , r5 , that are generated in the range [1, N P ],
but different from the index i. After the mutation, the trial vector at generation G is obtained
using the crossover operation. In such an operation only some individuals of the mutant vector are accepted and substituted for the one considered initially. The most common crossover
operation is the binomial ([7]) and consists of randomly selecting element of an individual of
the mutant vector at the generation G to be considered for the generation G + 1. Finally, the
selection of the individuals for the successive generation G + 1 is accomplished by comparing
the value assumed by the objective function related to the individuals ‘born’ from the mutation
and crossover, with the ones of the previous generation. The self-adaptive algorithm proposed
in [1] has been enhanced by introducing three additional steps:
• reduction in the dimension of the population. This step is considered when the ‘ifconditions’ are fulfilled. Labeling NmaxF eval , pmax , N P and countG as the maximum
acceptable number of function evaluations, maximum number of population size reduction, population size and number of evaluated generations, the mathematical expression
of such a condition is
NmaxF eval
countG >
(5)
pmax · N P
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Such an approach means that when considering the worst case scenario, the number of
populations evaluated for all the possible reduced generations needs to be less than the
maximum number of function evaluations. The condition presented in equation (5) is
conservative since it considers that actually all the possible pmax reductions will be done
and it does not take into account that the current population N P number can be reduced;
it also does not take into account that N P could have been greater in previous steps.
• stratagem to avoid local minimum. This step has been introduced in order to avoid the
possibility that a local optimum, determined after a certain number of evaluated generations countG , can ‘monopolise’ the optimization process. To this end, a random variation
of the identified best individual is generated.
• sorting the individuals at the end of the algorithm depending on the relative values of
the objective function. At the end of the optimization process, it has been considered
necessary to sort the set of obtained values for the quantity of interest and relative input
factors in order to keep the best ones at the beginning of the ordered set of quantities.
This approach is significant if then a reduction of the size of the population is considered
and some individuals of the population in the previous generation are excluded from the
iterative process.
Figure 1 presents the flow diagram of this enhanced algorithm, RREA. The selected stopping criterion is in terms of the maximum number of generations Gmax and/or the error
with respect to the desired optimum value of the objective function V T R ± , if known
or given. In order to use the presented evolutionary algorithm some constants need to be
fixed, and the goodness of the results depends also on the specified values. The constants are:
τF , τCR , pmax , N Pmin , N Pinit , NmaxF eval , V T R, , Gmax , Fupp , Flow , CRupp , CRlow .
Start

Optimum

Yes

Stopping
criteria

Generate a population of dimension 𝑵𝑷𝒊𝒏𝒕 for
the individual 𝒙 and 𝑵𝑷𝒊𝒏𝒕

No

Check if reduction of population is needed
Mutation (jDE/rand/1/bin) or (jDE/pBest/1/bin)

N. Generation + 1

Crossover binomial strategy

Selection

No
Sort

N. Generation > 2

Yes
Strategy to avoid local minimum: the best
individual is replaced, but stored

Figure 1: Flow chart describing the iterative process of the Reliable and Robust Evolutionary Algorithm.

Validation phase The optimum design determined adopting one or the other optimization
strategy can be compared with the nominal one by performing uncertainty quantification (UQ)
and comparing the results, which can be accomplished adopting SVD based methods.
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3

Test Case

The validation considers the occurrence of shimmy phenomena in landing gear systems during
a ground manoeuvre [16, 12, 17]. Shimmy results from the nonlinear interaction between the
follower forces acting on the tyre and the modes of vibration, resulting in Limit Cycle Oscillations (LCOs). The use of bifurcation analysis provides an efficient methodology to determine
the boundaries of stable dynamic regimes [4]. The landing gear model is analytic and is the
one presented by Howcroft ([5]) representing a dual-wheel landing gear in which free-play and
wheel gyroscopic effects are omitted. The deflection of the landing gear structure is modeled in
terms of three degrees of freedom ( torsional ψ, in-plane δ, out-of-plane β) and an additional
DoF is introduced for the tyre dynamics (lateral tyre displacement λ). There are seven states,
since the equations for the first three DoFs are of second order while the last is of first order.
The adopted model has been already been used to perform uncertainty quantification in terms
of shimmy phenomena [15], thus the details of the system equations characterizing the model
are omitted here.

4

Implementation

The application considered here has the aim of optimizing the landing gear design by decreasing the probability of occurrence of shimmy phenomena during ground manoeuvres. Figure 2
takes the form of a two-parameter bifurcation diagram (in terms of ground speed V and vertical load Wbar), with a typical operational trend for these parameters for take-off or landing
superimposed; it is used to illustrate the effect of uncertainty in the system on whether or not
the operational trend crosses a locus of Hopf bifurcations and hence enters a region of shimmy
oscillations. The continuous blue and red lines are the lower and upper confidence bounds for
the loci of Hopf bifurcation points determined using the SVD/HOSVD based method ([18, 15,
16]). The dashed red line is the operational trend. For all the values of the forward velocity V
between the first and second intersecting point, LCO (shimmy) can occur due to the uncertainty
in the system.
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Figure 2: Example of lower and upper confidence bounds for the loci of Hopf bifurcation points and
operational trend.

The RREA technique minimizes the selected objective function (f (x) = |µd + 4σd |); the func1158

q
tion of interest is the distance d(x) = (W operational − W loci )2 + (Voperational − Vloci )2 1 of
the point on the locus of Hopf bifurcation that is at the maximum positive distance from the
point on the same direction of interest but on the limit state function. The critical direction of
interest is the one for which the stated distance is maximum. The adopted objective function is
such that the optimization looks for the parameter values that give the tangency assuming that
the tail ends at 4σd . RREA adopts the use of URQ that is significantly less computationally expensive than MCS to compute statistical properties, and this is important if bifurcation analysis
is adopted. In fact, it would be infeasible to determine statistical quantities without the use of
techniques based on the evaluation of a number of bifurcation diagrams that is significantly less
than that required by a technique such as MCS. This is due to the computational burden required
by the bifurcation analysis applied to the landing gear system (12 and 52 seconds to compute
the bifurcation diagram in 1 and 2 parameters, respectively). The different phases characterizing the developed method (section 2) are followed and discussed here step by step. A first
element is the definition of the limit state function g (section 2, First phase: Preparation). This
is the variation of the vertical load on the landing gear as the forward velocity changes during
a ground motion of an illustrative aircraft in equilibrium conditions. The stated variation can
be evaluated employing equilibrium equations and is a function of the aircraft weight (assumed
constant during the typical landing or take-off phase) and lift, the latter being a function of
V 2 . Regarding the interval of variation and all the coefficients that need to be defined in the
Evolutionary Algorithm:
– The percentage variation Pmaxilow is fixed equal to Pmaxiupp . In what it follows, the percentage variation is referred to as Pmax .
– Regarding the adopted coefficients in the Evolutionary Algorithm, the coefficient S used
in the objective function has been fixed equal to 4, NmaxF eval given a value sufficiently
high so that it does not stop the iterative optimization process, τF and τCR are 0.01,
 and V T R are equal to 10−5 , N is 3 as it is equal to the dimension of the uncertain
factors, Fupp , Flow , CRupp , CRlow have been fixed equal to 1, 0.2, 1, 0.05, respectively.
N Pmin , N Pinit are equal to 3 and 10. Gmax is 10, while pmax changes as the dimension of
the input factor varies (pmax = 30 · log(2 · D). minx , maxx are the last coefficients to be
set and they are different depending on the analyzed landing gear and range of variation
for the parameters.
Latin Hypercube Sampling (LHS) technique is adopted to define the sampling planes for initializing the design/uncertain factors and the parameters in the mutation and crossover steps (F
and CR). In the application here presented, the mean of the design variables is considered as the
uncertain element. Finally, the variables and the percentage variation need to be defined to start
the optimization. The variables for the analytic model are selected as those that most influence
the problem of interest, namely the inertia and damping coefficient of ψ (Iψ and cψ ) and the tyre
relaxation length (L). These results came from SA already performed for the analytic system
[15]. Regarding the percentage variation, Pmax is fixed equal to 3.5%. Adopting the surrogate
models trained using the bifurcation diagrams already evaluated to perform the Uncertainty
1

W stands for the generic vertical load, the subscripts operational and loci are adopted to underline if the
considered point is on the operational trend or on the locus of Hopf bifurcations
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Quantification ([15]), the set of values F∗G and the interval (eq. 4) have been determined for
each considered case.
Having selected the range of variation for the input parameters adopted in the optimization process, the enhanced evolutionary algorithm can be applied. The range of variation considered for
Iψ , cψ and L are [91.29, 105.01], [1097.18, 1262.13] and [0.492, 0.566], respectively. Moreover,
since the URQ is adopted then the first four statistical moments of the input factors need to
be specified. The first statistical moment, the mean, is fixed to the values characterizing each
individual in the populations used in the evolutionary algorithm. The other statistical quantities
are determined assuming a continuous uniform distribution for the design factors, i.e.
σ2 =

p
(max(xiG ) − min(xiG ))2 /12);

γ = 0;

Γ = −6/5 + 3;

(6)

where, i and G are the indices adopted for the individual of the population and the generation
at which the population belongs, respectively.
4.1

Results

Investigation has been performed considering the objective function f (x) = |µd + 4σd |. MCS
analysis with 100 sampling points is used for the validation of the approximated statistical
quantities. These are shown in table 1 for both the nominal case and the optimum together with
the discrepancy in µ and σ between the MCS and the approximated results (µ and σ ). The
results related to the validation indicate that sometimes the discrepancy between URQ and MCS
approximations can reach a percentage error also of 27%. The error can be due to one or the
other approximation; the only conclusion that can be made is that there is a lack of coherence
between the two approximated methods. Looking at the mean and deviation, and making a
comparison with the one related to the nominal conditions, it is apparent that minimizing the
objective function, and so the distance of the point on the PDF along the critical direction of
interest from the limit state function (the operational trend), the results are more reliable than
the nominal case without decreasing the the robustness of the results.
case
µfM CS
µfU QR
Nominal
−860.35
−623.58
optimum −14305.73 −13901.27

|µ |
0.83
1.23

σf2M CS
σf2U QR
3433.5 3404.9
3491.83 3448.87

|σ |
27.52
2.83

Table 1: Results obtained applying RREA to the analytic landing gear model.

Figure 3 presents the interval bounds and the probability distribution along the direction (black
line) shown in the figure. The direction connects points with the same index on the discretized
lower and upper boundary, related to the first design and for which the lower boundary is the
most inside the region of failure. The results have been obtained considering the SVD based
methodology developed by the author ([18, 13, 14, 15]). Looking at these figures it is apparent
that the probability of failure (i.e. occurrence of shimmy) is zero along all the directions of
interest.
The above results reveal the significant advantage of using the enhanced differential evolutionary algorithm together with the Univariate Reduced Quadrature for complex analyses; together
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Figure 3: Interval bounds and comparison of PDF obtained for the initial set of nominal values and the
optimum one given by RREA, considering the same percentage of variation (3.5%).

with additional results (not shown) the method is seen to ensure that solutions are obtained whatever the considered condition in the acceptable range of parameter variation is. The tangency
between the lower bound and the operational trend is obtained as desired.

5

Conclusions

The novel Reliable & Robust Evolutionary Algorithm (RREA), has been developed and adopted
to perform optimization under uncertainties minimizing the probability of failure to meet design requirements. RREA assures a reliable as well as robust result provided that statistical
quantities of the inputs are known. The validation considered the optimization of a landing gear
system, analytically modelled, to avoid shimmy phenomena during ground manoeuvres. The
results have shown that the proposed method is able to guarantee the reduction of probability of
occurrence of shimmy phenomena and to assure robustness. The computation time of numerical
simulations to obtain these results is significantly reduced thanks to the use of surrogate models
and numerical continuation software for stability analysis.
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Computational Framework for Design of Structures
with Polymorphic Uncertain Data
Wolfgang Graf, Marco Götz, and Michael Kaliske
Institute for Structural Analysis, Technische Universität Dresden

Abstract: The design of structures is one of the major tasks for structural engineers. The objectives of numerical design – computing robust and reliable structures – can be realized by means of analyzing different variants, application of
optimization tasks, or solving inverse problems. The method of choice depends
on the aim of the design and the problem. Common for all are, that the uncertainty of the input parameters (design parameters and other parameters) has
to be taken into account, in order to investigate a realistic computational model.
Numerical structural design should be robust with respect to the polymorphic nature and characteristics of the available information. Uncertainties are inherently
present in resistance of structural materials, environmental and man-imposed actions, boundary conditions, physical and numerical models, and to other types of
aleatoric and epistemic uncertainties.
Generally, the availability of information in engineering practice is limited. Incomplete, fragmentary, diffuse, and frequently expert specified knowledge leads
to imprecision in data. In addition, engineers have to cope with the objective
variability and fluctuations in material, geometry and loading. This contribution
presents a computational framework for the design of structures with application
to optimization tasks.
With the aid of a workflow, the steps (e.g. data collection/analysis, sensitivity
analysis, identification of relevant objectives and constrains, solving strategies,
evaluation of results) of the numerical design are described and demonstrated by
an example.

1 Introduction
The solution of a numerical design problem is characterized by high complexity and the need
for expert knowledge. Furthermore, the existence of uncertainty cannot be neglected and needs
to be considered. The design process depends on the availability of previous designs or other
information. These data can be used to increase the efficiency of the solution. The design process can be separated into early stage of design, final stage of design and evaluation of the
final design, see Fig. 1. Due to the complexity of the task and the wide range of possible solution strategies, in this contribution general concepts are formulated and relevant references for
detailed information are given.
In the early stage of design, which is based on the existing data, many methods out of the context
data mining can be applied. The main focus is to gather information about the behaviour of the
system without additional computational costs. The enhanced knowledge can be used for the
implementation of an advanced deterministic parametrized simulation model, e.g. based on
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finite element analysis of a structure. In general, this simulation model is ξ : Rnx → Rnz : x 7→ z
for nx input and nz output variables.
optimization algorithm uncertainty analysis
existing data /
previous designs

early stage
of design

final stage
of design

evaluation of
final design

toolbox: data mining / machine learning
Figure 1: Numerical design under consideration of uncertainty

In the final stage of design, advanced optimization methods are applied. The optimization is
done with respect to an objective function, which is responsible for the type of optimization.
For one-dimensional results, single objective optimization algorithms are applied. For multidimensional results, multi objective algorithms are necessary. The characteristics of these methods will not be discussed here. Mandatory for the representation of the reality is the consideration of uncertainty. Uncertainty exists due to a lack of knowledge and the inherent variability of
construction materials. It is distinguished between aleatoric and epistemic uncertainty, [3]. The
mathematical representation can be done by several methods. An important approach is imprecise probability [1], which includes many uncertainty models, as p-box and fuzzy randomness.
The task of including uncertainty in the simulation of structures is called uncertainty quantification and includes the steps data analysis, uncertainty modelling, uncertainty analysis and
decision. The uncertainty modelling should represent the real available data in a best manner.
Due to difference in the availability of data, input variables cannot be modelled by the same type
of uncertainty model. The usage of different data models in the uncertainty analysis is the main
focus of polymorphic uncertainty. Basis for the uncertainty analysis is an uncertain simulation
model
(1)
ξ u : U (Q, R) → U (V,W ) : xu 7→ zu .

The abbreviation U (Q, R) represents any uncertainty model, which can be formulated as mapping Q 7→ R, e.g. Ω → R is a random variable, but further properties (axioms of KOLMOGOROV)
are not explicitly given. The index u indicates polmorphic uncertainty modelling. The consideration of uncertainty in design tasks can be done by two different approaches – the active and
the passive approach [6]. The passive approach uses the deterministic simulation model as objective function and computes the minimal uncertain results. The active approach is based on the
application of information reducing measures, which are for stochastic variables e.g. mean value
or variance and will be used in this contribution. A non-intrusive method is presented, which is
independent of used uncertainty models, simulation model and optimization algorithm.

2 General approach for optimization considering uncertainty
2.1

Numerical concept for consideration of polymorphic uncertainty modelling

Uncertainty models are developed to describe the existing data in a realistic manner. The main
uncertainty characteristic is variability, which is modelled as random variable X : Ω → R with
the probability space (R, B(R), PX ). To consider uncertain measurements p-boxes – random
variables with interval realizations X : Ω → I (R) – and fuzzy randomness – random variables
with fuzzy realizations X : Ω → F (R) – are developed. The numerical approach is to sequentially reduce the uncertainty by application of algorithms for basic uncertainty analysis tasks.
For fuzzy quantities, the basic method is called fuzzy analysis, applied by α-level discretization and optimization [12]. For stochastic variables, Monte-Carlo simulation is widely applied

1164

[21], for specific tasks more specific methods (in general based on reduction of variance) exist,
e.g. importance sampling, subset sampling, line sampling. The sampling based algorithm for
polymorphic uncertainty is explained in detail in [6], [7] and [15].

2.2

Optimization under consideration of uncertainty

The consideration of an uncertain simulation model yields the uncertain objective function






ζ̂ u : U Qd , Rd × U Qp̂ , Rp̂ → U (V,W ) : xd,u , xp̂,u 7→ zd,u ,
(2)

depending on uncertain design vectors xd,u and uncertain a priori parameters xp,u . In contrary
to the design vectors, uncertain a priori parameters cannot be modified during the optimization process. The selection of an uncertain design vector is not possible. Therefore, an affine
transformation, mapping deterministic design vectors to uncertain design vectors on the basis
of further uncertain a priori parameters, is applied

 

(3)
T : Rnd × U (Qpd , Rpd ) → U Qd , Rd : xd , xpd ,u 7→ xd,u ,
with nd design
This leads to the total set of uncertain a priori parameters
 S parameters.
p
p̂
p̂
p
d
d
U Q ,R
U (Q , R ), with xp, u ∈ U (Qp , Rp ). With the help of the affine transformation,
the uncertain objective function ζ̂ u can be formulated to an uncertain objective function with
deterministic design parameters




 
ζ u : Rnd × U (Qp , Rp ) → U (V,W ) : T xd , xp,u , xp,u 7→ ζ̂ u xd,u , xp,u = zd,u . (4)

The solution of the optimization task needs the decision, if a specific design yields better results
than another. This decision cannot be taken for uncertain quantities zd,u , because comparisons
as ”<, > and =” are not defined. Due to this fact, the solution needs to be performed on the basis
of surrogate problems. One variant is the active approach [6], which uses information reducing
measures to map uncertain results to deterministic quantities
Ru : U (V,W ) → Rnz : zu 7→ z.

(5)

Depending on this surrogate problem, the optimization task can be formulated as


  
d p,u
p,u
u
u
,x
.
min R ζ T x , x

(6)

The permissible design space D+ is defined by (uncertain) constraints
 

+
d
nx
u
u
d p,u
D = {x ∈ R | ∀p ∈ {1, . . . , ng } : R g p x , x
≥ 0,

(7)

xd ∈D+

with gup : Rnd × U (Qp , Rp ) → U (V,W ).

This general formulation of the optimization task can be used for single- and multi-objective
optimization. The solution of the optimization task is a vector yielding the optimal design xdmin or
the set of optimal designs – PARETO front. A scheme of the algorithm can be seen in Fig. 2. The
selection of appropriate information reducing measures Ru is problem dependent. Depending
on the measure, the proposed method is comparable to robust design optimization (RDO) or
reliability design optimization (RBDO).
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deterministic optimization algorithm (single or multiobjective)
permissibility
deterministic design vector

optimal deterministc design
or
PARETO frontier

checking of
constraints

reduction of
information

affine transformation
objective of optimization task
sampling based uncertainty analysis
deterministic simulation modell

Figure 2: Sketch of general optimization algorithm under consideration of uncertainty

2.3

Examples for information reduction measures

In order to evaluate and compare uncertain results zu , it is necessary to reduce these quantities
to significant real values. It needs to be distinguished between values to quantify the amount of
uncertainty U and characteristic values M. The comprehensive evaluation of uncertain results
requires both. In the following, some measures for fuzzy quantities Rf , needed in the example,
are shown. Further methods can be found in [7]. The level rank method [17] is based on the
mean value of all α-levels
MfN

 
1
zf =
nα

nα

zαk,l + zαk,r
.
2
k=1

∑

(8)

The centroid method is
MfE

 
zf =

1
f
UA (zf )

Z∞

−∞

z · µ(z)dz.

(9)

For safety relevant quantities, a worst case measure can be necessary
MfWC,r (zf , µ ∗ ) = zµ ∗ ,r .

(10)

A possible uncertainty quantifying measure for fuzzy quantities is the area of the membership
function
UfA

  Z∞
zf = µ(z)dz.

(11)

−∞

3 Toolbox for numerical design
The design of structures is a task, which cannot be performed by an automated approach, because the inclusion of expert knowledge and information about previous structures means a significant benefit. Therefore, many methods are developed, which can be classified in the context
of computational engineering, data mining, machine learning, artificial intelligence, and soft
computing. In the following, a short overview about groups of methods is given and selected
algorithms are listed.
Data exploration and data analysis If data exists, e.g. from previous designs, this information
can be used for further designs. The analysis of data includes the descriptive and inductive
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statistics, which are especially relevant for uncertainty modelling. Another important part is the
generation of knowledge out of this data – exploration. It is possible to compute correlations
and sensitivity analysis for existing data, e.g. EASI method [16]. The identification of permissible design/solution spaces [4] can reduce the numerical effort for following optimization tasks.
Visualization methods for high dimensions The understanding of multi-dimensional relations
and design problems mainly depends on visualization methods. Multi-dimensional vectors
can be plotted by a parallel coordinate plot [8]. The visual identification of groups in data by
self-organizing maps [10] or A NDREWS plots supports the decision process.
Sensitivity analysis To compute the significance (including interaction) of input parameters
to specific responses, the variance based measure S OBOL’ index [19] is used. Other methods,
e.g. the Fourier amplitude sensitivity test (FAST) [18] or gradient based methods [14] are
developed.
Clustering methods are used for partitioning of data sets in groups with similar properties.
Well known algorithms are e.g. K-means, fuzzy c-means, DBSCAN ([2], [5], [9]).
Surrogate models/metamodels Approximation/regression of complex (especially timeconsuming simulation models) with analytical relations. The most important methods are
artificial neural networks radial basis function networks, support vector machines, and polynomial chaos [20]. Another field of application is the classification of data.
The application of these methods in the early stage of design improves the understanding of
the design task and leads to an increase of efficiency in the final design stage. The selection of
appropriate methods is problem dependent. A comprehensive algorithm cannot be formulated.
The engineer has to select the methods and the order of application.

4 Design of a plane reinforced concrete framework
Deterministic simulation model The observed two-storied reinfored concrete framework is
shown in Fig. 3. The numerical analysis is realized by a finite element model, using the gradient
enhanced microplane damage model for concrete, see [22]. The used material parameter, which
characterize a concrete of type C30/37 are E = 3.19 · 107 kN/m2 , ν = 0.18, β = 160, α = 0.96,
γ0 = 0.000125, c = 0.2 m2 , kr = 10. The reinforcement is considered with linear elastic material
behaviour (E = 2.05 · 108 kN/m2 ). The bonding of concrete and reinforcement is assumed to
be rigid.
For the horizontal beams, a dead load g for a density ρ = 2.5 t/m3 is considered. The dead
loads of the columns are neglected. The forces q, H1 , H2 , Fv und Fh are considered as uncertain
parameters in the final design phase, see Tab. 2. The parametrized geometrical design variables
are the cross-sections of the reinforcement for each structural element As,Qi (i = 1, . . . , 6), the
heights of the beams hQ3 und hQ6 and the position of the internal forces a and b. The result
variables are the maximum steel stress of each element σs,Qi and the maximum damage of the
concrete in the total structure dmax .
Optimization objective and constraints The aim of this numerical design is the minimal effort for resources. The multi objective task is formulated as sum of weighted objective functions
6

z = wA · ∑ As,Qi · li + wh · (hQ3 + hQ4 ) → min .

(12)

i=1

The influence of steel and concrete is 50 % each, the weighting factors wA , wh are determined in
the final design phase. The constraints are
σs,Qi < fy = 500000 kN/m2 and dmax < 0.9.
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(13)

Figure 3: Parametrized structure

4.1

Early stage of design

The early stage of design is realised on the basis of a computed design of experiments (DoE).
On the basis of this, an investigation of the simulation model is performed. To identify the
relevance of the 10 design parameters, the sensitivity is computed on the basis of this DoE. The
measure which is used, is comparable to the First Order S OBOL’ Indices. In Fig. 4, the results
are shown with respect to seven relevant result parameters.
It can be seen, that the sensitivity of only few parameters is significant. The largest sensitivity
can be found for the heights of the beams hQ3 and hQ6 for all result quantities. The amount
of reinforcement As,Qi is only sensitive to the maximum steel stress σs,Qi in the respective element. The vertical load position a has no significant influence. The horizontal load position b
is relevant for the steel stresses σs,Q2 and σs,Q3 . The reinforcement in element Q5 has a high
sensitivity for the maximum concrete damage dmax .
To reduce the design space, it can be found, that the influence of the load positions a and b is
negligible and will not be considered for the further investigations.

Figure 4: Sensitivity analysis of design variables
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4.2

Final design stage and selected design

Optimization under consideration of uncertainty The uncertainty of the heights of the
beams hQ3 and hQ6 will be considered such that these are uncertain design parameters. The
affine transformation will be applied by summation of an uncertain a priori parameter (modelled as fuzzy triangular number xf = ha, b, ci | a, b, c ∈ R ∧ a ≤ b ≤ c)
hfQ3 = hQ3 + h−2, 0, 2i cm, hfQ6 = hQ6 + h−2, 0, 2i cm.

(14)

The design space is given in Tab. 1. The consideration of uncertainty for the design parameters
will reduce the given boundaries.
The load positions will be considered as deterministic values a = 6.0 m and b = 2.0 m.
Table 1: Design parameters xd

parameter [mm]

parameter [mm]

parameter [mm]

parameter [cm]

As,Q1 ∈ [4.2, 8.0] As,Q3 ∈ [3.1, 8.0] As,Q5 ∈ [2.0, 8.0] hQ3 ∈ [29.4, 38.0]
As,Q2 ∈ [2.0, 8.0] As,Q4 ∈ [2.0, 8.0] As,Q6 ∈ [2.0, 8.0] hQ6 ∈ [27.6, 38.0]
The weighting factors wA and wh of the objective function Eq. (12) are set such that the result
space holds z ∈ [0, 2]. The objective function is
6

z=

∑ As,Qi · li − 0.0663 m3

i=1

0.1417 m3

+

(hQ3 + hQ4 ) − 0.57 m
→ min .
0.19 m

(15)

The constraints according to Eq. (13) are uncertain constraints, because the analysis of each design will lead to uncertain results. The consideration in the deterministic optimization algorithm
is possible by applying information reducing measures. For the steel stress σs , the worst-case
measure Eq. (10) is applied. The information reduction for the concrete damage dmax is performed by the representative measure Eq. (8). This leads to the constraints
f
f
max(MfWC,r (σs,Qi
, µ ∗ = 0.0)) < 500000 kN/m2 and MfN (dmax
) < 0.9.

(16)

The uncertain analysis will consider the uncertain a priori parameters of the design variables
and further the given fuzzy quantities in Tab. 2. The α-level optimization will be performed as
undirected procedure using nsim = 200 random realization – using Latin hypercube sampling
(LHS) [11] – for each α-level α = {0.0, 0.5, 1.0}.
Table 2: A priori fuzzy triangular quantities xp,f

qf = h0, 25, 60i kN/m Fhf = h0, 20, 43i kN Fvf = h0, 20, 43i kN
H1f = h0, 10, 20i kN
H2f = h0, 10, 15i kN
The structural optimization is done by a modified evolution strategy [13] (parameters:
ngeneration = 10, nchain = 3, nchilds = 15). The best design is found as zopt = 0.255 for the design
f , µ ∗ = 0.0)) =
vector given in Tab. 3. This design satisfies the constraints by max (MfWC,r (σs,Qi
f ) = 0.36.
380610 kN/m2 and MfN (dmax
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Table 3: Design parameters of the best design xdopt

mm

mm

mm

As,Q1 = 5.64
As,Q2 = 2.88

As,Q3 = 5.63
As,Q4 = 3.32

cm

As,Q5 = 3.57 hQ3 = 29.4
As,Q6 = 2.33 hQ6 = 27.7

Analysis of selected design The last step in the proposed design procedure is to verify the optimal design. Therefore, an enhanced fuzzy structural analysis considering 3D structural results
is used. The analysis is applied on three α-levels α = {0.0, 0.5, 1.0} using nsim = 2000 simulations. In total, 37440 fuzzy result quantities are computed. To visualize the 3D results, the
mapping of fuzzy quantities is possible by application of information reducing measures. For a
comprehensive evaluation, the usage of representative and uncertainty characterizing measures
is necessary. For this example, the centroid method MfE Eq. (9) and the area of the fuzzy quantity UfA Eq. (11) are used. In Fig. 5, the fuzzy concrete damage is shown using the information
reduction measures and minimum and maximum bounds of the membership function. It can be
seen, that the centroid value and the maximum value have significant differences. In Fig. 6 can
be seen that the largest uncertainty (represented by the area measure) occurs in the upper level
beam and at the foundations. In this regions, the steel stress has high values.

Figure 5: Fuzzy damage parameter d f of the final design
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Figure 6: Fuzzy steel stress σsf of the final design

5

Conclusion

The proposed procedure to solve the design task is: 1. early stage of design, 2. finale stage
of design and selection and evaluation of the final design. The single stage needs specific
methods and expert knowledge. The consideration of uncertainty in terms of polymorphic uncertainty models is necessary and represents the real available data situation. The general formulated optimization procedure is applicable to existing single- and multi-objective optimization algorithms. The result mainly depends on the selected uncertainty reducing measure. The
example demonstrates the relevant steps for an efficient and realistic design process.
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Abstract: The planning of post-disruption restoration in critical infrastructure usually relies on deterministic assumptions such as known duration of repair tasks and
complete information on resources. In fact, the uncertainties faced by restoration
activities are rarely considered. Hence, the solutions obtained by a deterministic
method may be suboptimal or even infeasible. To bridge this gap, this paper proposes a two-stage stochastic optimization with the objective of minimizing cumulative system performance loss. The inherent stochasticity is represented using a
set of scenarios which capture specific realizations of repair activity durations and
available resources, characterized by occurrence probabilities. A multi-mode restoration model is proposed that offers more flexibility than its single-mode counterpart. A realistic network based on the British power transmission system is
employed as case study. The results demonstrate the benefits and effectiveness of
the stochastic model as opposed to the deterministic model that considers only the
expected values of uncertain parameters.

Introduction
The safe and reliable functioning of infrastructure systems such as power grids, communication networks, water distribution networks and transport systems is vital to our society [1].
These systems are thus called critical infrastructures (CIs) [2]. However, disruptions such as
natural hazards, malevolent attacks or technical accidents is becoming inevitable in today’s
increasingly risky and complex operating environment [3]. These events can significantly
impact CIs performance and cause severe economic losses, such as power outages experienced by 55 million customers during the 2003 Italy blackout and by around 3 million people
during the hurricane Katrina in the United States. Justifiably, then, CI protection (CIP) has
become a priority for all Nations [4].
Recent lessons learned from catastrophic events on CIs have drawn the focus of CIP studies
towards the concept of resilience. In this regard, a system should not only be reliable, i.e. having an acceptably low failure probability, but also resilient, i.e. being capable of absorbing,
adapting to and rapidly recovering from disruptive events [5, 6]. While resilience is characterized by different system attributes [7], it can be effectively enhanced by developing optimum
plans for timely restoring the disrupted service after disruptive events. In this context, the
main decision is to determine a schedule of tasks for restoring the failed components.
Resources for CI restoration are often limited during the post-disruption stage. Therefore,
optimization methods are typically used to facilitate the identification and scheduling of effective restoration strategies for the rapid restoration of system functionality while accounting for
the limited amount of resources. Many studies have been proposed in the literature in the con-
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text of post-disruption CI restoration into a mathematical programming framework, e.g., [811]. However, all these studies rely on assumptions such as deterministic information on the
restoration resources and full knowledge of the activity duration. On the other hand, the restoration of CIs is complicated by the many decisions to be made in a highly uncertain environment exacerbated by the disaster itself, people’s reaction, and limited capability of
information gathering. Neglecting these uncertainties may lead to budget and schedule overruns, compromised performance and ineffective resource allocation in the system restoration
process [12]. Therefore, preparations and recovery plans must be robust with respect to many
scenarios, for which the modeling of uncertain parameters is significant.
To the best of our knowledge, few studies have tackled uncertainty in post-disruption CI restoration. Xu, et al. [13] studied restoring a power grid after an earthquake by scheduling inspection, assessment and repair operations, where the duration of these tasks is assumed to be
random parameters with known probabilities. Instead of solving the stochastic programming
(SP), they used a GA to produce a priority list of repair tasks, which might be suboptimal.
To bridge this gap, this paper proposes a two-stage SP for the post-disruption CI restoration
planning problem (CIRPP). The model seeks to minimize the expected performance loss over
possible realizations of uncertain parameters. Specifically, the repair tasks of failed components are modeled as multi-mode activities, in which the repairs are performed with variant
allocations of resources, and the processing duration is a function of the amount of allocated
resources. Multi-mode repair models offer more flexibility than its single-mode counterparts
[10, 13, 14], and is thus of higher practicality for operators of CI systems. A benders decomposition is applied to solve the mixed-integer equivalence of the original model, where the
equivalent problem is obtained by scenario generation and reduction techniques [15].
The remainder of this paper is organized as follows. Section 2 introduces the problem statement and proposes a two-stage SP model for the multi-mode CIRPP. In Section 3, the solution method is briefly presented. Section 4 illustrates the numerical results on a test network
based on the British electric power system. Finally, concluding remarks are given in Section 5.

Modeling Multi-model CI Restoration Planning
2.1 Problem Statement
In this study, a CI network is represented as an undirected graph 𝔾(𝑉, 𝐿) comprising a set of
nodes 𝑉 connected by a set of links 𝐿. The network nodes are classified into supply nodes 𝑉𝑆 ,
transshipment nodes 𝑉𝑇 , and demand nodes 𝑉𝐷 (𝑉𝑆 ∪ 𝑉𝑇 ∪ 𝑉𝐷 = 𝑉). Each arc 𝑙 ∈ 𝐿 is characterized by flow capacity 𝑝𝑙𝑚𝑎𝑥 ∈ 𝑅0+ , and each supply node 𝑛 ∈ 𝑉𝑆 has a supply capacity
𝑔̅𝑛𝑡 ∈ 𝑅0+ at time 𝑡; each demand node 𝑛 ∈ 𝑉𝐷 has a demand 𝑝̅𝑛𝑡 ∈ 𝑅0+ at time 𝑡 describing
nominal operations. The system performance is measured as a function of the percentage of
demand that can be met throughout the system at time 𝑡.
The main system components, i.e. supply units, transmission lines and relay nodes, may be
subject to damage stemming from natural disasters or malicious attacks. The proposed restoration planning model aims to reestablish the connection between supply and demand nodes
in a disrupted area by repairing damaged components over a fixed planning horizon so that
the interruption of services at the demand nodes is minimized. Disruptions are modeled by the
removal of a subset of arcs, 𝐿′ ⊂ 𝐿, and a subset of nodes 𝑉 ′ ⊂ 𝑉 from the network. The arcs
and nodes in sets 𝐿′ and 𝑉 ′ become non-operational immediately after the disruption. Succes-
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sively, system restoration is planned and initiated for ensuring system service by scheduling
the individual repair tasks. The planning horizon for restoration is divided into discrete time
periods, i.e., 𝑡 = 1 … 𝑇, and 𝑡 = 0 identifies the planning instant.
The restoration of a damaged component (node or link) 𝑖, ∀𝑖 ∈ 𝐿′ ∪ 𝑉 ′ , can be performed by
variable allocations of resources ℎ𝑖 , and consequently the repair duration, i.e. the time to repair, 𝑢𝑖 is a function of such allocation, i.e. 𝑢𝑖 = ℱ(ℎ𝑖 ). As exemplified in Figure 1, the repair
duration is measured in man-hour units defined as the amount of work performed by the average worker during one hour. The higher the number of crews allocated per hour, the shorter
repair time for the damaged component, and 𝑢𝑖 shows a saturation point at which further allocating repair crews does not expedite the repair process. Moreover, there is a minimum
amount of resources required for initiating the repair process of a damaged component. The
relationship 𝑢𝑖 = ℱ(ℎ𝑖 ) can vary across different components.

Figure 1. Repair time as a function of the number of allocated repair resources per hour.

In this study, the multi-modal restoration of the damaged component 𝑖 is represented by pairs
of repair duration and allocated resources, i.e. (𝑢̃𝑖𝑚 , ℎ𝑖𝑚 ), 𝑚 = 1 … 𝑀𝑖 ∀𝑖 ∈ {𝑛, 𝑙}, for each
discrete repair mode 𝑚, where 𝑀𝑖 is the number of modes in which the repair task of 𝑖 can be
implemented. System operators tend to allocate more resources, e.g. repair crews and equipment, to accelerate the restoration of those components which are deemed as critical for the
recovery of system functionality. Multiple alternatives usually exist for executing the repair
activity based on the combination of the repair modes to which resources are allocated.
The repair time 𝑢̃𝑖𝑚 for the repair mode 𝑚 = 1 … 𝑀𝑖 of component 𝑖 is a stochastic quantity
and is modeled by a random variable that may follow diverse probability distributions. Following the most common choice for the probability distribution of activity time [16], the time
to repair is assumed to be Weibull distributed:
𝛼𝑖

𝑓𝑈̃𝑖 (𝑢; 𝛼𝑖 , 𝛽𝑖 ) = { 𝛽𝑖

𝑢 𝛼𝑖 −1

(𝛽 )
𝑖

𝛼

𝑒 −(𝑢/𝛽𝑖 ) 𝑖 , if 𝑢 ≥ 0

0,

𝑢<0

(1)

where 𝛼𝑖 is the shape parameter and 𝛽𝑖 is the scale parameter, ∀𝑖 ∈ 𝐿′ ∪ 𝑉 ′ . For the multimodal repair activity (𝑢̃𝑖𝑚 , ℎ𝑖𝑚 ), the assignment of external repair resources to a damaged
component usually leads to a reduction of the expected repair time [12]. Hence, the mean time
to repair (MTTR) of component 𝑖 can be expressed as a function of the allocated resources ℎ𝑖𝑚 :
𝑀𝑇𝑇𝑅𝑖𝑚 = 𝛽𝑖𝑚 Γ(1 + 𝛼𝑖 −1 ) = 𝔽(ℎ𝑖𝑚 )

(2)

where Γ is the gamma function and 𝛽𝑖𝑚 Γ(1 + 𝛼𝑖 −1 ) represents the mean of a Weibull random
variable. 𝔽(∙) can be any non-increasing function of ℎ𝑖𝑚 which account for the decreasing
repair efficiency as more resources are allocated to the repair task.
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The total amount of repair resource units that can be allocated to the restoration activities at
̃𝑡 , 𝑡 ∈ 𝑇, which is usually uncertain at the moment of planeach time period 𝑡 is denoted by 𝐻
̃𝑡 is a random variable and is modeled by a triangular
ning the restoration, i.e. at 𝑡 = 0. 𝐻
probability distribution:
𝑓𝐻̃𝑡 (𝑐; 𝑐𝑡− , 𝑐𝑡0 , 𝑐𝑡+ )

={

2(𝑐−𝑐𝑡− )
+
(𝑐𝑡 −𝑐𝑡− )(𝑐𝑡0 −𝑐𝑡− )
2(𝑐𝑡+ −𝑐)
+
(𝑐𝑡 −𝑐𝑡− )(𝑐𝑡+ −𝑐𝑡0 )

, for 𝑐𝑡− < 𝑐 ≤ 𝑐𝑡0
, for 𝑐𝑡0 < 𝑐 ≤ 𝑐𝑡+

(3)

̃𝑡 , respectively.
where 𝑐𝑡− , 𝑐𝑡0 , 𝑐𝑡+ are the minimum, most-likely and maximum values of 𝐻
′
′
In summary, for a disrupted CI system 𝔾(𝑉, 𝑉 , 𝐿, 𝐿 ), given (i) a set of repair execution
modes 𝑚 = 1 … 𝑀𝑖 for each damaged component 𝑖 ∈ 𝐿′ ∪ 𝑉 ′ , and (ii) a set of uncertainty
characterized by activity duration 𝑢̃𝑖𝑚 ~𝑓𝑈̃𝑖 (𝑢; 𝛼𝑖 , 𝛽𝑖 ) and (iii) by total available repair rẽ𝑡 ~𝑓𝐻̃ (𝑐; 𝑐𝑡− , 𝑐𝑡0 , 𝑐𝑡+ ), the multi-mode CIRPP attempts to determine the optimum
sources 𝐻
𝑡
combination of repair modes and the associated starting time under each uncertainty realization which minimizes the expected interruption of services at all the demand nodes. The problem can be viewed as a two-stage SP with recourse in which the variables related to the repair
mode are determined in the first stage and the repair activities are scheduled in the second
stage based on the first-stage decisions.

2.2 Mathematical Model
The stochastic multi-mode CIRPP model employs the following notation of decision variables.
𝑥𝑖𝑚
𝜑𝑖𝑡𝑠
𝜆𝑖𝑡𝑠
𝛿𝑖𝑡𝑠
𝑓𝑙𝑡𝑠
𝑔𝑛𝑡𝑠
∆𝑝𝑛𝑡𝑠

Whether a damaged component 𝑖 ∈ {𝑛, 𝑙} is selected to be repaired under mode 𝑚
Whether a failed component 𝑖 is assigned to repair crew at time 𝑡 under scenario 𝑠
Whether a failed component 𝑖 is being processed at time 𝑡 under scenario 𝑠
Operational state (functional/failed) of component 𝑖 at time 𝑡 under scenario 𝑠
The amount of flow passing through arc 𝑙 ∈ 𝐿 at time 𝑡 under scenario 𝑠
The amount of generated flow at node 𝑛 ∈ 𝑉𝐺 at time 𝑡 under scenario 𝑠
The amount of unsatisfied demand at node 𝑛 ∈ 𝑉𝐷 at time 𝑡 under scenario 𝑠

The problem is formulated as a two-stage SP with recourse [15, 17], where the objective is to
minimize the expected system performance loss:
̃ (𝑇) = ∑𝑇𝑡=1 ∑𝑛∈𝑉 ∆𝑝𝑛𝑡𝑠 }
𝑍 = min 𝔼𝝃(𝑠) {∆𝑅
𝐷

(4)

s.t.
∑𝑙∈𝐿|𝑂(𝑙)=𝑛 𝑓𝑙𝑡𝑠 − ∑𝑙∈𝐿|𝑅(𝑙)=𝑛 𝑓𝑙𝑡𝑠 = 𝑔𝑛𝑡𝑠 , ∀𝑛 ∈ 𝑉𝐺 , ∀𝑡, 𝑠
∑𝑙∈𝐿|𝑂(𝑙)=𝑛 𝑓𝑙𝑡𝑠 − ∑𝑙∈𝐿|𝑅(𝑙)=𝑛 𝑓𝑙𝑡𝑠 = 0, ∀𝑛 ∈ 𝑉𝑇 , ∀𝑡, 𝑠
∑𝑙∈𝐿|𝑅(𝑙)=𝑛 𝑓𝑙𝑡𝑠 − ∑𝑙∈𝐿|𝑂(𝑙)=𝑛 𝑓𝑙𝑡𝑠 + ∆𝑝𝑛𝑡𝑠 = 𝑝̅𝑛𝑡 , ∀𝑛 ∈ 𝑉𝐷 , ∀𝑡, 𝑠
0 ≤ 𝑔𝑛𝑡𝑠 ≤ 𝛿𝑛𝑡𝑠 𝑔̅𝑛𝑡 , ∀𝑛 ∈ 𝑉𝐺 , ∀𝑡, 𝑠
𝑝̅𝑛𝑡 (1 − 𝛿𝑛𝑡𝑠 ) ≤ ∆𝑝𝑛𝑡𝑠 ≤ 𝑝̅𝑛𝑡 , ∀𝑛 ∈ 𝑉𝐷 , ∀𝑡, 𝑠
−𝛿𝑅(𝑙)𝑡𝑠 𝛿𝑂(𝑙)𝑡𝑠 𝛿𝑙𝑡𝑠 𝑝𝑙𝑚𝑎𝑥 ≤ 𝑓𝑙𝑡𝑠 ≤ 𝛿𝑅(𝑙)𝑡𝑠 𝛿𝑂(𝑙)𝑡𝑠 𝛿𝑙𝑡𝑠 𝑝𝑙𝑚𝑎𝑥 , ∀𝑙 ∈ 𝐿, ∀𝑡, 𝑠
𝑚
𝑖
′
′
∑𝑀
𝑚=1 𝑥𝑖 ≤ 1, ∀𝑖 ∈ {𝑛 ∈ 𝑉 , 𝑙 ∈ 𝐿 }
𝑚
𝑖
′
′
∑𝑇𝑡=1 𝜑𝑖𝑡𝑠 = ∑𝑀
𝑚=1 𝑥𝑖 , ∀𝑖 ∈ {𝑛 ∈ 𝑉 , 𝑙 ∈ 𝐿 }, ∀𝑠
𝜆𝑖𝑡𝑠 + 𝛿𝑖𝑡𝑠 = ∑𝑡𝜏=1 𝜑𝑖𝜏𝑠 , ∀𝑖 ∈ {𝑛 ∈ 𝑉 ′ , 𝑙 ∈ 𝐿′ }, ∀𝑡, 𝑠
𝛿𝑖𝑡𝑠 ≥ 𝛿𝑖(𝑡−1)𝑠 , ∀𝑖 ∈ {𝑛 ∈ 𝑉 ′ , 𝑙 ∈ 𝐿′ }, ∀𝑡, 𝑠
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(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)

∑𝑡 𝑡𝜑𝑖𝑡𝑠 + ∑𝑡 𝜆𝑖𝑡𝑠 ≤ ∑𝑡 𝑡[𝛿𝑖𝑡𝑠 − 𝛿𝑖(𝑡−1)𝑠 ] , ∀𝑖 ∈ {𝑛 ∈ 𝑉 ′ , 𝑙 ∈ 𝐿′ }, ∀𝑠
𝑚 𝑚
𝑖
′
′
∑𝑡 𝜆𝑖𝑡𝑠 ≥ ∑𝑀
𝑚=1 𝑢𝑖𝑠 𝑥𝑖 , ∀𝑖 ∈ {𝑛 ∈ 𝑉 , 𝑙 ∈ 𝐿 }, ∀𝑠
𝑚 𝑚
𝑖
∑𝑖∈𝐿′ ∪𝑉 ′ 𝜆𝑖𝑡𝑠 ∑𝑀
𝑚=1 ℎ𝑖 𝑥𝑖 ≤ 𝐻𝑡𝑠 , ∀𝑡, 𝑠
𝛿𝑖𝑡𝑠 = 1, ∀𝑖 ∈ {𝑛 ∈ 𝑉\𝑉 ′ , 𝑙 ∈ 𝐿\𝐿′ }, ∀𝑡, 𝑠
𝑥𝑖𝑚 ∈ {0,1}, ∀𝑖 ∈ {𝑛 ∈ 𝑉 ′ , 𝑙 ∈ 𝐿′ }, 𝑚 = 1 … 𝑀𝑛
𝜑𝑖𝑡𝑠 , 𝜆𝑖𝑡𝑠 , 𝛿𝑖𝑡𝑠 ∈ {0,1}, ∀𝑖 ∈ {𝑛 ∈ 𝑉 ′ , 𝑙 ∈ 𝐿′ }, ∀𝑡, 𝑠

(15)
(16)
(17)
(18)
(19)
(20)

The system performance loss under each scenario in the objective function (4) is quantified by
the cumulative unsatisfied demand (CUD) at the demand nodes over the horizon of the system
restoration. Constraints (5)-(10) are the operation constraints for general infrastructure network systems, i.e. constraints (5)-(7) guarantee the flow balance at generation, transship and
demand nodes, respectively, constraints (8) ensure that the flow generated at a supply node
does not exceed its capacity if it is operational, constraints (9) ensure that the amount of flow
delivered to a demand node does not exceed the requested demand, and constraints (10) force
the arc flows to comply with capacities taking into account that a flow can exist only if the arc
and its ending nodes are functional. Furthermore, constraints (11)-(17) capture the relationships among the restoration scheduling decisions. Constraints (11) ensure that only one repair
mode is chosen for each damaged component. Constraints (12) state that if a damaged component is selected to be repaired, then a repair resource must be assigned to it. Constraints (13)
enforce that a damaged component assigned to a repair crew is either under repair or functional, i.e. its restoration is completed. Constraints (14) ensure that restored components do
not fail again over the planning horizon. Constraints (15) states that components are immediately available as soon as the repair workforce completes the task. Moreover, constraints (16)
ensure that once the restoration of a component is started, it continues at least for the estimated time to repair duration for the chosen repair mode. Constraints (17) limit the use of available repair resources at each time. Finally, constraints (18)-(20) are the integrity constraints.
The above CIRPP model (4)-(20) is most applicable to single-commodity infrastructure systems which include, for instance, power, water/waste water, natural gas, and supply chain
systems. It can be conveniently extended to multi-commodity systems by adding different
indexes to the network flow variables representing different types of commodities, e.g., models in [14], and by accounting for additional constraints of multi-commodity systems such as
the interdependency among the flows of different commodities [18].

Solution Methodology
3.1 Scenario Generation and Reduction
Due to the presence of continuous random variables, the stochastic parameter vector of the
proposed model 𝝃 has an infinite support. To obtain a solution to the problem, the stochastic
parameter vector 𝝃 needs a discrete representation, which restricts the possible outcomes to a
finite set. In this study, Latin hypercube sampling (LHS) [19] is utilized to replace 𝝃 and build
a finite and large set of uncertainty scenarios, Ω, over which a discrete probability distribution
𝑄 is defined. The LHS guarantees that the whole range of the random variables is spanned.
For a sample size of 𝑁, the LHS selects 𝑁 different values of the random variables by dividing their range into 𝑁 disjoint intervals. Then, 𝑁 scenarios are built by shuffling and pairing
these values; the probability of each scenario is 1/𝑁.
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The computational tractability of the SP model is achieved then by reducing the number of
scenarios while still preserving the essential features of the original sampling set. In other
words, we seek a reduced scenario set that yields an optimum solution whose value is close to
the solution of the original optimization problem. Consider the discrete probability distribution 𝑄 over the sampled scenario set Ω, the scenario reduction problem amounts to determining a scenario subset Ω𝑟 ⊂ Ω of cardinality 𝑁𝑟 and assigning new probabilities 𝑄 ′ to the
reduced scenarios such that [15]:
𝐷𝑘 (𝑄, 𝑄 ′ ) = inf {∑
𝜂

Ω𝑟 , ∑𝑠′ ∈Ω𝑟 𝜂(𝑠, 𝑠

𝑠∈Ω 𝜈(𝑠, 𝑠
𝑠′ ∈Ω𝑟

′)

′ )𝜂(𝑠, ′ )

𝑠 : 𝜂(𝑠, 𝑠 ′ ) ≥ 0, ∀𝑠 ∈ Ω, ∀𝑠 ′ ∈
(21)

= 𝜋𝑠 , ∀𝑠 ∈ Ω, ∑𝑠∈Ω 𝜂(𝑠, 𝑠

′)

′

= 𝜛𝑠′ , ∀𝑠 ∈ Ω𝑟 }

where 𝐷𝑘 (𝑄, 𝑄 ′ ) is called Kantorovich distance and is the most common probability distance
used in SP, 𝜋𝑠 and 𝜛𝑠′ represent the probabilities of scenarios 𝑠 and 𝑠 ′ in sets Ω and Ω𝑟 according to probability distributions 𝑄 and 𝑄 ′ , respectively, and 𝜈(𝑠, 𝑠 ′ ) is a nonnegative, continuous, symmetric function, often referred to as cost function and is represented by a norm
defined in the scenario space. Further details about Kantorovich distance can be found in [20].
The above problem can be solved through diverse techniques; in this paper, the fast forward
selection algorithm is selected because the reduced sets defined by this heuristic algorithm
perform well in practice [21]. The development and application of the fast forward selection
algorithm are detailed in [15] and in [21].

3.2 Benders Decomposition
By sampling the scenario tree and reducing it to a tractable number of scenarios, the proposed
SP is converted to its deterministic MIP equivalence. Then, a Benders’ decomposition (BD)
method can be applied to its solution which offers an efficient strategy for large-scale MIP.
As opposed to the original problem, the relaxed master problem (RMP) and the Benders’ subproblem (BSP) in the BD are much more tractable [22].
In the classic BD framework [22], an original MIP problem is transformed into a RMP and a
BSP that are iteratively solved and the solution of one problem is given as input to the other
until the optimal solution is achieved. At each iteration, there are two types of cuts that are
generated based on the solution of the BSP and then are added to the RMP: i) optimality cuts
that attempt to increase the lower bound of the minimization problem (or the upper bound of
the maximization problem), and ii) feasibility cuts used to remove the RMP solutions that are
not feasible in the BSP.
Instead of using only one BSP at each iteration, a set of subproblems are formulated and
solved, one for each scenario in our tailored BD. Thus, multiple cuts can be generated and
added into the RMP at each iteration. By doing so, the computational performance of the algorithm improves [23]. Due to limitations on space, we left the details of the Benders decomposition to Ref. [24].

Case study
A test infrastructure system based on the British high-voltage power transmission system [25]
is carried out as the case study. It comprises 29 nodes and 99 lines, as shown in Figure 2. For
ease of illustration, this analysis considers only transmission lines can be damaged following
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a disruption. The number of repair crews is the limited resource allocated to repair damaged
lines. The shape parameters of the Weibull distribution of the repair time for all components
are assumed to be equal to 5, with which the Weibull distribution is generally a symmetric
and bell-shaped curve. Each damaged line can be repaired in two modes, i.e. 𝑀𝑙 = 2, ∀𝑙 ∈ 𝐿′ ,
with one or two allocated repair crews, i.e., ℎ1𝑙 = 1 or 2, and the associated expected repair
times are 𝛽𝑖1 Γ(1 + 5−1 ) = 10 and 𝛽𝑖2 Γ(1 + 5−1 ) = 7, respectively. As suggested in [26], the
MTTR for line restoration is around 10 hours under normal repair workforce.
The considered disruption involves three levels of random failures causing direct damage and
loss of functionality to 5, 10, 15 lines (|𝐿′ | = 5, 10, 15). All the restoration cases are analysed
in a 32-h restoration planning horizon divided into four 8-hours shifts. The chosen horizon
ensures that all the failed components can be repaired. The parameters of the triangular distribution of the available repair crews during each shift are given in Table 1. The number of
available repair crews and the associated uncertainty in a shift are always larger or equal to
the same values during earlier shifts. This assumption takes into account the fact that on-duty
repair crews are usually available right after the disruption, while all off-duty resources cannot be available immediately; rather their number increase with time. The available number of
repair crews within each shift is assumed to be constant.
In order to investigate the benefits of using the stochastic model as opposed to the deterministic model that considers only expected values of random parameters, two problems are considered for each disruption case: I) Stochastic program problem (SPP), 1000 independent
uncertainty scenarios are generated using LHS [19]. With the use of the fast forward reduction algorithm [15], the number of the uncertainty scenarios is reduced to 5, then, the corresponding equivalent MIPs are solved. II) Expected value problem (EVP), the deterministic
counterpart of the SP is solved, which considers only the expected values of the repair parameter, i.e. expected activity durations and expected available repair crews in each shift. The aim
of solving these two problems is to quantify the value of the stochastic solution (VSS), defined as the difference between the stochastic solution and the expected value solution [23].

Figure 2. The test network model of the British electric power transmission system.
Table 1: Parameters of the triangular probability distribution of the available repair crews in each shift
i-th shift
1
2
3
4

𝑐𝑡−
2.0
4.0
6.0
10.0
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𝑐𝑡0
3.0
5.0
8.0
12.0

𝑐𝑡+
4.0
6.0
10.0
14.0

The restoration problems for different disruption cases are solved using the proposed Benders
decomposition method, in which the RMP and DSP are solved by CPLEX. Figure 3 shows
the objective function values, i.e. the cumulative unsatisfied demand (CUD), for all the six
instances, i.e. SPP and EVP under three disruption cases (|𝐿′ | = 5, 10, 15). The VSS is 0.007
GWh, 0.215 GWh and 0.386 GWh, for disruption scenarios |𝐿′ | = 5, 10, 15, respectively.
This demonstrates an obvious benefit in using the stochastic method over the deterministic
one based solely on the expected uncertain parameters.

Figure 3. Objectives values and VVSs under different disruption cases

Figure 4 contrasts the restoration curves of the system, i.e. evolution of the system performance level with time, under the five reduced uncertainty scenarios S1-S5 in the SPP against
the restoration curve in the EVP for each of the three disruption cases |𝐿′ | = 5, 10, 15. In Figure 4, the negative part of the 𝑥-axis (Restoration Period= −1) indicates a period before the
disruption, Restoration Period= 0 marks the occurrence of the disruption, and the remaining
periods time the repair process. The performance level in the 𝑦-axis represents the percentage
of the total demand that can be satisfied. As expected, the loss of system performance increases with the number of damaged transmission line, i.e. 0.37% for |𝐿′ | = 5, 3.54% for
|𝐿′ | = 10, and 5.65% for |𝐿′ | = 15. The small loss of system performance even in the relatively large disruption |𝐿′ | = 15 is the result of redundant transmission lines that compensate
for the offline damaged lines. For the case in Figure 4(b) (diamond-dotted line), repairing
only two failed lines, i.e. L22 and L81, leads to a full restoration of the system functionality.
In terms of the comparison between SPP and EVP solutions, Figure 4 shows that in each disruption case, i.e., |𝐿′ | = 5, 10, 15, most of the restoration curves under scenarios S1-S5 in
SPP outperform the corresponding restoration curves in EVP (diamond-solid lines), and it is
more evident for large disruptions.
(a)
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10
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Restoration Period [h]

Figure 4. System restoration curves under uncertainty scenarios S1-S5 in SPP and restoration curve in EVP for
disruption cases (a) |𝐿′ | = 5, (b) |𝐿′ | = 10, (c) |𝐿′ | = 15.

To study how the solutions of the SPP change under different degrees of uncertainty of the
random parameters, Figure 5 shows the CUDs and VSSs of the SPP for increasing variances
of the Weibull distribution of the repair durations for the case |𝐿′ | = 10. Larger values of the
shape parameter 𝛼 represent lower variances, and the expected values 𝛽𝑖1 Γ(1 + 𝛼𝑖−1 ) = 10 for
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mode 1 and 𝛽𝑖2 Γ(1 + 𝛼𝑖−1 ) = 7 for mode 2, are fixed. The EVP solution value is the same for
all the points in Figure 5, i.e. CUD= 1.44GWh. Figure 5 shows that the objective value CUD
(to be minimized) of SPP increases as the shape parameter 𝛼 increases (i.e. the variance decreases), resulting in decreasing VSSs. This is not unexpected because when the variance approaches zero, the VSS is also close to zero, and the random parameters become deterministic.
On the other hand, increasing the variance (smaller values of 𝛼) of the Weibull distribution of
the repair times results in generally decreases CUDs and increases VSSs. In other words, as
the uncertainty associated with the system restoration planning grows, it is more beneficial to
apply the proposed SPP.
1.6

CUD
VSS

[GWh]

1.4
1.2
1
0.8
0.6
0.4
0.2
0

1

2

3

4

5

6

,

Figure 5. CUDs and VSSs of the SPP under different shape parameters of the Weibull distribution of the repair
durations, i.e. different levels of uncertainty, for the disruption case |𝐿′ | = 10.

Conclusion
This paper proposes a two-stage SP model for CI restoration planning in which restoration
activities occur in a highly dynamic environment and are subject to considerable uncertainties.
The objective of the model is to minimize the expected loss of performance over possible realizations of the random parameters. In particular, multi-mode restoration activities are introduced, whose tasks can be performed by different allocations of resources and whose duration
is, therefore, a function of such allocation. The multi-mode modeling approach offers more
flexibility than its single-mode counterparts and is more practical for the operators of CI systems. The results from the case study involving the British power transmission network
demonstrate the clear benefit of the stochastic method over the deterministic one, which solely employs the expected values of the uncertain parameters. Furthermore, increasing variances
of the random parameters in the repair process, i.e. higher levels of uncertainty, result in large
values of VSS, indicating the need of stochastic models for post-disruption restoration planning when considerable lack of knowledge in decision-making exists.
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Higher-order methods in stochastic structural dynamics:
Are they necessary?
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Abstract: The dynamics of linear and nonlinear structural systems to stochastic
excitation has been thoroughly investigated over the past 50+ years. One critical
assumption that permeates nearly all of these investigations is that the stochastic
model is assumed to be second-order; that is, it can be accurately characterized by
its mean and covariance function (alternatively power spectral density). Perhaps
equally important though is that, until recently, very few (if any) direct higher-order
mathematical expansions of stochastic functions existed. In other words, it was
nearly impossible to investigate the effects of higher-order properties because
stochastic models for generating realizations of higher-order processes were
lacking. This shortcoming has been addressed recently by Shields and Kim [1] who
presented a generalization of the Spectral Representation Method for simulation of
third-order (skewed) stochastic processes directly from a prescribed power spectrum
and bispectrum.
The intention of this work is to investigate the influence of higher-order correlations
on dynamic structural response. We consider a nonlinear single degree of freedom
structure subjected to different stochastic excitations generated by the Iterative
Translation Approximation method (ITAM) and the newly proposed Bispectral
representation method (BSRM). Nonlinearities in stiffness are considered and the
influence of higher-order properties is investigated for different response quantities
of interest. Some conclusions are drawn regarding when and why higher-order
stochastic process models are necessary in structural dynamics.

Introduction
The theory of stochastic structural dynamics is well-established for linear structures subjected
to stationary, Gaussian excitation. Hence structural response under these conditions can be
considered “predictable” (at least probabilistically). However, the response of nonlinear
structures subjected to non-Gaussian excitations, by contrast, is poorly understood for a variety
of reasons. One important reason is that modeling capabilities for non-Gaussian stochastic
excitation have met certain practical and theoretical limitations. Thus, with few exceptions
stochastic excitations have been modeled using only the second-order properties of the
stochastic process: matching the mean, covariance (or power spectral density), and marginal
probability distribution. The reasons for this simplification are many. Lack of data makes it
difficult to quantify stochastic functions beyond second-order. Moreover, even when higherorder characterization is possible, the mathematical formalisms for integrating the properties
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(e.g. n-point correlation functions) into simulation models have not been developed. While the
mathematical simplicity and elegance of second-order solutions (particularly for linear systems)
makes them very attractive, higher-order properties may be critical to structural response
especially for non-linear structures. This work aims to provide an initial investigation into these
effects.
Under second-order assumptions, a series of approximate methods for generating non-Gaussian
processes have been developed by the authors for stationary [2,3] and non-stationary processes
[4,5] that utilize Grigoriu’s translation process theory [6]. Collectively, these methods are
referred to as the Iterative Translation Approximation Method (ITAM). However, the stochastic
processes that describe many real excitations, such as sea waves [7,8] and turbulence wind
pressures [9,10], possess higher-order properties which can be derived from wave interactions
not captured by the ITAM and related methods. Recently, the authors proposed an extension of
the classical stochastic representation method [13] that integrates these wave interactions (via
the bispectrum) to simulate third-order stochastic processes; it is referred to herein as Bispectral
Representation Method (BSRM) [1]. In some regards, this improves the accuracy of the
simulated stochastic process as it relates to a real, observable process (such as wind pressure).
The objective of this paper is to study the effects of higher-order stochastic excitation on the
response of a simple nonlinear structure and compare the results with the response observed
from existing second-order methods (specifically the ITAM). We generate 10,000 wind
pressure time histories using the ITAM and BSRM based on characterization of wind pressures
from wind tunnel test data. A simple elastic-plastic structure is subjected to these wind
pressures. Significant differences in the inelastic response are observed and a connection is
made between these differences and the higher-order properties of the wind pressure process.

Iterative Translation Approximation
Using translation process theory, it is possible to model a non-Gaussian stochastic process
through a nonlinear mapping of an underlying Gaussian process subject to certain compatibility
conditions [2]. The challenge in employing translation process theory for simulation purposes
is to identify an underlying Gaussian process that, when mapped, produces the desired nonGaussian process as accurately as possible. The level of accuracy of this mapping is gauged
based on the ability to match both the marginal probability density function (PDF) and the
prescribed correlation function (or equivalently power spectral density function – PSDF). To
address this problem, the ITAM iteratively upgrades the underlying Gaussian PSDF (or
covariance function [5]) using the directly calculated non-Gaussian PSDF identified from
translation process theory. Details can be found in [2-5].
The main advantage of ITAM are that it is conceptual simple, easy to implement, and converges
to a high degree of accuracy very rapidly at little computational cost even when the prescribed
process is incompatible with the translation process model. The main disadvantage, from the
perspective of the objectives identified here, is that the simulated process matches the
prescribed process only up to second-order. That is, it matches the mean, PSDF (or covariance),
and the marginal PDF. It cannot model processes with prescribed higher-order properties (npoint correlations or polyspectra) that may be important for structural response.
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Bispectral Representation Method
3.1 Higher-order stochastic properties: cumulants and polyspectra
Given a real random vector 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑛 } the joint cumulants of order 𝑟 = 𝑘1 + 𝑘2 +
⋯ + 𝑘𝑛 are defined by:
𝑐𝑘1 …𝑘𝑛 = (−𝑖)𝑟

𝜕 ln 𝐸[exp(𝑖(𝜔1𝑥1+⋯+𝜔𝑛 𝑥𝑛 )])
𝜕𝜔 𝑘1 𝜕𝜔 𝑘2 …𝜕𝜔 𝑘𝑛

|

𝜔1=𝜔2=⋯=𝜔𝑛 =0

(1)

For Gaussian random vectors and processes, the cumulants of order higher than two are
identically zero. In this sense, non-zero cumulants higher than second-order represent provide
a measure of non-Gaussianity. But more than that they describe higher-order dependencies that
describe the interactions of 𝑛 variables.
𝑓

For a real stochastic process, the 𝑛 𝑡ℎ order polyspectrum 𝐶𝑛 is defined by the (n - 1)
𝑓

dimensional Fourier transform of the 𝑛 𝑡ℎ order cumulant function 𝑐𝑛 . For example, the power
spectrum is the second-order polyspectrum, defined as the Fourier transform of the secondorder cumulant. The bispectrum is the third-order polyspectrum and can be defined in terms of
the third-order cumulant as
∞

𝑓
𝐶3 (𝜔𝑖 , 𝜔𝑗 )

∞

1
𝑓
= 𝐵(𝜔𝑖 , 𝜔𝑗 ) =
∫ ∫ 𝑐3 (𝜏𝑖 , 𝜏𝑗 )𝑒 −𝑖(𝜔𝑖𝜏𝑗 +𝜔𝑖𝜏𝑗 ) 𝑑𝜏𝑖 𝑑𝜏𝑗
(2𝜋)2

(2)

−∞ −∞

and describes certain skewed properties of non-Gaussian processes [1].
The bispectrum is complex in general and can be expressed in terms of an amplitude and socalled biphase as
𝐵(𝜔𝑖 , 𝜔𝑗 ) = |𝐵(𝜔𝑖 , 𝜔𝑗 )|𝑒 𝑖𝛽(𝜔𝑖,𝜔𝑗 )

(3)

ℑ𝐵(𝜔𝑖 , 𝜔𝑗 )
𝛽(𝜔𝑖 , 𝜔𝑗 ) = tan−1 [
]
ℜ𝐵(𝜔𝑖 , 𝜔𝑗 )

(4)

where

Let us further define a partial bicoherence,
𝑏𝑝2 (𝜔𝑖 , 𝜔𝑗 ) =

|𝐵(𝜔𝑖 , 𝜔𝑗 )|2
𝑆𝑝 (𝜔𝑖 )𝑆𝑝 (𝜔𝑗 )𝑆(𝜔𝑖 + 𝜔𝑗 )

(5)

which serves to normalize the bispectrum and a pure power spectrum
𝑖≥𝑗≥0

𝑆𝑝 (𝜔𝑘 ) = 𝑆𝑝 (𝜔𝑘 ) [1 − ∑ 𝑏𝑝2 (𝜔𝑖 , 𝜔𝑗 )]

(6)

𝑖+𝑗=𝑘

which is represents the power spectrum of the process with wave interaction terms associated
with the bispectral contributions removed. The partial bicoherence has the following property:
𝑖≥𝑗≥0

0 ≤ ∑ 𝑏𝑝2 (𝜔𝑖 , 𝜔𝑗 ) ≤ 1
𝑖+𝑗=𝑘
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(7)

3.2 Third-order spectral representation method
Exploiting the third order properties described in the previous section, the authors recently
proposed a higher-order extension of the classical spectral representation method (referred to
here as the Bispectral representation method, BSRM) [1] by deriving new orthogonal
increments for the spectral process that satisfy the orthogonality conditions of the Cramér
spectral representation [15] up to third-order. The expansion take the following form:
∞

𝑓(𝑡) = √2 ∑ √2𝑆(𝜔𝑘 )Δ𝜔𝑘 cos(𝜔𝑘 𝑡 − 𝜑𝑘 )
(8)

𝑘=1
∞ 𝑖≥𝑗≥0

+√2 ∑ ∑ √2𝑆(𝜔𝑘 )Δ𝜔𝑘 |𝑏𝑝 (𝜔𝑖 , 𝜔𝑗 )|cos[(𝜔𝑖 + 𝜔𝑗 )𝑡 − (𝜑𝑖 + 𝜑𝑗 + 𝛽(𝜔𝑖 , 𝜔𝑗 ))]
𝑘=1 𝑖+𝑗=𝑚

where 𝜑𝑘 are independent random phase angles uniformly distributed in [0, 2𝜋].
This new spectral representation method differs in fundamental ways from nonlinear translation
methods such as the ITAM in that it directly expands the process from both the 2- and 3-point
correlations (power spectrum and bispectrum). Consequently, the simulated process fully
matches the true process up to third order. Extensions of Eq. (8) to fourth-order and higher are
currently under investigation. However, since the method expands from the moments
(cumulants) it is not assured to match the marginal PDF.

Comparison of ITAM and BSRM for nonlinear dynamics
The ITAM and BSRM have distinct advantages and disadvantages in terms of how they
represent a stochastic process. However, it is not clear what the implications of these
representations are for stochastic structural dynamics. In this section, we utilize data from wind
tunnel tests conducted at Tokyo Polytechnic University [16] to characterize a wind pressure
stochastic process and represent this process using both the ITAM and BSRM. The resulting
simulations from both methods are then applied to a nonlinear single degree of freedom
structure and some observations on the structural performance are made.

4.1 Generation of wind pressure coefficient histories and statistical analysis
Extensive wind tunnel tests have been conducted at Tokyo Polytechnic University [16] to study
wind flow around structures of various type. Among the structures were 22 different high-rise
building models with 1/400 length scale, 1/3 velocity scale, and temporal scale 3/400. We
extracted wind pressures coefficient histories, 𝐶𝑝 (𝑡), from one structure with the ratio of
breadth, depth, and height as 0.1m: 0.1m: 0.5m, exposure factor is 1/4, and 0 degree angle of
wind at one of the 443 measurement locations, located near the center-bottom of the windward
surface. This location is selected because it represents a possible location for a sign structure
such as the one we study below. The duration of a time history is 32.767 sec. with time step
0.001 sec.
After characterizing the process from the time history data (i.e. estimating the power spectrum,
bispectrum, and marginal PDF), the ITAM and BSRM are utilized to generated 10,000 samples
of the wind pressure process. For the ITAM, a lognormal distribution with parameter σ𝑁 =
0.2011, 𝜇𝑁 = −0.1228 with shift 0.9025 is selected to represent the marginal PDF of the zero-
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mean wind pressure coefficient histories. The quantities are scaled appropriately to model real
wind conditions such that the duration of the generated samples is 2000 sec. Samples of the
zero-mean wind pressure coefficient histories generated using the ITAM and BSRM with
identical phase angles are shown in Figure 2.

Figure 1: Zero mean wind pressure coefficient histories of wind tunnel test data, ITAM and BSRM

The empirical PDFs of the zero-mean wind pressure coefficient form the data, ITAM, and
BSRM are shown in Figure 3. All of the PDF have similar skewness although there are
noticeable differences in the tails. The ITAM and BSRM have similar upper tails but these tails
are heavier than the data suggests they should be. For the ITAM, this implies that the lognormal
model is not a perfect fit. For the BSRM, this implies that higher than 3rd-order properties may
be necessary for accurate characterization such that, for example, the process can match kurtosis
and other traits that describe the tails. In the lower tail, the ITAM provides a better fit than the
BSRM. This is less important though because yielding of the structure will result from high
pressure events occurring in the upper tail. Nonetheless, this mismatch may have indirect
consequences that are not immediately obvious.

Figure 2: Empirical probability densities of zero mean wind pressure coefficient of
wind tunnel test data, ITAM simulations and BSRM simulations.

The estimated power spectra from the wind pressure data and the ITAM and BSRM simulations
are shown in Figure 4. The BSRM simulations match the power spectrum of the wind pressure
data with very high accuracy. Meanwhile, the ITAM shows a slight increase in power in the
low-frequency range as a result of translation process incompatibility.
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Figure 3: Estimated powerspectra of wind tunnel test data, ITAM simulations and BSRM simulations

Lastly, the bispectrum of three wind pressure coefficient histories is estimated and compared.
The complex bispectrum of the wind tunnel test data is dominated by real part and the
magnitude of bispectrum is shown in Figure 5. Like the power spectrum, the amplitude at low
frequencies range is much higher than at higher frequencies, which it means there are significant
interactions between low frequencies waves.

Figure 4: Amplitude of the wind pressure coefficient bispectrum from wind tunnel test data

Figure 6 shows a comparison between the amplitude bispectrum estimates from the data and
the ITAM and BSRM simulations at three different frequencies. Here, we see major
discrepancies between the BSRM and ITAM. The BSRM simulations show a good match with
the data. The ITAM, on the other hand, shows largely increased amplitude in the bispectrum at
low frequencies and decreased amplitude at high frequencies. Note that the ITAM is not
expected to match the bispectrum. This implies that the ITAM simulations have stronger 3point correlations than the data and the BSRM simulations at low frequencies and weaker 3point correlations at high frequencies.
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Figure 5: Comparison of estimated amplitude Bispectra for the wind tunnel test data, ITAM simulations, and
BSRM simulations at different frequencies

4.2 Stochastic wind-structure dynamic simulation
In this section, the wind pressures generated using ITAM and BSRM are applied to a simple
nonlinear structure. The time-varying wind force on the structure [17] is calculated as
𝑓𝑝 (𝑡) =

1
̅̅̅
̅2
𝜌[𝐶𝑝 (𝑡) + 𝐶
𝑝 ]𝐴𝑝 𝑈
2

(9)

where 𝜌 = 1.23kg/m3 is density of air, 𝐶𝑝 (𝑡) is the simulated zero-mean wind pressure
coefficient history, ̅̅̅
𝐶𝑝 = 0.44 is the mean pressure coefficient from wind tunnel test data, 𝐴𝑝
̅ = 14.04 m/sec is the average
is surface area perpendicular to the direction of the wind, and 𝑈
wind speed at height 4m.
We considered a hanging billboard supported by aluminum rods as shown in Figure 7(a) which
is idealized by a lumped mass structure in Figure 7(b) with mass 𝑚 = 1000 kg. The length of
the aluminum bars is 𝐿 = 1.2 m, the diameter of circular aluminum bar is 𝑑 = 2.8 𝑐𝑚, and the
tributary surface area for load in each rod is 𝐴𝑝 = 3m2 .
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(a)

(b)

1

Figure 6: Hanging billboard with aluminum bars under wind load (a) and its lumped mass structure (b)

The rods are Aluminum 6061-T6 and modeled as elastic perfectly-plastic with yield stress 𝜎𝑦 =
240MPa and elastic modulus 𝐸 = 69GPa resulting in an elastic stiffness for the SDOF
structure of 𝑘 = 7312 N/m. The damping ratio is 𝜉 = 0.02.
We are specifically interested in studying the differences in the nonlinear (yielding) response
of the structure between the ITAM and BSRM simulations. To do this, we subjected the
structure to the 10,000 generated wind pressures (as defined above) and observed the behavior
of the process immediately before and during each yielding event. Specifically, we observe the
peak pressure that results in the yielding event and the associated impulse defined as [18]:
𝐼 = ∫ 𝑃(𝑡) 𝑑𝑡

(10)

𝑡𝑑

where 𝑡𝑑 is time window between the mean upcrossing prior to yield and the yield event. The
peak pressure is the maximum wind pressure in the time window 𝑡𝑑 .
From these simulations, it was observed that structure yielded 5062 times from the 10,000
ITAM simulation and 2187 times from the 10,000 BSRM simulations. Why, when the wind
pressure processes possess nominally the same variance and skewness and have almost
identical upper tails (Figure 3), do they yield such drastically different response – with the
ITAM causing the structure to yield more than twice as often as the BSRM? It appears that this
can be explained by the amplification of the bispectrum by the ITAM illustrated in Figure 6.
Consider this from the perspective of the peak pressure and impulse. Figure 9 shows the joint
probability distribution of the peak pressure and impulse for the yielding events from both
ITAM and BSRM. Notice that the spread in peak pressure is similar between the two methods
(the ITAM has slightly larger spread in peak pressure). The ITAM, however, has a much larger
spread in terms of impulse – with much more frequent high impulse events. This means that,
while the histories from both methods yield comparable pressures, there is more energy being
delivered by the ITAM histories. In other words, the ITAM model produces wind gusts that
have a longer duration of sustained high pressure. This added energy, we believe, is a direct
result of the strong 3-point correlation (amplified bispectrum) in the ITAM simulations.
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(a)

(b)

(c)

1

Figure 7: peak pressure-impulse diagram (a) and the estimated probability densities of ITAM (b) and BSRM (c)

This result highlights the potential importance of matching higher-order properties in the
excitation for non-linear structures subject to stochastic dynamic excitation. While not
conclusive at this point, it seems to indicate that higher-order spectra can greatly influence the
structural response. Moreover, additional studies are necessary to provide a more realistic link
to test data. In both models, simplifying assumptions are made that cause discrepancies between
the simulations and the test data so we cannot currently assess which model is a better
representation of the true pressures. It is nevertheless important to observe how seemingly small
changes in the representation of a stochastic process can have major consequences on the
structural response – emphasizing the importance of identifying and utilizing the best possible
modeling practices and recognizing the potential limitations of those models.

Conclusion
The generation of higher-order stochastic processes and its application to nonlinear stochastic
structural dynamics are investigated. The BSRM, a new form of higher-order spectral
expansion, is introduced and is compared with the existing second-order ITAM. Based on a
dataset of wind tunnel tests on high-rise building, wind pressure histories are generated using
the ITAM and BSRM and utilized to consider the influence of higher-order correlations on the
response of an elastic-plastic single degree of freedom structure. Very different responses are
observed which appear to be attributed to differences in the bispectra of the simulated histories.
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Abstract: A Wiener path integral approximate technique is developed for determining the stochastic response of a class of one-dimensional mechanics problems
with medium properties modeled as non-homogeneous, in general, stochastic
fields. Specifically, employing a variational formulation and relying on the concept of the “most probable path” the original stochastic problem is recast into a
number of deterministic boundary value problems to be solved numerically via a
Rayleigh-Ritz solution scheme. In particular, the system joint response probability
density function (PDF) at a specific point in space is determined by solving only
few deterministic systems of algebraic equations. Further, the technique can be
construed as “local” because the response PDF at a specific point of interest can be
directly determined without the need for obtaining the global solution first. This
feature renders the technique particularly well-suited for determining efficiently
statistics of effective material properties in homogenization problems, which, in
many cases, require knowledge of response statistics at few points/regions only.
Finally, the stochastic beam bending problem is considered in detail as an illustrative example, whereas comparisons with pertinent Monte Carlo simulation data
demonstrate a satisfactory level of accuracy.

Introduction
One of the promising solution frameworks developed recently by the author and co-workers
for addressing certain stochastic engineering dynamics problems relates to the concept of the
Wiener path integral (WPI) [2,4,13]. Specifically, in [8] an approximate analytical WPI technique was developed based on a variational formulation and on the concepts of stochastic
averaging/linearization for determining the stochastic response of a certain class of nonlinear
oscillators. Further, the aforementioned technique was extended in [9] to treat multi-degreeof-freedom (MDOF) systems and hysteretic nonlinearities. In [3] the technique was further
enhanced and generalized to treat linear and nonlinear systems endowed with fractional derivative terms, whereas in [10] a novel WPI technique formulation/implementation was developed by combining the “localization” capabilities of the WPI solution framework with an
appropriately chosen expansion for approximating the system response PDF. It was shown
that the proposed implementation can drastically decrease the associated computational cost
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by several orders of magnitude, as compared to both the standard WPI technique and an MCS
based alternative approach.
Considering the response analysis of systems with stochastic medium properties/parameters,
one of the research avenues has been the merge of stochastic theory concepts with the robust
framework of finite element methods. Diverse techniques have been developed based on various mathematical tools such as perturbation techniques, collocation/Galerkin schemes, reduced order models, and (generalized) chaos polynomials [6,12]. Nevertheless, many of the
aforementioned research efforts are restricted to the determination of first- and second-order
response statistics only. Clearly, for a complete characterization/quantification of a stochastic
system response behavior, knowledge of the joint response probability density function (PDF)
is required. Other techniques exhibit satisfactory accuracy only for a low level of the nonlinearity magnitude. Further, various approaches resort to MCS based estimation of the response
PDF. That is, once the response stochastic process/field expansion parameters/coefficients
have been calculated, they are utilized to generate realizations. In this manner, PDF estimates
can be obtained based on the sample population. It can be readily seen that this treatment can
render the aforementioned approaches rather inefficient computationally. Furthermore, many
of the developed approaches assume the stochastic fields, which characterize the spatial variation of the uncertain properties, to be homogeneous. Obviously, this assumption limits the
versatility of the respective approaches.
In this paper, a WPI approximate technique is developed for determining the stochastic response of a class of one-dimensional engineering mechanics problems with stochastic medium parameters/properties. Specifically, relying on a variational formulation, and on the
concept of the “most probable path”, the original stochastic problem is transformed into a
number of deterministic boundary value problems (BVPs) to be solved numerically via a Rayleigh-Ritz solution scheme. Overall, the joint response PDF is determined at a minimal computational cost by solving only very few deterministic systems of algebraic equations. Further,
the developed technique appears particularly well-suited for determining efficiently statistics
of effective material properties in homogenization problems [1,7], which, in many cases, require knowledge of response statistics at few points/regions only. In this regard, the technique
can be construed as “local” since the response PDF at a specific point of interest can be directly determined without the need for obtaining the global solution first; and thus, it can be conveniently utilized in conjunction with homogenization schemes. Finally, the stochastic beam
bending problem is considered in detail as an illustrative example, whereas comparisons with
pertinent Monte Carlo simulation data demonstrate the reliability of the technique.

Mathematical Formulation
2.1 An overview of the Wiener path integral technique
In general, the transition PDF 𝑝(𝑎𝑓 , 𝑡𝑓 |𝑎𝑖 , 𝑡𝑖 ) of an arbitrary stochastic process 𝑎(𝑡) from a
point in state space 𝑎𝑖 at time 𝑡𝑖 to a point in state space 𝑎𝑓 at time 𝑡𝑓 where 𝑡𝑓 > 𝑡𝑖 , can be
expressed as a functional integral over the space of all possible paths 𝐶{𝑎𝑖 , 𝑡𝑖 ; 𝑎𝑓 , 𝑡𝑓 } as
{𝑎𝑓 ,𝑡𝑓 }

𝑝(𝑎𝑓 , 𝑡𝑓 |𝑎𝑖 , 𝑡𝑖 ) = ∫

𝑊[𝑎(𝑡)][𝑑𝑎(𝑡)]

(1)

{𝑎𝑖 ,𝑡𝑖 }

The WPI of Eq.(1) possesses a probability distribution on the path space as its integrand,
which is denoted by 𝑊[𝑎(𝑡)] and is called probability density functional. Note that for relatively simple cases an explicit form of 𝑊[𝑎(𝑡)] can be determined. For instance, the probabil-
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ity density functional for the white noise process 𝑣(𝑡), i.e. 𝐸(𝑣(𝑡)) = 0 and 𝐸(𝑣(𝑡1 )𝑣(𝑡2 )) =
2𝜋𝑆0 𝛿(𝑡1 − 𝑡2 ), is given by [2]
𝑡𝑓

𝑊[𝑣(𝑡)] = Φ𝑒𝑥𝑝 [− ∫
𝑡𝑖

1 𝑣(𝑡)2
𝑑𝑡]
2 2𝜋𝑆0

(2)

where Φ is a normalization coefficient. However, even if the probability density functional is
constructed, the analytical solution of the WPI of Eq. (1) is, in general, intractable. Thus, to
circumvent the aforementioned challenge, several research efforts have focused on developing
approximate techniques for determining the transition PDF.

2.2 A Rayleigh-Ritz Wiener path integral solution treatment of a class of onedimensional stochastic mechanics problems
In this section, a WPI based technique is developed for determining the response PDF of a
certain class of one-dimensional stochastic mechanics problems where the medium properties
are modeled as stochastic fields; that is, problems of the form
𝐷[𝑤(𝑥)] = 𝑝(𝑥)

(3)

subject to a set of boundary conditions at 𝑥 = 𝑥𝑖 and/or 𝑥 = 𝑥𝑓 (𝑥 denoting the spatial variable). In Eq.(3) 𝐷[. ] is a stochastic nonlinear differential operator in general with coefficients
modeled as non-homogeneous stochastic fields describing random medium properties varying
randomly with space; 𝑝(𝑥) is a deterministic external excitation; and 𝑤(𝑥) is the system response non-homogeneous stochastic field to be determined. In the following, it is assumed
that only one parameter, i.e. 𝛽(𝑥), in the medium is random, and that it appears as a multiplicative factor in the operator 𝐷[. ]; thus, Eq.(3) yields
𝛽(𝑥)𝑅[𝑤(𝑥)] = 𝑝(𝑥)

(4)

where the operator 𝑅[. ] in Eq.(4) is deterministic. Indicative examples of engineering mechanics problems that can be described by the general form of Eq.(4) include the cases of statically determinate bars and beams with a Young’s modulus modeled as a stochastic field [11],
as well as the heat conduction equation with a conductivity coefficient modeled as a stochastic field [7]. In the ensuing analysis, the stochastic field 𝛽(𝑥) is considered of the form
1
1
=
(1 + 𝑓(𝑥))
𝛽(𝑥) 𝛽𝑀 (𝑥)

(5)

where 𝛽𝑀 (𝑥) is the stochastic field mean value and 𝑓(𝑥) is a zero-mean non-homogeneous
stochastic field modeling the variation of 1/𝛽(𝑥) around its mean value. Further, 𝑓(𝑥) possesses a separable power spectrum
𝑆𝑓 (𝑘, 𝑥) = 𝑔2 (𝑥)𝑆0

(6)

where 𝑘 denotes the wave number; and 𝑔(𝑥) is a modulating function so that the resulting
non-homogeneous stochastic field 𝑓(𝑥) becomes
𝑓(𝑥) = 𝑔(𝑥)𝑣(𝑥)

(7)

In Eq.(7) 𝑣(𝑥) represents a homogeneous stochastic field modeled as a white noise process
with the properties 𝐸(𝑣(𝑥)) = 0, and 𝐸(𝑣(𝑥1 )𝑣(𝑥2 )) = 2𝜋𝑆0 𝛿(𝑥1 − 𝑥2 ), where 𝑆0 is the
constant white noise power spectrum value. Next, substituting Eq.(5) into Eq.(4), taking into
account Eq.(7), and solving for the white noise process 𝑣(𝑥) yields
𝑅[𝑤(𝑥)] −
𝑣(𝑥) =

𝑝(𝑥)
𝛽𝑀 (𝑥)

𝑝(𝑥)
𝑔(𝑥)
𝛽𝑀 (𝑥)
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(8)

Considering Eq.(8) and the probability density functional for the white noise of Eq.(2) yields
the probability density functional 𝑊[𝑤(𝑥)] for 𝑤(𝑥), i.e.
𝑥𝑓

𝑊[𝑤(𝑥)] = Φ𝑒𝑥𝑝 − ∫
𝑥𝑖

[

1 (𝑅[𝑤(𝑥)] −

𝑝(𝑥) 2
)
𝛽𝑀 (𝑥)
2

2

𝑝(𝑥)
2𝜋𝑆0 (
𝑔(𝑥))
𝛽𝑀 (𝑥)

𝑑𝑥

(9)
]

Next, taking into account the form of Eq.(1) for the response PDF, the largest contribution to
the WPI comes from the path 𝑤𝑐 (𝑥) for which the integral in the exponential function in
Eq.(9) becomes as small as possible; see also [8-10]. Consequently, this leads to the functional optimization problem of the form
𝑥𝑓

𝑀𝑖𝑛(𝑀𝑎𝑥)

ℒ (𝑥, 𝑤𝑐 (𝑥),

𝐽[𝑤𝑐 (𝑥)] = ∫
𝑥𝑖

𝑑𝑤𝑐 (𝑥)
𝑑 𝑛 𝑤𝑐 (𝑥)
,…,
) 𝑑𝑥
𝑑𝑥
𝑑𝑥 𝑛

(10)

together with a set of boundary conditions, assumed herein to be of the form
𝑤𝑐 (𝑥𝑖 ) = 𝑤𝑐 𝑖

𝑤𝑐 (𝑥𝑓 ) = 𝑤𝑐 𝑓 ,

𝑤𝑐̇ (𝑥𝑖 ) = 𝑤𝑐̇ 𝑖

𝑤𝑐̇ (𝑥𝑓 ) = 𝑤𝑐̇ 𝑓 ,
.
.

𝑑 𝑛−1 𝑤𝑐 (𝑥𝑖 ) 𝑑 𝑛−1 𝑤𝑐 𝑖
=
𝑑𝑥 𝑛−1
𝑑𝑥 𝑛−1

𝑛−1
𝑑 𝑛−1 𝑤𝑐 (𝑥𝑓 ) 𝑑 𝑤𝑐 𝑓
=
𝑑𝑥 𝑛−1
𝑑𝑥 𝑛−1

(11)

where the Lagrangian function ℒ(. ) becomes
𝑝(𝑥) 2
𝑑𝑤𝑐 (𝑥)
𝑑 𝑛 𝑤𝑐 (𝑥)
1 (𝑅[𝑤𝑐 (𝑥)] − 𝛽𝑀 (𝑥))
ℒ (𝑥, 𝑤𝑐 (𝑥),
,…,
)=
2
𝑑𝑥
𝑑𝑥 𝑛
2
𝑝(𝑥)
2𝜋𝑆0 (
𝑔(𝑥))
𝛽𝑀 (𝑥)

(12)

In Eq.(10) 𝑛 is the maximum derivative order present in the operator 𝑅[𝑤(𝑥)]. In the ensuing
analysis, a Rayleigh-Ritz kind solution approach is developed [3,14] for treating directly the
BVP of Eq.(10) and for determining the most probable path 𝑤𝑐 (𝑥) without resorting to the
Euler–Lagrange associated equations [9]. In this regard, the most probable path 𝑤𝑐 (𝑥) is approximated by 𝑤
̃𝑐 (𝑥), which is defined as
𝑚−1

𝑤
̃𝑐 (𝑥) = ℎ𝐵𝐶 (𝑥) + ∑ 𝑐𝑙 ℎ𝑡𝑟𝑖𝑎𝑙,𝑙 (𝑥)

(13)

𝑙=0

In Eq.(13), the function ℎ𝐵𝐶 (𝑥) is chosen so that it satisfies the boundary conditions of the
problem, the set of trial functions ℎ𝑡𝑟𝑖𝑎𝑙,𝑙 (𝑥) is chosen so that they take a zero value when the
boundary conditions operator is applied on them, and 𝑐𝑙 denote coefficients to be determined.
Thus, it is possible to determine an approximate solution 𝑤
̃𝑐 (𝑥) of the optimization problem
of Eqs.(10-11) by simply determining the coefficients 𝑐𝑙 . Substituting next Eq. (13) into Eq.
(10) yields
𝑥𝑓

𝐽[𝑐0 , … , 𝑐𝑚−1 ] = ∫ ℒ (𝑥, 𝑤
̃𝑐 (𝑥),
𝑥𝑖

𝑑𝑤
̃𝑐 (𝑥) 𝑑 𝑛 𝑤
̃𝑐 (𝑥)
…,
) 𝑑𝑥
𝑑𝑥
𝑑𝑥 𝑛

(14)

Note that Eq. (14) is now a function of the unknowns 𝑐𝑙 (𝑙 = 0, … , 𝑚 − 1). In this manner,
the optimization problem of Eqs.(10-11) can be solved approximately by directly optimizing
𝐽[𝑐0 , … , 𝑐𝑚−1 ] to determine the coefficients 𝑐𝑙 . Specifically, a necessary condition for determining the minimum (or the maximum) of 𝐽[. ] is the existence of the system of equations
𝜕𝐽[𝑐𝑙 ]
= 0,
𝜕𝑐𝑙

𝑙 = 0, … , 𝑚 − 1

(15)

The solution of Eq. (15) yields the values of the coefficients 𝑐𝑙 , and thus, the most probable
path 𝑤
̃𝑐 (𝑥). Overall, it can be readily seen that the original nonlinear BVP of Eq.(10) has been
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cast in the simpler and computationally more tractable form of Eq.(15) representing a nonlinear system of algebraic equations for the coefficients 𝑐𝑙 . Further, of particular significance are
cases where the operator 𝑅[. ] is linear, and thus, additional simplifications are possible. Specifically, setting
𝐴(𝑥) =

𝑝(𝑥)
𝛽𝑀 (𝑥)

(16)

and
𝑝(𝑥)
𝐵(𝑥) = 4𝜋𝑆0 (
𝑔(𝑥))
𝛽𝑀 (𝑥)

2

(17)

and substituting Eqs.(16-17) into Eq.(10), and manipulating, yields
𝑥𝑓

𝐽[𝑤(𝑥)] = ∫
𝑥𝑖

𝑥𝑓
𝑥𝑓
𝑅[𝑤(𝑥)]2
𝐴(𝑥)2
2𝑅[𝑤(𝑥)]𝐴(𝑥)
𝑑𝑥 + ∫
𝑑𝑥 − ∫
𝑑𝑥
𝐵(𝑥)
𝐵(𝑥)
𝑥𝑖 𝐵(𝑥)
𝑥𝑖

(18)

Considering next 𝑤
̃𝑐 (𝑥) (Eq.(13)), the conditions of Eq.(15), and taking into account the linearity of 𝑅[. ], yields the linear system of equations
𝑲𝒄 = 𝒃

(19)

]𝑇

where 𝒄 = [𝑐0 … 𝑐𝑚−1 , 𝐾 is an 𝑚 × 𝑚 matrix whose 𝐾𝑖𝑗 element, 𝑖 = 0, … , 𝑚 − 1 and
𝑗 = 0, … , 𝑚 − 1 is given by
𝐾𝑖𝑗 = ∫

𝑥𝑓 2𝑅[ℎ
𝑡𝑟𝑖𝑎𝑙,𝑗 (𝑥)]

𝑥𝑖

𝐵(𝑥)

𝑅[ℎ𝑡𝑟𝑖𝑎𝑙,𝑖 (𝑥)]𝑑𝑥

(20)

and 𝒃 is an 𝑚 × 1 vector whose 𝑏𝑖 element, 𝑖 = 0, … , 𝑚 − 1, is given by
𝑥𝑓

𝑏𝑖 = ∫
𝑥𝑖

2𝐴(𝑥) − 2𝑅[ℎ𝐵𝐶 (𝑥)]
𝑅[ℎ𝑡𝑟𝑖𝑎𝑙,𝑖 (𝑥)]𝑑𝑥
𝐵(𝑥)

(21)

Clearly, a wide range of options exists for the choice of functions ℎ𝐵𝐶 (𝑥) and ℎ𝑡𝑟𝑖𝑎𝑙,𝑙 (𝑥). In
the ensuing analysis, the shifted Legendre polynomials and Hermite interpolating polynomials
are utilized; see also [3].

2.3 Mechanization and effective material properties
i) For the original stochastic problem of Eq.(3) determine the probability density functional
𝑊[𝑤(𝑥)] in the form of Eq.(9).
ii) For a given set of boundary conditions of the form of Eq.(11) solve the deterministic BVP
of Eq.(15) for determining the most probable path 𝑤𝑐 (𝑥) ≈ 𝑤
̃𝑐 (𝑥).
iii) Once the most probable path 𝑤𝑐 (𝑥) ≈ 𝑤
̃𝑐 (𝑥) is determined, a single point of the nonnormalized response transition PDF can be evaluated as
𝑝 (𝑤𝑐 𝑓 , 𝑤𝑐̇ 𝑓 , . . ,

𝑑 𝑛−1 𝑤𝑐 𝑓
𝑑𝑥 𝑛−1

|𝑤𝑐 𝑖 , 𝑤𝑐̇ 𝑖 , . . ,

𝑥𝑓
𝑑 𝑛−1 𝑤𝑐 𝑖
𝑑𝑤𝑐 (𝑥)
𝑑 𝑛 𝑤𝑐 (𝑥)
(𝑥),
)
≈
exp
(−
∫
ℒ
(𝑥,
𝑤
,
…
,
) 𝑑𝑥)
𝑐
𝑑𝑥 𝑛−1
𝑑𝑥
𝑑𝑥 𝑛
𝑥𝑖

(22)

where the Lagrangian function ℒ(. ) is given by Eq.(12).
iv) Consider a discretized effective domain for the response PDF and repeat steps ii) to iii) for
all the points of the PDF domain. Alternatively, consider an appropriate expansion for the
PDF and repeat steps ii) to iii) for very few points yielding a linear system of equations for the
PDF expansion coefficients; thus, drastically reducing the related computational cost (see [10]
for more details).
Note that due to the “localization” capabilities of the WPI technique, the system response
PDF at a specific region of interest can be directly determined without the need for obtaining
the global/field solution first; thus, the WPI technique can be construed as local. In this regard, unlike global solution techniques such as the spectral stochastic finite elements [6], it
appears possible in principle to determine directly the deflection/stress statistics, for instance,
in a small region of interest where high values of stresses/deflections are anticipated. Clearly,
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this feature can be potentially advantageous for multi-scale analyses as well [5] where homogenization techniques require knowledge of system response statistics at few/specific
points/regions only [1,7].

The Stochastic Beam Bending Problem
In this section, the stochastic beam bending problem is considered in detail as an example to
demonstrate the capabilities of the WPI technique. Consider next the statically determinate
Euler-Bernoulli beam satisfying the differential equation
𝑑2
𝑑2𝑤
(𝐸(𝑥)𝐼
) = 𝑙(𝑥)
2
𝑑𝑥
𝑑𝑥 2

(23)

where 𝐸(𝑥) represents the Young’s modulus modeled as a non-homogeneous stochastic field;
𝐼 is the constant cross-sectional moment of inertia; 𝑤(𝑥) represents the deflection of the
beam; and 𝑙(𝑥) denotes a deterministic distributed force. In the ensuing analysis only the
Young’s modulus is considered to be stochastic. Obviously, 𝐼 or the quantity 𝐸𝐼 can be considered to be stochastic as well without loss of generality. Further, following [11], note that
Eq.(23) can be integrated twice to produce the internal force (bending moment) which is deterministic and twice more to produce the deflection which is stochastic. At this point it is
deemed appropriate to emphasize the significance of the fact that the structure is statically
determinate [11]. It is due to this that Eq.(23) can be integrated twice and cast in a form compatible with Eq.(4) so that the WPI technique can be applied. In particular, for a given length
𝐿 of the beam Eq.(23) can be integrated under the boundary conditions −𝐸(𝑥)𝐼
𝑑2 𝑤

𝑑2 𝑤
𝑑𝑥 2

= 𝑀0

at 𝑥 = 0 and −𝐸(𝑥)𝐼 𝑑𝑥 2 = 𝑀𝐿 at 𝑥 = 𝐿 to obtain
−𝐸(𝑥)𝐼

𝑑2𝑤
= 𝑀(𝑥)
𝑑𝑥 2

(24)

where 𝑀(𝑥) is the bending moment of the beam. Clearly, Eq.(24) has the form of Eq.(4) with
𝑑2 𝑤

𝛽(𝑥) = 𝐸(𝑥), 𝑅[𝑤(𝑥)] = 𝐼 𝑑𝑥 2 , and 𝑝(𝑥) = −𝑀(𝑥). According to Eq.(5), the inverse of the
Young’s modulus is assumed to vary randomly along the axis of the beam as
1
1
(1 + 𝑓(𝑥))
=
𝐸(𝑥) 𝐸𝑀

(25)

where 𝐸𝑀 is the mean value of the Young’s modulus and the zero-mean non-homogeneous
stochastic field 𝑓(𝑥) has the separable power spectrum of Eq.(7). Further, the BVP of
Eqs.(10-11) becomes
𝑥𝑓

𝑀𝑖𝑛(𝑀𝑎𝑥)

ℒ (𝑥, 𝑤𝑐 (𝑥),

𝐽[𝑤𝑐 (𝑥)] = ∫
𝑥𝑖

𝑑𝑤𝑐 (𝑥) 𝑑 2 𝑤𝑐 (𝑥)
,
) 𝑑𝑥
𝑑𝑥
𝑑𝑥 2

(26)

together with the boundary conditions
𝑤𝑐 (𝑥𝑖 ) = 𝑤𝑐 𝑖

𝑤𝑐 (𝑥𝑓 ) = 𝑤𝑐 𝑓

𝑤𝑐̇ (𝑥𝑖 ) = 𝜗𝑖

𝑤𝑐̇ (𝑥𝑓 ) = 𝜗𝑓

(27)

Clearly, the most probable path 𝑤𝑐 (𝑥) can be determined by solving the BVP of Eqs.(26-27).
Once 𝑤𝑐 (𝑥) is determined, the beam joint response PDF can be evaluated as
𝑥𝑓

𝑝(𝑤𝑓 , 𝜗𝑓 , 𝑥𝑓 |𝑤𝑖 , 𝜗𝑖 , 𝑥𝑖 ) ≈ Φ exp (− ∫
𝑥𝑖

ℒ (𝑥, 𝑤𝑐 (𝑥),

𝑑𝑤𝑐 (𝑥) 𝑑 2 𝑤𝑐 (𝑥)
,
) 𝑑𝑥)
𝑑𝑥
𝑑𝑥 2

(28)

Further, regarding effective material properties, and focusing on the beam effective flexibility
𝐷𝑒𝑓𝑓 (where in general 𝐷 = 1/(𝐸𝐼)) this is determined so that the elastic strain energy in the
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homogenized version of the problem is equal to that in the heterogeneous version. For instance, for a concentrated moment 𝑀0 and a concentrated load 𝐹0 the above definition yields
the equation (see also [1])
𝐿

𝐹0 𝑤(𝑥𝐹0 ) + 𝑀0 𝜗(𝑥𝑀0 ) = 𝐷𝑒𝑓𝑓 ∫0 𝑀(𝑥)2 𝑑𝑥

(29)

where 𝑤(𝑥𝐹0 ) is the transverse displacement of the randomly heterogeneous beam at location
𝑥𝐹0 where the point load 𝐹0 is applied, 𝜗(𝑥𝑀0 ) is the slope of the displacement of the randomly heterogeneous beam at location 𝑥𝑀0 where the concentrated moment 𝑀0 is applied, and
𝐿

𝐷𝑒𝑓𝑓 ∫0 𝑀(𝑥)2 𝑑𝑥 is the total strain energy of the homogeneous beam under pure bending.
Clearly, the effective flexibility in Eq.(29) is a random variable and its PDF can be easily
evaluated based on knowledge of the PDFs of 𝑤(𝑥𝐹0 ) and 𝜗(𝑥𝑀0 ). The latter can be readily
determined by “locally” applying the WPI technique and conveniently solving the BVPs corresponding to points 𝑥𝐹0 and 𝑥𝑀0 only.

Numerical Example
Consider next the cantilever beam of Fig.(1) under a single point load 𝐹0 . In this regard, the
bending moment equation is given by
𝑀(𝑥) = 𝐹0 (𝐿 − 𝑥)

(30)

whereas the modulating function 𝑔(𝑥) of Eq.(7) is considered to have the form
𝑔(𝑥) = 𝑘𝑚𝑎𝑥 (𝑐 + 𝑎𝑥 2 𝑒𝑥𝑝(−𝑏𝑥))

(31)

where 𝑐 = 0.5, 𝑎 = 1, 𝑏 = 1, and 𝑘𝑚𝑎𝑥 a constant defined so that max(𝑔(𝑥)) = 1. Note that
in this case an overall non-homogeneous stochastic field 𝑓(𝑥) is utilized for modeling the
Young’s modulus of the beam. Further, the parameters values 𝐹0 = 10 𝑘𝑁, 𝐿 = 10 𝑚, 𝐸𝑀 𝐼 =
107 𝑁𝑚2 , 𝑆0 = 10−3 are utilized in this example, whereas an effective domain of values is
assumed for the response PDF 𝑝(𝑤𝑓 , 𝜗𝑓 , 𝑥𝑓 |𝑤𝑖 , 𝜗𝑖 , 𝑥𝑖 ). In this regard, it is assumed that 𝑤𝑓 ∈
𝑗
[𝑤𝑓,𝑚𝑖𝑛 , 𝑤𝑓,𝑚𝑎𝑥 ], 𝑤𝑓 = 𝑤𝑓,𝑚𝑖𝑛 + (𝑗 − 1)∆𝑤𝑓 , 𝑗 = 1, . . , 𝑛 with ∆𝑤𝑓 = (𝑤𝑓,𝑚𝑎𝑥 − 𝑤𝑓,𝑚𝑖𝑛 )/
𝑗
and 𝜗𝑓 ∈ [𝜗𝑓,𝑚𝑖𝑛 , 𝜗𝑓,𝑚𝑎𝑥 ], 𝜗𝑓 = 𝜗𝑓,𝑚𝑖𝑛 + (𝑗 − 1)∆𝜗𝑓 , 𝑗 = 1, . . , 𝑛 with ∆𝜗𝑓 =
(𝜗𝑓,𝑚𝑎𝑥 − 𝜗𝑓,𝑚𝑖𝑛 )/(𝑛 − 1), respectively. In the ensuing examples the value 𝑛 = 30 is used.
Thus, for a given 𝑥𝑓 , 𝑛2 linear systems of equations of the form of Eq.(19) are numerically
solved for determining the beam joint response PDF. Regarding computational cost, the above
computation takes approximately 1 s by utilizing a modern PC with standard configurations.
Of course, as mentioned earlier, the computational cost can be decreased drastically by employing appropriate expansions for the response PDF (e.g. [10]). Clearly, the above implementation is several orders of magnitude faster than standard brute-force MCS. In the
following, a fourth order Runge-Kutta integration scheme is used for the MCS analyses utilizing 50,000 realizations.

(𝑛 − 1)

Figure 1: Cantilever beam under a single point load
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Further, the beam response deflection PDF at various 𝑥𝑓 points is plotted in Fig.(2). Comparisons with MCS data (50,000 realizations) demonstrate a satisfactory level of accuracy. Furthermore, the expression of Eq.(29) for the effective flexibility takes the form
𝐷𝑒𝑓𝑓 = −

3
𝐿3 𝐹0

𝑤(𝑥𝐹0 )

(32)

and thus, the PDF of the effective flexibility is given by
𝑝𝐷𝑒𝑓𝑓 (𝐷𝑒𝑓𝑓 ) =

𝐿3 𝐹0
𝐿3 𝐹0
𝑝𝑤 (𝑤 = −
𝐷 , 𝑥 = 𝑥𝐹0 )
3
3 𝑒𝑓𝑓

(33)

It can be readily seen that the effective flexibility PDF of Eq.(33) depends on the response
deflection PDF at 𝑥 = 𝑥𝐹0 only; thus, rendering the developed WPI “local” solution technique
particularly suitable for determining effective material properties statistics. In Fig.(3) the
beam deflection PDF at 𝑥𝑓 = 10 𝑚 as well as the effective flexibility PDF of Eq.(33) are plotted, and compared with pertinent MCS data (50,000 realizations).

Figure 2: Beam deflection PDF 𝑝(𝑤𝑓 ) at various 𝑥𝑓 points; comparisons with MCS data (50,000 realizations)

Concluding Remarks
A WPI based approximate technique has been developed for determining the joint response
PDF of a class of one-dimensional stochastic mechanics problems with medium properties
modeled as non-homogeneous, in general, stochastic fields. Indicative examples belonging to
the above class include the stochastic beam bending and heat conduction problems.
Specifically, employing a variational formulation and relying on the concept of the “most
probable path” the original stochastic problem has been recast into a number of deterministic
BVPs to be solved numerically via a Rayleigh-Ritz solution scheme. It is noted that the already low computational cost of the technique can be further reduced drastically by utilizing
appropriate expansions for the response PDF (e.g. [10]). In particular, the system response
PDF at a specific point in space is determined by solving only few deterministic systems of
algebraic equations. Further, the technique can be construed as “local” since the response
PDF at a specific point of interest can be directly determined without the need for obtaining
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the global solution first. This feature renders the technique particularly well-suited for determining efficiently statistics of effective material properties in homogenization problems,
which, in many cases, require knowledge of response statistics at few points/regions only. The
above aspect can be potentially advantageous for multi-scale analyses as well. Finally, the
stochastic beam bending problem has been considered in detail as an illustrative example.
Comparisons with pertinent MCS data have demonstrated a satisfactory level of accuracy.

Figure 3. Beam deflection PDF 𝑝(𝑤𝑓 ) at point 𝑥𝑓 = 10 𝑚, and effective flexibility PDF 𝑝(𝐷𝑒𝑓𝑓 )
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Abstract: Nonlinear deterministic and stochastic oscillations of a moving long
slender continuum (LSC) carrying a concentrated inertia element is analyzed.
When the system is subjected to external excitations transient resonance and modal
interactions occur. These phenomena can be studied by using a stochastic
linearised model of the system comprising cable carrying a concentrated mass.
attached at its end.
Introduction

Axially moving elastic one-dimensional long slender continua (LSC) such as strings, belts,
ropes and cables carrying and/ constrained by discrete inertia elements such as rigid-body
masses and rotating elements form pivotal components of many engineering systems. In
power transmission / lifting installations the lengths of cables and ropes often vary when the
system is in operation rendering the system non-stationary. In terrestrial applications cranes
and mine hoists, cables and ropes are subject to length variation in order to carry payloads.
Traction drive elevators employ ropes of variable length as a means of car suspension, and
also for the compensation of tensile forces over the traction sheave. Travelling cables are used
to transmit power and communication signals between the elevator car and control unit [1].
On the other hand ropes and cables employed as tethers experiencing extension and retraction
are important components of offshore and marine towing installations. Such systems are also
being proposed as tethers for a variety of different space vehicle propulsion systems based on
different applications of momentum exchange and electrodynamic interactions with planetary
magnetic fields [2]. The dynamic behaviour of these systems is inherently non-linear and
adverse resonance phenomena and modal interactions often arise.
In this paper a system comprising a rigid mass suspended on an elastic cable in a tall slender
structure is considered. Environmental phenomena such as strong wind conditions and
earthquakes cause tall slender civil structures such as towers and high-rise buildings to vibrate
(sway) at low frequencies and large amplitudes [3,4]. As a result, cables and ropes that are
part of equipment hosted within the structure are being excited . For example, large resonance
motions of suspension ropes and compensating cables in high-speed elevators in high-rise
buildings take place [5]. In order to predict the dynamic behavior of such systems the
excitation mechanism can be represented by deterministic functions and consequently the
response of the system has been treated as a deterministic phenomenon. However, the nature
of loading caused by wind is usually nondeterministic [6,7]. The excitation should then be
described by a stochastic process so that the methods of stochastic dynamics could be
employed to predict the dynamic behavior of the cable system.
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Due to the nonstationary and nonlinear nature of the problem solving the nonstationary
nonlinear deterministic/ stochastic equations describing the system behaviour by applying
analytical methods is difficult and the most convenient approach is to apply direct numerical
techniques. The stochastic model proposed in this paper can readily be treated by numerical
simulation techniques in order to determine the stochastic characteristics of the dynamic
response.

1.1 System Configuration
Consider a planar model of the mass – cable system mounted within a host structure as shown
in Figure 1. In this configuration a concentrated mass M is attached to the lower end of a
vertical cable of time-varying length L  L  t  moving axially at transport speed V. The cable
is mounted within a host structure of height Z0 with its upper end passing thrpough O at the
top of the structure. The mean quasi-static tension, mass per unit length, modulus of elasticity
and cross-sectional metallic area of the cable are denoted as Ti, m, E and A, respectively. The
Eulerian spatial coordinate x is measured from the upper end downwards as shown. The
lateral dynamic displacements of the cable are denoted as v(x,t). The lateral displacements are
coupled with axial (longitudinal) vibrations (relative to the transport motion) denoted as
u(x,t). The mass M is constrained to move in the vertical direction only and its longitudinal
vibrations are denoted as uM(t). The length L is varying according to the axial transport
motion of the system as
t

L  t   L 0    V   d  0 #(1)
0

1.2 Equations of Motion
The equations governing the dynamic response of the system can be developed by applying
Hamilton’s principle which requires that
t2

  E    W  dt  0,
nc

 w  x,t   0 at t  t1 ,t2 #(2)

t1

where E,  and Wnc denote the kinetic energy, the potential energy and the work due to
non-conservative forces acting upon the system, respectively. The kinetic energy is given as
L

E   Eˆ m  u,v  dx  EM  uM  #(3)
0

where Êm 

1 
2
m  u  V   v 2  represents the kinetic energy density of the cable and


2

1
2
M  uM  V  is the kinetic energy of the end mass. Here overdots denote total deriva2
dv
du
tives with respect to time expressed as u 
 vt  Vvx , with ( )t and (
 ut  Vu x and v 
dt
dt
)x denoting partial derivatives with respect to time t and x, respectively.
The potential energy is given as
EM 

L

   ˆ e  ux ,vx   mgu  dx  MguM #(4)
0
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1


where ˆ e   T i  AE   is the potential energy density of the cable, expressed in terms of
2


1
the strain measure   u x  vx2 . The mean quasi-static tension of the cable is given as
2
i
T   M  m  L  x   g  a  , where a  V is the acceleration/ deceleration rate of the

transport motion.
v0
O
 

g

x
v
u

L

V
i

T
m
EA

Z0

z

M

uM

Figure 1: Schematic model

Hamilton’s principle (2) yields the following partial differential equations of motion
d 2u
m 2  EA x  0
dt
d 2v
m 2  Tvxx  m  g  a  xvxx  vx   EA   vx  x  0 #(5)
dt
MuM  EA  x  L  0
where T   M  mL  g  a  and the last equation in (5) forms the boundary condition for the
longitudinal motion at x = L with uM  t   u  L,t  .
The operator

d2 
dt

2



designated the total derivative and is expressed as

1207

d2 
2



 tt  2V   xt  V 2   xx  a   x #(6)

dt
The boundary conditions at x = 0 and the second boundary condition at x = L at this stage are
formulated as u( 0,t )  v(0,t)=0 and v(L,t)=0 , respectively. For tensioned members such as
steel wire ropes and metallic cables the lateral frequencies are much lower than the longitudinal frequencies. Thus, considering that the excitations frequencies are much lower than the
fundamental longitudinal frequencies the longitudinal inertia of the cable can be neglected in
the first equation in (5). After integrating this equation and using the boundary conditions the
following expression for the quasi-static axial strain in the cable results
1
u x  vx2  e( t )
2
#(7)
uM
1 L 2
e( t ) 

vx dx
L
2 L 0
Using (6) and (7) in equations (5) reduces the dynamic model of the following system to two
equations


EA 
1 L 2 
mvtt  T  m  a  g  x  V 2  
 uM  0 vx dx   vxx  mgvx  2mVvxt  0
L 
2


#(8)
EA 
1 L 2 
MuM 
uM   vx dx   0
L 
2 0


1.3 Base Excitation
Consider the cable-mass system subjected to base excitation due to the host structure motions.
In this scenario the host structure is subjected to bending deformations described by the
polynomial shape function     3 2  2 3 (see Figure 1), where   z Z0 with z denoting
a coordinate measured from ground level and Z 0 representing the height at the top end of the
cable. The bending deformations result in a sway of the structure producing harmonic motions
v0  t  of frequency  0 and amplitude A0 measured at the level Z 0 . Thus, it is evident that
the displacements of the cable at the boundaries are now given as
v 0,t   v0  t  , v  L,t =vL t  #(9)
Here vL  t  represent the lateral displacements of the structure corresponding to the lower of

Z L
the cable expressed as vL  t   Lv0  t  where  L   0
 . In order to accommodate the
 Z0 
base excitation in the equations of motion (8) the overall lateral displacements of the cable are
expressed as
v( x, t )  v ( x, t )  V0  x, t  #(10)
  1 
x  v0  t  representing a
where the secend term in (10) is taken as V0  x, t   1  L
L


particular solution that satisfies the nonhomogenous boundary conditions (9), and v  x,t  are

the lateral displacements of the system with homogenous boundary conditions (corresponding
and relative to the stretched configuration of the cable due to the base excitation).
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It can be considered that the variation of length L with time is small. Thus, L is a slowly varying function in time meaning that the change of L(t) over a period corresponding to the fundamental frequency of the system is small compared to L [8,9]. In order to represent this fact
a slow time scale defined as   єt , where where є 1 is a small parameter, is introduced.
The small parameter є can be defined by expanding L in a Taylor series

L  t0  T   L0  T0 L t0  

, where t0 is a given time instant and T0 is the fundamental peri-

od corresponding to L0  L  t0  . By observing that the speed at t0 is L  t0   v0 , denoting

L  L  t0  T   L0 and transposing the Taylor expansion the following approximation is
obtained

v
L
 0 #(11)
L0
f0 L0

v
where f0  1 is the fundamental frequency. Thus, assuming that 0
is small one can
T0
f0 L0
use є 

v0

f0 L0

to define the slow time scale  . Considering that L  L   the relative lat-

eral displacements are expressed using the following finite series
N

v ( x, t; )   n  x; L    qn  t  #(12)
n 1

where  n  x; L   are orthogonal trial functions depending on the spatial coordinate and are
varying slowly with the length of the cable. The traial satisfy the homogenous boundary
n
conditions and are defined as  n  x; L     sin
x , n  1,2, , N , with N denoting the
L  
number of terms/ modes taken in the expansions (12). The generalised coordinates qn  t  are
time-dependent and fast varying. Using the series (12) in (10) the expression for the quasistatic axial strain e(t) given by (7) yields the following expression
2

N
u
1   1  2
e( t; )  M    n2   qn2  t    L
 v0  t  #(13)
L   n 1
2  L   

where  n   

d
n
 є the derivatives of L with respect to time t are
. Considering that
2L  
dt

proportional to є : L  є

dL  

and L  є 2

d 2 L  

so that the expressions for partial derivad
d 2
tives with respect to time t of v and V0 are given as
N

N

n 1

n 1

vtt   n  x; L    qn  t   O  є ; vxt   n  x; L    qn  t   O  є 
#(14)
  L 1 
  L 1 
V0t  1 
x  v0  t   O  є  ; V0tt  1 
x  v0  t   O  є 
L
L




where the primes denote partial derivatives of with respect to x. Using (10) with (12), (13)
together with (14) in the equations of motion (8), orthogonalising with respect to the trial
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functions, when terms O(є) and O(є2) are neglected, the following set of ordinary differential
equations results
2



N

2 2
2
2  uM  t  1  L  1  2
qr  t   2 rr   qr  t    Crn   qn  t  r c  V  c
 
 v0  t    qr  t 

 L   2  L   

n 1



N

N

n 1

n 1

  K rn   qn  t  r2   c 2qr  t    n2qn2  t   Qr  t ; 
2

uM  t   2 M M   uM  t 

2
 M

  uM

EA N 2
EA  L  1  2

 n   qn2  t   

 v0  t 

M n 1
2M  L   

#(15)
where where the modal damping represented by the ratios  r ,  M has been added,

M 

EA
and r , r  1,2, ,N , are slowly- varying undamped natural frequencies of
ML  

the system, c 

T
, c
m

1
EA
, r    r
and  r    r   . The slow timeL  
2
m

variant coefficients K rn   , Crn   and the modal excitation functions Qr  t;  are given as

L  

 a  g  r2 ,

2



K rn    
2
nr
2rn3


g
 a  g 
 L    n 2  r 2
n2  r 2



0,
nr

4V 
Crn   
 nr 
L    2
 1r  n  1 , n  r
2
n  r



nr





 1r  n  1 , n  r
2 


#(16)



 L 1
r
r
 gv0  t   2Vv0  t    1  1 
  1  L  1 v0  t  


L  


In this study the dynamic deformation v0  t  is assumed to be related to the fundamental mode
Qr  t ,  

2
r

of the structure of frequency 0 . The behavior of the system within the resonance region can
then be investigated using an approximated single-mode model obtained from (15) and (16)
as follows
2




2 2
2 1
2  uM  t  1  L  1  2
qr  t   2 rr   qr  t   r c  V   a  g  L    c
 
 v0  t    qr  t 

 L   2  L   

2



2

c
   r4qr3  Qr  t ; 
2

#(17)
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2

uM  t   2 M M   uM  t 

2
 M

  uM

EA 2
EA  L  1  2

 r   qr2  t   

 v0  t  #(18)
M
2M  L   

where qr denotes the generalized coordinate corresponding to the resonance mode. If the
nonlinear terms and parametric excitation terms that appear in (17-18) are neglected the
following linearised problem arises:





N

N

n 1

n 1

qr  t   2 rr   qr  t   r2 c 2  V 2 qr  t    K rn   qn  t    Crn   qn  t   Qr  t ; 

#(19)
2

2
uM  t   2 M M   uM  t   M
  uM  

EA  L  1  2

 v0  t  #(20)
2M  L   

2 Stochastic model
The motion v0  t  resulting from the building response is seldom exactly harmonic. For
example, the excitation due to the action of wind is usually a wide-band stochastic process.
Then the response in the fundamental mode is a narrow-band process with a center frequency
equal to the fundamental natural frequency 0 . The stochastic motion could be determined
from the analysis of the building response. Alternatively, it may be assumed that v0  t  is a
narrow-band process mean-square equivalent to the harmonic process with the amplitude A0
and the frequency 0 . The motion v0  t  must be continuous together with its first and
second time derivatives .These conditions are satisfied by assuming that v0  t  is the response
of the second order auxiliary filter to the process X (t ) , which is in turn the response of the
first-order filter to the Gaussian white noise  (t ) excitation [6]. The governing equations are

v0  t   2 f 0v0  t   02v0  t   X  t 
X  t    X  t    2 S0   t 

#(21)

where damping ratio  f of the filter defines its band width,  is the filter variable, S0 is the
constant level of the power spectrum of the white noise. The stochastic process v0 (t ) is meansquare equivalent to the harmonic process if the standard deviation  v0 and the variance
var(v0 )   v20 are assumed to be
2
A2
A0 , var(v0 )   v20  0 , #(22)
2
2
respectively. It may be shown that this is obtained if the filter variable  equals [6]

 v0 



 f 03 A02
2
 #(23)
  0   f   f 

 S0   f 03 A02 


Consider the linearized single-mode approximation (19) written in the following form
qr (t )  Cr ( )qr (t )  Kr ( )qr (t )  r(0) ( )v0 (t )  r(1) ( )v0 (t )  r(2) ( )v0 (t ) #(24)
where
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L( )
 2

Cr ( )  2 rr ( ), K r ( )  r2  c  V 2 
(a  g ) 
2


#(25)
2g
 L  1 (1) 4V
 L  1 (2) 2
(0)
r
r
r
(1)  1
(1)  1
(1)  L  1
r 
, r 
, r 
r 
L( )
r 
L( )
r 
The augmented state vector Y  t   qr  t  qr  t  v0  t  v0  t 

X  t  is then
T

governed by the following set of stochastic equations
dY  t   AY  t  dt  bdW  t  #(26)
where W (t ) is the standard Wiener process (corresponding to the Gaussian white noise  (t ) ),
and the state matrix A and the vector b are given as
0


1
0
0
0 
 0


  K ( ) C ( )  (0)
(1)
(2) 
0


r
r
r
r
r





 , #(27)
0
A 0
0
0
1
0 , b 




0
0
 02 2 f  0 1 


 0


 0

0
0
0
 
 2 S0 
respectively, where

 r(0)  r(0)  02 r(2) ,  r(1)  r(1)  2 f 0 r(2) ,  r(2)  r(2) #(28)
The differential equations governing the second-order statistical moments of the state vector
Y(t ) , i.e. the covariance matrix R YY  E[YYT ] are obtained from the following differential
equation

d
R YY  AR YY  R YY AT  bbT #(29)
dt
Also higher-order joint statistical moments of the state vector Y(t ) may be obtained with the
aid of the Itô 's differential rule.

3 Concluding Remarks
The stochastic model of lateral dynamics of a vertical cable system moving slowly within a
tall host structure is considered this paper. It is assumed in the proposed model that the longitudinal inertia of the cable can be neglected and the longitudinal motions of the mass is
uncoupled from the lateral motions of the cable. The problem is then formulated in terms of
single mode approximation. The linear approximation then leads the determination of
covariance matrix with its elements showing the statistical scatter of the response of the
system. The dynamic behaviour of the system can readily be investigated by the application
of numerical techniques.
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Influence of non–structural components on Tail–equivalent
linearization of seismic structures
S. Sessaa and F. Marmoa and L. Rosatia
a Dept.

of Structures for Engineering and Architecture, University of Naples Federico II

Abstract: A parametric study concerning the influence of non–structural components on the dynamics of a nonlinear structure, aiming to determine secondary
excitations, is presented. Random vibration analysis shows that the extreme peak
response provided by the linearized system has a good accuracy for a reasonably
wide range of dynamic parameters of the superstructure. The presented numerical results and their interpretation are encouraging and make Tail–equivalent
linearization an appealing tool for characterizing secondary excitations acting
on non–structural components.

1 Introduction
Recent earthquake events in Italy have drawn attention on the importance of accounting for
secondary devices, which can be classified in a large variety of typologies [8]. To this end,
secondary excitations acting on non–structural devices can be profitably determined by means
of nonlinear filters.
For this purpose, statistical linearization approaches concerning the computation of the First–
Passage Probability (FPP) proved to be accurate and computationally efficient. A large variety of
solutions is available in the literature, such as wavelet–based algorithms [11, 17], path–integral
[4, 5] and Galerkin scheme [16].
Alternative to statistical linearization approaches are the Equivalent Linearization ones. Within
this class of methods Tail-Equivalent Linearization Method (TELM) [9] is a particularly appealing procedure, defining a linearized system as a set of impulse response functions of multi–
degrees of freedom structural systems, that proved to be more accurate than traditional linearization approaches [6, 10]. It has been recently extended to a large variety of problems, such
as multi–objective responses [14] and multicomponent excitations [3, 22]. Influence of non–
structural components is a common issue to linearization strategies since it can significantly
adulterate the structural dynamic response [1, 21] and, consequently, the linearized system.
In particular, common design procedures are not detailed enough to properly model the dynamics of non-structural components, which are often completely neglected or considered merely
as masses and loads. Moreover, computation of secondary excitations aims to avoid the analysis
of a complex structural model; for this reason, convenience of determining secondary actions
by TELM does hold only if it can be performed by considering the sole main structure.
This research aims to investigate the sensitivity of the TELM by considering a case–study structural system in which the presence of a parameterized secondary structure is taken into account.
After a brief summary of TELM, reported in Section 2, the investigation strategy, introduced
in Section 3, defines the main system as a nonlinear finite element model by means of a multidegrees of freedom oscillator. This unperturbed structure is linearized by TELM obtaining a set
of Frequency Response Functions (FRFs).
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Therefore, the secondary structure is introduced as a Parameterized Linear Oscillator (PLO),
defined by means of its mass and natural frequency, in order to compute the perturbed response
of the main structure.
Influence of the secondary structure is investigated in terms of frequency response in Section
3.1; furthermore, statistics of the corresponding extreme peak stochastic processes are investigated in Section 3.2 by means of first–passage probability in order to identify the parameters’
range for which the structural response can be computed by neglecting the presence of non–
structural components.
It will be shown how this acceptability range for parameters is wide enough to include a large
variety of non–structural components so that TELM analysis can actually be performed by
neglecting their effects on the structural system.
Although limited to a single structural case, results are encouraging and, as discussed in the
conclusions (Sec. 4), TELM resulted to be very appealing for defining the statistics of secondary
excitations in terms of Power Spectral Densities and/or Response Spectra.

2 Random vibration analysis via Tail–Equivalent linearization: a brief
review
The underlying concept of TELM consists in defining a Tail–Equivalent Linearized System
(TELS) of a nonlinear structure subject to a stochastic base excitation by equating the tail probability of the response, at fixed thresholds, with its first–order approximation. To this end, base
excitation F is defined in discretized form as as a train of modulated random pulses:
n

F(t) = ∑ si (t)ui = s(t)u

(1)

i=1

where ui are n standard normal variables and si (t) are time–variant basis functions depending
on the cross–covariance of the random process. Fixed a threshold x? , the definition (1) permits
to compute the Tail probability first–order approximation Pr [X(tˆ) ≤ x? ] of a generic structural
response of interest X(t) at time tˆ by the First–Order Reliability Method. It consists in determining the performance point u? by the optimization problem:
u? (tˆ, x? ) = arg min [kuk |x? − X(tˆ) = 0]

(2)

The dynamic response of the linear oscillator providing the same tail probability at u? can be
defined by the Duhamel’s integral:
Xl (tˆ) =

Z tˆ
0

n

h(τ) ∑ si (τ)ui dτ = a(tˆ) · u

(3)

i=1

where h(τ) is the Inpulse Response Function (IRF) of the linear oscillator. Imposing the equivalence between the linear Xl and nonlinear X, geometric considerations yield:
a(tˆ) =

u? (x? , tˆ)
x?
ku? (x? , tˆ)k ku? (x? , tˆ)k

(4)

and the corresponding IRF can be computed by inverting the linear system:
a j (tˆ) =

n

∑h

j=1



tˆ − τ j si τ j ∆t

(5)

Therefore, the nonlinear response, at threshold x? and time tˆ, is characterized by an IRF
ĥ (t, tˆ, x? ).
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The dependency of ĥ on x? and tˆ is due to the fact that, at different thresholds and/or times, the
nonlinear response is equivalent to different linear oscillators.
A set of IRFs ĥ (t, tˆ, x? k ), computed by defining an appropriate array of thresholds x? k , is addressed as Tail Equivalent Linearized System (TELS) and turns out to be insensitive to frequency content and amplitude of the base excitation [9].

2.1

Random vibration analysis

The TELS can be employed in frequency–domain random vibration analyses in which base
excitations and responses are characterized by means of power spectral densities. To this end, it
is necessary to determine the Frequency Response Functions (FRFs) defined as the steady–state
response amplitudes and computed as Fourier transforms of the IRFs:
H ( f , tˆ, x k ) =
?

Z ∞
0

ĥ (τ, tˆ, x? k ) exp (−iωτ) dτ

(6)

where f denotes the frequency and ω = 2π f is the pulsation. Denoting by ΦFF the power
spectral density of the base excitation, stationary structural response X is characterized as:
ΦXX ( f , tˆ, x? k ) = ΦFF ( f , tˆ, x? k ) |H ( f , tˆ, x? k )|2

(7)

where ΦXX ( f , tˆ, x? k ) is the power spectral density of X at time tˆ for threshold x? k . It is worth
being emphasized that the probabilistic characterization of a stationary random process is exhaustively determined by its power spectral density; subsequently, statistics of the structural
response can be derived by classical tools of random vibration analysis.

3 Influence of secondary systems on TELS
Influence of a secondary structure on the nonlinear structural response in hereby investigated
by means of a comparison between linearized systems. To this end, a nonlinear oscillator reproducing the behavior of a 4–storey building is defined. This unperturbed structure, shown in
Figure 1(a), is subjected to a stationary base excitation; the monitored structural response X(t)
is the horizontal displacement of the 4th floor.
The structure has been deliberately modeled by a simple nonlinear oscillator in order to perform TELM in OpenSees [12], an open source framework for finite element analysis. Although
TELM is capable of dealing with complex models, the available implementations are limited to
simple structures. The constitutive model used in this application is capable of approximating
the behavior of a large variety of structures since it can be calibrated by inverse identification
[7, 20] of structural responses; it can be derived by different softwares permitting a simple use
of TELM in common practice.
The unperturbed system has constant floor mass m0 = 3 · 105 Kg and storeys are linked by
nonlinear braces characterized by a Bouc–Wen model [2] with constitutive relationship:
R(t) = αk0 υ(t) + (1 − α) k0 z(t)

(8)

where t denotes the time, R(t) is the horizontal force transmitted between two linked storeys,
υ(t) is the interstorey drift, k0 is the pre–yield stiffness, α is the pre/post yield ratio and z(t) is
the hysteretic displacement computed by its first time–derivative depending on shape parameters
β and γ:
n
h
io
ż(t) = υ̇(t) A0 − β sign (υ̇(t)) |z(t)|n−1 z(t) + γ |z(t)|n
(9)

The presented application assumes α = 0.05, A0 = 2, n = 1; stiffness k0 is computed so that the
natural frequency of an oscillator with mass m0 and stiffness k0 is 5 Hz; moreover, shape parameters are assumed γ = β = 1/(2υy ) where υy = 0.0182 m is the equivalent yield displacement.
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(a) Unperturbed system

(b) Parameterized system

Figure 1: Structural schemes of the unperturbed and parameterized structural systems

A further parameterized structure, shown in Fig. 1(b), is defined as the main structure where
a linear, secondary oscillator is introduced. Denoted as Parameterized Secondary Oscillator
(PSO), it is constrained to the 4th floor of the main structure and characterized by mass ms and
natural frequency fs corresponding to the linear stiffness ks = (2π fs )2 ms .
TELM is then applied to both the structural models in order to get the linearized systems assuming increasing thresholds of the structural response. Concerning the parameterized structure, ms
spans the interval [0.01m0 , m0 ] while the PSO natural frequency is parameterized within the
interval [0.5, 30.0] Hz. Moreover, the further case of ks = ∞ (implying fs = ∞) is considered as
a limit case.
Tail–equivalent linearized systems are defined by the Frequency Response Functions (FRFs)
HU ( f , x? ) and HP ( f , x? , ms , fs ) of the unperturbed and parameterized structure, respectively.
Note that the dependency on ms and fs has been explicited for the FRFs H p of the parameterized
system since both its response and linearized system depend on the properties of the PSO.

3.1

Comparison of the Tail–Equivalent Linearized Systems

Functions computed by the procedure described in Section 2 are hereby compared in order to
investigate the influence of the PSO on the frequency content of the structural systems.

(a) Unperturbed system

(b) Parameterized system with ms /m0 = 1
and ks = ∞

Figure 2: TELS Frequency Response Functions depending on the threshold x?

Figure 2(a) shows the FRFs of the unperturbed system depending on the threshold x? ; dynamics
of the linearized system present a main frequency at about 2.5 Hz. Moreover, as observed in [6],
higher threshold values tend to reduce the amplitude of the FRF peak and to shift its location to
lower frequencies since the structural system becomes less stiff.
Figure 2(b) presents the FRFs of the parameterized system with fs = ∞ and ms /m0 = 1. It can be
observed by comparison with Figure 2(a) that the peaks of the parameterized system are higher
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than the ones of the unperturbed structure and occur at lower frequencies.
As expected, the first issue implies that, in the case of broad–band base excitations, the parameterized system gets a higher dynamic energy since structural mass of the 4th degree of freedom
has doubled. Moreover, frequency shifting is due to its inverse proportionality with mass square
root.
In general, such a high PSO mass significantly adulterates the dynamic content of the system;
nevertheless, structural responses reported in Figure 2(b) should be considered as a case–study
since the mass ratio ms /m0 = 1 unlikely occurs in common practice.

(a) FRFs of the parameterized system with
fs = 2 Hz

(b) FRFs of the parameterized system with
fs = 5 Hz

Figure 3: TELS Frequency Response Functions at threshold x? = 45.45 mm depending on the PSO mass
ms

In order to investigate the dependency of the frequency content with respect to ms , Figures 3(a)
and 3(a) report the FRFs at threshold x? = 45.45 mm for frequencies fs = 2 Hz and fs = 5 Hz,
respectively.
Both figures show that, in the case of low mass ratios (ms /m0 ≤ 0.1), the influence of the PSO
is limited since shape and amplitude of the functions remain almost unaltered; conversely, as
mass ms increases, FRFs present more than a single predominant peak.
In the case of fs = 2 Hz interaction between the PSO and the main structure becomes significant
for high masses. In particular, functions corresponding to ms /m0 > 0.1, present multi–modal
behavior with predominant frequencies significantly shifted from the unperturbed one.
On the contrary, functions reported in Figure 3(b), corresponding to fs = 5 Hz present a mere
shifting of the peak to the lower frequencies with a progressive growth of peak amplitudes.
This difference is due to the fact that in the case of fs = 2 Hz the natural frequency of the PSO
is very close to the predominant one of the main structure so that resonance phenomena are
triggered. On the contrary, when fs = 5 Hz, the PSO has the effect of filtering the response
of the main structure reducing its frequency. Obviously, as ms increases, FRFs present higher
peaks because of the greater energy transferred to the structure.
Structural behavior deduced by comparing Figures 3(a) and 3(b) is confirmed by the curves
plotted in Figures 4(a) and 4(b) reproducing the FRFs as function of the PSO frequency fs at
the fixed mass ratios ms /m0 = 0.1 and ms /m0 = 1, respectively.
Figure 4(a) shows that, in the case of ms /m0 = 0.1, effects of the PSO on the structural response
are observed only in the case of fs = 2 Hz and fs = 3 Hz because of resonance with the main
structure. Different values of fs would induce small differences in the curves so that it can be
expected that the structural response remains almost unaltered.
A further interesting issue can be observed in Figure 4(b) where FRFs computed with mass
ratio ms /m0 = 1 are shown. The presence of a high non–structural mass significantly adulterates
the frequency response of the structural system. In particular, for fs ≥ 3 Hz, peaks increase in
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(a) FRFs of the parameterized system with
ms /m0 = 0.1

(b) FRFs of the parameterized system with
ms /m0 = 1

Figure 4: TELS Frequency Response Functions at threshold x? = 45.45 mm depending on the PSO frequency fs

amplitude and shift to the lower frequencies. Nevertheless, the FRFs shape remains almost
unaltered. This is reasonable because effects of stiff links between the main and secondary
structures are analogous to a mere increase of the structural mass; in fact, curves computed with
fs = 5 Hz and fs = 15 Hz progressively tend to the frequency response corresponding to fs = ∞.
In the case of low values of fs , different behaviors can be observed. Specifically, frequency
response with fs = 0.5 Hz (blue curve) is very close to the unperturbed curve but it presents a
further peak at f = fs ; thus, the secondary oscillator triggers a narrow–band response which is
almost uncorrelated with the original frequency content of the main structure. A similar phenomenon is observed in the case of fs = 1.5 Hz (cyan curve) which presents again a further
peak located at fs . Nevertheless, frequency contents of the main and secondary structure become more correlated since the peak located at f = 2.5 Hz moves to the higher frequencies.
The most significant interaction is observed for fs = 2 Hz and fs = 3 Hz since these values are
close to the main frequency of the unperturbed structure and a subsequent strong resonance is
expected.

3.2

Comparison in terms of First–Passage Probability

Qualitative analysis of the frequency content of the unperturbed and parameterized systems
presented in Section 3.1 is meaningful for the instantaneous statistics of the structural response;
on the contrary its probabilistic characterization in a time interval can be significantly different.
In order to properly investigate effects of the parameterized secondary oscillator on the structural response due to a seismic event, this section introduces a comparison in terms of First–
Passage Probability (FPP), i.e., the probability
that a structural response X(t) crosses a fixed

threshold x during the time interval 0, t f p ; it is defined as:





FX x, t f p = Pr max |X (x, τ)| ; ∀τ ∈ 0, t f p ≥ x
(10)

where a double–bound ±x is assumed.
Since TELM approximates the structural system as a collection of linearized FRFs, the FPP can
be easily computed for each of the considered thresholds x? . Referring to [6] for the details, in
this research the Vanmarcke’s distribution of extreme peaks has been used:
 √



 2 
1.2 x
1
−
exp
−
2δ


x

exp −νX 0+ t f p
(11)
FX x, t f p = 1 − exp −
2
exp (0.5x2 ) − 1
in which δ is a regularity factor and νX denotes the mean up–crossing rate. Denoting by
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ΦXX (ω) the power spectral density of the structural response X(t), determined as illustrated
in Section 2.1, δ and νX are computed as:
s
s


Z ∞
2

λ1
λ2
x2
1
m
+
(12)
λm =
2ω ΦXX (ω) dω; δ = 1 −
; νX x , t f p =
exp −
λ0 λ2
2π λ0
2λ0
0

where λm denotes the m–th spectral moment and x+ denotes the up–crossing of threshold x.
Note that, for convenience, frequency f has been replaced by pulsation ω = 2π f .
Response statistics of the unperturbed and parameterized systems are computed for a stationary, filtered white–noise base excitation defined by means of its power spectral density ΦFF .
White noise has spectrum intensity σ0 = 0.0448 m/s2 filtered by a linear oscillator with natural
frequency of fFF = 1.5 Hz and damping ζFF = 0.3.
In order to compare first–passage
probabilities of the unperturbed and parameterized system,

denoted with FXu x, t f p and FXp x, t f p , fs , ms , respectively, the FPP–rate z and its envelope
ẑ are defined as:


p ?
u x? , t

F
x
,
t
,
f
,
m
−
F
s
s
f
p
f
p
X
z t f p , x ? , f s , ms = X
(13)
FXu x? , t f p



ẑ t f p , x? = max z t f p , x? , fs , ms | ∀ fs ∈ [0.5, 30] Hz, ∀ (ms /m0 ) ∈ [0.01, 1]

(14)

Figures 5(a)–5(f) show the FPP–rates colormaps plotted vs. the threshold x? and the time interval t f p computed
 for different values of fs and ms . The white regions represent values of
z t f p , x? , fs , ms ≤ 10−4 .
Amplitude of the FPP–rate presents higher values for short time intervals and high thresholds;
in particular, for thresholds x? < 0.055 m, the first–passage probabilities of the unperturbed and
parameterized structure coincide after a long–lasting enough interval of time t f p .
This issue can be physically interpreted as a transient phase in the extreme peak process: at the
beginning of the dynamic motion, the statistics of extreme peak responses of the unperturbed
and parameterized systems are sensibly different while, as long as the motion evolve, they tend
to progressively coincide, first at their head region (small thresholds).
In the case of high thresholds (x? > 0.055 m), the FPP-rate assumes a constant trend independent
from the time interval. This implies that both the unperturbed and parameterized responses
reached stationarity and their peak amplitudes are significantly different.
As a further consideration, the comparison between Figures 5(a)–5(f) shows that the FPP–ratio
is more sensitive to the mass ms of the secondary oscillator than to its natural frequency fs .
FPP-rates have also been computed by a Monte Carlo simulation whose results for ms /m0 =
0.01 and ms /m0 = 0.1 are shown in Figures 6(a) and 6(a), respectively, and confirm that the use
of Vanmarcke’s formula provides an acceptable accuracy.
Further considerations
can be made by analizing Figures 7(a) and 7(b) where the FPP–ratio en
?
velope ẑ t f p , x is shown as a 3D surface and a colormap, respectively. The most interesting
aspect consists in the fact that, regardless of ms and fs , coincidence between first passage probabilities of the unperturbed and parameterized responses is sensitive to the threshold rather than
to the time interval. Specifically, for thresholds x? < 0.055 m, an interval t f p = 15 sec, which is
far short–lasting than common seismic events, is sufficient for both extreme peaks processes to
converge at the same first-passage probability.
As a final remark, the chance of approximating the dynamic response of the perturbed structural system by the Tail–Equivalent Linearized System of the unperturbed structure depends on
a combination of the dynamic properties of non-structural components with the threshold x?
values of interest.
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(a) fs = 0.5 Hz; ms /m0 = 0.01

(b) fs = 2 Hz; ms /m0 = 0.01

(c) fs = 5 Hz; ms /m0 = 0.01

(d) fs = 0.5 Hz; ms /m0 = 0.1

(e) fs = 2 Hz; ms /m0 = 0.1

(f) fs = 5 Hz; ms /m0 = 0.1

Figure 5: First–Passage Probability rate z as function of the time interval t f p and threshold x? (In white
regions z (t f p , x? , fs , ms ) ≤ 10−4 ).

(a) ms /m0 = 0.01

(b) ms /m0 = 0.1

Figure 6: First–Passage Probability rate z as function of the threshold x? computed by Monte Carlo
simulation

(a) fs = 0.5 Hz; ms /m0 = 0.1

(b) fs = 0.5 Hz; ms /m0 = 0.1

Figure 7: First–Passage Probability rate envelope ẑ as function of the time interval t f p and threshold x?
(In white regions ẑ (t f p , x? ) ≤ 10−4 ).
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4 Conclusions
Dynamic interaction of non–structural components on the linearized response of a structural
system has been investigated. The linearization has been performed by the Tail–Equivalent Linearization Method, which provides a non–parametric equivalent system by means of FRFs.
A first comparison concerns the frequency contents of an unperturbed structure, which neglects
any superstructure, and of a parameterized system, which introduces non–structural components by means of a linear oscillator characterized by mass and natural frequency. As a matter
of fact, the unperturbed and parameterized responses are similar only if non–structural components are characterized by limited mass and frequency that are significantly different from main
frequencies of the unperturbed structure.
On the contrary, a further comparison, performed by means of first–passage probability, is encouraging. In particular, for long–lasting time intervals, the extreme peak probability distributions of the unperturbed and parameterized responses turn out to be equivalent in their head
region. For this reason, the unperturbed linearized system perfectly matches the response of the
parameterized structure.
An important issue concerns the dependency of first–passage probabilities on the assumed
thresholds and base excitation. Higher values of x? could provide greater approximations between the unperturbed and parameterized systems. Nevertheless, the maximum threshold to be
considered usually depends on the unperturbed structure: it would be senseless to estimate a
secondary excitation if the main structure collapsed. Moreover, changing base excitation shape
and intensity would provide different results.
Both the dependencies have been investigated, although results have been omitted for brevity
and will be the topic of a future contribution. Still, the reported results are encouraging and
designate Tail–Equivalent linearization as an appealing strategy for computing the statistics of
secondary excitations.
The presented investigation deliberately uses a simple characterization of the structural models
in order to facilitate the use of TELM in common practice. To this end, further investigations
will focus on the characterization of the thresholds of interest by deterministic procedures such
as spectral analysis [15] and recently developed static pushover approaches [13, 18, 19].
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Abstract: Polynomial matrix theory is shown to be a valuable tool for the analysis of the equations of motion of multi-degree-of-freedom (MDOF) linear structural systems involving singular coefficient matrices. Singular mass coefficient
matrices in such systems may appear either due to the use redundant coordinates
or due to the introduction of massless bodies used to facilitate the modeling process. The equations of motion in such cases are a set of algebraic – differential
equations involving a singular mass matrix, which makes the determination of
the acceleration, a rather complicated task. By employing tools from polynomial
matrix theory, this difficulty can be overcome, and a closed form analytical solution is derived along with conditions guaranteeing continuity of the response.

1

Introduction

In the present note we study the equations of motion of Linear Time–Invariant (LTI) structural
systems, described by second – order linear differential equations of the form
M q̈(t) +Cq̇(t) + Kq(t) = f (t),

(1)

The vector q(t) ∈ Rn describes the generalized coordinates of the system’s components, and
f (t) ∈ Rn is the external force applied on the system. The matrices M ∈ Rn×n ,C ∈ Rn×n and
K ∈ Rn×n are assumed to be positive semi-definite describing the mass, (viscous) damping, and
stiffness coefficients of the system, respectively. It is important to note that M, C, and K may be
singular due to the use of redundant coordinates/DOFs or due to the introduction of massless
particles; see also [2, 10, 1] for a related discussion.
Our main goal to rely on polynomial matrix theory for deriving a closed formula for the evaluation of the response of systems of the form Eq. (1) in terms of the initial conditions q(0) = q0
and q̇(0) = q̇0 and the external force f (t) ∈ Rn . This can be accomplished by first rewriting the
derivatives of q(t) in Eq. (1) in terms of the differential operator ρ = dtd , as follows
(Mρ 2 +Cρ + K)q(t) = f (t),
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(2)

and then in turn by introducing the polynomial matrix differential operator
P(ρ) = Mρ 2 +Cρ + K.

(3)

With this setup Eq. (1) can be written in a more compact form as follows
P(ρ)q(t) = f (t),

(4)

The quantities q(t), f (t) involved in the above equation, may be assumed to be smooth functions, but a more general distributional framework can also be considered. According to this
approach q and f may be considered as impulsive - smooth distributions, that is, members of a
special class of distributions introduced in [5, 6, 3]. The class of impulsive - smooth distributions naturally embeds smooth functions on the interval (0, +∞), but it also allows the presence
of Dirac’s δ distributions or impulses and its (distributional) derivatives to be mixed up with
them. Moreover, should such a framework be adopted, the differential operator ρ, has to be
interpreted in the distributional sense, that is as a convolution with first derivative of δ . The
distributional version of Eq. (4) notably coincides with the Laplace - transformed version of Eq.
(4) and are amendable to a full algebraic treatment. A detailed presentation of the distributional
framework is beyond the scope of the present note, as we will focus on the use of algebraic
methods for the computation of the response of Eq. (4). However, we may refer the reader to
[5, 6, 3] for more details on the subject.
With the employment of the distributional framework, a new type of response of Eq. (4) may
arise under certain circumstances. This type of response is called impulsive behavior and it
refers to solutions which are not functional, but rather distributional and in particular, linear
combinations of the Dirac δ and its distributional derivatives. Impulses may be the result of
either inconsistent initial conditions or discontinuities of the external forces at the origin. It has
be shown (see for instance [11]) that impulsive behavior is associated with the singularity of
the leading coefficient matrix of P(ρ), which in the case of mechanical / structural systems
is the mass matrix. Singularity of the leading coefficient matrix implies the presence of nontrivial zero structure at infinity, a distinctive algebraic feature of polynomial matrices. In general,
impulsive behavior is undesired in most applications; thus, necessary and sufficient conditions
guaranteeing its absence is of great interest in what follows. For more details on the subject we
refer the reader to [7, 11, 4] or for a more recent compact presentation in [1, 9].

2 Application of Polynomial Matrix Theory to Structural Systems
Before we proceed with the presentation of the use of polynomial matrix theory in the analysis
of LTI structural systems it is instrumental to introduce related terminology and concepts. We
denote by R[s] the ring of polynomials in the indeterminate s with real coefficients. The quotient
field of the ring of real polynomials, i.e., the field of real rational functions, is denoted R(s). A
real polynomial matrix, is a matrix
 whose
 elements are polynomials in some indeterminate s,
i.e., a matrix of the form P(s) = pi j (s) m×n , where pi j (s) ∈ R[s]. A polynomial matrix can be
alternatively written in the form of a polynomial in the indeterminate s having as coefficients
real constant matrices, i.e.
r

P(s) = ∑ Pi si ,

(5)

i=0

where Pi ∈ Rn×n and Pr 6= 0 and r is the degree of P(s), i.e. deg P(s) = r. The set of n × n real
polynomial matrices endowed with the usual matrix operations is a ring denoted by R[s]n×n .
A rational function with a numerator degree less than or equal (less than) to the denominator
degree is called proper (strictly proper). The sets of proper and strictly proper rational functions
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are rings denoted by R pr (s), Rsp (s), respectively. The set of m × n matrices with elements in
the sets R(s), R pr (s) and Rsp (s) will be denoted by R(s)m×n , Rsp (s)m×n and Rsp (s)m×n .
In order to obtain a closed formula for the response of Eq. (4) we may either apply the distributional formulation detailed in [5, 6, 3], or employ Laplace transform techniques which are more
convenient from a technical point of view. Applying Laplace transform on both sides of Eq. (4),
we get




 M 0
q(0− )
+ fˆ(s)
(6)
P(s)q̂(s) = sIn In
C M
q̇(0− )
where q̂(s), fˆ(s) are the Laplace transforms of the q(t), f (t) respectively and q(0− ), q̇(0− ) are
the initial conditions. To obtain the Laplace transformed version of the response q̂(s) and in turn
q(t), we can pre-multiply both sides of Eq. (6) by P(s)−1 . Clearly, the inversion of P(s) plays a
key role in the derivation of the closed formula for the computation of q(t).
Contrary to what would be expected to be the outcome of the inversion of a scalar polynomial,
the inverse of a polynomial matrix may not be strictly proper. This means that P(s)−1 may contain a polynomial part as a result of the singularity of the leading coefficient matrix of P(s). This
can be seen by applying polynomial divisions between the numerators, and the denominators of
the elements of P(s)−1 , to obtain the following decomposition
P(s)−1 = H pol (s) + Hsp (s),
where

(7)

v

H pol (s) = ∑ Hi si ∈ R[s]n×n

(8)

i=0

is the polynomial and Hsp (s) ∈ Rsp (s)n×n the strictly proper part of P(s)−1 respectively. As
mentioned above the presence of the non–zero polynomial part H pol (s), is strongly related to
the singularity of the highest order coefficient matrix of P(s), which in our case is the mass
matrix M. This in turn implies the presence of zeros at s = ∞ in P(s) (see [11]).
To demonstrate this situation, the polynomial matrix formulation is applied to the equations of
motion of a mechanical system involving the serial interconnection of two linear springs, in the
following example.
Example 1. Consider the mechanical system shown in Figure 1. The system consist of a mass
m, attached to the serial interconnection of two linear springs of constants k1 , k2 . Moreover, an
external force F(t) is applied on the mass. The quantities q1 (t), q2 (t) are the displacements of
the massless joint between the two springs and the mass m, respectively.
q1 (t)
k1

k2

m

F(t)

q2 (t)
Figure 1: Two springs series connection

The equations of motion of the system have the form of Eq. (1) where




0 0
0 0
M=
,
C=
,
m m
0 0
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(9)

K=



k1 −k2
0 k2



f (t) =

,



0
F(t)



(10)

.

This setup can also be written in the form of Eq. (4), with the polynomial matrix on the right
hand side being


k1
−k2
,
(11)
P(s) =
ms2 ms2 + k2
whose inverse is

−1

P(s)

1
=
m(k1 + k2 )s2 + k1 k2
=

"

|

1
k1 +k2
1
− k1 +k
2

{z

H pol (s)

0
0



ms2 + k2 k2
−ms2 k1



#

1
+
m(k1 + k2 )s2 + k1 k2
} |
{z

Hsp (s)

"

k22
k1 +k2
k1 k2
k1 +k2

k2
k1

#

(12)

}

The next important step in deriving the response formula of Eq. (4) is to obtain a minimal state
space realization of Hsp (s), which is defined as follows
Definition 1. [7, Sec.6.2.2] Let G(s) ∈ Rsp (s)m×n with rankR(s) = min{m, n} be a strictly proper
matrix. A state space realization of G(s) ∈ Rsp (s)m×n is a triple of matrices (Ā, B̄, C̄) ∈ Rσ ×σ ×
Rσ ×n × Rm×σ such that
G(s) = C̄(sI − Ā)−1 B̄.
(13)

Such a state space realization is called minimal if Ā has the smallest possible dimensions
amongst all realizations of G(s).
A minimal state space realization of a given strictly proper rational matrix are characterized by
rank conditions, presented in the following
Proposition 1. [11, Prop. 1.88] A state space realization (Ā, B̄, C̄) ∈ Rσ ×σ × Rσ ×n × Rm×σ of
G(s) ∈ Rsp (s)m×n is minimal if and only if


C̄
 C̄Ā 




σ
−1
rank B̄ ĀB̄ · · · Ā
(14)
B̄ = rank 
 = σ.
..


.
C̄Āσ −1

The rank conditions shown in Eq. (14) reflect respectively two very important properties of the
state space system corresponding to the triple (Ā, B̄, C̄), namely the properties of controllability
and observability. It is also worth noticing that the dimension of the matrix Ā in a minimal state
space realization of Hsp (s) is equal to the degree of the determinant of P(s), i.e. σ = deg |P(s)|,
which in turn coincides with the number of finite eigenvalues or zeros (multiplicities accounted
for) of P(s). In this respect, it was shown [7, Sec. 6.3.3], that the spectrum of the matrix Ā
coincides with the finite zero structure of P(s). There are many techniques available in the
literature to obtain a minimal state space realization of a strictly proper transfer function (see
for instance [7] or [11]).
In the following example we demonstrate such a technique to obtain a minimal state space
realization of the matrix Hsp (s) found in Example 1.
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Example 2. Given the decomposition of P(s)−1 in Eq. (12), we may obtain the following minimal state space realization of Hsp (s).
"
#




0
1
a
1 0
k2 0
0
, C̄ =
, (15)
Ā =
, B̄ =
k2
2
− m(kk1+k
0
k
0
k
k
+
k
a
m
(k
+
k
)
1
2
1
2
1
2
)
1
2
q
where a = k12 + 2k2 k1 + 2k22 . The above symbolic computation has been accomplished using
Wolfram’s Mathematica function MinimalStateSpaceModel. Many other commercial or free
software options are available to obtain similar computations either symbolically or numerically
in case the parameters of the system are given and fixed (see for instance Matlab’s function
minreal, or Scilab’s function minss). Notice that due the relatively simple structure of the
example we were able to perform the above computation symbolically without having to assign
particular values to the parameters m, k1 and k2 .
With the setup described in the previous paragraphs, the smooth on R+ response of Eq. (4) can
be obtained using the following theorem. The theorem below is a special case of a series of
results originally shown in [11, Sec. 4.2], [8] which was summarized in a more compact form
in two recent works [9, 1].
Theorem 1. Consider the system described by (4) where P(s) = Ms2 + Cs + K ∈ R[s]n×n and
detP(s) 6= 0 for some s ∈ C. Then, given initial conditions q(0− ) = q0 , q̇(0− ) = q̇0 satisfying
the compatibility condition


Hv 0
 ...
Hv


 H2 . . .





Hν 0 · · · 0

  .. . . . .
.

. ..
.
q0
 K C
 .
=

q̇0
 0 K
 H2 . . . . . . 0
H1 H2 · · · Hν
H2

H1

the smooth on R+ response of (4) is given by
Āt

q(t) = C̄e



ĀB̄ B̄





M 0
C M



q0
q̇0



+

Z t
0







f (0− )
f (1) (0− )
..
.
f (ν−1) (0− )

ν





.


C̄eĀτ B̄ f (t − τ)dτ + ∑ Hi f (i) (t),

(16)

(17)

i=0

where the triple (Ā, B̄, C̄) is a minimal state space realization of Hsp (s) and Hi , i = 0, 1, . . . , v
are the coefficients of H pol (s) in Eq. (8).
The compatibility condition in the above theorem only guarantees that given initial conditions
q(0− ), q̇(0− ) and a smooth on R+ external force satisfying Eq. (16), the response q(t) will be
an ordinary function (that is not impulsive) also smooth on R+ . We can go a step further and
provide a condition for the continuity of the position q(t) and velocity vector q̇(t) at the origin.
The following result has been shown in a more general form initially in [8] and restated in a
more compact form in [9].
Theorem 2. Given the system described by (4), with P(s) = Ms2 + Cs + K ∈ R[s]n×n and
detP(s) 6= 0 for some s ∈ C and initial conditions q(0− ) = q0 , q̇(0− ) = q̇0 satisfying the compatibility condition Eq. (16),
q(0− ) = q(0+ )

q̇(0− ) = q̇(0+ )

1228

(18)

if and only if


H0 H1
H−1 H0



K C
0 K



q0
q̇0



=



H0 H1 · · · Hv 0
0 H0 H1 · · · Hv

where H−1 = C̄B̄.







f (0+ )
..
.
f (ν+1) (0+ )




.

(19)

We demonstrate the above results in the following example
Example 3. Given the system of Example 1 and the minimal state space realization obtained in
Example 2, we proceed to the computation of the response for the following parameters
m = 1kg,

k1 = 2N/m,

k2 = 1N/m,

(20)

After some manipulations we obtain the exponential matrix eĀt involved in Eq. (17), which is
q


q
q
2
3
2
t)
sin(
t)
cos(
3q
2 q 3

eĀt =  q
(21)
2
2
− 3 sin( 3 t)
cos( 23 t)

Substituting the parameter values and the exponential matrix in Eq. (17), along with the following initial conditions and externally a sinusoidal applied force
 
 


1
0
0
q0 =
,
q̇0 =
,
f (t) =
(22)
2
0
sin(t)

we get the response shown in Figure 2.

q2 (t)
q1 (t)

4
2

t
10

20

30

40

50

−2
−4
Figure 2: The plot of the response

We should notice that the compatibility condition Eq. (16) for non impulsive behavior is automatically satisfied for any choice of initial conditions because v = 0. Hence, the compound
matrices on both sides of Eq. (16) involving Hi ’s vanish. However, to guarantee that both displacements q1 (t), q2 (t) and their derivatives are continuous at t = 0, we have to take into account
Eq. (19), which in our case reads
 2


− 31 0
0
q1 (0− )
3
− 
 −2 1

0
0 
 3 3
  q2 (0− )  = 0
(23)
2
 0
0
− 13   q̇1 (0 ) 
3
q̇2 (0− )
0
0 − 23 13
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The above condition implies that the initial conditions have to be chosen to satisfy
q1 (0− ) = 2q2 (0− ),

q̇1 (0− ) = 2q̇2 (0− )

(24)

This is nothing more than the extension at the origin, of the algebraic constraint imposed by
the series connection of the two springs, demanding the reaction forces of the two springs to be
equal, i.e.
−k1 q1 (t) = −k2 q2 (t).
(25)

3 Conclusions
Polynomial matrix theory can serve as a valuable tool for the study of linear time-invariant structural systems. In systems where algebraic constraints are mixed along with dynamic equations,
singularity of the coefficient matrices involved in the model is a rather natural consequence. The
most significant difficulties arise in the case of systems whose mass matrix is not invertible, and
thus preventing the acceleration vector from being uniquely determined.
With the employment of the polynomial matrix framework and the associated techniques, the
problems arising from singularities can be easily addressed in a uniform and straightforward
manner. Using the algebraic formulation of dynamic equations we can successfully deal both
with ordinary functional excitations and responses, and with impulsive signals that may appear
due to singularities. With this setup, a closed formula for the response of LTI structural systems
is derived, accompanied by compatibility conditions that ensure impulse–free response. Further,
to guarantee continuity at the origin, additional constraints imposed on the initial conditions and
the excitation are proposed. The method is demonstrated through its application on a simple
system consisting of a series connection of two springs and a mass.
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Abstract: A random vibration frequency domain solution approach is developed for stochastic response determination of multi-degree-of-freedom (MDOF)
linear and nonlinear structural systems with singular matrices. This system modeling can arise when a greater than the minimum number of coordinates/DOFs
is utilized, and can be advantageous, for instance, in cases of complex multibody systems where the explicit formulation of the equations of motion can be
a nontrivial task. In such cases, the introduction of additional/redundant DOFs
can facilitate the formulation of the equations of motion in a less labor intensive
manner. Further, utilizing redundant coordinates is not the only reason for the appearance of singular matrices in the system equations of motion, as in many engineering applications theoretically nonsingular, but numerically ill-conditioned
matrices may also appear. In this paper, relying on the generalized matrix inverse theory, a Moore-Penrose (M-P) based frequency response function (FRF)
is determined for a linear structural system with singular matrices. Next, relying
on the M-P FRF a spectral input-output (excitation-response) relationship is derived in the frequency domain for determining the linear system response power
spectrum. Next, the above methodology is extended via statistical linearization
to account for nonlinear systems. This leads to an iterative determination of the
system response mean vector and covariance matrix. A pertinent numerical example is considered for demonstrating the validity of the developed frequency
domain methodology.

1

Introduction

In the field of random vibration of structural systems [10] modeling the system by utilizing
the minimum number of coordinates (generalized coordinates) yields not only non-singular,
but also positive definite matrices. Note, however, that an alternative modeling of the system
equations of motion that employs additional/redundant degrees-of-freedom (DOFs)/coordinates
may be preferable, particularly in the field of multi-body system dynamics, for a number of
reasons. These may include decreased complexity and computational cost associated with the
formulation of the equations of motion. Thus, although formulating the equations of motion by
employing redundant DOFs yields singular system matrices, this alternative modeling scheme
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appears advantageous in many cases; see Refs. [4, 5, 8, 11, 12, 14] for a detailed discussion on
the topic.
Clearly, determining the dynamic response of structural systems with singular matrices poses
significant challenges as standard solution techniques such as those based on a state-variable
formulation cannot be utilized, at least in a straightforward manner. In this regard, relying on
the concept of the Moore-Penrose (M-P) generalized inverse Udwadia and co-workers (e.g.
[13]) determined the dynamic response of systems with singular matrices subject to deterministic excitation. Subsequently, the authors developed in Refs. [6, 7] generalized random vibration
time-domain techniques for determining the response of linear and nonlinear structural systems
subject to stochastic excitations; see also Ref. [1] for an alternative treatment based on polynomial matrix theory.
In this paper, standard frequency domain random vibration solution methodologies (e.g. [10])
are generalized to account for systems with singular matrices. To this aim, based on the theory
of generalized matrix inverses, an M-P based frequency response function (FRF) is derived for
a structural system with singular matrices. Next, relying on the M-P FRF the celebrated standard input-output (excitation-response) relationship in the frequency domain is generalized for
determining the system response power spectrum. Finally, the above derived frequency domain
relationship is utilized in conjunction with a recently developed statistical linearization technique [7] for determining the response statistics of nonlinear systems with singular matrices.
The validity of the herein developed frequency domain random vibration techniques is demonstrated by a pertinent numerical example including a nonlinear system with singular matrices.

2 Moore-Penrose theory elements
Definition. If A ∈ Cm×n then A+ is the unique matrix in Cn×m so that
AA+ A = A, A+ AA+ = A+ , (AA+ )∗ = AA+ , (A+ A)∗ = A+ A.

(1)

The matrix A+ is known as the M-P inverse of A and Eq. (1) represents the so-called M-P
equations. In general, the M-P inverse of a square matrix exists for any arbitrary A ∈ Cn×n , and
if A is non-singular, A+ coincides with A−1 . Further, the M-P inverse of any m × n matrix A
provides a tool for solving equations of the form
Ax = b,

(2)

where A is a rectangular m × n matrix, x is an n vector and b is an m vector. For a singular square
matrix A, i.e. detA = 0, utilizing the M-P inverse, Eq. (2) yields
x = A+ b + (I − A+ A)y,

(3)

where y is an arbitrary n vector and I is the identity matrix. A more detailed presentation of the
topic can be found in Refs. [3] and [2].

3 Frequency domain stochastic response analysis of linear systems
with singular matrices
In this section, the response of linear systems with singular matrices subject to stochastic excitation is determined via a frequency domain approach. Note that the herein developed frequency
domain response analysis methodology can be construed as an alternative to a recently developed time domain technique [6].
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3.1

Linear systems with standard non-singular matrices

Some elements of the frequency domain stochastic response analysis of systems with standard non-singular matrices are provided in the following for completeness. In this regard, the
statistics of the system response, q(t), to an external excitation, Q(t), are determined in the
frequency domain by utilizing input-output relationships, involving the FRF matrix α(ω) [10].
Specifically, consider the equations of motion of an n-DOF linear system given by
M q̈ +Cq̇ + Kq = Q(t),

(4)

where M,C and K denote the n × n mass, damping and stiffness matrices of the system, respectively, and q corresponds to the n (generalized) coordinates vector. The n vector Q denotes the
excitation vector that is applied to the system. Note that utilizing generalized coordinates for
formulating the system equations of motion yields matrices M,C and K that are not only nonsingular, but also symmetric and positive definite. Next, to determine the system FRF matrix
α(ω), consider an excitation of the form
Q(t) = Q0 exp(iωt), where ω denotes the frequency and Q0 is an amplitude vector. Considering
next the response displacement vector to be of the form q(t) = α(ω)Q(t), the n × n FRF matrix,
α(ω), becomes
α(ω) = (−ω 2 M + iωC + K)−1 .
(5)
Further, a spectral excitation-response (input-output) relationship can be determined by utilizing
the FRF matrix of Eq. (5) in the form
Sq (ω) = α(ω)SQ (ω)α T ∗ (ω),

(6)

where Sq (ω) and SQ (ω) are the system response and excitation power spectrum matrices, respectively, Q(t) represents an arbitrary stationary stochastic vector process, and α T ∗ (ω) denotes
the conjugate transpose of α(ω); see Ref. [10] for a more detailed presentation. Furthermore,
system response second-order statistics can be readily determined based on Eq.
 (6). For
 in-
stance, utilizing Eq. (6) the response displacement and velocity moments E q2i (t) and E q̇2i (t)
are given, respectively, by

 Z∞

 Z∞ 2
E q2i (t) =
Sqi qi (ω)dω and E q̇2i (t) =
ω Sqi qi (ω)dω.
(7)

3.2

−∞

Linear systems with singular matrices

−∞

It can be argued that there are cases where utilizing more than the minimum number (redundant)
degrees-of-freedom (DOFs) for formulating the equations of motion of a complex dynamical
system can be advantageous, especially from a computational efficiency perspective; see Refs.
[6, 12] for a detailed discussion. In this regard the n−DOF system of Eq. (4) can be alternatively
modeled as an l−DOF system (l ≥ n) of the form
Mx ẍ +Cx ẋ + Kx x = Qx (t).

(8)

In Eq. (8), Mx , Cx and Kx are the l × l mass, damping and stiffness matrices, respectively, x is
the l coordinates vector and Qx is the l vector of external forces. Note that due to the utilization of additional/redundant DOFs, Mx , Cx , and Kx are singular matrices. Moreover, constraint
equations
A(x, ẋ,t)ẍ = b(x, ẋ,t),
(9)
where A is an m × l matrix, need to be included as well [13]. Next, considering (for convenience
and without loss of generality) the vector b to be of the form
b = F − E ẋ − Lx,
1234

(10)

the original system of Eq. (4) can be alternatively modeled, via employing the redundant coordinates vector x, as
M̄x ẍ + C̄x ẋ + K̄x x = Q̄x (t),
(11)
where the (m + l) × l matrices M̄x , C̄x and K̄x denote the augmented mass, damping and stiffness
matrices for the system defined, respectively, as






(I − A+ A)Mx
(I − A+ A)Cx
(I − A+ A)Kx
M̄x =
, C̄x =
, K̄x =
.
(12)
A
E
L
Also, the (m + l) augmented excitation vector is given by


(I − A+ A)Qx
Q̄x =
.
F

(13)

A detailed presentation of the derivation of Eq. (11) can be found in Refs. [6, 7].
Next, focusing on the frequency domain, the problem of determining the FRF matrix of a system
with singular mass, damping and stiffness matrices is considered. In this regard, the system of
Eq. (11) is excited by a harmonic force of the form defined in Section 3.1. The system response
is given by x(t) = αx (ω)Q̄x (t), where αx (ω) is the l × (m + l) FRF matrix. Next, the relation
of the system response is differentiated twice with respect to time and the obtained expressions,
along with the relation of the system response, are substituted in Eq. (11) yielding
Rx αx (ω) = I.

(14)

In Eq. (14) the (m + l) × l matrix Rx is given by

Rx = −ω 2 M̄x + iω C̄x + K̄x .

(15)

+
αx (ω) = R+
x + (I − Rx Rx )Y ,

(16)

Further, the M-P inverse of the matrix Rx is employed for solving Eq. (14). Specifically, utilizing
Eq. (3), the FRF matrix takes the form

where R+
x is the l × (m + l) M-P inverse of Rx and Y is an arbitrary l × (m + l) matrix.
It is noted that the presence of the arbitrary matrix Y on the right hand side of Eq. (16) yields a
non-unique solution for the FRF matrix. Nevertheless, depending on the rank of Rx , a uniquely
defined FRF matrix can be derived. Specifically, if Rx has full rank, it can be proved that its M-P
inverse takes the form [2]
∗
−1 ∗
(17)
R+
x = (Rx Rx ) Rx .
Subsequently, taking into account Eq. (17), the expression I −R+
x Rx = 0, arises, which combined
with Eq. (16), yields a uniquely defined FRF matrix
αx (ω) = R+
x.

(18)

Next, following Ref. [10] the standard spectral excitation-response relationship of Eq. (6) is
generalized and given in the form
Sx (ω) = αx (ω)SQ̄x (ω)α Tx ∗ (ω),

(19)

where Sx (ω) and SQ̄x (ω) are the system response and excitation power spectrum matrices, respectively. Further, system response second-order statistics can be readily determined based
on Eq. (19).
For instance,
utilizing Eq. (19) the response displacement and velocity moments


E xi2 (t) and E ẋi2 (t) are given, respectively, as
 2  Z
E xi (t) =

∞

−∞

 2  Z
Sxi xi (ω)dω and E ẋi (t) =

∞

−∞

1235

ω 2 Sxi xi (ω)dω.

(20)

4 Frequency domain stochastic response analysis of nonlinear systems
with singular matrices
Consider next a nonlinear version of the system of Eq. (4) given by
M q̈ +Cq̇ + Kq + Φ(q, q̇, q̈) = Q(t),

(21)

where Φ is a nonlinear n vector depending on the coordinates vector q and its derivatives up to
order two.
Further, taking into account Eqs. (8)-(11), the general form of the equations of motion for the
augmented l−DOF nonlinear system (l ≥ n) becomes
M̄x ẍ + C̄x ẋ + K̄x x + Φ̄x (x, ẋ, ẍ) = Q̄x (t),
where the m + l augmented nonlinear vector of the system takes the form


(I − A+ A)Φx
Φ̄x =
.
0

(22)

(23)

A more detailed presentation on the construction of the equations of motion for a nonlinear
system with singular matrices can be found in Ref. [7].

4.1

Generalized statistical linearization of nonlinear systems - A frequency domain approach

Next, an equivalent to Eq. (22) linear system is sought in the form
(M̄x + M̄ e )ẍ + (C̄x + C̄e )ẋ + (K̄x + K̄ e )x = Q̄x (t),

(24)

where M̄ e , C̄e and K̄ e denote the (m + l) × l equivalent linear mass, damping and stiffness matrices, respectively, to account for the nonlinearity of the original system.
Comparing Eqs. (11) and (24), clearly, the FRF matrix of the equivalent linear system of
Eq. (24) is given by
αe (ω) = R+
(25)
e,
where

Re = −ω 2 (M̄x + M̄ e ) + iω(C̄x + C̄e ) + (K̄x + K̄ e ).

(26)

ε = Φ̄x (x, ẋ, ẍ) − M̄ e ẍ − C̄e ẋ − K̄ e x

(27)

Without loss of generality, it has been assumed in Eq. (25) that the Re matrix has full rank. In a
different case, Eq. (16) should be considered. Further, the response statistics are determined via
applying Eq. (20).
Following Ref. [7], the basic steps for determining the equivalent linear matrices are
 concisely

reviewed next for completeness. In particular, minimizing the mean square error, E ε 2 , where
the error vector, ε, is defined as
yields




ke,T
i,∗


E[Φ̄i,x x̂] = E[x̂x̂T ]  ce,T
i,∗  , i = 1, 2, . . . , (m + l).
me,T
i,∗

(28)

E[Φ̄i,x x̂] = E[x̂x̂T ]E[∇Φ̄x (x̂)].

(29)

Further, to simplify Eq. (28) a generalized version of the standard relationship [10] that relates
E[Φ̄i,x x̂] and E[∇Φ̄x (x̂)] is employed in the form [7]
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Next Eq. (28) and Eq. (29) yield



∂ Φ̄i,x
 eT 
 ∂x 
ki∗


∂ Φ̄i,x 
 = E[x̂x̂T ]E 
E[x̂x̂T ]  ceT

 , i = 1, 2, . . . , (m + l),
i∗
 ∂ ẋ 
eT
mi∗
 ∂ Φ̄ 

(30)

i,x

∂ ẍ

eT
eT
th
where meT
i∗ , ci∗ and ki∗ correspond to the i row of M̄ e , C̄e and K̄ e , respectively. Also, Φ̄i,x is
the ith component of the nonlinear vector Φ̄x and the 3l vector x̂ is defined as x̂ = (x, ẋ, ẍ)T .
Apparently, the equivalent linear mass, damping and stiffness matrices can be determined by
solving Eq. (30). However, the 3l × 3l matrix E[x̂x̂T ] is a priori assumed to be singular as a
result of the redundant coordinates modeling scheme [7]. Therefore, by employing its M-P
inverse, E[x̂x̂T ]+ , and taking into account Eq. (3), a solution to Eq. (30) can be determined.
Note, however, that considering Eq. (3) the solution to Eq. (30) involves an arbitrary vector, and
thus, it is not unique. Nevertheless, it was recently proved in Ref. [7] that the solution obtained
by setting the arbitrary vector equal to zero is at least as good, in terms of minimizing the mean
square error, as any other possible solution corresponding to a non-zero arbitrary vector. In this
regard, the solution to Eq. (30) becomes


∂ Φ̄i,x
 eT 
 ∂x 
ki∗


∂ Φ̄i,x 
 ceT  = E[x̂x̂T ]+ E[x̂x̂T ]E 
(31)
 , i = 1, 2, . . . , (m + l).

i∗
 ∂ ẋ 
eT
mi∗
 ∂ Φ̄ 
i,x

∂ ẍ

Further, determining the equivalent linear matrices in Eq. (30) requires knowledge of the response covariance matrix E[x̂x̂T ]. Thus, an additional set of equations relating the covariance
matrix and the equivalent linear matrices is required. In this regard, the herein derived frequency
domain input-output Eq. (19) is utilized. Overall, the developed generalized statistical linearization methodology can be construed as the frequency domain alternative to a recently proposed
time-domain methodology [7].
Regarding the numerical implementation of the method, Eqs. (20) and (31) comprise a coupled
nonlinear system of equations yielding the equivalent linear matrices M̄ e , C̄e , and K̄ e as well as
the system response covariance matrix. For the solution of the coupled nonlinear system, any
standard numerical optimization scheme can be applied [9]. Nevertheless, an iterative procedure
presented in Ref. [7] can be utilized as an alternative straightforward approach.

5 Numerical Examples
5.1

2-DOF nonlinear system with singular matrices

A 2 − DOF nonlinear system of rigid masses m1 and m2 shown in Fig. 1 is considered as
a numerical example. The mass m1 is connected to the foundation by a nonlinear spring of
the linear-plus-cubic type and by a linear damper with coefficient c1 . Further, the mass m2 is
connected to m1 by a linear spring and a linear damper with coefficients k2 and c2 , respectively.
The system is excited by a random force Q2 (t) which is modeled as a white-noise process with
a correlation function wQ2 (t) = 2πS0 δ (t), where S0 is the (constant) power spectrum value of
Q2 (t). Finally, the generalized displacements are given by q1 and q2 .
The system equations of motion are written in the matrix form of Eq. (4), and nonlinear function
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Figure 1: A two degree-of-freedom nonlinear structural system under stochastic excitation.

Φ takes the form



ε1 k1 q31
.
Φ(q, q̇, q̈) =
0

(32)

Next, taking into account Eq. (32) and the fact that the minimum number of DOFs are used in
modeling the system equations of motion, the equivalent linear stiffness matrix is determined.
Further, the standard statistical linearization procedure is applied. The parameters values used
are m1 = m2 = m = 1, c1 = c2 = c = 0.1, k1 = k2 = k = 1, and S0 = 10−3 . Also, the value of
the power spectrum for the excitation is S0 = 10−3 . Regarding the numerical implementation,
j+1
j
Ke − Ke
> 10−5 , where
convergence is attained after eight iterations, subject to the criterion
j
Ke
the j index denotes the jth iteration and the initial value K 0e is set equal to zero. At the end of
the iterative solution procedure [7], the covariance matrix of the system response displacement,
as well as the covariance matrix of the system velocity are determined, respectively, as




0.0386 0.0639
0.0178 0.0252
Vq =
and Vq̇ =
.
(33)
0.0639 0.1102
0.0252 0.0458
Next, utilizing a redundant coordinates modeling scheme, the three coordinates x̄1 , x2 and x̄3
shown in Fig. 2 are considered, whereas the constraint equation x2 = x1 + d, with d being the
length of mass m1 , serves to connect the two sub-systems of mass m1 and mass m2 .

Figure 2: A two degree-of-freedom nonlinear structural system under stochastic excitation utilizing redundant coordinates.

Differentiating the constraintequation twice
with respect to time, it is written in the matrix form

given by Eq. (9), where A = 1 −1 0 and b = 0. Thus, for determining the augmented mass,
damping and stiffness matrices, Eq. (12) is taken into account while the augmented excitation
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vector and the nonlinear vector of the system which are computed from Eq. (13) and Eq. (23),
respectively.
Applying next the generalized statistical linearization methodology, Eq. (31) is utilized for determining the equivalent linear stiffness matrix, K̄ e , yielding


r(1, 1) r(2, 1) r(3, 1)
r(1, 1) r(2, 1) r(3, 1)
3
.
K̄ e = ε1 k1 σx̄21 
(34)
 0
0
0 
2
0
0
0

In Eq. (34), r(i, j) denotes the (i, j) element of the matrix r = E[x̂x̂T ]+ E[x̂x̂T ]; see Ref. [7] for
more details. Further, the same convergence criterion as the one employed in deriving Eq. (33),
is used, whereas convergence is reached after eight iterations.
In particular, noticing that in this case the 4 × 3 matrix Re , has full rank, and thus, Eq. (18)
is used for determining the FRF matrix αx (ω), the covariance matrix of the system response
displacement, as well as the system response velocity covariance matrix, are determined to be




0.0386 0.0386 0.0253
0.0178 0.0178 0.0074
Vx̄ = 0.0386 0.0386 0.0253 and Vx̄˙ = 0.0178 0.0178 0.0074 ,
(35)
0.0253 0.0253 0.0210
0.0074 0.0074 0.0132
respectively.
Comparing the results, it is seen that the variances E[q21 ], E[q̇21 ] in Eq. (33) coincide with the
variances E[x̄12 ] and E[x̄˙12 ] in Eq. (35). Further, taking into account the expression x̄3 = q2 − q1
that relates the two reference systems yields E[x̄32 ] = 0.0210 and E[x̄˙32 ] = 0.0132, which agree
with the corresponding values in Eq. (35).
At this point, it should be noted that the herein obtained results are in total agreement with the
ones obtained when the problem is solved by following an alternative time-domain methodology
recently developed by the authors [7].

6

Conclusions

In this paper, a frequency domain methodology has been developed for stochastic response
determination of MDOF linear and nonlinear structural systems with singular matrices. Specifically, relying on the generalized matrix inverse theory, an M-P FRF has been determined for a
linear structural system with singular matrices. Next, relying on the M-P FRF a spectral inputoutput (excitation-response) relationship has been derived in the frequency domain for determining the linear system response power spectrum. Further, the above methodology has been
extended via statistical linearization to account for nonlinear systems. This has led to an iterative determination of the system response mean vector and covariance matrix. It is noted that
the herein developed frequency domain response analysis methodology can be construed as an
alternative to a recently developed time domain technique [6, 7]. A nonlinear 2-DOF structural
system with singular matrices has been considered as a numerical example demonstrating the
validity and applicability of the developed frequency domain methodology.
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Abstract: This paper presents a review of time-variant probabilistic indicators for
quantifying the structural performance of deteriorating structural systems during
their life-cycle. Redundancy, failure time, robustness, and resilience are evaluated
based on a methodology for life-cycle nonlinear static and seismic analysis of deteriorating concrete structures. Applications to concrete bridges exposed to corrosion
show the implementation of the proposed indicators.

Introduction
Structural systems, due to their inherent vulnerability, are at risk from aging, fatigue and deterioration processes due to aggressive chemical attacks and other physical damage mechanisms.
The detrimental effects of these stressors can lead over time to unsatisfactory structural performance under service loadings or accidental actions and extreme events, such as natural hazards
and man-made disasters [24]. The economic impact of structural deterioration is relevant and
emphasizes the importance of maintenance and repair interventions to avoid or remove structural deficiencies [2]. A rational approach to design, assessment, maintenance and repair of
deteriorating structures requires a modelling of the structural system over its entire life-cycle
by taking into account the effects of deterioration processes, time-variant loadings, maintenance
actions and repair interventions under uncertainty [26, 29].
These problems pose a major challenge to structural engineering, since classical time-invariant
structural design criteria and methodologies need to be revised to account for a proper modeling
of the structural system over the life-cycle by taking into account the effects of deterioration
processes under uncertainty [14]. Despite these needs and recent research advances, life-cycle
concepts are not yet explicitly addressed in structural design codes. Moreover, the level of
structural performance is generally specified with reference to structural safety and reliability.
However, when aging and deterioration are considered, the evaluation of the system performance
should account for additional probabilistic indicators aimed to provide a comprehensive description of the life-cycle structural resources, such us redundancy, failure time, robustness, and
resilience [6, 10, 13, 15, 17, 31, 32, 35, 38, 42]. To meet this need, an effort is currently ongoing
within the SEI/ASCE Technical Council on Life-Cycle Performance, Safety, Reliability and
Risk of Structural Systems, Task Group 2 on Reliability-based Structural System Performance
Indicators [14, 33, 34]. This paper is part of this effort and presents time-variant probabilistic
indicators that can effectively be implemented for measuring the structural performance of deteriorating systems during their life-cycle based on a methodology for life-cycle nonlinear static
and seismic analysis of deteriorating reinforced concrete (RC) structures [8, 9, 11]. Applications
to RC bridges exposed to corrosion show the implementation of the proposed indicators.
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Damage Modelling
In RC structures damage is generally induced by diffusion of aggressive agents, such as chlorides, which may lead to corrosion of reinforcement and deterioration of concrete [5, 25].

2.1 Local Damage
The effects of corrosion in RC structures include the reduction of the cross-section of the reinforcing steel bars and the deterioration of concrete due to the formation of oxidation products,
which may lead to propagation of splitting cracks and concrete cover spalling. These effects
can be modelled by means of degradation laws of the effective resistant area for both steel bars
and concrete matrix based on dimensionless time-variant damage indices δs=δs(t) and δc=δc(t),
respectively, which provide a direct measure of the damage levels in the range [0; 1]. Depending on the type of corrosion mechanism the damage model can account for additional corrosion
effects, such as the reduction of steel ductility. Moreover, the deterioration of concrete due to
splitting cracks and cover spalling could also be effectively modelled as a reduction of concrete
strength based on an implicit relationship δc=δc(δs) defined as shown in [18].
Corrosion damage rates are related to chloride concentration C=C(t) as follows [8]:
∂δ c
C
=
∂t
Cc ∆t c

∂δ s
C
=
∂t
C s ∆t s

(1)

where Cc and Cs represent the values of constant concentration which lead to a complete damage
of the materials after the time periods ∆tc and ∆ts, respectively. The initial conditions
δc(tcr)=δs(tcr)=0 with tcr = max{ t | C(t)≤Ccr} are assumed, where tcr is the initiation time and Ccr
is a critical threshold of concentration.
The damage rate coefficients qc=(Cc∆tc)−1 and qs=(Cs∆ts)−1 depend on both the type of corrosion
mechanism and corrosion penetration rate. They can be calibrated based on available data for
corrosion rate under chloride attack [5]. Chloride ingress can be evaluated based on concrete
diffusivity D solving the Fick’s diffusion equation [25].

2.2 Global Damage
The damage indices δc and δs provide a description of damage evolution at the material level.
Due to their local nature, they are not handy for global evaluations. A global measure of damage
∆ may be derived from δc=δc(x,t) and δs=δs(x,t) at point x=(x,y,z) by a weighted average over the
volume of the materials. By denoting ∆c=∆c(t) and ∆s=∆s(t) the contribution of concrete and
steel, respectively, the global damage index ∆=∆(t) can be defined as follows [6]:

∆(t ) = [1 − ω (t )]∆ c (t ) + ω (t )∆ s (t )
∆ c (t ) =

∫

Vc

wc (z, t )δ c (z, t )dV

∫

Vc

∆ s (t ) =

wc (z, t )dV

∑

m

(2)

wsm (t )δ sm (t ) Asm

∑

w (t )Asm
m sm

(3)

where ω=ω(t), wc=wc(x,t), and wsm=wsm(xm,t) are suitable weight functions, Vc is the volume of
the concrete matrix, and Asm is the area of the mth steel bar located at point xm.
If any portion of material volume is expected to play a specific role in the damage process,
suggested weights are wc=wsm=1 and ω = ( fsy As )/( fc Ac ), where ω is the mechanical ratio of
reinforcement, fc is the concrete strength in compression, fsy is the steel strength, and As=∑mAsm.
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Time-variant Structural Performance Indicators under Uncertainty
In reliability-based design, the structural performance is generally specified in terms of reliability
index [1, 3, 4, 8, 9, 11, 30, 37]. However, when aging and deterioration are considered, additional
indicators are needed to quantify the life-cycle structural resources under uncertainty [6, 10, 13,
15, 17, 31, 32, 35, 38, 42]. In the following, redundancy, failure time, robustness, and resilience
indicators are presented. The probabilistic model used in the applications is also described.

3.1 Structural Redundancy
Structural redundancy denotes the ability of the system to redistribute among its members the
loads which can no longer be sustained by some other damaged members after the occurrence
of a local failure [15, 16, 23, 28, 38]. Denoting λ ≥ 0 a scalar multiplier of the live loads, the
redistribution capacity of the system depends on the difference between the limit load multipliers λ1=λ1(t) and λc=λc(t) associated to the occurrence of the first local failure, that is a warning
for initiation of damage propagation, and the global collapse of the system, respectively. Therefore, the following time-variant measure of redundancy is assumed [12, 15]:

Λ (λ1 , λ c ) =

λ c (t ) − λ1 (t )
λ c (t )

(4)

The redundancy factor Λ=Λ(t) can assume values in the range [0;1]. It is zero when there is no
reserve of load capacity after the first failure (λ1=λc), and tends to unity when the first failure
load capacity is negligible with respect to the collapse load capacity (λ1<<λc).

3.2 Failure Time
Structural redundancy refers to a point in time and does not provide information on the failure
sequence and failure rate. Failure times should be computed to this purpose and the time interval
between subsequent failures, or the elapsed time between failures, represents an effective indicator of damage tolerance of the system and its ability to be repaired after local failures [7].
The failure times Tk associated to the occurrence of sequential failures k=1,2,… can be evaluated by comparing the time-variant failure load multipliers λk=λk(t) to prescribed time-variant
target functions λk* = λk* (t ) as follows [7, 15]:

{

Tk = min t

λ k (t ) < λ k* (t ) }

(5)

After a local failure k=i, the ability of the system to delay the failure k=j depends on the elapsed
time between these failures occurring at times Ti and Tj:
∆Tij = T j − Ti ≥ 0

(6)

For the sake of brevity, the elapsed time between the first failure, occurring for λ1=λ1(t) at time
T1, and the structural collapse, reached for λc=λc(t) at time Tc, is denoted ∆T = Tc −T1. This is
an important performance indicator, since it provides the residual lifetime after the first damage
warning, for example associated with the formation of a plastic hinge, and identifies the time to
structural collapse due to the activation of a set of plastic hinges [11]. It is worth noting that ∆T
is a measure of system redundancy in terms of rapidity of evacuation and/or ability of the system
to be repaired right after a first failure. However, even though they are related concepts, elapsed
time between failures and structural redundancy refer to different system resources.
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3.3 Structural Robustness
Structural robustness can be defined as the ability of the system to suffer an amount of damage
not disproportionate with respect to the causes of the damage itself. According to this definition,
a measure of robustness should arise by comparing the system performance in the original state,
in which the structure is intact, and in a perturbed state, in which a damage scenario is applied
[6, 13, 17, 28]. The ratio of the limit load multiplier λc=λc(t) to its initial value λc0=λc(0) is
assumed as time-variant measure of structural performance within the range [0;1]:

ρ (t ) =

λ c (t )
λc0

(7)

The performance index ρ =ρ(t) is hence compared with the global damage index ∆≡∆s=∆s(t) to
define the following robustness criterion [6]:

R( ρ , ∆) = ρ (t ) α + ∆(t ) α ≥ 1

(8)

where R=R(ρ, ∆) is a robustness factor and α is a control parameter. The system is robust when
the criterion is satisfied (R≥1), and not robust otherwise (R<1). The value of the parameter α is
selected according to the acceptable level of damage susceptibility. A value α =1 indicates proportionality between acceptable loss of performance and damage and it is appropriate in most cases.
It is worth noting that the terms robustness and redundancy, even though they are often used as
synonymous, denote different properties of the structural system [16].

3.4 Seismic Resilience
The occurrence of a damaging event at time t0 may cause a sudden loss ΔQ of system functionality Q∈[0;1]. The loss ΔQ can be totally or partially recovered by post-event restoration activities over a recovery time interval ∆t = tf −ti, where ti≥t0 and tf are the initial and final time of the
restoration process, respectively. The capability of a system to withstand the effects of extreme
events and to recover efficiently the original performance and functionality over a time horizon
th is denoted as resilience [20, 21]. The following definition is considered [19, 22, 27]:
ℜ=

1
th − t0

∫

th
t0

Q(t )dt

(9)

For non deteriorating systems, resilience depends only on the recovery profile Q=Q(t) over the
time interval [t0, th]. However, for deteriorating systems the functionality varies over time and,
consequently, resilience depends also on the time of occurrence t0, or ℜ=ℜ(t0), as shown in [10,
40, 41]. The following time-variant functionality indicator is assumed:
Q(t ) =

a g (t )
ag0

(10)

where the seismic capacity of the deteriorated system, expressed in terms of peak ground acceleration ag=ag(t) associated with the investigated limit state, is normalized to the seismic capacity ag0=ag(0) of the undamaged system at time t = 0.
The main factors related to the deterioration process affecting the lifetime resilience include the
exposure to environmental aggressiveness, type of post-event recovery actions, which may involve a total or partial restoring of system functionality, and maintenance interventions [10].
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3.5 Uncertainty Modelling
The geometrical and material properties of the structural systems, the mechanical and environmental stressors, and the parameters of the deterioration processes are always uncertain. Consequently, life-cycle prediction models have to be formulated in probabilistic terms and all
parameters of the model have to be considered as random variables or processes. The applications presented in this paper are based on the probabilistic model given listed in Table 1.
Table 1: Probability distributions and coefficients of variation (nominal values are assumed as mean values µ).
Random Variable (t = 0)
Type
C.o.V.
Concrete strength, fc
Lognormal
5 MPa /µ
Steel yielding strength, fsy
Lognormal
30 MPa /µ
Coordinates of cross-section nodal points, (yp, zp)
Normal
5 mm /µ
Coordinates of steel bars, (ym, zm)
Normal
5 mm /µ
Diameter of reinforcing steel bars, ∅m
Normal (*)
0.10
Concrete diffusivity, D
Normal (*)
0.10
Concrete damage rate, qc=(Cc∆tc)−1
Normal (*)
0.30
Steel damage rate, qs=(Cs∆ts)−1
Normal (*)
0.30
(*)

Truncated distributions with non negative outcomes.

Applications
Several examples previously studied by the authors and their co-workers are briefly summarized in this section to demonstrate the applicability of the proposed performance indicators.

4.1 Structural Redundancy and Failure Times of a RC Bridge Deck
The bridge deck with cross-section shown in Figure 1.a was investigated in [15]. The material
strengths are fc=30 MPa for concrete in compression and fsy=300 MPa for reinforcing steel. The
diffusivity coefficient is D = 10−11 m2/sec. The bridge deck is under the diffusive attack from
an aggressive agent located with concentration C0 on the surface exposed to the atmosphere.
Figure 1.b shows the map of concentration after 20 years from the initial time. A severe corrosion scenario is assumed, with parameters Cc=Cs=C0, ∆tc=25 years, ∆ts=50 years, and Ccr = 0.

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8 0.9 1.0

(b)
C(x,t)/C0
(a)
Figure 1: Bridge deck cross-section: (a) Geometry and main reinforcement As′=48∅28 mm and As =21∅28 mm
(additional reinforcing bars: 130∅8 mm in the top slab; 60∅8 mm in the bottom slab); (b) Map of concentration
C(x,t)/C0 after 20 years from the initial time of diffusion penetration (nominal structure under stochastic diffusion).

Damage induced by diffusion over a 50-year lifetime is shown in Figure 2.a in terms of bending
moment M versus curvature χ capacity curves. Limit states of interest are local failures associated to (1) first cracking of concrete and (2) first yielding of steel reinforcement, which are
warnings for initiation of damage propagation, as well as the attainment of (3) ultimate flexural
capacity. The reserve of capacity after cracking ensures a suitable level of structural redundancy
Λ=Λ(t), as shown in Figure 2.b. For positive moment, redundancy increases over time, even if
the flexural capacity decreases. For negative moment, redundancy exhibits a moderate increase
during the first period of exposure, and rapidly decreases after about 30 years of lifetime.
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12.0
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9.0
6.0
3.0
0.0
-3.0
-6.0
-9.0
Cracking

-12.0

Yielding

-15.0

Ultimate

-18.0
-21.0
-7.5

-6.0

(a)

-4.5

-3.0

-1.5

Curvature χ

0.0

1.5

3.0

4.5

6.0

x 0.001

[m−1]

(b)

Figure 2: Structural performance over a 50-year lifetime: (a) Bending moment M versus curvature χ capacity curves,
with indication of (1) first cracking of concrete, (2) first yielding of steel, and (3) ultimate flexural capacity of the
cross-section (∆t=5 years); (b) Time-variant redundancy factor Λ=Λ(t) for positive and negative bending moments.

These results indicate that corrosion of steel reinforcement in tension, even though it involves
a reduction of flexural capacity, may have beneficial effects in terms of redundancy. Contrary,
the effects of deterioration of concrete in compression are generally detrimental to redundancy.
The reserve of capacity after steel yielding is instead very limited and does not allow for significant redundancy in between yielding and ultimate states. In this case the elapsed time between failures provides useful information about the available time to repair after a local
yielding occurs. With reference to a target multiplier λ*=1.0, the failure times T1, T2, T3, and
the related elapsed times between failures ∆T12, ∆T23, associated to the occurrence of the sequential limit states of (1) cracking, (2) yielding, and (3) ultimate, are listed in Table 2. Figure
3 shows the probability mass functions of the elapsed times ∆T12 (Figure 3.a) and ∆T23 (Figure
3.b). These results confirm that a remarkable rapidity of repair may be required after occurrence
of a severe local failure, such as yielding of steel reinforcement. Moreover, failure loads and
failure times associated to concrete cracking or other minor local failure events could provide
warnings of more severe future damage states or critical threats.
Table 2: Failure times T1, T2, T3, and elapsed times between failures ∆T12, ∆T23 [years].
T1
T2
T3
∆T12
∆T23
11.5
41.4
42.6
29.9
1.2
13.7
42.6
44.1
28.9
1.5

λ*=1.0
M+
M−

0.05

0.07

0.04
0.06

Frequency f(∆T23)

Frequency f(∆T12)

0.04

µ = 32.2 years
σ = 11.0 years

0.03
0.03
0.02
0.02

0.05

µ = 1.0 years
σ = 0.6 years
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Figure 3: Probability mass functions of the elapsed times between failures (Figure 2.a): (a) ∆T12 and (b) ∆T23.
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4.2 Structural Redundancy and Robustness of a RC Arch Bridge
The arch bridge shown in Figure 4 was investigated in [6, 11, 12]. The beam has the crosssection shown in Figure 1.a, with the bottom slab closed in correspondence of the supporting
walls. The reinforcement is varying along the beam according to the bending moment demand
in the range 21∅28+130∅8 mm to 48∅28+130∅8 mm steel bars for the top slab, and 21∅28
mm to 42∅28 mm steel bars in the bottom slab. The arch has a rectangular cross-section with
dimensions 0.57×6.00 m, and it is reinforced with 45∅28+45∅28 mm steel bars. The structure
is subjected to a set of dead loads g and a live load λq, as shown in Figure 4. Material strengths,
concrete diffusivity, and damage rates are the same as assumed in the previous application.
λλpq
g0

l = 80.00 m
f = 26.10 m
h = 27.00 m
g 0 = 102.9 kN/m

f
y

h

g1 = 85.0 kN/m

g1

q = 53.3 kN/m

x

l

Figure 4: Arch bridge: Geometry, structural scheme, and loadings.

Three limiting scenarios with (I) simultaneous deterioration of both beam and arch, (II) damage
of the beam only, and (III) damage of the arch only, are investigated. Figure 5 shows the mean
value of redundancy Λ=Λ(t) (Figure 5.a) and robustness R=R(t) (Figure 5.b). Redundancy increases over time for cases (I) and (II), even if the load capacity deteriorates, and decreases for
case (III). Therefore, case (III) is the worst damage scenario for redundancy. Contrary, robustness
is maximum for case (III), intermediate for case (I), and minimum for case (II). Consequently,
in case (II) the robustness is lower than in case (I), despite a reverse tendency is expected for
the load capacity. These results demonstrate that robustness and redundancy are different structural properties which may exhibit opposite trends over time depending on the damage scenario.
As shown in [12], opposite trends are obtained also in terms of uncertainty effects.
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Figure 5: Time-variant (a) redundancy factor Λ=Λ(t) and (b) robustness factor R=R(t) for three damage scenarios.
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4.3 Seismic Resilience of a Continuous RC Box-girder Bridge
The continuous box-girder bridge shown in Figure 6 [36] was studied in [41]. The material strengths
are fc=40 MPa and fsy=450 MPa. The piers are exposed to aggressive agents along both the
external and internal perimeter with concentration C0. The concrete diffusivity is D=1.58×10−11
m2/sec. The damage rate of steel is defined by Cs=C0, ∆ts=50 years, and Ccr=0.2C0. The deterioration of concrete is modelled as a reduction of the compression strength [18]. Seismic analysis
is carried out for a set of ten artificial earthquakes by considering a gravity load on the deck
p=315 kN/m. The seismic capacity is evaluated for a drift threshold θmax=Δmax/H=4.70%, where
Δmax is the maximum top displacement and H is the height of the piers.

(a)

(c)
(b)
Figure 6: Box-girder bridge: (a) Geometry and structural scheme; (b-c) Cross-sections and exposure scenario.
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Figure 7: Time-variant (a) system functionality Q=Q(t) and (b) seismic resilience ℜ=ℜ(t0).

Conclusion
Time-variant probabilistic performance indicators for deteriorating RC structures have been
defined in terms of redundancy, failure time, robustness, and resilience. The application to lifecycle assessment of a bridge deck, an arch bridge, and a box-girder bridge has been presented to
show the importance of a comprehensive description of the time-variant structural resources to
maintain, improve and/or restore the life-cycle performance of deteriorating structures.
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Abstract: This paper evaluates different mitigation strategies to reduce the risks
posed by aboveground storage tanks and the vulnerability of nearby communities.
A framework integrating natural hazard exposure, structural vulnerability, and social vulnerability is proposed to investigate the effects and the viability of different
mitigation strategies.

Introduction
Failures of critical oil infrastructures, such as aboveground storage tanks (ASTs), have caused
severe economic and environmental impacts during recent hurricane events in the United States
(US). More than 26.5 million liters of chemicals were spilled due to failures of ASTs during
Hurricanes Katrina and Rita [9]. Moreover, AST failures can have significant effects on the
wellbeing of surrounding communities. The Murphy Oil Spill during Hurricane Katrina forced
the relocation of 1,700 homes due to the failure of a single AST [7]. Since more than 50% of
the US refining capacity is located in a hurricane prone area (the Gulf Coast), it is critical to
mitigate the risks associated with these infrastructures during storm surge events.
While many studies have recently proposed measures to reduce the vulnerability of ASTs [10,
11, 14, 17] during storm surge events, there is little information about the effectiveness, viability, and impacts of such measures on large portfolios of ASTs in industrial areas. Furthermore,
probabilistic analysis of the effectiveness of mitigation strategies is needed given the significant
sources of uncertainties associated with AST performance and spill risks. Such data is crucial
for industry managers and policymakers to make risk-informed decisions to improve the resilience of the oil industry and of nearby communities. Therefore, the objective of this paper is to
explore mitigation strategies for portfolios of tanks in surge prone areas. The Houston Ship
Channel (HSC) is used as a case study. The HSC is the second largest petrochemical complex
in the world with ten major refineries and more than 4,500 ASTs, and it is located in a hurricane
prone area. First, a framework is proposed to efficiently evaluate the effects and viability of
mitigation strategies. This framework couples storm surge modeling with fragility modeling of
ASTs to estimate the risk of chemical spills. These results are then merged with relevant factors
of social vulnerability to determine the overall vulnerability of communities located along the
HSC. Next, using this model, three main types of mitigation strategies are compared: procedural
measures, structural details of ASTs, and regional surge protection systems. The comparison is
performed by quantifying the reduction of the spill risk, the reduction of economic impacts, the
cost-benefit ratio, and the effects on communities’ vulnerability. Finally, policy-oriented solutions regarding the oil industry and nearby communities are discussed.
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Methodology
The framework used to evaluate mitigation strategies relies on the multi-disciplinary integrated
model presented in Figure 1. This model was initially develop to study the evolution of risks
along the HSC; further details can be found in [4]. The next sections will provide details on
how this model is adapted to evaluate the effectiveness of mitigation strategies to improve storm
surge resiliency.

Figure 1: Overview of the integrated model to evaluate mitigation strategies (adapted from [4])

Since storm surge is usually responsible for most major AST spills during hurricane events
[16], it is the only load considered here. The surge levels in the HSC are determined from the
preliminary Federal Emergency Management Agency (FEMA) Base Flood Elevation (BFE) for
an annual probability of occurrence of 0.2% [8]. The floodplain is presented in Figure 2, and
the surge levels vary between 6.1 and 7.0 m. Mitigation strategies that affect the surge behaviour in the HSC will require additional storm surge modeling and are detailed further below.

2.1 Structural vulnerability of ASTs to surge and impacts of failures
The structural vulnerability of ASTs is assessed by using parameterized fragility functions. Fragility functions indicate the probability of failure of a structure for a given hazard level and set
of structural characteristics. Post-hurricane investigations [9] have shown that failures of ASTs
occur due to flotation when the uplift force from the surge is greater than the self-weight of the
tank and any anchorage, and due to shell buckling when the lateral surge pressure becomes
excessive. The fragility models proposed by [10] are used here. As shown in (1), they are based
on a logistic regression model and are parameterized on the tank height (H), diameter (D), internal liquid height (L), internal liquid density (𝜌𝐿 ), external surge level (S), steel design stress
(Sd), and an additional set of parameters, given further below, X if the tank is anchored.
𝑃(Failure|𝐷, 𝐻, 𝐿, 𝜌𝐿 , 𝑆, 𝑆𝑑 , 𝑿) =

1
1 + 𝑒𝑥𝑝(−𝑙(𝐷, 𝐻, 𝐿, 𝜌𝐿 , 𝑆, 𝑆𝑑 , 𝑿))

(1)

In this equation, 𝑙(∙) is a logit function that is different for unanchored and anchored tanks; the
logit functions can be found in [10]. The fragility models were developed by considering both
failure modes using a series system assumption. The database developed in [4] is used to obtain
the coordinates, height, diameter, bare earth elevation, berm elevation (B), and potential content
of all tanks located in the HSC in 2014. Since it is a common design practice in the Gulf Coast
region, all ASTs are assumed to be unanchored and, Sd is fixed at 160 MPa corresponding to
the most commonly used steel grade.
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Knowing the properties (D, H, B, X) and surge exposure (S) of a tank, the probability of failure
and the expected spill volume (SV) are obtained from (2) and (3). In these equations, L and 𝜌𝐿
are defined as uniform random variables due to the uncertainty of these parameters prior to a
hurricane. The lower and upper bounds of 𝑓𝐿 (𝑙), the probability density function of L, are 0 and
0.9H, while the bounds of 𝑓𝜌𝐿 (𝜌𝑙 ) are a function of the potential content of the tank. If the surge
level at a given AST is lower than the berm elevation, the model reflects that S = 0.
𝑃(Failure|𝐷, 𝐻, 𝑆, 𝑆𝑑 , 𝑿) = ∫ ∫ 𝑃(Failure|𝐷, 𝐻, 𝐿, 𝜌𝐿 , 𝑆, 𝑆𝑑 , 𝑿)𝑓𝐿 (𝑙)𝑓𝜌𝐿 (𝜌𝑙 ) d𝐿d𝜌𝐿
𝐿

𝐸(SV|𝐷, 𝐻, 𝑆, 𝑆𝑑 , 𝑿) = ∫ ∫ (
𝐿

𝜌𝐿

(2)

𝜌𝐿

𝜋𝐿𝐷2
) 𝑃(Failure|𝐷, 𝐻, 𝐿, 𝜌𝐿 , 𝑆, 𝑆𝑑 , 𝑿)𝑓𝐿 (𝑙)𝑓𝜌𝐿 (𝜌𝑙 ) d𝐿d𝜌𝐿
4

(3)

A probability of failure map, as shown in Figure 2, is obtained by using (2) for all ASTs located
in the HSC. The map shows the baseline condition where no mitigation strategy is implemented,
and the total volume of storm-induced spills. Spill volume is used here as a proxy for the risks
associated with ASTs. Moreover, since the failure of a single tank can have significant impacts,
the number of highly vulnerable tanks (PF > 0.75) is also used as a measure of risk. With these
results, potential clean-up and repair costs are also estimated. Repair costs of ASTs are obtained
from [12], while the clean-up cost is assumed to be of $12/L. This estimate is obtained from the
amount spent by the US Coast Guard and the EPA during Hurricanes Katrina and Rita [19] and
it represents a lower bound since it neglects the private sector and indirect costs.

Figure 2: Probability of failure of ASTs for the baseline condition

For each mitigation strategy, the above procedure is repeated by modifying the fragility model
or the surge exposure accordingly. Thus, this enables the estimation of the reduction of risks
and of associated economic costs compared to the baseline condition. Moreover, the cost of
implementing each strategy is estimated from [15], providing a ratio of cost-benefits.

2.2 Intersection of spill risks and social vulnerability
To investigate the intersection of spill risks and social vulnerability, the approach proposed in
[6] is adopted and modified to the context of this study. As shown in Figure 3, this approach
couples the spill risks with social vulnerability to determine the place vulnerability (PV) of the
21 census tracts where ASTs are located; 83,500 residents live in these tracts. Census tracts
commonly serve as proxies for neighbourhoods. Social vulnerability indicates the capacity of
communities to prepare, respond and recover from hazards, while place vulnerability highlights
the fact that disasters emerge through interactions between the built environment and the social
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system [6]. From results in [4], the index of concentrated disadvantage is used as a proxy for
the social vulnerability of communities along the HSC. This index globally expresses the socioeconomic status, education level, unemployment level, and household composition within a
tract. The three levels of social vulnerability presented in Figure 3 were defined as the mean
plus or minus one-half the standard deviation of the index of concentrated disadvantage [6].
The mean and standard deviation of the index were computed from the 1,072 tracts composing
the Houston metropolitan area. The four levels of spill risks were obtained from the analysis of
spills in past hurricanes [16, 19]. As detailed in Figure 3, a score is assigned for each level of
social vulnerability and level of spill risk. For each tract, the product of both scores quantifies
place vulnerability. The higher the product, the higher place vulnerability is considered to be.
Finally, the sum for all 21 tracts with ASTs provides an overall index of place vulnerability
within the HSC. Since mitigation strategies can reduce the risk of spills, this approach will
allow quantification of the benefits of each strategy on the vulnerability of communities.

Figure 3: Bivariate map indicating place vulnerability along the HSC for the baseline condition

Mitigation strategies
With the methodology presented above, it is now possible to evaluate the effectiveness and
viability of mitigation strategies. The effects of each strategy will first be investigated on a
typical AST and then for the whole portfolio of tanks along the HSC. The case study AST has
a height of 12 m and a diameter of 20 m and is filled with oil and gas products (ρL between 700
and 950 kg/m3). These dimensions correspond to median values from the HSC inventory [4].

3.1 Procedural strategies
Pre-hurricane preparation guides [14] usually recommend that ASTs be emptied and filled with
sea water before a storm event. If emptying the tank is not possible, the internal liquid height
(L) should be at least 3 to 6 feet higher than the expected surge level. The effects of such procedures are shown in Figure 4(a) for the case study AST. This figure shows that an AST with a
low internal liquid height compared to the surge level is highly vulnerable. Increasing the liquid
greatly reduces fragility, but for high surge levels, the probability of failure is still significant.
For tanks filled with sea water, the probability of failure is low for the whole range of surge
levels. Moreover, in this case, if a spill occurs, no hazardous material is released. As shown in
Table 1, similar results were obtained at the portfolio level. Filling the tanks with 6 ft of product
above the surge level has a limited impact on the reduction of risk. This is due to the inefficiency
of this procedure for ASTs subjected to high surge level or filled with light liquids. However,
completely filling ASTs with product or water reduces the risk of spills, associated economic
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costs, and place vulnerability at very low levels. Finally, implementing such procedural strategies may not be feasible, and they have not always been carried out in advance of past storms.
It may not be possible to empty or fill a large number of ASTs on short notice prior to a storm
event. The costs associated with such procedures could not be estimated here. Nonetheless,
these costs are expected to be considerably lower than the other strategies presented below.

Figure 4 Fragility curves of typical AST for different: (a) internal liquid heights; (b) structural details

3.2 Structural details of aboveground storage tanks
Structural details consist of modifying the design of ASTs to prevent flotation or increase the
buckling strength. Since they do not rely on human actions prior to an event and are permanent
modifications of the ASTs, they are more dependable than procedural strategies.
3.2.1 Anchors
Design codes [1, 2] prescribe anchors to prevent overturning of ASTs under wind and earthquake loads. However, there are no mandatory provisions to anchor ASTs for other critical
loads such as flooding; the use of anchors is left to the discretion of the owner. Moreover, in
the Gulf Coast region, ASTs are typically proportionated to avoid anchorage for economic reasons. To investigate the effects of anchoring tanks, the fragility model developed by [10] is
used. The fragility model considers the anchor yielding strength and the concrete cone failure
strength. The additional set of parameters X in (1) corresponds to the steel strength fy, the concrete strength f’c, the embedment depth hef, the edge distance c, the anchor diameter d, the number of anchors na, and the spacing s. Anchors are designed for all ASTs located in the flood
zone using load combinations for flood in [3] and the provisions in [2] for wind loads; fy and f’c
are fixed to 400 MPa and 30 MPa respectively, and the other parameters are determined from
the uplift forces acting on the tank. While the parameters are fixed for the design of anchors,
their uncertainty is still propagated in the fragility model. The effect of anchorage is shown in
Figure 4(b) for the case study tank (d = 25.4 mm, h = 300 mm, c = 100 mm, and s = 1 m).
Using anchors reduces the probability of failure for the whole range of surge levels. However,
this reduction is limited; while anchors prevent flotation, the tank now becomes more vulnerable to buckling. At the portfolio level, results from Table 1 show that anchorage is less efficient
than the previous procedural methods. Nonetheless, anchorage is a cost-effective method to
reduce spill risks and cleaning costs. In fact, the reduction of repair and clean-up cost is almost
six times the costs of providing anchors to ASTs in the flood zone ($375 million). This highlights the economic viability of this strategy. The cost of anchoring tanks to the ground was
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obtained from [15] and includes foundations adequate to resist uplift forces. The average cost
per tank is approximately $150,000 which represents 30% of the average cost of an AST; the
average cost of an AST in the HSC is $500,000 [12].
3.2.2 Stiffening rings
Stiffening rings are commonly used on the top shell course of ASTs to prevent wind buckling.
Similarly, stiffening rings can be used to prevent surge buckling of anchored tanks. The use of
stiffening ring to prevent surge buckling was investigated by [11]. This study provided equations for the optimal ring location (Rh) and the critical surge height. From these equations, a
fragility model for ASTs with anchors and stiffening rings is obtained from the procedure outlined in [10]. A logistic regression model of the same form as (1) is derived; however, the logit
function has Rh as an additional parameter. The derived fragility model yields an accuracy of
95.7% on test data. As shown in Figure 4(b), the use of stiffening rings further reduces the
fragility of the case study AST. Higher surge heights are now required to initiate buckling. As
expected, providing all anchored ASTs in the HSC with stiffening rings also further decreases
the risk of spills. The additional cost to provide stiffening rings to all anchored ASTs is only
$18 million; the average cost per tank is $7,000. With a higher cost-benefits ratio, the use of
stiffening rings and anchors is more beneficial than the use of anchors alone.

3.3 Hazard protection system
The last type of mitigation strategy investigated consists of directly reducing the surge hazard
in the HSC. The protection system adopted for this study is the Mid Bay Strategy (MBS) proposed in [18] and detailed in Figure 5. Since the MBS modifies the surge behaviour in the HSC,
the previously used BFE is not suitable anymore. Thus, a synthetic storm developed by FEMA
[7] with a return period of 500 years is used; this synthetic storm is slightly more severe than
the BFE. The surge behaviour with the MBS was estimated using this storm and an ADCIRC
[13] model developed by [17]. Surge levels now vary between 0.1 and 1.8 m in the HSC. As
shown in Table 1, this strategy results in the largest reduction of spill risks. Repair and cleanup costs and place vulnerability are also significantly reduced. The AST with the highest vulnerability has a probability of failure of only 0.3 in this case. While the costs associated with
this system are considerably higher than the other strategies, the reduction in the repair and
clean-up costs justifies 50% of the MBS cost. Moreover, benefits for other infrastructure systems along the HSC are not considered here. The costs of the MBS were obtained from [18].

Figure 5: Hazard protection system – Mid Bay Strategy (adapted from [18])
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3.4 Comparison of mitigation strategies
The results of the six different mitigation strategies presented above are summarized and compared in Table 1. From this table, structural details alone seem to be the least efficient strategies
to reduce the risk of spills and place vulnerability along the HSC. Nonetheless, these strategies
significantly reduce expected spill volumes and clean-up costs, greatly reduce the number of
highly vulnerable tanks, and are economically advantageous with a cost-benefits ratio of approximately 6. Procedural strategies and hazard protection systems allow for the largest reduction of spill risks, associated economic costs, and place vulnerability. Filling tanks with water
before a storm yields the smallest place vulnerability along the HSC and the smallest repair and
clean-up cost, while the MBS protection system yields the smallest potential spill volume. However, procedural methods are not always practical and feasible in preparation for a storm, and
the MBS requires major investments from different government levels. Structural details may
be more dependable than procedural strategies given that they do not require action in the face
of an impending storm and do not need massive and complex investments.
Overall, results in Table 1 indicate that no single mitigation strategy is perfect, and that all
solutions have practical disadvantages. This leads to the investigation of combinations of procedural strategies and structural details. Such a combination is shown in the last row of Table
1. This combination consists of using anchorage and stiffening rings for all ASTs in the flood
zone, and filling with sea water only the tanks subjected to more than 3 m of surge. This leads
to a more manageable number of ASTs to fill (less than 200). With this combination, spill volumes and clean-up costs are reduced to low levels, the number of highly vulnerable tanks is
reduced to one, and the cost-benefits ratio is nearly 10. However, the effect on place vulnerability is limited. Such results open the path for the use of optimization techniques to determine
the best set of strategies for future research.
Table 1: Comparison of the different mitigation strategies at the portfolio level

Mitigation
statregy

Spill
(106 liters)

High
vul.
ASTs

Cost of
mitigation
($Million)
Mean
SD
N/A
N/A
N/A
N/A
N/A
N/A
375.3
45.2
393.6
47.4

Repair and
cleaning cost
($Million)
Mean
SD
4013.9 313.9
2680.6 289.7
631.9 111.3
1.1
0.1
1841.4 154.7
1436.6 138.2

Baseline
Liquid - 6ft
Liquid - Full
Water - Full
Anchors
Stiffening rings

Mean
323.9
221.5
52.0
14.5
148.4
115.7

SD
25.8
24.0
9.2
0.6
12.7
11.3

Mid Bay Strat.

1.5

0.5

0

7550.0

433.0

19.9

Combination

23.6

5.2

1

393.6

47.4

654.6

109
38
20
6
7
4

Cost-benefit
ratio

PV
index

Mean
5.8
6.5

SD
1.0
1.1

73
58
31
18
59
57

6.8

0.5

0.0

26

75.8

9.5

1.4

40

Finally, with respect to place vulnerability, additional analyses were performed to determine if
any strategies were more beneficial to the census tracts with the highest social vulnerability
level. Results indicate that none of the mitigation strategies meaningfully reduces spill potentials in these more vulnerable neighbourhoods. This finding is perhaps unsurprising, given that
none of the strategies deliberately takes social vulnerability in account. But, it does highlight
the need for future research to investigate where and which mitigation strategies should be prioritized to optimally reduce place vulnerability and risks along the HSC.
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Policy-oriented solutions
4.1 Industry-related policies
Currently, most of the previously discussed mitigation strategies are recommendations or good
design practices; no regulations or codes enforce them. AST design codes [1, 2] provide no
mandatory provisions to address surge or flood events, and leave the implementation of any
protective measures to the owners’ discretion. Moreover, many state regulations fail to impose
requirements to protect ASTs during surge events. Design codes and regulations should be
modified to include provisions for such events and require AST owners or designers to consider
and declare methods to prevent flotation or surge buckling. Another industry-related policy
concerns the siting of ASTs. Figure 6 shows the evolution of expected spill volume in the HSC
for different scenarios from 1999 to 2014. This figure was obtained from the historical AST
database developed in [4]. The first scenario shows the actual evolution of spill risks in the
HSC, while the second scenario shows the evolution of spill risks if no ASTs were built in the
500-year flood zone between 1999 and 2014. This figure clearly shows that spill risks have
increased considerably due to the construction of ASTs in the flood zone. If no tanks were built
in the flood zone, risks would have taken a completely different path and decreased. This reduction is attributed to the removal of ASTs from the flood zone by some industries, which
highlights the importance of restricting the construction of ASTs in surge-prone areas and encouraging owners to remove their tanks from flood zones. When it is not possible to remove
ASTs or build them outside flood zones due to land constraints, ASTs should be designed with
adequate protection measures.

Figure 6: Evolution of spill risks in the HSC between 1999 and 2014

4.2 Community-related policies
Previously investigated strategies and policies mainly focus on reducing the risk of spills along
the HSC. Additional policy solutions should be explored to reduce social vulnerability and improve community resilience. One policy could be to implement community resilience planning
now being advocated by the National Institute of Standards and Technology [20]; another policy could be to better integrate socially vulnerable communities into port governance and expansion discussions and activities. A fund could even be considered, perhaps, that includes
prospective taxes per barrel of stored chemicals, which could be used to educate vulnerable
communities about the risks posed by spills events, provide resources to local officials to develop efficient emergency preparation measures, and facilitate the recovery of communities in
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case of a major spill. Another policy could be to consider the spatial overlap of hazard and
social vulnerability (as in Figure (3)) when allocating resources for evacuation. Resources are
currently allocated on an equal assistance approach, where all communities subjected to surge
are treated equally. However, the most socially vulnerable communities will generally need
more resources to evacuate, and an equitable assistance approach may be more appropriate [5].
The integrated model and application to evaluate alternative mitigation strategies in the context
of hazard exposure and social vulnerability provides a basis for future policy explorations.

Conclusions
This paper proposed a methodology to determine the viability and effectiveness of mitigation
strategies to reduce storm surge impacts associated with oil infrastructures. The methodology
relies on a model integrating surge hazard exposure, structural vulnerability and fragility modeling of ASTs, and social vulnerability modeling. This model enables the quantification of spill
risks, associated economic costs, and place vulnerability during storm surge events, allowing
an efficient comparison of different mitigation strategies and providing a useful tool for policymakers and industry managers to make risk-informed decisions. As a proof of concept, the
method was applied to the HSC to investigate three main types of mitigation strategies: procedural strategies, structural details, and a hazard protection system. Overall results indicate that
no single method is optimal, and that combinations of structural details, procedural methods,
and hazard protection systems are more efficient and adequate to reduce the risk of potential
storm-induced spills and overall place vulnerability along the HSC. In addition, restricting the
construction of ASTs in flood zones is shown to be highly beneficial in changing the temporal
evolution of risks. Finally, implementing explicit resilience planning and possibly setting up a
resilience fund and developing better evacuation plans for communities along the HSC to increase the capacity of these community to prepare for, respond to, and recover from major spill
or storm events were explored. These conclusions provide important insights for understanding
and mitigating the risks in coastal areas where people reside alongside oil infrastructures. This
methodology can be easily adapted to improve storm surge resiliency in other hurricane prone
areas located in the United States or elsewhere in the world. Future work will focus on developing more detailed, policy-oriented solutions and determining more precisely their impacts on
industries and surrounding communities. Also, the use of optimization techniques will be investigated to determine the best combinations of mitigation strategies and in which areas of the
HSC they should be implemented to minimize risks and improve resilience.
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Abstract: Structural design and assessment practices remain primarily focused on
evaluating the strength and serviceability of individual structural members and components. While this traditional member-oriented approach has led to the design of
safe civil structures, it is widely recognized that the approach does not necessarily
lead to an accurate evaluation of the structural system’s safety nor to the efficient
utilization of resources when making decisions related to the management of existing
deteriorating structures given the limited funds currently available for repairing, rehabilitating and replacing our ageing infrastructure. For this reason, there is renewed
interest in developing performance-based and system-level assessment methods as a
basis for modern structural safety evaluation and design processes.
This paper reviews recent proposals for developing probabilistic system performance
criteria in structural engineering. Specifically, the paper discusses the establishment
of probabilistic structural redundancy and robustness metrics as an intermediate step
toward reaching the goal of full-fledged risk-based structure evaluation processes.
Numerical examples are presented to compare and illustrate alternative approaches
for implementing these concepts during the design and safety evaluation of highway
bridges.

1

Introduction

Several well-known structural failures, including the 2007 collapse of the I-35W Bridge in
Minnesota and other events such as the collapse of the Twin Towers in 2001 have highlighted
the limitations of most structural design methods that focus on avoiding the failure of individual components under normal loading rather than on the functionality of the entire structural
system under exceptional events. Because the failure of individual members does not necessarily lead to structural collapse or the complete loss of system functionality, researchers are
actively developing performance-based and system-level assessment methods as bases for
modern structural safety evaluation processes. However, one issue hampering the implementation of system-level analyses in practice is the difficulty encountered by engineers in establishing adequate performance indicators and criteria for structural systems. Performance
indicators and associated criteria are necessary to establish system level design methods,
structural redundancy and robustness evaluation procedures and risk assessment protocols [1].
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Risk-informed system level performance-based design (PBD) concepts are currently advancing in seismic engineering practice [2] and have been adopted in the ASCE 7 Standards [3],
which proposes different performance levels related to the response of structures and the consequences of single component failures or the exceedance of specified damage levels. Although the principles of system level performance-based design continue gaining acceptance
beyond the seismic design for buildings [4, 5], much work is still needed to generalize the
implementation of risk-based system-level design approaches [1]. In the meantime, researchers are proposing partial solutions to address the immediate need of ensuring performance and
safety of civil infrastructure systems in engineering practice. Such solutions include the explicit consideration of structural redundancy and robustness principles. Structural redundancy
and robustness are related to structural topology and member detailing and are independent of
the threats that may trigger the initial damage. These characteristics influence the behavior of
the structural system and the interaction among its components which would allow the system
to carry loads after the capacity of individual members are exceeded or after the failure or
deterioration of major components. The inherent uncertainties in evaluating structural member and system strength, damage processes, and loading demands highlight the need for establishing probabilistic measures of redundancy and robustness.
This paper reviews proposals for developing probabilistic system performance criteria in
structural engineering. Section 2 presents a review of proposed probabilistic measures of
structural redundancy and robustness. Section 3 describes a probabilistic simulation method
RASS that can be used to efficiently analyze the reliability of structural systems. In Section 4,
two illustrative examples are provided to illustrate the implementation of reliability-based
performance indicators using models of a steel girder bridge and a prestressed concrete bridge.

2

Probabilistic Measures of Redundancy and Robustness

To account for the probabilistic nature of system safety assessment processes, the evaluation
of structural performance is executed using advanced structural and system reliability
techniques. In adequately designed structures, the probability of exceeding a given limit state
should not be higher than a threshold value. For example, if the performance goal is to avoid
structural collapse, then:

P(C) ≤ Pthreshold

(1)

For the design to be adequate, the probability of collapse, P(C), must remain below a target
probability level, Pthreshold, which can be determined based on the public’s risk tolerance, and
experience with previous successful designs. To obtain a better appreciation for the various
components influencing P(C), Ellingwood and Wen [6] and others suggested that it be
expressed as a function of different damage scenarios (D) caused by multiple independent
hazards (H):

P  C    H  D P  C D P  D H  P  H 

(2)

where P(H) is the probability of occurrence of hazard H; P(D/H) is the conditional probability
of a local failure D given the occurrence of H, and P(C/D) is the probability of structural
collapse given the occurrence of local damage scenario D.
Evaluating P(H) and P(D/H) require a hazard assessment and structural analyses processes
that are specific to the hazard type and the structure’s exposure. On the other hand, P(C/D)
requires an understanding of the behavior of a damaged structure and its ability to sustain
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damage independent of the cause of damage. Figure 1 gives a conceptual representation of the
behavior of a structure and the different levels that should be considered when evaluating
member safety, system safety, and structural redundancy and robustness[7, 8]. Ghosn, Moses
and Frangopol [9] offered the following definitions: Structural redundancy is defined as the
ability of a structural system to sustain overloading or additional load beyond the load
specified for the design of individual members by traditional member-oriented design
standards. Structural robustness is defined as the ability of a damaged system to support a
minimum level of load compared to that specified in member-oriented design standards.
Ghosn and Moses [7] defined probabilistic measures to evaluate structural redundancy and
robustness in terms of the reliability index margins that quantify the relative safety provided
by the structural system compared to the reliability against first member failure:
1st Measure of Structural Redundancy:

 u   ultimate   member

2 Measure of Structural Redundancy:

 f   functionality   member

Measure of Structural Robustness:

 d   damaged   member

nd

(3)

where  member is the reliability index of the most critical member, the reliability indices of the
system are expressed as ultimate ,  functionality and  damaged respectively for the collapse limit state of
the originally intact system, the functionality limit state of the originally intact system, and the
load carrying capacity of the damaged system.
While Eq. 3 can be used to quantify system performance, specific criteria must be provided to
help engineers decide whether a specific structure’s performance is acceptable. Such criteria
must be based on the users and the public’s risk tolerance and historic experience with the
performance of different types of structures. As an example, and after analyzing a large
number of short to medium span multi-girder bridge systems, Ghosn and Moses [7]
recommended a set of threshold values that the reliability measures in Eq. 3 should meet to
classify bridges as adequately redundant and robust. The threshold values were selected to
coincide with reliability margins of bridges that have historically shown satisfactory system
performance and are given as:  u  0.85 ,  f  0.25 , and d  2.70 .
Several other definitions and reliability-based indicators for structural redundancy and
robustness have also been introduced by various researchers. For example, to obtain a
measure of availability of warning before system failure, a redundancy index was proposed by
Frangopol and Curley [10] as:
RI1 

Pf  damaged   Pf intact 

(4)

Pf intact 

where Pf(damaged) is the probability of failure of the damaged system and Pf(intact) is the
probability of failure of the originally intact system.
Related measures in terms of the probability of failure and reliability index β also exist [11].
Lind [12] had earlier defined a system vulnerability index (V), as the ratio of the failure
probability of the damaged system to the failure probability of the undamaged system:
V

P  rd , Q 
P  r0 , Q 

(5)
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Where rd indicates a particular damage state, r0 indicates a pristine system state, Q is the
prospective loading, P(rd,Q) is the probability of failure of the system in the damaged state,
P(r0,Q) is the probability of failure of the system in the originally intact state.
Load Factor
LFu
LFf

Intact system

Assumed linear
behavior

LF1
LFd

Damaged bridge

First member Ultimate
Loss of
functionality
failure
capacity of
damaged system

Ultimate
Bridge Response
capacity of
intact system

Figure 1: Representation of typical behavior of structural systems

Other researchers have also used similar measures, including Maes et al. [13] who defined
structural robustness as:
ROI1  min
i

Pfo

(6)

Pfi

where Pfo is the system failure probability of the undamaged system, and Pfi is the system
failure probability after damage to one critical member i.
While the above listed measures are based on the reliability index or the probability of failure,
in fact, decisions on performance acceptability should be made using risk-based cost-benefit
analysis principles [14]. Baker et al. [15] proposed a risk-based robustness index:
RDIR
(7)
I rob 
RDIR  RInd
where RDIR is the direct risk associated with the cost of local failure due to exposure to a
hazard, while RInd is the indirect risk associated with the cost of collapse given a local damage.
Risk is defined as the cost of failure times the probability of failure [16]. The cost of failure
can be tangible, related to the costs of repairing the physical damage including those of the
material and construction, as well as the costs of rehabilitating, repairing, or replacing the
entire structure including the removal and disposal of the debris. In principle, the costs should
also include those of the users accounting for their inconvenience, suffering and loss of life
and the impact of a failure on the economy of the communities and the environment.
The implementation of Eq. (7) requires a number of analysis steps consistent with all the
terms in Eq. (2) using a fault-tree approach [15]. First, the probability that the system will be
exposed to an event that has the potential of damaging components in the system is evaluated.
If no damage occurs, then the analysis is finished; if damage occurs, a variety of damage
states can result. For each of these states, there is a probability that system failure takes place.
Consequences are classified as either direct or indirect. Direct consequences are associated
with the initial damage, while indirect consequences are associated with the subsequent
system failure. Thus, unlike the previously listed indicators which ignore hazards that cause
the initial damage, the robustness index in Eq. (7) measures the fraction of total system risk
resulting from direct consequences and depends on the damage-causing hazards, their
intensities and the probability of their taking place which are diffuclt to estimate for some
types of extreme events such as those related to security threats.

1265

3

Markov Chain-based Simulation Method

Evaluating the structural redundancy and robustness of complex systems requires efficient
reliability analysis methods that can handle problems with low probabilities of failure. In
principle, the Monte Carlo Simulation (MCS) method is the best suited for analyzing the
reliability of structural systems because of its robustness and its ability to solve problems with
multiple modes of failure and complex failure regions. Its main disadvantage stems from its
inefficiency when solving problems with large numbers of random variables and small
probabilities. Variations on the traditional MCS, such as the Importance Sampling,
Directional Sampling, and Adaptive Importance Sampling methods [17] were found to loose
their advantages when analyzing complex multi-modal failure domains. On the other hand,
Markov-Chain based simulation approaches such as the Subset Simulation (SS) method [18]
and its variants were found to be capable of handling large numbers of random variables and
remain efficient in evaluating small probabilities of failure of complex structural systems but
have been mainly applied for solving random vibration problems. Miao & Ghosn [19]
introduced a variation to the Subset Simulation referred to as Regenerative Adaptive Subset
Simulation (RASS) that further improves the subset simulation’s accuracy and efficiency.
RASS was also applied to analyze the reliability of finite element models of nonlinear
structural systems under various types of loads Miao & Ghosn [20]. This makes RASS
practical for solving structural reliability problems that require the nonlinear static and
dynamic analyses of different structural configurations in their intact and damaged states.

4

Examples of Redundancy and Robustness Analysis

In this paper, two examples are provided to illustrate the process of evaluating structural redundancy and robustness and to compare the above listed reliability-based performance indicators using models of a prestressed concrete bridge and a steel girder-bridge. For each
analysis, the structure is modeled as a grillage with longitudinal members representing the
composite slab-girder section. The transverse members represent the ability of the slab to
transfer the load transversely. To model the elastic material properties, all the beams are converted into equivalent beams of the weaker concrete. All the longitudinal beams are assumed
to have the same properties. The deck is represented by interior and end transverse beams.
The latter are assumed to have half the values of the properties of the interior transverse
beams. The damage scenario assumes that the entire external girder has been so damaged that
it is associated with zero stiffness. This study accounts for this scenario by using a negligibly
small moment of inertia for the elements representing the external girder.

4.1

Modeling of Prestressed Concrete Bridge

The simply supported prestressed concrete bridge example consists of six 100-ft long beams
at 8-ft spacings. The slab is 8-in thick acting compositely with the girder. The slab has a
concrete strength equal to 3.5 ksi while the girder’s concrete strength is 5 ksi. The girder is an
AASHTO type V beam. The 270 ksi prestressing strands have a total 5.0 in2 area with an
effective prestressing force equal to 756 kips. The slab is reinforced in the transverse direction
on the top and the bottom by an equal amount of steel equal to 0.42 in2/ft. The dead load on
the longitudinal beams is equal to 0.19 kips/in. The moment of inertia and torsional constant
for each type of beams are listed in Table 1. The nonlinear behavior of the members is
represented by moment-rotation relationships as shown in Figure 2 for the longitudinal and
transverse beams.
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Table 1: Elastic properties of longitudinal and transverse beams
Prestressed Concrete Bridge
Torsional
Moment of
Constant J (in4)
Inertia I (in4)
0.1352e7
14618
5623
10240
2812
5120

longitudinal beams
Interior transverse
End transverse

Steel Girder-Bridge
Moment of Inertia
Torsional
I (in4)
Constant J (in4)
162631
961
9319.2
15360
4659.6
7680

4

9x10

3

1.8x10

4
3

1.5x10

4

Moment (Kips.in)

Moment (Kips.in)

8x10
7x10

4

6x10

4

5x10

4

4x10

4

3

1.2x10

2

9.0x10

2

6.0x10

2

3x10
0.00

0.01

0.02

0.03

0.04

3.0x10
0.00

0.05

0.02

Rotation

0.04

0.06

0.08

0.10

Rotation

(a) M-Rotation for longitudinal beams

(b) M-Rotation for transverse beams

Figure 2: Moment-Rotation curve of prestressed concrete bridge members

4.2

Modeling of Steel I-girder Bridge

The 150-ft simple span steel bridge has 6 beams spaced 8 ft center to center. The slab is 8 in
thick acting compositely with the girder. The slab has a concrete strength equal to 3.5 ksi
while the girder’s nominal yielding stress is 36 ksi. The slab is reinforced in the transverse
direction on the top and the bottom by an equal amount of steel equal to 0.42 in2/ft. The dead
load on the longitudinal beams is equal to 0.088 kip/in and the superimposed dead load is
0.033 kip/in. Figure 3 shows the moment versus rotation plots obtained for the longitudinal
beams. The approach followed to obtain the moment rotation plot for steel members is described by Deng and Ghosn [21].
5

1.5x10

3

3.0x10

3

Moment (Kips.in)

Moment (Kips.in)

5

1.2x10

4

9.0x10

4

6.0x10

2.4x10

3

1.8x10

3

1.2x10

4

3.0x10

2

0.00

0.01

0.02

0.03

0.04

0.05

6.0x10
0.00

0.04

0.06

0.08

0.10

Rotation

Rotation

(a) M-Rotation for longitudinal beams

0.02

(b) M-Rotation for transverse beams

Figure 3: Moment-Rotation curves for steel bridge members

4.3

Statistical Data

The random variables are the member capacity, bridge dead load and the applied live load.
Nowak [22] assumes that the member resistances can be modeled by lognormal probability
distributions where the mean and Coefficient Of Variation (COV) of the moment capacities
are related to the nominal values by a bias equal to 1.12 and a COV of 10% for composite
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steel beams and a bias of 1.05 and a COV=7.5% for prestressed concrete beams. In this study,
these same biases and COV values are applied for each point of every moment-rotation relationship used in the grillage model. For the maximum rotation of prestressed concrete bridge
members, the bias is assumed to be 1.0 and the COV 40% [7]. For the maximum rotation of
steel I-girders, the bias is assumed to be 1.0 and the COV is equal to 15% based on the work
done by Ban [23]. Although in Ban’s paper, 15% is the deviation of the ratio of ultimate rotation to yield rotation from Finite element analysis compared to experimental results, that
value is the best one that we can obtain.
The dead loads are assumed to follow normal probability distributions with a bias of 1.05 and
a COV of 10% [22]. The live load is evaluated for two traffic conditions: a) Extreme loading
condition with a 75-year exposure period for intact bridges; and b) Regular loading condition
with a 2-year exposure period for damaged bridges. Both of these can be expressed in terms
of equivalent AASHTO design truck loads. Table 2 gives the mean and COV of the live load
as function of the effect of two side-by-side AASHTO design trucks [22].
Table 2: Mean and COV of the live load as Function of the effect of two side-by-side AASHTO design trucks
Span Length (ft)
100
150

LL2
1.75
1.87

LL75
1.89
2.01

COVLL
19%
19%

In addition to the above data, the bias and variability between finite element analysis results
and actual bridge behavior is considered in this paper. The bias and COV are based on the
work done by Sivakumar and Ghosn [24], which are shown in Table 3. Although the test data
in Table 3 is not for ultimate capacity, but this is probably the best we can do for now.
Table 3: Bias and COV of test data to finite element analysis
Values are the ratio of test
data/refined analysis
AVERAGE
Steel I-girder bridge
COV
Prestressed
AVERAGE
Concrete bridge
COV

4.4

Interior Girder
1 Lane
2 Lanes
1.003
1.003
0.654
0.822
1.002
0.999
0.692
0.800

Exterior Girder
1 Lane
2 Lanes
1.062
1.073
1.190
0.850
1.045
1.088
1.100
1.701

Redundancy and robustness analysis

The member and system reliabilities are calculated for the two bridges using RASS [19] producing the probability of failure and reliability index results for the originally intact systems
and the systems in their assumed damaged configuration listed in Table 4a and Table 4b
alongside the performance indicators defined in Eqs 3, 4, 5 & 6. For the risk-based indicator
of Eq. 7, the cost of failure is calculated based on the cost models proposed by Fiorillo [25]
who considered that the cost of failure is of two types: tangible and intangible costs. Tangible
costs are directly measurable and are related to the value of the structure itself, while the intangible costs do not involve directly the structure but are the sum of environmental costs,
accident costs, vehicle operating costs, etc. It is very difficult to find the intangible costs of a
local failure or collapse. Therefore, only tangible costs are considered in this paper. In our
illustrative examples, the local failure is assumed to be the failure of one member. The cost of
member failure includes the cost of the material and the cost of replacing the failed member.
The cost of collapse includes the cost of bridge materials, the cost of demolition of the old
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bridge, the reconstruction cost and the cost of the bridge’s regular maintenance. Table 5 lists
the risk of local failure, the risk of collapse and the risk-based performance indicator Irob.
Table 4a : Performance Indicators for Bridge Systems based on Eq. 3
Bridge

Member

P/S Bridge
Steel bridge
Criteria

Functionality

member

fuctionality

2.97
2.51

3.01
3.29

functionali
ty

Intact System

Damaged System

ultimate

ultimate

damaged

damaged

4.37
3.63

1.40
1.12
0.85

0.90
0.49

-2.07
-2.02
-2.70

0.04
0.78
0.25

Table 4b: Performance Indicators for Bridge Systems based on Eqs 4,5 and 6
Bridge

Eq. 4
RI1
2.96x104
2.20x103
3.11x104

P/S Bridge
Steel bridge
Criteria

Eq. 5
V
2.96x104
2.20x103
3.11x104

Performance Indicators Type
Eq. 6
ROI1
3.37x10-5
4.55x10-4
3.22x10-5

Eq. 7
Irob
1.37x10-3
3.19x10-3

Table 5: Risk of local failure and collapse and risk-based performace indicator based on Eq.7
Bridge
Type

Risk of local failure

Risk of collapse

Cost1*
Pf1**
Risk1***
Cost2*
Pf2**
Risk2***
P/S Bridge
2.59e5
1.5e-3
3.89e2
1.57e6
0.18
4.24e2
Steel
6.00e-3
2.40e3
2.42e6
0.31
4.50e2
4.00e5
bridge
*cost1 is the cost of local failure, cost 2 is the cost of collapse,
** Pf1 is the probability of local failure, Pf2 is the probability of collapse given the local failure,
*** risk1 is the risk of local failure, and risk2 is the risk of collapse.

Irob
0.48
0.84

The criteria based on reliability index proposed by Ghosn and Moses [7] is used in this paper
for Eq. 3. Unfortunately, the researchers who proposed the indicators of Eq. 4, 5, 6 and 7 did
not provide acceptance criteria. The indicators of Eq. 4, 5 and 6 require criteria based on
probability of failure. In this paper, it is suggested that such criteria be developed by extrapolating the criteria of Ghosn and Moses [7] by assuming that an adequately designed bridge
would have a reliability index for first member failure that meets the AASHTO criteria. This
means that the member reliability index is 3.5 and the associated probability of failure is
2.33*10-4. Thus, bridges with adequate system performance should have a reliability index for
the originally intact system equal to 3.5+0.85=4.35 and a probability of failure Pf (int act ) = 6.81*10 6 ; the reliability index for the damaged structure should be 3.52.70=0.80 and the probability of failure is Pf ( damaged ) =0.212. Therefore, the proposed acceptance criterion for Eq. 5 is

Pf ( damaged )
Pf (int act )

 3.11*10 4 . For Eq. 6 the indicator is the inverse of that

of Eq. 5 and thus the acceptance criterion should be 3.22*10-5. Although Eq. 4 at first glance
may seem different than Eq. 5, the fact that the probability of failure of a damaged system is
much higher than that of the originally intact system would numerically lead to the same result as that of Eq. 5.
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For the prestressed concrete bridge, the reliability results shown in Table 4a and Table 4b
indicate that the two bridge systems do meet the redundancy performance criteria for the indicators of Eq. 4, 5 and 6. For Eq. 3, the two systems provide sufficient capacity to resist failure
due to potential overloading. However, the prestressed concrete bridge has a high probability
of undergoing large deformations if exposed to an accidental overload. In summary, it is observed that all proposed probabilistic system performance indicators produce consistent conclusions relative to the redundancy of the structural systems analyzed in this study, based on
the performance indicators shown in Eqs. 3, 4, 5, 6 and, it can be concluded that both the
prestressed concrete bridge and steel girder bridge have sufficient levels of structural redundancy and robustness with the steel bridge showing better robustness levels against system
failure. However, unlike the indicators of Eq. 3, the functionality of bridge system is not considered in Eqs. 4, 5 and 6. In fact, Eq. 3 indicates that exposing the prestressed concrete
bridge to overloads would cause large vertical deformations rendering the bridge unfit for
future use even though collapse may not be imminent. Because the functionality criterion of
Eq. 3 is not met, this prestressed concrete bridge should be classified as non-redundant.
The performance indicators shown in Eqs. 3, 4, 5 and 6 are only based on the probability of
failure. On the other hand Eq. 7 suggests that decisions on performance acceptability should
be made using risk-based principles. Table 5 lists the risk-based robustness indicator proposed
by Baker et al. [15]. For the prestressed concrete bridge, Irob=0.48. For the steel girder-bridge,
Irob=0.84. Thus, the risk indicator shows that the prestressed concrete bridge has a lower level
of robustness than the steel bridge. However, without any proposed risk-based criteria, decisions could not be made about whether these systems levels of robustness are acceptable.

5

Conclusions

The paper summarizes how considerations of system-level characteristics of structural systems such as structural redundancy and robustness can be adopted in engineering practice.
Two examples are provided to describe how different proposed reliability-based performance
indicators can be evaluated using models of a steel girder-bridge and a prestressed concrete
bridge. The numerical results demonstrate that the most widely used reliability-based indicators lead to similar conclusions with respect to the system performance of structures conditional on the adoption of consistent acceptance criteria that are based on the historic
performance of typical structural system configurations. These indicators evaluate the ability
of structural systems to sustain overloads and damage irrespective of the damage-causing
hazards. A proposed risk-based robustness indicator provides a first step toward reaching the
goal of developing full-fledged risk-based structural system evaluation processes. However,
risk-based indicators require still to-be developed criteria that help engineers decide on the
acceptability of a structural system and necessitate a full hazard analysis as part of their input.
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Abstract: This paper presents a novel methodology to estimate the life-cycle
reliability of existing reinforced concrete (RC) corroded bridges under multiple
hazards. The life-cycle reliability of a bridge girder under traffic load and airborne
chloride hazards is compared with that of a bridge pier under seismic ground
motion and airborne chloride hazards. When predicting the life-cycle reliability of
existing RC corroded bridges, inspection results could be used to estimate the
current material corrosion level. Random variables associated with the estimation
of time-variant steel weight loss are updated based on inspection results,
incorporating spatial corrosion distribution, by using Sequential Monte Carlo
Simulation (SMCS). The life-cycle reliabilities of two bridge components under
multiple hazards using inspection results are presented and discussed.

1 Introduction
The structural performance of reinforced concrete (RC) structures is deteriorating under
various mechanical and/or environmental hazards such as seismic ground motions, traffic
loads, and airborne chloride attack. The effects of these hazards are difficult to predict
because they vary in time and space. In addition, model uncertainties associated with the
estimation of material corrosion and the prediction of deterioration of structural performance
have to be taken into consideration [1]. Therefore, long-term structural performance must be
treated based on probabilistic concepts and methods [2]. Akiyama et al. [3] proposed a
methodology for probabilistic hazard assessment associated with airborne chlorides in order
to estimate the time-variant steel weight loss of RC structures located in marine environment.
Furthermore, Akiyama et al. [1] established a procedure to update multiple random variables
using visual inspection results by using Sequential Monte Carlo Simulation (SMCS) and
apply it to existing RC slabs in marine environment. However, studies focusing on life-cycle
reliability assessment of existing corroded RC structures under multiple hazards are scarce.
Therefore, determining how long the existing RC structures under multiple hazards will be
able to maintain a reliability level higher than the threshold is difficult.
This paper presents a methodology for life-cycle reliability assessment of existing corroded
RC bridges under multiple hazards. The life-cycle reliability of a prestressed concrete (PC)
bridge girder under traffic load and airborne chloride hazards is compared with the life-cycle
seismic reliability of a bridge pier under airborne chloride hazard. When assessing the lifecycle reliability of existing RC structures, the observational data from the inspection process
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can be used to estimate the current material corrosion [4]. Based on inspection results, the
parameters associated with the prediction of material corrosion can be updated using
Sequential Monte Carlo Simulation (SMCS). Reliabilities of both RC pier and PC girder are
updated by SMCS using inspection results by incorporating the spatial corrosion distribution.
By comparing the life-cycle reliabilities of these two bridge components, it is possible to
prioritize maintenance actions. In the illustrative example, the life-cycle reliabilities of the
bridge components under multiple hazards are presented.

2 Procedures for Estimating the Life-Cycle Reliability of Corroded
RC Bridges
Part A

Part D

Prediction of structural
capacity using section analysis

Structural fragility
and/or degradation
of structural
performance

Identification of parameters to
reproduce the stochastic field
based on spatial variability of
steel corrosion

Initial random variables

Part B

Part C

Loading and
environmental
hazards assessment

Hazard assessment
associated with airborne
chloride and estimation of
steel corrosion process

Part E
Estimation of average and
variance of steel weight
loss based on inspection
results

Updated random
variables

Annual probability of exceedance
of structural capacity

Inspection results
associated
with existing RC
structures

Steel weight loss (%) as a function of
time after construction

Updating process
using SMCS

Life-cycle reliability
after construction

General process for new structures
Updating process for existing structures

Figure 1: Flowchart for estimating the life-cycle reliability of corroded existing RC bridge structures

A flowchart for estimating the life-cycle reliability of existing corroded RC bridges using
inspection results is shown in Figure 1. In Part A, the annual probability of the exceedance of
the structural capacity is estimated. In Part B, seismic hazard, traffic hazard, and hazard
associated with airborne chloride are evaluated. The steel weight loss at time t after
construction is calculated based on the airborne chloride hazard. Combining the
computational results from Parts A, B, and C can provide the cumulative time failure
probability for new RC structures [5]. For existing structures, inspection results can be used to
reduce the uncertainties associated with the estimation of steel corrosion. Using SMCS,
multiple non-Gaussian random variables can be updated simultaneously [1, 4, 6].
The spatial variability associated with the steel weight loss of the longitudinal rebars in RC
members subjected to chloride attack must be modeled. In this paper, parameters to reproduce
the stochastic field are determined based on previous experimental results for visualizing the
spatially distributed steel corrosion over an RC member using X-ray technologies [4, 7]. This
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stochastic field modelling is conducted in Part D. The estimation of average steel weight loss
and its variability based on inspection results are explained in Part E. Random variables are
updated to be consistent with the inspection results. Finally, the life-cycle reliability of
corroded existing RC bridges can be estimated using the updated random variables.

2.1 Methodology to Estimate the Average Steel Weight Loss and Variance in a
Plastic Hinge of RC Piers and in a Region with Maximum Bending Moment of a
PC Girder
Pre-stressing strands within girder

Inspection location

Steel rebar
CW,n

Steel rebar

Possible region with maximum
bending moment (LB)
LB

LP
LP

CW,i+2
CW,i+1
CW,i

Steel weight loss of pre-stressing strands

LP is plastic hinge length
CW,i

CW,i+1

CW,i+2

CW,n

Figure 2: Discrete inspection locations of the steel weight loss along a plastic hinge of RC pier
and possible region with maximum bending moment of PC girder

To estimate the seismic capacity of corroded RC piers and flexural capacity of corroded PC
girders, the average steel weight loss over the plastic hinge of RC piers and over the
maximum bending moment region of PC bridge girders must be calculated. The parameters to
reproduce the possible spatial distribution of steel corrosion are determined based on the
previous experimental results from corroded RC specimens taken by X-ray photogram [4].
The average and variance of steel weight loss depends on the inspection results, number of
locations, and interval of inspection locations. If the number of inspection locations is small,
the variance of estimated steel weight loss is large. This causes the decrease of structural
reliability. The methodology to estimate the possible spatial distributions of steel corrosion in
the RC pier and PC girder using the discrete inspection results are presented herein.
2.1.1 Estimation of Average Steel Weight Loss (CW) from the Inspection Results
The steel weight losses of the existing RC pier and PC girder are provided at the discrete
inspection points as shown in Figure 2. The simple average of the steel weight loss (CW,avg)
from all inspection results can be calculated [4].
2.1.2 Selection of the Steel Corrosion Trend from the Previous Experimental Results
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15000

20300

6000
LP =3000

Configuration of RC pier analyzed;
- Dimension of section: 6000x3000
- Longitudinal reinforcement ratio: 1.02%
- Volumetric ratio of ties: 0.53%
- Natural period: 0.61 sec
- Water to cement ratio: 0.45
- Covering concrete: 100 mm
- Plastic hinge length: 3000 mm

Figure 3: RC bridge pier analyzed (all dimensions are in mm)
1500
Center

1550

1550

100

10600

1690

Configuration of PC girder analyzed;

Exterior PC girder analyzed

- Water to cement ratio: 0.45
- Covering concrete: 50 mm
- Pre-stressing strand type: 4 groups of SWPR7B 16S12.7mm

340
Dimension of section

Figure 4: PC bridge girder analyzed (all dimensions are in mm)

The parameters to reproduce the spatial variability in steel corrosion inside an RC member
can be determined using the experimental distribution of the steel weight loss over the RC
specimen. These experimental results were obtained from the specimen that was corroded by
electrical corrosion [7]. When the average steel weight loss is provided, the basic steel
corrosion trend is selected.
2.1.3 Quantifying the Correlation of the Basic Steel Corrosion Trend Using the Semivariogram Process.
The variation between the inspection locations and parameters associated with spatial
variability are considered in a Kriging interpolation. The selected experimental results must
be approximated to identify three parameters: sill, range and nugget. Given that the Kriging
interpolation requires the parameters representing the characteristics of the trend variation, the
semi-variogram process must be conducted to obtain these three parameters.
2.1.4 Conducting the Kriging Interpolation and Statistical Estimation Error Evaluation
Kriging calculation depends on the semi-variogram parameters. The average steel weight loss
can be calculated based on the Kriging interpolation. The variance of steel weight loss is
calculated by multiplying the statistical estimation error with the variance of the basic steel
corrosion trend. This variance depends on the number of inspections, the interval between
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inspection locations, and the correlation level of a basic corrosion trend represented by the
semi-variogram parameters.

2.2 Updating Process Using the Inspection Results by SMCS
Because the inspection results can be obtained from the existing structure, the average and
coefficients of variation (COVs) of the related random variables can be updated. In this study,
nine random variables are used to calculate the time-variant steel weight loss under airborne
chloride hazard [1]. The relationship between random variables and estimated steel weight
loss is nonlinear. Therefore, SMCS should be applied in the updating process. All random
variables related with the inspection results can be updated simultaneously. The details of
how the updated random variables are included in the reliability analysis with SMCS are
presented by Yoshida [6].

3 Illustrative Example
3.1 RC Bridge Structure Analyzed
The RC pier and PC girder analyzed in this study for estimating life-cycle reliability are
shown in Figures 3 and 4, respectively. The RC pier with a single degree of freedom was
analyzed to estimate the seismic fragility. The seismic fragility of the RC pier is estimated by
considering the reduced the cross-section area of steel rebar, cracking of concrete cover due to
the expansion of steel corrosion and degradation of bond between concrete and steel.
Reliability of PC girder associated with flexural failure is estimated. Flexural capacity is
calculated by cross-section analysis using the reduced cross-sectional area of pre-stressing
strands. Flexural demand is calculated by using traffic load simulation.
It is assumed that the inspection process to investigate the amount of steel weight loss is
conducted at 30 years after construction along the plastic hinge of RC pier. The plastic hinge
length LP is assumed to be 3000 mm. For PC girder, the inspection is conducted within the
possible region with maximum bending moment (LB) shown in Figure 2. LB is assumed to be
5000 mm and to be located around the mid-span of the PC girder.
It is further assumed that two RC bridge structures are located in Japan at Niigata City at a
distance d = 0.1 km from coastal line, where the effect of airborne chloride is significant.
Hazard curve associated with the airborne chloride is estimated in [1].
Table 1: Four cases studies
Updating parameters
Case

Bridge components

1

RC pier

2

RC pier

3
4

PC girder
PC girder

Average steel
weight loss

Variance of steel
weight loss
Without inspection results

1.50 %

0.030

Without inspection results
2.45 %
0.114
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3.2 Life-Cycle Reliability of the RC Bridge Structure
30.0
30.0

RC pier

Steelweight
weightloss
loss
(%)
Steel
(%)

Steelweight
weight
loss
(%)
Steel
loss
(%)

20.0
20.0

Case 1

15.0
15.0

Case 2
10.0
10.0

5.0
5.0

0
0.0

00

(a)

10
10

20
20

30
30

40
40

Case 3

20.0
20.0

Case 4

15.0
15.0
10.0
10.0
5.0
5.0

0
0.0

50
50

PC girder

25.0
25.0

0

10
10

(b)

Time
(years)
Timeafter
after construction
construction (years)

20
20

30
30

40
40

50
50

Timeafter
after construction
construction (years)
Time
(years)

Figure 5: Relationship between the steel weight loss (%) and the time after construction (years)
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Figure 6: Life cycle reliabilities: (a) RC pier, and (b) PC girder
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Figure 7: Comparison between life cycle reliabilities of RC pier and PC girder

Table 1 shows the four case studies and assumed average steel weight loss and variance.
Figure 5 presents the relationship between the average steel weight loss (%) and the time after
construction for RC pier and PC girder.
Figure 6 shows the life-cycle reliabilities of RC pier and PC girder. In Cases 2 and 4, the
reliabilities of RC pier and PC girder are updated by SMCS using inspection results. The
reliabilities after updating at 30 years are higher than those before updating since uncertainties
associated with prediction of steel weight loss are reduced due to the updating process.
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In this study, the threshold reliability index βt = 2.3 from ISO 2394 is used to determine
whether the reliability satisfies the required level. This threshold could be used when
assuming a moderate failure consequence. Time for maintenance is defined by the time when
the reliability level reaches the threshold reliability. Figure 7 shows the comparison of
reliabilities of RC pier and PC girder with the threshold. The maintenance options including
the repair and/or strengthening can be considered based on these comparisons. If maintenance
is not performed, the structural reliability will continue to decrease until the safety threshold
is reached. The reliability assessment using inspection results can help to determine when and
where maintenance actions should be performed. For example, in Cases 1 and 3, maintenance
action is needed for RC pier and PC girder at 45 and 32 years after construction, respectively.
Although the difference between the reliabilities with and without updating depends on the
inspection results, the time when the reliabilities of RC pier and PC girder with updating are
lower than the threshold can be longer. Updating the life-cycle reliability using inspection
results can help to conduct a life-cycle reliability assessment more precisely and also can
contribute to reducing the maintenance cost.

4 Conclusions
A methodology to estimate the life-cycle reliability of existing bridges under multiple hazards
based on inspection results by incorporating the spatial variability of steel corrosion is
presented in this paper. Life-cycle reliability of RC bridge pier is compared with that of PC
bridge girder. The bridge component (i.e. pier or girder) with the lowest reliability depends on
the hazard levels associated with seismic, traffic, and airborne chloride in addition to
inspection results. Comparing life-cycle reliabilities among the bridge components under
multiple hazards makes the determination of the priority of intervention actions possible.
Further research is needed to consider the procedure for the life-cycle management of RC
structures, notably for the life-cycle cost analysis, safety, and optimization [8]. The effects of
insufficient data and knowledge on the long-term structural performance analysis of an
existing structure should also be determined. Even though, more inspection locations and
increased frequency of inspections can help to conduct a reliability assessment more precisely,
the time and type of inspections, as well as the number of inspection locations must be
established through an optimization process [9-11].
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Abstract: This paper presents a probabilistic computational framework for efficient
multi-objective optimum inspection planning using objective reduction approach.
Through the proposed computational framework, the efficiency in the probabilistic
computation, decision-making and visualization of Pareto solutions can be substantially improved. The approach is applied to ship structures under fatigue.

Introduction
Inspection planning for deteriorating structures is essential to assess the structural safety and
predict the remaining service life. Several approaches based on the single or multi-objective
optimization have been developed to establish optimum inspection plans. The development of
new concepts and approaches for optimum inspection planning can lead to a substantial increase
in the number of objectives to be considered simultaneously [1]. This increase requires
additional efforts for computation to find the entire Pareto solutions, visualization of these
solutions, and decision making to select a well-balanced solution [2, 3].
In this paper, a probabilistic computational framework for efficient multi-objective optimum
inspection planning is presented. The proposed computational framework consists of preliminary and primary multi-objective optimization processes. The Pareto solutions obtained from
the preliminary multi-objective optimization process are used to find the essential objectives
using the objective reduction approach. The primary multi-objective optimization process is
performed with the essential objectives. The efficiency in the probabilistic computation, decision making and visualization of Pareto solutions can be substantially improved by considering
only essential objectives. The proposed computational framework is applied to ship hull structures subjected to fatigue using four objectives including (a) minimizing the expected damage
detection delay; (b) minimizing the probability of failure; (c) maximizing the expected extended
service life; and (d) minimizing the expected total life-cycle cost.

Objectives for Inspection Planning
2.1 Minimization of Expected Damage Detection Delay
The optimum inspection planning can be based on the minimization of the expected damage
detection delay [4, 5]. The damage detection delay is defined as the time-lapse between damage
occurrence and the time for the damage to be detected. Since the damage initiation and propa-
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gation, and damage detection by an inspection method are uncertain, the damage detection delay cannot be deterministic. When Nins inspections are available to detect damage, the expected
damage detection delay E(tdel) is expressed as [4, 5]
,
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where fT(t) is the probability density function (PDF) of the damage occurrence time, and tins,i is
the ith inspection time. The damage detection delay tdel,i for the damage to occur in the time
interval tins,i-1 ≤ t < tins,i is computed as
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where Pins,j = probability of damage detection of the jth inspection.

2.2 Minimization of Failure Probability
The failure criteria can be expressed by both damage intensity and time. For steel structures
under fatigue damage, the time-based and damage intensity (i.e. crack-size)-based failure criteria are expressed, respectively, as
0

3

0

3

where tcrit = time when the fatigue crack reaches the critical crack size acrit; and adet = fatigue
crack size when the damage is detected at tdet. By considering tcrit, tdet, acrit; and adet in Eq. (3)
as random variables, the probability of failure Pfail is defined as
0

4

0
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The minimization of the probability of failure can be used as the objective for optimum inspection planning [6].

2.3 Maximization of Expected Extended Service Life
The service life of a deteriorating structure is extended through appropriate and timely maintenance actions. The optimum inspection and maintenance planning can be based on maximizing
the extended service life. The damage occurrence and propagation, probability of damage detection, and effect of maintenance actions on the service life extension should be considered in
order to formulate the extended service life of a deteriorating structure. When the ith inspection
is applied at time tins,i, the extended service life tlife,i is formulated as
,
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for tins,i ≥ tlife,i-1

5

for tins,i < tlife,i-1

5

where text,i is the service life extension by maintenance after the damage detection. If the ith
inspection time tins,i is performed at a later time than the service life tlife,i-1 as indicated in Eq.
5(a), the service life extension will not exist. Moreover, if the ith inspection is performed before
than tlife,i-1, and damage is not detected, there will be no service life extension (see Eq. 5(b)). If
the damage is detected, an in-depth inspection follows, the maintenance is applied, and accordingly the service life extension text,i can be estimated.

2.4 Minimization of Expected Total Life-Cycle Cost
The minimization of the expected life-cycle cost has been widely used to establish the optimum
inspection and maintenance plan [7]. The expected life-cycle cost Clcc during the predefined
service life of a structure can be estimated as
Start

Multi-Objective Optimization Formulation
Objectives
• f1 = minimizing the expected damage detection delay E(tdel)
• f2 = minimizing the probability of failure Pfail
• f3 = maximizing the expected extended service life E(tlife)
• f4 = minimizing the expected life-cycle cost Clcc
Design variables : Inspection times

Preliminary Optimization Process
• Number of populations (n’pop)
• Number of generations (n’gen)
• Original objectives
Pareto solution set

Objective Reduction Process
• Estimate the normalized degree of conflict among
objective sets
• Identify the redundant and essential objectives

Multi-Objective
Optimization Solver
(Genetic Algorithm)

Primary Optimization Process
• Number of populations (npop)
• Number of generations (ngen)
• Minimum essential objectives
Pareto solution set

Visualization and decision making
End

Figure 1: Flowchart for efficient multi-objective optimum service life management using the objective reduction approach
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6
where Cmain = cost required for inspection and maintenance. The expected failure cost Cfail in
Eq. (6) is
∙

7

where Pfail = probability of failure, and Closs = monetary loss resulted from the structural failure.

Computational Framework for Optimum Inspection Planning
The main purpose of the computational framework proposed in this paper is to solve the large
number of objective optimization problem with less computational cost. As shown in Figure 1,
this framework consists of (a) formulation of the multi-objective optimization problem; (b) preliminary optimization process; (c) objective reduction process; (d) primary optimization process; and (e) visualization and decision making with the Pareto optimal solutions obtained from
(d). The multi-objective optimization formulation requires design variables, more than two objective functions, and constraints associated with the design variables and objectives [8]. In the
computational framework proposed in this paper, the four objectives used are indicated in Figure 1, the design variables are inspection times, and constraints are represented by the time
interval between inspection times. The multi-objective optimization problem associated with
(b) and (d) is solved using the genetic algorithms (GA).
The preliminary multi-objective optimization problem is associated with the original objective
set. The Pareto optimal solutions obtained from the preliminary optimization process are the
CL of Mid Section

Transverse Frame

Longitudinal
Loading and
Unloading
Crack

Longitudinal
Loading and
Unloading

Hull Plating
Longitudinal Stiffener

Figure 2: Fatigue sensitive detail for application
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input of the objective reduction process, in which the minimum essential objective set is determined. The final Pareto solutions are found by solving the primary multi-objective optimization
with the minimum essential objective set. In this paper, the objective reduction approach developed in [9, 10] is used. By using this approach, the dominance relation among objectives is
investigated, and the degree of conflict between the possible reduced objective set and the original objective set is identified. The degree of conflict  between the original objective set O
and the reduced objective set R is expressed by the extent to which the Pareto front changes
when R is removed. Δ is normalized, because the objectives are related to various units and
scales. If the normalized degree of conflict norm is equal to zero, the Pareto fronts of O and
R are identical. As the difference between the Pareto fronts of O and R increases, norm
approaches one.

Application to Ship Structures under Fatigue
The proposed computational framework is applied to the ship hull structure shown in Figure 2.
In this study, the joint between longitudinal plate and bottom plate under longitudinal loading
and unloading is considered as a fatigue critical location. The fatigue crack is predicted based
on the Paris-Erdogan law with semi-elliptical edge crack [11]. In this application, the ultrasonic
inspection method is applied, and the associated probability of fatigue crack damage Pins is
defined as
1

Φ

8

where  and  are the location and scale parameters, respectively, and  is the standard normal
cumulative distribution function. The location and scale parameters for the ultrasonic inspection
method are assumed  = 0.122 and  = -0.305 [12]. The deterministic and probabilistic variables for estimating the crack propagation and cost of this application can be found in [6].

4.1 Multi-Objective Optimization Formulation
The multi-objective optimization formulation with four objectives f1 to f4 for inspection planning is
Find
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for f1 = minimizing the expected damage detection delay E(tdel)
f2 = minimizing the probability of failure Pfail
f3 = maximizing the expected extended service life E(tlife)
f4 = minimizing the expected life-cycle cost Clcc
such that 1 year

,

given

,

20 years

9b

9
9

where tins is the vector consisting of the design variables of inspection times. As indicated in
Eq. (9c), the inspections have to be applied with the time interval between 1 year and 20 years.
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Figure 3: Pareto optimal solutions in parallel coordinate system for number of inspections Nins = 1

The objectives f1, f2, f3 and f4 are formulated as indicated in Eqs. (1), (4), (5) and (6), respectively. The multi-objective optimization problem defined in Eq. (9) is solved using the GA in
MATLAB R2016b.

4.2 Preliminary Optimization Process
As a preliminary optimization process of the proposed computational framework (see Figure
1), the Pareto optimal solutions for a given number of inspections Nins = 1 are obtained after
500 generations with 300 populations as illustrated in Figure 3. The dimension of the Pareto
solutions is equal to the number of objectives (i.e. four). In order to visualize these solutions,
the parallel coordinate system is used. The parallel coordinate system consists of the four vertical axes f1, f2, f3 and f4, and polylines. Each Pareto optimum solution is corresponding to a
polyline connecting the optimum objective values on the vertical axis. For example, solution A
in Figure 3 represents the E(tdel) = 8.48 years, Pfail = 0.03, E(tlife) = 33.47 years , and Clcc =
$1.13×105, and the associated inspection time is 12.06 years.
Table 1: Representative normalized degree of conflict Δnorm between original objective set ΩO and reduced
objective set ΩR

Reduced
objective set R

Number of
Inspections Nins = 1

Number of
Inspections Nins = 2

Number of
Inspections Nins = 3

{f1, f3}

0.164

0.992

0.996

{f2, f3}

0

1

1

{f3, f4}

0.138

0.984

1

{f1, f2, f3}

0

0.992

0.996

{f1, f3, f4}

0138

0.041

0.013

{f2, f3, f4}

0

0.043

0.026
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Expected extended service life E(tlife) (years)

(a)

A (Pfail = 0.03; E(tlife) = 33.47 years)
Original objective set O := {f1, f2, f3, f4}
Reduced objective set R,1 := {f2, f3}
Normalized degree of conflict norm = 0

Probability of failure Pfail

(b)

Expected extended
service life E(tlife) (years)

Original objective set O := {f1, f2, f3, f4}
Minimum essential objective set R,1 := {f1, f2, f3}
Normalized degree of conflict norm = 0

A (Pfail = 0.03; E(tdel) = 8.48 ; E(tlife) = 33.47 years)

Probability of failure Pfail

Expected damage detection delay
E(tdel) (years)

Figure 4: Pareto optimal solutions for O and R,1 for Nins = 1:
(a) R,1 = {f2, f3}; (b) R,1 = {f1, f2, f3}

4.3 Objective Reduction Process
The objective reduction approach is applied with the Pareto optimal solutions computed in the
preliminary optimization process as shown in Figure 1. As a result, the normalized degree of
conflict norm between the original objective set O := {f1, f2, f3, f4} and the reduced objective
set R is obtained. As shown in Table 1, it can be seen that the essential objective sets are
{f2, f3}, {f1, f2, f3} and {f2, f3, f4} for the number of inspections Nins = 1, since the associated
norm is zero. Figure 4 compares the Pareto optimal solutions of O and R = {f2, f3}, and {f1,
f2, f3}. As shown in Figure 4(a), there will be no change in the Pareto front when the redundant objectives f1 and f4 are removed for the number of inspections Nins = 1; solution A in
Figure 3 can be also found in Figure 4. For this reason, the minimum essential objective set
*R,1 of {f2, f3} can be considered for the primary optimization process to establish the optimum
inspection plan instead of O. For Nins = 2 and 3, there is no reduced objective set R with norm
= 0 (see Table 1). When the allowable normalized degree of conflict norm,all is 0.05, *R,2 and
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*R,3 are {f1, f3, f4} or {f2, f3, f4}.

4.4 Primary Optimization Process and Visualization
The primary multi-objective optimizations are formulated using the minimum essential objective sets {f2, f3} for Nins = 1, and {f1, f3, f4} or {f2, f3, f4} for Nins = 2 and 3. The design variables,
constraints and given conditions are identical to those of the preliminary multi-objective optimization (see Eq. (9)). The GA in MATLAB R2016b is also applied to obtain the final Pareto
optimal solutions. As a result, the Pareto optimal solutions for Nins = 1 can be illustrated in the
2D Cartesian coordinate system instead of the parallel coordinate system, since the dimension
of the Pareto solutions decreases from four to two. Furthermore, the decision for optimum inspection planning for Nins = 2 and 3 can be made based on the Pareto optimum solutions associated with three objectives {f1, f3, f4} or {f2, f3, f4}.

Conclusions
In this paper, the computational framework for efficient optimum inspection planning is proposed. As the number of the objectives in the optimization process increases, more difficulties
with respect to computational cost, visualization of the Pareto optimal solutions and decision
making are unavoidable. By using the objective reduction approach to identify the minimum
essential objectives, these difficulties can be addressed. The proposed probabilistic computational framework was applied to a ship hull structure under fatigue damage. However, this
framework is general, and can applied to a wide range of structures under various deterioration
mechanisms. It should be noted that the minimum essential objective set can be varied according to the allowable normalized degree of conflict norm,all. As norm,all increases, a smaller number of the minimum essential objectives can be considered, and as a result the computational
efficiency is improved; however, the accuracy of the Pareto optimal solutions will decreases.
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Abstract: Regional seismic risk assessment of bridge inventories necessitates the
grouping of bridge classes with similar seismic performances. Although HAZUS
represents the current state of art in grouping the bridge classes as implemented in
regional risk assessment packages, it suffers many drawbacks such as grouping
based on a traditional subjective approach, failure in explicitly addressing the effect
of design attributes and geometric attributes, and neglecting the effect of abutment
type. This paper compares the groupings that emerge from the various performance
based grouping techniques such as analysis of variance, analysis of covariance, and
Kruskal Wallis test. The comparison is conducted with case studies of box girder
bridges in California.

Introduction
Commonly fragility curves are generated such that they are applicable to a class of bridges for
regional seismic risk assessment. The bridges in a particular class (or group) are expected to
have similar performance or damage during an earthquake. The identification of bridge parameters that yield distinct seismic performance to bridges is an important step in this procedure.
Failure to create distinct bridge groups can lead to unrealistic estimation of the seismic vulnerability, affecting the decision of agencies involved in disaster-management.
Various researchers have grouped the bridge classes and suggested sub-classes to facilitate regional risk assessment [1-5]. The sub-classes suggested by these authors vary depending on the
defining characteristics (e.g. span length, span to column height ratio). For example, HAZUS
[1] classifies the bridge inventory based on seismic design, span length, number of spans, bent
type, and span discontinuity. However, this grouping suffers many drawbacks such as not addressing the evolution in seismic design philosophy post 1975, effect of column cross-sections,
and abutment configurations, to name a few. Banerjee and Shinozuka [2] classified bridges in
California based on a limited number of parameters such as span type (single or multiple), skew
angle (0-20, 20-60, and >60 degrees), and type of soil. Mackie and Stojadinovic [3] selected a
few bridge sub-classes based on frame-type, footing-type and column cross-section for regional
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risk assessment. Ramanathan et al. [4] have generated fragility curves for various bridge subclasses classified based on the superstructure, bent-type, abutment-type, seat-width. In all of
the above mentioned studies, there is lack of agreement on bridge attributes that dictate distinct
sub-classes of structural performance. Also, the generation of sub-classes is mostly based on
engineering judgment and past experience. Such drawbacks can be alleviated by a systematic
performance based grouping approach [5].
Mangalathu et al. [5] suggested a performance based grouping approach using a statistical technique called Analysis of Covariance (ANCOVA) by comparing the the probabilistic seismic
demand models (PSDMs) of different bridge classes. A PSDM is defined as the probability
distribution of structural demands (D) conditioned on the ground motion intensity measure
(IM). The authors also suggested another performance based grouping by comparing the bridge
responses through a statistical technique called analysis of variance (ANOVA) [6].
The objective of the paper is to compare various performance based grouping techniques such
as ANOVA, ANCOVA, and Kruskal Wallis test (KW). Such a study would result in a more
reliable performance based grouping methodology. The scope of the study is limited to reinforced concrete bridges as it is the most common bridge type in California [5].

ANOVA, ANCOVA and KW Approach for Grouping the Bridge
Classes
The grouping can be achieved by comparing component responses of various bridge sub-classes
and by identifying whether they are statistically different. The responses considered in the current study include: (1) maximum column curvature ductility, (2) maximum abutment passive
deformation, (3) maximum abutment active deformation, (4) maximum abutment transverse
deformation, (5) maximum unseating deformation, and (6) maximum bearing deformation. The
maximum responses are obtained from a set of NLTHAs, and are explained in detail in section
3.

2.1 ANOVA Based Grouping
ANOVA is a statistical model that has been used to analyze the differences among group means.
It tests the hypothesis ( H 0 : ln( D )  ln( D ) ,...,  ln( D ) ) whether mean seismic responses of different
bridge sub-classes are equal for a given set of ground motions and can group the bridges
accordingly. In ANOVA, the model is assumed as
1

2

ln( D)ij  ln( D )i   ij ,

k

1  j  n;

1 i  k

(1)

where, n is the number of non-linear dynamic analyses, k is the number of bridge sub-classes,
ln( D)ij is the response of the jth sample in ith bridge sub-class,  ln( D ) is the treatment mean of
i

i-th bridge sub-class, and  ij quantifies the difference between observation ln( D)ij and ln( D) .
The assumptions underlying ANOVA are that (1) the responses are mutually independent, (2)
the variance of different groups is the same (homogeneity of response variance), and (3)
samples are mutually independent [7]. If the assumptions above are seriously violated, the
results observed from this model are erroneous [7].
i

1290

2.2 ANCOVA Based Grouping
Contrary to ANOVA, an ANCOVA formulation includes the bridge response, bridge sub-class,
and ground motion intensity. The first step in performing ANCOVA is to establish a linear
regression relationship between the bridge response and the intensity measure for different
bridge sub-classes (or PSDMs) and to identify whether slopes of the regression lines are
significantly different. If the slopes are not significantly different, a regression line is drawn
through each group of points with the same slope. The intercepts of the regression lines are then
checked, and if they are different, it can be concluded that the response of the bridge sub-classes
is different. In ANCOVA, the model is assumed as
ln( D)ij   ln( IM )   si  b(ln( IM )ij  ln( IM ))   ij , i 1,..., k ; j 1,..., n

(2)

where ln( IM ) is the overall population mean of the intensity measure, k is the number of bridge
sub-classes, n is the number of non-linear time history analysis , ln( IM ) 

1
 ln( IM )ij
kn i , j

is the

overall mean of ln(IM)’s, b is the regression slope, and si the treatment effect. The error term
ij is assumed to be an independent normal distribution with zero mean and variance 2.
ln( IM )i 

1
 ln( IM )ij
n j

is the ith bridge attribute effect for the ln(IM)’s. ANCOVA assumes the

homogeneity of regression slopes in addition to ANOVA assumptions mentioned in Section
2.1.

2.3 KW Based Grouping
The stringent assumptions on the response data placed in ANOVA and ANCOVA are often
difficult to satisfy, leading to the development of non-parametric and semi-parametric approaches which help to relax the restrictive assumptions of the ANOVA and ANCOVA. The
KW test statistic (H) for the k bridge sub-classes is [7]
2

ni (n  1) 

(3)
 Ri j 
2 

where Rij is the sum of the ranks for the ith sample across the sample size j. KW tests the hypothesis that responses from different bridge sub-classes have identical distribution functions.
H

k
12
1

n(n  1) i 1 ni

Characteristics, modelling technique, and uncertainties of the selected bridge classes
Two span and three span box girders bridges, which attribute a major portion of the California
bridge inventory [5], are selected as subject bridges in the current study. The selected bridges
were designed and constructed prior to 1970. The current study adopts six different bridge
attributes including (1) bearing type (elastomeric versus rocker bearings), (2) column crosssection (circular versus rectangular), (3) abutment configuration (abutment on piles versus
spread footing), (4) abutment backfill (clay versus sand), (5) interior bent type (single-column
versus multi-column), and (6) material type of superstructure (reinforced or prestressed
concrete) in grouping the bridge classes. The number of possible groups with the selected
attributes is 25 for diaphragm abutments and 26 for seat-type abutments.
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Although a detailed description of the analytical modeling technique for this class of bridges
can be found elsewhere [5,9], the general approach is presented herein. Three dimensional numerical modeling is carried out using the finite element package OpenSees [10] incorporating
both geometric and material nonlinearities. The superstructure is modeled as a spline using
elastic beam-column elements as it typically remains elastic during a seismic event, and the
transverse deck elements are modeled as rigid elements. Displacement-based fiber sections are
used to model columns and bent caps, and translational and rotational springs are added at the
base of the column to simulate the response of foundations. The contact element [11] is used to
model the pounding between the decks and it explicitly accounts for the loss of hysteretic energy during pounding. Rocker bearings are modeled using a bilinear force-deformation relationship on the basis of experimental results performed by Mander et al. [12]. The passive
response of the abutment backwall is simulated using the hyperbolic soil model [13], while the
response of the piles is simulated using a trilinear material model based on the recommendation
of Mangalathu et al. [15].

Figure 1. Numerical modeling of various bridge components [5].

Table 1 shows the mean value (), standard deviation (), and the associated probability distribution of various input variables. Many of these variables are determined based on an extensive
plan review of California bridges. In addition to the uncertainties related to structures, the uncertainty in the ground motions are accounted for using the suite of ground motions assembled
by Baker et al. [14]. The entire suite of ground motions are scaled by a factor of two [4] to have
sufficient response data of IMs higher than the Palmdale spectrum (highest probabilistic design
hazard level in California), and thus the expanded suite of 320 ground motions is used for the
current study.
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Statistically significant yet nominally identical three-dimensional bridge models are generated
by sampling across the range of the parameters presented in Table 1 using the Latin Hypercube
Sampling technique, and are randomly paired with a record from the selected suite of ground
motions. The two orthogonal components of the ground motions are randomly assigned to the
longitudinal and transverse direction of the bridge axis.
Table 1. Uncertainty distribution considered in the bridge models [5].
Parameter

Units

Concrete compressive strength (fc)

MPa

Reinforcing steel yield strength (fy)

MPa

Lognormal

465.0

37.30

mm
-

Lognormal
Normal

31775
0.57

8738
0.13

mm
mm
mm

Lognormal
Lognormal
Lognormal

9780
11970
6625

1980
2418
865

mm
mm

Lognormal
Lognormal

3234
2925

488
1056

mm
mm

Lognormal
Lognormal

2186
2186

441
441

N/mm
N/mm

Lognormal
Lognormal

1120
1498

404
540

mm

Normal
Uniform

0.40
19.0

0.075
13.4

N/mm/m
-

Lognormal
Normal

908
0.30

327
0.10

-

Normal
Normal

0.04
0.10

0.01
0.02

mm
mm

Lognormal
Lognormal
Uniform

23.5
12.8
1.25

12.5
2.58
0.007

Normal

0.045

0.0125

g

Lognormal

1.00

0.20

(%)

Uniform

2.25

0.52

N/mm
N/mm
N/mm

Normal
Normal
Normal

297716
245178
140101

140101
105076
105076

N-m/rad
N-m/rad

Normal
Normal

4.5109
6.8109

1.1109
1.1109

Span length (L)
Two-span
Approach to main span ratio (three-span bridge)
Deck width (Bd)
Single column bent
Multi-column bent
Column height (H)
Abutment backwall height (Ha)
Diaphragm abutments
On piles
On spread footings
Seat-type abutments
On piles
On spread footings
Abutments on piles - Lateral capacity/deck width (Kpa)
Diaphragm abutment
Seat-type abutment
Abutments on spread footing
Coefficient of friction (as)
Yield displacement (y)
Elastomeric bearing pad
Stiffness per deck width (Kb )
Coefficient of friction for bearing pad (b)
Rocker bearing
Coefficient of friction (l, longitudinal direction)
Coefficient of friction (t, transverse direction)
Gap (g)
Longitudinal (btw. deck & abutment wall)
Transverse (btw. deck and shear key)
Mass factor (m)
Damping ()
Acceleration for shear key capacity (as)
Longitudinal reinforcement ratio ()
Pile group - pile cap and piles
Translational stiffness (Kft)
column - 1% longitudinal rebar
column - 3% longitudinal rebar
column - 1.5% longitudinal rebar
Rotational stiffness (Kfr)
column - 1% longitudinal rebar
column - 3% longitudinal rebar
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Distribution
Type
μ
Normal
29.03

σ
3.59

Grouping of Various Bridge Classes
One objective of the current study is to identify attributes that have a significant influence on
the seismic response of bridges and to compare the groupings that result from the various
grouping techniques. To enable the comparison of the responses with different bridge attributes,
the total number of simulations is divided amongst the bridge attributes. For example, to
identify the significance of cross--section on seismic response, 50% of the simulations (160)
are carried out for bridges with rectangular columns, while the remaining 50% is performed for
bridges with circular columns. The response variable and the ground motion intensity measure
are transformed into the lognormal space to produce a linear relationship between the two [5].
Using the relationship between the transformed response variable and intensity measure,
ANOVA, ANCOVA, and KW grouping techniques are carried out. In all of the grouping
methods, p-values are computed to interpret the results of the hypothesis test. A smaller p-value
indicates stronger evidence for rejecting the null hypothesis (H0), and a cut-off p-value of 0.05
[5] is adopted in the current study. For example, if the p-value is less than 0.05, it can be
concluded that with the 95% confidence, the variation in the demand measure is not due to
random chance, but due to the influence of the different bridge attributes. p-values less than
0.05 are highlighted in Table 2. The grouping pattern identified by the three methods is the
same for 80% of the cases. ANOVA and KW yield the same identification of significant bridge
attribute in 96% of the cases; for the few exceptions, ANOVA tends to identify additional
significant attributes. The results of ANCOVA are different from those of ANOVA and KW in
several cases (around 17%). ANCOVA identifies more design attributes as significant in
comparison to the ANOVA and KW tests as shown in italics in Table 2. The reason for such a
discrepancy will be explained in the next section.

Comparison of Various Grouping Techniques
To evaluate the power and efficiency of various grouping techniques, the current study selects
a case where the attribute is significant per ANCOVA and insignificant per ANOVA and KW:
three span diaphragm abutment bridges grouped by the cross-section shape based on the
curvature ductility response. For the selected case, two sub-classes are formed based on the
curvature ductility response according to the column cross-section: (1) with circular crosssection (hereafter, 3SDC) and (2) with rectangular cross-section (hereafter, 3SDR). The
ANCOVA result (p-value of 0.010) reveals that the cross-section is significant in affecting the
curvature ductility for this bridge, while the ANOVA (p-value of 0.135) and KW test (p-value
of 0.070) indicate it is insignificant. Figures 2(a) and (b) show the histogram of curvature
ductility for 3SDC and 3SDR, respectively. The box-plot of curvature ductility is presented in
Figure 2(c), and the scatter plot of the curvature ductility versus IM in logarithmic space is
presented in Figure 2(d). The normality of 3SDC and 3SRC is checked using the KolmogorovSmirnov test, which checks the null hypothesis that the data is normally distributed. If the pvalue is less than  = 0.05, the null hypothesis is rejected. Thus, there is enough evidence that
the data does not follow a normally distributed population. The p-values of normality check for
3SDC and 3SDR are 0.067 and 0.099, respectively, and hence the normality assumption is
valid. The assumption that each observation is mutually independent is valid because of the
random sampling and pairing of the bridges and ground motions. ANCOVA has one additional
assumption regarding the homogeneity of regression slopes. As the demand measure increases
with the intensity of ground motions, a monotonic relationship between the two is implied. The
homogeneity of regression slopes is checked in the current study using the F-test for the equality
of slopes [7] and is valid here.
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Table 2. p-values

Diaphragm abutment
Seat-type abutment
Diaphragm
abutment

Three-span bridges

Seat-type abutment

Two-span bridges

Ty
pe

Bridge attribute

Column (μϕ)

by ANCOVA, ANOVA and KW test [5].

Passive (δp)

Active (δa)

Transverse (δt)

Unseating (δs)

Bearing (δb)

ANC
OVA

ANO
VA

KW

ANCO
VA

ANO
VA

KW

ANCO
VA

ANO
VA

KW

ANCO
VA

ANO
VA

KW

ANCO
VA

ANO
VA

KW

ANCO
VA

ANO
VA

KW

Column crosssection

0.000

0.000

0.000

0.834

0.667

0.567

0.897

0.720

0.631

0.908

0.723

0.686

-

-

-

-

-

-

Interior bent

0.000

0.000

0.000

0.038

0.233

0.326

0.046

0.315

0.417

0.000

0.000

0.000

-

-

-

-

-

-

Abutment

0.000

0.000

0.000

0.494

0.354

0.322

0.382

0.359

0.332

0.000

0.021

0.033

-

-

-

-

-

-

Backfill

0.458

0.635

0.856

0.000

0.000

0.000

0.000

0.000

0.000

0.018

0.209

0.387

-

-

-

-

-

-

Superstructure

0.438

0.775

0.875

0.715

0.464

0.639

0.832

0.467

0.680

0.703

0.230

0.269

-

-

-

-

-

-

Column crosssection
Bearing

0.043

0.317

0.343

0.149

0.446

0.554

0.463

0.727

0.800

0.005

0.048

0.064

0.263

0.466

0.509

0.116

0.223

0.318

0.005

0.003

0.002

0.043

0.008

0.001

0.124

0.031

0.003

0.008

0.002

0.000

0.000

0.000

0.000

0.002

0.000

0.008

Interior bent

0.000

0.000

0.000

0.001

0.000

0.000

0.000

0.000

0.000

0.007

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

Abutment

0.302

0.988

0.943

0.252

0.052

0.038

0.469

0.125

0.085

0.116

0.507

0.548

0.600

0.200

0.209

0.194

0.494

0.315

Backfill

0.045

0.032

0.012

0.148

0.401

0.478

0.145

0.486

0.537

0.549

0.892

0.831

0.722

0.844

0.887

0.641

0.667

0.747

Superstructure

0.631

0.413

0.321

0.039

0.609

0.686

0.084

0.583

0.667

0.036

0.643

0.646

0.001

0.438

0.451

0.351

0.600

0.600

Column crosssection
Interior bent

0.010

0.135

0.070

0.690

0.882

0.873

0.709

0.897

0.859

0.426

0.405

0.470

-

-

-

-

-

-

0.000

0.000

0.000

0.000

0.093

0.151

0.000

0.077

0.128

0.000

0.000

0.000

-

-

-

-

-

-

Abutment

0.095

0.520

0.356

0.317

0.298

0.529

0.440

0.368

0.620

0.441

0.954

0.953

-

-

-

-

-

-

Backfill

0.799

0.637

0.771

0.000

0.002

0.002

0.000

0.007

0.005

0.228

0.568

0.626

-

-

-

-

-

-

Superstructure

0.155

0.347

0.498

0.419

0.850

0.807

0.314

0.763

0.723

0.877

0.593

0.551

-

-

-

-

-

-

Column crosssection
Bearing

0.097

0.451

0.459

0.582

0.548

0.625

0.858

0.853

0.881

0.001

0.027

0.025

0.637

0.907

0.935

0.669

0.569

0.914

0.258

0.378

0.482

0.005

0.043

0.357

0.000

0.002

0.048

0.006

0.066

0.173

0.000

0.000

0.003

0.128

0.168

0.754

Interior bent

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

0.000

Abutment

0.003

0.104

0.065

0.002

0.334

0.739

0.000

0.153

0.376

0.000

0.174

0.158

0.000

0.000

0.000

0.014

0.050

0.034

Backfill

0.000

0.001

0.001

0.388

0.565

0.952

0.918

0.958

0.836

0.142

0.272

0.259

0.001

0.059

0.072

0.023

0.117

0.058

Superstructure

0.172

0.961

0.678

0.088

0.776

0.815

0.067

0.885

0.994

0.005

0.321

0.327

0.004

0.718

0.779

0.083

0.732

0.931

Significant parameters are highlighted in bold. Values given in italics are the attributes in which one of the grouping method yields it as insignificant
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Figure 2. Histograms and descriptive statistics for case 1: a) 3SDC, b) 3SDR, c) box plot of 3SDC and 3SDR,
and d) ANCOVA regression lines of 3SDC and 3SDR.

Figure 2(c) shows box plots of the curvature ductility for 3SDC and 3SDR. The mean values of
intensity measures in the logarithmic scale for 3SDC and 3SDR are -1.14 and -1.21, respectively. This is associated with the random assignment of ground motions. The ground motions
are randomly assigned in the current study because it is computationally intensive and almost
impractical to produce responses for all the cases with the same suite of ground motions. The
experiment has been designed in a way that the design attributes are randomly sampled in the
320 simulations from a practical perspective. Such an assignment also helps assess the combined effect of two or more different design attributes; for example, the combined effect of the
abutment type and column cross-section. The question arising from this case is whether the
column response of 3SDC and 3SDR can be compared since there is a difference in the IM and
the column response is highly related to IM. It is possible that the results are skewed if the
column responses are compared as the mean values of IM are different. ANOVA and KW tests
neglect such variation in IM and such a comparison leads to erroneous results. On the other
hand, ANOVA yield’s the same result, if the IM in the two groups to be compared are same.

6 Conclusions
Regional seismic risk assessment relies on fragilities that are applicable to a portfolio of structures, as it is time consuming and impractical to generate fragility curves for each structure in a
specific region. The grouping of structures is carried out in most cases based on engineering
judgment and there is lack of systematic strategy for binning/grouping structures. These limitations can be addressed by performance based grouping techniques. The performance based
grouping leads to more reliable sub-classes of bridges relative to the traditional subjective
grouping based on engineering judgement. The current study explores various performance
based grouping techniques such as Analysis of Variance (ANOVA), Analysis of Covariance
(ANCOVA) and non-parametric Kruskal Wallis test (KW) towards the grouping of structures
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of similar performance. ANCOVA yields more bridge sub-classes in comparison to the
ANOVA and KW tests. The difference is attributed to the variation in intensity measure (IM)
between the bridge groups. ANOVA and ANCOVA yields the same grouping when the IM in
the groups to be compared are same.
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Abstract: As structures age and populations in earthquake-prone regions increase,
risk to earthquake events is increasing. Providing an early warning of an earthquake would enable protective measures to be taken and help vulnerable populations seek safety before the full extent of a seismic event occurs. The complexity
and uncertainty in the nucleation and growth of an earthquake, however, make it
difficult to accurately predict seismic events. In this paper, we propose a new
methodology to provide earthquake early warnings. It is based on localized structural responses rather than on region-wide characteristics and takes a simulationbased approach based on early earthquake data to provide information for the
warning. In addition, the methodology uses data from sparsely instrumented buildings instead of extensive seismological or site information. The proposed method
goes beyond ground motion prediction to consider the response of the structure
itself. The approach does not require knowledge of the regional seismic history or
local ground characteristics; instead, it provides a localized prediction of structural
response and probabilistic risk assessment based on a simulated suite of synthetic
earthquake accelerograms. We assess the accuracy and computational efficiency of
the method and apply it to a range of earthquakes to demonstrate its use. Robustness of the method to uncertainty in system parameters is also investigated.

1 Introduction
As structures age and populations in earthquake-prone regions increase, risk to earthquake
events is increasing. Providing an early warning of an earthquake would enable protective
measures to be taken and help vulnerable populations seek safety before the full extent of a
seismic event occurs. Previous studies of earthquake early warning systems have focused on
the recording and processing of earthquake data, e.g., from seismographs, to predict ground
motion parameters as in [2, 3, 5, 15].
In this paper, we propose a method for localized earthquake early warning that goes beyond
ground motion prediction to consider the response of the structure itself. The simulationbased approach does not require extensive knowledge of the regional seismic history or local
ground characteristics. Instead, it provides a localized prediction of structural response based
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on data from sparsely instrumented buildings to perform a probabilistic risk assessment for
the oncoming seismic event.
In this paper, we are assuming a structure a distance away from the epicenter of the earthquake such that the maximum impact of the earthquake will occur around 40 seconds or more
after the initial shaking. Therefore, the objective is to use an initial few seconds of recorded
data (in this paper, we use the first 3 seconds) to predict the maximum response of the structure under the earthquake event. An earthquake early warning can then be issued based on the
predicted maximum. In the following section, we describe the method, which is based on a
simulated suite of synthetic earthquake accelerograms, in more detail. We show results of
applying the method and assess its accuracy and computational efficiency. Robustness of the
method to uncertainty in system parameters is investigated. Finally, the method is applied to a
range of earthquakes to demonstrate its use.

2 Methodology
2.1 Inferences from Initial Recorded Data
The initial recorded data we assume to come from a sparsely instrumented building monitored
with a single accelerometer. For multi-story structures, the sensor would be mounted on the
top floor as in [12]. This sensor will measure the combined ground and building acceleration.
Therefore, with the initial 3 seconds of data recorded, we must first separate the ground motion acceleration and structural response. To do this, we use the methodology for structural
state estimation based on sensor measurements first developed in [12, 13] and later extended
to the nonlinear case in [9, 10]. Subtracting the estimated structural acceleration from the recoded sensor data results in the estimated ground acceleration. The ground acceleration is
then integrated recursively to obtain the ground velocity 𝑢 𝑡 and displacement 𝑢 𝑡 time
histories. The peak ground acceleration and peak ground displacement over the first 3 seconds
are recorded as 𝑃𝐺𝐴 and 𝑃! , respectively.
Next, we find the frequency content of the earthquake. We compute the average period of the
ground motion 𝜏! using the moment rate function
𝑟=

!! !
!
!
!! !
! !

! !"

(1)

! !"

where 𝜏! is 3 seconds from the onset of the initial p-wave arrival. We combine Equation (1)
with Parseval’s theorem to obtain
𝜏! =

!!

(2)

!

We also compute the dominant period of the wave 𝜏!"#$ in the time period under consideration. 𝜏! is calculated at every time step, with 𝜏!! at the 𝑘th time step calculated as
𝜏! ! = 2π

!!
!!

  

(3)

where 𝑋! and 𝐷! are defined as
𝑋! = 𝛼𝑋!!! + 𝑢!!
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(4)

𝐷! = 𝛼𝐷!!! +

!! !

(5)

!" !

and 𝛼 is a smoothing constant taken to be 0.99. 𝜏!"#$ is then the maximum of 𝜏! over the 3
seconds.
With these parameters, we are able to predict the moment magnitude 𝑀! of the upcoming
earthquake using a series of empirical relations:
𝑀! = (𝜏! + 7.76)/1.56

(6)

𝑀! = (log!" 𝜏! + 1.462)/0.296

(7)

𝑀! = 4.218 ∗ log!" 𝜏! + 6.1666

(8)

𝑀! = 6.3 ∗ log!" 𝜏!

!"#

+ 7.1

𝑀! = 7 ∗ log!" 𝜏! !"# + 5.9
𝑀! = (0.36 ∗ log!" 𝑃𝐺𝐴 − 0.93 ∗ log!" 𝑃! ) − 5.495 /(−0.615)

(9)
(10)
(11)

The relations shown in Equations (6)-(11) are from previous studies [11, 15, 16, 1, 6, 17],
respectively. Each of these relations results in a slightly different value for 𝑀! . Due to this
uncertainty, from the results of these relations, we compute the mean and standard deviation,
and take 100 samples of 𝑀! from an assumed normal distribution for 𝑀! with calculated
mean and standard deviation parameters. We use these 100 realizations of 𝑀! in subsequent
analyses.
We next predict the hypocentral distance 𝑅 from the site of interest using from [16]
log!" 𝑅 =

!! !!.!"#!!.!"#∗!"#!" !!
!.!!"

(12)

where 𝑅 is in units of km and 𝑃! in cm. As we now have 100 samples of 𝑀! , the result is an
array of 100 values for 𝑅.
We also predict the significant time duration 𝑡!!!" between 5% and 95% Arias intensity using
from [4]
𝑡!!!" = 0.02 exp 0.74𝑀! + 0.3𝑅

(13)

resulting in an array of 100 values for 𝑡!!!" .
Finally, we predict the Arias intensity 𝐼! conservatively assuming a site with soil class D using from [14]
𝐼! = 𝑘 ∗ exp  (2.155𝑀! − 1.323 ln 𝑅 − 11.920 + 𝜖(0,1.25))

(14)

where 𝑘 is a randomized factor sampled from a normal distribution with mean 0.6 and truncated outside 0.5 and 0.7, and 𝜖 is a random error normally distributed with mean 0 and
standard deviation 1.25. If the soil class for the structure of interest is known, then the relation
for 𝐼! for the relevant soil class may be used.
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2.2 Ground Motion Simulation
With these earthquake parameters inferred from the first 3 seconds of recorded sensor data,
we now create our suite of simulated earthquake accelerograms. We simulate the ground motions by modulating a normalized white noise process using a gamma modulating function as
in [7, 8]. The modulating function as a function of time 𝑡 and parameters 𝜶 is given as
𝑞 𝑡, 𝜶 = 𝛼! 𝑡 !! !! exp  (−𝛼! 𝑡)

(15)

The parameters 𝜶 = 𝛼! , 𝛼! , 𝛼! are found based on the predicted earthquake parameters with
𝑡!"# , the time of maximum shaking, defined as the time of 45% Arias intensity.
𝛼! =

𝐼!

(!!! )!!! !!
!(!!! !!)

𝛼! = 𝑡!"# ∗ 𝛼! + 1
𝛼! =

!
!
!
! !"# !
!
!

!!!"# ! !!!!!" !

(16-1)
(16-2)
(16-3)

For the set of inferred ground motion parameters, we simulate 100 separate ground motions. It
is noted that this simulation process slightly overestimates the response and the result should
be passed through a high-pass filter. However, the original simulation result is used as the
ground acceleration in this study to be conservative in the estimation. The resulting suite of
earthquake accelerograms are used to predict the maximum structural response under each
event using the estimation method described in [9, 10]. I.e., for each simulated ground motion, a maximum structural response is calculated. The mean of these predicted maximum
structural responses are then used as an indicator of localized risk at the structural level to the
upcoming earthquake.

3 Results
3.1 Example Earthquake Event
We apply the proposed methodology to a single degree of freedom system under an example
earthquake event to investigate its prediction accuracy, computational efficiency, and robustness to uncertainty in system parameters. The Chi-Chi earthquake is used due to the availability of high-resolution data for this event. Results of the application of the methodology to
several earthquake events are given in Section 3.4.

3.2 Prediction Accuracy and Computational Efficiency
In Figure 1, we show the prediction accuracy of the method to find the maximum structural
response due to the earthquake excitation as a function of the number of simulated ground
motions. From the left, the boxplots show the results of 100 cases of 1 simulation each used to
compute the maximum response, 10 cases of 10 simulations each, 5 cases of 20 simulations
each, 2 cases of 50 simulations each, and the final case using the results of all 100 ground
motion simulations. The actual absolute maximum response is shown based on the input of
the full ground motion recording for the event. The predicted mean absolute maximum responses are from the simulated ground motions using the methodology described based on the
first 3 seconds of recorded sensor data.
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Figure 1: Predicted mean maximum responses as a function of number of simulated ground motions

From Figure 1, we see that the predicted mean maximum response converges to the actual
maximum response as the number of ground motion simulations increases. The slightly higher value for the predicted response compared to the actual value is due to the conservative
approach taken during the ground motion simulations.
As an objective of the proposed method is for earthquake early warning, the computational
time of this simulation-based approach is of interest. Figure 2 shows the simulation time as a
function of the number of ground motion simulations (right y-axis), as well as the root mean
square (RMS) error of the predicted compared to the actual response (left y-axis).

Figure 2: RMS error of prediction and simulation time as a function of number of simulated ground motions
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From Figure 2, we see that the RMS error decreases exponentially as the number of ground
motion simulations increases, while the simulation time increases linearly. Considering this
tradeoff, we take 100 simulations to be a good balance between prediction accuracy and computation time. At 100 simulations, the RMS error is 3.17% of the actual maximum response,
and the simulation time is 1.78 seconds. With the initial 3 seconds of recorded data and the
1.78 seconds for processing, the total of 4.78 seconds we believe is reasonable for a localized
earthquake early warning considering maximum shaking at 40 seconds or later and full earthquake durations of 100-150 seconds.

3.3 Robustness to Uncertainty in System Parameters
In this methodology, we use estimated structural parameters to calculate the response under
the ground motion excitation. These parameters are also used to obtain the actual response
under the full earthquake event. In reality, these structural parameters, e.g., mass 𝑚, stiffness
𝑘, and damping 𝑐, are not known with certainty. Therefore, it is important to investigate the
robustness of the proposed methodology to uncertainty in these estimated system parameters.
Figure 3 shows the result of the predicted mean maximum response under uncertainty in the
structural system parameters. In the analysis, we vary the mass, stiffness, and damping
lognormally with the given nominal values of the parameters as the means and coefficients of
variation (c.o.v.) of 0 to 20%, 0 to 20%, and 0 to 40%, respectively. In Figure 3, we compute
the maximum response as the mean of 20 or 100 realizations of 𝑚, 𝑘, and 𝑐.

Figure 3: Predicted mean maximum response under uncertainty of structural system parameters

In Figure 3, we see that with 100 samples of the structural parameters, we achieve accurate
prediction results under uncertainty with a maximum error of less than 1.7%, even up to c.o.v.
values of 20%, 20%, and 40% for mass, stiffness, and damping, respectively. The upward
trend in predicted maximum as c.o.v. increases is due to the right skewness of the lognormal
distribution used in modeling the uncertainty in the structural parameters.
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3.4 Multiple Earthquakes
Finally, we apply the proposed methodology to a range of earthquakes to demonstrate its use
across earthquake events. Table 1 shows the results for different earthquake events in terms of
the actual (using the full ground motion record) and predicted (based on the first 3 seconds of
recorded data from the structure) maximum response for the event. Actual and predicted moment magnitudes 𝑀! are also given for reference.
Table 1: Structural response prediction results of methodology for multiple earthquake events

Earthquake
Chi-Chi
British Columbia
Manjil, Iran
Alaska
Chile
Napa, CA

Actual
𝑀!
7.6
5.6
7.4
7.9
8.2
6.0

Predicted
𝑀!
7.3
5.8
6.4
7.6
7.7
6.2

Actual max
response (in)
14.2
0.107
10.6
6.26
1.92
7.43

Predicted max
response (in)
14.8
0.370
13.5
7.96
3.04
9.28

From Table 1, we see that the methodology is able to perform across a range of response values. While there is variation in the results, given the complexity and uncertainty in the nucleation and growth of an earthquake, the methodology is nonetheless able to take limited initial
data to infer the extent of the oncoming earthquake and predict maximum structural responses
due to the event. The simulation-based approach is able to reduce the uncertainty associated
with earthquake events to result in reasonably accurate predictions of structural responses for
localized earthquake early warning.

4 Conclusion
In this paper, we presented a new methodology for earthquake early warning that focuses on
localized structural risk rather than regional ground motion warnings. It uses an initial few
seconds of data from sparsely instrumented buildings to infer parameters about the upcoming
earthquake. A simulation-based approach is used to create a suite of synthetic earthquake accelerograms. From these, the maximum response of the structure is inferred and a probabilistic risk assessment for earthquake early warning is possible based on the predicted responses.
In analyses of the performance of the methodology for the Chi-Chi earthquake, we found 100
simulations of the ground motion to achieve a reasonable tradeoff between accuracy and
computation time. In terms of accuracy, the RMS error is 3.17% for the predicted maximum
response (based on only the first 3 seconds of recorded data) compared to the actual maximum response (as inferred from the full earthquake motion). The total computation time is
1.78 seconds. Considering maximum responses occurring at 40 seconds or later from the initial shaking and full earthquake durations of 100-150 seconds, the proposed approach provides accurate predictions of structural responses to an oncoming earthquake many seconds
before the maximum impact of the earthquake on the structure is reached. The method was
also shown to be robust to uncertainty in the structural parameters used for estimation and
able to perform across earthquake motions. Thus, we are able to reduce the uncertainty associated with earthquake events and use limited data to provide a risk assessment of the structure in near-real-time for localized earthquake early warning.
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Abstract: Multi-scale evaluation from atoms to structure is an effective method to
optimize the bondline performance of co-cured metal/composite interfaces. Two
scales available in a physics-based framework are described to demonstrate uncertainty investigation and propagation across scales.

Introduction
Emerging manufacturing technology is enabling the fabrication of customized parts that are
comprised of different materials and optimized for specific requirements. In particular, hybrid
structures fabricated by joining fiber reinforced polymeric composites with lightweight alloys
are now used in many industries, including automotive, marine, infrastructure, and aerospace,
to improve the strength-to-weight performance of parts. One barrier to widespread implementation of hybrid materials is the lack of physics-based models to rapidly simulate and predict
the behavior of unique designs, especially given the many non-deterministic factors influencing
structural performance. Therefore, a systematic, physics-based approach to design and analysis
that accounts for this non-deterministic behavior is under continual development. Computational models spanning atoms to structures (Figure 1) were created at each scale, validated with
experimental testing, and investigated using sensitivity analysis to identify the most influential
parameters affecting structural performance of the bondline. These models were then used to
predict the structural performance at the bondline of composite-metal joints and to explore the
influence of the most influential uncertain parameters at each scale and across scales using
sensitivity analysis.

Figure 1. Integrated computational modeling, methodology development, experimental testing, and sensitivity
analysis is performed across scales ranging from atoms to structural parts to investigate and optimize the
structural performance of metal/composite co-cured joints.
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While the scope of this project encompasses many models and experimental techniques across
scales, this paper focuses on two linked scales as examples: atomic level modeling to determine
the surface energy (a variable in the computation of the fracture energy parameter needed to
predict crack growth) in a metal substrate co-cured to a composite patch. The calculated surface
energy is an input parameter in the equation (Eq. 1) for the critical energy release rate of the
metal component of a co-cured joint. The critical energy release is then an input parameter in
evaluating crack growth and disbond at the joint at the structural level.
𝐺𝑐 = 2(𝛾𝑠 + 𝛾𝑝 )

(1)

The atomic modeling effort describes the foundation for future model development to predict
the critical energy release rate values for varying atomic compositions of metals studied at the
structural level (metal/composite patch model) to investigate the influence of metal composition
and corrosion levels on crack growth and disbond along the metal/composite interface. Analysis
at the structural level is described to demonstrate the application of sensitivity analysis to limit
the number of variables in probabilstic evaluation to those with the most influence.

Determination of surface energy from the atomic model
2.1 Calculation Details
This section describes the development of the atomic model used to predict the surface energy
for pure aluminum. This model is the basis for ongoing efforts to investigate varying atomic
compositions and corrosion effects. Because fracture energy can be directionally dependent,
surface energy calculations for the (100), (110), and (111) surface of face-centered-cubic (fcc)
aluminum were performed using version 6.6 of the NWChem computational chemistry package
[1] to capture the effects of varying crack orientation. Periodic models of fcc aluminum were
utilized to calculate the energies and vibrational frequencies of bulk (no surfaces) and slab (two
surfaces) models of fcc aluminum, similar to the procedure in Tran et al [2] using the density
functional theory (DFT) pseudopotential plane-wave module (PSPW) of NWChem. Energies
and frequencies presented were for the gamma-point only and were obtained using the PBE96
GGA functional [3]. The Ewald summation utilized 8 unit cells in each direction and a cutoff
radius of 5 Å. The energy cutoffs for the electron density were 60 and were 30 for the oneelectron orbitals. The tolerances utilized for the energy and one-electron orbitals is 1.0E-07 au.
The Grassman LMBFGS minimizer was used to minimize the energy. The pseudopotentials
utilized for Al are those defined in the NWChem package for use with the PSPW module.
Geometry optimizations kept the supercell parameters constant while optimizing the atomic
positions toward an energy minima. The energy was minimized to a precision of 1.0E-07 au
with a maximum gradient of 4.5E-04 au and rms gradient of 3E-04 au. Numerical frequency
calculations were utilized at optimized coordinates in order to determine zero point energy
corrections within the harmonic oscillator approximation.

2.2 Computational Methodology
The surface energy is calculated from the energy difference between bulk and slab models of
fcc aluminum, where a particular surface is present on the slab surfaces. Equation 2 is the
expression for the surface energy (γ) for a particular surface denoted by the Miller index,
(ijk)[2].
(𝑖𝑗𝑘)
(𝑖𝑗𝑘) 𝑛
𝐸𝑠𝑙𝑎𝑏 − 𝐸𝑏𝑢𝑙𝑘 (𝑛 𝑠𝑙𝑎𝑏 )
𝑏𝑢𝑙𝑘
(2)
𝛾 (𝑖𝑗𝑘) =
(𝑖𝑗𝑘)
2𝐴𝑠𝑙𝑎𝑏
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The surface energy is defined as the energy per unit area required to create the surface from the
bulk material. The energy of the bulk system, Ebulk, and slab system, Eslab, is measured using
atomistic models and incorporating periodic boundary conditions. The energy of the bulk
system is corrected to account for the differing number of atoms, n, between the bulk and slab
models. This energy difference is divided by the area of the slab model. Since the slab model
contains two surfaces this result is further divided by two. Since the surface energy is calculated
as the difference in energy between two similar but different models, it is important to minimize
as much as possible the systematic differences between the models that are not related to the
differences between the bulk and slab systems. Vibrational frequency calculations were utilized
to provide the zero-point energy correction to these energies at 0 K.
To provide a check for the bulk calculations, the cohesion energy per atom within the bulk
models are calculated as shown in Equation 3, where the per-atom energy is calculated for the
bulk model and subtracted from the energy of an isolated Al atom, EAl, in its ground state, an
electronic doublet state. The bulk model energy is also corrected with a ZPE correction.
(𝑖𝑗𝑘)

(𝑖𝑗𝑘)
𝐸𝑐𝑜ℎ𝑒𝑠𝑖𝑜𝑛

𝐸
= 𝐸𝐴𝑙 − 𝑏𝑢𝑙𝑘
𝑛𝑏𝑢𝑙𝑘

(3)

The cohesion energy gives the energy per atom stabilization provided by the solid state lattice.
The single atom energies were obtained using the same calculation parameters as above except
that the default ewald summation parameters were utilized and the periodic unit cell was a
single atom primitive unit cell for an fcc system with cell length a=64.792 Å.

2.3 Model Description
Both the bulk and slab systems are modeled as supercells containing multiple unit cells of fcc
aluminum. Different unit cells are defined for the (100), (110), and (111) surface models, where
the surface of interest is oriented on the c-faces of a cubic unit cell, all cell angles equal to 90.0°.
The unit cell parameters for these unit cells are shown in Figure 2.

Figure 2: Parameters for the unit cells utilized to model the (100), (110), and (111) surfaces of fcc aluminum.

The (100) surface unit cell is the standard fcc aluminum unit cell with cell length, a, equal to
4.0495 Å [5]. The other unit cells are derived from it by orienting the chosen surface to the cfaces and choosing the corresponding cell dimensions to match the new orientation of the
lattice. The spheres (radius equal to 2.8634 Å) shown denote aluminum atoms with the coloring
indicating their relative depth in the unit cell (c-axis). The axes in these figures are oriented
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with a vertical a-axis, horizontal b-axis, and c-axis oriented into the page. In addition, these
unit cells all include two Al atoms in the chosen plane, one on each c-face. The total number
of atoms in each unit cell is four for the (100) and (110) models and six for the (111) model.
The supercells for the bulk models are 3x3xn, where n denotes the number of unit cells in the
c-axis direction. For the (100) and (110) surface models n is equal to six and is four for the
(111) model, due to the greater number of atoms in this unit cell. Figure 3 shows the c-face of
these supercells. Each face includes 9 atoms and each supercell includes 216 atoms for each of
the models studied.
The slab models are also supercell models but contain half the number of unit cells in the cdirection. This makes the supercells for these models 3x3xn, where n is equal to 3 for the (100)
and (110) surfaces and 2 for the (111) surface. A vacuum layer is inserted In place of the
missing unit cells so that the dimensions of the supercell are the same as the bulk models. Due
to the loss of periodicity in the c-direction, additional atoms are inserted which correspond with
the periodic image of the surface aluminum atoms on the c-face with fractional coordinates of
zero. This ensures that each slab surface is composed of equivalent arrangements of aluminum
atoms. For each of these models, this adds 18 atoms to the supercell making the total number
of atoms in each slab supercell equal to 126. The slabs are also centered within the supercell
by offsetting them by ¼ of the supercell’s c-dimension length.

Figure 3: Schematic representations for the supercell surfaces modeled.

2.4 Results
Table 1 shows the results of the cohesion energy and surface energy calculations for the (100),
(110), and (111) surface models of fcc aluminum. The estimated error of these results are
presented in parenthesis and are based on a precision of 1E-07 au for supercell energies, 1E-5
au for ZPE corrections, 0.01 Å for unit cell parameters, and 8E-05 au for the single atom energy.
A weighted average is presented for both the cohesion energy and surface energy. The weights
used in the average are listed in the table and are derived from the unique, non-parallel planes
for each surface. These weights do not account for the differences in the spacing of planes
within the fcc unit cell. For example, for the family of {111} surfaces there are 4 unique, nonparallel planes denoted by the Miller indices: (111), (111), (111), and (111), where the bar
denotes a negative number. The weighted average being an orientational average should be
more closely related to the values for the microcrystalline Al structure where the crystal lattices
are randomly oriented between grains. Surfaces with miller indices indexes greater than one
can also contribute to the overall microcrystalline surface energy so additional terms can be
calculated to continually refine the estimation of the overall microcrystalline surface energy.
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Table 1: Cohesion Energies and Surface Energies for fcc Al models

Surface

Cohesion
Energy
(eV/atom)

Surface
Energy
(mJ/m2)

Weight

(100)

3.349 (± 0.002)

796 (± 4)

3

(110)

3.413 (± 0.002)

1224 (± 5)

6

(111)

3.346 (± 0.002)

739 (± 4)

4

Weighted
Average

3.378 (± 0.002)

976 (± 5)

The cohesion energies calculated for each of the bulk models utilized are in good agreement
with a reference cohesion energy for fcc Al at 0 K and 1 atm, 3.39 eV/atom [6]. The values in
Table 1 are within about ±0.02-0.04 eV of this reference value. The surface energies calculated
order the surfaces from lowest to highest surface energy as follows: (111) < (100) < (110). This
is the same ordering as other calculations [7-9]. In addition, the surface energies calculated
from these other calculation are in good agreement with the (100) and (111) surface energies
obtained in this work ranging between 0.75 J/m2 – 0.80 J/m2 for the (111) surface and 0.84 J/m2
– 0.92 J/m2 for the (100) surface. The surface energy values for the (110) surface are
significantly lower than those presented in this work, 0.91 J/m2 – 0.98 J/m2. However, the
weighted average is in good agreement with experimental surface tension measurements [10]
of 99.999 % purity Al under vacuum with boron nitride substrate, 0.920 N/m with a standard
deviation of 0.057 N/m.

Crack growth and delamination simulation in patched structure
3.1 Model Development
A structural scale model of a co-cured metal/composite joint is used to evaluate crack growth
through the metal and corresponding delamination at the interface and to investigate the
influence of fracture energy as well as other input properties on damage tolerance. This
demonstration problem describes the sensitivity analysis that is performed at each scale as well
as a probabilistic analysis showing how uncertainty is propagated across scales.The patched
structure model consists of a rectangular aluminum plate with a through thickness crack at the
center, the composite patch, and the resin layer, as shown in Fig. 4.
0.08 inch

X

Y

25 inch

Aluminum
7.5 inch

Cohesive
Composite

0.25 inch
15
Figureinch
4. Configuration of the patched structure
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A composite patch, which covers the entire aluminum plate, is used to repair the crack. The
thickness of the cohesive layer that represents the co-cured bond is 0.001 inch. The solid
element C3D8R is used to mesh the Al 5456 plate, whose mechanical properties are presented
in Table 2. The e-glass/epoxy composite is meshed with the continuum shell element SC8R
and the epoxy layer is meshed with cohesive element COH3D8, whose material properties are
shown in Table 3 and Table 4, respectively.
Table 2. Mechanical properties of aluminum 5456

E (psi)

1.01E+07

ν

0.29

Ultimate
Strength

Fracture
Energy

(psi)

(J/lbf/inch)

5.2E+04

152

Johnson Cook Hardening Law
A

B

(psi)

(psi)

2.98E+04

1.036E+05

n

Damage initiation strength of
traction-separation law
Normal (IniN_Al)

Shear (IniS_Al)

(psi)

/psi

52000

31200

0.607

Note: Johnson Cook Hardening Law used here is described by a simplified equation, because
termperature and strain rate effects were determined to be negligible:
𝜎̅ = 𝐴 + 𝐵𝜀̅𝑛 , where 𝜎̅ is the equivalent plastic stress, 𝜀̅ is the equivalent plastic strain.
Table 3. Properties of e-glass/epoxy composite
E1 (psi)

E2, E3 (psi)

ν12, ν13

ν 23

G12, G13 (psi)

G23 (psi)

3.58E+06

8.89E+05

0.29

0.43

3.37E+05

3.10E+05

Table 4. Properties of cohesive layer
E (psi)

GI (lbf/inch)

GII, GIII
(lbf/inch)

Exponential of
BK Law

Normal damage initiation
strength (IniN_Coh) (psi)

Shear damage initiation
strength (IniS_Coh) (psi)

1.16E+07

6.28

16.5

2.6

6154

4308

Traction

The patched structure model is investigated under tensile loading, which is simulated by
applying a 0.1inch displacement in the X-direction (normal to the crack front) while holding
the other end fixed. The extended finite element method (XFEM) and traction separation law
are applied to simulate the crack growth. The damage model, as shown in Fig. 5, includes a
damage initiation criterion and a linear damage evolution law. The XFEM model takes the
ultimate strength of the aluminum as the damage initiation strength.
Damage
Initiation
Strength

Separation
Figure 5. Damage model used to simulate the crack growth in aluminum

An example of crack growth and the corresponding degradation of the cohesive layer are shown
in Fig. 6. The length of the disbond area in the y-direction is approximately the same as the
crack length.
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a) Aluminum

b) Cohesive

Figure 6. Crack growth in the aluminum plate and the degradation of the cohesive layer

3.2 Sensitivity Analysis
A simplistic one-factor-at-a-time (OFAT) sensitivity analysis, is performed first to reduce the
number of parameters in a sensitivity analysis using Sobol Indices that covers a specified
parameter space. While the OFAT approach may miss spaces of high variance, a method to
reduce the parameter space (which can include thousands of parameters even at a single scale)
is necessary to calculate Sobol Indices in a reasonable amout of time. More effective methods
integrated with Big Data analysis methods are under investigation for future studies.
Input parameters evaluated in the OFAT study are the material properties of the aluminum, the
composite patch and the cohesive layer, as shown in Table 2, Table 3, and Table 4. All
parameters were varied ± 10 % except the Johnson Cook parameters A and n which were varied
± 4% due to convergence issues. The crack extension was used as the output parameter to
estimate the influence of the parameters on the patch performance, given that the disbond area
was proportional to the crack length. The result of the OFAT study is shown in Fig. 7, where
the centerline of each bar chart is the crack extension resulting from mean values for all input
parameters and the “Higher“ and “Lower“ bars are the variation of crack extension caused by
the maximum and minimum value of the input parameter, respectively. Fig. 7 results are
dependent on the selected range of a parameter. Such a visualation and reporting scheme is
beneficial when the range of each parameter is well-defined.
The OFAT results are normalized as shown in Fig. 8 to investigate the relative influence of
each paramater that is independent of the specified range. For example, the Johnson Cook
parameters A and n were varied ± 4% rather than ± 10%. The normalized influence of a
parameter is calculated using the following equations (Eq. 4),
∆𝑃 =

|𝑃𝑚𝑖𝑛 − 𝑃𝑚𝑎𝑥 |
𝑃𝑎𝑣𝑔

∆𝑎 =

∆𝑎

𝑅𝑃 = ∆𝑃

|𝑎𝑚𝑖𝑛 − 𝑎𝑚𝑎𝑥 |
𝑎𝑎𝑣𝑔

𝑊𝑃 =

(4)

𝑅𝑃
∑𝑛
𝑖 𝑅𝑖

where ∆𝑃 is the relative change in input parameter 𝑃 , ∆𝑎 is the relative change in crack
extension 𝑎, 𝑅𝑃 is the normolized influence of 𝑃, and 𝑊𝑃 is the weighted influence of 𝑃 on 𝑎.
The material properties not shown in Fig. 7 and Fig. 8 have no significant influence on crack
extension according to the simulation results. The damage initiation strength of the damage
model of aluminum and the Johnson Cook hardening law parameters A and n are selected for
the Sobol Indices calculation due to their higher influence relative to the other parameters.While
the fracture energy of aluminum was not one of the most sensitive parameters, it was included
in the more detailed Sobol analysis, to demonstrate uncertainty propagation from the atomic
scale. It should also be noted that the surface energy values computed at the atomic scale were
found to be negligible relative to the plastic energy, and therefore had an insigificant
contribution in the sensitivity analysis across scales.
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G23
G12,G13
v12,v13
E2,E3
E1
IniN_Coh
n
B
A
J
IniN_Al
v
E

0%
0%
0%
0%
0%
0…

25%
25%
25%
25%
25%
25%
-50%
100%
-50%
125%
-50%
150%
0% 25%
-100%
0% 25%
100%
-50%

Higher
Lower

838%

Figure 7. Influence of material properties on the crack
extension

Figure 8. Normalized influence of material
properties on the crack extension

To reduce the computational burden, a surrogate model using an artificial neural network
approach [11] was constructed based on Latin Hypercube sampling with 3 strata for each of the
four parameters chosen in the previous section for detailed analysis. Using the surrogate model,
Latin Hypercube sampling with 9 strata for each parameter was applied to conduct the Sobol
Index calculations. The Latin Hypercube sampling was carried out using the DICE code
developed at the Naval Surface Warfare Center Carderock Division. In DICE, each parameter
is divided into a finite number of strata, the combinations of which form the subspaces from
which parameter values are sampled. For example, if we have 3 parameters and make 3 strata
for each parameter, we will have 27 samples with one in each subspace. The Sobol Index results
are shown in Fig. 9. The damage initiation strength is the most influential parameter among the
four chosen parameters and the fracture energy is the least influential one. Every parameter has
some interaction with the others since their total effects are larger than the first order effect. As
previously discussed, the fracture energy has a neglible influence relative to the other selected
parameters, indicating that the crack growth is also insensitive the the surface energy calculated
at the atomic level.

3.3 Probabilistic analysis to propagate uncertainty
The uncertainty in the surface energy component of the fracture energy was evaluated to
determine its effects on crack growth in the patched structure model. A probability distribution
was fit to the values of this input parameter using a Weibull form as shown in Fig. 10. Monte
Carlo simulation using 20,000 samples (for convergence) from this distribution was performed
to determine the effect of this input parameter on crack extension. The plastic energy was held
constant at its average value to isolate the effects of the surface energy. Although the fracture
energy was not as influential relative to the other input parameters under evaluation, its effects
on crack extension are shown in Fig. 11.

Summary and Future Work
A multi-scale framework to evaluate the structural performance of metal/composite co-cured
joints is under continual development. This framework includes physics-based models ranging
from the atomic to structural scales to simulate damage tolerance of the structure and strength
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Figure 9. The Sobol Indices of the four parameters chosen from the local sensitivity analysis

Figure 10. Weibull distribution of surface energy

Figure 11. Histogram of crack extension for the uncertain input parameter of surface energy

of the interface in particular. Development of the models and methodology at each scale is
achieved by integrating computational simulation, experimental testing, and sensitivity analysis. Computational simulation allows rapid investigation of many variables and complex scenarios. Experimental testing provides data for material characterization and informs the
physics-based modeling efforts, as well as supplying validation data. Sensitivity analysis identifies the most influential parameters at each scale and across scales such that methodology and
modeling development is focused on accurately capturing the values and effects of these parameters.
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A primary conclusion of this work is that the atomic model must be further developed to include
more complex behaviour. The surface energy alone is not an influential parameter and constitutes a very small contribution to the total fracture energy. Future work includes a substantial
experimental testing program to more fully characterize parameters that are highly influential
as well as to provide missing validation data. As demonstrated in this paper, parameter interaction must be included in sensitivity analysis. Additionally, the damage tolerance space is very
complex, and different damage mechanics dominate different subspaces. And subsequently,
input parameters vary in their level of sensitivity throughout the space. Because the OFAT
approach does not capture this behaviour, its accuracy as a method to downselect influential
parameters is inadequate, and a rapid, yet accurate, method needs to be determined to identify
influential parameters in each subspace. Given the thousands of uncertain parameters in this
problem, a comprehensive evaluation encompassing the entire uncertain space is not tractable.
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Abstract: The study considers the problem of Monte Carlo simulation based time
variant system reliability analysis of dynamical systems, with multiple failure
modes arranged in a series configuration. An importance sampling scheme, based
on Girsanov’s transformation, is employed to estimate the probability of failure.
For the case of component reliability analysis, three alternative models for the
Girsanov’s control force are known, which include: an existing open loop model
and two recently proposed closed loop control models. This paper proposes an
approach to extend such controls to tackle the problem of series system reliability
estimation. Efficacy of the proposed control forces in reducing sampling variance
of the failure probability estimator is illustrated through numerical studies on a
randomly driven five degrees of freedom oscillator with geometric nonlinearities.

1 Introduction
The present study considers the problem of simulation based time variant reliability analysis
of nonlinear dynamical systems subjected to nonstationary Gaussian excitations. The focus of
the study is on series systems, where the system failure event is expressed as a union of failure events associated with the individual limit state functions. The problem on hand consists
of estimating the resulting probability of failure of the system. Approximate analytical methods to evaluate the probability require characterization of joint behavior of multivariate extremes or outcrossing statistics of vector random processes, which are not readily available in
the existing literature, especially for non-Gaussian response processes. On the other hand,
numerical methods, based on Monte Carlo simulations, are eminently viable to tackle this
problem. The main challenge in applying these methods lies in controlling the sampling variance, so that one may obtain failure probability estimates of reasonable accuracy with acceptably small number of simulations. Alternative strategies to devise variance reduced
estimators for the probability of failure have been extensively studied in the existing literature
[8,9].
In this work, we employ an importance sampling method, based on Girsanov’s probability
measure transformation technique [4,5], to estimate the time variant system reliability. The
idea here is to promote system failure by introducing an additive control force in the system,
and, subsequently, modifying the estimator to correct for this distortion in the input. The re-
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sulting estimator is expected to possess smaller sampling variance for a given sample size.
The key step in implementing this idea lies with the selection of the control force. While it is
well known that there exists an ideal control [4] with zero sampling variance, deducing this
control, however, is infeasible in practice. There exist a few studies in which suboptimal control forces have been proposed to implement the method. These suboptimal controls are
broadly classified as: (i) open loop (state independent) controls, and (ii) closed loop (state
dependent) controls. The closed loop control based methods have been primarily developed
in the context of component reliability estimation of single-degree of freedom (sdof) oscillators under stationary Gaussian excitations [1,6]. The existing studies on multi-degree of freedom (mdof) systems [10,11], have employed control forces which are essentially open loop
[3] in nature. We develop in this study, a novel strategy to tackle the series system reliability
problem using closed loop Girsanov’s control forces. The proposed method is applicable to
mdof linear/nonlinear systems. The treatment of nonlinearity is based on a local linearization
scheme, leading to a time variant equivalent linear system for which the Girsanov’s controls
can be analytically determined. Efficacy of the proposed method in controlling the sampling
variance of the failure probability estimator is illustrated through numerical studies on a randomly driven 5-dof oscillator with geometric nonlinearities.

2 Problem Statement
We consider dynamical systems governed by Ito's stochastic differential equations (SDEs) of
the form
(1)
dX  t   A  X  t  , t  dt  σ  t  dB  t  ; X  0   X 0 ; 0  t  T
defined on a probability space  ,

, P  . Here, X  t  is the p1 vector of system states,

A  X  t  , t  is the p1 drift vector, σ  t  is the p1 vector of diffusion coefficients, and

B  t  is a Brownian motion process with E P  B  t   E P  B  t  t   B  t    0 and
E P  B  t1  B  t2    S t  t1  t2  for 0  t1 , t2  T . Here, S denotes the intensity of the un-

derlying Gaussian white noise excitation, and E P  is the expectation with respect to the
probability measure P. The problem of time variant series system reliability consists of esti NC 
mating the probability PF  P  F  P  Fi  , where Fi  hi*  max hi  X  t    0 is the i-th
0  t T
 i 1 
component failure event, characterized by exceedance of the response metric hi  X  t   over





the threshold hi* at least once in the time duration  0,T  . To estimate this probability by importance sampling based on Girsanov’s change of measure [5], the SDE in equation (1) is
modified as
dX  t   A  X  t  , t  dt  σ  t  u  X  t  , t  dt + σ  t  dB  t  ; X  0   X 0
dR  t    R  t  u  X  t  , t  S -1dB  t  ; R  0   R0 , 0  t  T

(2)

where, u  X  t  , t  is an artificially induced control force. The modified SDE is defined on a
transformed probability space  , , Q  , and B  t  is a zero mean Brownian motion process
with EQ  B  t1  B  t2    S t  t1  t2  for 0  t1 , t2  T . Subsequently, it follows that
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  NC *
PF  E P  I 
hi  max hi  X  t    0
0  t T
  i 1
where, R T  R0 is Radon-Nikodym’s



 R  T   NC *


I
hi  max hi  X  t    0   (3)
  E Q 
0  t T

 
 R0  i 1
derivative. Based on equation (3), the importance





sampling estimator for the probability of failure is given by
k

1 N R  T   NC *
PˆF  
I  hi  max hi  X k  t    0 
k
0  t T
N k 1 R0
 i 1

k
1 N R T 
 
I min hi*  max hi  X k  t    0
k
i 1, , NC
0 t T
N k 1 R0







(4)

 



The estimator in the above equation is a function of the control force u  X  t  , t  which, if
chosen properly, drives the response trajectories hi  X  t   ; i  1, , NC towards the respective thresholds hi* and thereby, can reduce the sampling variance of P̂F appreciably with a
small sample size N.

3 Determination of Girsanov’s controls for series system
To construct the control force u  X  t  , t  given in equation (2), we build upon the approach
taken for component reliability estimation in references [2,3]. Here, one considers m upcrossing time instants within the time duration  0,T  given by 0  T0  T1  T2  Tm  T ,
and approximates Fi as Fi 

m

j1





Fij , where Fij  hi*  hi  X T j   0 denotes failure of the i-

th component at time instant Tj . Previous studies on component reliability estimation have
proposed control forces u ij  X  t  , t  which promote the occurrence of Fij . We will briefly
discuss these controls later in this section. Based on this, we deduce a simplifying approximation of the failure event F of the series system as
F

NC
i 1

Fi 

NC m

(5)

Fij
i 1 j 1

which implies that promoting each of the events Fij during simulation will, in turn, promote
failure of the overall system. To facilitate this, we propose to use the ensemble of controls
u ij  X  t  , t  ; i  1, , NC ; j  1, , m to construct the Girsanov’s control u  X  t  , t  . Specifically, we consider a sequence of weights wij ; i  1,

, NC ; j  1,

NC

, m satisfying

m

 w
i 1 j 1

ij

 1,

and define the control u  X  t  , t  such that P u  X  t  , t   u ij  X  t  , t    wij . The existing
1

 NC m

studies have considered normalized weights of the form wij  pij   pkl  , where pij is a
 k 1 l 1


crude estimate of the probability P  Fij  . Strategies to compute pij are discussed in references [2,3].
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3.1 Choice of controls for the instantaneous failure event Fij
In this work, we consider three alternative models for the control u ij  X  t  , t  , which include: an open loop model proposed by Macke and Bucher [3], and two closed loop control
models [2], recently developed by the present authors.
3.1.1 Open loop control
The open loop model for u ij  X  t  , t  is deduced by minimizing a distance function, as in the
first order reliability method. Here, the control force, denoted simply as u ij  t  , is determined
as a solution of the optimization problem which minimizes the function
Tj

 u t 
ij

2

(6)

dt

0

subject to hi  Z T j   h and Z  t   A  Z  t  , t   σ  t  u ij  t  ; Z  0   X 0 .
*
i



Subsequently, P  Fij  is approximated by pij    ij



Tj

S , where  
2
ij

 u t 
ij

2

dt and

0

   is the standard Gaussian distribution function.
3.1.2 Closed loop control based on approximation of the ideal control
For a linear system, one can analytically derive a control force that can estimate P  Fij  with
zero sampling variance. Such a control is known as an ideal control for estimation of P  Fij  .
For a nonlinear system, with linear performance measure given by hi  X  t    H i X  t  , a
strategy to deduce a suboptimal control has been developed. The method employs linearizaij
tion of the system about a deterministic reference trajectory X ref
 t  ;0  t  T , and the control is subsequently taken as the ideal control for this linearized system. Specifically, the
linearization scheme involves substituting equation (1) by the time varying linear system
(7)
dY  t    E ij  t   Gij  t  Y  t   dt  σ  t  dB  t  ; Y  0   X 0 ; 0  t  T
The terms E ij  t  and G ij  t  are obtained by linearizing the nonlinear drift function
ij
A  X  t  , t  in equation (1) about X ref
 t  ;0  t  T as

G ij  t  

ij
Here, X ref

A  X  t  , t 
X  t 

ij
X  t   X ref
t 

(8)

ij
E ij  t   A  X ref
 t  , t   G ij  t  X refij  t 
is taken as the response of the nonlinear system to the open loop control u ij  t  , in

the absence of random excitation. Consequently, a suboptimal closed loop control can be
deduced as
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1

 hi*  Ti  X  t  , t     hi*  Ti  X  t  , t  
S 
   
  σ t T ψ ij T , t (9)
j 
j 
ij


u  X t  , t   i
1  
  j 
i
i

 

 Tj  t  
 Tj  t 
 Tj t 

 





Here, ψ ij Tj , t   H i θij T j , t 

θlij T j , t  ; l  1,



with θij Tj , t   θ1ij T j , t  θ2ij T j , t 

T

θ ijp T j , t  . Each

, p is the response at time T j of the deterministic time varying system

dZ   = G ij   Z   d ;  t with initial condition Z  t  set to zero everywhere except at
the l-th component which is set to unity. The quantities Ti j  X  t  , t  and  Ti j  t  in equation
(9) are given by
Tj

  X  t  , t   ψ ij T j , t  X  t    ψ ij T j , r  E ij  r  dr
T

i
Tj

T

t



i
Tj

t 

2

Tj

(10)

 S  ψ ij T j , r  σ  r  σ  r  ψ ij T j , r  dr
T

T

t







To compute the weight wij , P  Fij  is approximated by pij    hi*  Ti j  X 0 , 0  Ti j  0  .
3.1.3 Closed loop control based on deterministic optimization
From equation (9) it can be seen that the closed loop control developed in the previous section is a function of the intensity of the input excitation. Following this, one can construct an
alternative closed loop model for u ij  X  t  , t  , by considering an asymptotic case as the
noise intensity tends to zero. Denoting u ij  X  t  , t   lim u ij  X  t  , t  , where S is the intensiS 0
ty of the Gaussian white noise input, one would get

u ij



 h*  Ti  X  t  , t 
 Sσ t T ψ ij T , t ; for  i  X t , t   h*
j 

  j 
 
Tj 
2

i
 Tj t 
X t  , t  

; for Ti j  X  t  , t   h*
 0







(11)

It is interesting to note, that u ij  X  t  , t  in equation (11) can also be deduced by solving the
distance minimization problem in equation (6) multiple times during numerical integration,
for a sequence of initial conditions of the ordinary differential equation (ODE). Specifically,
when the modified SDE in equation (2) is at a state X  t  at time t, one determines the optimal vij  s  ; t  s  T j which minimizes the function
Tj

  v  s 
ij

2

ds

(12)

t

subject to hi  Z Tj   hi*and Z  s    E ij  s   Gij  s  Z  s   σ  s  vij  s  ; Z t   X  t  .
The state dependent control u ij  X  t  , t  is then obtained by defining u ij  X  t  , t   vij  t  .
Since, X  t  varies over different simulation runs, the constraint in equation (12) is stochas-
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tic in nature, and hence, the resulting control will be a stochastic process. This interesting
link, which connects u ij  X  t  , t  with the distance minimization problem suggests that for
nonlinear systems an improvisation can be made by solving the optimization directly for the
nonlinear system at hand, after modifying the constraint ODE in equation (12) as
Z  s   A  Z  s  , s   σ  s  vij  s  ; Z  t   X  t  . This would provide a leeway to establish
closed loop Girsanov’s controls for nonlinear systems without employing linearization
schemes. However, we do not implement this improvisation in the present study. The closed
loop control in equation (11) is employed in the numerical illustration presented in the subsequent section.

4 Numerical illustration
For numerical investigation, we consider a 5-dof geometrically nonlinear oscillator driven by
random support excitation, as shown in figure 1. Here, springs 1 and 6 exhibit linear behaviour, while springs 2-5 possess cubic nonlinearity. The governing equation of motion is given
by

Figure1: 5-dof nonlinear oscillator under random support excitation
MX  t  + CX  t   KX  t   F  X  t    Cxg  t   Kxg  t  ;
X  0  = 0, X  0   0;0  t  T

where, X  t    X1  t 



F  X  t   f1  X  t 

X 5  t  and   1
T



f5  X  t 

f5  X  t   5  X 5  t   X 4  t   ,
3

T

with

(13)

1 . The vector F  X  t   is given by
T

f1  X  t   2  X 2  t   X1  t   ,
3

fi  X  t   i  X i  t   X i 1  t    i 1  X i 1  t   X i  t  
3

3

;i=2,3,4, The numerical values of the parameters in matrices M and K are taken as
m1  10000 kg , m2  7000 kg , m3  4000 kg , m4  6000 kg , m5  3000 kg , k1  2 106 N m ,
k2  3 106 N m , k3  106 N m , k4  5 106 N m , k5  4 106 N m and k6  6 106 N m .
The matrix C is computed by assuming 5% damping in all the five modes when the system is
linear (i.e., i  0; i  2, ,5 ). The support excitation xg  t  is taken as a filtered
nonstationary Gaussian white noise excitation obtained as
xd  t   2 d d xd  t   d2 xd  t   e  t W  t 
xg  t   2 g  g xg  t    g2 xg  t   2 d d xd  t   d2 xd  t 
xg  0   0, xg  0   0, xd  0   0, xd  0   0
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(14)

where, W  t  is the zero mean Gaussian white noise with intensity S  9 m 2 s3 . It is assumed
that e  t   Ao  e t  e t  with Ao  2.4 ,   0.13 s and   0.43 s . In addition, the

numerical values of the parameters of the linear filter considered are d  0.3 , g  0.6 ,

d  10 rad/s , g  0.3 rad/s . In the numerical work, three sets of values of the parameters
i ; i  2,

,5 are considered, which are denoted as : (i) case 1: i  0; i  2,

,5 (a linear

2  2.5 107 N m3 , 3  2.5 106 N m3 , 4  2.5 107 N m3 ,
5  5 106 N m3 and (iii) case 3: 2  12.5 107 N m3 , 3  12.5 106 N m3 ,
4  12.5 107 N m3 , 5  2.5 107 N m3 . For numerical integration of the SDE, a fourth
order explicit stochastic Runge-Kutta method [7], with a time step of t  0.005s is used.
system), (ii) case 2:

To construct
the series system, two performance measures of the form
h1  X  t    X 1  t   xg  t  and h2  X  t    k6  X 5  t   xg  t   are considered. Accordingly,
the



failure

probability



to

be

estimated

is

Fi  hi*  max hi  X  t   ; i  1, 2 and T = 25s.
0 t T

given

PF  P  F1

by

F2  ,

with

The following nomenclature is now

introduced: (i) method 1: Girsanov’s transformation with closed loop controls
u ij  X  t  , t   u ij  X  t  , t  described in section 3.1.2, (ii) method 2: Girsanov’s

transformation with closed loop controls u ij  X  t  , t   u ij  X  t  , t  described in section
3.1.3,
(iii) method 3: Girsanov’s transformation with open loop controls
ij
u  X  t  , t   u ij  t  described in section 3.1.1, and (iv) method 4: large scale Monte Carlo
simulation. A total of 240 up-crossing time instants, in the time window 2.5s-8.5s, have been
selected to determine the control forces in methods 1-3. Sample realizations of the controls
leading to up-crossing of thresholds h1*  1.6m and h2*  2375kN at 5s by the performance
measures h1  X  t   and h2  X  t   in case 1 are shown in figures 2 and 3 respectively.

40
Method 1
Method 2
Method 3

30

2

u(t) (m/s )

20
10
0
-10
-20
-30

0

1

2

t (s)

3

4

5

Figure 2: Sample realizations of the control force leading to up-crossing of threshold
h1*  1.6m at 5s by response metric h1  X  t   in case 1
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Figure 3: Sample realizations of the control force leading to up-crossing of threshold
h2*  2375kN at 5s by response metric h2  X  t   in case 1
To estimate PF , a sample size of N = 250 has been considered in methods 1-3. To implement
method 4, a sample size of 107 is used. For reliability estimation, five pairs of theshold
values are chosen in cases 1-3. In each case, and for each threshold pair, the mean and
coefficient of variation,  P̂ , of the failure probability estimator in methods 1-3 are computed
F

from 20 independent realizations of P̂F , obtained by running the reliability calculations 20
times. The results for cases 1-3 are reported in tables 1-3 respectively. Based on these results,
it may be observed that the failure probability estimates obtained from methods 1-3 show
satisfactory agreement with the estimates obtained from large scale Monte Carlo simulation
(method 4) in most of the cases. Further, the values of  P̂ reported in the tables show that in
F

cases 1 and 2, the closed loop controls achieve significant variance reduction compared to the
open loop controls. In case 3, both the control force models show comparable performance.
In addition, we also note the CPU time required to implement methods 1-3 on a Intel(R)
Core(TM) i7-3770 CPU@3.40GHz processor. For instance, in case 1 for h1*  1.3m and
h2*  2000kN , the time required to obtain a single realization of P̂F is approximately 105.3s,
94.1s and 78.3s for methods 1, 2 and 3 respectively. The corresponding time required in case
2 for h1*  1.3m and h2*  2250kN is approximately 2593.1s, 2577.9s and 2541.4s for
methods 1, 2 and 3 respectively. Since, the open loop controls can be analytically determined
in case 1, the computational time is much less in this case. To compare the usefulness of the
proposed closed loop control based methods over a direct simulation study (method 4), it
may be noted that for case 2 with h1*  1.3m and h2*  2250kN , method 4 will require

approximately N  8.7 106 samples (approx. 1.8 106 s CPU time) and N  3.5 106
samples (approx. 7.4 105 s CPU time) to achieve the same coefficient of variation as
obtained from methods 1 and 2 respectively. While the effort needed to determine the closed
loop controls is independent of the order of the failure probability being estimated, it is well
known that the sample size needed to estimate PF by method 4, with  % coefficient of
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variation, depends on the magnitude of PF and is given by N  1  PF 

0.01  P  . Thus,
2

F

as the magnitude of PF decreases, the proposed methods 1 and 2 become increasingly
advantageous in reducing the variance of the failure probability estimator compared to a
direct Monte Carlo simulation study.
Table 1: Estimates of P̂F from methods 1, 2, 3 and 4 in case 1
h1* , h2*

Method 1

Method 2

Method 3

Method 4

P̂F

 P̂

P̂F

 P̂

P̂F

 P̂

P̂F

1.10, 1600

2.302 103

0.081

2.420 103

0.082

2.316 103

0.145

2.252 103

1.20, 1750

4.798 104

0.068

4.972 104

0.075

4.954 104

0.133

4.833 104

1.30, 2000

4.537 105

0.059

4.772 105

0.083

4.949 105

0.146

4.910 105

1.40, 2250

5.280 106

0.064

5.470 106

0.077

5.892 106

0.186

5.400 106

1.60, 2375

1.849 107

0.053

1.904 107

0.077

2.064 107

0.199

2.000 107

(m, kN)

F

F

F

Table 2: Estimates of P̂F from methods 1, 2, 3 and 4 in case 2
h1* , h2*

Method 1

Method 2

Method 3

Method 4

P̂F

 P̂

P̂F

 P̂

P̂F

 P̂

P̂F

1.05, 1750

2.334 103

0.098

2.515 103

0.099

2.596 103

0.144

2.472 103

1.20, 2000

2.131104

0.074

2.181104

0.087

2.685 104

0.144

2.433 104

1.30, 2250

2.900 105 0.060

2.948 105

0.095

3.608 105

0.177

3.195 105

1.40, 2500

3.895 106

0.098

3.919 106

0.112

4.314 106

0.159

4.108 106

1.50, 2625

5.307 107

0.096

5.399 107

0.115

7.153 107

0.116

6.039 107

(m, kN)

F

F

F

Table 3: Estimates of P̂F from methods 1, 2, 3 and 4 in case 3
h1* , h2*

Method 1

Method 2

Method 3

Method 4

P̂F

 P̂

P̂F

 P̂

P̂F

 P̂

P̂F

1.00, 1875

3.487 103

0.127

3.602 103

0.131

4.210 103

0.154

4.117 103

1.10, 2250

4.192 104

0.123

4.181104

0.122

4.635 104

0.124

4.293 104

1.20, 2625

4.636 105

0.113

4.831105

0.112

4.574 105

0.174

4.170 105

1.35, 2750

2.209 106

0.133

2.251106

0.208

4.429 106

0.172

3.800 106

1.40, 3000

3.866 107

0.155

4.024 107

0.173

6.559 107

0.201

2.000 107

(m, kN)

F

F
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F

5 Conclusions
The study proposes a strategy to apply Girsanov’s transformation based importance sampling
method in estimating time variant reliability of series systems. The key contribution of this
work is to provide an approach for extending the Girsanov’s controls for component reliability analysis to tackle the system reliability problem. As a consequence, we obtain two alternative strategies to establish closed loop control forces for the series system. The first approach
is based on an approximation of component level ideal controls, where presence of system
nonlinearity is tackled by employing a linearization scheme. In the second approach, a closed
loop control is deduced by solving a distance minimization problem at every time step of
numerical integration. Numerical studies on a randomly driven mdof nonlinear oscillator
show that the proposed closed loop controls result in a variance reduced estimator for the
probability of failure, with a manageably small sample size.
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Abstract: The accuracy of the output quantities of stochastic problems in engineering requires the use of random input that correctly represents the entire sample space of the input quantities. For example, studies involving infrastructure reliability assessment, risk estimation, and community resilience
require an accurate description of the regional hazard, which through the use
of simulation-based techniques could be quantified by realizations of a twodimensional ground motion intensity measure field. The selection of a few such
realizations could be made with a technique called Functional Quantization by
Infinite Dimensional Centroidal Voronoi Tesselation (FQ-IDCVT). This is a
technique for the optimal selection (in the mean-square sense) of a predefined
number of samples of a random function with their associated weights. Although,
previous applications of FQ-IDCVT demonstrate that the technique works particularly well with different types of random fields (Gaussian / non-Gaussian,
homogeneous / non-homogenenous), the computational cost often becomes an
issue when multi-dimensional fields are at hand, because it scales linearly with
the size of the domain and the resolution that is used. To address the issue of the
escalating computational cost, in this paper the implementation of several accelerated clustering techniques is investigated. A quality check for each algorithm
is performed by comparing the accuracy and efficiency of each methodology
against a benchmark.

1 Introduction
In almost twenty years, the interest of researchers for uncertainty quantification and number of
scientific articles about probabilistic analysis grew substantially. This increased use of stochastic models in science and engineering is mainly due to the increased computational capability
of modern electronic devices. However, these technological improvements are not yet sufficient
to make probabilistic models the standard of practical engineering applications and, therefore, a
considerable amount of research in improving the efficiency of stochastic computational methods is still necessary.
When a probabilistic simulation-based approach is adopted, several applications in civil engineering require efficient computational methods, due to both the large scale of the problem and
the high number of random experiments required to accurately represent the uncertainty associated with it. Infrastructure reliability assessment, risk estimation, and community resilience
analysis performed at the regional scale are typical examples of these applications [9, 6].
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In all these cases, Functional Quantization by Infinite-Dimensional Centroidal Voronoi Tesselation (FQ-IDCVT) can be used to reduce the complexity of the stochastic problem. FQ-IDCVT
is a technique for the optimal selection (in the mean-square sense) of a predefined number N of
samples (“quanta”) of a random function and their associated weights [13]. To select this optimal set of samples, an IDCVT must be built. It has been proven that the IDCVT corresponds to
N regions of the functional space where the mean-square quantization error is minimized.
In previous works, FQ-IDCVT has been built using a methodology based on Lloyd’s method
[10]. The drawback of this algorithm is its high computational cost, which is an issue especially
for applications dealing with multi-dimensional random fields or when high-resolution is required. To address this issue, several clustering techniques are investigated to compare both the
computational cost and accuracy with respect to a benchmark solution.
After this introduction, the second section describes how clustering fits in the FQ-IDCVT framework. In the third section, the clustering techniques employed in the paper are described. In the
fourth and fifth section the numerical results and conclusions are presented, respectively.

2 Functional Quantization
Voronoi Tessellation

by

Infinite-Dimensional

Centroidal

Functional Quantization (FQ) is a technique for the optimal representation of a random function with a finite number of samples and their weights [11]. In particular, the FQ approach
consists of approximating a generic random function F with another random function FN ,
which can be fully described in a probabilistic sense by a finite number of N carefully seN
N
lected samples { fi }N
i=1 and their associated weights {pi }i=1 such that ∑i=1 pi = 1. Therefore,
FQ approximates a random function with a “simple function” instead of using parametric representations, such as Karhunmen-Loève expansion or Spectral Representation. Specifically, multidimensional FQ considers a random function F(ξ , ω) defined in the probability space (Ω, F , P)
as F : Ξ × Ω → R, where Ξ is the (multi-dimensional) space domain in Rn , Ω is the sample
space, ξ is a point in Ξ and ω is a point in Ω [3].
A random function as defined above could also be interpreted as a random variable F(ω) with
values in the space of square integrable functions: F : Ω → L2 (Ξ). Therefore, every outcome ω
of the sample space is mapped by the random function to a certain n-dimensional realization in
the L2 (Ξ) space.
On the other hand, the random function FN , which approximates F, is defined as:

N
1, if ω ∈ Ωi
FN (ξ , ω) = ∑ fi (ξ ) · 1Ωi (ω);
1Ωi (ω) =
(1)
0, otherwise.
i=1
where the representative functions { fi (ξ )}N
i=1 are called “quanta” and 1Ωi is the indicator function associated with the event Ωi ⊂ Ω. Therefore, the probability space Ω is partitioned into a
mutually exclusive and collectively exhaustive sets {Ωi }N
i=1 . Each event Ωi has an associated
probability P(Ωi ) and a representative function fi (ξ ), which is called “quantum”. Quantum
fi (ξ ) represents all the sample functions associated with the ωs belonging to event Ωi . In summary, the approximation FN maps all outcomes ω ∈ Ωi to the same quantum fi (ξ ), whereas the
random function F maps each outcome ω to a different realization.
The principal characteristic of FQ is its optimality criterion, which is the mean square convergence of the approximate representation FN to the actual random function F. Therefore, in
N
principle the quanta { fi (ξ )}N
i=1 selected by FQ to represent the various {Ωi }i=1 are always
going to be optimal (in the mean-square sense) for a specific number N, called “quantizer size.”
The same process of partitioning and approximation can also be seen in the space of square integrable functions L2 (Ξ). From this perspective, the L2 (Ξ) space is tasseled into {Vi }N
i=1 , where
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each tassel Vi collects all the realizations corresponding to F(ω) with ω ∈ Ωi . Therefore, FQ
2
induces a tessellation {Vi }N
i=1 in the L (Ξ) space and consequently a corresponding partition
{Ωi }N
i=1 of Ω. Based on this partition, the probability P(Ωi ) associated with each event is computed. Given the relationship between the two spaces, the probability PF (Vi ) is equal to the
associate P(Ωi ).
In order to construct the tessellation {Vi }N
i=1 and compute the corresponding weights, Miranda
and Bocchini [13] developed FQ-IDCVT. This technique is based on the idea of Voronoi Tessellation (VT), which is a process of partitioning a finite-dimensional Euclidean space Rn into
regions {Ti }N
i=1 called “Voronoi tassels.” Each tassel has a generating point and is defined as:
Ti = {y ∈ Rn

| ky − ŷi k < ky − ŷ j k

for j = 1, 2, ..., N; j 6= i}

(2)

where k · k is the Euclidean norm. According to Equation (2), all the points y ∈ Rn that belong to
tassel Ti are closer to the generating point ŷi than to any other generating point ŷ j6=i . A special
case of VT is the Centroidal Voronoi Tessellation (CVT), where each generating point ŷi , is
also the centroid of the tassel Ti and is expressed as ȳi . Miranda and Bocchini [13] extended
the concept of CVT to the infinite-dimensional space of square integrable functions L2 (Ξ), in
which case a tassel is defined as follows:
Ti = {F(ω) ∈ L2 (Ξ) | kF(ω) − fˆi kL2 (Ξ) < kF(ω) − fˆj kL2 (Ξ)

for j = 1, 2, ..., N; j 6= i} (3)

where fˆi is the generating point of Ti and k · kL2 (Ξ) is the L2 (Ξ) norm. Equation (3) denotes that
all realizations F(ω) closer to fˆi than any other fˆj6=i are clustered in Ti . In this specific case
N
¯ N
the generating points { fˆi }N
i=1 are also the centroidal points { f i }i=1 of {Ti }i=1 . The tassels that
are generated to construct a CVT by Equation (3) will be used as the tassels in the FQ sense.
Therefore, Ti ≡ Vi and fˆi ≡ f¯i ≡ fi .
To impose convergence of the approximate representation FN to the random function F, the
following functional called “distortion” needs to be minimized:
∆({Vi , fi }N
i=1 ) =

N Z

∑

i=1 Vi

k f (ω) − fi kL2 (Ξ) dPF

(4)

Luschgy and Pagés [11] proved that a global minimizer exists, and Miranda and Bocchini [13]
proved that this minimizer has to necessarily correspond to a CVT of L2 (Ξ), that is equivalent
to an IDCVT, but may not be unique.
For practical applications, usually a large and representative set of samples of the random functions is considered, and through the construction of the IDCVT, they end up being grouped (or
clustered) into N tassels according to the minimum k · kL2 (Ξ) norm. This clustering process can
be performed in several ways, some of which do not yield a IDCVT. In particular, when a finite
number Nsim of samples is used to represent the L2 space, the integral in Equation (4) is replaced
by a sum:
N Nsim

∆({Vi , fi }N
i=1 ) = ∑

∑ kF(ω j ) − fikL2(Ξ) · 1Ωi (ω)

(5)

i=1 j=1

The function F and so each of its realizations F(ω j ) are discretized with a resolution equal to
R [3].
Miranda and Bocchini [13] adapted Lloyd’s Algorithm used in a finite-dimensional Euclidean
space and extended it to cluster random functions for FQ-IDCVT. The algorithm proceeds as
follows:
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1. Randomly selects N out of Nsim realizations as the initial quanta { fi }N
i=1
2. Performs a Voronoi tessellation of the L2 (Ξ) space
3. Updates each quantum with the average of the samples in the cluster
4. Returns to Step 2 until the functional distortion in Equation (5) converges to a stable value
To guarantee that convergence has been met, i.e. Equation (5) has been minimized, the algorithm
should stop when in one iteration all realizations remain in the same cluster.

3 Clustering Algorithms
In this section, we will provide first a conceptual overview of the benchmark algorithm (Lloyd’s
algorithm with exhaustive search) and then describe the four alternatives that we have selected
and considered for the quantization process. These algorithms were developed in the field of
machine learning and data mining in computer science and adapted herein to cluster random
functions.
For example, the first alternative preserves the general scheme of Lloyd’s algorithm, but takes
advantage of the principle of triangle inequality to construct the VT [4, 7]. The other alternatives
replace completely Lloyd’s approach, and they are hierarchical classification tree, k-nearestneighbor, and k-D Tree nearest-neighbor. There are other clustering techniques that have not
been covered in this survey, adopting different machine learning methods, such as Support Vector Clustering, AdaBoost, and Self Organizing Maps [15, 8].

3.1

Lloyd’s Algorithm with Exhaustive Search (LX)

The simplest and most accurate way to form a VT of the L2 space in step 2 of Lloyd’s algorithm
is to perform an exhaustive search. This means that at each iteration of the algorithm, the distances between each realization F(ω j ) and all quanta { fi }N
i=1 are computed, and each realization
is assigned to the cluster of the closest quantum. Although this basic clustering algorithm is conceptually straightforward, its computational cost is an issue when multi-dimensional fields are
considered and the resolution R is large. The complexity of Lloyd’s algorithm with exhaustive
search is O(Nsim · N · R · T ), where T is the number of iterations needed to meet convergence.
The solution of this operation is not unique because it depends on the initial selection of the
random quanta in step 1 [15]. However, the numerical examples presented in [13] show that the
choice of initial quanta leads to different solutions but with extremely similar distortion (less
than 0.5%). This means that the clustering algorithm may converge to local minima, which are
very close to the global minimum.
Arthur and Vassilvitskii proposed a variant called “k-means++” which selects an optimal initial
set of quanta and allows LX to reduce the number of iterations required to reach convergence
[1].

3.2

Lloyd’s Algorithm Combined with Elkan’s Algorithm (LE)

Elkan’s algorithm replaces the exhaustive search in Lloyd’s Algorithm with a more efficient
technique for the construction of the VT (i.e., step 2). It performs much better than LX when
either the number of quanta or the resolution of the problem are large [4, 7]. In particular, the
algorithm reduces the number of distances calculated by exhaustive search by leveraging the
triangular inequality:
kF(ω j ) − fm k ≤ kF(ω j ) − fn k + k fn − fm k
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(6)

Where F(ω j ) is a generic realization and fm , fn are two generic quanta. From the inequality, it
can be proven also that if kF(ω j )− fm k ≤ 0.5·k fn − fm k, then it is also true that kF(ω j )− fm k ≤
kF(ω j ) − fn k and it is not necessary to compute kF(ω j ) − fn k [4]. The algorithm proceeds
iteratively as Lloyd’s Algorithm, but before computing the distance between a realization and
the updated quanta in the current iteration, it first determines which quanta are candidates to
be the closest, using the mentioned inequality and a system of upper- lower-bounds [7]. The
complexity of Elkan’s algorithm is O(Nsim · N · R + N 2 · R · T ), with T being the number of
iterations to meet convergence.

3.3

Hierarchical Classification Trees (CT)

A classification tree algorithm searches for similarities among the Nsim realizations in L2 (Ξ),
and groups them together in one of two possible ways. The first approach is agglomerative
(bottom-up), which means that each of the Nsim realizations represents a cluster itself, and then
pairs are iteratively merged to form larger clusters based on the L2 norm until N clusters are
reached. Although several criteria for merging the clusters are available, in this study, the L2
norm is computed among the centroids of the clusters. The second approach is divisive (topdown), which means that the clustering process initially assumes that all the Nsim realizations
are in one cluster. Then the algorithm separates these elements binarily into subgroups using a
threshold, until N subgroups are reached [8].
Most of the CT algorithms are agglomerative [8], and thus only this type of CT is considered
in this study. The complexity of the agglomerative CT is O((Nsim − N)2 · R), which means it
requires at most (Nsim − N)2 operations times the resolution R to complete the classification of
Nsim realizations into N clusters. This algorithm becomes slow for large datasets [12].
Even though this algorithm uses the L2 norm, and represents the clusters using the centroids
(i.e., the quanta), it does not attempt to create a CVT of the space, nor do the following two
alternatives.

3.4

Exhaustive k-Nearest Neighbor Search (KN)

The basic idea behind the exhaustive k-Nearest Neighbor search algorithm is to evaluate the
proximity of each realization with its neighbor quanta. The neighborhood is defined as a hypercube centered at the realization to be classified, and the size of the hypercube expands by
increments δ until k quanta are enclosed in the neighborhood. Defining if a quantum belongs
to a hypercube can be done simply by looking at inequalities, and it is much faster than computing the distance from the realization. In the exhaustive version of the algorithm, parameter
k coincides with N. Once the neighbor quanta have been identified, there are several criteria to
assign a realization to one of them. However, in this study, each realization is assigned to the
closest quanta in the neighborhood based on the L2 norm. Also, the initial estimate of the N
quanta is computed using an exhaustive search for a random subset of Nsim of size equal to 4 · N.
The complexity of this initialization is O(N), while the complexity of the search algorithm is
O(Nsim · N · R). A variant of this technique, combines KN with classification trees in subregions
of the domain. One example is the k-D Tree method [2] that follows.

3.5

k̄-D Tree (KD)

The k̄-D Tree algorithm is a generalization of the binary tree in the k̄ dimensional space
Rk [2]. In our case, parameter k̄ is equal to the resolution R of the realizations. The entire space is split into binary cells using hyperplanes perpendicular to selected directions at
certain thresholds. The hyperplanes are in general perpendicular to the k̄-dimensional axes.
For instance, in a 4-D space, the four hyperplanes would be perpendicular to the directions
(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), and (0, 0, 0, 1), although other directions can be chosen. The
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threshold is typically chosen to be the median of the points’ coordinates along the axes in each
cell, but other approaches are also valid. The splitting operation is repeated recursively until
each cell includes one quantum. Then, KN is performed within each cell independently. Usually, each neighbor stops growing when it reaches the first quantum (i.e., parameter k of KN is
equal to 1, and it should not be confused with parameter k̄ of KD, which is equal to R). The complexity for training the k̄-D Tree is O(N · logN) because in general each visited node of the tree
reduces the number of points by half [7]. The searching process has complexity O(k · Nsim · R).

4 Numerical Example
To compare the performance of the algorithms described in the previous section, a 1D nonstationary random process was used as numerical example. All the numerical simulations were
performed with the commercial software MAT LAB R [14] installed on a workstation with 64GB
of RAM and two Intel R CPUs Xeon E5-2620 with six cores and frequency equal to 2.0GHz.
In this example, 3, 000 realizations were generated for this process characterized by the following spectral density function SFF (ω) and modulating function A(t), depending on the radial
frequency ω and time t respectively.
SFF (ω) =

σ 2 · b3 · ω 2
· exp (−b · |ω|)
4


3·t

if t 6 P3
P
1
A(t) = 1
if
3 <t 6


3·P
exp[−0.02 · (t − 5 )] if t > 3·P
5

(7)
3·P
5

The coefficients σ and b are the standard deviation and the correlation parameter of the random process, set equal to 2.0 and 1.0 respectively, while P is a parameter of the modulating
function, which depends on the number of points in the frequency domain Nω and the cutoff
ω
frequency ωu . In this example, P is equal to 2πN
ωu , with Nω = 32 and ωu = 3.14 rad/s. A set

Figure 1: The figure shows five random samples out of 3, 000 realizations of a uni-dimensional, nonstationary random process with zero mean, standard deviation σ = 2.0 and correlation parameter b =
1.0.
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Table 1: Discretization of the random process.
Type of Process

Parameter R - Random process’s discretization size

1D Non-Stationary 128 256 512 1,024 2,048

4,096

8,192 16,384

32,768

65,536

131,072

of 5 random realizations for this process is shown in Figure 1. FQ-IDCVT was performed on
the Nsim samples and each sample was discretized with R points in the time domain. This means
that as parameter R increases, the numerical approximation of the random function F improves.
The drawback is that in such a case the computational cost increases. If a d-dimensional random
field with resolution R is analyzed, the computational cost increases proportionally to Rd . In this
example, eleven independent cases for the resolution R were considered, as listed in Table 1.
In each case, FQ-IDCVT was performed with each of the five algorithms investigated. Four
out of five algorithms (i.e., LX, CT, KN, and KD) are standard tools of the Statistics and Machine Learning Toolbox of MAT LAB R [14]. The code for Elkan’s classification algorithm was
retrieved from [5]. The performance of each algorithm is measured in terms of computational
time and relative distortion (RD) with respect to LX, which is considered the reference. RD was
estimated using:
N
∆({Vi , fi }N
i=1 )LX − ∆({Vi , f i }i=1 )z
(8)
RD =
∆({Vi , fi }N
i=1 )LX
where z = (LE, CT, KN, KD). Figure 2 displays a comparison of the computational time and

Figure 2: (a) computational time required by each algorithm to perform FQ-IDCVT with 3, 000 samples
for different discretization sizes of the random process; (b) relative distortion between Lloyd’s algorithm
with exhaustive search (LX), Lloyd’s algorithm with Elkan’s method (LE), Classification Tree (CT),
k-Nearest Neighbor (KN), and k̄-D Tree algorithm (KD) for different resolutions.
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the relative distortion among the algorithms and the benchmark solution. Figure 2a shows that
the computational cost increases as the discretization size increases, and that the performance
among the algorithms varies by almost two orders of magnitude. As expected, for large samples,
the CT is the algorithm with the highest computational time, while the fastest algorithms for the
quantization are KN, and KD. When KN, and KD are compared to LX, the computational time
is about 1.5 orders of magnitude smaller for values of R greater than 1,024. For relatively small
values of R, LE is similar to LX, because the cost of computing distances is comparable to the
time that the algorithms requires to check the triangle inequalities with the other quanta.
In terms of constructing the CVT tessellation, because only LX and LE are iterative procedures,
they can construct a CVT, while CT, KN, and KD are not iterative and do not construct a CVT.
In this example, for CT, KN, and KD the percentage of realizations to be rearranged in order
to achieve a CVT is in the range of 15-25%, as shown in Table 2. Finally, the LE algorithm is
about 66% faster than LX and about one order of magnitude slower than KN and KD, but it is
the most accurate alternative to LX. For instance, Figure 2b shows that despite the size of the
parameter R, the LE algorithm is always the one that finds quanta with the minimum distortion,
and thus the closest to Lloyd’s Algorithm with exhaustive search. All the other algorithms also
provide values of the relative distortion that are not sensitive to the discretization parameter R.
CT gives values of the relative distortion in the range 2.0 − 2.5% while the relative distortion
obtained with KN and KD oscillates around 3.0%.
Figure 3 shows a graphical representation of the computational time versus the relative distortion obtained with all clustering algorithms for a fixed value of the resolution R equal to 128;
1,024; 16,384 and 131,072. In each subplot, a vertical line indicates the benchmark solution
with respect to time. Algorithms falling to the right of the line are not computationally efficient.

Figure 3: Time vs Relative Distortion for different values of the random process’s discretization parameter R = 128, 1,024, 16,384, and 131,072.
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Table 2: Summary of results

Algorithm CVT CVT Achieved
[%]
LX
LE
CT
KN
KD

3
3
7
7
7

100.0
100.0
78.1
86.8
76.6

Comp. Time
[sec.]

Rel. Distorion
[%]

[2.5 - 2.9e+3]
[3.0 - 0.8e+3]
[16.4 - 7.1e+3]
[0.5 - 0.08e+3]
[0.4 - 0.09e+3]

N/A
[0.4 - 0.8]
[2.3 - 2.6]
[2.5 - 3.2]
[2.4 - 3.5]

The best compromise is represented by the point closest to the origin, which turns out to be EL
for high resolutions and LX for low resolutions.

5 Conclusion
In this paper the computational efficiency of five clustering algorithms was investigated when
FQ-IDCVT of a random function was performed. Among these algorithms, Lloyd’s Algorithm
with exhaustive search was used as the benchmark solution.
The results of the analyses show that among the four algorithms compared to LX, Elkan’s
algorithm is the most accurate, with a relative distortion equal to 0.6%, while KN, KD, and
CT are in the range of 2.3 − 3.5%. The lowest value observed in this range is obtained with
the classification tree algorithm. On the other hand, KN and KD are faster than LX by 1.5
orders of magnitude while Elkan’s algorithm is only 66% faster than the benchmark approach,
and the classification tree algorithm is the slowest. According to these results, the clustering
algorithm that provides the best trade-off in terms of accuracy and efficiency for the functional
quantization of multi-dimensional random field seems to be Elkan’s algorithm.
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Abstract: Having the advantage of high strength to weight ratio, composite materials have found applications in a wide range of industries; for example in civil,
automotive, aircraft, and structures among others. The individual constituents of
the composite – in our case fibers in a binding matrix – possess physical properties that have inherent randomness due primarily to variability and imprecisions
in manufacturing. This randomness in the constituents leads to uncertainty in
the bulk properties of the composite material. Randomness in the geometrical
parameters like fiber radius, fiber orientation, etc. also contributes to the uncertainties in bulk properties. The challenge in quantifying these uncertainties is that
computational models of fiber-reinforced composite materials are complex and
computationally expensive and must be solved using large finite element (FE)
simulations. Thus when performing uncertainty quantification for such applications, one must limit the total number of full model evaluations performed. In this
work, a gradient based adaptive stochastic collocation method is proposed. This
method has the advantage of tracking discontinuities efficiently and converges
rapidly when approximating locally smooth functions. The proposed method is
also well suited to high-dimensional stochastic problems and is independent of
the complexity of the deterministic model because of its non-intrusive nature. In
the present study, a 2-D unidirectional composite unit cell model with interface
damage is considered and variations in output quantities of interest (e.g., total
expended energy) are modeled using a surrogate surface constructed as a function of the various input uncertainties (both geometric and material parameters)
using this stochastic numerical method.

1 Introduction
Solving any particular system using a model with a fixed set of parameters is not a complete
descriptor of the system under study. A complete understanding of a system requires identification of the randomness in the input parameters of the model and mapping the uncertainties in
the inputs to the model output uncertainties.
Among random sampling techniques, the Monte Carlo (MC) method is the conventional
approach in which sets of input parameters are generated according to their probability
distribution and the given model is solved for each set of input parameters, in order to obtain
the output statistics, such as the mean and the variance. This non-intrusive approach is very
easy to implement and the convergence rate is independent of the number of random input
parameters in the model, but the convergence rate itself is very slow. This is due to random
clustering and scattering of points in the input domain. The convergence rate has been improved
by using approaches like Latin Hypercube sampling (LHS) [6, 17] and Quasi Monte Carlo
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Methods [13]. Monte Carlo sampling can be combined with approaches like Artificial Neural
Networks [19], In-situ Adaptive Tabulation (ISAT) [14], the Inverse Distance Weighted (IDW)
[16] technique and Kriging [15] to approximate the output values in addition to the output
statistics.
A very popular technique among the deterministic sampling methods is the Stochastic Collocation method. This method works by choosing a set of pre-selected collocation points in
the random domain and then solving the model under study at each of those points. Finally a
response surface is constructed by using either interpolation approaches or discrete projection
approaches [20]. Tensor product approaches [2, 12] from 1-D interpolation functions suffer
from the ‘curse of dimensionality’ [4] where the number of full model evaluations rises
exponentially with increase in the number of stochastic input parameters (dimensions) for
achieving a given accuracy. Sparse grid [3] approaches help in resolving this issue somewhat
by significantly reducing the computational cost compared to the tensor product approaches but
achieves the same accuracy. The interpolation approach using sparse grids [18, 9, 10, 8] ensures
that the surrogate surface always passes through the pre-determined points. These methods
converge very slowly or even fail to converge when approximating response surfaces with
local abruptness or discontinuity. Approaches like dimension-adaptive sparse grid methods [5],
Multi-Element sparse grid interpolation [1], and adaptive sparse grid subset interpolation [11]
have been developed to include adaptivity in the interpolation approach.
The proposed approach is based on the adaptive sparse grid subset collocation interpolation
(ASGC) introduced by Ma and Zabaras [11]. As in the ASGC approach, the current method
also uses linear basis interpolation functions and a ‘hierarchical surplus’ error check which
helps in tracking discontinuities efficiently. In addition, the convergence rate is improved in
the smoother regions of the response surface by performing local 1-dimensional spline interpolations. The smoothness check prior to the spline interpolation is performed by estimating
the change in the successive linear gradient along a straight line of points in any of the input
dimensions. This reduces the number of function evaluations, especially when the response
function is widely smooth, maintaining the same accuracy as in [11].
The rest of the manuscript is organized as follows: In Section 2, the general mathematical
model for any physical system with uncertainties is described. The adaptive sparse grid subset
collocation (ASGC) method and the proposed gradient based sparse grid collocation (GBSC)
method are discussed. Section 3 describes a numerical example to assess the effectiveness of
the proposed method. In Section 4, the proposed GBSC method is applied to a 2-D composite unit cell model with interface damage. Finally, the concluding remarks are given in Section 5.

2 Methodology
2.1

Problem Definition

Let S be a countable event space, Ω be the probability space and X be a multidimensional
random input vector given by X(ω) = {X1 , X2 , X3 , .., XD } where X ∈ RD ⊂ S, ω ∈ Ω. Let O
denote the output of interest which can be vector valued such that O = {O1 , O2 , O3 , ., OJ } ∈ RJ .
We can then write
O(ω) = f (X(ω)), ∀ω ∈ Ω
(1)

where f (.) is a general transformation that is unknown a priori and usually serves as an
alternative/simplified representation of a set of equations. Thus it is of interest to learn f (.)
with as few function evaluations as possible in order to find out the variation of the vector
valued output O with respect to each of the random vector components Xi {i ∈ [1, 2,.., D]}.
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2.2

Stochastic Collocation Interpolation Method

For a function f : [a, b] → R, the one-dimensional interpolation formula is given by:
k

U ( f (x)) =

∑

k

xk ∈X k

axk (x) f (x ) =

mk

∑ axkj (x) f (xkj ),

(2)

j=1

where, x ∈ [a, b], X k = {xk |xk ∈ [a, b]}, axk (x) ∈ [0, 1] ⊂ R1 , axk (xik ) = δi j , {i, j} ∈ [1, 2, ...mk ],
j

j

and mk = number of points in the set X k . For multi-dimensional interpolation, the onedimensional case can be upgraded to obtain a tensor product formula:
(U k1 ⊗ ...... ⊗U kd )( f (x)) =

md

m1

∑

....

j1 =1

∑ (axkj1 (x) ⊗ ...... ⊗ axkjd (x)) f (xkj11 , ...., xkjdd )

jd =1

1

(3)

d

where d is the total number of dimensions
Using similar definitions as in [9], we define U 0 = 0 and the incremental interpolant by:
where,

4k ( f (x)) = U k ( f (x)) −U k−1 ( f (x)), ∀k ≥ 1

(4)

∑

(5)

U k ( f (x)) =

axk (x) f (xk )

xk ∈X k

and

U k−1 ( f (x)) = U k (U k−1 ( f (x)))

Using the property

4k ( f (x)) = U k ( f (x)) −U k−1 ( f (x)),

(6)

it can be shown that

k

U k ( f (x)) = ∑ 4i ( f (x))

(7)

i=1

In the case of a tensor grid, the multivariate interpolant expression is a tensor product extension
of Eq. (20) and is given by,
(U k1 ⊗U k2 ⊗ ....... ⊗U kd )( f (x)) =

k1

∑

kn

.....

i1 =1

∑ (4i1 ⊗ ....... ⊗ 4in )

(8)

in =1

To avoid the curse of dimensionality arising out of the above approach, an alternative is to employ Smolyak sparse grids which use a much smaller subset of the tensor grid points satisfying
|i| ≤ q, where q is the global depth of interpolation. The sparse grid interpolant is defined by,
Aq,d =

where

∑ (4i1 ⊗ ...... ⊗ 4id )( f (x)) = Aq−1,d ( f (x)) + 4Aq,d ( f (x))

|i| = i1 + i2 + .....id , for i = (i1 , i2 , ....id ) ∈ Nd and q ≥ d, q ∈ N
Aq−1,d ( f (x)) =

∑

|i|≤q−1

and
Now,

(9)

|i|≤q

4Aq,d ( f (x)) =

(4i1 ⊗ ...... ⊗ 4id )( f (x))

∑ (4i1 ⊗ ...... ⊗ 4id )( f (x))

|i|=q

4Aq,d ( f (x)) =

∑ ∑ aijwij

|i|=q j

(10)

where aij is the n-dimensional basis function and wij is the hierarchical surplus. Detailed derivation of the above expressions can be found in [9].
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2.3

Adaptive Sparse Grid Collocation

The conventional approach lacks any adaptivity to local discontinuities in the response surface
and only performs a global refinement of points at the next higher level when the hierarchical surplus at any of the points at the current level is beyond the error tolerance. The adaptive
sparse grid collocation interpolation (ASGC) approach introduces adaptivity into the conventional method which efficiently distinguishes between smooth and abruptly varying regions in
the output response surface. The adaptive procedure is based on the tree-like structure of 1-D
equidistant sparse grid points. For each point at the current level, two points are added around
it at the next level. The only exception is at level 2 where a single point is added from each of
the level 1 points. For a d− dimensional random input domain, there will be at most 2dm points
added to the next level if m points at the current points have their hierarchical surplus value
exceeding the tolerance. The added points may be not be a unique set and care must be taken to
avoid redundant model evaluations. This approach with piecewise linear basis functions is very
suitable for tracking discontinuities in a response surface but suffers from slow convergence in
the smoother regions. The proposed approach is an attempt towards improving the convergence
of the response function in the smoother regions while efficiently identifying any discontinuity.

2.4

Gradient based adaptive sparse grid collocation

In the ASGC approach, in the event of tracking down a locally sensitive region in the output
surface, there might be points added for function evaluations in regions where the output
variation is smooth. The proposed gradient-based adaptive sparse grid collocation (GBSC)
approach tries to avoid performing these function evaluations in the smooth regions as much
as possible, hence reducing the computational cost. This is achieved by performing 1-D cubic
spline interpolations in appropriate smooth regions in the random space. If any future point
happens to lie within the cubic spline interpolated regions, then a brute force evaluation can
be avoided by conveniently approximating the output value at that point by cubic spline
interpolation.
Let N be the total number of unique points in the input random domain where the output values
are already known. Let i [i ∈ 1, 2, ....d] denote a particular dimension in the d-dimensional
input random domain. For the dimension i, all points are projected on the hyperplane normal to
the dimension to get N number of (d − 1)-dimensional non-unique projected points. It is then
required to find out the total number of unique points P and the number of co-located points
c j at each of the unique points such that ∑Pj c j = N, where c j ≥ 1. The critical parameter for
this algorithm is Mn which is the minimum number of points for gradient checks in a straight
line along a dimension. If c j > Mn , then the change in the successive linear gradient along the
straight line is used to indicate any abruptness in the output variation. If no significant change is
observed, then the 1-D regions can be approximated by cubic splines using the already existing
points.

3 Numerical Example
In this section, an explicit 2 dimensional C0 −discontinuous function is considered to study
the performance of the gradient-based adaptive sparse grid collocation (GBSC) approach with
respect to the adaptive sparse grid collocation (ASGC) and the conventional sparse grid collocation (CSC) approach. We consider the function in [0, 1]2 as mentioned in [1]
(
0,
if x ≥ 0.5 or y ≥ 0.5,
f (x, y) =
(11)
sin(πx) sin(πy), otherwise
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The exact function is plotted in Figure 1(a) and it is seen that there is a jump discontinuity in
both dimensions. It is also observed that away from the discontinuities, the function is smooth
and in fact has a constant value of 0 in most parts of the domain. The gradient based approach
aims to capitalize on these smooth features of the function.
The approximate function obtained from the GBSC algorithm at the interpolation depth 16
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Figure 1: Performance comparison of 2-D discontinuous function f(x,y)

is shown in Figure 1(b). The input domain for the existing ASGC algorithm and the GBSC
method are shown in Figures 1(c) and 1(d) respectively. From the input domain plots, it is
observed that the total number of full model evaluations is effectively reduced by using the
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GBSC method compared to the ASGC method. This is clear from Figures 1(e) and 1(f) which
shows the maximum absolute error and root mean squared error convergence plots for the
conventional sparse grid collocation (CSC), ASGC and GBSC methods. The effectiveness of
the GBSC method relative to the ASGC and the CSC methods is evident. For an interpolation
depth of 16, the maximum absolute error from the GBSC method is 6.8499x10−4 with 463
function evaluations while the ASGC method requires 1,531 function evaluations for the same
level of accuracy. Thus the GBSC method reduces sampling by more than a factor of 4 relative
to the ASGC method. On the other hand, the CSC method does not seem to converge at all with
13,317 function evaluations for a maximum absolute error of 0.8432.

4 Application to composite materials
After demonstrating the efficiency of the GBSC method in the previous section, the method is
now applied to a composite material model in this section. A 2-D unidirectional fiber-reinforced
composite model with quarter symmetry under bi-axial tension is considered as shown in Figure
2(a). The model consists of a S2-glass-Epoxy fiber-matrix system where the interface between
the fiber and the matrix is modeled using a bi-linear traction separation law. Let the displacement
loads in the x and y directions be denoted by δx and δy respectively. The independent parameters
of the interface damage model are the displacement to failure d f , the displacement to damage
initiation di , and the interface stiffness K. The cohesive strength is a dependent parameter given
by σmax = Kdi . The traction-separation curve is shown in Figure 2(b). The output of interest
here is the total expended energy under the given input displacement load.

Traction

σ max

K

di
(a) Quarter-symmetric unit cell model

df

Displacement

(b) Interface damage law

Figure 2: 2-D composite unit cell with interface damage

Table 1: Parameter values for the 2-parameter composite unit cell problem

Parameter

Values

Fiber Modulus [GPa]
Matrix Modulus [GPa]
Fiber Poisson’s ratio
Matrix Poisson’s ratio
Volume Fraction

87
3.2
0.2
0.35
0.6

Parameter

Values

K [N/mm2 ]
[104 , 106 ]
d f [mm]
[10−3 , 10−2 ]
di /d f
0.01
δx =δy [mm]
0.005
Model edge length [mm]
2.288
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4.1

Stochastic problem with 2 random parameters

In this study, two of the interface damage law parameters, namely the interface stiffness (K) and
the displacement to failure(d f ) are considered random in nature. The aim is to then to capture
the variation of the energy response relative to these two parameters with as few full model
evaluations as possible. The commercial FEM software ABAQUS [7] is used to solve the model
with the in-built interface damage model. The parameters and their corresponding values are
listed in Table 1. The input domain of points obtained from the ASGC and the GBSC methods
are shown in Figures 3(a) and 3(b) respectively. Figure 3(c) shows the maximum absolute error
converge plots while Figure 3(d) shows the root mean squared error convergence plots. It is
evident from the convergence plots that the efficiency of the two methods are almost equal in this
case, although the GBSC method proves to be slightly more efficient at higher accuracy levels.
It is, however, worth mentioning that that even a small reduction in the number of expensive
FE simulations can result in a huge gain in the overall computational cost. The exact energy
response surface is shown in Figures 4(a), while the corresponding approximate energy surface
generated by the GBSC method with only 139 FEM model evaluations is shown in Figures 4(b).
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Figure 3: Performance of GBSC method for the composite unit cell model with interface damage

5 Conclusions
The proposed GBSC approach based on the existing ASGC method has been shown to be quite
efficient in terms of convergence relative to the ASGC method. Although, generally speaking,
the efficiency depends on the nature of the response surface and in cases where the response sur-
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Figure 4: Comparison of the exact function and approximate energy response surface with 139 points

face has extreme variations throughout the domain, the efficiency reduces to that of the ASGC
method. This is because in those situations, the 1-D interpolations can hardly be implemented
because of the significant changes in the successive linear gradient almost everywhere in the
domain. As discussed in Section 4, this method was used to effectively approximate the variation of the total expended energy relative to the two interface damage parameters. Other output
quantities can be similarly accounted for and used for composites models in the next higher
scale level. The next step will be to perform an efficient multiscaling procedure where surrogate
output quantities at the micro-scale composite unit cell level can be generated and used at the
macro-scale composite ply level.
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Abstract: The linking of microstructure uncertainty with the random variation
of material properties at higher scales is of paramount importance in the framework of the stochastic finite element method (SFEM). An efficient computational scheme has been recently proposed by the authors for the determination
of mesoscale random fields for the apparent properties and of the RVE size of
particle-reinforced composites based on computer-simulated images of their microstructure. The proposed approach exploits the excellent synergy of the extended finite element method (XFEM) and Monte Carlo simulation in order to
analyze the microstructure models and obtain statistical information (probability
distribution, correlation structure) for the apparent properties of the composite
in each mesoscale size. In this paper, sample functions of the statistically homogeneous mesoscale random fields are generated using the spectral representation method in conjunction with translation field theory and the macroscopic
response of composite structures is computed in the framework of SFEM. Useful conclusions are derived regarding the effect of particle/matrix stiffness ratio
on the probabilistic characteristics of the mesoscale random fields as well as the
influence of mesoscale size on the response variability.

1 Introduction
The linking of micromechanical characteristics with the random variation of material properties at the macroscale [1, 2, 3] is the key issue in homogenization methods. This link can
be established using the Hill-Mandel macro-homogeneity condition [4] among other asymptotic or heterogeneous multiscale methods [5, 6, 7]. In all these methods, the identification of
a representative volume element (RVE) of the heterogeneous material is required over which
a fine-scale boundary value problem is solved. Particularly in the case of spatial randomness
(e.g. random position, shape, size of inclusions), the identification of RVE must be based on
computational convergence schemes with respect to specific apparent properties. The typical
procedure consists in setting multiple realizations of the microstructure followed by finite element simulation and statistical analysis of the results [8, 9, 10]. In the case when the RVE can
not be determined, mesoscale random fields describing the spatial variation of the components
of the apparent elasticity tensor are computed based on statistical volume elements (SVEs)
[11, 12].
The paper is organized as follows. The computation of the random apparent elasticity tensor
is described in section 2. Then, sample functions of the statistically homogeneous mesoscale
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random fields determined in [11] are generated using the spectral representation method in
conjunction with translation field theory [13] (section 3). In section 4 the macroscopic response
of a composite plate subjected to tensile loading is computed in the framework of SFEM. Useful
conclusions are provided in the last section of the paper regarding the effect of inclusion/matrix
stiffness ratio on the probabilistic characteristics of the mesoscale random fields as well as the
influence of mesoscale size on the response variability.

2 Computation of the random apparent elasticity tensor
2.1

Problem formulation

Consider a two-phase medium which occupies a domain Ω ⊂ R2 whose boundary is represented
by ∂ Ω. Let prescribed traction t̄ applied on surface ∂ Ωt ⊂ ∂ Ω (natural boundary conditions)
and prescribed displacements ū applied on ∂ Ωu ⊂ ∂ Ω (essential boundary conditions). The
medium contains an inclusion which occupies the domain Ωincl and is surrounded by the internal
surface ∂ Ωincl ⊂ ∂ Ω such that Ω = Ωmtrx ∪ Ωincl and ∂ Ω = ∂ Ωt ∪ ∂ Ωu ∪ ∂ Ωincl (Figure 1). The
governing equilibrium equation, boundary conditions, continuity conditions and constitutive
equations for the elastostatic problem of the medium are:
in Ω

(1a)

u = ū

on ∂ Ωu

(1b)

σ · n = t̄

on ∂ Ωt

(1c)

divσ + b = 0

Jσ · nincl K = 0

on ∂ Ωincl

(1d)

σ = Cmtrx : ε

in Ωmtrx

(1e)

σ = Cincl : ε

in Ωincl

(1f)

where b are the body forces acting on the medium and n, nincl are the unit normals to ∂ Ωt
and ∂ Ωincl , respectively. Note that equation (1d) implies traction continuity along the material
interface ∂ Ωincl and Cmtrx , Cincl are the fourth order elasticity tensors for the material of the
matrix and inclusions, respectively.

2.2

Boundary conditions

Miehe and Koch [14] proposed a computational procedure to define apparent properties (homogenized stresses and overall tangent moduli) of microstructures undergoing small strains.
They have shown that apparent properties can be defined in terms of discrete forces and stiffness properties on the boundary of discretized microstructures. Using these deformation-driven
algorithms, the apparent stiffness or compliance tensor of a mesoscale model of size δ can
be calculated by solving a uniform strain or a uniform stress boundary value problem, respectively. The adopted computational procedure for the two cases of uniform boundary conditions
is outlined in [11].

2.3

Determination of mesoscale random fields

In Savvas et al. [11, 12] it was shown that the RVE can not always be attained within an acceptable tolerance. It was also shown that the RVE size mainly depends on the volume fraction, the
stiffness ratio between the constituent materials and the specific apparent property, the conver-
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Figure 1: Schematic of a medium which occupies a domain Ω = Ωmtrx ∪ Ωincl , contains an inclusion
(Ωincl ) and is subjected to essential and natural boundary conditions on surfaces ∂ Ωu and ∂ Ωt , respectively.

gence of which is studied with respect to the boundary conditions. In the context of stochastic
multi-scale analysis of composites with the stochastic finite element method, the material properties provided by the up-scaling procedure appear either as random fields (apparent properties
in case of SVE) or as random variables (effective properties in case of RVE) [15].
In this section, random fields for the apparent elasticity tensor of a two-phase composite material are obtained in mesoscale sizes δ from the simulation of a large number of SVE models
extracted using the moving window technique. In order to obtain accurate statistical properties,
the moving distance step of the method has been chosen as ∆ξ = 0.25L, with L the moving
window size. Specifically, random fields for δ =5.605, 11.210 and 22.420 have been derived by
simulating nw =3721, 841 and 169 SVEs, respectively.
Figure 2 depicts the computed random fields along with the respective probability distributions
and 2-D spatial correlations of the axial component C11 of the apparent elasticity tensor for
the three mesoscale sizes δ examined, uniform strain boundary conditions and stiffness ratio
Ein /Em = 10. Figure 3 depicts the same results for shear component C33 and stiffness ratio
Ein /Em = 1000. The spatial correlations ρAB have been calculated for every lag (ξx , ξy ) according to the following formula:
!
!
√ √


nw nw
A
x
,
y
−
Ā
B
x
+
ξ
,
y
+
ξ
−
B̄
1
i
j
i
x
j
y
ρAB (ξx , ξy ) =
∑∑
nw − 1 i=0
σA
σB
j=0
(2)
√
√
√
√
− nw ∆ξ ≤ ξx ≤ nw ∆ξ , − nw ∆ξ ≤ ξy ≤ nw ∆ξ

with ρAB denoting auto-correlations when quantity A ≡ B, otherwise cross-correlations are defined. Ā, B̄ are the spatial average values while σA , σB are the standard deviations of quantities
A, B, respectively. A general observation for all mesoscale random fields is that their probability
density functions (PDFs) become narrower and the correlation length parameter b increases as
the mesoscale size δ increases. In other words, the random field tends to a random variable and
thus the SVE tends to the RVE as δ increases. The auto-correlations for lag (ξx = 0, ξy = 0)
are 1 and tend to zero for lag values |ξx | > L and |ξy | > L.
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Figure 2: Mesoscale random fields for axial stiffness C11 in the case of uniform strain boundary conditions (Ein /Em = 10). First row: Random fields derived from the microstructure (data), Second row:
Sample functions generated by spectral representation, Third row: PDFs, Fourth row: Autocorrelation
functions.

Figure 3: Mesoscale random fields for shear stiffness C33 in the case of uniform strain boundary conditions (Ein /Em = 1000). First row: Random fields derived from the microstructure (data), Second row:
Sample functions generated using translation field theory, Third row: PDFs, Fourth row: Autocorrelation
functions.
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3 Generation of sample functions of the mesoscale random fields
3.1

The spectral representation method

As shown in Fig. 2, a Gaussian PDF fits very well the empirical PDFs in the case of small stiffness ratio Ein /Em = 10. Therefore sample functions of the statistically homogeneous mesoscale
random fields determined in the previous section are generated using the spectral representation
method. This method is well suited in the context of Monte Carlo simulation (MCS) technique
used for computing the response variability of stochastic structural systems [13]. For a twodimensional homogeneous Gaussian stochastic field, the i-th sample function is given by [16]
√ N1 −1 N2 −1 (1)
(1)(i)
g (x, y) = 2 ∑ ∑ [An1 n2 cos(κ1n1 x + κ2n2 y + φn1 n2 )
(i)

n1 =0 n2 =0

(3)

(2)(i)

(2)

+ An1 n2 cos(κ1n1 x − κ2n2 y + φn1 n2 )]
( j)(i)

where φn1 n2 , j = 1, 2 represent the realization for the i-th simulation of the independent ran(1)
(2)
dom phase angles uniformly distributed in the range [0, 2π]. An1 n2 , An1 n2 have the following
expressions
q
(1)
An1 n2 = 2Sgg (κ1n1 , κ2n2 ) ∆κ1 ∆κ2
(4a)
q
(2)
An1 n2 = 2Sgg (κ1n1 , − κ2n2 ) ∆κ1 ∆κ2
(4b)

where

κ1n1 = n1 ∆κ1 ,
∆κ1 =

κ1u
,
N1

κ2n2 = n2 ∆κ2
∆κ2 =

κ2u
N2

n1 = 0, 1, ..., N1 − 1, n2 = 0, 1, ..., N2 − 1

(5)
(6)
(7)

N j , j = 1, 2, represent the number of intervals in which the wave number axes are subdivided
and κ ju , j = 1, 2, are the upper cut-off wave numbers which define the active region of the
power spectrum Sgg (κ1 , κ2 ) of the stochastic field. The last means that Sgg is assumed to be
zero outside the region defined by
−κ1u ≤ κ1 ≤ κ1u and −κ2u ≤ κ2 ≤ κ2u

(8)

The spectral density function (SDF) used to fit the data of the microstructure is of square exponential type:
b1 b2 − 1 (b2 κ 2 +b2 κ 2 )
e 4 1 1 2 2
(9)
4π
where σg denotes the standard deviation of the stochastic field and b1 , b2 denote the parameters
that influence the shape of the spectrum, which are proportional to the correlation lengths of
the stochastic field along the x, y axes, respectively. As shown in Fig. 2, bx ' by and thus the
correlation structure of the mesoscale random fields can be considered isotropic in the case of
small stiffness ratio.
Sgg (κ1 , κ2 ) = σg2
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3.2

Non-Gaussian translation fields

The increase of inclusion/matrix stiffness ratio leads to deviation from the Gaussian distribution
and thus non-Gaussian fields are needed to simulate the mesoscale random fields of section 2.3
for Ein /Em = 1000 (Fig. 3). Since all the joint multi-dimensional density functions are needed to
fully characterize a non-Gaussian stochastic field, a number of studies have been focused on producing a more realistic (approximate) definition of a non-Gaussian sample function from a simple transformation of some underlying Gaussian field with known second-order statistics. Thus,
if g(x, y) is a homogeneous zero-mean Gaussian field with unit variance and SDF Sgg (κ1 , κ2 )
(or equivalently autocorrelation function Rgg (ξx , ξy )), a homogeneous non-Gaussian stochastic
field f (x, y) with power spectrum STf f (κ1 , κ2 ) can be defined as:
f (x, y) = F −1 · Φ[g(x, y)]

(10)

where Φ is the standard Gaussian cumulative distribution function and F is the non-Gaussian
marginal cumulative distribution function of f (x, y). The transform F −1 · Φ is a memory-less
translation since the value of f (x, y) at an arbitrary point (x, y) depends on the value of g(x, y)
at the same point only and the resulting non-Gaussian field is called a translation field [17].
Sample functions of the underlying Gaussian field g(x, y) can be generated using the spectral
representation method. Translation fields have been used to represent various non-Gaussian
phenomena, such as the peak dynamic response distribution of nonlinear beams or the spatial
variability of the crystallographic orientation in random polycrystalline microstructures [18,
19].

4 Numerical results
In this section, the effect of material microstructure on the response variability of a plane stress
plate shown in Fig. 4 is investigated using the stochastic finite element method. The plate has
unit thickness and random spatially varying material properties with probability distribution
and correlation structure determined in section 2 (see Figs. 2 and 3). A total of 1000 Monte
Carlo simulations are performed for each of the three cases of apparent properties (mesoscale
random fields) used as input in the analyses. In all cases, the element size is chosen as b/2, with
b the correlation length parameter of the random fields, to achieve reasonable accuracy. The
monitored response quantity is the horizontal displacement ux of the upper right corner of the
plate.
Fig. 5 illustrates the statistical convergence of the mean and coefficient of variation (COV ) of
ux . As expected, the response variability does not practically depend on the examined mesoscale
size δ . It can also be observed that the response COV tends approximately to the input COV for
large correlation length (corresponding to mesoscale size δ = 22.420) [20].
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Figure 4: Plate in tension.

Figure 5: Statistical convergence of mean(ux ) and COV(ux ) for the plate of Fig. 4, (a-b) Ein /Em = 10
(c-d) Ein /Em = 1000.
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5 Conclusions
In this paper, sample functions of the homogeneous mesoscale random fields describing
the apparent properties of particle-reinforced composites were generated using the spectral
representation method in conjunction with translation field theory. It was shown that a normal
distribution is a very good choice for the random fields in the case of small inclusion/matrix
stiffness ratio whereas non-Gaussian fields are needed in the case of large stiffness ratio. It was
also demonstrated that the response variability does not practically depend on the examined
mesoscale size. The generalization of the proposed methodology to 3D material models is
feasible and will be examined in future work.
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Roland Schöbia and Bruno Sudreta
a Chair

of Risk, Safety, and Uncertainty Quantification, ETH Zurich, Switzerland

Abstract: Random field theory is often used to describe spatial variability in
engineering applications. Using discretization algorithms, realizations of random
fields are generated, which may be used subsequently in e.g. structural reliability
analysis. Furthermore, sparse polynomial chaos expansions can reduce the total
computational costs and allow for an efficient estimation of failure probabilities.
The proposed approach is illustrated on a geotechnical engineering problem.

1 Introduction
Mechanical properties are uncertain and they naturally vary within a geometrical body. In engineering applications, they are often inferred from a limited number of measurements taken
in the region of interest. Between the measurements, however, the material properties remain
uncertain. A common approach is though to use random fields to describe this uncertainty. Several approaches are available in the literature to describe unconditional random fields, such as
the expansion optimal linear estimation method (EOLE) [11]. Accounting for available measurement data requires the modelling of conditional random fields [8, 14].
In modern engineering, analyses are often carried out with the help of finite element models
(FEM), in particular when material properties vary spatially. In this context, analyses which
require a large number of model evaluations, such as Monte Carlo-based reliability methods,
may become intractable. To reduce the associated computational costs, Finite Element Method
may be replaced by inexpensive-to-evaluate surrogate models such as sparse Polynomial Chaos
Expansions (PCE) [2, 3]. The goal of this paper is to develop sparse PCE in the context of
conditional random fields.
This paper is structured as follows. Section 2 introduces the basics of random field theory as well
as a popular discretization method. Section 3 discusses meta-model-based estimation of failure
probabilities. The combination of random fields and structural reliability analysis is described
in Section 4 and illustrated on a slope reliability example in Section 5.

2 Spatial variability
2.1

Random field theory

Random field theory is a mathematical concept which allows the modelling of uncertainties of
physical properties in continuous media with respect to randomness and spatial variability [16].
Basic definitions can be found in e.g. [17]. In this paper, a random field H(x, ω) is a collection of
random variables, which are indexed by the continuous parameter x ∈ DX . The space DX ⊂ Rnx
describes the geometry of the system or the geographical location of a variable. ω ∈ Ω denotes
the outcomes in the space of elementary events.
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A special case is Gaussian random fields where H(x, ω) is a Gaussian random variable at each
location x ∈ DX . A Gaussian random field is defined completely by its mean value µ (x), variance σ 2 (x), and autocorrelation function R (x, x0 |ρ). If the random field is assumed stationary
(a.k.a. homogeneous), this function only depends on x − x0 . Due to some handy mathematical
properties, Gaussian random fields are a popular choice in the literature and they are also the
focus of this paper.

2.2

EOLE

b (x, Z),
Discretization procedures approximate the random field H (x, ω) by some function H
where Z = {Z1 (ω), . . . , ZM (ω)} is a finite set of random variables describing the randomness
b allows one to sample realizations (i.e. trajectories) of the
of the field. The explicit function H
random field H in a straightforward way by sampling Z.
The expansion optimal linear estimation method (EOLE) is an extension of the optimal linear
estimation
method (OLE),
which was published first by [11]. Consider the vector of nodal points


X = x(1) , . . . , x(nn ) in the domain DX . The optimal linear estimation of the random field is
then:


−1 b
b (x, ω) = µ (x) + Σ
Y
−
µ
(1)
H
Σ
b ,
b Y
bY
b
Y
H(x)Y


(1)
(n
)
n
b
where Y = Y , . . . ,Y
is the set of correlated Gaussian variables associated to the points
in X, µ and Σ are its mean value and covariance matrix, whose components are defined as:


    

(k)
(k)
(l)
(k)
(l)
=
µ
Y
,
Σ
=
σ
x
σ
x
R
x
−
x
ρ
,
(2)
µY,k
b Y,k,l
b
b
Y

where k = 1, . . . , nn , l = 1, . . . , nn . Further, the correlation vector Σ H(x)Yb is defined by:
  

ΣH(x)Yb = σ (x) σ x(k) R x − x(k) ρ .

(3)

Then, consider the eigenvalue decomposition of the covariance matrix: Σ Yb Yb φi = λi φi , where λi
are the eigenvalues and φi are the corresponding eigenfunctions. Note that the index i refers to
the i-th largest eigenvalue of the set of nn eigenvalues. Then, the EOLE approximation of the
random field reads [11]:
nz

i (ω) T
b (x, Z (ω)) = µ (x) + ∑ Z√
H
φi Σ H(x)Yb ,
λi
i=1

(4)

where Z is a vector of nz standard Gaussian variables. In practice, only the nz ≤ nn eigenvalues
are used in the series expansion. The quality of EOLE approximations depends of the number
of terms nz . The variance of the approximation error in EOLE is [16]:
nz
h
i
2
h i
1 T
b ,
b
Var H(x) − H(x)
= σ 2 (x) − ∑
φi Σ H(x)Yb ≡ Var [H] − Var H
λ
i=1 i

(5)

where σ 2 (x) is the variance of the Gaussian random field. Due to the fact that variances are alb must be smaller or equal to the original
ways positive, the variance of the approximation field H
H. Hence, EOLE always underestimates the true variability of the random field. Therefore, nz
should be chosen large enough to ensure a good approximation of H.
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2.3

Conditional EOLE

Assume now that
=
o in the continuous domain DX , there exists a set of locationsX 
n
(i)
(i)
(1)
(N)
where the random field value is deterministically known, i.e. h = H χ
.
χ ,...,χ
o
n
These points are called geographical evidence or observations. Let h = h(1) , . . . , h(N) denote
the vector of observed values.
The conditional random field can be discretized by a finite set of nodal points X, as introduced
b
before. Then, it can be shown that the distributions
of Y conditional of the observations h fol
b ∼ N µ b ,Σb
whose mean and covariance are computed
lows a Gaussian distribution, Y|h
Y|h Y|h
by:
−1
µ Y|h
(6)
b = µY
b + ΣYh
b Σhh (h − µ h )
−1 T
Σ Y|h
b = ΣY
bY
b − Σ Yh
b Σ hh Σ Yh
b .

(7)

In order to sample from this conditional Gaussian distribution, [8] proposed a simple two-step
algorithm to sample. Here, a modified algorithm is shown which takes into account the EOLE
approximation of the (unconditional) random field. In the first step, a realization of the unconditional random field is generated using EOLE (see Eq. (4)), i.e. ignoring the observations. The
T
realization shall be denoted by z0 = y0 , h0 , which is computed at the locations (X, X )T . In
a second step, the corresponding realization of the conditional random field is computed by:

−1
0
(8)
y = y0 + Σ Yh
b Σ hh h − h .

This is a simple deterministic transform including the unconditional realization as well as covariance matrices. Note that the support points X for EOLE discretization do not coincide with
observation points X .

3 PCE-based structural reliability analysis
3.1

Computational model

Consider a system whose behaviour is represented by a computational model M which maps
the M-dimensional input space to the one-dimensional output space:
M : u ∈ DU ⊂ RM 7→ v = M (u) ∈ R,

(9)

where u = (u1 , . . . , uM )T . The computational model is considered a deterministic black box
mapping, such as a finite element model (FEM). As the input vector u can be affected by uncertainty, its components are modelled by probability distributions. In particular, Ui is modelled
by a probability density distribution (PDF) fUi and the corresponding cumulative distribution
function (CDF) FUi . For the sake of simplicity, the components of U are assumed to be statistically independent in this paper. Then, the joint PDF of U can be written as the product of the
marginal PDFs. Note that in the case of dependent input variables, an isoprobabilistic transform,
such as the Nataf or Rosenblatt transform [9, 10], can produce an input vector of independent
components.

3.2

Reliability analysis

Reliability analysis is a framework to estimate the probability that the system of interest does
not comply with a performance criterion. In the simplest case, the failure probability is defined
as Pf = P (V ≤ v0 ), where V = M (U). The failure probability can be recast as the following
integral:
Z
Pf =

Df

fU (u) du,
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(10)

where D f = {u ∈ DU : M (u) ≤ v0 } is the failure domain. Due to the generally complex shape
of the failure domain and the black box computational model, the integration cannot be solved
analytically. A numerical estimation of Pf can be obtained by sampling-based approaches such
as Monte Carlo simulation. Assuming a large number of samples of U, the failure probability
can be estimated by Pf = n f /n, where n f is the number of samples belonging to the failure
domain and n is the total number of samples.
In engineering applications, the failure probability typically ranges from 10−3 to 10−6 , which
an be interpreted as rare events. In order to estimate accurately the failure probability, a large
number of samples in required in the Monte Carlo simulation. When the computational model is
an expensive-to-evaluate function, the reliability analysis becomes intractable. In this situation,
a popular strategy consists of approximating the expensive-to-evaluate computational model
with a meta-model, such as polynomial chaos expansions, which are described in the following.

3.3

Polynomial chaos expansions

A popular meta-modelling method is polynomial chaos expansions (PCE) which approximate
the computational model M with a sum of polynomials orthogonal with respect to the distributions of the input variables [6, 15]:
V ≈ M (P) (U) =

∑

α ∈A

aα ψα (U) ,

(11)

where aα ∈ R are polynomial coefficients corresponding to indices α in the truncated set A ⊂
NM and ψα (U) are multivariate orthonormal polynomials.
The efficiency of the meta-modelling algorithm greatly depends on the choice of the truncated index set A and the subsequent computation of the coefficients aα . [1] introduced a nonintrusive least-squares
minimizationoapproach. Consider a set of N samples of the input vector,
n
(i)
denoted by U = u , i = 1, . . . , N , and the corresponding response values of the exact comn
 
o
(i)
(i)
putational model, denoted by V = v = M u
, i = 1, . . . , N . The coefficients aα can be
computed by the solution of the least-squares problem:
!
  2
1 N
b
v(i) − ∑ aα ψα u (i)
.
(12)
a = arg min
∑
|A
|
N
a∈R
i=1
α ∈A
To further increase the efficiency of the meta-modelling algorithm, in particular when M is large,
a number of algorithms have been developed to select out of a candidate set of polynomials the
ones that are most influential to the system response. Following [5], [3] introduced the least
angle regression selection algorithm (LARS) for this purpose. LARS determines a sparse set of
polynomials that best describes the behaviour of the exact computational model M based on
the experimental design U , hence the name sparse PCE.

3.4

PCE-based failure probability

The sparse PCE model is an inexpensive-to-evaluate function due to its polynomial format.
Hence, a plain Monte Carlo simulation with an appropriate number of samples is tractable.
Therein,nthe exact failure domain in
o Eq. (10) is replaced by its PCE-based estimate denoted by
(P)
DU = u ∈ DU : M (P) (u) ≤ v0 . In this context, the estimation of failure probabilities by
simple Monte Carlo-based methods becomes tractable. In particular, the failure probability is
estimated as:
 
nf
1 n
(P)
o u(i) ,
= ∑ In
(13)
Pbf =
(P)
n
n i=1 u∈DU
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o
n
where n is the number of samples of a sample set S = u(1) , . . . , u(n) sampled from the input
(P)

vector U, n f is the number of samples in the PCE-based failure domain DU , and I is the
(P)

indicator function which reads I = 1 for u ∈ DU and I = 0 otherwise.

4 Failure probability in the presence of conditional random fields
In the previous sections, the discretization of random fields as well as the PCE-based reliability
analysis are discussed. When the problem at hand includes both, the analysis is formulated as
follows. As an example, consider a geotechnical slope stability analysis, where the mechanical properties of the soil are modelled by random fields (see also Section 5). The conditional
EOLE algorithm presented in Section 2.3 allows one to model the spatial variability with a finite
number of Gaussian variables, denoted by the random vector Z. Therefore, we can formulate a
e that includes Z as well as other random parameters, summarized in X:
random vector X
e = (X, Z)T .
X

(14)

Accordingly, a computational model can be defined for the following workflow. Given a ree (denoted by e
alization of X
x), the corresponding realization z is used to assign the spatiallydistributed mechanical properties to the soil. Subsequently, a solver, such as the finite element
method, is used to estimate the behaviour of the soil taking into account the realization of the
remaining random variables x corresponding to e
x.
In this context, a meta-model-based reliability analysis is possible, due to the purely probabilistic description of the variability in the input vector. Hence, the Monte Carlo simulation in
e
Eq. (13) is applicable for the vector X.

5 Slope reliability
5.1

Problem statement

Consider the slope sketched in Figure 1(a). The soil mass consists of two layers connected by a
spatially varying soil interface I(x). The interface between the two soil layers is modelled by a
one-dimensional Gaussian random field with mean value µI = −9 meters measured from the top
of the embankment, standard deviation σI = 2 meters, and an Gaussian autocorrelation function
with correlation length lI = 20 meters. In the following analysis, two cases are distinguished: (i)
no information of the interface is known (unconditional random field) and (ii) the location of the
interface at the surface is identified at coordinates {{x = 40 m, y = 5 m} , {x = 60 m, y = 0 m}},
indicated in Figure 2(b) by diamond markers. The latter figure also shows a number of realizations of the conditional random field.
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(a) Geometry sketch

(b) FEM mesh

Figure 1: Slope reliability model

Further, it is assumed that the soil behaves undrained, i.e. its failure is modelled by the Tresca
failure criterion, which is characterized by the undrained shear strength cu . In order to account
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for uncertainties, cu is modelled by a random variable in each layer of the soil model, i.e. cu,u
and cu,l for the upper and lower layer, respectively. Moreover, the linear elastic behaviour of
the soil is modelled by Young’s modulus E and Poisson’s ratio ν. The random variables are
summarized in Table 1, where ρ denotes the density of the soil mass.
Table 1: Input parameters

5.2

Ui
E
ν
ρ

Description
Young’s modulus
Poisson’s ratio
Soil density

Distribution
Lognormal
Constant
Constant

cu,u
cu,l

Undrained shear strength upper layer Lognormal
Undrained shear strength lower layer Lognormal

Mean
50 MPa
0.3
2000 kg/m3

CoV
5%
-

40 kPa
60 kPa

20 %
20 %

Analysis

The random field is discretised with the EOLE algorithm and nz = 15 standard Gaussian variables, which accounts for more than 99.99 % of the variability of the random field. Figure 2
shows a number of realizations of the random field, in particular the case of unconditional (Figure 2(a)) and conditional random fields (Figure 2(b)). The large variability of the interface I(x)
is clearly visible by the large scatter of the different curves. Moreover, the realizations of the
conditional random field nicely interpolate the two observation points, seen in Figure 2(b).

(a) Unconditional random field case

(b) Conditional random field case

Figure 2: Random field realizations

The discretization of I(x) is then used in a finite element model to distinguish the two layers of
soil by assigning different mechanical properties to the elements. The resulting soil model implemented in the free finite-element software slope64 [7], which is designed for slope stability
analyses. The mesh implemented for the current example consists of 900 elements and is shown
in Figure 1(b).
Given the discretization of the random field, the performance of the system is assessed by the
factor of safety (FOS), which is obtained through the so-called shear strength reduction method
(see details in e.g. [13]). In the present case of an undrained analysis, the reduced shear strength
is defined by:
cu
.
(15)
cu, f =
FOS
At the beginning of the analysis, gravity is applied to the soil model. Then, FOS is determined
as the value that brings the slope to the point of failure. In other words, FOS is the largest value
where the FEM converges to a stable solution. Finally, failure occurs when FOS ≤ 1. Hence,
the corresponding limit-state function reads gFOS = FOS (X) − 1 and the corresponding failure
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probability is Pf = P (FOS (X) ≤ 1). Note that other than cu , random parameters of the input
vector are not affected by the shear strength reduction method.
Then, a number of runs of slope64 are used to calibrate a sparse PCE model of the limit-state
function gFOS . Last but not least, the sparse PCE model is used to estimate the failure probability
of the embankment by Monte Carlo simulation with nMC = 106 samples.

5.3

Results

Table 2 summarizes the results of the PCE-based structural reliability problem. In particular, the
relative generalization error describes the mean squared error between meta-model prediction
value and exact response values relative to the variance of the response values, typically estimated based on a validation set (which consists here of nMC = 1000 Monte Carlo samples). In
this example, the relative generalization error is small, indicating a good approximation of the
computational model in both random field cases.
Table 2: Slope stability results

Method
PCE

AK-MCS

N
c gen
err
Pbf
βbHL
Pbf
βbHL

Unconditional RF Conditional RF
300
300
−2
5.85 · 10
4.36 · 10−4
7.33 · 10−3
1.90 · 10−3
2.44
2.90
5.73 · 10−3
2.53

1.81 · 10−3
2.91

Table 2 shows the PCE-based estimation of the failure probability as well as the corresponding
reliability index, computed by βHL = −Φ−1 (−Pbf ), where Φ is the CDF of a standard normal
variable. The resulting failure probability is rather large for the unconditional random field,
whereas it is smaller by a factor of three for the conditional random field.
In order to estimate the accuracy of the proposed PCE-based approach, the failure probability
is also computed by AK-MCS [4] implemented in UQL AB [12]. The accuracy of the failure
probability estimate is higher for the conditional random field when comparing to the AK-MCS
solution. This is in agreement with the estimation of the relative generalization error.

6 Conclusions
Spatial variability occurs often in engineering applications and can be modelled by random
field theory. Using the EOLE algorithm, realizations of the random field can be generated conveniently for further sampling-based algorithms. Moreover, the expansion optimal linear estimation (EOLE) method discretizes the random field by a finite set of independent Gaussian
variables. Then, the combination of EOLE and polynomial chaos expansions (PCE) allows for
an efficient approach to meta-model quantities of interest as a function of spatially varying input quantities. In this paper, the proposed approach is applied to structural reliability analysis,
allowing for an efficient estimation of the failure probability, as illustrated in the slope stability
example.
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Abstract: A novel stochastic method for simulation of earthquake ground motions is developed, using a user-specified earthquake scenario description as input, defined in terms of magnitude Mw , closest-to-site distance Rrup and local
average soil shear-wave velocity VS30 , and resulting in fully non-stationary acceleration time-histories at a site of interest. A bimodal parametric evolutionary
Kanai-Tajimi (K-T) model lies at the core of the developed stochastic predictive
model. The stochastic K-T model parameters are linked to the earthquake and
local site characteristics through random-effect regression models by employing
a large Californian NGA-West2 database. In an effort to assess the performance
and versatility of the predictive model, the simulation-based attenuation of important scalar ground-motion engineering metrics is studied and compared with
the predictions of pertinent Ground Motion Prediction Equation (GMPE) models. The statistics of elastic response spectra of simulated time-histories are next
compared against the corresponding state-of-the-art NGA-West2 GMPE models. Finally, the non-linear seismic demand of representative hysteretic singledegree-of-freedom structural systems is assessed, when the latter are subjected
to sets of both recorded and associated simulated ground motions.

1 Introduction
Directly relevant to the scope of this work are ground motion models that can stochastically
simulate acceleration time-histories based on seismological and physical parameters at a site
of interest. Among the most recent works in this field, Rezaeian and Der Kiureghian (2010)
[10] and Yamamoto and Baker (2013) [18] developed time-domain and wavelet-domain based
stochastic ground motion models respectively. This paper presents the employment of a bimodal
analytical evolutionary frequency-based K-T model, as developed and presented by Vlachos et
al. (2016) [15], in the development of a stochastic model, based on earthquake and local site
characteristics, expanding its reach to the multi-modal frequency domain and allowing a more
realistic description of the spectral energy distribution over time. The nature of the presented
model also allows its expansion towards simulation of multi-component ground motions. The
analysis space, where the analytical forms describing the evolution of the model parameters are
established, is the energy domain, and a new energy-based amplitude modulating function is
introduced. The developed analytical model power spectrum can effectively describe strongly
non-stationary power spectral densities. Fully non-stationary ground motion simulations are
supported by the Spectral Representation Method (SRM), e.g. see [12, 11, 4, 7]. The stochastic
K-T model parameters are connected with earthquake scenarios, defined in terms of magnitude Mw , closest-to-site distance Rrup and local average soil shear-wave velocity VS30 , through
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a rigorous regression scheme using linear mixed models with newly introduced random-effect
terms, together with an extensive Californian NGA-West2 database, as developed and explained
in detail by Vlachos et al. (2017) [17]. In an effort to assess the performance and versatility of
the predictive model, the simulation-based attenuation of important scalar ground-motion engineering metrics is studied and compared with the predictions of pertinent GMPE models [1,
5, 6, 13, 14, 8, 9]. The statistics of elastic response spectra of simulated time-histories are next
compared against the corresponding state-of-the-art NGA-West2 GMPE models [2]. Finally, the
non-linear seismic demand of a set of representative hysteretic single-degree-of-freedom structural systems is assessed, when the latter are subjected to sets of both recorded and associated
simulated ground motions.

2 Evolutionary Bimodal Kanai-Tajimi Ground Motion Model
This section presents the fully non-stationary parametric K-T ground motion model, as developed and explained in detail by Vlachos et al. (2016) [15]. The used bimodal K-T model is the
first fully analytical model to date that can directly describe multi-modal evolutionary power
spectral densities. The non-stationary spectral analysis of the database records is performed by
using the Short-Time Multiple-Window estimation technique, as developed and presented by
Conte and Peng (1997) [3]. The developed parametric bimodal fully non-stationary K-T model
consists of two distinct spectral modes, based on the superposition of two classical unimodal KT expressions. Incorporating a high-pass filter is deemed essential, since it suitably diminishes
the spectral energy levels in the lower-frequency range of the simulated ground motions. The
model is thus expressed as:

2
(k)
(k)
2
1 + 2ζg (t) f / fg (t)
(k)
(1)
SXX ( f ,t) = |HP ( f )|2 ∑ So (t) 

2 2 
2
(k)
(k)
(k)
k=1
1 − f / fg (t)
+ 2ζg (t) f / fg (t)

where SXX ( f ,t) is the model evolutionary power spectrum, HP ( f ) nis a deterministic 4th -order
o
high-pass Butterworth filter with corner frequency fc = 0.2Hz, and fg(k) (t) , ζg(k) (t) , So(k) (t) are
the time-varying dominant frequency, apparent damping ratio and participation factor with respect to the kth mode respectively. Having estimated the non-stationary spectral content of a
ground acceleration signal x (t) according to the Short-Time Multiple-Window technique, together with the analytical K-T model in Eq. (1), the required spectral parameters are identified
at every time-instant of the considered signal by matching the analytical and numerically estimated power spectra in the least-squares sense over the entire frequency domain.

3 Parametric Description of the Time-Varying Model Parameters
3.1

Selected PEER NGA-West2 strong ground motion database

The selected strong ground motion database consists of 1,410 exclusively Californian earthquake ground motion records originating from the PEER NGA-West2 database [2]. Records
exhibiting near-fault behavior are excluded, together with ground motions that are classified as
after-shocks and/or recorded at distances greater than 100km. A more detailed description of
the selection criteria for the database records can be found in Vlachos et al. (2017) [17].

3.2

Transformation of time-domain to energy-domain

The analysis space, where the analytical expressions that describe the temporal-variation of
the model parameters are formed, is the non-dimensional cumulative energy domain instead
of the typically used time domain, and a new energy-based amplitude modulating function is
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developed. Based on this modeling choice, the representation of the spectral energy distribution
becomes more accurate in the strong motion part of the seismic signal, since the effects of the
prolonged preceding or trailing weak motion parts are effectively reduced. The adopted energy
domain definition is given as:
ε (t) =

Z t
0

Z Td

2

x (τ) dτ/

0

x2 (τ) dτ

(2)

where Td is the record total duration and ε (t) ∈ [0, 1]. An analytical form is required in order
to describe the energy accumulation over time and link the developed functional forms to the
time domain, thus facilitating the simulation of the evolutionary ground motion model. The
following parametric expression is proven to effectively describe the energy accumulation over
time of the selected NGA-West2 database records:


t/T −δ
− γd

ε (t) = e

 −δ
− 1γ

/e

(3)

where {γ, δ } are scale and shape parameters respectively.

3.3

Energy accumulation and amplitude modulating function

Certain choices in the selection of the functional forms result in non-uniform amplitude modulation of the power spectral intensity, as shown in Vlachos et al. (2016) [15]. In order to remedy
this adverse effect, the model power spectrum in Eq. (1) is converted to a unit-variance one
in each time-instant, followed by the introduction of an amplitude modulating function z (t) as
follows:

2
(k)
(k)
1 + 2ζg (ε (t)) f / fg (ε (t))
(k)
SXX ( f ,t) = z2 (t) |HP ( f )|2 ∑ So (ε (t)) 
2

2 2 
(k)
(k)
(k)
k=1
+ 2ζg (ε (t)) f / fg (ε (t))
1 − f / fg (ε (t))
|
{z
}
2

(4)

unit-variance

It can be easily shown that the amplitude modulating function z (t) is directly proportional to the
temporal derivative of the energy accumulation function ε (t) [15].

3.4

Dominant modal frequencies

The strongly non-stationary character of the seismic ground motion is directly related to both the
non-coinciding arrival times and the differences in the attenuation nature of the body and surface
seismic waves. Local soil conditions may also significantly alter the spectral energy distribution
of the resulting ground motions. Therefore, a versatile analytical expression is selected to model
the inherent frequency non-stationarities of the ground motions and is given as:
αk 
βk

1
3
(k)
+ε
−ε
fg (ε) = Qk
(5)
2
2
for k = 1, 2, and {Qk , αk , βk } being the parameters of this analytical form with respect to the
dominant frequency of the kth mode.

3.5

Modal apparent damping ratios and modal participation factors

Aiming to a rigorous but also concise model, the modal damping ratios are modeled as the
averaged identified damping in the central 90% of the signal energy for each considered spectral
mode. As far as the participation factors in Eq. (1) are concerned, their mutual connection is
utilized and thus their ratio suffices for their modeling. This ratio is expressed in the logarithmic
domain by a Gaussian form, as shown in [15].
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4 Ground Motion Simulation based on the Evolutionary K-T Model
The analytical nature of the model power spectrum facilitates the simulation of ground motion
realizations through the SRM. The time-domain is discretized and the associated energy domain
is calculated by Eq. (3). The evolutionary spectral characteristics are calculated through the use
of the energy-based forms in Section 3. The required model parameters collectively form the
18-parameter model vector P , see also [17]. The SRM is then engaged in a straightforward
manner for the simulation of fully non-stationary ground motion sample realizations as:


N−1
(s)
(6)
x(s) (t) = 2 ∑ [2SXX ( fn ,t, P ) π∆ f ]1/2 cos 2π fnt + Φn
n=0

where Φ(s) is a set of N independent random phase angles uniformly distributed in [0, 2π]. Figure
1 presents the evolutionary power spectral estimate of an example NGA record from the Imperial Valley-06 earthquake (Mw = 6.53, Rrup = 36.9km, and VS30 = 212m/s) together with the fitted
model power spectrum, and finally the elastic response spectrum of the example NGA record
plotted together with 100 simulated response spectra of the fitted model power spectrum.
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Figure 1: Fitting of the bimodal evolutionary K-T model to the example NGA seismic record: (left)
evolutionary power spectral estimate of the example record, (middle) fitted model evolutionary power
spectrum, and elastic response spectra of the earthquake record and associated synthetic ground motions.

5 Predictive Equations for a Specified Earthquake Scenario
The connection between the stochastic K-T model parameters and the earthquake scenario,
specified in terms of Mw , Rrup and VS30 , is based on predictive linear random-effect regression
relations and the selected Californian NGA-West2 ground motion database in Section 3. Sample observations of the stochastic K-T model parameters are obtained by fitting the developed
model to the database records. The resulting marginal distributions of the Pi parameters of the
model vector P [17] are effectively described by probability distribution models, which are
then translated to the standard normal space in order to perform their statistical modeling with
computational and simulation efficiency. The random effect terms in the selected linear mixed
regression models can effectively model the correlation of ground motions pertaining to the
same seismic event, while considering at the same time the fact that each different site is expected to have its own effect on the resulting ground motion. A more detailed description of the
modeling process can be found in Vlachos et al. (2017) [17].

5.1

Regression analysis for model parameters

The linear random-effect model linking all transformed normal model parameters Zi , corresponding to each one of the physical-space model parameters Pi [17], with the selected earthquake and local site ground motion predictors is of this form:
Zi = E [Zi | M, R,V, β i ] + εi
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(7)

where E [·] is the expectation operator and β i is the regression coefficient vector describing the
conditional mean response of the sample observation vector Zi for given earthquake and local
site characteristics. The zero-mean error term εi is characterized by a parameterized covariance
structure including the contribution of the random effect terms as explained earlier. The optimization method used for the unbiased estimation of both the coefficient vectors β i and the
covariance parameters is the Restricted Maximum Likelihood Method.

5.2

Random-effect predictive model expression

A single functional form for the predictive regression equations of all transformed normal model
parameters is chosen in an effort to perform their statistical modeling in a unified and consistent way, while at the same time facilitating their simulation process. The developed predictive
regression relation for the transformed standard normal model parameters is given as:
Zi = β0,i + β1,i
|



M
6




 




M
R+5
V
+ηe,i + ηs,i + εi
+ β2,i + β3,i
ln
+ β4,i IS + β5,i IM + β6,i IH ln
6
30
450
{z
}

(8)

β i)
µi (M,R,V,β

where µi (M, R,V, β i ) is the estimated conditional mean response of the normal parameter Zi for
the specified earthquake scenario. The indicator variables {IS , IM , IH } receive a value of unity
when the local site soil is considered soft, medium or hard respectively, otherwise their respective values are set to zero. The random effect terms ηe and ηs represent the inter-event and
site-to-site variability respectively, and ε is a residual error term. All three error terms are in2 , τ 2 and φ 2 respectively, and the total
dependent zero-mean normal variables with variances τe,i
s,i
i
regression variance of Zi is given as:
2
2
2
σtot,i
= τe,i
+ τs,i
+ φi2

(9)

The estimated regression coefficients provide insight regarding the attenuation of the normal
model parameters. The total duration Td tends to increase with magnitude and decrease with
site stiffness. Assuming that the scaling factors Q1 and Q2 , of Eq. (5), can be considered as
proxies for the magnitude of the two dominant modal frequencies, it is observed that both
frequencies tend to decrease with magnitude and distance, whereas they tend to increase with
site stiffness. Finally, both modal apparent damping ratios of the seismic ground motion tend
to increase with magnitude and decrease with distance. These findings are in general consistent
with seismological theory and prior works in the literature, see [10] for example. The covariance
matrix Σ of the normal parameters Zi is estimated next through correlation analysis of the total
regression error terms, allowing for the quantification of their complete joint stochastic nature.

6 Stochastic Simulation of Ground Motions for a User-Specified
Earthquake Scenario
Given the earthquake scenario description in terms of Mw , Rrup , and VS30 at a site of interest,
the conditional mean µi of the associated normal model parameters Zi is calculated through Eq.
(8) forming the conditional mean vector µ . The joint stochastic structure of the normal model
parameters Zi can be thus expressed by the following multivariate normal probability model as:
µ , Σ)
Z ∼ N (µ

(10)

A sample normal parameter vector z (s) can be easily simulated from the above multivariate normal model. This sample normal vector is next translated back to its physical space through the
fitted marginal probability models, resulting in the sample physical parameter vector p (s) . Given
the physical-space
sample vector, the construction of the sample evolutionary power spectrum

(s)
p
SXX f ,t,
is performed in a straightforward manner, and fully non-stationary ground motion
samples are generated by SRM.
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7 Validation of the Predictive Stochastic Ground Motion Model
7.1

Validation against predictive GMPE models

The attenuation of important scalar ground-motion engineering metrics corresponding to simulated ground motions generated by the developed stochastic model are compared with the
associated predictions obtained from pertinent Ground Motion Prediction Equations (GMPEs),
including the Arias intensity IA [5, 13, 14], the significant duration T5−95 [1, 6], and the spectralbased mean period Tm [8, 9] of the earthquake ground acceleration record, see also Vlachos et
al. (2017) [16]. The spectral-based mean period Tm is defined as the weighted-average period
of the ground acceleration record in the Fourier spectral domain, weighting each period by the
square of its Fourier amplitude. Figure 2 illustrates comparisons of the distance attenuation of
median Arias intensity IA , the magnitude attenuation of median significant duration T5−95 , and
the magnitude attenuation of median spectral-based mean period Tm , as obtained by ensembles
of 500 simulated ground motions and the associated predictions from the considered GMPE
models, as mentioned before.
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Figure 2: Attenuation of median Arias intensity IA (upper), median significant duration T5−95 (middle),
and median spectral-based mean period Tm , as obtained by simulated ground motions and associated
predictions from the considered GMPE models.

7.2

Validation against NGA-West2 GMPE prediction models

In an effort to further assess the performance of the developed predictive stochastic model,
the statistics of elastic response spectra from simulated ground motions are compared with the
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associated predictions from the state-of-the-art NGA-West2 GMPEs for a number of different earthquake scenarios [16]. In Figure 3, the median plus/minus one logarithmic standard
deviation elastic response spectra of ensembles of 1,000 synthetic accelerations are compared
and found in very close agreement with the associated predictions of the NGA-West2 GMPEs,
see Bozorgnia et. al (2014) [2], for the cases of increasing moment magnitude Mw , increasing
closest-to-site distance Rrup , and increasing local site soil shear wave velocity distance VS30 .
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Figure 3: Median plus/minus one logarithmic standard deviation response spectra of simulated ground
motions together with averaged NGA-West2 GMPE predictions, for the cases of increasing magnitude
Mw (upper), increasing closest-to-site distance Rrup (middle), and increasing local site soil shear wave
velocity VS30 .

7.3

Assessment of the non-linear seismic response of structural systems

Finally, the non-linear seismic ductility demand of a set of representative single-degree-offreedom structural systems is assessed, when the latter are subjected to sets of both recorded
and associated simulated ground motions [16]. Two collections of 128 representative Class D
and 86 Class C far-field Californian strong ground motions, originating from earthquake events
of magnitude greater than 6.5 and obtained at smaller to moderate source-to-site distances,
are selected from the NGA-West2 database [2]. An ensemble of simulated ground motions is
subsequently generated by the developed predictive stochastic model, where each synthetic
ground motion is associated with earthquake and local-site characteristics, M , R, and V , that are
identical with those from each one of the different considered earthquake ground acceleration
sets of records. A number of hysteretic single-degree-of-freedom Bouc-Wen oscillators are
selected, characterized by deterministic structural properties and natural periods ranging
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from 0.5 sec to 2 sec, and their seismically induced ductility demands are quantified for
both collections of recorded and associated simulated ground motions. The comparisons are
performed in terms of inelastic ductility demand fragility curves, pertaining to a specified set
of ductility thresholds given as µu = {2, 4, 8}.
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Figure 4: Ductility demand fragility curves of the considered hysteretic Bouc-Wen systems, based on the
selected Class D earthquake strong ground motion records respectively and the associated ensemble of
simulated ground motions, for the ductility demand states µu = {2, 4, 8}.
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Figure 5: Ductility demand fragility curves of the considered hysteretic Bouc-Wen systems, based on the
selected Class C earthquake strong ground motion records respectively and the associated ensemble of
simulated ground motions, for the ductility demand states µu = {2, 4, 8}.

1371

Figures 4 and 5 showcase the comparisons of the fragility curves obtained from the selected Class D and Class C earthquake records respectively, and the associated ensembles of
synthetic ground motions for the considered hysteretic Bouc-Wen oscillators. The non-linear
seismic response results based on the earthquake record collections and the associated simulated ground motions are found to be of very similar nature, illustrating the efficiency and
robustness of the developed stochastic simulation framework in generating ground motions
that can be readily used towards the characterization of the probabilistic earthquake response
of hysteretic structural systems. The fragility results are consistent with the expectations that
larger ductility demand states are associated with smaller probability of exceedance for a
given ground motion intensity level, and that the considered larger period (less stiff) structural
systems are prone to larger structural demands, as compared to the shorter period (stiffer)
systems, for a given ground motion intensity level.

8 Conclusions
A developed predictive stochastic ground motion model is presented in this paper using a userspecified earthquake scenario description in terms of moment magnitude Mw , closest distance
Rrup and average site shear-wave velocity VS30 and resulting in fully non-stationary acceleration
time-histories at a site of interest. A bimodal analytical fully non-stationary Kanai-Tajimi (K-T)
model lies at the core of the predictive stochastic model. The K–T model parameters are linked
with the selected set of earthquake and local-site groud motion physical predictors through use
of advanced linear random-effect regression models and an extensive Californian NGA-West2
strong motion database. The simulation of sample ground motion realizations based on the
user-specified earthquake scenario is performed by the Spectral Representation Method (SRM).
In an effort to evaluate the efficiency and assess the versatility of the developed predictive
stochastic ground motion simulation framework, the attenuation of a number of important scalar
ground motion metrics, as obtained by simulated fully non-stationary ground acceleration timehistories, is studied and compared against the results of well-established GMPE models. The
list of considered ground motion metrics included the Arias intensity IA , significant duration
T5−95 , and spectral-based mean period Tm . The statistics of linear elastic response spectra from
ensembles of synthetic ground motion time-histories are next compared with the associated predictions of the state-of-the-art NGA-West2 GMPE models, for a wide spectrum of earthquake
scenarios. Finally, non-linear response-history analyses are conducted for a representative set of
hysteretic Bouc-Wen single-degree-of-freedom oscillators, comparing the seismically induced
ductility demands of the considered systems when subjected to sets of both earthquake ground
motion records and associated synthetic ground acceleration time-histories.
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Construction of Audze–Eglājs Designs in a Periodic Space
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Abstract: The paper presents a dynamical model of mutually interacting particles in a periodic space designed to provide optimal sets of points for numerical
integration. The obtained set of points is applied to Monte Carlo type integration in statistical analyses of computer models. The dynamical model mimics
the behavior of charged particles with repulsive forces that are based on a selected formulation of potential. When the kinetic energy of the damped particle
system approaches zero, the potential energy is reaches a local minimum. The
domain within which the particles are to be distributed is a unit hypercube of
a dimension equal to the number of basic variables for Monte Carlo integration.
It is shown to be necessary for the design domain to be periodically repeated in
order to obtain statistically uniform coverage by the points. The gained coordinates of the points in the unit hypercube are then transformed into the real space
of variables in the analyzed model and used as integration points (realizations of
random variables). The quality or optimality of the resulting design is dependent
on the distance-based constitutive law that is derived from the assumed potential.

1 Introduction
The task of selecting uniformly distributed points in a rectangular domain is an old one that finds
applications in procedures such as numerical integration. One example of such a method, Monte
Carlo integration, lies at the heart of the fully probabilistic assessment of engineering structures.
The fully probabilistic design of engineering systems, which is the highest level of rational consideration of the effects of input uncertainty and also (inevitable) random input variability upon
the performance of an engineering system found in the design standards, is attracting increasing
attention in industry. This is partially due to the cheap and immense computational power available to researchers and engineers today, and partially because of the increasing need to estimate
the behavior of complex systems with random properties subjected to random external actions.
The emergence of commercial software packages documents the interest of industry in this type
of analyses (see e.g. special issue [4] or [10]).
The Monte-Carlo sampling technique not only find application in fully probabilistic design but
also in any other type of statistical assessment, e.g. the evaluation of probabilistic integrals.
Many sampling strategies have been developed in the past, such as crude Monte-Carlo (MC),
Latin Hypercube Sampling (LHS), Importance Sampling (IS), etc. Every Monte-Carlo type
technique centers around the Design of Experiments (DoE) because a sampling plan (for the
selection of integration points) must be developed.
The task is to find optimal locations of Nsim points in a space of Nvar dimensions. The optimality shall be related to the problem at hand. When generating MC or LHS samples, the DoE
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algorithm must ensure that the probability of selecting a particular point in the Nvar dimensional
space is equal to the value of the Nvar dimensional joint probability distribution function (pdf)
of the input random variables. In practice, it is convenient to generate the samples in a space
of sampling probabilities, i.e. a unit hypercube [0, 1]Nvar with uniform density where Nvar is
the number of random variables. Instead of points in real space, the design points x are generated in [0, 1]Nvar . Possible statistical dependencies among the original variables can be dealt
with by transformations into a space of independent marginals (e.g. linear transformations using
Cholesky decomposition or orthogonal transformation of the correlation matrix, see e.g. [18]).
In order to obtain asymptotically unbiased results, the Nsim integration points must be uniformly
distributed with respect to probabilities, i.e. uniformly distributed throughout the given design
space. This means that every location in [0, 1]Nvar must have the same probability of being selected. Moreover, the Koksma-Hlavka inequality [6, 9] shows that the integration error using
a single sample is bounded by a product of (a) a term that solely depends on the integrated
function and, (b) a term that depends on the discrepancy (nonuniformity) in the distribution of
the sampling points. Therefore, the performance and correctness of the sampling approach is to
a large extent dictated by the chosen DoE scheme.
Several criteria concerning the optimality of the design have been developed and used in the
past: the Euclidean MaxiMin and MiniMax distance between points [5]; various measures
of discrepancy (e.g. Modified L2 discrepancy, Wrap-Around L2 -Discrepancy or Centered L2 discrepancy), see e.g. [13] for a review; the D−optimality criterion [15]; criteria based on correlation (orthogonality) [19, 17]; Voronoi tessellation [11]; the φ criterion introduced in [8]; the
dynamic modeling of an expanding lattice; designs maximizing entropy [14]; integrated meansquared error [12]; and many others. The elegant Audze-Eglājs criterion (AE) [1] is based on
the minimization of the potential energy of a system of charged particles. Recently [2, 21], this
criterion has been shown to yield a non-uniform distribution of points due to the presence of
boundaries around the design domain (hypercube). The problem has been fixed [2, 21] by assuming the design domain is periodic, in which case the boundaries disappear. Consequently,
designs optimized with the help of this new periodic Audze-Eglājs criterion (PAE) have been
shown to yield a statistically uniform distribution of points (uniformity when considering many
designs) and also, at the same time, a nice spread of points within the design domain for each
individual design.
This contribution presents a new methodology and computer algorithm that constructs designs
in a periodic space optimized via the PAE criterion. The designs are obtained naturally using the
analogy between the criterion and the system of interacting particles. A robust dynamical model
capable of simulating Nsim points interacting within a periodic space of arbitrary dimensions
Nvar is described. After the kinetic energy of the system dissipates due to damping, the positions
of the particles are treated as experimental points and used for MC integration. The approach
is briefly demonstrated via the Monte Carlo integration of a simple analytical function of two
random variables.

2 The Audze-Eglājs criterion in standard and periodic spaces
The Audze-Eglājs criterion (sometimes spelled Audze-Eglais) criterion value can be understood
as the potential energy of a system of interacting particles. The Euclidean distance between
points i and j in Nvar -dimensional space, Li j , can be expressed as a function of their coordinates:
v
v
uN
uN
var
var
u
2 u
2
 t
(1)
Li j = L xi , x j = ∑ xi,v − x j,v = t ∑ ∆i j,v ,
v=1

v=1
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where ∆i j,v = |xi,v − x j,v | is the difference in their positions projected onto axis v. Let us assume
that the points with distance Li j are repelled by force Fi j with total potential energy Ei j :
Ei j (Li j ) = 1/Li2j =

Z Li j
∞

Fi j (x)dx.

(2)

By differentiating the energy potential with respect to the distance, Li j , the repulsive force is obtained: Fi j (Li j ) = 2Li−3
sim interacting particles, the total potential
j . When the system contains N
Nsim 
energy is the sum of the contributions from all 2 individual pairs:
E=

Nsim −1 Nsim

∑ ∑

i=1

j=i+1

Ei j =

Nsim −1 Nsim

1
.
2
j=i+1 Li j

∑ ∑

i=1

(3)

The total potential energy in Eq. (3) represents the AE criterion to be minimized.
The minimization is typically performed by shuffling a fixed set of coordinates generated by MC
or LH samplings. The algorithms used for reordering are sometimes referred to as columnwisepairwise algorithms. They employ some combinatorial optimization algorithms such as Simulated Annealing, see [19]. There are, however, (Nsim !)Nvar −1 possible mutual arrangements and
so minimization by shuffling algorithms becomes extremely tedious [19, 2].
The exponent in Eqs. (3) and (2) can be arbitrarily changed and different point arrangements
corresponding to the minimum can be obtained. Such a generalization is called the φ -criterion.
In the limit case when the exponent approaches infinity, the MaxiMin criterion [5] is obtained.
The problem with the AE criterion [2] (and also with the MaxiMin and φ criteria [3, 20]) is
that optimal designs suffer from statistically over-sampled and under-sampled regions. Consequently, Monte Carlo integration yields biased results. A simple and efficient remedy that
considers periodic extension of the design space has been proposed in [2]. After some simplification, one can derive equations for the periodic Audze-Eglājs criterion (PAE) by replacing
∆i j,v in Eq. (1) with its periodic variant ∆i j,v = min(∆i j,v , 1 − ∆i j,v ). With such a redefined projection, a new metric is obtained and the distance between points i and j, called the periodic
length Li j , becomes the shortest distance between point i and the nearest image of point j [2]:
v
uN
u var
2
Li j = t ∑ ∆i j,v .
(4)
v=1

We note that using the nearest image of point j with respect to point i does not cover a true
periodic repetition of the design domain. In a true periodic repetition, more images of point j
would interact with point i. The presented approach is a simplification that can be shown to
yield results identical to the fully repeated system in case of a sufficient Nsim point count. If
the number of points in the original domain is too small to carry information about the pattern
of a periodically repeated system, it is desirable to perform the full periodic extension to a
sufficient level.

3 Physical analogy: a dynamical particle system
The (periodic) Audze-Eglājs criterion considers the layout of design points as a system of interacting (mutually repelling) particles and evaluates the amount of potential energy stored within
all the interactions (see the top right corner of Fig. 1a for an illustration). Instead of utilizing the AE/PAE criterion as a norm minimized using combinatorial or heuristic optimization
for a fixed set of coordinates [19], we propose solving the physically analogical problem by
simulating a discrete dynamical system of interacting particles. The coordinates of particles of
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the dynamical system, after reaching a static equilibrium (with the minimization of potential
and kinetic energy), may be directly understood as coordinates of design points within the unit
hypercube.

3.1

Energy potential and derivation of equations of motion

The formulation of the potential energy of a system of charged particles as proposed by the
(P)AE criterion (see Eq. (3)) will further be utilized for the derivation of equations of motion of
the discrete dynamical system. The derivation itself can be conducted using various approaches,
all of which lead (of course) to identical results. In the following text, essential remarks about
derivation using Lagrangian mechanics are provided.
To begin with, it should be stated that the dynamical behavior of a mechanical system with
a finite number of degrees of freedom can be described by Lagrange’s function, or in short
the Lagrangian, L . Sometimes also called kinetic potential, the Lagrangian L is a functional
– a sum of formulations of kinetic and potential energies. In the case of a PAE-conditioned
dynamical system, the Lagrangian can be described as follows:
L = Ek + E pPAE ,

(5)

with the kinetic energy of the particle system Ek being a simple sum of the kinetic energies of
all particles of equal mass m:
Nsim Nvar

Ek = m ∑

2
,
∑ ẋi,v

(6)

i=1 v=1

where ẋi,v = dtd xi,v is the velocity of the ith particle in dimension v. The PAE-potential energy of
the model can be written as the sum of energies stored within all mutual inter-particle interactions:
Nsim −1 Nsim
Nsim −1 Nsim
1
1
PAE
Ep = ∑ ∑ 2 = ∑ ∑ N
.
(7)
var 2
i=1 j=i+1 Li j
i=1 j=i+1
∑ ∆i j,v
v=1

Furthermore, it is necessary to calculate the derivatives of the Lagrangian L with respect to all
state variables. In the case at hand, the state variables are the coordinates xi,v and velocities ẋi,v
of all particles in each dimension. Obeying the Lagrange’s equations of the second kind:


∂L
d ∂L
=
,
(8)
dt ∂ ẋi,v
∂ xi,v
one can start off with the assumption that, apart from the derivatives with respect to time t, the
kinetic energy Ek is further differentiable only with respect to velocities ẋi,v and the potential
energy E pPAE is differentiable purely with respect to coordinates xi,v . Therefore, the left-hand
side of Eq. (8) is rather easily obtainable:




d ∂L
d ∂ Ek
=
= 2 m ẍi,v ,
(9)
dt ∂ ẋi,v
dt ∂ ẋi,v
with ẍi,v = dtd ẋi,v being the acceleration of the ith particle in dimension v. Omitting several
transitional steps, the resulting shape of the right-hand side of Eq. (8) becomes:
Nsim
∂ E pPAE Nsim
2 ∆i j,v
∆i j,v
∂L
=
=∑
=
2
.

∑
2
4
∂ xi,v
∂ xi,v
j6=i Nvar 2
j6=i Li j
∑ ∆i j,v
v=1

1377

(10)

The equations of motion of the solved dynamical particle system therefore contain independent
accelerations on the left-hand side (the mass matrix M of a system M~x¨ = −C~x˙ − K~x would be
a diagonal matrix). This fact is of high importance while considering the options regarding the
solution method and its computer implementation. This means that each acceleration ẍi,v can be
solved separately, without solving a system of equations:
1 Nsim ∆i j,v
ẍi,v = ∑ 4 .
m j6=i L

(11)

ij

The damping of particle motion also depends solely on the velocity of each particle; the damping matrix C would therefore be diagonal as well. Furthermore, each distance projection ∆i j,v ,
as well as each absolute distance Li j , can be computed separately. The properties enable the
utilization of high performance parallel implementation.

3.2

Narrowed particles interaction

While simulating the described particle system, it is necessary to compute the repulsive forces
between all pairs of particles. Since the repulsive force quickly decays with increasing distance
between points (see Eq. (11)) it is apparent that the contribution of very distant particles to the
total acceleration of a studied particle i is minor in comparison with short-distance interactions.
It can be shown that it is possible to simulate a particle system correctly even while deliberately ignoring insignificant long-range interactions as long as the accelerations of each point
are approximated accurately enough. In practice, this means that the algorithm only considers
repulsive accelerations from points within a hyper-sphere of radius rint around every particle.
To set this kind of threshold between long- and short-range interactions, a certain multiple of
what we define as the characteristic length lchar can be considered:
lchar =

1
√
.
Nsim

Nvar

(12)

Numerical simulations suggest that to achieve a sufficient approximation of repulsive interactions (meaning that the model retains the identical global minimum of potential energy), the
interaction radius rint should be
no lower than 3 lchar . Such a threshold value leads to rather
Nsim 
a large proportion of all 2 interactions being ignored and, consequently, to a significant
computational speedup.

3.3

Solution performance and speedup

The following section briefly shows the performance of the parallel CUDA solution when scaling the crucial parameters of the problem; the number of particles Nsim and the number of
dimensions Nvar . The performance of a massively parallel solution using an nVidia Tesla K20c
GPGPU was also compared with an initial single-thread test implementation in the JAVA programming language using the Intel i7-4700 CPU.
Fig. 1b shows the computation time required when solving 105 steps of a dynamical simulation
(with the complete interaction serialized by loops). An immense speedup was achieved when
utilizing massive parallelization. The qualitative difference in the rise in computation time when
scaling both Nsim and Nvar is crucial. The performance of the CUDA solution confirms previous
expectations of a linear dependency on both Nsim and Nvar .
The nature of the speedup when solving the narrowed interaction (i.e. using the float precision
and the serialization of writing with fast atomic additions) is not trivial and its analysis and rationale both lie beyond the scope of the presented paper. An in-depth analysis and performance
study of the parallel CUDA implementation is covered by another publication by the authors
[7].
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Figure 1: a) Comparison of metrics: the standard intersite distance Li j and the periodic distance Li j .
b) Performance comparison of the single-thread and massively parallel implementation while solving
the complete particle interaction.

4 Optimization results and notes on treating the domain boundaries
In this section we briefly demonstrate the simulation results of the proposed approach in two
dimensions. We have already presented a distinction between (i) the standard space used with
the AE criterion (distances Li j measured inside the domain – intersite distances) and (ii) the
periodic space used with the PAE criterion, where the distances Li j are the shortest paths in
a periodically repeated space, see Fig. 1a. Now we note that the redefined metric, i.e. the “periodic” length Li j when used in the dynamical simulation, should be combined with a borderless
domain. This means allowing the points to protrude through the boundaries and appear beyond
them on the opposite side in the periodically repeated domain. In other words, the term “periodically repeated design domain” means that the domain is “folded” and “glued” in such a way
that the boundaries disappear. When simulating the dynamical process, it makes no sense to
constrain the points within the original design domain and allow for the measurement of the
“periodic” length Li j , as this often leads to locking into some local minima. Fig. 2c demonstrates that without letting the points protrude through the boundaries, the final configuration
is stuck: there are points pushed onto the boundary by forces from the bulk and escaping from

Figure 2: The possible effect of the existing borders combined with either intersite distance or periodic
distance.
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such a local energetic minimum would require quite an organized impulse. With free crossing of
boundaries enabled, the simulation finds the configuration with the global energetic minimum
much more frequently, see Fig. 2d.
We note that for selected sample sizes and domain dimensions Nvar , the design prefers orthogonal grids. For example, 4 and 16 points in a 2D domain have the minimum potential energy
when formed into a grid of 2 × 2 and 4 × 4 points, respectively, with equidistant projections.

5 Results of numerical integration
The presented dynamical simulation is supposed to provide uniformly distributed points that
are suitable e.g. for numerical integration methods of the Monte Carlo type. We now present
a numerical example comparing the ability to estimate the mean value and standard deviation
of a product of two independent standard exponential variables,
Z and Z2 : Zprod = Z1 · Z2 . The
R∞ R∞ 1
transformed variable Zprod has the mean value µprod = −∞
−∞ (z1 · z2 ) f (z1 ) f (z2 ) dz1 dz2 = 1,
where f (z) = exp(−z) is the PDF of
the standard exponential variable. The variance (squared
R∞ R∞
2
2
= 3, and therestandard deviation) reads σprod = −∞ −∞ (z1 · z2 )2 f (z1 ) f (z2 ) dz1 dz2 − µprod
√
fore the standard deviation σprod = 3 ≈ 1.732. Using the standard exponential CDF, F(z) =
1 − exp(−z), the integrals can be transformed into probabilities, i.e. the uniformly distributed
variables in [0, 1]: xv = F(zv ), v = 1, 2. For example, the integral for the mean value then reads
R R
µprod = 01 01 [F −1 (x1 ) · F −1 (x2 )] dx1 dx2 .
The Monte Carlo estimation using the sample of Nsim points within the unit square considers the
equal probability associated with each sampling point, i.e. (1/Nsim ), and, the mean is therefore
Nsim −1
1
[F (x1,i ) · F −1 (x2,i )] and the standard
estimated by the arithmetical average µ̃prod = Nsim
∑i=1

2
−1
−1
2
sim
deviation by the unbiased estimator σ̃prod
= Nsim1−1 ∑N
i=1 [F (x1,i ) · F (x2,i ) − µ̃prod ] . These
statistics are functions of Nsim sampling points, i.e. Nsim pairs of coordinates (x1,i , x2,i ) selected
from the unit square.
We compare five ways of selecting these sampling points, namely
1. a centered regular orthogonal grid with Nsim = N Nvar points, denoted as O-GRID. This is
a collapsible
√design with only N equidistant projections over each dimension: (i−0.5)/N,
N = 1, . . . , Nsim . This sampling scheme is a deterministic quadrature.
2. crude Monte Carlo sampling of coordinates, denoted as MC-RAND. The Nsim coordinates
are completely randomly selected from the design domain and the estimator is known to
have a large variance.
3. LHS coordinates paired using the Simulated Annealing method [19] to minimize the PAE
criterion (LHS-PAE),
4. coordinates obtained using the proposed dynamical simulation of charged points in a periodic square (DYN-PAE-R).
5. the same coordinates as in 4, but postprocessed into DYN-PAE-C (centered) by shifting
all points along each individual dimension as a rigid body.
The shifts in the last design are made in such a way as to equal the distance from the lowest
value to the zero boundary and from the highest value to the unit boundary. This can be viewed
as a kind of centering that decreases the variance of the statistical estimator as it limits the
outliers in a similar way to LHS. Thanks to the invariance of the PAE criterion with respect to
shifts along individual dimensions [2], the centering causes no harm to the design.
It is not possible to study the combination DYN-AE as the designs always contain corner points
that, when used as sampling probabilities, yield the value of random variables zi = ∞. Such
a value renders Monte Carlo estimation impossible.
Since the designs are random (MC has random coordinates and non-unique pairing, LHS has
non-unique pairing and metastable states of DYN that depend on the initial arrangement and the
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Figure 3: Convergence of the estimated statistics for Zprod , produced by various methods, with an increasing sample size Nsim . Top: the mean value µprod . Bottom: the standard deviation σprod .

numerical method used for dynamic interactions), we present the results of many runs (Nrun ) of
the design for each configuration. The convergence of estimates towards the exact value of µprod
and σprod is displayed in Fig. 3 top and bottom, respectively. The graphs show the exact solution
for each selected statistical parameter via a dashed line. The average results of estimations are
plotted by a solid line and these lines are surrounded by a scatter-band representing the average
± one standard deviation.
On average, the MC-RAND Monte Carlo results display the least bias. However, the estimator
has the highest variability. LH sampling leads to considerable variance reduction: LHS-PAE
provides estimations with small variance and the estimations quickly converge to the exact
result.
The DYN-PAE-R designs obtained using the proposed dynamical simulation deliver only
slightly better results than MC-RAND: on average they are correct, but the variances are almost as high as those obtained by the crude Monte Carlo sampling. The reason for this is the
random shifts along dimensions.
The results obtained with the DYN-PAE-C centered designs are very encouraging. The variability is as small as for the LHS-PAE designs and also the average estimations are comparable. The
only problem is with sample sizes that allow the points to form an O-GRID (see the comment
at the end of Sec. 4). In such cases, the variance is zero (all runs found the perfect arrangement) and the estimation is quite inaccurate. It is a well-known fact that orthogonal grids are
poor designs in terms of efficiency. The 1D projections form into a small number of different
values spread over a narrow interval. LHS has much better coverage of individual variables and
thus performs much better for the same sample size. The collapsibility of the design is also
a known drawback in cases when some variables have insignificant influence. The issue with
the projections forming into organized collapsible grids can be fixed by a simple extension of
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the constitutive law (or energy potential), which is a topic covered by a subsequent publication
by the authors.

6 Conclusions
Motivated by the original Audze–Eglājs [1] criterion, the paper presents a numerical method
for the preparation of an optimized sampling plan (DoE) that exploits the analogy between the
sampling plan and a system of charged particles with repulsive forces. The dynamical system
of particles is solved by a numerical scheme (semi-implicit Euler method) and the coordinates
obtained as a (meta)stable state are taken as the final design plan. The design domain is a unit
hypercube of a dimension equal to the number of variables. Several conclusions are drawn:
• It is demonstrated that the original formulation of the AE criterion yields non-uniform
designs. A remedy proposed recently in [2], called the periodic AE criterion, or PAE,
provides a solution to the boundary problem: the boundaries are removed by assuming
the periodic extension of the design domain. This translates into a simple redefinition of
the distance between a pair of points, i.e. a new metric.
• The proposed dynamical model of interacting particles is more elegant and faster than
combinatorial optimization combined with, e.g. an LH sampling scheme [19]. Moreover,
the model can be simply redefined by choosing a different constitutive law (or equivalently, potential).
• The nature of the task calls for GPU parallelization. Considerable speedup is demonstrated when using parallel computing.
• The method provides the option of a simple sample size extension – newly added points
can simply be placed within the largest free hypersphere (Voronoi cell) and the forces
from the surrounding frozen particles place it into the best position. Such a one-by-one
sample extension is far more flexible than the (otherwise successful) HLHS method [16],
where the sample size must be extended by at least 2 · Nsim new points.
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[10] D. Novák, M. Vořechovský, and B. Teplý. “FReET: Software for the statistical and reliability analysis of engineering problems and FReET-D: Degradation module”. In: Advances in Engineering Software 72 (2014), pp. 179–192. DOI: 10.1016/j.advengsoft.
2013.06.011.
[11] V. J. Romero et al. “Comparison of pure and “Latinized” centroidal Voronoi tessellation
against various other statistical sampling methods”. In: Reliability Engineering & System
Safety 91.10-11 (2006). The Fourth International Conference on Sensitivity Analysis of
Model Output, pp. 1266 –1280. DOI: 10.1016/j.ress.2005.11.023.
[12] J. Sacks, S. Schiller, and W. Welch. “Designs for computer experiments”. In: Technometrics 31.1 (1989), pp. 41–47. DOI: 10.1080/00401706.1989.10488474.
[13] T. J. Santner, B. J. Williams, and W. I. Notz. The Design and Analysis of Computer
Experiments. Springer Series in Statistics. Springer-Verlag New York, 2003. ISBN: 9780-387-95420-2. DOI: 10.1007/978-1-4757-3799-8.
[14] M. Shewry and H. Wynn. “Maximum entropy design”. In: Journal of Applied Statistics
14.2 (1987), pp. 165–170. DOI: 10.1080/02664768700000020.
[15] K. Smith. “On the Standard Deviations of Adjusted and Interpolated Values of an Observed Polynomial Function and its Constants and the Guidance they give Towards
a Proper Choice of the Distribution of Observations”. English. In: Biometrika 12.1/2
(1918), pp. 1–85. ISSN: 00063444.
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Abstract: It is well recognized that the material properties of a reinforced concrete
(RC) structure and its dimensions are random due to the spatial variability associated with workmanship and other factors. This randomness causes spatially corrosion damages such as corrosion crack, cover spalling and steel corrosion.
Therefore, it is of great importance to simulate deterioration processes of RC structures in a stochastic field context. In this paper, based on a probabilistic model for
steel corrosion in RC structures, time-dependent failure probability of RC bridge
girders is estimated under three different assumptions (a) all random variables are
represented by Gaussian stochastic fields, (b) some random variables are represented by Gaussian and some by non-Gaussian stochastic fields, and (c) spatial
variability is not taken into consideration (i.e., uniform steel corrosion spatial distribution). It is demonstrated in an illustrative example that the failure probability
of a RC bridge girder with the non-uniform steel corrosion distribution over its
span is higher than that with the uniform steel corrosion distribution.

1 Introduction
Concrete structures in a marine environment deteriorate with time due to chloride-induced
corrosion of reinforcing bars. Since the product of steel corrosion occupies a greater volume
than that of the original reinforcing bars, it induces cracks in the concrete cover and subsequently surface cracks. The corrosion of steel reinforcement is accelerated by the existence of
oxygen and water supplied through the crack, leading to structural performance deterioration.
Despite extensive research in this field, a number of issues still remain unclear. One of the
main intricacies is the uncertainty associated with the physical and material parameters involved in the problem. Because of the presence of uncertainties, long-term structural performance must be predicted based on probabilistic concepts and methods, and life-cycle
reliability assessment methodologies must be established [4][5][8].
Akiyama et al. [1] presented a procedure for estimating the probability of corrosion cracking
during the lifetime assuming that the steel corrosion is uniformly distributed over the entire
structure. This assumption is an oversimplification. It is well recognized that the material
properties of a concrete structure and structural dimensions are random due to the spatial variability associated with workmanship and other factors. This randomness causes spatial variability of corrosion damages such as corrosion cracks, cover spalling and steel corrosion.
Modelling the spatial variability of the variables associated with the material and structural
deterioration provides the ability to better estimate the probability of deterioration.
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In this paper, based on the probabilistic model for steel corrosion in RC structures presented
in [1, 9], life-cycle reliability of RC bridge girder in a marine environment is estimated by
incorporating spatial variations. Spatial variabilities associated with the random variables
used in the chloride induced corrosion prediction of the reinforcing steel are represented by
the use of Gaussian and non-Gaussian stochastic fields [11].

2 Deterioration Model of RC Bridge Girder
Environmental conditions should be probabilistically assessed and the evaluation results
should be reflected in the life-cycle reliability analysis of RC structures in a marine environment. The hazard associated with airborne chlorides depend on the ratio of the sea wind to the
land wind (defined as the percentage of time in a day during which the wind is blowing from
the sea toward the land), the wind speed on the location analysed, and the distance from the
coastline [1]. When airborne chlorides arrive at the bridge, chloride gradually diffuses toward
the rebars based on the Fick’s second law. Once the passive film breaks down, corrosion will
begin, with the presence of moisture and oxygen, resulting in a formation of expansive corrosion products that occupy about two to six times the volume of the original steel. The expansive corrosion products create tensile stresses on the concrete surrounding the corroding
rebars. This can lead to cracking and spalling of concrete cover, and increase of the steel corrosion rate. The diffusion of chloride depends on the crack width [7]. Since the parameters
associated with the chloride induced corrosion are spatially-dependent, steel weight loss is
also spatially-dependent. Flexural strength of bridge girder depends on the spatial distribution
of steel weight loss.
Concentration of airborne chlorides at a specific site depending on the distance
from coast line, wind speed and the ration of sea wind to land wind
Penetration of chloride ions into concrete
C

C

(D
)
t x
x

Cl-

Cl-

Steel corrosion
initiation

Corrosion current
2Fe + O2 + 2H2O
Cl,eFe2O3・H2O

Volume expansion due to
corrosion products

Cl-

Crack propagation estimation considering the
change of chloride diffusion

Figure 1: Flowchart for evaluating the deterioration process of RC structures
in a marine environment

In this paper, the following nine random variables are considered:
- x1: wind speed
- x2: model uncertainty associated with attenuation of airborne chloride
- x3: model uncertainty associated with relationship between airborne chloride and surface
chloride concentration
- x4: critical threshold chloride concentration at occurrence of steel corrosion
- x5: model uncertainty associated with estimation by diffusion equation
- x6: steel corrosion rate
- x7: concrete’s elastic modulus
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- x8: concrete’s tensile strength
- x9: concrete cover depth.
The means and standard deviations of random variables x1 to x9 are reported in [1, 9]. Once
the stochastic random field is defined, random variables are generated using Monte Carlo
Simulation (MCS) for each element. Random variables within the random field are statistically correlated based on the correlation function of the corresponding random field.
Figure 1 shows the flowchart for evaluating the deterioration process of RC structures in a
marine environment.

3 Stochastic Field
3.1 Gaussian Stochastic Field
The spectral representation method (SRM) is a very versatile method for generating stochastic
fields and processes [11]. This method can be connected to the Monte Carlo Simulation
(MCS) for solving the stochastic problems in structural engineering. In this section, based on
the formulations presented by [9], spatial variability associated with the random variables
used in the deterioration process of RC structures is represented by the Gaussian stochastic
field. One stochastic field realization can be simulated by the following series as N → ∞:
f (t )  2  2S f f ( j ) cos j t   j 
N

j 1

(1)

0 0

where

 j  j ;  

u
N

,

(2)

 b 2 j 
 2b
,
S f f ( j ) 
exp  
(3)
4 
2 

φj= independent random phase angle distributed uniformly over the interval [0,2π], κu = upper
cutoff wave number corresponding to the t axis in the space domain, and S f f = power spectral
2

0 0

0 0

density function (PSDF). In this study, for all Gaussian random fields, PSDF is given by
Equation (3), where σ is the standard deviation and b is proportional to the correlation length
of the stochastic fields.

3.2 Non-Gaussian Stochastic Field
Non-Gaussian stochastic field is simulated in this study according to the methodology described in [2, 10, 12]. This is an iterative technique whose objective is to generate sample
T
( ) , and a prescribed nonfunctions that reflect a prescribed non-Gaussian PSDF, S NG

( ) . The first step of the method is setGaussian cumulative distribution function (CDF), FNGT ・
ting a first trial value for the underlying Gaussian PSDF. As first approximation, it is customT
( ) is equal to the prescribed non-Gaussian
ary to assume that the underlying Gaussian S NG
PSDF as follows
T
SG( 0 ) ()  S NG
()

T
( ) is a target non-Gaussian PSDF expressed as:
where S NG
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(4)

1
T
S NG
( )  b 3 2 exp  b  
(5)
4
The second step is to compute the corresponding Gaussian autocorrelation function (ACF),
RG( k ) (τ) , from the Gaussian PSDF, via the Wienner-Khinchine equation as [11]:
RG( k ) ( )   SG( k )  exp i d


(6)



where (k) indicates the k-th iteration of the algorithm and i is imaginary unit.
The next process is a translation process. This process may then be mapped to a stationary
( ) , through the following
non-Gaussian process X (t ) with prescribed marginal CDF, FNG ・
non-linear transformation [10]:
(7)
X (t )  FNG1{FG [G(t )]}

( ) denotes the inverse of the non-Gaussian CDF, FG ・
( ) is the Gaussian CDF and
where FNG1 ・
G(t ) is Gaussian field.
The Gaussian ACF ( RG( k ) ( ) ) can be transformed to the corresponding non-Gaussian ACF
(k )
( RNG
( ) ) using the Equation (8), as proposed in [6]:
(k )
RNG
( ) 

 

  F F [G( x )] F F [G( x )] x , x ; 

( )dx1 dx2

(8)

 x12  x22  2  G( k ) ( ) x1 x2 



exp
2
(k ) 2


(k ) 2
2

{
1


(

)}
1   G ( )
G



(9)

1

NG

1

G

1

NG

G

2

1

2

(k )
G

 

where x1 , x2 ; G( k ) ( ) is the Gaussian probability density defined as:

 x1 , x2 ;  G( k ) ( ) 

1

2 2

and  G( k ) ( ) is the normalized correlation function:
 G( k ) ( ) 

RG( k ) ( )

(10)

2

where  is the standard deviation of the underlying Gaussian process with zero mean.
(k )
( ) is determined from the non-Gaussian ACF RNG( k ) (τ) by
Then, the non-Gaussian PSDF S NG
means of the inverse Wienner-Khinchine transformation:
(k )
S NG
( ) 

1
2



 R  exp  i d .
(k )

NG

(11)



At the end of each iteration, a convergence criterion is checked. The error reported in Equation (12) measures the discrepancy between the target PSDF and the compatible non-Gaussian
PSDF as follows.
N 1

 (k ) 

 S    S  
 k 1 

T

NG

NG

2

n 0

N 1

 S  
T

(12)

2

NG

n 0

When the error stabilizes or becomes small enough, the current trial underlying Gaussian
PSDF is saved and used for the production of samples using SRM and translation theory.
Otherwise, the trial is updated as
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u

( k 1)

SG

 S T ( )  ( k )
( )   NG
 S G ( )
(k )
 S NG ( ) 

(13)

where βu is the exponent that plays a significant role in the convergence.
It appears that a positive value close to zero usually provides the best convergence of the
iterative scheme [3]. Then the iterations continue restarting from computing Gaussian ACF.
Once a compatible non-Gaussian PSDF S NG ( ) is established – together with its
corresponding underlying Gaussian PSDF S G ( ) – generation of sample functions of the nonGaussian process with prescribed CDF FNG ・
( ) is straightforward.
Figure 2 shows an example of Gaussian and lognormal stochastic field.
3

Gaussian
Lognormal

2

f(t)

1
0
-1 0

20

40

-2
Mean = 0.0, Standard deviation = 1.0
t

-3

Figure 2: Comparison of Gaussian and lognormal stochastic fields

4 Illustrative Example
As an illustrative example, life-cycle reliability of a RC bridge girder in a marine environment
is estimated by incorporating spatial variations and hazard associated with the airborne chloride. Spatial variabilities associated with the random variables used in the steel corrosion prediction are represented by Gaussian and non-Gaussian stochastic fields. In this paper, timedependent failure probability of a simply supported RC bridge girder with the span of 28 m
shown in Figure 3 is estimated under three different assumptions (a) all random (i.e. variables
x1 to x9) are represented by Gaussian stochastic fields, (b) random variables x1 to x8 are represented by Gaussian stochastic fields and x9 is represented by a non-Gaussian (i.e. lognormal)
stochastic field, and (c) spatial variability is not taken into consideration (i.e., uniform steel
corrosion spatial distribution). It is assumed that all longitudinal rebars have the same spatial
variability of rebar corrosion under the assumptions (a) and (b). The mean values of concrete
compressive strength and rebar yield strength are assumed 45.2 MPa and 388 MPa, respectively.
2000

9000
8000

500

400

500

1600

200

200

200

200

200

400

Areas of tensile steel =1.53×104 mm2

Figure 3: Analysed RC bridge girder, dimensions are in mm
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Since the RC bridge girder shown in Figure 3 has sufficient ties to prevent brittle failure, failure probability associated with only flexural failure is estimated in this paper. Assuming that
K traffic load events occur within the time interval (0, t] at times ti (i = 1, 2, ..., K), the critical
flexural performance function for a girder comprising N elements in series is
g t  minM c, j ti   M s , j ti 
i

(14)

j 1, N

where Mc,j = flexural resistance at the mid-point of element j, and Ms, j = bending moment at
the mid-point of element j due to dead and traffic load. Mc,j is calculated based on the section
analysis using reduced cross-section area Aj (ti) of longitudinal rebars estimated from steel
weight loss, where Aj (ti) can be estimated by steel weight loss at the centroid of each element j.
Hazard curve associated with the airborne chloride is determined assuming that the RC girder
is located in Niigata City, Japan, and that the distance from coastline to RC girder is 0.1 km.
Figure 4 shows an example of the spatial distribution of the steel weight loss over the bridge
girder at 100 years after construction assuming (a), (b) or (c). In Figure 5, the time-dependent
failure probabilities assuming (a), (b) or (c) are presented. As shown, the failure probability of
the RC bridge girder with the non-uniform steel corrosion distribution over its span is higher
than that with the uniform steel corrosion distribution. It is clear that it is not conservative to
assume uniform spatial steel corrosion distribution and that is more appropriate to simulate
the deterioration processes of RC structures in a stochastic field context.
Steel Weight loss (%)

40

(a) Gaussian
(b) Gaussian + non-Gaussian (i.e. lognormal)
(c) Uniform

30
20
10
0
0

7

14
21
Distance from left edge of the girder (m)

28

Figure 4: Spatial distribution of the steel weight loss of the girder

Failure probability
Failure Probability

3.E-03-3
3.0×10
2.E-03-3
2.0×10

(a) Gaussian
(b) Gaussian + non-Gaussian (i.e. lognormal)
(c) Uniform

1.E-03-3
1.0×10
0.E+00
0
40

60

Time (years)

80

100

Figure 5: Time-dependent failure probability of a RC bridge girder under different assumptions

5 Conclusions
Spatial variabilities associated with the random variables used in the chloride induced corrosion of the reinforcing steel are represented by both Gaussian and non-Gaussian stochastic
fields. Time-dependent failure probability of RC bridge girders in a marine environment
taking into consideration the hazard associated with airborne chlorides was estimated. The
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failure probability of a RC bridge girder with the non-uniform steel corrosion distribution
over its span is higher than that with the uniform steel corrosion distribution. Therefore, it is
of great importance to evaluate the life-cycle reliability of RC structures in a stochastic field
context.
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Estimation of material response maxima by extreme value
theory and surrogate models
M. Grigoriua
a Cornell

University, USA

Abstract: Two methods are developed for estimating distributions of maxima of
material responses at microscale. The methods are based on concepts of extreme
value theory (EVT) and surrogate models for solutions of stochastic equations.
Numerical examples are presented to illustrate the implementation and performance of the methods.

1 Introduction
Material properties at microscale vary randomly in space and so do material responses at this
scale. They satisfy differential equation with random coefficients, referred to as stochastic differential equations (SDEs). Monte Carlo simulation, the only general method for solving SDEs,
may not be feasible when dealing with realistic problems since the computation time to generate
a single response sample can be excessive. The method cannot be used to estimate distributions
of material response maxima since Monte Carlo estimates of these distributions require large
sets of response samples.
Two practical methods are developed for estimating statistics of extreme material responses at
microscale. The first uses a relatively small set of independent response samples and concepts
of the extreme value theory (EVT) to estimate the distribution of large material responses. It
can be viewed as an efficient/smart Monte Carlo simulation. The second method constructs approximate solutions for SDEs, referred to as surrogate models. Large sets of samples of these
models can be generated with a minimum computational effort. The samples are used to estimate statistics of material response maxima. The accuracy of the resulting estimates depends
largely on that of surrogate models. Bounds are developed to quantify the discrepancy between
exact and surrogate material responses.
Theoretical arguments are presented to validate the proposed methods for estimating statistics
of response responses. The implementation and the accuracy of the methods is illustrated by
numerical examples.

2 Problem definition
Let A(x), x ∈ D, be a random field defined on a probability space (Ω, F , P) which describes
material properties at microscale, where D is a specimen domain. Material response U(x) at
this scale is a random field defined on the same probability space as a measurable mapping
of A(x). Both fields have infinity stochastic dimensions since they are uncountable families of
random variables indexed by x ∈ D. For calculations, A(x) is approximated by a parametric
random field A(x, Z), x ∈ D, i.e., a deterministic function of x ∈ D which depends on an Rd valued random variable Z = (Z1 , . . . , Zd ). The stochastic dimension of A(x, Z) is finite and equal
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to d. If Z is defined on (Ω, F , P), so are the random fields A(x, Z) and the material response
U(x, Z) corresponding to microstructure A(x, Z).
Suppose U(x, Z) is a real-valued random field and let Umax (Z) = maxx∈D {U(x, Z)} denote
its maximum in D. Our main objective is to estimate the distribution of the random variable
Umax (Z). We are particularly
interested in the right tail of this distribution, i.e., the proba
bility P Umax (Z) > u for u large. Monte Carlo simulation is not an option since estimates
of this probability
sets of response samples, e.g., 106 samples for probabilities
 requires large
5
P Umax (Z) > u of order 10 . Following sections describe the proposed methods for estimating
the right tail of the distribution of Umax (Z).

3 Extreme value distribution (EVD)
It can be shown that maxima of random fields, e.g., random variables as Umax (Z), follow under
mild conditions generalized extreme value (GEV) distributions [6, 8]. The GEV distribution has
the form

−1/ξ 
F(x; µ, σ , ξ ) = exp − 1 + ξ (x − µ)/σ
, 1 + ξ (x − µ)/σ > 0,
(1)

where µ ∈ R, σ > 0, and ξ ∈ R denote the location, scale, and shape parameters. The GEV
distribution with ξ = 0, referred to as the Gumbel distribution, is


F(x; µ, σ ) = exp − exp − (x − µ)/σ , x ∈ R.
(2)

The construction of the GEV approximation for P Umax (Z) > u involves two steps. First, statistical tests, e.g., QQ plots, are used to determine whether or not GEV is a potential model. Second, if Umax (Z) follows a GEV distribution, its parameters are estimated from samples of of this
random variable. Let (µ̂, σ̂ , ξ̂ ) be estimates of the parameters (µ, σ , ξ ) of the GEV distribution


in Eq. 1. Then P Umax (Z) > u is approximated by 1 − F u; µ̂, σ̂ , ξ̂ . Similar approximations
for the Gumbel model.

3.1

Maximum likelihood estimates (MLEs)

Let {u j }, j = 1, . . . , n, be n independent samples of Umax (Z). Under the assumption that Umax (Z)
follows a GEV distribution, the log-likelihood function for the parameters of this distribution
has the expression [1] (Sect. 3.3.2)
`(µ, σ , ξ ) = −µ log(σ ) − (1 + 1/ξ )

n

n 


−1/ξ
log
1
+
ξ
(u
−
µ)/σ
−
,
j
∑
∑ 1 + ξ (u j − µ)/σ

j=1

j=1

(3)
provided ξ 6= 0 and 1 + ξ (u j − µ)/σ > 0, i = 1, . . . , n. If ξ = 0, the log-likelihood function
becomes
n
n

(4)
`(µ, σ ) = −n log(σ ) − ∑ (u j − µ)/σ − ∑ exp (u j − µ)/σ .
j=1

j=1

The MLEs (µ̂, σ̂ , ξ̂ ) and (µ̂, σ̂ ) of the GEV and Gumbel distributions maximize the likelihood
functions `(µ, σ , ξ ) and `(µ, σ ), respectively. The maximum likelihood estimators for the GEV
parameters are approximately Gaussian and can be used to construct confidence intervals on
MLEs [1] (Theorem 2.2).
Alternative estimates
of the GEV parameters can be obtained by using the fact that Umax (Z) |

Umax (Z) > u follows the generalized Pareto distribution (GPD)



ξ (v − u) −1/ξ
(5)
P Umax (Z) ≤ v | Umax (Z) > u ' H(v) = 1 − 1 +
σ̃
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on {v > u : 1 + ξ (v − u)/σ̃ > 0}, where ξ is the shape parameter of the GEV distribution F
and σ̃ = σ + ξ (u − µ) [1] (Theorem 4.1). The expression of H(x) holds for sufficiently large u
and v > u. The selection of a threshold u is challenging. Too large/small thresholds u result in
bias/inaccurate estimates of the GPD parameters. By Eq. 5, u has to be in an interval in which
ξ and σ̃ viewed as functions of u are constant and linear, respectively.

3.2

Hill’s estimates

Let {Xi }, i = 1, . . . , n, be independent copies of Umax (Z). The Hill estimator has the form
1
Hn,k =
k

k

X(i)

∑ log X(k+1)

(6)

i=1

where X(1) ≥ X(2) ≥ · · · ≥ X(n) denote the order statistics of the family of random variables {Xi }
indexed largest to smallest [1] (Chaps. 3 and 4). It can be shown that Hn,k → ξ in probability
as n, k → ∞ such that k/n → 0 [8] (Theorem 4.2). This means that Hn,k can be used as an
estimator for the shape parameter ξ provided n  1 and k/n is small. It suggests to construct
plots of Hn,k versus k and approximate ξ by values of Hn,k in which these plots do not vary
with k. As for the previous estimator of the shape parameter, the identification of intervals in
which Hn,k is invariant with k by visual inspection proves difficult in some applications. An
alternative method was recently developed for estimating the shape parameter of heavy-tailed
distributions [7]. The method provides an algorithm for estimating the shape parameter ξ which
does not involve visual inspection of plots of Hn,k . The algorithm is based on the observation
that independent samples of a random variable which fall in the right tail of its distribution can
be described by a Poisson random measure.

4 Surrogate model
Let Ũ(x, Z) be a surrogate model of U(x, Z), i.e., an approximate solution of the SDE satisfied by U(x, Z). We show that (1) large sets of samples of Ũ(x, Z) can be generated from
samples of Z with a minimum computational effort so that P Ũmax (Z) > u can be estimated
accurately from these samples; there is no need to characterize Ũmax (Z) by GEV distributions,
00 and the noise is bounded, and (3) if U
(2) Ũmax (Z) = Umax (Z) + “noise

 max (Z) is GEV distributed, then P Umax (Z) > u can be approximated by P Ũmax (Z) > u since Ũmax (Z) also
follows a GEV distribution with the same shape parameters as that of Umax (Z).

4.1

Construction

Let Z̃ be a stochastic reduced order model (SROM) of Z, i.e., an Rd -valued random variable defined on the same probability space as Z which has a finite number of samples {z̃k }, k = 1, . . . , m.
The samples of Z̃ are selected from those of Z in an optimal manner [2, 9]. The probabilities of
these samples are {P(Z ∈ Γk )}, where Γk = {z ∈ Z(Ω) : kz − z̃k k ≤ kz − z̃l k, l 6= k}, k = 1, . . . , m,
are Voronoi cells with centers {z̃k } which partition the range Γ = Z(Ω) of Z.
The surrogate model has the form


m
Ũ(x, Z) = ∑ 1(Z ∈ Γk ) ũk (x) + ∇ũk (x) · (Z − z̃k ) ,
(7)
k=1

where ũk (x) = U(x, z̃k ) and ∇ũk (x) is the gradient of U(x, Z) at Z = z̃k [2, 4]. The construction
of the surrogate model Ũ(x, Z) in Eq. 7 involves m (d + 1) deterministic solutions, m to obtain
the deterministic solutions {ũk (x)} and m d to obtain the deterministic gradients {∇ũk (x)}. The
surrogate in Eq. 7 is non-intrusive, in the sense that its implementation involves solutions of
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deterministic versions of SDEs, and can be used to obtained approximate samples of U(x, Z)
from samples of Z by elementary calculations. For example, let Z(ω) be a sample of Z and
let k(ω) ∈ {1, 2, . . . , m} be such that kZ(ω) − z̃k(ω) k ≤ kZ(ω) − z̃l k, l 6= k(ω). Then Z(ω) is
allocated to cell Γk(ω) and the corresponding sample of Ũ(x, Z) has the expression Ũ(x, Z(ω)) =
ũk(ω) (x) + ∇ũk(ω) (x) · (Z(ω) − z̃k ).
The quality of the surrogate model Ũ(x, Z) depends largely on the properties of the mapping
Z 7→ U(x, Z), x ∈ D, the size m of the SROM Z̃, and the dimension of Z. Following two subsections examine the discrepancy |U(x, , Z) − Ũ(x, Z) between the exact U(x, , Z) and approximate
Ũ(x, Z) solutions.

4.2

Accuracy

Suppose the first and second derivatives of U(x, ·), x ∈ D, along the lines passing through z̃k ,
k = 1, . . . , m, are continuous and exist, respectively. Then
 d

∂ (2)
1 m
2
U(x, Zk∗ ),
(8)
U(x, Z) − Ũ(x, Z) = ∑ 1(Z ∈ Γk ) kZ − z̃k k ∑ αr (z̃k , Z)
2 k=1
∂
z
r
r=1

where α(z̃k , Z) = {αr (z̃k , Z)} = {(Zr − z̃k,r )/kZ − z̃k k} = (Z − z̃k )/kZ − z̃k k denotes the unit
vector along the segment with ends z̃k and Z, Zk∗ is an interior point of this segment, and
(p)
denotes the directional derivative of order p ≥ 1 along the line pass∑dr=1 αr (z̃k , Z) ∂ /∂ zr
ing through z̃k . This equality follows from the Taylor formula with reminder applied along the
lines passing through z̃k and Z̃ [4].
If there exists Mk > 0 such that |∂ 2U(x, Z)/∂ zr ∂ zq | ≤ Mk for Z ∈ Γk , then
1
|U(x, Z) − Ũ(x, Z)| = kZ − z̃k k2
2

≤

∂ 2U(x, Zk∗ )
∑ αr (z̃k , Z) αq(z̃k , Z) ∂ zr ∂ zq
r,q=1
d

d
d2
1
kZ − z̃k k2 Mk ∑ αr (z̃k , Z) αq (z̃k , Z) ≤
Mk kZ − z̃k k2
2
2
r,q=1

(9)

for Z ∈ Γk by Eq. 8. Let G = σ (Ω1 , . . . , Ωm ) denote the σ -field generated by the partition
{Ωk = Z −1 (Γk )} of the sample space Ω corresponding to the Voronoi cells {Γk } constructed on
the samples {z̃k } of a SROM Z̃ of Z. We have


 

E |U(x, Z) − Ũ(x, Z)| = E E |U(x, Z) − Ũ(x, Z)| | G
m



= ∑ P(Z ∈ Γk ) E |U(x, Z) − Ũ(x, Z)| | Ωk =
k=1

m Z

∑

k=1 Γk

|U(x, z) − Ũ(x, z)| dF(z),

(10)

where F(z) denotes the distribution of Z ([5], Sect. 2.17). The bound on |U(x, z) − Ũ(x, z)| and
the above expression give [4]

 1
E |U(x, Z) − Ũ(x, Z)| ≤
2
≤

m

∑ Mk

k=1

d2
2

m

Z

∑ Mk

k=1

Γk

Z

kz − z̃k k2

Γk

d

∑

r,q=1

αr (z̃k , z) αq (z̃k , z) dF(z)

kz − z̃k k2 dF(z),

(11)

where the latter inequality holds since αr (z̃k , z) αq (z̃k , z) ≤ 1. The above bounds show that
the discrepancy between Ũ(x, Z) and U(x, Z) is bounded so that the representation Ũmax (Z) =
Umax (Z) + “noise00 holds, where the “noise” is bounded.
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4.3

Exact and surrogate extreme responses

Suppose Umax (Z) follow a GEV distribution with shape parameter ξ . We present some properties which show that Ũmax (Z) also follows a GEV distribution with shape parameter ξ provided
the “noise” is bounded, i.e., the distributions of Umax (Z) and Ũmax (Z) have similar right tails.
(1) Suppose X follows a GEV distribution with parameters (µ, σ , ξ ), ξ > 0, and Y = X +W ,
where W ∼ U(a, b), b − a < ∞, is independent of X. Then


P(Y > x) ' (1 + ξ z)−1/ξ 1 + (1 + ξ z)−1 (a + b)/(2 σ ) and
x → ∞,

P(X > x) ∼ P(Y > x) ∼ x−1/ξ ,

(12)

for sufficiently large x > 0, where z = (x − µ)/σ .
(2) Estimates of the shape parameter ξ > 0 based on the GEV and GPD models are and are
not affected by relatively small and bounded observation noise.

(Y )
(3) Suppose Y = X + c, c ∈ R, and let Hn,k = (1/k) ∑ki=1 log Y(i) /Y(k+1) , where {Yi }, i =
1, . . . , n, are independent copies of Y , Y(1) ≥ Y(2) ≥ · · · ≥ Y(n) ≥ 0, and Y(i) > |c| > 0 a.s.,
i = 1, . . . , k + 1. If X(i)  |c|, we have
(Y )
Hn,k − Hn,k

|c|
'
k

k

∑

i=1




1
−
.
X(k+1) X(i)
1

(13)

The second and third properties are particularly relevant for applications. Their practical relevance is illustrated by the following two numerical examples. First, suppose X is GEV distributed with parameters µ = 0, σ = 1, and ξ = 0.3 and W is uniformly distributed in (a, b).
Figure 1 shows histograms of MLEs of the shape parameter ξ obtained from 1000 sets of
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Figure 1: Histograms of MLEs for GEV and GP models (top and bottom panels) for noiseless data (left
panels) and noisy data in (−1, 0) and (−1, 1) (middle and right panels)

n = 1000 independent samples of X and Y . The left panels are for noiseless data. The middle
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and right panels are for noisy data with W ∼ U(−1, 0) and W ∼ U(−1, 1), respectively. The
estimates in the top and bottom panels are the MLEs in Sect. 3.1, referred to as GEV and GPD
estimates. The GEV estimates of ξ = 0.3 from noisy observations are bias, e.g., the means of
the histograms for W ∼ U(−1, 0) and W ∼ U(−1, 1) are approximately 0.25 and 0.18. In contrast, the corresponding GPD estimates of ξ are unbias. Similar results have been obtained for
W ∼ U(0, 1) and other bounded noises.

Second, suppose as in the previous example that X follows a GEV distribution with parameters
(Y )
(µ = 0, σ = 1, ξ = 0.3). Figure 2 shows histograms of the approximate expression of Hn,k −
- (Y )
-H − Hn,k -

- (Y )
-H − Hn,k -
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Figure 2: Histograms of Hn,k − Hn,k /|c| for a GEV distribution with (µ = 0, σ = 1, ξ = 0.3) for n =
10, 000 and n = 100, 000 (left and right panels)

Hn,k /|c| in Eq. 13. The histograms are obtained from 1,000 sets of n = 10, 000 and n = 100, 000
(left and right panels) independent samples of F and use the top 100 samples of F, i.e., k = 100
(Y )
in Eq. 13. The histograms are at different scales and show that the discrepancy between Hn,k and


Hn,k decreases with the sample size n. The expectation of ∑ki=1 1/X(k+1) − 1/X(i) /k is 0.0275
for n = 10, 000 and 0.0107
 for n = 100, 000. The corresponding estimates of the expectation of
k
1/X
−
1/X
∑i=1
(k+1)
(i) /k for ξ = 0.1 are 0.0331 and 0.0156.

5 Numerical illustration


Let A(x) be a real-valued random field and U(x) = exp λ A(x) where x ∈ D = [0, 1] and λ ∈
R. Since the mapping A(x) 7→ U(x) is known, samples of U(x) can be obtained simply and
efficiently from samples of A(x) so that there is no need for surrogate models. Yet, we construct
surrogate models for the solution U(x, Z) corresponding to parametric models A(x, Z) of A(x)
to illustrate the implementation of this method in a simple setting.
Numerical results are obtained for a homogeneous Gamma translation random field A(x) defined by A(x) = a + F −1 ◦ Φ(G(x)), x ∈ D, where F and Φ denote the distributions of the
Gamma variable with parameters (p, θ ) and the standard Gaussian variable N(0, 1), G(x)
is a stationary Gaussian process with mean 0, variance 1, and one-sided spectral density
g(ν) = 1(νa < ν < νb )/(νb − νa ), 0 < νa < νb < ∞, νa = 10, νb = 20, a = 1, p = 2, θ = 1.2,
λ = 0.2, D = [0, 1], and the density of F is f (v) = v p−1 θ p exp(−θ v)/Γ(p), v > 0.

5.1

Parametric model of A(x)

Consider the linear parametric model
A(x, Z) =

d

∑ Zr ϕr (x),

r=1
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x ∈ D,

(14)

where Z = (Z1 , . . . , Zd ) is an Rd -valued random variable and {ϕr (x)} are selected real-valued
deterministic basis functions. The construction of A(x, Z) involves the following three steps.
First, truncated Karhunen-Loève (KL) representations are constructed for the target random
field A(x) from its correlation function if known or estimates of this function obtained from independent samples {ai (x)} of A(x). Second, the basis functions {ϕr (x)}, r = 1, . . . , d, in Eq. 14
are selected, e.g., the top d eigenfunctions of the KL representation of A(x), i.e., the eigenfunctions associated with the largest d eigenvalues, or the top d SVD modes of the matrix whose
rows are the samples {ai (x)} of A(x) [3]. Third, the samples {ai (x)} are projected on the basis
functions {ϕr (x)}, i.e.,
d

∑ zr hϕr , ϕqi =

d

∑ zi,r δrq = zi,q,

hai , ϕq i =

r=1

r=1

hai , ϕq i =

∑ zr hϕr , ϕqi = ∑ zi,r δrq = zi,q,

d

d

r=1

r=1

q = 1, . . . , d,

(15)

q = 1, . . . , d,

to find the corresponding samples (zi,1 , . . . , zi,d ) of Z = (Z1 , . . . , Zd ). The calculation of samples
of Z by this procedure is very efficient since the basis functions {ϕr (x)} are orthonormal. The
samples of Z and the basis functions define the parametric model A(x, Z) in Eq. 14.
The left panel in Fig. 3 shows the basis functions {ϕr (x)}, r = 1, . . . , d, for A(x, Z) with dimension d = 5. They have been extracted from 10000 independent samples {ai (x)} of A(x) and con0.25
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Figure 3: Basis functions {ϕr (x)}, r = 1, . . . , d, d = 5, for A(x) (left panel), samples of A(x) and A(x, Z)
(middle panel), and samples of U(x) and U(x, Z) (right panel)

stitute the top five modes of the SVD of {ai (x)}. The solid lines in the middle
 and right panels
are samples {ai (x)} of A(x) and corresponding samples ui (x) = exp λ ai (x) of U(x). The dash

lines in these panels are the samples of A(x, Z) = ∑dr=1 Zr ϕr (x) and U(x, Z) = exp λ A(x, Z)
associated with {ai (x)} and {ui (x)}. There are small differences between the target samples,
i.e., the samples of A(x) and U(x), and the samples of the parametric random fields A(x, Z) and
U(x, Z). If the basis is extended to include the top d = 10 modes of the SVD of {ai (x)}, the
samples of A(x) and U(x) and the corresponding samples of A(x, Z) and U(x, Z) are indistinguishable at the scale of the figure. We note that A(x) and U(x) can be approximated by A(x, Z)
and U(x, Z) and that the stochastic dimension of this approximation is d = 5.

5.2

Surrogate model


The surrogate model of Eq. 7 for U(x, Z) = exp λ A(x, Z) has the expression

Ũ(x, Z) = ∑ 1(Z ∈ Γk ) ũk (x) + λ
m

k=1
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∑ ϕr (x) ũk (x)(Zν − z̃k,r ) ,
d

r=1

(16)

where {z̃k,r }, r = 1, . . . , d, denote the components of z̃k ,

ũk (x) = U(x, z̃k ) = exp λ A(x, z̃k ) ,

and

∂ ũk (x) ∂U(x, Z)
=
|Z=z̃k = λ ϕr (x) ũk (x),
∂ Zr
∂ Zr

r = 1, . . . , d.

(17)
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with size m ≥ 20, and (3) estimates of P Umax (Z) > z obtained from GEV models fitted to
relatively small sets of samples of Umax (Z) are unstable, e.g., the thin solid lines in Fig. 4 are

−6

−8

−6

−8

−10

−10

−10

−12

−12

−12

−14

−14
0

0.5

1

1.5

u

2

2.5

3

−14
0

0.5

1

1.5

u

2

2.5

3

0

0.5

1

1.5

u

2

2.5

3


Figure 4: Estimates of P Umax (Z) > u based on 10,000 samples (heavy solid lines) and sets of 100, 200,
and 1,000 samples (left, middle, and right panels)


GEV estimates of P Umax (Z) > u fitted to sets of 100, 200, and 1000 samples (left, middle, and right panels). The heavy solid line is a GEV estimated of P Umax (Z) > u based on
10,000 samples of Umax (Z). The GEV estimates of P Umax (Z) > u exhibit significant sampleto-sample variation when based on 100 and 200 samples of Umax (Z). Statistical fluctuations
persist even for estimates inferred from 1,000 samples but their size decreases substantially. The
dash heavy line in the right panel is an estimate of P Ũmax (Z) > u obtained from a surrogate
model Ũ(x, Z) constructed on an SROM of Z with m = 40 samples. Its implementation involves
the calculation of m = 40 solutions ũk (x) = U(x, z̃k ) and corresponding gradients ∇ũk (x). If
U(x, Z) was the solution of a stochastic equation, the implementation of Ũ(x, Z) would involve
m (d + 1) = (40)(6) = 240 calls of a deterministic solver. In contrast, 10,000 calls of this solver
are required to construct the GEV estimate shown in the figure with solid heavy lines.

6 Conclusions
Two methods have been developed for estimating the distribution of maxima of material responses at small scale. The methods are based on concepts of extreme value theory and surrogate models, i.e., approximate solutions of stochastic differential equations. The methods are
illustrated by a simple example in which the mapping A(x) 7→ U(x) from microstructures properties to material response is specified. It was concluded that the proposed methods for estimating response maxima at microscale are satisfactory provided the EVT estimates are obtained
from sufficiently large sets of response samples and the surrogate-based estimates correspond
to sufficiently large SROMs.
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Reliability Assessment of FRP-Confined Rectangular
Concrete Columns
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a
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Abstract: This paper presents a probabilistic evaluation on rectangular FRP-confined
RC columns. First, the statistical properties of database was investigated. Then, the
confinement model was selected based on provisions of ACI 440. Furthermore, FRP
reduction factor was considered to the value proposed by the ACI 440. The probability distributions related to parameters of resistance and load were considered using
existing statistical data. Finally, the reliability index was calculated in terms of both
FOSM and FORM methods.

Introduction
In recent decades, the FRP composites are increasingly being used in the construction
industry. [3][6][7][8]. Retrofitting and rehabilitation of reinforced concrete columns are the
most important use of FRP composites. [14],[10],[16]. The lateral confinement of RC columns
is provided by FRP jackets, consequently, the strength and ductility of the column will be
increased. The desirable effect of confinement on concrete properties under compression was
first investigated by Richart et al. [13] on concrete cylinders under the lateral fluid pressure,
after that, wide theoretical and experimental studies were conducted on the behavior of the
steel-confined concrete. [9][15],[5].However, difference between behavior of FRP confined
concrete and steel confined concrete has been studied by Mirmiran and Shahawy. [9].
The significant effect of FRP confinement for concrete depends on its mechanical and chemical
properties including high strength to weight ratio, high tensile strength, corrosion resistance and
its durability. Due to these properties, the use of FRP is attached in design guidelines such as
ACI440 and CSA S806-02. As a result, FRP is used as an alternative to the conventional
rehabilitation methods of reinforced concrete structures such as steel plates and post-tensioning.
In recent decades, the rehabilitation of columns by wrapping with FRP plates has significantly
been paid attention by many researchers. Ozbakkaloglu et al.[11] presented a general
fundamental model for predicting the axial stress-strain behavior of the FRP reinforced concrete
column in circular sections. A database of the concrete specimens with circular section confined
by FRP under steady non-axial compression is provided in this research. Val evaluated the
reliability of short columns confined with FRP under static load. In this study, the reliability
index and strength reduction factor were considered as 3.8 and 0.75 respectively. Zou and Hang
evaluated the reliability index of the reinforced concrete columns confined with FRP that were
designed by Canadian design code. In this research, the reliability index and strength reduction
factor were proposed as 3.5 and 0.75 respectively. Baji et al. [2] determined the reliability of
reinforced concrete columns confined with FRP under concentrated axial loading in which the
model error was calculated as a random variable and they compared levels of reliability in
design guidelines including ACI 440 and Fib bulletin. Finally, they considered the target
reliability index as 4 and the strength reduction factor in ACI and Fib bulletin as 0.85 and 1.45
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respectively. Thong M. Pham et al.[12] adopt the membrane hypothesis to analyze the behaviors
of FRP at the corners of rectangular sections. In this study, the confining pressure at the corners
of the section is estimated from the tensile properties of FRP and the corner radius. As a result,
a model proposed to estimate the strength of the confined columns, which was evaluated by a
database from the literature. The confining pressure of a FRP confined rectangular column is
not same around its circumference. This non-uniform confining pressure leads to many
difficulties to formulate the pressure propagation . Most of the existing models for rectangular
sections are entirely similar to circular sections except that a shape factor has been introduced
to calculate for the non-uniform confinement.
In this study a database of 190 rectangular concrete specimens wrapped with FRP plates are
collected from literatures. The uncertainty in the model and other features related to materials
are presented in accordance with previous research from the literature review. This study is
aimed to evaluate the reliability of this experimental data by using the current information. In
this research, the confinement effectiveness coefficient is considered as 3.30 in accordance with
ACI440 guideline. The model error is applied on performance function. Finally, the reliability
index was calculated by FOSM and FORM methods with respect to the nominal load. The value
of eccentricity calculation factor was applied as 0.80 deterministically in the model based on
ACI 440 guidline.

Model of FRP-Confined Concrete
Concrete has inclination to dilate subject to axial compression. A FRP composite jacket
confines the transverse dilation and makes a condition of triaxial compression that increases
strength and ductility of the concrete. While designing and analyzing the FRP confined
columns, the reinforcing steel, the FRP and the concrete need to be considered. Whereas, when
loading these materials behavior are different from each other, for this reason, their stress-strain
relationship should be considered. For steel and FRP, they could be modelled as an elasticperfect plastic and linearly elastic brittle material respectively. [1],[17].
To evaluate the stress-strain relationship of the FRP confined concrete, ultimate state of the
FRP confined concrete, failure mode and confining operation of the FRP jacket need to be
investigated. Depending on the level of confinement, the uniaxial stress-strain curve of a
reinforced concrete column could be illustrated in figure 1. Where f  c and f  cc represent the
peak concrete strengths for unconfined and confined cases, respectively.
Also the confining action of the jacket is schematically illustrated in Figure 2. For such cases,
the equilibrium of an infinitesimal section of the cylindrical shell structure was analyzed by
Calladine (1983). The tension force of the shell structure is
T = rp

(1)

where T = tension force in the hoop direction of the shell structure; r = radius of the infinitesimal
section; and p = hydrostatic pressure applied on the structure.
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Figure 2: Confinement behavior at the corner of the
section: (a) Display the tension force; (b)
distribution of confining stress.[12] .

Figure 1: Schematic stress-strain behavior of
unconfined and confined RC columns.[1].

According to ACI 440 guideline, f  cc (maximum strength of FRP-confined concrete) and f l
(lateral confining pressure exerted by the FRP jacket at the ultimate state) are calculated using
equation 2 and 3 , respectively .[17]
f  cc  f  c  f 3.3 a f

f

l



l

2E f nt f  fe
D

(2)
(3)

In Eq. 2 f  c is the unconfined concrete compressive strength,  f is FRP material reduction
factor and is equal to 0.95. The value of this reduction factor is based on the ACI committee’s
judgment. 3.30 is confinement effectiveness coefficient and  a accounts for the geometry of
the section, circular and noncircular. Testing has demonstrated that confining rectangular
members with FRP jackets can provide marginal increases in the maximum axial compressive
strength f  cc of the member. The requirements in ACI 440 guideline are not recommended for
members featuring side aspect ratios (h/b) greater than 2.0, or face dimensions b or h exceeding
900 mm. In this study this provision has investigated and a number of data were removed.  a
is calculated using equation 4 and 5.

 a

Ae

Ac

Ae b 2
( )
Ac h

b
h
[( )(h  2 r c ) 2  ( )(b  2 r c ) 2 ]
b
1 h
g
3A g
1  g

(4)

(5)

In the above equation r c and A g are the corner radius of section and gross area of column crosssection, respectively,  g is the ratio of area of longitudinal steel reinforcement to crosssectional area of a compression member.
In eq. 3 E f and n are Young’s modulus of the FRP jacket and number of layers respectively,
t f denote the thickness of the FRP jacket, 
at failure and is given by:



fe

fe

represents the effective strain level in the FRP

 k

fu
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(6)

Where  fu is ultimate strain of the FRP jacket and the FRP strain efficiency factor k  accounts
for the premature failure of the FRP system ([4]). The ACI 440 guideline suggested a range of
0.57 to 0.61 for k  from experimental calibration.
According to figure 3 for noncircular sections D equal to the diagonal of the rectangular cross
section.

Figure 3: Equivalent circular cross section. [17].

D  b2  h2

(7)

The selected data in this study includes 190 specimens with Carbon Fibre Reinforcement Polymer (CFRP) that were collected from literature.
A regression analysis applied to fit the data to a line that links the axial and the lateral stresses.
According to Fig. 4 the relationship between the normalized compressive strength and the
normalized confining pressure is considered to be linear. the previously mentioned linear
relationship can be formulated by Eq. (8):
f cc
f
 3.25( l )  0.78
f 'c
f 'c

(8)

All parameters in Eq. 8 has already been introduced.
Fig. 5 has shown the histogram of unconfined concrete compressive strengths, equal diameter
of specimens and normalised lateral pressure for these 190 data.
3
2.5
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f'cc/f'c

1.5
1

f'cc/f'c= 3.2542fl/f'c+ 0.7833

0.5

R² = 0.6498

0
0

0.1

0.2

0.3

0.4

0.5

fl/f'c
Figure 4: The best fit for experimental data

3 Design
Several design guidelines have been extended worldwide with the quick improvement of
strengthening RC columns exerting FRP material. ACI 440, fib bulletin 14, CSA, ISIS
Canada, TRSS and CNR-DT are some of these guidelines. In this paper, structural reliability
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of RC columns which are wrapped with FRP, design based on ACI 440 design guideline is
considered. The ACI 318 design code applied the resistance factor to the compression effect.
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Figure 5: Histogram of variables in the database

According to ACI 440 guideline, the nominal compressive resistance, Pn, for non prestressed
members with tie reinforcement which is accounted as follows:

 P n  0.8[0.85 f ' cc (A g  A s )  f y A s ]

(9)

where the  is the resistance reduction factor for compression that is equal to 0.65 for concrete
columns with closed steel ties, 0.8 refers to  factor which accounts for minimum load eccentricity for columns with closed ties. A s and f y denote the reinforcement area of column crosssection and yield strength of the steel reinforcement, respectively and 0.85 is a concrete stress
block parameter.

4 Probabilistic Assessment
4.1 FRP Strain Efficiency Factor (kε)
According to Eq. 6 the ratio of the effective strain level in FRP reinforcement attained at failure
to ultimate strain of the jacket is the FRP strain efficiency factor. This factor also related to size
of column cross section and actual multiaxial stress (Cui 2009). In this paper, based on experimental database, a probabilistic assessment has accomplished for determining the FRP strain
efficiency factor. In order that to comprehend the best-fit probability density function for the
FRP strain efficiency factor, the Weibull, Lognormal and Normal distributions were- considered Fig 6 illustrates the mentioned distributions. According to Fig 6, Normal distributions has
best-fit to experimental data and it is more adequate for probabilistically display the FRP strain
efficiency factor.
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Figure 6: the best fit probability density functions for FRP strain efficiency factor ( k  )

4.2 Model error (ζ)
The ratio of the test resistance to model resistance be introduced as model error. It calculates
for the uncertaities because of reduction in the mathematical modeling of compressive strength
of the FRP-confined RC columns and is determined as follows:


P

mod el

P test
P mod el

(10)

 f ' cc (A g  A s )  A s f

(11)

y

P mod el will be achieved from Eq. 11 and P test obtained from tests. In order to assess the model
error, f y and  s are equal to 424MPa and 0.01, respectively. Distribution fitting displays that
the Lognormal distribution with mean and coefficient of variation of 0.954 and 0.15,
respectively, provides the best fit to the model error data, and consequently, this distribution
will be exerted in the probabilistic evaluation of compression resistance of FRP-confined RC
columns (Fig 7). Also Fig. 8 shows the model resistance against those of existing experimental
data.
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Figure 7: Best-fit of model error

Figure 8: Model versus experimental results
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4.3 Correlation between variables
In order to determine how strong the relationship is between two variables, a formula must be
followed to produce what is referred to as the coefficient value. The coefficient value can range
between -1.00 and 1.00. In Table 1, the correlation coefficients between design variables which
be used in reliability analysis, is proposed. The pearson’s correlation coefficient,  ,between
two different variables is defined as follows :



X ,Y



(12)

cov( X , Y )

 X Y

Table 1: Pearson’s correlation coefficients

k

E FRP

f

fu

E FRP
f fu

0.137
0.155

0.993

f c

-0.05

-0.166

-0.144

t FRP

-0.150

-0.958

-0.972

f c

0.101

4.4 Uncertainty modelling
In this study according to ACI 440 guideline, calculation of the strength of FRP-confined concrete columns has done. In Eq. 12 is defined a statement of a FRP-confined RC columns for
accounting the ultimate strength.

P   [0.85(f  c  f 3.3k a

2k  f fu nt f
)(BH  A s )  A s f
D

y

]

(13)

where B and H are dimensions of rectangular column cross section. All variables in Eq. 13
except  and  f considered as random variables. As previously mentioned, the value of 
factor is equal to 0.8 for steel tie reinforcement. Using old statistical information is adequate in
all of reliability analysis. In this paper statistical distribution for some of variables are taken
from literature. The nominal yield strength of reinforcement and the ratio of longitude steel
reinforcement are equal to 424 MPa (which corresponds to G60 steel in ACI 318 design code)
and 0.01 respectively. Statistical parameters of random variables explaining the behaviour of
unconfined and FRP-confined RC columns are given in Table 2.

Reliability Analysis
5.1 Limit State Function (LSF)
A limit state is a position beyond which a structure exceeds a determined design requirement
expressed in a mathematical form by a limit state function g(X). The failure probability (Pf) is
defined as the probability of occurrence of the failure g(X)  0, where X is a vector of random
variables that demonstrates the uncertainties on the loads and on the material and geometrical
properties of the structure. The Limit State Function which is used in this paper is shown in Eq.
(14):
(14)
LSF  g ( X )  P  Q
g ( X )  P  DL  LL
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(15)

Table 2: Statistics of Load effect, material and geometric variables
Variable
Equal D (mm)

Nominal
250

Bias
1.00

COV
0.04

Distribution
Normal

References
Szerszen et al. (2005)

f  c (MPa)
A s/Ag

35

1.20

0.18

Lognormal

Bartlett and MacGregor (1996)

0.01

1.00

0.015

Normal

Szerszen et al. (2005)

t f (mm)

1.20

1.00

0.05

Lognormal

Atadero and Karbhari (2008)

f

3500

1.20

0.15

Weibull

Atadero et al. (2005)

k

P DL

0.61

1.00

0.20

Normal

The present study

0.95

1.00

0.15

Lognormal

The present study

-

1.05

0.1

Normal

Ellingwood et al (1980)

P LL
f y (MPa)

-

1.00

0.25

Extreme Type 1

Ellingwood et al (1980)

424

1.09

0.1

Lognormal

Hong and Zhou (1999)

fu

(MPa)

Where P refers to compressive resistance of FRP-confined RC column that was computed according to Eq. (13). Variable Q is a load combination that including dead and live load.
The statistical distribution for dead and live load taken from the Ellingwood et al.[19]

5.2 The reliability index
The reliability index is a useful indicator to compute the failure probability. Eq. (16) shows the
relation between the reliability index and the probability of failure in which the function  1 is
as the inverse of the standard normal distribution function.
  1 ( p f )
(16)
The target reliability index, βTarget, relies on many factors, including the importance of the structural component, failure mode, the ratio of live to dead load, etc. It is suggested that, the target
reliability index should be increased for FRP-confined RC columns (MacGregor 1983). In this
paper, a target reliability index of 4.0 used by Szerszen et al. (2005) was adopted in a recent
calibration of the strength reduction factor for RC columns design in accordance with the ACI
318 design code.

5.3 The reliability methods
The current methods for reliability evaluation can be categorized into two groups: simulationbased methods and gradient-based. Sampling is one of the popular types of simulation-based
methods. In this research, based on sampling method, the reliability index and also probability
of failure were obtained 3.54008 and 0.0002 respectively. Fig. 9 shows the COV of probability
against number of samples due to sampling method.
The second group includes an iterative minimization procedure based on the performance function gradient estimation to find the design point, which is a point on the failure surface with the
largest probability density. The conventional first-order reliability method (FORM), the first
order second moment (FOSM) method and the second-order reliability method (SORM) belong
to this class.
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Figure 9: COV of probability using Sampling method

In this work, the reliability index was calculated by the FOSM and FORM methods. The FORM
method depends only on the means and standard deviations of the random variables, hence, the
first two moments should be calculate. According to database and variables distributions, the
reliability index is determined 2.152 based on FOSM method. In the First Order Reliability
Method (FORM) approach, the limit state function is approximated at the design point by a
linear function in a normalized space. According to FORM method the reliability index which
is obtained from data analysis is equal to 3.389 and as a result, the probability of failure value
is 0.000351. As it was previously mentioned, in the FORM method, the distance from origin in
normalized standard space indicates the reliability index and the distance from previous point
should be convergence to zero which is shown in Fig. 10.

Figure 10: Reliability index using FORM method

Conclusion
In this paper, a reliability evaluation of rectangular reinforcement concrete columns which are
wrapped with FRP was presented. Based on the ACI 440 guideline judgement, the FRP resistance factor,  f , is equal to 0.95,therefore in this study it was assumed as a deterministic
variable. According to experimental database, a statistical assessing was done and consequently, the best fit-distribution for the model error and FRP strain efficiency were obtained.
Then using by ACI 440 FRP-confinement model for rectangular cross section including shape
factor, the reliability indexes were calculated by FOSM and FORM methods. Based on FOSM
and FORM the reliability indexes are equal to 2.152 and 3.389 respectively. In this study, it
should be noted that the target reliability index value is 4.0 based on ACI440 guideline and ACI
318 design code.
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Evaluation of conformity criteria for reinforcing steel
properties
Wouter Botte, Christophe Veyt and Robby Caspeele
Department of Structural Engineering, Ghent University

Abstract: Quality inspection of strength properties has to ensure that the used materials comply with their specified requirements. Based on the average outgoing
quality limit concept, conformity criteria can be designed and evaluated in an objective way. In this contribution, the conformity criteria for the yield strength of
steel reinforcement bars given in the European Standard EN 10080 and the German Standard DIN 488-6 are evaluated based on this concept. It was shown that
the current conformity parameters suggested in these standards yield OC-lines that
cross the limiting boundary. Hence, subsequently, alternative values for the conformity control parameters are proposed. Finally, it was shown that conformity
control of reinforcing steel has a beneficial influence on the reliability level of a
reinforced concrete beam.

1 Introduction
Nowadays, the low risk associated with human casualties due to structural failure can be partly attributed to the high level of control efforts during the design and construction process of
modern buildings. Quality inspection of the strength properties has to ensure that the used
materials comply with their specified requirements. This is called quality or conformity control.
With the introduction of the European Standard EN 206-1, a practically applicable conformity
control scheme of concrete is available. The extensive research done by Caspeele [1] and
Taerwe [2] on this subject has resulted in a probabilistic framework regarding the evaluation
of conformity criteria for concrete and the associated filtering effect of conformity control on
concrete strength distributions and on the safety level of structures.
For tensile properties of reinforcing steel (e.g. the yield strength) no harmonized standard regarding conformity control is available. Hence, various types of conformity criteria and parameters are used in different countries. In this contribution, the conformity criteria for the
tensile reinforcing steel properties that are currently used in the German Standard DIN 488-6
and the European Standard EN 10080 are evaluated and the effect of conformity control on
the safety level of a reinforced concrete beam is investigated.
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2 Basic principles of conformity control
2.1 Conformity criteria
The use of reinforcing steel in various applications requires specifications on the material
properties of the reinforcing steel (e.g. for design calculations). Whether the produced reinforcing steel complies with the material properties that are specified has to be verified. This
verification is called conformity control and is usually done by using so-called conformity
criteria. A representative sample x, consisting of n individual test results xi, is taken from the
production and the corresponding conformity criteria are generally given by the following
expression:
𝑧(𝑥) ≥ 𝑎
(1)
where the value of ‘a’ is a threshold value and z(x) is defined as the compliance function
which is made up from a number of test statistics. The most common formulation of the compliance function is an estimation of the fractile of a strength distribution. Most conformity
criteria can be classified based on the following four types, which are intended to assess the
conformity of the characteristic value xk of a variable X [2]:
𝑥̅𝑛 ≥ 𝑥𝑘 + 𝜆𝜎
(2)
𝑥̅𝑛 ≥ 𝑥𝑘 + 𝜆𝑠𝑛
(3)
𝑥̅𝑛 ≥ 𝑥𝑘 + 𝑘1
(4)
𝑥̅𝑚𝑖𝑛 ≥ 𝑥𝑘 − 𝑘2
(5)
where 𝑥̅ 𝑛 is the sample mean, 𝜎 is the standard deviation of the population, sn is the standard
deviation of the sample, xmin is the smallest value within the sample and 𝜆, k1 and k2 are parameters that are used in the conformity criteria which are usually based on a certain fractile
of the distribution of the variable X. The design of an appropriate control scheme is based on
the choice of an appropriate value of the latter parameters. Note that criteria of type (4) can be
rewritten in the shape of type (2):
𝑘

𝑥̅𝑛 ≥ 𝑥𝑘 + ( 𝜎1 ) 𝜎

or

𝑥̅𝑛 ≥ 𝑥𝑘 + 𝜆′𝜎

(6)

From this formulation, it can be seen that a value for the standard deviation σ is required for
the analysis of the performance of the conformity criterion.

2.2 Operating characteristic for conformity criteria
For most design or construction purposes, the yield strength fyk of reinforcing steel is used, in
which case it is mostly defined as a characteristic value corresponding to the 5%-fractile of
the considered strength distribution. In practice however, the specified characteristic yield
strength will correspond to a fractile that is higher or lower than the 5%-fractile. In general,
the fraction below the specified characteristic value fyk is called the fraction defectives θ, given by:
𝑃[𝑌 ≤ 𝑓𝑦𝑘 ] = 𝜃
(7)
where Y represents the yield strength of the steel, considered as a random variable.
Assuming a certain strength distribution, one can determine the probability Pa that a steel
batch – corresponding to a certain value of θ – is accepted for a given conformity criterion.
The probability Pa is generally denoted as the probability of acceptance. This probability can
be expressed as a function of the fraction defectives θ. The function Pa(θ) is called the operation characteristic or OC-line for the associated conformity criterion. Depending on the type
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of conformity criterion used for the conformity control, either an analytical expression for the
OC-line can be derived or the acceptance probability can be found through numerical simulation by means of random numbers [2].

2.3 Design of conformity criteria
As mentioned before, the design of a certain conformity criterion consists of the determination of the parameters λ, k1 and k2. Different approaches to do this are available in literature,
see e.g. [1], [2]. In this contribution, the design approach based on the average outgoing quality limit (AOQL) concept [3] is used. The average outgoing quality (AOQ) curve is a graphical
representation of the expected fraction defectives in accepted lots after quality inspection. The
curve shows how the outgoing quality depends on the incoming quality. It depicts the expected fraction defectives in the accepted products (after inspection) as a function of the assumed fraction defectives in the lot that is submitted for inspection. The AOQ curve makes
the assumption that rejected lots are completely and thoroughly inspected and that all defectives can be considered as removed. Hence, The AOQ curve can be calculated as given in
equation (8):
𝐴𝑂𝑄(𝜃) = 𝜃 ∙ 𝑃𝑎 (𝜃) + 0 ∙ 𝑃𝑟 (𝜃) = 𝜃 ∙ 𝑃𝑎 (𝜃)
(8)
The first term in equation (8) represents the accepted lots for which the fraction defectives is θ
and the probability that these lots are accepted is Pa(θ). The second term indicates that the
rejected lots are all completely screened and will be returned as perfect lots, thus free from
defective units.
The AOQ curve reaches a maximum value for a certain fraction defectives θ. This maximum
value is called the average outgoing quality limit (AOQL). The AOQL denotes the maximum
possible fraction defectives for the considered quality control scheme. If the AOQL concept is
used for the design of conformity criteria for the variable X, the specified characteristic value
Xk can be fixed as the AOQL. Designing the conformity criteria based on this AOQL value
will result in an average fraction defectives in the outgoing lots that is lower than the prescribed characteristic value. When this characteristic value is for example defined as the 5%
fractile of the strength distribution, two regions in the Pa-θ diagram can be described. The
‘unsafe’ region in the Pa-θ diagram has the following boundary:
𝜃 ∙ 𝑃𝑎 = 0.05
for 𝜃 ≥ 0.05
(9)
On the other hand, a boundary line for the ‘uneconomic’ region in the P a-θ diagram was suggested by Taerwe [2]:
𝜃
1−𝑃𝑎

= 0.05

for

𝜃 ≤ 0.05

(10)

In the next section, the conformity criteria that are currently used in the European Standard
EN 10080 and in the German Standard DIN 488-6 are evaluated according to the average
outgoing quality limit (AOQL) method. Monte Carlo simulation techniques are used to generate the OC-curves in order to evaluate the performance of these conformity criteria. Analysis
of a large set of results of consecutive tensile tests on reinforcement bars revealed that there is
an undeniable autocorrelation. Based on these test results, an appropriate AR(2)-model was
derived:
𝑢𝑖 = 𝜙1 𝑢𝑖−1 + 𝜙2 𝑢𝑖−2 + 𝜀𝑖
(11)
with 𝜙1 = 0.35, 𝜙2 = 0.25 and 𝜀𝑖 : 𝑁(0, 0.9). This autoregressive model was considered
when generating the random samples required to derive the OC-curves. It was observed that
autocorrelation has a significant influence on these OC-curves.
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3 Conformity control in current European Standards
The use of conformity criteria for the quality control of reinforcing steel is mentioned in both
the German standard DIN 488-6 and the European Standard EN 10080. In this section, an
overview is given of the conformity criteria related to the yield strength Re of reinforcing steel
bars in both standards. Both standards make a distinction between factory production control,
initial type testing and the assessment of the long-term quality level. In this contribution only
the conformity criteria related to factory production control are evaluated, as they are used for
continuous quality assessment of reinforcing steel.

3.1 German Standard DIN 488-6
The factory production control for produced reinforcing steel bars is the permanent quality
verification executed by the steel-producing factory itself. For the verification of the yield
strength Re of reinforcing steel bars one test piece per 30 t with a minimum of three test pieces
per test unit and nominal diameter is required. Hence, a sample size n = 3 will be considered
for the assessment of the conformity criterion.
The assessment of conformity based on the n test results for yield strength Re is done using
the following compound conformity criterion:
𝑥̅ ≥ 𝐶𝑣 + 𝑘1
{ 𝑛
(12)
𝑥𝑖 ≥ 𝐶𝑣 + 𝑘2
The numerical values for k1 and k2 are equal to 30 MPa and 5 MPa respectively, according to
DIN 488-6. The AOQL for the yield strength is assumed to be 5%.
For this type of compound conformity criterion an assumption of the standard deviation σ is
required (as indicated in section 2.1). DIN 488-6 indicates that the conformity criteria may be
applied in case the standard deviation σ is less than or equal to 30 MPa. It should be noted
that this value for the standard deviation σ = 30 MPa is also given in the JCSS Probabilistic
Model Code [5] and originates from the sum of squares of three contributing standard deviations, as shown in the following equation:
𝜎 = √𝜎12 + 𝜎22 + 𝜎32 = √192 + 222 + 82 ≅ 30 𝑀𝑃𝑎
(13)
where σ1 represents the variation between different steel producers, σ2 represents the variation
between different batches (for a certain steel producing factory) and σ3 represents the variation in one specific batch.

Figure 1: OC-curve corresponding to the compound conformity criterion for factory production control for R e as
given in DIN488-6 (σ = 30 MPa)

The OC-curve for the conformity criterion according to DIN 488-6 is depicted in Figure 1 in
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case σ = 30 MPa is considered. It is shown that the OC-curve crosses the boundary of the unsafe region defined by 𝜃 ∙ 𝑃𝑎 = 0.05. Since the OC-curve is influenced by the parameters k1
and k2 and the assumed standard deviation σ, a safe proposal for the conformity criterion can
be obtained by adapting the values for these parameters. The compound conformity criterion
(12) is used to verify the performance of the factory production control of one specific steel
producing factory. Hence the influence of σ1 in (13) could be omitted and a more appropriate
value of the standard deviation can be found as:
𝜎 = √𝜎22 + 𝜎32 = √222 + 82 ≅ 25 𝑀𝑃𝑎
(14)
Therefore, OC-curves for the conformity criterion given in the German Standard DIN 488-6
corresponding with standard deviation σ = 25 MPa and σ = 20 MPa are also generated and
depicted in Figure 2a. It can be concluded that a decrease in the standard deviation σ causes a
downward shift of the OC-curve towards the safe region. For a standard deviation σ = 22 MPa
the OC-curve will be tangent to the safe boundary and therefore performing optimally.
The German Standard DIN 488-6 states that the conformity criteria can be used in case the
standard deviation is less than or equal to 30 MPa. Therefore, the influence of parameter k1 on
the conformity criteria has been investigated in order to end up with an optimized criterion for
σ = 30 MPa. The value of k2 has not been altered since its influence on the OC-curve is rather
limited and its value is usually related to a certain fractile of the strength distribution (which
can be country-specific). The results are depicted in Figure 2b.

(a)
(b)
Figure 2: (a) Influence of the standard deviation σ on the OC-curve of DIN 488-6; (b) Influence of the parameter
k1 of DIN 488-6 (σ = 30 MPa)

It can be concluded that in case a lower standard deviation (i.e. σ = 22 MPa) is adopted, the
parameters which are currently proposed in DIN 488-6 are optimal. However, in case the
choice for σ = 30 MPa remains, the parameter k1 should be adjusted to k1 = 40 MPa in order
to end up with a conformity criterion which is optimal.

3.2 European Standard EN 10080
For the verification of the tensile properties, according to the European Standard EN 10080,
one test piece per 30 t with a minimum of three test pieces should be used. The assessment of
the test results for the yield strength Re is done using the following compound conformity
criterion:
𝑥̅ ≥ 𝐶𝑣 + 𝑘1
{ 𝑛
(15)
𝑥𝑖 ≥ 𝐶𝑣 − 𝑘2
In addition to the European Standard 10080, the Belgian Annex NBN A 24-301 prescribes the
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characteristics and technical requirements for the tensile properties for two classes of weldable ribbed reinforcing steel - B500A and B500B (corresponding with the two different ductility classes for reinforcing steel bars) - as well as the numerical values for the parameters k1 and
k2 that are used in the conformity criteria mentioned in the European Standard EN 10080. For
both classes the values for Cv, k1 and k2 are 500 MPa, 10 MPa and 15 MPa respectively. Furthermore, the AOQL for the yield strength is 5%.
The OC-curve for the conformity criterion according to EN 10080 is depicted in figure 3,
considering σ = 30 MPa.

Figure 3: OC-curve corresponding to the compound conformity criterion for factory production control for R e as
given in EN 10080 (σ = 30 MPa)

From Figure 3 it can be concluded that the conformity criterion for the yield strength Re with
parameters as currently specified in the European Standard EN 10080 is at the unsafe side.
Therefore, the influence of the standard deviation σ and the parameter k1 on the OC-curve
was investigated in order to end up with a safe alternative for the currently specified parameters. The result is given in Figure 4a and 4b.

(a)
(b)
Figure 4: (a) Influence of the standard deviation σ on the OC-curve of EN 10080; (b) Influence of the parameter
k1 on the OC-curve of EN 10080 (σ = 25 MPa)

The value for the standard deviation σ = 30 MPa that is currently used in the conformity criterion for Re as stated in the European Standard NBN EN 10080 is, as explained in section 3.1,
too conservative. From Figure 4a it can be seen that lowering the value of the standard deviation for the analysis of the performance of the conformity criterion results in a downward shift
and rotation of the OC-line. However, the influence is much less significant than for the
equivalent compound criterion given in DIN 488-6 due to the different values for k1 and k2.
The influence of k1 on the OC-curve can been seen in figure 4b in case a more appropriate
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standard deviation is adopted, i.e. σ = 25 MPa. One can see that the value of k1 should be significantly increased in order to end up with an OC-line which does not cross the unsafe region. According to Figure 4(b), the optimal choice for the conformity criterion specified in
EN 10080 would be: k1 = 40 MPa, k2 = 15 MPa and considering σ = 25 MPa.

4 Effect of conformity control on the reliability of structural elements
4.1 Filter effect of conformity control
The filtering effect of conformity control on reinforcing steel properties (or other material
properties in general) originates from the acceptance or rejectance - due to the conformity
assessment - of a sample set of reinforcing steel bars. The fraction defectives in a certain population of reinforcing steel bars after conformity control decreases when compared to the fraction defectives of the same population before conformity control, because reinforcing steel
lots with insufficient quality are rectified. Hence, conformity control has a filtering effect on
the strength distribution of reinforcing steel.

4.2 Quantitative analysis of the filter effect of conformity control
An analytical formulation of the filter effect can be derived, based on the following model for
the yield strength Y of steel. Assume that the yield strength of steel is given by two additive
contributions Ym and Yl, with Ym representing the variation of the yield strength between different lots, i.e. Ym : N(μm , σm) , and Yl representing the variation of the yield strength inside
one lot, i.e. Yl : N(0 , σl ). The additive model of the yield strength Y of reinforcing steel is
then given by (16):
𝑌 = 𝑌𝑚 + 𝑌𝑙
(16)
This model corresponds to the model suggested in the JCSS Probabilistic Model Code [5].
Based on the notation ‘i’ for incoming or offered reinforcing steel lots and ‘o’ for outgoing or
accepted reinforcing steel lots, the mean and the standard deviation of the incoming lots are
given by (17) and (18), respectively, considering Ym and Yl both normally distributed:
𝜇𝑖 = 𝜇𝑚
(17)
2 + 𝜎2
𝜎𝑖 = √𝜎𝑚
(18)
𝑙
In [6] a posterior predictive distribution for Y, based on a strength model of type (16), is given. Including conformity control, the following expression for the posterior density function
for Ym can be derived based on Bayes theorem:

𝑓𝑜 (𝑦𝑚 ) =

1
𝑦 −𝜇
𝜙( 𝑚 𝑚 )𝑃𝑎 (𝑦𝑚 |… )
𝜎𝑚
𝜎𝑚
+∞ 1
𝑦 −𝜇
∫−∞ 𝜎 𝜙( 𝑚𝜎 𝑚 )𝑃𝑎 (𝑦𝑚 |… )𝑑𝑦𝑚
𝑚
𝑚

(19)

with Pa (ym |...) the probability that a certain lot of reinforcing steel bars with mean strength
ym is accepted by the given conformity criteria. Furthermore, Taerwe [2] derived a posterior
predictive distribution for Y, given by:
+∞

+∞ 1

𝑓𝑜 (𝑦) = ∫−∞ 𝑓(𝑦|𝑦𝑚 , 𝜎𝑙 ) 𝑓𝑜 (𝑦𝑚 )𝑑𝑦𝑚 = ∫−∞

𝜎𝑙

𝑦−𝑦𝑚

𝜙(

𝜎𝑙

) 𝑓𝑜 (𝑦𝑚 )𝑑𝑦𝑚

(20)

Only for specific cases of conformity criteria, an analytical expression can be derived for the
posterior distribution (see e.g. [2]). For complex situations, e.g. for compound conformity
criteria, Caspeele [1] developed a numerical algorithm in order to calculate the filter effect.
More information regarding this numerical algorithm for the calculation of the filter effect as
well as a brief summary of the implementation of the algorithm can be found in [1].
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4.3 Filter effect of conformity criteria in DIN 488-6
The previously mentioned computational method for the evaluation of the filter effect of conformity criteria is used to investigate the filter effect for the compound conformity criterion
(12) suggested by the German Standard DIN 488-6 (with k1 = 30, k2 = 5) considering σ = 25
MPa and for the optimized compound conformity criterion (15) suggested by EN 10080 (with
k1 = 40, k2 = 5) considering σ = 25 MPa.
Under the assumption that the standard deviation of the incoming strength distribution is σi =
25 MPa and that the ratio σl/σm = 8/22 = 0.36 (see section 3.1), the numerical algorithm is
used to determine the ratios μo/μi and σo/σi for the compound conformity criteria (12) and (15)
for Re. Figure 9 depicts the filter effect (i.e. the ratios μo / μi and σo / σi ) associated with the
described situation. In general, it can be seen that the mean of the outgoing strength distribution increases with respect to the incoming strength distribution, whereas the standard deviation of the outgoing strength distribution decreases with respect to the incoming strength
distribution. Quantitatively, the described effect increases for increasing fraction defectives θi
in the incoming population offered for conformity control. Furthermore, it can be seen that the
filter effect of the optimized conformity criterion suggested in EN 10080 is slightly more pronounced. The difference, however, is very limited.

Figure 5: Filter effect associated with the optimized conformity criteria from DIN 488-6 and EN 10080

4.4 Effect of conformity control on structural reliability – case study
In this section, a case study regarding the effect of conformity control on the safety level of a
reinforced concrete beam subjected to bending is provided using a FORM analysis.
EN 1990 suggests the following fundamental load combination for the design of structural
elements:
𝑟𝑑 = 𝑚𝑎𝑥{𝛾𝑔 𝐺𝑘 + 𝜓0 𝛾𝑄 𝑄𝑘 ; 𝜉𝛾𝐺 𝐺𝑘 + 𝛾𝑄 𝑄𝑘 }
(21)
with rd the design value of the resistance, γG =1.35 the partial factor for the permanent load,
Gk the characteristic value of the permanent load effect, ψ0,Q = 0.7 the combination value of
the imposed load effect, γQ =1.5 the partial factor for the imposed load, Qk the characteristic
value of the imposed load effect and ξ = 0.85 a reduction factor for the permanent load.
In order to be able to cover possible combinations of actions, the load ratio χ (𝜒 =
𝑄𝑘 ⁄𝐺𝑘 + 𝑄𝑘 ) is introduced. For a given permanent load and load ratio χ , the required design
resistance rd can be obtained from (21) [7].
The reliability of the considered reinforced concrete beam under bending is determined
through a FORM analysis. The limit state function for the case under consideration is given
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by:
𝑓𝑦

𝑔(𝑋) = 𝐾𝑅 𝜌𝑏(ℎ − 𝑎)𝑓𝑦 [ℎ − 𝑎 − 0.5𝜌(ℎ − 𝑎) 𝑓 ] − 𝐾𝐸 (𝐺 − 𝑄50 )
𝑐

(22)

with KR the model uncertainty regarding the structural resistance, ρ the reinforcement ratio, b
the width of the beam, h the height of the beam, a the distance between the axis of the reinforcement and the surface of the beam, fy the yield strength of the reinforcement, fc the concrete compressive strength, KE the model uncertainty regarding the load effect and Q50 the
imposed load, for this specific case related to a reference period tref of 50 years. The probabilistic models for all basic variables used in this case study are given in Table 1.
Furthermore, the design resistance of the reinforced concrete beam is given by:
𝑟𝑑 (𝜌) = 𝜌𝑏(ℎ − 𝑎)

𝑓𝑦𝑘
𝛾𝑠

⁄𝛾𝑠

𝑓

[ℎ − 𝑎 − 0.5𝜌(ℎ − 𝑎) 𝑓𝑦𝑘⁄𝛾 ]
𝑐𝑘

𝑐

(23)

with γs the partial factor for steel and γc the partial factor for concrete.
Table 1: Probabilistic models for the basic variables (based on [5])

μX / X k
COV
1
0.1
0.6
0.35
1
0.06
1
0.1
40/30
0.15
μi/500 or σi/μi or
μo/500
σo/μo
h
Height of the beam (0.5 m)
N
m
1
0.02
b
Width of the beam (0.3 m)
N
m
1
0.02
a
Position of reinforcement axis (0.03 m) GA
m
1
0.17
The filter effect of conformity control according to DIN 488-6 and EN 10080 on the reliability index β is calculated based on FORM analyses. The resulting prior reliability index i and
the posterior reliability index o for a reinforced concrete beam are shown in Figure 6 for different load ratios χ as well as different incoming fraction defectives.
X
G
Q50
KR
KE
fc
fy

Description of X
Permanent load
Imposed load
Resistance model uncertainty
Load effect model uncertainty
Concrete compressive strength
Yield strength of steel reinforcement

(a)

Dist. Unit
N
MN
GU MN
LN
LN
LN MPa
N
MPa

γX
1.35
1.5
1.5
1.15

(b)

Figure 9: Influence of conformity control according to (a) DIN 488-6 and (b) EN 10080 on the reliability index
of a concrete beam subjected to bending

The following observations can be made:
 The dependency of the reliability index β corresponding to a certain incoming fraction
defectives θi increases with decreasing load ratio χ;

1419




The filter effect of the considered conformity criterion on the reliability index β increases with an increasing incoming fraction defectives θi;
Conformity control of steel has a favourable effect on the reliability index β of a reinforced concrete beam. For this specific case, the reliability index β can (for θi = 50%)
be considered to be 0.4 higher when the fact that conformity control was performed is
adequately taken into account. The difference between the effect associated to the two
standards (DIN 488-6 and EN 10080) is negligible.

5 Conclusions
The conformity criteria for the quality assessment of the yield strength of reinforcing steel
bars that are currently used in the German Standard DIN 488-6 and in the European Standard
EN 10080 were evaluated based on the AOQL concept and by using Monte Carlo simulations
to derive the OC-curves. It was observed that the currently used criteria yield OC-curves
which cross the boundary of the unsafe region. Consecutively, he conformity control parameters were optimized.
Furthermore, the effect of conformity control of reinforcing steel bars on the reliability index
of a reinforced concrete beam was investigated. It was shown that conformity control has a
significant beneficial influence on the reliability level and hence it is beneficial to take into
account the fact that conformity control was executed when performing reliability calculations.
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Abstract: Composite beam and RC beam with same load condition and initial reliability level
are designed to compare the effect of reinforcement corrosion on their long-term reliability. The
investigation of durability degradation impacts is based on the development of reinforcement
corrosion penetration, so as to transfer the time-variant reliability problem into corrosionpenetration-variant problem. Equivalent normalization method is used to analyze the reliability
variation process. By comparing the reliability attenuation degree of composite beam and RC
beam, it is concluded that the former shows stronger resistance to chloride penetration and
higher long-term reliability. Sensitivity analysis indicates that the dimension of steel girder is
the critical parameter to the reliability of composite beam. In the end, a brief life-cycle analysis
is performed, aiming at the reliability, economic efficiency and environmental impacts of
composite beam and RC beam.

1 Introduction
Steel-concrete composite structure is increasingly popular nowadays, since it takes full
advantage of the material strength of both steel and concrete. Mechanical properties of
composite structures have been well researched and were written into design codes[1][2]. The
performance of different types of joints and connectors is also a major topic of discussion, since
the combination and collaboration of steel and concrete elements can be complicated [3][4]. The
failure or poor function[5][6] of connectors due to insufficient durability[7][8] or fatigue[9]can lead
to delamination and reduce the collaboration effect between steel and concrete, which is widely
investigated as well. Like all the reinforced concrete components, reinforcement corrosion is
also a huge safety risk to the concrete flange of composite beam. However, research about this
kind of risk is rare, so is corresponding durability specification. So, authors of this paper intend
to fill in the research gap and provide a reference for the establishment of a comprehensive
durability specification of composite beam.
This paper investigates the effect of reinforcement corrosion on the resistance and reliability of
composite beam, and RC beam is used as contrast. A composite beam and RC beam are
designed under the same load condition with identical initial reliability level. The dynamic
effect of loads is not considered herein, so as to avoid the complexity of coupling effect of
corrosion and fatigue. The deterioration of flexural bearing capacity are theoretically modeled
based on the degradation of material strength and strength utilization ratio. Corresponding
reliability variation are also analyzed. Sensitivity analysis is performed to evaluate the
significance of various design parameters of composite beam. In the end, a brief assessment is
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made about the life-cycle reliability, economic efficiency and environmental impacts for both
kinds of beams.

2 Time-variant Bearing Capacity
2.1

Initial Assumptions

The chloride-induced corrosion in reinforced concrete components can be divided into four
stages, namely the initiation stage, propagation stage, cracking development stage and
degradation stage. Several assumptions are predefined to simplify the resistance models.
(1) For composite beam, the bending curvature of concrete flange and steel girder stays the
same, and complies with the plane section assumption. The concrete flange and steel girder
both comply with the ideal rigid-plastic hypothesis.
(2) The corrosion induced concrete damage is limited to the depth of as around the
reinforcements, as can be seen from Figure 2. In cracking stage, the effective compressive
strength of concrete cover drops to fce’, while the damaged concrete on the inner side of
reinforcements remains fce due to the effect of stirrups. Same applies to the composite beam.
(3) Surface crack occurs when the corrosion penetration δ reaches 45μm [10][11]. Research about
the critical condition of concrete spalling is rare, so it is assumed to happen when the width
of surface cracks wcr reaches 3mm.
as
as

f ce

f ce'

as
as

f ce

Propagation Stage

Cracking Stage

Figure 1. Damage Development in RC Beam due to Steel Corrosion

(4) Corrosion only happens to the reinforcements.
(5) The composite beam and RC beam have same concrete cover and are under same level of
chloride attack, so their corrosion processes develop at a same pace. Thus, the time-variant
problem is transferred into corrosion-penetration-variant problem. If there’s a need to study
the time effect, a simplified model[12] can be used to illustrated the relationship between
corrosion time and corrosion penetration δ:  (t )  A  t B , where A and B are regression
coefficients with different values for different steels[13].

2.2

Deterioration Model for Composite Beam

The depassivation of reinforcements leads to steel strength reduction and concrete micro cracks,
and weakens the overall bearing capacity of composite beam. According to Xie[14], the effective
compressive strength fce of micro-crack-damaged concrete during the propagation stage can be
expressed by the empirical function as Equation (1).
0.00189f c 1.2267


d 
f ce  ( 0.873 f c  7.3038) 
  f c
C 
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(1)

where d is the reinforcement diameter (mm); C is the depth of concrete cover (mm); ρ is the

 

area loss ratio of corroded reinforcements,   1  1 
 , and δ is the corrosion
 0.5d 
2

penetration (μm); and fc is the initial compressive strength of concrete (N/mm2).
In the cracking development stage, the effective compressive strength of concrete cover is
further decreased to fce’, because of interconnected fractures, as shown in Equation (2) [15][16][17].
fc
(2)
f ce ' 

1
1 K
0
where K is the coefficient related to reinforcement diameter and roughness;  0 is the concrete
strain corresponding to fc;  1 is the average tensile strain of cracked concrete in tensile zone,

1 

b f ' b f
bf



n  wcr
; bf is the width of concrete flange (mm), and bf’ is the width of cracked
bf

concrete flange (mm); n is the number of cracks on concrete surface; and wcr is the width of
surface cracks (mm).
Wang[18] proposed an experiential relationship between wcr and δ, as shown in Equation (3).
Vidal[19] measured the weight loss of corroded reinforcements and the width of surface cracks,
and reaches to Equation (4~6).

  234.5wcr  17.5

(3)

wcr  0.0575(Ast  Ast0 )

(4)

Ast 
Ast 0


4

(2d   2 2 )

(5)

2
 
9.32C   

 Ast 1  1  0.001  7.53 
/d 
d   

 

(6)

where α is the coefficient of non-uniform corrosion.

2.3

Deterioration Model for RC Beam

The description of effective concrete compressive strength of RC beam uses the same models
as those of composite beam. The strength utilization coefficient αsc is introduced herein to
illustrate the degraded binding capacity between reinforcements and concrete, and effective
reinforcement strength fste is applied to illustrate the effect of cross-section reduction, as shown
in Equation (7~9)[20].



1.0  (0.499  1.822  oc )
  0.3
0.3

0.499  1.822  oc
  0.3


(7)

f ste Aste
f c b(h  a s )

(8)
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f ste 

1  1.077
f st
1 

(9)

where Ast and Aste are the cross-section area and effective cross-section area of tensile
reinforcements (mm2), Aste  Ast (1   ) ; fst is the yield strength of reinforcements (N/mm2).

3 Time-variant Reliability Analysis
3.1

Distribution and Statistical Parameters of Loads

The beams bear the dead weight of deck system G1, the self-weight G2 and the variable vehicle
loads Q1 and Q2. Permanent loads subject to Normal Distribution, and the variable loads follow
Type I Extreme Value Distribution. The Unified Standard for Reliability Design of Highway
Engineering Structures (GB/T 50283)[21] provides the coefficients of mean value K* and
variance δ* of loads, as listed in Table 1. In reliability analysis, the variable load effect is the
combined by 80% normal traffic condition and 20% intensive traffic condition.
Table 1. Statistical Parameters of Loads[21]

K*
1.0148
1.0212
0.6961
0.7995

Loads
Permanent Load
Variable Load
Q1 & Q2

3.2

G1
G2
Normal Traffic
Intensive Traffic

δ*
0.0431
0.0462
0.1569
0.0862

Distribution
Normal Distribution
Type I Extreme Value
Distribution

Distribution and Statistical Parameters of Resistance

Considering the aleatory uncertainties (i.e. material properties, dimensions, etc.) and epistemic
uncertainties (i.e. resistance model, assumptions), the random process of resistance can be
expressed as[22]

R  K p Rp ( f , a)

(10)

where Kp is the random variable representing the uncertainty of model; Rp is the random
variable of resistance; and f, a are the random variable of material strength and dimensions,
respectively. Statistical parameters for common resistance random variables are listed in Table
2. Monte Carlo Simulation indicates that beam resistance obeys the Normal Distribution, as
shown in Figure 2.
Table 2. Statistical Parameters of Resistance Random Variables[23][24]

Resistance Random Variables
Steel Strength
fy, fst
Concrete Strength
fc

3.3

K*
δ*
1.08 0.081
1.858 0.12

Length

b, C, d, h, x, y

1.0

0.02

Area
Uncertainty Coefficient

A
Kp

1.0
1.02

0.05
0.04

Distribution

Normal
Distribution

Time-variant reliability of composite beam and RC beam

The case study investigates the beams of a highway bridge to illustrate the deterioration of
flexural bearing capacity and reliability due to reinforcement corrosion. The layout of the bridge
superstructure is shown in Figure 3. G1k=12.5kN/m is the standard value of the weight of deck
system; G2k is the standard value of the beam self-weight; Q1k=10.5kN/m and Q2k=260kN are
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the standard values of the uniformly distributed and concentrated vehicle load, respectively.
The composite beam and RC beam are designed as Figure 4 shows, with initial reliability index
β0=5.03.

Figure 2. MCS Results of Flexural Resistance
10000
1000
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200

7200

1000

200

200

50

200

2000

2000

2000

2000

Figure 3. Superstructure Layout of the Highway Bridge and Cross-section Designs
b=300mm

bf =540mm
as=40mm

as=40mm

hf =200mm
ts=15.8mm
h=700mm

t0=14mm
hs=360mm

bs=140mm

Figure 4. Cross-section Design and Reinforcement Arrangement of Composite Beam and RC Beam

Component reliability is obtained by JC method. The δ-variant bearing capacity MU and
reliability β of composite beam and RC beam are presented in Table 3. Based on Equation (4~7),
it can be speculated that the concrete cover begins spalling when δ reaches 730 μm for RC beam,
and 890 μm for composite beam.
The deterioration process of flexural bearing capacity and reliability index of composite beam
and RC beam is illustrated with Figure 5, with target reliability index βtraget=4.2. For RC beam,
component reliability reduces to βtraget as soon as δ reaches 630μm. While, for composite beam,
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component reliability doesn't drop below βtraget until concrete spalling. Moreover, bearing
capacity of RC beam decreases around 23% before concrete spalling, much more rapidly than
composite beam, which decreases less than 10% before spalling, as can be seen from Figure
5(b). The result indicates that, compared with RC beam, composite beam is able to remain a
higher level of reliability in a longer time, and the reinforcement corrosion has less effect on
the overall performance of composite beam.
Table 3. δ -Variant Flexural bearing capacity and Reliability of Deteriorating Composite Beam and RC Beam
Composite Beam
RC Beam
δ (μm) MU (kNm)
β
δ (μm)
MU (kNm)
β
0
768.266
5.03
0
785.02
5.04
50
764.146
5.01
50
766.18
4.96
100
757.519
4.98
100
745.61
4.86
200
746.744
4.93
200
710.59
4.69
300
738.341
4.89
300
681.76
4.53
400
731.586
4.86
400
657.84
4.39
500
726.022
4.83
500
638.13
4.27
600
721.349
4.81
600
622.20
4.17
700
717.358
4.79
700
609.74
4.09
800
713.904
4.77
730
606.64
4.07
890
711.163
4.76
>730
498.35
3.21
>890
567.496
3.87

Figure 5. (a) Corrosion-Penetration-Variant Reliability Index of Composite Beam and RC Beam;
(b) Flexural bearing capacity Deterioration Ratio of Composite Beam and RC Beam

3.4

Sensitivity Analysis

The strength and reliability of composite beams are affected by various parameters. One of the
major considerations of engineering designers is to find the key parameters that have the most
significant effects, so as to improve or persist the structural reliability more effectively. In this
section, a sensitivity analysis is conducted on several parameters of the composite beam,
including strength of concrete and steel, the height of concrete flange and the cross-section area
of steel girder. Results indicate that parameters associated with steel girder (e.g. cross-section,
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strength) have the greatest influence on the reliability of composite beam, as shown in Figure
6. Concrete strength and concrete height only cause small increase in reliability, because of its
limited contribution to the tensile strength and cross-section inertia moment. Together with the
conclusions from the previous section, it can be summed up that the properties and performance
(e.g. durability, strength, dimensions etc.) of concrete flange have limited effect on the behavior
of the composite beam. When considering the durability requirements of the concrete flange in
composite beams, the durability codes of concrete structures can be taken as references by
lowering corresponding requirements under the same environmental conditions.

Figure 6. Sensitivity Analysis Results

4 Discussion
A brief life-cycle analysis of composite beam and RC beam is performed from multiple aspects,
including structural reliability, economic efficiency and environmental impacts.

4.1

Structural Reliability

The general definition of structural reliability has a wide connotation and includes a large
amount of structural properties. In this section, the load bearing capacity, serviceability and
durability of composite beam and RC beam are investigated based on the cases above.
Figure 5 shows that, when reinforcement corrosion is the only deterioration factor, composite
beam shows better long-term reliability and load bearing capacity. That is because, the
reinforcement tensile strength and bonding effect in RC beam are both significantly influenced
by corrosion, while the mechanical performance of the steel girder in composite beam is not.
Meanwhile, composite beam’s high utilization efficiency of materials enables it to get higher
bearing capacity with lower self-weight, and thus higher reliability. What’s more, as one of the
major contributors to resistance, reinforcements of RC beams usually have larger diameter than
those in composite beams, which can lead to wider surface cracks and weakens the load bearing
capacity to a larger extent.
As discussed above, the composite beam can have better serviceability in terms of crack width
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control. And it can be predicted that composite beam will also show advantages in deflection
control, since it holds bigger cross-section inertia moment and larger elastic module.
In this paper, we only consider the degradation of steel reinforcements. But in real project, the
corrosion of steel girder and shear connectors are also major durability concerns. Protective
measures, such as anti-corrosion coatings, are required for all the steel components.

4.2

Life-cycle Economic Efficiency

Life-cycle cost is one of the major indicators in the life-cycle economic efficiency analysis. The
initial construction cost and future maintenance cost of composite beam and RC beam are
briefly discussed in this section. The costs of construction materials, formwork and supports,
as well as machine and labor are included in the initial construction cost, as Table 4 shows, with
data collected from various dealers and contractors. The composite beam spends more money
on construction materials, since steel has higher unit price; and RC beam costs more on
formwork, construction machines and manual labor. Overall, composite beam shows lower
initial cost, since it has higher strength utilization rate of materials and simpler construction
process, and thus reduces the total mass of materials and work amount.
Table 4. Initial Construction Cost of Composite Beam and RC Beam ($)

Initial Construction Cost

Construction Materials

Formwork

Machine and Labor

Total

Composite Beam

174.6

35.4

281.0

491.0

RC Beam

157.4

61.5

428.9

647.8

When it comes to the maintenance cost, composite beam and RC beam both need to repaint
anti-corrosion coatings regularly to protect the steel components from chloride ions; also, once
concrete surface cracks develop to a certain width, crack filling and sealing are required. The
cost of future maintenance, to a great degree, depends on the selection of maintenance activities
and maintenance time. So, maintenance schemes should be elaborated based on structural initial
design, structural deterioration, the trade-off between maintenance cost and performance, as
well as on-site tests and inspections.

4.3

Life-cycle Environmental Impacts

CO2 emission is a representative index for life-cycle environmental impact assessment. The
assessment scope is limited to the construction stage and the demolition and recycling stage,
and the CO2 emission of these phases are listed in Table 5.
Table 5. Life-cycle CO2 Emission of Composite Beam and RC Beam[25]

CO2 emission (ton)

Construction

Demolition and Recycling

Total

Composite Beam

1.56

-0.83

0.73

RC Beam

1.72

-0.69

1.03

Carbon emission in construction stage mainly considers the emission from the production and
transportation of construction materials and the on-site machine operation. And the material
production is the largest part among all, being approximately 99% of the construction emission.
The CO2 emission for demolition is assumed to be proportional to the construction emission
(20% in this paper). Since steel is recyclable, part of the carbon emission can be deduced at the
end of life depending on the recycling rate, which is assumed 85% here. That’s the reason for
the negative carbon emission in demolition and recycling stage.
It can be seen from the last column in Table 5, RC beam emits more CO2 than composite beam
for the entire lifetime. That is because RC beam not only consumes a large amount of concrete,
but also has relative lower material recycling rate. Thus, we can conclude that composite beam
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shows less environmental burden than RC beam.

5 Conclusion
Models of deteriorating flexural bearing capacity are established for composite beam and RC
beam, and equivalent normalization method is used to analysis the reliability variation. Under
the circumstances of same reinforcement corrosion penetration, composite beam and RC beam
with same initial reliability and loading condition shows different reliability deterioration rate
in the long term. Composite beam is able to maintain a relatively higher level of reliability for
a longer time. Sensitivity analysis result shows that the cross-section area of steel girder has the
biggest influence on the reliability of composite beams, and the properties and performance of
the concrete flange have limited effect on the overall behavior of the composite beam. So,
composite beam can have relatively less strict durability requirements than concrete structures
under the same environmental condition.
A brief life-cycle analysis is performed to evaluate the reliability, economic efficiency and
environmental impacts of composite beam and RC beam. Composite beam shows stronger lifecycle safety and serviceability compared with RC beam. For economic efficiency assessment,
composite beam generates less cost in the construction stage. CO2 emission of construction and
demolition is used to evaluate the life-cycle environmental impacts of composite beam and RC
beam, and composite beam emits less CO2 due to higher material utilization and recycling rate.
In general, composite beam can be a better choice in terms of long-term reliability, economy
and sustainability.
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Application of a multi-level probabilistic framework for
the risk-based robustness assessment of a RC frame
structure
Didier Droogné, Wouter Botte, Robby Caspeele and Luc Taerwe
Department of structural engineering, Ghent University

Abstract: Despite the increased interest and research about structural robustness, one
has to notice that no practical framework is available yet to quantify and assess the
robustness of structures which takes into account both local structural behavior of the
elements under large deformations and the uncertainties of the acting loads and materials. In this contribution advanced calculation methods and risk-based quantification approaches for robustness are combined by a multi-level calculation scheme
which is applied for two alternative designs. The developed approach is able to quantify the reliability and structural robustness of planar reinforced concrete frames in an
objective way while using a conditional risk-based robustness index and taking into
account the developed membrane action. Additionally the assessment and influence
of the direct and indirect costs on risk-based robustness quantification are studied.

Introduction
The importance of structural robustness has been underlined by numerous failures in the past
decades, such as the notable failures at Ronan Point (1968), the Murrah Federal building (1985)
and the World Trade Center (2001). Typical for these past failures, which are unfortunately a
worldwide recurring issue, is the fact that due to the lack of structural robustness, a local event
with a very low probability of occurrence resulted in very large and disproportionate consequences [1]. Although designing a structure to withstand these exceptional events such as human error and terrorist attack is impracticable and uneconomical, a beneficial strategy is to
allow the development of alternate load paths to redistribute the loads and reduce the extent of
damage as much as possible in case of an exceptional local failure. Based on numerous recent
experimental findings and numerical studies on reinforced concrete beams and slabs, it is clear
that these elements have a large potential to develop alternate load paths in RC structures due
to the development of membrane action [11], [15-16]. On the other hand research has also been
focusing on theories to quantify structural robustness by robustness indicators [2]. An important
next step is to combine the experimental and numerical results of the structural elements with
the available probabilistic techniques and robustness indicators to assess the reliability and
structural performance of structures in case of exceptional events. Moreover due to the development of membrane action, large membrane forces are generated which have to be taken into
account when assessing the stability of the remaining structure. To achieve the latter, a multilevel probabilistic framework is illustrated in this paper for two alternative designs of an office
building which takes the behavior of the complete structures into account. With this framework
it is possible to quantify the reliability of RC frames in case of the notional removal of loadbearing columns. Next, the computed failure probabilities can be combined with a risk-based
robustness quantification which is illustrated at the end of this contribution.
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Multi-level probabilistic framework
2.1 Structural design of illustrative cases
In order to illustrate the developed calculation scheme, two office buildings have been designed
according to EN 1992-1-1 [8]. Both buildings have the same useful office space but a different
structural layout (Figure 1). The first building consists of 6 bays in both orthogonal directions
and has 6 floors. The second building on the other hand consists of 6 and 12 bays in the X- and
Y-direction respectively and has 3 floors. The height of each floor and the span of each bay for
both buildings is 3 m and 6 m respectively. The floor consists of precast hollow core concrete
slabs which carry the loads in one direction (i.e. the X-direction) to the frames placed in the Ydirection. Hence as a conservative simplification, the analysis can be performed by considering
2D frames and no 3D effects are considered. The permanent load applied on the beams consists
of the self-weight gk of the concrete floors of 6.25 kN/m2 and the variable load for office buildings consists of the service load qk of 3 kN/m² in accordance with EN 1991-1-1 [7]. An illustration of both buildings subjected to a notional column removal can be found in Figure 1. The
dimensions of the beams and columns as well as the reinforcement details are given in Table 1.
It is noted that the reinforcement amount which is calculated according to the regular design
requirements is sufficient to act as horizontal and vertical ties according to EN 1991-1-7 [7].

Figure 1: Overview of the illustrative cases: Building 1 subjected to the notional removal of an edge column
(left) and Building 2 subjected to the notional removal of an internal column (right)
Table 1: Summary of geometrical properties of the considered illustrative cases*

Beams

Columns

Frame
Dimensions b x h
Floors 1-2
Reinforcement**
Floors 3-6
Dimensions b x h
Top Reinforcement
Bottom Reinforcement
Shear Reinforcement

Building 1
Internal
Edge
450 x 420
450 x 420
12 ∅ 18
8 ∅ 14
12 ∅ 14***
12 ∅ 14
8 ∅ 14

Building 2
Internal
Edge
350 x 420 350 x 420
12 ∅ 14
8 ∅ 14
12 ∅ 14

8 ∅ 14

420 x 450
4 ∅ 25
3 ∅ 20
∅ 10

420 x 450
4 ∅ 25
3 ∅ 20
∅ 10

420 x 450
4 ∅ 18
2 ∅ 18
∅ 10

420 x 450
4 ∅ 18
2 ∅ 18
∅ 10

* Distances, dimensions and diameters in mm
** Total reinforcement of the columns, placed symmetrically in the columns
*** Inner columns of frame 12 ∅ 18, outer columns of frame 12 ∅ 14
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2.2 Development of the multi-level calculation scheme

Figure 2: Developed multi-level calculation scheme

2.2.1 Distinction between the directly and indirectly affected part of the structure
To obtain an event-independent robustness assessment, the notional removal of load-bearing
columns (edge and internal column) at the ground-floor are considered. Consequently the cause
and probability of occurrence of the exceptional event is not explicitly considered and the robustness indices which are obtained at the end of the calculations are conditional on the considered damage and the initiating event. As large deformations are expected for the considered
accidental states, it is required to perform non-linear analyses which consider both geometrical
and material non-linear behavior. However as this type of analyses is computationally demanding, especially in case of reinforced concrete, the real structure is subdivided in different parts
which can be idealized each to reduce the computational efforts. Regarding the notional removal of the columns, the considered structure is subdivided into three parts (Figure 1). The
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first part is the unaffected part which is not considered further in the calculations as this part is
assumed to be unaffected by the considered accidental states. The two other parts are the directly (DAP) and indirectly affected part (IAP) which are located in the same bay where the
column is removed. The DAP is located immediately above the removed column, and hence
this part will be subjected to large deformations for which detailed numerical calculations are
necessary. The IAP on the other hand is situated next to the DAP and defines the boundary
conditions of the DAP. The IAP is subjected to smaller deformations, hence less detailed calculation methods are used for this part. More information on the implemented modelling simplifications can be found in [4]. The following steps of the multi-level calculation scheme to
quantify the reliability of the damaged structure are applied for both buildings in the following
subsections and are presented in Figure 2 for Building 1.
2.2.2 Numerical model for the directly affected part
For the detailed numerical analysis of the DAP, the advanced finite element software DIANA
10.0 is used. The model is based on the experimentally verified numerical 2D plane stress model
developed by Botte et al. [3] which was modified and extended to the considered situation. The
established numerical model was also validated with the experimental results obtained by NIST
on RC beams [17]. The model takes into account geometrical and material nonlinearities and
applies a load-controlled procedure with a uniform load in combination with an arc-length algorithm to simulate some softening behavior. The boundary conditions of this model which
represent the partially clamped connection with the IAP are modelled by multi-linear elastic
springs which take into account possible failure of the IAP. Due to symmetry only half of the
beam in the accidental state is modelled. The calculation procedure is continued till failure of
the beam which is governed by crushing of the concrete and finally by rupture of the top reinforcement at the partially clamped support or by failure of its boundary conditions (i.e. IAP).
2.2.3 Analytical model for the indirectly affected part
Considering the presumed failure mode of the IAP, i.e. a soft-story at ground-level, a plastic
calculation procedure is implemented which considers the development of plastic hinges in the
columns at the ground-floor. Next, based on the principle of conservation of energy the following equation can be obtained which can be solved for the frame resistance 𝑀𝐹 of the IAP:
𝑛

2 (∑ 𝑀𝑝𝑙,𝐶𝑖 𝜃) = 𝑁(𝐻𝜃𝑀𝐹)

(1)

𝑖−1

 𝑀𝑝𝑙,𝐶𝑖 [kNm] is the plastic moment of the respective columns of the IAP at ground-level;
 𝑛 is the number of columns of the IAP at ground level at one side of the IAP;
 𝑁 is the number of floors of the building under consideration;
 𝜃 [radians] is the rotation angle of the deformed frame;
 𝑀𝐹 [kN] is the membrane force acting at each floor level;
 𝐻 [m] is the height of the first floor.
The plastic moment capacity 𝑀𝑝𝑙,𝐶𝑖 , the rotation capacity 𝜙𝑝𝑙,𝐶𝑖 of the columns and the corresponding yielding spring stiffness 𝐾 of the IAP for the multi-linear translation spring of the
DAP-model are calculated based on the work of Monti and Petrone [18].
2.2.4 Input parameters for the Latin-Hypercube samples
In order to determine the failure probabilities of the DAP, IAP and system, the Latin Hypercube
Sampling (LHS) technique is combined with the established numerical and analytical models.
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LHS allows to limit the number of (FEM) calculations necessary for a probabilistic assessment
to a reasonable amount [20]. A set of four key variables related to the material properties of the
model are selected for the LHS procedure (Table 2). These material properties are considered
to have the most influence on the load bearing capacity, which in this case is governed by
compressive membrane action (CMA). Other material properties to model the concrete material
are based on formulas found in the fib-model code [10] and EN 1992-1-1 [8]. The ultimate
strain of the reinforcement is considered to be deterministic, i.e. 𝜀𝑢 = 7.5% (ductility class C),
as this parameter has little influence on the ultimate capacity in case of CMA. Apart from these
four material properties, also the permanent load G and the variable load Q are included in the
LHS procedure. The probabilistic models for the parameters are adopted based on the experimental observations of Gouverneur et al. [11], the suggestions provided in the Probabilistic
Model Code from the JCSS [13] and the recommendations provided by Holicky et al. [12]. In
total 256 Latin-Hypercube sample sets are used for each building and each damage scenario. A
summary of the parameters for the LHS procedure is given in Table 2.
Table 2: Probabilistic models for the most important model parameters

Variable
Concrete compressive strength
Reinforcement yield strength
Reinforcement tensile strength
Reinforcement Young’s Modulus
Volumetric weight of concrete
Service load

𝑓𝑐
𝑓𝑦
𝑓𝑡
𝐸𝑠
𝐺
𝑄

Distribution
Lognormal
Lognormal
Lognormal
Lognormal
Normal
Gumbel

Mean
38.8 MPa
555 MPa
605 MPa
200 GPa
24 kN/m3
0.6 kN/m2

COV
0.10
0.03
0.03
0.08
0.04
1.10

2.3 Structural reliability calculations
Combining the LHS samples with the developed models, the failure probability of the DAP,
IAP and the probability of some progressive collapse after the notional removal of a load-bearing column can be determined using FORM calculations.
2.3.1 Directly affected part (DAP)
Implementing the set of LHS samples in the established numerical models, a set of load-displacement and membrane force – displacement graphs are calculated. Next from the load loaddisplacement graphs the beam resistance 𝑅𝑏𝑒𝑎𝑚 is determined for each sample and a lognormal
distribution is fitted to the obtained set of beam resistances (Figure 3). Note that for most of the
samples, the beams reach their maximal resistance in the compressive membrane phase without
failure of the IAP, while they fail during the transient phase by rupture of the top reinforcement
̅̅̅̅̅̅
at the partially clamped support (i.e. 𝑃[𝐹𝐷𝐴𝑃 |𝐹
𝐼𝐴𝑃 ]). No catenary phase is developed due to the
limited rotation capacity of the beams. Failure of the DAP can also be initiated when the developed membrane forces attain the maximal resistance of the multi-linear translation spring or in
other words failure of the IAP occurs 𝑃[𝐹𝐷𝐴𝑃 |𝐹𝐼𝐴𝑃 ]. For the latter situation the corresponding
uniform load is determined as a sample point for the dataset of 𝑅𝑏𝑒𝑎𝑚 .
Next applying following limit state equation (2), the failure probability of the DAP 𝑃[𝐹𝐷𝐴𝑃 ]
can be determined:
𝑔1 = 𝑅𝑏𝑒𝑎𝑚 − 𝐺 − 𝑄

(2)

In this equation the terms 𝐺 and 𝑄 are multiplied with the respective deterministic dimensions
to obtain the imposed load in kN/m.
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Figure 3: Determination of the beam resistance 𝑅𝑏𝑒𝑎𝑚

2.3.2 Indirectly affected part (IAP)
In a similar way the reliability of the IAP is determined by combining the LHS samples with
the implemented plastic calculation model. To determine the membrane force acting on the
IAP, first the total load (𝐺 + 𝑄) acting on the DAP is calculated for each sample. Next two
situations can be distinguished:
1. No failure of the DAP: G+Q ≤ Rbeam
The membrane force corresponding to the total load (𝐺 + 𝑄) is derived from the
membrane force-displacement graph (Figure 2). This results in samples for the membrane force 𝑀𝐹1 acting on the IAP for which a lognormal distribution is fit. The fail̅̅̅̅̅̅
ure probability of the IAP conditional on the survival of the DAP 𝑃[𝐹𝐼𝐴𝑃 |𝐹
𝐷𝐴𝑃 ] is then
calculated by following limit state equation:
g 2 = R IAP − 𝑀𝐹1

(3)

2. Failure of the DAP: G+Q > Rbeam
If the total load (𝐺 + 𝑄) is larger than the beam resistance 𝑅𝑏𝑒𝑎𝑚 , then the membrane
force 𝑀𝐹𝑚𝑎𝑥𝑅 corresponding to the beam resistance 𝑅𝑏𝑒𝑎𝑚 of the DAP is considered.
This situation corresponds to failure of the DAP and, as a consequence, the membrane
force cannot increase further. Again this results in samples for the membrane force
𝑀𝐹𝑚𝑎𝑥𝑅 acting on the IAP for which a lognormal distribution is fit. The failure probability of the IAP conditional on the failure of the DAP 𝑃[𝐹𝐼𝐴𝑃 |𝐹𝐷𝐴𝑃 ] is then calculated
by following limit state equation:
g 3 = R IAP − 𝑀𝐹maxR

(4)

Finally the failure probability of the IAP can be calculated as follows:
̅̅̅̅̅̅
P[FIAP ] = P[FIAP |FDAP ].P[FDAP ] + P[FIAP |F
DAP ]. (1 − P[FDAP ])

(5)

2.3.3 Structural reliability calculations for the system
The probability of some follow-up damage or progressive collapse in the frame or system after
some (relatively small) localized damage, i.e. the removal of one column at the ground floor,
can be calculated by combining previous obtained results according to equation (6).
P[FDAP ∪FIAP ] = P[FDAP ]+P[FIAP ]-P[FDAP ∩FIAP ]=P[FDAP ]+P[FIAP ]-P[FIAP |FDAP ].P[FDAP ] (6)
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In Table 3, the calculated failure probabilities for the DAP, IAP and the probability for progressive collapse are given for each building and for both considered accidental states. Note that
these failure probabilities are conditional on the considered damage state ‘D’ (i.e. removal of a
column) and the exposing event ‘E’ (unknown).
Table 3: Calculated failure probabilities for the DAP, IAP and progressive collapse

Accidental situation
P[FDAP ]
P[FIAP ]
P[FDAP ∪FIAP ]
Inner column
0.254
1.12 E-06
0.254
Edge column
0.106
0.009
0.106
Building 2
Inner column
0.173
1.00 E-08
0.173
Edge column
0.041
0.001
0.041
Based on these results one can conclude the following:
 In general the probability of progressive collapse is governed by 𝑃[𝐹𝐷𝐴𝑃 ]. Still the authors would like to indicate the importance to take into account the developed membrane forces to evaluate the potential of progressive collapse. In case it is possible to
develop tensile membrane action (TMA), for instance in steel frames, larger membrane forces will be introduced into the structure. For the considered RC beams TMA
cannot develop due to the limited rotation capacity of the beams.
 Building 2 has smaller failure probabilities than Building 1 as Building 2 has more
bays in the Y-direction. More horizontal bays results in a larger horizontal stiffness
which enhances the compressive membrane action in the DAP and increases the resistance of the IAP.
 Removal of an edge column in Building 2 results in the smallest probability of progressive collapse as the edge frames are loaded by smaller loads than an inner frame.
Design
Building 1

Structural robustness quantification
After obtaining the respective failure probabilities, these failure probabilities can be used to
quantify the robustness of the buildings by risk-based robustness indicators. Moreover as single
exceptional events are considered, i.e. the notional removal of load bearing columns, conditional risk-based robustness indicators can be used as proposed by Baker et al. [2]. These robustness indicators are conditional on a certain damage state ‘D’ which is caused by a certain
exposure event ‘E’ and are calculated as:
Irob |D,E=
with
-

R dir
Cdir
=
̅̅̅̅̅
R dir + R ind Cdir +P[FDAP ∩F
IAP ].CDAP +P[FIAP ].CIAP

(7)

𝑅𝑑𝑖𝑟 and 𝑅𝑖𝑛𝑑 the direct and indirect risks respectively;
𝐶𝑑𝑖𝑟 the direct consequences associated with the examined accidental states;
𝐶𝐷𝐴𝑃 and 𝐶𝐼𝐴𝑃 the consequences in case of failure of the DAP and IAP respectively;
̅̅̅̅̅
P[FDAP ∩F
IAP ] the probability of the event corresponding to failure of the DAP and survival
of the IAP;
P[FIAP ] the failure probability of the IAP.

3.1 Assessment of failure costs
For the robustness indicator, the consequences are expressed as costs because a quantitative
risk assessment is carried out. Moreover to enable decision making on the basis of generalized
data, the associated costs can be expressed relative to the total building costs 𝐶𝑡𝑜𝑡 .
Cdir /Ctot
(8)
Irob |D,E=
̅̅̅̅̅
Cdir /Ctot +P[FDAP ∩F
IAP ].CDAP /Ctot +P[FIAP ].CIAP /Ctot
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Note that a distinction is made between costs associated to failure of the DAP only and to failure
of the IAP only. One should also note that in reality in case the IAP fails the DAP will fail as
well due to the removal of its boundary conditions. As a consequence the costs associated to
failure of the DAP are included in the failure costs of the IAP.
To assess the ratio of the direct costs and total building cost, three values are considered: 0.001,
0.01 and 0.1 as it is difficult to assess all the costs involved with the notional removal of the
column. Values with the same order of magnitude for this ratio were also applied by Narasimhan and Faber [19]. The relative costs associated to the failure of the DAP and IAP on the other
hand are estimated based on the work by Faber et al. on the failure of the World Trade Center
in 2001 [9] and the research by Kanda on the failure cost evaluation for office buildings [14].
A summary of the values found for the considered relative failure costs in case of total collapse
of the building are given in Table 4. Due to several uncertainties a low and high scenario value
is given by each author. In this paper only the low scenarios of each author are implemented as
a first indication of the robustness of each Building.
Table 4: Assessment of relative failure costs (values relative to total building cost in %)

Scenario
Rescue & Clean-up * Crescue & clean-up /𝐶𝑡𝑜𝑡
Structure Cstructure /𝐶𝑡𝑜𝑡
Inventory of building Cinventory /𝐶𝑡𝑜𝑡
Fatalities ** Cfatalities /𝐶𝑡𝑜𝑡
Environment and cultural aspects * Cenv. /𝐶𝑡𝑜𝑡
Impact to economy *** Ceconomy /𝐶𝑡𝑜𝑡
Total failure cost

M.H. Faber et al. [9]
Low
High
36.2
36.2
100.0
100.0
55.3
55.3
117.0
117.0
2.1
2.1
193.6
1408.5
504.2
1719.1

J. Kanda et al. [14]
Low
High
60
130
10
200
0
200
0
50
70
580

* Not considered separately by J. Kanda [14]
** No uncertainties considered on the fatalities as the number of fatalities is known for the WTC towers. Still the
authors would like to emphasize that quantifying the cost of a human life is a very difficult and subjective task
which is under discussion and is subjected to many assumptions.
*** Including business interruption, loss of infrastructure and loss of rents

Next to calculate the associated failure costs of the IAP and DAP, the relative failure costs of
Table 4 are multiplied with the relative building volume of the IAP and DAP respectively. Only
the relative failure cost regarding impact to the economy is not adapted as it is assumed that in
case of failure of the DAP or IAP, the building has to stop all its business affairs due to the
large extent of the damage.

3.2 Results of the risk-assessment in case of the illustrative examples
A summary of the calculated conditional risk-based robustness indicator 𝐼𝑟𝑜𝑏 |𝑑, 𝑒 is given in
Figure 4 for both structures, for all cost assumptions and for both accidental scenarios. Logically the robustness indicator is much smaller when adopting the relative costs proposed by
Faber as the total relative failure costs are larger by Faber than by Kanda. In general Building
2 results in a larger robustness index as the failure probability of this building is smaller than
for Building 1. Considering the results for the different values of 𝐶𝑑𝑖𝑟 /𝐶𝑡𝑜𝑡 very large differences can be found in the obtained robustness index. However in most situations the conditional
robustness indices are regarded relatively to each other and the exact value of the failure costs
are less important as long as the same approach and assumptions for all possible designs are
applied when comparing different designs.
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Figure 4: Variation of the index of robustness with the different scenarios, designs and costs

Discussion
In this contribution several assumptions and simplifications have been made which are discussed below:
- The previous analyses are related to specific damage situations in a specific structural
configuration. Hence, the established results and high failure probabilities should be
treated with care and should be considered as indicative only. For the considered cases a
clear distinction is made between the DAP and IAP, which in reality is not always possible.
- No three-dimensional effects by the RC slabs to redistribute the loads are considered, i.e.
the slabs are considered in the most conservative way as they do not take part in the load
redistribution by membrane action and the development of alternate load paths.

Conclusions
In this paper a computer efficient calculation scheme is illustrated for two RC frames to calculate the probability of some progressive collapse in a RC frame in case of the notional removal
of a load-bearing column. By subdividing the structure in different parts, i.e. the unaffected
part, the IAP and DAP, and considering the interaction between the different parts in an elegant
way, the reliability of the system is calculated efficiently while combining detailed numerical
analyses with plastic calculation methods and the LHS technique. From the results one concludes that the probability on progressive collapse in a RC frame is governed by failure of the
DAP in case of a notional column removal due to the limited rotation capacity of RC beams.
Next the obtained failure probabilities are combined with a risk-based robustness index to quantify and compare the structural robustness of different designs. Based on the computed robustness indices it is clear that the considered cost scenarios for the direct and indirect costs have a
significant influence on the final robustness index. However as long as the respective robustness
indices are compared relatively to each other, it is possible to compare different designs in an
objective way.
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Abstract: In present paper, the fatigue is considered in the perspective of the material constitutive law, and a bi-scalar elasto-plastic fatigue damage constitutive model
is presented. A prestressed concrete beam with actual engineering background subjected to random vehicle loads is studied. The compound Poisson process is adopted
to describe the random vehicle load. The numerical simulation of the fatigue process
of concrete beam is performed. Furthermore, by resorting to the probability density
evolution method (PDEM), the probability density evolution analysis and the fatigue
reliability estimation are implemented. The fatigue reliability of concrete beam under different service periods is evaluated.

Introduction
In engineering practices, the concrete structures are always subjected to fatigue loads (wind
load, vehicle load, etc.) which are of great randomness during their service life. Those fatigue
loads can cause fatigue damage to some extent or even lead to fatigue failure of concrete structures. Therefore, it is of great importance to study the mechanical behaviors of concrete structures in the fatigue process and estimate the fatigue reliability of concrete structures.
In general, the traditional fatigue reliability analysis concentrates on two ways. One is to obtain
the S-A-P curve based on a great deal of test data through experiments. By adopting fatigue
damage cumulative laws such as Palmgren-Miner law [1], fatigue damage process of concrete
structures can be analyzed. Afterwards, the classical reliability method, such as first order reliability method or Monte Carlo method, is employed to estimate the fatigue reliability of concrete structures [2][3]. The other one is to develop the fatigue crack growth rate like Paris’ law
[4] to get the crack propagation process of concrete structures. The fatigue reliability is evaluated by using the classical reliability methods. However, these methods in the traditional fatigue
analysis separate the structural response from the deterioration process of concrete, which leads
to the fatigue response and reliability are inconsistent with the real one.
This paper aims to accurately estimate the fatigue response and reliability of the prestressed
concrete beam with actual engineering background under the random vehicle load. The random
vehicle load is described by the Poisson compound process [7] so that the fatigue loading spectrum could be got. A bi-scalar elasto-plastic fatigue damage constitutive model [10] is adopted.
By combining the constitutive model with the finite element method, the fatigue process of the
prestressed concrete beam could be simulated. The probability density evolution method
(PDEM) [13] and the equivalent extreme-value event [9] are utilized to carry out to evaluate
the fatigue reliability of the prestressed concrete beam.
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Random Vehicle Load Model
2.1 Compound Poisson Process
The compound Poisson process is expressed as:
N t 

X t    X n

(1)

n 1

where N  t  , t  0 denotes the Poisson process that describes the number of occurrence of
events, which is expressed as:
P  N (t )  k   e

 t 

k

 k  1,2, 
k!
with  denoting the average number of occurrence per unit time. X n  n  1,2,
 t

(2)

 is

the

magnitude of the nth event, which is independent identical distributed.
Let Tn  n  1,2,



denote the time interval between two adjacent events, which is independent

of each other and follows the exponential distribution.

2.2 Simulation of Compound Poisson Process
In this paper, stochastic harmonic function (SHF) [5][6] is employed to simulate the compound
Poisson process. And thus the number of the basic random variables which are used to generate
the compound Poisson process can be greatly reduced.
The stochastic harmonic function YN  t  is expressed as the following equation:
N

YN  t    Ai cos  ωi t  φi 

(3)

i 1

where ωi , i  1,2,

, N  are the random variables of the frequency of SHF, which are

independent of each other and follow the uniform distribution in the interval (ωip1 , ωi p  ] with
the probability density function as follows:



1
1


, if ω  ωip1  ωi p 
  p
 p
pωi  ω   ωi  ωi 1 Δωi
0,
else




(4)

in which ωi p  is the internal point of the interested frequency range 0, ωu  with the satiable
condition 0  ω1 p   ω2 p  

 ωN 1  ωu . φi , i  1,2,
p

, N  are the random variables of the

phase angle, which are dependent of each other and follow the uniform distribution in the
interval (0, 2π ] . And A  ωi  , i  1,2,

, N  are the random amplitudes being related to ωi ,

formulated as:

2 SY  ωi  Δωi
π
in which SY  ω is the power spectral density function of Y  t  .
A  ωi  
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(5)

Since the time interval Tn , n  1,2,

 and the magnitudes  X n , n  1,2,  are the basic ran-

dom variables in the filtered compound Poisson process, the stochastic harmonic function is
used to generate Tn , n  1,2,  and  X n , n  1,2,  . Here, the stochastic harmonic function
is regarded as the white Gaussian noise due to the independence of Tn , n  1,2,

 as well as

 X n , n  1,2,  . The Gaussian distribution function values of the function values at each time
point in SHF are taken as the exponential distribution function values of Tn , n  1,2,  . Then,
the inverse of the exponential distribution function is applied to get Tn , n  1,2,  . The same
procedure is adapted to obtain  X n , n  1,2,  . And thus, the frequency variables
ωi , i  1,2, , N  and phase angle variables φi , i  1,2, , N  in SHF are considered as the
basic random variables to generate the compound Poisson process of vehicle load.

2.3 Application of Compound Poisson Process in Vehicle Load
According to the survey and statistics [7], the stochastic process for vehicle load L  t  , t  0
can be described by the filtered compound Poisson process, which is expressed as:
N t 

L  t    n I  t; n 
n 0

(6)

1 t  n
I  t; n   
0 t  n

where n  n  1,2,

 is the magnitude of the nth vehicle load, which follows the lognormal

distribution with the probability density function:

 1  ln x  1.667 2 
1
exp   

 
f ( x )   0.816 x 2
 2  0.816  

0

x0

(7)

x0

Note that ξ n whose value is less than 30kN will be ignored according to the specifications [8].
The time interval Tn  n  1,2,



for vehicle load follows the exponential distribution with the

parameter λ of 0.039.
Based on the above simulation method for the compound Poisson process, a sample of random
vehicle load spectrum is shown in Figure 1.
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Figure 1: Random vehicle load spectrum

2.4 Equivalent constant-amplitude cyclic load
For simplicity’s sake, based on the root mean square method [9], the random vehicle load is
transformed into the equivalent constant-amplitude cyclic load. In this method, the maximum
and minimum loads in the equivalent constant-amplitude cyclic load  Lmax eq ,  Lmin eq is defined as:
1/2

1/2

 n 2  
 n 2  
(8)
 Lmax eq    LMi  / n  ,  Lmin eq    Lmi  / n 
i

1
i

1








where LMi and Lmi are the maximum and minimum loads of the individual load cycles in the
random vehicle load which includes n cylces.
The number of cycles of the equivalent constant-amplitude cyclic load neq is equal to that of the
random vehicle load n .
Figure 2 shows equivalent constant-amplitude load spectrum corresponding to the random
vehicle load spectrum in Figure 1.
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Figure 2: Equivalent constant-amplitude load spectrum

Fatigue damage constitutive model
In order to estimate the mechanical behavior of concrete structure under the fatigue loads, a biscalar elasto-plastic fatigue damage constitutive model for concrete [10] is introduced. Based
on the framework of continuum damage mechanics, the damage constitutive model can be
described by:
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σ



:



0



 

: ε  εp 



:σ

(9)

where σ is the second order stress tensor, is the fourth-order damage tensor, is the fourth
order identity tensor, 0 is the fourth order initial elastic stiffness tensor, ε is the second order
strain tensor, ε p is the plastic components of the total strain tensor, and σ is the effective stress
tensor.
The effective stress tensor is decomposed into tensile and negative components σ  , σ  [11]:
σ  σ  σ
σ 
σ 
where the projective tensors are formulated as:







:σ



:σ

(10)

 H   n    n    n    n  
i

i

i

i

i

i

(11)

  
The damage tensor is simplified by adopting the tensile and the compressive damage variables

d  , d  as follows [11]:

 d   d 
By substituting equation (10) and (12) into equation (9), we obtain:







(12)



σ  1  d  σ  1  d  σ

(13)

The evolution of plastic strains is proportional to the effective stress [12]:
(14)

εp  b pσ
The fatigue damage evolution law is expressed as follows [10]:



Y   H  d  ,Y 
f
d 
0





if Y   0

(15)

if Y   0

where Y  is the damage energy release rates, H f are the damage hardening functions, which
is formulated as follows:
H


f

d ,Y 




n

Y   
1


 exp  1  d   exp  2  1  d  
 
 

 Y  C  











(16)

where , n,C, 1, 2 are material constants.

Probability density evolution method
The probability density evolution method (PDEM) [13] is employed to evaluate the fatigue
reliability. Since the accumulation of fatigue damage can reflect the damage state of structure
in the fatigue process, the damage variable d is mainly concerned. According to the equivalent
extreme-value event [9], a virtual stochastic process is constructed, which is associated with the
extreme value of d with τ as the virtual time, as follows:

Z  τ   χ W  θ, T  , τ   ψ  θ, τ 
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(17)

where W  θ, T  denotes the extreme value of d over 0,T  . θ is the random vector of the system. Here, the randomness of loads is considered, so the random vector is expressed as:
θ  θ  ω, φ

(18)

Equation (17) satisfies the following conditions:
Z τ

 0, Z  τ 

 W  θ,T 

(19)

χ W  θ, T  , τ   W  θ, T  sin  ωτ 

(20)

τ 0

τ  τc

Here, Equation (17) takes the form:

Introducing the thoughts of PDEM, the generalized probability density evolution equation with
regard to the joint PDF of  Z  τ  , θ  can be obtained:

pZΘ  z, θ, τ 
p  z, θ, τ 
 ψ  θ, τ  ZΘ
0
τ
z
with the initial condition:

pZΘ  z, θ, τ 

τ 0

 δ  z  pΘ  θ

(21)

(22)

By solving the above probability density evolution equation [13], the probability density
function of the extreme value W could be derived:

pW  w  pZ  z  w, τ 

(23)

τ  τc

Fatigue probability assessment for prestressed concrete beam
The prestressed concrete beam analyzed in this paper belongs to Xicheng River Bridge located
in the Jiangsu Province, China [14]. This beam is simply supported with the span of 20m, shown
in Figure 3. The compressive strength, tensile strength and Young’s modulus of concrete are
35 MPa, 3 MPa and 35000 MPa, respectively. The diameter, yield stress, Young’s modulus of
non-prestressed reinforcement are 12mm, 300 MPa and 200000 MPa, respectively. There are
four prestressed tendons, with a nominal diameter of 25 mm, a yield stress of 1860 N/mm2 and
the Young’s modulus of 205000 MPa. Based on the equivalency of mid-span moment, the dead
load is converted to the concentrated force loaded of 160 kN loaded at the middle point from
the uniformly distributed load with its intensity of 16 kN/m. After being transformed into the
equivalent constant-amplitude load, the random vehicle load is applied at the middle point of
the beam.
l/2

F

l/2

l=19.2 m
L=20 m

(a)Size and loading of concrete beam
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(b)Mid-span section

(c)Support section

Figure 3: The simply supported prestressed concrete beam

The finite element model of the prestressed concrete beam is established. The fatigue damage
constitutive model for the concrete is employed, and the values of model parameters are given
in the Table 1. The numerical simulation of the fatigue process of prestressed beam is performed,
and the evolution of fatigue damage is derived. Here, the average damage of the edge of
compressive region is regarded as the failure index of the beam. In general, the threshold of the
average damage of the compressive edge is set as 0.7.
Table 1: Parameters for the fatigue constitutive model

C  (MPa)

C  (Mpa)

n

κ

β1

β2

32

3.2

3

6

24

40

Considering the randomness of vehicle load, 550 sample points are selected for the basic
random variables ω and φ . By using the equivalent extreme-value event and PDEM, the PDFs
and CDFs of the average damage of the compressive edge are derived after the beam serves for
30, 50 and 80 years, shown in Figure 4 and Figure 5. According to the CDFs, the fatigue
reliability of the prestressed concrete beam after serving for 30, 50 and 80 years is 0.9975,
0.9785, 0.8398, respectively.
15
30 years
50 years
80 years

PDF

10

5

0
0.4

0.45

0.5

0.55

0.6

0.65
Damage

0.7

0.75

Figure 4 PDFs of fatigue damage
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0
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0.5
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0.6
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0.8
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0.9

Figure 5 CDFs of fatigue damge

Conclusion
This paper researches the fatigue performance and reliability of the prestressed concrete beam
under the random vehicle load from the perspective of the material constitutive model. The
random vehicle load is considered as the filtered compound Poisson process, and simulated by
adopting the SHF. On the basis of the fatigue damage constitutive model for concrete and the
finite element method, the fatigue process of the concrete beam is simulated. By employing the
PDEM and the equivalent extreme-value event, the fatigue reliability of the beam under
different service periods is calculated.
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Abstract: In this study, the Latin Hypercube technique is linked with CrankNicolson based finite difference approach for probabilistic assessment of chloride
diffusion through silane-treated concrete and the cumulative amount of CO2
emission due to silane treatment. There are five random variables to be considered.
By different application times, three repair strategies are proposed. From this study,
it is found that with silane treatment, the diffusion of chloride ions in silane-treated
zone is retarded leading to the extension of the time which the chloride content at a
threshold depth reaches the critical value of rebar corrosion. If the application of
silane treatment is earlier and more often, the extension of the service life is longer.
If the corresponding amount of CO2 emission due to silane treatment is taken into
account, the silane treatment strategy with earlier and more often applications is
unfortunately worse. Considering either the service life extension or the expected
cumulative amount of CO2 emission, it is difficult to judge the best strategy, because
the silane treatment strategy with earlier and more often applications is both the best
in extending the service life and the worst due to causing the highest expected
cumulative amount of CO2 emission. To remedy this situation, this study proposes
to consider the ratio of the expected cumulative amount of CO2 emission to the benefit of silane treatment. Using this proposed ratio, an optimum silane treatment
strategy can be more clearly judeged.

Introduction
Concrete structures have been used in construction industry for years. After a period of time,
those structures deteriorate due to mechanical loading or environmental attack. For concrete
structures exposed to chloride attack, the deterioration can be categorized into three forms; rebar corrosion, concrete cracking, or a combination of them. In general, the reinforcement corrosion occurs prior to the others. It generally initiates, whenever the critical (or threshold)
amount of chloride ions at the surface of reinforcement is reached combining with the condition
of having enough oxygen and moisture. This may lead to severe deterioration, and even shorten
the service life of the concrete structures [1]. However, this process is not allowed due to the
risk of structure reconstruction which causes high environmental impacts [2]. In particular,
sustainable structures are widely mentioned nowadays, because old-fashioned construction to
support city expansion due to population increase was found to be the largest consumer of
materials [3]. And, this leads to large environmental impacts, in particular, Greenhouse effect
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gases, e.g., CO2. Hence, a proper repair and maintenance plan is necessary to extend the service
life of concrete structures prior to severe deterioration [4].
Although a repair is useful in retarding structure reconstruction, it is unavoidable that the environmental impact can occur in the process of the repair, for example, the process of repair material production, repair application, and even repair material degradation. As a result, the
environment impact due to the repair has to be considered in repair.
In repairs, uncertainties are unavoidable. Although concrete structures are similarly designed
and chloride-exposed, their material property (diffusion coefficient) and chloride environment
(surface chloride) are probably not the same. So, probabilistic assessment is necessary.
In this paper, the probabilistic corrosion-free service life before and after repairs by silane
treatment is assessed. To do this, the Latin Hypercube technique is linked with the CrankNicolson based finite difference approach. The Latin Hypercube technique is an effective
method for reducing the number of samples while keeping satisfactory confidence level, so the
computational time is dramatically reduced. The Crank-Nicolson based approach is used to
predict the amount of chloride diffusion through concrete with space-dependent diffusion
coefficient due to the difference of the diffusion coefficient of original and silane-treated
concrete. In the zone of silane-treated concrete, the diffusion of chloride ions is retarded. This
leads to the extension of the time which the chloride content at the threshold depth reaches the
critical value of rebar corrosion. Other than the corrosion-free service life extension, the
probabilistic amount of associated CO2 emisison due to silane treatment is also assessed. To
compare the amount of CO2 emisison among different silane treatment strategies, the time
dependent ratio of cumulative amount of CO2 emisison due to silane treatment to the percent
reduction of the risk to start rebar corrosion is calculated, and the best strategy is accordingly
justified.

2 Chloride Diffusion before and after Silane Treatment
2.1 Without Silane Treatment
Concrete structures under chloride attack by diffusion can be assessed based on the partial differential equation (PDE) of the Fick’s second law [5] as
C 
C
 D
t x x
(1)
where C is the chloride content as a function of position x and time t, and D is the chloride
diffusion coefficient which can be either constant or in a function of x or t. With proper initial
and boundary conditions, Eq. (1) can analytically be solved and used to compute the diffusion
of chloride ions in concrete [6, 7]. And, the service life of concrete structures can be assessed
accordingly.

2.2 With Silane Treatment
From a literature [8], silane treatment was categorized as one kind of penetrating sealers for
hydrophobic treatment aiming to slow down the deterioration rate of concrete structures. Here,
there are two main steps to model the diffusion of chloride ions in concrete with silane treatment
as follows
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2.2.1 Chloride ion penetration from the outer surface through the original concrete.
For this, the Crank-Nicholson numerical scheme can be used. Because the diffusion coefficient
D for the original concrete is constant, the finite difference approximation for Eq. (1) [9] can
be written as
ci , j1  ci , j D  ci1, j1  2ci , j1  ci1, j1  ci1, j  2ci , j  ci1, j 
 

t
2 
x2

(2)



 



where cx,t is, in a general form, the chloride content at a mesh point x at time t. And, t and x
are the incremental time step (1 week) and the size of the mesh point (1 mm), respectively.
2.2.2 Chloride ion penetration through silane-treated concrete and original concrete
Let consider Fig. 1. At time ti, silane treatment is applied at the surface of concrete. Then, silane
will react with the pore concrete structure as deep as the distance xp (or repair depth). This will
involve space dependent diffusion coefficient, or D(x), due to the difference of the diffusion
coefficient of the silane treated concrete and the original concrete.

Figure 1: Chloride profile with and without Silane Treatment

Mathematically, the PDE for the space-dependent diffusion coefficients can be written as
C

C

Dx 
t
x
x
(3)
where D(x) is the chloride diffusion coefficient in a function of space x. Because it is complicated to solve for a close-formed solution of Eq. (3), a Crank-Nicolson based numerical scheme
[10] is introduced as
D c  c   D c  c 
ci , j 1  ci , j 1  Di1/ 2 ci1  ci   Di1/ 2 ci  ci1 , j 1
 

t
2 
x2

i 1/ 2

i 1,

i,

x

i 1/ 2

2

i,

i 1,

,j






(4)

where Di+1/2 and Di-1/2 are equal to (Di + Di+1)/2 and (Di-1 + Di)/2, respectively. In computation,
when the original concrete is treated with silanes over the depth xp at time t, the diffusion coefficient of silane-treated concrete will be updated, for instance, (D0,t)o = (D0,t)rep at concrete surface, and (Dxp,t)o = (Dxp,t)rep at effective depth xp. In general, (Dx,t)o and (Dx,t)rep are defined as
the diffusion coefficients of original and silane-treated concrete, respectively, at the depth x and
time t. It is observed that if the diffusion coefficient is constant, Eqs. (3) and (4) are reduced to
Eqs. (1) and (2), respectively.
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3. Descriptor of considered variables
In this study, there are five random variables. They are separated into two groups; chloride
diffusion data and silane treatment strategies. These are explained as follows.

3.1 Chloride Diffusion Data
In assessing the probabilistic chloride diffusion through concrete, there are two fundamental
random variables, i.e., chloride attack in terms of surface chloride (Cs), and chloride diffusion
resistance of concrete in terms of diffusion coefficient (D0). First, the surface chloride, which
is a boundary condition in computation, depends on many factors, for example, the distance of
structures from the sea, the region of structures or exposure condition (i.e., atmospheric, tidal,
splash, or submerged zones), and concrete mix or properties [11]. Second, the diffusion coefficient, which is used as a material property representing the resistance of chloride diffusion in
concrete, depends on materials, for example, concrete, silane-treated concrete etc. In this study,
both the surface chloride and the diffusion coefficient are treated to be not only constant but
also probabilistic. Based on the raw data collected by Song et al. [12], this study performs the
goodness-of-fit tests and proposes a descriptor for the two random variables as shown in Fig.
2. It is observed that LN(a,b) represents the lognormal distribution which possesses the mean
of “a” and the standard deviation of “b”, while T(x,y,z) represents the triangular distribution
which possesses the minimum of “a”, the mode of “b”, and the maximum of “c”.

Figure 2: Descriptor for Surface Chloride and diffusion coefficient

In this data group, there are also two deterministic variables, i.e., cover depth (Xc or threshold
depth) of concrete structures and the critical value of chlorides. The cover depth is used to
monitor the amount of chloride ions for corrosion-free condition of concrete [13], and the critical value or CCrit of chlorides represent the amount of chloride ions which initiate the corrosion
of reinforcement in concrete [14]. Although these two variables are possibly random, this study
aims at focusing on the most random variable, i.e., Cs and D0, to simplify the problem. However,
this subject is recommended for further study.
Table 1: Chloride diffusion data

Variables
Cs [% binder]
D0 [×10-12 m2/s]
Xc [mm]
CCrit [% binder]

Descriptors
Mean
LN(1.06,0.25)
2.89
T(1.25,4.5,6.25)
4
60 (threshold depth)
0.9% (for steel corrosion initiation)
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3.2 Silane Treatment Strategies
There are three silane treatment strategies (SL1 to SL3) in this study as shown in Table 2. The
first and subsequent application times as well as the effective duration for SL1 are adopted from
Petcherdchoo [15]. Compared to SL1, the first application time for SL2 is kept the same, while
that for SL3 is proposed to apply earlier. The subsequent application time for SL2 and SL3 is
proposed to be at the end of their effective duration in order to continuously keep the effect of
silane treatment. With silane treatment, the diffusion coefficient of silane-treated concrete and
the silane-treated depth are equal to 0.29D0 and 30 mm [16], respectively. The environmental
impact in terms of global warming is considered in form of CO2 emission [17].
Table 2: Three Silane Treatment Strategies

Strategy
SL1
SL2
SL3

Application Time (Yrs.)
Eff. Duration
DSL
Xp
(Yrs.)
(mm)
First
Subsequent
T(0,7.5,15) T(10,12.5,15)
T(0,7.5,15) T(7.5,10,12.5) T(7.5,10,12.5) 0.29D0
30
T(0,5,10) T(7.5,10,12.5)

CO2 emission
(eq. CO2 kg/m2)
2.559

4. Numerical Assessment
To show the behavior of chloride diffusion through repair concrete, the deterministic
assessment using the mean of surface chloride and diffusion coefficient combining with other
variables in Table 1 is performed. With Cs of 2.89% wt. of binder, the chloride ions timedependently penetrate though the original concrete with D0 of 4×10-12 m2/s. For this, the chloride ion diffusion through the depth of the concrete structure with silane treatment can be predicted as shown in Figs. 3a to 3c. From Fig. 3a, the chloride ions of 2.89% wt. of binder timedependently penetrate through the surface of original concrete until year 7.5. With SL1 shown
in Table 2, silane treatment is first applied in year 7.5. Hence, the concrete between its surface
and 30-mm (Xp) depth is silane-treated, so the diffusion coefficient of silane-treated concrete
becomes 0.29D0 as shown in Fig. 3b. It is noted that the shaded area represents the zone of
silane-treated concrete. At year 17.5 (7.5 years after the first treatment of SL1 as shown in Table
1), the effect of silanes vanishes due to the end of its effective duration. However, at year 20
(12.5 years after the first treatment), SL1 is reapplied. Its effect lasts for 10 years. After that,
the same silane treatment is cyclically reapplied at years 32.5 and 45, and so on. Fig. 3c shows
the comparison of the chloride content for concrete without and with SL1 at year 56. It is found
that the diffusion of chloride ions though the depth of concrete with SL1 is slower. And also,
the effect of silane treatment on concrete with SL1 vanishes at year 56. This occurs, because
the effective duration of the fourth silane treatment applied at year 45 ends at year 55 before
the fifth application at year 57.5. Fig. 4a represents the time-dependent profiles of chloride
diffusion though the original concrete without and with SL1 at the threshold depth of 60 mm.
Without silane treatment, the chloride content at the threshold depth of 60 mm increases causing
continuous deterioration of concrete structures. If the time that the chloride profile crosses the
critical chloride value of 0.9% wt. of concrete for corrosion initiation is defined as the corrosion-free service life of the structure, its service life is about 13.39 years. However, if SL1 is
applied at year 7.5 and reapplied every 12.5 years, the effect of silanes on the diffusion of
chloride ions also starts to appear around the year 7.5 as shown by the profiles which start to
deviate from the profile without silane treatment. And then, the service life of the structure with
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SL1 will be extended to 21.71 years prior to the occurrence of rebar corrosion. According to
the cyclic application time of silane treatment, the annual and cumulative amount of asssociated
CO2 emission due to silane treatment is shown in Fig. 4b. It is noted that the annual amount of
CO2 emission is equal to 2.559 eq. CO2 kg per 1 m2 of silane treatment. For 50 years, there are
four applications of silane treatment. Hence, the cumulative amount of CO2 emission due to
silane treatment at year 50 is about 10.236 eq. CO2 kg/m2.

a) Year 1 to 7.5

b) Year 7.5 to 45

c) At year 56 (without and with SL1)
Figure 3: Space-dependent Chloride Profiles without and with SL1 : deterministic approach

Figure 4: Time-dependent Chloride and CO2 emission Profiles w/o and w/ SL1 : deterministic approach
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By random generation of 5 samples, the time-dependent chloride content and cumulative CO2
emission profiles for SL1, and their mean are computed as shown in Fig. 5. It is observed the
mean of the chloride content is calculated from 5 samples by incrementally averaging step by
step. It is noted that the increase of the cumulative CO2 emission profiles at each application
time is equal to 2.559 eq. CO2 kg/m2 for all the 5 samples, and the mean of the cumulative CO2
emission fall within the profile of 5 samples.

Figure 5: Time-dependent Chloride and CO2 emission Profiles w/o and w/ SL1 : 5 samples

By using 2000 samples, Fig. 6a shows the probabilistic chloride profiles for concrete without
and with SL1 to SL3. With silane treatment, the chloride profiles are reduced causing the extension of the time to start rebar corrosion. On the other hand, SL1, SL2, and SL3 extend the
corrosion-free service life by around 8.89 years (64%), 13.29 years (96%), and 17.47 years
(125%), respectively. In terms of the service life extension, SL3 is the best, whereas SL1 is the
worst. As expected, if the application of silane treatment is earlier and more often (SL3), the
extension of the service life is more.

a) Probabilistic Chloride Profiles

b) Probabilistic CO2 emission Profiles

Figure 6: Probabilistic Chloride and CO2 emission Profiles w/o and w/ SL1 to SL3 : 2000 samples
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If the corresponding amount of CO2 emission is taken into account as shown in Fig. 6b, some
observations can be drawn. On the other hand, SL1 causes lowest CO2, while SL3 causes highest. For each strategy, the expected cumulative amount of CO2 emission due to SL1 to SL3 is
shown in Fig. 6b. At the end of the corrosion-free service life (23 for SL1, 27 for SL2, 31 for
SL3), the expected cumulative amount of CO2 emission is equal to 4.64, 6.28, 8.02 eq. CO2
kg/m2, respectively. In the other words, the lowest expected cumulative amount of CO2
emission occurs in SL1, while the highest occurs in SL3. From Fig. 6, it is noted that if either
the chloride profile or the expected cumulative amount of CO2 emission are considered, it is
difficult to judge the best strategy. This occurs, because SL3 is both the best in extending the
service life and the worst due to causing the highest expected cumulative amount of CO2
emission. To remedy this, this study proposes to consider the ratio of the expected cumulative
amount of CO2 emission to the benefit of silane treatment. For this, let consider Fig. 7a which
shows the mean and the probability density function (PDF) of chloride content for concrete
without SL1, whereas Fig. 7b show those with SL1.

a) Without Silane Treatment

b) With SL1

Figure 7: Probabilistic Chloride Profiles and PDF of Chloride Content : 2000 samples

In comparison between Figs. 7a and 7b, it is found that with SL1, both the mean and the PDF
are reduced. If the risk is defined as the time-dependent probability that the chloride content is
more than or equal to the critical value CCrit at time TR (or the area of the PDF above or equal
to CCrit), the risk can be written as
ncTR  CCrit 
PCcrit  PcTR  CCrit  
N
(5)
which is equal to the ratio of the number of samples (n) that the chloride content is more than
or equal to the critical chloride at time TR to the total number of samples (N). Based on the PDF
in Figs. 7 and 8, the risk for rebar corrosion can be shown in Fig. 8. Without silane treatment,
the time which there is a 50% risk to start corrosion is of 14.33 years, respectively. With silane
treatment, the time-dependent risk to start corrosion is reduced, so the time of 50% risk is extended.
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Figure 8: Risk for Concrete w/o and w/ SL

Figure 9: Ratio of CO2 to benefit

To show the performance of the three silane treatment strategies, the time-dependent ratio (R)
of the expected cumulative amount of CO2 emission to the benefit (percent reduction of the
risk) is defined as
E CO2 
R
Benefit
(5𝑎)
Benefit 

PCcrit, NoSL  PCcrit, SL
PCcrit, NoSL

100
(5𝑏)

where PCrit,NoSL and PCrit,SL are the risk for concrete without and with silane treatment,
respectively. The ratio (R) is shown in Fig. 9, and it is found that the best strategy is still SL3,
although both the expected cumulative amount of CO2 emission E(CO2) and the percent
reduction of the risk (Benefit) due to applying silane treatment are considered. And also, the
ratio indicates that the effectiveness of SL3 is not much different from SL2. Around 30 years,
the ratio indicates that SL2 and SL3 starts to be more effective than SL1. This shows that after
the expected number of silane treatment is more than three (see the application time in Table
2), SL2 and SL3 starts to be more effective than SL1.

Conclusion
In this study, an approach which combines the Latin Hypercube technique with Crank-Nicolson
based finite difference approach is developed for probabilistic assessment of chloride diffusion
through silane-treated concrete. From the study, it is found that
1. With silane treatment, the time to start rebar corrosion can be extended. Comparing to no
silane treatment, SL1, SL2, and SL3 extend the probabilistic cession-free service life by 8.89
years (64%), 13.29 years (96%), and 17.47 years (125%), respectively. If the application of
silane treatment is earlier and more often (SL3), the service life extension is longer.
2. If the corresponding amount of CO2 emission due to silane treatment is taken into account,
the silane treatment strategy with earlier and more often applications is worst. On the other
hand, the expected cumulative amount of CO2 emission due to SL1 to SL3 is equal to 4.64,
6.28, 8.02 eq. CO2 kg/m2., respectively.
3. Considering either the corrosion-free service life extension or the expected cumulative
amount of CO2 emission, it is difficult to judge the best strategy, because the silane treatment
strategy with earlier and more often applications is both the best in extending the service life
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and the worst due to causing the highest expected cumulative amount of CO2 emission. To
remedy this situation, this study proposes to consider the ratio of the expected cumulative
amount of CO2 emission to the benefit of silane treatment.
4. Without considering the ratio of the expected cumulative amount of CO2 emission to the
benefit of silane treatment, the effectiveness of SL2 between SL1 and SL3. With the ratio, the
effectiveness of SL2 becomes close to SL3.
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Abstract: Investigation on the contribution of reinforced concrete (RC) structural
wall damage in the total seismic loss for a building is presented here. Generalized
loss functions for the structural walls are developed to present the expected seismic loss at different inter-storey drift (IDR) levels. The generic loss functions are
derived by combining appropriate fragility functions, costs of repair and quantity
distribution of the structural walls used in typical RC multi-storey buildings in
New Zealand. The methodology of loss estimation is extension of the existing
methodology developed at the Pacific Earthquake engineering Research (PEER)
centre. Extensive construction data collection was carried out to obtain the distribution of the amount of walls and the repair/replacement costs corresponding to
different damage states of the wall. The study shows that the structural walls can
contribute up to NZ$ 73 per square meter of floor area, which is about 3% of total
cost of the floor.

1 Introduction
Over the years, significant improvements to the seismic design codes have been made to provide better seismic performance of modern buildings compared to the older ones. However,
one of the current underlying problems with the existing structural design practices is that the
seismic performance is not explicitly quantified. The primary aim of the present day’s seismic
design codes is to address the life safety performance by preventing global collapse of buildings during rarely occurring strong earthquake shaking, however repairable damages to certain extent are accepted during design level earthquakes. Consequently, financial losses
associated with repair/replacement cost of earthquake-damaged components, business interruption (i.e. downtime) and losses due to injuries and deaths of occupants during last few
earthquakes have been found to be enormous, even in places where modern seismic design
guidelines are followed.
A recent example is the 2010 - 2011 Canterbury earthquake sequence in New Zealand, which
caused widespread damage and economic losses across Canterbury region, particularly in
Christchurch city. The earthquake sequence caused an estimated NZ$ 40 billion cost of rebuild. About 60% of the multi-storey reinforced concrete (RC) buildings in the Central Business District (CBD) in Christchurch city had to be demolished. Various parts of the CBD
were closed for over two years, and extremely high number of insurance claims are in process
until now [1]. Similar financial implications were also observed during other major earthquake events, Northridge Earthquake (1994), Kobe Earthquake (1995), Chile Earthquake

1461

(2010), Tōhoku Earthquake (2011) to name a few. Therefore, building stakeholders are now
looking for design guidelines that not only achieve the life safety performance but also address the concern of financial liabilities due to seismic actions [2-4]. A possible solution to
address the stakeholders’ concern would be to estimate the expected seismic loss at the design
phase of a building and incorporate necessary design changes to keep the expected seismic
loss within acceptable limits. This requires an easy to adopt procedure for rapid seismic loss
estimation.
To facilitate this requirement, the concept of Loss Optimization Seismic Design (LOSD) is
under development, which involves estimating the likely financial losses in a building associated with structural and non-structural components at ground motion intensities corresponding
to different design limit states [5]. The currently used seismic loss estimation methodology
requires detailed component-based modelling and a series of probabilistic computations.
Computer based tools such as Performance Assessment Calculation Tool (PACT) [6] can be
used for seismic loss estimation for buildings including structural and non-structural components. However, it requires significant expertise on the loss assessment framework, and thus
may not be feasible for everyday use by the design engineers. Earlier, Ramirez and Miranda
[7] proposed to develop floor level generalized loss functions for quick estimations of seismic
loss for typical building categories by combining the component level loss functions and typical component quantities. The component loss functions [8] are the representation of loss of
its value (or replacement cost) when it is subjected to a certain level of corresponding engineering demand parameter (EDP), e.g. peak floor acceleration (PFA), inter-story drift storey
(IDR) etc. These loss functions were primarily developed using the component quantity deaggregation based on construction handbook, which may not account for the variability of the
components in different floors in a building. Therefore, these quantity distributions of the
components can be further supplemented with data collected from existing (or demolished
due to earthquake damage) buildings for superior representation.
In a recent study, Dhakal et al. [9] developed generalized loss functions for two important
non-structural components commonly used in typical RC office buildings in New Zealand,
namely suspended ceilings and drywall partitions. Their methodology to develop the generalized loss functions is an extension of that proposed by earlier researchers [7-8] along with
extensive data collection for the component distribution in a building floor and damage related repair costs. In order to estimate the financial losses resulting from the failure of the components, probabilities of attaining different damage states were combined with their
associated repair or replacement cost functions and presented as loss functions. The expected
loss was then further normalized in terms of the cost of the floor. Accuracy of the developed
generalized loss functions were also verified with detailed loss estimation through case study
of RC buildings. These component level loss functions, which provide an estimate of the contribution of a particular component to the total seismic loss for a building, are the key elements in developing of the LOSD framework.
As the use of structural walls is a common feature in typical RC building construction in New
Zealand, it would be important to investigate the contribution from the RC structural wall
damage in the total seismic loss of a building. The objectives of the present study include: (i)
to develop quantity (amount of wall) distribution of structural walls in typical RC building
from construction data collection, (ii) to obtain the repair/replacement costs corresponding to
various damage states of structural walls, and (iii) to develop generic loss function for structural wall and verify with detailed loss estimation of a case study building.
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2 Development of Generalized Loss Function
The expected loss due to a component for a given value of EDP (Lc/EDP) can be calculated as
[8],
nDS

Lc / EDP  Ac   PDi | EDP   lc / Di

(1)

i 1

where, Ac is the total area or number of the component in the floor; nDS is the number of discrete damage states considered in the component fragility; P(Di|EDP) is the probability of
damage being in the ith damage state for the given EDP value; and l c / Di is the repair cost per
unit area/quantity of the component for the damage state Di. The probability of attaining ith
damage state can be computed using the fragility functions as,
  edp 
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where, θi and βi are the median and logarithmic standard deviation of the capacity to resist ith
damage state, respectively; and Φ( ) is the standard normal cumulative distribution function.
Herein, Ac and lc/Di are generated using the assigned probability distributions based on the
collected data. At a given EDP, Equation 1 is repeated with randomly generated values of the
inputs from their probability distributions using Monte Carlo (MC) simulations. The losses
calculated are then interpreted probabilistically to obtain the mean and standard deviation.
After that, this process is repeated for different values of EDP. With that, the expected component loss (mean) functions are generated in the form of EDP versus expected loss plots.
Further details of the computation can be found elsewhere [10]. Therefore, three basic relationships are necessary for developing the generic loss functions i.e. the quantity distribution
of the component, fragility functions corresponding to damage states and the repair/replacement cost distributions corresponding to each damage states. Following sections
describe these relationships for structural walls used in the present study.

2.1 Distribution of Structural Walls in Office Buildings
In order to establish the distribution of structural walls in multi-storey RC buildings, the
length of the walls in x- (long) and y- (short) directions and the floor area were collected for
several office buildings in Christchurch CBD. For this purpose, structural and architectural
drawings of a large number of buildings damaged during the 2010-2011 Canterbury earthquake sequence were accessed. A library of drawings corresponding to 97 floors from 17 different buildings were collected. Total 177 data corresponding to total length of walls (L) and
floor area (A) were collected. Of those 97 floor, 97 and 80 data (wall length and corresponding floor area) were collected for the x- and y-directions, respectively. During an earthquake,
depending on the direction of the seismic waves they can affect either direction of the building. Therefore, it is assumed that that the walls in x- and y-directions act independently in
resisting the lateral load, and their length can be treated independently. However, one of the
buildings was not included in the data set, as it was chosen to be the case study building later
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in this paper. Afterwards, the wall ratio (r = L/A) were computed for all the considered floor
levels. Further, seven data were omitted in the final data set as the computed wall ratios for
those particular building floors were negligible as compared to other building floors in the
data set. Therefore, all together 163 data for the wall ratio (r) were used to develop the distribution of quantity of structural walls in typical RC buildings.
Additionally, the height and thickness of the walls were also recorded. The average floor to
ceiling height for structural walls and thickness were observed to be 2.8 m and 0.232 m, respectively. Due to a narrow range of observed data, the height (hw) and thickness (tw) of the
structural walls are considered constant in the present study. The histogram and the cumulative probability distribution of the observed structural wall ratios are presented in Figures 1(a)
and 1(b), respectively. The observed data are fitted with two theoretical cumulative distribution functions (CDFs): (i) normal distributions (mean = 0.047 m/m2, standard deviation =
0.029 m/m2) and (ii) lognormal distributions (mean = 0.036 m/m2, standard deviation = 0.534
m/m2). In order to compare the appropriateness of the theoretical distribution functions, two
different goodness-of-fit (GOF), Chi square (χ2) and Kolmogorov-Smirnov (K-S) tests were
carried out. The χ2 statistics (p value) and K-S statistic (Dn,max) are reported in the figure for
comparison. Based on the tests, it is observed that the lognormal distribution provides a better
representation of the wall ratios. Therefore, the lognormal distribution of the wall ratio is used
for all the forthcoming computations.
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Figure 1: Representation of collected data for wall ratio (r = L/A): (a) histogram; (b) actual and theoretical
cumulative distribution functions

2.2 Damage States and Fragility Functions for Structural Walls
The relationships between the seismic response (i.e. EDP) and the quantum of damage to a
component (i.e. damage states) are suitably presented by fragility functions. For structural
walls the EDP is commonly taken as the peak inter-story drift ratio (IDR). As the damage to a
structural wall closely associated with the design guidelines followed in designing, it is necessary to select appropriate fragility functions representing the response to damage relation for
the walls used in New Zealand. In this study, three different damage states are used, which
were described by Velѐz [11] for structural walls pertinent to RC buildings in New Zealand.
The damage states are described in Table 1, and the fragility functions are reproduced and
presented in Figure 2 for completeness. Following Equation 2, the probabilities of attaining
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the damage states DS1, DS2 and DS3 at a drift level IDR = 0.02 are computed from Figure 2
as P1 = 0.48, P2 = 0.34 and P3 = 0.17, respectively.
Table 1. Description of damage states and fragility functions for structural walls [11]
IDR

Damage
States (DS)

Description

θ

β

Moderate
(DS1)

Wall reaches the beginning of plastic behaviour, horizontal and diagonal cracks are smaller than 1.0 mm and 0.5 mm, respectively; minor
concrete spalling. Plastering and painting of walls required

0.0053

0.5072

Extensive
(DS2)

horizontal cracks are less than 3.0 mm, diagonal cracks are less than
1.0 mm; spalling and crushing of concrete can be observed, requiring
epoxy injection to seal the cracks followed by plastering and painting

0.0196

0.5285

Complete
(DS3)

Shear wall on the verge of collapses or when capacity is reduced by
20%. Horizontal cracks are larger than 3.0 mm and diagonal cracks
are larger than 1.0 mm causing severe disintegration of concrete. Requiring full replacement of the wall system

0.0340

0.5661

1
0.8

P(DS|IDR)

P1=0.48
DS1

0.6

DS2

0.4

P1=0.34

DS3

0.2
P1=0.17

0

0

0.02

0.04

0.06

0.08

0.1

Inter-storey drift ratio (IDR)

Figure 2: RC structural wall fragility functions for different damage states

These fragility functions were obtained from a series of finite element analyses of RC walls
having varying geometrical and design parameters. MC simulations were employed to randomly generate these geometrical and design parameters based on the actual construction data
collected from about 371 RC shear walls from various buildings in Christchurch, New Zealand [11].

2.3 Repair Costs Corresponding to Considered Damage States
The cost of repair or replacement for a structural wall can be different depending on the extent
of damage incurred to the element. Collection of this information is extremely challenging as
the damage states are described qualitatively. As a result, the quoted repair costs vary largely
depending upon the contractors’ understanding of the quantum of damage to the component
based on the description of the damage states and consideration to other associated works, e.g.
access to the component, interference with other components etc. Therefore, the quoted cost
data from most of the contractors/consulting firms were difficult to distinctively associate
with the predefined damage states. Only two data sets were obtained that can be directly related to the damage states. To overcome this limitation of the cost data, Rawlinson’s construction handbook [12], which is commonly used as the quantity surveying guideline in New
Zealand, was also consulted to estimate the average repair costs. As the collected data set was
very small, the standard deviation of the repair cost for the partition repair cost, as presented
in Dhakal et al. [9], is used in the present study. It is assumed that the variation of cost for the
structural and non-structural components would vary similarly in the construction market.
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Note that these repair costs are only applicable for the Christchurch region, and may change
with variations in the economic and industrial conditions. In this study, the repair/replacement
cost data sets for the three damage states are fitted to normal distributions with the parameters
given in Table 2.
Table 2. Repair/replacement costs for RC structural walls corresponding to different damage states
Damage State
DS1

Average repair cost (NZ$/m2)
187

Standard deviation (NZ$/m2)
49

DS2

625

106

DS3

726

132

2.4 Loss Function
Following Equation 1, the expected seismic loss per square metre (i.e. Ac = 1) of the wall,
Lwall(IDR) , considering three damage states, can be written as,

Lwall ( IDR)  P1  l wall|DS1  P2  l wall|DS 2  P3  l wall|DS 3

(3)

where, P1, P2 and P3 are the probabilities of damage states at a given IDR (as explained in
Figure 2); and l wall|DS1 , l wall|DS 2 and l wall|DS 3 are the costs of repair or replacement per square
meter of the wall corresponding to the damage states DS1, DS2 and DS3, respectively. Here,
the cost corresponding to DS3 represents the replacement cost of the wall.
To consider the uncertainties in the occurrence of damages and corresponding repair costs at
different excitation levels, MC simulations are carried out using MATLAB®. At each drift
level, the probabilities of attaining different damage states are obtained using Equation 2. The
repair or replacement cost corresponding to each damage state is then randomly selected from
the idealized distribution of costs. After that, the seismic loss of the wall is calculated repeatedly for 10,000 MC simulations using Equation 3 at that drift level. The expected loss at a
given drift level is then averaged and presented in Figure 3. The seismic loss shown in Figure
3 can also be interpreted as the percentage of complete replacement cost as presented in Figure 4. Here, the seismic loss of the wall is normalized with respect to its replacement cost or
original value of the wall. Such interpretation may be more useful as the normalization will
make it applicable to constructions outside Christchurch.
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Figure 3: Expected seismic loss per square metre of
structural wall
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Figure 4: Expected seismic loss of wall normalized
with its replacement cost

So far, the calculation for seismic loss for per square metre of the structural wall is considered. However, contribution of the wall damage in total seismic loss of a building cannot be
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estimated from these plots. Therefore, further normalization is necessary to translate the expected loss due to per square meter of the wall damage into the expected loss per square meter
of floor area. To achieve this, the distribution of the amount of wall in a building is combined
with the normalized component loss function as,
Lwall ( IDR)  Lwall ( IDR)  r  hw
(4)
where, Lwall (IDR) is the expected loss due to wall damage per square metre of floor area at a
given drift level. The height of the wall is considered constant at hw = 2.8 m. The propagation
of uncertainties from Lwall (IDR) and r to the final expected loss due to wall per square metre
of floor area is considered using MC simulations. For each drift level, 10,000 simulations are
conducted. For each simulation, a random partition ratio is generated using the idealized
lognormal distribution shown in Figure 1(b). The computed expected losses were then averaged to obtain the final expected loss due to wall damage per square metre of floor area at a
given drift level, which is presented in Figure 5. The solid black line represents the mean (μ)
of the expected seismic loss; whereas the dotted red lines represent the range of expected
seismic loss (i.e. µ±σ), where σ is the standard deviation of the expected seismic loss computed from the simulations.
From Figure 5, it is observed that the seismic loss due to wall damage can go up with the drift
levels up to a maximum average of NZ$ 73 per square meter of the floor area in a building.
However, the range (μ ± σ) of the expected loss due to wall damage is significantly large. The
reason for the large range is partially due to the small data set of repair/replacement costs and
wide variation in the wall ratios within the considered building. This plot can be utilized for
quick estimation of the contribution from the structural walls to the total seismic loss of the
floor by multiplying the floor area with the ordinate of this plot corresponding to the drift ratio (IDR) the floor is subjected.
In order to provide a more generic representation of the expected seismic loss, the contribution from the wall can be normalized further by the cost of the building floor per square metre. Figure 6 presents the expected seismic loss due to structural walls in terms of unit
construction cost of the building floor. The average building cost for RC wall buildings is
estimated to be NZ$ 2,575 with a standard deviation of NZ$ 175 [12]. From Figure 6, it is
observed that the expected loss due to wall damage can be as high as 3% of the building cost.
This may seem small proportion of the construction cost, but it is a significant contribution to
the total seismic loss of the building which the building owners should be aware of.
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3 Case Study
In order to confirm the accuracy and usability of the generic loss function developed for RC
structural walls, the expected seismic loss for a case study building is examined. The case
study building, located in Christchurch CBD, was an eight storey RC building built in 1974.
The now demolished building had frame and structural wall combination as the lateral load
resisting system. It consisted of three lateral load resisting frames in both directions and a core
wall system for lift and stair shaft. The floor areas and total length of walls in each directions
(i.e. x- or y-direction) are calculated separately for each floor from the building drawings. The
properties of the lateral load resisting system and seismic weight are also estimated from the
available drawings to obtain its dynamic characteristics and peak responses. Peak inter-storey
drift demands are estimated for different floors corresponding to two levels of seismic hazards
(500 years and 2500 years return periods) using approximate method of analysis following
New Zealand earthquake design guidelines [13]. The direction of loading for this analysis is
assumed to be in the direction that is subjected to extreme drift demand. The building’s
ground floor was used as carpark / lobby / garden area and thus it was omitted in this calculation. This building was not considered in the data set used for developing the component
quantity distribution (i.e. Figure 1).
To calculate the inter-storey drifts, the building is represented by a bare 2D frame, and the
storey forces are calculated by distributing the design base shear as per the equivalent static
method specified in NZS 1170.5 [13]. The natural period of this building is estimated to be
0.70 sec. The computed peak inter-storey drift ratios (i.e. IDR) vary between 0.09% and
1.06% for 500 years return period event, and between 0.16% and 1.92% for 2500 years return
period event. Now, using generic loss functions presented in Figure 5, the expected seismic
loss due to structural walls can be readily estimated per square meter of the floor area corresponding to the computed IDR at each floor level. The areas at each floor level are multiplied
by the expected loss per square meter of floor area to obtain the total seismic loss due to structural walls.
On the other hand, the expected seismic loss due to the damage of structural walls are also
obtained following a detail seismic loss estimation methodology as presented in [4], wherein
the exact amount of walls per floor area is combined with the fragility functions and the corresponding mean repair costs. The comparison of the estimated seismic losses due to structural walls following the developed generic loss functions and that from the detailed loss
analysis is presented in Table 3 for the considered levels of seismic hazards.
Table 3. Comparison between the computed wall losses for 500 years return period event

Floor
1
2
3
4
5
6
7

Floor
area
(m2)

Wall
ratio

326.56
0.032
326.56
0.032
326.56
0.032
326.56
0.032
326.56
0.032
326.56
0.032
326.56
0.032
Total

500 years return period event
Detailed calUsing generic
IDR
culation
loss function
(%)
(NZ$)
(NZ$)
1.06
6,556
7,479
0.51
2,633
3,002
0.32
861
992
0.21
228
258
0.14
38
44
0.09
6
7
0.23
300
338
10,623
12,120
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2500 years return period event
Detailed calUsing generic
IDR
culation
loss function
(%)
(NZ$)
(NZ$)
1.916
11,912
13,587
0.926
5,661
6,425
0.575
3,158
3,613
0.384
1,427
1,635
0.256
431
490
0.161
52
59
0.422
1,779
2,035
24,420
27,844

From Table 3, it is observed that the estimates of the total seismic losses for the building, contributed by the structural walls, obtained from two approaches differ by around 14% at both
the hazard levels. Although the generic loss function overestimates the actual wall loss, the
margin is reasonably acceptable for rapid estimation of the seismic loss.

4 Summary and Conclusions
Generalized loss function for RC structural walls is developed in this study. The existing
methodologies for developing the component loss functions are extended in combination with
component distributions to derive the generalized function for EDP vs. expected loss per
square metre of floor area. The developed generic loss function can be used to facilitate quick
estimation of expected seismic loss due to structural walls in RC buildings.
Using the drawings of to 97 floors from 17 different RC multi-storey buildings in Christchurch CBD, a large data set of total length of the walls per floor and corresponding floor area
is developed. In addition, builders and manufacturers were consulted to collect the data on the
repair and replacement costs corresponding to different levels of damages to RC structural
walls. A series of MC simulations are carried out using the distributions of these collected
data together with the fragility functions available in literature to develop generalized and
normalized loss functions for this important structural component. The developed generic loss
function suggests that the loss from structural walls in RC buildings could be up to 3% of the
total cost of the building.
Furthermore, the estimate of seismic loss obtained using the developed loss function is compared with that obtained using detailed loss estimation using actual quantity of walls from
seven floors of a case study building subjected to different levels of seismic hazard. The differences between the loss function predictions and the detailed estimation are found to be reasonably acceptable at both the seismic hazard levels. The generic loss function developed in
this study provides a useful tool for rapid estimation of the seismic loss contributed by the
structural walls without requiring any information on the fragility function and quantity of the
wall in the building, and without performing any specialized analyses. As seismic loss is a
key parameter for decision making in the context of future generation of performance based
seismic design guidelines, such easy-to-use loss functions for all major components in a
building are required to facilitate rapid estimation of expected seismic loss of buildings.
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Abstract: A series of earthquakes with Mw7.0 as the main-shock hit Kumamoto
prefecture in Kyushu Island, Japan in April 2016. In this study, L-band Synthetic
Aperture Radar (SAR) data acquired by PALSAR-2 sensor onboard ALOS-2 satellite were used to extract changes on the earth surface. Using a co-event PALSAR2 pair dataset, the authors calculated the spatial coherence values of SAR backscattering echoes. By the obtained coherence image, extensive building damage areas
were clearly highlighted. The extracted building damage distribution was compared with the result from airborne LiDAR data.

1 Introduction
Information gathering after a large-scale natural disaster is very important in emergency response and recovery activities. But the access to the affected areas is often hindered by the
disruption of road networks and telecommunication systems. In this situation, remote sensing
technologies have been employed to assess the extent and degree of various damages [1-3].
There are mainly two categories of remote sensing from the sensor type: passive (optical and
thermal sensors) and active (mainly radar sensors). Optical satellite systems work in the daytime and cannot observe objects under cloud-cover conditions. However, a radar system as
Synthetic Aperture Radar (SAR) overcomes this problem and can be used all day and under
all weather conditions [4].
Various high-resolution optical and SAR satellites have been in operation in the last decade
and they were employed to observe affected areas after major natural disasters, such as the
2011 Tohoku, Japan earthquake and tsunami [5-6], the 2011 central Thailand flood [7], the
2013 Haiyan, Philippines typhoon [8], and the 2015 Gorkha, Nepal earthquake [9]. The acquired satellite data provided the information on inaccessible affected areas.
Various aerial surveying technologies have also been developed in the last few decades, such
as digital aerial cameras, LiDAR (Light Detection And Ranging), and more recently, unmanned aerial vehicles (UAVs, drones). The images acquired by digital aerial cameras have
much higher radiometric resolution than those from analogue cameras, and thus they have
been extensively used in recent natural disasters [10]. LiDAR is the most costly but the most
accurate method to acquire digital surface models (DSMs), and hence it has been used to develop detailed digital elevation models (DEMs) and 3D configuration of buildings [11].
In this paper, SAR imagery data acquired before and after the 2016 Kumamoto, Japan earthquake are employed to extract building damage based on coherence values. Two temporal
LiDAR digital surface models (DSMs) are also introduced as validation data.
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2 The 2016 Kumamoto Earthquake Sequence
A Mw6.2 earthquake hit the Kumamoto prefecture in Kyushu Island, Japan on April 14, 2016
at 21:26 (JST). A considerable amount of structural damages and human casualties had been
reported due to this event, including 9 deaths [12]. The epicenter was located in the Hinagu
fault with a shallow depth.
On April 16, 2016 at 01:25 (JST), about 28 hours after the first event, another earthquake of
Mw7.0 occurred in the Futagawa fault, closely located with the Hinagu fault. Thus, the first
event was called as the "foreshock" and the second one as the "main-shock". The epicenters of
the both events were located in Mashiki Town (about 33-thousand population), to the east of
Kumamoto City (about 735-thousand population). The total number of aftershocks (larger
than magnitude 3.5) reached 333 times as of December 6, 2016, eight months after the foreshock. This number is the largest among recent inland (crustal) earthquakes in Japan [13].
Figure 1 shows the location of these causative faults and Japanese national GNSS Earth Observation Network System (GEONET) stations in the source area [14]. Note that the
GEONET system has about 1,300 stations covering Japan’s territory uniformly. The displacement of 75 cm to the east-northeast (ENE) was observed at the Kumamoto station while
that of 97 cm to the southwest (SE) was recorded at the Choyo station during the main-shock.
These observations validated the right-lateral strike-slip mechanism of the Futagawa fault.
The peak ground acceleration (PGA) and the peak ground velocity (PGV) recorded at the
KiK-net Mashiki station (KMMH16) were 925 cm/s2 and 92 cm/s in the foreshock while
those were 1,313 cm/s2 and 132 cm/s in the main-shock [15]. These values are quite large
among recent earthquake records in Japan. Extensive impacts due to strong shaking and landslides were associated by the Kumamoto earthquake sequence, such as collapse of buildings
and bridges, and suspension of road and railway networks [16]. A total of fifty (50) direct
deaths were accounted by the earthquake sequence, mostly due to the collapse of wooden
houses in Mashiki Town and landslides in Minami-Aso Village.

44 cm

GEONET
Kikuchi

Surface fault
in Kawayo
GEONET
Kumamoto

75 cm

Futagawa
fault

Surface fault
in Dozono

GEONET
Choyo

97 cm

MW 7.0
MW 6.2

Hinagu
fault

GEONET 25 cm
Jonan

Figure 1: Location of causative faults and GNSS stations in the 2016 Kumamoto earthquake
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3 Imagery and GIS Data Used
The study area focuses on the affected densely inhabited districts (DIDs) in Mashiki Town as
shown in Figure 2. Soon after the occurrence of the April-14 earthquake, PALSAR-2
onboard ALOS-2 satellite carried out emergency observation. Two PALSAR-2 images, one
just after the foreshock (April 15, 2016) and one after the main-shock (April 29, 2016), were
used in this study to extract changes caused by the main-shock on April 16. These images
were acquired in the StripMap mode by the HH polarization from a descending path with leftlook. The incidence angle was almost the same for the two images, 32.4 degrees, and the resolution was 1.43 m to the range-direction and 1.74 m to the azimuth-direction. They were provided as the level 1.1 data in the slant range, which were represented by complex I and Q
channels to preserve the amplitude and phase information.

Figure 2: PALSAR-2 images used in this study. (a) Location of SAR images (red square) and LiDAR data
(blue polygone). (b) Color composite of backscattering coefficients with the target area in Mashiki Town
(yellow square).

Several pre-processing steps were applied before change detection. The pair data were registered in a sub-pixel level. A globally available digital elevation model (Shuttle Radar Topography Mission: STRM) was used to compensate the image distortion caused by the terrain
heights. Then they were projected to a World Geodetic System (WGS) 84 reference ellipsoid
with a re-sampled square pixel of 2.5 m. The amplitude information was converted to the
backscattering coefficient (sigma naught, 0) in the dB unit, using the calibration factor [17].
The color composite of the backscattering coefficient of the two SAR images is shown in the
figure.
Figure 3 shows an aerial photograph [14] taken at the noon time (12:21) of April 16, 2016 by
the Geospatial Information Authority of Japan (GSI) for the central Mashiki Town and the
land-cover map of the same area by JAXA [18], which was introduced to extract urban landcover from the SAR images. About 45% of the target area was classified as “urban” where
buildings exist. The target area for change detection was restricted to only this urban landcover since the change in vegetation may become a cause of errors. In the close-up of the aerial photo, many blue plastic sheets covering the roofs of houses were seen, which represent
the damage situation of them.
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(a)
(b)
Figure 3: Aerial photograph of the central Mashiki Town taken at 12:21 (local time) on April 16, 2016,
soon after the main-shock, by the GSI (a); the land-use and land-cover map of the same area by JAXA (b).

4 Change Detection based on Coherence and its Validation
The objective of this study is to grasp the damage situation soon after the occurrence of a disaster. Thus, a simple extraction method using threshold values of the coherence function was
adopted. The coherence (γ) is the interferometric correlation between two SAR complex data,
which is calculated by the ratio between coherent and incoherent summations as Eq. (1).
γ=

∑ 𝐶1 𝐶2
√∑|𝐶1 |2 √∑|𝐶1 |2

(1)

where C is a complex number with phase (𝜙) and magnitude (A) [19]. The estimated absolute
value of , which ranges between 0 and 1, is the function of systemic spatial de-correlation
(noise) and temporal de-correlation between the master and slave acquisitions (geometrical
decorrelation and temporal decorrelation).
To extract damaged areas due to the Kumamoto earthquake, the coherence was obtained from
the pre-event (April 15) and the post-event (April 29) SAR images, as the slant range complex
data. In the calculation, 5 x 5 pixels’ window was applied to the slant range. Then it was projected on the base map with the pixel size of 2.5 m. The coherence was calculated for the
SAR image pair as shown in Figure 4. Note that in the figure, the distribution of the coherence was plotted only for urban land-cover (a) and the histogram of the coherence for the entire image pair (b).
LiDAR surveys were carried out for the affected areas along the causative faults by Asia Air
Survey Co., Ltd. [20]. The density of the collected LiDAR data was 1.5 - 2 points/m2 for the
first flight on April 15, and 3 - 4 points/m2 for the second flight on April 23 (Figure 5a). This
LiDAR pair dataset is one of the few cases in which pre- and post-event digital surface models (DSMs) were obtained from the same airplane, instrument, and pilot.
The spatial correlation coefficient of the two LiDAR data was calculated using a 101 x 101
pixels window (50 m x 50 m), and the horizontal shift of the April-23 DSM with the maximum correlation coefficient was considered as the crustal movement by the April-16 main-
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Frequency

shock. The horizontal component of the calculated coseismic displacement was applied to the
post-event DSM to cancel it, and then the vertical displacement between the two DSMs was
calculated [21]. In this study, the both horizontal and vertical coseismic displacements were
removed to extract collapsed build in the study area. Figure 5b shows the relative vertical
displacement of the two DSMs from LiDAR data, where blue colored pixels show the decrease of height, mostly due to the collapse of buildings.

m=0.64, =0.21

(a)
Coherence

(b)

Figure 4: Coherence between the two PALSAR-2 images (2016/4/15 vs 2016/4/29) for the urban land-cover
in the central Mashiki Town (a) and the histgram of the coherence for the entire image pair (b).

2 km

(a)

(b)

Figure 5: DSM obtained from LiDAR flight on April 23, 2016 (a) and the difference of the two
DSMs‘ heights in the study area after removing crustal movements (b).

5 Determination of Threshold Values
In order to extract the area of building collapse, the threshold value of the coherence in Figure 4 must be determined properly. But it is not so easy to determine this value. Thus, the
several coherence values were attempted as possible thresholds to extract building damage
areas. Figure 6a shows the graph between the coherence threshold and the area and area-ratio
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of extracted pixels (0.5 x 0.5 m2) under each coherence value. Note that if m + 2, which is
0.22, is selected as the coherence threshold, about 11 % of the urban land-cover of the target
area is extracted. If  < 0.2 is used as the area selection criteria of low coherence, the extracted
area becomes about 9 %.
In order to determine the coherence threshold, the difference of the LiDAR DSMs was considered. Figure 6b shows the relationship between the height difference and the extracted
area exceeding the plus and minus thresholds. For example, if +0.5 m is selected as the height
difference threshold, about 8.5 % of the target area is extracted. Note that although LiDAR
DSMs have elevation accuracy of less than 10 cm, the location accuracy of laser cloud points
is an order of 50 – 70 cm. Considering this situation, +0.5 m was determined as the height
difference threshold of changes for 0.5-m square grid LiDAR data. It is recognized from the
figure that the area of reduced-height pixels is about 1.6 times of the area of increased-height
pixels. This observation can be explained by the fact that the reduced-height in this urban area
is mostly due to the collapse of buildings and the increased-height is due to the accumulation
of debris and the displacement of collapsed buildings to surrounding areas.
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Figure 6: Relationship between the coherence and the extracted area by the coherence threshold (a);
Relationship between the height difference and the area exceeding the plus and minus thresholds (b).

(a)

■ γ < 0.2

(b)

■ dH > 0.5m
■ dH < -0.5m

Figure 7: Changed areas extracted by low coherence ( < 0.2) (a); Changed areas extracted by heightdifference (abs. (dH) > 0.5 m) (b). Objects smaller than 9.0 m2 were excluded as noises from these plots.
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Figure 7 shows the possible changed areas extracted by low coherence ( < 0.2) and those by
height-difference (dH > 0.5 m or dH < -0.5 m). In these extractions, the objects smaller than
9.0 m2 were removed as noises, such as cars and debris. The distributions of the extracted
areas were not the same but very similar although the situations of change for the two data
sets have some different aspects.

(a) Aerial photo on April 16, 2016

(b) Height difference of DSMs

(c) ■ dH > 0.3 m ■ dH < -0.3 m (d) ■ dH > 0.5 m ■ dH < -0.5 m

(e) ■ dH > 0.7 m ■ dH < -0.7 m

Figure 8: Aerial photograph around Mashiki Town office (a), height differnce of DSM (b), and extracted
areas by different height-difference values (c-e). Objects smaller than 9.0 m2 were excluded.

The extracted areas from the LiDAR DSMs were closely examined for a central part of Mashiki Town including the town office building in Figure 8. It is seen from the figure that by
increasing the height-threshold, the selected areas are seen to decrease. Increased-height pixels are seen to be mostly parking cars and some debris while decreased-height pixels are collapsed buildings. Thus multi-temporal LiDAR data is considered to be very effective to
extract heavily impacted urban areas due to natural disasters.

6 Conclusions
L-bans Synthetic Aperture Radar (SAR) imagery data acquired before and after the 2016
Kumamoto, Japan earthquake by PALSAR-2 sensor onboard ALOS-2 satellite were employed to extract building damage based on coherence values. The areas of urban land-cover
were selected for the target of analysis since non-urban land-cover, such as vegetation, might
be a cause of incoherence. Two temporal digital surface models (DSMs) obtained by LiDAR
flights were also introduced as validation data of the change detection from the SAR data.
Comparing these two data sets, the pixels of low coherence ( < 0.2) from the two-temporal
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SAR data and the pixels of height-difference (abs. (dH) > 0.5 m) from the LiDAR DSMs were
considered as changed areas, mostly due to collapsed buildings and accumulated debris. A
more detailed comparison with field survey data and aerial images will be provided in the
near future.
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Abstract: Sophistication of an existing framework of safety of safety-critical facilities exposed to nat-ural hazards like earthquake and tsunami is recognized to be
important as lessons learned from the Fukushima Daiichi NPP accident. In this paper, a framework of design and risk assessment for safety-critical facilities is proposed based on a risk-informed defense-in-depth-based concept.

Introduction
Sophistication of an existing framework of safety of safety-critical facilities exposed to natural
hazards like earthquake and tsunami is recognized to be important as lessons learned from the
Fukushima Daiichi NPP accident [1]. Examples of issues identified are as follows:




Determination of site-specific design basis hazard where likelihood of exceedance is small
enough,
Consideration of beyond-design basis hazards and preparation of comprehensive severe
accident management strategy for it, and
Enhancement of defense-in-depth against external hazards such as earthquake and tsunami.

Risk-informed defense-in-depth-based risk management is proposed to effectively solve these
issues [2].
In this paper, a sophistication of a framework of design and risk assessment against natural
hazards is proposed for implementation of a defense-in-depth concept based on a risk-informed
approach. The discussion focuses on a framework related to the design and qualification against
natural hazards. An approach considered is partly based on what was originally proposed in the
report published by the Japan Associate for Earthquake Engineering [2].

Conventional Structural Design and Defense in Depth Concept
Within a framework of performance-based seismic design, as shown in Figure 1, a safety-critical facility is required to be operational even in the case of very rare earthquakes and a near
collapse state is not acceptable for any level of earthquake for safety-critical facilities. On the
other hand, a near collapse state is acceptable for basic facilities in the event of very rare earthquakes. This framework, however, does not imply that safety-critical facilities do not require a
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mitigation strategy in dealing with the consequences of failure where these facilities are severely damaged. Such a strategy is considered to be more important for safety-critical facilities
than for basic facilities.

Performance Objective
Fully
Operational

Operational

Life Safe

Near
Collapse

Earthquake Probability

Frequent
Unacceptable
Performance
Occasional

Rare

Very Rare
Figure 1: Framework of performance-based seismic design エラー! 参照元が見つかりません。

In the field of nuclear safety, the defense in depth concept is considered to be important and
effective for that purpose. It is the primary means to prevent and mitigate the consequences of
accidents. The defense in depth is conventionally structured in five levels as shown in Table 1.
There appears to be, however, no widely accepted approach in implementing the defense in
depth concept for severe natural events. It is because the concept of the defense in depth was
originally developed for accidents of internal origins, an application to the concept to natural
hazards is not taken into consideration extensively. The defense in depth concept is implemented through a combination of consecutive and independent levels of protection as shown in
Table 1. The role of a conventional structural design against natural hazards for a nuclear power
plant is to ensure the function of defense in depth below the level of design basis natural events.
Figure 2 shows the scope of conventional earthquake-resistant design and tsunami-resistant design for safety-critical facilities. Earthquake-resistant design of safety-critical facilities, design
basis ground motion is specified to items important to safety to ensure the safe shutdown of
nuclear power, cooling down the reactor and confinement of radioactive material. Tsunamiresistant design, on the other hand, is mainly used to design a sea wall. Beyond-design events
is out of scope of conventional earthquake- and tsunami-resistant design.
In case of natural disasters, i.e., beyond-design basis natural events, however, it is impossible
and unrealistic to assume that each level of protection for defense in depth is completely independent from each other. This is because items corresponding to each level of defense are simultaneously suffered by natural events like earthquake and tsunami in space and time, and this
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could lead to simultaneous malfunction and/or damage, that results in a common cause failure.
If items that are important in preventing accidents and mitigating the consequences of accidents
simultaneously malfunction and/or suffer damage, accidents with serious consequences could
occur. These kinds of effects in the event of accidents are also known as cliff edge effects.
Methodologies to analyze the behavior under beyond-design basis hazards like probabilistic
risk assessment play a critically important role as shown in Figure 2.
Table 1: Levels of Defense in Depth for Nuclear Power Plants (IAEA INSAG-10)
Level of defense
in depth

Objective

Essential means

Level 1

Prevention of abnormal operational failures

Conservative design and high quality in construction and operation

Level 2

Control of abnormal operation and detection of failures

Control, limiting and protection systems and
other surveillance features

Level 3

Control of accidents within design basis

Engineered safety features and accident procedures

Level 4

Level 5

Plant state
corresponding to
defense in depth

Control of severe plant conditions, including prevention of accident progression and
mitigation of the consequences of severe
accidents
Mitigation of radiological consequences of
significant release of radioactive materials

Normal
operation

Scope of
earthquakeresistant design
Scope of
tsunami-resistant
design
Risk assessment
method

Anticipated
abnormal
occurrence

Complementary measures and accident
management
Off-site emergency response

Design basis
accidents

Design basis ground motion
Design
basis
tsunami

Beyond-design basis
accidents
without
with core
core melt
melt

Offsite release
of radioactive
material

No consideration in conventional
seismic design
(Beyond-design basis earthquake events)

No consideration in conventional tsunami-resistant design
(Beyond-design basis tsunami events)

Level 1 Probabilistic Risk Assessment (PRA)

Level 2
PRA

Level 3 PRA

Figure 2: Scope of conventional earthquake-resistant design, tsunami-resistant resistant designs and
probabilistic risk assessment for nuclear power plants corresponding to various plant states

Risk-informed Defense-in-Depth-Based Framework to Natural
Hazards
As discussed in Chapter 2, the implementation of the defense in depth concept to earthquakeand tsunami-resistant design has not been studied so much, though the defense in depth concept
is considered important for safety of safety-critical facilities. This is schematically illustrated
in Figure 3. In a conventional earthquake- and tsunami-resistant design, so-called graded approach is employed. In a graded approach, items important to safety, i.e., important in preventing the occurrence of severe accidents are specified. Items considered to be important to safety
are designed for design basis natural events which are considered to be maximum considered
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events as shown in Figure 3 (a). This kind of framework of design is cost effective compared
to design without a graded approach as shown in Figure 3 (b). What should be noted here is
that both frameworks do not assure safety for beyond-design basis events, which results in socalled cliff edge effects if natural event beyond design basis happens. A framework for earthquake- and tsunami-resistant design needs to be extended to implement the defense in depth
concept for wide range of magnitude of natural hazards as shown in Figure 3 (c).

Risk-Informed Defense-in-Depth framework against Natural Hazards
In the framework shown in Figure 3 (c), items important in mitigating the consequences of
accidents are designed differently from items important in preventing accidents. It is not reasonable to give more capacity to item to mitigate the consequences of accidents than items to
prevent accidents. It is because the most important objective of design is not to mitigate the
consequences of accidents but to prevent the occurrence of accidents. On the other hands, items
to mitigate the consequences of accidents are required to function required to function only
after the occurrence of an accident, which means that items important in preventing accident,
in the first place, are damaged and/or have malfunctioned. A systems approach should be introduced to deal with contradicting requirements. The strategy can be developed by combining
diversity, physical separation and functional independence. Diversity is provided by different
mechanisms to function.
In the earthquake-resistant design of safety-critical facilities, diversity is provided through differences in location of items (such as a plan layout or elevation) and by different dynamic characteristics between items (such as structural type, natural period and damping characteristics).
Providing an additional seismic margin, such as differentiation in classes of required seismic
margins to each item based on its role, is another means in avoiding cliff edge effects.

Summary
In this paper, a framework of design against natural hazards and natural hazard risk assessment
for safety-critical facilities were developed based on a proposal of a risk-informed defense-indepth-based concept.
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Abstract: This paper utilizes a machine learning algorithm, Random Forests, to establish a mapping from response and damage patterns of damaged buildings to their
post-earthquake structural safety. Residual collapse capacity is used to quantify
structural safety and classify the safe and unsafe states, of which distinct response
and damage patterns are characterized. The assessment performance is also discussed.

Introduction
Assessing the structural safety of buildings damaged by earthquake shaking is essential to preventing further casualties, estimating seismically-induced financial losses, devising repair strategies and evaluating urban resilience [1]–[4]. ATC-20 [5], [6] provides guidelines for postearthquake visual inspection to rapidly evaluate building structural safety, which has been
widely used after U.S. earthquakes [6], [7] as well as in many other countries. Based on the
work of Porter et al. [8] and Mitrani-Reiser [9], FEMA P58 [10], [11] assigns the unsafe placard
if a pre-defined triggering fraction of components in a particular damage state at a certain floor
(or story) is exceeded, but these judgement-based triggering fractions are not explicitly linked
to the reduction in building safety. Recently, the reduction in the collapse capacity of mainshock
damaged buildings has been used as a metric for assessing the post-earthquake structural safety
and occupiability of damaged buildings. Incremental dynamic analysis (IDA) [12]–[14] are
performed using sequential ground motions to quantify the reduction in collapse capacity. Maffei et al. [15], [16] developed four sets of post-earthquake occupiability criteria, which differ
based on the metric used to quantify the reduction in collapse safety of the damaged building.
Yeo and Cornell [17] used the time-varying aftershock hazard at a given site to compute an
equivalent constant collapse rate, which decreases with time after the occurrence of the
mainshock. However, no direction link was made between component-level damage and the
safety state of the building. Raghunandan et al. [18] quantified the increase in vulnerability to
collapse of mainshock-damaged buildings, where individual system- and component-level
damage indicator, such as beam and column plastic rotation and transient and residual story
drift ratio (SDR), is linked to the residual collapse capacity using linear regression. The interaction between damage indicators is not considered.
This paper presents a machine-learning-based methodology to assess post-earthquake structural
safety using the “response patterns” and “damage patterns”. The response patterns are characterized through various engineering demand parameters (EDPs) and the damage patterns are
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obtained using the simulated visual damage states in key structural components. Non-linear
response history analyses (NRHAs) are performed in sequential ground motions. The “damage
generating” (DG) ground motions are used to generate response and damage patterns within the
building. IDAs are then carried out using the “collapse capacity testing” (CCT) ground motions
to evaluate the reduction in structural safety. Random Forests algorithm is employed to map the
response and damage patterns of a damaged building to its associated safety state classified by
an acceptable threshold of residual collapse capacity. The proposed methodology is demonstrated on a 4-story reinforced concrete (RC) special moment-frame (SMF) building. Results
show distinct yet partially overlapped response and damage patterns for the safe and unsafe
states. Although no clear boundary could be found for any individual predictor, the Random
Forests algorithm is able to recognize the various response and damage patterns in the highdimension predictor space. More importantly, the limit state defined by the building being unsafe to occupy following an earthquake is predicted with satisfactory performance.

Overview of Methodology
A schematic overview of the methodology used to assess post-earthquake structural safety
is shown in Figure 1. Starting with an intact structure, five distinct yet fully integrated steps are
used to illustrate the assessment framework. The outcome of this assessment is the predicted
structural safety state conditioned on the structural response demands (from instrumentation)
and/or available observed physical damage (through field inspections).
The first step describes the process of using a set of DG ground motions to create samples of
the damaged structure from which response and damage patterns will be extracted. The response patterns or distribution of EDPs is obtained directly from NRHA. Subjecting the intact
structure to a single ground motion scaled to a specific spectral intensity will produce a single
distinct response pattern. Multiple response patterns with different levels and distributions of
response demands are obtained by using a suite of DG ground motions scaled to incrementally
increasing spectral intensities. Damage patterns are simulated using structural component damage fragility functions which relate local EDPs to the probability of exceeding a given damage
state. Monte Carlo Simulation is used to generate multiple damage patterns for a single ground
motion and spectral intensity. A single damage pattern is described by each structural component assigned a single discrete damage state.
The collapse capacity of the damaged structure is assessed through the application of IDAs
using sequential ground motions in the second step (Step 2). Each DG record, which is used as
the first ground motion in the sequence, is followed by an IDA using a set CCT ground motions.
The median first-mode spectral acceleration corresponding to the collapse point ( Sˆa col , DMG ) is
used as the measure of residual collapse safety of the damaged building. In the third step, the
collapse capacity of the intact structure is assessed by conducting single-record IDAs using the
CCT ground motions. The median collapse capacity ( Sˆacol , INT ) is also used as the measure of
collapse safety for the intact structure. The ratio (  ) of Sˆa col , DMG to Sˆacol , INT is used as a quantitative measure of the increased collapse vulnerability or the reduction in the collapse capacity
of the damage structure. The damaged building is classified as safe or unsafe to occupy by
comparing to a pre-established threshold (  min ), which represents the minimum acceptable reduced collapse safety.
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The fourth step uses (1) the response and damage patterns generated in step 1 and (2) their
associated post-earthquake structural safety states determined based on the reduction in collapse
safety (comparing  to  min ) obtained from steps 2 and 3 to establish a classification problem.
The machine learning algorithm is then used to construct the predictive models. Subsequently,
any arbitrary response and/or damage pattern can be used to probabilistically predict the safety
state of an earthquake-damaged structure (Step 5).

Figure 1: Schematic of post-earthquake structural safety assessment methodology

Establishing Post-Earthquake Safety State Criteria
A 4-story perimeter frame building developed by Haselton et al. [19] (identified with building
design ID 1013) is used throughout this paper to demonstrate the proposed framework. The
building has an 8-in flat slab floor system with a square plan of 120 ft by 120 ft . A height of
15 ft is used for the first story and 13 ft for all the upper stories.
The ground motions used for NRHA are selected based on the conditional mean spectra [20],
[21], which are computed for the building site (118.162ºW, 33.996ºN) using probabilistic
seismic hazard deaggregation. DG and CCT ground motions are selected with a mean ɛ of 1.47
for large-magnitude short distance events. A total of 98 ground motions is used for the DG set
by randomly sampling one of the horizontal components of each record. This is done to avoid
having ground motions with highly correlated spectral shapes that would induce similar (and
redundant) response patterns. For each of the DG ground motions, ten incrementally-increasing
maximum story drift ratio SDR DG  levels are targeted, ranging from 0.5% to 5% at increments
of 0.5%. These SDR DG values serve as proxies for the possible states of building damage under
a DG ground motion. For each DG ground motion, log-normal collapse fragility curves are
fitted for the ten target damage levels, while accounting for record-to-record variability and
structural modeling uncertainty [10], [11]. 32 ground motion pairs are selected for the CCT set.
The collapse performance is evaluated by performing IDAs using the two components in each
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pair of the CCT ground motions and taking the lower of the two collapse intensities. 980 samples of damage patterns are recorded with their associated  ' s , of which 55 were excluded
because collapse occurred during the DG analysis.
Establishing an acceptable value of  min is partly a policy decision and is not fully addressed
in this study. However, the observed trend between  and SDR DG can inform the choice of

 min . Figure 2a shows a plot of  and SDR DG generated by DG ground motions. Figure 2b
shows a statistical summary including the median  ' s and their 90% confidence intervals. Here
it can be observed that the absolute value of the slope of the median line remains roughly constant up to about SDR DG  2% , after which there is a sharp increase. Hence  min is taken as
the median value of  (0.95) corresponding to SDR DG  2% in this study.

(a)

(b)

Figure 2: Median collapse capacity for (a) individual samples and (b) sample subsets by target damage levels

Classified Structural Response and Damage Patterns
The probability distributions of the peak SDRs for all the 935 samples classified as safe and
unsafe by the proposed  min is shown in Figure 3. In the first story, the 90% confidence interval
for peak drift demands is from 0.4% to 2.1% for the safe state and 1.5% to 4.6% for the unsafe
state, and that of the 2nd story is 0.5% to 2.9% for the safe state and 1.6% to 5.0% for the unsafe
state, which indicates that the distribution for the two safety states is quite different. In contrast,
the 3rd and 4th stories have significant overlap in the distribution of peak story drift ratios for
the safe and unsafe samples, for example, the 4th story have 90% confidence intervals of 0.2%
to 1.5% and 0.3% to 1.6% respectively. The separation of the global EDP distribution in the
first two stories suggests that they are more likely to be used as split boundaries that distinguish
between safe and unsafe states.
For each of the 935 samples, 100 damage patterns are generated using Monte Carlo simulation.
A single damage pattern is described by each component being assigned a damage state. Each
damage measure (DM) (or mode of component-level damage) consists of a pre-defined number
of unique damage states [10]. The damage states for beam (DM1) and column (DM2) flexural
damage are described in Table 1, together with the median EDP and dispersion that defines the
lognormal fragility functions. These fragility parameters are computed according to FEMA P58
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[10],[11]. The median rotation demand for the flexural damage states is defined relative to the
capping rotation at peak strength,  c .

Figure 3: Distribution of peak SDRs for the damaged building classified as safe and unsafe
Table I. Structural component damage measures and median EDP and dispersion associated with each damage
state
Damage
Measure ID

Damage Measure

Damage
State ID

DM1

Beam Flexural
Damage

DM1-1
DM1-2
DM1-3

DM2

Column Flexural
Damage

Median
EDP

Dispersion

Residual crack widths > .06 in
Concrete spalling and exposed rebar
Concrete crushing and buckling or fracture of rebar

0.3c
0.7c
1.0c

0.4

DM2-1
DM2-2

Residual crack widths > .06 in
Concrete spalling and exposed rebar

0.25c
0.55c

DM2-3

Concrete crushing and buckling or fracture of rebar

0.8c

Damage State Description

0.4

In Figure 4, the distribution of different damage states in exterior beam and column hinges for
the safe and unsafe states is compared using the 93,500 samples with distinct damage patterns.

(a)

(b)

Figure 4: Distribution of damage states for safe and unsafe samples at (a) exterior beam end and (b) top column
end

Beam flexural damage is highest in the two lower floors. For the safe state, 14.0% and 16.0%
of the samples corresponding to the 2nd and 3rd floors respectively are in the lowest damage
state (DM1-1). For those at the 3rd and 4th floors, only 2.9% and 5.2% respectively are in
DM1-1. Almost no higher damage states occur among the safe samples. For the unsafe state,
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54.7%, 15.2% and 7.8% of beams at the 2nd floor are in damage states DM1-1, DM1-2 and
DM1-3, respectively. The proportions of those damage states in the 3rd floor are 32.4%, 5.6%
and 2.1%, respectively. For both the safe and unsafe states, observable damage to the top column hinges only occurs in the 2nd and 3rd story. For the safe state, DM2-1 occurs in 1.1% and
4.0% of the samples corresponding to the 2nd and 3rd stories respectively. Much more damage
occurs in the samples associated with the unsafe state. 33.4%, 7.0% and 2.8% of top column
hinges in the 2nd story and 18.2%, 2.7% and 0.7% in the 3rd story, are in DM2-1, DM2-2 and
DM2-3, respectively. In general, the distinct damage patterns between the safe and unsafe states
provides the basis for building the advanced prediction models using machine learning algorithms.

Safety State Prediction using Random Forests Machine Learning
Predictive models are built using two different datasets: 1) 935 classified response patterns that
comprise only global EDPs and 2) 93500 damage patterns sampled from classified local EDPs.
Each dataset is partitioned into two subsets: 75% of the samples are used for training and the
remaining 25% are held-out for testing the performance of proposed models. 10-fold crossvalidations are performed using training subsets to find the optimal predictive models with the
least amount of overfitting given specific tuning parameters.
Since the unsafe state is unfavorable and critical, it is defined in this paper as the “positive
class” while the safe state as the “negative class”. The sensitivity or true positive rate, is defined
as the proportion of the unsafe samples in the testing dataset that are also predicted to be unsafe.
The specificity of a prediction model, which is also referred to as the true negative rate, is
expressed as the proportion of known safe samples that is correctly predicted. The accuracy,
which combines the sensitivity and specificity, is computed as the ratio between the sum of all
the true positive and true negative samples and the number of the total samples. The false positive rate represents the proportion of the safe samples which are recognized as unsafe by the
predictive model, and is equal to one minus the specificity.
Random Forests [22] are based on a considerable large set of individual decision trees [23]. By
recursively partition the data space, each tree explores and learns the patterns of the data set
and is able to predict outcomes. To grow a tree, all the predictors are lined up and their
corresponding split points are tested using a Gini Index [23]. A greedy approach, which always
choose the feature and its split with the lowest cost, is used to divide the space recursively. A
stop criterion, such as the depth of the tree, is needed to balance the need to capture enough
characteristics and avoid overfitting of the training data. A simplified decision tree from the
Random Forests model constructed using the training subset of the damage pattern dataset is
presented in Figure 5. Start with the root node, the tree first checks the damage state at Hinge 1
of Beam 1 at Floor 2. It predicts unsafe state with a probability of 88% if damage state is larger
or equal to 1, otherwise it provides safe assessment with a probability of 72%. In order to improve the prediction performance, the tree continue to check Hinge 2 of Beam 3 at Floor 2, and
predicts safe state with improved probability of 83% if it is no damaged; and more importantly,
it also recognizes those with damage states larger or equal to 1 as unsafe, which is an update
from the initial prediction. The tree keeps growing to take more predictors into consideration
and split at the optimal points, and finally end up in five leaf nodes. It is able to give predictions
with partial or all of the 4 predictors in the decision nodes.
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A decision tree could be very sensitive to the specific dataset and the predictions generated for
different subsets of the same training dataset could be quite different. This problem can be
addressed by assembling bootstrap-sampled subsets of the training data. Bootstrap is a statistical technique that involves randomly sampling from a dataset to create a series of sub-datasets
[24], [25]. Each random sample is placed back into the original dataset such that multiple (or
no) instances of a particular sample can be included in the sub-dataset. Based on these
resampled datasets, bootstrap aggregation, also known as bagging [26], is an ensemble method,
which seeks to achieve better predictions by combining multiple less accurate models. While
bagging addresses some of the limitations of a basic tree model, the method still has an inherent
defect that prevents it from producing the optimal predictive model. Bagging tree can result in
highly correlated tree structures due to the application of the greedy algorithm, where all of the
original predictors are considered at every split of every tree [27]. In order to overcome this
problem, the Random Forests [22] algorithm was developed with a critical modification to Bagging to reduce such tree correlation. At each split point during the growth of the tree, Random
Forests only applies the greedy algorithm to a randomly selected proportion of the original
predictors.

Figure 5: Example tree structure, where FiBjHk denotes the damage states at Hinge k of Beam j at Floor i ,
and SiCjHk denotes the damage states at Hinge k of Column j in Story i .

Figure 6 illustrates the parameter tuning process for the Random Forests models trained using
the damage patterns. It can be seen that the model with only 1 predictor at each split has the
lowest performance for sensitivity but highest performance for specificity, while all the other
models are comparable. Based on these observations, the optimal model allows 5 predictors to
be considered at split points and uses 150 trees. Table II summarizes the performance measures
including sensitivity, specificity and accuracy for the final Random Forests models using 25%
held-out testing datasets. Predictions obtained are compared with their corresponding reference
(real) states. 240 testing samples with response patterns are employed in the final CART model,
where 76 true negative and 143 true positive predictions are observed. Only 17 cases are recognized as unsafe (negative) when they are actually safe (positive), while 4 unsafe ones are
misclassified as safe. An overall accuracy of 91.3% is achieved, and more importantly, the false
negative rate is only 1.7%, giving a satisfied low rate of risky predictions. 22900 testing damage
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patterns are used in the final model, of which 7287 and 12913 correct predictions are found for
the safe and unsafe states respectively. The false positive rate is 14.3% and the more critical
false negative rate is 10.3%.

(a)

(b)

Figure 6: Parameter tuning for Random Forests models trained using damage patterns
Table II. Performance measures of final models based on testing datasets
Model using response patterns

Model using damage patterns

Reference negative

Reference positive

Reference negative

Reference positive

Predicted negative

76

4

7287

1487

Predicted positive

17

143

1213

12913

Sensitivity

97.3%

89.7%

Specificity

81.7%

85.7%

Accuracy

91.3%

88.2%

2.5%

86.9%

87.8%

92.5%

94.5%

88.6%

The predictive models based on the response patterns have an overall slightly better performance the damage pattern models. A possible explanation is that additional randomness is introduced by using component fragility curves and Monte Carlo simulation to generate the
damage pattern from the EDPs. Moreover, the precision of the predictor information is somewhat reduced when continuous EDPs are converted to discrete damage states. With that being
said, it should be noted that exact or real EDP values are assumed in the response pattern models
even though the field instruments used to record these EDPs may introduce measurement errors,
which could potentially lower the performance. This issue is not addressed in the current study.
More importantly, unlike the response patterns which require pre-installed instruments, the
damage patterns can be more easily obtained after an earthquake through visual inspection.

Conclusion
Random Forests Machine learning algorithm is implemented to map the response and damage
patterns to their classified structural safety states, where the predictor space is recursively partitioned to capture the underlying relationship. Previously developed post-earthquake structural

1492

evaluation methods have based the safety state criteria on the exceedance of pre-defined response demand levels or damage state ratios within individual structural component groups. In
contrast to them, the outcome of the proposed framework consists of classification trees, of
which each comprises a high-dimension space of response and damage states partitioned into
multiple subspaces. Given an arbitrarily observed response and/or damage pattern of a damaged
structure, each tree is intelligently searched to find the matching subspace, which will serve as
the basis for classifying the safety state of the structure. The final result is a discrete probability
distribution of the structural safety state, which serves as an indicator of the confidence of the
prediction.
The proposed methodology is applied to a 4-story RC SMF building located in a region of high
seismicity. The results show that although different response and damage patterns exist for the
safe and unsafe structural states, they cannot be separated by assigning a certain criterion for
any individual engineering demand parameter or damage measure. Such a criterion would result
in considerable overlap between the two safety states. The predictive models presented in this
study, which are trained using machine learning algorithms, are able to provide predictions with
high performance in terms of accuracy, sensitivity and specificity. The prediction accuracy is
91.3% when response patterns are used in the Random Forests model, and 88.2% accuracy is
achieved for damage patterns. Relatively high sensitivity is also observed in the prediction
models, which is critical for reducing the rate of high-risk erroneous predictions i.e. model
predicts safe when building is unsafe.
The proposed framework could be used for rapid probabilistic assessment of whether a damaged building is safe to reoccupy following an earthquake. Additionally, the trees generated by
the machine learning algorithms could be used to prioritize field inspections following an earthquake. Moreover, the probabilistic safety state predictions could be used in community resilience evaluations and individual building life-cycle performance assessment and optimization.
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Abstract: Different stochastic models have been developed for describing the timedependent occurrence of earthquakes. For models based on renewal process, the
occurrence of earthquakes is considered as sequence of events having identically
distributed renewal times. The time dependence in this case is modelled through the
hazard rate based on the assumed distributions for the inter-arrival times. The most
widely used probability distributions for inter-arrival times are Gamma, Weibull,
Lognormal and Brownian passage time. This study aims the estimation of the parameters
of these distributions by using robust and Bayesian techniques. The effects and merits
of resulting robust and Bayesian hazard rates in seismic hazard analysis are discussed
within the context of a real life example.

1 Introduction
In recent years renewal process models have been extensively used to describe the time
dependency of earthquake events. The time dependency is taken into consideration through the
hazard rate, which is dependent on the assumed probability distribution of inter-arrival times.
The hazard rate can be calculated from the hazard function (hazard rate function), h(t) given
below:
h(t ) 

fT (t )
1  FT (t )

(1)

where, fT(t) and FT(t), are the probability density and cumulative distribution functions of the
inter-arrival times, respectively. Esteva [10] proposed the gamma distribution for the interarrival times. The Weibull distribution has also been used frequently to model the inter-arrival
times [8], due to the fact that the hazard rate increases with the time passed since the last event,
which is consistent with the elastic rebound theory. The Brownian Passage Time (BPT) model
is proposed to describe the probability distribution of inter-arrival times [15] in assessing the
seismic hazard for San Francisco Bay Region.
Hazard rate estimation has recently become one of the important topics in forecasting
earthquake occurrences. A number of studies have included nonparametric approaches while
some have considered parametric structural models for complete and censored data sets ([1],
[16], [6], [3], [21]). Depending on the shapes of the hazard function, efficiencies differ
remarkably according to the proposed estimators in parametric approaches. Confidence
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intervals for the predicted hazard rate become more accurate and shorter when the estimated
parameters become efficient and robust to data anomalies.
This study focuses on the estimation of monotone hazard rate when the distribution of concern
is of location-scale type. The hazard rate estimator is obtained through replacing unknown
parameters with their estimators in the hazard function. The estimation techniques used are
Modified Maximum Likelihood (MML), Huber’s M-(w24), Least Squares (bias-corrected)
(LS), Bayesian-Highest Posterior Density (HPD). The hazard functions, corresponding to the
most widely used distributions in seismic hazard analysis, namely: Gamma, Weibull,
Lognormal and BPT are considered. Since the Gamma distribution showed the best fit to the
inter-arrival times of earthquakes examined in the case study, here we discuss mainly the
estimation of unknown parameters of Gamma family and the performance of its estimators.
The MML estimators for Weibull and Huber’s-M (w24), LS (bias-corrected) and BayesianHPD estimators for the Weibull, BPT and Lognormal distribution are obtained similarly
though are not given here for conciseness. The goodness of fit criteria used for these
distributions are parametric Akaike (AIC), Schwarz (BIC) criteria and nonparametric
Kolmogorov-Smirnov (K-S) minimum distance.
In the following we discuss the estimation of the unknown parameters for location-scale
families and their efficiencies. Here we want to emphasize the importance of the quantification
of the location parameter correctly. Generally the location parameter is taken as zero assuming
that the first renewal time corresponds exactly to the occurrence of the first major earthquake,
which may not be the case.

2 Parameter Estimation Methods
The location-scale distribution has the following probability density function:
1

𝑦−𝜇

𝜎

𝜎

𝑓(𝑦; 𝜇, 𝜎) = 𝑓 (

)

(2)

where µ and σ are the location and scale parameters, respectively. The corresponding hazard
function at time t is given in (1)
To estimate the hazard rate, the unknown location and scale parameters should be estimated.
The estimation techniques used are the maximum likelihood (ML), Modified Maximum
Likelihood (MML), Huber’s (w24), Least Squares (bias-corrected) (LS) and Bayesian-HPD.
Since LS and ML estimators are well-known we do not discuss them here.

2.1

Modified Maximum Likelihood Method

Consider the problem of estimating both the location and scale parameters  and . Given a
random sample y1, y2, …, yn from the distribution (1 / )f (( y  ) / ) , the likelihood equations
for estimating  and 𝜎 have typically the following forms:
n

 ln L /    g (z i )  0
i 1

n

and  ln L /   (n /  )   z i g (z i )  0; z=(y-µ)/σ.

(3)

i 1

In fact, the ML estimators are the solution of the equations (3).
If g ( z) is linear in the parameters, equations (3) have explicit and unique solutions. If it is
nonlinear, they do not, in general, have an explicit solution and has to be solved by iterative
methods. That can be problematic for reasons of (i) multiple roots, (ii) nonconvergence of
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iterations, or (iii) convergence to wrong values [5]. In fact, if the data contains outliers and
other data anomalies, the iterations with likelihood equations might never converge [20].
Moreover, the solutions of equations (3)-(4) might be inadmissible as estimators.
The modified maximum likelihood estimation technique which originated by Tiku [13] and
Tiku and Suresh [14] overcomes these difficulties and gives very efficient and explicit
estimators. In fact, the MML estimators are robust and asymptotically fully efficient [12]. The
method proceeds as follows:
i) Express equations (3) in terms of the order statistics z(i), 1  i  n. Since complete sums are
invariant to ordering,
 ln L /  

n


i
1

g (z (i ) )  0 and  ln L /   (n /  ) 

n

z i g (z i )  0,

i
1

( )

( )

(4)

where z (i )  ( y ( i )   ) /  .
ii) Let t ( i )  E(z (i ) ) be the expected value of the ith standardized ordered variate z(i), (1in).
Expand g(z(i)) as a Taylor series around t(i). Realizing that a function g(z) is almost linear in a
small interval a<z<b [13] and z(i) is located in the vicinity of t(i) at any rate for large n, we
obtain a linear approximation from the first two terms of a Taylor series:
g (z (i ) )  g (t (i ) )  (z (i )  t (i ) ){

where i  {

d
g (z )}z t   i  i z (i ) ,
(i )
dz

1  i  n,

(5)

d
g (z )}z t and  i  g (t (i ) )  i t (i ) .
i
dz
( )

iii) Incorporating equations (5) in (4) gives the modified likelihood equations
𝜕𝑙𝑛𝐿
𝜕𝜇

≅

𝜕𝑙𝑛𝐿∗
𝜕𝜇

= ∑𝑛𝑖=1 {𝛼𝑖 + i z(i) } = 0 and

𝜕𝑙𝑛𝐿
𝜕𝜎

≅

𝜕𝑙𝑛𝐿∗
𝜕𝜎

𝑛

= − ∑𝑛𝑖=1 z(i) {𝛼𝑖 + i z(i) } = 0
𝜎

(6)

Since equations in (6) are linear in µ and σ, they have explicit and unique solutions called the
MML estimators.
2.1.1 Determination of the shape parameters
It is assumed that the initial value for shape parameter is known. However, in practice, it is also
unknown. A plausible initial value for the shape parameter can be identified by using Q-Q
plots, goodness-of-fit tests, or by matching (approximately) the sample skewness and kurtosis
with the corresponding values of the distribution. Once the MML estimators are calculated the
value of the shape parameter can also be determined by calculating the log likelihood, ln L,
function for a series of values of these parameters as in [12]. The one that maximizes the
likelihood function is the required estimate. Due to the intrinsic robustness of MMLE the value
will yield essentially the same estimate and standard error for plausible alternatives.

2.2 Huber’s M-estimators
Let y1, y2 ,...,yn be a random sample from a distribution of the type (1/)f((y-)/). Huber
([17],[18]) assumed that f is long-tailed symmetric (kurtosis  4 /  22  3 ) and proposed a new
method to estimate the location and scale parameters, µ and σ, respectively. In an extensive
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numerical study, Gross [4] examined 25 representative estimators of  (and ) and particularly
recommended three of them, namely, the wave estimators w24, the bisquare estimators BS82
and the Hampel estimators H22. Since the three have similar efficiency and robustness
properties we give the expressions for w24 only.

ˆw 24


 T0  (hS 0 )tan 1 



where T0  median { y i }

and





sin(z i ) 

i
 and ˆ
w24  (hS 0 ) n
cos(z i ) 

i



S0  median { y i T0 }

(1  i  n),


sin (z i ) 
i

2
cos(z i ) 

i




1/2

2



(7)

h=2.4, and the summations

include only those i for which z i   , z i  ( y i -T0 ) /(hS 0 ).
For symmetric distributions, the Huber estimators of  are unbiased and uncorrelated with the
matching estimators of . For long-tailed symmetric distributions, ̂ w 24 (and other such Huber
estimators) are remarkably efficient, but not for skew and short-tailed symmetric distributions
[19]. However, one may like to know how do the w24 estimators of location and scale
parameters perform under the most widely used inter-arrival time distributions; but for
conciseness here only Gamma distribution is considered.

2.3 Bayesian-Highest Posterior Density Estimators
Bayesian statisticians consider the unknown parameters of the density functions as random
variables while the frequentists treat them as fixed values. In Bayesian framework; the
parameters have their own distributions which conveys information about unknown parameters
before the data is observed and are called “prior distributions”. Using the prior distribution and
the data itself, the posterior distribution is obtained. The posterior distribution is maximized
with respect to the unknown parameters. That gives highest posterior density (HPD) estimators.
Locating the maximum of the posterior distribution is both computationally and analytically
very difficult in most cases. To overcome these difficulties Bian and Tiku [7] used the modified
maximum likelihood function in the posterior distribution instead of the likelihood function.
We adopt their work and use HPD estimators in this study.

3 Estimation of the Parameters of the Gamma Distribution
3.1 Gamma Distribution
Assume that the inter-arrival times, y1, y2, …, yn have the gamma distribution (k>1)
G (k ,  ): f(y) 

1

  k 
k

e ( y  )/ ( y   )k 1 , 0  y  .

(8)

3.1.1 MML Estimators
Following the steps (i)-(iii) given in section (2.1) the MML equations for µ and σ are obtained
as follows:
 ln L * n k  1 n 1
 
z  0


 i 1 i 

and

 ln L *
n 1 n
k 1 n
    z i  
z z 1  0 .

  i 1
 i 1 i  i 

(9)

Note that, the initial value of the shape parameter k is assumed to be known. A plausible value
of k can be determined easily as explained in section 2.1.1.
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Besides the problems due to solving these equations by iteration there are other difficulties,
e.g., if z(1) converges to zero which is more likely for large n, the equation for µ is not defined,
and the simplified equation for σ, i.e.,
n

 ln L /   (nk /  )  (1 /  ) z ( i )  0

(10)

i 1

may give negative estimates of  [2]. We now obtain modified likelihood equations which have
no such difficulties.
Write t(i) = E{z(i) }, 1in. For n 10, the approximate values of t(i) are obtained from the
following equation
1

t i 

e
 k 

z

z k 1dz 

0

i
n 1

, 1i n .

(11)

The use of the approximate values in place of the exact values has essentially no effect on the
efficiencies of the MML estimators, particularly for n 20. To linearize z (i1) , we use the first
two terms of a Taylor series expansion,
z i1   i  i z i  ;  i  2 / t i  , and i  1 / t 2i  .

(12)

It may be noted that  i 1  i  n  is a decreasing sequence of positive numbers. Substituting (12)
in (9) the modified likelihood equations are obtained. The solutions of these equations are the
MML estimators and have the following explicit algebraic forms:
ˆ  y (.)  (  / m )ˆ





and ˆ  B  (B 2  4nC ) / 2 n(n  1)

n

n

n

i 1

i1

i 1

(13)

m   i ; i   i  (k  1)1 ,     i ; y (,)  (1 / m ) i y (.) ,
n

n

i 1

i 1

B  (k  1) i ( y ( i )  y (.) ) and C  (k  1) i ( y ( i )  y (.) )2 .

Note that ̂ do not involve ̂ .
3.1.2 Huber’s M-Estimators
As mentioned in section (2.2) the Huber M-estimators do not give good results if used for skew
or short-tailed symmetric distributions and without bias corrections, they give misleading
results [2]. Under Gamma distribution, the bias corrected M-estimators of location and scale
parameters are
w 24 :

w* 24  ˆw 24  k w* and w* 24  ˆ w24 / k

(14)

3.1.3 LS Estimators
The bias-corrected LS estimators of µ and σ are
  y  k  and  

i

n
1

( y i  y )2 /(n  1)k
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n

; y   y i / n.
i 1

(15)

It may be noted that no such bias corrections are needed for the MML estimators ˆ and ˆ ;
they are self-bias-correcting.
3.1.4 Bayesian HPD Estimators
Bian and Tiku [7] proposed HPD estimators of location and scale parameters of gamma
distribution family by using the MML estimators and plausible families of prior distributions
in which the distribution of the scale parameter is a scaled inverted gamma and the distribution
of the location μ is Student’s t. The estimates of unknown parameters μ and σ are needed to
obtain sample information which will be processed in Bayesian estimation. Since the maximum
likelihood estimators cannot be expressed in closed forms and the iterative methods can have
convergence problems, Tiku’s “Modified Maximum Likelihood” estimators were utilized
instead.
The posterior densities of μ and ζ can be obtained by combining the sample information with
robust “independent-t” and ”inverse gamma “ priors of μ and ζ. The HPD estimators are then
obtained as

 

ˆBayes  E  y 

n00  nˆ
and
n0  n

ˆ B

ayes

 

E  y 

s 02 0  h2ˆ 2 ˆ
s 02  h2ˆ 2

(16)

where ˆ  ˆ  k ˆ ( ̂ and ˆ are MML estimators of μ and σ ),





2

1/2
is the correlation coefficient
h  m  k-1  n / k  1  1 / nk 1   2  ,    n / mk(k  1)



 

between ̂ and ˆ . The hyperparameters n0 ,0 , 0 , s 0 and m are given in [7].

4

Case Study

4.1 Seismic Data Base
In order to show the implementation of the methods proposed in the previous sections for the
estimation of the parameters of the hazard functions and compare the values obtained from
different methods, the North Anatolian Fault Zone (NAFZ) is considered. The NAFZ is one of
the largest currently active continental strike-slip faults in the world extending along more than
1200 km from the Karliova triple junction in the east to the northern Aegean in the west and it
accommodates the relative motion between the Anatolian and Eurasian plates. For this case
study we used the earthquake catalog compiled by [11] for the NAFZ. This earthquake catalog
is based on a number of historical and paleoseismic records covering the last 2300 years and
appears to be complete down to Ms = 7.3. The fault is divided into three portions referred to as
western (26º - 32º E), central (32º - 37º E) and eastern (37º - 40º E) segments and the surface
wave magnitude (Ms) is selected as the common magnitude scale. More information on the
individual NAFZ fault sections is given in [11].
The initial statistical analysis conducted for all of the three segments indicated that hazard
function is best represented by the Gamma distribution. However, because of space limitation
here we will present the detailed analysis only for the eastern portion of NAFZ. This selection
is further justified by the fact that the most appropriate data for such an analysis is produced
by the eastern portion of NAFZ, based on the statement given in the reference where the seismic
data base is taken (i.e. [11]). This statement is as follows: “We ﬁnd that the largest M7.8–8.0
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earthquakes are exclusively observed along the older eastern part of the NAFZ that also has
longer coherent fault segments. In contrast, the maximum observed events on the younger
western part where the fault branches into two or more strands are smaller”.

4.2 Analysis of the Eastern Portion of NAFZ
First, goodness of fit analysis of inter-arrival times for the Gamma, Weibull, BPT and
Lognormal distributions are conducted. On the basis of K-S, AIC and BIC criteria, the order
of the best fitted distributions are found as Gamma, BPT, Lognormal and Weibull. Thus, during
the estimation procedure, it is assumed that the distribution of inter-arrival times of earthquakes
in the eastern part of NAFZ is Gamma and the shape parameter k in equation (8) is known.
However, in practice, it is unknown. A plausible distribution and its shape parameter for the
data can be identified by using Q-Q plots (see [9]), goodness-of-fit tests, or by matching
(approximately) the sample skewness and kurtosis with the corresponding theoretical values of
the distribution.
The distribution of inter-arrival times can be well represented by a member of the Gamma
family with a shape parameter k=1.2. The Q-Q plot of the assumed distribution for the interarrival times given in Figure 1 together with the method explained in section 2.1.1 support this
assumption. k=1.2 maximizes the log likelihood function and therefore it is used in the
estimation procedure. Actually, the MML estimators are robust and any value of the shape
parameter close to the chosen one yields plausible estimates. Given in Table 2 are the MML,
w24, LS and HPD estimates and their parametric bootstrap standard errors.
Table 1. The values of MML, LS, w24 and HPD estimates of µ and σ
and their parametric bootstrap standard errors (SE).

MML

W24

LS

HPD

µ

1.03

-2.68

-3.20

1.14

SE

0.76

-

-

2.58

σ

19.48

16.00

20.55

20.23

SE

2.72

-

3.97

2.86

The estimates of the location parameter still have bias for w24 and LS estimators although they
are corrected for bias. The estimates for scale parameters are close except for w24. The MMLEs
have smaller standard errors (greater precision) overall besides they are known to be unbiased.
The corresponding hazard function estimated by using the MML estimators is given in Figure
2.
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Figure 1. Q-Q plot of inter-arrival times

Figure 2. Hazard function of inter-arrival
times for Eastern portion of the NAFZ

6 Conclusion
In seismic hazard analyses, it is quite important to use the hazard function having efficient and
robust parameters. Biases introduced through the hazard function influence the resulting
seismic hazard results. In this study, three robust estimation techniques, namely MML,
Huber’s-M and Bayesian-HPD are used to estimate the location and scale parameters of the
hazard function for the Gamma distributed inter-arrival times. The bias-corrected LS estimators
are also calculated for comparison purposes, since the method does not depend on any
distributional assumptions. We propose the use of the modified maximum likelihood (MML)
method to estimate the unknown location and scale parameters of inter-arrival time
distributions and the resulting hazard function. The MML estimators having closed forms and
statistically optimal properties will be very useful in probabilistic seismic hazard studies, due
to the fact that earthquake occurrence models can be built with more efficient and robust
estimators and more reliable seismic hazard analysis can be performed. The case study,
involving the data compiled from the North Anatolian Fault Zone (NAFZ), clearly
demonstrated the appropriateness of the use of the MML method to estimate the unknown
parameters of inter-arrival time distributions and the resulting hazard function in probabilistic
seismic hazard analysis.
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Abstract: This study presents a novel fully non-stationary stochastic model for
simulation of synthetic arrays of ground motion. The model employs a modulated and filtered white-noise process defined via spectral representation. This
study is an extension of and improvement upon the previous work of Rezaeian
and Der Kiureghian. The proposed model preserves the key advantage of separating the temporal and spectral non-stationary characteristics of the process,
thus simplifying the modeling and parameter estimation. Moreover, the spectral
representation used here allows added flexibility in the choice of the filter. Additionally, we propose a novel non-parametric time-modulating function based
on a monotonic cubic interpolation and that has the following advantages: (i)
it is directly defined by physically meaningful parameters related to time intervals of the buildup of Arias intensity of the recorded ground motion, thus simplifying the fitting procedure; (ii) it allows for a more flexible range of shapes,
thereby accommodating multiple peaks. To ensure zero residual velocity and displacement, a high-pass filter is applied according to the evolutionary theory of
Priestley. This, together with an energy correction factor, eliminates a bias on the
cumulative energy of the post-processed simulated motions, which is implicitly
present in most stochastic simulations of ground motion.

1

Introduction

There has been growing interest in modeling earthquake ground motions and in developing
methods for generation of synthetic ground motions, which can be used in performance-based
earthquake engineering in addition to or in place of recorded motions. Obviously, it is crucial
that such synthetic motions be realistic and have characteristics that are consistent with recorded
ground motions. In this paper, we propose a site-based stochastic ground motion model which
directly describes the ground motion time-series recorded at a site. Such models are attractive to design engineers because they are computationally-efficient, have simple formulations,
and only require readily available knowledge of the earthquake source and site characteristics
such as earthquake magnitude, source-to-site distance, shear-wave velocity of the site [8, 9]. Recent examples of site-based stochastic ground motion models include the non-stationary filtered
white-noise model for far-field ground motions [8, 9], a wavelet-based model [13], and a multimodal non-stationary spectral model [12]. Model parameters in all three cases are estimated
by fitting to a database of recorded motions. These three models account for both temporal
and spectral non-stationarity, which is an important feature of earthquake ground motions. In
this paper, we develop a spectral-based parameterized stochastic model of broadband ground
motion. The model employs a modulated and filtered white-noise process defined via Evolu-
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tionary Power Spectral Density (EPSD). For the time-modulating function, we propose a novel
non-parametric function based on a monotonic cubic spline interpolation. The spectral nonstationarity is described by a time-frequency modulating function defined by four meaningful
engineering parameters, namely main frequency and bandwidth of the motion in the strong
phase, and their rates of change with respect to time. This study is an extension of and improvement upon the previous work of Rezaeian and Der Kiureghian [8, 9]. The proposed model
preserves the key advantage of separating the temporal and spectral non-stationary characteristics of the process, thus simplifying the modeling and parameter estimation. Moreover, the
spectral representation used here allows added flexibility in the choice of the filter. To ensure
zero residual velocity and displacement, a high-pass filter is applied according to the evolutionary theory of Priestley [7]. This in conjunction with an energy correction factor eliminates a bias
on the cumulative energy of the post-processed simulated motions, which is implicitly present
in stochastic models of ground motion. The proposed model is fitted to recorded far-field ground
motions. Example synthetic motions are then generated using the fitted model parameters, and
are compared with the corresponding recorded motions.

2 Formulation of the ground motion model
Earthquakes are non-stationary in both the intensity and frequency content. The temporal nonstationarity arises from the evolution of the ground acceleration intensity over time. Typically
for far-field motions (which are the focus of this study), the intensity increases from zero to a
nearly constant value during the “strong motion” phase, followed by a gradual decrease back to
zero. The spectral non-stationarity arises from the different arrival times of the seismic waves,
which depend on the wavelength and propagation speed. Typically, P waves dominate the initial
phase of the motion, and they are characterized by high-frequency content. These are followed
by S waves, which usually dominate the strong phase of the motion. Finally, surface waves
dominate the last phase of the motion, and they are characterized by low-frequency content.
Consequently, a typical earthquake time history is a mix of these waves, with predominant
frequency content that tends towards lower values with time.
In this study, we propose a site-based stochastic ground motion model which aims to represent,
separately, both the temporal and spectral non-stationarity. The model builds on a filtered white
noise process in the frequency domain; it can be seen as the frequency domain counterpart
of the time domain formulation proposed by [8]. As was done in [8], the proposed synthetic
ground motion model is defined in terms of a limited number of parameters. These parameters
describe important physical characteristics of the ground motion that are of interest for engineering applications. The selected physical characteristics are related to duration, frequency
content characteristics, and cumulative energy of the acceleration ground motion. In this section, we present the time and frequency modulated white noise model that is used to represent
the ground acceleration process. We start by formulating and discretizing the process in the frequency domain. Then, we introduce: (i) the novel time-modulating function that describes the
temporal non-stationarity of the ground motion; and (ii) the evolutionary power spectral density
that describes the spectral non-stationarity of the ground motion.

2.1

Formulation and discretization in the frequency domain

A spectral representation of a zero-mean stationary stochastic process can be written as
X̄(t) =

Z ∞

−∞

e−iωt dZ(ω),

(1)

where dZ(ω) is a zero-mean complex valued incremental process, i.e. E[dZ(ω)] = 0,
E[dZ(ω)dZ H (γ)] = 0 for ω 6= γ, and E[|dZ(ω)|2 ] = SX̄ X̄ (ω)dω, where SX̄ X̄ (ω) is the two1505

sided Power Spectral Density (PSD) of the process. If SX̄ X̄ (ω) is discretized at equally spaced
frequencies, i.e. ŜX̄ X̄ (ω) = ∑k SX̄ X̄ (ω)δ [ω − ωk ], where ωk = k∆ω, and δ [x] = 1 for x = 0 and
0 otherwise, equation (1) can be approximately rewritten as [10, 11]
X̄(t) =

K

∑ σk [uk sin(ωkt) + uK+k cos(ωkt)],

(2)

k=0

where uk and uK+k are statistically independent standard normal random variables, and σk =
q
2ŜX̄ X̄ (ωk )∆ω. The process in (2) is periodic with period T = 2π/∆ω, and it has a cut off
frequency Ω = (K + 1)∆ω. Moreover, it is a simple matter to show that E[X̄(t)] = 0 and
2
E[X̄ 2 (t)] = σX̄2 = ∑K
k=0 σk . Equation (2) can be used to simulate both stationary band-limited
white-noise processes by selecting SX̄ X̄ (ω) = S0 , or stationary band-limited colored-noise processes by selecting SX̄ X̄ (ω) = A(ω)S0 , where A(ω) is a frequency modulating function. This
formulation can be extended to simulate weakly non-stationary excitations via Priestley’s evolutionary theory of oscillating processes [7]. Specifically, Priestley defines a modulated oscillatory
process as
Z
X(t) =

∞

−∞

A(t, ω)e−iωt dZ(ω),

(3)

where A(t, ω) is a time-frequency modulating function, and SXX (t, ω) = |A(t, ω)|2 SX̄ X̄ (ω) is
defined as the two-sided EPSD of the process. Selecting for convenience SX̄ X̄ (ω) = 1, equation
(2) can be rewritten as
X(t) =

K

∑ σk (t)[uk sin(ωkt) + uK+k cos(ωkt)],

(4)

k=0

q
where σk (t) = 2|Â(t, ωk )|2 ∆ω, Â(t, ω) = ∑k A(t, ω)δ [ω − ωk ], ŜXX (t, ω) = |Â(t, ω)|2 , and
2
E[X 2 (t)] = σX2 (t) = ∑K
k=0 σk (t). Observe that a unit variance process with spectral nonstationary is obtained by imposing
|Â(t, ω)|2 =

|φ̂ (t, ω)|2
,
2
2 ∑K
k=0 |φ̂ (t, ωk )| ∆ω

(5)

where φ (t, ω) is a generic time-frequency modulating function, and φ̂ (t, ω) =
∑k φ (t, ω)δ [ω − ωk ]. A fully non-stationary process with separable time and frequency
non-stationarity can be obtained by selecting
|Â(t, ω)|2 = q2 (t)

|φ̂ (t, ω)|2
,
2
∑K
k=0 2|φ̂ (t, ωk )| ∆ω

(6)

where q(t) is a time modulating function. Equation (4) with |Â(t, ω)| defined as (6) completely
separates the spectral non-stationarity, which is completely defined by the modulating function
φ (t, ω), from the temporal non-stationarity which is completely defined by q(t). Given this, it
is a simple matter to show that E[X 2 (t)] = q2 (t).

2.2

Formulation of the time-modulating function

In this study, the temporal non-stationarity of the process is defined by a non-parametric time
modulating function q(t). Several models for the parametric modulating function have been
proposed in the past (e.g. [2, 8, 9, 5, 12]). All these models are parameterized; the shape of the
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evolution of the ground motion amplitude is constrained by the function selected. These functions usually consider a single strong-motion phase preceded by a buildup phase and followed
by a decay phase. To account for multiple strong motion phases, more complex formulations
can be used but at the expense of a larger number of parameters. The parameters defining existing modulating functions do not all have straightforward physical interpretations (e.g., the rates
of buildup and decay of strong ground motion in [5, 8], or the parameters of the “gamma” modulating function in [2, 9]). Moreover, fitting them to recorded ground motions requires solving
an optimization problem. For example in [5, 8, 9], hfitting is performed
by matching
i numerically
π Rt 2
π Rt 2
the expected cumulative energy of the process (E 2g 0 X (τ)dτ = 2g 0 q (τ)dτ) with the cuR

π t 2
mulative energy contained in the motion ( 2g
0 üg,rec (τ)dτ also known as its Husid plot) over
the duration of the ground motion. In [8], the integrated squared difference between the Husid
plot of the modulating function and that of the recorded motion is minimized. In [5, 9], the
two Husid plots are matched at a number of selected points equal to the number of modulating
function parameters. The fitted modulating function parameters are calculated numerically by
relating them to physically-based variables that describe the Husid plot.
In this study, the time-modulating function is directly defined by carefully selected physically
meaningful parameters that describe the buildup of cumulative Arias intensity of the ground
motion time series. Such a formulation simplifies the fitting procedure and allows for a more
flexible range of shapes including multiple peaks. Instead of modeling the modulating function
directly, we model the expected cumulative energy (or Husid plot) of the process, which is
equal to the cumulative energy of the modulating function. The cumulative energy of a ground
motion is a smooth, continuous, and monotonically increasing function. Therefore, we describe
the cumulative energy of the modulating function using a smooth, continuous and monotone
piecewise cubic interpolator or cubic Hermite spline [6]. This function can easily be fitted to
pass by any number of discrete points on the cumulative energy function of a recorded ground
π 2
q (t).
motion. The first derivative of the function is continuous and corresponds to 2g

2.3

Formulation of the time-varying frequency modulating function

In this study, the spectral non-stationarity of the process is defined by a parametric timefrequency modulating function φ (t, ω; θ φ ). Within the class of parametric functions, different choices can be made for selecting φ (t, ω; θ φ ). For instance in [2], Broccardo and Der Kiureghian proposed a second order filter with time varying parameters, while Vlachos et al. [12]
proposed a mixture of Kanai-Tajimi filters with time varying parameters. In this short study, we
build on the study in[2] by selecting a second order filter, which essentially is the frequencydomain counterpart of the time-domain filter used in [8]. In particular, we can write
|φ (t, ω; θ φ (t))|2 =

ωg4 (t)
,
(ωg2 (t) − ω 2 )2 + 4ζg (t)2 ωg (t)2 ω 2

(7)

where θ φ (t) = [ωg (t), ζg (t)], and ωg (t) and ζ (t) are the main frequency and the bandwidth of
the filter, respectively. We choose a simple linear model to describe the evolution of the model
parameters with time
ωg (t) = ωmid + ω 0 (t − tmid ),

(8)

ζg (t) = ζmid + ζ 0 (t − tmid ).

(9)

It follows that the complete set of model parameters describing the spectral evolution is
θ φ = [ωmid , ω 0 , ζmid , ζ 0 ]. Observe that the stationary version of (7) (i.e. when the filter parameters are time invariant) is a differentiable (only once), but not integrable process. In fact, the
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Figure 1: a) Intermediate component of 1999 Hector Mine earthquake acceleration time series and fitted
non-parametric and gamma function. Station Anza - Pinyon Flat. NGA RSN 1763, b) Corresponding
cumulative energy

Power Spectral Density (PSD) has non-zero value at ω = 0. Non-integrability is also a property of the more classical Kanai-Tajimi filter. To overcome this caveat in the stationary case,
Clough and Penzien [3] introduced a high-pass filter to enforce zero value of the PSD at ω = 0.
However, because (7) describes a non-stationary process (like any filter with time varying parameters), we apply the high-pass filter via Priestley’s evolutionary theory [7]; see Section 4.
This is shown to be convenient because the high-pass filter can also be used to ensure zero
velocity and displacement residuals.

3 Parameter identification
In this study, we focus only on fitting the proposed parametric stochastic model to a given
target ground motion. In this section, we describe the fitting procedure for estimating the model
parameters. We choose as target ground motion the intermediate component of the 1999 Hector
Mine earthquake recorded at station Station Anza - Pinyon Flat.; see Figure 1a). Since the time
non-stationarity is completely decoupled from the spectral non-stationarity, we first introduce
the fitting procedure for θ q , followed by the fitting procedure for θ φ .

3.1

Identification of the parameters of the time modulating function
R

π t 2
Let Ia,rec (t) = 2g
0 üg,rec (τ)dτ be the cumulative energy contained in the recorded ground
motion, and let tz% be the time at which z% of the total Arias intensity of the component in question is reached. To overcome the arbitrariness in the start and end times
of a ground motion record, we define the start time ts = t0.01% and the end time
t f = t99.99% . We match the Husid plots of the modulating function and recorded motion at seven discrete times namely [ts , t5% ,t30% , t45% , t75% , t95% , t f ]. Within each interval [Ds−5% , D5%−30% , D30%−45% , D45%−75% , D75%−95% , D95%− f ], where Dz0 −z% = tz% − tz0 % , a
third-degree polynomial specified in terms of Hermite basis functions is fitted and constitutes
a piece of the cubic Hermite spline. The coefficients of these basis functions are the values
and first derivatives of the piecewise cubic function at the end points of the corresponding domain interval. The values of the function at the end points, Ia,rec (tz ) and Ia,rec (tz0 ), are directly
specified. The derivatives are calculated using an algorithm proposed by [6] that yields a monotone piecewise cubic interpolant. For more details, see [6]. The fitted cubic Hermite spline is
smoothed by a normalized Hann function with a time lag 3[s] to guarantee a higher differentiability and to be consistent with Priestley’s evolutionary theory. Given the start time ts of a
recorded motion, the fitted and smoothed cumulative Arias function, Ia (t), is completely defined
by θ q = [Ia,rec (t f ), Ds−5% , D5%−30% , D30%−45% , D45%−75% , D75%−95% , D95%− f ]. The derivative
π 2
q (t; θ q ). Observe that θ q is not a set of paramof the fitted cumulative Arias intensity gives 2g
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eters to be estimated, but rather a set of coefficients directly available from the Husid plot of
the target recorded ground motion. Figure 1a) shows the smoothed cubic Hermite spline (solid
line) that is fitted to the selected target motion. Observe that the proposed modulating function
is able to capture the two distinct strong motion phases, which is not possible when a “gamma”
modulating function [2, 9] is used (dashed line). The Husid plots of the recorded motion and of
the two fitted modulating functions are shown in Figure 1b).

3.2

Identification of the parameters of the time-variant frequency modulating
function

The set of parameters θ̂ φ is estimated so that φ (t, ω; θ̂ φ ) “best fits” an empirical EPSD,
S̃XX (tn , ωk ) with n ∈ [0, ...N] and tn = n∆t, estimated with a variation of the classical shorttime Fourier transform of the target ground motion. As suggested by [12], we use the shorttime Thomson’s multiple-window (STTMW) spectrum estimation technique introduced by [4].
Then, S̃XX (tn , ωk ) is normalized at each instant of time to obtain
|φ̃ (tn , ωk )|2 =

S̃XX (tn , ωk )
.
K
2 ∑k=0 S̃XX (tn , ωk )∆ω

(10)

Equation (10) represents the EPSD estimation of a unit variance process, but with the same
spectral evolution of the target record. Moreover, equation (10) can be interpreted as an evolutionary probability density function (since at each instant of time the area of the instantaneous
EPSD is one). At each tn , the set of parameters θ̃ φ (t) = [ω̃g (t), ζ̃g (t)] is estimated as follow
K

θ̃ˆ φ (tn ) = arg min

∑

θ̃ φ (tn ),φ0 (tn ) k=0

"

φ̂ (tn , ωk ; θ̃ (tn ))φ0 (tn ) −

M/2

∑

!#2

π(m)φ̃ (tn+m , ωk )

m=−M/2

,

(11)

where φ̂ (t, ω; θ̃ φ (t)) = ∑k φ (t, ω; θ̃ φ (t))δ [ω − ωk ], φ0 (tn ) is a scaling factor introduced only
for the optimization, π(m) is a normalized (∑m π(m) = 1) Hann window function, and M is an
even number. In this study, we select M such that (M + 1)∆t = 3[s]. We choose to perform the
optimization (11) with a weighted sum of neighboring spectra in order to guarantee a smooth
transition of the filter parameters. Finally, given the set of θ̃ˆ φ (tn ) we fit the parametric model
described in (8) and (9) using weighted least squares optimization,
[ω̂mid , ω̂ 0 ] = arg min

L

∑ w(tl )

[ωmid , ω 0 ] l=0


2
ω̃ˆ g (tl ) − ωmid + ω 0 (tl − tmid ) ,

h
i2
ˆ
0
[ζ̂mid , ζ̂ ] = arg min ∑ w(tl ) ζ̃g (tl ) − ζmid + ζ (tl − tmid ) ,
0

L

[ζmid , ζ 0 ] l=0

(12)

(13)

where t0 = t5% and tL = t95% , and w(tl ) is given by
w(tl ) =

q(tl ; θ̂ q )
.
∑Ll=1 q(tl ; θ̂ q )

(14)

The optimization is performed over the interval D5%−95% to improve the accuracy of the fitting
at the strong shaking phase of the motion. Moreover, we handle the boundary intervals Ds−5%
and D95%− f by imposing ω̂g (t) = ω̂g (t5% ) and ζ̂g (t) = ζ̂g (t5% ) for Ds−5% , and ω̂g (t) = ω̂g (t95% )
and ζ̂g (t) = ζ̂g (t95% ) for D95%− f . This eliminates undesired and unphysical estimation of the
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Figure 2: a) Empirical EPSD estimated via STTMW, b) Fitting procedure for ω̂g (t)

filter parameters outside the D5%−95% interval. Figure 2 shows the estimated filter parameters
for the target ground motion. Observe that we smooth the final version of ω̂g (t) and ζ̂g (t) to
avoid abrupt changes in the spectrum. Finally, we combine φ̂ (t, ω; θ̂ φ ) with q(t, θ̂ q ) to obtain
the EPSD ŜXX (t, ω) = |Â(ω,t)|2 from equation (6). Figure 3 a) shows SXX (t, ω) for the given
target motion.

4

Definition of the complete Evolutionary Power Spectral Density

Using the process X(t) defined in equation (4) with the EPSD of equation (6) to represent a
ground acceleration process has two drawbacks. First, the process is not integrable because
SXX (t, 0) 6= 0; second, realizations of this process have non-zero residual velocity and displacement. Generally, to overcome the first problem a high-pass filter is applied to φ (t, ω), i.e.
|H(ω)|2 φ (t, ω) [2, 12], as suggested by Clough and Penzien [3] for stationary processes. The
second problem is solved either by applying a second high-pass filter to each of the simulated
realizations of the process, or by base-line correction [1]. In this study, we apply a single highpass filter directly to the EPSD of the process, SXX (t, ω), using the Priestley evolutionary theory.
In particular, we apply a critically damped filter as used in [8]. Let x(t) be a realization of X(t)
and let h(t; ω f ) = ω1f sin(ω f t) be the impulse response function of a critically damped oscillator, where ω f is the cut off frequency. Then, the ground displacement time series is obtained as
ug (t) = h(t; ω f ) ∗ x(t) (where ∗ denotes convolution for t ∈ [0, +∞)), the velocity time series as
u̇g (t), and the acceleration time series as üg (t). In this study, instead of applying the filter to each
time series x(t), we derive the EPSD of the displacement process as SUgUg (t, ω) = |M(t, ω)|2 ,
where
Z t
M(t, ω) =
|A(t − τ, ω)|h(τ; ω f )eiωt dτ.
(15)
0

The EPSD SUgUg (t, ω) can be used directly to simulate ug (t), by using equation (4) with
q
σk (t) = 2SUgUg (t, ωk )∆ω, and consequently u̇g (t) and üg (t) by differentiation. Observe that
this procedure yields an acceleration process that is twice integrable and with zero residual
velocity and displacement. Moreover, applying the filter as in (15) is computationally more efficient because the filter is applied once, and the complete set of time series [üg (t), u̇g (t), ug (t)] is
given by differentiation rather than integration. It can be shown that the EPSDs of the velocity
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Figure 3: a) SXX (t, ω), and b) SÜgÜg (t, ω)

and acceleration processes can be written as
SU̇gU̇g (t, ω) = |Ṁ(t, ω) + iωM(t, ω)|2 ,

(16)

SÜgÜg (t, ω) = |M̈(t, ω) + 2iωM(t, ω) − ω 2 M(t, ω)|2 .

(17)

It is clear that although similar, SÜgÜg (t, ω) 6= SXX (t, ω). In fact, the high pass filter eliminates
part of the low frequency content of the process. As shown in Figure 3, this does not affect
the predominant frequency content of the process; however, it does affect the energy content.
In fact, the exclusion of the low-frequencies decreases the total energy of the process. This
effect can be seen in Figure 4a), where the mean cumulative energy of the simulated process
is lower that the target motion. This energy bias is inherently present in all synthetic ground
motions which are either filtered or base-line corrected. To account for this effect, we introduce
an energy correction factor, K, defined as follow
Ia (t f )
.
K
2S
(t,
ω
)∆ω
∑
k
Ü
Ü
k=0
0
g g

K = R tf

(18)

Then, we can define the energy consistent EPSDs as SUc gUg (t, ω) = KSUgUg (t, ω), SU̇c U̇ (t, ω) =
g g
KSU̇gU̇g (t, ω), and SÜc Ü (t, ω) = KSÜgÜg (t, ω). Figure 4b) shows the energy consistent simulag g
tions, while Figure 4c) shows a simulated ground motion versus the target motion.

Conclusion
A novel fully non-stationary stochastic model for simulation of synthetic arrays of ground motions has been developed. The model is formulated in the frequency domain and in terms of
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Figure 4: Cumulative Arias intensity of the recorded motions, fitted modulating function, and simulated
motions with a) ŜÜgÜg (t, ω), and b) ŜÜc Ü (t, ω). Gray lines represent 1,000 simulations. c) Recorded vs
simulated motions with ŜÜc Ü (t, ω)

g g

g g

seven time modulating parameters and four frequency parameters. As its earlier time-domain
counterparts [8, 9], the proposed model has separate temporal and spectral non-stationarity
characteristics. In the current model, we propose a novel time-modulating function based on
a monotonic cubic interpolator. This modulating function is completely defined by the Arias
intensity intervals, which are of great importance for engineering applications. The new model
accommodates a broader range of shapes and it is completely defined without any optimization
procedure. The spectral non-stationarity is obtained by a second-order filter with time-varying
parameters. The model is fitted to a normalized empirical evolutionary power spectral density,
estimated via short-time Thomson’s multiple-window spectrum estimation. A high-pass filter
is applied via Priestley’s evolutionary theory. It is shown that this procedure guarantees both
integrability of the acceleration process and zero residual velocity and displacement. Finally,
an energy correction factor is introduced to eliminate a bias in the cumulative Arias intensity.
Such bias is inherently present in all stochastic models for generating ground motions that rely
on high-passed filtering.
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Abstract: Problems of stochastic finite element (SFE) analysis usually comprise
involved numerical models and a large number of random variables. Thus, estimating the reliability for this type of problems can become a challenging task
from a numerical viewpoint. In view of this issue, this contribution presents a
strategy for performing reliability assessment of stochastic finite element models efficiently. The proposed strategy combines a re-analysis technique and a
specific simulation approach termed Generalized Importance Sampling (GIS).
The advantages of the proposed strategy are illustrated by means of an example
involving a shallow foundation resting on a elastic soil layer.

1 Introduction
The stochastic finite element (SFE) method offers a means for modeling systems whose structural properties are uncertain. In this way, the spatial variability of one or more structural properties can be represented by means of a random field [12]. However, the assessment of the
reliability (or its complement, the failure probability) associated with a SFE model can be most
challenging from a numerical viewpoint. This is due to two issues. First, the number of random variables involved in a SFE model can be extremely large (in the order of hundreds or
thousands). Second, the reliability assessment demands performing repeatedly deterministic
structural analysis for different realizations of the random structural properties [11].
In order to decrease the numerical cost associated with the failure probability assessment of
a SFE model, this contribution proposes a strategy based on re-analysis [5] and a simulation
method termed as Generalized Importance Sampling (GIS) [4, 8]. On one hand, the application
of a re-analysis technique allows estimating the response of a structural system approximately
but at reduced numerical costs. On the other hand, the application of GIS allows estimating
small failure probabilities with good accuracy and a reduced number of structural analyses.
Both re-analysis and GIS are integrated in this contribution in order to estimate small failure
probabilities following a particular approach, i.e. for applying GIS, a large amount of samples
of the structural response are evaluated using the re-analysis technique while only a small fraction of the samples is evaluated using the full finite element model. In order to illustrate the
application of the proposed approach, an example involving a foundation over an elastic soil
layer (modeled using a Log-normal random field) is considered.
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2 Problem Formulation
2.1

Structural Response of Stochastic Finite Element Model

Consider a linear elastic structural system subject to static loading which is modeled using
the Finite Element (FE) method [1]. The FE model possesses Ne elements and Nd degrees-offreedom. The uncertainty associated with the parameters of the structural model is described
resorting to probability theory. Without loss of generality, it is assumed in this contribution
that the Young’s modulus E of the structure is modeled as a log-normal random field. Hence,
E = E(xx), where x is a vector describing position. As the random field follows a log-normal
model, it can be fully described in terms of its expected value and covariance. The random field
is represented in a discrete way using the midpoint method [3] and the Karhunen-Loève (K-L)
expansion [10]. Thus, the Young’s modulus of the p-th finite element of the model is [12]:
M

E p = eµ p +∑i=1 ζ p,i ξi , p = 1, . . . , Ne

(1)

In this equation, µ p and ζ p,i are real constants depending on the expected value and covariance
matrix of the discrete random field model, M is the number of terms considered for the K-L
expansion and ξi , i = 1, . . . , M, are standard normal random variables.
In addition to the uncertainty in the Young’s modulus, it is considered that the loading may
be uncertain as well. The loading uncertainty is modeled through a vector of standard normal
random variables θ . Note that in the case that the loading follows a non normal distribution, it
is always possible to introduce an appropriate transformation in order to describe its uncertainty
through standard normal random variables [6].
The equilibrium equation of the model is:
K (zz)uu(zz) = f (zz)

(2)

where K , f and u represent the stiffness matrix (of dimension Nd × Nd ), the force and the displacement vectors (both of dimension Nd × 1), respectively; while z is a vector that groups all
T
random variables of the model, i.e. z = [ξξ , θ T ]T .
From Equation (2), it is possible to note that the uncertainty associated with the structural parameters and loading affect the displacement vector. That is, each of the components of the
displacement vector ul (zz), l = 1, . . . , Nd is a random variable. Therefore, the different responses
of interest of the structural system (displacements, stresses, internal forces, etc,) are random
variables as well.

2.2

Structural Reliability

In order to quantify the uncertainty associated with the performance of the structural system,
it is possible to calculate quantities such as second order statistics (mean value and standard
deviation) or the failure probability (denoted as pF ). The latter measures the chances that a
certain response of interest r(zz) exceeds a prescribed threshold b. The response of interest may
represent, for example, a displacement. In such case, r(zz) = ul (zz). Thus, the failure probability
pF is cast as follows.
Z
pF =

z ∈Rnz

IF (zz) f (zz)dzz

(3)

In this equation, f (zz) represents the standard normal probability density function (in nz dimensions) and IF (zz) is an indicator function defined as:

1 if r(zz) ≥ b
IF (zz) =
(4)
0 if r(zz) < b
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In cases of engineering interest, the evaluation of the probability integral in Equation (3) becomes extremely challenging, as it may comprise a high number of dimensions nz and the value
of the indicator function is known point-wise only after performing a structural analysis (i.e.
solution of the FE model). In such scenario, simulation methods are a most appropriate alternative for evaluating this integral [11]. For example, applying Monte Carlo simulation, the failure
probability can be approximated as:
 
1 N
(5)
pF ≈ p̂F = ∑ IF z ( j) , z ( j) ∼ f (zz), j = 1, . . . , N
N j=1

where z ( j) , j = 1, . . . , N are independent, identically distributed samples generated according to
f (zz) and p̂F is the failure probability estimator. Although the Monte Carlo method is a general
simulation strategy with a wide spectrum of application, it is quite inefficient for evaluating
small failure probabilities. In fact, the number of samples of the structural response required for
estimating a small failure probability with sufficient accuracy is proportional to 1/pF . In order
to reduce the number of full structural analyses required for estimating the failure probability,
two strategies are discussed in the following sections: approximation of the structural response
and application of a special simulation technique termed Generalized Importance Sampling
(GIS).

3 Approximate Evaluation of the Structural Response Applying ReAnalysis
The application of Monte Carlo simulation for failure probability estimation demands generating N realizations of the uncertain parameters of the problem (associated with structural
parameters and loading). This implies in turn that the stiffness matrix should be factorized N
times, as noted from Equation (2). The numerical cost associated with these factorizations can
become quite high, particularly for structural systems comprising a large number of degrees-offreedom Nd . A possible means for reducing the numerical cost associated with the solution of
the equilibrium equation consists in approximating the displacement u as a linear combination
of a series of vectors φ m , m = 1, . . . , Nr , such that Nr  Nd [5]. At this point, it is assumed
that these vectors are known (details on how to determine them are discussed later). Then, the
displacement vector is approximated as:
u (zz) = φ 1 β1 (zz) + φ 2 β2 (zz) + . . . + φ Nr βNr (zz) = Φ β (zz)

(6)

where βm , m = 1, . . . , Nr are real coefficients (which are unknown) and Φ is a matrix of dimension Nd × Nr that groups the vectors φ m , m = 1, . . . , Nr . The matrix Φ is actually a reduced basis
[5, 7]. Replacing Equation (6) in Equation (2) yields the following over-determined system of
equations.
Φβ (zz) = f (zz)
K (zz)Φ

(7)

A possible means for solving this over-determined system by means of a least squares criterion.
In such case, the vector β is equal to:
K R (zz))−1 f R (zz)
β (zz) = (K

(8)

where K R and f R are the reduced stiffness matrix and reduced load vectors, respectively, which
are defined as:
K R (zz) = ΦT K (zz)Φ
Φ
f R (zz) = Φ T f (zz)
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(9)
(10)

The advantage of considering a reduced basis Φ is the following: factorizing the reduced stiffness matrix K R is numerically less demanding than factorizing the stiffness matrix K . That is,
solving Equation (8) is numerically less expensive than solving Equation (2) because Nr  Nd .
Undoubtedly, the performance of the approach described above for performing structural reanalysis depends on the quality of the reduced basis. In the literature, different schemes have
been proposed for selecting this basis [5]. In this contribution, the scheme proposed in [7] is
selected for constructing the reduced basis. Thus, the basis contains the vectors associated with
the Taylor expansion of the displacement vector. Such scheme results particularly convenient
for problems of SFE where the associated random field possesses a relatively high correlation.
This is due to the fact that the first terms associated with the K-L expansion contribute most
to the total variability of the random field. Hence, including the first few terms of the Taylor
expansion in the basis may allow representing a large amount of the total variability of the SFE
problem.
In this contribution, the reduced basis is constructed considering the displacement vector and its
first derivatives with respect to the first M ∗ random variables of the K-L expansion, evaluated at
the nominal point z 0 = [0, . . . , 0]T .


∂ u (zz0 )
∂ u (zz0 )
Φ = u (zz0 ) ,
,...,
(11)
∂ ξ1
∂ ξM ∗
Thus, the reduced basis involves a total of Nr = 1 +M ∗ vectors and Φ possesses dimension Nd ×
(1 + M ∗ ). The number M ∗ of first derivatives to be included in the reduced basis is dependent
on the specific problem at hand. In case the random field is highly correlated (i.e. correlation
length comparable to the physical dimensions of the problem), M ∗ can be a small number. In
case the random field is weakly correlated, M ∗ should be relatively large (i.e. comparable to
Ne ).
As a final remark for this section, note that the approximate structural analysis carried out in
Equation (8) applies the reduced basis Φ , which is derived from a complete structural analysis.
Therefore, the structural analysis of Equation (8) is termed as a re-analysis, as it is based on a
full structural analysis carried out previously.

4 Generalized Importance Sampling (GIS)
4.1

General Aspects

The main disadvantage of Monte Carlo simulation for estimating small failure probabilities
(which are common in engineering applications) is that a large number of samples is required
in order to obtain a realization of the uncertain parameters that cause failure (such that IF = 1).
A possible means for increasing the efficiency of the simulation process is applying Importance
Sampling (IS). In this way, a specially designed probability density function fIS (zz) is considered
such that realizations of the uncertain parameters that cause failure are generated frequently.
Thus, applying IS, the failure probability is estimated as shown below.
 
Z


N
f
z ( j)
1
f (zz)
( j)
 , z ( j) ∼ fIS (zz), j = 1, . . . , N (12)
pF =
IF (zz)
fIS (zz)dzz ≈ ∑ IF z
(
j)
n
z
z
f
(z
)
N
z
fIS
z ∈R
IS
j=1
opt
It should be noted that there exists an optimal IS density function fIS
(zz) [4], that is equal to:
opt
fIS
(zz) =

IF (zz) f (zz)
pF
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(13)

This IS density function allows generating samples exclusively on the failure domain. Unfortunately, this function is of no practical use, as for its implementation, the failure probability
pF must be known beforehand, which is precisely the value one tries to estimate. Nonetheless, the existence of this theoretical density function suggests that is is possible to construct a
sub-optimal IS function fα (zz) that resembles it closely, as proposed in [2, 4]:
fα (zz) =

Iα (zz) f (zz)
Zα

(14)

where Zα is a real constant (unknown at this stage) that ensures that fα (zz) integrates to 1 and
Iα (zz) is a smooth indicator function:


3
Iα (zz) = min 1, e−α(b−r(zz))
(15)

where α is real constant such that α ∈ [0, ∞[. On one side, the smooth indicator function Iα (zz)
tends to the indicator function IF (zz) as α → ∞. On the other side, in case α = 0, Iα (zz) = 1,
Zα = 1 and fα (zz) becomes identical to f (zz) [2, 4].
Following the ideas described previously, the concept behind Generalized Importance Sampling
(GIS) is introducing a sequence of IS density functions instead of a single IS density function
(see Equation (12)). By introducing this sequence, it is possible to approach gradually to the
optimal IS density function. Thus, within the context of GIS, the failure probability is cast in
the following way.
!
Z
NID −1
fαk (zz)
fαNID (zz)dzz
(16)
pF =
IF (zz) ∏
z
z ∈Rnz
k=0 f αk+1 (z )
In this equation, NID denotes the number of IS density functions fαk considered in the sequence;
furthermore, the values of α are selected such that α0 = 0 < α1 < . . . < αNID . Evidently, when
NID = 0, Equation (16) reduces to the definition of failure probability shown in Equation (3).
After replacing Equation (14) into Equation (16), it is possible to obtain the following expression for the failure probability and its estimator.
!Z
NID −1 Z
IF (zz)
αk+1
(17)
pF = ∏
fαNID (zz)dzz
z ∈Rnz IαNID (zz)
k=0 Zαk
pF ≈ p̂F =

NID −1 Ẑ
αk+1

∏

k=0

Ẑαk

!
1
N

  
IF z ( j)
∑ Iα z ( j)  , z ( j) ∼ fαNID (zz), j = 1, . . . , N
j=1 NID
N

(18)

An important aspect of the estimator in Equation (18) is that the failure probability is expressed
as the product of several estimators that involve the ratio between normalizing constants and a
ratio between indicator functions. Therefore, the task of estimating a small failure probability is
transformed into the estimation of a product of estimators that possess a numerical value larger
than that of pF .
The practical application of the estimator in Equation (18) demands solving three implementation issues: estimating the ratio between normalizing constants; selection of the constants αk ;
and the generation of samples of the random variables distributed according to the IS density
function fαk (zz). These three issues are addressed in the following section.

4.2

Practical Implementation of GIS

The generation of samples of z distributed according to fαk (zz) can be implemented using a
strategy based on the Metropolis algorithm as suggested in [8]. This strategy is summarized in
the following.
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1. It is assumed that N samples of z distributed according to fαk−1 (zz) are available, i.e.
z ( j) ∼ fαk−1 (zz), j = 1, . . . , N. Note that for k = 1, the required samples are generated
applying plain Monte Carlo simulation.
2. A weight ω ( j) is calculated for each of the samples of the previous step such that:
 
fαk z( j)
( j)
 , j = 1, . . . , N
ω ∝
fαk−1 z ( j)

(19)

3. From the sample set z ( j) ∼ fαk−1 (zz), j = 1, . . . , N, choose with replacement a total of Nc
samples with probability proportional to the weights ω ( j) . This actually corresponds to a
resampling step, as suggested in [9]. In order to ensure that the samples are selected in an
appropriate way, the ratio N/Nc should be larger than 1; in this contribution, this ratio is
chosen as N/Nc = 50.
4. The samples from the previous step are termed as seeds. From each of these seeds,
(N/Nc − 1) new samples of the random variables z are generated following the distribution fαk (zz) applying a modified version of the Metropolis algorithm. Details on this
algorithm are described in [8].
The estimation of the ratio between integration constants Zαk+1 and Zαk and the value of the
constants αk , k = 1, . . . , NID is carried out employing a strategy that links both quantities. On
one hand, the ratio between integration constants Zαk+1 and Zαk is assumed equal to a fixed value
p0 [2, 4]. In this contribution, p0 =0.1. On the other hand, it is possible to derive the following
expression based on Equation (14) for determining the ratio between integration constants Zαk+1
and Zαk .
Zαk+1
= p0 =
Zαk

Z

z ∈Rnz

Iαk+1 (zz)
fα (zz)dzz
Iααk (zz) k

(20)

Clearly, this last Equation can be evaluated using the samples of the random variables generated
in step 4 of the above algorithm (which are distributed according to fαk (zz)).
 
( j)
Zαk+1
Ẑαk+1
1 N Iαk+1 z
 , z ( j) ∼ fαk (zz), j = 1, . . . , N
(21)
≈
= p0 = ∑
Zαk
N j=1 Iαk z ( j)
Ẑαk

Then, assuming that αk is known (note that α0 = 0), the value αk+1 can be determined after
solving Equation numerically (21).

5 Estimation of the Failure Probability Applying GIS and Re-analysis
A numerically efficient approach for estimating the failure probability of Equation (3) consists in applying GIS (as described in Section 4) and re-analysis (as described in Section 3)
simultaneously. That is, each time that it is necessary to evaluate the structural response within
GIS, re-analysis is applied instead of calculating the structural response from the equilibrium
equation (see Equation (2)). The implementation of such an approach demands defining an IS
density function such that:
I A (zz) f (zz)
fαA (zz) = α A
(22)
Zα
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where the superscript A denotes a quantity associated to the approximate calculation of the
structural response. Thus, IαA (zz) is defined as:


A
−α(b−rA (zz))3
Iα (zz) = min 1, e
(23)

where rA is the approximate value of the structural response, calculated according to the strategy presented in Section 3. Taking into account the previous definitions, the failure probability
estimator is the following.
  

A z ( j)
N IF
1
ID −1 
(24)
pF ≈ p̂AF = pN
∑ I A z ( j)  , z ( j) ∼ fαANID (zz), j = 1, . . . , N
0
N j=1
αN
ID

Although the estimator of Equation (24) is valid, it possesses a disadvantage: its precision for
estimating the failure probability depends on the quality of the re-analysis and its ability to
predict the exact structural response. In case rA (zz) approximates r(zz) sufficiently well, it is
expected that pF ≈ p̂AF . Nonetheless, validation calculations have shown that, in general, the
difference between pF and p̂AF can be considerable for cases of practical interest. Such difference arises because for small failure probabilities, the realizations of the random variables that
cause the structural response to exceed its prescribed threshold correspond to extreme events. In
such cases, the re-analysis model does not allow estimating the exact structural response with
sufficient precision.
A possible means to circumvent the issue of the precision in the estimation of pF is the following. GIS can be applied considering the approximate structural response (obtained via reanalysis) for the different stages (sub-optimal IS density function) and only in the last step,
the structural response is evaluated using the exact equilibrium equation. The estimator of the
failure probability obtained in this way is denoted as p̂PF , where the superscript P denotes the
proposed estimator. The expression for p̂PF is the following.
  

N IF z( j)
1
ID −1 
  , z ( j) ∼ fαAN (zz), j = 1, . . . , N
(25)
pF ≈ p̂PF = pN
∑
0
(
j)
A
ID
N j=1 IαN z
ID

The advantage of the estimator in Equation (25) is that its evaluation demands:

• NID N approximate structural analyses applying the strategy proposed in Section 3 are
required plus an exact structural analysis (in order to compute the reduced basis).
• N exact structural analyses.
As noted from the above equation, the evaluation of the estimator in Equation (25) allows estimating the failure probability exactly, but applying the approximate model for evaluating the
structural response in almost all stages of GIS (except for the last stage).

6 Example
This section studies a problem of structural reliability and stochastic finite elements which consists of a shallow foundation resting over an elastic soil layer of 30 [m] depth. A schematic
representation of the problem is shown in Figure 1. This problem is partially based on an example discussed in [12]. As seen from the figure, the elastic soil layer rests over a rock base which
is considered to be extremely rigid. The foundation’s width is 20 [m] and imposes a uniform
distributed loading over the soil. The intensity of the distributed load is modeled as a log-normal

1521

random variable, with expected value µq = 0.2 × 106 [Pa] and standard deviation σq = 0.2 × 105
[Pa]. The Young’s modulus of the soil layer is modeled as an homogeneous log-normal random
field of expected value µE = 30 × 106 [Pa] and standard deviation σE = 12 × 106 [Pa]. The
correlation structure of the random field is modeled according to the following expression:
−

ρE (xx1 , x 2 ) = e

2
d (x 1 ,xx2 )
2
L

(26)

where ρE (xx1 , x 2 ) represents the correlation between points x 1 and x 2 , d (xx1 , x 2 ) is the distance
between points x 1 and x 2 and L is the correlation length, which is considered to be equal to 10
[m].
In order to model the soil layer, a finite element model is constructed using 4-node rectangular
membrane elements in plain strain. The total number of elements and degrees-of-freedom of the
problem is 160 and 320, respectively. The objective of the example is determining the probabil20 [m]
q
Node of interest

30 [m]

Soil layer

Rock base
120 [m]

Figure 1: Shallow foundation resting on elastic soil layer

ity that the vertical displacement below the foundation (see node of interest in Figure 1) exceeds
a threshold of b = 0.3 [m]. It should be noted that for representing the random field associated
to the Young’s modulus, all terms of the K-L expansion are considered, i.e. M = Ne = 320.
The failure probability is estimated applying GIS, considering N = 1000 samples per each IS
density function. The response of interest is calculated approximately considering a reduced
basis that comprises Nr = 1 + M ∗ = 6 vectors, as a large portion of the variability of the random
field can be attributed to the first M ∗ = 5 components of the K-L expansion. Numerical validation indicates that such selection for M ∗ is appropriate.
The failure probability is estimated considering three different alternatives:
1. The structural response is calculated exactly for each realization of the random variables.
This alternative is denoted as exact GIS.
2. The structural response is calculated approximately using re-analysis for each realization
of the random variables. This alternative is denoted as approximate GIS.
3. The structural response is calculated approximately for the first NID N realizations of the
random variables and then, the response is calculated exactly for the last N realizations,
as proposed in Section 5. This alternative is denoted as proposed GIS.
The results obtained for the failure probability estimator and its corresponding coefficient of
variation (CoV) are presented in Table 1. This Table also includes the results obtained applying
Monte Carlo simulation with a total of N = 106 samples; this is considered as a reference result.

1522

Table 1: Failure probability estimates

Simulation
Method
Monte Carlo
exact GIS
approximate GIS
proposed GIS

pF

CoV

4.290 × 10−4
4.415 × 10−4
2.706 × 10−4
4.269 × 10−4

5%
29%
29%
27%

Number of response evaluations
Approximate (re-analysis)
Exact
0
106
0
4000
4000
1 (CoRB)
4000
1000 + 1 (CoRB)

In addition, the acronym CoRB stands for construction of reduced basis, implying that a full
structural analysis must be carried out for calculating the vectors of the reduced basis.
The results obtained indicate that applying the proposed approach combining GIS and reanalysis allow estimating the failure probability with good accuracy and a relatively low number
of full structural analyses.

7 Conclusions
The proposed approach that integrates GIS and re-analysis allows estimating failure probabilities at reduced numerical costs. This is due to the fact that throughout a large portion of the
simulation process, the structural response is evaluated approximately by means of an inexpensive model. The structural response is evaluated exactly only during the final stage of the
simulation procedure. This is most convenient, as the results produced by the proposed approach are comparable to those obtained in case no approximation of the structural response is
considered.
Although the results presented here are promising, there are several open issues regarding the
proposed approach. For example, a criterion for the selection of the number M ∗ should be developed. In fact, efforts on this direction are already under way.
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Abstract: In earthquake engineering, the fragility curve is defined as the conditional probability of failure of a structure, or its critical components, at given
values of seismic intensity measures (IMs). For simulation-based fragility curve
estimations, this conditional probability of failure is usually computed with lognormal assumption. The artificial neural network (ANN) is used to improve the
computational efficiency of the simulation-based fragility analysis. An ANN
metamodel is built from 100 finite element soil-structure-interaction simulation results. The most relevant IMs are selected based on semi-partial correlation coefficients. The ANN metamodel is trained with the selected IMs, and a
large number of Monte Carlo simulations are performed with this metamodel.
Fragility curves are computed with both parametric (log-normal model) and nonparametric methods for the estimation of the risk of failure of an electrical cabinet
in a reactor building studied in the framework of the KARISMA benchmark.

1 Introduction
In the seismic probabilistic risk assessment methodology, fragility curves are computed as the
conditional probability of failure of a structure, or critical components, for a given value of a
seismic intensity measure (IM) such as the peak ground acceleration (PGA). The total probability of failure of the plant is computed by the convolution of the fragility curves with the hazard
curves, combined in fault tree and event tree analysis [4]. Fragility curves can be calculated
by Monte Carlo simulation, to propagate the uncertainties in seismic ground motions, structural material properties, etc. These uncertainties are categorized into two groups [6]: aleatory
uncertainties, which reflect the inherent randomness of variables or stochastic processes, and
epistemic uncertainties due to lack of knowledge about the model and its parameters.
Mathematically, fragility curves are calculated as the conditional probability that the damage
measure (DM) exceeds a critical threshold, for a given seismic IM:
Pf (α) = P(y > ycrit |α)

(1)

where y is the DM, such as inter-story drift, ycrit is the failure threshold and α represents the
seismic IM. This conditional probability can be evaluated pointwise for different α values.
However, this requires a large set of numerical simulations with finite element method (FEM),
and it is often difficult and computationally very expensive to perform such analyses due to the
complexity of the mechanical model.
The log-normal fragility model was proposed in [6] to reduce the computational cost. Less
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numerical simulations are required with this model because only two parameters, the median
capacity Am and the logarithmic standard deviation β , need to be determined. The estimation of
Am and β can be realized with linear regression or maximum likelihood estimation. However,
the log-normal model assumes a constant β over the whole range of seismic IMs, which may
not be appropriate in practice [1].
Another way to improve the computational efficiency consists in building a metamodel to calibrate the statistical relation IM-DM. Metamodels have been widely used in structural reliability,
but have started to be applied to seismic fragility curve estimation only very recently [9]. This
is mainly because the simplification of the continuous stochastic ground motion process by a
small set of representative IMs cannot provide a satisfactory description of the randomness of
the ground motion, and therefore cannot ensure the performance of the metamodels [12]. The
simplest metamodel for seismic IM-DM relation is the power law function [3]. Other more complicated functional models were later proposed in [10]. Considering these works, a non-linear
regression metamodel seems more suitable to adequately compute the non-linearity in the IMDM relation.
In this study, we focus on the application of an artificial neural network (ANN) for the computation of fragility curves. This paper is organized as follows: after a brief recall of simulationbased fragility analysis methods and ANN, the methodology for ANN-based fragility curve
estimation is presented and illustrated with a case study for Kashiwazaki-Kariwa nuclear power
plant (NPP), studied in the context of the KARISMA benchmark [5]. Only randomness from
seismic ground motions is considered here.

2 Simulation-based Fragility Analysis
2.1

Non-parametric Method

Monte Carlo (MC) simulation is the most fundamental approach for the computation of the
fragility curves. In this method, N seismic records for the same value of the IM α are collected.
Scaling of the signals has to be performed if the number of ground motions is not sufficient.
Structural analyses for all N seismic motions are carried out, and the probability of failure with
seismic level α is calculated as the number of signals that exceed the failure threshold ycrit ,
divided by the total number N of seismic motions:
PMC (α) =

1 N
∑ 1[ycrit − yi(α) 6 0]
N i=1

(2)

where 1[ycrit − yi (α) 6 0] is the indicator function, which equals 1 if ycrit − yi (α) 6 0, otherwise it equals 0. One inconvenience of the MC estimation method is that a large number of
simulations N may be needed for good accuracy of the MC estimation, especially when the
probability of failure to be estimated is small. Therefore, the pointwise evaluation can be very
time-consuming, in particular with a complex structure model.

2.2

Parametric Methods

Parametric methods adopt a log-normal assumption of the capacity A of the structures:
A = Am ε

(3)

where Am denotes the median capacity of the structure, ε is a log-normal random variable (RV)
with median 1 and a constant logarithmic standard deviation β , which is independent of the
range of the seismic IMs. In this way, the conditional probability of failure is calculated by
Pf (α) = Φ(

ln α − ln Am
)
β
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(4)

where Φ(·) is the cumulative distribution function of the standard normal distribution. One can
also distinguish the aleatory uncertainty βR from the epistemic uncertainty βU . In this way, the
total uncertainty is computed by
β 2 = βR2 + βU2
(5)
The epistemic uncertainty βU defines a family of confidence intervals of the fragility curves.
The γ (∈ [0, 1]) non-exceedance confidence interval is calculated by
P̃f (α, γ) = Φ(

ln α − ln Am + βU Φ−1 (γ)
)
βR

(6)

Parameters Am and β can be determined with linear regression or maximum likelihood estimation.
Linear Regression The linear regression (LR) method is based on the IM-DM model proposed in [3]:
ln y = c ln α + ln b + ε
(7)
where b and c are regression parameters, and the residual ε following the normal distribution
N(0, σ ). The parameters b, c and σ can be determined
from the LR results of data sets (ln αi ,
p
c
ln yi ); Am , β in Eq. (4) are then computed as Am = ycrit /b and β = σ /c respectively.
Maximum Likelihood Estimation Different from linear regression, the maximum likelihood
estimation (MLE) models the structural responses with binary Bernoulli variables. For a numerical experiment i, xi = 1 if the failure occurs, otherwise xi = 0. Therefore, the likelihood function
is written [8]
N

L = ∏[Pf (αi )]xi [1 − Pf (αi )]1−xi

(8)

i=1

The values of Am and β are determined by maximizing the likelihood function, which is equivalent to minimizing − ln L:
[Am , β ] = arg min(− ln L)
(9)
Am ,β

3 Artificial Neural Networks
Inspired by biological neural networks in human brains, ANNs have been widely applied as
non-linear regression models since the mid 1980s. The structure of a classic, three-layer, feedforward ANN is illustrated in Figure 1. Mathematically, this ANN consists of activation functions (linear and non-linear sigmoid functions ϕ) and a set of weighting parameters w adjusted
to minimize the difference between the ANN predictions ŷ and the targets y:
w∗ = arg min(E(x; w))
w

E(x; w) =

1 N i
∑ (ŷ (x; w) − yi)2
2 i=1

(10)
(11)

where N denotes the total number of ANN training examples, and x is the ANN input vector.
The ANN is trained based on the gradient vector g (the derivative of E(x; w) with respect to the
weights w) computed by the back-propagation algorithm [2]. In order to prevent overfitting, the
available data set is divided into training, validation and testing subsets. Cross-validation and
early stopping can be applied during the ANN training to obtain the optimal weights.
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Figure 1: Illustration of a three-layer ANN

As any regression model, there exist uncertainties in the ANN predictions. The delta method
is adopted in this study for the computation of the prediction intervals (PIs), because of its
computational efficiency. Assuming that the ANN training error is normally distributed, this
method relies on the linear Taylor expansion of the ANN model and the estimation of the PIs
of the corresponding linear model [7]. This method does not calculate strictly accurate PIs
(because the Hessian matrix is approximated by the product of the Jacobian matrices.), but it is
fast and gives satisfactory estimations of the PIs in practical applications. Mathematically, the
PIs are computed with ANN training errors and the gradient vector ∂ ŷ/∂ w:
i
i 2
∑N
i=1 (ŷ − y )
N −Q

(12)

∂ ŷi ∂ E(x; w)
1 ∂ E(x; w)
g
∂ ŷi
=
= i
= i
i
∂ w ∂ E(x; w) ∂ w
ŷ − y
∂w
ŷ − yi

(13)

σ2 =
hi =

where Q denotes the dimension of the ANN weighting parameters, g can be calculated by
the back-propagation algorithm. The Jacobian matrix J of the ANN training data is, hence,
constructed as


J = h1 h2 · · · hi · · · hN
(14)
where J is a Q × N matrix, with hi a Q × 1 sub-matrix. Consequently, the (1 − γ) PIs are calculated as
q
(15)
ŷ ± qγ/2,N−Q σ 1 + hT (JJT )−1 h

where qγ/2,N−Q is the (1 − γ/2) quantile of a student distribution with N − Q degrees of freedom
and the upper index T denotes the matrix transpose.

4 Application of ANN to KARISMA Benchmark
4.1

Kashiwazaki-Kariwa FEM Model

In 2007, the Japanese Kashiwazaki-Kariwa NPP was affected by the Niigataken-Chuetsu-Oki
(NCO) earthquake with the magnitude Mw = 6.6 and the epicenter distance 16 km. In this study,
we are interested in the reliability of an electrical cabinet located on the fifth floor of the Unit 7
of the NPP. The FEM simulations are carried out with the Code Aster, a finite element analysis
open-source software developed by EDF group. The finite element model for the Unit 7 consists
of 92 000 degrees of freedom with 10 700 nodes and 15 600 elements, including bar, beam, and
different shell elements. The constitutive law of the materials is considered as linear. The NPP

1528

model is embedded 23 meters in the soil (Figure 2), which is accounted for in the soil-structure
interaction (SSI) analysis.
Given the scenario of the NCO earthquake, 100 triples of 3D synthetic ground motions are
generated at the bedrock and used for the uncertainty propagation. In order to obtain enough
failure counts for the fragility analysis, the synthetic seismic motions at the bedrock are scaled
with a factor of three. The seismic signals are then reconvoluted onto the free surface using a 1D
column of soil. The degradation of the soil during the earthquake is considered by the equivalent
linear method [11] based on the 1D column. 100 triples of ground motions on the free surface
and 100 degraded soil profiles are thus obtained from the equivalent linear method results. The

Figure 2: Kashiwazaki-Kariwa nuclear power plant (left) [5] and numerical model of Unit 7 (right)

impedances of the soil and the seismic forces should have been computed for each soil profiles.
However, the high complexity of the embedded foundation makes it hard to achieve: it takes 24
hours to compute the impedances and the seismic forces for one soil profile. A compromise is
made between the computational cost and the accuracy. The 3D seismic signals at the bedrock
are regrouped into 4 classes according to their PGA values: [0, 0.5g), [0.5g, 1.0g), [1.0g, 1.5g),
[1.5g, +∞). The degraded soil profiles are averaged within each class, and 4 soil profiles are
obtained to represent four different degradation levels. The SSI analyses are performed with the
100 ground motions on the free surface, and the impedances and seismic forces calculated from
the 4 soil profiles, to compute the floor accelerations of the NPP.
The anchorage failure of the electrical cabinet is considered in this study. The capacity is given
by the floor spectral acceleration of the anchorage point around 4Hz, the natural frequency of
the cabinet. The maximum value of the floor spectral accelerations in horizontal directions is
defined as the DM y.
y = max

Z 4.5

i=X,Y 3.5

e
Sa,i
( f )d f

(16)

e denotes the spectral acceleration of the electrical equipment in the i direction (i can
where Sa,i
be direction X or Y ).

4.2

Selection of Relevant IMs

After the 100 damage measures have been obtained from FEM simulations, these results, combined with the IMs of the ground motions on the free surface, are available for the construction
and the training of the ANN metamodel. In this study, seismic IMs are used as inputs of the
metamodel. Before the training of the ANN, it is important to select the IMs that are the most
relevant to the structural damage measure. This step, named feature selection, is crucial in the
metamodel construction, because the redundant information carried by the IMs may reduce the
accuracy of the ANN model [2]. In addition, a large input dimension increases the number of the
ANN weights to be determined, which requires more training cases to avoid the overfitting of
the network. Based on experience, 8 preliminary IMs (Table 1) are chosen as candidates for the
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feature selection. The geometric means of IMs in horizontal directions are used as scalar IMs
for 3D ground motions. The intensity measures are assumed to follow log-normal distributions.
Table 1: Definitions of classic seismic intensity measures

Intensity Measure
Definition
Comment
PGA
max |a(t)|
a(t): seismic acceleration
PGV
max |v(t)|
v(t): seismic velocity
PGD
max |u(t)|
u(t): seismic displacement
PSa ( f0 )
Spectral acceleration (damping 5%) f0 =4Hz: natural frequency
R 4.5
f : frequency
ASA
3.5 PSa ( f )d f
1
Tp
argR maxT PSa ( T )
T = 1/ f
tmax
CAV
|a(t)|dt
tmax : total seismic duration
0
π R tmax
2 dt
IA
a(t)
g = 9.81m/s2
2g 0

A filter approach for the feature selection is applied in this study, with a forward selection algorithm driven by the semi-partial correlation coefficients (SPCCs). As all the IMs are correlated,
SPCC is used as a relevance measure to eliminate the redundant information. For this purpose,
as shown in Figure 3, the non-selected IMs (X2 ) are projected into the orthogonal space of the
selected ones (X1 ). The SPCC calculates, in fact, the cosine value of the angle between the
projection and the DM. The forward selection is executed in the log-log space to benefit from
the properties of the normal distributions. The orthogonal projections can be easily realized by
means of Cholesky decomposition. The forward selection algorithm adopted here is as follows:
1.0 Results

of R SP with forward selection

|

R SP |

0.8
0.6
0.4
0.2
0.0

ASA Arias CAV

PSA

Tp

IM

PGV

PGD

PGA

Figure 4: Results of forward selection

Figure 3: SPCC: cos(θ )

1. Define the input and the output of the algorithm: they are respectively the feature set
S0 = {X1 , · · · , X8 } (8 IMs) and the ordered feature set S∗ , and initialize the output set S0∗ = 0.
/
2. Begin the iteration i (i starts from 0): for each feature X j in Si , compute the relevance
measure SPCC between X j and the Output Y , conditional to Si∗ , and select the feature with the
largest SPCC value:
j∗ = arg max SPCC(X j ,Y |Si∗ )
(17)
j

∗
RSP
i = SPCC(X j∗ ,Y |Si )

(18)

As S0∗ = 0/ initially, for i = 0, SPCC is actually the correlation coefficient.
3. Subtract the selected X j∗ from the feature set: Si X j∗ → Si+1 , and add X j∗ into the output
∗ .
set: Si∗ ⊕ X j∗ → Si+1
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4. Set i = i + 1 and return to Step 2 until all the IMs are selected in S∗ .
From the forward selection result (Figure 4), ASA and IA are selected as the relevant features
because the RSP for the other IMs are less than 0.05, so that they can be regarded as noninfluential if ASA and IA have already been considered.

4.3

ANN Training

The ANN is trained with the selected seismic intensity measures, i.e. ASA and IA . 100 inputoutput data sets obtained from the FEM simulation results are used. Cross-validation and early
stopping are applied in order to prevent overfitting. The 100 data sets are divided into two
groups: 80 data sets for the 4-fold cross-validation and 20 data sets for testing. The 80 data sets

Figure 5: ANN training results

are evenly divided into 4 folds, with 20 in each fold. When the cross-validation is executed, one
fold is chosen as the validation set, and the other three folds are used to train the ANN. The
training is stopped when the validation error reaches its minimum. This procedure is repeated 4
times to cover all the 4 folds as the validation set. The ANN is trained in log-log space. The ANN
with the smallest 4-fold cross-validation error is chosen for the final metamodel. The number
of neurons in the hidden layer used in this study is 4. The results of the ANN training, as well
as the point clouds of the ANN outputs ŷ of the 20 test data are shown in Figure 5 and Figure 6.
The prediction intervals are computed with the delta method described in Section 3. The point
clouds are plotted for ASA, which is the most relevant IM in this study. From Figure 5, one can
conclude that the training results are satisfactory. Most of the results in the ‘prediction-target’
space are located in the neighborhood of the diagonal line (dashed line). The ANN prediction
results for the 20 test data sets in Figure 6 show that the global prediction quality is satisfactory:
the ANN predictions remain globally coherent with the FEM results. In fact, with a regression
model like ANN, it is somehow not possible to obtain the exact prediction results as the targets.
In addition, one phenomenon to emphasize is that the variability, more precisely, the dispersion
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Figure 6: ANN test point cloud (left) and associated prediction intervals (right)

of the ANN predictions (blue points) is reduced compared to the target results (red points). The
reduction of the variability on the ANN predictions will reduce the uncertainty β of the fragility
curve. Therefore, the uncertainty of the ANN predictions, should be taken into account to obtain
a correct β , in particular for the fragility curves determined with ASA.

4.4

Computation of Fragility Curves with ANN

After being trained, the ANN can be used to carried out fast-running simulations. For this goal,
a large number of seismic indicators have to be generated to represent the seismic motions.
IMs are assumed to follow log-normal distributions according to seismological models such as
ground motion prediction equations (GMPE). With statistical results from the GMPE, seismic
IMs can be generated directly as the inputs of the ANN. One advantage of using the IMs as the
inputs is that no synthetic seismic accelerations are in need with this approach.
In this study, the following statistical properties of the log-normal distributions of ASA and IA
are obtained from the 100 groups of seismic signals on the free surface (Table 2). As ASA is
the most relevant IM, the fragility curves in this study are plotted with ASA.
Table 2: Statistics of ASA and IA on the free surface

IM
ASA [g]
IA [m/s]

Median Logarithmic standard deviation
2.28
0.417
13.13
0.842

Correlation coefficient (ASA-IA )
0.846

With the large number of simulation results provided by the ANN, both parametric and
non-parametric methods can be applied for the computation of fragility curves. This also
allows confirming the validity of the log-normal assumption in fragility analysis. Moreover, it
is important to consider the ANN prediction uncertainty, because the regression of the ANN
metamodel reduces the variability of the DMs, and thus β of the fragility curves. The residual
uncertainty of the ANN βResi should be integrated additionally in order to obtain a correct β .
In fact, there exist two sources of this residual uncertainty βResi . From the fact that the selected
features can not totally represent the variability of ground motions, there exist some missing
variables characterizing the earthquake motions, which are not identified and not used as the
inputs of the ANN. On the other hand, it is also because the ANN cannot represent exactly the
real model. Both sources are considered as epistemic uncertainties in this study.
Log-normal Based Fragility Analysis 10 000 ASA-IA samples are generated with the statistics in Table 2 for the computation of the fragility curves with log-normal assumption. The gen-
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eration of ASA-IA can be realized by applying the Cholesky decomposition on the covariance
matrix. 10 000 ANN simulations are run with these samples, which provides the 2D response
surface in Figure 7. Based on the 10 000 IMs-DM, the fragility curves are computed with LR
and MLE. A constant residual uncertainty is assumed for the log-normal based methods, which
is coherent with the constant β in the log-normal assumption. The βResi is computed as follows:
ln y = ln ŷ + εResi = ln b + c ln α + ε + εResi

(19)

where εResi is the ANN regression error. The second equality in Eq. (19) is due to the
application of Eq. (7) to ŷ. Both ε and εResi follow normal distributions N(0, σ ) and N(0, σResi ),
respectively. Therefore, βResi is defined as σResi /c and βR q
is calculated from the data (α, ŷ)
2 . Confidence intervals
with parametric methods. The total β is computed by β = βR2 + βResi
of fragility curves are computed with Eq. (6), replacing βU by βResi .

Non-parametric Fragility Analysis The pointwise fragility analysis can be carried out by
conditional sampling for a given ASA. In this study, at every given ASA, 10 000 IA values are
generated. In the pointwise method, the residual uncertainty depends on the seismic intensity
level. The integration of the residual uncertainty in the pointwise fragility analysis can be realized with a second MC level: the ANN residual can be sampled given the results of the delta
method (Eq. (15)), and the residual is added to the ANN prediction ŷ for counting the failure
number. Confidence intervals are computed with the PI intervals of the ANN.
The final fragility curves are plotted in Figure 8. Fragility curves are computed with three methANN Regression Model
Sa Equipment [g]
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ASA 6[g 7
]
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9 10 0
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1
300
250
200 s]
150 m/
100 as [
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Figure 7: ANN response surface

Figure 8: Fragility curves with ANN

ods: linear regression method (blue curves), maximum likelihood estimation (green curves)
and direct Monte Carlo estimation (red curves). The curves drawn with solid lines (‘composite
curves’) are the mean fragility curves that consider both the uncertainties from IMs and the
residual uncertainty. Recall that in our study only the earthquake randomness is modeled. The
dashed lines are families of the confidence intervals computed with three methods. In this study,
the residual uncertainty, considered as the epistemic uncertainty, is the source of the families of
confidence intervals. Regarding the composite fragility curves, although there exist some differences between the log-normal based fragility curves and the MC estimation, the log-normal
assumption performs well in this study. However, at high ASA level, the confidence intervals
computed with pointwise estimation are larger than the ones with log-normal based methods.
This is due to the fact that a non-constant epistemic uncertainty has been applied for the MC
curves: it increases with the ASA level, while a constant epistemic uncertainty has been used
for the methods with the log-normal assumption.
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5 Conclusion
The methodology of the application of ANN metamodels to the computation of fragility curves
has been explored in this study. The ANN metamodel is utilized to build a statistical relation
between the seismic intensity measures and the structural response. Once built and trained, the
ANN metamodel allows carrying out a large number of simulations for both parametric and
non-parametric fragility analyses, at negligible computational cost. Based on FEM simulation
results, this methodology consists of three parts:
1. Selection of the most relevant seismic intensity measure features and training of the ANN.
2. Seismic intensity sampling and simulation with ANN.
3. Computation of fragility curves and their confidence intervals, with both parametric (lognormal assumption) and non-parametric methods.
This methodology has been applied to an industrial case study, i.e. Kashiwazaki-Kariwa nuclear
power plant in Japan to evaluate the robustness of an electrical cabinet. The mean fragility curve
and a family of confidence intervals have been computed.
Future work will address the adaptive learning of the ANN, which can improve the quality of
the training data set, while requiring less FEM simulations to obtain an ANN with accuracy.
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Abstract: A concept for the numerical design of reinforced concrete structures
with respect to durability is presented. It is based on a non-linear finite element
simulation model in combination with optimization approaches. The uncertainty
of some a priori parameters, e.g. loading, material properties are modelled as
stochastic numbers and the design parameters are described as intervals similar
to tolerance design approaches. Within the Monte Carlo simulation, the finite
element model is substituted by a numerical efficient surrogate model.

1 Introduction
Reinforced concrete structures are mainly designed according to traditional approaches based
on linear elastic structural analyses, which are used to determine the required steel reinforcement content. Uncertain structural loading and uncertain material resistance are considered by
means of partial safety factors. In this paper, a more advanced numerical design strategy is
presented. It is based on nonlinear finite element analysis in combination with an optimization
approach taking polymorphic uncertain structural parameters by stochastic numbers and intervals into account. Several common objectives, such as minimizing the required material or the
self weight, but also the durability and robustness are investigated.
The structural reliability is treated as a constraint of the optimization tasks by means of accepted
failure probabilities. Thereby, the structural loading and the concrete material parameters are
modelled by stochastic numbers. The design parameters of the optimization tasks are discrete
parameters, e.g. concrete category, as well as continuous parameters, e.g. steel reinforcement
content, the geometry of structural members and the concrete cover. It is common, to define the
design parameters as deterministic numbers, in order to get a precise optimal structural design.
However, the human factor in constructing concrete structures has an important influence on the
quality and, consequently, also on the structural long term behaviour and lifetime. In general, it
is difficult to quantify this epistemic influence. In this paper, a concept for tolerance design is
developed. Some design parameters are defined as intervals, e.g. the position of steel reinforcement and the corresponding concrete cover. The width of these intervals is quantified a priori
according to the corresponding accepted and unavoidable tolerances. A robust design with respect to human production precision is obtained, if all possible designs, which are between
the lower and upper interval bounds of the interval design parameters, are valid according to
the constraints, i.e. accepted failure probabilities. This requires to extend existing optimization
strategies to interval design parameters.

2 Material model for reinforced concrete structures
In the presented material model the nonlinear behaviour of plain concrete as well as the behaviour of the composite material reinforced concrete including the relevant interactions be-
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tween steel and the concrete after cracking is formulated. First of all the material model of plain
concrete is summarized, then the material model for the steel reinforcement is described. After
a briefly description of the interaction between steel and concrete after cracking, the homogenization concept is presented.

2.1

Elastoplastic-damage constitutive model for plain concrete

The concrete material model used in this work is based on the model published in [6]. This
model describes cracking under tension as well as the nonlinear behaviour under compression
employing the R ANKINE (principal stress) criterion for tension and the D RUCKER -P RAGER
criterion for compression to form an appropriate set of yield functions.
2.1.1

Brittle tensile failure

Before cracking, the material properties of concrete have an isotropic character. After cracking, the behaviour of concrete is changed from an isotropic to an orthotropic response related
to a local coordinate system defined by the direction of the crack normal. To account for the
anisotropic evolution of damage and permanent deformations and to model brittle failure in
tension the R ANKINE-type failure criterion is employed in conjunction with a kinematic hardening/softening formulation. The three failure surfaces are formulated in terms of the spectral
η as
decomposition of the relative stress tensor ξ = σ −η
fk (ξξ ) = ξ : (nk ⊗ nk ) ≤ 0,

k = 1, 2, 3.

(1)

α R ) represents the hardening/softening characteristics of the material.
The back stress tensor η (α
It is defined as
α R ) = f (αRu )Mu + f (αRv )Mv + f (αRw )Mw ,
η (α
αRu = Mu : α R ,

αRv = Mv : α R ,

αRw = Mw : α R ,

(2)

where α R is the tensor of internal variables, Mu , Mv , Mw are structural tensors, defined by the
direction of the crack normal and f represent the softening law [6].
2.1.2

Brittle-ductile material behaviour of concrete in compression

The ductile behaviour of plain concrete predomonantely subjected to compressive loading is described by a hardening/softening D RUCKER -P RAGER plasticity model. If this model is activated
damage is not considered. The non-linear constitutive behaviour of concrete in compression is
governed by a hardening/softening law, that is assumed as follows [6].
2.1.3

State equations

The model is constituted by the definition of the following state equations for stress and stresslike variables:
σ = C : (ε̇ε − ε̇ε pd ),
σ̇
η = −HR : α̇
α R,
η̇

(3)

q̇ = −HDP : α̇DP .
ε̇ε pd is the combination of the platic and damage strain rate:
ε̇ε pd = ε̇ε p + Ḋ : σ = ε̇ε p + ε̇ε d .
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(4)

As proposed in [6] a scalar parameter β is introduced to separate plastic and damage strain
rates:
ε̇ε p = (1 − β )ε̇ε pd ,

ε̇ε d = β ε̇ε pd .

(5)

C is the degrading elastic 4th order constitutive tensor, HR and HDP are hardening 4th order
tensors for R ANKINE and scalar for D RUCKER -P RAGER functions, respectively:


η
∂ f (αRv ) v
∂ f (αRw ) w
∂ f (αRu ) u
∂η
u
v
w
HR = −
=−
M ⊗M +
M ⊗M +
M ⊗M ;
αR
∂α
∂ αRu
∂ αRv
∂ αRw
HDP = −
2.1.4

∂q
.
α HDP
∂α

(6)

Evolution laws

The model is based on a coupled plastic-damage formulation using the multisurface concept.
Accordingly, the elastic domain Eσ is defined as
σ ,qq) ∈ S × Rn | fk (σ
σ ,qq) ≤ 0,
Eσ := {(σ

k = 1, 2, 3 or DP}.

(7)

k ∈ Jact ,

(8)

The plastic strain rates are given as
ε̇ε pd = ∑ γ̇k
k

∂ fk
∂ fDP
+ γ̇DP
,
σ
∂ξξ
∂σ

where γ̇k , γ̇DP are the consistency parameters which satisfy the K UHN -T UCKER loading/unloading conditions
γk ≥ 0, fk ≤ 0, γk fk = 0.
(9)
The evolution equations for the internal variables take the form
αR =
α̇

∂f

∂f

∑ γ̇k ∂ηηk = − ∑ γ̇k ∂ξξk ,
k

α̇DP = γ̇DP

k

k ∈ Jact ,

∂ fDP
.
∂q

(10)

As proposed in [6] an evolution law for the compliance tensor obtains as
ε̇ε d ⊗ ε̇ε d
.
(11)
ε̇ε d : σ
For the computation of the algorithm, the combination of implicit and explicit integration
schemes (IMPL-EX algorithm) that was first proposed by Oliver et al. [8], is used. This method
is based on the explicit extrapolation of the strain-like internal variables in terms of the implicit
values, obtained at the previous time steps tn−1 and at the current time tn .
Ḋ =

2.2
2.2.1

Material model for steel reinforcement and steel-concrete interactions
Constitutive model for steel

For the reinforcement steel material an elastoplastic model using the M ISES criterion is applied.
The post-elastic behaviour of the material is governed by a linear isotropic hardening law.
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2.2.2

Consideration of bond-slip behaviour

The discontinuity of the strain field along the steel-concrete interface is described by a slipping
strain εi , which is the difference between the strain of the concrete matrix (εm ) and the steel (εs ):
εi = εm − εs

(12)

Scalar values are used, since the bond slip is considered only in the longitudinal direction of the
reinforcing bar. The bond-slip effect is described by a bond-slip model in [5], [9].
εsi is the summation of the strain of the steel rebar εs and the strain εi indicates slipping as is
shown in Figure 1.
Steel

Slip

σi E i
εi

σs Es
εs

σs

εsi

Figure 1: Illustration of bond-slip model

Because of compatibility, the total strain of the steel-slip system εsi is equal to the matrix strain,
i.e. εsi = εm :
ε si = ε s +εε i = ε es +εε sp +εε i

(13)

σ si = σ s = σ i .

(14)

From Figure 1 follows

Taking (13) into account, the constitutive relation of the steel is re-formulated as
σ s = Cs : ε es = Cs : (εε si −εε sp −εε i ).

(15)

In order to determine the slipping strain ε i , the macroscopic bond-slip σi (εi )-relation is obtained
from standard pull-out tests [5]. The constitutive relation in matrix notation is

with
with the transformation matrix Q





Q (αs ) = 




σ s = C si (εε si −εε sp )

(16)

Q−1ÎIQ ),
C si = C s (II − aQ

(17)

1
0
0
0
0
2
2
0 c
s
0
sc
0 s2
c2 0
−sc
0
0
0
c
0
2
0 −2sc 2sc 0 c − s2
0
0
0 −s
0

where s = sin αs and c = cos αs .
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0
0
0
s
0
c






,




(18)

2.3

Composite material model for reinforced concrete

There exist various approaches for the modelling of reinforced concrete. One strategy is based
on a separate consideration of concrete and the reinforcement bars using, e.g truss elements
for the reinforcement directly connected to the concrete element at the common nodes [7] or,
alternatively, using an embedded approach, connecting the steel displacement arbitrarily located
within the element to the nodal displacements via tying constraints [4], [9]. A second strategy is
to treat reinforced concrete as a composite material consisting of a concrete matrix material with
cylindrical inclusions using concepts of micromechanics to obtain the macroscopic constitutive
relations. In this work the M ORI -TANAKA approach with an anisotropic formulation of the
Eshelby tensor is adopted [1].

3 Optimization of reinforced concrete structures under uncertainty
For the numerical design of reinforced concrete structures, optimization approaches considering
polymorphic uncertain data are developed. Polymorphic uncertainty means that stochastic and
non-stochastic approaches are combined to solve the optimization problem. In general, different
optimization tasks can be formulated to investigate several objectives such as:
• self weight (weight of steel reinforcement and concrete)
• robustness
• durability
For all objectives, corresponding measures are required to evaluate the objective functions.
Whereas existing measures for the minimizing the self weight or maximizing the robustness
with respect to structural safety can be used, see e.g. [10] and [12] for an overview on concepts for reliability based optimization and robust design optimization, measures to evaluate
the structural durability are more complicated to define. The durability of concrete structures is
controlled by closely interacting transport and degradation processes. This requires to take into
account the mutual couplings between transport, mechanical damage and chemical corrosion
processes. In general, the corrosion behaviour of the reinforcement is influenced by the crack
pattern of the structure and vice versa. In this work, only the mechanical behaviour is investigated and the durability is described by means of the crack characteristics of the structure, i.e.
crack with and cracked area in the reinforcement zone.
In addition to these objectives, the structural reliability (structural safety) is treated as a constraint of the optimization tasks. The structural loading is modelled by a stochastic distribution.
The design parameters of the optimization tasks can be discrete parameters, e.g.:
• concrete category
• number of rebar elements
as well as continuous parameters, e.g.:
• steel reinforcement content
• geometry of structural members
• concrete cover
Whereas some a priori parameters of the design problem are modelled as uncertain numbers
(e.g. stochastic numbers, fuzzy numbers, fuzzy stochastic numbers, p-boxes), it is common, to
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define the design parameters as deterministic numbers, in order to get a precise optimal structural design. However, the human factor in constructing concrete structures has an important
influence on the quality and, consequently, also on the structural long term behaviour and lifetime. In general, it is difficult to quantify this epistemic influence. Here, a concept for tolerance
design is proposed. The idea is to define certain design parameters as interval numbers (e.g.
position of steel reinforcement, concrete cover). The width of these intervals are defined a priori according to the corresponding accepted and unavoidable tolerances. A robust design with
respect to human production precision is obtained, if all possible designs, which are between
the lower and upper interval bounds of the interval design parameters, are valid according to the
constraints. This concept can also be extended to fuzzy design parameters, where the membership functions of the fuzzy numbers are reflecting the grade of qualification and experience of
the working groups.
The concept of the proposed optimization strategies with interval design parameters is presented
exemplified for objective functions with deterministic a priori parameters (Figure 2), interval a
priori parameters (Figure 3), and stochastic a priori parameters (Figure 4). It should be noted,
that in Figures 2 to 4 only one interval design parameter d and only one objective function z is
used to illustrate the optimization concept. However, the space of design parameters can be of
higher dimension containing interval and fuzzy design parameters, and also multiple objective
functions can be considered.
z

deterministic objective function
objective: min [lz(d) +uz(d)]

z(d)

u

z(d)

interval analysis

l

d

l

d

u

d

Figure 2: Optimization strategies with interval design parameters and deterministic a priori parameters

z

interval objective function
objective: min [lz (d ) + uz(d)]

z(d)

u

interval analysis
z(d)

l

d

l

d

u

d

Figure 3: Optimization strategies with interval design parameters and interval a priori parameters

The presented concept requires to extend existing optimization strategies to interval and fuzzy
design parameterse. In [2], a particle swarm optimization approach for interval and fuzzy design
parameters has been developed. This approach is adopted to solve the described optimization
tasks.
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z
p-box represented by empirical
distributions with S samples
for lower and upper bounds

z

stochastic objective function

F (z, d)

u

interval and
stochastic analysis

S

objective: min [1§
( z (d) + uz(s d))]
S s=1 l s
lF (z, d)
F (z)

d

l

d

u

d

Figure 4: Optimization strategies with interval design parameters and stochastic a priori parameters

4 Numerical efficient surrogate modelling
The optimization strategies with polymorphic uncertain data are realized by combining interval
or fuzzy and stochastic analyses. In Figure 5, a scheme of these combined analyses is presented.
Within the optimization loop, the deterministic structural simulation has to be performed multiple times. In case of stochastic or fuzzy stochastic objective functions, computationally efficient
surrogate models are required to solve the optimization tasks.
interval or fuzzy
design parameters
polymorphic uncertain
a priori parameters

optimization

surrogate models

stochastic analysis
interval or fuzzy analysis
deterministic structural simulations
(structural and material level)

fuzzy stochastic
interval / fuzzy
deterministic

Figure 5: Scheme of required simulation steps for optimization approaches with polymorphic uncertain
data and possible surrogate modelling strategies

In Figure 5, three possible surrogate modelling strategies are shown. Whereas surrogate models with deterministic parameters are already used in structural reliability analysis, surrogate
models replacing interval, fuzzy and fuzzy stochastic finite element analyses are just at the
beginning of applicability. In [3], an artificial neural network is trained to replace the interval analyses within an Interval Monte Carlo simulation. A concept for mapping fuzzy bunch
parameters with ANNs is presented in [11].
The approximation quality of the surrogate models is important to obtain reliable results. Therefore, an adaptive surrogate modelling strategy is proposed, where the initial surrogate model is
continuously improved by generating additional training and test points close to the optimal
designs and close to the limit state functions adaptively during the optimization.

5 Conclusion and Outlook
A concept for the numerical design of reinforced concrete structures has been presented. The
concept is focused on the assessment of structural durability considering polymorphic uncertain
design conditions. In order to get robust solutions, the concept of tolerance design is suggested,
where interval design parameters are defined in combination with stochastic material parameters. First results of the described concepts will be presented at the conference. In an example,
the optimal concrete cover of a reinforced beam will be computed by numerical evaluation of
the crack patterns obtained by FE simulations.
In further works, we want to extend the mechanical simulation model with multiphysical models
taking the chloride transport and the corrosion process into account. A scale bridging approach
will be developed, considering the uncertainty propagation across the time and spatial scales.
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Abstract: This paper explores an accurate and computationally efficient decomposition method, known as the adaptive sparse polynomial dimensional decomposition (AS-PDD), for uncertainty quantification and design under uncertainty
of complex engineering systems. Unlike the truncated polynomial dimensional
decomposition requiring their truncation parameter(s) to be assigned apriori or
arbitrarily, the AS-PDD performs these truncations automatically by progressively drawing in higher-variate or higher-order contributions as appropriate.
Two adaptive sparse schemes are explored in this study. The first scheme arises
from the variance-based index. The second scheme utilizes the f -index, which is
capable of accounting for the entire probability distribution of the output. Shape
design of a three-hole bracket with nine random parameters was performed,
demonstrating the power of the new method developed to tackle practical robust
design optimization problems.

1 Introduction
Robust design optimization (RDO) is increasingly considered as an enabling mathematical framework
for the design of aerospace, mechanical, civil, and automotive structures subject to uncertainty. It aims
at improving product quality via minimizing the propagation of input uncertainty to output responses
of interest, leading to an insensitive design. The objective or constraint functions in RDO often involve
second-moment properties, such as means and standard deviations, of stochastic responses, describing
the objective robustness or feasibility robustness of a given design.
Existing approximate methods for statistical moment analysis include the point estimate method
(PEM) [13], Taylor series expansion or perturbation method [4], tensor product quadrature (TPQ) [5],
Neumann expansion method [20], polynomial chaos expansion (PCE) [15], statistically equivalent
solution [2], dimension-reduction method [17], and others [3]. Three major concerns remain when
conducting RDO with existing approaches. First, for uncertainty quantification of many large-scale
practical problems, the commonly used stochastic methods such as the Taylor series or perturbation
expansions, PEM, PCE, TPQ, and dimension-reduction methods, may not be adequate or applicable.
Second, applied to design sensitivity analysis of the statistical moments, many of the aforementioned
methods invoke finite-difference techniques, which require repeated stochastic analyses at nominal
and perturbed design points, therefore, they are often computationally expensive. Third, many of
aforementioned methods for solving RDO problems require statistical moment and sensitivity analyses at every design iteration until convergence is attained. Consequently, applied to practical problems
entailing expensive finite-element analysis (FEA), they become computationally intensive, if not prohibitive, particularly when confronted with a large number of design or random variables. Recently,
a novel class of computational methods, polynomial dimensional decomposition (PDD), were developed and applied for solving high-dimensional stochastic design problems. The corresponding PDD
1543

approximations can be obtained by truncating the infinite terms of PDD expansion, retaining the interactive effects between limited number of input variable and low order polynomials. However, in
practice, the dimensional hierarchy or nonlinearity, in general, is not known apriori. Therefore, indiscriminately assigning the truncation parameters is not desirable, nor is it possible to do so when a
stochastic solution is obtained via complex numerical algorithms.
This paper presents new formulations for stochastic moments and their design sensitivity analysis,
based on the adaptive sparse polynomial dimensional decomposition (AS-PDD) newly developed by
author’s group. The methods are based on: (1) sparse truncations of PDD according to global sensitivity (Sobol) index or f -index of component functions; (2) a novel integration of AS-PDD and score
functions for calculating the second-moment sensitivities with respect to design variables; and (3)
standard gradient-based optimization algorithms, encompassing multi-point single-step design process. Section 2 formally defines a general RDO problem, including a concomitant mathematical statement. Section 3 gives a brief exposition of the PDD approximations, then introduces two AS-PDD,
which are based on global sensitivity index and f -index, respectively. Section 4 presents analytical
formulae for first two moments. Section 5 introduces score functions and unveils new closed-form
formulae for the design sensitivities of the first two moments, determined from a single stochastic
analysis. Section 6 presents a shape design of a three-hole bracket problem, to evaluate the accuracy, convergence properties, and computational efforts of the proposed RDO methods. Finally, the
conclusions are drawn in Section 7.

2 RDO
Consider a measurable space (Ωd , Fd ), where Ωd is a sample space and Fd is a σ -field on Ωd . Defined over (Ωd , Fd ), let {Pd : F → [0, 1]} be a family of probability measures, where for M ∈ N
and N ∈ N, d = (d1 , · · · , dM ) ∈ D is an RM -valued design vector with non-empty closed set D ⊆ RM
and let X := (X1 , · · · , XN ) : (Ωd , Fd ) → (RN , B N ) be an RN -valued input random vector with B N
representing the Borel σ -field on RN , describing the statistical uncertainties in geometry, material
properties, and loads of a complex engineering system. The probability law of X is completely defined by a family of the joint probability density functions (PDF) { fX (x; d), x ∈ RN , d ∈ D} that are
associated with probability measures {Pd , d ∈ D}, so that the probability triple (Ωd , Fd , Pd ) of X
depends on d. A design variable dk can be any distribution parameter or a statistic — for instance, the
mean or standard deviation — of Xi .
Let real-valued square-integrable functions yl (X), l = 0, 1, 2, · · · , K, be a set of K + 1 measurable
transformations on (Ω, F ), representing the associated geometry (e.g., volume, mass, area, length)
and other performance functions of an engineering system. Although yl implicitly depends on d via
the probability law of X, it is assumed that yl : (RN , B N ) → (R, B) is not an explicit function of d.
This is reasonable since most RDO problems involve means and/or standard deviations of random
variables as design variables. Nonetheless, a common mathematical formulation for RDO problems
involving an objective function c0 : RM → R and constraint functions cl : RM → R, where l = 1, · · · , K
and 1 ≤ K < ∞, requires one to
√
vard [y0 (X)]
Ed [y0 (X)]
min
c0 (d) := w1
+ w2
,
∗
µ0
σ0∗
d∈D⊆RM
subject to
∫

cl (d) := αl

√
vard [yl (X)] − Ed [yl (X)] ≤ 0, l = 1, · · · , K,

(1)

dk,L ≤ dk ≤ dk,U , k = 1, · · · , M,

where Ed [yl (X)] := RN yl (x) fX (x; d)dx is the mean of yl (X) with the operator Ed denoting the expectation with respect to the probability measure Pd , d ∈ RM , vard [yl (X)] := Ed [{yl (X) − Ed [yl (X)]}2 ]
is the variance of yl (X), gl , l = 0, 1, · · · , K, are continuous functions of Ed [yl (X)] and vard [yl (X)],
+
∗
w1 ∈ R+
0 and w2 ∈ R0 are two real-valued, non-negative weights with w1 + w2 = 1; µ0 ∈ R \ {0}
+
and σ0∗ ∈ R+
0 \ {0} are two real-valued, non-zero scaling factors; αl ∈ R0 , l = 0, 1, · · · , K, are real1544

valued, non-negative constants adopted to describe feasibility robustness; side constraints of of dk
are described by their lower and upper bounds dk,L and dk,U . Other formulations entailing nonlinear
functions of the first two or higher-order moments can be envisioned, but they are easily tackled by
the proposed methods. Nonetheless, given arbitrary functions yl , l = 0, 1, 2, · · · , K, and arbitrary probability distributions of X, the focus of this work is solving the RDO problem described by Equation
(1).

3 PDD and AS-PDD
3.1 PDD
Consider a real-valued, multivariate stochastic response y(X) that depends on the random vector
(q)
X = {X1 , · · · , XN }T , where y represents any of the performance function yk , as defined in Section
2.2. Let L2 (ΩX , F , P) be a Hilbert space of square-integrable functions y with corresponding probability measure fX (x)dx supported on RN . Assuming independent coordinates, the PDD expansion of
function y is hierarchical:
y(X) = y0/ (d) +

∑

∑

0̸/ =u⊆{1,··· ,N} j|u|

∈N|u|

Cuj|u| (d)ψuj|u| (Xu ; d),

(2)
|u|

in terms of a set of multivariate orthonormal polynomials [7, 8] ψuj|u| (Xu ; d) := ∏ p=1 ψi p j p (Xi ; d)
where j|u| = ( j1 , · · · , j|u| ) ∈ N|u| is a |u|-dimensional multi-index; yϕ (d) is a constant; for |u| = 1,
Cuj|u| (d)ψuj|u| (Xu ; d) is a univariate component function representing the individual contribution to
y(X) by a single input variable; for |u| = 2, it is a bivariate component function describing the cooperative influence of two input variables; and for |u| = S, it is an S-variate component function
quantifying the interactive effects of S input variables. For most performance functions, Equation (2)
can be truncated by retaining, at most, the interactive effects of S < N input variables and m-th order
polynomials as follows
ỹS,m (X) := y0/ (d) +

∑

0̸/ =u⊆{1,··· ,N}
1≤|u|≤S

∑

Cuj|u| (d)ψuj|u| (Xu ; d),

(3)

j|u| ∈N|u|
∥j|u| ∥∞ ≤m

which for S > 0 contains interactive effects of at most S input variables Xi1 , · · · , XiS , 1 ≤ i1 < · · · < iS ≤
N, on y, thus resulting in the S-variate, mth-order PDD approximation. When S → N and m → ∞, ỹS,m
converges to y and engenders a sequence of hierarchical and convergent approximations of y. Depending on the dimensional structure and nonlinearity of a stochastic response, the truncation parameters
S and m can be chosen accordingly. The higher the values of S and m permit the higher the accuracy,
but also endow the computational cost of an Sth-order polynomial computational complexity [7, 8].
Henceforth, the S-variate, mth-order PDD approximation will be simply referred to as truncated PDD
approximation in this paper.

3.2

AS-PDD Using Sobol Index

In general, the dimensional hierarchy or nonlinearity, is hardly known apriori for engineering problems. In which case, arbitrarily assigning two truncation parameters is neither reasonably desirable,
nor feasible when complex numerical algorithms are involved for a stochastic solution. Therefore,
adaptive algorithm for automatically determining these truncations should be developed via progressively identify higher-order or higher-variate contributions as appropriate. Furthermore, all S-variate
component functions of PDD, in general, neither contribute equally, nor even significantly to be drawn
in the resultant approximation. Consequently, a sparse approximation can be envisioned via excluding component functions with negligible contributions. Indeed, to address these issues, an AS-PDD
approximation
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ȳS (X) : = y0/ (d) +

∞

∑

∑

∑

Cuj|u| (d)ψuj|u| (Xu ; d)
0̸/ =u⊆{1,··· ,N} mu =1 j|u| ∈N|u| ,∥j|u| ∥ =mu
∞
1≤|u|≤S
G̃u,mu >ε1 ,∆G̃u,mu >ε2

(4)

of y(X), was proposed [19], where
G̃u,mu : =

1
σ2

∑

∈N|u|

j|u|
j
∥ |u| ∥∞ ≤mu

2
Cuj
,
|u|

mu ∈ N, 0 < σ 2 < ∞,

(5)

approximates the global sensitivity index of y(X) for a subvector Xu , 0/ ̸= u ⊆ {1, · · · , N}, of input
variables X and
G̃u,mu − G̃u,mu −1
(6)
G̃u,mu −1
evaluates the relative change of the approximate global sensitivity index when the nonlinearity raises
from the order of mu − 1 to mu . In which, σ 2 is the variance of y(X). Henceforth, the sensitivity indices G̃u,mu and ∆G̃u,mu enable an effective means to truncate the PDD in Equation (2) both sparsely
and adaptively. Equation (4) leads to a partially adaptive PDD approximation because only at most
S-variate component functions of y are retained. When S = N, it becomes the fully AS-PDD approximation. For algorithmic details of the numerical implementation, readers are directed to elsewhere
[19].
∆G̃u,mu :=

3.3 AS-PDD Employing f -index
Let ε1 ≥ 0 be a non-negative error tolerance that specifies the minimum value of a contribution measure, the f -sensitivity index
)
(
∫
fY (y) fXu (xu )
fxu ,Y (xu , y)dxu dy,
(7)
Hu. f :=
f
fXu ,Y (xu , y)
R|u| ×R

of a subvector Xu of X, where Hu, f denotes the f -sensitivity index [10], measuring the contribution
of a subset of random inputs; fY (y) is the probability density function of response function y(X);
fXu ,Y (xu , y) is the joint probability density function of (Xu ,Y ); and f (·) is a generating function [10].
Let ε2 ≥ 0 be a non-negative error tolerance that specifies the minimum value for another contribution
measure,
(
)
∫
fY (y) fY−mu (y−mu )
Hu,mu , f :=
f
fY−mu ,Y (y−mu , y)dy−mu dy,
(8)
fY−mu ,Y (y−mu , y)
R|u| ×R

of a component function yu,mu (X) =

∑

Cuj|u| (d)ψuj|u| (Xu ; d), where y−mu (X) = y(X) − yu,mu (X).

|j|u| |∞ =mu

Retaining only the component functions with significant contributions leads to a new adaptive-sparse
truncation of PDD expansion based on the f -index
ȳ f (X) := y0/ (d) +

∑

∞

∑

∑

0̸/ =u⊆{1,··· ,N} mu =1 |j|u| |∞ =mu
Hu, f >ε1
Hu,mu , f >ε2

Cuj|u| (d)ψuj|u| (Xu ; d),

(9)

which is formed by the subset of PDD components functions, satisfying two criteria: (1) Hu, f > ε1 ,
and (2) Hu,mu , f > ε2 for all 1 ≤ |u| ≤ N and 1 ≤ | j|u| |∞ < ∞.
The new AS-PDD expansion (9), obtained by regulating adaptivity and sparsity, will be an economical
way to evaluate reliability for practical problems with many random variables. Compared to the ASPDD using global sensitivity indices [19, 12], which only partially describe uncertainty by the second
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moment, the new development combines the f -sensitivity index, based on the f -divergence [6] and
PDF, providing a more rational expansion of the response function.

Figure 1: A flowchart for constructing an adaptive-sparse polynomial dimensional decomposition using f -index

The construction of an AS-PDD approximation (9) demands a 2-stage iterative process: (1) continue
to increase the cardinality |u| and determine significant cooperative effects in all input variables via
the criterion Hu, f > ε1 ; and (2) continue increasing the polynomial order mu for a chosen component
function yu,mu (X) unless the criterion Hu,mu , f > ε2 fails. These two stages are first applied over all
univariate PDD component functions yu,mu (X),|u| = 1, before advancing to all bivariate component
functions yu,mu (X), |u| = 2, and so on, until |u| = N. The flowchart (Figure 1) present the implementation of the adaptive algorithm. It is elementary to prove the convergence properties of ȳS and ȳ f ,
that is, in the mean-square sense both of them approaches the original y when ε1 → 0, ε2 → 0, and
m → ∞. The partially adaptive-sparse PDD approximation based on global sensitivity indices will be
referred to as simply AS-PDD approximation in the remaining part of this paper.

4

Statistical Moment Analysis

Let m(r) (d) := Ed [yr (X)], if it exists, denote the raw moment of y of order r, where r ∈ N. Provided an
S-variate AS-PDD approximation ȳS (X) of y(X), let m̄(r) (d) := Ed [y¯S r (X)] denote the raw moment
of ȳS of order r. The analytical expressions or explicit formulae for calculating the moments using
AS-PDD approximations are described as follows.
Applying the expectation operator on ȳS (X) and ȳ2S (X), the first moment or mean
(1)

m̄S (d) := Ed [ȳS (X)] = y0/ (d) = Ed [y(X)] =: m(1) (d)

(10)

of the S-variate AS-PDD approximation reproduces the exact mean of y, whereas the second moment
[
]
(2)
2
Cuj
(d)
(11)
m̄S (d) := Ed ȳ2S (X) = y20/ (d) +
∑
∑
|u|
0̸/ =u⊆{1,··· ,N} j|u| ∈N|u| ,∥j|u| ∥ <∞
∞
1≤|u|≤S

G̃u,mu >ε1 ,∆G̃u,mu >ε2

is evaluated as the sum of squares of all expansion coefficients of ȳS (X). It is elementary to show that
the estimation of second moment provided by Equation (11) approaches the exact second moment
[
]
m(2) (d) := Ed y2 (X) = y20/ (d) +
(12)
∑
∑ Cuj2 |u| (d)
0̸/ =u⊆{1,··· ,N} j|u| ∈N|u|

of y when ε1 → 0, ε2 → 0, and S → N. The mean-square convergence of ȳS is guaranteed as its
component functions will include all required members of the associated Hilbert spaces. Furthermore,
the variance of ȳS (X) is also mean-square convergent.
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5 Design Sensitivity Analysis
To solve RDO problems by gradient-based optimization algorithms, one requires at least first-order
derivatives, with respect to each design variable, of the first two moments of a generic response. New
formulations for design sensitivity analysis of moments of an arbitrary order are developed in this
/
(1)
Section, requiring the first order score function sdk (X; d) := ∂ ln fX (X; d) ∂ dk [14, 9] for the design
(1)

variable dk . The evaluation of score functions, sdk (X; d), k = 1, · · · , M, demands only differentiating the logarithm of PDF of X, thus leading to analytical forms of resultant score function in many
cases, especially when X follows classical probability distributions [9]. Whereas, for an arbitrarily
prescribed density function of X , it can be evaluated numerically, yet inexpensively, because no
evaluation of y is required.
For independent coordinates of X, as assumed in this work, ln fX (X; d) = ∑i=N
i=1 ln f Xi (xi ; d) become
simply a sum of N univariate log-density (marginal) functions of random inputs. In which instance,
the score function for the kth design variable, commonly expressed by
N

N
∂ ln fXi (Xi ; d)
= ∑ ski (Xi ; d),
(13)
∑ ∂ dk
i=1
i=1
/
is also a sum of N univariate functions ski (Xi ; d) := ∂ ln fXi (Xi ; d) ∂ dk ,i = 1, · · · , N, which are the
derivatives of log-density (marginal) functions. The score function further reduces to a univariate
/
(1)
function, sdk (X; d) = ∂ ln fXik (Xik ; d) ∂ dk =: skik (Xik ; d), the derivative of the log-density (marginal)
function of Xik , when dk is a distribution parameter of a single random variable Xik . In this case, the
kth log-density derivative function can be expressed by the Fourier-polynomial expansion
(1)
sdk (X; d) =

∞

ski (Xi ; d) = ski,0/ (d) + ∑ Dk,i j (d)ψi j (Xi ; d),

(14)

j=1

∫

consisting
of its own expansion coefficients ski,0/ (d) := R ski (xi ; d) fXi (xi ; d)dxi and Dk,i j (d) :=
∫
ψ
s
(x
;
d)
i j (xi ; d) f Xi (xi ; d)dxi . The expansion is valid if ski is square integrable with respect to
R ki i
the probability measure of Xi . Via dovetailing with score function, the AS-PDD approximation leads
to closed-form or analytical estimations of design sensitivities for moments as follows
[
]
(1)
mmin
N
∂ m̄S (d)
∂ Ed [ȳS (X)]
:=
= ∑ y0/ (d)ski,0/ (d) + ∑ Ci j (d)Dk,i j (d)
(15)
∂ dk
∂ dk
i=1
j=1
and
(2)

∂ m̄S (d)
∂ dk

:=

∂ Ed [ȳ2S (X)]
∂ dk

N

=∑

i=1

[

mmin

]

m̄S (d)ski,0/ (d) + 2y0/ (d) ∑ Ci j (d)Dk,i j (d) + T̄ki,m′ ,

where mmin := min(m̄ j , m′ ) with m̄ j =

(2)

j=1

G̃{ j},m

{ j}

max

>ε1 ,∆G̃{ j},m

{ j}

>ε2

(16)

m{ j} . The evaluation of T̄ki,m′ in Equation

(16) demands expectations of assorted products of three orthonormal polynomial basis [11]. When
i1 ̸= i2 ̸= i3 , the expectations are nullified, no matter what kind of distributions random inputs follow.
For classical basis, such as Legendre, Laguerre, and Hermite polynomials, analytical formulae exist
for the expectations when i1 = i2 = i3 . Whereas, a analytical or closed-form formula for arbitrarily
distributed Xi is hardly available. In such instances, numerical integration of elementary functions can
be easily carried out to obtain an accurate evaluation of the expectation.
The dimension-reduction integration (DRI) scheme, developed by Xu and Rahman [17], is adopted
in this work to evaluate the coefficients of AS-PDD accurately and effectively [17, 18]. In addition,
the fully symmetric interpolatory (FSI) rule [1], as a sparse-grid integration technique for performing
high-dimensional numerical integration, is adopted. Detailed formulation using FSI to calculate expansion coefficient can be found in [19, 12]. A multi-point design process [16, 11], in which a series of
RDO subproblems built on a local subregion and generated from associated AS-PDD approximations,
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are employed to significantly improve efficiency of the design process.

6 Numerical Examples
6.1 Example 1: shape design of a three-hole bracket
This subsection presents robust shape optimization of a two-dimensional, three-hole bracket, in which
the inner and outer boundaries are described by nine random shape parameters, Xi , i = 1, · · · , 9, while
maintaining symmetry about the central vertical axis. The nine design variables, dk = Ed [Xk ], i =
1, · · · ,9, are the mean values of these independent random variables with the initial geometry at the
mean values of the shape parameters depicted in Figure 2(a). The two holes in the bottom are fixed,
and a deterministic force F = 15, 000 N is applied horizontally at the center of the top hole. The
bracket is made by a deterministic material with a mass density ρ = 7810 kg/m3 , elastic modulus
E = 207.4 GPa, Poisson’s ratio ν = 0.3, and uniaxial yield strength Sy = 800 MPa. The objective is to
find a optimal shape minimizing the second-moment properties of the total mass of the bracket while
maintaining the maximum von Mises stress σe,max (X) below the yield strength Sy of the material with
99.875% probability if y1 is Gaussian. The RDO for this problem
√ is mathematically defined to
vard [y0 (X)]
Ed [y0 (X)]
min c0 (d) = 0.5
+ 0.5 √
,
Ed0 [y0 (X)]
d∈D
vard0 [y0 (X)]
subject to

c1 (d) = 3

√
vard [y1 (X)] − Ed [y1 (X)] ≤ 0,

0 mm ≤ d1 ≤ 14 mm, 17 mm ≤ d2 ≤ 35 mm,
10 mm ≤ d3 ≤ 30 mm, 30 mm ≤ d4 ≤ 40 mm,
12 mm ≤ d5 ≤ 30 mm, 12 mm ≤ d6 ≤ 30 mm,

50 mm ≤ d7 ≤ 140 mm, −15 mm ≤ d8 ≤ 10 mm,
where
and

−8 mm ≤ d9 ≤ 15 mm,
y0 (X) = ρ

∫

D ′ (X)

(17)
dD ′

y1 (X) = Sy − σe,max (X)

(18)
(19)

are two random performance functions, and Ed0 [y0 (X)] and vard0 [y0 (X)] are the mean and variance,
respectively, of y0 at the initial design d0 = (0, 30, 10, 40, 20, 20, 75, 0, 0) mm of the design vector
d = (d1 , · · · , d9 ) ∈ D ⊂ R9 . The corresponding mean and standard deviation of y0 of the initial design,
calculated by first-order bivariate truncated PDD method, are 0.3415 kg and 0.00140 kg, respectively.
The contours of the von Mises stress of initial design, calculated by FEA of the initial bracket design,
are portrayed in Figure 2(b), with 11,908 nodes and 3914 eight-noded quadrilateral elements in FEA
model. A plane stress condition was assumed. The approximate optimal solution is denoted by d̃∗ =
(d˜1∗ , · · · , d˜9∗ ).
Due to their finite bounds, the random variables Xi , i = 1, · · · , N, were assumed to follow truncated
Gaussian distributions [11]. The multi-point design process and AS-PDD were applied to solve the
RDO problem, employing two partial AS-PDD approximations for the requisite stochastic analysis:
(1) S = 1; and (2) S = 2. Table 1 summarizes the optimization results by all two choices of the
partially adaptive parameter. The optimal design solutions rapidly converge by both partial AS-PDD.
The univariate (S = 1) AS-PDD method, which is the most economical method, engenders an optimal
shape reasonably close to those produced from the bivariate AS-PDD methods. For instance, the
largest deviation of the average values for the objective function at two optimum points is only 0.3
percent.
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Figure 2: A three-hole bracket; (a) design parametrization; (b) von Mises stress at initial design

Figure 3: von Mises stress contours at mean values of optimal bracket designs by the AS-PDD method; (a)
univariate AS-PDD (S = 1); (b) bivariate AS-PDD (S = 2)

The contour plots of the von Mises stress for the two optimal solutions are presented in Figures
3(a) through 3(d) at the mean values of random shape parameters. Regardless of S , the total area of
both optimal designs have been significantly reduced, mainly resulted from substantial changes of the
inner boundary and moderate changes of the outer boundary of the bracket. All nine shape parameters
have undergone significant to moderate alteration from their initial values. The optimal masses of the
bracket reduced to 0.1249 kg, and 0.1268 kg − about a 63 percent decrease from the initial mass of
0.3415 kg. Against the conservative initial design in Figure 4(b), yield stresses − for example, 800
MPa − are safely tolerated by the final designs in Figures 3(a) through 3(b).

7 Conclusion
New formulations for statistic moments and their design sensitivity analysis are proposed for robust design optimization of complex engineering systems based on AS-PDD approximation. The
proposed method for RDO involves an adaptive-sparse polynomial dimensional decomposition of a
high-dimensional stochastic response for moment analysis, a novel integration of score functions and
AS-PDD for evaluating the sensitivities of moments with respect to design variables, and a multi-point
design process, standard gradient-based optimization algorithms, facilitating proper gradient-based
optimization algorithms. The resultant analytical formulae enable calculating the first two moments
and their design sensitivities simultaneously and without additional computational cost. Moreover,
the multi-point design process implanted in the proposed methods facilitates a efficient solution for
an RDO problem with a large design space. Precisely for this reason, the methods developed are ca1550

Table 1: Optimization results for the three-hole bracket
AS-PDD Method
Results
Univariate (S = 1)
Bivariate (S = 2)
∗
˜
d1 , mm
13.0570
12.3158
d˜2∗ , mm
17.0223
17.7098
∗
˜
d3 , mm
25.8845
29.2894
d˜4∗ , mm
30.3800
30.0293
∗
˜
d5 , mm
12.0102
12.0000
∗
˜
d6 , mm
12.0023
12.0023
d˜7∗ , mm
117.9830
112.4705
d˜8∗ , mm
-13.7360
-13.2331
d˜9∗ , mm
14.6144
14.9467
∗
c̃0 (d̃ )
0.6709
0.6691
c̃1 (d̃∗ )
-4.0405
-46.4184
E ∗ [y (X)] , kg
0.1249
0.1268
√ d̃ 0
vard̃∗ [y0 (X)] , kg
0.00137
0.00136
No. of iterations
38
26
No. of FEA
776
4599
√
(a) The objective and constraint functions, Ed̃∗ [y0 (X)], and vard̃∗ [y0 (X)] at respective optima, were evaluated by
respective approximations.

pable of solving real-world complex problems, as illustrated by the shape design of the three-hole
bracket.
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Abstract: This paper proposes a framework for quantitative measure and mathematically reproducible definitions of structural resiliency as it pertains to a building’s ability to minimize the potential for undesirable consequences. The resiliency
assessment and design process follows logical progression of steps, starting with the
characterization of hazards, continuing through analysis simulations, damage modelling, and loss assessment by finding and subsequently balancing functional relationships between design and analysis and consequences. The outcomes of each
process are articulated through a series of generalized variables, termed as topology,
geometry, damage and hazard intensity measures. Topological analysis methods are
developed to map the effects of blast and extreme fire exposure so that the corresponding intensity measures can be addressed simultaneously during design.

Introduction
Recent critical infrastructure projects in the United States have incorporated multiple hazards
(i.e., blast and extreme fire) as independent threats on the system. Traditional design methods
which address each threat separately are expensive and can lead to conflicting requirements.
This paper will introduce a method to correlate blast and extreme fire loading using threat
intensity measures and extent of damage caused by each loading scenario. The primary goal of
the analysis method is to understand if and where blast and extreme fire can be addressed
simultaneously by understanding the Topological relationship between the two loading
scenarios.
In order to use Topological analysis methods, both sets of blast and fire load data must be
manipulated into formats that can be compared. The proposed analysis method uses the extent
of damage, represented as a percentage of building surface area, as a connection parameter
between the two load types. The threat intensity measures used for blast are pressure and
impulse caused by a given threat at a given standoff. For the extreme fire portion of the analysis
the distance and angle between the fire and building surfaces are used as the threat intensity
measures.
The proposed analysis method uses well established pressure-impule (P-I) interaction curves to
progressively step through extent of damage. While P-I curves are well established for blast
design, extreme fire engineering does not have a corrallary that can be used for the proposed
analysis method. This paper introduces a modified form of P-I curves for external, radiation
dominated fires using the distance and angle between the fire and building surfaces.
The field of Topology is expansive and often elusive; for this reason, a majority of this paper
focuses on introducing the reader to key topological concepts that are critical for understanding
the proposed analysis method. Due to spacial constraints, a very brief example of the proposed
method is included at the end of this paper.
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Introduction to Topology
The field of Topology was developed in the late 1800s as a method to study spaces and the
relationships between them. Topology began as a pure math and migrated into applied math
when advances in computational technology made more and more applications available.
Within the past forty years the National Science Foundation and other organizations have
funded research projects aimed at using Topology to solve a wide range of complex problems.
Outcomes of this research are currently used in data analytics, robotics, economics, biology,
chemistry and healthcare.
Using Topology as an analytical tool is most powerful when comparing qualitative features of
spaces and functions on spaces. Topological features, such as the number of components in a
space, cannot be “mapped away” using any kind of function or omission; this means that the
features are robust and less susceptible to noise that may come with data. Consequently,
techniques in Topology can be used to reveal nuances in data that may be obstructed when
using standard statistical approaches.
It is important to note that the word “topology” is used in three different ways within this text.
Initially, the word “Topology” refers to the branch of mathematics; for clarity, this use of the
word will always be capitalized. The word “topology,” uncapitalized, also refers to a
mathematical structure placed on a set of data, which acts as a building block for more complex
topological structures. The final use of the word “topology” refers to the fixed geometric
relationship between a structure and a threat; this idea will be expanded further in this paper.

2.1 Characteristics of a Topology
A topology is often defined as a “set of sets,” meaning a topology is a collection of unique sets
that subdivide the points in a space. This space can be multi-dimensional and can take many
forms, including point clouds, number lines, or curved surfaces. Building a topology on a space
follows a set of mathematical rules; for this application, the well-known and well developed
discrete-finite topology is used. The discrete topology contains the complete set, the null set,
and all subsets of the compete set. For example, the discrete topology on the following set, X:
𝑋 = {𝐴, 𝐵, 𝐶}

(1)

is:
τ = {X, Ø, {A}, {B}, {C}, {A,B}, {B,C}, {C,A}}

(2)

The Greek letter tau is often used to denote a topology. The discrete-finite topology can be used
in structural engineering applications and will be used as a building block for more complex
mathematical structures.

2.2 Equivalence Relationships
A central theme in Topology is understanding when two spaces or maps are equivalent and how
to quantify this equivalence. A map is a more general name for a function and refers to a
topological relationship between two spaces. When two spaces are recognized as equivalent, a
suite of analysis algorithms become available to understand both sets of data. Additionally,
information can be extracted from the families of maps between the two spaces.
2.2.1 Homeomorphism
The first level of equivalence exists between two spaces, and is called a homeomorphism. Two
spaces are homeomorphic when there exists a map between the two spaces that is one-to-one
and onto, meaning that every point in one space maps onto exactly one point on the second
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space. Figure 1 shows a comparison between a function that is one-to-one, onto, both, and
neither. Functions that are one-to-one and onto are often called injective and surjective
functions, respectively. A homeomorphism between two spaces and their corresponding
topologies is written (𝑋, 𝜏) ≅ (𝑌, 𝜏1 ).

Figure 1: One-to-one vs. Onto Functions

If two spaces are known to be homeomorphic, the map between the two spaces, 𝑓: 𝑋 → 𝑌, can
be defined using a topological operation known as the quotient space. In the former expression,
the " → " symbol denotes a function taking all the points in X to their corresponding points in
Y. Let X and Y be spaces with their own corresponding topologies. The first step to developing
a map between the spaces is deciding which space will be the original space and which space
will be the secondary space. The choice does not affect the result and can be decided based on
mathematical simplicity. The original space will be denoted as X and the secondary space as Y
from now on. Next, X is multiplied by the closed interval, [0,1] which copies the space X
continuously on the interval [0,1]. For example, if the original space is in the shape of a circle,
a cylinder is created corresponding to X × I, where I represents the interval [0,1]. This step is
shown on the left in Figure 2.

Figure 2: Mapping Cylinder

Next, all the points on the new X × I space that fall on the lower bound of the interval are
identified or “glued” to the function on the Y space. This step is shown on the right in Figure 2.
To extend this concept to spaces that cannot easily be represented geometrically, the
mathematical representation of this concept is shown below:
(𝑥, 1) ∈ 𝑋 × 𝐼 ~ 𝑓(𝑥) ∈ 𝑌

(3)

The symbol “~” represents an equivalence relation where all the points in the space on the left
are “glued” to all the points in the space on the right. The resulting shape is called the mapping
cylinder, denoted by Mf, and contains a family of maps taking points on the X space to the Y
space. The mapping cylinder can be mathematically represented as 𝑓: 𝑋 → 𝑌. The same
mapping cylinder can be used to go in the other direction and map the Y space onto the X space,
this family of functions is represented as 𝑔: 𝑌 → 𝑋.
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2.2.2 Homotopy and Homotopic Equivalence
A family of maps 𝑓𝑡 : 𝑋 → 𝑌, 𝑡 ∈ 𝐼 is considered a homotopy if the map 𝐹: 𝑋 × 𝐼 → 𝑌, given by
𝐹(𝑥, 𝑡) = 𝑓𝑡 (𝑥), is continuous. For example, the mapping cylinder developed in the previous
section is a type of homotopy. Two maps 𝑓0 , 𝑓1 : 𝑋 → 𝑌, can also be homotopic if there exists a
homotopy between the maps; this is denoted by the expression 𝑓0 ≃ 𝑓1 .
If two maps that both take points from space X to space Y are homotopic, there exists another
type of equivalence between the two spaces. Two spaces X and Y are considered to be homotopy
equivalent if there is a map 𝑓: 𝑋 → 𝑌 and a map 𝑔: 𝑌 → 𝑋, such that 𝑓𝑔 ≃ 𝕀 and 𝑔𝑓 ≃ 𝕀. This
means that 𝑓𝑔 and 𝑔𝑓 are homotopic to the identity function taking a set back to itself.
Homotopic equivalence between two spaces X and Y is denoted 𝑋 ≃ 𝑌. Homotopic equivalence
reveals qualatative similarities in seemingly different topological spaces, such as the number of
holes in data. Qualities that are preserved with homotopic maps are often robust because they
cannot be mapped away or discarded.

2.3 Operations on Topological Spaces
In addition to the quotient topological operation previously introduced, there are several more
operations that can be useful for our application. Operations on spaces are often used to create
new spaces out of existing topological spaces. Some examples of operations on spaces include
subset spaces, product spaces, and quotient spaces. This paper will focus on quotient spaces, as
they play a central role in algebraic topology and the proposed analysis method.
2.3.1 Product Topology
The product topology is defined as the Cartesian product of two or more topological spaces.
For example, the X-Y plane formally known as ℝ2 can be constructed by multiplying ℝ1 × ℝ1,
where ℝ1 is the one-dimensional number line. The first ℝ1 typically defines the X-coordinate,
while the second ℝ1 defines the Y-coordinate. Another example of a product space is the twodimensional torus embedded in three-dimensional space; this shape does not include the threedimensional interior of the torus. The surface of the torus can be created by multiplying 𝑆1 ×
𝑆1, where 𝑆1 is the one-dimensional circle.
2.3.2 Quotient Topology
One type of quotient operation has already been introduced earlier in this text. The mapping
cylinder is a quotient space created by identifying points on the X × I space with points in the
Y space. More generally, a quotient topology is made by identifying or gluing points on one
space to points on another. More formally, let (X, τ) and (Y, τ1) be two spaces with their
corresponding topologies. The map f: (X, τ) → (Y, τ1) is considered a quotient map if it has the
following property:
𝐹𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑠𝑢𝑏𝑠𝑒𝑡 𝑈 𝑜𝑓 𝑌, 𝑈 ∈ 𝜏1 ↔ 𝑓 −1 (𝑈) ∈ 𝜏

(4)

Quotient spaces are often referred to as identification spaces because constructing a quotient
space involves identifying a point, arc, or plane of one space as equivalent to a point, arc, or
plane on another space. This effectively glues the features together and the space can be
stretched and manipulated along the indentification points to create many new spaces. Although
the space is transformed, central features of the space, like the number of holes in a space, can
not be eliminated with the quotient operation.
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2.3.3 Algebraic Topology
The abstract nature of Topology as a pure math often limits its applicability in fields like
engineering and computer science. The transition of Topology from pure math to applied math
is helped greatly by the field of Algebraic Topology. Algebraic Topology provides techniques
to visualize and operate on spaces and maps using algebraic images of topological structures.
The mechanisms that transform topological structures into algebraic structures are called
functors. Functors establish homeomorphisms between the topological and algebraic structures,
meaning both structures are topologically equivalent and either structure may be chosen for
ease of analysis.
Using Algebraic Topology one can apply various functors to a topological space to understand
qualatative properties like the extent of linkage between two sets of data. One of the most
important functors is the fundamental group, which creates looped paths between sets of data
and warps the loops to reveal the connectivity of separate topological spaces. This is one of the
methods that may be used to understand how blast loading and extreme fire loading are
connected.

Fire Intensity Measure Analysis
The primary mode of heat transfer for external fires is radiation. This paper does not address
internal fires where convection and the presence of hot gases could drive the heat transfer to
the structure. The fire threats are assumed to be pool fires represented as a radiative point
source. The total radiative energy contained in the pool fire radiates out from this point source
to the structure. The incident radiative heat flux, q, on the building surface as a function of Q,
the total heat release rate of the fire; θ, the angle between the building surface and fire point
source; and R, the straight-line distance between the building surface and fire point source is:
q

Q cos
4R 2

(5)

It is clear the primary driving force that determines the incident radiative heat flux on each
building surface is the distance and angle from the fire location, considering that the total heat
release rate has a discrete time-history and remains at a constant position relative to the
structure. For the purposes of this Topological framework, the relationship between the
structure and hazard is the most critical, which can be initially determined without knowing the
size or magnitude of the fire. The heat release rate modifier, H can be used to develop the
intensity measure:
H

cos
4R 2

(6)

Creating a relationship between the distance and angle as the intensity measure of the fire can
provide similar information as the relationship between pressure and impulse from a blast. The
variables formed from this relationship are:
cos
4
(7)
1
 2
R
(8)
Alpha represents the angle variable between the fire and structure, while beta represents the
distance variable between the fire and structure.
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Example
This example considers a rectangular building 200 feet long, 100 feet wide, and 30 feet tall.
The threats are placed randomly around the perimeter of the building with some threats close
by and others farther away. The blast and fire threats are assumed to be located at the same
points, although the same methods described herein could be applied if they were located at
different locations. Figure 3 shows the prototype building and the location of threats.

Figure 3: Prototype Building and Threat Layout

The primary goal of the separate blast and extreme fire portions of the analysis is to
manipulate threat intensity measures and extent of damage into a shared format that can be
correlated using Topology.

4.1 Blast Analysis
The blast portion of the analysis is broken up into three main steps. First, the blast intensity
measures, pressure and impulse are calculated for points on the building exposed to blast
loading. Next, all the pressure and impulse data is plotted on a pressure-impulse graph and
analyzed with a formula that borrows principles from a topological data analysis method
called persistent homology. In this analysis, the persistence intervals nessesary for persistant
homology, are P-I curves representative of the percentage of damage on the building surface.
The pressure-impulse plot for the example building and a selection of damage intervals are
shown in Figure 4. Finally, the persistance intervals of the pressure-impulse data are plotted
against the threat intensity measures, which are normalized to the highest pressure and
impulse values that the building is exposed to as shown in Figure 5.

Figure 4: Blast Pressure-Impulse with Damage Intervals
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Figure 5: Blast Threat Magnitude with respect to Damage Intervals

4.2 Fire Analysis
The fire portion of the analysis is broken up into the same three steps as the blast analysis, but
with distance and angle between the structure and fire in lieu of the pressure and impulse. In
this analysis, the persistence intervals necessary for persistent homology, are distance-angle
curves representative of the percentage of damage on the building surface. The distance-angle
plot for the example building and a selection of damage intervals are shown in Figure 6. Finally,
the persistence intervals of the distance-angle data are plotted against the threat intensity
measures, which are normalized to the highest distance and angle values that the building is
exposed to as shown in Figure 7.

Figure 6: Fire Distance-Angle with Damage Intervals
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Figure 7: Fire Threat Magnitude with respect to Damage Intervals

4.3 Combined Analysis
Once the damage percentage vs. normalized threat intensity measure plots are created for both
loading types, a number of topological data analysis methods can be applied to the two sets of
data. One option is to create a mapping cylinder between the two plots and formulate a family
of maps that relates the two loading types. The mapping cylinder can be compared to a set of
pre-established mapping cylinders that represent a range of correlation degrees between two
sets of data.
Another option for calculating correlation between blast and fire data is understanding the
linkage between the data sets through Algebraic Topology. The fundamental group functor can
be applied to each data set, which establises a looped path between all the points in each data
set. Then, the two loops of data can be examined for correlation, much like two tangled strings
can be untangled into separate loops of string.
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Quantile-based optimization under uncertainties using
bootstrap polynomial chaos expansions
Maliki Moustaphaa and Bruno Sudreta
a ETH

Zürich, Chair of Risk, Safety and Uncertainty Quantification, Stefano-Franscini-Platz 5, 8093 Zürich,
Switzerland

Abstract: Reliability-based design optimization (RBDO) is a well-known approach for the design of structures under uncertainties. Because of its high computational cost, it has been coupled to metamodeling in the past few years. Polynomial chaos expansions are a well-established metamodel in the field of uncertainty quantification. However, they have not been extensively used for RBDO
because of their lack of accuracy when it comes to approximating tails of an
output function. This is however a baseline in reliability analysis which is in the
root of any RBDO technique. In this contribution, we consider a recently introduced approach that derives a local measure of the accuracy of the PCE based on
bootstrap. This in turn allows one to improve the accuracy of the surrogate, thus
making it fitter to reliability analysis. This approach is coupled to quantile-based
optimization under uncertaintities, an RBDO technique where the degree of conservatism in the design is quantified by a quantile instead of the commonly used
failure probability.

1 Introduction
Realistic approaches to optimally design structural systems must account for uncertainties.
Reliability-based design optimization (RBDO) is a well established field that provides a convenient framework and a series of techniques to deal with such problems [4]. The common techniques are, however, usually extremely demanding in terms of model evaluations. This hinders
their application to real industrial problems, as the latter often rely up on time-consuming high
fidelity models. To address this issue, approximation methods known as surrogate modeling
have been introduced. The most popular approach relies on Kriging since it features a measure
of local error that allows one to adaptively build a surrogate model with a minimal number
of calls to the original computational model [8, 2, 7, 6]. Polynomial chaos expansions (PCE)
are another interesting type of surrogate model which are efficient in approximating a model
at the global scale. However, they are not so popular when it comes to reliability analysis and
optimization under uncertainties because of their potntial lack of accuracy in approximating the
tails of distributions. Besides, they do not naturally feature a measure of epistemic uncertainty
that is the common root to all the adaptive approaches that have been introduced for Kriging. In
this contribution, we consider an approach originally proposed in [10] to bypass this issue. This
method derives a local error estimator for PCE based on the bootstrap technique. This is used to
extend the surrogate-based procedure for RBDO using quantiles as introduced in [13] to PCEs.
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2 Quantile-based design optimization
2.1

General formulation of a RBDO problem

The general RBDO problem can be formulated at a component level as follows [6]:

{ j = 1, . . . , ns } ,
f j (d) ≤ 0,
∗
d = arg min c (d) subject to:
{k = 1, . . . , nh } ,
P (gk (X (d) , Z) ≤ 0) ≤ P̄fk ,
d∈D

(1)

where the cost function c is minimized with respect to the design variables d. The constraints
are
 divided into two groups, namely the soft and hard constraints, respectively denoted by
f j , j = 1, ..., ns and {gk , k = 1, . . . , nh } . The former are a set of simple analytical functions
that bound the design space (e.g. lower and upper bounds on each design parameters) whereas
the latter are the so-called limit-state functions describing the performance of the structure.
They are defined by introducing the random variables X ∼ fX|d which are indexed on the design variables and the environmental variables Z ∼ fZ which are parameters not considered
for optimization
but whose uncertain values may affect the structural response. By convention,

the set (x, z) ∈ RMx × RMz : gk (x, z) ≤ 0 defines the failure domain for the k-th limit-state
function. The problem is then to find the design with minimal cost such that the associated
probability of failure is below a given threshold for all the constraints, herein denoted by P̄fk .
Various methods have been developed over the last decade to solve this problem. They can
be classified into decoupled [5], mono-level [9] and two-level approaches [4]. In this work,
we consider only the latter approach which consists of a double loop where the outer one is
classical optimization whereas the inner one is a reliability analysis carried out to estimate the
failure probability for any given design explored by the optimizer. This failure probability reads:
Pfk (d) = P (gk (W) ≤ 0) =

Z

gk (w)≤0

fW (w) dw,

(2)

where W = {X|d, Z}T ∼ fW is a vector gathering the design and environmental variables. Its
solution resorts to either approximation or simulation methods. Among simulation techniques,
Monte Carlo (MC) is known to be straighforward to apply and accurate, provided that the sample size is large enough.

2.2

Formulation of the RBDO problem in terms of quantiles

An alternative approach to solve the RBDO problem lies on reformulating the reliability problem that yields the failure probability by an equivalent quantile computation, as introduced
in [13]. Let us assume that the limit-state function can be written in the form g (X, Z) = ḡ −
M (X, Z) where M (X, Z) is the computational model describing the behavior of the structure
and ḡ is an upper threshold whose exceedance means failure. In some cases one may rather consider a lower threshold, then the limit-state function can be written as g (X, Z) = M (X, Z) − ḡ.
For the derivations in this paper, we consider the more general first case. Following this notation,
the condition on the failure probability in Eq. (1), may be recast as:
P (g (X (d) , Z) ≤ 0) ≤ P̄f ⇔ P (M (X (d) , Z) ≤ ḡ) ≥ 1 − P̄f .

(3)

On the other hand, the α-quantile of the response may be defined as follows:
Qα (d; M (X (d) , Z)) = inf {q ∈ R : P (M (X (d) , Z) ≤ q) ≥ α} ,
where α = 1 − P̄f will define the target quantile level.
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(4)

The equivalence between the two quantities is illustrated in Figure 1. The associated RBDO
problem may eventually be reformulated in the following terms:

{ j = 1, . . . , ns } ,
f j (d) ≤ 0,
∗
d = arg min c (d) subject to:
(5)
{k
Q
(d;
M
(X
(d)
,
Z))
≤
ḡ
,
= 1, . . . , nh } .
d∈D
αk
k
k
The solution of this problem boils down to evaluating quantiles through a simple Monte Carlo
simulation and then comparing it to the threshold ḡk so as to assess whether the design is safe
or not. By a proper setting in the computation of the quantile, this problem can be solved using
any general-purpose optimization algorithm that would be used to solve the same problem in
a deterministic context. The method of common random numbers is indeed considered. This
consists in reducing the variance between estimates of the quantile corresponding to different
designs by selecting the same random number streams to generate the MC population used to
compute the quantile in different iterations [15]. This in turn makes the optimization problem
less noisy and allows us to use either gradient-based or gradient-free algorithms efficiently.
PDF of M(X(d), Z)

P̄ f = 1 − α

q0.5

qα ḡ

M(x , z)

Figure 1: Equivalence between failure probability for a given design P (g (X (d) , Z) ≤ 0) and the quantile value qα = Qα (d; M (X (d) , Z)).

In practice though, the sample size needed for a fairly accurate quantile estimate is too high to be
affordable when the structural performance is assessed by a high-fidelity model which is often
computationally intensive. A class of methods have been developed where such models are
replaced by easy-to-evaluate approximations known as surrogate models or metamodels. Wellknown examples include polynomial chaos expansions, support vector machines or Kriging.
This work is based on the first approach, as described in the sequel.

3 Polynomial chaos expansions
3.1

Introduction

Let us consider an M-dimensional random vector W ∼ fW ∈ RM whose components are assumed independent and the computational model M : w ∈ RM 7→ y = M (w) ∈ R. Polynomial chaos expansions are a metamodelling technique based on a spectral decomposition of
Y = M (W) into a set of orthonormal polynomials [16]:
Y=

∑M yα Ψα (W) ,

(6)

α ∈N

where Ψα (W) = ∏M
i=1 Ψαi (Wi ) are multivariate orthonormal polynomials obtained by tensor
product of univariate polynomials orthonomal with respect to the marginal PDFs of Wi , α is a
vector of indices and yα are deterministic coefficients.

1563

In practice, only a finite set of polynomials are considered, thus resulting in the following approximation:
YPC = ∑ yα Ψα (W) ,
(7)
α ∈A

⊂ NM

where A
is a truncation set. Various truncation schemes have been developed with some
focusing at providing sparsity in the expansion [3].
Another task for the definition of the PCE is to compute the coefficients of the expansion.
Among various techniques, one may consider least-square minimization [1]. This consists in
minimizing the empirical mean-square error over a sample set, i.e. :
!




1 N
ybα = arg min
(8)
∑ M w(i) − ∑ yα Ψα w(i) ,
yα ∈RcardA N i=1
α ∈A
n
o
where W = w(i) , i = 1, . . . , N is the experimental design drawn following fW .
The number of samples required to solve this problem exponentially increases with the dimensionality M of the input vector. In this work, we rather consider an adaptive sparse scheme based
on the so-called least-angle regression to build the PCE model as proposed in [3].

3.2

Polynomial Chaos expansion in the context of RBDO

In this paper, polynomial chaos expansions are used to approximate the limit-state surface in a
RBDO problem. As such, a straightforward approach would be to locally build a PCE model
for each reliability analysis or quantile estimation during the optimization process. Such an
approach would however be inefficient. Instead, we consider a single global model built in a
so-called augmented space as proposed in [6, 13] for Kriging. The aim of the augmented space
is to define a bounded area where the surrogate model will be built so as to avoid extrapolation
when evaluating it. This space is defined differently for the design and environmental variables.
For the latter, there is no need to define any bounded space as PCEs, by their very nature, allows
one to build the model just by sampling the random variables according to their respective
distributions. As for the design variables, without any prior knowledge on the regions of space
which are of most interest, we will sample uniformly over the entire design space. To avoid
evaluating the PCE model in areas beyond the bounds of the design space, we extend these
bounds by defining the following augmented space:
i
Mx h
+
X = ∏ q−
,
q
(9)
di di .
i=1

where

−1
q−
di = FXi |di (αdi /2)

−1
and q+
di = FXi |di (1 − αdi /2) .

(10)

In these equations, FX−1
is the inverse cumulative distribution function of the random variable
i |di
Xi and αdi is the probability of sampling outside the augmented space in each dimension. Its
value is set to approximately 10−3 in the following applications. This means that for any design
d ∈ D, the probability that the sample x (d) falls beyond the bounds is relatively small.
Once this space is built one may sample uniformly on it using Latin hypercube for instance.
The PCE model is then built with the associated polynomial families [16].

4 RBDO using Adaptive PCE
4.1

PC-bootstrap

Since polynomial chaos expansions produce a global approximation, one would need to sample
uniformly in the entire space to get an accurate model. This would require a large number of

1564

model evaluations which can be unaffordable when the original computational model is timeconsuming. To cope with this issue, one may consider adaptive sampling techniques as pioneered by the efficient global reliabiity analysis [2], where one focuses on accurately defining
the limit-state surface. Such an approach requires to define a local error estimator as provided
by Kriging for instance. In this work, we consider the bootstrap technique initially proposed in
[10] to get local errors from PCEs.
In a nutshell, bootstrap is a resampling method which consists
In
nin drawing
 with resampling.
o
(i)
(i)
practice, let us consider an experimental design (ED) D =
x ,y
, i = 1, . . . , N . Bootn
o
strap consists in constructing B new experimental designs D (b) , b = 1 . . . , B where each new
ED is obtained by drawing samples from D. This includes the possibility of drawing some
samples points with repetition.
In PC-bootstrap, the bootstrap technique is indeed used to generate several EDs
n from an original
o
(b)
(b)
one. For each resampled ED D , one can estimate the PCE coefficients yα , α ∈ A with
respect to each ED. For any new sample w, one can then estimate the PC-prediction from each
generated model, i.e. [10]:
(b)
(b)
YPC (w) = ∑ yα Ψα (w) .
(11)
α ∈A

n
o
(b)
This yields a set of B predictions YPC , b = 1, . . . , B that one can post-process to
derive empirically a local error estimate of the PCE model, e.g. Var [YPC (w)] =

2
(b)
(b)
1
B
B
b−1 ∑b=1 YPC (w) − ȲPC (w) , where ȲPC (w) = 1/b ∑b=1 YPC (w).

4.2

PC-bootstrap learning function

Common learning functions as those derived for Kriging make use of the Kriging variance to
find points that would best enrich the experimental design in order to increase the accuracy in
the vicinity of the limit-state surface. In the absence of such epistemic error for PCE, Marelli
and Sudret [10] propose to rather rely on an estimate of the fraction of failed bootstrap replicates
which is defined as follows:
UFBR (w) =

Bs (w) − B f (w)
,
B

(12)

where Bs (w) and B f (w) ∈ [0, . . . , B] are respectively the number of safe and failed PC-bootstrap
replicates at w. The behavior of this function is as follows. When all replicates are either safe
or failed, it takes the value 1. In such a case, the prediction is either very accurate and/or w is
far enough from the actual limit-state surface. In contrast, when there is as much safe as failed
replicates (Bs (w) = B f (w), i.e. UFBR (w) = 0), this means that the PCE model lacks of accuracy
around w, which is thus likely to be located near the limit-state surface. As a conclusion, points
w ∈ DW such that UFBR (w) is close to zero are good candidates for enriching the experimental
design D in an iterative learning procedure.
The enrichment scheme is similar to the so-called AK-MCS algorithm introduced in [7]. In
fact, a space-filling design of small size is initially sampled. Then, the learning function is
evaluated over a large reference MC set C which covers the entire augmented space. The point
that minimizes the learning function defined in Eq. (12) is selected as the next point to add to
the ED. The procedure is repeated until a convergence criterion is fulfilled. Here we consider
two convergence criteria. In the first one, convergence is assumed to be achieved here when the
approximated limit-state surface does not significantly change between enrichment iterations.
In other words, we track, throughout the enrichment procedure, the percentage of points in C
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that change sign i.e. that go from safe to failed and vice-versa and stop when the change rate is
below a given threshold. Mathematically, this can be expressed in iteration t as:
N

(t)
δs

=

c
1(sign(Gt )×sign(Gt−1 )<0)
∑ j=1
j

j

Nc

≤ εs ,

(13)

where 1(•) is the indicator function equals to 1 when • is true and to 0 otherwise. Gtj = ḡ −

YPC w j is the PCE limit-state prediction at the point w j ∈ C at iteration t, Nc is the size of
C and εs is a threshold. In the following application, we consider that convergence is achieved
when the criterion is respected for three consecutive iterations. The second criterion relates to
the stability of the bootstrap replications and reads [10]:
(t)
δp

=

−
P+
f −Pf

P̄ f

≤ ε p,

(14)

−
where P +
f , P f and P̄ f are respectively the highest, the lowest and the average PC-bootstrap
failure probabilities obtained from the samples in C . These quantities read:
N

N

P+
f = max
b

c
1G(b) >0
∑ j=1
j

Nc

,

P−
f = min

c
1G(b) >0
∑ j=1
j

Nc

b

Nc

,

1

1 B ∑ j=1 G(b)
j >0
P̄ f = ∑
, (15)
B b=1
Nc


(b)
(b)
where G j = ḡ − YPC w j , w j ∈ C is the b-th PC-bootstrap limit-state prediction at current
iteration. It should be stressed here that these failure probabilities are not the ones considered
for RBDO. They rather represent the failure rates with respect to the bootstrap replicates for
each point in C .
Once the PCE model is sufficiently accurate in the vicinity of the limit-state surface, quantilebased optimization is performed as introduced above.

5 Application
The proposed methodology is applied to two benchmark examples. The thresholds for convergence in enrichment are set to εs = 0.001 and ε p = 0.1. Optimization is carried out using the
gradient-based fmincon function from Matlab. PCE and quantile-based optimization are implemented in UQLab, a Matlab framework for uncertainty quantification [11, 12]. The initial
experimental design is of size 3 × M. Since the results depend on the initial random experimental design, we replicate the procedure 20 times to get statistics on the performance of the
approach. Eventually, the reference solutions are obtained by running the quantile-based optimization procedure based on the true analytical functions with a Monte Carlo sample set of size
105 .

5.1

Three-dimensional analytical model

The first example is a mathematical problem benchmarked in [14] that can be defined as:
d∗ = arg min (d1 − 10)2 + 5 (d2 − 12)2 + d34
d∈[1,5]3

where the hard constraints read:
g1 (X) = 1 −
g2 (X) = 1 −
g3 (X) = 1 −
g4 (X) = 1 −

s.t: P (gk (X (d)) ≤ 0) ≤ P̄fk ,


2X12 + 3X24 + X3 /127,

7X1 + 3X2 + 10X32 /282,

23X1 + X22 /196,

4X12 + X22 − X1 X2 + 2X32 /20.
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(16)

(17)


The random variables follow a normal distribution Xi ∼ N di , 0.052 , i = {1, 2, 3} and the tar
get failure probability is set to P̄fk = 0.02275 (β̄k = Φ−1 1 − P̄fk = 2). The optimization is
started from the deterministic solution of the problem d0 = {2.881, 2.457, 1.000}T . The computed reference solution is d∗re f = {2.7515, 2.3651, 1.000}T . The median solution within the
20 repetitions is found to be d∗ = {2.7549, 2.3648, 1.000}T . The variability within repetitions
is extremely small leading to a coefficient of variation of 2.26 10−4 on the cost function. Furthermore, Figure 2 illustrates the total number of model evaluations for each repetition. The
median value is 22. In all replications, the total number of runs remains lower than the ones
benchmarked in [14], where the so-called virtual support vector machines is used and whose
best solution requires 31 model evaluations.
25

23

21

19

17

Figure 2: Three-dimensional analytical example: Boxplot of the number of samples within replications

5.2

Short column

The second example comes from [9] where the problem is to minimize the cross-sectional area
bh of a column under the performance constraint:
g(d, Z) = 1 −

4M
P2
,
−
bh2Y (bhY )2

(18)

where d = {b, h}T ∈ [5, 15]T ×[15, 25]T and Z = {P, M,Y }T is the vector gathering the environmental variables defined by Y ∼ N (5, 0.5), M ∼ N (2000, 400) and P ∼ N (500, 100). The
target quantile level is set to α = 0.9938, which correspond to P̄f = 0.0062 (β̄ = Φ−1 (α) = 2.5).
Contrary to the original problem, we do not consider correlation between P and M, thus resulting in a slightly different problem.
Figure 3 shows boxplots of the found solutions together with their reference values. Except
for three cases, the found solutions are relatively close to the reference despite a low number of
calls to the true model. This latter quantity is illustrated in the left panel of Figure 4. On average,
this amounts to 73. This value is significantly smaller than the ones presented in [9] and in [2],
which are 83 and 111 respectively.

6 Conclusion
In this paper, we have introduced a methodology for reliability-based design optimization using, on the one hand, quantiles as a measure of system reliability in lieu of a traditional failure
probability, and on the other hand, adaptive PCE. The latter scheme is built by using the bootstrap technique to derive a learning function that allows one to enrich an initial experimental
design, thus improving the accuracy of the PCE in the vicinity of the limit-state surface. This
technique is independent of the surrogate model type and can henceforth be extended to other
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Figure 3: Short column problem: Optimal solutions
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Figure 4: Short column problem: Number of samples and convergence

approaches such as support vector machines. Two validation examples are shown to validate the
methodology and illustrate its efficiency.
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Abstract: This contribution addresses stochastic modeling of the effect of seasonal temperature changes on the natural frequencies of railway bridges. The
seasonal variation of the natural frequencies is related to the stiffness change
in subsoil and ballast due to the phase shift of water to ice in the cold season.
Instead of modeling directly the bridge stiffness as random quantity, the frost
depth in subsoil and ballast is described in a simplified manner stochastically,
with the daily mean air temperature and the daily minimum air temperature at
ground as the governing parameters. Application to an example problem shows
that the proposed environmental stochastic model yields the stepwise change of
the bridge frequencies around the freezing point of water as observed in reality.

1 Introduction
The natural frequencies of bridges located in climate zones with seasonal occurrence of frost
are subject to seasonal changes. In the cold season, where the temperature drops below freezing, the increase of natural frequencies can be considerably large. For instance, Peeters and De
Roeck [7] detected during a one-year monitoring campaign of a highway bridge a variation of
the first natural frequency up to 17%, and a footbridge was during a 16 monitoring period of 16
weeks in the ambient temperature range from 14◦C to 39◦C subjected to a frequency variation
from 4% to 8% [6]. Furtmüller and Adam [2] evaluated the acceleration response data of the
Lueg highway bridge located at about 1300m above sea level in the province of Tyrol, Austria,
recorded during a five-year monitoring period. The resulting normalized probability density
function of the fundamental bridge frequency-ambient temperature relation is depicted in Figure 1. A value of one corresponds the most probable frequency for given temperature. Distinct
dependence of the fundamental frequency from the ambient temperature can be observed, with
different correlation coefficients for the positive and negative temperature ranges. Another example is a simply supported single-span ballasted railway bridge located in Skidtrsk, Sweden,
monitored by Gonzales et al. [3] in a one-year measurement campaign. They observed that the
first vertical bending frequency and the first torsional frequency of this structure identified from
the recorded vibration data become larger with dropping temperature, compare with Figure 2.
In particular, at temperatures close to the freezing point of water, T = 0◦C, this effect is pronounced, reflected by a significant frequency discontinuity. This frequency variation is a result
of the stiffness change of ballast, subsoil, abutments, and supports due to phase shift of water
from liquid to solid (ice) and vice versa. Below freezing temperatures, the first vertical bending
frequency is on an average 12% larger than above freezing, mainly affected by the subsoil stiffness, see Figure 2(a). The mean difference of the first torsional frequency between the positive
and negative temperature range is even lager, i.e. about 27%, as observed in Figure 2(b). In
this structure the frozen ballast contributes more to the torsional stiffness [3] than the subsoil.
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Figure 1: Normalized probability density function of the fundamental frequency-ambient temperature
relation of the Lueg highway bridge located in Tyrol, Austria. Modified from [2]
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In Figure 3 these natural frequencies and the corresponding ambient temperature are plotted
against the seasonal time. From this representation it becomes obvious that natural frequencies
and ambient temperature are not directly related. The frequencies remain at two more or less
constant levels - the higher one from the end of November to April, and the lower one in the
remaining period of the year, whereas the temperature fluctuates throughout the year. From this
observation Gonzales et al. [3] draw the conclusion that the seasonal frequency shift depends
mainly on the frost depth in subsoil and ballast, and less on the ambient temperature.
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temperature [°C] frequency [Hz]

6.5
6
5.5
5
4.5
4
3.5
30
20
10
0
-10
-20
-30
nov
jan
mar
Gonzales et al. (2013)

first vertical bending mode
first torsional mode

may

jul

sep

nov

jan

time

Figure 3: Natural frequencies identified from one-year monitoring data of a ballasted railway bridge
located in Skidtrsk, Sweden, and corresponding ambient temperature. Modified from [3]
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When in a numerical analysis this frequency variation is neglected, the predicted structural
response of the considered railway bridge might be unreliable. In such a case, the resonance
speeds might be shifted to the operating speeds of the passing high-speed trains, resulting in
unexpected large dynamic bridge response. The reliable prediction of the failure probability of
the serviceability respectively the ultimate limit state requires, thus, the consideration of the
environmental impact on the natural bridge frequencies [8, 10].
Since the literature does not provide appropriate models that consider the environmental
effect on bridges in a numerical analysis, the present contribution discusses a stochastic model
that captures the seasonal impact on natural frequencies, based on previous accomplishments
of the authors [8, 10, 9]. In this approach, the frost depth in subsoil and ballast, which has the
most distinct influence on the seasonal frequency change, is the governing quantity for bridge
frequency variation.

2 Stochastic Modeling of the Seasonal Effect
The freezing index, defined as the time integral of the temperature below the freezing point
in the cold period, is an appropriate parameter to estimate the frost depth [8]. Since the cold
season is understood as the time period of permanent frost in the ground, the freezing index
depends to a great extent on the temperature conditions at the bridge site. More complexity to
this problem bring effects such as the correlation of the frost index on snow cover and phreatic
water [8]. Modeling of the seasonal impact of the natural frequencies of railway bridges based
on the freezing index is thus too elaborate for practical application.
In the proposed stochastic approach the frost depth is alternatively modeled in a simplified manner, considering only its fully frozen respectively unfrozen limit state. In this approach
the daily mean temperature T at the bridge site is treated as a random variable with suitable
distribution, calibrated to recorded temperature data. The fully frozen state, i.e. up to the
maximum frost depth all water is in the phase of ice, is considered to be attained at a daily
minimum temperature measured at ground level, Tg , less than −10◦C (i.e., Tg < −10◦C). The
fully frozen state is governed by random temperature variable T1 , defined by the conditional
distribution of the daily mean temperature T with respect to the daily minimum temperature
at ground level Tg < −10◦C: ϕT 1 (T |Tg < −10◦C). In the unfrozen state, Tg is assumed to be
equal or larger than −1◦C (i.e., Tg ≥ −1◦C), implying that freezing is initiated only if Tg drops
below −1◦C. Random temperature variable T0 related to the unfrozen state is based on the
conditional distribution ϕT 0 (T |Tg < −1◦C). Conditional distributions ϕT 1 and ϕT 0 are fitted to
temperature data recorded close to the bridge site. Transition phases between the fully frozen
and the unfrozen state vice versa are linearly interpolated. For the case that ϕT 1 ≤ ϕT 0 , this
transition is expressed in terms of a step function, because the temperature in the unfrozen
state must be higher than in the fully frozen one. In this manner the frost depth is described
probabilistically as a function of temperature data only.
After the frost depth has been determined, Young’s moduli of ballast and subsoil are adjusted accordingly. To the fully frozen ballast Young’s modulus of ice is assigned, modeled
as a random variable. Since the material properties of ice scatter in a quite large range due
to its dependence on ice formation, temperature, temperature changes, humidity, load speed,
etc. [4], Young’s modulus of the ballast is modeled as a Gaussian distributed random variable
with a mean of 9.45GPa and coefficient of variation (CV) of 0.05GPa, see [4]. The assigned
mean corresponds to the mean value of polycrystalline ice measured by sonic techniques
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at temperature 5◦C [4]. The stiffness of the subsoil domain in its fully frozen condition is
increased proportionally to the increase of Young’s modulus of the ballast. Ballast and subsoil
stiffness in the unfrozen state is governed by the unmodified material parameters, which can
also be random variables.
If the bridge is built of steel components, the effect of the surrounding air temperature
on Young’s modulus of steel, EsT (T ), is captured through the following linear temperature
dependent function [1]:
EsT (T ) = Es − 1.67 × 108 (T − TE0 )
(1)
As reference value Es serves Young’s modulus of steel at temperature TE0 = 20◦C.

3 Application Example
Consider a simply supported single-span ballasted steel railway bridge with the cross-section
depicted in Figure 4, assumed to be located close to the Airport Munich, Germany. This steel
bridge with span L = 16.48m and width b1 = 4.67m carries a single track. The fundamental frequency f1 of this bridge at temperature T = 9.0◦C is 9.28Hz. A detailed description of geometry
of structure and track, and of the material parameters is provided in [8].
4.67 m
y
x
P2

2.09 m

P1

z

P3 P4

Figure 4: Cross-section of the case study bridge [9]

Temperature data for the Airport Munich are public available at [5], and graphically represented
in Figure 5 for a 20-year observation period. The black graph refers to the time history of the
daily mean temperature T measured at a height of 2m above ground in the 20-year period
from 1992 to 2012. The corresponding relative frequency of T (histogram) and the cumulative
frequency of T are depicted in Figure 6(a) respectively Figure 6(b).
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Figure 5: Time history of the daily mean temperature T and the daily minimum temperature Tg at ground
level, recorded at Munich Airport, Germany [9]
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Figure 6: (a) Histogram of the daily mean temperature T and corresponding fitted distributions. (b)
Cumulative frequency and corresponding cumulative distribution functions [9]

In a first step of the modeling process a suitable distribution of random variable T must
be identified. After testing of several distributions with a χ 2 and a Lilliefors test, the extreme
value distribution with a mean of 9.00◦C and CV of 1.01◦C was found to be a better representation of temperature data T than the Gaussian distribution also shown in Figure 6.
For definition of the conditional distributions ϕT 1 (T |Tg < −10◦C) and ϕT 0 (T |Tg < −1◦C),
additionally the daily minimum temperature at ground Tg must be considered, also shown in
Figure 5 by the red graph. Horizontal dashed lines refer to the temperature levels −1◦C and
−10◦C, which are related to the unfrozen respectively the fully frozen state. Figure 7(a) shows
the histogram of the daily mean temperature T of those days in the 20-year observation period
where the daily minimum temperature at ground Tg was less than −10◦C. This histogram
is approximated by a conditional Gaussian distribution ϕT 1 with mean −6.33◦C and CV
0.54◦C, also shown in this figure. The conditional temperature data for Tg < −1◦C and the
corresponding conditional Gaussian distribution ϕT 0 (mean 0.69◦C, CV 7.38◦C), representing
the unfrozen condition in terms of its histogram are presented in Figure 7(b).
0.125

0.125
T1 (T

(a)
0.1

| Tg < 10°C)

(b)

0.075

0.075

0.05

0.05

0.025

0.025

0
−30

−20

−10

0

10

20

T0 (T

0.1

30

0
−30

−20

−10

0

| Tg < 1°C)

10

20

30

T [°C]

T [°C]

Figure 7: Conditional histogram of T given Tg and fitted normal distribution. Munich Aiport, Germany.
(a) Tg < −10◦C (b) Tg < −1◦C [9]

A Monte Carlo simulation for random variables T1 and T0 characterized by these distributions
yields the freezing condition of 100 random samples of the substruction depicted in Figure 8
as a function of the daily mean ambient temperature distribution. It is seen that the transition
phases from fully frozen to unfrozen have been linearly interpolated, as assumed in this model.
In some cases this transition is represented by a Heaviside function, indicating that for those
cases freezing is initiated at the same temperature as the fully frozen state is attained. With
such an approximation a physically meaningless freezing initiation at temperatures lower than
for the maximum frost depth is avoided.
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Figure 8: Frozen state as a function of the daily mean air temperature for 100 random samples, based
on temperature data recorded at Munich Aiport, Germany [9]

Since now the random variables of this seasonal temperature model have been calibrated
to the temperature data of the bridge site, the random variables of the temperature affected
bridge parameters can be determined. In a Monte Carlo simulation these parameters are
assigned to a full three-dimensional finite element model of the bridge with six degrees of
freedom per node. Euler-Bernoulli finite beam elements have been used to discretize the rails
resting on the bridge and the adjacent subsoil (with excess length of 5.2m at both sides).
Ballast and subsoil at both sides of the bridge structure are modeled as linear elastic springs,
which support the rails in this domain. A detailed description of the numerical bridge model is
provided in [8].

absolute rate of occurnce
(number of realizations)

A direct Monte Carlo simulation with 1000 random bridge samples has been performed
to reveal the temperature induced dispersion of the natural bridge frequencies. For each
random bridge sample, first and and second natural frequency have been determined in a modal
analysis. In Figure 9 the outcomes for all samples are displayed in terms of a histogram for the
first and second frequency. As observed, the histograms are asymmetrically distributed around
mean frequency. The dispersion left of the mean frequency is mainly governed by uncertain
material parameters of the structure, the density distribution larger than the mean is a result of
seasonal temperature effects captured by the proposed stochastic environmental model.
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Figure 9: Distribution of the first and second natural frequency of 1000 bridge samples due to seasonal
temperature variations [9]

Plotting the frequencies of all random bridge samples as a function of the daily mean ambient
temperature T yields the scatter plot of Figure 10. This scatter plot resembles qualitatively the
outcomes of various monitored bridges, compare for instance with 2. It can be thus concluded
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that the proposed stochastic seasonal temperature model is appropriate to simulate the virtually
stepwise change of the natural bridge frequencies around the freezing temperature of water. It is
also seen that a temperature drop from T = 30◦C to T = −30◦C reduces the mean first natural
frequency by about 18%, and the second one by about 20%.
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Figure 10: First and second natural frequency of 1000 bridge samples plotted against temperature T .
Ballasted railway bridge located at Munich Airport, Germany [9]
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Figure 11: Relative change of the natural frequencies as a function of the frozen state of subsoil and
ballast. Ballasted railway bridge located at Munich Airport, Germany. Modified from [10]

A further parametric study is performed to investigate in more detail the effect of the seasonal
temperature variation on the natural frequencies of this bridge. For this study Young’s moduli of
ballast and subsoil are linearly varied from their mean in the unfrozen condition to the mean in
the fully frozen state, whereas the remaining variables of the model remain the same. Figure 11
shows the numerically derived first ten natural frequencies normalized by means of the
corresponding natural frequencies in the unfrozen condition, f j / f j0 ( j = 1,...,10), as a function
of the frozen state. It is readily observed that the first three modes become monotonically
larger as the frost depth increases. The first mode is dominated by vertical bending, and torsion
mainly governs the the second and third mode [8]. The torsion dominated modes are more
affected by the stiffness increase than the first bending mode, as it has also been detected at
the previously discussed bridge located in Sweden, see Figure 2. The frequency of the second
torsional mode (i.e., mode 3) increases in the fully frozen state by about 22% compared to the
unfrozen state. For the first bending mode this increase is about 19%. It is also observed that
the relation between higher mode frequencies and the frozen state is highly nonlinear, and also
the shape of the corresponding modes becomes different [10].
The effect of the temperature dependent behavior of the steel components according to
Equation (1) on the natural frequencies is, as expected, much smaller. In the considered
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case study object a temperature drop from T = 30◦C to T = −30◦C reduces the first natural
frequency by about 4%, and the second one by about 3% [10].

4 Summary and Conclusions
A stochastic model that captures the stepwise scatter of natural frequencies in railway bridges
around freezing temperatures has been described. Since the frequency variation is directly related to the frost depth in subsoil and ballast, the latter quantity was modeled stochastically
with the daily mean air temperature and the daily minimum temperature at ground as input
parameters. In this manner the seasonal variation of the global bridge stiffness is represented
physically meaningful. In an application example the observed scatter of the first and second
natural frequency could be reproduced. However, further studies are required to calibrate the
model parameters depending on frost period, material parameters, etc.
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Abstract: An efficient nonlinear stochastic dynamics methodology has been
developed for estimating the peak inelastic response of hysteretic multi-degree-offreedom (MDOF) structural systems subject to seismic excitations specified via a
given uniform hazard spectrum (UHS), without the need of undertaking
computationally demanding non-linear response time-history analysis (NRHA). The
proposed methodology initiates by solving a series of inverse stochastic dynamics
problems for the determination of input power spectra compatible in a stochastic
sense with a given elastic response UHS of specified damping ratio. Relying on
statistical linearization and utilizing an efficient decoupling approach the nonlinear
N-degree-of-freedom system is decoupled and cast into (N) effective linear singledegree-of-freedom (SDOF) oscillators with effective linear properties (ELPs):
natural frequency and damping ratio. Subsequently, each DOF is subject to a
stochastic process compatible with the UHS adjusted to the oscillator effective
damping ratio. Next, an efficient iterative scheme is devised achieving convergence
of the damping coefficients of all the N effective linear SDOF oscillators and the
UHS corresponding to each DOF. Finally, peak inelastic responses for all N DOFs
are estimated through the updated UHS for the N different sets of SDOF oscillators
ELPs. The proposed approach is numerically illustrated using a yielding 3-storey
building exposed to the Eurocode 8 (EC8) UHS following the Bouc-Wen hysteretic
model. NRHA involving an ensemble of EC8 compatible accelerograms is conducted
to assess the accuracy of the proposed approach in a Monte Carlo-based context.

Introduction
Addressing nonlinearities through a design spectrum-based analysis framework usually involves either modification of the elastic design spectrum by applying strength reduction factors
[14] or generation of an equivalent elastic SDOF system. Clearly, derivation of an equivalent
linear SDOF system (ELS) allows for interpreting the inelastic response spectra as elastic response spectra, utilizing the equivalent properties of the ELS [8]. In this setting, various deterministic and statistical linearization techniques to determine the properties of ELS for various
kinds of nonlinearity can be found in the literature [9]. More recently, Giaralis and Spanos [5]
proposed a statistical linearization-based framework to estimate the peak inelastic response of
an SDOF system exposed to seismic excitations compatible with a given elastic design spectrum.
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To circumvent undertaking computationally intensive non-linear response history analysis
(NRHA) together with earthquake record selection and scaling [7] this paper puts forth an efficient stochastic dynamics methodology to estimate the peak inelastic response of multi-storey
buildings modelled as lumped-mass multi-degree-of-freedom (MDOF) hysteretic systems subject to elastic response UHS. Specifically, the proposed methodology involves the determination of a series of seismically induced stochastic processes characterized by power spectra
compatible in a stochastic sense with the assigned elastic response UHS. Relying on statistical
linearization and utilizing an efficient decoupling approach the nonlinear N-degree-of-freedom
system is decoupled and cast into N effective linear single-degree-of-freedom (SDOF) oscillators with effective linear properties (ELPs); natural frequency and damping ratio. Particular
attention is given to the stochastically derived ELPs for updating appropriately the damping
dependent elastic response UHS and the stochastic content of the corresponding input seismic
random processes. To this aim, an efficient iterative scheme is devised achieving convergence
between the damping ratio coefficient of the effective linear oscillator corresponding to the 𝑗th DOF, and the UHS corresponding to the same 𝑗-th DOF and related to the same damping
ratio coefficient. In this manner, both the linear oscillator ELPs and the corresponding UHS are
iteratively updated, so that the required compatibility between the two is achieved. This significant feature of the proposed scheme is novel in comparison to other alternative treatments in
the literature [5], and aims at enhancing the consistency and accuracy of the scheme.

Derivation of Design Spectrum Compatible Power Spectra
Contemporary codes for the aseismic design of structures allow seismic motion representation
by means of artificial accelerograms generated as parts of finite duration 𝑇𝑠 of samples of a
stationary stochastic process which is characterized by a power spectrum compatible in a stochastic sense with a given elastic response uniform hazard spectrum (UHS). In this regard, the
following nonlinear equation consists the basis for relating a pseudo-acceleration response
spectrum 𝑆𝑎 (𝜔𝑖 , 𝜁𝑜 ) to an one-sided power spectrum corresponding to a Gaussian stationary
stochastic process 𝑋𝑖 (𝑡) [1]; that is,
𝑆𝑎 (𝜔𝑖 , 𝜁𝑜 ) = 𝜂𝛸𝑖 𝜔𝑖2 √𝜆0,𝑋𝑖

(1)

where 𝜂𝛸𝑖 and 𝜆0,𝑋𝑖 stand for the peak factor and the variance of the stationary stochastic response process 𝑋𝑖 (𝑡) of an elastic oscillator of natural frequency 𝜔𝑖 and damping ratio 𝜁𝑜 . Further, the spectral moment of zero order of the stationary response process that appears in Eq.(1),
reads for the general case of 𝑛 order
∞

𝜆𝑛,𝑋𝑖 = ∫ 𝜔𝑛
0

1
𝜁
𝐺 𝑜 (𝜔)𝑑𝜔.
(𝜔𝑖2 − 𝜔 2 )2 + (2𝜁𝑜 𝜔𝑖 𝜔)2 𝑋𝑖

(2)

𝜁
The evaluation of the stochastically compatible power spectrum 𝐺𝑋𝑜𝑖 (𝜔), which does not appear
explicitly in Eq.(1), necessitates a careful handling of the inverse stochastic dynamics problem.
In this setting, several methods for generating a consistent power spectrum can be found in the
literature [1,4]. Following the hypothesis of a barrier outcrossing in clumps, the peak factor 𝜂𝛸𝑖
which is related with the first-passage problem is determined as
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𝜂𝛸𝑖 (𝑇𝑠 , 𝑝) = √2 ln{2 𝑣𝛸𝑖 [1 − exp[−𝛿𝛸1.2
√𝜋 ln(2 𝑣𝛸𝑖 )]]}
𝑖

(3)

where the mean zero crossing rate 𝑣𝛸𝑖 and the spread factor 𝛿𝛸𝑖 of the stochastic response process 𝑋𝑖 (𝑡) are defined as
𝑣𝛸𝑖 =

𝑇𝑠 𝜆2,𝑋𝑖
(− ln 𝑝) −1
√
2𝜋 𝜆0,𝑋𝑖

(4)

and
𝛿𝛸𝑖 = √1 −

𝜆21,𝑋𝑖
𝜆0,𝑋𝑖 𝜆2,𝑋𝑖

.

(5)

respectively. Τhe peak factor 𝜂𝛸𝑖 consists the critical factor by which the standard deviation of
the considered elastic oscillator response should be multiplied to predict a level 𝑆𝑎 below which
the peak response will remain, with probability 𝑝 (see Eq.(4)). This probability 𝑝 is reasonably
set to be equal to 0.5. Besides this selection, there is the underlying compatibility criterion
which prescribes that from an ensemble of stationary samples of duration 𝑇𝑠 of the stochastic
process 𝑋𝑖 (𝑡), half of the associated response spectra lie below the assigned pseudo-acceleration response spectrum 𝑆𝑎 [5]. For the purposes of this study, the following approximate formula for obtaining a reliable estimation of the variance of the response process 𝑋𝑖 (𝑡) of an
oscillator of natural frequency 𝜔𝑖 and damping ratio 𝜁𝑜 is used [18], i.e.,
𝜁

𝜆0,𝑋𝑖 =

𝐺𝑋𝑜𝑖 (𝜔𝑖 )
𝜔𝑖3

𝜔𝑖
𝜋
1
𝜁
(
− 1) + 4 ∫ 𝐺𝑋𝑖𝑜 (𝜔)𝑑𝜔 .
4𝜁𝑜
𝜔𝑖 0

(6)

Considering Eq.(6) and manipulating appropriately Eq.(1) yields
𝜔𝑖
𝜋 − 4𝜁𝑜
𝜁
𝜁
𝑆𝛼2 (𝜔𝑖 , 𝜁𝑜 ) = 𝜂𝛸2 𝑖 𝜔𝑖 𝐺𝑋𝑜𝑖 (𝜔𝑖 ) (
) + 𝜂𝛸2 𝑖 ∫ 𝐺𝑋𝑜𝑖 (𝜔)𝑑𝜔
4𝜁𝑜
0

(7)

which is further simplified by substituting the integral in Eq.(7) by a discrete summation. In
𝜁
this setting, the stochastically compatible power spectrum 𝐺𝑋𝑜𝑖 (𝜔) can be derived as
𝑖−1

4𝜁𝑜
𝑆𝛼2 (𝜔𝑖 , 𝜁𝑜 )
𝜁
(
− 𝛥𝜔 ∑ 𝐺𝑋𝑜𝑖 (𝜔𝑞 )) ,
𝜁
𝜂𝛸2 𝑖
𝐺𝑋𝑖𝑜 (𝜔𝑖 ) = 𝜔𝑖 𝜋 − 4𝜁𝑜 𝜔𝑖−1

𝜔𝑖 > 𝜔𝑏𝑙

0,

𝜔𝑖 ≤ 𝜔𝑏𝑙

𝑞=1

{

(8)

where the discretization scheme 𝜔𝑖 = 𝜔𝑏𝑙 + (𝑖 − 0.5)𝛥𝜔 is employed. The value of 𝜔𝑏𝑙 is related with the lowest bound of the frequency domain of Eq.(3). Obviously, a preselection of an
input power spectrum shape has to be preceded for deriving a stochastically compatible spectrum, according to the numerical scheme of Eq.(8). In the herein study the utilization of a more
elaborate input power spectrum shape is deemed necessary in achieving better matching between the target design spectrum and the compatibly generated design spectrum 𝑆𝑎 (𝜔𝑖 , 𝜁𝑜 ) calculated by Eq.(1) (see Figure 1). In this regard, the widely used Kanai-Tajimi spectrum
appropriately modified by Clough and Penzien (CP) is considered herein [11]. Further, the val-
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ues of 𝜔𝑖 range in the closed frequency interval [𝜔𝑏𝑙 , 𝜔𝑏𝑢 ]. Numerical experimentation conducted in [5], indicates that for the case of a CP input spectrum, the value of the lowest bound
𝜔𝑏𝑙 is equal to zero. An upper cut-off frequency bound 𝜔𝑏𝑢 is defined according to
𝑢
𝜔𝑏

∫
0

∞

𝜁

𝜁

𝐺𝑋𝑖𝑜 (𝜔)𝑑𝜔 = (1 − 𝜀) ∫ 𝐺𝑋𝑜𝑖 (𝜔)𝑑𝜔

(9)

0

where 𝜀 ≪ 1 (e.g. 𝜀 is equal to 10−3). In Figure 1a the target EC8 design spectrum is compared
with the solution of the direct formulation of Eq.(1) utilizing the stochastically compatible
𝜁
power spectra 𝐺𝑋𝑜𝑖 (𝜔) for the cases of CP and white-noise (WN) input spectrum shape. Further,
in Figure 1b the compatible power spectra for various spectral shapes are presented.

Figure 1: (a) EC 8 design spectrum and the solution to the direct formulation of Eq.(1) 𝑆𝑎 (𝜔𝑖 , 𝜁𝑜 ) for various
spectral shapes (𝜁𝑜 = 5%, PGA= 0.36𝑔, Soil Conditions B). (b) Compatible design spectrum power spectra.

Inelastic Stochastic Design Spectrum Analysis
In this section a novel stochastic dynamics methodology for conducting efficiently inelastic
design spectrum-based analysis of MDOF nonlinear structural systems is developed.

3.1 Statistical Linearization
Consider the N-DOF structural system governed by the nonlinear differential equation
𝑴𝒙̈ (𝑡) + 𝑪𝒙̇ (𝑡) + 𝑲𝒙(𝑡) + 𝒈[𝒙(𝑡), 𝒙̇ (𝑡)] = − 𝑭(𝑡),

(10)

where 𝒙̈ (𝑡) denotes the response acceleration vector, 𝒙̇ (𝑡) is the response velocity vector and
𝒙(𝑡) is the response displacement vector. For the sake of clarity, a distinction should be made
between inter-story drifts vector 𝒚(𝑡) and the normalized by the nominal yielding displacement
xy inter-story drifts vector 𝐱(t) that appears in Eq.(10); namely 𝐱(t) = 𝐲(t) 𝑥𝑦−1. 𝐌, 𝐂 and 𝐊
denote the (𝑁 × 𝑁) mass, damping and stiffness matrices, respectively; 𝐠[𝐱(t), 𝐱̇ (t)] is an arbitrary nonlinear (𝑁 × 1) vector function of the variables 𝐱(t) and 𝐱̇ (t). 𝐅(t)T =
[f1 (t), f2 (t), … , f𝑁 (t)] is a (𝑁 × 1) zero mean, stationary random vector process defined as
̅ 𝛄𝑥𝑦−1 α̈ g (t), where 𝛄 is the unit column vector, α̈ g (t) is a stochastic stationary seismic
𝐅(t) = 𝐌
𝜁
̅ stands for the (𝑁 × 𝑁)
excitation process characterized by a power spectrum 𝐺𝑋𝑜 (𝜔) and 𝐌
𝑖

mass matrix defined in absolute coordinates. In this regard, 𝐅(t) possesses the spectral density
matrix of the diagonal form
𝜁

𝑜
𝑺𝑭𝑭 (𝜔) = 𝑚𝑗2 x−2
y 𝐺𝑋𝑖 (𝜔) 𝚰𝑁𝒙𝑁 ,
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𝑗 = 1, 2. . . , 𝑁

(11)

In the following, a statistical linearization approach [11,15] is employed for determining the
response power spectrum matrix 𝑺𝒙𝒙 (𝜔). A linearized version of Eq.(10) is given in the form
𝑴𝒙̈ (𝑡) + (𝑪 + 𝑪𝒆𝒒 )𝒙̇ (𝑡) + (𝑲 + 𝑲𝒆𝒒 )𝒙(𝑡) = − 𝑭(𝑡).

(12)

Next, relying on the standard assumption that the response processes are Gaussian, the elements
of the equivalent linear matrices 𝑪𝒆𝒒 and 𝑲𝒆𝒒 are given by the expressions
𝑒𝑞

𝑐𝑗,𝑙 = 𝐸 [

𝜕𝑔𝑗
],
𝜕𝑥̇ 𝑙

(13)

𝜕𝑔𝑗
].
𝜕𝑥𝑙

(14)

and
𝑒𝑞

𝑘𝑗,𝑙 = 𝐸 [

Further, the fourier transform of the response cross-correlations matrix defined by convoluting
the impulse response function matrix with the vector of the applied stochastic seismic loads
leads for the general case of a N-degree-of-freedom system in the celebrated frequency domain
relation [11,15]
∗

𝑺𝒙𝒙 (𝜔) = 𝑯𝒙 (𝑖𝜔)𝑺𝑭𝑭 (𝜔)𝑯𝒙 𝑇 (𝑖𝜔),

(15)

where the superscripts (T) and (*) denote matrix transposition and complex conjugation, respectively, and the non-symmetric frequency response function (FRF) matrix is defined as
−1

𝑯𝒙 (𝑖𝜔) = [[(𝑲 + 𝑲𝒆𝒒 ) + 𝑴(𝑖𝜔)2 ] + 𝑖𝜔(𝑪 + 𝑪𝒆𝒒 )]

.

(16)

Furthermore, the cross–variance of the response due to a vector of stochastic excitation pro𝜁
cesses characterized by power spectra of the form 𝐺𝑋𝑜𝑖 (𝜔) can be evaluated as
∞

𝐸[𝑥𝑗 (𝑡)𝑥𝑙 (𝑡)] = ∫ 𝑆𝑥𝑗 𝑥𝑙 (𝜔) 𝑑𝜔

(17)

−∞

where 𝑆𝑥𝑗𝑥𝑙 (𝜔) is the (𝑗, 𝑙)𝑡ℎ element of the response power spectrum matrix 𝐒𝐱𝐱 (ω). It can be
readily seen that Eqs.(12-17) constitute a coupled nonlinear system of algebraic equations to be
solved iteratively for the system response covariance matrix. Further for the 𝑗 𝑡ℎ degree of freedom, using Eq.(8), Eq.(11), Eq.(15) and Eq.(17) yields
∞

2

2

2

𝜁

𝐸[𝑥𝑗2 (𝑡)] = ∫ (|H𝑥 j1 (𝑖𝜔)| m12 + |H𝑥 j2 (𝑖𝜔)| m22 + ⋯ + |H𝑥 jd (𝑖𝜔)| m2d ) xy−2 𝐺𝑋𝑖𝑜 (ω)dω,

(18)

−∞

and
∞

2

2

2

𝜁

𝐸[𝑥̇𝑗2 (𝑡)] = ∫ 𝜔2 (|H𝑥 j1 (𝑖𝜔)| m12 + |H𝑥 j2 (𝑖𝜔)| m22 + ⋯ + |H𝑥 jd (𝑖𝜔)| m2d ) xy−2 𝐺𝑋𝑜𝑖 (ω)dω. (19)
−∞

To this end, Eqs.(18) and (19) provide with estimates of the normalized response displacement
and velocity variance corresponding to each and every DOF of the nonlinear MDOF structural
system subject to a vector of stochastic seismic excitation processes characterized by a power
spectrum compatible in the stochastic sense delineated in section 2 with an assigned pseudoacceleration design/response spectrum Sα (ωi , ζo ).
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3.2 Derivation of Effective Linear SDOF Oscillators Properties
Modal analysis is typically employed for decoupling the coupled linear/linearized differential
equation of motion, however the requirement of a special form of damping (e.g., Rayleigh)
imposes limitations to the method. In this section, an efficient decoupling approach, which can
readily address arbitrary forms of damping matrices, for determining a stochastically equivalent
linear SDOF system for each DOF is outlined [10]. In the herein study an auxiliary effective
linear oscillator corresponding to the 𝑗 𝑡ℎ degree of freedom is defined as
ẍ j (𝑡) + 2ζef𝑗 ωef𝑗 ẋ j (𝑡) + ω2ef𝑗 xj (𝑡) = − α̈ g (t),

(20)

where the variables ωef𝑗 and ζef𝑗 are the effective natural frequency and damping ratio, respectively. In this regard, by equating the expressions for the variances of the response displacement
and velocity of the auxiliary effective linear oscillator, expressed utilizing the FRF corresponding to Eq.(20), with the corresponding ones determined via Eqs.(18-19) yields
∞

2

𝜁

𝐸[𝑥𝑗2 (𝑡)] = ∫ |H𝑥 ef (𝑖𝜔)| xy−2 𝐺𝑋𝑜𝑖 (𝜔)𝑑𝜔,
−∞

𝑗

∞

2

𝜁

𝐸[𝑥̇𝑗2 (𝑡)] = ∫ 𝜔2 |H𝑥 ef (𝑖𝜔)| xy−2 𝐺𝑋𝑜𝑖 (𝜔)𝑑𝜔.
−∞

𝑗

(21)

(22)

where
𝐻𝒙ef (𝑖𝜔) = [(𝑖𝜔)2 + 𝑖2ζef𝑗 ωef𝑗 𝜔 + ω2ef𝑗 ]

−1

𝑗

(23)

Clearly, Eqs.(21) and (22) in conjunction with Eqs.(18) and (19) constitute a nonlinear system
of two algebraic equations to be solved for the evaluation of the linear oscillator effective natural frequency ωef𝑗 and damping ratio ζef𝑗 coefficients. In this setting, determining the effective
natural frequency ωef𝑗 is especially important for a number of reasons such as tracking and
avoiding moving resonance phenomena [10,12], or developing efficient approximate techniques for determining nonlinear system survival probability and first-passage PDF [13,17].

3.3 Efficient Stochastic Iterative Scheme for Updated Design Power Spectra
The proposed methodology incorporates an efficient iterative scheme which includes successive solution of an inverse stochastic dynamics problem for the determination of a series of
seismically induced stochastic processes characterized by power spectra compatible in a stochastic sense with the assigned elastic response UHS. Relying on statistical linearization and
utilizing the efficient decoupling approach, the nonlinear N-degree-of-freedom system is decoupled and cast into (N) effective linear SDOF oscillators with effective natural frequency
ωef𝑗 and damping ratio ζef𝑗 . Next, the derived effective damping coefficients ζef𝑗 redefine the
damping ratios of the updated input elastic response UHS which in turn define stochastically
compatible design spectrum power spectra. The aforementioned procedure establishes a cyclic
relationship between the stochastically equivalent damping coefficients of the effective linear
𝑖𝑛
SDOF oscillators ζ𝑜𝑢𝑡
ef𝑗 and the damping ratios of the input elastic response UHS ζef𝑗 . Lastly, the
values of the derived effective linear coefficients attained at the last iteration when convergence
𝑜𝑢𝑡
has been achieved between ζ𝑖𝑛
ef𝑗 and ζef𝑗 , are used in conjunction with the corresponding UHS
to approximate the peak inelastic system response of every DOF of the system.
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Concisely, the developed stochastic dynamics framework includes the following steps:
a) Determination of a series of seismically induced stochastic processes characterized by
power spectra compatible in a stochastic sense with the assigned elastic response UHS.
b) Statistical linearization treatment of the nonlinear MDOF system subject to a vector of
stochastic seismic processes characterized by power spectra defined in the first step.
c) Efficient decoupling approach for the determination of (N) effective linear SDOF oscillators with effective natural frequency ωef𝑗 and damping ratio ζef𝑗 properties.
d) Redefinition of a series of stochastic seismic processes compatible with the UHS adjusted to the oscillator stochastically derived effective damping ratios.
e) An efficient iterative scheme is devised achieving convergence between the damping
ratio coefficient of the effective linear oscillator corresponding to the 𝑗-th DOF, and the
UHS corresponding to the same 𝑗-th DOF and related to the same damping ratio coefficient.
In this regard, the analyst/engineer can readily resort to the updated elastic design/response
UHS for reading spectral ordinates without the need for utilizing any additional reduction factors for considering the underlying nonlinearity of the system. Moreover, the problem of utilizing an arbitrary damping ratio of questionable value for the initial input elastic design UHS is
addressed as the proposed iteration scheme provides with informed values of the effective
damping ratios which are used in a straightforward manner for the redefinition of the most
appropriate elastic response UHS and its successive spectral ordinates reading.
The developed stochastic dynamics technique exhibits a number of noteworthy and novel characteristics such as: (i) it accounts for nonlinear and MDOF structural systems, (ii) it provides
with efficient inelastic peak response estimates by avoiding NRHA, (iii) it exhibits enhanced
accuracy as compared to [5] due to the novel feature of updating the response UHS over the
iterative process; the UHS is treated as a unknown variable of the system of nonlinear equations
rather than a constant parameter, (iv) the latter point provides with updated values for the elastic
response UHS. Note that the attribute of identifying the most appropriate UHS to be used by
the analyst/designer constitutes an additional advantage of the technique.

Numerical Application
One of the widely used models in earthquake engineering is the Bouc-Wen model [11] that
allows to include hysteretic phenomena. Ηaving adopted basic shear-beam idealizations, the
𝑗 𝑡ℎ inter-story restoring force can be given as the composition of an elastic and a hysteretic part
𝛷𝑆𝑗 (𝑡) = 𝛼𝑘𝑗 𝑦𝑗 (𝑡)𝑥𝑦−1 + (1 − 𝛼)𝑘𝑗 𝑧𝑗 (𝑡),

(24)

where the parameter 𝛼 stands for the rigidity ratio, 𝑘𝑗 is the initial elastic stiffness, 𝑦𝑗 (t) is the
inter-story drift and 𝑥𝑦 is the yielding displacement. The additional hysteretic variable z𝑗 (t) is
a state variable so that each story of the structure is now described by a triplet of state variables,
i.e. inter-story drift, velocity and hysteretic variable. The constitutive law is introduced by
n

ż j (t) = xy−1 {Αẏ j (t) − βẏ j (𝑡)|zj (𝑡)| − γ|ẏ j (𝑡)|zj (𝑡)|zj (𝑡)|

n−1

}.

(25)

where the parameters Α, β, γ and 𝑛 are capable of representing a wide range of hysteresis loops
(in the herein study Α = 1, β = γ = 0.5, n = 1 and α = 0.15). In this section, the proposed
methodology is numerically illustrated using a yielding three-storey building structure which is
modeled as a nonlinear/hysteretic three-DOF structural system subject to stochastic seismic
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excitations defined by the Eurocode 8 (EC8). All floors are assumed to be rigid and have a
constant height equal to 3 m. The masses of the plates are lumped at the floor levels and a value
of mplate = 9.5 × 104 kg is considered herein. The Young’s modulus and the mass density are
taken equal to 30 × 109 Pa and 2.5 × 103 kg/m3 respectively. The yielding displacement 𝑥𝑦 is
equal to 5c𝑚. Further, columns cross-section dimensions for a given floor are assumed to be
equal, and thus, a design vector 𝐫 can be defined, having one component for every story, i.e.
the width of the square cross-sections. Considering the normalized inter-story drifts xj as well
as the additional states zj , the three-DOF hysteretic structural system is governed by Eq.(10),
where the nonlinear vector function is defined as
𝒈[𝒙(𝑡), 𝒙̇ (𝑡)] = [𝟎𝟏×𝑵 𝒛̇ 𝟏×𝑵 ] 𝑇 .

(26)

Next, a pseudo-acceleration design/response spectrum prescribed by EC8 for soil conditions B,
damping ratio 𝜁𝑜 = 5%, and peak ground acceleration (PGA) equal to 0.36𝑔 is initially considered (Figure 1). In the ensuing analysis the duration 𝑇𝑠 is taken equal to 20𝑠, whereas the
discetization step is set to 𝛥𝜔 = 0.1 𝑟𝑎𝑑𝑠 −1 . The parameters values of the CP input shape
power spectrum are 𝜉𝑔 = 0.78, 𝜔𝑔 = 10.78 𝑟𝑎𝑑𝑠 −1 , 𝜉𝑓 = 0.92 and 𝜔𝑓 = 2.28 𝑟𝑎𝑑𝑠 −1 . For
illustration purposes a multi-storey building structure characterized by the following design
vector 𝐫 = [25, 25, 25 ]𝑇 𝑐𝑚 is considered. Note that the convergence rate is reasonably fast,
and the stabilization of the estimates of the effective damping ratio ζef𝑗 elements, which are
function of ζ𝑖𝑛
ef𝑗 is achieved after six iterations. The convergence process is terminated when
successive values of the estimated effective damping ratio display difference lower than a
threshold 𝛽 (e.g. 𝛽 = 10−4). Lastly, the values of the stochastically derived ELPs attained at the
𝑖𝑛
last iteration when convergence has been achieved between ζ𝑖𝑛
ef𝑗 and ζef𝑗 (ζef𝑗 ) are plotted on the
updated inelastic response spectrum of 𝑆𝑎−𝑑 format presented in Figure 2.

Figure 2: Inelastic design/response spectrum in 𝑆𝑎−𝑑 (𝑇𝑒𝑓𝑗 , 𝜁𝑒𝑓𝑗 ) format for PGA= 0.36𝑔 and soil conditions B.

Further, proposed methodology based data are compared with pertinent Monte Carlo simulation
data utilizing an ensemble of 1,000 realizations. Specifically, non-stationary time-histories stochastically compatible with the design spectrum consistent power spectrum of Eq.(8) [6], for
the case of CP input spectral shape (see Figure 1) are generated based on the spectral representation technique in [16]. Next, the nonlinear differential equation of motion (Eq.(10)) is numerically integrated via a standard fourth order Runge-Kutta scheme, and finally, system response
statistics are obtained based on the ensemble of the response realizations. Relevant results are
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presented in Table 1, illustrating a satisfactory achieved degree of accuracy. The error in the
estimation of the peak inelastic displacement (PID) response is defined as
𝑨𝒏𝒂𝒍𝒚𝒕𝒊𝒄𝒂𝒍

𝑒𝑟𝑟𝑜𝑟𝑗,𝜅 =

|𝑃𝐼𝐷𝑗,𝑘

− 𝑃𝐼𝐷𝑗𝑴𝑪𝑺 |

𝑃𝐼𝐷𝑗𝑴𝑪𝑺

,

(27)

where 𝑘 stands for the iteration index.
Table 1: Error (%) in the estimation of the peak inelastic displacement responses through the iterations of the
proposed methodology. Comparison with MCS-based results

Iteration
1st DOF
2nd DOF
3rd DOF

1st
6.52
7.57
7.97

2nd
7.37
0.16
0.16

3rd
4.25
0.48
1.33

4th
4.82
0.16
1.16

5th
4.67
0.16
1.16

6th
4.67
0.16
1.16

MCS (cm)
7.06
6.21
6.02

For the cases of a relatively weak non-linearity (e.g. 2nd and 3rd DOF) it is seen from Table 1
that the proposed methodology is particularly accurate. As the degree of non-linearity increases
(e.g. 1st DOF) the achieved degree of accuracy will tend to decrease, remaining however, within
reasonable levels.
The proposed methodology can be seen as a system identification procedure which redefines/updates incrementally the elastic design/response UHS, considering appropriately the underlying nonlinearity of the system. In this regard, the analyst/engineer can readily resort to the
standard graphical spectral ordinates reading [3], without the need of utilizing any additional
reduction factors. Note in passing that the proposed scheme can be applied in a straightforward
manner to address cases of nonlinear structural systems having a large number of DOFs. Further, the proposed methodology is characterized by considerable versatility since it is liberated
from the dependency on the damping ratio of the imposed elastic design/response spectrum, as
well as the form of damping itself.

Concluding Remarks
An efficient nonlinear stochastic dynamics methodology has been developed for estimating the
peak inelastic response of hysteretic multi-degree-of-freedom (MDOF) structural systems subject to seismic excitations specified via a given uniform hazard spectrum (UHS), without the
need of undertaking computationally demanding non-linear response history analysis (NRHA).
The proposed methodology initiates by solving a series of inverse stochastic dynamics problems for the determination of input power spectra compatible in a stochastic sense with a given
elastic response UHS of specified damping ratio. Relying on statistical linearization and utilizing an efficient decoupling approach the nonlinear N-degree-of-freedom system is decoupled
and cast into (N) effective linear single-degree-of-freedom (SDOF) oscillators with effective
linear properties (ELPs): natural frequency and damping ratio. Subsequently, each DOF is subject to a stochastic process compatible with the UHS adjusted to the oscillator effective damping
ratio. Next, an efficient iterative scheme is devised achieving convergence of the damping coefficients of all the N effective linear SDOF oscillators and the UHS corresponding to each
DOF. Finally, peak inelastic responses for all N DOFs are estimated through the UHS for the
N different sets of SDOF oscillators ELPs.
The accuracy of the developed approach is numerically demonstrated using a yielding 3-storey
building exposed to the Eurocode 8 (EC8) UHS following the Bouc-Wen hysteretic model.
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NRHA involving an ensemble of EC8 non-stationary compatible accelerograms is conducted
to assess the accuracy of the proposed approach in a Monte Carlo-based context.
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Simulated Wind Field
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Abstract: The paper describes a direct auto-regressive simulation method for wind
fields. It makes use of the correlation of the wind field in the transverse direction to
permit a single step multi-component formulation with free distribution of the simulation
points in the transverse plane. While the simulated field will typically need a small time
step for resolution of the turbulent fluctuations, the calibration is performed with respect
to an accumulated time step the size of which is determined from a typical time scale of
the total turbulence spectrum. The formulation depends on the availability of a consistent
three-dimensional covariance description of the wind field, and is here illustrated for
isotropic turbulence. It is demonstrated that the covariance structure of the velocity field
is captured well and permits easy application to e.g. long-span bridges.

1 Introduction
In the design of long-span bridges wind load constitutes one of the essential design considerations - both in relation to buffeting response and to flutter, and simulated wind records have
been used for several decades. The classic approach has been Fourier simulation of correlated
wind velocity records for a set of points in space. The computational extent of the simulation
easily becomes very large due to the need for long records at a considerable number of points
in space, see e.g. [1], [2] and the discussion in [3]. An alternative is the use of sequential simulation based on the auto-regressive format with or without moving average white noise input
(ARMA or AR format). An early presentation of ARMA simulation in connection to wind loading was given in [4]. A general overview of the wind simulation literature relating to structural
response calculations was given in [5]. Common for this literature is that the simulation consists
of a number of correlated scalar processes, typically with each velocity component having its
own spectral density function, and with the processes at different points connected via spatial
coherence functions, often represented empirically by exponential functions of the distance.
An alternative approach consists in considering the turbulent velocity components as constituting a vector field in three-dimensional space, e.g. in the form of convected isotropic turbulence,
[6]. The underlying flow field introduces two features generally missing in the engineering literature: an integral condition on the correlation and coherence of transverse flow, and a combined
wave-number parameter replacing the simple frequency-distance parameter typically assumed
in the engineering literature, [7]. This paper presents a summary of a simple auto-regressive
simulation procedure [8] formulated explicitly in terms of point correlations at two suitably
separated instances in time and investigates the properties of the simulated wind field in relation to applications to long-span bridges.
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2 Background Theory
The basic idea of auto-regressive moving-average (ARMA) simulation developing through
states indexed by n is that the stochastic field variables un at step n are given as a linear combination of previous steps n − j, · · · , n − 1 supplemented by independent white noise variables
corresponding to the previous steps n − k, · · · , n − 1 in the form
un = A1 un−1 + A2 un−2 + · · · + A j un− j
+ B1 ξ n−1 + B2 ξ n−2 + · · · + Bk ξ n−k ,

n = 1, 2, · · ·

(1)

where j denotes the number of regression terms, and k similarly the number of averaging terms.
The process is illustrated in Fig. 1. The simulation process starts from zero at u0−s , passes
through a non-stationary transient phase before reaching u0 from which the process is nearstationary until the current state un .
u0−s
z

u0

un−1 u

y
x

n

Lz
Lx

Ly

Figure 1: Simulation steps u j , · · · , un .

Traditionally, the frequency characteristics of the process have been obtained by using sufficiently long memory in terms of j previous values and k white noise input vectors. However
the present goal is simulation of turbulent wind, and the correlation properties are therefore assumed to be available via observations in the transverse planes, and this suggests a single-step
simulation procedure, although appropriate model parameter calibration requires the use of a
suitable plane separated from the current state by a distance depending on the field properties,
and not directly on the simulation step size. This corresponds to an auto-regressive (AR) process
of the form
un = Aun−1 + Bξ n−1 ,
n = 1, 2, · · ·
(2)

The random vectors ξ n are formed by uncorrelated normalized normal components, E[ ξ i ξ Tj ] =
δi j I, and the matrix B then generates the correlation between simultaneous input components.

2.1 Single-step calibration
The single-step format (2) produces a multi-dimensional Markov process. As this format does
not correspond exactly to the properties of the simulated field a certain care must be exercised
in the calibration of the two matrices A and B. First, a simple calibration procedure is described
based on the properties of two consecutive steps, e.g. un and un−1 . The covariance structure of
this type of field can be generated from the single-step covariance properties, contained in the
two matrices
C0 = E[ un uTn ],
C1 = E[ un uTn−1 ].
(3)
In the single-step procedure these two covariance matrices determine the AR coefficient matrices A and B. However, a more robust calibration is obtained by using the correlation between
the current state and a previous state, separated from the current by several steps. That calibration is summarized in the next section as a generalization of the present single-step procedure.
The details of the calibration procedures are given in [8].
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The two system matrices A and B are determined by rearranging the recurrence relation (2) in
the form
un − Aun−1 = Bξ n−1 .
(4)
This form permits direct determination of A and B by evaluation of the conditional mean value
and covariance matrix of un for known un−1 . This is done in two different ways: directly from
the relation (4), and by use of known relations for conditional mean and covariance. For the
conditional mean value these two procedures give
E[ un | un−1 ] = Aun−1 = C1 C−1
0 un−1 .

(5)

This identifies the regression matrix A as
A = C1 C−1
0 .

(6)

This equation gives the regression matrix A explicitly in terms of the covariance matrices C0
and C1 of the stochastic field.
The mean value of the terms on both sides of the relation (5) is equal to zero, and thus the
conditional covariance is obtained by squaring the relation as
T
Cov[ un uTn | un−1 ] = B E[ ξ n−1 ξ Tn−1 ] BT = C0 − C1 C−1
0 C1 .

(7)

The expectation of the product of simultaneous values of the white noise vector ξ equals the
unit matrix, thus giving the following relation
T
B BT = C0|1 = C0 − C1 C−1
0 C1 .

(8)

This equation determines the product B BT, and the matrix B can be extracted from Cholesky
factorization or from the eigenvalues and eigenvectors of the conditional covariance matrix C0|1 .

2.2 Multi-step calibration
In the multi-step calibration procedure the matrices A and B are obtained from the statistical
properties of un and un−k via the covariance matrices C0 and
Ck = E[ un uTn−k ].

(9)

This typically gives a more robust calibration, but is slightly more elaborate [8]. The current response vector un is expressed in terms of the previous step by the relation (4), and by expressing
un−1 by the similar formula for the previous step etc. k times, the following relation is obtained

(10)
un − Ak un−k = Ak−1 Bξ n−k + · · · + ABξ n−2 + Bξ n−1 .
Using the same procedure as for the single-step calibration, the conditional mean for known
un−k is expressed both from (10) directly and from the general result for correlated variables,
E[ un | un−k ] = Ak un−1 = Ck C−1
0 un−1 .

(11)

This identifies the recurrence matrix A via its k’th power as
Ak = Ck C−1
0 .
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(12)

The matrix A is determined by solving the non-symmetric eigenvalue problem
(Ak )P = P Γk ,

(Ak )T Q = Q Γk ,

(13)

where P and Q are the right and the left eigenvector matrices of Ak , respectively. The eigenvalues are contained in the diagonal matrix Γk = ⌈γ1k , γ2k , · · · , γmk ⌋. When normalizing the biorthogonality relations of the eigenvectors, QT P = PT Q = I, premultiplication of the original eigenvalue problem by QT gives
QT Ak P = Γk .
(14)
It is seen that the biorthogonality relations immediately leads to the same relation for k = 1, and
thereby to the desired matrix relation
A = P Γ QT .

(15)

This generalizes the single-step result (6), corresponding to k = 1.
As in the single-step calibration procedure the calibration formula for the matrix B is determined
from the squared recurrence relation (10). In spite of statistical independence of the white noise
vectors ξ n and ξ n−k these terms result in a summation. The details are outside the scope of the
present contribution, but may be found in [8]. The result of the analysis is the formula
BBT = P D PT ,

(16)

generalizing (8) for the single-step procedure. In this formula P is the right eigenvector matrix
from (13), and the components of the symmetric matrix D is obtained from the conditional
covariance matrix
T
C0|k = C0 − Ck C−1
(17)
0 Ck

via the left eigenvector matrix Q and the eigenvalues γ j as
Di j =


1 − ( γi γ j )  T
Q
C
Q
.
0|k
ij
1 − ( γi γ j ) k

(18)

It is seen that for k = 1 the single-step formula (8) is recovered.

2.3 Correlations in isotropic turbulence
The present formulation is ideally suited to convected turbulence, where it is assumed that an
instantaneous ‘snap shot’ of the wind velocity field in three-dimensional space defines a velocity
field, that is then convected across the simulated cross-section plane. For isotropic turbulence the
invariance of the correlation with respect to orientation in space implies the following generic
form of the covariance function for the velocity vectors vA and vB at two points A and B, [6],


r rT
R(r) = E[ v(r0 + r) v(r0 )T ] = σu2 [ f (r) − g(r) ] T + g(r) I ,
r r

(19)

where σu2 is the variance of a single component at a point, and r = |r| is the distance between
the two points A and B. The functions f (r) and g(r) describe the lengthwise and transverse
correlation, respectively.
Incompressibility of the flow imposes a constraint condition between the longitudinal and transverse correlation functions f (r) and g(r) and the isotropic wind field can therefore be represented by a single normalized spectral density function F(κ ) corresponding to the two-sided
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Fourier transform of f (r) with κ as the wave-number corresponding to the distance r. It is here
convenient to introduce a generic form of the normalized spectral density,
Γ(γ )
ℓ
1
F(κ ) = √
,
1
π Γ(γ − 2 ) [ 1 + (κ ℓ)2]γ

(20)

where ℓ is a length-scale of the turbulence, [7].
Two parameter values for γ are of particular interest: γ = 5/6 corresponding to the classic high
frequency assumption of natural wind based on internal energy dissipation, and γ = 1 giving an
exponential format for the covariance functions with similarities to assumptions often made in
the engineering literature. For γ = 5/6 the correlation functions can be expressed in terms of
modified Bessel functions [9] or in more compact form by Airy functions [8]. This formulation
makes use of a non-dimensional transformed variable z to represent the distance,
z=

 3r 2/3
2ℓ

,

(21)

whereby the correlation functions take the form
f (r) =

Ai(z)
,
Ai(0)

g(r) = f (r) +

z Ai′ (z)
.
3 Ai(0)

(22)

Here Ai(z) is the Airy function and Ai′ (z) its derivative, see e.g. [10]. A simpler approximate
formulation can be obtained by using the exponent γ = 1, whereby
f (r) = e−r/λ ,

g(r) = 1 −

1 r  −r/λ
e
.
2λ

(23)

The parameter λ is the integral spatial length-scale of the turbulence, defined by

λ=

Z ∞

f (r) dr.

(24)

0

and substitution of the alternative form (22a) in terms of the Airy function leads to the relation
ℓ = 1.339λ defining the length parameter ℓ. With either of these formulations the covariance
function is given by (19) and this permits to build up the field covariance matrices C0 , C1 and
Ck , used in the calibration procedure described above.

3 Simulated Wind Field
A number of tests are carried out to illustrate the performance of the present auto-regressive
simulation procedure under various conditions. The primary focus is the applications to long
bridges, where it is of interest to simulate wide fields, with limited height and free distribution
of the simulation points in the transverse plane, permitting inclusion of towers and cables. To
illustrate the performance of the wind field simulations, the cross correlation coefficients are
evaluated from the simulated wind field and plotted together with the lengthwise and transverse correlation functions f (r) and g(r) used as input for the calibration of the wind field. The
correlation coefficients are evaluated from the simulated time-record in the outermost point in
the yz-plane and the simulation records with horizontal separation for all three wind components, ux , uy and uz . The wind field dimensions are described by the lengths Li = li · (ni − 1),
i ∈ {x, y, z}, where li is the distance between simulation points and ni is the number of simulation
points in the corresponding direction. For all simulations the along-wind length is Lx = 105 λ ,
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Figure 2: Correlation for y-separation: (ux , uy , uz )Ai (◦, ∗, ×), (ux , uy , uz )exp (◦, ∗, ×).

leading to a sufficiently small standard deviation on the estimated correlation coefficient. The
integral length scale is λ = 100 m, and the simulation model is calibrated for each case using
this length corresponding to k = λ /lx .
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Figures 2a-b show the correlation functions f (y) and g(y) estimated from a simulated wind field
for a horizontal line with point spacing ly = λ /2 and width of the simulated field Ly = 4λ , corresponding to ny = 9. The equivalent along-wind interval length is lx = ly = λ /2, corresponding
to a square mesh. The figure includes the results from both the von Kàrmàn (γ = 5/6)and the
exponential (γ = 1) representation of the wind field correlation, shown by the full and dashed
lines, respectively. It is observed that the simulated results lie very close to the analytical correlation functions, indicating the suitability of the auto-regressive procedure for simulating wind
fields for line-like structures. Furthermore, the difference between the two representations of
the wind field is quite small, suggesting the adequacy of the exponential approximation.
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Figure 3: Correlation for y-separation: (ux , uy , uz )Ai (◦, ∗, ×), (ux , uy , uz )exp (◦, ∗, ×).

When evaluating dynamic structural response via time domain calculations it is important that
the time integration steps are suitable for representing the characteristic structural behavior.
This may imply different mesh intervals in the along-wind direction and in the transverse plane.
Therefore the influence of mesh distortion is investigated. Figures 3a-b show results for a simulated wind field with the parameters: lx = λ /32 and ly = λ /2, corresponding to a distorted mesh
with lx /ly = 1/16. As in the previous example a single row of ny = 9 horizontally spaced points
with Ly = 4λ is considered. It is seen that all results estimated from simulation are very close
to the analytical correlation function, indicating that the simulation method is insensitive to a
refinement of the along-wind discretization, corresponding to a higher time-wise resolution.
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A final test of the wind field simulation performance concerns simulation of only one or two
wind components instead of the full three-component field. For many applications only one or
two wind load components are needed in order to evaluate the structural response. This holds
for long slender structures such as bridge decks or towers where two components are used
to calculate the response or plane structures such as road signs where only one component is
needed. In Figures 4a-b the estimated correlation functions of the ux -component are plotted
for a simulations performed with all three wind components and for only a single component.
The simulation parameters are: lx = ly = λ /4, Ly /λ = 5 and Lz = 0. It is noted that the two
simulations give equally good results for across wind correlation, while the simulation with
only a single component shows a small error on the along wind correlation.

4 Structural Response
In this section the time domain buffeting response of a simple bridge structure subjected to
turbulent wind loading is investigated. The investigation covers two issues of interest. First it
is evaluated how the structural response is dependent on the wind simulation mesh. As shown
in the previous section the auto-regressive simulation method showed no reduction of accuracy
from time-interval refinement. However, the frequency content in the loading is of course diluted
for a too coarse time discretization, and thus the spacing of the simulation points should be
chosen carefully in order to represent the relevant loading frequencies. Secondly, the sensitivity
of the structural response to the coherence length scale is investigated. The analyses are carried
out with both the von Kàrmàn (γ = 5/6) and the exponential (γ = 1) representation of the wind
field correlation.
z
V

y
x

Figure 5: Idealized model of the Hardanger Suspension Bridge.

The structural response is evaluated for a simply supported beam with properties chosen to
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represent an idealized model of the Hardanger Bridge [11]. The structure is shown in Figure
5. The length of the beam is Ls = 1310 m, the width is B = 18.3 m and the height is assessed
as H = 3.1 m. The distributed mass is m = 12820 kg/m and the moment of inertia around the
longitudinal axis is I p = 426000 kgm2 /m. The elastic properties are EA = 1011 N, EIx = 3.9 ·
1014 Nm2 , EIz = 6.2 · 1013 Nm2 and GJ = 3.6 · 1011 Nm2 , where E is the elastic modulus, A is
the cross-section area and Ix and Iz are the moments of inertia about the x and z axis, respectively,
and GJ is the torsion stiffness.
The analysis is limited to the horizontal, along-wind response. The modal frequencies and
damping ratios for the horizontal modes are shown in Table 1. The wind load applied to the
structure is a horizontal force component
qx = ρ V HC̄D ux

(25)

with air density ρ = 1.25 kg/m3 , drag coefficient C̄D = 0.7, mean wind speed V = 40 m/s, and
longitudinal fluctuating wind component ux with standard deviation σu = 5.6 m/s. The finite
element model uses 10 three-dimensional two node beam elements, providing an adequate resolution up to the fifth vibration mode. The nodal load is obtained by the standard procedure of
integration of the distributed load weighted by the displacement shape functions. The time stepping is performed using a second-order momentum based time integration with no algorithmic
damping. Structural damping is implemented as Rayleigh damping C = 10−3 (10.1M + 11.9K).
Table 1: Natural frequencies and damping ratios.
Mode:
1
2
3
4
5

Frequency ν [Hz]
0.064
0.255
0.573
1.020
1.593

Damping ratio ξ
0.015
0.013
0.023
0.039
0.060

Figure 6 shows the simulated wind velocity of the longitudinal fluctuating wind component, ux ,
together with the structural response, rx , at mid-span as a function of time. The parameters used
for the simulation are λ = Ls /10, ny = 41 and dt = 1.25 s. It is seen that the bridge structure
acts as a filter so only low frequency response is observed despite the high frequency input, and
the structural response at mid-span is dominated by the the first mode.
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Figure 6: Velocity ux and mid-span displacement rx . λ = Ls /10.
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In Table 2 the standard deviation of the simulated along-wind response at mid-span, σx , is
tabulated for varying refinement of the wind loading. The results are based on simulations of
length 20 · 6000 s. Results are shown for both the Airy function representation (Ai) of the wind
correlation function and the approximate formulation using exponential functions (exp). It is
noted that the time domain simulations seem to overestimate the response if the refinement of
the wind simulation is too coarse. Furthermore, it is seen that the exponential formulation of the
wind correlation functions results in a higher response in the order of 4%.
Table 2: Standard deviation of mid-span response, λ = Ls /10, dt = 1.25 s.

λ /ly
σx [m], (Ai)
σx [m], (exp)

1
0.587
0.595

2
0.495
0.501

4
0.479
0.486

8
0.452
0.482

16
0.443
0.485

Table 3 shows the along-wind response at mid-span for different time-steps with equivalent
refinement of the wind loading as lx = V dt. The results are relatively independent of the size
of the time-step within the investigated range. This indicates that the simulation time increment
can be chosen solely to match the time integration step needed to represent the characteristic
structural response.
Table 3: Standard deviation of mid-span response, λ = Ls /10, λ /ly = 4.

λ /lx
σx , [m], (Ai)
σx , [m], (exp)

1
0.466
0.479

2
0.467
0.475

4
0.467
0.495

8
0.464
0.491

16
0.478
0.483

Table 4 shows the along-wind response at mid-span for different integral length scale λ relative
to the length Ls of the structure. The number of simulation points, ny = 41, along the bridge is
held constant. A clear tendency of decreasing response is seen for decreasing correlation length.
Table 4: Standard deviation of mid-span response, ny = 41, dt = 1.25 s.
Ls /λ
σx [m], (Ai)
σx [m], (exp)

2
0.499
0.532

4
0.483
0.523

8
0.470
0.509

16
0.447
0.438

32
0.328
0.316

5 Discussion
An auto-regressive model has been presented for simulation of stochastic turbulent wind fields.
The wind field is perceived as ‘frozen turbulence’ convected across the structure by the mean
wind speed V . Hereby time is represented via the length x = −V t, and the discretization consists
of a set of points (y, z) j in a transverse plane with velocities generated at the time increments
dt = −dx/V . This time increment must be sufficiently small to permit correct representation
of the dynamic response. The present model is calibrated from the correlation properties of
the velocities at the selected simulation points at the current time and a suitable prior time. The
time separation used for calibration is chosen from the integral length scale λ as ∆t = λ /V . This
calibration time interval is typically larger than the time increments dt in the simulation, and
an explicit multi-step calibration procedure has been developed and implemented for convected
isotropic turbulence.
Two representations have been implemented for the wind field: a field represented by the von
Kàrmàn spectrum, and a field characterized by exponential type correlation functions. It is
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demonstrated that when using the same integral length scale λ in the two models, they lead
to vary similar results for the correlation functions. It is furthermore demonstrated that the correlation in the transverse plane is insensitive to a refinement of the time-discretization, thereby
permitting the representation of high-frequency components in the wind. In the present model
the correlation structure of the wind is represented via a set of points (y, z) j in a transverse
plane at only two points in time. Thus, the results depend on the three-dimensional structure
of the turbulent flow. In spite of this, tests indicate that the use of only one or two of the full
three-component representation of the wind field retains the high accuracy of the covariance
properties in the simulated field. Simulation of buffeting load on a simple bridge model indicate
that the response is fairly insensitive to different time intervals, provided these permit representation of the periods of the relevant vibration modes. The simulations also demonstrate reduced
response for bridges with spans considerably longer than the integral length scale of the turbulence. In this context it is to be noted that the present isotropic turbulence model leads to
a reduced transverse length-scale due to the incompressibility of the flow. However, it may be
necessary to modify the basic assumption of isotropy to account for differences in the magnitude
of the turbulent velocity components and different length scales in the different directions.
Acknowledgment. This paper is part of a project sponsored jointly by the Innovation Fund
Denmark, Rambøll and the Technical University of Denmark.
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Abstract: A general L p norm (0 < p ≤ 1) minimization approach is proposed
for estimating stochastic process power spectra subject to realizations with incomplete/missing data. Specifically, relying on the assumption that the recorded
incomplete data exhibit a significant degree of sparsity in a given domain, focusing on the L1/2 norm, it is shown that the approach can satisfactorily estimate
the spectral content of the underlying process. Further, the L1/2 norm is compared against the L1 norm in terms of power spectrum estimation error. In this
regard it is shown that the L1/2 norm provides almost always a sparser solution
than the L1 norm. Numerical examples consider JONSWAP stationary sea wave
processes for demonstrating the accuracy and robustness of the approach, even
in cases of up to 75% missing data.

1 Introduction
Reconstruction of discrete time/space signals that suffer from missing data has long been a topic
of interest across a range of fields. Whilst the most effective way to address such problems
is to sample signals more reliably, under controlled conditions, this is not always possible.
“Missing data” in general, refers to situations in which undesirable gaps occur in data sets. For
example, in practice, such problems may be caused by sensor failures or sampling / threshold
limitations on the equipment, acquisition or usage restrictions on sensing or on the data itself,
and even from data corruption. Re-sampling missing data can be difficult in many cases, and
often impossible when working with rare-occurrence stochastic processes. For this reason, there
are numerous approaches to addressing these problems by predicting missing datum values
based on the available data. These include zero-padding of missing data [23], least-squares
spectral analysis [21, 30, 32], iterative spectral de-noising [19, 1, 29], interpolative as well as
autoregressive methods [13]. Clearly, in most cases the choice of the approach is problemdependent, and typically depends on a priori known information such as the arrangement and
amount of missing data. This paper focuses on a class of missing data problems for which the
property of ”sparsity” is exploited to reconstruct records. A sparse discrete-time signal can be
characterized by a relatively small number of coefficients with respect to its sample length. This
sparsity may be apparent in the sampling domain, for which the majority of the data is zero
except for a handful of spikes, or sparsity can occur in some other basis or frame, such as the
frequency domain. Signal reconstruction methods that take advantage of sparsity have received
increased interest with the advent of Compressive Sensing (CS) [3, 12], a signal processing
technique in which data are purposely under-sampled.
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Recently, the authors utilized sparse signal reconstruction methods to develop stochastic process
power spectrum estimation techniques subject to signals with missing data [10]. The concept of
the power spectrum has been indispensable for characterizing stochastic processes that exhibit
frequency-dependent properties (e.g., [31, 7, 8]). Nevertheless, to estimate the power spectrum
of a stochastic process, recorded realizations are often required, which may suffer from previously mentioned missing data problems. Note that power spectrum estimation methods that rely
on the Discrete Fourier Transform (DFT) require full, uniformly sampled data sequences; hence
the need for reconstruction. In this regard, many processes for which a power spectral model
is of interest exhibit relative sparsity in the frequency domain, and thus, sparse reconstruction
methods can be ideal.
In this paper, L1/2 norm minimization is proposed, set within a framework for power spectrum
estimation subject to missing data. Results utilizing the L1/2 norm are compared against alternative L1 norm based spectral estimation for stationary stochastic processes. The following section
comprises a brief background to identification of sparse solutions via L p norm (0 < p ≤ 1) minimization schemes.

2 Sparse solutions via L p norm minimization
The condition of sparsity requires that a signal can be defined in some known basis with far
fewer coefficients than the number determined by the Shannon-Nyquist rate [11]. As an example, a discrete time signal x in one dimension can be viewed as an N × 1 column vector. Given
an orthogonal N × N basis matrix A, in which the columns Ai are the basis functions, x can be
represented in terms of this basis via a set of N × 1 coefficients y, i.e.,
N

x = ∑ Ai yi ,

(1)

i=1

The vector x is said to be K-sparse in the basis A if y has K non-zero entries and K < N, i.e.,
K

x = ∑ Ani yni ,

(2)

i=1

where ni are the integer locations of the K non-zero entries in y. Hence y is an N × 1 column
vector with only K non-zero elements. Therefore,
|y|L0 = K,

(3)

where |.|L p denotes the L p norm defined as
|y|L p =

∑ |yi| p
i

!1

p

.

(4)

Considering an under-sampled signal, transformation into a new basis (e.g., Fourier, wavelets
etc) leads to an under-determined system of equations, i.e.,
x = By

(5)

where B is an M × N reduced A matrix where M < N. The assumption that a signal is uniquely
sparse in the given basis provides an objective to solving these equations. In general, if a unique
sparsest solution of an under-determined system of equations exists, it is found when the L0
norm is minimized. According to [4], this L0 solution is said to be the exact reconstruction of

1600

the original signal with high probability if M > CK log(N) for some constant C, where as C
increases, so does the probability of successful reconstruction. This L0 optimization problem is
non-convex with no known exact solution [3, 2]. However, a viable alternative exists in minimizing the L1 norm instead. L1 norm minimization promotes sparsity and in many cases will
yield the same result as L0 norm minimization [27]. Further, the problem becomes convex, and
may be set in a convenient linear programming form, i.e.
min |y|L1 sub ject to x = By

(6)

Eq. 6 describes a basis pursuit optimization problem and can be easily solved via a gradientbased method, e.g. [26]. This notable feature led some of the authors to applying L1 minimization in a CS framework for estimating the relatively narrow-band power spectra of stochastic
processes based on available realizations with incomplete data [10, 9]. However, as minimizing the L1 norm does not guarantee the sparsest solution, reconstruction can be improved, or
accurately met with fewer sample data, when utilizing L p norm minimization with p < 1. Although such problems appear to be non-convex, it was shown in [5] that even when finding a
local minimum, exact reconstruction is possible with far fewer data than those required for L1
reconstruction.
In fact, it was shown in [34] that p = 1/2 tends to yield the sparsest solution for 1/2 ≤ p < 1
and for 0 < p < 1/2 the sparsity degree remains relatively unaffected. Hence, in this paper, L1/2
norm minimization is considered to be representative of the p < 1 cases for reconstruction of
sparse signals. The herein utilized scheme for implementing the L1/2 norm is based upon on a
re-weighted least squares algorithm [5, 14]. In this regard, the L1 minimization problem in Eq.
6 becomes
min |y|L1/2 sub ject to x = By.
(7)
To minimize Eq. 7, the Lagrangian L(y, λ ) is introduced as
1

L(y, λ ) = ∑ |yi | 2 + λ T (By − x).

(8)

n

Setting the partial derivatives of Eq. 8 with respect to y and λ are equal to zero for
y = QB0 (BQB0 )−1 x,

(9)

2

for Q = diag(|y| 3 ). Eq. 9 can be solved iteratively by computing Q from the solution of each
previous iteration, i.e.,
yk = Qk−1 B0 (BQk−1 B0 )−1 x,
(10)
2

Qk−1 = diag(|yk−1 | 3 ).

(11)

min ∑ wi y2i sub ject to x = By

(12)

Note that this algorithm is equivalent to a weighted L2 norm [14]
y

where wi = |yi,k−1 |−3/2 . As the solution is sparse, the value of many yi will tend toward zero.
To avoid division by zero in wi as the algorithm converges to a solution, a decreasing parameter
ε is introduced to regularize the optimization problem [6], i.e.,
3

Qk−1 = diag((|yk−1 |2 + ε j · mean(|yk−1 |2 )) 4 ),
εj =

ε j−1
,
10
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(13)
(14)

where ε0 = 1 and for each ε j Eq. 10 is repeated until satisfying
√
εj
||yk − yk−1 ||2
<
||yk−1 ||2
100

(15)

Converging to the true L1/2 solution can largely depend upon the initialization of Q. Fortunately, any standard spectrum estimation method that can process “gappy” records, such as
least-squares (L2 norm), can be used to produce an estimation of the power spectrum, yielding
suitable initialization coefficients for Q. The proposed initialization of Q is based on a least
squares estimation of y.
Obviously, recorded signals are rarely ever truly sparse; even low levels of noise will produce
small coefficients across most bases. Hence, a tolerance, e, relative to the variance of the noise
is included, and thus, Eq. 6 and Eq. 7 are re-cast in the form,
min |y|L p sub ject to |By − x|L2 ≤ e.

(16)

For the cases where either the signal is not sparse enough or the missing data are too extensive
for L p (0 < p ≤ 1) minimization to exactly reconstruct the original signal, it is important to note
that there may still be significant advantages over a minimum L2 solution. In spectral estimation,
minimizing the L2 norm (similar to zero-padding) is likely to spread the solution over many
frequencies; this is because individually, large coefficients are heavily penalized. Minimizing
the Lp (0 < p ≤ 1) norm however is far more likely to yield larger individual coefficients,
having the effect of producing sharp, well-defined peaks at the key frequencies.

3 Stationary stochastic process representation & spectral estimation
To utilize bases in which signals are assumed to be sparse in the context of power spectrum
estimation, a mapping is required between the chosen basis, and a power spectrum model. Appropriate basis functions to be used in the context of the previous section are outlined here for
both stationary and non-stationary stochastic processes.
Starting with a stationary model of a real-valued stochastic process, its power spectrum may
be given as the ensemble average of the square of the absolute Fourier transform amplitudes of
available discrete time realizations [24]; that is,
2∆T
E
SX (ωk ) =
T

T −1

2

∑ Xt e

−2πikt/T

(17)

t=0

where T is the number of data points, t is the data point index in the record, ∆T is the sampling
time increment, and k is the integer frequency for ωk (i.e. ωk = 2πk
T0 where T0 is the total length
in time of the record). Hence, the Fourier basis functions are utilized.

4 Numerical examples
The ability of L1 and L1/2 norm minimization in estimating spectra are compared for a stationary sea wave process. This example demonstrates the ability of the L1/2 norm minimization
in finding sparser solutions, and hence more accurate spectral estimations. Further, the reconstruction capabilities of L1 and L1/2 norms are assessed utilizing two different sizes of record
ensemble; that is, 20 process records and 200 process records.
To assess the reconstruction efficacy in the above scenarios, time histories compatible with predefined power spectra are generated. These are produced via the techniques described in [31].
Specifically, for a stationary record, a power spectrum compatible realization is given by,
N−1 q


X (t) = ∑ 4SX ω j ∆ω sin ω j t + Φ j
(18)
j=0
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where Φ j are uniformly distributed random phase angles in the range 0 ≤ Φ j < 2π and N relates
to the discretization of the frequency domain.
Next, missing data are imposed to the simulated power spectrum compatible realizations. In the
following examples, missing data are considered to occur at random locations drawn from a
uniform distribution of the time index i.e.,

x(t), ρ ≥ m
x0 (t) =
(19)
0, ρ(t) < m
where x0 (t) is the realization with missing data, x(t) is the original realization, ρ is a vector
of N0 equally spaced numbers from 0 to 1 arranged in random order, and m is the fraction of
missing data.
Power spectra may be estimated based on complete realizations of Eq. 18 using the methods
outlined in section 3. They are then compared against those estimated from realizations with
simulated missing data. Specifically, a normalized power spectrum error is calculated in the
following manner:
R ωu
|SE (ω) − ST (ω)|dω
,
(20)
error = 0 R ωu
0 |ST (ω)|dω
It is important to note that the error is calculated from two spectral estimates (with missing data
and without missing data), and does not utilize the original power spectrum. This is because
the objective of this work is not to assess the accuracy of the underlying spectrum estimation
method (in this case Fourier based methods), but to investigate, specifically, the effect of the
missing data upon spectral estimation. Further, due to the random nature of the generated process records and arrangement of missing data, the calculated error is a random variable for any
given case. Hence, statistics are determined for the error as well, by considering an ensemble of
power spectrum estimates obtained via repetitions of the same experiment.
As previously stated, Q in Eq. 10 is initialized using a least squares estimation of y,

where

Q0 = diag(q0 ),

(21)

q0 = B0 (BB0 )−1 x.

(22)

In Eq. 22, B is the reduced M × N basis matrix and x is the time-history record after data have
been removed. The JONSWAP sea wave spectrum of Eq. 23 [17] is used to produce stationary
process time histories,
S(ω) =

4

ag2 (5/4)(ωρ /ω )
e
ω5

γ r ; r = e−


2
ω − ωρ /2σ ωρ ,

(23)


0.07, ω < ωρ
where α = 0.03, ωρ = 0.05, γ = 3.3 and, σ =
. Figures 1 and 2 show the
0.09, ω > ωρ
target spectra along with the reconstructed spectra for L1 norm and L1/2 norm minimization
averaged over 20 samples and 200 samples, respectively. For these examples, spectra were
reconstructed after 75% of the data were removed via Eq. 19. While in both figures, the L1 and
L1/2 norms succeed in determining spectra that match moderately well with the target, a trend
emerges when comparing the calculated errors for spectral estimates produced from 20 and 200
samples, which are shown as normalized histograms in Figure 3. Note that for all four cases
(L1 and L1/2 norm with 20 and 200 samples), the results were repeated 500 times to produce
these histograms due to the fact that any single error result is not representative of the full set.
In both cases, the L1/2 solution leads to spectral estimates with lower error than the L1 solution.
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Figure 1: JONSWAP stationary power spectrum estimates of Eq.23 from 20 samples (75% missing data)

Figure 2: JONSWAP Stationary power spectrum estimates of Eq.23 from 200 samples (75% missing
data)

Figure 3: Distribution of error over 500 repeated estimations of Eq.23 for 20 and 200 samples
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However, it is clear from Figure 3 that this difference becomes more prominent as the number
of samples increases. It should also be noted that even for the 20 sample case (in which the
histograms intersect), for each sample set, the L1/2 norm solution produced a lower error than
the L1 norm solution.

5 Concluding remarks
In this paper, a general L p norm (0 < p ≤ 1) minimization approach has been proposed for estimating stochastic process power spectra subject to realizations with missing data. In particular,
it has been shown that for sparse processes, L p norm where p = 1/2 can produce more accurate
spectral estimations than where p = 1 and is effective where large numbers of data (up to 75%)
are missing. Further, as sample size increases, the superiority of the L1/2 norm minimization
over L1 norm minimization in power spectrum estimation is shown to become more prominent.
However, for smaller sample numbers, it is noted that when dealing with reconstruction of processes for which limited information regarding their degree of sparsity is available, estimates
from both minimization schemes should be utilized within a decision-making process.
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Abstract: In this work, the stochastic responses of energy harvests with stiffness nonlinearities under the excitation of filtered (coloured) white noise are studied. Specifically, the mono-stable, bi-stable and tri-stable Duffing-type harvesters are considered.
The dynamical systems are described by single-degree-of-freedom (SDOF) oscillators
excited by random excitation which is generated by a second-order linear filter. Under
the theory of Markov diffusion process, the probability properties of the above nonlinear
systems are governed by the Fokker-Planck (FP) equations. The four-dimensional (4D)
path integration (PI) method is introduced in order to calculate the stochastic responses
of the nonlinear systems by solving the FP equations. The accuracy of the PI method is
verified by Monte Carlo simulation (MCS).

Introduction
Energy harvester which transforms external energy, such as the mechanical vibration, wind
energy, wave force, etc. to electrical energy has been receiving significant attentions in recent
years [1-3]. Basically, for the vibration energy harvests studied in this paper, the mass-springdamper systems are applied and piezoelectric, electromagnetic and electrostatic devices have
been utilized for the energy transductions [4, 5]. Earlier studies in this area focused on linear
systems as well as on systems subjected to deterministic or stationary excitations [3]. However,
evident restrictions have been found with respect to the above two aspects.
The linear energy harvesters are based on the resonant principle and such systems operates
efficiently only when the stationary excitation sources are narrow-banded and close to the natural frequencies of the harvesters. However, when the frequency of excitation deviates from
such fundamental frequency of the system, the insufficient harvester generates very litter power
[6]. On the other hand, most of the external excitations have broad-band or time-dependent
characteristics. Correspondingly, the linear systems will be inefficient since the external energy
is distributed over a wide spectrum of frequencies or the dominant frequencies are time-dependent [4].
In order to resolve above restrictions and improve the performance of the energy harvest systems, introducing stiffness-type nonlinearities into the harvester design is a commonly used
strategy [1]. The principle of the improvement lies in the fact that the nonlinearities of the stiffness can increase the operating frequency range of the energy harvests. Based on the shape of
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the potential functions, three categories of nonlinear systems, namely, mono-stable [4], bi-stable [3, 7] and tri-stable [6] Duffing-type energy harvests are considered in this work.
Since the external excitations are inherently random, the behavior of nonlinear energy harvest
systems under random excitations should be studied via stochastic approaches [5, 8]. In this
work, the energy harvest is model as a single-degree-of-freedom (SDOF) Duffing model excited by random external loads. Different nonlinear stiffness terms are considered in the SDOF
model and the random excitation is assumed to be a colored white noise process which is generated by a second-order linear filter [4]. The stochastic response is important to evaluate the
efficiency and performance of the harvests. However, the problem of estimating the stochastic
response of such dynamics system with nonlinear characteristics and random external excitations has been a demanding challenges in the past decades [9].
Nevertheless, based on the Markov theory, the probabilistic properties of the nonlinear systems
are governed by the Fokker-Planck (FP) equations. Various methods have been developed to
predict the stochastic responses of nonlinear systems subject to random excitation by providing
solutions or approximate solutions to the FP equations. These methods include the stochastic
averaging method [8, 10], the finite element method [5], the cumulant-neglect method [4] and
the path integration (PI) method [11], etc.
A four-dimensional (4D) Markov system is established by coupling the SDOF model with the
second-order linear filter. For such high-dimensional FP equation, analytical solution is nearly
impossible and numerical methods should be applied in order to calculate the stochastic response. The PI method has been proved to be an efficient approximation for solving the highdimensional FP equations. This method is based on the Markov property of the dynamic system
and the global solution, i.e. the evolution of the response statistics, is calculated by linking the
explicitly known local solutions via a step-by-step technique. In addition to its high efficiency,
the 4D PI method is able to provide reliable estimation of the response statistics with satisfactory accuracy [11].
In this work, the stochastic responses of the Duffing-type energy harvests with different nonlinear stiffness terms are calculated by the 4D PI method. The mathematical models of the energy harvest systems and the second-order linear filter are described in Section 2. The principle
of the PI method is given in Section 3 and the numerical results of the stochastic responses are
shown in Section 4. Furthermore, Monte Carlo simulation (MCS) is introduced as a verification
for the accuracy of the PI method.

Mathematical models
2.1 Duffing-type energy harvesters
In this work, an electromagnetic Duffing-type energy harvest system with forced vibration is
selected. This model was described in Ref. [4] and the system can be formulated as the following non-dimensional equation:
dU ( x)

x  2n x 
  i  F (t )
 
dx

 x  iR
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(1)

where x and = / represent the displacement and the velocity of the oscillator, respectively. ζ is the mechanical damping ratio and ωn denotes the natural frequency of the mechanical
system. θ represents an electronic coupling coefficient, R is the load resistance and i is the
current passing through the load. U(x) denotes the potential function and the F(t) is the random
external excitation.
By coupling the two equation given in Equation (1), the Duffing-type energy harvests can be
described by the following SDOF model:

x  dx 

dU ( x)
 F (t )
dx

(2)

in which d = ωn + θ2/R represents an effective damping coefficient that considering the mechanical and electrical damping. The potential function U(x) for different nonlinear stiffness
terms can be described by the following expression:
U ( x)  12 k1 x 2  14 k 2 x 4  61 k3 x 6

(3)

where k1 is the linear stiffness coefficient, k2 and k3 are the nonlinear stiffness coefficients. For
different values of k1, k2, k3, the mono-stable, bi-stable and tri-stable Duffing-type energy harvests can be obtained, respectively. Figure 1 shows the shapes of the potential functions for the
above three nonlinear stiffness models and relevant values for k1, k2, k3 will be given in Section
4.

Figure 1: shapes of the potential function for the mono-stable, bi-stable and tri-stable Duffing-type energy harvester systems

2.2 Linear filter
The linear filter technique is widely used in the engineering community due to its simplicity
and practicality [14]. In the SDOF model described by Equation (2), the random excitation F(t)
is a colored white noise process generated by the following second-order linear filter:
F   F   F   N (t )

(4)

where α, β and γ are the parameters of the filter and N(t) is a standard Gaussian white noise
process. The spectrum of F(t), generated by Equation (4) is given by:
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S FF ( ) 

1
2
2 (    2 ) 2  ( ) 2

(5)

in which the unit of the frequency ω is given in rad/s and the peak value, bandwidth and also
central frequency of the spectrum (5) can be adjusted by changing the values of the filter parameters α, β and γ.
It is noted that the output process of the second-order linear filter (5), F(t) also serves as the
excitation process in the SDOF model (2). Therefore, an extended dynamic system can be obtained by coupling these two equations, which is given as:
dx1  x2 dt

3
5
dx2  (dx2  k1 x  k2 x  k3 x  x3 )dt

dx3  x4
dx  ( x   x )   dW (t )
 4
4
3

(6)

where x1=x, x2= , x3=F and dW(t)=W(t+dt)-W(t) represents an infinitesimal increment of a
standard Wiener process with E{dW(t)}=0, E{dW(t)dW(s)}=0 for t≠s and E{dW(t)2}=0.

4D PI Method
The coupled dynamic system represented by Equation (6) is a Markov diffusion process and it
can be expressed as the following stochastic differential equation:
dx  a(x, t ) dt  b(t ) dW (t )

(7)

where x(t)=(x1(t),…, x4(t))T is a 4D state space vector process, the vector a(x,t) is the drift term
and b(t)dW(t) represents the diffusive term. The vector dW(t)=W(t+dt)-W(t) denotes independent increments of a standard Wiener process.
For the Markov process x(t), its transition probability density, p(x,t|x′,t′) is governed by the FP
equation, which is expressed as:
4


1 4 4 2
p (x, t | x, t )   ai (x, t ) p (x, t | x, t )  
(b(t )  bT (t ))ij p (x, t | x, t ) (8)
t
2 i 1 j 1 xi x j
i 1 xi

where x′ denotes the state space vector at time t′ and t′< t.
For numerical solution of the time continuous stochastic differential equation (SDE) (7), discretization of the equation with respect to time t is required. In this regard, Naess and Moe [13]
propose a fourth-order Runge-Kutta-Maruyama (RKM) approximation:
x(t )  x(t )  r ( x(t ), t ) t  b(t )W (t )

(9)

where Δt=t-t′ is the time increment and the vector r(x(t′), t′) denotes the explicit fourth-order
Runge-Kutta (RK4) increment. Since W(t) is a Wiener process, for short time increment Δt, the
independent increment ΔW(t′)=W(t)-W(t′) is a Gaussian variable for every t′.
With the introduction of the time discrete approximation (9), the time sequence
∙∆
is a Markov chain and it can be applied to approximate the time-continuous Markov solution
of the SDE (7) with satisfactory accuracy when the time increment Δt is sufficiently small.
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For a time increment Δt= t-t′, the transition probability density of Equation (8), p(x,t|x′,t′), is
given as a (degenerate) Gaussian distribution, which is written as:
p(x, t | x, t )   ( x1  x1  r1 (x, t , t ))   ( x2  x2  r2 (x, t , t ))
  ( x3  x3  r3 (x, t , t )) p ( x4 , t | x4 , t )

(10)

where p ( x4 , t | x4 , t ) is given by the relation:
 ( x  x  r ( x, t , t )) 2 
 exp  4 4 42

2 t
2 2 t


1

p ( x4 , t | x4 , t ) 

(11)

in which ri(x′, t′, Δt) = ri(x(t′), t′, Δt), i=1,2,3,4 are the Runge-Kutta increments for the state
space variables.
For the PI method, the PDF of x(t) can be calculated by the following iterative algorithm if an
initial PDF (at time t0) is given:
n

p(x, t )   4  4  p(x( s ) , t s | x ( s 1) , ts 1 )  p(x (0) , t0 )dx(0)  dx( n 1)
R

R s 1

(12)

where x= x(n) = x(tn), t = tn = t0+n·Δt, x(s) = x(ts) and ts = t0+s·Δt.
Equation (13) describes the mathematical principle of the PI approach. The numerical iterative
algorithm and the associated computational steps have been systematically described in Refs.
[9, 11].

Numerical Results
In this Section, the stochastic responses of the Duffing-type energy harvests with different nonlinear stiffness are calculated by the 4D PI method. In the dynamical systems described by
Equation (6), the response statistics of the displacement x1 could be valuable for the size design
of the harvest. On the other hand, the probabilistic distribution of x2 in the dynamical system is
directly related to the output of the energy harvests by the following relationship [4]:

P  i 2 R   E  x22    





x22 f X 2 ( x2 )dx2

(13)

where P is the expected value of the output power for the energy harvest, 〈 〉 and
are
the expected value of the mean square output current passing through the load and the expect
value of the square of the displacement x2, respectively. Moreover,
is the marginal PDF
of the variable x2, which can be obtained by the 4D PI method.
For the dynamical systems with mono-stable, bi-stable and tri-stable types of nonlinear stiffness,
the corresponding linear and nonlinear stiffness coefficients are given in Table 1 and the potential functions are presented in Figure 1.
Table 1: linear and nonlinear stiffness coefficients and the expect value of the square of the displacement x2 for
different dynamical systems

Dynamical systems
Mono-stable
Bi-stable
Tri-stable

k1
k2
k3
1.0 0.2 0.0
-0.2 0.2 0.0
0.15 -0.4 0.15
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E[ ] (PI)
0.0240
0.0297
0.0240

E[

] (MCS)
0.0245
0.0285
0.0247

In addition, for the above three systems, the filter parameters α = 1.0, β = 1.0, γ = 0.05 and the
effective damping coefficient d = 0.05 are selected for numerical simulation.

4.1 Mono-stable system
In this part, the joint PDF of the displacement x1 and the velocity x2 calculated by the 4D PI
method for the mono-stable system is presented in Figure 2 and the marginal PDFs for the
variables x1 and x2 are shown in Figures 3 and 4, respectively. MCS is applied in order to evaluate the performance and accuracy of the PI method and the empirical estimation of the joint
PDF and the marginal PDFs are plotted in Figures 2-4.
It is seen in Figures 2-4, the joint PDF of x1 and x2 is peaked in the central region for the monostable system. The agreement of the PDFs is excellent and down to extremely low probability
levels. Furthermore, the good agreement of the expect values of the square of the displacement
x2, obtained by different methods is shown in Table 1.

Figure 2: joint PDF of the displacement x1 and the velocity x2 for the mono-stable system, (a) 4D PI method, (b)
MCS

Figure 3: marginal PDF of the displacement x1 for the mono-stable system
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Figure 4: marginal PDF of the velocity x2 for the mono-stable system

4.2 Bi-stable system
For the bi-stable energy harvest system, the joint PDF of the displacement and the velocity and
the corresponding marginal PDFs are presented in Figures 5 and 6-7, respectively. The empirical estimation of the PDFs obtained by MCS are also plotted in these Figures. It is seen in
Figures 5 and 6 that the Duffing-type oscillator has two shape bimodal peaks near the stable
equilibrium points due to the property of the double well potential function shown in the middle
of Figure 1.
It is also seen in Figures 5-7 that the PI method can provide satisfactory estimation of the response statistics. For the marginal PDF of x1 in Figure 7, the PI method provides results with
notably low order of error even at the probability levels of the order of 10-6. Moreover, it is
found in Figure 7 that the marginal PDF of x2 has a peak value at x2 = 0 and the accuracy of the
PI method for the marginal PDF reaches to the level of 10-5. Correspondingly, the expect value
of the square of the displacement x2 obtained by the PI method is shown in Table 1 and there is
also a good agreement with the result estimated by MCS.

Figure 5: joint PDF of the displacement x1 and the velocity x2 for the bi-stable system, (a) 4D PI method, (b)
MCS
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Figure 6: marginal PDF of the displacement x1 for the bi-stable system

Figure 7: marginal PDF of the velocity x2 for the bi-stable system

4.3 Tri-stable system
In the tri-stable harvest system, there exists three stable equilibrium points at x1=0.0, x1= ± 1.49
and two unstable saddles at x1= ± 0.67 for the potential functions [14]. The joint PDF of the
displacement and the velocity obtained by the PI method is plotted in Figure 8 and the corresponding marginal PDFs of x1 and x2 are presented in Figures 9 and 10, respectively. It is clearly
shown in Figures 8 and 9 that the distribution of x1 peaked near the three stable equilibrium
points and has trough values near the two unstable saddle points. However, it is seen in Figure
10, the PDF of x2 is unimodal and peaked at x2=0.
The empirical estimations of the PDFs obtained by MCS are also plotted in Figures 8-10 and
the expect values of the square of the displacement x2 for the tri-stable system calculated by
different methods are also given in Table 1. It is seen in Figure 9 that the PI method can provide
satisfactory accuracy for the marginal PDF of x1, even though there are slight overshoots near
the three stable equilibrium points. However, current PI procedure with the 128×128×32×32
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nodes can only provide the marginal PDF of x2 with an accuracy to the level around 10-3. Nevertheless, the PI method can still provide satisfactory estimation of E[ ] since the latter is not
very sensitive to probabilistic distribution in the tail regions with low probability levels.

Figure 8: joint PDF of the displacement x1 and the velocity x2 for the tri-stable system, (a) 4D PI method, (b)
MCS

Figure 9: marginal PDF of the displacement x1 for the tri-stable system

Figure 10: marginal PDF of the velocity x2 for the tri-stable system
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Conclusions
In this work, the 4D PI method is introduced to calculate the stochastic responses of energy
harvesters with different stiffness nonlinearities and driven by external excitations. Three dynamical systems with mono-stable, bi-stable and tri-stable types of nonlinear stiffness are selected and the numerical results are verified by MCS. It is found that, the 4D PI method can
provide satisfactory estimations for the mono-stable, bi-stable systems. Even though the accuracy for the marginal PDF of x2 in the tri-stable system is lower than the above two systems due
to the more complex nonlinear stiffness term, estimation of the output power of the energy
harvests is still acceptable. From the above studies, it is found that the PI method has high
efficiency and satisfactory accuracy which can be applied to study the stochastic responses of
nonlinear energy harvesters subjected to random excitation.
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Abstract: The paper addresses the dynamic analysis of linear steel frames with
uncertain semi-rigid connections subjected to deterministic seismic excitation.
The uncertainty is conveniently characterised in the reduced modal space using a recently proposed surrogate model, which requires only a reduced set of
parameters. A procedure is presented in which the model parameters are identified over various configurations calibrating the probabilistic definition in the
full geometrical space. It is found that the dynamic response can significantly
be influenced by the level of connection flexibility and its random fluctuations
around the nominal value. Comparisons with conventional analyses and Monte
Carlo simulations evidence that the proposed model is an efficient alternative for
accurately representing the response of structures with uncertainties.

1 Introduction
It has long been recognised that the vast majority of connections used in the construction of
steel frames function as semi-rigid joints [3]. The level of partial rigidity determines the amount
of bending moment at the beam ends and the relative rotation between columns and beams
(i.e. stiffer connections result in larger end moments in the beams and smaller deformations).
Nevertheless, conventional methods used for the analysis of steel structures assume idealised
beam-to-column connections, either fully rigid (i.e. complete rotational continuity) or pinned
(i.e. no moment transfer), which may result in considerable inaccuracies in the bending moment
diagrams, the prediction of the static and dynamic response and the sizing of members during
the design [11].
Numerous contributions are available in the literature dealing with the dynamic analysis of
structures with flexible connections (among others, Kawashima and Fujimoto [7]; Xu and
Zhang [12], Sekulovic et al. [9] and references presented therein). All these studies are limited
to deterministic models which can only be justifiable for fixed connections (fully restrained
frames) and pinned ones (simple frames). Inherent uncertainties in the realisation of semi-rigid
connections call for the application of probabilistic models for their stiffness and strength. This
is particularly important in the case of wind and earthquake loads, as any uncertainty in such
parameters directly affects the modal frequencies and modal shapes and in turn the dynamic
performance of semi-rigid steel frames [9]. At present, limited efforts have been devoted in this
area, including the ones investigating the effects of semi-rigid connections on the reliability of
steel frames [4, 5].
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Over the last decades, various uncertainty models have been put forward for the stochastic dynamic analysis of structures. As an example of the latter, a model recently proposed by Kasinos
et al. [6] is particularly appealing, as it allows uncertainty to be characterised in the reduced
modal space rather than the full geometric space, with modal shapes, frequencies and damping
ratios constituting the random quantities; this significantly reduces the number of model parameters and the size of the dynamic problem. Motivated by the above considerations, this paper
numerically investigates the effect of uncertainty in the partial rigidity of the connections on
the seismic response of steel frames. The uncertainty model in [6] is adopted and a numerical
procedure is employed to identify the model parameters at various levels of connection flexibility calibrating the probabilistic definition. Comparisons with conventional analyses show that,
given a nominal level of connection flexibility, the proposed model enables the accurate direct
evaluation of the stochastic dynamic response without resorting to the full geometrical model.

2 Equations of Motion for structural systems with uncertainties
2.1

Preliminary

Let us consider the case of a multi-degree-of-freedom (MDoF) system vibrating within the
linear-elastic regime. The seismic motion is ruled by the following differential equation:
M · ü(t) + C · u̇(t) + K · u(t) = −M · τ · üg (t) ; u(0) = u0 ; u̇(0) = u̇0 ,

(1)

>

where u(t) = {u1 (t) . . . un (t)} is the array collecting the n degrees of freedom (DoFs) of the
system; τ is a vector of seismic incidence; üg (t) is the vector of the components of the ground
acceleration; u0 and u̇0 are vectors of the initial conditions; M, C and K are matrices of mass,
equivalent viscous damping and elastic stiffness, respectively.
The size of the dynamic problem may be reduced from n (system’s DoFs) to m (number of
modes retained) by projecting the equations of motion onto the reduced modal subspace. Accordingly, a solution to the real-valued eigenproblem is required:
M · Φ · Ω2 = K · Φ ,

(2)

u(t) = Φ · q(t) ,

(3)

q̈(t) + 2 ζ Ω · q̇(t) + Ω2 · q(t) = p · üg (t) ; q(0) = q0 ; q̇(0) = q̇0 ,

(4)

where Φ is the normalized modal matrix and Ω the diagonal spectral matrix. The dynamic
response can then be expressed as the sum of modal contributions:

in which q(t) is the array listing the modal coordinates, governed by:

where (for classically-damped structures) ζ is a diagonal matrix listing the associated viscous
damping ratios:
>

>

>

q0 = Φ · M · u0 ; q̇0 = Φ · M · u̇0 ; p = −Φ · M · τ .

2.2

(5)

Uncertainty in the modal subspace

Assuming a deterministic seismic load, let us consider some random fluctuations in the eigenb
b β)
vectors, circular frequencies and damping ratios, so that the stochastic matrices Φ(α),
Ω(β
and ζb(γγ ) read [6]:
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b
Φ(α)
= Φ · [Im + α] ;

(6a)

b β ) = Ω · [Im + β ] ;
Ω(β

(6b)

ζb(γγ ) = ζ · [Im + γ ] ,

(6c)

where the upper hat denotes stochastic quantities, Im is the identity matrix of size m and α, β
and γ are zero mean random matrices defined as:




α=


0
α2,1
..
.

α1,2
0
..
.

αm,1 αm,2

. . . α1,m
. . . α2,m
..
..
.
.
...
0








; β =


β1

..



.
βm





; γ =

γ1

..



.
γm


 . (7)

In the above, a total of m2 + m statistically independent random variables fully characterise
the uncertainty in the system. In the following it is assumed that |αj,i | , |βi | , |γi |  1,
E [αj,i ] = E [βi ] = E [γi ] = 0 and E [αj αi ] = E [βj βi ] = E [γj γi ] = 0 for i 6= j, where
i, j = 1, . . . , m and E [·] being the expectation operator; the variances of these variables are
collected in the matrices vα , vβ and vγ , respectively. Accordingly, the i-th modal shape,
frequency and damping ratio are only influenced by the set of coefficients {α1,i , α2,i , . . . αm,i },
βi and γi , respectively.
b
b
Building on the work presented in [6], the stochastic mass M(α),
stiffness K(α,
β ) and dampb
ing C(α, β , γ ) matrices are defined in the full geometric space as:
b
M(α)
= M + δM(α) ;

b
K(α,
β ) = K + δK(α, β ) ;

b
C(α,
β , γ ) = C + δC(α, β , γ ) ,

(8a)

(8b)
(8c)

where δM(α), δK(α, β ), δC(α, β , γ ) are fluctuations about the nominal values, given by:
h
i
b
b > (α) · M − M
e = M · Φ · α + α> + α · α> · Φ> · M ; (9a)
δM(α) = M · Φ(α)
·Φ

>
b
b 2 (β
b
e
β ) · Φ(α)
δK(α, β ) = M · Φ(α)
·Ω
· M −K

i
h
>
>
= M · Φ · (Im + α) · Ω2 · (Im + β )2 · (Im + α ) − Ω2 · Φ · M ;

b
b β) · Φ
b > (α) · M − C
e
δC(α, β , γ ) = 2 M · Φ(α)
· ζb(γγ ) · Ω(β

h
β + γ + β · γ)
= 2 M · Φ · (Im + α) · ζ · Ω · ((β

i
>
>
>
· (Im + α ) + α ) + α · ζ · Ω · Φ · M ,
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(9b)

(9c)

e K,
e C
e are the associated deterministic quantities:
and M,
e = M · Φ · Φ> · M ;
M

(10a)

e = M · Φ · Ω2 · Φ> · M ;
K

(10b)

e = 2 M · Φ · ζ · Ω · Φ> · M .
C

(10c)

b
b
b
b
b 2 (β
b
b
β ) = K(α,
β ) · Φ(α)
,
·Ω
M(α)
· Φ(α)

(11)

Accordingly, the stochastic equivalent of the eigenproblem in Eq. (2) reads:

b
b
Φ(α)
being the normalised stochastic modal matrix:

h >
i− 21
b
b
b
b (α) · M(α)
b
b
Φ(α)
= Φ(α)
· Φ
· Φ(α)

h
i− 12
>
>
>
b
= Φ(α)
· (Im + α) · (Im + α + α + α · α ) · (Im + α)
.

(12)

Adopting, the coordinate transformation, given by:

b
b
b (t) = Φ(α)
b(t) ,
u
·q

(13)

the solution of the system with uncertainties in the modal properties is governed by:
b β ) · q(t)
b 2 (β
β) · q
b̈ + 2 ζb(γγ ) · Ω(β
ḃ + Ω
b(t) = p
b (α) · üg (t) ; q
b(0) = q
b0 ; q(0)
ḃ
ḃ0 , (14)
q(t)
=q

b(t) is a function of the uncertainty sources considered for the structure,
where the response q
namely the mass (through the modal shapes), modal frequencies and viscous damping ratios,
b is the seismic incidence vector:
and p
>

>

>

b
b
b
b (α) · M(α)
b
b (α) · M(α)
b
b (α) · M(α)
b
b0 = Φ
b0 ; q
ḃ0 = Φ
ḃ 0 ; p
b (α) = −Φ
q
·u
·u
· τ . (15)

Notably, the above formulation differs from the one in [6] in that the stochastic equations of
motion (Eq. (14)) are decoupled.
2.2.1

Statistics of random quantities in the geometric space

Further extending our work in [6], expressions for the statistics of the random quantities are derived in the full geometric space in terms of the input random variables. Accordingly, neglecting
higher order terms in Eq. (9) and assuming equal damping ratios in all modes:






b
b
b
E M(α)
≈ M ; E K(α,
β) ≈ K ; E C(α,
β, γ) ≈ C .
(16)
Similarly,
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h 


i


>
>
>
b
Var M(α)
≈ w · f v α + vα + g v α + vα · w ;

(17a)

i


h 


>
>
>
4
4
4
4
b
Var K(α, β) ≈ w · f (vα + 4 vβ ) · Ω + Ω · vα + g vα · Ω + Ω · vα · w ;

(17b)

h 



>
2
2
2
b
Var C(α, β, γ) ≈ 4 ζ w · f (vα + vβ + vγ ) · Ω + Ω · vα


>

+ g vα · Ω 2 + Ω 2 · v α

i

(17c)

>

·w ,

 [2]
[2] >
[2]
in which w = M · ϕ1 . . . ϕn , where ϕi = ϕi ⊗ ϕi , the symbol ⊗ denoting the Kronecker
>
product [1] and ϕ i being the i-th column of Φ . Additionally, Var [·] is an operator giving the
variances of each element, while f (·) and g (·) are operators mapping the generic elements i, j
of the input m × m matrix to a sparse one of size m2 × m2 :
f : (i, j) → m(i − 1) + i, m(j − 1) + j ; g : (i, j) → m(i − 1) + j, m(j − 1) + i .
2.2.2

(18)

Identification of model parameters

Fluctuations in the mass and/or stiffness matrices lead to variations in the modal shapes and
circular frequencies. Consequently, the model parameters listed in vα , vβ can be identified by
rearranging the expressions in Eq. (6):
>
b − Im ;
α=Φ ·M·Φ

2.3

Semi-rigid connections

b − Im .
β = Ω−1 · Ω

(19a)
(19b)

In this study, linear rotational springs (an acceptable approximation under serviceability limit
states [8]) are used to model the connection stiffness of Euler-Bernouli beams (Figure 1(a)). It
follows that axial and shear forces (N, Q) and the associated displacements (u, w) at the generic
node equate the internal ones. Accordingly, the mass and stiffness matrices for the beam element
with rotational springs are derived (see Appendix A in [12]) and are functions of the rotational
stiffness k defined as:
3EI v
,
(20)
l 1−v
where E, I, l are the Young’s modulus, moment of inertia and length of the beam, respectively,
and v is the fixity factor at the generic end node, within the range {0, 1}. The two limiting cases,
limv→0 k(v) = 0 and limv→1 k(v) = ∞ represent a pinned connection (permitting free rotation)
or a rigid one (restraining rotation), respectively, while in actual construction the fixity factor
takes intermediate values.
k(v) =

3 Numerical Application
Figure 1(b) shows the case study model, taken from [9], consisting of a 10-storey single-bay
frame. The Young’s modulus is E = 210 GPa and the geometrical parameters are Ab = 306 ·
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10−3 m2 , Ib = 2569 · 10−6 m4 for the beams while three values have been considered for the
columns, namely: Ac1 = 27 · 10−3 m2 , Ic1 = 1710 · 10−6 m4 for the first four storeys, Ac2 =
21.8 · 10−3 m2 , Ic2 = 798.9 · 10−6 m4 for the middle ones; Ac3 = 14.9 · 10−3 m2 , Ic3 = 251.7 ·
10−6 m4 for the top three ones. The finite element length is h = 4 m and masses of Mt =
3 Mg and M = 4 Mg are lumped at the nodes of each beam element for the top storey and
elsewhere, respectively. The fundamental period of vibration is T1 = 0.993 s (73% of modal
mass participation) for the reference case (rigid connections); the total number of DoFs is n =
90; m = 3 modes were retained in the analysis, so that 93% of the modal mass participates
in the seismic motion in the direction of interest x. The structure is subjected to the ground
excitation of Imperial Valley 1940 earthquake. The commercial software SAP2000 [2] has been
used to construct the relevant mass and stiffness matrices and the numerical software MATLAB
[10] to carry out the linear dynamic analysis.

3.1

Parametric analysis

The influence of connection flexibility on the dynamic response is investigated through parametric (deterministic) analyses by varying the rotational spring stiffness at all beam ends by
the same amount through Eq. (20). Figure 2(a) reports the influence of v on the circular frequencies. As shown, increasing v results in a corresponding increase in the natural frequencies
with the effects being more profound on the lower modes, which typically dominate the seismic
structural response. It is also worth mentioning here that the results are in good agreement with
[9]. Figure 2(b) shows the effect on the first three modal shapes, normalised with the displacement at roof level and figure 2(c) shows the effects on the envelope of the dynamic response.
Accordingly, the dashed and solid black lines correspond to the two extreme cases (i.e. v = 0,
v = 1) while each grey line shows intermediate values. Interestingly, the results are not ordered,
suggesting that various intermediate stiffness values may cause higher effects.

3.2

Stochastic analysis

This section presents a selection of the results of a stochastic analysis carried out on the case
study under consideration. For each level of partial rigidity of the connections the model
parameters vα , vβ are identified. In doing this, a set of nominal values of the partial fixity
v in the range {0, 1} is used and N = 500 samples of each associated rotational stiffness
are generated via MC simulations. Each set of the generated stiffnesses is assumed to be
lognormally distributed and two levels of the input coefficient of variation (CoV = 0.2, 0.3)
are used. Furthermore, both correlated (i.e. same stiffness at all connections) and uncorrelated
(i.e. different stiffness throughout) cases are considered.
Figure 3 shows the effect of the connection flexibility on the model parameters of the elements
of α. As shown, relatively low levels of stiffness (v ≈ 0.1) cause higher variation in the model
parameters. Furthermore, the correlated case (Figure 3(a), 3(b)), tends to underestimate the
parameters, which appear to be smooth functions in the uncorrelated case (Figure 3(d), 3(e)).
Increasing the input CoV (Figure 3(b), 3(e)) amplifies the parameters without any noticeable
impact on the shape. The effects of the connection flexibility on the model parameters in vβ are
summarised in Figure 4. Contrary to the previous case, the correlated case (Figure 4(a), 4(b))
overestimates the parameters. Higher variation is observed around v ≈ 0.1 and the effects are
more significant on the lower frequencies. Increasing the input CoV (Figure 4(b), 4(e)) results
in higher effects and the shape is preserved.
Having identified the model parameters for each configuration, the dynamic analysis is carried
out using the calibrated uncertainty model. Figure 5 compares the peak response at roof level
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of the reference MC simulations with the ones predicted by the proposed model. Overall, good
agreement is observed and high CoV are predicted at v = 0.3. Similar trends to the previous
cases are shown by the input CoV and the correlated, uncorrelated cases. It follows that given a
level of connection flexibility v the random dynamic response can directly be simulated without
resorting to the full model.

(a)

(b)
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Figure 1: Beam element with rotational springs (adapted from [12]) (a) and structural frame model (b).
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Figure 2: Influence of connection flexibility on the circular frequencies (a), mode shapes (b) and lateral
dynamic response envelope (c).
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4 Conclusions
This paper deals with the analysis of steel frames with uncertain semi-rigid connections under deterministic seismic excitation. In particular, a recently proposed model [6] is adopted, in
which the uncertainty is conveniently characterised in the modal subspace, reducing the size of
the dynamic problem. An identification procedure is presented, in which the model parameters
are calibrated over various levels of connection flexibility and different configurations, which
in turn allows the direct evaluation of the random dynamic response without resorting to the
full geometrical model. The numerical results show that the level of connection flexibility can
considerably affect the dynamic response of semi-rigid steel frames. As demonstrated by MC
simulations, the proposed model is proven to be an efficient alternative to accurately represent the stochastic response. Future investigations will be carried out to examine the effects of
uncertainties in the mass on the identification of the model parameters.
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Abstract: Efficient strategies to avoid and/or minimize the interruption of services provided by physical infrastructure networks are essential for society’s normal functioning. Assessing their risk to natural hazards and being able to evaluate adequate prevention and recovery decisions is a paramount, but complex task.
We discuss a recently introduced decision support model that uses stochastic programming to efficiently integrate risk assessment and optimization for complex
infrastructure networks. The model seeks to balance the importance of retrofit decisions in a transportation network with respect repair actions throughout a set of
damage scenarios. The model is subject to parameters that define how preferable
prevention actions are, compared to corrective actions. Furthermore, the model
considers performance measures (travel time) for pre-specified portions of the
network and allows to demand certain compliance from each after disastrous situations. We study the impact of these parameters on the resulting retrofit/repair
policies and discuss the benefit of the model for the analysis of large-scale systems, and the adjustments necessary to cope with real-world infrastructure networks. An example is presented for the case of the San Francisco Bay Area
transportation network, for which a comprehensive probabilistic analysis of seismic hazards and a traffic model are available from previous work. Different risk
management policies are provided for varying degrees of risk aversion (given by
different retrofit/repair cost ratios), whose computation takes advantage of the
computational efficiency of the stochastic programming approach.

1 Introduction
Improving the resilience of infrastructure systems is a paramount engineering challenge, as they
constitute the backbone of urban societies. In addition to the cost of corrective actions associated
to the damage of large infrastructure systems, efforts in prevention are vital due to the impacts
associated to loss of life, property, and business interruption.
Infrastructure networks are comprised of large numbers of components and complex interactions that often make performance computations expensive at urban or regional scales. Similarly, probabilistic analyses of network performance under natural hazards imply evaluating a
large number of potential disaster scenarios. Furthermore, to determine an optimal set of actions that improves network resilience (e.g., retrofitting bridges), it is necessary to evaluate all
combinations of actions and their effect on network performance for all potential scenarios.
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Because of the described sources of complexity, heuristic optimization approaches are most
commonly adopted when evaluating risk management actions. Although heuristic approaches
often allow to deal with larger systems than exact optimization techniques, the latter provide
guarantees of optimality that are particularly valuable when considering uncertainty.
The problem of determining retrofit and/or repair actions to improve the expected performance
of a network exposed to seismic hazards is addressed in [2] through a combination of sophisticated seismic risk assessment techniques and exact optimization. While the work in [2] describes the mathematical detail of a stochastic programming procedure that integrates risk assessment and exact optimization, this paper presents the type of analysis that can be derived
from such approach by evaluating the impact of risk aversion on the optimal retrofit policy.
A segment of the San Francisco Bay area transportation network is presented as an example,
considering the travel time along key origin-destination pairs as the performance metric of interest. The network is exposed to significant seismic activity resulting from the San Andreas and
Hayward faults, for which a set of hazard consistent scenarios have been previously created.
Information about users’ origin-destination patterns and preferences are available as a result of
previous studies along with the Department of Transportation of California.
The analysis, thus, focuses on an element of the model for which information is not readily
available: the costs and impact of retrofit and repair actions. The approach in [2] is used to
repeatedly solve the risk management problem for several valuations of preemptive actions
relative to corrective actions.
Section 2 provides an overview of related work. Section 3 describes the methodology in [2]
to address risk management problems in complex infrastructure networks. Section 4 presents
the analysis of variations in risk aversion for retrofit decisions on the San Francisco Bay area
transportation network. Section 5 discusses limitations and potential extensions of the work in
[2] to cope with larger and more realistic assumptions for actual infrastructure systems. Section
6 provides conclusions and ideas for future work.

2 Related work
Related efforts in addressing decision problems within risk assessment and management of
complex infrastructure networks include research by: Ouyang et al. [10] regarding a framework
to analyze infrastructure resilience; Lim et al. [5] regarding efficient reliability assessment for
complex infrastructure networks; Hu et al. [4] regarding optimal management of large-scale
transportation networks; and Nogal et al. [9] regarding the study of transportation network resilience under extreme events.
From an optimization perspective, Frangopol and Bocchini [1] propose the use of resilience as
an optimization criterion for bridge rehabilitation, considering the maximization of the transportation network resilience as well as the minimization of the total rehabilitation cost, relying
on bi-objective genetic algorithms for the construction of an efficient frontier (i.e., a set of solutions not outperformed by others). Regarding decisions to improve the resilience of infrastructure systems, Xu et al. [11] address the scheduling of response actions for power infrastructure
under seismic hazards by means of genetic algorithms. Miller-Hooks et al. [8] deal with resilience in freight transportation networks, accounting for the impact of pre-disaster decisions
on recovery related decisions with the objective of maximizing the flow throughout the network; their approach relies on stochastic programming but is not integrated with probabilistic
risk assessment for realistic complex networks.
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3 Stochastic programming for infrastructure risk management
3.1

Problem description

The risk management problem considered in this paper addresses the decision of whether to
retrofit a set of bridges in a transportation network, or repair them only after the occurrence
of a specific earthquake scenario. Figure 1 shows a step-by-step account of the methodology
used in [2]. Ground Motion Prediction Equations (GMPE) are used to create a set of earthquake
scenarios, following the work in [6]. The fragility of the bridges under consideration is used to
generate realizations of damage on bridges as a function of the site’s ground motion intensity
[7]. Then, versions of the network for each earthquake scenario are put into graphs (associated
with the occurrence rate of each scenario) [2], with which travel times are computed through
a traffic simulation. The problem is stated as minimizing the costs of retrofit actions and the
expected costs of repair actions in order to preserve pre-specified travel times between selected
origin-destination pairs, throughout the set of graphs representing the realizations of networks
obtained for earthquake scenarios.
The stated problem involves traffic simulations for each earthquake scenario. In the proposed
optimization approach, each of these simulations is captured as a realization of the graph that
represents the network with an associated probability of occurrence, thus, having a discrete
distribution of graphs. Retrofit actions have an effect on all graphs (since the retrofit element
would be strengthened preemptively for all possible realizations), whereas repair actions affect components only on the graph associated to the realization for which the repair action is
planned.

Figure 1: Overall risk assessment and optimization framework

3.2

Mathematical formulation

The term stochastic programming refers to the inclusion of uncertainty into the parameters
that define an optimization problem. Often, the optimization problem is solved by evaluating
variables throughout discrete potential future scenarios. The problem described in the previous
sub-section requires: the set of variables xa , which determine whether arc a ∈ A is retrofitted;
the set of variables yξ ,a , which determine whether arc a ∈ A is repaired in earthquake scenario
ξ ∈ Ξ; an objective function (Equation 1) to incorporates the retrofit and expected repair costs;
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and a set of constraints (Equation 2) relating travel times for arcs under normal operation, t0,a ,
and those observed in the traffic model for earthquake scenarios; tξ ,a (travel times take the value
of their corresponding scenario unless either of the actions are taken). The optimization problem
is then formulated as a Mixed Integer Program as follows:



min ∑ cretro f it xa + Eξ ∑ crepair yξ ,a
(1)
a

a

Subject to:

∑ t0,a

a∈p





xa + yξ ,a + tξ ,a 1 − xa + yξ ,a ≤ tp∗ (1 + ε) ; ∀p ∈ P, ∀ξ ∈ Ξ

(2)

xa ∈ {0, 1} ∀a ∈ A

(3)

xξ ,a ∈ {0, 1} ∀a ∈ A , ∀ξ ∈ Ξ

(4)

Equation 2 encapsulates one constraint for each origin-destination pair (p ∈ P) of interest; the
travel time obtained for an origin-destination pair (p ∈ P) as a result of retrofit/repair decisions
is enforced to be within a tolerance (ε) of a target travel time p∗ .
Since the size of the problem may grow quickly with the number of scenarios, decomposition
approaches are used to separate the original problem into a master problem and a set of independent problems per scenario, which is the approach followed in [2]. The articulation of
the master problem and sub-problems is achieved through constraints that enforce some master
variables to be turned on (i.e. enforce some retrofit actions) in the next iteration if they have the
potential to improve the overall objective function.

4

Analysis of preemptive and corrective decisions

A portion of the San Francisco Bay area transportation network is used as an example to test
how different parameters affect the outcome of the proposed optimization problem, particularly
those that capture the risk aversion of the decision makers. In this sense, we explore variations
in risk management actions for different relative costs of repair actions with respect to retrofit
actions. The latter captures the loss aversion by more strongly valuing repair actions to indirectly
include loss of life, business interruption and increased logistic costs.
Retrofit costs were fixed to unit values while repair costs were iteratively modified starting from
a large value for which no repair action should be pursued by the optimizer: this value was set
to 1/rmin , where rmin is the smallest occurrence rate for a scenario (such that even for the most
unlikely scenario, retrofit actions would be preferable to repair actions).
Then, different values were identified for the specific case of the San Francisco network which
would lead to different risk management policies, for instance: in order to observe retrofit actions only (i.e., never accept the risk of leaving a bridge to be repaired afterwards) the repair
costs (and consequences) should be 7143 times larger than repair costs, which may not be necessarily realistic; the value for which repair actions are preferable (and no retrofit actions are
observed) is when repair actions are only 43 times more expensive than retrofit actions. Figure
2 (upper part) summarizes the relationships in between those extremes in terms of the value of
both parts of the objective function; the cost of retrofit actions equals the expected cost of repair
actions at about the 1/100 ratio. Figure 2 (lower part) shows the same progression for the number of elements intervened (with either retrofit or repair actions) in each case; the dotted lines
compare the average and expected number of components repaired through scenarios, with the
latter being much smaller, given the low probabilities associated to each scenario.
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Figure 2: Evolution of retrofit/repair actions with retrofit/repair ratio

Figure 3 shows an example of a retrofit repair policy for the area of San Francisco and Oakland
(in the Bay area transportation network) for one of the explored ratios, in which retrofit actions
(red dots in left-hand side) are dominant with respect to repair actions (red dots in right-hand
side). Although the bridges left to be repaired after an earthquake seem geographically important, the scenarios in which they are repaired have a very low occurrence rate, which explains
the fact that those are not retrofitted before the earthquake.
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Figure 3: Instance of retrofit (left-hand side) and repair (right-hand side) actions for a portion of the San
Francisco Bay area transportation network: on both sides, red dot represent performed actions, while
cyan dots denote bridges for which the action was not taken.
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5 Limitations and potential extensions for realistic cases
The analysis of decisions on complex infrastructure networks in the context of risk management poses important computacional challenges resulting from: the large number of elements
in real-world networks makes analysis prohibitive due to the exponential growth of operations
in network optimization problems; the treatment of uncertainty demands evaluating numerous
scenarios describing a hazard of interest; the multiplicity of decision alternatives over time and
the relationships among them implies the analysis of the combined effect of different combinations of decisions on a model which is already complicated by the previous two factors.
An important limitation in the proposed approach is that the effect of decisions is assumed to
combine linearly, which is not necessarily the case in traffic problems, since the (un)availability
of bridges may affect not only the roads directly associated to them but also others because of
network effects. In this sense, applying actions on two bridges may lead to a different result
than that of accounting for the separate effect of the actions on the bridges independently. The
adequate approach to account for network effects is to run the traffic model for each combination
of decisions. This is, running the traffic model for all possibilities with one retrofit, all possible
combinations of two retrofit actions and so on. Such procedure would be expensive, not only
because of the large number of combinations that a large network would imply, but also because
each run of the traffic model can be expensive itself.
In order to capture the network effects, the current approach requires a way to obtain feedback
from the traffic model, so that travel times can be updated to account for the combined effect of
several concurrent actions (retrofit or repair). Although conceptually simple, this would require
evaluating too many combinations of decisions. The literature of operations research offers
further decomposition approaches, such as column generation strategies [3], in which variables
are introduced one at a time without having to explore the whole set of combinations.
Ongoing research is devoted to capturing such aspects of transportation networks. Although this
would not easily capture the full extent of nonlinearities in a dynamic traffic model, it has the
potential to capture the combined effect of relevant combinations of decisions (i.e., evaluate the
combined effect of actions on a few neighboring bridges).

6 Conclusions
Stochastic programming provides a powerful tool to deal with risk management problems involving large sets of scenarios, specially when using decomposition approaches (when scenarios
are independent) to avoid dealing with impractically large problems. Being able to efficiently
assess the effect of retrofit and repair actions in a transportation network throughout a comprehensive set of earthquake scenarios enable analysts to perform more comprehensive evaluations,
namely: not being limited by the uncertainties related to the hazard of interest, it was possible to
examine the impact of an unknown cost structure of the problem (i.e., retrofit/ repair costs) on
the obtained risk management policies by successively running the proposed optimization problem. The proposed approach relies on mixed integer programming, which operates on the assumption of linearity, thus, not capturing network effects that may affect the decisions. Ongoing
research is devoted to accounting for combinations of decisions through further decomposition
approaches.
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[10] M. Ouyang, L. Dueñas-Osorio, and X. Min. “A three-stage resilience analysis framework
for urban infrastructure systems”. In: Structural Safety 36-37.0 (2012), pp. 23–31. ISSN:
0167-4730. DOI: http://dx.doi.org/10.1016/j.strusafe.2011.12.004. URL:
http://www.sciencedirect.com/science/article/pii/S0167473011000956.
[11] N. Xu et al. “Optimizing scheduling of post-earthquake electric power restoration tasks”.
In: Earthquake Engineering & Structural Dynamics 36.2 (2007), pp. 265–284. ISSN:
1096-9845. DOI: 10.1002/eqe.623. URL: http://dx.doi.org/10.1002/eqe.623.

1635

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Management of Fatigue Sensitive Structures under
Uncertainty
Mohamed Soliman and Omid Khandel
School of Civil and Environmental Engineering, Oklahoma State University

Abstract: Fatigue is one of the major factors that may affect the safety of civil and
marine structures. The presence of significant uncertainties related to loads, geometry, and material properties affects our ability to reliably predict the time-dependent
performance of structures under fatigue deterioration. Probabilistic approaches can
aid in predicting the time-dependent performance of structures under fatigue deterioration considering uncertainties. Moreover, reliability- and risk-based management
techniques can be used to predict the safe service life of fatigue sensitive structures,
plan for their future inspections, and support the decision making process regarding
maintenance and repair actions. This paper presents a probabilistic approach to predict the time-dependent crack growth and obtain optimum management schedules
for fatigue sensitive structures. The proposed approach utilizes a probabilistic timedependent damage criterion, inspection cost, and failure cost to obtain the optimum
inspection and maintenances times and types that fulfil the management goals.

Introduction
Fatigue and fracture have been major safety concerns for civil, marine, and aerospace structures
[1]. Fatigue damage may occur at regions of stress concentrations in a structural component
subjected to fluctuating stresses due to normal operational conditions. Stress concentrations
occur at the component due to the presence of initial flaws in the material, welding process, or
fabrication. Initiation and propagation of cracks in the plastic localized region occur due to the
cumulative damage acting over a certain number of stress fluctuations. These growing cracks
can eventually cause the failure of the component by several mechanisms. Yielding of the crosssection can occur when the crack grows to a certain size such that the remaining un-cracked
section cannot carry applied loads. Brittle fracture can also occur when the crack reaches the
critical size for the unstable crack growth. Brittle fractures represent a safety concern since they
occur at very high speeds without prior plastic deformation or other signs indicating the possibility of an imminent failure. The fluctuating loads in steel bridges, due to traffic loads, and
ships, due to wave encounter, make them especially vulnerable to fatigue cracking. The early
generations of steel structures, constructed using rivets or high strength bolts, did not experience
a large number of fatigue damages. This is due to the small number of initial imperfections
associated with mechanical fasteners [2]. The use of welding in fabricating steel structures may
induce pre-existing cracks or crack-like defects in the welded components. These defects would
produce stress concentrations and lead to a rapid crack growth since the cracks do not have a
considerable initiation period.
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The design of civil and marine structures for fatigue is generally performed using the S-N (i.e.,
stress-life) approach, where different structural configurations are grouped based on their fatigue resistance. Each group has its own S-N line which provides the number of cycles that the
member can endure at a given stress level before the fatigue failure. However, this approach
cannot be used to study the crack condition or assess the vulnerability against fatigue and fracture failure due to an existing crack. In order to perform these tasks, linear elastic fracture mechanics (LEFM) can be applied. However, the presence of significant uncertainties associated
with the crack propagation process requires the life-cycle management of fatigue prone structures to be performed on a probabilistic basis [3-6]. This paper discusses a probabilistic approach to predict the time-dependent crack growth and obtain optimum management schedules
for bridges and naval vessels. For structures susceptible to failure by brittle fracture due to
fatigue deterioration (e.g., bridges), an approach which can control the crack size through the
application of timely inspection and repair activities is essential. In such cases, the proposed
approach utilizes a probabilistic time-dependent damage criterion, inspection and repair costs,
in addition to failure cost to obtain the optimum inspection and maintenances times and types
that simultaneously minimize the life-cycle cost of inspection and maintenance, maximize expected service life, and minimize risk of failure. For structures more tolerant to fatigue cracking,
such as modern ships, the paper presents a probabilistic approach to quantify the overall structural capacity in terms of the probabilistic crack size. The time-dependent capacity profile can
be used in conjunction with knowledge on applied load to schedule inspections and repairs.

LEFM for Fatigue Assessment: A Brief Review
In LEFM, the fracture behavior at cracks or crack-like defects is characterized based on stress
analysis at the vicinity of the crack. The stress field at the vicinity of the crack tip is studied in
terms of the stress intensity factor K expressed as

K  Y (a )  S   a

(1)

where S is the stress, a is the flaw size, and Y(a) is a correction factor which takes into account
the effects of the crack shape, free surface, finite width (or thickness), and non-uniform stress
acting on the crack [7]. When the combination of crack size, geometry, and stress lead to a
value of K that is larger than the critical one, unstable crack growth (i.e., fracture) will occur.
Paris’ equation [8] can be used for assessing the fatigue behaviour of steel detail by relating the
crack growth rate to the range of the stress intensity factor as follows
da
 C  ( K ) m
dN

(2)

where a is the crack size, N is the number of cycles, and K is the range of the stress intensity
factor computed using Eq. (1) with the applied stress range Sre. C and m are material parameters.
The number of cycles associated with a growth in the crack size from an initial size of ao to a
size of at can then be calculated as
N

at
1
1

m a
C  S re o Y (a )   a
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m

da

(3)

By setting at in Eq. (3) as the critical crack size a f , the number of cycles to failure of the detail
is obtained. In this paper, Monte Carlo simulation of crack growth is performed using Eq. (3)
by considering the probabilistic distributions of the random parameters associated with crack
growth such as the initial crack size, stress range, and the material properties C and m. This
process results in obtaining the probabilistic time-dependent crack size and the probability
density function (PDF) of the number of cycles (or time) required for the crack to grow to its
critical size. The process is discussed in more details in [9].

Framework for Management of Fatigue Critical Structures under
Uncertainty
Establishing the optimum inspection and repair schedules in fatigue prone structures is crucial
to maintain the structural safety and prevent sudden failures. The main focus is to develop a
management procedure which can support the decision making process under uncertainty. Soliman et al. [9] presented an approach for optimizing inspection activities for bridge details.
The approach can establish optimum inspection times and types that minimize the inspection
cost and maximize the probability of damage detection before the crack reaches its critical size.
Kim et al. [6] proposed another management approach that includes the optimization of repair
activities in addition to inspections. Optimum management plans were obtained by solving an
optimization problem with the goals of maximizing the service life and minimizing the lifecycle inspection and repair cost. However, risk of failure was not accounted for in the formulation of the approach. In this paper, a framework for management of fatigue critical structures
under uncertainty is implemented to find optimum intervention (i.e., inspections and repair)
times and types. Intervention schedules are obtained as the solution of an optimization problem
with the goals of simultaneously minimizing the failure risk, maximizing expected service life,
and minimizing expected inspection and repair life-cycle costs.
The framework starts with predicting the PDF of the time to failure (i.e., time for the crack to
reach its critical size) by establishing the probabilistic time-dependent crack size profile. This
PDF is used to find the failure probability computed as the probability that failure will occur
before the required service life. Samples are drawn from the distribution of random variables
associated with the crack growth and Monte Carlo simulation using Eq. 3 is performed to find
the PDF of time required to reach a certain crack size. The integration of the inspection process
into the framework is established by defining the relationship between the degree of damage
(i.e., crack size) and the probability of damage detection (POD) for the employed inspection
methods. The POD is dependent upon the quality of the inspection method; a better inspection
method will be able to detect a smaller damage level with a higher probability. This paper
adopts the lognormal cumulative distribution function (CDF) POD model [10]. At each inspection time, depending on the crack size and inspection methods, the probability of detecting the
crack is obtained.
The formulation of the risk, expected service life, and expected intervention cost is established
by using decision tree model shown in Figure 1. As shown, at a given inspection, if the crack
is detected, an in-depth inspection with perfect POD is performed, and a repair is done if the
crack is above a certain size obtained from the solution of the optimization problem. This event
tree model is embedded in the optimization routine to establish the optimum times and types of
inspections and the critical crack size for maintenance that minimize risk, maximize expected
service life, and minimize inspection and maintenance costs.
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Figure 1: Decision tree model for obtaining service life and intervention cost for a given inspection time.

Illustrative Example 1: Fatigue Critical Bridge Details
The proposed approach is illustrated on a fatigue critical detail in the I-64 Bridge over the Kanawha River at Dunbar in West Virginia (currently carries westbound traffic). The bridge was
open for traffic in 1974 and was retrofitted in 1989 due to the presence of several fatigue cracks.
The retrofitting included drilling holes at crack tips and installing retrofitting angles at various
fatigue prone locations [11]. In 2000, several locations of the bridge were monitored and analyzed by personnel from Lehigh University’s Engineering Research Center for Advanced Technology for Large Structural Systems (ATLSS). The main aims of the monitoring program were
to investigate the potential of cracking at certain fatigue critical details and to evaluate the effectiveness of the existing retrofits [11]. It was found that some of the retrofitted details experience stress cycles high enough to cause fatigue crack propagation. As a result,
recommendations were made to improve the fatigue resistance of those details. Additionally,
the monitoring program revealed the presence of other critical fatigue details showing potential
for fatigue cracking [11]. Among those details, a weld termination at the connection of a bracing
gusset plate and the transverse connecting plate is considered in this example. The detail, shown
in Figure 2, was found to have small cracks growing out of the lack of fusion zone on the gusset
plate [11].

Figure 2: The investigated detail: Gusset plate to transverse connecting plate welds
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For this detail, an estimate of the stress intensity factor range can be made using Eq. (1) with
the stress range obtained from the monitoring program and a as half the width of the lack of
fusion zone at the root of the partial penetration groove weld and the reinforcing weld. Field
observation performed by ATLSS personnel suggested that the lack of fusion zone is equal to
6.35 mm, giving the value of ao = 3.175 mm in Eq. (3). This value is assumed to be a lognormal
distributed random variable with mean of 3.175 mm and a coefficient of variation (COV) of 0.2
to account for uncertainties and measurement errors. The stress range and the average number
of cycles are estimated based on the results of the long-term monitoring of the detail performed
by ATLSS Center in 2000. As reported in [11], the stress range acting on the detail is 23.46
MPa. This number is considered herein as the mean value of the stress range distribution with
COV = 0.1 [12]. The average number of cycles per day was found to be 3329 [11]. This number
is considered as the mean value of the distribution of the number of cycles where the COV is
considered 0.1 [13]. Using this information, Monte Carlo simulation with 100,000 samples is
performed to establish the PDF of the time to failure, which is the time required for the crack
to propagate through the thickness of the gusset plate. The final crack size is assumed to be
9.525 mm [11]. The remaining data required for predicting the time to failure of this detail is
listed in Table 1. Figure 3 shows the PDF of the time to failure at this detail.
Table 1. Values of different random variables and deterministic parameters for crack growth
Variable

Notation (Units)

Mean value

COV

Type of distribution

Source

Material crack growth
parameter

C

2.18 1013

0.2

Lognormal

[1]

Material crack growth
exponent

m

3.0

0.1

Normal

[1]

Initial crack size

ao (mm)

3.175

0.2

Lognormal

[11]

Daily number of cycles

Navg (cycles/day)

3329

0.1

Lognormal

[11]

Stress range

Sre (MPa)

23.46

0.1

Weibull

[11]

Critical crack size

a f (mm)

9.525

-

Deterministic

[11]

Figure 3: PDF of time to reach critical crack size
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A tri-objective optimization problem is formulated and solved using Genetic Algorithms (GAs).
The ultrasonic (UI) and eddy current (EC) inspection techniques are considered as the
inspection methods for fatigue crack detection. The POD parameters associated with these
inspection methods are obtained from [14]. The optimization problem is formulated as follows
Given: required service life, number of interventions, C, POD parameters, and PDF of To (4)
Find
Such that
To

t i , K i , dr

ti  ti 1  1.0 year

maximize E T  , minimize E C I  , and minimize Risk  Pf  C F

(5)
(6)
(7)

where ti is a vector consisting of the design variables of intervention times, Ki is a vector consisting of the identifiers for inspection methods at each inspection, To is the initial service life,
and dr is the critical crack size for repair. C is a vector consisting of the cost of inspection
methods, in-depth inspection, and repair. T is the service life and CI and CF are, respectively,
the total cost of inspections and repairs and failure cost. In this example, the cost of inspections
is considered to be $15,000 and $20,000 for the UI and EC inspections, respectively. The indepth inspection cost and maintenance cost are $15,000 and $50,000, respectively. Additionally, CF is assumed $500,000 and the required service life is 20 years.
Next, the tri-objective optimization problem is constructed and solved by using the Global Optimization Toolbox provided in version R2015b of MATLAB [15]. A Generic Algorithm with
a population size 400 and maximum number of generations 300 is adopted to develop the Pareto-optimal solution set provided in Figure 4. The Pareto-optimal solution front identifies the
optimum trade-offs between the three conflicting objectives. As shown, in order to increase the
service life, the expected cost and the risk will increase. Each solution on the Pareto-optimal
front represents an optimum inspection and repair plan. Table 2 presents the design variables
and objective function values for three intervention plans A1, A2, and A3 highlighted in Figure
4. All solutions use UI as the inspection method except the third inspection in solution A2 which
specifies EC inspection.

Figure 4: Pareto-optimal solution set for the optimization problem for two and three scheduled interventions
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Table 2: Selected optimum solutions form Paetro-optimal solution set
Optimum
Solution

Number of Interventions

Intervention Time
(years)
t1

t2

t3

Critical Crack
size for
Maintenance
(mm)

Objective Values
E[T]
(years)

E[Ctot]

Risk
($1000)

A1

3

19.6

31.7

52.2

7.8

68.1

($1000)
177

A2

3

13.9

28.06

46.13

6.0

70.8

222

32.15

A3

2

19.7

29.6

-

4.27

50.7

117

134.5

123.9

This problem setup is beneficial for management of fatigue critical structures that have low
redundancy and high possibility for fracture failure. Example of such cases is the failure of the
Hoan Bridge which, on December 13, 2000, experienced sudden cracking in several girders.
Two of the affected girders had full depth cracks, originating from a fatigue critical detail and
leaving the span near collapse [16]. The presented management methodology can be applied in
these cases to identify the optimum interventions required to prevent the crack from reaching
its critical size. However, other types of structures can be more tolerant to growing cracks due
to their adequate material toughness at operating temperatures, presence of crack arresters (e.g.,
holes, or stiffeners), or the inherent structural redundancy. Modern ships can be included as an
example of such structures where cracking is considered a serviceability problem rather than a
safety issue. Fatigue cracking in such vessels causes leaks and poses a significant overhead on
life-cycle operational cost of the ship. Inspection reports for ships show that tankers can be
operational with thousands of growing cracks with no immediate threat to the structural integrity. In addition, several reported cases show cracks growing to several meters before affecting
the structural integrity. However, such long growing crack will reduce the structural capacity
of the hull against sagging and/or hogging bending conditions and failure may occur when the
remaining sections can no longer withstand applied loads. Accordingly, the management of
these structures should be based on the residual capacity in light of the growing crack.

Illustrative Example 2: Hull Performance under Growing Cracks
The ship cross-section shown in Figure 5 [17] is used to illustrate the proposed methodology to
quantify the structural capacity under growing cracks. It is assumed that a one-meter crack is
propagating starting from the upper left corner of the cross-section through the horizontal plating. In this case, the crack growth in the stiffened panel is computed considering the effect of
stiffener restraint, severed stiffeners, and residual stresses in the stiffened plates [18]. For this
case, the crack driving force, characterized by the stress intensity factor, is thoroughly discussed
in [18]. It is assumed that the ship section is subjected to a stress range following a Weibull
distribution with a mean 20 MPa and a COV 0.1. Additionally, the annual number of cycles is
considered to follow a normal distribution with mean 500,000 and COV 0.1. The material used
is assumed to have a yield stress of 353 MPa, ultimate tensile strength 490 MPa and modulus
of elasticity 207 GPa. Monte Carlo simulation of Eq. (3) is used to obtain the probabilistic crack
growth profile from the initial 1m crack to a final size of 3m using the stress intensity factor
presented in [18]. Results of the crack growth simulation are shown in Figure 6a. In this simulation, the random variables are the material parameters C and m, in addition to Sre.
The model proposed in [19] is implemented to find the crack-dependent ultimate moment capacity with respect to hogging conditions. The model in [19] provides an approximation of the
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hogging moment capacity and its results show a reasonable agreement with experimental testing outcomes. However, other advanced models can also be used to perform this task such as
the one presented in [20]. In [19], the ultimate hogging moment capacity is
M uh  AD g yD  AB ( D  g ) uB  A 'B ( D  g  DB ) 'uB 

AS
( D  H )( D  H  2 g ) uS
D

AH
 S [(2 H  3g ) uS  ( H  3g ) yS ]
3D

(7)

Where AB , A 'B , and AD are the total sectional area of outer bottom, inner bottom, and deck part
of the section, respectively. As is half the sectional area of all sides.  yB ,  ' yB ,  yD , and  yS represent the yield strength of outer bottom, inner bottom, deck, and side parts of the section, respectively.  uB ,  'uB ,  uD , and  uS represent the ultimate buckling strength of outer bottom, inner
bottom, deck, and side parts of the section, respectively. D is the hull depth, DB is height of
double bottom, g is the neutral axis position below the deck in the hogging condition, and H is
the depth of hull section in the linear elastic state. g and H are
gD

H D

AB uB yS  A 'B  'uB  yS  2 AS  uS  yS  AD yD yS
AB ( uS   yS )2
AB uB  A 'B  'uB  2 AS  uS - AD yD
AB ( uS   yS )

(8)
(9)

Figure 5: Cross-section of the investigated ship hull (adapted from [17])

The probabilistic crack growth analysis is performed for the considered crack and the characteristics of the ship section (e.g., area and inertia) are modified based on the crack size. The
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hogging moment capacity is computed in terms of the crack size, in which the cracked part is
omitted from the hull section. Figure 6b shows the ultimate hogging moment capacity versus
the crack size in the hull section. This capacity profile considers only uncertainties associated
with the crack growth. By integrating information on the load effects, the structural reliability
of the section can be computed as a function of the crack size and used to assess the safety of
the structure and the future need for inspection and repair.
(a)

(b)

Figure 6: Effect of crack size on structural capacity; (a) crack growth under uncertainty, and (b) time-dependent
hogging moment capacity considering crack growth

Conclusions
The paper discussed the management of fatigue critical structures under uncertainty. An approach for scheduling inspection and repair activities for structures susceptible to fatigue and
fracture failure based on LEFM was presented. The optimum management activities are obtained as the solution of a multi-objective optimization problem that simultaneously minimizes
the risk of failure, maximizes the expected service life, and minimizes the total life-cycle cost
of inspection and repair. The approach establishes the inspection and repair schedules which
provide optimum trade-offs between the three conflicting objectives. The paper also proposed
an approach to evaluate the structural capacity as a function of the crack size under uncertainty
for structures more tolerant to fatigue cracking, such as modern naval vessels. The presented
approaches can support the decision making process for management of fatigue-prone structures under uncertainty.
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Abstract: An overview of selected contributions across the different sciences to
sustainability and resilience research is provided and discussed. A general framework for supporting decisions for sustainable and resilient design and management
of societal infrastructures is then proposed taking basis in Bayesian decision analysis
and probabilistic systems performance modelling.
A principal example for decision support at regulatory level is presented for a coupled system comprised of infrastructure, social, hazard and environmental subsystems. The infrastructure systems is modelled as multi-component Daniels system
generating benefits over time after deduction of potential losses due to disturbance
events. The societal system is represented in terms of the preparedness level with
respect to respond, reorganize and rehabilitate functionality after disturbances and
the environmental system is represented in terms of local and global scale constraints concerning acceptable emissions.

1 Introduction
1.1 Resilience research – a view across the sciences
In Pimm [17] and Holling [12]fundamental concepts ideas and insights regarding resilience of
ecology systems are introduced. Resilience is introduced as as the ability of systems to sustain
disturbances, and reduce the time it takes before the systems recover to their original states of
functionality. Moreover, the magnitude of a disturbance, which is able to bring the system into
another state of equilibrium with different functionality characteristics, is proposed as a measure of resilience. It is noted that not only the “strength” characteristics of systems with respect
to disturbances play a role for resilience, but that “capacity building” is a key facilitator for
“preparedness and recovery”. Janssen and Anderies [1] discuss the relationship between systems robustness and resilience characteristics and underline that these are strongly dependent.
Derissen et al. [6] conclude that system resilience is not necessarily a preferred state. One system may possess several states of equilibrium, which individually could be resilient; however,
the benefits associated with the different possible resilient states may differ significantly. Anderies [2] addresses optimal allocation of available resources for the built environment and
points at strategies for enhancing resilience in dependency of the magnitude and frequency of
disturbances.
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Cutter et al. [5] addresses resilience of social systems and provides indicators with explanatory
power regarding their ability to sustain disturbances and to re-organize, adapt and re-establish
functionality during and after disturbances.
In Kates et al. [15] it is recommended to explore and assess the relation between resilience and
sustainability and decision support systems are proposed as a means to identify sustainable
paths of societal developments. Building on the ideas and concepts relating to the Planetary
Boundaries introduced by Steffen et al. [19] and Rockstrom [18], Hauschild [11] suggests to
utilize quantitative sustainability assessments to assess the aggregate impacts of human activities at global level with respect to the main parameters controlling safe operating conditions for
the planetary system, such as climate change and biodiversity. Thereby facilitating comparison
of best available knowledge regarding the impacts associated with different possible societal
development trajectories with the corresponding capacities of the planetary system.
Based on the aforementioned developments, new ideas on resilience modelling and quantification for systems relating to infrastructure are proposed in Faber et al. [8]. There a novel decision
analytical approach to resilience modelling is taken and a probabilistic framework for the representation and quantification of resilience of interconnected systems is proposed. Resilience
failure is represented as the event that a disturbance leads to a capacity loss of the system beyond its accumulated reserves and the probability and consequences associated with the event
are modelled and analysed using approaches and techniques from modern structural reliability
theory. Faber and Qin [10] extend the ideas of Faber et al. [8] to address also aspects of sustainability by considering material consumption and related CO2 emissions associated with
construction, operation and failure of infrastructure systems providing first insights on how
resilience, efficiency and sustainability relate to each other – and on how resilient is resilient
enough.
In the present paper, following closely Faber et al. [8] and Faber and Qin [10], we outline and
extend our previous works in order to investigate how to improve strategies for achieving resilient infrastructure systems in the face of both operational disturbances and disturbances originating from accidents, natural hazards or terrorist attacks by means of dedicated design
provisions.

2 Decision analysis framework
2.1 Decision analytical systems representation
The considered system as illustrated in Figure 1 is comprised by the infrastructure system, the
governance system, the geo-hazards system, the ecological/life support system and the regulatory system. As illustrated in Figure 1, it is assumed that the performances of the interlinked
system evolve over time and the ultimate objective is to identify decisions on the design and
governance of the interlinked system, which optimizes these performances in accordance with
societal preferences. Typically, performances such as reliability, risk, efficiency, robustness,
resilience and sustainability are of core interest. It is important to note that this system representation facilitates accounting for the temporal dependency in system performances over time
– which is of special interest in resilience and sustainability modelling. In the example considered in Chapter 3 the temporal evolution of the system performances is accounted for through
time-slicing, whereby the condition of the system is modelled e.g. on an annual basis and the
condition of the system at one particular time depends on the system performance in the past.
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Figure 1: Illustration of interlinked system with time slicing over time (extended from Faber et al. [9])
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Figure 2: Illustration of systems modeling framework (Faber et al. [9])

The performances of the interlinked system (see Figure 1) may be assessed from the principal
model illustrated in Figure 2 which applied in accordance with Bayesian decision analysis
facilitates consistent book-keeping of benefits and losses associated with different decision alternatives and with due consideration of uncertainties and/or lack of knowledge.
2.2

Modelling of resilience failure

Different propositions for the modelling and quantification of systems resilience are available
in the literature, see e.g. Cimellaro et al. [4]and Linkov et al. [16]. Typically, focus is directed
on the short-term representation of the ability of the system to sustain and recover from disturbances, fast and without substantial loss of functionality. Hazard and disturbance events are generally specified in terms of type and intensity. The ability to sustain and recover from
disturbances is modelled through the social, organisational and adaptive capacities together
with traditional characteristics of technical systems such as strength, ductility, brittleness, redundancy, segmentation and diversity, see e.g. Derissen et a. [6]and Pimm [17].
Following Faber [7], we propose a life-cycle oriented model of systems resilience in which
scenarios of benefit generation and losses are modelled and analysed over time and where insufficient resilience or systems resilience failure is defined as exhaustion of system capacity
(social, economical and/or environmental). Resilience, in the same manner as robustness is
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Time histories of reserves

Time histories of benefit

1

Reserve

Benefit

thereby a system characteristic of a random nature and requirements to resilience may only be
specified meaningfully in probabilistic terms; e.g. in terms of an acceptable annual probability
of resilience failure.
In Figure 4 this idea is illustrated for the simple case of a system for which the only explicitly
considered capacity is a financial reserve collected as a fixed percentage of the annual benefit
generated by the system over time.

100

Time
Starting reserve

Resilience failure

Figure 4 : The proposed resilience model in terms of time histories of benefit generation and corresponding time
histories of accumulated economic reserves [8].

The general shape of the benefit loss curves in the aftermath of disturbances reflects, that a
certain time is required before the functionality can be re-established; first only up to a certain
level, reflecting that interim solutions are foreseen, implemented and operated while waiting
for the preparation and implementation of full and possibly even improved system rehabilitation. In Figure 4 two pairs of time histories of benefit generation and accumulated economic
reserves are illustrated and it is seen how disturbance events may both reduce the benefit generation as well as the reserves. In the time history illustrated with a green line it is seen that a
disturbance event exhausts the accumulated reserves and causes a resilience failure.
The probability of resilience failure PRF (t , a) may in this manner be represented and assessed
probabilistically as (see Faber and Qin [10]):
PRF (t , a)  P  rr ( X(t ), a)  sr (X(t ), a)  0
(1)
where rr (X(t ), a) is a function representing a given capacity of the system at time t and
sr ( X(t ), a) is a function representing the stress on the system caused by a disturbance event at
time t . X(t ) is a vector of random variables which may depend on time and a is a vector containing all decision alternatives which may affect the resilience performance of the system. It
is seen that the problem of assessing the probability of resilience failure is a first excursion
problem. Conditional resilience may be modelled and assessed utilizing the scenario based lifecycle oriented approach. Conditioning on hazard events of given characteristics, the resilience
can be defined as recovery within a given time horizon without exceeding available reserves.
Examination of Figure 4 reveals that the first immediate drop in the benefit rate (or functionality) after a disturbance event relates directly to the systems robustness. Even with moderate
assumptions concerning the contribution of indirect consequences to total consequences it is
apparent that cascading failures and loss of functionality plays a significant role for the resilience of the system. Moreover, it is seen in Figure 4 that a starting capital or reserve is assumed
available at time t  0 . In a normative perspective, such a reserve is indeed possible, provided
that the portfolio of assets in the considered system is sufficiently large. In the design and management of systems, however, sufficient resilience critically depends on the maintenance of this
reserve as illustrated in the example presented in Chapter 3.
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2.3

Modelling of sustainability failure

The framework presented in the foregoing facilitates for a joint consideration of impacts to the
environment, health and welfare of people, economy and exhaustion of natural resources from
the perspective of intergenerational and temporal equity. However, in the following, only impacts of CO2 emissions to the stability of the planetary system are considered – the Earth Life
Support System (ELSS). According to Steffen et al. [19] the ELSS may become unstable if its
capacities to cope with emissions and other disturbances caused or influenced by human activities are exhausted. Research is still ongoing with respect to understanding and assessing the
capacities of the ELSS with respect to CO2 emissions, acidification of the oceans, extinction of
species, fresh water use etc. However, it may be assumed that for each of the presently identified
11 critical boundary variables it is (or will soon be) possible to formulate criteria of the form:
ri (x, a, t )  si (x, a, t )  0,
i  1, 2,..nB
(2)
where ri (x, a, t ) and si (x, a, t ) are complex functions describing the capacities and the stresses
acting on the ELSS with respect to its nB boundary variables at a given point in time t . x is a
vector of variables entering the functions and a is a vector of decision alternatives which may
influence both the capacities and the stresses. Assuming that the variables x are associated with
uncertainty we may assess system sustainability probabilistically along the same lines as system
resilience failure through:
PSF ,i (a, t )  P  ri (x, a, t )  si (x, a, t )  0 ,
i  1, 2,..nB
(3)
The probability of sustainability failure

PSF , i (a , t )

may, as for the case of resilience failure, be

assessed as a first excursion problem. In the general case where all nB planetary boundary variables are considered, this becomes a vector valued first excursion problem. As stated earlier,
however in the present paper only CO2 emission environmental impacts are considered. These
impacts are assumed to be directly related to the material consumption implied by the construction and operation of the societal infrastructure, with due account to maintenance and reconstruction after disturbance events as well as renewals due to obsolesce.

3 Example
3.1 Infrastructure system representation
In the present example, we address how accounting for differentiated perspective to the reliability of systems constituents into the design of systems may enhance their performance in
terms of resilience with respect to different hazard types. The example extends on examples
given in Faber et al. [8] and Faber and Qin [10] outlined in the following.
The infrastructure system considered is represented by a Daniels system comprised of nC constituents, see Figure 5. The system performances are modelled over time histories of 100 years.
Each constituent is represented by a resistance R with respect to operational annual maximum
loading L, and a resistance η with respect to geo-hazard disturbances H.
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Figure 5 : Illustration of the nc-constituent Daniels system

The resistances of the infrastructure system R and η, are assumed correlated with correlation
coefficient   R,   0.8 , and are both represented by log-normal distributed random variables
with expected values equal to 1 and coefficients of variation (CoV) equal to 0.2 and 0.3 respectively. The operational annual maximum loading L is modeled by a Gumbel distributed random
variable with expected value equal to 1 and CoV equal to 0.3. The daily maximum operational
load is modeled by a Weibull distribution (to ensure non-negative realizations) which is fitted
such that it provides the same annual failure probability as the Gumbel distribution for the annual maximum. The daily maximum operational load is relevant in the case where part of the
infrastructure system is damaged and the further progression of system damage is assessed subject to redistribution of operational load, i.e. nC L . The constituents of the infrastructure system
are assumed to behave brittle at failure, implying that they lose their load carrying capacity
completely after their capacity limit is reached.
The natural hazard disturbance events are assumed to follow a Poisson counting process with
annual occurrence rate H . The intensity of disturbance events acting on each constituent I H is
assumed to follow log-normal distribution, whose expected value E  I H  varies with the annual
occurrence rate and coefficient of variation COV  I H  is equal to 0.4. The realizations of the
intensities are assumed independent from time to time but the disturbances acting on the constituents at a given time are assumed correlated with correlation coefficient  I = 0.8.
H

The limit state functions representing failure of the individual constituents with respect to operational annual maximum loads and the disturbances from the geo-hazard system are given as:
 g O ( x)  z1r  l

 g H ( x)  z2  iH

(4)

where z1 and z2 are design parameters depending on the target probabilities of constituent failure which should comply with the requirements of the regulatory system. The material consumption MC is also introduced here, which is considered proportional to the design parameters
z1 and z2 together with the total number of constituents. Here for simplicity, the initial material
consumption is represented by z1nC .
Failure of the Daniels system takes place either due to annual operational maximum loads exceeding the capacities of the constituents with possible subsequent cascading failure scenarios,
or by constituent failures due to natural hazard events, which then further due to daily maximum
operational loads may lead to cascading constituent failure scenarios for the system. The infrastructure system represented by the Daniels system provides generation of benefit which is assumed constant in time as long as the system is undisturbed. In case of disturbances due to
operational or geo-hazard disturbance events the generation of benefit is reduced or lost. It is
further assumed that the replacement costs in a given event scenario of failures CF are directly
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proportional to the number of failed constituents in that event scenario
Correspondingly, the material consumption is z1n f .

nf

, i.e.

C F  10 n f / nC .

The main function of the governance system is here simply to respond to failures of the infrastructure caused by disturbances. It is assumed, that the governance system can be represented
by the functionality disturbance and recovery curve illustrated in Figure 6.
Functionality
T1
1

T2

B1

T3
B2

Time of disturbance event

t

Figure 6 : Illustration of the main function of the governance system with respect to recovery of infrastructure
functionality under disturbances (Faber et al. [8])

Details on the probabilistic modeling of benefit loss and recovery curve shown in Figure 6 are
given in Faber et al. [8]
It is assumed that the governance system maintains a reserve capital to be available over the
life cycle of the infrastructure system for covering the cost of replacement of system constituents, which may fail over time due to disturbance events. At time t  0 the starting capital reserve RS is modeled as a percentage  % of the expected value of the accumulated benefits
over the life cycle E  BL  minus the construction cost of the system, i.e. CC , which is assumed
to be proportional to the design parameter z2 here, i.e. RS   %  E  BL   CC   %  E  BL   2.473 z 2 .
The regulatory system is formulated here to manage the performance of the infrastructure system subject to the operational loads and the geo-hazard system on behalf of the governance
system through the calibration of the design parameters z1 and z2 and the percentage  %.

3.2 Discussion of results
The resilience performance and the corresponding environmental impact of infrastructure systems are investigated as function of the reliability of the system constituents with respect to the
geo-hazard system and the social preparedness level, taking basis in an example considering a
nc -constituent Daniels system.
In the following we model and assess the annual probability of resilience failure for different
assumptions regarding the parameters defining the considered system. More specifically the
system is analyzed with the annual occurrence rate H =1x10-1, 1x10-2, 1x10-3 and 1x10-4 (the
mean of the intensity E  I H  takes the values 0.1, 1, 10 and 100 correspondingly), the design
parameter z2 = 2, 3 and 4, low and high levels of social preparedness. The number of the constituents nC is 10. The design parameter z1 is here defined to be 3.5 corresponding to an annual
probability p f ,O close to 2 104 . The percentage  % is set to be relatively low 10% so that the
influence of the geo-hazard subsystem and the social preparedness system may be assessed with
moderate computational efforts.
The value of H then varied to investigate the influence of the design target with respect to the
natural hazard disturbances on the systems resilience and material consumption. The results are
shown in Figure 8 and Figure 9 respectively. It is seen that for the rare disturbances with high
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intensities the increase of the design parameter z2 will not necessarily improve the system resilience. The increase of z2 increases the initial construction cost and correspondingly reduce
the starting reserves. For the system with small percentage  % and large z2 , the starting reserve RS diminishes and even small disturbance from the operational load or the geo-hazard
subsystem may result in exhaustion of the reserve. Nevertheless, the high level of preparedness
maintains the probability of the resilience failure at a relatively low level.

(1) Low preparedness
(2) High preparedness
Figure 8 : Probability of resilience failure of the infrastructure system for different values of H given the design parameter z2 and the level of preparedness

The expected value of total material consumption of the system considering the initial construction and further reconstruction due to the damage caused by the disturbances is calculated and
provided in Figure 9. It is seen that compared with systems with low level of preparedness, the
systems with high levels of preparedness, which keep the probability of resilience failure low,
does not increase the consumption significantly. Meanwhile, the increase of the design parameter i.e. z2 results in larger initial material consumption but also reduces the probability of renewals during the service life.

(1) Low preparedness
(2) High preparedness
Figure 9 : Expected value of material consumption of the infrastructure system for different values of H given
the design parameter z2 and the level of preparedness

4 Conclusions
The present paper proposes a general framework for supporting decisions on sustainable and
resilient design and management of societal infrastructures closely following Faber et al. [8]
and Faber and Qin [10]. An interlinked system comprised by infrastructure, social, hazard and
environmental subsystems is presented and analyzed. From the analysis, the trade-offs between
reliability, resilience, sustainability and reliability may be assessed. The example shows that
for the considered systems, especially those faced with rare natural hazard disturbances with
high intensities, a high resilience performance necessitates the availability of an adequate financial reserve rather than a high target reliability for the constituents of the considered system;
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moreover these two factors do not significantly influence the material consumption. A high
target reliability for the individual constituents generally increase the initial material consumption but the subsequent consumption is reduced. On the other side, a high level of preparedness,
which improves the resilience performance substantially, does not lead to significant addition
material consumption.
The modeling and investigations presented provide a holistic and consistent framework for balancing tradeoffs between system performance characteristics such as robustness, resilience and
sustainability. Future research is needed to develop the framework further to better capture the
interdependencies between impacts to human health, economy, social capacity and emissions
and other damages and impacts to the qualities of the environment.
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Abstract: We address the effect of spatial variability of corrosion on the reliability
of ship structures conditional on inspection results. We apply a hierarchical spatial
model to model the spatial variability of corrosion. To tackle the high-dimensional
reliability and Bayesian updating problem, which arises from the spatial corrosion
model, computations are performed by the BUS approach in combination with subset simulation. To reduce computation time in the evaluation of the time-dependent
reliability, we propose to perform subset simulation in reverse chronological order.
A series of numerical investigations is performed to investigate the effect of different spatial corrosion models, as well as the inspection coverage, on the resulting
reliability.

Introduction
The integrity of ship structures is subject to significant uncertainty associated with deterioration
processes, among which corrosion loss is the most common and often the most critical one [6].
Corrosion phenomena relevant to ship structures are uniform (general) corrosion, pitting corrosion, crevice corrosion and galvanic corrosion [12]. Uniform corrosion, which is the focus of
this contribution, can reduce the structural capacity by a widespread reduction of plate thickness,
leading to a loss in cross section. It is influenced by a variety of factors, such as age, type,
cargo type, area of operation. These factors vary among ships and among position and type of
elements within a ship structure. For example, the bottom shell exposed to sea water or a tank
with corrosive cargo are more vulnerable to corrosion than other elements in the ship. Empirical
models are available to describe the corrosion progress [5, 8, 16, 17]. Considering the significant uncertainty associated with the many influencing factors and their effect, such models
should be formulated probabilistically.
To manage corrosion and the associated uncertainties, inspections are carried out regularly on
ship structures. Inspection results reduce uncertainty and facilitate efficient repair and replacement of corroded elements. Because inspection results are necessarily incomplete and subject
to uncertainty, they should be described in a probabilistic format. These can be achieved in a
Bayesian framework, in which the prior corrosion model is combined with information from
the inspections [4].
In this study, we apply a hierarchical spatial model following [13] to describe corrosion in a
mid-ship section. Failure of a mid-ship section is taken as the relevant limit state. The reliability
is computed conditional on inspections of the structure through plate thickness measurements.
We thereby investigate the effect of the spatial dependence on the updated reliability. Computations are performed by means of the BUS approach with Subset Simulation [21], which can
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handle Bayesian analysis and reliability updating with a large number of random variables, as
encountered when modeling spatially variable properties. To enhance computational efficiency,
we propose to calculate conditional probabilities in reverse chronological order, which allows
reusing samples generated in the previous time steps. We furthermore apply spectral decomposition to reduce the dimensionality of the problem.
In a numerical example, the framework is applied to calculating the probability of flexural failure of the mid-ship section of a tanker. We compare the results obtained with varying spatial
corrosion models, to investigate the effect of modeling assumptions. To demonstrate the effectiveness of the framework, we compute results for varying number of inspected elements. Besides enabling a better use of inspection results, the proposed approach can potentially also be
used for improved planning of inspections, in which the spatial dependence is accounted for.

Modelling Spatial Variability of Corrosion in Ship Structures
2.1 Remaining Thickness of Plate Under Corrosion
We express the remaining thickness 𝑤 of a plate at time t as 𝑤(𝑡) = 𝑤0 + 𝑀 − 𝐷(𝑡), where
𝑤0 is the design plate thickness, 𝑀 is the thickness margin, and 𝐷 is the corrosion depth. The
plate is the basic element, and we do not further consider the variability of uniform corrosion
within the plate.
The corrosion depth 𝐷(𝑡) is calculated with a bi-linear corrosion model, in which the corrosion
loss is zero if 𝑡 is smaller than the coating life 𝐶𝑡 and increases at a constant rate afterwards
[19]. The corrosion rate, the coating life and the thickness margin M are modeled as lognormal
random variables [13].

2.2 Hierarchical Representation of Corrosion in a Ship Cross-section
Spatial dependence of corrosion in ship structures has previously been addressed by grouping
structural elements depending on location and type (e.g. bottom shell, side shell, deck plating),
and representing each group by separate parameters [1, 3, 12]. In [13], a hierarchical Bayesian
model was proposed for predicting corrosion progress, which hierarchical levels being e.g. fleet,
frame, compartment and structural element (Figure 1). The correlation between two plate elements is a function of the level of hierarchies that is shared by the two plates. At the lowest
hierarchical level, a random field describes the dependence between two plates within the same
compartment. This model is capable of representing spatial dependence depending on location,
type and mutual distance of elements.

Figure 1: Hierarchical structure of the spatial corrosion model taken from [13].

1657

In this study, we describe the spatial dependence of corrosion process in a mid-ship section
following the hierarchical model as implemented in [11]. Four hierarchical levels are defined:
frame, cell, structural element, and single plate element (e.g. stiffener, web, plating). For simplicity, the same hierarchical model represents spatial dependence of the corrosion rate 𝑅, the
coating life 𝐶𝑡 and the thickness margin 𝑀.
Figure 2 illustrates the effect of spatial dependence through random realizations of corrosion
loss in a mid-ship section, where the variation of line color indicates how much the simulated
corrosion loss deviates from the average corrosion loss. Figure 2(a) and (b) show realizations
obtained with the hierarchical model, with different degrees of dependence (details in section
5.1). For comparison, a random realization of the case with independence among corrosion in
the individual elements is included, which is clearly unrealistic. Finally, Figure 2(d) shows a
random realization following the classical approach of considering spatial variability of corrosion in ship structures [3], wherein the cross section is divided into groups of elements (e.g. 8).
Each group is characterized by a single random variable, implying full dependence within the
group. Different groups are modeled as independent.
To reduce the dimension of the random variable vector, we employ a spectral decomposition
of the correlation matrixes describing the spatially distributed corrosion rate, coating life and
thickness margin. The number of eigenvalues is selected to ensure that more than 99% of total
variability is captured by the approximation.
(a) strong dependence

(b) weak dependence

(c) independence

(d) classical approach

Figure 2: Realizations of thickness reduction due to corrosion with different spatial dependence.

Load and Resistance Models
3.1 Ultimate Bending Moment Capacity
Loss of steel by corrosion leads to a reduction of moment capacity. We calculate the ultimate
moment capacity 𝑀𝑢 of the hull girder section based on the incremental curvature method described in the IACS guideline [10]. We combine this method with the optimization scheme of
[14] to reduce computational cost. Uncertainties in corrosion depth, Young’s modulus, and
yield stress are considered when computing the probability distribution of the ultimate moment
capacity.
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3.2 Vertical Bending Moment
The vertical bending moment acting on the hull girder section is calculated as the sum of stillwater moment and wave-induced moment, which are functions of ship size, operational condition,
cargo history, sea states and additional parameters. The stillwater bending moment 𝑀𝑠𝑤 is here
represented by a normal distribution [3, 7, 9, 15, 24]. Based on [7], mean value and standard
deviation are defined as 𝜇𝑠𝑤 = 0.70𝑀𝑠𝑤,𝑑 and 𝜎𝑠𝑤 = 0.20𝑀𝑠𝑤,𝑑 , where 𝑀𝑠𝑤,𝑑 is the design
stillwater moment calculated with IACS guidelines [10]. The extreme wave-induced moment
𝑀𝑤𝑣 is modeled by the Gumbel distribution with scale parameter 𝑎𝑤𝑣 and location parameter
𝑏𝑤𝑣 determined following [7]. Details on the calculation of the bending moment can be found
in [11].

3.3 Limit State
In this study, flexural failure of a cross-section due to bending moment is taken to define the
limit state, which is defined as follows:
𝑔(𝑿; 𝑡) = 𝑋𝑢 𝑀𝑢 (𝑿𝒔 , 𝑡) − 𝑋𝑠𝑤 𝑀𝑠𝑤 − 𝑋𝑤𝑣 𝑀𝑤𝑣

(1)

𝐗 𝒔 is the vector of random variables affecting the ultimate moment strength; 𝑋𝑢 represents the
model uncertainties associated with ultimate moment strength calculation; 𝑋𝑠𝑤 and 𝑋𝑤𝑣 are the
model uncertainties related to the stillwater and wave-induced moment load calculations.
Model uncertainties are described by normal distributions following [15]. All random variables
are combined in the vector 𝐗 = [𝐗 𝐬 , 𝑋𝑢 , 𝑋𝑠𝑤 , 𝑋𝑤𝑣 , 𝑀𝑠𝑤 , 𝑀𝑤𝑣 ]T . A failure domain Ω𝐹 is defined
by the failure limit state function as Ω𝐹 = {𝑔(𝐗; 𝑡) ≤ 0}.

Bayesian Updating
4.1 BUS Approach with Subset Simulation
In Bayesian analysis, the measurements are expressed by a likelihood function. In this study,
the observation event is a set of plate thickness measurements 𝑤𝑚 . We assume additive measurement error 𝜖, so that the measurement at element 𝑖 and time 𝑡 is related to the true plate
thickness 𝑤𝑖 (𝑡) by 𝑤𝑚,𝑖 (𝑡) = 𝑤𝑖 (𝑡) + 𝜖𝑖 (𝑡). Measurement errors are modelled as independent
normal random variables with zero mean and standard deviation 𝜎𝜖 , i.e. 𝜖𝑖 (𝑡)~𝑁(0, 𝜎𝜖 ). The
resulting likelihood function is:
𝑁

𝑁

2

1 𝑤𝑎,𝑖 (𝑿𝒔 , 𝑡) − 𝑤𝑚,𝑖 (𝑡)
𝐿(𝑿𝒔 ) = ∏ ∏ 𝐿𝑖 (𝑿𝒔 , 𝑡) = ∏ ∏ 𝑒𝑥𝑝 [− (
) ]
2
𝜎𝜖
𝑡

𝑖=1

𝑡

(2)

𝑖=1

where N is the total number of inspected elements, 𝑤𝑎 is the remaining plate thickness predicted
with the implemented models. Following the BUS approach (Bayesian Updating with Structural reliability methods) proposed in [20 - 22], the likelihood function 𝐿 describing 𝑍 can be
cast into a structural reliability framework, by defining the observation limit state function:
ℎ(𝑿𝒔 , 𝑈0 ) = 𝑈0 − 𝛷 −1 [𝑐𝐿(𝑿𝒔 )]

(3)

𝑈0 is a standard normal random variable, Φ−1 is the inverse standard normal cumulative distribution function, and c is a positive constant that can be chosen following [21]. It should be
noted that only the random variables 𝐗 𝐬 which affect a remaining plate thickness are included
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in the observation limit state function. The observation limit state function defines a corresponding observation domain Ω𝑍 = {ℎ(𝐗 𝐬 , 𝑈0 ) ≤ 0}. The updated failure probability conditional on the observation event Z can be calculated as:
𝑃𝑟(𝐹|𝑍) =

𝑃𝑟(𝐹 ∩ 𝑍) ∫𝑿,𝑢0∈{𝛺𝐹∩𝛺𝑍} 𝑓𝑿 (𝑿)𝑑𝑿𝑑𝑢
=
𝑃𝑟(𝑍)
𝑓 (𝑿)𝑑𝑿𝑑𝑢
∫

(4)

𝑿,𝑢0 ∈𝛺𝑍 𝑿

To solve Eq. (4), we employ subset simulation [2]. This method expresses the failure event as
the intersection of nested intermediate events and the probability of failure is evaluated through
as product of (larger) conditional probabilities of these intermediate events. Because of the conditioning on 𝑍, the classical subset simulation is modified and the conditional probability of
failure is expressed as:
𝑀

𝑃𝑟(𝐹|𝑍) =

∗
𝑃𝑟(⋂𝑀
𝑖=0 𝐹𝑖 )
∗
) = 𝑝0𝑀−1 𝑝𝑀
= ∏ 𝑃𝑟(𝐹𝑖∗ |𝐹𝑖−1
𝑃𝑟(𝑍)

(5)

𝑖=1

𝐹𝑖∗ is the intersection of the intermediate failure event 𝐹𝑖 as used in classical subset simulation
and the observation event, 𝐹𝑖∗ = 𝐹𝑖 ∩ 𝑍. Therefore, the subset simulation starts with samples
∗
) is taken as 0.1; 𝑝𝑀 =
conditional on 𝑍 , since 𝐹0∗ = 𝑍 . The parameter 𝑝0 = Pr(𝐹𝑖∗ |𝐹𝑖−1
∗ |𝐹 ∗
)
Pr(𝐹𝑀 𝑀−1 is the conditional probability of failure computed in the last subset 𝑀. Details on
the algorithm can be found in [22]. The adaptive MCMC algorithm proposed in [18] is used to
improve the accuracy and efficiency of subset simulation.

4.2 Computing Reliability in Function of Time
The conditional probability of failure is computed in function of time t. The structural capacity
of the ship reduces with time because of corrosion, which affects the probability of failure. To
reduce computational effort, we propose to compute the reliability in different time steps sequentially, starting from the last time step.

Figure 3: Limit state surfaces describing failure at different times 𝑡, where failure occurs when corrosion
exceeds the plate thickness 𝑤0 = 40mm. The limit state functions are 𝑔(𝑟, 𝑐𝑇 ) = 40𝑚𝑚 − 𝑟(𝑡 − 𝑐𝑇 ),
which potentially corresponds to Eq. (1). The black dots show Monte Carlo samples of 𝑅 and 𝐶𝑇 .

To illustrate the idea, Figure 3 shows failure domains for a simple deterioration limit state at
different times. Clearly, the failure domain at time t–1 is a subset of that at time t. This property
can be exploited in subset simulation, by computing the failure probabilities in reverse time
order. The probability of failure at time step 𝑡 can be written as Pr(𝐹𝑡 ) = Pr(𝐹𝑡 |𝐹𝑡+1 ) Pr(𝐹𝑡+1 ).
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Hence, it is sufficient to compute Pr(𝐹𝑡 |𝐹𝑡+1 ), and the samples conditional on failure in time
step 𝑡 + 1 are available as seeds for this computation.

Numerical Investigation
5.1 Problem Definition
A mid-ship section of a tanker described in [11] is investigated. The main parameters of the
tanker are: length 𝐿=255m, breadth 𝐵=57m, height 𝐻 =31.1m, block coefficient 𝐶𝐵 =0.842,
mean value of the Young’s modulus 𝐸 =207,000MPa, mean value of the yield stress
𝜎𝑦 =353MPa. The considered cross-section consists of 400 stiffened plate elements, and each
of them consists of plating, stiffener and web, leading to a total of 1,200 basic elements.
Corrosion parameters are assigned in function of 8 distinct groups, in function of the location
within the cross section. The corrosion rate R is modeled through lognormal random variables
whose mean values are in the range 0.06 – 0.34 [mm/year], and whose C.o.V.s are 0.1 or 0.5.
The coating life 𝐶𝑡 is modeled by lognormal random variables with mean value equal to 5 years
and C.o.V. 0.40. Details on the probabilistic modeling of the corrosion is provided in [11].
The hierarchical spatial model is defined with three levels: cross-section (level 1), cells (level
2) and structural element types (level 3). All basic elements are assigned to the hierarchical
levels based on their location and type. For illustration purposes, we define a weak and a strong
spatial dependence model, whose properties are summarized in Table 1. These models are compared to the classical approach, in which each corrosion parameter is represented by 8 random
variables assigned to each of the 8 corrosion groups. In addition, we consider a model with all
elements treated as independent.
Table 1: Correlation at each hierarchical level defined for two spatial dependence cases

Hierarchical level
Level 1: Frame
Level 2: Cell
Level 3: Struct. elem.

Weak dependence
0.04
0.19
0.53

Strong dependence
0.10
0.32
0.70

5.2 Reliability Updating with Thickness Measurements
A set of hypothetical thickness measurement data is generated through a Monte Carlo simulation based on the prior probabilistic models and the strong dependence case (Table 1). Measurement uncertainty is represented by a normal distribution with 𝜎𝜖 =1mm. Inspections are
performed in years 5, 15 and 25, at selected locations indicated in Figure 4.
Subset simulation is carried out with 1,000 samples per subset level. Calculations are repeated
10 times to estimate the sampling variability. Through the spectral decomposition, the 1,200
random variables representing each of the corrosion parameters are compressed to 50 random
variables in the case of the weak spatial dependence model and to 33 random variables in the
case of the strong dependence model.
5.2.1 Effect of Spatial Dependence Model
We first perform an analysis considering inspection of 6 elements (Table 3). The resulting failure probabilities are shown in Figure 5. One can clearly observe the effect of the inspection in
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later years in the case of the weak and the strong spatial dependence model. The classical approach leads to smaller changes in the probability of failure with inspection outcomes. As expected, when considering plates as independent, no change in the probability of failure is
observed, because the inspections provide information only about the 6 inspected basic elements (out of 1,200).

①

②

⑨
⑪

③ ④

⑥
⑫

⑦

⑤

⑩
⑧

⑬

Figure 4: Configuration of inspected elements among cross-section

(a) Spatial independence

(b) Weak dependence

(c) Strong dependence

(d) Classical approach

Figure 5: PoF conditional on the thickness measurements under varying spatial dependence assumptions

The sampling variability of the estimated probability of failure (PoF) is shown in Figure 6 and
Table 2. The C.o.V. of the PoF estimate increases with decreasing probability of failure and
with increasing number of inspections. The latter effect occurs because additional data leads to
a smaller Pr(𝑍) and therefore to an increased number of subsets.
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(a) Spatial independence

(b) Strong dependence

(c) Classical approach

Figure 6 Sampling variability in the PoF estimates for different spatial dependence models. The solid line shows
the mean estimate, and the shaded areas indicate ± one standard deviation.
Table 2: C.o.V of PoF at selected years

Time [yr]
24
25
30

Independence
P(F)
P(F|Z)
0.27
0.62
0.26
0.46
0.22
0.47

Weak dep.
P(F)
P(F|Z)
0.27
0.78
0.24
0.79
0.21
0.62

Strong dep.
P(F)
P(F|Z)
0.21
0.40
0.16
0.58
0.15
0.73

Classical
P(F)
P(F|Z)
0.23
0.53
0.25
0.51
0.12
0.37

5.2.2 Effect of Number of Inspected Elements
We analyse the effect of number of inspected elements on the conditional failure probabilities.
We consider three different sets of inspected elements following Table 3 and Figure 4. The
results are presented in Figure 7. Inspecting more elements provides more information, leads to
a stronger reduction in uncertainty and on average results in reduced conditional failure probabilities. However, this must not necessarily hold for specific outcomes. For unfavourable inspection outcomes, the PoF can even increase compared to the prior probability of failure.
Table 3: Elements chosen for inspection for three case studies

Inspection variable
3 elements
6 elements
13 elements

# of inspected elements
7, 12, 13
1, 3, 7, 9, 12, 13
1-13

(a) strong dependence

(b) classical approach

Figure 7: PoF with different number of inspected elements.
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Summary and Conclusions
We investigate the effect of explicitly modeling the spatial variability of corrosion processes in
ship structures in the context of reliability analysis and reliability updating. We apply the BUS
approach with subset simulation for reliability updating, which can handle efficiently the large
number of random variables arising from the modeling of spatial variability. Even after performing a spectral decomposition of the corrosion parameters, the number of random variables
is in the order of 100–200. To further enhance the computational efficiency, we implemented a
chronologically reverse computation of the probability of failure, exploiting the fact that the
failure domain at time 𝑡 is a subset of the one at time 𝑡 + 1.
To understand the effect of different assumptions in the spatial modeling of corrosion, we compare the results obtained with different dependence models. Neglecting spatial dependence (either by assuming full correlation or independence) leads to unrealistic assumptions.
Furthermore, there are clear differences among the results obtained with the different dependence models, but further numerical investigations are necessary to make general conclusions.
It is also necessary to extend the current investigation to consider all critical cross sections in
the ship jointly. Such investigations are a straightforward extension of the study presented here.
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Abstract: Engineering systems suffer from deterioration during their service life,
which may considerably reduce their reliability. It is critical to model and incorporate
the various deterioration processes as well as their interactions in addition to the various associated uncertainties. Typically, the interactions among different deterioration
mechanisms lead to a deterioration that is faster than the one obtained by simply superimposing the individual mechanisms. This paper develops a novel deterioration
model for reinforced concrete (RC) structures that captures the joint effects of deterioration due to earthquakes, corrosion, and ASR. The model is constructed using a novel
stochastic formulation that captures the interaction of different deterioration
mechanisms by modeling the change of the state variables of the system and making
the deterioration both age/time and state dependent. A Bayesian framework is
proposed to calibrate the deterioration model based on experimental data. The
developed deterioration models are then used in the time-variant fragility and
reliability analysis of an example bridge.

1 Introduction
Engineering systems suffer from deterioration during their service life, which may considerably
reduce their reliability [1–15]. Kumar and Gardoni [16,17] and Kumar et al. [1] identify two types
of deterioration mechanisms that can occur in most engineering systems: 1) shock (sudden) deterioration (e.g., damages from extreme events like earthquakes, hurricanes, floods, blasts and other
natural or anthropogenic hazards) [1,18]; and gradual (progressive) deterioration (e.g., corrosion,
Alkali-Silica Reaction, fatigue, and crack growth) [2,19,20]. It is critical to model and incorporate
the various deterioration processes as well as their interactions in addition to the various associated uncertainties when predicting the reliability of engineering systems. Stochastic deterioration
models have been proposed to model individual deterioration mechanism [3,5–8,13,21]. When
multiple deterioration mechanisms are considered, the individual deterioration models are typically simply superimposed ignoring the mutual influence of deterioration mechanisms [1,17,18].
However, empirical evidence has shown that co-existing deterioration mechanisms can significantly influence (typically accelerate) each other.
This paper develops a novel deterioration model for RC structures that captures the joint effects of
deterioration due to earthquakes, corrosion, and Alkali Silica Reaction (ASR). The model is constructed using a novel stochastic formulation that captures the interaction of different deterioration
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mechanisms by modelling the change of the state variables of the system due to the deterioration
processes and making the deterioration both age/time and state dependent [22,23]. The proposed
model also incorporates the dependence of the deterioration mechanisms on the environmental
conditions. The stochastic model is calibrated with a Bayesian approach using available experimental data. The developed deterioration model is then used in the time-variant fragility and reliability analysis of an example RC bridge.

2 Formulation for modelling impact of deterioration processes on
time-variant system performance
To model the deterioration processes and their impact on the system performance, we use the
general stochastic formulation proposed by Jia and Gardoni [22]. This formulation is adopted here
because it allows consideration of multiple deterioration processes and their interactions. The
basic idea is to model the system performance as a function of the values of the state variables that
might vary with time due to multiple deterioration processes. The modelling starts with the vector
of external conditions/variables at time t , Z(t ) , partitioned into 1) environmental conditions/variables (such as temperature, relative humidity) denoted as E(t ) , and 2) shock intensity
measures, denoted as S(t ) . The external conditions influence the deterioration that the system
may be subject to. Let the vector X(t )  [ X 1 (t )
the system at time t . Also let X0

X j (t )

X nx (t )]T denote the state variables of

X(t  0) denote the initial state variables at a reference time

t  0 . Due to the impacts of multiple deterioration processes (with potential interactions between
them), the state variables typically change with time. The changes in X(t ) lead to changes in the
(structural) capacity of the system, C (t ) , as well as in the demand, D (t ) , imposed by external
conditions. Once X(t ) is modeled, it can be used in existing capacity and demand models to predict the system performance, measured in terms of fragility, reliability, resilience or life-cycle
performances.
The vector of state variables at time t can be written as X  t   X0   X  d  , where X( ) is
t

0

the instantaneous rate of state change at time  due to the deterioration processes. This rate is
modeled as dependent on time/age, the state variables of the system at time t , X(t ) , and the external conditions, Z(t ) . This formulation is different from existing ones, where this rate only depends on time. For the implementation, we need to establish specific models for the changes of
the state variables for each deterioration process.
Given the state variables at time t , X(t ) , any appropriate capacity and demand models that take
the state variables as input can be adopted in the formulation Let g (t ) C (t )  D(t ) denote a
limit-state function. Then, the fragility can be written as F [S(t ); Θ]
[ g (t )  0 | S(t )] , where

Θ  (Θx , ΘC , Θ D ) . To incorporate the uncertainty in Θ , the predictive fragility can be written as
F [S(t )]   F [S(t ); Θ] f (Θ)dΘ , where f (Θ) is the PDF of Θ [24]. Then the instantaneous fail-

ure probability Pf (t ) is Pf  t    F S  t   f S  t   dS  t  , where f [S(t )] is the PDF of S(t ) .
The instantaneous reliability is then R(t )  1  Pf (t ) . Stochastic simulation can be used to estimate the above time-variant fragility and reliability [25].
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3 Deterioration of RC bridges under earthquakes, corrosion and ASR
The above formulation is used in this paper to evaluate the performance of RC bridges under
shock deterioration due to earthquakes and gradual deterioration due to chloride-induced corrosion and ASR. For deterioration due to earthquakes, we consider the stiffness reduction and damage accumulation due to low-cycle fatigue. For deterioration due to corrosion, we consider the
reduction of the reinforcement steel diameter and its impact on the structural properties of the RC
bridge column such as moment curvature and pushover characteristics. Essentially, we are modelling both the impact on the state variables X (e.g., steel diameter) and the resultant impact on
selected structural properties (i.e., ultimate curvature capacity, stiffness, damage index). Modelling the structural properties directly is convenient in this case because they are direct inputs into
the probabilistic capacity and demand models used later. For ASR, although it may cause expansion and some micro-cracks in early stages, overall it does not change the mechanical properties
significantly as a standalone mechanism [6–8,26,27] so these changes are not modeled here.
Corrosion and seismic damage interact. The initiation and the rate of corrosion of reinforcement
steel in RC bridges may be accelerated by the formation of cracks caused by past earthquakes.
Otieno et al. [28] found that even small cracks may significantly impact the initiation and propagation of corrosion. Similarly, ASR may also influence the corrosion process. The level of ASR
(or more specifically the concrete composition) could change the chloride transport characteristics
and other parameters that may have impacts on the corrosion initiation and corrosion rate. These
interactions are modeled with the formulation described earlier. Specifically, the model captures
the dependence of corrosion initiation and rate on the damage caused by earthquakes, and that of
corrosion initiation on the level of ASR.

3.1 Deterioration due to earthquakes
To model the deterioration due to earthquakes, we first need to model the seismic hazard, including the occurrence of damaging earthquakes and the PDF of their intensity measure(s), (i.e., S a in
this example.) Following [29], the occurrence of earthquake mainshocks is modeled as a homogeneous Poisson process, and between the mainshocks, the occurrence of aftershocks is modeled as
a non-homogeneous Poisson process. The time-variant rate of aftershocks is given by the modi0 1  mm  m 

fied Omari’s law  (ta , m; mm )  [10

] / [(ta  2 )3 ] , where  (ta , m; mm ) is the mean daily

rate of aftershocks with magnitude m or larger at time ta , following a mainshock of magnitude

mm ; 0 , 1 ,  2 , and 3 are model parameters related to the regional seismicity.
Given the occurrence rate of the earthquakes and the site location, we can obtain the values of S a
at the site by performing a probabilistic seismic hazard analysis for the mainshock-aftershocks
sequence. The details of the seismic hazard analysis can be found in [30]. Then we need to estimate the corresponding changes in X or more specifically, the impact on the structural properties
for a given value of S a . In the example, we will use the probabilistic models developed in [16] to
predict the degradation of structural properties of RC columns as a function of X and S a . The
specific properties that we consider are (as for the gradual deterioration): the ultimate curvature
capacity of the RC section, u , and the pushover characteristics such as pre-yield lateral stiffness,
K , and the displacement at yield,  y . Additional details on the development of the state-

dependent models can be found in [23].
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3.2 Deterioration due to corrosion considering impact of ASR and earthquake
To predict the corrosion initiation time tcorr , we use the DuraCrete model [2,31]. However, the
DuraCrete model, as pointed out in [32], uses the instantaneous diffusion coefficient D (t ) at time
t in the error function solution in Fick’s second law while theoretically the apparent diffusion
coefficient Da (t ) (which is an average of D (t ) up until time t ) should be used. It was found that
this only creates small error on the predicted chloride profile for portland cement concrete. However, it creates larger errors when the age factor n is large, which is the case when fly ash is added into portland cement. Therefore, we modify DuraCrete’s model by using a correct diffusion
coefficient. The modified equation for corrosion initiation time is
1/(1 n )

2
 d 2 (1  n) 
Ccr   
1 
c
tcorr  X I 
erf 1 
(1)
 
n 
C
 4ke kt kc DR t R 

s 



where X I is a model uncertainty coefficient to account for the idealization implied by Fick’s law,

d c = concrete cover depth, ke = environmental factor, kt includes the influence of test method to
determine the empirical diffusion coefficient DR at reference time t R , kc = a parameter that accounts for the influence of curing, n = the age factor, Ccr = the critical chloride concentration
and Cs = the surface chloride concentration. Here it is assumed that D(t )  DR (tR / t )n ). The term

Cs is modeled as a linear function of water-binder ratio rWB , Cs  Acs rWB  cs where Acs and  cs
are uncertain model parameters, which depend on the exposure conditions (e.g., submerged, tidal,
splash, atmospheric). So E(t ) (introduced in Section 2) includes such exposure conditions.
3.2.1

Impact of earthquake on corrosion initiation and corrosion rate

To consider the impact of earthquakes on the corrosion initiation, we model the corrosion initiation time as Tcorr  min  tcorr , t1  , where t1 is the time of the first damaging shock (i.e., an earthquake such that Sa  sa 0 , where sa 0 is a specified threshold beyond which cracks open in the
concrete.) The adoption of Tcorr  min  tcorr , t1  means that if the corrosion has not initiated before the damaging shock, it will initiate immediately after that, considering the formation of
cracks. This assumption is supported by the results in [28]. Overall, as the rate of earthquakes
increases, the corrosion initiation time, Tcorr shifts towards lower values.
To consider the impact of earthquakes on the corrosion rate, we use the time-dependent model
of the diameter of the reinforcement steel (i.e., one of the state variables in X ) in [22]:
db (t )   ra 

N t 

1.0508 1  rWB 
dc

1.64

 t  T 0.71   t  T 0.71 
corr
N (t )
corr



(2)

where db (t )  db  t , Tcorr   db  t N (t ) , Tcorr  , db (t , Tcorr ) = the diameter at time t for a given Tcorr ,

t N (t ) = the time of occurrence of the N (t )th shock whose spectral acceleration S a satisfies

Sa  sa 0 ( sa 0 is a specified threshold beyond which the existing cracks may be widened and some
self-healed cracks may be reopened, which may accelerate the corrosion process [28]), and ra =
the acceleration factor (i.e., the ratio between corrosion rate after and before each shock) adopted
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to accelerate the corrosion rate after each shock that satisfies Sa  sa 0 For ra  1 , the corrosion
rate is not accelerated after the earthquake and larger ra leads to faster reduction of d b .
The changes in d b lead to changes in structural properties such as u , K , and  y . When considering the seismic damage, we model directly such derived structural properties. To combine the
corrosion and seismic damage, we convert the effect of corrosion on X into the effects on the
structural properties. Based on db (t , Tcorr ) , we can estimate the corresponding state-dependent
values of u (t ) , K (t ) , and  y (t ) . Probabilistic models for these structural properties have been
developed and calibrated based on data from virtual experiments (i.e., moment curvature analyses
and pushover analyses) using different combinations of dbi and db (t , Tcorr ) in [22].
3.2.2

Impact of ASR on corrosion initiation

To consider the interaction between ASR and corrosion, we model the impact of ASR on the corrosion initiation (while assuming ASR does not impact the corrosion rate after corrosion initiation.) Specifically, we model how ASR and fly ash impact the values of Ccr , DR , and n . We
propose probabilistic models for Ccr , DR , and n taking into account the synergistic effects of
ASR and fly ash. The fly ash content CFA (in %) is treated as an input parameter, because fly ash
impacts the level of ASR (which indirectly impacts the chloride transport characteristics) while
fly ash also directly impacts the chloride binding capacity and the chloride transport characteristics. We use the experimental data in [27] to calibrate these models. The data include a total of
thirty specimens containing fly ash (Type F) replacement levels of 0, 20, and 40% by weight with
and without reactive aggregate were exposed to wetting/drying cycles. Relevant measurements for
Ccr and Da are obtained at corrosion initiation tcorr . More details about the experiment can be
found in [27].
For Ccr (in mass % of binder), linear models for its mean and standard deviation (assuming truncated Gaussian distribution in [0, 2]) are established with respect to the water-binder ratio rWB (for

rWB  0.4 ), and the fly ash content CFA (in %) based on the experimental data in [27] and the statistics reported in the appendix in [2] for many humid-dry cycles. The mean is
Ccr  rWB  0.0067CFA  0.4 and the standard deviation is  Ccr  0.5rWB  0.1 .
For DR (in mm2/yr) at t R =28, DR is fitted to a linear function of fly ash content CFA , e.g.,

DR  aRCFA  bR in [33]. Here to consider the model error, following the general formulation for
probabilistic models in [24], we propose the following probabilistic model
ln  DR   ln  R1   R 2CFA    R R

(3)

where  R1 and  R 2 are unknown model parameters, which are (deterministic) functions of rWB ,

 R R is the model error with  R an unknown parameter,  R is a standard Gaussian random variable. Since the experiments in [27] only considered rWB =0.45, for  R1 and  R 2 we directly adopt
the deterministic models in [33], i.e.,  R1  101.364 rWB 1.776 and  R 2  18.69rWB  5.806 .
For n , based on the deterministic model in [34], we propose the following probabilistic model
n   n1   n 2  CFA / 50    0.2 n  0.1
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(4)

where  n1 and  n 2 are unknown model parameters, 0.2 n  0.1 is the model error and  n follows
a Beta distribution with unknown parameters ( n ,  n ) . Here we further assume that  n has a
mean of 0.5, which gives  n  n . The value of n is constrained to be between 0 and 1.
However, for the experiments, the measurements are not in terms of DR and n , but in terms of
the apparent diffusion coefficient Da (t ) measured at t = tcorr , i.e., Da,exp (tcorr ) . To relate Da (t ) to

DR and n , we use the formula in [32]
 tex 1n  tex 1n 
(5)
 1      
t 
 t  

where t is the exposure duration and tex is the age of the concrete at the time when the specimens
Da  t  

D t 
1 t
D( )d  R  R 

t tex
1 n  t 

n

were initially exposed to chlorides. For the experiments, we have tex =28 days. To consider the
measurement errors in Da (t ) , Da ,exp (t ) can be written as
ln  Da ,exp  t    ln  Da , pre  t     Da  Da

(6)

where Da , pre (t ) = the prediction based on Equation (5),  Da  Da = the model error with  Da an
unknown parameter,  Da = a standard Gaussian random variable. Therefore, based on the data on

Da,exp (tcorr ) , we can calibrate the above models using Bayesian updating. Here we have a hierarchical Bayesian model [35]. This is because the probabilistic models for DR and n are defined by
latent data intermediate between the observed data ( Da (t ) ) and the underlying parameter driving
the probabilistic models (i.e., n1 ,n 2 ,  n ,  R ).
The set of parameters that need to be calibrated can be written as Θx  [n1 ,n 2 ,  n ,  R ,  Da ] . For

n1 and  n 2 , in the deterministic model in [34], n1 = 0.2 and  n 2 = 0.4; here the prior distributions
are assumed to be uniform within [0.1, 0.3] (with a mean of 0.2) and [0.2, 0.6] (with a mean of
0.4), respectively. Here the uniform distribution corresponds to noninformative prior. To obtain
the noninformative prior for  n , we consider the standard deviation of the Beta distribution,

 n  (2 n  1)1/2 / 2 . Assuming a noninformative prior for  n , i.e., p( n )  1/  n , we can obtain the corresponding prior for  n , p( n )  1/ (2 n 1) . Assuming noninformative priors for
the rest of the parameters, following [24] the prior has the form of p(Θx )  1/ [(2 n  1) R Da ] .
For the hierarchical Bayesian model, we have the following likelihood function
nD





nD





L  Θx    p Dai ,exp Θx    p Dai ,exp DR , n,  Da p  DR , n  n1 , n 2 ,  n ,  R  dDR dn
i 1

i 1

(7)

where nD is the total number of measurements. Table 1 reports the posterior statistics computed
using the MCMC algorithm [36], and for  n it shows the corresponding  n .
Once calibrated, the models for Ccr , DR , and n can be plugged into the corrosion initiation model in Equation (1) to estimate tcorr . The models are calibrated based on Type F fly ash and the
testing condition is wetting and drying cycle, which is similar to the exposure of tidal zone when
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considering corrosion. For other types of fly ash and exposure conditions, the models may need to
be re-calibrated with the appropriate data.
Table 1 Posterior statistics of the parameters

Parameter

n1
n2
n
R
D

a

Correlation Coefficient

Standard
Deviation

n1

0.216

0.047

1.00

0.423

0.096

0.06

1.00

0.271

0.103

0.10

0.09

1.00

0.142

0.091

0.09

0.12

0.13

1.00

0.290

0.072

0.10

0.12

0.11

0.43

Mean

n2

n

R

D

a

1.00

4 Impact of the interaction among deterioration mechanisms on the
reliability of engineering systems
To study the effects of the interaction among deterioration mechanisms on the reliability of engineering systems, we compute the time-variant reliability of an example RC bridge subject to deterioration due to earthquakes, chloride-induced corrosion, and ASR. As a benchmark problem, we
consider the RC bridge with one single-column bent in [37]. Figure 1 shows the configuration of
the bridge together with a schematic layout of the hypothetical site of the bridge with respect to a
fault (for modelling the seismic hazard.)

Figure 1 The considered RC bridge and schematic layout of the hypothetical site

Also, we assume the tidal zone exposure condition and rWB =0.45. With a sensitivity analysis we
investigate the impact of different level of ASR (different CFA values). Consistently with [37], for
the hazard model we set 0  1.67 , 1  0.91 , 2  0.05 , and 3  1.08 . For the mainshocks we
assume 0  3.2 . These values are typical of seismically active regions. For the fault considered
in this example, we assume that it can generate earthquakes with magnitudes up to 8.0. For corrosion acceleration, we set sa 0  0.1g and several values of ra (e.g., 1 and 1.5) are considered to
study the dependence of the results on ra . To estimate the time-variant capacity and demand, we
use the predicted time-variant state variables and structural properties and plug them in the probabilistic capacity model developed in [24] and the demand model in [38]. In terms of failure
modes, we focus on the dominant deformation failure mode [24].

1672

To illustrate the impact of ASR on tcorr , Figure 2 (a) shows the cumulative distribution function
(CDF) of tcorr for CFA =0%, 20%, and 40%. Reducing the ASR level (higher CFA ) leads to significant increase in tcorr . Figure 2 (b) shows the effect on the resulting time-variant reliability where
only the deterioration due to ASR and corrosion is considered. These results illustrate the effectiveness of introducing fly ash in concrete mixture to delay the corrosion initiation.

Figure 2 (a) CDF of

tcorr and (b) time-variant failure probability considering different levels of ASR

To estimate the time-variant fragility and reliability of the example bridge, we set CFA =0. Figure
3 (a) shows the fragility surface for ra =1.3. The impact of different values for ra (different level
of interaction) on the time-variant reliability can be seen in Figure 3 (b). As expected, the
F (t , Sa ) and Pf (t ) increase with time due to the impact of deterioration processes. In particular,
Figure 3 (b) shows that the failure probability of the as-built bridge increases significantly over
150 years (from Pf (t  0)  4.1 10 4 to Pf (t  150)  2.6 10 1 .) The results further show the
impact of corrosion acceleration due to earthquakes on the reliability of the bridge and this impact
becomes more obvious for larger time.

Figure 3 (a) time-variant fragility and (b) time-variant failure probability considering different levels interaction
between earthquake and corrosion

5 Conclusions
This paper develops a novel deterioration model for RC structures that captures the joint effects of
deterioration due to earthquakes, corrosion and ASR. The model is constructed using a novel
stochastic deterioration formulation that captures the interaction of different deterioration
mechanisms by modelling the change of the state variables of the system and making the
deterioration both age/time and state dependent. The corrosion initiation model including imapct
from ASR is calibrated using Bayesian hierachical model based on experimental data that
captures the synergistic effects of corrosion and ASR. The impact of earthquake on corrosion rate
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is modeled through a corrosion acceleration factor. The developed deterioration model is then
used in evaluation of the time-variant fragility and reliablity of an example RC bridge. The results
show the importance of capturing the interaction between multiple deterioration processes.
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Abstract: In this study, a risk and life cycle cost (LCC) based asset management
framework to guide the utility managers or decision-makers. The risk framework is
used for the asset prioritization and the LCC is used for selecting best alternative
available, which can reduce (control) risk of the aging water supply system at a
minimal cost. To demonstrate the application of proposed framework, a small water
distribution network of Glenmore-Ellison Improvement District is studied.

1 Introduction
Health & safety and economic prosperity of the citizens are ensured with services provided by
core public infrastructure. The water supply systems (WSS) are among the most important and
expensive municipal infrastructure assets. Canada’s first and second national infrastructure Report Card showed that significant proportions of the WSS are in “fair” to “very poor” condition
[1]. The WSS are subject to failure due to aging and deterioration due to stressors from operational and environmental loads, and due to random traffic loads [2]. Moreover, water main
failure affects other existing nearby infrastructures such as sewer, stormwater, pavement, and
gas pipes that may lead to catastrophic failures [3]. For this, the water main maintenance, repair
or replacement (M/R/R) program has transformed reactive to preventive actions plans.
Decisions on the water main renewal are challenging for most municipalities. Within a given
budget year, it is prohibitively expensive to replace all damaged and aging water mains [4].
Identification of critical and sensitive water mains and associated life cycle cost (LCC) is of
importance to determine when to repair, renovate or replace a section of water main. The risk
assessment entails the integration of system vulnerability to various hazards that lead to adverse
consequences and the risk management guide the decision-maker to select the effective alternative, which can reduce (control) risk [5]. The factors for risk of failure of water mains can
broadly categorize as structural integrity index, water quality index, hydraulic capacity index,
and consequences index [6]. To quantify risk factors of water main failure and infrastructure
deterioration, different hierarchical-based (e.g., weighted sum method, weighted product
method, analytic hierarchy process, fuzzy expert system) and network-based (e.g., analytic network process, artificial neural networks, Bayesian belief network) models are proposed [3-6].
The majority of these studies only evaluate the risk of water mains within the distribution network without discussing how to handle these sensitive and the risky pipes and to prioritize them
for maintenance, repair, and replacement cost effectively.
On the other hand, the LCC provides DMs with relevant information that helps them select a
cost-effective design or management strategy for the rehabilitation of a damaged infrastructure
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system or for a new construction [7]. Different authors proposed deterministic (i.e., Net present
value, Activity based costing, dynamic programming) and probabilistic (e.g., Monte Carlo simulation, Markov chain) LCC models for decision-making issues for water mains [7-10]. However, it is not feasible to perform the LCC analysis for all the water mains in the distribution
network and most of the studies did not mention how to select the appropriate water mains to
perform the LCC analysis and determine the cost-effective actions. For this, a comprehensive
framework or effective tool is required to help decision makers (DMs) for optimal repair, rehabilitation or replacement decision [5].
In this study, risk and LCC based buried infrastructure management framework is proposed to
effectively prioritize maintenance, repair or replacement (M/R/R) recommendations for buried
infrastructure. The proposed framework will enable municipalities and other authorities to build
long- and short-term management plans. Utility of the proposed framework is illustrated with
Glenmore-Ellison Improvement District (GEID) water supply system.

2 Methodology
The proposed risk and LCC based asset management framework for the WSS is depicted in
Figure 1. The overall methodology entails developing a GIS-enabled decision making tool that
considers data collection, risk assessment and asset prioritization, and LCC-based main M/R/R.
The main components of the framework are described in the following sub-sections.

Figure 1: Proposed risk and life cycle cost based asset management framework

2.1 Data Collection
The pipe characteristics data, soil information, pipe breakage data, enviornmental, hydraulics,
and consequence data will be collected from the water utility’s Geographic Information System
(GIS) database, hydralic database, water quality sampling station, environmental database, and
other databases (Table 1). The data will be used for the next steps.

2.2 Risk Assessment
As the pipe failure modes varies signigfcantly based on the pippe materials, three different
conceptual risk frameworks are considred for metallic, cementitious and plastic pipes. Figure 2
shows the risk framework for the metallic pipes. For a cementitious-based pipe (i.e., asbestoscement, concrete pipe), the soil corrosivity index (SCI) is calculated using soil pH, moisture
content, and soil percentage of fines (% Fines) whereas water hardness and alkalinity have been
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added to water pH to determine the aggressiveness index (AI). For the plastic pipe, the structural
integrity index (SII) calculated using the SCI and structural failure index (Str.FI). The
percentages of fines (% Fines) and gravel (% Gravel) are used as input factors for the SCI. The
pipe vulnerability index (VI) or likelihood of failure and consequence index (CI) are integrated
to determine the final risk index (RI) of each pipes and water quality index (WQI) od each pipe
is associated to improve or support the decision-making process. For more details about the risk
framework, interested readers are referred to Francisque et al. [5]. Based on the risk index, the
risk ranking of the each pipes will be performed and the result will be integrated with the GIS
map of the water utility to identify critical pipes in the distrubutin system for repair or
replacement plan or further decision making.

Table 1: Data collection for the risk and LCC based asset management framework

Pipe Specific
Material
Diameter
Age
Length
Thickness
Cathodic Protection
Hydraulics
Water Pressure
Water Velocity

Soil Specific
Soil Type
Soil Resistivity
Soil pH
Moisture Content
Sulphide Content
Redox Potential
Consequence
Land Use
Population
Stream Flow

Environmental
Temperature
Rain Deficit
Freezing Index
Type of Traffic
Type of Road
Breakage History
Previous Failures
Break Type

Figure 2: Risk framework for metallic pipes
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Water Quality
Turbidity
Water Age
Water pH
Free Residual Cl
Color

2.3 Life Cycle Costing
In order to optimize the usage of available funds for the cost-effective M/R/R action program
of the critical pipes, an LCC framework is developed. Figure 3 provides the proposed life cycle
cost analysis framework for the critical water mains. The break frequency curve and deterioration curves for water mains of different materials and sizes will be developed using Bayesian
regression analysis based on pipe characteristics (i.e., age, length, and diameter), soil parameter
(i.e., soil corrosivity index), hydraulic factors (i.e., velocity and pressure), and aggressiveness
index. For more details about the Bayesian regression analysis, interested readers have referred
to Kabir et al. [3]. After that, the pipe deterioration curves are developed using the methodology
proposed by Banciulescu and Sekuler [11]. The service life of a pipe or structure is a time period
at the end of which the pipe stops performing the functions it is designed and built for [7]. The
developed deterioration curves will provide an overview of the remaining service life of each
group of pipe if the observed break patterns remain unchanged and basic break repair is carried
out. Next, the different repair, rehabilitation, and replacement techniques and their corresponding costs will be collected. After determining timing of future activities, set of scenarios combined of repair, renovation, and replacement alternatives can be suggested and generate the
LCC profile of each pipes. The net present value (NPV) for each suggested scenario is expressed using the following formula [8].
𝑙

𝑇𝐿𝐶𝐶 = ∑
𝑡=𝑜

𝐶𝑡
(1 + 𝑟)𝑡

(1)

Where TLCC is the present value of the total life cycle cost, Ct is the sum of maintenance,
repair, replacement/rehabilitation costs and salvage value, r is the discounted rate and l is the
service life of the water mains or the planning period.

Figure 3: Proposed methodology for LCC of small to medium-sized water utilities
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3 Case Study
The proposed risk and life cycle cost based asset management framework is applied on the
water distribution network of the Glenmore-Ellison Improvement District (GEID), BC, Canada.
The water distribution network of GEID consist 1,328 individual pipes and 152.17km length of
pipe. C900 (1071 pipes) and Asbestos-Cement (AC) (199 pipes) pipes are the most frequent
water mains. Other than that, their network consists of concrete cylinder, Ductile Iron (DI),
galvanized, steel, Polyvinyl Chloride (PVC) and High-Density Poly Ethylene (HDPE). The
pipe characteristics, failure, hydraulics, soil properties, and water quality data are collected from
GIS, EPANET, and other databases of GEID.
To prioritize the replacement, and rehabilitation of water mains of GEID, the developed risk
framework is used. To aggregate the sub-index values shown in Figure 2, a relative weight has
been assigned to each parameter using the analytic hierarchy process (AHP) developed by Saaty
[12]. Table 2 summarizes the index computation showing the input factors for each index and
the way they are aggregated, and if required their weight, to produce the index. For further
details about the transformation functions and weight computation, the reader can consult Francisque et al. [5].
Table 2: Index computation approach for risk framework

Level 4
a

2

Level-3

Level-2

SII = 0.5*Str.FI +
0.3*SCI + 0.2*AI
SIIplastic pipes =
0.5*Str.FI +
0.5*SCI

VI = 0.6*SII +
0.4*HCI

Level-1

2

Str. FI = f(a +bD +cA +dL +eD + fA +
gL2 + hD*A + iA*L + jL*D)
SCIMetallic pipes = Rscore + pHscore + RPscore +
Scscore + Mcscore
SCIplastic pipes = %Finesscore + %Gravelscore
SCICementitious pipes = pHscore + %Finesscore +
Scscore
c

AIMetallic pipes = 0.5*pH + 0.5* FRC
AICementitious pipes = pH + log[AH]c

RI = 0.7*VI +
0.3*CI

HCI = 0.8*Pressure
+ 0.2*Velocity
CI = 0.35*LU +
0.35*PD +
0.2*D + 0.1*L
WQId = 0.22*T +
0.52*FRC + 0.04*C
+ 0.13*AW + 0.09*V
aD

= Diameter, A = Age, L = Length; a, b, c, d, e, f, g, h, i, and j = regression coefficients, LU = Land Use, PD = Population
density
bR
score = soil resistivity score, pHscore = soil pH score, RP score = Redox Potential score, Scscore = soil sulfure content score,
Mcscore = soil moisture content score
cFRC=Free residual chlorine, [AH] = [total alkalinity (mg/L CaCO )* calcium hardness H (mg/L CaCO )]
3
3
dT = water Turbidity, C = Colour, A = water Age, V = water Velocity
w

The developed risk framework for GEID is described with a sample pipe (ID: GEID_0392).
The pipe characteristics, soil, hydraulics, and water quality information of GEID_0392 is shown
in Table 3. According to the Figure 2 and Table 3, the StrFI, SCI, AI, SII, HCI, CI, WQI, and
RI of the GEID_0392 is shown in Figure 4. The risk rank of GEID_0392 is 23. According to

1680

the risk index and risk rank, the GEID_0392 required immediate action. Similarly, the risk
index of the other pipes is determined.

Table 3: Pipe characteristics, soil, hydraulics, and water quality information of GEID_0392

Pipe information
Installation year
1971
Diameter
100
Length
365.40
Material
AC
Soil properties data
Zone
Soil pH
7.4
Moisture content
Fair drainage
Percent fines
Percent gravel
Redox potential
630
Sulphides
Negative
Resistivity
1000

Unit
Year
mm
m
Unit less
Unit
Unit less
Unit less
Unit less
(%)
(%)
(mV)
Unit less
Ohm-cm

Hydraulic data
Average Pressure
90.72
Average Velocity
0.00

Unit
m
m/s

Water quality data (Winter)
Water hardness
131.75
Water alkalinity
125.48
Water pH
6.89
Residual chlorine
1.61
Turbidity
1.85
Colour
36.47
Water age
65.31
Water velocity
0.00

Unit
mg/L
mg/L
Unit less
mg/L
NTU
ACU
Hr
m/s

Risk rank = 23
3

High
2
Medium

1
Low
0
StrFI

SCI

AI

SII

HCI
Index

SFI

CI

RI

WQI

Figure 4: Overall indices for the GEID_0392 pipe

The developed framework is also able to determine the overall indices of the water distribution
system. According to the analysis, almost 57% and 39% water mains are in low and medium
risk levels whereas 4% of water mains are at high risk (Figure 5). The utility managers must
direct very special attention to those pipes and take after inspection appropriate action (e.g.,
maintenance, replacement) to avoid their failure. To improve risk distribution spatial
comprehension and favor utility managers’ appropriate intervention, the developed risk
framework is integrated with the GIS map for developing risk map of GEID (Figure 6).
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Not valid
1

Percentage of overall system

0.9
0.8

10%

4%
27%

25%

Missing input

5%
13%
1%

1%

40%

Low
1%

30%

Medium
3%

33%

High
4%

46%

39%

0.7
74%

0.6
0.5

46%
81%

0.4
0.3

65%

70%

64%

59%

54%

57%

0.2
23%

0.1

3%
23%

0
StrFI

SCI

AI

SII

HC
Indices

SFI

CI

RI

WQI

Figure 5: Percentage of overall indices of the water distribution system of GEID

Figure 6: Risk map for GEID water mains

The LCC analysis is performed to prioritize M/R/R recommendations for water mains in high
risk. To develop the pipe deterioraion curves, the pipes have been grouped into five: Metallic
(Diameter ≤ 200mm and Diameter > 200mm), Cementitious (Diameter ≤ 200mm and Diameter
> 200mm), and Plastic and Bayesian regression analysis were performed for each pipe group.
Currently, the GEID is using only open trench repair action. They did not consider any type of
trenchless renewal methods. As there was no reliable information on the costs of water mains
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breaks, the average repair costs for different site (i.e., gravel, concrete pavement and
agricultural/no pavement/native soil) and location (same side or road corssing) conditions are
shown in Table 4 based on the discussion with the authorities of GEID. According to the Table
4, if the asset is in road crossing, the average repair costs will be double compared to the asset
in same side. Moreover, due to the conflict with the other utilities like sewer, internet, gas, the
average repair costs will be higher than the normal condition. The pipe replacement or new pipe
installation costs (including fitting & valves) is also presented in Table 4.
Table 4: Replacement or new pipe installation cost for different actions for GEID

Water Main Repair Cost
Site condition
Gravel
Concrete pavement
Agricultural/No pavement/Native soil

Unit Cost
$ 2,000.00
$ 5,000.00
$ 1,500.00

Same side
Road crossing

1
2

Utility conflict

$ 1,000.00

No intervention
Pipe condition (%)

After_Action 1
Current age of pipe

Water Main Replacement Cost
Diameter (mm)
Unit Cost/m
50
$ 65.00
100
$ 70.00
150
$ 80.00
200
$ 110.00
250
$ 135.00
300
$ 150.00
350
$ 200.00
400
$ 250.00
450
$ 300.00
500
$ 350.00
600
$ 400.00

After_Action 2

Pipe condition (%)

100.0

80.0

60.0

40.0
1

21

41
61
Age of Pipe (year)

81

101

Figure 7: Deterioration and LCC profile of GEID_0392 pipe over the planning period

The deterioration of the GEID_0392 over the planning period can be shown in Figure 7. The
pipe will follow the dotted deterioration profile if no intervention is selected over the planning
period. However, if the decision makers wants to keep very good LoS, then the pipe condition
will be 75% and certain action or intervention is required after 67 years to maintain or improve
the LoS (Table 5). The decision maker can choose repair as an action which will improve the

1683

pipe condition by 10%. The new pipe condition will be 82.5% and the pipe will start
deteriorating form there (Table 5). However, it is quite challenging to determine the percentage
of improvement of pipe condition after any intervention or action due to the involvement of
multiple factors [7,10]. For this, the decision makers can easily change the percentage of
improvement of pipe condition after any intervention based on their judgment and experience.
Similarly, the decision makers can choose other actions to maintain a satisfactory LoS or pipe
conditions by selecting appropriate interventions shown in Figure 7. For the selection of
different actions to improve the pipe condition, the pipe deterioration profile will also change.
Figure 7 shows the deterioration profile of GEID_0392 pipe after selecting different actions.
Table 5: GEID_0392 pipe condition after each M/R/R actions over the planning period

Actions

LoS
Threshold

Pipe
Condition

Possible
Interventions

Increase of pipe
condition

New Pipe
Condition

Action 1

Very Good

75 %

Repair

10 %

82.5 %

Action 2

Very Good

75 %

Repair

10 %

82.5 %

Table 6: GEID_0392 pipe cost after each M/R/R actions over the planning period

Actions

Site
condition

Utility
Road
conflict Condition

Action 1

Concrete
pavement

Yes

Action 2

Concrete
pavement

Yes

Repair
Cost

NPV
Repair

Replacement
NPV
Cost
Replacement

Road
crossing

$11,000.0

$5100.6

$25,578

$11860.4

Road
crossing

$11,000.0

$2040.2

$25,578

$4744.0

Total

$22,000.0

$7,140.80

$511,56.0

$16,604.4

The corresponding repair and replacement costs of GEID_0392 for action 1 and 2 at 67 and 98
years respectively, total cost over the planning period and the net present value considering 3%
discount rate are presented in Table 6. According to the Tabel 6, the NPV of the repair costs of
GEID_0392 after Action 1 at 2038 and Action 2 at 2069 are less compare to the replacement
costs. Therefore, it is better to repair GEID_0392 than replacement. The NPV of the total LCC
of GEID_0392 pipe is $$7,140.80. The developed LCC module will help the decision makers
to take the practical decision regarding their assets.

4 Conclusions
In this study, a risk and LCC based decision support tool is developed to prioritize M/R/R
recommendations for buried infrastructure. The developed risk module can provide information
at pipe level and network level, able to visualize the most ‘vulnerable’ and the ‘highest risk’
pipes within the distribution network. The developed risk and LCC based framework will aid
utility engineers and managers to predict the suitable new installation and/or rehabilitation
programs as well as their corresponding costs for effective and proactive decision-making and
thereby avoiding any unexpected and unpleasant surprises. Water distribution network of GEID
is investigated to demonstrate the applicability of the proposed framework. The proposed
framework provides the decision-maker with an effective and easy to use tool to make an
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informed decision. Although, the risk and LCC based framework is developed for the WDN of
GEID, the methodology developed in this research can be used by any type of WDN. The
proposed framework is a unique tool for small to medium utilities given the scarcity of
data/information, lack of technical and financial resources, and limited experience.
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Abstract: This paper discusses efficient approaches for sampling distributions
in high-dimensional probabilistic assessments. In particular, we look at sampling
from distributions that are proportional to the product of a prior distribution and
a likelihood function, which depends on the outcome of a computationally demanding model. Sampling from such distributions is required in Bayesian analysis and sequential sampling approaches to reliability analysis. We focus on the
case where the prior distribution is high-dimensional and non-Gaussian. We discuss application of the preconditioned Crank-Nicolson Metropolis algorithm and
introduce a Markov chain Monte Carlo algorithm for efficient sampling of nonGaussian priors in high dimensions, which is based on the Metropolis within
Gibbs sampler. We demonstrate the performance of the proposed algorithm in
two problems; a high-dimensional Bayesian updating problem and a reliability
problem solved with subset simulation.

1 Introduction
In different classes of probabilistic assessments, sampling from high-dimensional distributions
that are known up to a normalizing constant is required. This is the case when sampling from the
posterior distribution in Bayesian analysis [6] and when sampling from intermediate distributions in sequential sampling approaches, such as subset simulation [2] or sequential importance
sampling [14]. In all these examples, the target distribution one needs to sample from is proportional to the product of a prior distribution and a likelihood function:
π(x) ∝ f (x)L(x)

(1)

where X is a random vector of dimension n, x ∈ Rn denotes a possible outcome of X, π(x) is
the target density, f (x) is the prior density and L(x) is the likelihood function. Importantly, the
function L(x) often depends on the outcome of a computationally intensive numerical model. In
Bayesian analysis, the likelihood represents the probability of measurement data or other types
of information conditional on a parameter state, while in reliability analysis, the likelihood is
an indicator function of some failure event.
Sampling from distributions of the type of Eq. (1) is usually performed with Markov chain
Monte Carlo (MCMC) methods. MCMC algorithms generate states of a Markov process with
stationary distribution equal to the target distribution. Most MCMC methods are based on the
Metropolis-Hastings (M-H) sampler [12, 8]. The basic idea of the M-H sampler is to sample
each state of the chain through generating a candidate sample from a so-called proposal distribution and accept or reject the candidate with a certain acceptance probability. Existing variants
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of the method differ on the choice of the proposal distribution. A common proposal distribution is the multivariate Gaussian density centered at the current state of the chain, turning the
sequence of generated samples into a random walk.
The efficiency of M-H samplers can be measured in terms of the autocorrelation of the generated sample sequence. For independent target distributions, the efficiency of random-walk
Metropolis samplers is inversely proportional to the dimension n of the random variables space
[5]. In problems where the dimension n is high, as is often the case when the random vector X is
derived from the discretization of a random function, the performance of classical random-walk
samplers for sampling densities of the type of Eq. (1) often becomes prohibitive. An alternative sampler that performs efficiently in high dimensions is the Gibbs sampler [7]. The Gibbs
sampler, which can be viewed as a special case of the M-H algorithm, samples each component
of the random vector from its conditional distribution given the current state of all remaining
components. The latter can be achieve through a M-H step. This approach requires at least n
evaluations of the likelihood function for generating each new state of the chain and is therefore
not suitable for the case where the likelihood evaluation is computationally demanding.
High dimensional target densities of the type of Eq. (1) with Gaussian prior densities f (x) can be
sampled efficiently using M-H approaches with proposal densities of the preconditioned CrankNicolson (pC-N) type [4]. Such algorithms have been used in sampling Gaussian prior models
for Bayesian analysis [4] and sequential sampling approaches to reliability analysis [15, 3, 14].
This paper looks at efficient samplers for high dimensional target densities with non-Gaussian
priors. First, we discuss application of the pC-N Metropolis algorithm, facilitated through a
transformation of the random variable space to an equivalent Gaussian space. Thereafter, a twostep M-H algorithm is proposed that is based on the single-component M-H (or M-H within
Gibbs) sampler. The performance of the algorithms is explored in a Bayesian updating and a
reliability problem in high dimensions.

2 The Metropolis-Hastings algorithm
The Metropolis-Hastings (M-H) algorithm [12, 8] is the most widely used MCMC method
for sampling from distributions that are difficult to sample from directly. The M-H algorithm
samples each new state of a Markov chain with stationary distribution π(x) from the following
transition density
p(y|x) = α(x, y)q(y|x) + (1 − r(x))δx (y)
(2)

where q(y|x) is a proposal density, δx (y) is the Dirac mass at x, α(x, y) is the acceptance
probability defined as


π(y)q(x|y)
(3)
α(x, y) = min 1,
π(x)q(y|x)
and

r(x) =

Z

y∈Rn

α(x, y)q(y|x)dy.

(4)

According to Eq. (2), a sample from the target distribution is generated through sampling a candidate state from the proposal distribution q(y|x) conditional on the current state and accepting
the candidate with probability α(x, y). The latter is achieved through sampling a standard uniform random variable and checking whether the sample is smaller than α(x, y). If the sample is
greater than α(x, y) then the candidate is rejected and the new state is set equal to the current
state of the chain.
The transition density of the M-H sampler guarantees convergence to the stationary distribution
π(x) under mild regularity conditions [19]. A requirement for this statement to hold is that
π(x) is invariant to the M-H transition. That is, if the current sample is distributed according to
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π(x) then the next state generated through p(y|x) also follows π(x). Transition densities that
guarantee the preservation of a probability measure are called reversible. Reversible transition
densities satisfy the detailed balance condition
p(y|x)π(x) = p(x|y)π(y).

(5)

If Eq. (5) is satisfied for a transition density p(y|x) then the corresponding transition is reversible
with respect to π. The M-H transition density satisfies the detailed balance condition for any
choice of the proposal density q(y|x) [8].
A common choice of the proposal distribution is a Gaussian density centered at the current
state of the chain, leading to so-called random-walk samplers. The performance of randomwalk samplers deteriorates with increase of the dimension n of the random vector X, making
them a poor choice for MCMC sampling in high dimensions [5, 4, 15]. This can be partly
explained by observing that the acceptance probability of the M-H algorithm depends on the
ratio of the values of the prior distribution for the candidate and current states. This ratio for
some distribution models (e.g. the Gaussian distribution [9]) becomes extremely small in high
dimensions. Hence, the variance of the proposal density for obtaining reasonable acceptance
probabilities is very small, which leads to highly correlated samples. This motivates the use
of a proposal density whose efficiency is independent of the dimension of the random variable
space; such a density is presented in the following.

2.1

Preconditioned Crank-Nicolson proposal

Consider the case where the prior distribution f in Eq. (1) is Gaussian with zero mean vector
and covariance matrix C, i.e. f (x) = ϕ(x|0, C). The preconditioned Crank-Nicolson (pC-N)
proposal is given by:

 p
(6)
q(y|x) = ϕ y 1 − s2 x, s2 C
√
which is the Gaussian density with mean vector 1 − s2 x and covariance matrix s2 C. Substituting the Gaussian prior and pC-N proposal to Eq. (3), the M-H acceptance probability reads


L(y)
αpC-N (x, y) = min 1,
(7)
L(x)
The above holds because the pC-N proposal can be viewed as a conditional
 Y  density of Y given
X = x, when assuming
an
underlying
jointly
Gaussian
random
vector
X with zero mean and
h
i
covariance matrix

√ C
1−s2 C

√
1−s2 C
C

, and hence it holds
√
    

 p

2C
y 0
C
1
−
s
2
2
ϕ(x|0, C)ϕ y 1 − s x, s C = ϕ
, √
x 0
1 − s2 C
C
 p

= ϕ(y|0, C)ϕ x 1 − s2 y, s2 C .

(8)

As shown in Eq. (7), the M-H acceptance rate with the pC-N proposal and a Gaussian prior does
not depend on the ratio of the prior densities and only depends on the ratio of the values of the
likelihood function for the candidate and current states of the Markov chain. Therefore, if the
information content in L(x) is independent of the dimension of the random variable space n, the
acceptance rate and hence the performance of the algorithm is also independent of n [4, 15].
The pC-N proposal is derived in [4] by taking a finite difference approximation to a stochastic
partial differential equation that is invariant to the target probability measure. However, the same
proposal has been used earlier for sampling Gaussian process prior models in [13] and has been
proposed for use in reliability analysis in [15, 14] and in [3]. Generalizations of the algorithm
are given in [18] and in [15].
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2.2

Adaptive scaling of the proposal density

Various proposals for adaptive MCMC have been made, employing intermediate estimates of
relevant quantities from the simulation [1]. For example, intermediate estimates of the statistics of the target distribution can be used to sample from a proposal density that resembles the
target distribution. However, in high dimensions this is hindered by the large number of samples necessary to obtain reasonable estimates of joint moments such as the covariance matrix.
Alternatively, intermediate estimates of a measure of the efficiency of the algorithm that is computationally tractable can be employed to estimate near-optimal values of parameters of M-H
proposal densities. A quantity that is often used in practice is the expected M-H acceptance
probability. The acceptance probability influences the autocorrelation of the generated sample
sequence and hence the variance of ergodic moment estimates. In fact, for several types of
proposal distributions,
optimal acceptance probabilities have been identified [16].
√
2
The factor 1 − s in the pC-N proposal is a measure of the component-wise cross-correlation
coefficient between the current and candidate states. Therefore the choice of the parameter
s ∈ [0, 1] will influence the acceptance probability of the algorithm. If s is chosen too large this
will lead to low correlation between candidate and current state and therefore to many rejected
candidates, while if s is chosen too small this will lead to high correlation between states and to
many accepted candidates. As the acceptance probability of the pC-N algorithm is independent
of the dimension of the problem, the performance of the algorithm is equivalent to the one of
a random-walk M-H algorithm for sampling from a one-dimensional target distribution. The
optimal acceptance probability for sampling one-dimensional target distributions is approximately 0.44 [5, 16]. Therefore, the parameter s can be adapted using intermediate estimates of
the average acceptance probability to ensure that the latter is close to 0.44. This can be achieved
through application of a recursive relation, see [15, 14] for details.

3 pC-N Metropolis for non-Gaussian priors
Consider now the case where the prior distribution f in Eq. (1) is non-Gaussian and highdimensional. In such case, the pC-N proposal will lead to an acceptance probability that depends
on the ratio of priors and therefore the performance of the algorithm will not be independent of
the dimension of the problem. However, the pC-N Metropolis algorithm can still be employed
if a suitable transformation of the prior distribution to an underlying Gaussian space is possible.
Such a transformation is straightforward if the non-Gaussian prior is described by a Gaussian
copula [11] or if a decomposition of the prior in terms of a product of conditional distributions
is easily attainable [17].
Let U denote a jointly Gaussian random vector with zero mean vector and identity covariance matrix, i.e. with density ϕ(u|0, I) denoted ϕ(u) for simplicity. Also consider a one-to-one
probability preserving transformation operator T(·), such that U = T(X) with X distributed according to the non-Gaussian prior density f (x) and denote by JT−1 the Jacobian matrix of the
inverse transformation. We have that:

ϕ(u) = f T−1 (u) det (JT−1 )
(9)

where det (JT−1 ) denotes the determinant of the Jacobian matrix. The target density in the transformed space, denoted ψ(u), can be obtained as follows

ψ(u) = π T−1 (u) det (JT−1 )
(10)


−1
−1
= a f T (u) L T (u) det (JT−1 )
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where a denotes the normalizing constant of Eq. (1). Combining Eqs. (9) and (10), one has

ψ(u) = aϕ(u)L T−1 (u)
(11)

That is, the target distribution in the transformed space U is proportional to the product of the
Gaussian prior of U and the likelihood function whose argument is the inverse transformation
operator T−1 (u). In the transformed space, the prior is Gaussian and hence application of the
pC-N Metropolis algorithm can lead to dimension-independent performance. The transition
from a state x0 to x1 of the pC-N method for sampling non-Gaussian priors consists of the
following steps:
 √


• Propose v through drawing a sample from ϕ · 1 − s2 T x0 , s2 I
• Compute the acceptance probability
αpC-N

(
)
−1 (v)

L
T
x0 , v = min 1,
L (x0 )


0 , v , i.e. set x1 = T−1 (v) with probability
• Accept the candidate
with
probability
α
x
pC-N


αpC-N x0 , v and x1 = x0 with probability 1 − αpC-N x0 , v .

It is noted that a prerequisite for application of the above variant of the pC-N algorithm is that a
one-to-one transformation to an underlying Gaussian space is possible. An example where such
a transformation is not possible is when the prior distribution is known only up to a normalizing
constant, such as in some cases where the prior is derived based on the maximum entropy
principle. Next, we describe an algorithm that does not require a transformation to an equivalent
Gaussian space and therefore is applicable to general non-Gaussian prior models.

4 Two-step single-component M-H algorithm
High-dimensional non-Gaussian priors can be sampled efficiently through application of Gibbs
sampling [7]. The Gibbs sampler generates each component separately from its conditional
distribution given the current state of all remaining components. If the conditional distributions
are not known explicitly, one can perform MCMC sampling for generating each component. If
the random-walk M-H sampler is applied to perform this step, the resulting algorithm is termed
single-component M-H or M-H within Gibbs sampler [6]. For cases where the dependence
between components is weak, this approach can potentially lead to dimensional independent
performance, as each sample is generated from a one-dimensional target distribution. However,
for computationally demanding likelihood functions, Gibbs sampling is not practical because it
requires at least one evaluation of the likelihood for generating each component of the new state
of the chain.
We want to take advantage of the component-wise generation of the Gibbs sampler while avoiding repeated likelihood evaluations. This can be achieved through introducing a two-step transition. In the first step, a single-component M-H update that is reversible with respect to the prior
distribution is performed. In the second step, the sample generated in the first step is accepted
or rejected according to a M-H acceptance probability. In this way, component-wise generation
is performed only in the first step for sampling the prior distribution and the likelihood is evaluated only in the second step to determine the acceptance probability. Therefore, only a single
likelihood evaluation is required for generating each new state of the chain.
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Denote by p̃(y|x) the transition density of the single-component M-H update performed in the
first step. Because the transition is reversible with respect to the prior density f (x), one has:
p̃(y|x) f (x) = p̃(x|y) f (y).

(12)

In the second step, p̃(y|x) is the proposal density of the M-H update. Substituting this proposal into Eq. (3) and accounting for the detailed balance condition of Eq. (12), the acceptance
probability in the second step is as follows:


L(y)
αscM-H (x, y) = min 1,
(13)
L(x)
The transition from a state x0 to x1 of the proposed two-step single-component M-H algorithm
(scM-H) can be summarized in the following steps:
• For each i = 1, . . . , n
– Propose ξ through drawing a sample from q · xi0



– Compute the acceptance probability
(
)
0 , . . . , x0 )q(x0 |ξ )
f (y1 , . . . , yi−1 , ξ , xi+1
n
i
0
αi (xi , ξ ) = min 1,
0 , . . . , x0 )q(ξ |x0 )
f (y1 , . . . , yi−1 , xi0 , xi+1
n
i

– Accept the candidate with probability αi (xi0 , ξ ), i.e. set yi = ξ with probability
αi (xi0 , ξ ) and yi = xi0 with probability 1 − αi (xi0 , ξ ).
• Compute the acceptance probability
αscM-H



L (y)
x , y = min 1,
L (x0 )
0




0 , y , i.e. set x1 = y with probability
• Accept the candidate
with
probability
α
x
scM-H


αscM-H x0 , y and x1 = x0 with probability 1 − αscM-H x0 , y .

For the transition in the first step, the univariate proposal density q · xi0 can be chosen according to the problem specifics. If a random walk proposal is chosen, its parameter can be optimized
for a target acceptance probability of 0.44 [1]. We note that the acceptance probability in the
second step does not depend on the prior density. Therefore, if the component-wise transition
in the first step can be done efficiently, then the performance of the algorithm will not depend
on the dimension of the problem. A factor that will affect the performance of the method is the
degree of the dependence of the components of the prior distribution. If these components are
highly dependent, then the target conditional densities in the first step of the algorithm become
narrow and this will increase the correlation between subsequent states of the chain and thus
undermine the performance of the proposed sampler. A possible remedy for dealing with such
cases is to sample highly dependent components from a multivariate proposal density within a
blocked Gibbs sampler approach [10].
It is noted that the algorithm proposed in [2] for MCMC sampling within subset simulation can
be viewed as a special case of the proposed algorithm applied to reliability estimation for prior
densities with independent components.
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5 Numerical evaluation
We investigate the performance of the pC-N and two-step scM-H algorithms in a Bayesian
updating and a reliability analysis problem with non-Gaussian high-dimensional priors. For
the two-step scM-H, the univariate proposal distribution in chosen as the uniform distribution
centered at the current state of the chain. The parameter s of the pC-N algorithm and the spread
of the proposal distribution of the two-step scM-H algorithm are both adapted such that the
average acceptance rate (of the second step for the two-step scM-H) is close to 0.44.

5.1

Bayesian updating in high dimension

We consider a prior density expressed as a product of univariate exponential densities with
parameter λ = 1, i.e.
!
n

f (x) = exp − ∑ xi

(14)

i=1

with support x ∈ Rn≥0 . The dimension of the problem is chosen as n = 100. We note that the prior
distribution of the sum of the random variables is a Gamma distributed random variable with
shape parameter n and rate parameter λ . The likelihood function is chosen as an exponential
distribution with unknown rate parameter equal to the sum of the random variables:
!
!
L(x) =

n

n

i=1

i=1

∑ xi exp −m ∑ xi

(15)

The chosen prior is the conjugate prior of the distribution of the sum of the random variables,
so that the posterior distribution of the sum has an analytical form; it is the Gamma distribution
with shape parameter n + 1 and rate parameter λ + m. The likelihood of Eq. (15) assumes that
a single measurement of an underlying exponentially distributed variable is made that resulted
in m, whereby we choose m = 0.5.
Figure 1 shows the sample cumulative distribution function (CDF) of the posterior distribution
of ∑ni=1 Xi generated by the pC-N and two-step scM-H algorithms with 5 × 104 samples, after
discarding a burn-in period of 500 samples. It is shown that both sample CDFs agree well with
the Gamma target CDF. Figure 2 plots posterior sample functions and corresponding autocorrelation coefficient functions of ∑ni=1 Xi generated by the two algorithms. Through comparing
the sample statistics of the sum of the components of X, we are able to compare the average
performance of the posterior samples of the different components. It is shown that on average
the two algorithms result in similar decays of correlation with lag.
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Figure 1: Target and sample CDF of the posterior distribution of ∑ni=1 Xi generated by the pC-N and
two-step scM-H algorithms.
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Figure 2: Sample functions and sample autocorrelation functions from the posterior distribution of
∑ni=1 Xi generated by the pC-N and two-step scM-H algorithms.

Additionally, we modify the prior of Eq. (14) for the purpose of studying the influence of the
dependence between components of the prior distribution on the performance of the algorithms.
The prior is now modeled by a Gaussian copula with exponential marginals and correlation
matrix R of the underlying Gaussian vector with element (i, j) obtained as follows:
Ri j = exp (−β |i − j|)

(16)

wherein the parameter β controls the rate of decrease of correlation with difference in component index. We measure the efficiency of the algorithms with the reciprocal of the integral of
the sample autocorrelation function of the posterior distribution of Z = ∑ni=1 Xi . This measure,
denoted by e f fZ̄ , expresses the factor with which the asymptotic variance of the sample mean of
Z needs to be multiplied to obtain the same variance as with independent sampling [5]. Table 1
shows the estimated e f fZ̄ with chains of length 5 × 104 generated by the two investigated algorithms for independent and Gaussian copula priors. In the latter case, we consider two different
values of the correlation parameter, β = 1 and β = 0.5. The table also shows results obtained
with a random-walk M-H (rwM-H) algorithm adapted to match an optimal acceptance rate of
0.23 [16]. It is shown that the pC-N and two-step scM-H algorithms have similar performance
for the cases with independent or weakly dependent (β = 1) prior. The performance of the pCN algorithm becomes clearly better than the one of the two-step scM-H algorithm for the case
where the dependence between components of the prior is stronger (β = 0.5). Both investigated
algorithms have performance that is orders of magnitude higher than the one of the rwM-H
algorithm.

5.2

Reliability analysis in high dimension

We consider a reliability analysis problem in the random variable space X of the distribution
of Eq. (14). The limit-state function with negative values defining the failure domain of the
problem, is given as follows:
n

g(x) = ∑ xi −C
i=1
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(17)

Table 1: Efficiency measure e f fZ̄ for different choices of the prior joint distribution. Influence of the
dependence between components of the prior.
Sampler
pC-N
two-step scM-H
rwM-H

Prior model
Independent
1.19 × 10−2
1.05 × 10−2
5.45 × 10−5

Gaussian copula (β = 1)
1.20 × 10−2
1.08 × 10−2
4.13 × 10−5

Gaussian copula (β = 0.5)
1.39 × 10−2
1.12 × 10−2
2.88 × 10−5

The dimension of the problem is again set to n = 100. The probability of failure is evaluated
for different values of the threshold C with subset simulation using 103 samples per subset
level. Note that the probability can be evaluated analytically from the Gamma CDF of ∑ni=1 Xi .
We investigate the performance of the pC-N and two-step scM-H algorithms for generating the
samples at the intermediate failure domains. Figure 3 shows the coefficient of variation (δ ) of
the estimate of the probability of failure obtained from 500 independent simulation runs for
varying probability levels. It is shown that the two algorithms result in similar performance of
the subset simulation method in terms of the coefficient of variation of the probability estimate.
It is noted that the pC-N algorithm for subset simulation is in principle the same algorithm as the
conditional sampling algorithm proposed in [15], while the two-step scM-H for the independent
prior of Eq. (14) is the same as the modified M-H algorithm proposed in [2] adapted to a target
acceptance probability of 0.44.
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Figure 3: Coefficient of variation δ of the probability estimates against varying target probabilities
obtained by 500 independent subset simulation runs with the pC-N and two-step scM-H algorithms.

6 Conclusion
This paper discussed MCMC algorithms for sampling high-dimensional non-Gaussian prior
distributions combined with computationally intensive likelihood functions. It is demonstrated
that efficient sampling from such distributions can be achieved through application of the pC-N
algorithm and a novel two-step scM-H algorithm. Application of the pC-N algorithm is possible when an isoprobabilistic transformation of the prior distribution to an equivalent Gaussian
space exists. The two-step scM-H algorithm is generally applicable, yet its efficiency decreases
relative to the pC-N algorithm if the dependency between components of the prior distribution
becomes significant.
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Abstract: The MaxiMin criterion was developed to achieve optimal distribution
of experimental points in a design domain. For simplicity, we consider the design
domain to be a unit hypercube. Some authors consider the MaxiMin criterion to
prefer point layouts that are space-filling and uniform. In this paper we show that
the MaxiMin criterion provides strongly nonuniform designs due to the effect of
the boundaries of the hypercube within which the distances are measured. The
nonuniformity is a serious problem when applying the designs for Monte Carlo
integration. We propose a simple remedy to the MaxiMin criterion that lies in the
assumption of periodic boundary conditions. The biased behavior of the original
MaxiMin (Mm) criterion and excellent performance of the modified criterion
(PMm) are demonstrated using simple numerical examples focused on (i) the
uniformity of sampling density over the design space and, (ii) statistical sampling efficiency measured through the ability to correctly estimate the statistical
parameters of functions of random variables.

1 Introduction
The full probabilistic design of engineering systems attracts an increasing attention in industry.
This is partially caused by cheap and immense computational power available to researchers and
engineers, and partially by increasing need to estimate the behavior of complex systems with
random properties subjected to random external actions. Emergence of commercial software
packages document the interest of industry in this type of analyses, see e.g. the special issue of
Structural safety journal [4] or a paper describing an in-house software [8].
The full probabilistic assessment requires calculation of probabilistic integrals that are usually estimated using the Monte-Carlo sampling technique. Many sampling strategies have been
developed in the past such as crude Monte-Carlo (MC), Latin Hypercube Sampling (LHS),
Importance Sampling (IS), etc. In heart of every Monte-Carlo type technique, the Design of
Experiments (DoE) is present because the sampling plan (selection of integration points) must
be performed.
The task is to find optimal locations of Nsim points in the space of Nvar dimensions. The optimality shall be related to the problem at hand. When generating MC or LHS samples, the DoE
algorithm must ensure that the probability of selecting particular point in the Nvar dimensional
space is equal to the value of Nvar dimensional joint probability distribution function (PDF) of
the input random variables. In practice, it is convenient to generate the samples in a space of
sampling probabilities instead of the real space, i.e. in a unit hypercube [0, 1]Nvar with uniform
density. Possible statistical dependencies among the original variables can be treated by transformations into the space of independent marginals (e.g. linear transformations using Cholesky
decomposition or orthogonal transformation of the correlation matrix).
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Several criteria of optimality of the design have been developed and used in the past: the Euclidean MaxiMin and MiniMax distance between points [6], various measures of discrepancy
(e.g. Modified L2 discrepancy, Wrap-Around L2 -Discrepancy or Centered L2 -discrepancy), see
e.g. [11] for a review, the D−optimality criterion [13], criteria based on correlation (orthogonality) [17, 16], Voronoi tessellation [9], the φ criterion introduced in [7], dynamic modeling of
an expanding lattice, designs maximizing entropy [12], integrated mean-squared error [10], and
many others. An elegant criterion is the Audze-Eglājs criterion (AE) [1] that is based on minimization of potential energy of the system of charged particles. Recently [3, 18], this criterion
has been shown to yield non-uniform distribution of points due to the presence of boundaries
around the design domain (hypercube). The problem has been fixed [3, 18] by assuming periodicity of the design domain in which the boundaries disappear. Consequently, designs optimized
with the help of this new criterion (PAE) has been shown to yield statistically uniform distribution of points (many design runs) and, at the same time, also nicely spread points within the
design domain for each single run of the design.
This contribution presents a modification of the MaxiMin criterion that leads to statistically
uniform distribution of points. This is achieved by redefinition of the metric, i.e. the way the
distance between points is measured. The improvement is documented via uniformity of point
distribution and fixed ability of the designs to perform correct Monte Carlo integration.

2 MaxiMin criterion and other related distance-based criteria
The design domain U, within which Nsim points are to be uniformly placed, is the unit hypercube
of dimension Nvar , shortly U = [0, 1]Nvar . Let D ⊂ U be an arbitrary Nsim -point design consisting
of distinct input sites {u1 , u2 , . . . , uNsim }. The design D is sometimes called the sampling plan
and efforts are made to spread the points uniformly over U.
The notion of distribution of points in the design space is associated with the ability to measure
distances between points. Let U denote a set of sites within the design domain and suppose
there is a metric d on U × U called the distance function. Such a metric d is defined on a set U
and it provides a mapping U × U → [0, ∞).
As mentioned in the Introduction, there are many criteria for selecting a design that are based
on a measure or metric that quantifies how spread out a set of points are. One way in which
the points in a design might be considered to be spread out is for no two points in the design to
be “too” close together. One measure of the closeness of the points in the set D is the smallest
distance between any two points in D, i.e.:
φ̂Mm (D) =

min d(u1 , u2 )
ui , u j ∈D

(1)

A design that maximizes this measure is said to be a MaxiMin distance design [6], abbreviated
as Mm and denoted as DMm . In an intuitive sense, DMm designs guarantee that no two points
in the design are “too close”, and hence the design points are spread over U. The problem of
finding MaxiMin designs is referred to as the maximum facility dispersion problem [5]. The
MaxiMin designs have a sort of D-optimality property under certain conditions [6].
The standard way to measure
 distance between points ui and u j in Nvar -dimensional space is the
Euclidean distance d ui , u j = Li j . It is the length of the line segment connecting them and can
be expressed as a function of their Cartesian coordinates using the Pythagorean formula:
v
v
uN
uN
u var
u var

2

2
u −u
=t
∆
,
(2)
d u ,u = L = t
i

j

ij

∑

v=1

i,v

j,v

∑

v=1

i j,v

where ∆i j,v = |ui,v − u j,v | is the difference in their position projected onto the axis v, i.e. length
of the connecting line segment projected onto axis v. This definition of distance, when used
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in the MaxiMin criterion, simply measures the Euclidean distance between the nearest pair of
points within the design domain D.
With the MaxiMin criterion, the designs that maximize the value φ̂Mm (D) are preferable. We
now redefine this criterion such to obtain a measure to be minimized and yet prefer design where
the minimum distance is to be maximized. In our design domain U, the maximum possible
Euclidean distance between two points is the spatial diagonal with the squared length equal to
Nvar . The new criterion to be minimized is obtained by subtracting squared Eq. (1) from Nvar :
"
#2
2
φMm (D) = Nvar − φ̂Mm
(D) = Nvar −

min d(ui , u j )
ui , u j ∈D

(3)

In sampling analyses, the preparation of a sample is, in fact, the preparation of a sampling plan
D, i.e. a matrix of size Nsim × Nvar . When combining sampling strategies with given coordinates
for each separate variable (as in the case of LHS), the only way to optimize the sample is to
change the mutual ordering of these coordinates. In this paper, we focus on LHS, in which each
variable (dimension) has Nsim fixed coordinates (e.g. centers of Nsim equidistant intervals). To
minimize φMm , one can search among all (Nsim !)Nvar −1 possible mutual orderings of these fixed
coordinates. We use simulated annealing optimization [17] to search for a good solution. Details
regarding this heuristic optimization algorithm can be found in [17], its application in DoE is
described in detail in [3].

3 Biased design
MaxiMin designs are supposedly uniform, see page 594 of the recent handbook [2]: “a MaxiMin
distance designs spreads out its points evenly over the design region”. We argue that a combination of the MaxiMin criterion with Euclidean distance and letting the points move freely
obviously leads to designs that are nonuniform. The fact that designs optimized with the Mm
criterion do not cover the domains uniformly was noticed in [11]. Section 5.5 of the same book
states that “Unfortunately, MaxiMin distance design tend to place points near the boundary of
the experimental region and may not provide adequate information about the interior”. In example 5.4 in the same book, the authors noticed that a combination of Euclidean distance with the
MaxiMin criterion yields designs that “concentrate point on or near the boundary of U”. Further, they suggest to “remedy this by restricting the class of available designs to only include,
say, LHDs”. The book makes a numerical example in their Fig. 5.2 of the MaxiMin LH-design.
We disagree that employing LH-sampling helps to achieve statistically uniform designs, i.e.
equal probability of any location to be selected. It only partly alleviates the problem and in this
section we critically evaluate uniformity of LHS-Mm designs.
We now mention that not only that the points should be spread out within each individual design. We also require that the design are statistically uniform. Otherwise, Monte Carlo integration might provide systematically biased results. The probability that the ith experimental
point will be located inside some chosen subset of the domain must be equal to VS /VD , with
VS being the subset volume and VD the volume of the whole domain (for unconstrained design
VD = 1). Since we are using LHS, the coordinates of the points are known and the whole unit
hypercube of volume 1 can be divided into Nsim Nvar bins of the same volume using the grid
of equidistant coordinates along each dimension. A statistically uniform design is achieved if
the probability of filling each of these bins is identical. In order to perform a numerical test
of Mm-optimized LHS designs, Nrun designs (sampling plans of dimensions Nvar × Nsim ) have
been simulated and optimized. After generating the Nrun designs, the total number of sampled
points is Nsim Nrun . The average number of points inside one bin should be for uniform design
fa = Nsim Nrun /Nsim Nvar = Nrun /Nsim Nvar −1 . For each bin, we now count the actual frequency of
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Figure 1: LHS designs using the original MaxiMin (Mm) criterion (top row) and the proposed periodic
MaxiMin (PMm) criterion (bottom row). Relative frequencies f¯ calculated from Nrun = 104 designs in
the space of Nvar = 2 variables for different numbers of simulations Nsim .

occurrence of the points inside that bin, f . Finally, we define a variable f¯ (a normalized frequency) that can be calculated for each bin using the ratio
1
Nsim Nvar −1
f¯ = f = f
fa
Nrun

(4)

A statistically uniform design criterion should yield f¯ → 1 with Nrun → ∞ for all of the bins.
The results of the numerical study are shown in Figs. 1 top and 2 top for various numbers of
points Nsim and dimensions Nvar in 2D images. The number of repetitive optimized designs used,
Nrun = 104 , is high enough to reveal unwanted patterns. The shade of gray color represents the
f¯ value at individual LHS points (bins). The first dimension (variable) is associated with the
horizontal axis, the second variable with the vertical axis, and the third variable (if present) is
captured by repetitive 2D images (slices) produced for different values of the third coordinate.
Similarly, the fourth dimension (if present) is shown by repetitive views of 3D plots made for
different values of the fourth coordinate. The figures clearly show the non-uniformity of point
density in the design domain for the original Mm criterion. In 2D space, the corners are not
sampled at all, but there is an area of highly probable points close to them followed again by an
improbable region. A similar behavior is observed in 3D and 4D spaces, where the corners of
the domain are always sampled poorly.
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Figure 2: LHS designs using the original MaxiMin (Mm) criterion (top row) and the proposed periodic
MaxiMin (PMm) criterion (bottom row). Relative frequencies f¯ calculated from Nrun = 104 designs.

4 Mm criterion in periodic space and its uniformity
The remedy proposed here is based on periodic repetition of the unit hypercube containing
experimental points along all directions/variables of the design domain. This idea has been used
previously by the authors to improve the AE criterion [3]. We consider periodic images of the ith
point to have coordinates ui,v + ki,v where the dimension/variable is denoted v ∈ {1, 2, . . . , Nvar }
and k is an arbitrary integer. When k equals zero for all directions v, we obtain the original point
placed inside the design domain. In this periodic space, we now redefine the Euclidean distance
between points ui and u j , to be the length of the line segment connecting point ui with the
closest image of point u j . As argued in detail in [3], this is achieved by considering the shortest
1D projections along each individual coordinate, ∆i j,v . The new periodic distance metric is:
v
uN
u var

2

d ui , u j = Li j = t ∑ ∆i j,v
where
∆i j,v = min ∆i j,v , 1 − ∆i j,v
(5)
v=1

To distinguish between the original Mm formulation [6] and the proposed one based on periodic
space, we denote the new formulation the Periodic MaxiMin (PMm) criterion and define it as:
"
#2

φPMm (D) = Nvar −
min d ui , u j
(6)
u1 , u2 ∈D
By comparing Eq. (6) with the Mm formulation in Eq. (3) one can see that the only difference
between them lies in selecting the minima between (∆i j,v ) and (1 − ∆i j,v ) along each coordinate
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Figure 3: Relative frequencies f¯ calculated for LH-sample sets with MaxiMin (Mm) criterion and its
periodic version (PMm) for Nsim = 9 and Nvar = 2. These maps are constructed from sets of optimal solutions (left for Mm with the two optimal solutions, right for PMm), or all solutions having Mm criterion
bellow 1.91 (or 1.94) in the center.

v ∈ h1, Nvar i instead of using the coordinate difference (∆i j,v ) directly. Technically, this improvement is very easy to implement in computer programs and the additional computer time
necessary to perform the comparison and selection of the minima is inconsiderable.
Figures 1 and 2 bottom clearly demonstrate that the new formulation provides statistically uniform designs. The source of uniformity actually lies in the invariance of PMm with respect
to translation. If all the points in periodic space are shifted by an arbitrary vector, the PMm
value remains unchanged. Therefore, when generating the experimental points, even if there is
a tendency to form some pattern, the pattern is always randomly shifted and sampling becomes
uniform. The invariance with respect to translation can be proven separately using 1D problems
because the ∆i j,v is already invariant, see the detailed proof in [3].

5 Sets of optimal solutions
The relative frequency maps presented in Figs. 1 and 2 were obtained with a heuristic combinatorial optimization algorithm that does not necessarily deliver arrangements corresponding to
the global minimum of the objective function. The Nrun solutions used to plot the histograms
have been obtained with a set of parameters (called cooling schedule, see [17]) that deliver solutions in relatively short time. The cooling schedule strongly influences how close the final Mm
criterion (objective function) is to its global minimum.
For low numbers of sampling points, Nsim , and a low dimensionality of the design space, Nvar , it
is easy to check all (Nsim !)Nvar −1 possible mutual permutations and select the one(s) delivering
the lowest possible value of the objective function. For example, the case with Nsim = 9 and
Nvar = 2 has only two optimal solutions (one can be obtained from the other by flipping the design around the central horizontal or vertical line). The lower bound on LHS-Mm design equals
φMm (9, 2) = 1.877. The frequency map obtained with these two best possible designs as well
as these two optimal designs are plotted in Fig. 3 left. Acceptance of all solutions having Mm
criterion less or equal to 1.91 or 1.94 leads to 158 or 4762 possible solutions, respectively. The
frequency maps for these solutions are shown in Fig. 3 center (only the symmetrical quarters of
the design space are plotted). By further relaxation of the acceptance level of Mm with respect
to its lower bound, the pool of solutions gets richer and the maps approach uniform distribution.
On the other hand, the proposed periodic version of the criterion provides sets of optimal solution that always provide uniform distribution due to the invariance with respect to translation
(see Sec. 4); accepting one design implies acceptance of all Nsim Nvar its possible shifts. Set of
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optimal solutions for LHS-PMm design for Nsim = 9 and Nvar = 2 contain 27 954 possible solutions (φPMm (9, 2) = 1.938), among which only 350 are unique. This means that all 27 954
optimal designs can be obtained by shifting one of these 350 unique solutions in one or two
directions. The correpsonding frequency map is shown in Fig. 3 right.

6 Application to statistical analyses of functions of independent random variables
We present the application of statistical sampling to the problem of estimating statistical moX ), is
ments of a function of random variables. In particular, a deterministic function, Z = g (X
considered, which can be a computational model or a physical experiment. Z is the uncertain
response variable (or generally a vector of the outputs). The vector X ∈ RNvar is considered
to be a random vector of Nvar continuous marginals (input random variables describing uncertainties/randomness) with a given joint PDF. Estimation of the statistical moments of variable
X ) is, in fact, an estimation of integrals over domains of random variables weighted by
Z = g (X
a given joint PDF of the input random vector fX (xx). We seek the statistical parameters of Z in
the form of the following integral evaluated using the Monte Carlo approximation:
X )]] =
E[S [g (X

Z∞

...

−∞

Z∞

−∞

S [g (xx)] dFX (xx) ≈

1 Nsim
∑ S [g(xxi)]
Nsim i=1

(7)

where dFX (xx) = fX (xx) · dx1 dx2 · · · dxNvar is the infinitesimal probability (FX denotes the joint
cumulative density function) and where the particular form of the function S [g (·)] depends on
the statistical parameter of interest. To gain the mean value, S[g (·)] = g (·); higher statistical
moments of the response can be obtained by integrating polynomials of g (·).
In Monte Carlo sampling, which is the most prevalent statistical sampling technique, the above
integrals are numerically estimated using Nsim realizations of X that share the same probability
of occurrence 1/Nsim . The aspect of the correct representation of the target joint PDF of the
inputs is absolutely crucial for the convergence of the estimates to the exact value. Practically,
this can be achieved by reproducing a uniform distribution in the design space (unit hypercube)
that represents the space of sampling probabilities, u.
We assume an estimate of the integral in Eq. (7) as an average computed using the sampling points x i = {xi,1 , . . . , xi,v , . . . , xi,Nvar }, which are selected using the transformation xi,v =
Fv−1 (ui,v ), in which we assume that each of the Nsim sampling points u i (i = 1, . . . , Nsim ) were
generated according to the uniform probability. Violation of the uniformity of the distribution
of points u i in the unit hypercube may lead to erroneous estimations of the integrals. We will
show that the original definition of the Mm criterion suffers from this problem.
Let us now analyze two transformations of standard independent Gaussian random variables Xv ,
v = 1, . . . , Nvar to show the non-uniformity of the original Mm criterion and also the improved
performance of the proposed PMm criterion. We consider two functions (transformations of
input random variables):
X) =
Zsum = gsum (X

Nvar

∑

v=1

Xv2

,

Zexp = gexp (X) =

Nvar

∑ exp

v=1

−Xv2



(8)

A detailed characterization of the resulting
random variables can be
√
√found in [3]. The standard
deviation of Zsum and Zexp is σsum = 2Nvar and σexp ≈ 0.337 461 Nvar , respectively.
The quality of sampling is measured through the difference between the theoretical and estimated statistical parameters of Z. Since the placement of Nsim design points into an Nvar dimensional hypercube is random (it depends on sequences generated by a pseudo-random
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Figure 4: Convergence of the estimated standard deviations σsum and σexp with increasing sample size
Nsim for various numbers of variables Nvar .

number generator), the estimated statistical parameter can also be viewed as a realization of
a random variable. The simulated annealing algorithm [17] has been used for the optimization
of the mutual ordering of LH samples for three DoE criteria: Mm, PMm and COR (Pearson’s
correlation coefficient).
Nrun = 50 designs were optimized for the same settings (criterion, Nsim and Nvar ) and the averages and standard deviations of the estimated statistical parameters have been plotted in the
form of graphs – dependencies on the sample size Nsim ; see Figs. 4. The graphs show the exact solution for each selected statistical parameter via a dashed line. The average result of its
estimation is plotted by a solid line with by a scatter-band of ± one standard deviation.
The general trends are as follows:
• The Mm criterion yields, on average, erroneous estimates (with almost no variability).
The error becomes pronounced for higher Nvar . Increasing the sample size Nsim does not
help. Both the incorrect averages of estimated parameters and the low variance of the
estimator are consequences of non-uniform sampling.
• The PMm criterion yields a uniform distribution of points and therefore the estimators
converge to the exact values.
• The COR criterion yields a uniform distribution of points for Nsim → ∞; however, for
small Nsim only a limited number of optimal non-uniform arrangements exist [14].
• Estimates obtained with PMm are, on average, never worse than with COR – in most of
the cases they are better. Also, the variance of the estimates obtained with PMm is usually
lower than that gained from COR.
The estimates of the standard deviation of both functions (σexp and σsum ) obtained for very
small sample sizes Nsim show almost no variance in the case of Mm and COR criteria. This
is because the heuristic algorithm of simulated annealing is still able to check all (Nsim !)Nvar −1
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different designs (mutual orderings). For the Mm and COR criteria, the optimal designs form
a small number of (nonuniform) structures (the number of COR-optimal solutions has been
studied in [14]). The PMm criterion, however, does not lead to such strange structures and the
parameters are estimated better (on average) but with higher variance.
The presented inability of LHS-Mm optimized samples to deliver unbiased estimates of the
desired statistical parameters is more pronounced when the optimization of samples discovers
the best possible solutions, see Sec. 5. The relatively mild requirements on the cooling schedule
helped the LHS-Mm samples to show themselves as better than they really are. This effect is
pronounced for higher Nsim and Nvar where the found designs must be far from actual optimum.
This is documented in Fig. 4 by an additional curve obtained using poor optimization settings.
The poor optimization with respect to Mm criteria masks the problem with nonuniformity. Fig. 4
right presents convergence obtained with designs optimized in Matlab using the built-in function
lhsdesign(...,’maximin’). Matlab
√ merely selects the best LHS design from a user-defined
number, here set to (100 + Nsim ) × Nvar . As shown in [14], such an optimization technique is
very ineffective and there is a low probability that Matlab will find at least near-optimal solution.
Based on the Matlab results, one may incorrectly deduce uniformity of the LHS-Mm designs.

7 Conclusions
It has been shown that the original Mm criterion combined with the standard Euclidean distance
used for optimization of the Design of Experiments provides statistically non-uniform desnity
of experimental points. Even though this feature is not important in several applications of DoE,
it is the crucial property in numerical Monte-Carlo type integration. Numerical integration using
the Mm criterion provides systematically incorrect results and LH-sampling does not help.
A simple remedy based on considering the periodicity of the design space was proposed, and it
was demonstrated that the modified version – the Periodic MaxiMin criterion – provides a truly
uniform distribution of points in the design domain. The PMm and Mm criteria have the same
computational complexity, so no additional effort is associated with the proposed scheme.
The proposed criterion is implemented in FReET software [8]. It has also been implemented for
the optimization of a sample in the sample size extension of an existing LH sample (a method
proposed in [15]).
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Abstract: Probabilistic earthquake loss estimation (PELE) requires the use of a
large number of random variables representing inherent randomness in spatially correlated ground motion intensity and the damage of individual structures. Monte
Carlo simulation (MCS) is often used for such regional earthquake loss estimation
mainly because of its straightforward application, but this method may require a
large number of simulations to obtain a converged estimate. To improve the efficiency of simulation-based PELE, we propose a new method, which employs the
cross-entropy-based adaptive importance sampling using Gaussian mixture (CEAIS-GM). CE-AIS-GM provides reliable estimates on the failure probability in a
wide range of structural reliability problems. In spite of its efficiency, CE-AIS-GM
has an inherent limitation for problems with a large number of random variables,
i.e. high-dimensional problems. To facilitate the application of CE-AIS-GM to
PELE requiring a large number of random variables, a dimension reduction technique is incorporated. This study uses principal component analysis (PCA), i.e. a
statistical procedure that converts a high dimensional problem to a low dimensional
one by identifying a linear projection with the least squared error. Neglecting insignificant principal components and calibrating the effect of projection, unnecessary
uncertainties are removed from the problem without losing accuracy. Then, CEAIS-GM is applied to the low dimensional problem for probabilistic estimation of
regional earthquake loss. A numerical example demonstrates that, using a dimension
reduction technique and central limit theorem, CE-AIS-GM is able to perform largesize PELE with significantly improved efficiency and accuracy.

Introduction
Today’s urban communities are highly complex systems characterized by a large number of
infrastructures and their interdependency [1]. Therefore, the risk of an urban community against
natural and man-made hazards should be investigated and assessed at the levels of not only
individual infrastructures but also its utility or transportation networks and the entire community. Because of significant uncertainties in potential hazards, structural damage, post-hazard
performance of infrastructures, and socio-economic impacts, the risk assessment needs to employ probabilistic analysis methods. Such a probabilistic risk assessment provides a core basis
for resilience-based decision making, which requires accurate assessment of robustness, redundancy, resourcefulness, and rapid recovery of the community [2].
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A main challenge in the probabilistic earthquake loss estimation (PELE) of an urban community comes from statistical dependence between failures of the infrastructures and its significant impact on the system-level risk [3-4]. Thus, PELE methods need to be able to incorporate
the likelihood of joint failure patterns into the procedure of assessing the post-hazard performance of a utility or transportation network, and the aggregated regional loss of the community.
Additional challenges in PELE of an urban community come from a large number of random
variables required to describe the seismic hazard and damage of numerous infrastructures, and
low-level probability.
To overcome these challenges, this paper proposes an efficient sampling method for PELE.
The method employs the cross-entropy-based adaptive importance sampling (CE-AIS) [5-6],
which provides a near-optimal IS density not relying on heuristic judgement while drastically
reducing the number of samples required to obtain reliable estimates on the probabilities. However, CE-AIS may suffer if the number of random variables is exceedingly large. Therefore, to
facilitate the application of CE-AIS to PELE of an urban community, this study combines CEAIS with dimension reduction techniques. The proposed method is demonstrated and tested by
an example of estimating seismic monetary losses for Shelby County, TN.

Theoretical Backgrounds
2.1 Modeling Seismic Hazard in Uncorrelated Standard Normal Space
For an accurate PELE, the uncertainties in the followings need to be modeled properly: (a)
magnitude of earthquake, (b) location of rupture, (c) intra-event residuals in ground-motion
prediction equation (GMPE), and (d) inter-event residuals in GMPE. A general form of GMPE
is expressed as
(1)
𝑙𝑙𝑙𝑙𝑌𝑌𝑖𝑖𝑖𝑖 = 𝑓𝑓�𝑀𝑀𝑗𝑗 , 𝑅𝑅𝑖𝑖𝑖𝑖 , 𝝀𝝀𝑖𝑖 � + 𝜎𝜎𝑖𝑖𝑖𝑖 𝜀𝜀𝑖𝑖𝑖𝑖 + 𝜏𝜏𝑗𝑗 𝜂𝜂𝑗𝑗
where 𝑌𝑌𝑖𝑖𝑖𝑖 is the selected ground-motion intensity measure at site i for the earthquake event j,
𝑓𝑓(𝑀𝑀𝑗𝑗 , 𝑅𝑅𝑖𝑖𝑖𝑖 , 𝝀𝝀𝑖𝑖 ) is the predicted mean value of 𝑌𝑌𝑖𝑖𝑖𝑖 given as a function of 𝑀𝑀𝑗𝑗 (magnitude of event
j), 𝑅𝑅𝑖𝑖𝑖𝑖 (seismological distance to site i in earthquake j), and 𝝀𝝀𝑖𝑖 (a set of other explanatory variables assigned at site i), 𝜀𝜀𝑖𝑖𝑖𝑖 is the intra-event residual representing site-to-site uncertainty within
the same event j, 𝜂𝜂𝑗𝑗 is the inter-event residual representing event-to-event uncertainty shared
by all sites, and 𝜎𝜎𝑖𝑖𝑖𝑖 and 𝜏𝜏𝑗𝑗 are the standard deviations of the intra-event and inter-event residuals,
respectively. Here, 𝜀𝜀𝑖𝑖𝑖𝑖 and 𝜂𝜂𝑗𝑗 are assumed to follow standard normal distributions. While 𝜂𝜂𝑗𝑗 is
constant at all sites for a given event, 𝜀𝜀𝑖𝑖𝑖𝑖 varies from site to site, and shows statistical dependence for pairs of nearby sites. This spatial correlation is often described by use of a selected
auto-correlation model, which is given as a function of the distance between sites [7-8].
A critical task in using CE-AIS is to transform given random variables to uncorrelated standard normal space. The simulation in this space allows CE-AIS to avoid scaling-related issues
in identifying a near-optimal IS density during the pre-sampling stage. To apply CE-AIS to
PELE, the random variables in the list above are transformed to the uncorrelated standard normal space [9].

1708

2.2 Cross-Entropy-based Adaptive Importance Sampling (CE-AIS)
Suppose one needs to obtain the mathematical expectation of a general function 𝐻𝐻(𝐱𝐱) with respect to the probability density function (PDF) 𝑓𝑓(𝐱𝐱; 𝐮𝐮), in which 𝐮𝐮 denotes the distribution
model parameters. Monte Carlo simulation (MCS) approach generates random samples based
on the density 𝑓𝑓(𝐱𝐱; 𝐮𝐮) and estimates the integral by computing the average of sampled 𝐻𝐻(𝐱𝐱),
i.e.,
𝑁𝑁

1
𝐼𝐼𝑡𝑡 = ∫ 𝐻𝐻(𝐱𝐱)𝑓𝑓(𝐱𝐱; 𝐮𝐮)𝑑𝑑𝒙𝒙 ≅ � 𝐻𝐻(𝐱𝐱 𝑖𝑖 ) .
𝑁𝑁
𝑖𝑖=1

(2)

Importance sampling (IS) approach aims to improve the efficiency of MCS by employing an
alternative sampling density ℎ(𝐱𝐱; 𝐯𝐯), i.e.
𝑁𝑁

𝐻𝐻(𝐱𝐱)𝑓𝑓(𝐱𝐱; 𝐮𝐮)
1
𝐻𝐻(𝐱𝐱 𝑖𝑖 )𝑓𝑓(𝐱𝐱 𝑖𝑖 ; 𝐮𝐮)
𝐼𝐼𝑡𝑡 = ∫ �
� ℎ(𝐱𝐱; 𝐯𝐯)𝑑𝑑𝒙𝒙 ≅ �
ℎ(𝐱𝐱; 𝐯𝐯)
𝑁𝑁
ℎ(𝐱𝐱 𝑖𝑖 ; 𝐯𝐯)
𝑖𝑖=1

(3)

where ℎ(𝐱𝐱; 𝐯𝐯) is an alternative sampling density function with parameters 𝐯𝐯, and 𝐱𝐱 𝑖𝑖 is the i-th
sample generated using the density ℎ(𝐱𝐱; 𝐯𝐯), 𝑖𝑖 = 1, … , 𝑁𝑁.
The theoretically optimal IS density function 𝑝𝑝∗ (𝐱𝐱) can be mathematically derived as shown
in [10], but it is impossible to obtain it prior to obtaining exact 𝐼𝐼𝑡𝑡 . Thus, adaptive IS methods
were developed so as to identify a near-optimal density function by minimizing the KullbackLeibler cross-entropy (CE) between the optimal density 𝑝𝑝∗ (𝐱𝐱) and the sampling density model
ℎ(𝐱𝐱; 𝐯𝐯) [11]. Through a few rounds of pre-sampling, IS density model parameters of the previous round, denoted by 𝒘𝒘, are updated to 𝐯𝐯 such that the estimated CE between 𝑝𝑝∗ (𝐱𝐱) and the
sampling density ℎ(𝐱𝐱; 𝐯𝐯) is minimized. This condition is mathematically described as [11]
𝑁𝑁

1
� 𝐻𝐻(𝐱𝐱 𝑖𝑖 )𝑊𝑊(𝐱𝐱 𝑖𝑖 ; 𝐮𝐮, 𝐰𝐰)∇𝐯𝐯 ℎ(𝐱𝐱 𝑖𝑖 ; 𝐯𝐯) = 0
𝑁𝑁
𝑖𝑖=1

(4)

where 𝑊𝑊(𝐱𝐱 𝑖𝑖 ; 𝐮𝐮, 𝐰𝐰) is the so-called likelihood ratio [5,11]. Closed-form updating rules representing Eq. (4) were derived for parametric unimodal distribution models in [11].
To enhance applicability of the CE-AIS approach, Kurtz and Song [5] introduced a new CEAIS approach which employs a non-parametric multimodal distribution model called the
Gaussian mixture (GM). This CE-AIS-GM improves the efficiency of the sampling-based estimation, and is not sensitive to the level of probability or nonlinearity of limit-state surfaces.
Such a non-parametric-model-based CE-AIS approach was recently extended to high dimensional reliability problems by employing the von Mises–Fisher mixture density model instead
of a Gaussian mixture [5]. See [5-6] for more details of CE-AIS approaches and their applications.

2.3 Concurrent Adaptive Importance Sampling
When one needs to evaluate the probability distribution instead of the exceeding probability
regarding a single threshold value, a vector of functions, 𝐇𝐇(𝐱𝐱), can be introduced as follows:
𝐼𝐼𝑡𝑡,1
𝐼𝐼
(5)
𝐈𝐈𝐭𝐭 = � 𝑡𝑡,2 � = �𝐇𝐇(𝐱𝐱)𝑓𝑓(𝐱𝐱)𝑑𝑑𝐱𝐱 ,
⋮
𝐱𝐱
𝐼𝐼𝑡𝑡,𝐾𝐾
In this case, the corresponding IS formulation is
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𝐼𝐼𝑡𝑡,1
𝑓𝑓(𝐱𝐱)
𝐼𝐼
(6)
𝐈𝐈𝐭𝐭 = � 𝑡𝑡,2 � = � 𝐇𝐇(𝐱𝐱)
ℎ(𝐱𝐱; 𝐰𝐰)𝑑𝑑𝐱𝐱 .
⋮
ℎ(𝐱𝐱; 𝐰𝐰)
𝐱𝐱
𝐼𝐼𝑡𝑡,𝐾𝐾
Now, one needs to identify the optimal IS density function that would be effective overall for
the multiple levels and the whole range of the distribution. For this purpose, an IS density that
would minimize the sum of the squares of the coefficient of variations (c.o.v) of the elements
in 𝐈𝐈𝐭𝐭 is desirable. Following a similar procedure in [11], the optimal IS density 𝑝𝑝∗ (𝐱𝐱) is then
derived as [12]
𝑝𝑝

∗ (𝐱𝐱)

𝐾𝐾

|𝛹𝛹(𝐱𝐱)|𝑓𝑓(𝐱𝐱; 𝐮𝐮)
where 𝛹𝛹(𝐱𝐱) = ��[𝜛𝜛𝑘𝑘 ∙ 𝐻𝐻𝑘𝑘 (𝐱𝐱)]2 ,
=
∫|𝛹𝛹(𝐱𝐱)|𝑓𝑓(𝐱𝐱; 𝐮𝐮)𝑑𝑑𝐱𝐱
𝑘𝑘=1

(7)

where 𝜛𝜛𝑘𝑘 is the k-th element of a unit vector, which is proportional to the inverse of the estimated 𝐼𝐼𝑡𝑡,𝑘𝑘 , 𝑘𝑘 = 1, … , 𝐾𝐾. Although the exact calculation of the optimal 𝜛𝜛𝑘𝑘 requires the final (unknown) outputs 𝐼𝐼𝑡𝑡,𝑘𝑘 , reasonable estimates based on a small number of pre-samples would be
enough for efficient sampling. The optimal density in Eq. (7) helps find probabilistic density
function which provides good convergence for estimates for multiple outcomes of system or
the whole range of the loss. In performing such a concurrent adaptive sampling, one can use
the same CE-based updating rules in [5] by replacing 𝐻𝐻(𝐱𝐱) by 𝛹𝛹(𝐱𝐱) in Eq. (7).

Earthquake Loss Estimation by CE-AIS with Dimension Reduction
Techniques

3.1 Dimension Reduction Techniques
In community-level loss estimation, high dimensional intra-event residuals may hamper effective applications of CE-AIS. This is because of the difficulty in identifying near-optimal IS
density in a high dimensional space. Therefore, dimension of random variables are reduced as
follows to facilitate the application of CE-AIS to regional earthquake loss estimation.
3.1.1

Principal Component Analysis

To perform seismic risk analysis in a reduced dimension, intra-event residuals are represented
by eigen-components which are found to have significant contributions as a result of principal
component analysis. In this study, eigen-components whose corresponding eigenvalues are
higher than a threshold value are selected. Since we assumed that the term 𝛆𝛆 in the intra-event
residual has zero-mean and unit standard deviation, its correlation matrix is presented as follows
by eigen-decomposition:
(8)
𝐑𝐑 𝜀𝜀𝜀𝜀 = 𝐔𝐔𝐔𝐔𝐔𝐔T
where 𝚲𝚲 is diagonal matrix of which diagonal elements are eigen-values sorted in the descending order while 𝐔𝐔 is orthogonal matrix whose columns are corresponding eigen-vectors. This
eigen-decomposition, so-called principal component analysis (PCA) can find orthogonal components and sort them in terms of their variances.
As a result of PCA, the intra-event residual can be described as
(9)
𝛆𝛆 = 𝐀𝐀 𝐞𝐞 + 𝛆𝛆�
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where 𝐀𝐀(𝑁𝑁 × 𝑅𝑅) is a matrix connecting 𝑁𝑁-dimensional normally distributed 𝛆𝛆 (𝑁𝑁 × 1) with 𝑅𝑅dimensional Gaussian variables 𝐞𝐞 = {𝑒𝑒1 , 𝑒𝑒2 , … , 𝑒𝑒𝑅𝑅 }𝑇𝑇 (𝑅𝑅 × 1) in which R is much smaller than
N and its error is 𝛆𝛆� = {𝜀𝜀̃1 , 𝜀𝜀̃2 , … , 𝜀𝜀̃𝑁𝑁 }𝑇𝑇 (𝑁𝑁 × 1). If this error is negligible, the intra-even residual
is represented by 𝐀𝐀𝐞𝐞 while the matrix 𝐀𝐀 is determined as
(10)
𝐀𝐀 = 𝐔𝐔(:,1 ~ 𝑅𝑅) �𝚲𝚲(1 ~ 𝑅𝑅,1 ~ 𝑅𝑅) , and 𝑒𝑒𝑖𝑖 ~ 𝑁𝑁(0, 1) where 𝑒𝑒𝑖𝑖 ⊂ 𝐞𝐞
st
where 𝐔𝐔(:,1 ~ 𝑅𝑅) is (𝑁𝑁 × 𝑅𝑅) matrix of which elements are extracted from the 1 to the R-th column of orthogonal matrix 𝐔𝐔, and �𝚲𝚲(1 ~ 𝑅𝑅,1 ~ 𝑅𝑅) is the square root of diagonal matrix 𝚲𝚲 up to its
R-th eigen-components. The elements of 𝐞𝐞 are uncorrelated standard normal random variables.
This eigen-mapping is the best linear transformation in the sense of least squared sum of error
between original variables and reconstructed variables.
3.1.2

Calibration of Fragility Model

Although PCA facilitates an effective dimensionality reduction, it is inevitable to lose the information on intra-event residuals since the variance of approximated 𝜀𝜀𝑖𝑖 by Eq. (9) must be
smaller than the original. This effect is endurable in small dimensional problems, but it becomes
significant in much higher dimensional problems, e.g. community-level loss estimation, due to
accumulation of errors. Therefore, it is necessary to calibrate the lost information when exploiting PCA in a large-scale PELE.
Consider a fragility model that describes the conditional probability of exceeding k-th damage state (𝑑𝑑𝑠𝑠𝑘𝑘 ) with resisting capacity 𝐴𝐴𝑚𝑚 against given hazard-intensity 𝑌𝑌. For point (or node)
type structures, the fragility is often developed based on a log-normal distribution as follows:
ln 𝑌𝑌 − ln 𝐴𝐴𝑚𝑚
(11)
𝑃𝑃(𝐷𝐷𝐷𝐷 > 𝑑𝑑𝑠𝑠𝑘𝑘 |𝑌𝑌) = Φ �
�
𝛽𝛽𝐷𝐷𝐷𝐷
where Φ(∙) is the cumulative distribution function of the standard normal distribution, and 𝛽𝛽𝐷𝐷𝐷𝐷
is a parameter representing the uncertainty in the structural capacity. In earthquake loss estimation, the hazard intensity 𝑌𝑌 in Eq. (11) is expressed by GMPE. To address the aforementioned
issue of reduced variance, the fragility in Eq. (11) is calibrated as
�����
ln 𝑌𝑌 − ln 𝐴𝐴𝑚𝑚
(12)
𝑃𝑃(𝐷𝐷𝐷𝐷 > 𝑑𝑑𝑠𝑠𝑘𝑘 |𝑌𝑌) = Φ �
�
2
�𝛽𝛽𝐷𝐷𝐷𝐷
+ 𝜎𝜎 2 ∙ Var[𝜀𝜀̃]
�����
where ln
𝑌𝑌 is random ground-motion intensity at the site based on reduced dimension,
and Var[𝜀𝜀̃] is the variance of error caused by dimension reduction, which is a diagonal compoT
nent of �𝐑𝐑 𝜀𝜀𝜀𝜀 − 𝐔𝐔(:,1 ~ 𝑅𝑅) 𝚲𝚲(1 ~ 𝑅𝑅,1 ~ 𝑅𝑅) 𝐔𝐔(:,1
~ 𝑅𝑅) �.
3.1.3

Central Limit Theorem

Consider independent random variables 𝑋𝑋1 , 𝑋𝑋2 , … , 𝑋𝑋𝑁𝑁 where 𝑋𝑋𝑖𝑖 has the mean of 𝜇𝜇𝑖𝑖 and the
standard deviation of 𝜎𝜎𝑖𝑖 ; it is not necessary for random variables to be identically distributed
with significant size of 𝑁𝑁, but moment of |𝑋𝑋𝑖𝑖 | should exist with order of larger than 2. According to the Central limit theorem (CLT), the sum of these variables asymptotically follows a
normal distribution as 𝑁𝑁 increases up to a sufficiently large number, i.e.
1

2
(∑𝑁𝑁
𝑖𝑖=1 𝜎𝜎𝑖𝑖 )

𝑁𝑁

�(𝑋𝑋𝑖𝑖 − 𝜇𝜇𝑖𝑖 ) ~ 𝑁𝑁(0,12 ) when 𝑛𝑛 → ∞
𝑖𝑖=1
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(13)

Although this is a weaker version when compared to a classical CLT that assumes independent
and identical distribution of 𝑋𝑋𝑖𝑖 , this expression is still effective in implementing communitylevel PELE unless extraordinarily expensive buildings/infrastructures exist in the community.
In many applications of PELE, community-level loss is evaluated by aggregating costs
caused by structural or non-structural damage of structures in the area of interest. Although the
statistical dependence between the structural capacities of individual structures can be neglected,
PELE needs to account for significant dependence between individual losses caused by geological properties in GMPE, source-to-site distance and intra-event residuals. Thus, CLT is applied
based on the assumption of conditional independence given realizations of ground-motion intensities.
Using CLT, the conditional probability of loss exceedance is approximated by
𝑙𝑙𝑜𝑜 − 𝜇𝜇𝐿𝐿|𝐲𝐲
(14)
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 |𝐲𝐲) ≅ 1 − Φ �
�
𝜎𝜎𝐿𝐿|𝐲𝐲
where 𝐲𝐲 denotes the vector of realized ground-motion intensities, 𝜇𝜇𝐿𝐿|𝐲𝐲 is the conditional mean
of regional loss, and 𝜎𝜎𝐿𝐿|𝐲𝐲 is the conditional standard deviation with a given ground-motion field.
The conditional mean 𝜇𝜇𝐿𝐿|𝐲𝐲 and standard deviation 𝜎𝜎𝐿𝐿|𝐲𝐲 can be evaluated from the sample means
and standard deviations of the individual losses.

3.2 Probabilistic Earthquake Loss Estimation by CE-AIS
Using the result of Eq. (4), the total earthquake loss 𝐿𝐿 for a region can be computed by
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � 𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 |𝐲𝐲)𝑓𝑓𝐘𝐘 (𝐲𝐲)𝑑𝑑𝐲𝐲

(15)

𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � �𝜆𝜆𝑠𝑠 � 𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 |𝑚𝑚, 𝐫𝐫, 𝛈𝛈, 𝛆𝛆)𝑓𝑓𝐘𝐘,𝑠𝑠 (𝑚𝑚, 𝐫𝐫, 𝛈𝛈, 𝛆𝛆)𝑑𝑑𝑑𝑑𝑑𝑑𝐫𝐫𝑑𝑑𝛈𝛈𝑑𝑑𝛆𝛆�

(16)

𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � 𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 |𝜼𝜼, 𝛆𝛆)𝑓𝑓Η (𝜼𝜼)𝑓𝑓𝚬𝚬 (𝛆𝛆)𝑑𝑑𝜼𝜼𝑑𝑑𝛆𝛆

(17)

where 𝑙𝑙0 is the threshold value on the earthquake loss 𝐿𝐿 , 𝐲𝐲 represents the ground-motion
intensities at the locations of individual structures in the region, and 𝑓𝑓𝐘𝐘 (𝐲𝐲) is the joint PDF of
ground-motion intensities. The joint PDF 𝑓𝑓𝐘𝐘 (𝐲𝐲) is obtained by combining source model and
appropriate GMPE; while the former is to forecast a random event of earthquake based on
preliminary research on seismicity for the region, and the latter is to predict attenuated groundmotion intensities at sites under the occurred earthquake. From the GMPE model in Eq. (1) and
the total probability theorem, Eq. (15) can be rewritten as
𝑆𝑆

𝑠𝑠=1

where 𝜆𝜆𝑠𝑠 is the annual occurrence rate of the event at source 𝑠𝑠, for 𝑠𝑠 = 1, … , 𝑆𝑆, and 𝑓𝑓𝐘𝐘,𝑠𝑠 (∙) is
the joint PDF of the magnitude 𝑚𝑚, source-to-site distance vector 𝐫𝐫, inter-event residuals 𝛈𝛈 (for
mutiple periodic risk analysis, or a scalar value 𝜂𝜂), and intra-event residual 𝛆𝛆, determined for
the 𝑠𝑠-th source.
As for a scenario-based risk analysis, the magnitude and source-to-site distance are given or
assumed. Therefore, the exceedance probability in Eq. (16) is simplified to

where 𝜼𝜼 is a vector of which elements are inter-event residuals of ground-motion intensities
that are required as input of fragility models, i.e, 𝜂𝜂PGA and 𝜂𝜂Sa0.2sec in this paper, while 𝛆𝛆 is a
vector of which element is intra-event residuals at each site.
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As a result of PCA, the intra-event residual 𝛆𝛆 is described by essential uncorrelated normal
variables 𝐞𝐞 (R × 1) representing the eigen-modes identified from PCA; recall 𝛆𝛆 ≈ 𝐀𝐀 𝐞𝐞 =
𝐔𝐔(:,1 ~ 𝑅𝑅) �𝚲𝚲(1 ~ 𝑅𝑅,1 ~ 𝑅𝑅) 𝐞𝐞 and 𝑒𝑒𝑖𝑖 ~𝑁𝑁(0, 12 ) in Eqs. (9) and (10). Therefore, the formulation in Eq.
(17) now can use lower-dimension-variable 𝐞𝐞 instead of 𝛆𝛆, i.e.
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � 𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 |𝜼𝜼, 𝐞𝐞)𝑓𝑓Η (𝜼𝜼)𝑓𝑓𝚬𝚬 (𝐞𝐞)𝑑𝑑𝜼𝜼𝑑𝑑𝐞𝐞

(18)

𝑙𝑙𝑜𝑜 − 𝜇𝜇𝐿𝐿|𝐮𝐮
�� 𝑓𝑓𝑼𝑼 (𝐮𝐮)𝑑𝑑𝐮𝐮 ,
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � �1 − Φ �
𝜎𝜎𝐿𝐿|𝐮𝐮

(21)

𝑙𝑙𝑜𝑜 − 𝜇𝜇𝐿𝐿|𝐮𝐮
𝑓𝑓𝑼𝑼 (𝐮𝐮)
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � �1 − Φ �
��
ℎ (𝐮𝐮; 𝐯𝐯)𝑑𝑑𝐮𝐮 .
ℎ𝑼𝑼 (𝐮𝐮; 𝐯𝐯) 𝑼𝑼
𝜎𝜎𝐿𝐿|𝐮𝐮

(22)

After employing the calibrated fragility model in Eq. (12) and CLT in Eq. (14), the exceedance
probability is evaluated by
𝑙𝑙𝑜𝑜 − 𝜇𝜇𝐿𝐿|𝜼𝜼,𝐞𝐞
(19)
𝑃𝑃(𝐿𝐿 ≥ 𝑙𝑙𝑜𝑜 ) = � �1 − Φ �
�� 𝑓𝑓Η (𝜼𝜼)𝑓𝑓𝚬𝚬 (𝐞𝐞)𝑑𝑑𝜼𝜼𝑑𝑑𝐞𝐞
𝜎𝜎𝐿𝐿|𝜼𝜼,𝐞𝐞
where 𝜇𝜇𝐿𝐿|𝜼𝜼,𝐞𝐞 is the sum of conditional mean of individual losses while 𝜎𝜎𝐿𝐿|𝜼𝜼,𝐞𝐞 is the conditional
standard deviation with a given realization of 𝜼𝜼, 𝐞𝐞.
To exploit CE-AIS for PELE in Eq. (19), the inter-event residual vector 𝛈𝛈 can be transformed
into uncorrelated standard normal variables, e.g. by using Cholesky decomposition, while 𝐞𝐞 is
already uncorrelated standard normal distribution due to orthogonality in PCA. That is,
(20)
𝑓𝑓Η (𝜼𝜼)𝑓𝑓𝚬𝚬 (𝐞𝐞)𝑑𝑑𝜼𝜼𝑑𝑑𝐞𝐞 = 𝑓𝑓𝑼𝑼 (𝐮𝐮)𝑑𝑑𝐮𝐮.
Thus, the statement in Eq. (19) becomes

and the corresponding IS formulation is

In CE-based updating rules, 1 − Φ(∙) in Eqs. (21) or (22) is interpreted as 𝐻𝐻𝑘𝑘 (∙) in Eq. (7) using
a set of threshold values covering the entire range.

Numerical Example: Aggregated Regional Monetary Loss in
Shelby County
To test the proposed PELE method, seismic risk in Shelby County, TN is evaluated using CEAIS with dimension reduction techniques. The risk analysis is performed for an earthquake
scenario of which moment magnitude is 𝑀𝑀𝑤𝑤 7.9 at Blytheville, AR (35.927ºN, 89.919ºW). The
selected source of event represents a seismic pattern of the New Madrid Seismic Zone. The
reference dataset by the National Center for Supercomputing Application (NCSA) includes information about 305,694 buildings in Shelby County embedded in their open-source software
ERGO. The uncertainties in structural type are neglected in this application. Figure 1 illustrates
the seismic source and building assets in Shelby County. GMPE by [13] is selected to predict
ground-motion, but the residual model is partially adopted from [14] since the GMPE in [13]
did not distinguish the contributions by intra- and inter- residual. Either attenuated peak ground
acceleration (PGA) or spectral acceleration at 0.2sec (Sa0.2sec ) is used at each site according to
the fragility model employed for the building. After modeling the region by 5,267 cells
(500m×500m grids), the ground-motion intensity is assigned to each cell. Since there are 4,487
cells of which assets requires both PGA and Sa0.2sec as their inputs, the total 9,754 numbers of
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random variables exist to reflect intra-event residuals on the risk analysis. The intra-event residuals are modelled by the model in [8] to consider the spatial correlations between different
intensities, PGA at site 𝑖𝑖 and Sa0.2sec at site 𝑗𝑗. The correlation between inter-event residuals is
assumed to be 0.6. For the soil properties at sites, Vs30 = 760m/s.

Figure 1. Scenario earthquake event (Mw 7.9; Blytheville)

Regionally aggregated loss (USD)
Figure 2. Comparison of results by brute-force MCS and CE-AIS-GM
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Coefficient of variation

Regionally aggregated loss (USD)
Figure 3. Coefficient of variation of estimated exceedance probability

In this numerical example, 40 principal components are found to be enough to describe 9,754
intra-event residuals for the target region. The calibration strategy in Eq. (12) compensates the
variance lost by PCA-based approximation using 40 eigen-modes. A total of 125,000 pre-samples are generated in the application – 100,000 pre-samples to estimate the initial weights of
𝜛𝜛𝑘𝑘 in Eq. (7), and 25,000 pre-samples to update parameters in CE-AIS (5 rounds with 5,000
samples each). At the final sampling stage, 100,000 samples are generated to obtain the complementary cumulative distribution function of the aggregated loss, i.e. the probability of exceedance. Figure 2 shows that the proposed method provides accurate estimates for the
aggregated loss. Furthermore, Figure 3 demonstrates that the coefficient of variation (c.o.v) of
the estimate by the proposed method is within 3% while c.o.v of the estimates by brute-force
MCS is much larger and increases quickly as the threshold values increases. The almost-uniform level of convergence is achieved for the entire range of the loss by using the concurrent
adaptive importance sampling scheme described in Eqs. (6) and (7). Noting that the proposed
method uses only 22.5% of samples compared to MCS, it is concluded that CE-AIS with dimension reduction techniques can provide PELE results with higher level of confidence using
a reduced size of samples.

Conclusions
A new simulation-based method is proposed for community-level probabilistic earthquake loss
estimation (PELE) based on cross-entropy-based adaptive importance sampling (CE-AIS). The
proposed approach provides significantly improved efficiency of simulation-based risk assessment and uniform level of convergence for the whole range of the loss. The proposed approach
does not require prior knowledge, assumption or additional reliability analysis to identify importance sampling (IS) density. To facilitate the use of CE-AIS for PELE, this paper incorporates dimension reduction techniques by employing principal component analysis (PCA) and
central limit theorem (CLT). The numerical example confirms superb efficiency and accuracy
of the proposed PELE method. The proposed method is expected to facilitate near-real-time
PELE for large-size urban communities under a given scenario or an earthquake event.
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Abstract: The seismic fragility of bridge components depends on various input parameters that may have dissimilar impacts on the output fragility uncertainty. Computationally efficient yet reasonably approximate approaches are required to
partition the output fragility uncertainty into the contributions of individual parameters for better understanding of their role in reliability evaluation and improved
decision making. This paper presents a methodology employing ensemble statistical
learning approaches and error propagation techniques for uncertainty tracking from
input sources to output fragility. The proposed differential impact (DI) framework
is demonstrated on a multi-span simply supported concrete girder bridge in the Central and Southeastern United States while highlighting its role on decision analyses.

Introduction
Quantitative measurement of seismic vulnerability of highway bridges in the form of component and system level fragility curves has gained considerable prominence over the past decade
[1–3]. Development of these probabilistic vulnerability tools for bridge damage during earthquake events require a careful consideration and propagation of uncertainties stemming from a
multitude of parameters such as ground motion characteristics, material strength parameters,
structural modeling parameters and deterioration related variables particularly for aging
bridges. Existence of such uncertainties render the exact estimation of seismic fragility and
associated regional risk and resilience assessment studies challenging. In addition to estimating
the mean likelihood of bridge damage from fragility functions, it is necessary to quantify the
associated uncertainty for a detailed depiction of seismic fragility and its consequences. In this
regard, multiple researchers have developed confidence intervals around the mean fragility estimates. For example, Shinozuka et al. [4] adopted a Monte Carlo approach to compute the
90% confidence interval for the median and dispersion estimates of lognormally distributed
system level seismic fragility curves. Gardoni et al. [5] established confidence intervals on the
seismic fragility curves of a concrete overpass bridge highlighting the importance of epistemic
uncertainty on the vulnerability computation. Ramanathan et al. [6] and Padgett et al. [7] developed uncertainty intervals at the bridge component level for steel girder bridges, where the
latter found wide confidence bounds when considering uncertainty in soil parameters in regions
with a potential of soil liquefaction during earthquakes.
Typically, fragility confidence bounds developed by past researchers provide a lumped
error estimate that cannot be segregated into the input sources. Partitioning of the output (fragility) uncertainty as a function of the input parameter sources is critical for multiple reasons.
Firstly, such findings assist the identification of parameters that contribute most to the error in
vulnerability assessment. Parameters whose variability have a considerable impact on seismic
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vulnerability need to be propagated explicitly within the fragility assessment framework. On
the other hand, parameters with negligible impact on fragility maybe treated as deterministic,
thus saving on computational costs. Secondly, field instrumentation maybe focused towards
data collection of critical input parameters affecting the seismic fragility of bridge components.
Since field measurement is expensive and labor intensive, identification of critical field measurable parameters will lead to reduced operational expenses towards in-situ monitoring. Similarly, in-house database development by bridge owners to support vulnerability modeling
demanding significant overhead burden, can be targeted at the most important parameters. Recognizing the existing drawbacks and potential opportunities, this study proposes a differential
impact (DI) framework for uncertainty propagation from source to fragility for different bridge
components as well as the overall bridge system. This methodology utilizes surrogate modeling
to develop parameterized seismic fragility models along with error propagation techniques to
partition output fragility uncertainty into input sources.
The next section of this paper outlines different sources of uncertainty involved in the
seismic fragility analysis of bridge structures. Section 3 presents the surrogate metamodeling
framework for parameterized fragility development followed by discussions on uncertainty
propagation techniques. The proposed framework is demonstrated next on a representative
case-study multi-span simply supported (MSSS) concrete girder bridge in the Central and
Southeastern US (CSUS) along with results and discussions. The paper ends with conclusions
and recommendations for future work.

Sources of Uncertainty in Seismic Fragility Analysis of Highway
Bridges
Engineering problems, including seismic fragility assessment of highway bridges, inherently
involve many sources of uncertainty, often conveniently categorized as aleatoric or epistemic
[8]. Aleatoric uncertainty stems from the intrinsic randomness of a physical phenomenon and
is irreducible. Epistemic uncertainty is presumed to result from modelling assumptions, limitations in supporting databases or due to ignorance and can be reduced with additional knowledge
or comprehensive analysis. This study considers aleatoric and epistemic uncertainties simultaneously from the perspective of fragility analysis and uncertainty propagation. The different
sources of uncertainty considered in this study stem from ground motion, bridge modeling parameters, and surrogate models for seismic response approximation of bridge components.

2.1 Ground Motion
Ground motion time-histories and the choice of intensity measure may introduce significant
uncertainties in seismic fragility analysis of bridges. Earthquakes are a random process with
significant variability in location, time of occurrence, event magnitude, extent and type of fault
rupture, and location of hypocentre, among others. While a sufficient number of recorded
ground motions at a site may help in appropriately reflecting the regional seismicity and associated uncertainties through record-to-record variability, such recordings may be rare for all
earthquake-prone regions. Consequently, the model(s) used to generate these artificial timehistories may introduce uncertainties in addition to those from source, path and site characteristics of earthquake occurrences. Additionally, the earthquake incidence angle at the bridge
location maybe another source of uncertainty affecting the seismic response and eventual vul-
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nerability of bridge components. The proposed DI framework quantifies error estimates of seismic fragility functions conditioned on ground motion intensity and considers uncertainties
stemming from record-to-record variability and ground motion incidence angle.

2.2 Bridge Modelling Parameters
Highway bridges typically consist of several dissimilar components such as bearings, columns,
abutments, deck, among others, and consequently diverse input parameters are necessary to
develop high fidelity finite element models for fragility analysis. Some of these parameters
include material strengths, such as concrete compressive strength, steel yield strength, along
with material modeling parameters that may be inherently random. The choice of basic concrete
or steel material models defining the fundamental stress-strain behavior are also included in
this category. The choice of these material models is subjective and often at the discretion of
the model-builder, thereby adding an extra layer of uncertainty, which is however not considered in the present study. Other parameters in this category define bridge component behavior
such as bearing friction, shear modulus, fiber-section layout in the columns or a lumped plasticity assumption, active and passive abutment stiffness, among others. Bridge geometric parameters, such as column height, deck width, span length are required for bridge modelling,
although for portfolio level fragility analysis it is worthwhile to consider geometric parameter
uncertainty as a separate category [9].
An important subset of bridge modeling parameters includes deterioration affected
structural parameters, such as corrosion of reinforcing bars, concrete cover cracking and spalling, stiffening of elastomeric bearing pads due to thermal oxidation, and others [10–12]. Consideration of these parameters is particularly important for seismic fragility analysis of older
highway bridges located in harsh environments. The extent and uncertainty of deterioration of
the structural capacity of critical bridge components are heavily dependent on the severity and
complexity of the deterioration process, thus requiring careful consideration within the uncertainty propagation framework.

2.3 Metamodel error
Analytical procedures to estimate bridge vulnerability during earthquakes through seismic fragility functions typically consist of statistical learning algorithms at one or more stages. For
example, functions, also called metamodels or surrogate models, attempt to approximate the
“true” seismic response of a bridge component to seismic excitation. The primary function of
such models is to reduce the computer run time to develop fragility functions compared to naïve
Monte Carlo analysis. In the process of approximations, however, model fitting errors are introduced which need to be considered within the uncertainty propagation framework to estimate
the range of fluctuations of the fragility estimates. The next section will elaborate on the methodology adopted in the present study for error propagation from identified input parameter
sources to the output fragility estimates.

Metamodeling and Uncertainty Propagation Framework
This section of the paper first focuses on the methodology to develop parameterized seismic
fragility functions conditioned on critical (and potentially uncertain) input parameters. These
functions are subsequently used in conjunction with error propagation techniques to partition
the output fragility uncertainty as a function of the input sources.
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3.1 Seismic Demand Approximation using Metamodels and Parameterized Fragility Formulation
Given a set of n critical input parameters x1, x2, …, xn, a parameterized fragility function may
be represented as:

P[ Damage State Exceedance | x1 ,..., xn ]  f ( x1 ,..., xn ) .

(1)

Development of such fragility functions and determination of the functional form of f
consists of the steps outlined below. While the details of these steps maybe found elsewhere
[13,14], a brief outline is presented herein.
3.1.1 Experimental Design and Finite Element Simulations
The first step of the proposed framework involves formulating an experimental design that allows a systematic combination of the input parameters to efficiently span the sample space.
Experimental designs are particularly useful prior to metamodel fitting to reduce the number of
computationally expensive simulations while improving the quality of the approximation and
predictive capabilities of metamodels [15]. Among different experimental design strategies,
space-filling designs are suitable for computer-experiments due to the absence of bias. Construction of the design sequence is followed by nonlinear dynamic analysis of three dimensional
finite element bridge models with bridge characteristics for each nonlinear time history run
determined by the generated experimental design matrix. The seismic responses of different
bridge components thus generated from the finite element simulations are used to develop
multi-dimensional surrogate demand models.
3.1.2 Metamodel Fitting and Parameterized Fragility Formulation
This study uses metamodels in two stages to develop parameterized seismic fragility functions
for uncertainty propagation analysis. In the first step, a Gradient Least Square Boosting (GLSBoost) algorithm is used to train and then predict the seismic response of critical bridge components as a function of the predictor variables. This particular meta-algorithm is superior
compared to traditional techniques, such as multilinear regression for bridge fragility problems
and exploits the benefit of using multiple diverse predictive models called “weak learners” from
the training data and combination of these models to determine a single “strong learner”.
In the second stage, seismic demand samples from the GLSBoost metamodel are compared with the component capacity samples derived from the capacity distributions. Consequently, binary survive-failure vectors of Bernoulli trials for each critical component are used
within a logistic regression metamodel to derive component level parameterized fragility functions. For a particular bridge component k, this function takes the form:


Pf k | x1 ,..., xn

 x 

x ... 

x

k ,n n
e k ,0 k ,1 1 k ,2 2

   x   x ...  k ,n xn
1  e k ,0 k ,1 1 k ,2 2

(2)

where, βk,0, …, βk,n are the logistic regression coefficients for that particular component. Component level binary vectors are aggregated to generate system level survive-failure vectors and
parameterized fragility functions in a form similar to Equation (2). While offering several advantages over conventional uni-dimensional seismic fragility functions, these parameterized
models at the component and system level also allow the systematic propagation of uncertainty
from the input parameters to the output fragility stage. Note that the two-stage metamodeling
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approach described in this section introduces model-fitting errors which are propagated simultaneously along with input parameter uncertainties.

3.2 Error Propagation and Partitioning of Output Uncertainty into Input
Sources
Seismic vulnerability assessment of highway bridges using parameterized fragility functions,
as the one presented in Equation (2), is analogous to a typical multiple-input-single-output
(MISO) system wherein a particular combination of input parameters yields a probability of
bridge damage state exceedance. For error propagation analysis of such MISO systems, several
methods exist, such as Monte Carlo analysis, sensitivity analysis, statistical linearization, and
first order analysis using Taylor series expansion, among others. While some methods may be
suitable for error propagation, they may not help partition the output uncertainty into input
sources. For example, Monte Carlo analysis provides a lumped estimate of output uncertainty
typically following a large number of iterations. Sensitivity analysis is typically a “one-variable-at-a-time” approach that maybe useful for reducing the dimensionality of a multidimensional model, but does not allow the simultaneous propagation of uncertainty of multiple
parameters or partitioning of the output error into input sources.
Statistical linearization is particularly helpful when the output function consists of a
nonlinear combination of the input variables. This method requires the existence of n-dimensional joint probability functions of the input variables and numerical integration may render
heavy computer run-times during uncertainty analysis. However, for linear problems, such as
the exponent  k ,0   k ,1 x1   k ,2 x2  ...   k ,n xn in Equation (2), or even moderately nonlinear
problems, statistical linearization maybe an extravagant strategy to adopt [16]. For such problems, Taylor series expansion provides an excellent approximation to the output uncertainty in
the response while allowing partitioning of the error into its input sources. Our method uses the
Taylor series linear approximation of the response function around the mean of the predictor
variables with the nonlinear components truncated. For example, if the output response y is a
function of input variable vector x = {x1, x2,…, xn} then the expected value and the variance of
y can thus be evaluated as:
E  y   f  E  x 

(3)

 f  x  
2
Var  y    
 Var  xi    m .

x
i 1 
i


(4)

2

n

Equation (4) depicts the overall output model uncertainty of y as a function of the
variances of the inputs. The output response y may be the seismic response of bridge
components at the first stage of metamodeling fitting to component responses, provided that a
well defined equation in terms of input parameters exists (for example, a multilinear regression
model). This function can also be the logit function presented in Equation (2).
Taylor series expansion offers a simple yet transparent strategy for error propagation as
long as the input function is moderately nonlinear. The characteristic low curvature of the failure domain for highway bridge structures makes this error propagation strategy particularly
attractive [14]. The next section of the paper will demonstrate the application of this error propagation framework with a case-study MSSS concrete girder bridge located in the CSUS.
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Case-Study: MSSS concrete girder bridge class
The MSSS concrete girder bridge class in the CSUS accounts for nearly 19% of all bridges
within this region and has been identified by researchers as vulnerable during earthquake events
owing to inadequate seismic detailing of critical bridge components such as the columns and
bearings [1]. Additionally, these components are also prone to aging and deterioration due to
corrosion of column reinforcement and bearing dowel bars, and stiffening of bearing pads due
to oxidation. Parameterized seismic fragility models conditioned on critical input parameters
for this bridge class are developed first followed by the uncertainty propagation of these parameters for an aging case study bridge located in South Carolina.

4.1 Critical Input Parameter Identification, Metamodeling, and Parameterized
Fragility Formulation
The first step in our proposed DI framework involves the identification of input parameters that
most affect the seismic response of bridge components. This study considers critical parameters
which are also field measurable through sensor devices or other practical techniques for rapid
estimation of in-situ bridge fragility with reduced uncertainties. Table 1 lists the set of parameters comprising of ground motion parameters, critical bridge material modeling parameters,
aging parameters and geometric parameters. These parameters are chosen based on the sensitivity analysis of the seismic response of bridge components to parameter variations. While
those critical parameters not easily measurable in the field are not included within the parameterized models, their uncertainties are still propagated through the fragility analysis such as
abutment passive stiffness.
Table 1: Critical input parameters and logistic regression coefficients for seismic fragility assessment of MSSS
concrete bridge class
Logistic Regression Parameters
COL*
EBL*
EBT*
System
Peak Ground Acceleration
PGA
9.377
-0.383
-0.912
4.776
Longitudinal Steel Strength
p1
4.832
2.379
6.588
5.600
Elastomeric bearing pad friction
p2
-0.081
-0.006
-0.002
-0.028
Shear modulus of bearing pads
p3
-0.044
-0.203
-0.971
-0.450
Bearing dowel strength
p4
0.034
-0.049
-0.448
-0.268
Longitudinal rebar area of bridge columns
p5
-0.002
-0.025
-0.102
-0.104
Column height
p6
-3.225
-0.292
0.049
-1.727
Span length
p7
0.000
0.003
0.004
0.003
*
COL – Columns, EBL – Expansion bearing deformation (Longitudinal), EBT – Expansion Bearing Deformation (Transverse)
Input parameter

Symbol

Identification of critical parameters is followed by formulating an experimental design
matrix and nonlinear time-history analysis of bridge samples with modeling parameter levels
inferred from each design row. Peak ground acceleration (PGA) is propagated as an uncontrolled parameter wherein each design row is paired with a random earthquake time-history
from the suite of ground motions representative of the CSUS [19, 20]. Next, surrogate models
using the GLSBoost algorithm are fit to component responses for efficient estimation of seismic
demands given a combination of input parameters. Subsequently, following a Monte Carlo approach, comparison between a large number (10,000) of demand samples and component capacity estimates [1] helps generate binary survive-failure vectors to assist in the development
of parameterized fragility models at the component and system level using logistic regression

1722

[Equation (2)]. The fragility prediction error consists of the error from response metamodels
using GLSBoost as well as the logistic regression models fitting, which constitute εm in Equation (4). Table 1 lists the logistic regression parameters for the top three most vulnerable bridge
components as well as the overall bridge system. In addition to offering prompt estimations of
seismic vulnerability in a mean-sense, these models (along with the model errors) also assist in
the propagation of uncertainty and subsequent partitioning of error into input sources.

4.2 Propagation and Partitioning of Uncertainty for a Case Study MSSS Concrete Girder Bridge
While the parameterized fragility models developed in the previous section represent the generalized MSSS concrete bridge class, geometric characteristics and input parameter uncertainties vary from one bridge to another. This study considers a 46 year old aging MSSS concrete
bridge located in South Carolina. While field instrumentation data for this bridge may not be
available, analytical models can help predict corrosion deterioration of the reinforced concrete
bridge columns and increase in shear modulus of the bearing pads. The uncertainty of the deterioration process is captured using the recommended probability density functions for the relevant input parameters for the aging bridge under consideration [13, 21]. The probability density
function of other input parameters are adopted from Nielson and DesRoches [1] as recommended estimates for typical bridges in the CSUS. The probability distributions of the parameters under consideration are presented in Table 2. The geometric parameters, such as column
height and span length for this bridge are deterministic and adopted from the National Bridge
Inventory (NBI) database as 4.34 m and 10.30 m respectively.
Table 2: Probability distribution of input parameters for uncertainty analysis

Longitudinal Steel Strength
Elastomeric bearing pad friction
Shear modulus of bearing pads
Bearing dowel strength
Longitudinal rebar area of bridge columns

Variable
p1
p2
p3
p4
p5

Unit
MPa
MPa
kN
cm2

Distribution
Lognormal
Lognormal
Uniform
Lognormal
Lognormal

Mean
463
1
1.75
56.04
5.55

C.O.V
0.08
0.10
0.30
0.10
0.10

The statistical moments of the input parameters along with the metamodel error are now
used in conjunction with the parameterized fragility models and the Taylor series expansion
technique [Equations (3) and (4)] to segregate the output fragility uncertainty to input sources
as envision by our DI framework. Following this exercise, the output likelihood of failure estimate is still conditional on the ground motion intensity (PGA) and the record-to-record ground
motion variability is reflected in the metamodel error. The next section provides discussions on
the uncertainty propagation results.

Results and Discussion
Seismic fragility assessment and uncertainty analysis of bridge components and the overall
bridge system reveal interesting trends. Among the different bridge components, column response and expansion bearing deformations (longitudinal and transverse) contribute significantly to the system fragility and are thereby the most vulnerable from a vulnerability
standpoint. However, the probabilistic critical input parameters identified in this study affect
the fragility uncertainty of these components differentially. Figure 1 shows the moderate damage state fragility for bridge columns and expansion bearings along with the 95% confidence
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bounds for each individual sources of uncertainty represented by the outer curves of the colored
bands. For bridge columns, steel strength and column reinforcement area dominate the output
fragility uncertainty constituting 49.7% and 48.9% of the overall variance at median intensity
PGA. These two parameters substantially influence the seismic response of bridge columns and
therefore emerge as important in the uncertainty propagation phase. On the other hand, fragility
uncertainty of expansion bearings is most affected by dowel strength, bearing pad friction and
shear modulus contributing to 64.1%, 15.3% and 13.1% to the total error respectively. Rebar
area and steel strength, which emerge more critical for column response, contribute only 0.09%
and 1.1% to the bearing uncertainty. Similar trends in input parameter contribution to fragility
uncertainty is observed for fixed bearings; however, the contribution of this bearing type to the
overall system vulnerability is negligible. The seismic fragility for the abutments of the case
study are also found to be insignificant due to negligible deformations along the active, passive
and transverse directions during earthquakes.

(a)

(b)

Figure 1: Mean fragility estimates and 95% confidence bounds (CB) for individual sources of uncertainties
using different colored bands for a) columns, and b) expansion bearings (transverse direction). The plot
legends for different input parameters are sorted from the lowest to highest contribution to output uncertainty.

The percentage contributions of each of the probabilistic input parameters (Tables 1 and
2) to the fragility uncertainty for the top three most important component responses as well as
at the overall system level is shown in Figure 2 in the form of a bar chart. While some specific
input parameters individually dominate the component response and uncertainties, at the system
level no single input parameter exists which dominates the system fragility uncertainties. This
highlights the contribution of multiple components and hence a varied range of input parameters
to the system fragility. At the system level for moderate damage state, three input parameters
contributing most to the system fragility include column rebar area, steel strength and bearing
dowel strength constituting 33.7%, 29.5% and 21% of the total variance. While these three
parameters consistently emerge critical for other damage states, their relative contributions differ. The identified parameters at the component and system level therefore require careful consideration for instrumentation and monitoring to reduce the uncertainty around mean fragility
estimates and lead to better predictions of bridge vulnerability during earthquakes.
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COLUMN

64.1%

Shear Modulus
Metamodel Error

4.8%

29.5%
EXPANSION BEARING
(TRANSVERSE)

2.6%
8.4%

0.0%
6.4%

15.3%
13.1%

13.4%
24.6%

1.1%

0.9%

1.3%
4.5%
6.2%

EXPANSION BEARING
(LONGITUDINAL)

21.0%
33.7%

50.0%

Bearing Pad Friction
Rebar Area

48.9%

49.7%
0.0%
0.0%
0.5%

PERCENTAGE CONTRIBUTION TO
TOTAL ERROR

Longitudinal Steel Strength
Dowel Strength

SYSTEM

Figure 2: Percentage contribution of individual parameters to the seismic fragility of critical bridge
components and overall bridge system for the moderate damage state

Conclusions and Future Work
This study focused on the development of a differential impact (DI) uncertainty propagation
and partitioning framework for seismic vulnerability assessment of bridges. Traditional procedures of fragility assessment provide a lumped estimate of uncertainty wherein the contribution
of individual sources cannot be segregated. At the first step, the proposed DI methodology utilizes experimental design and metamodeling techniques to develop parameterized fragility
functions for bridge components as well as the overall system. These functions are conditioned
on ground motion intensity, critical structural modelling parameters, deterioration affected
bridge parameters, and geometric parameters. The multidimensional fragility model helps to
assess the impact of individual parameter variation on bridge fragility as well as to propagate
the uncertainty associated with individual parameters. In the second step, these models are used
in conjunction with Taylor series expansion techniques for partitioning the output fragility uncertainty of different bridge components and the overall system into individual parameter uncertainties, thereby identifying key parameters which most-affect the seismic vulnerability.
The proposed framework is demonstrated on a case-study multi-span simply supported
concrete girder bridge located in South Carolina typical of Central and Southeastern U.S. construction. Among the different bridge components, reinforced concrete columns and expansion
bearings emerge to be the most vulnerable bridge components. However, the critical input parameters identified for this bridge type are found to affect the seismic response of these components differently. For example, column rebar area and steel strength contributes most to the
fragility uncertainty of bridge columns, while bearing uncertainties are dominated by dowel
strength, bearing pad friction and shear modulus. At the bridge system level, where multiple
components contribute to system vulnerability, column rebar area, longitudinal steel strength
and bearing dowel strength contribute 33.7%, 29.5% and 21% respectively to the overall uncertainty. Better quality control for these parameters for new bridge design, or more confident
estimates using past design data and field monitoring of existing bridges will help in uncertainty
reduction for seismic vulnerability assessment and lead to tighter fragility bounds used in re-
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gional risk analyses. Future work on this topic will focus on assessing the impact of input parameters on the fragility uncertainty of similar bridge components across dissimilar bridge classes, and their impact at the level of transportation networks.

Acknowledgement
This research was funded by Grant No. 14IRCCSG022 from Industrial Research and Consultancy Centre at Indian Institute of Technology Bombay and in part by the National Science
Foundation under Grant No. CMMI-1234690. Their support is gratefully acknowledged.

References
[1]
[2]
[3]
[4]
[5]

[6]

[7]

[8]
[9]
[10]

[11]
[12]
[13]
[14]

[15]
[16]
[17]
[18]
[19]

Nielson BG, DesRoches R. Analytical Seismic Fragility Curves for Typical Bridges in the Central and
Southeastern United States. Earthq Spectra 2007;23:615–33. doi:10.1193/1.2756815.
Gardoni P, Der Kiureghian A, Mosalam KM. Probabilistic capacity models and fragility estimates for
reinforced concrete columns based on experimental observations. J Eng Mech 2002;128:1024–38.
Shinozuka M, Feng MQ, Kim H-K, Kim S-H. Nonlinear Static Procedure for Fragility Curve Development.
J Eng Mech 2000;126:1287–95. doi:10.1061/(ASCE)0733-9399(2000)126:12(1287).
Shinozuka M, Feng MQ, Lee J, Naganuma T. Statistical analysis of fragility curves. J Eng Mech
2000;126:1224–1231.
Gardoni P, Der Kiureghian A, Mosalam KM. Probabilistic models and fragility estimates for bridge
components and systems. Pacific Earthquake Engineering Research Center: University of California,
Berkeley; 2002.
Ramanathan K, DesRoches R, Padgett JE. A comparison of pre- and post-seismic design considerations in
moderate seismic zones through the fragility assessment of multispan bridge classes. Eng Struct
2012;45:559–73. doi:10.1016/j.engstruct.2012.07.004.
Padgett JE, Ghosh J, Dueñas-Osorio L. Effects of liquefiable soil and bridge modelling parameters on the
seismic reliability of critical structural components. Struct Infrastruct Eng 2013;9:59–77.
doi:10.1080/15732479.2010.524654.
Kiureghian AD, Ditlevsen O. Aleatory or epistemic? Does it matter? Struct Saf 2009;31:105–12.
doi:10.1016/j.strusafe.2008.06.020.
Padgett JE, DesRoches R. Sensitivity of Seismic Response and Fragility to Parameter Uncertainty. J Struct
Eng 2007;133:1710–8. doi:10.1061/(ASCE)0733-9445(2007)133:12(1710).
Choe D-E, Gardoni P, Rosowsky D, Haukaas T. Probabilistic capacity models and seismic fragility
estimates for RC columns subject to corrosion. Reliab Eng Syst Saf 2008;93:383–93.
doi:10.1016/j.ress.2006.12.015.
Ghosh J, Padgett J. Aging Considerations in the Development of Time-Dependent Seismic Fragility Curves.
J Struct Eng 2010;136:1497–511. doi:10.1061/(ASCE)ST.1943-541X.0000260.
Itoh Y, Gu HS. Prediction of Aging Characteristics in Natural Rubber Bearings Used in Bridges. J Bridge
Eng 2009;14:122.
Seo J, Linzell DG. Horizontally curved steel bridge seismic vulnerability assessment. Eng Struct
2012;34:21–32. doi:10.1016/j.engstruct.2011.09.008.
Ghosh J, Padgett JE, Dueñas-Osorio L. Surrogate modeling and failure surface visualization for efficient
seismic vulnerability assessment of highway bridges. Probabilistic Eng Mech 2013;34:189–99.
doi:10.1016/j.probengmech.2013.09.003.
Simpson TW, Poplinski JD, Koch PN, Allen JK. Metamodels for computer-based engineering design:
survey and recommendations. Eng Comput 2001;17:129–150.
Koziel S, Leifsson L. Surrogate-Based Modeling and Optimization: Applications in Engineering. Springer
Science & Business Media; 2013.
Rix
GJ,
Fernandez
JA.
Earthquake
Ground
Motion
Simulation
2004.
www.ce.gatech.edu/research/mae_ground_motion/ (accessed October 19, 2009).
Wen YK, Wu CL. Uniform Hazard Ground Motions for Mid-America Cities. Earthq Spectra 2001;17:359–
84. doi:10.1193/1.1586179.
Itoh Y, Gu H, Satoh K, Kutsuna Y. Experimental investigation on ageing behaviors of rubbers used for
bridge bearings. Struct Eng Eng 2006;23:17s–31s.

1726

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Reliability Assessment of Interdependent Lifeline Systems
(RAILS) and Systemic Importance Measures Using a
Non-Simulation Method
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Department of Civil and Environmental Engineering, Rice University.

Abstract: Lifeline Systems (LSs) are the physical and cybernetic distributed networks that underpin modern societies. They include: power grids, transportation
networks, cybersecurity networks, and finance networks, among others. As urban
populations continue to develop, LSs need to expand in capacity and coverage to
sustain ever increasing loads. Ensuring a reliable and steady supply of commodities and services from LSs is among governments’ and all other stakeholders’
best interests. However, assessing the reliability of LSs and finding cost-effective
strategies to improve their resilience remain standing challenges due to the computational hardness of methods for evaluating interconnected LSs. This paper
proposes a new reliability estimation method inspired by previous work on set
theoretic methods for estimating network reliability. Moreover, we augment the
application of existent importance measures to uncover cascading failure vulnerabilities across and among LSs, which are deemed practical to inform resource
allocation and LS asset management.

1 Introduction
The reliability and performance assessment of lifeline systems (LSs) continues to be an active area of research and a crucial aspect to consider in frameworks and methodologies for
the study of resilience of LSs [5, 19]. However, whenever complexity arises from the scale
of systems or inclusion of more constraints, such as system demands and capacities, the possibilities for practitioners and researchers narrow to simulation methods for performance assessment. One of the main limitations of simulation methods is the difficulty of determining
the precision of estimations, or that in order to do so, one requires to conduct large computational experiments [10]. Furthermore, machine learning algorithms remain problem-specific
as well as site-specific. To overcome these limitations, alternatives emerge from a combination
of analytical and sampling methods that either estimate exactly, within theoretical bounds, or
within confidence intervals the reliability of infrastructure systems. An emerging approach for
computing reliability of LSs is based on the state-space-partition (SSP) method [15, 3], proven
computationally efficient for network reliability problems. Such techniques partition the space
of possible states for a given system into subsets of feasible and infeasible states. For example, link-sets (feasible) and cut-sets (infeasible) in connectivity problems. This approach was
first developed for multi-state systems by Doulliez and Jamoulle [9] in the context of feasible
flow problems. Later on, Alexopoulos found mistakes and corrected them [2], and it was further
applied for stochastic spanning trees and multi-terminal flow problems [15, 7]. Furthermore,
considering that flow problems can be reduced to path problems, the decomposition principles
in the work by Dotson [8] is a special case of multi-states systems when they are reduced to
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the binary case. We make this observation given that the work by Dotson is the basis for efficient methods that were more recently developed in the reliability and earthquake engineering
community (e.g. [17]). In addition to this, the fist attempt to study interdependent LSs using
non-simulation methods was conducted by Kim, Kang and Song [16] in which they studied
dependencies of water nodes on the power system using graph transformations such as super
nodes and connecting the power and water networks in series. However, the previous work does
not consider the bidirectional case of interdependencies among LSs, which is more challenging
and is essential to shed light on the vulnerability of interdependent LSs. This paper presents
a new method for reliability assessment of interdependent lifelines systems that fully supports
interdependencies among systems. The core of our contribution consists of developing a statespace-partition SSP technique for systemic Reliability Assessment of Interdependent Lifeline
Systems (RAILS) problems. The outputs of this method not only provide reliability estimates,
but also reveal cascading failure vulnerabilities via importance measures for LSs’ components.
The reminder of this paper is structured as follows. Section 2 describes the new method for the
estimation of systemic reliability of interdependent LSs as well as the extension of importance
measures to the system-of-systems case. Section 3 shows computational experiments for a set of
synthetic networks studied using RAILS. Finally, Section 4 offers conclusions from this study
and outlines future research directions.

2 Reliability Assessment of Interdependent Lifeline Systems
This section begins by introducing the network reliability problem and its generalization to the
system-of-systems case. Later on, we introduce a new SSP method and it’s application to the
feasible flow of interconnected systems. At the end of this section we will show extensions of
importance measures in the literature to the systemic network reliability case.

2.1

Network Reliability

Assume that an infrastructure network k can be modeled as graph Gk (Vk , Ek ), where Vk is the
set of nodes and Ek is the set of links such that |Vk | = nk , |Ek | = mk . In practice, links and nodes
represent physical assets such as transmission lines and telecommunication towers. Both, nodes
and links (network components), can fail or vary their capacity levels. Assume an arbitrary
labeling of components L = {1, 2, .., a} such that a = nk + mk . We can represent mathematically such labeling by using one-to-one mappings ψ : Vk 7→ L for nodes and φ : Ek 7→ L
for links. Furthermore, we can model the capacity level ui of a component i ∈ L as a discrete random variable taking values from the finite set {xi (1) < ... < xi (li )} with respective
probabilities {pi (1), ..., pi (li )}, with li representing the total number of states considered for
component i. The probabilities pi ( j) represent the probability mass function (PMF) of component’s i capacity levels. Such PMFs are discretized versions of component fragilities, which are
usually obtained from expert opinion, empirical models derived from observations, and computational models. Moreover, we can represent the stochastic state of the system with a vector
X(v) = {x1 (v1 ), ..., xa (va )}, where vi represents the index of component’s i capacity level. We
can use indifferently X(v) or v = {vi , ..., va } to represent the state of the infrastructure system.
We can define the state-space of the system Ω as the cross product:
Ω = ∏ {1, ..., li } = {v = (v1 , .., va ) : 1 ≤ vi ≤ li , ∀i ∈ L }
(1)
i∈L

Typically, xi (1) and xi (li ) represent complete damage and no-damage, respectively. Thus, the
system’s ideal state is verified when v = {li , ..., la } and it will perform at its worst when
v = {1, ..., 1}. It is important to note the hyper-rectangular structure of Ω. This structure has
been exploited by many set-theoretic decomposition algorithms to estimate network reliability of binary systems. Furthermore, the generalization of the binary formalism is the multi-
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state system case, where set theoretic decomposition methods are often referred as state-spacepartition (SSP) methods [2]. Regardless of the infrastructure system under consideration, we
can value its performance at any state v ∈ Ω using an infrastructure utility function uk (v) linked
to a performance metric [14]. Thus, by setting a desired performance threshold Dk , we can
define the system’s infeasible domain as I = {v : uk (v) < Dk } and its feasible domain as
F = {v : uk (v) ≥ Dk }. In practice, uk (v) can measure the number of served costumers by a
power distribution network, or an inverse relation to customer disconnections and travel times
in telecommunication networks and transportation networks, respectively. We can define network reliability r(Gk ) of the stochastic system Gk as follows:
r(Gk ) = Pr[v ∈ F ] = 1 − Pr[v ∈ I ]
(2)
Estimating r is an NP-Hard problem [23, 21], which means that an algorithm that estimates
r exactly runs in exponential time as a function of the size of the input. Thus, approximation
algorithms and sampling schemes have been proposed to obtain estimates of r that are useful in
practice [13, 6, 11]. Also, Markov Chain Monte Carlo methods have been used for the network
reliability problem, but without guarantees in the quality of approximation [24]. In any case,
approximation and sampling algorithms can require a prohibitive number N of uk (v) evaluations. In general, the problem of evaluating uk (v) can be casted to a mathematical optimization
problem that is often difficult to solve as a becomes large. Thus, methods that keep the number of uk (v) evaluations to a minimum and offer guarantees of approximation while scaling to
real-world applications are in high-demand.
The following subsections generalize the single infrastructure formalisms discussed above to
the system-of-systems case and introduce a new method for estimating the reliability of interconnected systems.

2.2

Systemic Reliability Assessment of Interdependent Lifeline Systems (RAILS)

LSs are part of the built environment that is pillar to the well-being of communities. As such,
an accurate model needs to consider their combined performance to contingencies in the face of
community needs and social expectations [18]. We begin this section by extending the previous
notation to the system-of-systems case. Consider a set of infrastructures K, each composed of
stochastic systems Gk (Vk , Ek ) with set of nodes Vk and set of links Ek for all k ∈ K. The enS
semble of stochastic systems is denoted G(V, E), with set of nodes V = k∈K Vk and set of links
S
E = k∈K Ek . As before, let us consider an arbitrary labeling of components L = {1, ..., a} with
a = |V | + |E|, and one-to-one mappings ψ : V 7→ L for nodes and φ : E 7→ L for links. Also,
component capacity levels ui for all labeled components i ∈ L are modeled as discrete random
variables taking values from the finite sets {xi (1) < ... < xi (li )} with respective probabilities
{pi (1), ..., pi (li )} for all i ∈ L . Once more, we can represent the stochastic state of the system
with a vector X(v) = {x1 (v1 ), ..., xa (va )}, where vi represents the index of the capacity level of
component i ∈ L . We can use indifferently X(v) or v = {vi , ..., va } to represent the state of G
and its state-space as defined by Eq. 1. Furthermore, consider appropriate performance metric
thresholds Dk for all k ∈ K and the structure function SFk (v) that outputs 0 when uk (v) < Dk and
1 otherwise, where uk (v) measures the utility or performance of infrastructure k ∈ K. A simple
extension of the structure function to the system-of-systems case is SF(v) = ∏k∈K SFk (v). However, the simplicity of SF(v) in this form comes with the drawback of needing input from an
interdisciplinary body of experts that can establish acceptable performance level thresholds Dk
for all infrastructures k ∈ K in the aftermath of a crisis. We can estimate the systemic reliability
R(G) of the LSs’ ensemble G as follows:
R(G) = Pr[SF(v) = 1] = 1 − Pr[SF(v) = 0]
(3)
Estimating R(G) is also NP-Hard, since G can be reduced to the single infrastructure case. Note
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that while the findings of this study can be used in the single but larger infrastructure case, the
reminder of this section is devoted to the computation of interdependent R(G).

2.3

State-Space-Partition Methods for RAILS

The challenge of computing R(G) resides in the high dimensionality of the problem (a = |V | +
|E|) and the limited number of utility function evaluations that can be afforded with modern
computational resources. When a is not too large, theoretical methods can be used to derive
tight bounds on R(G) as well as importance metrics to rank component importance [16]. On
the other hand, when a is large, sampling methods seem to be the only option to LS modelers.
Nevertheless, state-space-partition (SSP) methods can be used to derive sampling schemes that
can be orders of magnitude faster than simulation-only methods [7, 13]. In addition to this, when
evaluating R(G) to different hazard scenarios such as in seismic risk assessment, decomposition
methods prove even more profitable than simulation as previous decomposition results can be
reutilized [20].
2.3.1

State-Space-Partition Methods

SSP methods are set-theoretic methods that generalize binary state decomposition methods (e.g.
[8]) to the case of multi-state systems [2, 7]. The main strategy of SSP methods is to decompose
Ω into disjoint sets of feasible and infeasible states. Before describing SSP methods in detail,
we will first fix some notation. The infeasible domain I = {v : SF(v) = 0} can be written
as the union of disjoint infeasible sets Ii ∈ I enumerated using a SSP method. Similarly, the
feasible domain F = {v : SF(v) = 1} can be expressed as the union of disjoint feasible sets
Fi ∈ F derived with an SSP method too. Furthermore, we can describe a hyper-rectangular
subset S ⊆ Ω by its vertices α(S) and β (S) such that αi (S) ≤ βi (S) for all i ∈ L . For brevity we
use the notation [α(S), β (S)] to refer to the set S = {v : α(S) ≤ vi ≤ β (S), ∀i ∈ L }. For example,
we can describe the state space Ω by its vertices α(Ω) = (1, .., 1) and β (Ω) = (l1 , .., la ) which
represent the states in which components are set to their minimum and maximum capacity
levels, respectively. We can compute the probability Pr[v ∈ S] provided that S has a hyperrectangular structure as follows:
β (s)
Pr[v ∈ S] = ∏ ∑ pi ( j)
(4)
i∈L j=α(S)

where pi ( j) is the probability of component labeled i ∈ L being at capacity level xi ( j) as
defined in the previous subsection. Thus, for component capacity levels with valid PMFs,
Eq. 4 yields Pr[v ∈ Ω] = 1. In general, SSP methods will decompose an input state-space
U j−1 (for example, U0 = Ω) in two fashions.The feasible-based approach: U j−1 = Fj ∪ U j ,
where U j = U j−1 \ Fj . Or, the infeasible-based approach: U j−1 = I j ∪ U j , where, similarly,
U j = U j−1 \ I j , and this represents an unexplored subset of Ω [7]. Also, Fj and I j are determined
by finding “deeper” states within U j−1 and leveraging on the properties of coherent systems.
For the feasibility-based case assume that a system state v0 is known such that SF(v0 ) = 1 and
αi (U j−1 ) ≤ v0i ≤ β (U j−1 ) for all i ∈ L . Then, a candidate for Fj is [v0 , β (U j−1 )] and we move
such a set to the list of disjoint feasible sets F. We are left with U j to be determined. Note that
j
U j is not guaranteed to be hyper-rectangular, however, we can partition U j into disjoint sets Ui
that have hyper-rectangular structure as shown in Eq. 5.
U ji = {v ∈ Ω :v0k ≤ vk ≤ βk (U j−1 ) for k < i,
αi (U j−1 ) ≤ vi < v0i for k = i,
(5)
αk (U j−1 ) ≤ vk ≤ βk (U j−1 ) for k > i}, i ∈ L
An important remark from Eq. 5 is that for every SSP iteration there will be at most a subproblems U ji , however, some sets U ji may be empty. In particular, for any i ∈ L that αi (U ji ) = v0i ,
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Eq. 5 will output an empty set. Each non-empty subset U ji is moved to a list of disjoint unexplored subsets U. Next, we subtract a subproblem from the list U and use the decomposition
process that was just outlined until U is empty, ergo Ω is fully partitioned. Note that at some
iteration j − 1 we may find no “deeper point” v0 since the whole set U j−1 is infeasible. In
such cases we shall move this set to the list of disjoint infeasible sets I. While carrying on this
decomposition, the following bounds on systemic reliability are unraveled:
F

I

Fi

Ii

∑ Pr[v ∈ Fi] ≤ R(G) ≤ 1 − ∑ Pr[v ∈ Ii]

(6)

Note that an infeasible-based partition follows symmetrically from the procedure outlined
above. In practice, SSP methods will not always converge and thus the goal is to keep bounds
in Eq. 6 sufficiently small. By prioritizing the exploration of subsets Ui ∈ U based on their
probability, this convergence can be accelerated; however, a processing scheme different from
the Last-In-First-Out (LIFO) policy can result in a intractably large list of unexplored sets U.
Thus, researchers have proposed to prioritize the selection of sets whenever possible and revert to a LIFO processing scheme if |U| becomes too large [7]. We adopt this strategy in our
computational experiments.
2.3.2

An Improved State-Space-Partition Approach

From the literature, there seems to be no definitive answer in regards to what SSP method
will perform best given an arbitrary stochastic system Gk and threshold level Dk . When the
performance threshold Dk is close to the maximum performance level of an infrastructure k,
feasibility-based methods perform efficiently in practice [2]. On the other hand, when link reliabilities are low, empirical studies favor infeasible-based partitions as evidenced in the case of
s-t network reliability [17]. This represents a challenge when selecting a SSP method that is effective for an ensemble of infrastructures with different reliabilities and performance thresholds.
As an attempt to select a suitable SSP method for estimating systemic reliability, we propose
a new approach that combines both, derivation of feasible and infeasible sets at the same time.
We term the new approach Alternating State-Space-Partition (ASSP). Our approach begins by
finding a state vI such that SF(vI ) = 0 and such that raising any capacity level would cause
the system-of-systems to become feasible. Then, we use analog version of equation Eq. 5 to
find the complementary unexplored subsets. Moreover, for each unexplored subset, we remove
a feasible set and find complementary unexplored subsets using equation Eq. 5. For an input
subset U j−1 an ASSP algorithm consists of the following:
U j−1 = I j ∪

[

i0 ∈L

(Fji ∪

[

i∈L

(i0 ,i)

Uj

)

(7)

Here, each iteration of an ASSP algorithm yields one infeasible set I j , at most a feasible sets
0

(i0 ,i)

Fji , and at most a2 unexplored subsets U j . The increased number of unexplored subsets can
become an issue when sets are prioritized, however; it is still manageable by reverting to a
LIFO decomposition policy if necessary. Another remark is better explained with a motivating
example; consider the case of connectivity between nodes s and t in a single binary network
system. Efficient algorithms to enumerate the list of independent paths can be found elsewhere.
For each independent path we can reduce the capacity level of one link belonging to the path
while keeping remaining links to their maximum capacity levels, hence we find a minimum
cut-set (Menger’s theorem). Then, for each unexplored subset generated using analog of Eq. 5,
we can match an independent path solution and its respective path-set by keeping the capacity
levels in the path to their maximum while all others are lowered to their minimum. Thus, in a
single iteration of an ASSP algorithm we can compute at most (1 + a) subsets that contribute
to shrinking bounds in Eq. 6 with little computational effort. This concept can be extended
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to feasible flow problems using the minimum-cut maximum-flow theorem [4]. Also, ASSP
algorithms show remarkable improvement over strictly feasibility-based and strictly infeasiblebased partitions as evidenced by our computational experiments in Section 4.
2.3.3

Importance and Stratified Sampling (ISS) Scheme

The performance of an SSP algorithm can be measured by the probability content in the unexplored sets in U. In practice, a SSP algorithm may not converge to the desired precision. In such
cases, one can derive an estimator of R(G) by taking ni samples vk ∈ Ui for each unexplored
subset Ui ∈ U, and estimate the probability of success when sampling from Ui as follows:
ni
SF(vk )
∑k=1
(8)
Ri (G) =
ni
An estimator of R(G) using this importance and stratified sampling (ISS) scheme is as follows:
ˆ =
R(G)
Pr[v ∈ Fi ] +
Pr[v ∈ Ui ]Ri (G)
(9)

∑

Fi ∈F

∑

Ui ∈U

We refer the reader to the literature for more details on this estimator[7]. When estimating R(G)
from Eq. 9 one can adopt Monte Carlo Sampling schemes with approximation guarantees [13].
We will used this estimator whenever the bounds in Eq. 6 do not converge to a desired precision.
2.3.4

Application Key Development: Feasible Flows in Interconnected Lifeline Systems

In this paper we will consider the problem of feasible multi-commodity flows in interconnected
infrastructures k ∈ K subject to node and link failures while thriving to guarantee performance
levels Dk . Besides of the multi-commodity setting, this problem differs from the classical feasible flow reliability problem [2] because of the additional constraints on nodes of meeting
certain demands in order to be functional [20]. More specifically, we will consider stochastic
infrastructures Gk (Vk , Ek ) with Vk and Ek as defined above, and the system-of-systems ensemble
G(V, E) as defined above. Moreover, components have have capacity levels uψ(i) for all nodes
i ∈ Vk and infrastructures k ∈ K, and capacity levels uφ (i, j) for all links (i, j) ∈ Ek and infrastructures k ∈ K. The one-to-one mapping functions ψ and φ map components to their labels
l ∈ L remain as defined above. Furthermore, each infrastructure k ∈ K has an associated set
of commodities Lk and each node i ∈ K has a demand bi,l . When bi,lk > 0, we say that node
i ∈ V is a costumer of commodity lk ∈ Lk . Conversely, when bi,lk < 0 we say that node i ∈ V is
a supplier of commodity lk ∈ Lk , and a transshipment node otherwise. Certain nodes i ∈ V will
require satisfying demands b0i,lk > 0 to function properly and their capacity level will be factored
by their functionalities wi ∈ {0, 1}. In addition to this, flows f(i, j),lk of commodity lk ∈ Lk can
traverse links (i, j) ∈ Ek ∀k ∈ K. The favorable performance of the system-of-systems is verified
when dk ≥ Dk for all infrastructures k ∈ K, where dk is the sum of flow of commodities lk ∈ Lk
reaching costumer nodes. We can formulate the previous problem as a Mixed Integer Program
(MIP); however, let us first consider the following reductions. Assume link costs ci, j = 0 for
all links (i, j) ∈ E. In order to maximize performance of the system-of-systems, for each infrastructure Gk (Vk , Ek ) introduce a super source node sk and a super sink node tk , and introduce
fictitious link (tk , sk ) with unbounded capacity uφ (tk ,sk ) = ∞ and negative cost ctk sk = −1[1].
The set of labels L is extended with any newly added component. For every demand bi,lk > 0
and b0i,lk > 0 in node i ∈ V , we will introduce a fictitious link with deterministic capacity level
uφ (i,tk ) = bi,lk and null cost. Also, for every supply node i ∈ V , we will introduce a fictitious
link with deterministic capacity level uφ (sk ,i) = −bi,lk and null cost. The MIP formulation of
this problem is shown in Eqs. 10. Despite being written as a minimization problem, the objective function in (10) maximizes the performance of G because of negative costs of links
(tk , sk ) ∈ Ek , ∀k ∈ K. The first set of constraints (10b) ensures flow balance at every node. The
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set of constraints (10c-d) ensures that the total amount of commodities does not exceed links’
capacities while considering the functionality of end-nodes. The set of constraints (10e) ensures
that the total amount of commodities traversing a node does not exceed its capacity level. The
set of constraints (10f) ensures that the functionality of nodes is constrained by the satisfaction
of demands b0ilk . Finally, the set of constraints (10g) ensures non-negativity of flows.

∑ ∑

Min ∑
s.t.

k∈K (i, j)∈Ek lk ∈Lk

∑

j:(i, j)∈Ek

fi jlk −

ci j fi jlk

∑

j:( j,i)∈Ek

(10a)
f jilk = 0,

∀i ∈ V, ∀lk ∈ Lk , ∀k ∈ K

(10b)

∑

fi jlk ≤ uφ (i, j) wi

∀(i, j) ∈ Ek , ∀k ∈ K

(10c)

∑

fi jlk ≤ uφ (i, j) w j

∀(i, j) ∈ Ek , ∀k ∈ K

(10d)

∀i ∈ V

(10e)

∀lk ∈ Lk , ∀k ∈ K, ∀i ∈ V

(10f)

lk ∈Lk
lk ∈Lk

∑ ∑

∑

k∈K j:(i, j)∈Ek lk ∈Lk
wi b0ilk ≤ fitk lk

fi jlk ≤ uψ(i) wi

∀lk ∈ Lk , ∀(i, j) ∈ Ek , ∀k ∈ K
(10g)
fi jlk ≥ 0
In the following sections, we will use the formulation in (10) to assess the performance of interconnected LSs and derive importance measures. For a more detailed description of the problem,
its Mixed Integer Program (MIP) formulation, and how to use Eqs. 10 to derive “deeper” feasible or infeasible states we refer the reader to the work by the authors [20].

2.4

Importance Measures in RAILS

An attractive feature of non-simulation methods is that importance measures are readily available after partitioning a system into feasible and infeasible subsets with known probabilities.
Here we provide approximations to importance measures in the literature [16] and extend them
to the multi-state and systemic case based on the state-space partition of R(G).
2.4.1

Systemic Reliability Sensitivity

Note that provided a full partition of Ω, Equations 6 and 4 provide polynomial functions in
terms of capacity level probabilities pi ( j) for all labeled components i ∈ L and capacity levels
{1, .., li }. For simplicity, let us express those probabilities as pi j with i and j as described above.
Thus, we can compute partial derivatives of the polynomials to estimate component capacity
level sensitivities. Note that the total probability theorem implies that, for every component,
there is a dependent variable. Let us arbitrarily choose pi1 as the dependent variable. Thus,
i
pi1 = 1 − ∑lj=2
pi j and the sensitivity of capacity level reliabilities pi j on systemic reliability
R(G) is as follows:
li
li
li
∂ R(G)
∂ Pr[v ∈ Fk ]
∂ Pr[v ∈ Ik ]
Si = ∑
=∑ ∑
=−∑ ∑
(11)
∂ pi j
∂ pi j
j=2 ∂ pi j
j=2 Fk ∈F
j=2 Ik ∈I

This metric evaluates the sensitivity of system reliability R(G) with respect to overall reliabilities of component i ∈ L .
2.4.2

Conditional Probability Importance Measure for Systemic Reliability

The second metric we consider is the conditional probability importance measure (CPIM)[22].
For the systemic reliability case, a labeled component i ∈ L at capacity level j ∈ {1, ..., li } has
conditional probability importance measure CPIMi j as follows:
Pr[v ∈ F ∧ vi = j] ∑Fk ∈F Pr[v ∈ Fk ∧ vi = j]
CPIMi j = Pr[vi = j|SF(v) = 1] =
=
(12)
R(G)
R(G)
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Figure 1: Realization of 2 8×8 grids with interdependency degrees Istr of 10%, 20% and 50%.

An estimator of the expression of the numerator in Eq. 12 can be obtained from Eq. 9 as follows:
ni
SF(vk )I(vki = j)
∑k=1
(13)
∑ Pr[v ∈ Fk : vi = j] + ∑ Pr[v ∈ Ui]
ni
Fk ∈F
Ui ∈U
where I(vki = j) is an indicator function that outputs 1 if vki = j and 0 otherwise. We adopt the
importance measures generalized in this subsection in our computational experiments.

3 Computational Experiments
In this section we conduct computational experiments using the newly proposed ASSP method.
In this study we will consider a set of synthetic networks with grid topology. Also, we will
consider various performance threshold levels Dk and different scenarios of interconnectivity
among infrastructure networks. We consider that both, links and nodes, can fail. For ease of
interpretation we will adopt two capacity levels for components, namely the cases of complete
damage and no-damage. Since we will need capacitated and interconnected systems with node
demands, we will use the following network model. First, define the number of infrastructure grids k ∈ K as well as their size n × n. Note that whit this model, the ensemble contains
|K|(n2 + 2(n − 1)n) components. Later on, simulate intra-node usages for each infrastructure
k ∈ K identifying them as customers, suppliers, etc. Also, for each infrastructure k ∈ K we select at random a percentage Istr of nodes and assign inter-demands b0i,l 0 such that k 6= k0 and
k

connect them to major consumer nodes j that are selected at random from infrastructure k0
by adding a directed interdependent link ( j, i) to Ek0 with enough capacity to transport b0i,l 0 .
k
We selected as parameters 30% for the number of consumer and supplier nodes for each grid
k ∈ K. Also, the intensity of all intra-demands and supplies are set to 1, maximum capacity
level of links is set to 1 with probability 90%, and for nodes we adopt unbounded capacity
with probability 95%. When components fail, their capacity levels are assumed to be 0. Figure 1 shows a realization of the model described above in which we have incrementally added
inter-demands and interconnected links as Istr increases. In addition to the newly introduced
ASSP method, for comparative purposes we will used strictly feasible-based partition (F-SSP)
and strictly infeasible-based partitions (I-SSP). We used a high-performance cluster to conduct
experiments in parallel. Each node of the cluster had a 12-core 2.83 GHz Intel Xeon processor,
with 4GB of main memory, and each experiment was run on a single core. Each experiment
consisted of running one of the three SSP algorithms on realizations of the model described
above and used same magnitude of performance threshold Dk for each infrastructure k ∈ K. We
set as limit of computation 1,000 seconds. Figure 2 showcases reliability estimates and associated variance obtained using the ASSP method. As we expected, when performance thresholds
Dk increase we see a degradation of systemic reliability. Similarly, when interdependency levels
increase we see further decrease of R(G). From figure 2 we also note that there is a transition
phase in the systemic reliability R(G). Identifying such transitions in critical infrastructure networks would shed light on whether reducing interdependencies (by providing backup systems)
or increasing system-capacity would be more cost-effective to shift the systemic reliability of
the system to a safe level. A last remark from figure 2 is that in the transition region we verify
an increase of variance on the R(G) estimator. In our experiments, ASSP yielded the tightest
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Figure 2: Systemic R(G) for two 8×8 grids and associated variances for different Dk and Istr values
using ASSP (Left and center). Logarithm (base 10) of the ratio of variance using FSSP over using ASSP.

bounds with respect the to other SSP methods. For small networks the variance reduction of
ASSP with respect to other SSP methods was of several orders of magnitude (e.g. Fig. 2-Right).
However, this trend reduced as the size of network increased while keeping the time threshold
of 1,000 seconds constant. Also, for ensemble of grids above 10 − by − 10 the gap Pr[vk ∈ U ]
was in the order of 0.7, and thus it resulted in very little gain in terms of variance reduction with
respect to simulation.

4 Conclusions
In this paper we proposed an efficient analytical partitioning method termed the Alternating
State Space Partition (ASSP) method and used an importance and stratified sampling (ISS)
approximation scheme for systemic Reliability Assessment of Interdependent Lifeline Systems
(RAILS). ASSP outperforms strictly feasible-based and strictly infeasible-based partitions. One
of the main ideas in our ASSP approach is that of deriving large feasible and infeasible sets
while solving one instance leveraging in the duality of the minimum-cut maximum flow theorem. In addition to this, we extended available importance measures in the literature to multistate components and systemic reliability. The exact and theoretically bounded by-products of
the RAILS framework contributes to measurement science in the context of infrastructure systems [12]. Further research should be devoted towards improving ASSP algorithms and testing
with larger sets as well with real world benchmarks. Also, adding more system physical properties such as correlations, back up systems and recovery actions would augment the applications
of this method. Finally, an in depth analysis of performance metrics that can be derived using
SSP algorithms would definitely provide new perspectives of element ranking for protection
and retrofitting in the context of interdependent systems and their resilience.
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[19] M. Ouyang and L. Dueñas-Osorio. “Time-dependent resilience assessment and improvement of urban infrastructure systems.” In: Chaos (Woodbury, N.Y.) 22.3 (2012),
p. 033122. ISSN: 1089-7682.
[20] R. Paredes, L. Duenas-Osorio, and I. Hernandez-Fajardo. “Computing Seismic Risk in
Interdependent Lifeline Systems”. In: Submitted to Earthquake Engineering Structural
Dynamics. (2017).
[21] J. S. Provan and M. O. Ball. “The Complexity of Counting Cuts and of Computing the
Probability that a Graph is Connected”. In: SIAM Journal on Computing 12.4 (1983),
pp. 777–788.
[22] J. Song and W.-H. Kang. “System reliability and sensitivity under statistical dependence
by matrix-based system reliability method”. In: Structural Safety 31.2 (2009), pp. 148–
156.
[23] L. G. Valiant. “The Complexity of Enumeration and Reliability Problems”. In: SIAM
Journal on Computing 8.3 (1979), pp. 410–421.
[24] K. M. Zuev, S. Wu, and J. L. Beck. “General network reliability problem and its efficient solution by Subset Simulation”. In: Probabilistic Engineering Mechanics 40 (2015),
pp. 25–35.

1736

OS13 The role of climate change on
hurricanes, storm surges and coastal floods
Organized by Gardoni/Wang

1737

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Roles of temporal correlation and non-stationarity in
hurricane process in damage assessment of residential
buildings exposed to climate change
Cao Wanga , Hao Zhanga , Quanwang Lib and Bruce R. Ellingwoodc

a School

of Civil Engineering, The University of Sydney, Sydney, NSW, Australia
of Civil Engineering, Tsinghua University, Beijing, China
c Department of Civil and Environmental Engineering, Colorado State University, Ft. Collins, CO, USA
b Department

Abstract: The intensity and frequency of future hurricanes may increase due to
the potential impact of climate change. Due to common underlying climatological causes, interrelations may exist between successive hurricane events. This
paper proposes a new approach for modeling the temporal correlation in hurricane frequency and develops an analytical method that reflects the hurricane
correlation and non-stationarity to estimate the statistical properties of cumulative hurricane damage to coastal residential buildings. The method provides a
closed-form solution to the mean and variance of hurricane damage, and is used
to to assess the role of temporal correlation and non-stationarity in hurricane
events quantitatively.

1 Introduction
The dramatic economic losses and social disruptions in coastal areas caused by hurricanes over
the past two decades have raised great concerns among civil infrastructure owners and managers as well as the engineering community. The steady increase in population and the associated
wealth in coastal areas suggests that the risk of even larger human and economic losses will
increase in the future. Residential building construction is particularly vulnerable to hurricanes.
Therefore, it is important to assess the potential for future hurricane damage in residential neighborhoods subjected to hurricanes, with a view toward developing and implementing improved
strategies for enhancing the performance of residential buildings in hurricane-prone areas.
Recognizing the large uncertainties associated with hurricane risk and the potential losses to
homeowners and the insurance industry, probability-based methods have been widely utilized in
hurricane wind modeling [18, 17] and in hurricane damage evaluation [13, 2, 12]. A reasonable
stochastic process model of hurricanes should incorporate the potential changes in frequency
and intensity due to the impact of climate change [8] and the interrelations between successive
hurricane events (measured by statistical correlation or dependence in the temporal scale), since
such changes are associated with a common underlying climatological cause [3]. For instance,
the phenomena of multi-year (El Niño or La Niña) and multi-decadal oscillations [17] indicate
that the hurricane process is by nature a temporally correlated one. Therefore, it is important
to consider both the non-stationarities in hurricane occurrence and intensity and the temporal
correlation in the hurricane process for hurricane damage assessment [3, 11].
The paper proposes a new approach to model the temporal dependency in hurricane frequency,
and develops an analytical method to calculate the mean and variance of cumulative hurricane
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damage that incorporates the impact of both non-stationarity and temporal correlation in hurricane occurrences in closed-form solutions. The method is illustrated with a hurricane damage
assessment of residential buildings in Miami-Dade County, Florida for a period up to 100 years,
and is used to to assess the impact of temporal correlation and non-stationarity in hurricane
events quantitatively.

2 Measuring the correlation in hurricane frequency
2.1 Poisson distribution for annual hurricane number
Hurricane formation over the Atlantic and Pacific basins is relatively frequent, but most of
these hurricanes dissipate before making landfall. On average, 8.4 hurricane events occur in the
Atlantic basin every year, but only 2.9 of them make landfall along the US coast line [14], and
for a specific location on the coast, hurricanes may be quite rare. The Poisson arrival process
has been used to model the random occurrence of hurricanes in many previous studies (e.g.,
[5]), in which the occurrences of hurricane events are independent and modeled as a Poisson
random process. If a discrete random variable, X, follows a Poisson distribution with a mean
occurrence rate of λ , then the probability Pr(X = k) is given by
Pr =

λk
exp(−λ ), k = 0, 1, 2, . . .
k!

(1)

where Pr( ) denotes the probability of the event in the bracket.

2.2 Modeling correlated Poisson random variables
The interrelations between successive hurricane events may be reflected by the temporal correlation between the hurricane numbers and/or between the hurricane intensities. The scope of
this paper is only to address the former; for the latter, readers can consult a companion paper by
the authors [12] and the paper by Lee and Ellingwood [10]. This section discusses the modeling
of correlated hurricane numbers. Due to the seasonal characteristics of hurricane activities, the
statistics of hurricane activity are measured on a yearly scale. The annual hurricane number
is modeled as a random variable, which is a measure of hurricane frequency and is correlated from year to year. Existing methods for generating correlated discrete random variables are
often associated with great complexity (e.g., [4, 6]). Here, a new method is developed aimed
at generating correlated Poisson random variables with improved efficiency. This method will
enable the statistics (e.g., mean and standard deviation) of hurricane damage to be estimated by
closed-form solutions rather than by Monte Carlo simulation.
Note that if N binomial random variables X1 , X2 , . . . XN are statistically independent and identically distributed (si&id) with a mean value of p, that is, Xi ∼ B(p) for i = 1, 2, . . . N, then the
sum of the N random variables follows a Poisson distribution with mean occurrence of N p if N
is large enough. The proof of this theorem can be found elsewhere (e.g., [15]).
Now consider two random variables S1 and S2 which follow Poisson distributions with an identical mean occurrence rate of λ . According to the theorem mentioned above, suppose S1
and S2 are the sum of N si&id binomial distributed random variables, i.e., S1 = ∑N
i=1 Xi , and
S2 = ∑N
Y
,
where
X
∼
B(
λ
/N)
and
Y
∼
B(
λ
/N).
If
S
and
S
are
correlated
with
a coeffii
i
1
2
i=1 i
cient of correlation denoted by ρ , we assume that Yi is dependent on Xi but is independent of X j
( j ̸= i). Since Pr(Xi ) = Pr(Yi ) = p = λ /N, a dependency factor γ can be introduced satisfying
Pr(Yi = 1|Xi = 1) = γ p

(2)

Obviously, 0 < γ < 1p . If 1 < γ < 1p , Xi and Yi are positively dependent; if 0 < γ < 1, they
are negatively dependent; γ = 1 corresponds to the case of Xi and Yi being independent. With
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Eq. (2), using the total probability theorem, it follows
Pr(Yi = 1|Xi = 0) =

p
(1 − γ p)
1− p

(3)

Using Eqs. (2) and (3), a method to sample correlated random variables S1 and S2 is as follows:
• Generate N samples of Xi (i = 1, 2, . . . N) according to the binomial distribution;
• Generate N samples of Yi according to Eqs. (2) and (3);
• Calculate samples S1 = ∑ Xi and S2 = ∑ Yi .
Further, with the definition of correlation coefficient, one can show that

ρ=

p
(γ − 1)
1− p

(4)

Recognizing that p = λ /N is extremely small, it follows

ρ
ρ
γ = 1 + (1 − p) ≈ 1 +
p
p

(5)

2.3 Correlation in hurricane frequency
As stated previously, for a specific region of interest, the hurricane frequency can be measured
in terms of the annual number of hurricane events, which is a correlated integer sequence.
For a reference period of T years, let Sm denote the number of hurricanes in the mth year
(m = 1, 2, . . . T ), which follows a Poisson distribution with a mean value of λm (λm may be a
function of time due to the potential impact of climate change). Now consider Sm and Sm+1 with
N
a coefficient of correlation of ρm . Let Sm = ∑N
i=1 Xi and Sm+1 = ∑i=1 Yi , where Xi ∼ B(λm /N) and
Yi ∼ B(λm+1 /N). Referring to Eq. (2), a dependency factor, denoted by γm , can be introduced
such that Pr(Yi = 1|Xi = 1) = γm λm+1 /N for all i = 1, 2, . . . T . It can be shown that
√
λm λm+1 (γm − 1)
ρm =
(6)
N
from which it follows that

N ρm
γm = 1 + √
λm λm+1

(7)

Eq. (7) shows that the dependency factor can be determined once the coefficient of correlation
is given. In such a way, {S1 , S2 , . . . ST } defines a correlated Poisson sequence. In the following
discussion, N = [50λ ]is adopted for the modeling of hurricane occurrence. Other values of N
can also be used as long as they are big enough so that λ /N is much less than 1.0. The coefficient
of correlation between the numbers of hurricanes in successive years is assumed to be constant
with time; thus ρm is replaced by ρ in the following analyses.

3

Hurricane damage assessment considering the non-stationarity and
temporal correlation

Hurricane vulnerability models have been developed in previous studies to estimate the building
damages caused by hurricanes [16, 5]. Those models provide quantitative links between the
hurricane damage and the hurricane intensity in terms of wind speed. In this paper, the term
hurricane damage refers to hurricane damage ratio, which is defined as the amount paid out by
e For a service period
the insurer (in $US) divided by the total insured value, and denoted as D.
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ei j
D
i
ei j
of T years, the cumulative hurricane damage is given by Dcum = ∑Ti=1 ∑Sj=1
, where D
(1+r)i
is a random variable representing the hurricane damage associated with the jth hurricane event
within the ith year; and r is the discount rate. Assume that the damaged buildings are restored
to the pre-damage state before the occurrence of the next hurricane event, and that the damage

caused by the hurricane events at the same year are equally discounted. Defining Di j =
one has
T

Dcum = ∑

Si

∑ Di j

ei j
D
,
(1+r)i

(8)

i=1 j=1

Note that the cumulative damage, Dcum , is a random variable. The mean and variance of Dcum
will be evaluated in the following.
Eq. (8) is the sum of several random items; thus, the mean and variance of Dcum can be obtained
through conditioning on the random number of hurricane events, S1 , S2 , . . . ST (e.g., [7]). Since
the damages in the same year are equally discounted, the notation E(Di ) is used to denote the
mean value E(Di j ), and Var(Di ) is used to denote the variance Var(Di j ). The mean value of
Dcum is:
{
}
E(Dcum ) = E

T

T

= ∑ λi E(Di )

∑ SiE(Di j )

i=1

(9)

i=1

in which λi describes the variation of hurricane occurrence rate with time. Eq. (9) implies that
E(Dcum ) does not depend on the temporal correlation of hurricane frequency.
The variance of Dcum is
T

T

i=1

i=1

T

Var(Dcum ) = ∑ λi [E(Di )]2 + ∑ λi Var(Di ) + 2 ∑

T

∑

ρ j−i

i=1 j=i+1

√

λi λ j E(Di )E(D j )

(10)

The impact of correlation in hurricane frequency on the variance Var(Dcum ) is evident from
Eq. (10). Var(Dcum ) increases if the coefficient of correlation between the number of hurricane
occurrences becomes larger. For the case of ρ = 0, Eq. (10) becomes
T

T

i=1

i=1

Var(Dcum |ρ = 0) = ∑ λi [E(Di )]2 + ∑ λi Var(Di )

(11)

which is associated with the case of hurricane occurrences being independent.
The calculations of both Eqs. (9) and (10) are relative simple and provide a very convenient
method of hurricane damage assessment compared with the computationally expensive Monte
Carlo simulation.

4 Estimate of hurricane damage: a case study
4.1 Wind speed model and vulnerability model
Miami-Dade County, Florida, with a land area of 5040 square kilometers, is the eighth largest
county in the United States and the third-largest county in Florida. It is chosen to demonstrate
the application of the proposed method and to investigate the impact of temporal correlation
in hurricane occurrence on hurricane damage assessment. The historical hurricane data from
the HURDAT database [available on http://coast.noaa.gov/hurricanes] show that a total of 27
hurricanes struck Dade County from 1901 to 2010; thus the mean occurrence rate of hurricane
events is λ = 0.245. Modeling the recorded annual hurricane numbers within the past period as a
correlated Poisson random variable series, the coefficient of correlation between two successive
years is calculated as ρ = 0.12. Note that there may be reporting errors associated with the
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historical record in certain periods [9]. Thus, rather than to determine the “exact” value of ρ , we
chose to consider different plausible correlation values (including zero) to investigate whether
the correlation parameter might be important in estimating cumulative damage.
Using the historical data from the HURDAT database, Li et al. [12] used regression analysis to obtain the probability distribution of hurricane wind speed (conditioned on hurricane
occurrence) for Miami-Dade County. The 1-min maximum wind speed associated with each
hurricane event, V , follows a Weibull distribution with a mean value of 31.8m/s and a standard
deviation of 16.2m/s. Thus, the CDF (cumulative distribution function) of V is
[ (
]
v )2.06
FV (v) = 1 − exp −
;v ≥ 0
(12)
35.9

To describe a non-stationary hurricane process due to climate change, the mean occurrence
rate, λ , and/or the statistical properties of the hurricane intensity both should be treated as timevariant, will be discussed in the next section.
Huang et al. [5] used Southeastern US insurance data of claim and loss information from Hurricane Hugo (1989) and Andrew (1992) to develop a vulnerability model for single family
e
housing units. This vulnerability function, D(v),
is given by
{
0.01 exp(0.252v − 5.823) v ≤ 41.4m/s
e
D(v) =
(13)
1
v > 41.4m/s

where v represents the 10-min mean surface wind speed measured at 10m elevation. A conversion factor ξ = 0.9 can be used to convert the 1-min maximum wind speed to the 10-min wind
speed [1]. This vulnerability model, expressed in terms of velocity as a surrogate for hurricane
storm intensity, is chosen for illustrative purposes. Note that the building code improvements
made subsequent to Hurricane Andrew had an impact on the damage that accumulates over time.
We assume in this paper that the vulnerability model remains unchanged in time, which may
result in conservative damage estimates because it does not reflect future code improvements.

4.2 Damage assessment under non-stationary hurricane process
Since the potential impact of climate change on the non-stationarity of hurricanes is still being
debated within the scientific community, we chose five scenarios for the non-stationary hurricane wind processes that have been suggested in the archival civil literature to examine their
potential impacts on residential building construction in the Miami area.
• Case 1: The wind speed increases linearly by 10% over 100 years.
• Case 2: The wind speed increases linearly by 20% over 100 years.
• Case 3: The hurricane occurrence rate increases linearly by 20% over 100 years.
• Case 4: The hurricane occurrence rate increases linearly by 40% over 100 years.
• Case 5: Both the wind speed and the hurricane occurrence rate increases linearly by 20%
over 100 years.
In all cases, the intensities in successive storms are assumed to be statistically independent and
Weibull distributed and to have constant COVs of 0.509.
To reflect the increase in the hurricane damage quantitatively, the mean values of the cumulative
hurricane damage for the 5 non-stationary hurricane processes were calculated using Eq. (9) and
are presented in Fig. 1. The expected cumulative hurricane damage for the stationary hurricane
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Figure 1: Expected cumulative hurricane damage associated with the 6 hurricane processes

process (Case 0) is also presented for comparison. The expected cumulative damages calculated
for a period of 100 years are 2.19, 2.34, 2.16, 2.28 and 2.49, respectively, for the 5 cases. The
results are 5.38%, 12.51%, 3.65%, 9.30% and 19.56% respectively larger than that associated
with the stationary case. Compared with the increase in hurricane frequency, the increase in
hurricane intensity causes significant damage. For example, the cumulative damages associated
with Cases 1 (10% increase in intensity) and 2 (20% increase in intensity) are larger than those
associated with Cases 3 (20% increase in occurrence rate) and 4 (40% increase in occurrence
rate), respectively.
The variances Var(Dcum ) of the cumulative hurricane damage for a period of 100 years for the
5 non-stationary hurricane processes were calculated using Eq. (10), and the results are presented in Fig. 2(a). The Var(Dcum ) for the stationary wind process model is also presented for
comparison (identified as Case 0). The variance increases as the correlation in hurricane frequency becomes larger. Although larger hurricane intensity and/or larger hurricane occurrence
rate introduces larger variance in the cumulative hurricane damage, the increase in Var(Dcum )
is mainly due to the increase in the correlation in hurricane occurrence.
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Figure 2: Statistics associated with different hurricane cases. (a) variance; (b) COV

The coefficient of variations (COVs) of Dcum are plotted in Fig. 2(b). Case 0 (stationary) has
the largest COV while the COV of case 5 is the smallest. This reduction of COV is because the
increase in mean of the cumulative damage is more significant than the increase in its standard
deviation. Furthermore, the temporal correlation in hurricane frequency has a significant effect
on the COV of cumulative hurricane damage. For instance, the COV for the case of ρ = 0.3 is
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9% larger than that for the case of ρ = 0.1, and 13% larger than that for the case of ρ = 0.
Fig. 3 plots the CDFs of Dcum for Case 2 and Case 5 assuming a Gamma distribution for Dcum ,
with T = 100 years, and with ρ = 0, 0.1 and 0.3 respectively. Comparing Fig. 3(a) (Case 2)
and 3(b) (Case 5), it can be seen that a larger hurricane occurrence rate will shift the CDFs
towards the right for all ρ , while the shapes of the CDFs remain almost unchanged as long as
the correlation in hurricane frequency is the same.
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Figure 3: The CDFs of the cumulative hurricane damage for: (a) Case 2; (b) Case 5

5 Conclusions
This paper has presented a new framework to model the temporal correlation in annual number of hurricanes in the context of climate change and has introduced a method for hurricane
damage assessment to predict the effects of temporal correlation in hurricane frequency and
non-stationarity on the mean and variance of hurricane damage. The method was illustrated for
residential buildings in Miami-Dade County, Florida. The following conclusions can be drawn.
1. The temporal correlation in hurricane frequency is relatively low (the coefficient of correlation is 0.12 between the annual hurricane numbers of two successive years), based on
historical data. This temporal correlation in hurricane frequency will cause a 7% increase
in the variance of hurricane damage; if the coefficient of correlation is 0.30, the increase
in the variance is 27%.
2. Both the increases in hurricane wind speed and hurricane frequency have significant impacts on the hurricane damage. Hurricane damage is more sensitive to the increase in
hurricane wind speed than to the increase in occurrence rate.
3. The non-stationarity in the hurricane process due to climate change will shift the CDF of
cumulative hurricane damage towards the right, while the temporal correlations in hurricane frequency “flatten” the CDF of cumulative hurricane damage. Both effects cause an
increase in cumulative hurricane damage over a period of 100 years at the upper extremes.
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Abstract: US hurricane losses are among the most important perils for many
insurance/reinsurance companies. Current estimates of expected losses are usually
not explicitly considering climate change effects. The current methodology, which
does not account for climate projections, is not capable of taking into account the
effects of climate change for long term analyses. With climate change coming into
effect, insurance firms are concerned that estimated losses are going to increase
many folds, which would impact premiums. This paper considers an empirical
hurricane model that accounts for the effects of climate change in the scenario described by one of the Representative Concentration Pathways analyzed in the International Panel on Climate Change Fifth Assessment Report. Events simulated with
this model are used to obtain estimates of future aggregate losses and compare possible effects on insurance pricing and financial strategies.
.

Introduction
Insurance companies regularly rely on complex catastrophe models for pricing premiums.
However, these models do not include a projection of climate change effects and rely on historical events. While plenty of data is available for the most common lines of insurance, scarcity
of data is one of the primary issues for catastrophe insurance dealing with extreme events such
as earthquakes, tornados and hurricanes. In addition, due to the effects of climate change, the
available data may not be representative of future occurrences of weather-dependent catastrophic events, such as floods and hurricanes. Instead of being limited to historical data, estimating aggregate losses of simulated events that account for climate change provides important
information for insurance companies. Estimates of future losses could forecast the necessity of
increases in premiums, design of premium-reducing strategies, and long-term hedging strategies. This link between climate change and insurance seems to have been underestimated.
Tools needed to quantify hurricane hazards, perform a vulnerability assessment of structures
and infrastructure [9], and consequently design insurance strategies based on the estimate loss,
are already separately available in the literature and used in other fields. The two main elements
required for the analysis are models of the physical phenomenon (the hurricane in this paper),
and risk analysis methodologies [8] along with computational tools that allow to compute the
expected losses. On one hand, several physics-based and stochastic hurricanes models exist
[5,25], and have been used for hurricane simulations based either on temperature projections
[20] obtained under specific assumptions of climate change scenarios [22] or on future temperatures estimated from grid-based auto-regressive integrated moving average models [15]. Some
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models can even take into account concurrent phenomena such as hurricane and rainfall [16].
On the other hand, catastrophe risk analysis is a relevant topic of the latest years [10,18]. Software like HAZUS [7] and MAEViz [4] are commonly used to compute loss estimates for different catastrophic events such as earthquakes and hurricanes [1].
This paper aims to understand the influence of climate change in hurricane insurance and to
propose premium-reducing strategies that can be used to reduce the impact of climate change
on the insurance premiums. Samples of hurricane occurrences taking into account one of the
future climate change scenarios presented in the International Panel on Climate Change Fifth
Assessment Report (IPCC AR5), [14], are used. Specifically, the analysis focuses on the worst
possible scenario defined by the Representative Concentration Pathway (RCP) 8.5, which presents the highest year 2100 radiative forcing level. The model presented in [25] is adopted for
the hurricane simulation. To consider the effect of climate change, model parameters such as
the mean value for the distribution of future annual hurricane occurrences, and the temperature
both at sea surface and atop of the stratosphere, are taken either directly from global climate
model projections or literature analyses [6]. The simulated hurricanes are then used in HAZUS
to derive the distribution of the expected losses taken as basis to present consequences for pricing of insurance premiums and premium-reducing strategies. A new financial instrument similar to CAT bonds [2], specifically designed to help reduce premiums, is presented.
The current approach is a prototype version that includes a number of simplifications and approximations that could be described in a more sophisticated way. However, the results allow
a qualitative discussion of possible implications of climate change.

Hurricanes’ simulations
2.1 Empirical model
The adopted model relies on statistical properties of historical hurricanes derived from the
Atlantic hurricane database (HURDAT2) [13]. For each year of simulation, the number of
storms ny is sampled from a negative binomial distribution (alternative versions of the model
use a Poisson process). For each storm, the relevant parameters required to define its genesis,
such as position, initial values of translation speed, v0, storm heading angle, 0 , and central
pressure (air pressure at the hurricane eye), pc 0 , are also sampled from the HURDAT2
database. An empirical tracking model, Eq. (1), defines the evolution of the hurricane’s track
in 6-hour interval steps. At each interval, increments of translation speed, v, and heading angle,
 that lead the track from Step i to Step i+1, are evaluated with a linear regression. In the
regression, the explanatory variables are longitude  and latitude  of the storm, translation
speed v, and heading angle  at present and previous step

 ln v  a0  a1  a2  a3 ln vi  a4i  
  b0  b1  b2  b3 ln vi  b4i  b5i 1  

(1)

where  is a random error. The regression coefficients a j and bk are determined separately for
easterly and westerly headed storms. They are grid-based coefficients defined on a 5º × 5º grid
over the entire Atlantic Basin. Once the track is defined, the central pressure of the hurricane is
obtained at 6-h intervals. Two different models are applied before and after the landing of the
storm, the relative intensity central pressure model, Eq. (2), and the central pressure decay
model, respectively. Before the landing or over water, the initial relative intensity is calculated
as function of the initial central pressure, the SST, Ts , and the temperature at the top of the
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stratosphere, T0 , as explained in [3]. For the subsequent 6-h intervals, the relative intensity is
evaluated from a grid-based regression model
lnI i 1  c0  c1 lnI i  c2 lnI i 1  c3 lnI i 2  c4Ts (i 1)  c5 Ts ( i 1)  Tsi   

(2)

where cl are grid-based coefficients and  a random error. For the track steps occurring over
land, the central pressure decay model presented in [20] is adopted. At each step of the track,
the storm hazard is assessed evaluating the radius to maximum wind speed Rmax and the surface
wind speed V. The radius to maximum wind speed Rmax is obtained from Eq. (3)
lnRmax  2.636  0.00005086 1013  pc   0.0394899  
2

(3)

The wind speed V is derived from Eq. (4)
V 2  V (Vt sin   fr ) 

rd  p
0
  rd

(4)

where VT is the translation speed of the storm, α is the clockwise angle from the direction of
motion, f is the Coriolis parameter, rd is the radial distance from the storm center, ρ is the air
density and p is the pressure at distance rd. A more detailed description of this formulation can
be found in [21].

2.2 Climate change scenarios and temperature projections
Four representative concentration pathway (RCP) scenarios [27] have been developed in the
IPCC Fifth Assessment Report (IPCC AR5, [13]) to be used in climate change simulations.
These scenarios are defined by their year 2100 radiative forcing level, which ranges from 2.6
W/m2 (RPC 3) to 8.5 W/m2 (RPC 8.5). They have been used with atmosphere-ocean global
climate models (ACGCMs) and Earth system models (ESMs), within the framework of the
Coupled Model Intercomparison Project (CMIP), to provide projections of future climate
change on different time scales [22].
The projections obtained for SST and temperature at the top of the stratosphere. T0 , can be used
in the hurricane model in place of historical records. However, instead of using the results of a
specific model, to account for the metadoxastic uncertainty in the models [17] a common
practice is to consider multi-model ensembles to increase the reliability of the projections [23].
Although it is difficult to forecast the trend in hurricane occurrences directly with highresolution ACGCMs and ESMs, the dataset produced by the fifth phase of the CMIP (CMIP5)
has been used as initial and boundary conditions in several studies that simulate the future trends
in hurricane occurrences in different basins for each possible scenario [6]. Some of these studies
explicitly report the projections of statistics of future hurricane occurrences that can be used
inside the adopted model to simulate the hurricane genesis.

Loss estimation
Once the hurricane occurrences are simulated, the HAZUS Wind Model is used to produce loss
estimates [6]. The software implements a hazard-load-resistance-damage-loss approach. Each
component, i.e. the hazard model, is developed independently from the others. It is important
to note that, in this methodology, physical damage model and the loss (economic damage)
model are separate components, and that the result for each building represents the average of
buildings having similar characteristics. The software already embeds databases for structures,
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demographic aspects, and infrastructure. However, to increase accuracy, the building inventory
may be enhanced.
The physical damage modelling is mainly focused on failures of cladding, exterior components
and entire roofs of residential buildings. Wall failures are also modelled for masonry and wood
frame walls while foundation failures are modelled for manufactured homes only. For each type
of building, HAZUS utilizes damage functions in the form of fragility curves that estimate the
probability of being in a state of damage given the median of the hazard intensity measure, that
for hurricanes is the peak gust wind speed. The load and resistance methodology used to
construct the fragility curves is described in details in [26].
The model implemented in HAZUS for direct losses is a physically-based, damage-to-loss
model. In this model the building is subdivided into costing subassemblies and for each of them
losses are evaluated using both explicit and implicit costing techniques that are different for
residential buildings, manufactured homes, commercial buildings and essential facilities. The
information on the cost configuration of each building are then combined with the building
damage state to define the economic loss. The software allows to evaluate different kind of
losses, but the present analysis only considers structural losses due from repair and replacement
for damaged building envelope components and losses deriving from damage to building
contents. Once the losses due to each hurricane are calculated those related to the same year are
added and finally the annual loss distribution is evaluated.

Insurance premiums evaluation
Premium pricing for insurance against catastrophe events is a major concern for both insurance
companies and homeowners [10]. For insurance companies, there is a critical balance between
pricing competitively and losing money. High prices make the policies unaffordable for the
homeowners and on the other side, lower prices may leave insurance companies bankrupt in
case of a catastrophe event. So, pricing of premium is a critical operation for any insurance
company and most insurance companies continuously analyze their pricing methodologies to
remain competitive and look for alternative risk hedging opportunities.
4.1.1 Premium pricing
The process of premium pricing is directly affected by the risk associated to the policy and
other factors such as deductible, DE, and coverage amounts. The risk associated to the policy
depends not only on the hazard but also on the characteristics of the insured building, such as
type and location. In order to calculate the premium for the insurance policy for each type of
building, the input values of Exposure, E, and Expected Losses, EL, are required. Often insurance companies increment Expected Losses,  L = E[L], by a risk load, RL, taken as a fixed
percentage of the standard deviation, RL   L2 , where  L2 = E[( L   L )2],  is the percentage
that varies from company to company, and L denotes the cumulative annual catastrophe losses.
From these values it is possible to evaluate the Loss Ratio, LR = (EL+RL)/E, also known as
Pure Premium. This value is then modified to include administrative costs, like commissions
and taxes, as a percentage of the premium known as Expense Ratio, ER. Therefore, the Gross
Premium, GP, which is roughly the amount that customers pay, can be evaluated as

GP 

LR
EL  RL

(1  ER) E (1  ER)
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(5)

In most of the cases insurance companies adopt a more sophisticated approach that also includes
a load for outward reinsurance margin, RM, and the cost of capital, CC. In this case, a modified
version of Eq. (5) can be used for pricing catastrophe perils as
GP 

LR 1  RM  (1  CC )  EL  RL 1  RM  (1  CC )

(1  ER)
E (1  ER)

(6)

Common strategies to avoid excessive increases in premium consist in acting directly on the
premium, adding or increasing the deductible, transferring part of their exposure to reinsurance
companies, or transferring part of their risks to capital market using insurance linked securities
like catastrophe bonds, commonly named CAT bonds [7].
By increasing the deductible, part of the risk is shifted to the insured. In order to incorporate
the deductible value, the loss ratio is modified as LR = (ELDE)/E and substituting this value
in Eq. 5 the new value of the Gross Premium can be found. An increase in the deductible,
anyway, may make the insurance product less appealing to buyers as much as an increase in
premium. Moreover, states laws influence deductibles so they cannot be freely adjusted. Therefore, the option of transferring their risk to capital market may be attractive for insurance/reinsurance protection. This option is the base of the proposed premium-reducing strategy presented
next.
4.1.2 Premium-reducing strategy
In order to reduce the premiums for the homeowners, we propose a mechanism for a derivative
similar to CAT bonds [19], but designed to reduce the premiums for the homeowners and having a 1-year maturity time. The structure of the new derivative is similar to that of CAT bonds,
and involves four parties: insurance company as sponsor; special purpose vehicle SPV which
is legally obligated to follow the contract; a collateral account (to secure the bonds); and the
investors. The basic structure is shown in Fig. 1. The sponsor sets up SPV to issue bonds and
investors buy these bonds in lieu of greater yield. The capital is secured in collateral account
and if bond is triggered, money is transferred to insurance companies otherwise, investors get
their capital with interest. Trigger event could be parametric, indemnity, modelled losses or
hybrid and is bond specific.

Figure 1: CAT Bonds mechanism

These bonds would be attractive to investors because they would provide a high yield and are
a relatively safe investment since maturity time is only 1 year. Since the risk is distributed and
consequently the insurance companies’ exposure is reduced, the risk load factor could be reduced to design more competitive prices. Considering such bond with trigger type as modelling
losses, the capital C is lost if, over the maturity period of 1 year, the cumulative modelled losses
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of the insurance company, L, exceed a defined threshold d. This condition translates to C =
C1{L>d}, where 1 is the indicator function. Investors Expected Losses, ELinv, can be calculated
as
ELinv  E C1L  d   C  P  L  d 

(7)

Using these derivative, risk is transferred from a ceding company to capital market and hence
gets diluted. However, in this case, the Expense Ratio for the companies would also include the
cost of structuring the bonds. In this restructured scenario, insurance companies are only exposed to the threshold loss d and hence Expected Losses for insurers, ELins are recalculated and
the new Loss Ratio can be defined as:
LR 

ELinv  ELins  RL
.
E

(8)

Application to a case study
Under the assumption that selecting a populated area, such as Miami, could better highlight
effects on the insurance industry, all the storms affecting the south east Florida are selected
among those simulated. Specifically, the interest is focused on the counties of St. Lucie, Martin,
Palm Beach, Broward and Miami-Dade. As previously anticipated, the hurricane samples are
generated considering only the effects of the extreme case of high radiative forcing at year 2100,
the RPC 8.5. Six different models (BCC-CSM1.1, CCSM4, GFDL-CM3, GFDL-ESM2M,
HadGEM2-ES, IPSL-CM5A-LR, MIROC5 and MIROC-ESM) are used to obtain the multimodel projections of SST and temperature at the top of the stratosphere. All the projections are
homogenized in a 2º × 2º grid of the Atlantic basin. The increase in the annual mean hurricane
occurrence is taken as the mean value of those reported in [6] that are based on projections from
six different models (CCSM4, GFDL-CM3, HadGEM2-ES, MPI_ESM_MR, MIROC5 and
MRI-CGCM3).

5.1 Sample tracks
To simulate the hurricane tracks, we adopt a modified version of the code used in [14]. In 2,000
years, a total of 33,226 storm occurrences was simulate, only 686 of which affecting the SouthEast Florida in 569 distinct years. Among all these storm simulations, only the 279 that in the
area of interest have a wind speed greater than 40 mph are used for the loss estimation in
HAZUS. For the selected tracks, the 6-h intervals are reduced to 1-h intervals with linear interpolation. Some sample tracks among those generated are shown in Fig. 2.

Figure 2: Sample tracks
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5.2 Loss tables
For each simulated hurricane track, HAZUS provides expected losses separately for each of the
five types of building considered: wood, masonry, concrete, steel buildings and manufactured
homes. From a geographical point of view, losses are cumulated either for census track or for
County. The loss data obtained have been fitted with a beta distribution.
Table 1 provides, for each type of building the mean and the standard deviation of annual loss
and the total exposure in the area considered. Moreover, in Table 1, the probabilities of exceeding 3 predetermined levels of losses (30%, 50% and 70% of the total exposure E) are reported.
Table 1: Loss statistics (in thousands of dollars), total exposure (in thousands of dollars), and probabilities of
exceeding predetermined damage thresholds
Wood

Masonry

Concrete

6

5

Mean

1.77×10

Stan. Dev.

7.23×106

9.36×106

Exposure

2.22×108

P  L  0.3E 

6

Steel

Manufactured
5

2.44×104

1.01×106

2.71×106

1.00×105

3.58×108

4.35×107

7.71×107

3.41×106

1.28×104

7.92×105

7.22×105

2.01×104

8.78×105

P  L  0.5E 

1.03×105

6.33×106

7.90×106

3.44×105

5.33×106

P  L  0.7 E 

3.04×107

1.86×107

3.71×107

3.11×106

1.03×107

1.82×10

1.53×10

5.06×10

5.3 Insurance premiums
5.3.1 Comparison with market rate insurance premiums
Using the values shown in Table 1, it is possible to evaluate the Gross Premium as in Eq. (6)
assuming a 25% Expense Ratio, ER,  = 0.3 in the RL, and 5% loads for outward reinsurance
margin, RM, and cost of capital, CC. The 25% load assumed for ER is a conservative value
since the current market mean is around 27-28%.
Table 2: Gross Premium [%] for the different building typologies
Wood
GP[%]

2.61×10

Masonry
2

1.90×10

Concrete

2

1.54×10

2

Steel
2.51×10

Manufactured
2

2.35×102

A comparison with current market values is difficult, because insurance premiums differs from
company to company, and it is not easy to find load estimates for the outward reinsurance margin, RL, and the cost of capital, CC. However, making a simplified comparison with the values
presented in [11], it is possible to infer an increase of 5-20 percent in the Gross Premium.
5.3.2 Example of premium-reducing strategy
An example of the results obtainable with the proposed strategy is presented in Tables 3-5.
Loss Ratio is calculated according to Eq. (8). In this example the Risk Load is the 25% of
standard deviation of losses. The Expense Ratio is increased from 25% to 30% to incorporate
the costs of issuing the bonds. Outward reinsurance margin, RM, and cost of capital, CC, are
still set at 5%. In Table 3-5 all values are in thousands of dollars except the Gross Premium
that is give as percentage.
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Table 3: Gross Premium [%] for d = 0.3*Exposure
Wood
7

Masonry

Concrete

8

7

ELinv

2.84×104

2.84×104

3.14×103

1.55×104

2.99×102

ELins

1.73×105

1.76×105

1.49×104

9.87×104

2.33×103

RL

1.81×106

2.34×106

2.53×105

6.78×105

2.50×104

LR

9.05×103

7.11×103

6.22×103

1.03×102

8.10×103

2

2

3

2

1.28×102

1.12×10

0.90×10

2.31×10

1.02×106

6.67×10

1.43×10

1.31×10

Manufactured
7

d

GP[%]

1.07×10

Steel

1.62×10

Table 4: Gross Premium [%] for d = 0.5*Exposure

d

Wood
1.11×108

Masonry
1.79×108

Concrete
2.18×107

Steel
3.86×107

Manufactured
1.71×106

ELinv

2.29×103

2.27×103

3.44×102

2.65×103

1.82×101

ELins

2.73×105

2.40×105

2.20×104

8.21×104

3.01×103

RL

1.81×106

2.34×106

2.53×105

6.78×105

2.5×104

LR

9.22×103

7.21×103

6.32×103

9.89×103

8.22×103

GP[%]

1.45×102

1.14×102

9.95×104

1.56×102

1.29×102

Table 5: Gross Premium [%] for d = 0.7*Exposure

d

Wood
1.55×108

Masonry
2.51×108

Concrete
3.05×107

Steel
5.40×107

Manufactured
2.39×106

ELinv

6.75×101

6.66×101

1.61×101

2.40×102

ELins

2.49×105

2.53×105

2.39×104

9.66×104

3.51×101
3.11×103

RL

1.81×106

2.34×106

2.53×105

6.78×105

2.50×104

LR

9.27×103

7.24×103

6.35×103

1.00×102

8.24×103

GP[%]

1.46×102

1.14×102

1.00×102

1.58×102

1.30×102

5.4 Conclusions
This study presents a framework to analyze the possible effects of climate change on hurricane
insurance and proposed a premium-reducing strategies that can be used to reduce the impact of
climate change on the insurance premiums. Starting with simulations of hurricane occurrences,
the losses are evaluated to compute future premiums.
This approach has some limitations given that the chosen hurricane model does not consider
the dependence on climate change of the regression coefficients in the hurricane-tracking and
intensity models, and also assumes a stationary relationship between sea surface temperature
(SST) and pressure. However, the results obtained are the first step in the understanding of
possible implications of climate change. In future studies, using more accurate hurricane models and more reliable projections of climate variables, within the same framework presented
here, will allow an improved quantification. The preliminary analysis shows that, in the worst
case scenario of climate change, premiums for hurricane insurance may increase compared to
published numbers. However, for future studies, this increment should be determined using the
presented approach to simulate premium under current climate conditions. In order to counterbalance this increment, the structure of a derivative, similar to that of CAT bonds but specifically designed to reduce premiums, is proposed.
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The idea is insurance companies transferring a portion of risk to the capital market using bonds
with short maturity time (1 year) and consequently small default probability. The main point is
to correctly define the threshold value d to set a proper trade-off between expected losses for
investors and returns. Indicatively, a threshold d = 0.5E seems the best suited for insurers and
investors. It can be observed that, with this mechanism, premium for homeowners reduces significantly. The presented approach gives the basis to define a more complex structure that can
take into account economic and market aspects neglected here, i.e. that for the same expected
loss the markets would charge more for volatile perils than for others. It also offers theoretically
the possibility to study and compare the effects of different climate change scenarios.
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Abstract: This paper presents results of a study to assess the impact of possible
future climate change on the joint hurricane wind and rain hazard along the US
eastern coastline. To characterize the hurricane wind hazard, climate change
scenarios were coupled with simulation-based hurricane genesis, wind field, and
tracking models to examine possible changes in hurricane intensity (maximum wind
speed) and hurricane size (radius to maximum winds). A rainfall hazard model was
developed using recorded rainfall data associated with hurricane events and a
probabilistic model relating wind and rain was constructed. A joint wind, rain, and
size hazard model was constructed that includes consideration of projected climate
change impacts.

1

Introduction

About five years ago my research group, which had been working on hurricane hazard
characterization and risk analysis, asked the question, “could emerging climate change models
be incorporated into an event-based hurricane hazard analysis to project changes in the hazard
in the next, say, 100 years?” This seemed a reasonable and timely question given the evolution
and confidence emerging in climate change scenarios, for example in the IPCC reports [16,17]
and the reasonable expectation that there would be locations in which the long-term hurricane
hazard would indeed be affected. In the context of civil infrastructure design, the 100-year
projection periods in many of the scenarios is indeed long-term, on the order of twice the design
life of most buildings in the US, for example.
In reviewing both the IPCC reports and supporting documentation, and the underlying scientific
papers describing both the climate change phenomena and the models created to capture and
forecast the associated changes, we found that one of the variables most affected by projected
climate change in all of the scenarios (namely, sea-surface temperature) coincided with the most
dominant variable in our event-based model. We have since confirmed, through our own
sensitivity studies and those by other researchers, e.g., [3,9,10], that capturing the changes in
sea-surface temperature allows you to capture most of the impact of climate change (as reflected
in current scenarios and models) on the hurricane hazard.
Our group has written extensively on the development and application of our models over the
last decade. These papers provide complete information on the development, validation, and
application of the models. The interested reader is referred to these papers [11,12,14,15,16].
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2

Hurricane Risk Analysis, Hurricane Model

Our work focuses on the hazard model, more specifically the characterization of the hurricane
hazard for use in a fully-coupled hurricane risk analysis. Of interest is the effect of projected
climate change scenarios (as presented by the IPCC, and focusing first on the effect of sea
surface temperature rise) on the hurricane hazard model.
The hurricane model itself, which forms the foundation for the event-based simulation studies
conducted by the author and his colleagues (as well as by other research teams) consists of: (a)
a gradient-level wind field model, (b) a genesis and tracking model, and (c) a decay model. The
gradient-level wind field model is constructed using data from aircraft reconnaissance flights
(at aircraft or gradient level) and information from the HURDAT database, the tropical cyclone
(hurricane) database maintained by NOAA. Once defined, the wind speeds predicted through
the gradient-level model can be modified to provide estimates of surface-level winds (at the
level of the civil infrastructure of interest). It has been shown that well-formed (well-defined,
intensive) hurricane gradient wind fields can be well represented as a vortex with translational
movement. The shape of the rotational vortex (surface air pressure) is a function of the distance
from the hurricane eye, heading direction, air density, translational wind speed, Coriolis
parameter, central pressure deficit, radius of maximum winds, and the Holland pressure profile
parameter. These are defined elsewhere [5,11,13,14,15,21].
The hurricane genesis and tracking model is based on information in the HURDAT database
[8], containing more than 150 years of records and information. This enables an occurrence rate
to be established as well as parameters for a (Markov) model for storm tracking across the
Atlantic basin. Finally, the overland decay model (how the storm intensity decays after it
crosses over land) also is based on historical records of the rate of decrease in hurricane intensity
(wind speeds) as the storm makes landfall and moves inland. As might be expected, the decay
rate model is site-specific depending partially on the land features that serve to break up the
storm. Storm decay is also the direct result of the hurricane being cut off from its energy source,
the heat from the ocean. More information on the genesis, tracking, and decay models can be
found elsewhere [5,11,13,14,15,21].

Climate Change: Impacts on Hurricane Hazard
Warm air rising from the oceans is the major source of energy for hurricanes. These storms
intensify, and become better organized (i.e., more symmetric) and therefore more efficient at
capturing rising heat, as they pass over warmer waters. The average global temperature has
increased by 0.8 degrees C. over the last 130 years, most (about 75%) of this change occurring
in the last 35 years (since 1980). As a mesoscale meteorological event, it seems reasonable to
contemplate that hurricanes may be affected by climate change. If the global temperature
continues to rise, as is projected by the IPCC, it is certainly possible that hurricane hazard will
be impacted. Our work seeks to examine the possible magnitude of that impact.
For our analysis, we selected a (high forcing function) scenario from the IPCC Fifth Assessment
Report [17]. This scenarios (RCP 8.5) predicts 8.5 watts/m2 total radiative forcing by the year
2100, as compared to 1.6 watts/m2 in the previous report in 2005. We chose to focus our study
on the northeast US coast, as the waters in this region are projected to see some of the largest
increases in sea-surface temperature along the eastern seaboard. This part of the eastern
seaboard of the US includes some of the largest cities (and populations) most vulnerable to
intensified hurricanes in the future, as (1) the infrastructure is older, and (2) much of the
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infrastructure, new or old, was not designed for strong hurricane winds such as those that might
be predicted to occur under climate change scenarios.

Wind and Rain Models
The wind field model [5,6,11] is based on models by Georgiou [4] and Vickery et al. [21]; the
storm track and central pressure models are based on the work by Darling [2] and Vickery et
al. [21]; and the decay model is based on the work by Vickery and Twisdale [22]. These models
were adapted over the years to accommodate new information, additional features, site-specific
and other conditions related to the study area under consideration [11,13,14,15,23].
Early in our work, Huang et al. [6] showed that our models (informed by data from the
HURDAT database) resulted in storm characteristics (and statistics of key parameters) that
agreed well with actual records along the entire eastern seaboard (northeast, mid-Atlantic,
southeast, and Gulf coasts). Specifically, comparisons were made between simulated and actual
observed hurricane parameters (approach distance, arrival rate, translational speed, heading
angle, and central pressure) along each section of the coastline. Actual data was available for
milepost locations at 50 mile intervals along the entire coastline. This important work by Huang
et al. [6] provided the model validation needed to proceed in these early studies.
For the models to be used in regional loss estimation studies, which seemed a sensible next
application, it would be important to properly characterize both the intensity and the size (or
spatial extent) of the storm. Properly accounting for the size of the storm, the shape of the storm
(relative intensity as you move further away from the eye), and both storm track and rate of
decay all are necessary to properly estimate damage (and associated losses) over a spatial area.
Mudd et al. [13,14,15] and Wang and Rosowsky [23] expanded our group’s earlier wind hazard
characterization work to include both intensity (maximum wind speed, Vmax) and spatial extent
(radius of maximum winds, Rmax). This resulted in bivariate (Vmax, Rmax) hurricane hazard
characterization curves that demonstrated immediate potential for use in regional loss analyses,
portfolio-wide vulnerability analyses, and even some performance-based engineering
applications.
As hurricane hazard modeling and associated risk analyses (using the hazard models) matured,
we sought to expand the bivariate (Vmax, Rmax) hurricane models to include rainfall, or more
specifically rainfall rate (RR). This would allow the model to inform compound risk analyses
considering both wind and rain. This could be of interest, for example, when looking at the risk
of structures to wind and wind-induced rain intrusion, or when considering the possibility of
local flooding when considering and planning for emergency response options.
The rainfall model is based on the R-CLIPER model by Tuleya et al. [20]. This rainfall intensity
model is informed by data from NASA’s Tropical Rainfall Measuring Mission Satellite
Program [7]. Model validation and accuracy has been shown by Tuleya et al. [20]. Mudd [12]
later showed generally good agreement considering accumulated rainfall for a suite of 30
landfalling hurricanes (simulated vs. actual). The Tuleya model was then adapted by Mudd et
al. [13] to change from a deterministic to a stochastic (Weibull) rainfall intensity model. This
allowed for the rainfall model to be fully coupled with the wind field model (through common
parameters such as sea surface temperature and several of the gradient wind field parameters),
enabling a fully coupled joint probabilistic (wind and rain) hurricane hazard model to be
defined. In other words, the hurricane event model is incorporated into an event-based
simulation framework (that considers the entire lifespan of the hurricane event, from genesis to
overland decay), the model outputs of interest (e.g., Vmax, Rmax, RR) at landfall are recorded,
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and the joint wind-rain hurricane hazard is able to be statistically characterized. Our analysis is
based on the simulation of 10,000 years of hurricane events making landfall along the US
northeast coast (the study region).

Simulation of Hurricane Wind and Rain Events
Monte Carlo simulation was used to generate, propagate, and track hurricane (wind and rainfall)
information, consistent with the models and information from the HURDAT database,
described earlier. By running the complete simulation twice – once under current conditions
and a second time with the increased sea-surface temperatures predicted under the IPCC
scenario (RCP 8.5) – we were able to develop statistical information on landfalling hurricanes,
specifically the joint wind-rain hazard, with and without consideration of possible climate
impact. A complete description of the event-based hurricane simulation procedure can be found
elsewhere [6,11,21].

3.1 Results: Impact of Climate Change on the Wind-Rain Hurricane Hazard
The results of the event-based simulation can be used to statistically characterize the hurricane
hazard (wind-only, or wind and rain). That is, event parameter sets (combinations of Vmax, Rmax,
and/or RR) associated with different hazard levels (exceedance probabilities in given time
periods) can be described. This information can inform decision-makers, planners, emergency
managers, electric power or other utilities, transportation and other public works departments,
insurers or other risk portfolio managers.
Results (event parameters at landfall) can be rank-ordered and fit with appropriate probability
distributions, whether individually (marginal distribution) or as pairs (joint distribution).
Pairwise (joint) probability densities are visualized as a surface in 3D, as shown in Figure 1; it
is not possible to visualize joint densities of more than two variables. Pairwise hazard contours
(2D) can be extracted from 3D joint density functions, as seen in Figures 2 and 3; and similarly
hazard surfaces for three statistically dependent variables can be created and visualized. Hazard
contours (or surfaces) are created at different hazard levels (e.g, x percent probability of
exceedance in Y years) or their associated mean recurrence intervals. See [13,23] for more
information and examples.
The results also can be used to compare hazard contours (or surfaces) with and without
consideration of climate change. Figure 3 shows pairwise hazard contours for (Vmax, Rmax) and
for (RRmax, Rmax), in the year 2012 (present climate) and the year 2100 (under the RCP 8.5
climate change scenario). The results suggest that storms will intensify under the projected
climate change scenario, becoming tighter (smaller Rmax) and more intense (larger Vmax), and
the maximum rainfall rate (RRmax) will decrease. These findings are true at all but the lowest
hazard levels (or shortest mean recurrence intervals). For example, in the case of the 10 year
MRI, the results suggest storms become slightly larger. This is not significant for two reasons:
(1) we have lower confidence (greater model uncertainty) in the smaller and less intense storms,
and (2) we have greater interest in the extreme (high hazard or large MRI) events.

3.2 Applications
We present two possible applications for the results of our work; others are discussed elsewhere
[13]. First, we can use the results to examine the degree to which current design standards are
adequate for conditions under the postulated climate change scenario. As an example, we
consider the wind load provisions of the ASCE 7 standard for design loads on buildings [1],
specifically for design category II (700-year MRI) wind speeds under the RCP 8.5 scenario (at
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year 2100). We found that while many inland locations see little or no increase in design wind
speed, the majority of the northeast US coastline sees increases of 15% or more. This includes
heavily populated locations having dense urban cores and vulnerable coastal infrastructure such
as New York City and Boston. This part of the eastern seaboard of the US includes some of the
most vulnerable infrastructure to intensified hurricanes in the future, as (1) the infrastructure is
older, and (2) much of it was not designed for such strong hurricane winds.
Second, we can use the results to create a suite of events (parameter sets) characteristic of a
given hazard level. These can be used, for example, in a performance-based design or
assessment application (designing for a specific performance requirements at specific hazard
levels, or assessing performance of existing infrastructure similarly) or as input into a lossestimation methodology (procedure to estimate cumulative losses, often over a geographic
region, under a specific hazard scenario) [19,23,24]. Figure 4 shows the procedure used to
construct Figure 2 (e.g.) and further highlights a possible set of points (in this case spaced
radially equally around the hazard contour) at each of two hazard levels. Each set represents a
possible “suite” of events, characterized as a (Vmax, Rmax) pair, at the given hazard level.
Therefore, looking at the outer ring of characteristic events (700-year MRI), one could use this
suite of events as input, for example, to a regional loss-estimation model, or require that the
design of an infrastructure component or system satisfy a certain performance requirement
under each of these characteristic events.
Perhaps more direct is the potential for such analyses to inform code committees, planners,
policy makers, and insurers about changes in the hurricane hazard and risk that can be expected
under postulated climate change scenarios. Such work also can be used to evaluate the
effectiveness of possible hard (e.g., structural) and soft (e.g., policy) mitigation strategies on
ameliorating these expected impacts and moderating risks (or consequent losses) to an
acceptable level.

Summary
Our group set out to answer the relatively simple question: “Could emerging climate change
models be incorporated into an event-based hurricane hazard analysis to project changes in the
hazard in the next (e.g.) 100 years?” We had worked for several years to build event-based
simulation frameworks (numerical procedures, and data-informed/calibrated models) without
consideration of projected climate change impacts. Our question surrounded the feasibility of
incorporating relevant information from emerging climate scenarios into our models to forecast
changes in the hurricane hazard. We chose the RCP 8.5 scenario from the most recent IPCC
report, as it represented a worst-case scenario. We chose to focus on a particular region
(northeastern US coastline) as it coincided with the area of the Atlantic basin that was projected
to have the largest increase in sea surface temperature. We show that it is indeed possible for
climate change scenarios to inform such event-based simulations models.
It is important to point out that the extreme wind climate along the northeastern US coastline is
likely to be influenced both by tropical storms (hurricanes) and by extratropical storms (e.g.,
thunderstorms and other straight line wind events). As such, the extreme wind climate may not
be characterized by hurricane wind speeds only. The results presented here can only be used to
characterize the hurricane hazard (rather than the complete wind hazard) in this coastal region.
It is quite reasonable to expect that researchers will continue this work, using more advanced
models that capture more atmospheric and oceanic phenomena, and accessing more and better
data. And of course, computational speeds will continue to increase making such analyses
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faster, easier, and more widely accessible. But even as we make incremental progress in these
regards, it is unlikely to change the findings significantly. There is an impact of projected (and
now broadly anticipated) climate change on the hurricane hazard in a period of time (100 years)
relevant to decisions we must be making today.
Our work can inform standards committees responsible for setting design-basis wind speeds in
hurricane regions (for example), but it also can inform urban planners, building code officials,
lenders, investors, insurers, utility companies, transportation officials, and the public. Such
models can and should be used to inform infrastructure-related decisions, while the results can
and should inform ongoing conversations around the expected impacts of climate change.
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Figure 1. Probabilistic description of bivariate hurricane event (Vmax, Rmax)
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Figure 2. Hazard contours (Vmax, Rmax)
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Abstract: With approximately half of the U.S. population now living within 50
miles of the coast, there is an increasing risk that coastal communities will be
significantly impacted by flooding, storm surges and high winds associated with
hurricanes and tropical storms. Such risks are likely to be exacerbated by the
impact of climate change. Effective risk-based coastal community resilience
planning requires physics-based hazard-modeling technologies that can not only
provide time series of hazard demand parameters (water depth, flow velocity,
flood duration, etc.) to support resilience assessment at community or regional
scales, but also can capture the impact of climate change on hazard intensity and
frequency of occurrence. This study, in a novel perspective, expands the ASGSSTORM developed previously that coupled hurricane wind/precipitation,
hydrologic, hydrodynamic, and wave models to forecast coastal flooding in realtime for an on-going hurricane event to project the long-term hazard impact on
coastal communities due to future hurricane events under climate change.

1 Introduction and Motivation
With approximately half of the U.S. population now living within 50 miles of the coast, there
is an increasing risk that coastal communities will be significantly impacted by flooding,
storm surges and high winds associated with hurricanes and tropical storms. Such risks are
likely to be exacerbated by the impact of climate change [1]. Hazard models used in civil
infrastructure risk management for extreme winds and floods traditionally have been
statistically-based. For example, the Flood Insurance Rate Maps (FIRMs) developed by the
Federal Emergency Management Agency (FEMA) depict the 100-year and 500-year return
period flood contours. Such flood maps do not reflect spatial variation in hazard demand
parameters within a community, or the spatial and temporal correlations among these
demands, imposed by specific flood scenarios. Such information however is critical to
characterize the correct spatial distribution of risk that is of paramount importance for natural
hazard mitigation of civil infrastructure within communities. Furthermore, the concept of a
“return period” implies that the extreme hazard of interest can be modeled as a stationary
random process, which becomes untenable when non-stationary effects of global climate
change are considered. Effective risk-based coastal community resilience planning requires
physics-based hazard-modeling technologies that can not only provide time series of hazard
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demand parameters (water depth, flow velocity, flood duration, etc) to support resilience
assessment at community or regional scales, but can also capture the impact of climate change
on hazard intensity and frequency of occurrence.
Advanced flood modeling techniques have been developed in the past few decades for
real-time weather forecasting. There is a great potential to couple such advanced hazard
modeling techniques to civil infrastructure risk management with the ultimate goal of
enhancing community resilience. The ASGS-STORM (ADCIRC Surge Guidance System [2]Scalable, Terrestrial, Ocean, River, Meteorology) has been developed over the last several
years to couple hurricane wind and precipitation, hydrologic and hydrodynamic models, and a
wave model to real-time forecast the total water level (tides + waves + surge + runoff) due to
an on-going hurricane event [2-6]. The research herein expands this ASGS-STORM in a novel
perspective to project the long-term hazard impact on coastal communities due to future
events under climate change to support coastal resilience planning. This coupled modeling
system is hereafter denoted as STORM-CoRe.

2 STORM-CoRe: Coupled Model System
Figure 1 illustrates the major modeling components of STORM-CoRe. The coast of North
Carolina, with the inclusion of the Tar-Pamlico River and Neuse River watersheds, as shown in
Figure 2, is utilized as the study area. This study area was also the subject of previous work
and the validation of the different models can be found in [3-8].

Figure 1. Schematic of STORM-CoRe to be utilized to support community resilience planning
under future climate change scenarios. The boxes outlined in red indicate the models that will be
focused on in this paper.

2.1 Hurricane Model
As shown in Figure 1, for a future hurricane event, both the wind field and associated rainfall
is the intended forcing for STORM-CoRe. Recent studies (e.g., [9,10]) have indicated that
there is a global-wise ascending trend in both annual frequency and intensity of extreme
hurricanes due to the impact of climate change. The statistically-based hurricane track and
intensity models traditionally used for assessing the risk of civil infrastructure due to tropical
winds (e.g. [11]) are not capable of predicting such a future trend in hazard characteristics due
to climate change. The physics-based hurricane models (e.g. Emanuel et al. ([9,12,13]) are
able to generate operating vortex interacting with environmental winds and mixing with sea
surface water to produce an in situ wind field, which theoretically can cooperate with global
circulation model (GCM) or global forecast system (GFS) to capture the impact of climate
change on the development of hurricane vortices. The simulation of future hurricane events is
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out of the scope of the current manuscript. For illustration, here we use one hypothetical
future hurricane track to demonstrate the coupled modeling process of STORM-CoRe.

Figure 2. Research Area with river networks and the extent of ADCIRC Model along with the four locations
where the connection between the hydrological and hydrodynamic model occurs

2.2 Rainfall model, R-CLIPER
The Rainfall-Climatology and Persistence (R-CLIPER) model [14,15] is a parametric tropical
cyclone rainfall model that can be utilized to obtain the synthetic rainfall given the intensity
and tracks of a tropical cyclone. In the development of the rainfall, R-CLIPER employs
empirical equations that vary the intensity of rainfall based on the storm intensity, radius from
the center of the tropical cyclone, and the average rainfall intensity or frequency. Full
equations can be found in [14] and [15]. Additionally, a study on the use of the R-CLIPER, in
the hindcast of historical storms can be found in [8].

2.3 Hydrology model, CREST
With the R-CLIPER projected precipitation as forcing data, a grid-based distributed
hydrological model, called Coupled Routing and Excess Storage (CREST) [16,17], can be used
to estimate the streamflow at the four handoff locations, which are shown in Figure 2. CREST
employs the variable infiltration capacity curve [18-21] to obtain the surface runoff and
infiltration in each cell. Surface and subsurface runoff are calculated using linear reservoir
theory, and it is then routed from upstream to downstream via cell-to-cell routing, which
utilizes the derivatives of flow direction, flow accumulation and slope obtained from the
Digital Elevation Model (DEM). CREST [17] enables automatic calibration of the model
parameters using the SCE-UA (shuffled complex evolution–University of Arizona) method
[22,23], and enables the possibility of using grid-based parameters, which we can estimate apriori from high-resolution land cover and soil texture data or other remote sensing data.
Lastly, data assimilation schemes have been implemented that allow for the assimilation of
observations, including streamflow, and soil moisture. Remote sensing observations have also
been utilized to improve CREST model prediction of the hydrological cycle for the following
basins: Tar River of North Carolina, Fort Cobb Basin of Oklahoma and Okavango Basin in
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South Africa [24,25]. The estimated streamflow induced by the rainfall provides the
hydrological input for the hydrodynamic model discussed in the next section.

2.4 Hydrodynamic model, ADCIRC
The full development of the ADCIRC (Advanced Circulation) model can be found in various
sources, i.e., [26-28]. ADCIRC utilizes the full nonlinear shallow water equations with the
hydrostatic assumption and Boussinesq approximation. The Generalized Wave Continuity
(GWC) equation, developed by Kinnmark [25], provides the changes in elevation, while
velocities are obtained from the momentum equation. ADCIRC employs Galerkin finite
elements with equal-order interpolating functions (linear C0 triangular element) for the spatial
discretization. In the temporal discretization, ADCIRC uses a semi-implicit, three-time level
approximation (centered at the present time) for the GWC equation and a lumped, two-timelevel approximation (centered at the present and future time step) for the momentum equation;
nonlinear terms are evaluated explicitly. ADCIRC can also be solved in the fully explicit mode,
which improves the scalability of the model [29]. Applications with ADCIRC have been
widely-varying and include some of the following: dredging feasibility and material disposal
studies, the original application of the model; real-time prediction of storm surge [2,3],
flooding and riverine flooding [5,6]; flood inundation maps for coastal areas [30]; modeling
tides and wind driven circulation [31,32]; near-shore marine operations; and modeling
baroclinic driven circulation [33]. Within this study, the parametric Holland wind model [34]
will be utilized to provide the wind field for the ADCIRC model.

3 Results and Discussion
With the coupled modeling system described in Section 2, we utilized one sample hurricane,
shown in Figure 3a, developed from the statistical hurricane model mentioned earlier, as an
initial test of the system. This initial test allowed for the setting up of the system with the RCLIPER model and also allowed us to do an initial sensitivity test of an R-CLIPER parameter, f,
to determine its influence on the total water level. The synthetic storm chosen varied in the
storm intensity from Category 3 in the deeper ocean portions of the domain to Category 2 as it
made landfall at a location between the two river systems included in the study.

3.1 Initial test of the system with a synthetic track
Figure 3b and 3c show the accumulated precipitation through the storm obtained from the RCLIPER model for different values of the parameter, f. As can be seen within this figure,
precipitation occurs within both river basins with more intense amounts occurring within the
Tar River basin. The hourly rainfall amounts from R-CLIPER are utilized by the CREST
model as precipitation input. The CREST model provides streamflow discharges to the
ADCIRC model (Figure 3d); ADCIRC results are shown in Figure 4.
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Figure 3: (a) Hurricane track (5 hours between the points); (b) precipitation accumulation for f=30; (c)
precipitation accumulation for f=-30;(d) hydrograph of the four handoff points. Note: The blue box in (a) is the
area shown in (b) and (c); the red box in (a)-(c) is the area shown in Figure 2.

Figure 4a shows the maximum water surface elevations over the course of the tropical
cyclone developed from the synthetic storm using an R-CLIPER f-value of 30. As can be
seen, there is the inundation of water into the coastal areas of the Pamlico Sound area (note
the green and yellow colors just to the south of Washington), along with an increase in the
water levels within the Tar River near Washington. Figure 4b shows the maximum water
surface elevations over the 29 days following the storm when the waters in the upper portions
of the Tar and Neuse River watersheds have had time to drain into the coastal regions, which
can lead to additional flooding in these regions after the tropical cyclone has dissipated. As
can be seen in this figure when compared to Figure 4a, the water levels recede in the coastal
regions; however, there is an increased water level in the upper areas of the riverine areas as the
rainfall-runoff in the upper regions of the watershed makes it into the coastal regions.

(a) tropical cyclone

(b) 29 days following tropical cyclone

Figure 4. Maximum water surface elevations within the North Carolina coast during the (a) tropical cyclone
and (b) over the 29 days after the tropical cyclone made landfall. Note that the brown lines represents the
land boundaries for the ADCIRC model, while the black lines indicate the North Carolina coastline. Cities
along the Tar and Neuse Rivers are indicated in the figures as reference points.
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3.2 Influence of frequency term in R-CLIPER
As mentioned in Section 2.2, R-CLIPER is a parametric model that contains an “f-parameter”
that influences the intensity of the precipitation; its value must be determined empirically (for
hindcasts). For future climate simulations, the value of the parameter will be sampled from a
uniform distribution between extreme values that have been seen in past studies. The
frequency parameter influences the intensity of the rainfall within the interior of the
parametric rainfall field.
Geoghegan [8] examined the parameter influence on the streamflows developed from
the hydrological model; however, the influence of the parameter on actual water level changes
in the hydrodynamic model has not been examined. Thus to do an initial examination on the
influence of the parameter on total water level in the coastal zone, we evaluated the same
synthetic storm as described in Section 3.1 with two different frequency values. The
frequencies evaluated are f = 30 and f = -30, where the f = 30 accumulated rainfall has a more
intense center of rainfall then the accumulated rainfall for the f = -30 frequency. Figure 5
shows the maximum water surface elevations during the tropical cyclone for both frequencies.
As can be seen between the two figures, there is no significant influence from these changes
within the coastal regions; however, there is an increase in the elevations within the upper
regions of the Tar and Neuse Rivers with the f = 30 value (note more intense red and purple
colors in Figure 5b above the Tarboro and Kinston areas).

(a) f = −30
(b) f = 30
Figure 5. Maximum water surface elevations within the North Carolina coast area during the tropical cyclone
with varying f-values used: (a) f =-30 and (b) f = 30. The scale for each is shown on the right side of the figure.
Note that the brown lines represents the land boundaries for the ADCIRC model, while the black lines indicate
the North Carolina coastline. Cities along the Tar and Neuse Rivers are indicated in the figures as reference
points.

The differences in water levels produced by using these two f-values for the time
during the tropical cyclone’s landfall is shown in Figure 6a. These differences show an
increase within the upper region of the river areas with no significant changes within the
coastal regions, as indicated earlier. Additionally, Figure 6b shows the difference in water
levels between the two frequency values for the 29 days following the tropical cyclone, when
the rainfall-runoff from the watersheds above the coastal zones makes it into the region. This
shows that within the upper regions of the riverine areas, there is an increase in the flooding
extents in the floodplains of the river with the frequency parameter of f = 30. Additionally,
there is a difference in the extent of the elevated water levels in the riverine areas further into
the coastal zone (i.e., light blue near Washington and New Bern points in the rivers) because
of the increase in the streamflow produced within the hydrology model from the increase in
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the rainfall (f = 30 results in a streamflow peak that is 68% higher than that produced from
CREST using f = -30).

(a) tropical cyclone

(b) 29 days following tropical cyclone

Figure 6: Differences in the maximum water surface elevations during the (a) tropical cyclone and (b)over the
29 days after the tropical cyclone made landfall. The scale for each is shown on the right side of the figure.
Negative values indicate that results with the f = 30 frequency value are more than results with the f = -30
frequency value, while the positive values are vice versa. Note that the brown lines represents the land
boundaries for the ADCIRC model, while the black lines indicate the North Carolina coastline. Cities along the
Tar and Neuse Rivers are indicated in the figures as reference points.

3.3 Influence of rivers
Lastly, we looked at the influence of the rivers, i.e., predicted water depths with and without
watershed runoff applied at the boundary of the coastal hydrodynamic model. Figure 7a
shows the maximum water surface elevations with river discharge included from the upper
regions of the coastal areas; while, Figure 7b shows the maximum water surface elevations
with no river discharge included from the upper regions. As can be seen in Figure 7b, there is
a portion of the storm surge from the tropical cyclone that extends up into the upper reach of
the riverine area (cf., the blue to green colors in the upper reach of the rivers). Figure 7a shows
the higher water surface elevations (i.e., red to purple colors above the Tarboro and Greenville
areas) from the riverine flows from the upper regions of the watersheds.

(a) rivers included

(b) no rivers included

Figure 7: Maximum water surface elevations within the North Carolina coast during the tropical cyclone with
(a) the rivers included and (b) no rivers included. The scale for each is shown on the right side of the figure.
Note that the brown lines represents the land boundaries for the ADCIRC model, while the black lines indicate
the North Carolina coastline. Cities along the Tar and Neuse Rivers are indicated in the figures as reference
points.

Figure 8 shows the difference in water levels between including/not including the
rivers’ discharges during the tropical cyclone (a), and the 29 days that follow the tropical
cyclone (b). Differences during the tropical cyclone reside mostly within the upper reaches of
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the riverine area (cf., red color above the Greenville and Fort Barnwell areas) with a slight
influence past the tidal zone (e.g., yellow colors below the Greenville area). On the days after
the tropical cyclone where the riverine flows in the upper portions of the watersheds enter into
the coastal regions, we see that the differences extend further into the tidal zone (i.e., yellow
portions of the river around the Washington and New Bern areas). Additionally, the river
flows extend further into the upper regions of the domain (i.e., red portions of the river above
the Tarboro and Kinston areas). These figures suggest that the influence of the river should be
included when looking at future hurricane scenarios, as it brings in the rainfall-runoff from the
upper areas of the rivers, which can lead to additional flooding in the coastal areas after the
passing of the tropical cyclones, e.g., the recent flooding following Hurricane Matthew within
these areas of North Carolina [35].

(a) tropical cyclone

(b) 29 days following tropical cyclone

Figure 8: Differences in the maximum water surface elevations during the (a) tropical cyclone and (b) over the
29 days after the tropical cyclone made landfall. The scale for each is shown on the right side of the figure. The
positive values indicate the results with the rivers included are higher than the results without the rivers
included. Note that the brown lines represents the land boundaries for the ADCIRC model, while the black lines
indicate the North Carolina coastline. Cities along the Tar and Neuse Rivers are indicated in the figures as
reference points.

4 Application of the Results and Future Work
Within the work presented in this manuscript, we have not incorporated sea level rise with the
RCP that was chosen. Future studies with STORM-CoRe will include the sea level rise
component to the future climate change scenarios. Sea level rise will be incorporated in a
varied fashion within the coastal area of North Carolina, along with the deeper portions of the
domain. Additionally, future studies with STORM-CoRe will incorporate a wave model,
called Simulating Waves Nearshore (SWAN [36]). Over the last decade, the ADCIRC and
SWAN models [36, 37] have been tightly coupled in order to eliminate the need to interpolate
values between the two models. An unstructured-grid version of SWAN was developed as part
of this coupling, so that the two models are solved on the same grid.
STORM-CoRe, as described herein, has been developed to directly interface with civil
infrastructure damage and loss estimation, with the ultimate goal of supporting risk-based
hazard mitigation, preparedness and planning. Next, the hazard demands obtained from the
STORM-CoRe analyses for large number of future hurricane events will be processed based
on random field theory to characterize location-specific joint probability load models for
design consideration of engineered facilities, and to obtain spatially distributed random load
fields for assessing resilience of infrastructure networks at community scales.
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Abstract: Selected formulae for the verification of punching shear in concrete structures are applied for the reliability assessment of existing concrete structures. It appears that application of original national procedures for the reliability verification
of slab punching might lead to needless strengthening of existing structures.

Introduction
Construction works are designed using methods specified in national, European or international
standards. The present generation of Eurocodes allows the national selection of about 1500
Nationally Determined Parameters (NDPs) including alternative design approaches, combinations of actions, values of partial factors and other safety elements, and also specification of
various serviceability constraints. The actual reliability of a designed structure depends on applied national standards or determined NDPs in the National annexes to Eurocodes.
The load-bearing capacity, serviceability or durability of a given structure designed in accordance with different standards or nationally implemented Eurocodes might be expected within a
broad range. The actual structural resistance may depend not only on used theoretical models
and selected safety elements, but also on other prescriptive rules recommended in applied standards including structural detailing.
It is shown that the reliability of structural members designed for the ultimate limit states of
punching shear according to current prescriptive documents might have a considerable scatter
and should be further harmonized. The design of slab-column connection is the most critical
point in the design of flat slabs, because of the concentration of shear stresses in this region that
can lead to punching which is a localized failure mode that can occur without significant warnings and may lead to the progressive collapse.
Paper is focused on the evaluation of design procedures for punching recommended in Eurocode EN 1992-1-1 and in recently developed MC 2010. The reliability of existing reinforced
concrete slabs built in several residential houses in Prague suburb is analyzed.

Design procedures for punching
Various prescriptive documents are available for the punching shear design of concrete structures. There are significant differences in the formulae as some of them are empirical ones and
others based on physical models. Two recently proposed formulae in EN 1992-1-1 and MC 010
are analysed and compared.
The punching resistance of reinforced concrete flat slabs without shear reinforcement is mainly
influenced by the compressive strength of concrete, the tensile flexural reinforcement ratio, the
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size and geometry of the column, thickness of the slab and amount and position of shear reinforcement. The influence of the basic variables is further discussed.

2.1 EN 1992-1-1
Eurocode EN 1992-1-1 provides expression for estimation of the punching resistance of concrete given as
VRcd = ud(CRd,c k(100 ρ fck)1/3 + k1 σcp)
(1)
0,5
where CRd,c is 0,18/γc, and k1 = 0,1, ρ = (ρx ρy) and where the reinforcement ratios ρx and ρy
relate to the bonded tension steel in x- and y- directions respectively, and where u denotes the critical
section and d is the effective slab depth. The critical section u = 2d is to be verified.
In case that shear reinforcement is required, the following expression is given
VRd = 0,75 VRcd + 1,5d/sr Asw fywd,ef (1/(u1d))sinα

(2)

where Asw = area of one perimeter of shear reinforcement around the column; sr = radial spacing
of perimeters of shear reinforcement; fywd,ef = the effective design strength of the punching shear
reinforcement; d = the mean of the effective depths in the orthogonal directions and α = the
angle between the shear reinforcement and the plane of the slab.
Adjacent to the column punching the shear resistance is limited to a maximum of
VEd =

β V Ed
u0 d

≤ VRd = 0,5 vfcd

(3)

where u0 = the length of column periphery for an inner column.
The control perimeter uout at which shear reinforcement is not required is given as
uout =

β V Ed

(4)

VR dc d

The outermost perimeter of shear reinforcement should be placed at a distance not greater than
kd within uout.

2.2 Model Code 2010
Recently developed MC 2010 incorporates a number of significant changes with respect to its
previous version. For punching shear the provisions are based on the physical model of critical
shear crack theory. The punching shear strength depends on the opening w and roughness of a
critical shear crack. Following expression is proposed for control of the punching shear resistance attributed to the concrete given as
VRcd = kψ

f ck

γc

u0 dv

(5)

where u0 = the shear resisting control perimeter; fck = the characteristic value of concrete compressive strength, the parameter kψ depends on the deformations (rotations) of the slab
kψ =

1
≤ 0,6
1,5 + 0,9 kdgψ d
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(6)

where d = mean value of the effective depth for the x- and y-directions. Provided that the size
of the maximum aggregate particles dg is not less than 16 mm, kdg in exp. (6) can be taken as
kdg = 1, and rotation ψ around the supported area considering Level I of approximation is given
as

ψ = 1,5

rs f yd
d Es

(7)

where rs = position where the radial bending moment is zero with respect to the support axis
(the value can be approximated as 0,22 Lx or 0,22 Ly for the x-and y- directions).
The design shear resistance provided by the stirrups may be calculated as
VRsd = ∑ Asw k sσ swd

(8)

where ΣAsw = the sum of the cross-sectional area of all shear reinforcement suitably anchored
and intersected by the potential failure surface (conical surface with angle 45°) within the zone
bounded by 0,35dv. The stress σswd can be calculated as

σswd =

Es ψ
6



1 + f bd d  ≤ 0,5

f ywd φ w 


(9)

where φw = diameter of the shear reinforcement; fywd = yield strength; fbd = concrete bond
strength. In order to ensure sufficient deformation capacity, in slabs with punching shear reinforcement a minimum amount of punching shear reinforcement is required given as

∑ Asw k e f ywd ≥ fywd

(10)

The maximum punching shear resistance is limited by crushing of concrete structures in supported area
f ck

f ck

VRd, max = ksys kψ γ b0 dv ≤ γ b0 dv
c
c

(11)

where the coefficient ksys accounts for the performance of punching shear reinforcing systems
to control shear cracking, in case that other information is not available, a value ksys = 2 can be
used.

Reliability analysis
The knowledge of the reliability level of the structure designed according to the national standards or nationally implemented Eurocodes, and the reliability (credibility) of prescriptive analytical models in standards can be used for optimization of design procedures or further
harmonization of standards. The structural member or theoretical model may be considered as
reliable, if the condition pF < pt (or β > βt) is satisfied, and the failure probability pF is given as
pF =

ϕ

∫ X(
g ( x )< 0

x ) dx

(12)

The probability of failure pF may be expressed by the reliability index β = – Φ-1(pF), where Φ
is the distribution function of standardised normal variable. The probability of failure pt and
reliability index βt are the specified (target) values that should not be exceeded during the intended reference period.
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The reliability differentiation of structures in EN 1990 is based on three different levels of failure consequences with respect to the ultimate limit states (classes CC1 to CC3). For common
structures the target reliability index βt = 3,8 is recommended.
The reliability analysis of structural members for the ultimate limit states can be determined
through the probability pF of the action effects E(X) randomly exceeding the structural resistance R(X) according to the following relationship
pF = P{(θR R (X) – θE E(X)) < 0}

(13)

where X = vector of basic variables;θR and θE = model uncertainties of a resistance and action
effects.
The structural reliability with respect to the limit states of punching is analysed considering an
example of reinforced concrete slab as follows.

Probabilistic analysis
EN 1990 (2002) allows a design directly based on the probabilistic methods. In accordance with
the principles of these methods the basic variables are considered as random variables with
appropriate distributions. It is verified that a limit state of a member is exceeded with a probability lower than the target value pt given as
P(g(X) < 0) < pt

(14)

Here g(X) denotes the limit state function, for which the inequality g(X) < 0 indicates that the
limit state is exceeded. The condition (14) may be replaced by the inequality β > βt, where β
denotes the reliability index. EN 1990 recommends the target probability pt = 7.24 × 10-5 for
ULS of common buildings corresponding to the reliability index βt= 3.8 for 50 year design
working life.
An important step in any reliability analysis is the specification of probabilistic models for the
basic variables. The limit state function, equation (14), has several basic variables that describe
the actions G and Q, the resistance R and the model uncertainties θR and θE.
The probabilistic models of actions are related to their characteristic values used for the determination of the design values of actions (see Table 1).
Table 1. Probabilistic models of basic variables.

Basic variable
Self-weight
Imposed (50 y.)
Slab thickness
Effective depth
Concrete resistance
Steel resistance
Load uncertainty
Resist. uncertainty
Action uncertainty
Radial spacing

Distr.
N
GUM
N
N
LN
LN
LN
LN
LN
N

Units
MN/m2
MN/m2
m
m
MPa
MPa
m
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Char.
Gk
Qk
h
d
Rk
Rk

θE
θR
θR
sr

µX
Gk
0.6Qk
h
d
Rk+2σX
Rk+2σX
1.0
1.1
1.0
0.3

σX
0.1µX
0.35µX
0.01
0.01
0.15
0.08
0.05
0.1
0.05
0.05

The permanent action is described by Normal distribution (N), variable actions by Gumbel distribution (GUM) and material strength by Lognormal distribution (LN). These models are primarily intended as "conventional models" in time invariant reliability analysis of structural
members using Turkstra's combination rule.
Probabilistic analysis of a reinforced concrete slab without shear reinforcement indicates that
the reliability level a slab depends on the used theoretical model for verification of punching.
For the reliability analyses, a reinforced concrete slab was selected which was built in several
similar existing residential buildings in Prague in the beginning of 21st century, about 15 years
old. The concrete slab of height 0,25 m was designed according to the original Czech standard
CSN 73 1201 with concrete C25/35 and steel S400.
After few years of usage of the residential buildings, considerable cracking appeared in several
partition walls. It was necessary to verify the slab reliability. The inspection of load-bearing
structures revealed that the actual thickness of existing slabs is 0,22 m only instead of 0,25 m
assumed in the design. The shear reinforcement is missing or unsatisfactory, without appropriate prescriptive structural measures. For the verification of structures, the Czech nationally implemented ISO 13822 and currently valid standards (Eurocodes) were applied.
Figure 1 illustrates selected results of the probabilistic analyses of slab punching. For two standards considered in the structural analyses (EN 1992-1-1 and MC 2010), the reliability index β
increases with increasing height h of the slab.
It is shown that application of the original Czech standard leads to overestimation of the resistance of the concrete slab without shear reinforcement. On the contrary, application of the
MC 2010 for the verification of a slab leads to a lower reliability level; therefore the shear
reinforcement should be sooner added in the structural design.
β

6

CSN 73 1201

βt

4

EN 1992
MC 2010

2

h

0
0.21

0.25

0.23

0.27

Figure 1. Variation of the reliability index β versus the slab depth h considering formulae given in EN 1992-1-1,
MC 2010 and CSN 73 1201.

Variation of the reliability index β versus the characteristic value of concrete strength considering formulae given in EN 1992-1-1 and MC 2010 is illustrated in Figure 2. Two heights
of concrete slab are considered here: 0.22 m (the actual height of existing slab) and 0.25 m (the
height originally designed). The material tests revealed that the actual compressive strength of
concrete increased in about 15 years from the class C25/30 applied in the design to actual class
C35/45. Considering EN 1992-1-1, the reliability against punching of the slab with the designed
height of 0,25 m and concrete strength over 30 MPa is β = 4.2. The reliability level of existing
slab comply the target reliability level β = 3,8. For the actual slab thickness of 0,22 m, the
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reliability of the slab is lower, about β = 3,3, however still acceptable for existing residential
buildings. In case that MC 2010 is considered for the verification of the slab, then the reliability
of the slab without additional shear reinforcement is insufficient and the concrete slab should
be strengthened.
5

β

EN 1992, h2

βt

4
EN 1992, h1
3
MC 2010, h2

2
1

MC 2010, h1
fck

0

25

30

40

35

50

45

Figure 2. Variation of the reliability index β versus the characteristic value of concrete strength considering formulae given in EN 1992-1-1 and MC 2010.

Influence of shear reinforcement in the reliability analysis is shown in Fig 3 for the EN 1990
and MC 2010. The designed area of shear reinforcement and position have considerable impact
on the reliability of the concrete slab for shear punching.

β

MC 2010

EN 1990

βt

As [m2]

Figure 3 Variation of the reliability index β versus the area of shear reinforcement for EN 1992-1-1 and MC 2010.

It should be noted that in the original design of the concrete slab lower partial factors for permanent and variable actions were applied according to original Czech codes (γG =1,1 for selfweight and γQ = 1,5 for imposed loads) than presently given in Eurocodes. These lower partial
factors for actions are considered in the reliability assessment of the existing slab, backed up
by the positive results of construction survey and material tests of the residential building.
Sensitivity analyses of the basic variables entering the formulae considered in the reliability
assessment of punching indicate that more significant effects on structural reliability represent
apart from loads the concrete strength, the effective slab depth and coefficients of model uncertainties. It should be noted that the controlled perimeter which is also an important basic variable is considered here in a deterministic way. The length of controlled perimeter has been not
harmonized in prescriptive documents and have significant influence the results.
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Conclusions
Deterministic methods of structural analysis commonly used for the verification of structures
in the ultimate or serviceability limit states do not enable deeper evaluation of structural reliability. The probabilistic methods facilitate comprehensive analysis of the reliability of a structure or also assessment of the credibility of used theoretical models.
Submitted analysis of a reinforced concrete slab with respect to punching shear according to
Czech national standards, Eurocodes and the Model Code 2010 revealed considerable differences in the achieved results.
Reliability of the concrete slab, which was originally designed according to the Czech standards
and verified considering Eurocodes and MC 2010, is analysed. It appears that the formula given
in Eurocodes and also a little bit more conservative expression of the Model Code 2010 lead to
more realistic estimates of the reliability level of the slab with respect to punching than the
formula previously given in the Czech standards. However, Eurocodes recommends greater
partial factors for permanent and variable loads what increase demands when the existing reinforced slab designed according to Czech standards is to comply with requirements of currently
valid standards. The designed area and position of shear reinforcement have considerable impact on the reliability of the concrete slab.
Sensitivity analysis of the basic variables indicate that the most significant effect on structural
reliability has the concrete strength and the effective slab depth. The controlled perimeter has
also significant influence on the results and should be further harmonized in prescriptive documents.
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Abstract: This paper discusses the method for the evaluation of the damage level
of open-type wharf by earthquake. The proposed method uses the change in the
natural frequency of the wharf before and after the earthquake.

Introduction
It is necessary to transport disaster recovery materials after the occurrence of a big earthquake
disaster. Mooring facility at port plays an important role for transporting disaster recovery
materials, however, as mooring facility is constructed on soft ground, there is a high possibility that mooring facility is also damaged by earthquake. Open-type wharf supports the superstructure by piles and major failure mechanism of the wharf is the occurrence of plastic
hinges in the piles. Plastic hinges occurred at the pile head may be detected easily just after
the earthquake but those occurred in the ground are very hard to be detected.
An open-type wharf in the port of Kobe was damaged by the 1995 Kobe earthquake because
plastic hinges occurred in the ground but it was unable to detect the damage just after the
earthquake [4]. The wharf had been used for passenger transport for few months after the
earthquake and close investigation of the damage of the wharf by pulling piles out of the
ground revealed the occurrence of plastic hinges in the piles. There was a possibility of the
occurrence of the earthquake disaster if a large aftershock occurred.
Therefore, development of the evaluation method of damage level of open-type wharf by
earthquake is very important. This study aims at proposing the method by focusing on the
change in the natural frequency of the wharf before and after the earthquake. As the natural
frequency of the open-type wharf can be estimated by microtremor observation [5], the proposed method is thought to be applicable in practice.

Method of Study
2.1 Study Target
Two-dimensional finite element earthquake response analysis was conducted for the evaluation of the damage level of open-type wharves. Based on open-type wharves constructed at K
port and N port, models for earthquake response analysis were set as shown in Figure 1.
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soil 1
soil 2
soil 3

sea water
soil 4

soil 4

replacement sand

soil 5

(i) K port
soil 1
sea water

rubble

soil 2
soil 3
soil 4
soil 5

backfill

soil 8
soil 7
soil 8
soil 9
soil 10

(ii) N port
Figure 1: Analysis model
Table 1: Flexural rigidity of piles (unit: MN*m2)
(i) K port
P1

P2

P3

pile 1

pile2

pile3

pile 1

pile 2

pile 3

pile 1

pile 2

pile 3

heavy duty coating
portion
upper portion

84.5

84.5

84.5

52.5

52.5

52.5

103.5

103.5

103.5

71.1

71.1

71.1

52.5

52.5

52.5

103.5

103.5

103.5

lower portion

83.6

83.6

83.6

52.5

52.5

52.5

103.5

103.5

103.5

(ii) N port
P1

P2

pile 1

pile 2

pile 3

pile 4

pile 1

pile 2

pile 3

pile 4

heavy duty coating
portion
upper portion

101.9

101.9

126.0

149.5

40.1

40.1

40.1

40.1

88.7

88.7

112.7

136.3

40.1

40.1

40.1

40.1

lower portion

64.0

64.0

88.7

112.7

40.1

40.1

40.1

40.1

Conditions for pile rigidity are shown in Table 1. Cases P1 are of the original design results.
Pile numbers are allocated from the sea side to landside as from pile 1 to pile 3 for K port and
pile 4 for N port respectively.
As the damage level of open-type wharf is thought to be strongly influenced by the ground
condition, we set three ground conditions for both wharves as shown in Table 2. Ground con-
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ditions called as G1 are in-situ conditions for each wharf. Ground conditions G2 are set to be
of more soft ground conditions compared with G1 conditions. On the contrary, ground conditions G3 are set to be of more hard ground conditions compared with G1 conditions.

Table 2: Ground condition
(i) K port
G1

G2

G3

thickness (m)

density (t/m3)

internal friction angle (degree)

soil 1

3.0

1.9

30

30

39

soil 2

7.0

1.9

30

37

30

soil 3

4.0

1.9

30

30

38

soil 4

9.0

1.9

30

30

38

soil 5

11.0

1.9

44

385

39

G2

G3

(ii) N port
G1
thickness (m)

density (t/m3)

internal friction angle (degree)

soil 1

3.0

1.7

38

38

38

soil 2

8.7

1.5

30

30

38

soil 3

3.0

1.7

38

36

39

soil 4

2.5

1.5

30

30

40

soil 5

2.0

1.7

38

38

40

soil 6

11.5

1.5

30

36

39

soil 7

5.0

1.8

40

38

39

soil 8

5.0

1.8

38

38

39

soil 9

4.0

1.7

40

38

39

soil 10

18.0

1.8

38

38

39

Earthquake response analysis code applied in this study is FLIP [2], which is frequently used
for the evaluation of the seismic response of the ground [1, 6] and quay walls in Japan because it well reproduces the seismic response of quay walls damaged by earthquake such as
those damaged by the 1995 Kobe earthquake. Parameters for analysis models are set according to the standard method established for the code [3]. Piles and superstructures are modeled
as nonlinear beam elements.

2.2 Input Seismic Motion
Input seismic motions are set based on the seismic motion observed at Hachinohe city during
the 1968 Tokachi-oki earthquake. Original seismic motion is defined as seismic motion S1.
Seismic motions S2 and S3 have the same predominant frequencies as wharves and revetments respectively. Those seismic waves are obtained by the parallel shift of the Fourier spectrum of S1 on the logarithmic axis. White noise having no predominant frequency is added to
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each seismic motion as coda wave. Figure 2 and Figure 3 show examples of time history and
Fourier spectrum of input seismic motions respectively. Peak ground accelerations are set as
100 to 600 Gal (=m/s2) with increment 100 Gal.
600
acceleration(Gal)

acceleration(Gal)

600
300
0
 300
 600

300
0
 300
 600

0

10

20
time(s)

10

20

30

time(s)

150

100

50

0
0.1

0

(ii) S2 for P2 of N port
Figure 2: Examples of input seismic motion

Fourier spectrum(Gal*s)

Fourier spectrum(Gal*s)

(i) S1

30

1

150

100

50

0
0.1

10

1

10

frequency(Hz)

frequency(Hz)

(i) S1
(ii) S2 for P2 of N port
Figure 3: Examples of Fourier spectrum of input seismic motion

Change of the Natural Periods of Wharves According to the Damage in Piles
3.1 Evaluation Method of the Natural Periods of Wharves
Natural period of open-type wharf is often evaluated by using the spring constant and the
mass of the wharf. Spring constant is calculated either by the flexural rigidity of piles or loaddisplacement relationship obtained by the pushover analysis on the frame structure. As those
methods cannot evaluate the natural period of the damaged wharf by the earthquake, this
study evaluates the natural period of the wharf after the earthquake by using the results of
two-dimensional earthquake response analyses. From the spectral ratio of earthquake response of superstructure to virtual fixed point of piles, natural periods of wharves are evaluated. Table 3 shows initial natural periods of the wharf and ground.
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Table 3: Initial natural period (unit : second)
wharf
K port

N port

ground

P1

0.90

G1

1.08

P2

0.98

G2

1.37

P3

0.79

G3

0.64

P1

0.31

G1

1.14

P2

0.44

G2

1.08

G3

0.82

3.2 Change of the Natural Periods of Wharves
Change of the natural periods of wharves and the ground according to the increase of the peak
ground acceleration is shown in Figure 4 for cases P3G1S1 of K port and P2G1S1 of N port
as an example. Here, Ts is the natural period of the wharf and Tg is the natural period of the
ground. PGA is the peak ground acceleration of input seismic motion. Natural period of the
wharf increases according to the increase of peak ground acceleration due to the increase of
section forces generated in piles. In addition, natural period of the ground increases according
to the increase of peak ground acceleration due to the nonlinear characteristic of the soil layers.
4

1

Ts (K port)

0.8

Tg (K port)

3
2

0.6

Tg (N port)
Tg(s)

Ts(s)

1.2

Ts (N port)
0.4
1
100 200 300 400 500 600
PGA(Gal)

Figure 4: Examples of changes of natural period

Figure 5 shows examples of the distributions of the maximum bending moment ratio for cases
P3G1S1 of K port and P2G1S1 of N port with peak ground acceleration 400 Gal. Here, the
maximum bending moment ratio is defined as the ratio of the maximum bending moment
(Mmax) to the plastic bending moment (Mp) of piles.
Bending moment becomes large not only at the pile head but also at the points in the ground.
This is because the bending moment generated in the piles is strongly affected by the deformation of soil layers. As soil layers consist of many soil layers with different rigidities, deformations of soil layers by the earthquake are not uniform. The difference of the deformation
of soil layers becomes large at the boundary of soil layers with strong contrast in rigidity.
Therefore, large bending moment is generated in piles at the boundary of soil layers with
strong contrast in rigidity.
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Figure 5: Examples of distribution of maximum bending moment ratio

moment
ratio
Mmax/Mp

1
0.8
0.6
0.4
0.2
0
100
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500
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circle : S1
pile 1

pile 2

triangle : S2
pile 3

pile 4

Figure 6: Examples of maximum bending moment ratio

Figure 6 shows examples of the change of the maximum bending moment ratio for cases
P2G2S1 and P2G2S2 of N port. Seismic motion S1and S2 has predominant frequency 0.4 Hz
and 2.3 Hz respectively as shown in Figure 3. Although seismic wave S2 has predominant
frequency that corresponds to the natural frequency of the wharf, maximum bending moments
of cases S2 are not so large compared with those of cases S1. Focusing on the residual displacements of the wharf and soil layers, those by S1 waves are larger than those by S2 waves
because of the difference in the predominant frequency. Therefore, it is shown that the deformation of soil layers has more influence on the bending moment in piles than the resonance of
the wharf. In addition, it is suggested that single degree of freedom system analysis of the
rigid frame cannot necessarily evaluate the maximum bending moment generated in piles.
Figure 7 shows the relationship between the natural period ratio and the maximum bending
moment ratio. Here, natural period ratio (rTs) is defined as the ratio of the natural period of
the wharf after the earthquake to that before the earthquake. Natural period of the wharf becomes longer in accordance with the increase in bending moment. It can be pointed out that
the natural period of the wharf becomes approximately 1.2 times longer when plastic hinge
occurs in the pile.
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rM1
Mmax/Mp

1

0.5

0
0.8

1

1.2

1.4

1.6

1.8

rTs
rTs
blue : K port red : N port brown : mean value

Figure 7: Relationship between natural period ratio and maximum bending moment ratio

Relationship between Residual Displacement and Bending Moment
Ratio
When a big earthquake occurs, the residual displacement of the wharf is supposed to be investigated by the port management body in order to judge the serviceability of the wharf. Discussion thus far indicates that deformation of soil layers by the earthquake is one of the main
cause of the generation of the maximum bending moment in piles. Consequently, it is advantageous if the damage level of the wharf can be estimated by the residual displacement of the
wharf with enough accuracy.
Figure 8 shows the relationship between the residual displacement of the wharf and the maximum bending moment ratio. Maximum bending moment ratio increases in accordance with
the increase in the residual displacement. The damage level of the wharf may be assumed by
using the residual displacement of the wharf for a rough estimate. However, it should be noted that there are some cases that resonance effect has great influence on the generation of the
bending moment. The results of the cases P2G2S2 for N port are shown with the brown circles in the figure and the maximum bending moments are larger than other cases with same
level of residual displacement. Attention should be paid that estimation of maximum bending
moment by using the residual displacement may lead to the judgement on the dangerous side.

Mmax/Mp

1
0.8
0.6
0.4
0.2
0
0.01

0.1

1

10

residual displacement (m)
blue : K port red : N port brown : P2G2S2 for N port

Figure 8: Relationship between residual displacement and maximum bending moment ratio
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Conclusion
In this paper, estimation method of open-type wharf was studied using finite element earthquake response analysis. Bending moments generated in piles of the wharf is strongly influence by the deformation of soil layers. As the results, it was made clear that the natural period
of the wharf becomes approximately 1.2 times longer when plastic hinge occurs in the pile.
As the natural frequency of the wharf can be evaluated in field by microtremor measurement,
the proposed is thought to be highly applicable in practice.
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Abstract: A complex approach to probabilistic analysis and design of precast prestressed concrete girders failing in shear is presented. Experimental studies have
been performed on full scale prestressed concrete roof elements and scaled laboratory tested elements, they served as basis for deterministic nonlinear modelling with
model updating of precast members and subsequent probabilistic evaluation of
structural response variability. The results are used as thresholds for loading of produced structural elements and probabilistic design procedure as less conservative
method compared to classical partial safety factor based design and alternative
ECOV method. An important task in structural reliability analysis is to determine
the significance of basic random variables. Two alternative approaches are utilized:
Nonparametric rank-order sensitivity and analysis based on partial coefficient of
variation. These methods were applied and compared for precast prestressed concrete girders. Such an information was used for proper set up of stochastic model
and response surfaces and subsequent determination of selected uncertain design
parameters followed by load-bearing capacity and reliability assessment.

Introduction
Shear strength of concrete beams has been the subject of many controversies and debates and
it has been extensively studied over the last five decades, e.g. [1, 2, 3, 4, 15, 20]. The ultimate
capacity of reinforced concrete beams subjected to combined shear and flexure is affected by
many phenomena and uncertainties, such as existing multi-axial states of stresses, the anisotropy induced by the diagonal concrete cracking, the interaction between concrete and reinforcement (bond) and the brittleness of the failure mode. A large number of shear tests have been
performed during the last decades, as summarized [5] in order to obtain valuable information
about the shear transfer mechanisms.
The comprehensive experimental study of material parameters was performed first [21, 24, 28].
It was understood from the early beginning that to develop very good numerical model for
comparison with experiment of real structure would be impossible without the proper
knowledge of fracture-mechanical parameters. The aim was to include in the database results
for specified type of concretes the time of testing, the mean values, the standard deviations of
the fracture mechanical concrete parameters and the most suitable mathematical model for
probability distribution functions. In particular, three point bending (3PB) tests have been conducted on specimens made of C50/60 and C40/50 [21], with a central edge notch and analysed
via the effective crack approach and work-of-fracture method [8]. By means of an advanced
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identification approach based on artificial neural network modelling [13, 16], the following
three fundamental parameters of concrete were identified: modulus of elasticity Ec, tensile
strength fct, and specific fracture energy Gf. The compressive strength of concrete fc was measured by means of standard cubic compression tests.
Proof loading programs according to [6] have been performed on three of these TT light concrete roof elements [25]. Ten scaled T and rectangular shaped beams have been produced and
tested with different level of prestressing and reinforcement layout. The beams were continuously prestressed with 449 MPa to 1105 MPa by four to eight strands St 1570/1770. The ten
laboratory beams are characterized by a span length of 5.00 m, a height of 0.30/0.45/0.60 m, a
web width of 0.14 m, the slab of the T shaped elements are characterized by a width of 1.50m
and a thickness of 0.07 m. Deterministic computational models of all performed experiments
have been created [22, 25, 19]. This paper demonstrates the probabilistic evaluation of structural response performed for one selected case - T shaped fully prestressed beam T30 150V2.
Whole procedure of long-term comprehensive research is captured in Figure 1.

Figure 1: Scheme of the experimental and numerical studies associated with the research project on shear –
normal force interactions of prestressed concrete girders

Deterministic computational model
Non-linear computational model of destructive test of scaled T – shaped pre-stressed girder was
created using GID –ATENA Science software environment [7]. Geometry of beam and reinforcement was modelled exactly according to drawings provided by manufacturer. Two linear
supports were used for the model, since rollers were used during test. Regular hexagonal FE
mesh composed of 16728 finite elements was generated in the program GID. The mesh has
been condensed in the area of assumed shear failure. The FE mesh generated along with support
conditions is shown in Figure 2. Detailed model of reinforcement (including tendons) is visible
in Figure 3. The steel reinforcement was modelled using 1D reinforcement material defined by
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strain vs. stress multilinear diagram. Prestressing tendons were also modelled using 1D reinforcement material, but working diagram of tendons was idealized as bilinear material with
hardening.

Figure 2: Finite element mesh and support conditions

Figure 3: Reinforcement layout

Neglecting losses of prestressing could cause a significant inaccuracy of numerical model.
Models without losses of prestressing have almost same ultimate capacity as models with consideration of losses. However, they underestimate final deflection of beam and resulting LD
curve did not corresponded to experimental one.
Prestressing is applied as initial strain for reinforcement line. This application will ensure that
loss of prestressing due to elastic deformation of concrete is calculated explicitly. However,
prestressing force was applied to concrete with age of only 14 hours during manufacturing process. This means that elastic modulus of concrete was different than elastic modulus after 28
days of hardening. Initial strain for reinforcement line should be reduce by the difference between strain of concrete with age 14 hours and strain of concrete with age 28 days exposed to
prestressing force. Second loss of prestressing which should be applied by reduction of initial
strain for reinforcement line is loss due to relaxation of tendons. Creep and shrinkage deformation leads to losses of prestressing. Test of girder was performed after 41 days of hardening.
[6] was used for calculation of creep and shrinkage deformation. This deformation was recalculated to corresponding temperature load in order to influence stress state in reinforcement
and tendons.
The load-displacement (LD) experimental diagrams were fundamental for model updating process (see Figure 4). Note, that model of experiment represents from statistical point of view
model of one realization, as discussed in [19]. More detailed information about deterministic
models and theirs updating may be found in [19, 22, 25].
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Figure 4: LD diagrams model vs. Experiments for beams T30 150V2 and R45 14V2

Stochastic computational model
The aim was to estimate statistical variability of shear capacity of prestressed girders and to
propose probabilistically based design values or resistances. For the purpose of stochastic
analysis the nonlinear FEM software ATENA and reliability tool FReET [18] were utilized.
Sensitivity analysis performed at the beginning of the whole process showed the most decisive/dominating parameters of nonlinear modelling. A set of 12 parameters was utilized for
stochastic evaluation of structural response variability. Stochastic model of concrete was based
on data presented in [21] obtained by ANN based identification [19, 13].
Identified material parameters of concrete were obtained from laboratory test under perfect
condition – resulting in quite small variability of material parameters of concrete. In order to
ensure realistic results it was necessary to introduce higher variability for obtained material
parameters and to randomize also density of concrete mixture. Stochastic models of steel reinforcement (Bst 550B) and tendons (cables – ST 1570/1770) were based at recommendations of
[12] (variability) and information from manufacturer (mean value). Prestressing force was
randomized according to the recommendation of [12]. For each realization also prestressing
losses were calculated according to [6]. It was decided to introduce uncertainty of calculated
losses of prestressing with variability corresponding to recommendations in [12].
The stochastic model of destructive test of girder T30 150V2 is shown in Table 1. Parameters
are: E - Young´s modulus (E – concrete, Es – steel reinf., Et – tendons), ft - tensile strength, fc
- compressive strength, Gf - fracture energy, ρ - density of concrete mixture, fys - yield strength
of steel reinforcement, fyt - yield strength of tendons, IL - uncertainty for immediate losses of
prestressing and LTL - uncertainty for long term losses of prestressing. Also statistical correlations were considered [19]. In order to introduce required statistical correlations, the simulated
annealing optimization method [27] was utilized.
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Table 1: Stochastic model of destructive test

Parameter

Mean

COV [%]
PDF
Concrete (C50/60)

E
ft
fc
Gf

ρ

34.8
3.9
-77
219.8
0.0023

Es
fys

200
610

Et
fyt

195
1387.88

2.5
2

P

0.0835

6

20.6
20.6
16.4
32.8
4

WBL min (3 par)
GMB max EV I
GMB min EV I
GMB max EV I
Normal

Unit

Source

[GPa]
[MPa]
[MPa]
[J.m-2]
[kton/m3]

(Řoutil et al. 2014)
(Řoutil et al. 2014)
(Řoutil et al. 2014)
(Řoutil et al. 2014)
(Řoutil et al. 2014)

[GPa]
[MPa]

(Ceresa et al. 2007)
(Ceresa et al. 2007)

[GPa]
[MPa]

(Ceresa et al. 2007)
(Ceresa et al. 2007)

[MN]

(Ceresa et al. 2007)

[-]
[-]

(Ceresa et al. 2007)
(Ceresa et al. 2007)

Steel reinforcement (Bst 550B)
2
4

Normal
Normal

Tendons (Cables - St 1570/1770)
Normal
Normal

Prestresing force
Normal

Loss of prestresing (Uncertainties)
I. L.
L. T. L.

1
1

30
30

Lognormal
Lognormal

Statistical analysis and probabilistic design
4.1 Simulations
Stochastic analysis of beam T30 150V2 described in this paper is the first from scheduled probabilistic assessments of laboratory tested girders. Due to enormous computational demands it
was decided to utilize efficient HSLHS method [18, 26]. The aim is to perform analysis with
lower number of samples at the beginning to fix possible errors and to use previous simulations
in consequent analysis. Statistics of response using set of 11 simulations extended in second
run of HSLHS by another 20 simulations so the total amount of performed simulations is so far
31.

LD - Experiment vs. Model

260

210

Force [kN]

160

T30…
simulatio…

110

60

10
0
-40

0,005

0,01

0,015

0,02

0,025

Displacement [m]

Figure 5: LD diagrams of first 31 calculated simulations
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4.2 Ultimate limit state
Ultimate limit state is represented by critical value of force applied during experiment (peak of
LD diagram). Comparison of fully probabilistic approach, classical calculation of response using partial safety factors and so called ECOV method [10] to estimate design value. In case of
fully probabilistic design, calculated percentile of shear resistance corresponds to probability
0.0012 according to recommendations in [9] (based on separation of resistance and action of
load variables) is performed. The estimated probability distribution function (PDF) of shear
resistance is shown in Figure 6. Lognormal probability distribution function is utilized in order
to demonstrate results and to compare calculated structural response with alternative approaches. The complete set of 301 planned simulations was then performed. Estimated parameters of probability distribution function (mean value and standard deviation) are presented in
Figure 6 along with design values (FP – fully probabilistic, PSF – partial safety factors, ECOV).
Note, that all design alternatives are very close - ranging from 124 to 129 kN.

Figure 6: PDF (lognormal) of applied force at ultimate limit state

Sensitivity analyses
5.1 Non-parametric rank-order sensitivity analysis
With respect to the small-sample simulation technique utilized for reliability assessment of
time-consuming nonlinear problems, the most straightforward and simplest approach uses the
non-parametric rank-order statistical correlation between the basic random variables and the
structural response variable [11]. The method is based on the assumption that the random variable, which influences the response variable most considerably, will have a higher correlation
coefficient than the other variables. The sensitivity analysis is obtained as an additional result
of LHS, and no additional computational effort is necessary. The relative effect of each basic
variable on the structural response can be measured using the partial correlation coefficient
between each basic input variable and the response variable. The method is based on the assumption that the random variable which influences the response variable most considerably
(either in a positive or negative sense) will have a higher correlation coefficient than the other
variables. Because the model for the structural response is generally non-linear, a non-parametric rank-order correlation is used by means of the Spearman correlation coefficient or Kendall
tau. This type of sensitivity represent relative measures of variables importance. The results for
ultimate limit state is presented in Figure 7. Note that the most important random variables for
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ultimate limit state with respect to this relative measure of sensitivity are fracture-mechanical
parameters of concrete, fracture energy and tensile strength.

Figure 7: Non-parametric rank-order sensitivity

5.2 Sensitivity analysis based on coefficient of variations
The alternative method is sensitivity analysis in terms of coefficient of variation [17]. In this
approach, the ratio is calculated between the coefficient of variation of selected basic variable
and the partial coefficient of variation of resistance, for the case in which the selected random
variable is the only one treated as random in simulation process. As it requires additional computational effort, a suitable type of response surface is needed in order to approximate 3D FEM
computational model.
When using Monte Carlo type simulation, simulated set of structural response variable is statistically evaluated and the coefficient of variation COV can be found. Let us designate the
partial coefficient of variation COVRi for the case in which the variable Xi is the only one treated
random in the simulation process (COVXi is the coefficient of variation of basic random variable
Xi). The other basic variables are kept at their mean values. Such factors express the influence
of individual input basic random variables variabilities on the variability of response. If K basic
variables are considered the approximation may be written as

COVR 

K

COV
i 1

2
Ri

(1)

where COVR is the coefficient of variation of response variable when all K variables are random.
From the formula it can be seen that the actual influence (absolute, not relative one) of random
variable Xi can be represented. The influence of groups of random variables can be studied
easily (e.g. influence of all parameters of concrete, including theirs statistical correlation).
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Since calculating the structural response of complex systems such as bridges using finite element method (FEM) is usually a time-consuming task, the utilization of approximation methods
with a view to reducing the computational effort to an acceptable level is an appropriate solution. In the paper a small-sample artificial neural network-based response surface method
(ANN-RSM) is utilized [14]. An artificial neural network is used as an approximation (a socalled response surface) of the original model function. In order to be as effective as possible
with respect to computational effort, a stratified Latin hypercube sampling simulation method
is utilized to properly select training set elements. Thanks to its ability to generalize, the ANN
is more efficient at fitting the original model function even when only a small number of simulations are performed. Subsequently, the artificial neural network-based response surface is
employed in sensitivity analysis instead of original model function – in our case a nonlinear
FEM model.
The results of this type of sensitivity is shown in Figure 8 for 4 groups of random variables.
Concrete parameters contributes to the major portion of variability. It is due to the fact that
uncertainties of fracture-mechanical parameters are large and also losses of prestressing are
included into concrete parameters. Performed studies [22] have shown that prestressing force
has significant influence at overall deflection and shape of LD curve however its effect at ultimate capacity is low (within the range of defined variability). Note that variability of prestressing force itself is quite low. These reasons explain dominant role of concretes material
parameters. Figure 9 shows influence of concrete parameters group only, fracture energy is
dominating random variable.

Figure 8: Influence of random variables on COV of response in percentage

Figure 9: Influence of concrete random variables on COV of response in percentage
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Conclusions
The paper describes integration/application of the modelling of nonlinearity and uncertainty to
predict shear failure behaviour of prestressed concrete girders in the light of advanced design
possibilities. The approach is complex, going from fracture-mechanical parameters determination and advanced deterministic 3D computational modelling of girders to stochastic modelling.
The influence of random variables were analysed by both relative and absolute types of sensitivity analysis. The aim was to assess the variability of shear response and to present and verify
alternative design procedures in comparison with fully probabilistic design. Sensitivity analysis
of prestressed roof girders in two alternatives is performed.
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Abstract: The use of Rice Husk Ash (RHA) in concrete is not new. However,
there is no standard code provision for making a good RHA based concrete
(RHABC) in India. In addition, severe batch-to-batch property variations have
been observed during various experimentations around the world. Thus, there is a
fervent need of proposition of an optimum mix design procedure of RHABC including parameter uncertainty, which will take care of batch-to-batch variation of
RHABC. In doing so, an efficient Robust Mix Design Optimization (RMDO) approach of RHABC is proposed in the present paper in a Moving Least Squares
Method (MLSM) based metamodelling framework. The objective of RMDO is to
design a mix requiring the least cost, simultaneously minimizing the variation of
mix properties due to uncertainty without reducing the sources of uncertainty. The
constraints ensure attainment of compressive strength, slump and their variation in
presence of uncertainty. The objective and constraint functions are explicitly approximated through an initial experimentation and by applying metamodelling
technique. Since, there was doubt on accuracy by conventional Least Squares
Method (LSM) based metamodelling approach, an efficient MLSM based metamodelling approach is explored in the present paper. The RMDO results show attainment of good mix with lesser variation of mix properties by compromising an
affordable increase in cost. The Coefficient of variation (CoV) remains at only 6%
level even when the input parameter uncertainty is increased to 20% CoV. The
theoretical RMDO yielded mix is validated by another set of experimentation,
which is observed to be in close conformity with the theoretical prediction. Moreover, the computational time involvement is significantly low by the proposed
RMDO approach because of the application of the MLSM.

1 Introduction
The use of Rice Husk Ash (RHA) as partial replacement of cement in concrete is gaining its
popularity day by day for the sake of environmental sustainability and economy. For the
country like India, where rice is considered to be main food crop with yearly rice production
as high as 100 million MT the RHABC provides a way of producing green concrete with solution to low cost housing. However, in many countries, including India, the mix design
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guidelines for RHA based concrete (RHABC) has not yet been came up. One of the main
obstacles of wide use of RHA concrete is its sensitivity to small variations of the constituent
materials, mix proportions, and other external factors. Thus, the performance of RHABC is
largely dictated by the presence of uncertainty. Hence, in the present paper a new cost optimization approach of designing RHABC mix under uncertainty is investigated. In this regard,
a Robust Mix Design Optimization (RMDO) approach, which is a comparatively newer approach of optimization under uncertainty, is explored. The RMDO simultaneously minimizes
cost and standard deviation of cost in producing RHABC. At the same time, the guarantee of
getting the required strength and slump under uncertainty is ensured by adding suitable penalty term(s) in the constraint(s) and then satisfying target reliability criteria. The RMDO is
supposed to yield a mix that will be least sensitive to the input variations without reducing the
sources of uncertainty. This work is inspired from [10], in which robust mix design approach
for Self Compacting Concrete was presented. However, such study on RHABC has not yet
been observed in the existing literature. But, severe batch-to-batch property variation is
generally observed in case of RHABC, which implies the necessity of RMDO study with
RHABC and constitutes the broad objective of this paper.
It may be noted here that the optimization procedure requires objective function and
constraints in explicit functional form. Thus, a Response Surface Method (RSM) based
metamodelling strategy is adopted in the present study. The conventional RSM is pivotted on
the concept of Least Squares Method (LSM). In fact, [10] used the LSM based RSM when
investigating robust mix design procedure. However, the LSM may be the major source of
error in the RSM [3]. Hence, a comparatively newer Moving Least Squares Method (MLSM)
is explored in the present paper. The application of MLSM based RSM in RMDO is not yet
observed in the existing literature. Hence, this builds another uniqueness of the present study.
In this regard, an extensive experimental program has been carried out to quantify uncertainty
and build the Design of Experiment for the RSM. The resulting RMDO problem is solved by
the Sequential Quadratic Programming (SQP) in MATLAB.

2 Development of the Robust Design Optimization (RDO) scheme
2.1 Deterministic Design Optimization (DDO)
The performance of an optimal design depends on Design Variables (DVs) and Design Parameter (DPs). The DVs are the specific parameters need to optimize to achieve the desired
performance. The DPs are those, which can not be controlled or are difficult and expensive to
control. In the present problem DVs (x) are the cement content (c), RHA content (r), Superplasticizer content (sp), Water to binder ratio (w/b) per m3 of concrete. The binder means the
total quantity of cement and RHA per m3 of concrete. The DPs (z) are cost of cement, cost of
RHA, cost of super plasticizer, cost of water, cost of aggregate per m3 of concrete. The cost
of mixing and placing per m3 of concrete are also considered as DPs. The probability density
function is normal for all DVs and DPs. and uncertainty is 10%. During parametric study the
uncertainty range is varied from 3% to 20%. The mean values of DPs are considered as Indian National Rupee (INR) 8 per kg of cement, INR 1 per kg of RHA, INR 75 per kg of super
plasticizer, INR 0.5 per kg of water, INR 3100 for total cost of aggregates including mixing
and placing cost per m3 of concrete. The DDO problem is formulated to find the optimal
DVs, which will minimize the cost satisfying compressive strength and slump requirement
(workability) criteria.

1804

f (u ) : c o st

m in im iz e
s u b je c te d

to

g
g

2

1

( u ) : σ ct - σ

( u ) : s ct - s

(u ) ≤

(u ) ≤

x iL ≤ x i ≤ x U
i ,

0

(1)

0
i = 1, 2 , ....., K .
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σ ct , σ ( u ) , sct , s ( u ) are the target compressive strength, obtained compressive strength,
L

U

the target slump and obtained slump, respectively. σ ( u ) and s ( u ) are implicit function of u,
which will be explicitly approximated by the MLSM based RSM.
It can be noted that the DDO problem as described by equation (1) does not consider the effect of randomness in u. But, the performance function and the constraints are the function of
u. Thus, the randomness in u are expected to propagate at the system level, influencing the
performance function and the constraints of the related optimization problem. The RMDO
approach under such probabilistic uncertainty is discussed in the next section.

2.2 Robust Mix Design Optimization (RMDO)
Conventional Reliability Based Design Optimization (RBDO) approach [1] brings specified
target reliability of desired performance, but the design may be still sensitive to input parameter variations. Moreover, when the probability density function is unavailable and stochastic
parameters are modelled like uncertain but bounded type, Robust Design Optimization
(RDO) becomes an attractive alternate to RBDO. The RDO is fundamentally concerned with
minimizing the effect of uncertainty in the DVs and DPs to the variation of performance
function and constraints. The RDO has been successfully implemented in the recent past for
stochastic mechanical systems [2,4]. The RMDO is nothing but the RDO applied on mix design of concrete. Normally, minimization of the mean and variance of the performance are
sought leading to a set of Pareto-optimal solution [5]. The Weighted Sum Method (WSM) is
the most common way to deal with the trade-offs between conflicting objectives. In the
WSM, the original stochastic optimization problem is transformed to an equivalent deterministic problem, which is adopted in the present study.
2.2.1 Robustness of the objective Function
The robustness of the objective is generally expressed in terms of the dispersion of the performance function from its mean value. The objective of an ideal design is to achieve the
optimal performance as well as less sensitivity of the performance function with respect to
the variation in the DVs and DPs. Thus, one needs to optimize the performance function as
well as its dispersion (standard deviation here). Thus, the RDO problem is stated as the minimization of the mean and standard deviation of the performance function, leading to a two
criteria RDO problem which can be expressed as:
(2)
Find , to minimize [µ f , σ f ]
Applying the WSM, the multi objective function is converted to an equivalent single objective function as following [6],
φ (u) = (1 − α ) µ f µ* + α σ f σ *f ;
f
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0 ≤α ≤1

(3)

where, φ (u) is a new objective function, called desirability function and the parameter α
serves as a weighting factor; µ f and σ f are the mean and the standard deviation of the performance function respectively ; µ*f and σ *f are the optimal values of the mean and the standard deviation obtained for α equals to 0.0 and 1.0, respectively. The maximum robustness
will be achieved when α becomes 1.0.
2.2.2 Robustness of the Constraints
Due to uncertainty in the u, the optimal solution obtained by using the deterministic constraint functions, is expected to vary. Even, the final desired performance obtained by such
deterministic constraints may become infeasible in the presence of uncertainty in u [4]. Addressing the feasibility of constraints under uncertainty, a general probabilistic feasibility
formulation for the jth constraint g j is expressed as [12],
P [ g j ( u ) ≤ 0] ≥ Poj ,

j = 1,........., J

(4)

th

where, Poj is the desired probability to satisfy the j constraint. To reduce the computational
involvement of the probabilistic feasibility evaluation, assuming gj(u) as normally distributed, the probabilistic feasibility of the constraint can be approximated as [9]

µ g j + k jσ g j ≤ 0.

(5)

In the above, µ g j and σ g j are the mean and the standard deviation of g j , respectively and
are evaluated by the first order Taylor Series approach. The designer specified penalty factor,
kj is used to enhance the feasibility of the jth constraint and can be obtained from, kj= Φ-1 (Poj )
, where Φ-1 (.) is the inverse of the cumulative density function of a standard normal distribution. Thus, in other word, kj is the target reliability Index. The formulation presented above is
based on the assumption of normally distributed independent random variables and comparatively smaller levels of uncertainty in the u. However to deal with non-normal variables, the
Monte Carlo Simulation (MCS) approach may be used.
2.2.3 RDO Approach
Combining equations (3) and (5) to meet the requirements of the performance and the constraints feasibility under uncertainty in u, the RDO problem is formulated as,

minimize:

φ (u) = (1 − α )

µf
µf*

+α

σf
σ f*

,

0 ≤α ≤1

(6)
subjected to: µ g + k jσ g ≤ 0
j = 1, 2,......, J
j
j
xiL ≤ xi ≤ xU
i = 1, 2......, K .
i ,
It may be noted here that the individual gradient of the performance function and the constraints are required to be evaluated at each updated design point during the optimization
process. For simple explicit performance function and constraints, one can directly evaluate
the gradients. In cases of implicit functions involving complex response evaluations, the sen-
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sitivity gradients can be obtained by metamodelling [3]. In the present study, a MLSM based
RSM approach of metamodelling has been adopted which is detailed in the next section.

2.3 Moving Least Squares Method (MLSM) based Response Surface Method (RSM)
The MLSM based RSM is a weighted LSM that has varying weight functions with respect to
the position of approximation [11]. The weight associated with a particular sampling point xi
decays as the prediction point x moves away from xi. The weight function is defined around
the prediction point x and its magnitude changes with x. The modified error norm Ly(x) can
be defined as the sum of the weighted errors [11],
L y ( x ) = ε T W ( x ) ε = ( Y - Qβ )

T

W ( x ) ( Y - Qβ )

(7)

where, ε is lack of fit error term; Y represents the response of the structure; Q is the design
matrix and β is the unknown coefficient vector. The coefficient β(x) can be obtained by the
matrix operation as below [11],
β (x ) = [ Q T W (x ) Q ]-1 Q T W (x )Y

(8)

In the above equation, W(x) is the diagonal matrix of the weight function and it depends on
the location of the associated approximation point of interest (x); W(x) may be obtained as
[3]
0
 w(x - x1 )

0
w(x - x2 )
W(x) = 
...
...


0
0




 where, w(x - x I ) = w(d) = exp(-d/R I )
...
...


... w(x - xn )

...

0

...

0

(9)

where, RI the approximate radius of sphere of influence, chosen as twice the distance between
the most extreme points from the centre point considered in the Design of Experiment
(DOE).

3 Experimental Work and Uncertainty Quantification
The experimental work was undertaken in two modules. Firstly, assuming uniform distribution for each DVs between their upper and lower limit, 500 random mix composition are generated through Latin Hypercube sampling. Then, 24 best candidate mix out of these are
selected (see table 1) that are practicable and promising. These constitute the DOE. Then, 6
cubes are casted for each of these 24 mixes. The average compressive strength and slump test
results for each composition are shown in the same Table. Then, two MLSM based RSM
approximations, one for slump, and another for strength are generated for future use in
RMDO. Type III RSM polynomial is used.
The second module of experimental program started after RMDO. The RMDO yielded mix
was validated through experimental test. 12 number of cubes were tested for each RMDO
yielded mix to arrive at the standard deviation and mean value. These are presented in table 2
of section 4.
The materials used are :i)Cement of Ultratech brand OPC 43 grade, ii) The RHA procured
from “Manas Rice Husk Ash Research & Export India Private Limited”, Bardhaman, India.
The Silica (SiO2) content of RHA was around 90% by weight. iii) Pakur variety 20 mm down
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was used as Coarse Aggregate (CA). The grading of this product conforms to 20 mm graded
as per Indian Standard [7]. The bulk density obtained was 1454 kg / cum. iv) River sand from
rivers at Bardhaman, India, was used as Fine Aggregate (FA). The grading of this product
conforms to zone II as per [7] and the fineness modulus obtained was 3.02. v)The potable
water that is supplied in the Civil Engineering Laboratory was used in the experiments. vi)
BASF MasterPel 777 was used as super plasticizer [8]. It is polymer based High Range Water
Reducer having the specific gravity around 1.05. The cube samples are of 150 mm x 150 mm
x150 mm dimension.
To determine the workability of concrete, slump flow test was conducted with slump cone.
After 24 hours of casting, cubes were subjected to water curing up to 28 days. The cubes
were tested for compressive strength using standard compressive testing machine.

(mm)

28 Days
Compressiv
e Strength
(MPa)

Cement +
RHA + Water
+ CA +
FA + Sp
(Kg/Cum)

Slump

SAMPLE
NUMBER

Cement +
RHA + Water
+ CA +
FA + Sp
(Kg/Cum)

Sample
Number

Table 1: Composition of RHABC used to construct the DOE and Response Vectors
Slump
(mm)

28 Days
Compressi
ve
Strength
(MPa)

1

350 + 0 + 122.5 +
1280 + 730 + 2.2

63

27 (1)

13

410 + 0 + 143.5 +
1260 + 710 + 2.75

60

37.33 (13)

2

332.5 + 17.5 + 133 +
1280 + 730 + 2.4

67

28.47 (2)

14

389.5 + 20.5 + 155.8
+ 1260 + 710 + 3.1

64

39.33 (14)

3

315 + 35 + 140 + 1280
+ 730 + 2.75

66

31.3 (3)

15

369 + 41 + 164 +
1260 + 710 + 3.3

60

40.4 (15)

4

297.5+52.5 + 150.5 +
1280 + 730 + 2.75

60

31.07 (4)

16

348.5 + 61.5 + 176.3
+ 1260 + 710 + 3.3

62

40.4 (16)

5

280 + 70 + 157.5 +
1280 + 730 + 2.75

75

31.73 (5)

17

328 + 82 + 184.5 +
1260 + 710 + 3.3

62

40.13 (17)

6

262.5 + 87.5 +168 +
1280 + 730 + 3.1

68

26.33 (6)

18

307.5+ 102.5 +196.8
+ 1260 + 710 + 3.7

68

31.47 (18)

7

380 + 0 + 133 + 1270
+ 720 + 2.4

65

33.4 (7)

19

450 + 0 + 157.5 +
1250 + 700 + 3.1

62

44.27 (19)

8

361 + 19 + 144.4 +
1270 + 720 + 2.75

70

35.47 (8)

20

427.5 + 22.5 + 171 +
1250 + 700 + 3.3

60

45.33 (20)

9

342 + 38 + 152 + 1270
+ 720 + 3.1

62

36.7 (9)

21

405 + 45 + 180 +
1250 + 700 + 3.5

65

47.33 (21)

10

323 + 57 + 163.4 +
1270 + 720 + 3.1

60

34.67 (10)

22

382.5 + 67.5 + 193.5
+ 1250 + 700 + 3.5

65

42.3 (22)

11

304 + 76 + 171 + 1270
+ 720 + 3.1

64

36.27 (11)

23

360 + 90 + 202.5 +
1250 + 700 + 3.7

64

42.4 (23)

12

285 + 95 +182.4 +
1270 + 720 + 3.3

66

29.47 (12)

24

337.5 + 112.5 +216
+ 1250 + 700 + 3.8

60

34.53 (24)

4 Results and Observations
The RMDO results are presented in this section. At first, the experimental data are validated
by the obtained metamodel through the MLSM based RSM. Two such validation is presented

1808

in Figures 1(a) and (b) for 28 days compressive strength and slump, respectively. The results
of the LSM based RSM is presented in the same figures. It may be clearly observed that the
LSM based RSM fails to predict the experimental trends in most of the cases; whereas, the
MSLM based RSM consistently captures the experimental trend.The RMDO results in terms
of optimal cost of RHABC in Indian currency (INR) for varying uncertainty level in u is
presented in Figures 2(a) and (b) with kj=2 and 3, respectively. The RMDO was executed for
target compressive strength of concrete grade M25 to M35 with 50 to 75 mm target slump.
Value of α =0.5. The results by the MLSM based RMDO and LSM based RMDO are shown
in the same figures. It may be observed that the results by the LSM and MLSM are distinctly
different. The LSM based RMDO predicts the optimal cost in the lower side than the MLSM
based RMDO.

Experimental
LSM based RSM
MLSM based RSM

80

Experimental
LSM based RSM
MLSM based RSM

70

40

Slump (mm)

Compressive Strength (MPa)

50

30

60

50

20
5

10

15

5

20

10

15

Test Number

Test Number

(a)

(b)

20

Figure 1: Validation of experimental results by the LSM based RSM and the MLSM based RSM approach for
(a) 28 days Compressive strength and (b) Slump

6900

MLSM_M25
MLSM_M35
LSM_M25
LSM_M35

6800

6150

6100

6050

MLSM_M25
MLSM_M35
LSM_M25
LSM_M35

6000

Cost (INR) of Concrete per Cum

Cost (INR) of Concrete per Cum

6200

5950

6700
6600
6500
6400
6300
6200
6100
6000

0%

3%

5%

10%

15%

20%

0%

Uncertainty Level

3%

5%

10%

12%

Uncertainty Level

(a)

(b)

Figure 2: The optimal cost by the RMDO for varying uncertainty levels and target strength with (a) kj=2 and
(b) kj=3

The Coefficient of Variation (CoV) of the optimal cost by the RMDO for varying uncertainty
level is presented in figures 3 (a) and (b) for kj=2 and 3, respectively. Interestingly, the CoV
remains almost constant even when the uncertainty is varied for higher extent. Thus, the
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RMDO yields solutions, which are insensitive to the variation of input uncertainty, or in other
word: robust.
MLSM_M25
MLSM_M35
LSM_M25
LSM_M35

MLSM_M25
MLSM_M35
LSM_M25
LSM_M35
6

CoV of Optimal Cost (%)

CoV of Optimal Cost (%)

6

5

4

5

4

3%

5%

10%

15%

20%

3%

5%

Uncertainty Level

10%

12%

Uncertainty Level

(a)

(b)

Figure 3: CoV of the optimal cost by the RMDO for varrying uncertainty level and target strength for (a) kj=2
and (b) kj=3

It is generally observed that there is often a trade-off between the objective values of a design
and its robustness. If one desires more robustness, the design will be further away from its
ideal optimal value. The situation can be studied further in terms of Pareto-front [5]. The
Pareto front for optimal cost and CoV of optimal cost, obtained for different setting of
parameter α in RMDO is presented in figure 4 for kj=2.0 and M35 grade of concrete. It can be
noted that the LSM based RMDO could not capture the trend of the Pareto-front. On the
other hand, the Pareto-front is quiete distinctly achieved by the MLSM based RMDO.

CoV of Cost of Concrete (%)

5 .5 5

LSM _M 35_K2
M LSM _M 35_K2

5 .5 4

5 .5 3

5 .5 2

5 .5 1

5 .5 0
6100

6200

6300

6400

6500

6600

6700

6800

C o s t (IN R ) o f C o n c re te p e r C u m

Figure 4: The Pareto-front

As mentioned in section 3, the RMDO result is further validated by another level of experimental program. The results are presented in Table 2. Both the experimental compressive
strength and slump values are in close conformity with the RMDO results. The errors between the RMDO prediction and experimental results are shown in the same table. The error
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with compressive strength is marginal. But, error with slump values are little bit higher but
acceptable since the target slump is achieved.
The CoV(%) of experimental values of strength and slump are also presented in the same
table. The experimental CoV is calculated from the statistical analysis of the 12 cube test results for each RMDO yielded mix. It has been noted from the RMDO result that the maximum CoV of compressive strength is 5% and that of slump is 6.1% and that of cost is 6.25%.
Thus, the experimental CoV values are in close proximity of the RMDO predicted CoV.
More results will be presented during the presentation.
Table 2: Validation of the RMDO results

47.3

2.6

4.63

64

58

9.4

3.56

B

10%

3

420, 65.33, 2.6, 0.4

57.79

56.9

1.5

4.6

66

59

10.6

4.25

C

20%

1

350, 73.4, 2.2, 0.35

48.65

51.2

4.9

4.55

60

55

8.3

4.45

D

15%

2

401, 83, 2.2, 0.39

56.31

57.1

1.4

4.8

58

52

10.3

3.14

CoV (%) of
Experimental
Values

46.08

Error

Experimental

370, 48.8, 2.6, 0.39

CoV (%) of
Experimental
Values

3

Error (%)

10%

Experimental

A

(Cement, RHA,
Super Plasticizer,
W/B)

RMDO

k

RMDO

Slump (mm)

Uncertainty

Compressive strength (MPa)

Set

Theoretically
obtained RMDO
Result

Thus, the proposed MLSM based RMDO approach successfully yields design mixes which
are optimum and robust (less CoV or less variation from the expected value). The approach is
accurate as well, as is evinced from the experimental validation results of table 2.

5 Conclusion
The RMDO of RHABC mix is presented. The uncertainty in the various parameters is explicitly incorporated. The Deterministic optimization problem is formulated to minimize the cost
of the RHABC mix subjected to constraints of target compressive strength and desired
workability. The Cement content, RHA content, super plasticizer dosage, w/b ratio have been
considered as the DVs for the RMDO study. The requirement of robustness of objective function and constraints are imposed on these objective and constraint functions. The resulted
optimization problem is solved by the SQP in MATLAB. A comparatively newer MLSM
based RSM based metamodelling approach is explored here in place of conventional LSM
based RSM to obtain explicit limit state functions. The results show that the MLSM based
RSM captures the trends of experimental results quite satisfactorily than the LSM based
RSM. The optimal cost yielded by the RDO scheme increase with increasing uncertainty
level. The RDO ensures guarantee of desired performance of RHABC by limiting probability
of failure to considerably low values. Moreover, the COV of optimal cost remain almost constant over the varying uncertainty levels. Thus, the RDO yields solutions which are insensitive to the variation of input uncertainty, even when the uncertainty is raised up to an extent
of 15 to 20%. Thus, by sacrificing marginal increment in cost one may achieve guarantee in
safe performance of RHABC mixes without eliminating the sources of uncertainty. The effi-
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ciency of the RMDO approach is validated by a second level of experimental study. The experimental results are in close conformity to the RMDO yielded mix designs. Although
promising results are achieved by the RMDO in the present study, the authors feel that the
approach may be explored for higher target strength and slump levels, which is under consideration at this stage.
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Abstract: Due to differences between the mechanical properties of steel and fiber
reinforced polymers (FRP), the reliability of FRP-reinforced concrete (RC) beams
shall be assessed. While a reasonable body of knowledge has been gathered
regarding the reliability of FRP-RC beams with respect to ultimate limit states, the
same is not true for serviceability of such beams. Since FRP is characterized by
higher values of strength and lower Young’s modulus compared to steel, this
implies that the design of FRP-RC structures will be influenced almost exclusively
by serviceability limit states. In this study, a contribution to the development of
semiprobabilistic design recommendations for FRP-RC beams, with respect to the
serviceability limit state, is reported.

1

Introduction

Reinforced concrete (RC) structures are often subjected to deicing salts or in a marine
environment. As such, a major problem to the durability of these structures is the corrosion of
reinforcing steel. In this light, fiber reinforced polymers (FRP), as noncorrosive materials,
provide a promising prospect for use as reinforcement in concrete construction. Although the
use of FRP as structural reinforcement shows great promise in terms of durability, the
characteristics of these materials have led to new challenges in the design of FRP reinforced
concrete (FRP-RC) components.
In recent years, there has been a growing interest on high performance materials such as highstrength concrete and FRP, among others. These materials may offer not only greater
durability but also higher resistance and, as a consequence, potential gains throughout the
lifecycle of the structure. Moreover, the specific advantages of each material may be
combined in innovative systems as in the case of FRP-RC beams and slabs. Due to
differences between the mechanical properties of steel and FRP, the reliability of FRP-RC
beams shall be assessed.
Since most of the variables involved in the project (mechanical properties of concrete and
FRP, geometric characteristics, loads, model error, etc.) are random, probabilistic methods are
required to assessing safety and serviceability of these structural elements. While a reasonable
body of knowledge has been gathered regarding the reliability of FRP-RC beams with respect
to ultimate limit [3, 12, 13], the same is not true for serviceability of FRP-RC beams.
Additionally, in many design problems ultimate limit states control; however, a growing
number of problems are controlled by serviceability limit states, among them FRP-RC beams.
Since FRP is characterized by higher values of strength and lower Young’s modulus
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compared to steel, this implies that the design of FRP-RC structures will be influenced almost
exclusively by serviceability limit state [9, 14].
In this study, a contribution to the development of semi-probabilistic design recommendations
for FRP-RC beams, with respect to serviceability limit states, is reported. A probabilistic
assessment of the deflections of FRP-RC beams designed according to ACI 440 (2006) is
performed; Monte Carlo simulation is used in the probabilistic description of the beam
deflection, and in the computation of the probability of failure of designed beams with respect
to the limit state of excessive deflections.

2

ACI-440 recommendations for flexural design

FRP is a composite material consisting of continuous fibers, usually glass (GFRP), aramid
(AFRP) or carbon (CFRP), impregnated with a fiber-binding polymer then molded and
hardened in the intended shape. Table 1 shows some mechanical properties of GFRP, AFRP,
and CFRP reinforcing bars [3].
Table 1: Properties of reinforcing bars.
Properties
Nominal yield stress (MPa)
Tensile strength (MPa)
Elastic modulus (GPa)
* N/A: Not applicable.

STEEL
276 a 517
483 a 690
200

GFRP
N/A
483 a 1600
35 a 51

AFRP
N/A
1720 a 2540
41 a 125

CFRP
N/A
600 a 3690
120 a 580

While steel presents an elasto-plastic behavior, FRP is characterized by a linear-elastic stressstrain relationship up to rupture. Steel-reinforced concrete sections are commonly underreinforced to ensure yielding of steel before crushing of concrete. However, the nonductile
behavior of FRP reinforcement has demanded a change in this paradigm. According to ACI
440 [3], both failure modes (FRP rupture and concrete crushing) are acceptable in the design
of FRP-RC beams provided that strength and serviceability criteria are satisfied.
The design flexural capacity of a beam must exceed the flexural demand, i.e.:

 Mn  Mu

(1)

where  is the strength-reduction factor and Mu is the factored bending moment. To
compensate for the lack of ductility, the FRP-RC beam should possess a higher reserve of
strength; to this end, smaller strength-reduction factors for flexure are recommended:
  0.55
for f ≤ fb
(2a)

  0.3  0.25

  0.65

f
 fb

for fb < f < 1.4 fb

(2b)

for f ≥ 1.4 fb

(2c)

In Eqs. 2 (a)-(c), it is observed that  = 0.65 is consistent with compression-controlled failure
as prescribed in ACI 318 [1]. The failure mode of a FRP-RC beam (concrete crushing or FRP
rupture) depends on the balanced FRP ratio, fb, which is computed as:

 fb  0.85 1

E f  cu
f c'
f fu E f  cu  f fu
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(3)

where f’c is the concrete compressive strength, ffu is the design tensile strength of FRP, 1 is
the equivalent stress block parameter, Ef is the FRP modulus of elasticity, and cu is the
concrete ultimate strain. The formulation used in the computation of the beam resistance
depends on the failure mode, i.e. concrete crushing ( f >fb) or FRP rupture (f < fb), where
the FRP ratio f = Af/ (b d), Af is the area of FRP reinforcement, b is the beam width, and d is
the distance from the extreme compressed fiber to the centroid of the tensile reinforcement.
For f >fb (over-reinforced beams), the nominal bending resistance, Mn, is given by:
a

M n  Af f f  d  
(4)
2

where a and the stress level at the FRP reinforcement, ff, are, respectively
Af f f
(5)
a
0.85 f ´c b

ff 

E

f

 cu 2
4



0.85 1 f c'

f

E f  cu  0.5 E f  cu  f fu .

(6)

For f < fb, (under-reinforced beams), the nominal bending resistance, is given by:



M n  0.8 A f f fu d  1
2


3

  cu

  
fu
 cu

 
d
 
 

(7)

Designed beams

Fifty-four GFRP-RC beams, designed according to the ACI 440 [2] recommendations for
flexure, were selected for analysis. All beams are simply-supported, with 3-m span, 200 x 300
mm2 rectangular cross-sections, and subjected to uniformly distributed load. The analysis was
intended to reveal the influence of the concrete compressive strength, amount of longitudinal
reinforcement, FRP tensile strength, and load ratio on the beam reliability with respect to the
limit state of excessive deflections.
Three specified concrete compressive strengths - 30, 50, and 70 MPa, and three FRP tensile
strengths - 485 MPa, 850 MPa, and 1275 MPa -, were chosen. Higher concrete compressive
strengths (50 and 70 MPa) have been included since it has been reported that the high tensile
strength of FRP is most efficiently used when paired with high-strength concrete [10].
The selected FRP tensile strengths are consistent with values suggested in ACI 440 for GFRP.
Longitudinal FRP ratios in the range 0.82-2.10 fb have been used, thus representing underreinforced, in the transition region, and over-reinforced and beams (f limits defined by Eqs.
2a-c, respectively). The selected FRP bars have diameters ranging from 6.3 to 25 mm. Two
mean dead load to mean live load ratios ( D/L = 0.5 and 1.0) have been selected.
Each beam is identified by four groups of numbers and/or letters. The first group, - C30, C50,
or C70 -, stands for the specified concrete compressive strength in MPa. The second group is
related to the tensile strength of FRP bars (P1: 485 MPa, P2: 850 MPa, and P3: 1275 MPa).
The third group is related to the load ratio (R5 and R1 correspond to D/L = 0.5 and 1.0,
respectively). The fourth group is related to the FRP longitudinal ratio (UR: under-reinforced
beams; OR: over-reinforced beams; and TR: transition zone). For example, beam C70-P1-R5-
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OR has a specified concrete cylinder strength of 70 MPa, FRP tensile strength of 485 MPa,
load ratio equal to 0.5, and is over-reinforced. Table 2 presents the details of the designed
beams (R* indicates that groups R5 and R1 have the same geometrical and mechanical
properties). The 36 beams corresponding to P2 and P3 are the same as those investigated by
Ribeiro and Diniz [12].
Table 2: Details of the designed beams.

4

Beam identification

f'c (MPa)

f*fu (MPa)

ρf / ρfb

C30-P1-R*-TR
C30-P1-R*-OR
C30-P1-R*-OR
C30-P2-R*-UR
C30-P2-R*-TR
C30-P2-R*-OR
C30-P3-R*-UR
C30-P3-R*-TR
C30-P3-R*-OR
C50-P1-R*-TR
C50-P1-R*-OR
C50-P1-R*-OR
C50-P2-R*-UR
C50-P2-R*-TR
C50-P2-R*-OR
C50-P3-R*-UR
C50-P3-R*-TR
C50-P3-R*-OR
C70-P1-R*-TR
C70-P1-R*-OR
C70-P1-R*-OR
C70-P2-R*-UR
C70-P2-R*-TR
C70-P2-R*-OR
C70-P3-R*-UR
C70-P3-R*-TR
C70-P3-R*-OR

30
30
30
30
30
30
30
30
30
50
50
50
50
50
50
50
50
50
70
70
70
70
70
70
70
70
70

485
485
485
850
850
850
1275
1275
1275
485
485
485
850
850
850
1275
1275
1275
485
485
485
850
850
850
1275
1275
1275

1.05
1.48
2.10
0.86
1.15
1.50
0.93
1.16
1.59
1.08
1.52
2.03
0.83
1.09
1.45
0.84
1.15
1.54
1.09
1.53
1.90
0.82
1.10
1.64
0.87
1.16
1.52

Deflection equation for FRP-RC beams

The instantaneous deflection of FRP-RC beams, i, is calculated by an elastic equation that
takes into account the load acting on the structure, Young’s modulus of concrete (Ec) and the
effective moment of inertia (Ie). For simply-supported beams subjected to uniformly
distributed loads, the deterministic equation for the calculation of the instantaneous deflection
Δi is given by:
5 pserv L4
i
(8)
384 Ec Ie
where pserv is the service load. The main problem related to Eq. (8) is the determination of the
effective moment of inertia, Ie. For steel-reinforced beams, Ie is calculated by Branson’s
equation:
3

  Mcr  3  
 Mcr 

Ie  
I
g


  Icr   Ig
1  

  Ma   
 Ma 
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(9)

where Mcr = cracking moment; Ma = maximum moment in the beam at stage deflection is
computed; Ig = gross moment of inertia; Icr = moment of inertia of transformed cracked
section. Branson’s equation, however, has been found to overestimate the effective moment of
inertia of FRP-RC beams [3]; as a result, several equations have been proposed for the
calculation of the effective moment of inertia of FRP-RC beams [4, 9].
A study performed by Mota et al. [9] obtained the statistics of the ratio experimental/
calculated deflection,  Δexp/ Δcalc, corresponding to different equations for the effective
moment of inertia in the prediction of deflections at service. For GFRP-RC beams, those
results indicated the ranges 0.49-1.45 and 0.063-0.082 for the mean values (μ) and
coefficients of variation (COV), respectively.
In this study, the equation suggested by Yost et al. [15] is used in the calculation of the
effective moment of inertia Ie:
3

  Mcr  3  
 Mcr 

Ie  

I
g

1  
 d
  Icr   Ig
M
a
M
a

  
 




(10)

 Ef 
where βd = reduction coefficient used in calculating deflection given by d     1 ; α is a
 Es 
bond dependent coefficient given by α = (ρf / ρfb) + 0.13; and Es = modulus of elasticity of
steel. According to [9], the ratio  Δexp/ Δcalc corresponding to Yost et al. equation has mean
μ = 0.95 and COV = 0.0698.
The total deflection (Δtotal) is the sum of the time-dependent deflection due to all sustained
loads and the instantaneous deflection due to any additional live load. The increase in
deflection due to sustained loads depends on a number of factors (member geometry, age of
concrete at the time of loading, magnitude and duration of sustained load, and material
characteristics). The long-term deflection due to creep and shrinkage, Δ(cp + sh), for FRP-RC
beams can be computed according to the following equations [3]:
Δ(cp + sh) = 0,6 λ (Δi)sus




(1  50  ' )

(11)
(12)

where (Δi)sus is the immediate deflection due to sustained loads and ρ’ is the ratio of
compression reinforcement. The parameter λ in Equation 12 reduces to ξ because compression
reinforcement is not considered for FRP-reinforced members (ρ’ = 0). Values of the timedependent factor for sustained load are reported in ACI 318 [1].

5

Reliability analysis of deflections of FRP-RC beams

In this study, Monte Carlo simulation is used in order to obtain the statistics of deflections of
GFRP-RC beams designed according to ACI 440 recommendations and the corresponding
probabilities of failure (and reliability indices) with respect to the limit state of excessive
deflections. The number of simulations is taken as 100,000.

5.1

Probabilistic Simulation of Deflections of FRP-RC Beams

The statistics of the basic variables considered in this study are summarized in Table 3. The
live load for the serviceability analysis is taken for an eight-year reference period as suggested
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by [7]. Beam span (L = 3 m) and area of the FRP bars (AFRP) are taken as deterministic.
Concrete modulus of elasticity, Ec, is taken as a function of the random variable concrete
compressive strength, Ec  4700 fc (MPa); cracking moment, Mcr, is a function of the
concrete modulus of rupture, fr, and gross moment of inertia of the cross-section, Ig, [1]:
fr Ig
(13)
yt
where yt is the distance from centroidal axis of gross section, neglecting reinforcement, to
tension face. The modulus of rupture, fr, is a function of concrete compressive strength,
Mcr 

fr  0,62 fc (MPa) [1]; Ig is given by bh3/12 (b is the beam width and h is the beam height).
Table 3: Statistics of the basic variables.
Standard
Coefficient of
Probability
Deviation (σ) variation (COV)
Distribution
Dimensions *[8]
Δh , Δb
1.524 mm
6.35 mm
0.0417
Normal
Cover, Δc
6.35 + 0.004 h (mm)
4.22 mm
Normal
Concrete compressive strength ** [5, 8]
f 'c = 30 MPa
34.64 MPa
3.46 MPa
0.10
Lognormal
f 'c = 50 MPa
57.74 MPa
5.77 MPa
0.10
Lognormal
f 'c = 70 MPa
80.83 MPa
8.08 MPa
0.10
Lognormal
GFRP tensile strength (f *fu) [11]
f *fu = 485 MPa
570.59 MPa
28.53 MPa
0.05
Normal
f *fu = 850 MPa
1000 MPa
50 MPa
0.05
Normal
f *fu = 1275 MPa
1500 MPa
75 MPa
0.05
Normal
GFRP modulus of elasticity (EFRP) [11]
EFRP = 35 GPa
35 GPa
1750 MPa
0.05
Normal
EFRP = 42,5 GPa
42.5 GPa
2125 MPa
0.05
Normal
EFRP = 50 GPa
50 GPa
2500 MPa
0.05
Normal
Model error [9]
0.95
0.066
0.0698
Normal

Loads
Coefficient of
Probability
Type
μυ / Um ***
variation (COV)
Distribution
Dead load [6]
1.05
0.10
Normal
Live load (ULS) [6]
1.00
0.25
Type I
Live load (SLS) [7]
0.65
0.32
Type I
* Deviations from nominal values; ** Cylinder strength; *** Ratio of mean to unfactored nominal load.
Basic variable

Mean (μ)

Total deflections, Δtotal, of the 54 FRP-RC beams were computed according to Eqs. 8, 10, 11,
and 12 (see Section 4) and the statistics presented in Table 3. In the computation of the longterm deflections, ξ is taken as 2.0 (sustained load duration of 5 years or more) consistent with
the 8-yr reference interval, and it is assumed that 20 % of the live load is sustained loading.
The statistics of the total deflections (minimum, mean, and maximum) corresponding to the
54 FRP-RC beams considered in this study are presented in Table 4. This table also displays
the nominal value of the total deflection computed according to ACI 440 recommendations,
Δtotal,ACI, and the ratio μMSC / Δtotal,ACI (μMSC is the mean total deflection obtained via Monte
Carlo simulation). From Table 4 it is observed that the ratio μMSC / Δtotal,ACI is in the range
0.83-1.25; additionally, it is seen that deflections increase as the load ratio increases, i.e. as
more sustained loads act on the beam. Most importantly, it is seen that over-reinforced beams,
--which correspond to the most desirable failure mode--, present larger deflections as
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compared to under-reinforced and transition zone beams. This results from the fact that
comparatively more loads are allowed in over-reinforced beams, as well as, the use of larger
strength-reduction factors for such beams (see Eqs. 2(a)-(c)). The histograms of deflections of
C50-P3-R5-OR and C70-P3-R1-UR beams are shown in Fig. 1(a) and (b), respectively.
Table 4: Statistics of the total deflection of FRP-RC beams.
R5
Δtotal (m)

Beam

R1
Δtotal (m)

Min.

Mean

Max.

Δtotal,ACI
(m)

μMCS /
Δtotal,ACI

Min.

Mean

Max.

Δtotal,ACI
(m)

μMCS /
Δtotal,ACI

C30-P1-R*-UR

0.0011

0.0100

0.0375

0.0101

0.9929

0.0026

0.0131

0.0368

0.0130

1.0108

C30-P1-R*-TR

0.0011

0.0100

0.0375

0.0100

1.0020

0.0026

0.0131

0.0368

0.0129

1.0167

C30-P1-R*-OR

0.0029

0.0117

0.0323

0.0116

1.0062

0.0053

0.0141

0.0321

0.0138

1.0251

C30-P2-R*-UR

0.0002

0.0039

0.0404

0.0035

1.1126

0.0005

0.0059

0.0373

0.0054

1.0780

C30-P2-R*-TR

0.0005

0.0077

0.0474

0.0074

1.0394

0.0013

0.0110

0.0454

0.0107

1.0315

C30-P2-R*-OR

0.0010

0.0111

0.0490

0.0111

1.0041

0.0024

0.0150

0.0477

0.0148

1.0144

C30-P3-R*-UR

0.0001

0.0025

0.0392

0.0025

1.0084

0.0003

0.0039

0.0344

0.0040

0.9687

C30-P3-R*-TR

0.0002

0.0048

0.0498

0.0043

1.1123

0.0006

0.0071

0.0457

0.0066

1.0773

C30-P3-R*-OR

0.0005

0.0081

0.0547

0.0077

1.0496

0.0013

0.0116

0.0519

0.0112

1.0368

C50-P1-R*-UR

0.0001

0.0021

0.0266

0.0017

1.2455

0.0003

0.0031

0.0238

0.0026

1.1929

C50-P1-R*-TR

0.0017

0.0117

0.0392

0.0116

1.0091

0.0038

0.0149

0.0385

0.0145

1.0248

C50-P1-R*-OR

0.0038

0.0127

0.0342

0.0125

1.0150

0.0065

0.0152

0.0338

0.0147

1.0315

C50-P2-R*-UR

0.0003

0.0047

0.0433

0.0042

1.1240

0.0007

0.0069

0.0397

0.0063

1.0922

C50-P2-R*-TR

0.0006

0.0084

0.0493

0.0080

1.0544

0.0015

0.0119

0.0469

0.0113

1.0466

C50-P2-R*-OR

0.0014

0.0129

0.0516

0.0128

1.0110

0.0033

0.0171

0.0502

0.0168

1.0238

C50-P3-R*-UR

0.0001

0.0025

0.0397

0.0029

0.8622

0.0003

0.0038

0.0349

0.0046

0.8315

C50-P3-R*-TR

0.0003

0.0059

0.0541

0.0053

1.1192

0.0009

0.0087

0.0496

0.0080

1.0881

C50-P3-R*-OR

0.0007

0.0099

0.0584

0.0094

1.0530

0.0018

0.0139

0.0555

0.0133

1.0451

C70-P1-R*-UR

0.0011

0.0101

0.0388

0.0092

1.0999

0.0026

0.0132

0.0377

0.0121

1.0954

C70-P1-R*-TR

0.0028

0.0139

0.0407

0.0133

1.0438

0.0056

0.0171

0.0400

0.0162

1.0532

C70-P1-R*-OR

0.0049

0.0141

0.0366

0.0136

1.0374

0.0077

0.0167

0.0362

0.0159

1.0494

C70-P2-R*-UR

0.0004

0.0069

0.0481

0.0056

1.2306

0.0011

0.0099

0.0449

0.0083

1.1946

C70-P2-R*-TR

0.0011

0.0120

0.0525

0.0108

1.1131

0.0027

0.0162

0.0507

0.0146

1.1051

C70-P2-R*-OR

0.0027

0.0161

0.0509

0.0154

1.0478

0.0057

0.0202

0.0499

0.0191

1.0580

C70-P3-R*-UR

0.0002

0.0046

0.0509

0.0044

1.0405

0.0006

0.0069

0.0461

0.0068

1.0067

C70-P3-R*-TR

0.0006

0.0093

0.0606

0.0077

1.2051

0.0016

0.0133

0.0568

0.0113

1.1740

C70-P3-R*-OR

0.0012

0.0135

0.0626

0.0120

1.1202

0.0029

0.0184

0.0602

0.0166

1.1098
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Figure 1: Histogram of deflections of FRP-RC beams: (a) C50-P3-R5-OR; (b) C70-P3-R1-UR.
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0.05

5.2

Performance Function

The performance function used in the current study is:
g(X) = δa – Δtotal

(14)

where δa is the allowable deflection and Δtotal as previously defined. The allowable deflection
(δa) is assumed as a deterministic quantity equal to L/240 (as specified by ACI 318 [1] in most
cases). Figure 2(a) and (b) shows the histograms of g(X) for beams C30-P3-R5-OR and C30P3-R1-OR, respectively.
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Figure 2: Histogram of performance function of beams: a) C30-P3-R5-OR; (b) C30-P3-R1-OR.

5.3

Reliability Index and Probability of Failure

Table 5 presents the probabilities of failure, Pf, obtained in the current study and the
corresponding reliability indexes, β, associated to each of the 54 analyzed FRP-RC beams.
The results in the four columns under the heading “ϕ = 0.55-0.65” correspond to beams
designed according ACI 440 provisions. In these cases, a large dispersion of the resulting
reliability levels is observed. The computed reliability indexes vary from 2.90 up to negative
values (corresponding to Pf in excess of 0.5). It is also observed that, for all other parameters
remaining constant, beams with a larger load ratio, --i.e. more sustained loading--, present a
smaller reliability index (and larger Pf). For instance, comparing beams C30-P1-R5-UR and
C30-P1-R1-UR, while β is equal to 2.15 for the former, it is equal to 1.89 for the latter.
For further analyses, a target reliability index, βtarget, is taken as 1.5 as suggested in [13] for
floor beams under occupancy load for an eight-year reference period [7]. Considering this
target value, it is observed that out of the 54 beams designed according to ACI 440
provisions, the target is met in only 15 of such beams, none of them being over-reinforced.
Considering that concrete crushing is the most desirable failure mode in flexural design of
FRP-RC beams, and that a beam must be safe and serviceable, it is clear that the implicit
reliability levels for the limit state of excessive deflections are unacceptable.
As pointed out in section 5.1, the larger deflections of over-reinforced beams, --and
consequently smaller reliability indexes--, are the combined result of comparatively more
loads acting on the over-reinforced beams, as well as, the use of larger strength-reduction
factors for such beams. Considering that the larger  factors for over-reinforced beams are
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one of the reasons for larger deflections in such beams, the use of a constant factor in the
design process was investigated. The results in the four columns under the heading “ϕ = 0.55”
correspond to beams designed according ACI 440 provisions, exception made for the  factor,
taken as 0.55 for all beams. It is observed that there is a significant improvement in the
resulting reliability levels, particularly for beams C30 and C50, paired with P3 (higher
strength composites).
Table 5: Probabilities of failure (and reliability indices) associated to serviceability limit state.
ϕ = 0.55-0.65
R5

Beam

6

ϕ = 0.55
R1

β

Pf

C30-P1-R*-UR

2.1530

C30-P1-R*-TR

0.7366

C30-P1-R*-OR

R5

R1

β

Pf

β

Pf

β

Pf

0.0157

1.8892

0.0294

2.1530

0.0157

1.8892

0.0294

0.2307

-0.0669

0.5267

0.8386

0.2008

0.0705

0.4719

0.4002

0.3445

-0.5321

0.7027

1.2129

0.1126

0.5512

0.2908

C30-P2-R*-UR

2.0509

0.0201

1.7644

0.0388

2.0509

0.0201

1.7644

0.0388

C30-P2-R*-TR

1.1360

0.1280

0.5011

0.3082

1.4346

0.0757

0.9139

0.1804

C30-P2-R*-OR

0.4587

0.3232

-0.4379

0.6693

1.2747

0.1012

0.6901

0.2451

C30-P3-R*-UR

2.4656

0.0068

2.3305

0.0099

2.4656

0.0068

2.3305

0.0099

C30-P3-R*-TR

1.7629

0.0390

1.3752

0.0845

2.0575

0.0198

1.7766

0.0378

C30-P3-R*-OR

1.0297

0.1516

0.3612

0.3590

1.7908

0.0367

1.4114

0.0791

C50-P1-R*-UR

2.9027

0.0019

2.8494

0.0022

2.9027

0.0019

2.8494

0.0022

C50-P1-R*-TR

0.3463

0.3645

-0.6061

0.7278

0.5274

0.2990

-0.3650

0.6424

C50-P1-R*-OR

0.0662

0.4736

-0.9580

0.8310

0.9066

0.1823

0.1379

0.4452

C50-P2-R*-UR

1.8451

0.0325

1.4846

0.0688

1.8451

0.0325

1.4846

0.0688

C50-P2-R*-TR

0.9956

0.1597

0.3059

0.3799

1.1837

0.1183

0.5694

0.2845

C50-P2-R*-OR

0.0908

0.4638

-0.9359

0.8253

0.9505

0.1709

0.2347

0.4072

C50-P3-R*-UR

2.4832

0.0065

2.3547

0.0093

2.4832

0.0065

2.3547

0.0093

C50-P3-R*-TR

1.4900

0.0681

1.0041

0.1577

1.7917

0.0366

1.4125

0.0789

C50-P3-R*-OR

0.6951

0.2435

-0.1073

0.5427

1.4934

0.0677

1.0018

0.1582

C70-P1-R*-UR

0.7212

0.2354

-0.0927

0.5369

0.7212

0.2354

-0.0927

0.5369

C70-P1-R*-TR

-0.2441

0.5964

-1.3757

0.9155

-0.0359

0.5143

-1.1076

0.8660

C70-P1-R*-OR

-0.4029

0.6565

-1.5282

0.9368

0.4802

0.3155

-0.4304

0.6665

C70-P2-R*-UR

1.3081

0.0954

0.7428

0.2288

1.3081

0.0954

0.7428

0.2288

C70-P2-R*-TR

0.2933

0.3846

-0.6698

0.7485

0.5178

0.3023

-0.3637

0.6420

C70-P2-R*-OR

-0.6624

0.7461

-1.9093

0.9719

0.2770

0.3909

-0.7025

0.7588

C70-P3-R*-UR

1.8084

0.0353

1.4402

0.0749

1.8084

0.0353

1.4402

0.0749

C70-P3-R*-TR

0.7933

0.2138

0.0265

0.4894

1.1421

0.1267

0.5133

0.3039

C70-P3-R*-OR

0.0421

0.4832

-1.0004

0.8414

0.9084

0.1818

0.1834

0.4273

Summary and conclusions

In this study, a contribution to the development of semiprobabilistic design recommendations
for FRP-RC beams, with respect to the serviceability limit state, was reported. To this end,
Monte Carlo simulation was used in order to obtain the statistics of deflections of GFRP-RC
beams designed according to ACI 440 recommendations and the corresponding probabilities
of failure (and reliability indices) with respect to the limit state of excessive deflections. For
beams designed according ACI 440, a large dispersion of the resulting reliability levels is
observed, with β’s varying from 2.90 up to negative values. The smallest reliability indexes
were found for the over-reinforced beams; it is shown that more adequate reliability levels
may be attained by using a smaller strength-reduction factor in the design of such beams.
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Abstract: Four reinforced concrete slab-column connections are analysed deterministically using the finite element analysis (FEA) program ABAQUS. Using this
verified FEA model, probabilistic FEA is performed considering uncertain material properties. Python code is developed and the probabilistic FEA is executed using a new variance based method, namely, multiplicative dimensional reduction
method (M-DRM). M-DRM can overcome the computational cost limitation that
can be a barrier for these types of analysis. This study examines how material uncertainty affects the structural response of reinforced concrete slab-column connections, in terms of ultimate load and ultimate displacement. Sensitivity indices
obtained from M-DRM, with no extra computational cost, prioritize the most influential input random variables with respect to the previous structural responses.
Valuable outcomes are presented in this study related to the behaviour and safety
of these critical structural connections. The adopted M-DRM can be considered as
an effective and easy to use alternative framework for future probabilistic nonlinear finite element analyses of real scale structural problems.

1 Introduction
The main vulnerability of a reinforced concrete slab-column connection (also called flat slab)
is the punching shear failure around the column. This brittle failure happens when the shear
capacity of the slab-column connections is lost. For example, under the presence of a heavy
vertical load, cracks first occur inside the slab and near the area of the column. Then, these
cracks propagate through the thickness of the slab forming an angle between 20 and 45 degrees to the bottom of the slab. This inclined crack propagation leads to punching shear failure, which eventually happens along the cracks [16]. The main issue with respect to structural
safety is that this failure happens in a brittle way with no warning, as even close to the failure
these cracks may not be visible [17]. Therefore, punching shear is a critical design case for
reinforced concrete flat slabs.
The most common design codes for punching shear, such as ACI 318-14 [3] and EC-2 (2004)
[9], have certain similarities in their approaches but also significant differences in their equations and assumptions [5]. The need for a uniform treatment of punching shear has already
been indicated and a combined framework of probabilistic and finite element analyses can
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provide useful information in this direction. Many parameters including material properties
and shear reinforcement affect the punching shear strength of reinforced concrete slab-column
connections [20]. Probabilistic analysis can incorporate these uncertainties in the analysis of
the structural connections, because it allows characterizing the deterministic quantities of interest as random variables [10]. Thus, probabilistic analysis is employed in order to investigate the punching shear failure of reinforced concrete slab-column connections.
The advances in computer technology allow applying finite element analysis (FEA) to complex and computationally demanding structural problems [13]. In this study, the ABAQUS
FEA software is adopted and the concrete damaged plasticity model, which is offered in
ABAQUS, is used for modeling the concrete slabs. However, coupling FEA with uncertainty
can increase tremendously the computational time. The multiplicative dimensional reduction
method (M-DRM) provides fairly accurate results within a feasible computational time for the
probabilistic nonlinear FEA of high demanding computational problems [7]. The primary
benefit of M-DRM in conjunction with the Gaussian quadrature is the large reduction in the
number of evaluations of the response function, i.e., total number of required FEA trials. Another benefit of M-DRM is that the global sensitivity coefficients are the by-product of the
proposed approach. Thus, no further FEA is required for the calculation of the sensitivity coefficients, which are useful in ranking the input uncertain variables based on their importance
to structural reliability [8]. In summary, the adopted M-DRM framework, leads to probabilistic and sensitivity analysis of structures based on a small number of finite element analyses.

2 Multiplicative Dimensional Reduction Method
2.1 Basic Idea
Probabilistic FEA is applied by modelling the structural response as a function of several input variables. For example, the punching shear strength of a flat slab is evaluated as a function
of input random variables (e.g., material properties) and is denoted as:
𝑌 = ℎ(𝐱)

(1)

where 𝑌 is the scalar output response, i.e., punching shear strength, and (𝐱) is the vector of
input random variables 𝑥1 , … , 𝑥𝑛 . The multiplicative dimensional reduction method (MDRM) [8] uses a multiplicative form to approximate the scalar response as
𝑛

ℎ(𝒙) ≈

(1−𝑛)
ℎ0

× ∏ ℎ𝑖 (𝑥𝑖 )

(2)

𝑖=1

where, ℎ0 is the response when all random variables are fixed to their mean value, 𝑛 is the
number of random variables and ℎ𝑖 (𝑥𝑖 ) is an 𝑖 𝑡ℎ one-dimensional cut function (𝑖 =
1,2, … , 𝑛). Thus, the response function is evaluated with respect to a reference fixed input
point, known as the cut point, with coordinates 𝑐 = (𝑐1 , 𝑐2 , … , 𝑐𝑛 ) [15], and the 𝑖 𝑡ℎ cut function is obtained by fixing all the input random variables, except 𝑥𝑖 , to their respective cut
point coordinates, which are generally chosen as the mean values (𝑐1 , 𝑐2 , … , 𝑐𝑛 ) such that
ℎ𝑖 (𝑥𝑖 ) = ℎ(𝑐1 , … , 𝑐𝑖−1 , 𝑥𝑖 , 𝑐𝑖+1 , … , 𝑐𝑛 )
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(3)

2.2 Statistical Moments using M-DRM
A 𝑘 𝑡ℎ statistical moment of the response function is approximated using the M-DRM representation shown in Equation (2) as
𝑘

𝑛

𝐸[𝑌

𝑘]

≈𝐸

(1−𝑛)
[(ℎ0

× ∏ ℎ𝑖 (𝑥𝑖 )) ]

(4)

𝑖=1

For not correlated input random variables Equation (4) is written as
𝑛

𝐸[𝑌

𝑘]

≈

ℎ0𝑘(1−𝑛)

𝑘

∏ 𝐸 [(ℎ𝑖 (𝑥𝑖 )) ]

(5)

𝑖=1

Then, the mean (𝜇𝑌 ) and mean square (𝜇2𝑌 ) of the response are approximated as
𝑛

𝜇𝑌 ≈

(1−𝑛)
ℎ0

× ∏ 𝜌𝑖

(6)

𝑖=1
𝑛

𝜇2𝑌 ≈

ℎ02(1−𝑛)

× ∏ 𝜃𝑖

(7)

𝑖=1

2

where, 𝜌𝑖 = 𝐸[ℎ𝑖 (𝑥𝑖 )] and 𝜃𝑖 = 𝐸 [(ℎ𝑖 (𝑥𝑖 )) ] denote the mean and the mean square of an 𝑖 𝑡ℎ
cut function, respectively. The evaluation of any 𝑘 𝑡ℎ order statistical moment of the response
requires the calculation of a 𝑘 𝑡ℎ moment of all the cut functions through one dimensional integration. This integration is optimized using the Gauss quadrature formulas (weighted sum)
as [14]
𝐿
𝑘

𝐸 [(ℎ𝑖 (𝑥𝑖 )) ] ≈ ∑ 𝑤𝑗 [ℎ𝑖 (𝑥𝑗 )]

𝑘

(8)

𝑗=1

where, 𝐿 is the number of the Gauss quadrature scheme, 𝑥𝑗 and 𝑤𝑗 are the coordinates and
weights, respectively, of the Gauss quadrature points (𝑗 = 1,2, … , 𝐿) and ℎ𝑖 (𝑖 = 1,2, … , 𝑛) is
the response when an 𝑖 𝑡ℎ cut function (input random variable), is set at a 𝑗 𝑡ℎ Gauss quadrature
point. Then, the variance of the response is calculated as [6]
𝑛

𝑉𝑌 = 𝜇2𝑌 − (𝜇𝑌 )2 ≈ (𝜇𝑌 )2 × [(∏
𝑖=1

𝜃𝑖
) − 1]
𝜌𝑖2

(9)

2.3 Computational cost using M-DRM
M-DRM combined with the Gaussian quadrature reduces remarkably the total number of
evaluations of the response function. M-DRM requires (𝑛𝐿 + 1) function evaluations to calculate the statistical moments, where 1 corresponds to the function evaluation for which all
the input random variables are set equal to their mean values. For instance, a problem with 5
random variables and a 5-point Gauss quadrature scheme requires 26 function evaluations,
i.e., 26 runs of the FEA by changing one random input at the time. Thus, the benefit of M-
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DRM is the low computational cost and the applicability to any FEA software without the use
of a linking software/programing code for automating the function evaluations.

2.4 Sensitivity Analysis using M-DRM
The influence of an input random variable 𝑥𝑖 with respect to the output response 𝑌, can be
measured using the conditional variance 𝑉𝐴𝑅[𝐸−𝑖 [𝑌|𝑥𝑖 ]] as [18]:
𝑆𝑖 =

𝑉𝑖 [𝐸−𝑖 [𝑌|𝑥𝑖 ]]
𝑉𝑌

( 0 ≤ 𝑆𝑖 ≤ 1)

(10)

where 𝑆𝑖 is the the primary sensitivity coefficient, i.e., the main effect of 𝑥𝑖 on 𝑌, 𝐸−𝑖 denotes
the expectation operation (mean values) over all the variables except the random variable 𝑥𝑖
and 𝑉𝑌 is the response variance as shown in Equation (9). Using the M-DRM representation
shown in Equation (2), together with Equations (6) and (7), the primary sensitivity coefficient
takes the final form as [21]:
𝑆𝑖 ≈

(𝜃𝑖 /𝜌𝑖2 ) − 1
(∏𝑛𝑖=1 𝜃𝑖 /𝜌𝑖2 ) − 1

( 0 ≤ 𝑆𝑖 ≤ 1)

(11)

The primary sensitivity coefficient is used for prioritizing the most influential random variables to the output response [19]. Using M-DRM, 𝑆𝑖 is calculated without requiring any extra
analytical effort, because 𝜌𝑖 and 𝜃𝑖 have been already calculated for deriving the statistical
moments of the response.

3 Reinforced Concrete Slab-Column Connections
3.1 Finite Element Analysis
Four interior reinforced concrete slab-column connections (flat slabs) are selected (Figure 1),
which were tested at the University of Waterloo as described in [4]. Flat slab SB1 has no
shear bolts (control specimen). Flab slab SB2, SB3 and SB4 are retrofitted with two, three and
four rows of shear bolts, respectively. All slabs have the same placement and amount of longitudinal reinforcement.
The slab-column connections are analysed using the commercial FEA software ABAQUS [1]
as described in [12]. One quarter of each slab-column connection is analysed due to symmetry
in both load and geometry, in order to reduce the FEA computational cost. Genikomsou and
Polak [12] investigated four different techniques for modelling accurately the shear bolts, i.e.,
using truss, beam, shell or solid elements. In this study, shear bolts are modelled using truss
elements, because they provide a good numerical accuracy compared to the test results
(Figure 2) and require less computational cost (compared to the other three modelling techniques). The concrete damage plasticity model offered in ABAQUS is used for modelling the
concrete behaviour; the compressive behaviour of concrete is modelled using the Hognestad
type parabola, and the tensile behaviour of concrete is modelled using the fracture energy approach, while further details can be found in [11]. Steel is modelled considering a bi-linear
hardening behaviour.
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Figure 1: Schematic drawings of slab-column connections.

(a)

(b)

Figure 2: Test and FEA load-deflection curves of flat slabs: (a) SB1 SB2, (b) SB3 SB4.

3.2 Probabilistic Finite Element Analysis
3.2.1 General Description
The presented slab-column connections are analysed using M-DRM in order to estimate the
statistical moments and for sensitivity analysis. Table 1 provides the input random variables
for the flat slab SB1 and Table 2 provides the input random variables for the flat slabs SB2,
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SB3 and SB4. COV denotes the coefficient of variation, 𝑓𝑐′ denotes the compressive strength
of concrete, 𝑓𝑡′ denotes the tensile strength of concrete, 𝛾𝑐 denotes the density of concrete, 𝐸𝑠
denotes the modulus of elasticity of steel, 𝛾𝑠 denotes the density of steel, 𝑓𝑦 denotes the yield
strength of steel and 𝐴𝑠 denotes the cross-section area of steel. The trials that M-DRM requires are automated in ABAQUS using python programing language [2], taking advantage of
the python development environment that ABAQUS supports as described in [7]. However,
M-DRM can be also implemented without the need of python programing, because it requires
a small number of trials. For example, the slab-column connections with shear bolts require
41 executions of the deterministic FEA code. This small number of required trials can be executed manually, making M-DRM an applicable and friendly to use method.
Table 1: Random variables for SB1

Material
Concrete
(slab & column)
Steel
(slab & column)
Steel
(slab)
Steel
(column)

Random Variable
𝑓𝑐′
𝑓𝑡′
𝛾𝑐
𝐸𝑠
𝛾𝑠
𝑓𝑦
𝐴𝑠
𝑓𝑦
𝐴𝑠

Distribution
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal

Mean
50.2 MPa
2.2 MPa
24 kN/m3
200 GPa
78 kN/m3
546 MPa
100 mm2
523 MPa
300 mm2

COV (%)
0.145
0.145
0.03
0.033
0.03
0.04
0.015
0.05
0.015

Table 2: Random variables for SB2, SB3, SB4

Material
Concrete
(slab)
Steel
(slab @ bottom)
Steel
(shear bolts)

Random Variable
𝑓𝑐′
𝑓𝑡′
𝐸𝑠
𝐴𝑠
𝐸𝑠
𝛾𝑠
𝑓𝑦
𝐴𝑠

Distribution
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal

Mean
47.15 MPa
2.1 MPa
200 GPa
100 mm2
200 GPa
78 kN/m3
381 MPa
70.88 mm2

COV (%)
0.15
0.15
0.033
0.015
0.033
0.03
0.04
0.015

3.2.2 Distribution Statistics of the Response
Two structural responses are selected for each slab-column connection, namely, ultimate load
and ultimate displacement. Mean and mean square of each structural response are calculated
based on the M-DRM method. Then, the variance is calculated based on Equation (3), while
the standard deviation is calculated as the square root of the variance. Table 3 presents the
mean, standard deviation (StDev) and coefficient of variation (COV) for both structural responses and all flat slabs. Adding shear bolts in the slabs does not seem to affect the variability of the slab’s ultimate load, because the COV is almost the same for all slabs. Although, a
minor decrease of the COV is observed with the increase of the amount of the shear bolts,
e.g., from 6.61% (SB1) to 4.59% (SB4), still this is a negligible difference. On the other hand,
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adding shear bolts seems to highly affect the variability of the slab’s ultimate displacement,
since the COV is increased from 5.66% (SB1) to 15.67% (SB2), 23.76% (SB3) and 19.79%
(SB4). In general, adding shear reinforcement increases the ductility of slab-column connections. Thus, uncertainty in material properties affects the variability of flat slabs with shear
bolts (ductile slab-column connections). According to the test results, SB3 and SB4 failed in
flexure and this is indicated quite well, because these slabs report an even higher ultimate
displacement COV. The following section examines which material property affects more and
which less the structural response, where sensitivity analysis is performed based on the MDRM.
Table 3: Distribution statistics of structural responses

Structural Response
Ultimate load

Ultimate displacement

Flat Slab
SB1
SB2
SB3
SB4
SB1
SB2
SB3
SB4

Mean
235 kN
297 kN
329 kN
342 kN
9.16 mm
15.66 mm
21.78 mm
24.99 mm

StDev
15.50 kN
18.77 kN
16.84 kN
15.71 kN
0.52 mm
2.46 mm
5.18 mm
4.95 mm

COV (%)
6.61
6.33
5.13
4.59
5.66
15.67
23.76
19.79

3.2.3 Sensitivity Analysis
Sensitivity analysis is performed using the M-DRM without requiring any extra finite element
analysis. The influence of each input random variable is calculated with respect to both structural responses (ultimate load and ultimate displacement). In this study, the M-DRM is used
to calculate the primary sensitivity coefficient (Si ) for each input random variable, because
the goal is to prioritize the most influential ones. The four most influential random variables
are reported for SB1 (Table 4), SB2 (Table 5), SB3 (Table 6) and SB4 (Table 7), because the
remaining ones have a primary sensitivity coefficient almost equal to zero. The variability in
material properties of the shear bolts does not seem to affect the variability of the slab’s ultimate load and ultimate displacement, since the primary sensitivity coefficient is less than 3%,
with most of the cases being less than 1%. The tensile strength of concrete is the most important parameter for the flat slab without shear bolts, followed by the compressive strength
of concrete. On the other hand, the compressive strength of concrete is the most important
parameter for the flat slab with shear bolts.
SB1 flat flab failed in punching shear, i.e., brittle shear failure that is more sensitive to the
tensile strength of concrete. On the other hand, shear bolts provide ductility to the flat slabs,
resulting to an expected flexural failure. Thus, failure in flexure is more sensitive to the compressive strength of concrete. Therefore, the contribution of the tensile strength of concrete is
reduced if shear bolts are added. For example, the primary sensitivity coefficient of the tensile
strength of concrete is reduced from 60.85% (SB1) to 10.19% (SB2), 7.19% (SB3) and 3.28%
(SB4) for the slab’s ultimate load case. For SB1 and SB4, uncertainty in the modulus of elasticity and the cross section area of the bottom flexural reinforcement, mostly affects the ultimate displacement response. However, this uncertainty in the bottom flexural reinforcement
seems to affect only the SB4 slab, because the ultimate displacement COV is relatively higher
for the SB4 (19.79%) compared to the SB1 (5.66%). Thus, uncertainty in the material proper-
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ties of the bottom flexural reinforcement, mostly contributes the variability of the displacement of ductile slabs, i.e., slab-column connections with adequate shear reinforcement.
Table 4: Primary sensitivity coefficients for SB1

Structural Response
Ultimate load

Ultimate displacement

Rank
1
2
3
4
1
2
3
4

Material
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Bottom Steel in Slab
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Bottom Steel in Slab

Random Variable
𝑓𝑡′
𝑓𝑐′
𝐸𝑠
𝐴𝑠
𝑓𝑡′
𝑓𝑐′
𝐸𝑠
𝐴𝑠

Si (%)
60.85
37.81
1.16
0. 23
51.75
35.98
7.49
4.77

Table 5: Primary sensitivity coefficients for SB2

Structural Response
Ultimate load

Ultimate displacement

Rank
1
2
3
4
1
2
3
4

Material
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Bottom Steel in Slab
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Shear Bolts

Random Variable
𝑓𝑐′
𝑓𝑡′
𝐸𝑠
𝐴𝑠
𝑓𝑐′
𝑓𝑡′
𝐴𝑠
𝐴𝑠

Si (%)
84.41
10.19
4.18
0.57
73.89
16.29
3.88
2.66

Table 6: Primary sensitivity coefficients for SB3

Structural Response
Ultimate load

Ultimate displacement

Rank
1
2
3
4
1
2
3
4

Material
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Shear Bolts
Concrete in Slab
Concrete in Slab
Shear Bolts
Shear Bolts

Random Variable
𝑓𝑐′
𝑓𝑡′
𝐸𝑠
𝑓𝑦
𝑓𝑐′
𝑓𝑡′
𝐴𝑠
𝑓𝑦

Si (%)
87.24
7.19
3.14
1.23
93.21
2.71
1.40
0.77

Table 7: Primary sensitivity coefficients for SB4

Structural Response
Ultimate load

Ultimate displacement

Rank
1
2
3
4
1
2
3
4

Material
Concrete in Slab
Concrete in Slab
Bottom Steel in Slab
Bottom Steel in Slab
Concrete in Slab
Bottom Steel in Slab
Bottom Steel in Slab
Concrete in Slab
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Random Variable
𝑓𝑐′
𝑓𝑡′
𝐸𝑠
𝐴𝑠
𝑓𝑐′
𝐴𝑠
𝐸𝑠
𝑓𝑡′

Si (%)
91.11
3.28
2.41
1.73
80.84
8.89
6.09
2.99

4 Conclusions
In this study, nonlinear finite element analysis (FEA) is implemented in order to predict the
structural behaviour of reinforced concrete slab-column connections. Then, probabilistic nonlinear FEA is applied considering several material properties as random variables. In this
study, probabilistic FEA is applied using the multiplicative dimensional reduction method
(M-DRM). M-DRM requires a small amount of FEA trials, i.e., computationally affordable,
and does not require any extra FEA for subsequent sensitivity analysis. Therefore, the presented M-DRM framework is an efficient technique for analysing real scale structural problems, which are modelled using nonlinear FEA under the presence of uncertainties.
Adding shear bolts does not affect significantly the variability of the slab’s structural response
in terms of ultimate load. However, as we increase the amount of the shear reinforcement the
slab-column connection becomes more ductile. This highly affects the variability of the structural response in terms of ultimate displacement. The most influential parameter is the concrete strength of the slab-column connections. Ultimate load and ultimate displacement of the
flat slab without shear reinforcement (SB1) are primarily affected by the uncertainty in the
tensile strength of concrete. Ultimate load and ultimate displacement of the flat slabs with
shear reinforcement (SB2, SB3 and SB4) are primarily affected by the compressive strength
of concrete.
Uncertainty in the cross-section area and modulus of elasticity of the bottom flexural reinforcement seems to affect the flat slab SB4, which is the most ductile compared to the other
two shear reinforced flat slabs (SB2 and SB3). However, further studies will be performed,
where probabilistic FE analyses using M-DRM will examine different types of punching
shear reinforcement. The presented work together with future studies will extend the already
known experimental findings and will provide useful information for the development of the
design provisions in punching shear design of reinforced concrete slab-column connections.
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Abstract: Dry storage casks, located at independent spent fuel storage installations
(ISFSI), are used for interim storage of spent nuclear fuel after it is removed from
short-term storage facilities in spent fuel pools. The casks are free-standing vertical
concrete cylinders placed on a concrete pad, which may slide or rock due to manmade
or natural hazards, making adjacent casks vulnerable to collision during strong ground
motions. Such a collision could potentially cause the release of radioactive materials
into the environment and should be prevented. To inform ISFSI owners of the potential
risks and support mitigation actions, models are required to evaluate the probabilistic
seismic performance of casks. This study proposes models to evaluate the probabilistic
seismic response of casks and suggests the use of the maximum displacement of the
central point on the top facet of the cask as an ideal response parameter of interest. The
maximum motion of the cask’s top central point provides a composite response
measure that incorporates both the maximum sliding and maximum rocking motions
and thus can serve as the representative of the cask’s overall response. Response
surface modelling is adopted to develop probabilistic seismic demand models (PSDM)
of this metric. The virtual experimental data used in PSDM development is generated
by 480 finite element (FE) models of the casks subject to three-component earthquakes
and analyzed in LS-DYNA. The FE models are developed based on a Latin Hypercube
Sampling experimental design which considers the typical geometric, material and
structural properties of ISFSI facilities in the United States. Using the proposed
PSDMs, seismic fragility analysis is conducted for the collision between adjacent
casks for a sample ISFSI layout, and the fragility analysis results are used in the risk
estimation process of storage facilities at different locations in the United States. In
addition to communicating risk metrics to ISFSI owners, the results presented in this
paper could be used in future studies to estimate the risk of radioactive material release
into the environment.

1

Introduction

According to Nuclear Energy Institute, about 11 percent of the world’s electricity produced in
2012 was provided by nuclear industry [1]. United States of America, the largest producer of
nuclear electricity in the world, generated about 20% of its electricity in nuclear power plants
in 2015 [2]. Nuclear power plant owners need to store the spent fuel, removed from reactor
cores, safely and efficiently so that the operation of the plant is not disturbed. Spent fuel pools
are typically used for short-term storage of the nuclear waste, in which water circulation cools
down the spent fuel. According to American standards, the spent fuel has to remain in the spent
fuel pools at least five years [3] before it is transferred to independent spent fuel storage
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installations (ISFSI) for mid-term storage. During the mid-term storage, the spent fuel is kept
inside dry storage structures. Construction of a permanent storage site for the nuclear waste
could be extremely challenging due to safety concerns [4]. In fact, there is no permanent storage
option in the U.S. at the moment, and in the absence of log-term storage facilities, the dry
storage structures have to be used for longer periods of time than their intended design life.
Regarding the importance of the dry storage facilities in the nuclear industry and the necessity
of extended operational time, the performance of the dry storage structures subject to different
hazards should be studied.
Vertical concrete dry cask is one of common types of the storage structures in ISFSI facilities.
A vertical concrete dry cask is a cylindrical tank made of reinforced concrete, which usually
receives the nuclear waste in a steel canister and stores it during the mid-term storage. The
design life time of the dry casks is twenty years with possible extension for another period if a
comprehensive test is passed [3]. Dozens of dry casks are usually located on ISFSI foundations,
called pads, in dry storage facilities. The casks are free-standing structures, which are
susceptible to sliding and rocking motions when subject to dynamic loads. This paper is focused
on the seismic response of the vertical concrete dry casks. In this regard, many of the previous
works on the seismic analysis of the dry casks took a deterministic approach to study the seismic
response and its sensitivity to material and structural parameters. Singh et al. investigated the
seismic response of a common type of dry casks in the U.S., HI-STAR 100, by using simplified
models of the problem, and proposed ¼ of the cask’s diameter as the allowable sliding distance
and ¼ of the cask’s angle of rotation at the onset of tip-over as the allowable rocking angle [5].
Moore et al. and Bjorkman et al. studied the effect of pad flexibility, soil properties, and cask
layouts on the seismic behaviour of HI-STORM 100 and HI-STAR 100 configurations, which
are typical in the U.S. [6, 7]. Other researchers such as Shaukat and Luk, Luk et al., and Ko et
al. used sophisticated finite element models to study the impact of cask design, friction
coefficient, soil properties, and ground motions on the seismic response of the dry casks [4, 810]. In another study, a parametric evaluation of the seismic response of different cask layouts
is conducted in NUREG/CR-6865 [11], and the effect of soil types, friction coefficient, spectral
shape of applied earthquakes, and ground motion intensity level on the seismic response is
analyzed. NUREG/CR-6865 results show that the seismic sliding and rocking of vertical casks
is very sensitive to ground motion details and the friction coefficient between the cask and the
pad.
In a seismic event, adjacent casks might collide due to large displacements, potentially causing
damage and release of radioactive materials into the environment. In order to assess the risk of
such an incident, the probability of large seismically induced displacements should be
estimated. While the previously mentioned deterministic studies provide useful guidance to
understand the sensitivity of the seismic response to various parameters, they cannot be used to
estimate the probability of large displacements due to ground motions. In fact, to assess this
probability, a probabilistic study, capable of considering different sources of aleatory and
epistemic uncertainties, is needed. In this regard, NUREG-1864 performs a probabilistic study
for a specific ISFSI facility in the United States [3]. However, considering different sources of
uncertainty might change the findings of this study because point estimates of parameters or
conservative assumptions were used at times when sufficient data was not available. Ebad
Sichani and Padgett developed probabilistic seismic demand models for the maximum sliding
distance and maximum rocking angle of the casks subject to earthquakes and estimated the
seismic risk of excessive sliding and rocking motions for different locations in the U.S [12].
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This paper performs a probabilistic study considering various sources of uncertainty due to
geometric, material, and structural parameters as well as the seismic loads. The maximum
displacement of the cask’s top facet is selected as the key response because it reflects the sliding,
rocking, and nutation motions in a single parameter. Probabilistic seismic demand model and
fragility curves are developed for the selected parameter. Seismic fragility herein shows the
probability of collision between adjacent casks as a function of ground motion intensity
measure and other geometric and structural parameters. The risk of collision is also estimated
in terms of annual probability of occurrence for different locations in the United States for a
sample cask, and conclusion remarks and opportunities for further investigations are mentioned
at the end.

2
2.1

Seismic Displacement Demands on the Dry Casks
Nonlinear time history analysis of the seismic response

Dry casks behave like rigid bodies in seismic events. Therefore, the seismic response of dry
casks has some similarities to the dynamic response of rigid blocks. However, the methods used
for the analysis of rigid blocks, such as those in [13-18], cannot be directly applied to dry casks
because of the different geometry of the casks and blocks. Moreover, researchers usually
assume plane motions for the analysis of rigid blocks. However, seismic response of the dry
casks involves 3D motions, which is more complex than the plane motions assumed in the
literature on dynamic response of rigid blocks. Therefore, to grasp the complex seismic
behavior of the vertical dry casks, nonlinear finite element analysis should be performed. Such
models of the cask, pad, and underlying soil is developed in this study in LS-DYNA as shown
in Figure 1. The cask, canister, and pad are modeled with 8-node solid elements with one
integration point [19], employing an hourglass technique to avoid spurious modes caused by
one integration point elements. The response of the cask is a combination of rigid body motions
in which nonlinear material behavior is not expected. Therefore, linear elastic material models
are used for the cask, canister, and pad. The nonlinear contact between the cask and the pad is
considered by a “surface to surface” contact available in the software. The soil is modeled with
linear discrete spring and dashpot elements to reduce the computational time. 3D earthquake
motions are applied to the soil discrete elements in the model, and displacement time history of
multiple points is recorded throughout the analysis, whose results will be used for probabilistic
seismic demand modeling in upcoming sections.
An experimental study, performed by Shirai et al. [20], is used for model validation. The results
for the cask rocking motion in the finite element model developed in this study is compared
with the experimental results in Figure 2. As the figure shows, the finite element model captures
the frequency content of the motion, and the amplitude of the response is close to the
experimental results in most of the cases. Having verified the results of the finite element model
in LS-DYNA, it is used herein for the seismic analysis and virtual experimental data generation.
2.2 Experimental design
In order to consider geometric, material, and structural parameters in the analysis and also to
minimize the computational resources associated with running finite element models, 160
configurations of the problem are generated by using Latin Hypercube Sampling [21]. The
experimental design is based on the parameters and ranges presented in Table 1, which are
chosen from the literature. The selected ranges are wide enough to cover common ISFSI
configurations in the U.S. Finite element models of the cask-pad-soil configurations are
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developed according to the experimental design and are paired with earthquake records for the
probabilistic seismic analysis of the dry casks.

Figure 1: Sample finite element model of the seismic
response of vertical dry casks in LS-DYNA

Figure 2: Finite element model verification against
experimental results provided by Shirai et al. [20]

Table 1: List of geometric, material, and structural parameters and the associated ranges used in the experimental design

Parameter

Symbol

Range

Cask concrete thickness

𝑡𝐶

0.5 – 0.8 m

Cask total height

𝐻𝐶

5.5 – 6.0 m

Cask diameter

𝐷𝐶

3.2 – 4.0 m

Cask total weight

𝑊𝐶

120 – 180 ton

Ratio between height of the center of gravity and the total height

𝛼𝐺

0.48 – 0.52

Cask concrete compressive strength

𝑓𝑐𝑐′

20 – 55 MPa

Pad thickness

𝑡𝑃

0.5 – 1.2 m

Pad length

𝐿𝑃

9 – 60 m

Pad concrete compressive strength

′
𝑓𝑐𝑝

20 – 55 MPa

Friction coefficient between the cask and the pad

𝜇

0.2 – 0.8

Shear wave velocity of soil

𝐶𝑆

150 – 2000 m/s

Damping ratio

𝜉

0 – 0.1

2.3 Development of Ground motion suite
Presence of seismic loads adds considerable uncertainty to the probabilistic analysis of the dry
casks. In order to take this source of uncertainty into account, an earthquake selection is
performed for the U.S. To account for the seismology of different regions, the country is divided
into three seismic zones: western, central, and eastern U.S. For each seismic zone, eight uniform
hazard response spectra (UHRS), corresponding to 2% probability of exceedance in 50 years,
are selected for locations with moderate to high seismicity. The selected UHRS are inputted
into an earthquake selection method proposed by Baker et al. [22], which selects ground
motions whose response spectrum match a target spectrum. In this study, ten ground motions
are selected for each of the target UHRS, which results in 80 different earthquake records for
each region. The selected UHRS differ in their spectral shapes. As a result, the final ground
motion suite covers a wide range of intensity measures at various frequencies. This feature is
desirable in case of seismic analysis of the dry casks due to the dependency of the natural
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frequency of the casks’ motion on the applied earthquake. In this regard, the natural frequency
of the rocking motion of rigid bodies, such as the dry casks, depends on the initial angle of
rotation [13]. The initial rocking angle, in turn, is a function of the applied ground motion. In
other words, the natural frequency of the casks rocking motion depends on the input earthquake.
Therefore, the ground motion suite, used in the probabilistic seismic analysis, should cover a
broad range of intensity measures at different frequencies to make sure that it is capable of
exciting a wide range of natural frequencies and inducing large seismic response. It should be
noted that developing conditional mean spectrum is not straightforward in this case because of
the dependency of the natural frequency of the casks rocking motion on the applied earthquake.
Therefore, this study has adopted UHRS for the purpose of earthquake selection.
Each of the selected earthquake records are paired with two of the generated finite element
models. As a result of pairing the ground motion suites for three seismic regions with 160 finite
element models, 480 different scenarios are analyzed for the probabilistic seismic analysis of
the dry casks, and probabilistic seismic demand models are developed, which will be explained
in the next section.

3

Probabilistic Seismic Analysis of Composite Measure of Cask
Behavior: Top Facet Displacement

Two events might cause damage to the vertical casks in seismic events: collision between
adjacent casks due to large displacements and tip-over. The focus of this study is the former
scenario. Impact between adjacent casks might happen due to large sliding or rocking
displacements or a combination of these motions. Pseudo static analysis shows that for small
𝐷

friction coefficients (𝜇 < 2𝐻𝐶 in which 𝜇 is the friction coefficient, 𝐷𝐶 is the cask diameter,
𝐶𝐺

and 𝐻𝐶𝐺 is the height of the cask’s center of gravity), the seismic response is dominated by
𝐷

sliding. However, for larger coefficients of friction (𝜇 > 2𝐻𝐶 ), the response is a combination
𝐶𝐺

of sliding, rocking, and nutation motions [8]. In order to capture the effect of all possible
motions on the seismic response, this study focuses on a composite metric of seismic response:
the maximum relative displacement of the central node on the top facet of the cask. This point
is referred to as point T throughout this paper. The time history response of point T is recorded
throughout the finite element analysis, and its horizontal displacement relative to the pad is
determined by post-processing the results. The maximum value of the relative displacement is
considered as the key seismic response of the dry cask, which reflects the combined effect of
sliding, rocking, and nutation motions and can be used to assess the probability of impact
between adjacent casks.
As shown in Figure 3, a two-step probabilistic seismic demand model (PSDM) is developed
herein for the maximum (relative) displacement of the cask’s top. In the first step of this process,
metamodels are developed for the maximum horizontal and vertical accelerations of the cask’s
center of gravity (𝑎𝐻 and 𝑎𝑉 ), which are used in the second step to predict the cask maximum
top displacement (𝛿𝑀𝑎𝑥,𝑇 ). The response surface method is employed for the PSDM
development, and stepwise regression is used to select best set of explanatory functions for each
metamodel, which are shown by 𝑔′ in Figure 3. In addition, various transformations are tested
on the responses and predictors to improve the metamodels’ performance. Explanatory
functions with small associated p-values (p-value < 0.05) are used in the final metamodels, and
the accuracy of the models is assessed by five-fold cross validation technique.
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The accelerations of the center of gravity (CG) of a rigid body have a considerable effect on the
dynamic response. Because of the similarity between the seismic response of the dry casks and
rigid bodies, metamodels are first developed herein for the maximum horizontal and vertical
accelerations of the cask’s CG, which are presented in (1) [12].
log 𝑎𝐻 = 0.381 − 0.162𝑃𝐺𝐴 + 1.18 log 𝑃𝐺𝐴 + 0.142 log

𝑝𝜔𝑒𝑞
1+(

log 𝑎𝑉 = 0.733𝜇 + 1.1 log 𝑃𝐺𝐴 + 0.771𝜇 log 𝑃𝐺𝐴 + 0.27 log

𝜔𝑒𝑞 2
𝑝

)

+ 𝜀𝑎𝐻

𝑝𝜔𝑒𝑞
1+(

𝜔𝑒𝑞 2
𝑝

)

+ 𝜀𝑎𝑉

(1.a)
(1.b)

Figure 3: Two-step PSDM for the cask maximum top displacement

In (1), 𝑎𝐻 and 𝑎𝑉 are in 𝑔, 𝑃𝐺𝐴 is the geometric mean of the earthquake’s horizontal PGAs in
𝑔, 𝑝 is the characteristic frequency of cask as defined in (2), and 𝜔𝑒𝑞 is the dominant angular
frequency of ground motion, which corresponds to the natural period with the largest spectral
acceleration (based on Boore et al.’s definition [23]). Moreover, 𝜀𝑎𝐻 and 𝜀𝑎𝑉 are the model
errors that are normally distributed variables with the following mean values and variances:
𝜀𝑎𝐻 ~𝑁(0,0.018) and 𝜀𝑎𝑉 ~𝑁(0,0.067). R2 values reported by 5-fold cross validation technique
for (1.a) and (1.b) are 0.91 and 0.86, respectively, and the performance of these metamodels is
illustrated in Figure 4.
𝑚𝑔𝑍

𝑝=√

𝐼𝑜

(2)

In (2), 𝑚 is the cask’s mass, 𝑍 is the distance between the center of gravity of the cask and a
point on its bottom circumference, which is referred to as point O herein, (𝑍 =
2

√(𝐷𝑐) + 𝐻𝐶𝐺 2 ), and 𝐼𝑜 is the moment of inertia around point O.
2
In the second step of the PSDM development process, the outputs of the first step for the
maximum accelerations are used along with the cask properties, friction coefficient, and
dimensionless parameters derived based on pseudo static analysis, which are presented in (3).
𝑅𝑆 =
𝑅𝑅 =

𝜇

𝑎𝐻
𝑔−𝑎𝑉
𝐷𝐶
2𝐻𝐶𝐺
𝑎𝐻
𝑔−𝑎𝑉

(3.a)
(3.b)

Pseudo static analysis for sliding response shows that the cask does not move if 𝑅𝑆 > 1, and it
starts the sliding motion when 𝑅𝑆 < 1. Similarly, for the rocking motion, the cask is stable
while 𝑅𝑅 > 1, and the rocking motion starts once 𝑅𝑅 < 1. Stepwise regression results in the
PSDM presented in (4) for the maximum top displacement of the cask.
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log 𝛿𝑀𝑎𝑥,𝑇 = −0.394 − 0.944𝑍 sin 𝛽𝑐𝑟 + 0.309𝑅 ′𝑆 + 1.983𝑅 ′ 𝑅 − 0.827𝑎𝐻 +
1.655 log 𝑎𝐻 + 3.766𝑅 ′ 𝑅 log 𝑎𝐻 + 𝜀𝛿𝑀𝑎𝑥,𝑇
𝑅′𝑆 = {

(4.a)

1 𝑖𝑓 𝑅𝑆 ≤ 1
0 𝑖𝑓 𝑅𝑆 > 1

(4.b)

1 𝑖𝑓 𝑅𝑅 ≤ 1
0 𝑖𝑓 𝑅𝑅 > 1

(4.c)

𝑅′𝑅 = {

In (4), 𝛿𝑀𝑎𝑥,𝑇 is the maximum top displacement of cask in m, 𝑍 is in m, 𝛽𝑐𝑟 is the cask angle
of rotation at the onset of tip-over (𝛽𝑐𝑟 = tan−1

𝐷𝐶

2𝐻𝐶𝐺

), 𝑅 ′𝑆 and 𝑅 ′ 𝑅 are defined in (4.b) and

(4.c), respectively, 𝑎𝐻 is defined in (1.a), and 𝜀𝛿𝑀𝑎𝑥,𝑇 ~𝑁(0,0.195) (with the model variance of
0.195).

Figure 4: Perfromance of the PSDMs developed in this study (Left: PSDM for the maximum horizontal acceleration [12].
Middle: PSDM for the maximum vertical acceleration [12]. Right: PSDM for the maximum top displacement)

The seismic response of the dry casks is a rigid body motion, which has some similarities with
the dynamic response of rigid blocks. Studies on rigid blocks (such as [13, 17]) show that for
geometrically similar blocks, the one with larger dimensions is more stable against rocking
motion. Moreover, rigid blocks with larger critical angle of rotation experience smaller rocking
angles. These phenomena are expressed by (4.a) for the dry casks as well. In addition, the
positive signs associated with 𝑅′𝑆 and 𝑅′𝑅 are consistent with pseudo static analysis of the
problem. That is, for 𝑅𝑆 < 1 or 𝑅𝑅 < 1, which correspond to 𝑅′𝑆 = 1 and 𝑅′𝑅 = 1,
respectively, larger seismic motions are expected, which is also reflected in (4.a). Tracking the
variations of log 𝛿𝑀𝑎𝑥,𝑇 in (4.a) with respect to 𝑎𝐻 shows that the cask top displacement
increases with the increase of 𝑎𝐻 , which is expected intuitively. 5-fold cross validation of (4.a)
results in R2 of 0.92 for this metamodel, and its performance is presented in Figure 4.
It should be noted that the top displacement is a function of sliding and rocking motions. The
friction coefficient between the cask and its support has a dissimilar impact on the sliding and
rocking responses. That is, larger friction forces decreae the expected sliding distance and
increase the rocking angles. Since the top displacement is affacted by a combination of these
motions and friction coefficient has dissimilar effects on them, friction coefficient does not turn
out to be a good predictor for the maximum top displacment of the cask.

4

Seismic Fragility Analysis Based on Top Facet Displacement

Using the PSDMs developed in the last section, fragility curves are generated in this section for
the impact between adjacent casks. Per Singh et al.’s proposition, ¼ of the cask’s diameter and
¼ of the cask’s critical angle of rotation should be considered as the allowable sliding and
rocking motions, respectively. Since the top displacement is affected by both, the minimum of
1

1

the proposed limits (𝑚𝑖𝑛 {4 𝐷𝐶 , 𝐻𝐶 sin (4 𝛽𝑐𝑟 )}) is considered as the limit state for this study.
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Since these limits are a function of the cask geometry, each realization of cask may result in a
new limit on top cask displacement, controlled either by rocking or sliding.
Using a Monte Carlo method, fragility curves are developed for the selected limit state. In order
to determine the conditional probability for a given cask configuration exceeding the limit state,
5 × 106 samples are generated for each PGA. The sample generation is based on the joint
probability distribution of log 𝑎𝐻 and log 𝑎𝑉 which is observed to be a multivariate normal
distribution with the mean values and variances given in (1) and correlation coefficient of 0.88.
The samples generated based on the joint distribution are used to determine the mean value of
log 𝛿𝑀𝑎𝑥,𝑇 , which is used along with the model variance given in (4.a) (𝜎 2 𝜀𝛿
= 0.195) to
𝑀𝑎𝑥,𝑇

generate random values of the target response. The results of the last step are compared with
log 𝐿𝑆 (LS: Limit State) to determine safe and failure cases. The conditional probability of limit
state exceedance is estimated as the number of failures divided by 5 × 106 (the number of
𝜔𝑒𝑞
samples for each PGA). Fragility curves for different values of 𝑝 are presented in Figure 5.
Rearranging the last explanatory functions in the metamodels presented for the cask CG’s
𝜔𝑒𝑞
maximum accelerations using 𝛼 = 𝑝 , in which 𝛼 is a constant, shows that the accelerations
𝛼𝑝2

depend on log 1+𝛼2 . This function reaches its maximum value at 𝛼 = 1, leading to the largest
limit state exceedance probabilities for

𝜔𝑒𝑞
𝑝

= 1 as shown in Figure 5. It should be mentioned

that the smallest value for 𝛼 observed in the dataset of this study is close to 4, and the fragility
𝜔𝑒𝑞
curve for 𝑝 = 1 is presented for the purpose of illustration.

Figure 5: Fragility curves derived baed on composite metric for a sample cask with 𝐷𝐶 = 3.45 𝑚, 𝐻𝐶 = 5.72 𝑚, 𝐻𝐶𝐺 =
2.86 𝑚, 𝑊𝐶 = 160 𝑡𝑜𝑛, and 𝜇 = 0.5

5

Risk Estimation of Seismically Induced Impact

In order to assess the probability of impact between adjacent casks due to large seismically
induced displacements, this section estimates the risk of such event for three locations in the
western, central, and eastern United States where ISFSIs are located. Risk is considered as the
annual probability of exceeding the predefined limit state and is defined in (5) [24].
𝑝𝑓 = ∫𝑃𝐺𝐴 𝑃(𝛿𝑀𝑎𝑥,𝑇 > 𝐿𝑆|𝑃𝐺𝐴, 𝑿) |

𝑑𝜈

𝑑𝑃𝐺𝐴

| 𝑑𝑃𝐺𝐴

(5)

In the above equation, 𝑃(𝛿𝑀𝑎𝑥,𝑇 > 𝐿𝑆|𝑃𝐺𝐴, 𝑿) is the fragility for the cask configuration
𝑑𝜈

defined in 𝑿, and |
| is estimated by fitting a hyperbolic function (with the general form in
𝑑𝑃𝐺𝐴
(6) [25]) to the seismic hazard curve of the desired location, obtained from the USGS seismic
hazard tool [26].
𝑃𝐺𝐴

𝜈 = 𝑐1 exp [𝑐2 (ln (
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𝑐3

−1

)) ]

(6)

The equation in (5) is estimated for three locations in the western, central, and eastern U.S. 𝜔𝑒𝑞
is estimated using the natural frequency corresponding to the largest spectral acceleration on
the 2% probability of exceedance in 50 years UHRS. The results for risk estimation are
presented in Table 2. As the table indicates, the annual probability of excessive displacements
is on the order of 10−5 to 10−4, and the risk is about an order larger on the west coast. It should
be mentioned that according to IAEA-TECDOC-1200, the acceptable core damage frequency,
which is damage to the core of a reactor, which does not necessarily cause the release of
radioactive materials, is 10−4 for existing nuclear power plants [27]. Although, the IAEA
metric is not the same as the excessive displacement discussed in this paper, it provides insight
into acceptable risk levels that do not lead to radioactive material release into the environment.
Considering the IAEA requirement, the annual probability of large seismically induced
displacements on the west coast is on the boarder of acceptable risk in the nuclear industry,
which could be a warning sign to study the consequences of impact between adjacent casks due
to ground motions and take actions to reduce the risk if necessary.
Table 2: Risk of impact per top facet displacement estimated for different locations across the U.S.

Location

San Luis Obispo, CA

Decatur, TN

Hartsville, SC

(𝜔𝑒𝑞 = 31.42 rad/s)

(𝜔𝑒𝑞 = 62.83 rad/s)

(𝜔𝑒𝑞 = 62.83 rad/s)

1 × 10−4

2 × 10−5

1.3 × 10−5

𝑝𝑓

6

Conclusion

A probabilistic assessment of the seismic performance of vertical reinforced concrete dry casks
was performed in this study, focusing on the maximum top displacement of the casks as the key
seismic response which captures seismic, rocking and nutation motions effects. A series of
finite element models were developed based on different cask-pad-soil configurations
generated in an experimental design, and the models were analyzed subject to a ground motion
suite that was selected for the United States. Virtual experimental data was generated using the
analysis results and was used to develop probabilistic seismic demand models for the maximum
top displacement of the casks. The proposed PSDM predicts the target response in two steps,
in which the maximum accelerations of the cask center of gravity are estimated in the first step
and used in another step to predict the maximum top displacement. Fragility curves are
developed for the target response, and the risk of excessive displacement is estimated in terms
of annual probability of impact between adjacent casks for three locations in the U.S. The
results show that the risk is within the acceptable levels for the nuclear industry. However, the
annual probability of limit state exceedance for the west location is on the boarder of safety,
which necessitates investigation into possible consequences of impact between adjacent casks
and reducing the associated risks if necessary.
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Abstract: This paper investigates the effects of spatially cross-correlated ground
motions on regional loss estimation. Unlike risk assessments at a single site, regional seismic risk analyses must consider spatial correlation that is exhibited
in ground motions. In addition, when considering a region with heterogeneous
building typologies that use fragility functions defined for spectral accelerations
at differing periods, cross-correlation must be accounted for. In order to capture
spatial cross-correlation in ground motions, a computationally efficient simulation model that uses principal component analysis is introduced. Application of
five ground motion correlation models, ranging from no correlation to full spatial
cross-correlation, considering a Mw = 8.8 earthquake scenario in Lima, Peru, is
then illustrated. Loss estimation for all of Lima is performed using different correlation models and a regional exposure model consisting of 36 building classes
and associated fragility functions. Results from the five models provide insight
into how different ground motion correlation models effect the distribution of
aggregate regional losses and losses for building classes of varying vulnerability.

1 Introduction
Regional seismic risk assessments reveal regional vulnerabilities and can help inform policies
related to risk reduction and management. One of the challenges in conducting risk assessments is the quantification of large uncertainties associated with earthquake events and their
consequences. The uncertainties can exist in every step of regional assessment: hazard analysis,
building distribution, structural response and damage of building, and associated losses.
When simulating earthquake events, uncertainties in ground motion associated with different
sites and different earthquake events are represented by within-event and between-event residuals, respectively. A general formulation of a ground motion model (GMM) that predicts an
intensity measure (IM) from ground shaking is the following:
ln IMk, j = µlnIM + δ Bk + δWk, j

(1)

where ln IMk, j is the logarithm of the intensity measure of interest, µlnIM is the predicted mean
of the log IM; δ Bk is the between-event (inter-event) residual for earthquake k with a mean of
0 and standard deviation denoted by τ; and δWk, j is the within-event (intra-event) residual for
site j and earthquake k with a mean of 0 and standard deviation denoted by φ .
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Studies have shown that both between-event and within-event residuals are correlated [3, 10,
14, 8]. Between-event residuals exhibit correlation between intensity measures, also known
as cross-correlation [10]. Within-event residuals, in addition to being cross-correlated, are
correlated spatially [10]. Several models exist for single intensity measure spatial correlation
[e.g., 25, 14, 11], and a few models have been proposed for spatial cross-correlation of
within-event residuals for multiple intensity measures [10, 17, 18].
Simultaneous consideration of multiple intensity measures becomes significant on a regional
level, when damages to different types of structures are best quantified using spectral acceleration at different periods. Therefore, cross-correlation models should be used for regional
risk assessments to better represent the extent of damages and losses. Consideration of ground
motion uncertainties has been shown to have significant impact on loss estimation in a portfolio
of assets, where underestimating spatial correlation tends to overestimate more frequent
losses and underestimate more rare ones [21]. A study of the effect of cross-correlation of
within-event residuals on portfolio losses showed that cross-correlation has a great impact on
the extreme losses [26].
This paper explores the effect of different ground motion correlation models on a large regional
risk assessment. Five models for uncertainty and correlation of within-event residuals are considered, ordered from most approximate to most precise: (1) median spectral acceleration (no
uncertainty on the ground motion), (2) no correlation (spatial or cross-IM), (3) spatial correlation only (no cross-correlation), (4) Markov-type cross-correlation model and (5) full spatial
cross-correlation model. The base model used to simulate the full spatial cross-correlation is
a geostatistical model that uses Principal Component Analysis (PCA) for simultaneous simulation of spectral accelerations at different periods [18]. The case study presented is a loss
estimation for the city of Lima, Peru, for an earthquake rupture of magnitude Mw = 8.8.

2 Principal component cross-correlation model
Marginal within-event residuals at a single site can be represented by a normal distribution. Previous studies have also shown that the residuals at different periods and at different sites can be
represented by a multivariate normal distribution with a mean vector of zeros [15]. Therefore,
the formulation in Equation 2 for simulating normally distributed correlated random variables,
N (0, Σ), can be used to simulate cross-correlated residuals at multiple sites and multiple periods. In this equation x is a q-vector of correlated variables, b is a q-vector of standard normal
deviates, and T is a q × q matrix such that TT T = Σ.
x = TT b

(2)

In order to build the covariance matrix, Σ, for multiple sites and periods, a spatial crosscorrelation model needs to be used. The details on the correlation model used in this study
can be found in [18]. This model was built by using within-event residuals from records of 42
earthquakes, based on the NGA-West2 empirical ground-motion database [5]. The residuals at
different periods were first linearly transformed to the principal component space using PCA
[13], as shown in Equation 3a, where P is an orthonormal linear transformation matrix; Z is
the matrix of original data where each row represents different observations of variables; and
Y is a matrix of transformed variables whose rows represent uncorrelated principal components.
PZ = Y
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(3a)
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 ..
...
 .
pm,T1 . . .


 

zT1 (x1 ) . . . zT1 (xn )
y1 (x1 ) . . . y1 (xn )
p1,Tm
..   ..
..  =  ..
.. 
..
..
.
.
.  .
.   .
. 
pm,Tm
zTm (x1 ) . . . zTm (xn )
ym (x1 ) . . . ym (xn )

(3b)

There are two advantages to using PCA when considering cross-correlated residuals at different
periods: (1) the transformed residuals, known as principal components, are uncorrelated between components but retain spatial correlation, and (2) since PCA is a dimensionality reduction
technique, m periods can be represented by a linear combination of m0 ≤ m number of variables.
Once the residuals are transformed into the principal component space, semivariograms are
used to characterize the spatial variability of each of the principal components. Semivariograms
relate the separation distance between two sites (h) with the associated semivariance - a measure
of spatial decorrelation or dissimilarity. Under the assumption of second-order stationarity,
the semivariance is only a function of the separation distance, which allows for relatively
straightforward quantification of the spatial correlation.
The fitted models use nested exponential semivariograms of the form expressed in Equation 4,
where γi (h) is the semivariance of principal component i at separation distance h; Ih=0 is the
indicator function that evaluates to 1 if h = 0, and 0 if h 6= 0; and coi , c1i , c2i , a1i , a2i are fitted
model coefficients.






−3h
−3h
+ c2i 1 − exp
(4)
γi (h) = coi (1 − Ih=0 ) + c1i 1 − exp
a1i
a2i
Figure 1 shows the empirical semivariogram and the fitted model for the spatial variability of
different principal components.
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Figure 1: Empirical semivariograms and fitted semivariogram models for the first five principal components (decreasing semivariance with each component). Adapted with permission from [18].

The semivariance can be related to correlation ρ(h), by the relationship shown in 5, where Ci (0)
is the covariance of principal component i at separation distance 0, which can be determined
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from the semivariogram model.
ρi (h) =

Ci (0) − γi (h)
Ci (0)

(5)

By combining Equations 4 and 5, covariance matrices, Σi , can be constructed for each of the
principal components. Equation 2 can then be used to simulate the principal components. Then
the transpose of orthonormal matrix P in Equation 3a is used to calculate the within-event
residuals. The resulting residuals are correlated both spatially and across periods. Further
details on the procedure and the required model coefficients can be found in [18].
The above model for spatial cross-correlation has two advantages when compared to previously
proposed models: it does not require simultaneous fitting of cross-semivariograms, and it is
computationally more efficient for simulating residuals at a large number of sites, for two or
more periods.

3 Regional loss estimation case study: Lima, Peru
The city of Lima, Peru, was chosen as a case study to evaluate the effects of ground motion
correlation on regional losses. Peru is one of the most seismically hazardous countries in South
America, which saw four great earthquakes (Mw ≥ 8) over the last century [4]. The capital
city, Lima, possesses great seismic risk, as it is located next to a subduction zone in the coastal
region of Lima and houses about 10 million people [12]. In addition, a large portion of the city
consists of non-formal and incremental construction, which makes it particularly vulnerable to
earthquakes. The following section describes the model used in the loss estimation, where the
hazard, exposure and vulnerability models are based on a regional Lima post-earthquake health
demand study [6].

3.1

Hazard model

Earthquake scenario: the considered earthquake rupture location and dimensions were chosen
to match a Mw ∼8.8 earthquake that occurred in the region in 1746 [4, 7, 22].
Ground motion model: a subduction slab GMM was used to predict the median IMs and
standard deviations for between- and within-event residuals, τ and φ [27]. PGA and spectral
accelerations at 0.3s and 1s were considered as intensity measures. The near-surface shear wave
velocity (Vs30 ) for the region was based on the existing microzonation information [1], and
a proxy method using topographic slope was used where such information was unavailable [24].
The between- and within-event residuals were simulated 1000 times to account for the uncertainty. The correlation of between-event residuals was modeled as per [10]. Five models for
correlation of within-event residuals were considered:
1. Median ground motion for the three intensity measures, with no uncertainty consideration.
2. No correlation. Residuals were simulated as independent random variables for each site
and intensity.
3. Spatial correlation based on [18], but no cross-correlation.
4. Simplified cross-correlation model. A Markov screening hypothesis, where the co-located
residual for period T1 screens the effect of other T1 residuals on the T2 residual, is used
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(a) Earthquake rupture

(b) Spatial distribution of population in Lima
(population/km2 )

Figure 2: Earthquake event on the subduction zone off the Coast of Lima and Lima population distribution. Adapted with permission from [6].

[16]. Correlations then have the following formulation [10]:
ρε (h, T1 , T2 ) ≈ ρ0 (T1 , T2 )ρε (h, Tmax , Tmax )

(6)

where ρε is the spatial cross-correlation of two spectral accelerations for periods T1 and
T2 separated by a distance h, Tmax is the larger of the two periods, and ρ0 represents the
overall correlation of the logarithm of the ground motion parameter. ρε is estimated based
on [18] and ρ0 is based on [2].
5. Full spatial cross-correlation model based on [18].
Examples of correlation matrices for within-event residuals (R) at two sites and two periods
are presented below. The entries are for residuals of PGA1 , PGA2 , Sa1 (1s), Sa2 (1s), where the
subscript 1 and 2 denote two sites separated by a distance h = 53km, and Sa(1s) denotes spectral
acceleration with a period of 1s.


R=

1.00

0.00


0.00
0.00



Model (2)

0.00
1.00
0.00
0.00

Model (4)

1.00 0.25
1.00
0.11
0.11 0.52

3.2


0.25


0.52

0.00
0.00
1.00
0.00

0.52
0.11
1.00
0.22



Model (3)

0.00 1.00


0.00
 0.25

0.00 0.00
1.00 0.00

0.25
1.00
0.00
0.00

0.11 1.00


0.52
 0.25

0.22 0.55
1.00 0.15

0.25
1.00
0.15
0.55



Exposure and vulnerability models

0.00
0.00
1.00
0.22

Model (5)

0.55
0.15
1.00
0.22



0.00

0.00

0.22

1.00


(7)

0.15

0.55

0.22

1.00

Building classes: the exposure model consisted of 36 building classes based on the Global
Earthquake Model’s (GEM) South America exposure catalog [9]. The building classes in the
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catalog are classified based on lateral load resisting system and its material, the ductility level
and the range of number of stories.
Building distribution: the city of Lima is divided into 44 districts. For each district, the number
of buildings and the building class distribution were obtained from GEM exposure catalog [9].
LandScan population density [20] was then used to obtain the spatial distribution of the number
of buildings in each of the building classes at a 1 × 1 km2 resolution.
Fragility functions: GEM fragility functions were used to simulate damage states for each of
the building classes [23]. Depending of the building class, PGA and spectral accelerations at
0.3s and 1s periods were used as input intensity measures. Five damage states were considered:
no damage, slight damage, moderate damage, extensive damage, and collapse.

3.3

Loss estimation

Given a damage state, damage-to-loss ratios for each of the damage states were drawn from
a truncated normal distribution, with mean values adapted from GEM’s South America Risk
Assessment project (Vitor Silva, personal communication, 2016) and standard deviations based
on a damage-to-loss model for reinforced concrete moment-frames [19]. The replacement cost
per building class was calculated based on the average floor area per dwelling and average
replacement cost per area [9]. The replacement costs include the cost of the lateral load resisting
system and non-structural components, and are expressed in USD.

4 Results
For each of the models the loss results were aggregated in two ways: regionally for the whole
city of Lima, and marginally for different building classes. Figure 3 shows sample results for
one of the simulation using the full spatial cross-correlation model. Figures 3a, 3b, 3c demonstrate that while accelerations for different periods vary, the spatial correlation and correlation
between different intensity measures can clearly be seen, where the patches of similar color
(similar acceleration magnitudes) are seen across different periods. The losses for the simulation (Figure 3d) are a result of the simulated ground motions, building distribution, buildings’
damage state realization, and the associated losses. It can be seen that the high losses are concentrated in the central part of Lima, where population density is higher.
To evaluate the effect of different ground motion correlation models, the distribution of losses
for the city of Lima was assessed based on the 1000 simulations. A summary of the means and
standard deviations for different models is presented in Table 1 and the cumulative distribution
functions are shown in Figure 4. Adding uncertainty to the ground motions (models 2-5) significantly impacts the loss distribution, with the means increasing by ∼40% and the coefficient
of variation increasing from negligible to 0.67 (the small variation in the ‘No uncertainty’ case
arises from variability in individual building damage states and repair costs for the specified
ground motion). Since positive correlation increases uncertainty of the sum of random variables, the models with increasing correlation consideration showed significantly larger standard
deviations for the total loss. Figure 4 also shows that Markov-type approximation works well
for regional loss estimation, where the standard deviation of the model was only 10% below the
full spatial cross-correlation PCA model.
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(a) Peak ground acceleration

(b) Spectral acceleration for T = 0.3s

(c) Spectral acceleration for T = 1.0s

(d) Spatial distribution of losses (USD/km2 )

Cumulative Distribution Function, FX (x)

Figure 3: Visualization of results for one of the full cross-correlation model simulations.
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Figure 4: Cumulative distribution function for total Lima losses using the five correlation models.

Table 1: Total Lima losses (billion USD) for different within-event residuals cross-correlation models.
Correlation Model
(1) No uncertainty
(2) No correlation
(3) Spatial correlation only
(4) Markov-type model
(5) Full cross-correlation

Mean Loss

Standard Deviation

Coef. of Variation

7.51
10.60
10.62
10.52
10.54

0.02
3.53
5.39
6.31
7.02

0.003
0.33
0.51
0.60
0.67

In addition, the effect of spatial correlation on individual building classes was assessed. Figure
5a shows losses for a relatively vulnerable building class (three story non-ductile confined masonry), and indicates that uncertainty in the ground motion does not significantly affect the mean
losses but does affect the standard deviations. On the other hand, for a less vulnerable building class (one story ductile confined masonry, Figure 5b), spatial correlation increases both the
mean losses and standard deviations, and causes a much heavier tail in the distribution of losses.
Note that the presence or absence of cross-IM correlations does not affect these results for either
building class, as single-class loss predictions utilize only a single IM.

(a) Losses for a vulnerable building class: three
floor non-ductile confined masonry

(b) Losses for a less vulnerable building class: one
floor ductile confined masonry

Figure 5: Cumulative distribution function for total losses from different building classes.

5 Conclusions
In this study the effect of differing ground motion correlation models on regional earthquake
losses was investigated. A Mw = 8.8 subduction zone rupture scenario off of the coast of
Lima, Peru, was used as a case study. Lima’s building inventory was classified into 36 building
classes, whose fragility functions used three different intensity measures (PGA and spectral
accelerations at 0.3s and 1s periods) to quantify damage. Loss distributions were calculated
using 1000 simulations of median ground motion values and ground motions using four
different correlation models with increasing correlation complexity.
It was shown that both spatial correlation and cross-correlation of within-event residuals play
significant roles in quantification of regional losses. The mean losses increased on the order of
∼40%, when any type of uncertainty in the ground motion was introduced. The uncertainty of
the losses also increased as models approached the complexity of a full spatial cross-correlation
model. Using the full spatial cross-correlation model yields a 0.67 coefficient of variation on
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the total losses in Lima. When conducting a regional seismic risk analysis, Markov-type crosscorrelation model can be used to approximate the spatial cross-correlation of the within-event
residuals. The model yields similar means, and slightly underestimates the standard deviation. If
the tail end of the loss distribution is of particular importance, the PCA spatial cross-correlation
model should be used. The effect of spatial correlation on the aggregate losses of different
building classes varies depending on the vulnerability of the buildings. It was shown that for
vulnerable infrastructure, ground motion uncertainty has a large effect on the standard deviation
but not the mean of losses. For less vulnerable infrastructure, correlation causes a substantial
increase in both the mean and standard deviation of losses and yields loss distributions with
heavier right tails.
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Abstract: The paper presents a theory of implementing a simple proposal related to
vulnerability assessment of any type of existing structures. Dealing with the risk
assessment of existing structures is not an easy task. The challenges arise both from
obstacles implementation and reliability evaluations of the assessment procedure.
The relationship between uncertainty and reliability impose often a complex
problem to be solved, thus the scope is to reduce the complexity into a reasonable
way and acceptable level of safety.
A simple procedure based on the response-capacity constitutive relationships for
similar structural elements of the system is proposed. For each element, the herein
dentoed performance functions is developed and thier values from each group of
similar elements are then analysed by means of a statistical approach. The reliability
of the procedure is based on the diapason and the accuracy of structural analyses
selected to be performed for a single structure or group of structures. The
introduction of response-capacity functions makes it possible for this technique to
be applicable both for linear and nonlinear analyses.
It is found a reasonable and easy technique to be implemented compared to more
advanced techniques which involve probabilistic approaches. The proposed
methodology is able to estimate in a straight forward way the relationship between
the expected hazard, structural response, estimated losses and retrofitting
requirements.

1

Introduction

Frequency of earthquakes and their impact have imposed the development of vulnerability assessment methods and their further improvements through years. It is almost impossible to provide a full literature review of the topic, but it is worth mentioning that firstly the vulnerability
assessments procedures were the empirical methods. They were based on observed damages
after the earthquakes, assuming that the same structural typology will have the same probability
of being in a given damage state for the given earthquake intensity. The results are expressed
in a discrete form using damage probability matrices (DPM) [1,2], or in a continuous form with
vulnerability curves [3,4]. Based on the same philosophy of the structural response, a new indirect method called “Vulnerability Index Method”, proposed by Benedetti and Petrini (1984)
[5], was extensively used in Italy, considering the fact that large amount of collected data from
surveying campaigns on damaged structures were available. The methodology estimates the
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condition quality related to eleven structural parameters, expressed by the 𝐾𝑖 coefficients and
weighted by their relative importance 𝑊𝑖 , to assess global vulnerability index 𝐼𝑉 given below.
11

𝐼𝑉 = ∑ 𝐾𝑖 𝑊𝑖

(1)

𝑖=1

In general, each vulnerability assessment that is based on empirical methodology requires a
large amount of collected data in order to correlate the expected damage on other similar structures for a given seismic level. The aforementioned drawback urged the development of analytical methodologies that are more efficient in correlating the vulnerability with structural
limit-states and other concerns on urban planning, retrofitting and insurance policies [6].
Likewise, the damage probability matrices, the conditional probability for achieving different
degrees of damage at given levels of hazards, is described by the well-known fragility curves
[7]. The development of fragility curves requires the characterization of two different parameters, structural engineering parameters and mathematical parameters.
For the structural engineering parameters, the levels of hazards and the identification of the
different degrees of structural damage is mandatory. The damage functions of structural elements may be express as a linear combination of the maximum deformation and the hysteric
energy, as proposed by Park, Ang and Wen [8], which is widely used in structural damage
assessment, [9]. For nonlinear static analyses, which results to be a common analysis procedure
in vulnerability assessment, the Park model is not suitable. Consequently, a model based on
discrete levels of damage is introduced to assess the vulnerability, correlated also with the Capacity Spectrum Method of ATC-40 [10], and adopted also in other practices, [11–14]. This
method is well known as Displacement-Based Earthquake Loss Assessment (DBELA), and an
extended version of it is proposed for the computation of fragility curves [15]. The damage of
the structure can be identified from its idealized bilinear pushover capacity curve as a function
of the characteristic displacements 𝑑𝑦 and 𝑑𝑢 , which are the yielding and the ultimate displacement respectively, [16]. Fajfar and Gasperic introduced the bilinear capacity curve instead of
real capacity curve for seismic structural performance assessment, widely known as the N2
Method, [17]. Another estimation for the limit damage thresholds of reinforced and unreinforced masonry buildings is available in literature proposed by Kappos et.al, [18].
𝑆𝑑,1 = 0.7 𝑑𝑦
𝑆𝑑,2 = 1.5 𝑑𝑦
(2)
𝑆𝑑,3 = 0.5 (𝑑𝑦 + 𝑑𝑢 )
𝑆𝑑,4 = 𝑑𝑢
These damage thresholds 𝑆𝑑,𝑖 , defined by the equation (2), are in correspondance with the
qualitative description of the damages provided by the EMS-98 macroseismic scale, HAZUS
and the Italian Code.
The second parameter of the fragility curves, the mathematical one, consist on the analytical
function used to describe fragility. In general this function follows a lognormal cumulative
function distribution which is the likelihood to represent more accurately the response of structural systems [9,12]. In the literature, the binomial distribution function adopted in the European
macro seismic scale EMS-98 [6], is found to be an effective one. Such a distribution has been
adopted for vulnerability assessment of monumental buildings post Irpinia (1980) Earthquake,
Italy [16,19,20].
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Summarizing the aforementioned methodologies, a reliable way to define the damage is an
important clue. Thereby a straightforward relationship between the expected damages and
maintenance costs is of practical importance. A drawback from the damages threshold given
above is present while global damage of the structure cannot represent singular element damage, hence a discrepancy is present case by case.
The present paper propose a novel concept for the vulnerability model, which can be raised and
used independently from the chosen analytical complexity, uncertainty, structural typology and
hazard. The mathematical subroutine of the assessment procedure may be easily incorporated
into a FE code. The benefits rely on using the same model for multiple objectives.
The main goal is to give a reliable instrument, that will address the seismic vulnerability issues
to the need for interventions, and to stress the fact that pre-earthquake interventions are cheaper
than post-earthquake interventions.

2

The proposed approach

After each relevant seismic event, engineers are faced with a situation similar to the one illustrated in Figure 1. It consist of two cases: Case A, a two story frame structure with infills only
in the first floor; Case B, a similar two story structure with infills in both floors, under the same
referential seismic hazard. Deliberately, these cases are chosen to have the same global seismic
performance and damage levels, meaning that the elements stiffness and strengths fulfill this
request.

Case A

Case B
Case A
Case B
a)
b)
Figure 1. a) Visual damages after a seismic sequence; b) ADRS format representing seismicity and the structural
capacity.

Hypothetically, Figure 1-a) represents the after-earthquake damage state and Figure 1-b) represents the pre-earthquake assessment of the structural performance. What concerns seismic vulnerability evaluation by empirical methods, it is expected that Case A is much more vulnerable
than Case B. On the other hand, seismic risk assessed by means of analytical methods should
be almost equal for both cases. At the present cases, it is not stressed the structural analysis
process however the structural behavior is recommended to be derived from a precursor probabilistic hazard assessment (PHA) [9]. Frequently the bilinear load-response function is used to
describe the structural behavior but even when a multi-linear function would be used, will
change only the regions for each limit state. Hence, it could be accepted that no qualitative
aspects will affect the analytical process of vulnerability assessment for these two case [21].
The results provided by the analytical model of the vulnerability highlight the issue of distinguishing the two cases, thus visual screening on damages is necessary. However, statistical data
for the visible damages after seismic events are difficult to be collected and sometimes impossible for two reasons. The first reason is related to the frequency of the seismic events where
could occur that no earthquake has stricken recently the zone under study. The second reason
relates to totally collapsed structures where the post-earthquake investigation is not possible or
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comprehensiveness. Meanwhile, a numerical analysis investigation is always possible, before
and after natural hazards.
To deal with the aforementioned issues the role of retrofitting is introduced in order to distinct
the two cases, which resulted to be numerically similar. Another aspect that could have a significant role related to the vulnerability and the risk from different hazards is the economical
part. Risk assessment in civil engineering, often uses the Life Cycle Cost (LCC) to measure the
potential risk of the structures subjected to natural or manmade hazards, [22]. This definition
of the risk has a practical importance and the same importance is given to the vulnerability
assessment if expressed in same terms. The LCC of a structure is defined as the sum of all
relevant costs involved in the planning service time (t) with the following expression:
LCC(𝑡,𝑍,𝐷,𝑅) = I(𝑍) + R (𝑡,𝐷,𝑅𝐷)
(3)
slightly modified from the one proposed in [2], where I is the initial cost varying from the design
parameters 𝑍; R is the retrofitting cost varying from time 𝑡, damages 𝐷 and retrofitting design
parameters 𝑅𝐷 . The initial cost is zero for existing structures hence the retrofitting cost will
coincide with the LCC.
Given the damage state, it is possible to evaluate the need for retrofitting and to estimate the
expected cost. Expressing the repairing or maintenance costs in terms of the global damage
level of the structure is inaccurate, thus an element damages approach seems more useful. From
this standpoint, the interventions required to mitigate the risk for Case A results to be lower
compared to Case B. At a first glance, it seems a paradox that a more vulnerable building requires (Case A) less interventions compared to a less vulnerable building (Case B) but it is the
basis of what is here proposed. This vulnerability assessment concept provides an instrument
that proves the following statement: “a pre-earthquake retrofitting intervention may have a
meaningless cost, compared to a post-earthquake scenario”.

3

The methodology

Dealing with structural systems, it is of a high interest to express the singular element performance in terms of strength or deformability criteria. It is possible to describe in the same way
different structural elements by means of the performance functions, because essentially is the
same physical process of loss of capacity.
Extracted qualitative and quantitative information from the damage state of each element is
than analyzed by statistical processes. It is preferable to use only one structural parameter 𝑘,
but most important is to have a straightforward relationship between the parameters. Thus, the
following formula of the performance function express analytically this concept:
∑ni=1(ei | 𝑘 = 𝑆𝑑𝑗 )
P𝑑[𝑆𝑑𝑗;(𝜏′′)] =
∙ 100%
(4)
n
P𝑑[𝑆𝑑𝑗;(𝜏′′)] is the current percentage of elements e in step 𝜏 ′′ , such that the parameters value 𝑘
is equal to a given threshold damage 𝑆𝑑𝑗 . The group of performance functions for all the considered damage thresholds gives the performance vector illustrated in Figure 2-a). Given the
fact that the structural parameters has a deterministic behavior, meaning that the element cannot
exhibit two different structural behavior in a given time, we deduce the following property of
the aforementioned performance function:
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𝑙

P𝑑[(𝜏′′)] = ∑ P𝑑[𝑆𝑑𝑗 ;(𝜏′′)] = 100%

(5)

𝑗=1

The sum of the elements in a performance vector is constant in all the steps of structural
analysis. By multiplying each performance function of the vulnerability model with the
respective weight coeficients we get the Vulnerability Function (V), see Figure 2-b):
l

V(𝜏′′) = ∑ ̅̅̅̅̅̅̅̅̅̅̅̅̅
P𝑑[𝑆𝑑𝑗 ;(𝜏′′)] ∙ ̅̅̅̅̅̅̅̅
We,𝑆𝑑𝑗

(6)

j=1

and the weight value We,𝑆𝑑𝑗 is evaluated as follow:
We,𝑆𝑑𝑗 = 𝑤𝑒,𝑅𝑒𝑙 ∙ 𝑤𝑒,𝐿𝑜𝑐 ∙ 𝑤𝑆𝑑𝑗 ∙ 𝑤𝑒,𝐺𝑙𝑜 ∙ 𝑤𝑒,𝐴𝑙𝑡

(7)

where 𝑤𝑒,𝑅𝑒𝑙 characterizes the weight of the element relevance based on typology; 𝑤𝑒,𝐿𝑜𝑐 characterizes the local exposure of the element in the global system; 𝑤𝑆𝑑𝑗 characterizes the importance of a given damage state. The last two coefficients, 𝑤𝑒,𝐺𝑙𝑜 which characterizes the
global importance of the system within a wider area under risk evaluation and 𝑤𝑒,𝐴𝑙𝑡 which
characterizes the element relevance during the alteration of the vulnerability typology, have a
significant importance for the model applicability. These values should be defined or evaluated
during the modelling process, where a faster way is to group the elements in identities, per̿ = (I1̅ , I2̅ , … , Ii̅ , … )𝑇 . What concern the collapse of the
forming same structural characteristic, E
structure, after a curtain level of the hazard level the vulnerability is constant, see Figure 2-b),
hence a theoretical value equal to 100% modifies the vulnerability function. This assignment
provides a level of security for the post-collapse vulnerability assessment of the structure.

a)
b)
Figure 2. a) Graphical representation of the Vulnerability Model expressed by the values of performance function; b)
Vulnerability Function by mean of weighted value of performance function.

4

Illustrative application

The selected structure (see Figure 3), is a reinforced concrete frame building, composed by
structural elements (beams and columns) and nonstructural elements (external and internal
walls), both modeled to exhibit a full nonlinear behavior, is selected to demonstrate the proposed methodology. The SAP2000 FE commercial Code is used to model the structure and the
hazard, [23]. Two hazards, consisting of the earthquake and the wind, are simulated by means
of applied loads as shown in Figure 3-c). The load pattern is in respect with Italian Norms
recommendations [14], where the earthquake loads mimics the deformed shape of the first mode
and the wind distribution corresponds to the first case in fig. C.3.3.3 from NTC 2008, as depicted in Figure 3-c). In respect to the load configuration and the corresponding total base shear
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provided by the code, it is possible to evaluate the corresponding base acceleration and wind
speed with the following equations:
𝑆(𝑇1 ) =

V𝐵(𝐸)
𝑔 ∑ m𝑖 ∙ 𝜑𝑖

V𝐵(𝑊)
𝑣=√
∑ 𝐴𝑗 ∙ c𝑒𝑗 ∙ 𝑐𝑝𝑗

;

(8)

where 𝑆(𝑇1 ) and 𝑣 is denoted respectively the spectral acceleration and velocity; 𝑔 is the ground
acceleration; m𝑖 is the mass of the i-th floor; 𝜑𝑖 is the displacement of the i-th floor in the
deformed shape of the fundamental vibration mode; 𝐴𝑗 is the area of each surface exposed to
the wind action; c𝑒𝑗 is the exposure coefficient; and 𝑐𝑝𝑗 is the shape coefficient. Two nonlinear
static analysis are performed to register the damage response of the structure subjected to the
external hazards. In order to generalize the case, the reported results are in their parametric
form.
The results of two performed pushover analyses for both load patterns are reported in Figure 4a). The deformed shapes at the end of the pushover curve are depicted in Figure 4-b and c), to
highlight the plastic hinges formed at each element. These deformed shapes will correspond
with the damage state taken into consideration of full compatibility between the performed
analysis and the expected hazard.

a)
b)
c)
Figure 3. a) Frame model of a three story building; b) FE Model of the building; c) Hazard Model.

a)
b)
c)
Figure 4. a) Pushover Capacity Curves; b) Hinges formation at the ultimate state capacity from earthquake imposed load;
c) Hinges formation at the ultimate state capacity from wind imposed load.

The first step followed is grouping into identities, i.e. beams, columns and walls. For each element, four relevant damage states for all the elements are chosen: “# 0”- no damage, “# 1”
minor damages, “# 2” extensive damage and “# 3” correspond to a near collapse damage state.
Based on this parameterization, for each load pattern the percentage of elements performing a
given damage state is reported in Figure 5. for each substantial step of the structural response.
As shown in Figure 5-b), only some columns exhibit the near collapse damage state, which
makes us believe that the design of the structure does not provide significant redundancy. The
wind load results to be more severe for the walls, as the first contact to transmit the action in
the structural system, while for the seismic action the columns are more vulnerable.
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Earthquake
Wind
a)
b)
c)
Figure 5. Vulnerability functions of the building in terms of percentage of a damage state for each identity: a) Beams; b)
Columns and c) Walls

Based on equation 6) a vulnerability function of the cumulative economical loss (the supposed
economical intervention needed to repair the structure) is developed. Each damage state is
weighted in respect to the retrofitting cost, e.g. the “# 3” damage state needs a full retrofitting
and “# 0” damage state has no need for intervention. The weight of each element is assumed to
be related only with its volume and the respective retrofitting cost for a given damage state. The
expected losses, calculated as hypothetical cost of interventions, are reported in Figure 6. After
the ultimate limit state, coinciding with the collapse of the structure, a total retrofitting of the
structural elements is assumed, therefore the vulnerability has been assigned to 100%. As previously mentioned, this jump in the vulnerability function is a security level provided by the
methodology. Another advantage of the methodology relates to the economical estimation of
losses based on retrofitting costs and not in trade value of the construction, as commonly applied [24]. For instance, there are a lot of buildings part of built heritage subjected to hazards
and they do not have a trade value precisely estimated.

a)
b)
Figure 6. Economical Vulnerability functions of the building in terms of percentage of Economical Losses for the two
mimicked hazards: a) Earthquake and b) Wind.

It is deduced that for our sample, in order to mitigate the risk from the maximum earthquake
and wind, an intervention should be carried out. Its cost is approximately less than 18% of the
total cost estimated to retrofit each single element of the structure. Such a result is more suitable
compared to the total cost of the building, hypothetically destroyed by the same hazard level.
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Conclusions

5

The proposed simplified approach of modelling the vulnerability assessment is suitable to estimate the relationship between the expected hazard, structural response, estimated losses and
requirement for retrofitting. The model is a straightforward instrument to access the data provided by numerical analyses and to transform them into valuable decision-making strategy to
mitigate the structural risk. Synoptically we can draw the following advantages:
 There is no need to adapt it for different construction practices around the world.
 It correlates the vulnerability assessment and retrofitting requirements.
 The methodology provides economical estimations based on retrofitting costs and not
on the trade value of the structures.
The methodology here proposed will be a valuable instrument for the all the institutions in
charge of risk mitigations strategies, by making them acting to prevent the hazard damages with
a lower estimated cost.
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Abstract: Liquid storage tanks are essential infrastructure for storing oil and liquefied natural gas (LNG), which are often located in seismic prone areas. For this
reason, base isolation devices are extensively used to reduce dynamic distress of
such tanks, avoiding typical forms of failure such as elephant-foot buckling, diamond-shaped buckling and roof damage due to sloshing. Performance-based design (PBD) criteria result in seismic isolation schemes that provide cost-effective
seismic design of such structures. The present study is focused on sliding-based
systems, namely single friction pendulum (SFPBs) and triple friction pendulum
bearings (TFPBs), which can be implemented within a PBD framework. More
specifically, the focus is given on the fragility analysis of tanks equipped with sliding bearings, emphasizing on isolators’ displacements due to strong ground motions. Finally, in order to achieve an optimal balance between computational
efficiency and accuracy, a surrogate model has been developed.

1 Introduction
The usage of cylindrical liquid storage tanks that store water, petrochemicals and liquefied
natural gas (LNG) is continuously increasing worldwide. However, many tanks are located in
areas with high seismicity and past experience (e.g., Northridge (1994); Kobe (1995); Chi-Chi
(1999), etc) has shown that failures of such infrastructures can cause leakages and explosions.
Therefore, their continuous operation is of major importance because even a minor failure
may lead to significant socio-economical losses and environmental consequences.
Liquid storage tanks exhibit quite different dynamic behavior compared to conventional structures due to the interaction with their liquid content, since they are subjected to inertial earthquake loads and hydrodynamic pressures. This behavior was represented by the mechanical
analogue of Housner [1], dividing the hydrodynamic response of the tank-liquid system in
two uncoupled components: the impulsive component (i.e., the lower part of the liquid that
moves in unison with the tank wall) and the convective component (i.e., the upper part of the
liquid related to sloshing motion). Many studies (e.g., [2, 3]) have shown that the global tank
response is mainly affected by the impulsive component. The convective component can be
neglected since it is associated to long periods that are substantially higher compared to the
fundamental period of the tank-liquid system. For this reason, damages reported (e.g., “ele-
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phant foot”, “diamond shape” types of buckling) in past earthquakes in liquid storage tanks
are mainly due to the impulsive component and less caused by sloshing.
In general, an efficient approach to reduce seismic vulnerability of storage tanks is the adoption of base-isolation technology. The fundamental concept of base-isolation is the
'decoupling' of structure from ground motions by installing devices with low horizontal and
high vertical stiffness to accommodate the weight of the structure. Therefore, the stresses and
accelerations imposed on the tank are significantly less, even if the displacements are increased due to high deformability of the flexible isolators. Several large-scale base-isolated
storage tanks projects are presented in [4]. One of the bigger such projects worldwide is the
LNG tanks of Revithoussa, Greece. Two tanks, each having a capacity of 65.000 m3, were
equipped with totally 424 single friction pendulum (SFPB) isolators. Moreover, three LNG
storage tanks having capacity of 100.000m3 were supported on Lead Rubber Bearing (LRB)
isolators in Inchon, Korea. In addition, triple friction pendulum bearings (TFPBs) have been
used in two large LNG tanks in Melhorita facility in Peru [5], which is located in an area with
high seismicity (earthquakes with magnitude M>8).
This study is focused on storage tanks equipped with sliding-based isolation bearings that are
effectively designed within a performance-based design (PBD) framework. More specifically,
the focus is given on SFPBs and TFPBs, which can accommodate large displacements during
severe seismic events. Fragility analysis is performed, utilizing peak ground acceleration
(PGA) as the intensity measure (IM) and isolator displacement as the damage index (DI) for
three earthquake hazard levels. In order to achieve best possible computational efficiency and
accuracy, a surrogate numerical model has been developed both for squat and slender liquid
storage tanks. This model consists of a lumped impulsive mass attached to a vertical beamcolumn element that is supported by rigid beam spokes. This model is a computationally efficient and reliable tool for the repeated dynamic analyses needed to construct the fragility
curves, since the hydrodynamic response of an isolated tank is much simpler and less detrimental for the tank compared to fixed-base conditions (e.g., the sloshing (convective) component of the content can be neglected).

2 Friction-based isolation devices
2.1 Single friction pendulum bearings
A SFPB is a device that uses its special geometrical setting to provide seismic isolation [6].
The spherical bearing surface represents a pendulum motion, while the period of the SFPB
depends on the radius of curvature of the concave surface. Another critical feature of SFPB is
that the center of resistance coincides with the center of mass. Thus, the torsion response of
the superstructure is limited. Therefore, structural response, ductility and energy dissipation
can be controlled and damage to building structural and non-structural members and contents
can be avoided.

2.2 Triple friction pendulum bearings
TFPB is an adaptive sliding isolation system that can exhibit different stiffness and damping
properties during its operation [7]. Representing the new generation of friction isolators, it
utilizes multiple spherical concave sliding surfaces providing both low transmissibility of
vibration to the superstructure and zero residual displacements at the sliding structure after an
earthquake. Hence, its functioning is different from the conventional sliding bearings that
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exhibit constant stiffness and energy dissipation. TFPBs enable the selection of different
combinations of curvature and friction of sliding interfaces. Moreover, these parameters can
be adjusted depending on the imposed excitation levels. Therefore, multiple performance objectives can be achieved, which is ideal from a PBD perspective.
A TFPB consists of three friction pendulum mechanisms, which are activated at different
stages as the seismic demand is amplified. As illustrated in Figure 1b, these mechanisms are
created via four concave surfaces in a single bearing. According to [8], the two inner surfaces
share the same values for their friction coefficients (μ2=μ3) and radius of curvature (R2=R3).
Analogously, it is also common that the outer concave surfaces have the same values (μ1=μ4)
and (R1=R4). In a typical TFPB, sliding occurs in different surfaces as the displacement demand increases. When it approaches its maximum displacement capacity, the surfaces change
again due to the fact that the displacement restraints of the sliders are reached, causing incremental hardening behavior [9].
Figure 1a depicts the backbone curve of the force-displacement relation of a TFPB. As it can
be easily noticed, it is divided into several parts, depending on the selection of geometrical
and frictional parameters. The horizontal force of TFPB is a combination of the friction force
and the restoring force due to the curvature of the spherical surfaces. Normalized horizontal
force, F/W, is conveniently used, since the resultant force, F, is proportional to the vertical
force, W. Evidently, TFPB is ideal for PBD because by selecting appropriate values for friction coefficients, radii of curvature for each surface, different behavior under service level
earthquake (SLE) -where sliding occurs on surfaces 2 and 3-, design basis earthquake (DBE) where motion stops on surface 2 and sliding occurs on surfaces 1 and 3-, and maximum considered earthquake (MCE) -where sliding occurs on surfaces 1 and 4-, is achieved [4].
Normalized Horizontal Force [F/W]
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Figure 1: (a) Typical force-displacement relationship of TFPBs, and (b) section view and basic design parameters of TFPBs [8].

3 Multi-step dynamic analysis
In such critical infrastructures as liquid storage tanks, ground motion records of a wide range
should be taken into account for the implementation of performance-based analysis. Therefore, a great number of nonlinear dynamic analyses need to be executed in an incremental
manner. Incremental dynamic analysis (IDA) and multiple-stripe dynamic analysis (MSDA)
are the most frequently applied methods [10]. Such methods are used in earthquake engineering for seismic performance assessment of various types of structures and they are based on
scaling of a ground motion until it causes collapse of the examined structure. MSDA is a
nonlinear dynamic analysis method ideal for performance-based evaluation of structures using
a set of ground motion records at multiple performance levels. Many sets of analyses per-
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formed at multiple peak ground acceleration (PGA) levels, where at each analysis (stripe) a
number of structural analyses are performed for a group of ground motion records which are
scaled to a specific value of PGA. In this way, a set of intensity measure and damage index
values is produced.
Therefore, the relation between the seismic intensity level and the corresponding maximum
response quantity of the base isolation system is the main objective of these multi-step procedures. An IM and an engineering demand parameter (EDP) describe the intensity level and
the friction isolators response. Generally, the steps implemented for both MSDA and IDA are
the following: (a) creation of the nonlinear finite element model for performing nonlinear dynamic analyses, (b) selection of appropriate group of natural or artificial accelerograms, (c)
choose proper IM and EDP, and (d) selection of scaling factors in order to run the analyses
and obtain the IM-EDP curves.

4 Fragility function evaluation
Seismic fragility considers the probability of exceedance of a limit state for a given seismic
intensity level. Typically, a fragility function is defined by a lognormal cumulative distribution function (CDF) [11]:
(1)
where P(C|IM=x) is the probability that a ground motion with IM=x will lead to structural
collapse, Φ denotes the standard normal CDF, θ is the median of the fragility function and β is
the standard deviation of lnθ. Regarding the selection of IM, the PGA is a valid choice for
liquid storage tanks due to the impulsive load pattern [12].
In the present investigation, fragility curves related to SFPBs and TFPBs displacements are
calculated for different performance levels: 50% probability of exceedance in 50 years (i.e.,
SLE), 10% probability of exceedance in 50 years (i.e., DBE) and 2% probability of exceedance in 50 years (i.e., MCE). In the current study, the methodology for fragility function
fitting proposed by Baker [11] has been adopted, in which by performing repeated dynamic
analyses for all ground motions and for each IM level a number of failures (i.e., in terms of
isolators’ displacement) is determined. The probability of zj failures being observed out of nj
ground motions having IM=xj is represented by the following binomial distribution [11]:
(2)
in which pj is the probability that a ground motion with IM=xj will cause failure of the structure. When analysis data are obtained at multiple IM levels, the product of the binomial probabilities at each level provides the likelihood for the entire data set:
(3)
where m is the number of IM levels, and Π is a product over all levels. Substituting (1) for pj,
the fragility parameters are explicitly included in the likelihood function:
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(4)

while the maximization of the likelihood function produce the estimates of the fragility function parameters as follows:

(5)

5 Base-isolated liquid storage tanks
5.1 General details
In this work, storage tank models presented by Haroun [12] (Tank B & T types) are used.
More specifically, the first model (Tank B) is a squat tank with H/R=0.67. The radius of Tank
B is R=18.29 m, the height of liquid surface is H=12.192m, the thickness of tank wall is
t=0.0254 m and the total weight of the liquid content is W=126273.45kN. The second model
is a slender tank with H/R=3. Tank T has radius R=7.32m, height H=21.96m, width
t=0.0254m and the liquid weight is W=36245.4kN. The fundamental periods of the two tankliquid systems are Tf-B=0.162 sec and Tf-T=0.188 sec, for Tanks B & T, respectively.

(b)

(a)

Figure 2: Joystick models of squat tank (a) and slender tank (b).

5.2 Simplified models
Modeling of liquid storage tanks is not an easy task due to the hydrodynamic response of the
tank-liquid system [14]. In general, detailed finite-element models are computationally demanding. To reduce the computational load and model complexity, one common approach is
to develop valid simplified models to effectively replace the complicated three-dimensional
(3D) models. Therefore, a simplified representation of the liquid storage tank is used, based
on the so-called “Joystick model” [14]. The Joystick model consists of a beam-column element carrying the impulsive mass that is supported by fully rigid beam-spokes, which in turn
are supported by the sliding bearings (Figure 2). The models are validated by accurate match-
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ing of the impulsive fundamental period (Ti) provided by Eurocode 8 - Part 4 [15] recommendations for the examined storage tanks.
As aforementioned, the hydrodynamic response is mainly affected by the impulsive liquid
mass. The convective liquid component is neglected since several studies (e.g., [16,17]) have
proven that although the impulsive pressure is reduced due to seismic isolation, the convective pressure remains practically unchanged. Moreover, the effects of the convective part of
liquid content can be separately estimated [14]. In this surrogate model, the weight of the water is represented as lumped masses at the base beam-spokes of the tank (see Figure 2). Therefore, the vertical load is directly applied to the friction isolation devices. The self-weight of
the tank can be omitted as it is only 5% of the total tank mass [18,19]).

5.3 Design of isolation bearings
Generally, the design of structural isolation systems is an iterative process, since the bearing
properties are influenced by the structural properties. First, the maximum bearing displacement has to be evaluated, which is mostly affected by the target period of the isolated system,
the weight of the superstructure and the intensity level of the imposed seismic excitation.
In this paper, the equivalent linear force (ELF) procedure according to Eurocode 8 (Soil A,
γi=1.4, ag=0.36g) is applied for the preliminary design of tank isolation system [20]. The selected SFPB has friction coefficient μ=0.08, radius of curvature R=1.88m, theoretical period
of 2.75 sec and displacement limit of 0.305m. Additionally, a TFPB with the properties of
Table 1 and displacement limit of 0.762m is chosen. The vertical load on the bearings is equal
to 2.9MN for the squat tank and 2.7MN for the slender tank.
Table 1: Design parameters for the TFPB isolated squat tank.
Friction
Coefficient

Radii of
curvature (m)

Height (m)

Effective radii (m)

Displacement limit
(m)

μ1,slow= μ4,slow=0.09

R1= R4=2.235

H1=H4=0.102

R1,eff=R4,eff=2.133

d1*= d4*=0.34

μ2,slow= μ3,slow=0.071

R2= R3=0.406

H2= H3=0.076

R2,eff= R3,eff =0.33

d2*= d3*=0.04

5.4 Numerical modeling and earthquake selection
The Joystick model, which is supported either on TFPBs or SFPBs, is simulated utilizing finite element software SAP2000 ([21]). This simplified tank model consists of a beam-column
element carrying the impulsive mass and is supported by fully rigid beam-spokes, representing the tank base. The properties of the vertical beam were determined using simple structural
analysis calculations following the recommendations of Eurocode 8 - Part 4 [15].
In order to test the isolators under strong impulses, the near-field earthquake ground motion
set (www.nisee.berkeley.edu/elibrary/files/documents/data/strong_motion/sacsteel/
motions/nearfault.html) produced for SAC Steel Project is used in this work. This suite includes time-histories derived from natural and simulated records. For each of the three levels,
the selected twenty earthquake records are suitably scaled and then they are imposed at the
isolated Joystick models until displacement limits are reached. Regarding the numerical analyses, the Fast Nonlinear Analysis (FNA) is ideal for structural systems in which the nonlinear
response is concentrated at the base isolation system, while the superstructure remains elastic
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[21]. FNA is a computationally efficient approach and is often preferred than directintegration schemes. The damping for the structural system is taken 5% and for the impulsive
liquid component 2%.

6 Numerical results
As aforementioned, maximum displacement of the different TFPB sliding mechanisms is related to three hazard levels. Firstly, SLE with 50% in 50 years probability of exceedance
(0.084m) is represented by the inner pendulum mechanism of the bearing. Secondly, DBE
with 10% in 50 years probability of exceedance (0.423m) is related to the sliding of the one
outer pendulum mechanism. Finally, MCE with 2% in 50 years probability of exceedance
(0.762m) is represented with the sliding of the second outer pendulum mechanism. Additionally, for comparison, SFPB is examined, which is designed for MCE (0.305m) with 2% in 50
years probability of exceedance [4].
Figure 3 depicts the probability of collapse considering the isolator displacements for TFPB
different sliding mechanisms (depending on the hazard level) and SFPB. The bearings can
withstand high displacements, achieving thus lower failure probabilities even for higher seismic levels. It can be noticed that especially TFPBs play an important role, since they assist
liquid storage tanks to maintain their structural integrity and functioning. It is also evident that
these devices provide much better protection to the superstructure under severe seismic excitations compared to SFPBs.

(a)

(b)

Figure 3: PBD seismic fragility curves for squat (a) and slender (b) tanks.

The plots in Figure 4 illustrate that due to base isolation, tank’s geometry does not influence
fragility curves as it is obvious from the plots that there is not any significant difference
among squat and slender tank. Note that, in contrast, unanchored slender tanks are more prone
to uplift phenomena than the corresponding squat tanks [22]. In the case of TFPBs, for DBE
and MCE levels squat tanks are slightly less vulnerable than slender tanks at low PGA values,
while at increased intensity and higher probability of collapse, the fragility curves are identical. For SLE level there is not any observable difference. Considering SFPBs, squat tanks are
slightly more vulnerable than slender tanks, when reaching high probability of collapse for
PGA values between 0.5g and 1.0g.
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Figure 4: Comparison of fragility curves of squat and slender tanks.

A fragility analysis considering performance deterioration (due to aging, contamination, etc
[23]) of isolators is performed next, by incorporating λmax factor in the design of friction isolators. This parameter is directly applied to the nominal value of the coefficient of friction to
forecast aging and deterioration phenomena that will affect the performance of friction isolation bearings [23]. According to the seismic recommendations [8], the value of 1.1 is selected
for aging and 1.05 for contamination and λmax factor is calculated as the product of these two
values.
As can be seen from Figure 5, the incorporation of λmax in the design of friction isolators affects the results. Especially for higher seismicity intensity levels (MCE and DBE), the isolation bearings designed with the factor λmax present better performance. As expected, for low
seismicity intensity level (SLE) there is not any substantial difference.

Figure 5: Comparison of bearings performance including λmax factor.
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7 Conclusions
This paper investigated the seismic vulnerability of liquid storage tanks equipped with various
types of sliding bearings, namely TFPBs and SFPBs. More specifically, the displacement capacities of SFPBs and of the different pendulum mechanisms of TFPBs were associated with
three levels (SLE, DBE, MCE) by performing repeated dynamic nonlinear analyses. In order
to achieve optimal balance between computational efficiency and accuracy, a simplified model was applied for the realistic representation of the hydrodynamic response of fuels storage
tanks. This surrogate model was developed for both squat and slender base-isolated storage
tanks.
The following conclusions can be derived from this preliminary investigation:
(a) Liquid storage tanks isolated with TFPBs present a better seismic performance under
strong impulses, since these devices can accommodate larger displacements than
SFPBs. Hence, TFPBs consist a base-isolation scheme that can protect the structural integrity of such critical infrastructure even at high seismic demand levels.
(b) The geometrical dimensions of base-isolated storage tanks (squat or slender) do not have
a significant impact on the fragility estimations in terms of isolator displacements.
(c) The incorporation of factor λmax that represents future performance deterioration in the
design of sliding bearings slightly influences the fragility analysis results. More specifically, the base-isolated liquid storage tanks present a less vulnerable performance when
this factor is considered.
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Seismic Fragility Function for Ceilings: A Formulation
Using Upper Floor Response Acceleration
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Abstract: This study formulates the seismic fragility function for ceilings based on
the results of shaking table tests obtained from 19 studies. The maximum likelihood
method is employed to fit a three-parameter log-normal function. As an application
example, damage occurrence probability is evaluated for a vibration-controlled 15story building.

1 Introduction
After a high-intensity earthquake, damage to nonstructural components can endanger human
lives and influence business continuity. For example, in the East Japan Earthquake Disaster of
2011, human casualties were caused by the collapse of ceilings, pipings, and illuminating
devices. For achieving a performance-based design, it is necessary to adequately consider the
safety, reparability, and usability of non-structural components.
In Recommendations for Aseismic Design and Construction of Nonstructural Elements, the
Architectural Institute of Japan [1] provides guidelines for the construction of nonstructural
components. It gives a response acceleration criterion of 1 g (= 9.8 m/s2) and 0.5 g in the
horizontal and vertical directions, respectively, for general ceilings. However, in shaking table
experiments for ceilings, it was observed that attachment clips were detached under small
accelerations at the joints between upper floor slabs and ceiling hangers. This study develops a
seismic fragility curve of ceilings based on the results of shaking table experiments reported in
the literature.

2 Dataset of a Shaking Table Experiment
For this study, nineteen studies from [2] to [20] on shaking table experiments for ceilings were
examined. The author first extracted data pertaining to relations between the input motion and
ceiling damage and constructed a dataset. The dataset for the type of ceilings contained
experimental results of general ceilings made from conventional construction methods and
system ceilings, but it did not include the results for ceilings specially designed to prevent
seismic damage.
Fragility curves have several possible intensity measures of input motion such as peak ground
acceleration (PGA), peak ground velocity (PGV), and spectrum intensity. Intensity measures
that consider frequency characteristics, such as an acceleration response spectrum, have better
estimation accuracies. However, most studies report only maximum accelerations as the
intensity of input motion. These studies also mostly report accelerations at a shaking table
surface, a frame to hang ceilings, and ceilings themselves. Certain acceleration records at
ceilings are extremely large because of the impact of collisions, and these records are not useful
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for formulating a fragility curve; therefore, the author adopts acceleration at the upper joint of
a hanger bolt connected to an upper floor slab as an intensity parameter. A few studies did not
report acceleration at the joint; in this case, acceleration at a shaking table surface was used
under the assumption that ceilings that could be used for hanging frames were sufficiently rigid.
Vertical acceleration could damage ceilings; a limited number of studies reported the measured
value of vertical acceleration. Hence, the focus is only on the horizontal component of the
acceleration. When two horizontal components were reported, a larger value among them was
used.
While formulating the fragility curve, the definition of ceiling damage should be clarified. In
this study, the ceiling damage includes the detachment of clips, the detachment or breakage of
hangers, and the falling of ceilings. Table 1 includes 51 examples that show the relation between
the acceleration at the upper joint of a hanger bolt and ceiling damage; these have been extracted
from nineteen studies.
Table 1: Dataset of shaking table experiments on ceilings obtained from literature
Types of ceilings

Input wave for shaking
table to reproduce

Horizontal
acceleration
at joint
(m/s2)

Horizontal
acc. at a
ceiling
(m/s2)

2.46

6.23

Displacement:
6 mm

2.17

8.57

Disp.: 9 mm

1.92

6.65

Disp.: 8 mm

1.23

5.1

Disp.: 5 mm

2.46

6.58

Some disp.
gauge cables
were broken.

2.2

4.68

1.99

3.5

Ditto.

1.18

3.4

Ditto.

4.83

8*

4.19

10.7*

4th floor response of a
steel building under input
ground motion of El
Centro wave of Level 1
(L1) (PGV = 0.25 m/s)
4th floor resp. under L1
Taft wave
4th floor resp. under L1
Hachinohe wave
4th floor resp. under L1
simulated wave
4th floor resp. under L1
El Centro wave
Grid system
ceiling (model C1,
made by a
company C in
USA, ceiling
depth: 1.96 m)

4th floor resp. under L1
Taft wave
4th floor resp. under L1
Hachinohe wave
4th floor resp. under L1
simulated wave
4th floor resp. under
input ground motion of
El Centro wave of Level
2 (L2) (PGV = 0.5 m/s)
4th floor resp. under L2
Taft wave
4th floor resp. under L2
Hachinohe wave
4th floor resp. under L2
simulated wave
4th floor resp. under L2
El Centro wave

Grid system
ceiling

13th floor resp. of super
high-rise building (3
SRC stories below
ground and 23 steel
stories above ground)
under L2 BCJ wave
23rd floor resp. of super
high-rise building under
L2 BCJ wave
13th floor resp. of super
high-rise building under
L2 BCJ wave
2nd floor resp. of super
high-rise building under
L2 BCJ wave
23rd floor resp. of super
high-rise building under
L2 BCJ wave
13th floor resp. of super
high-rise building under
L2 BCJ wave

4.04

8*

2.56

8.08

Vertical
acc. at
joint
(m/s2)

Vertical
acc. at a
ceiling
(m/s2)

Damage

No damage

Remarks

Ditto.

Disp.: 62 mm
Disp.: 17 mm
Disp.: 13 mm
Hook of a hanger was opened by
bending; the upper flange of a T
bar was crushed and detached;
some connections of a T bar
were pulled out; and one ceiling
board fell.

20.38

2.39

5.1

3.44

5.44

9.82

2.43

2.55

9.3

6.1

10.45

3.79

16.3

4.28

9.46

Disp. 23.9 mm

6.81

9.66

Not used in
formulation of
a fragility
curve

6.24

15.92

Disp. 16.9 mm

―

3.29

13.98
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[2]

Disp.: 18 mm

*: Response values are
effective values based
on visual elimination
of collision pulse.

4.87

―

Reference

―

Horizontal
displacement:
16.8 mm

―

Disp. 18.7 mm;
ceiling uplift
was observed.
No damage

Disp. 16.9 mm

[3]

Table 1: Dataset of shaking table experiments on ceilings obtained from literature (continued)
Types of ceilings

General ceilings
of conventional
construction
method (uneven,
difference in
level)

Grid system
ceiling, which was
adopted for superhigh-rise office
building

General ceilings
of conventional
construction
method (4.5 m by
4.5 m)

Input wave for shaking
table to reproduce

Roof resp. of plain frame
model under observed
record (averaged
absolute acceleration of
two ends of a roof girder)

7th floor resp. under
JMA Kobe NS wave
7th floor resp. under Taft
NS wave
JMA Kobe wave (no
scaling)

El Centro wave

Horizontal
acceleration
at joint
(m/s2)

Horizontal
acc. at a
ceiling
(m/s2)

6.6

5.5

3.68

4.18

4.18

4.27

3.99

4.29

12.55

12.3

1

1.16

2

1.72

4
6

2.39
1.68

9

2.65

9

3.01

Vertical
acc. at
joint
(m/s2)

12.6
General ceilings
of conventional
construction
method (3.64 m
by 3.64 m) in
contact with wall

Metal panel
ceilings for station
concourse (JIS 19
type)

Metal panel
ceilings for station
concourse (JIS 25
type)

Metal panel
ceilings for station
concourse (JIS 19
type)

Response of a station
building on a bridge
under L1 BCJ wave
(MATIDA wave)

JMA Kobe wave (no
scaling, three
components)
MATIDA wave
JMA Kobe wave (no
scaling, three
components)
MATIDA wave

4.8

12

9
BCJ Level 2 wave

3.67

Vertical
acc. at a
ceiling
(m/s2)

7.28

Damage

Remarks

Clip at an
uneven part
of the ceiling
was detached
and the
ceiling hung
down out of
plane.

Ceiling
acceleration:
Fig. 2 in [8]

No damage

Disp.: 1.24 mm

Reference

[4]–[8]

Disp. (average
of four points):
1.02 mm
Disp.: 1.29 mm
[9]

Disp.: 4.60 mm
(max. of four
points: 5.40
mm)
No evident
Disp.: 19 mm
damage
Slipped clips
Disp.: 41 mm
near braces
Clip detached
Disp.: 107 mm
and ceilings
Disp.: 139 mm
largely
Disp.: 259 mm
deformed.
Large vertical
displacement
Disp.: 262 mm;
near braces;
ceiling did not
severely
drop.
damaged.
Braces buckled, clips detached,
and ceiling totally broke and fell.
Edge of ceiling board slightly
damaged.

[10], [11]

Ceiling joist buckled and ceiling
board fell.

22

24.969

134.62

21.222

185.437

17.363

23.948

After large lateral bending
deformation of ceiling joists,
crossing joists buckled. Crossing
joists near braces fell from
hangers and ceilings largely
displaced. Ceilings plane
collided with a column at an
opening and whole ceilings hung
down.
The upper end of a hanging bolt
broke. Breaking of other bolts
followed, and ceilings collided
with a column at an opening.
Reinforcing metal of a hanger
broke.
Along with increasing
deformation of ceiling joists due
to lateral bending, clips and
reinforcing metal also deformed.
Screw connection kept and
ceilings did not collide with a
column.
The upper end of a hanger bolt
broke near upper end of a brace
in the main excitation direction.

13.247

20.172

9.074

18.571

Reinforcing metal of a hanger
broke.

12.153

100.68

Crossing joists buckled and clips
and reinforcing metal of a hanger
damaged.

9.421

12.164

Reinforcing metal of a hanger
broke.

15.917

43.09

1875

Fixing metal at the upper end of
a brace in the excitation direction
and the upper end of a hanger
bolt broke. Ceilings collided with
a column at opening.

[12], [13]

Table 1: Dataset of shaking table experiments on ceilings obtained from literature (continued)
Types of ceilings
General ceilings
of conventional
construction
method
General ceilings
of conventional
construction
method

Grid system
ceiling

General ceilings
of conventional
construction
method (medium
scale, connection:
only JIS clip)
General ceilings
of conventional
construction
method (medium
scale, connection:
JIS clip with
screw)
General ceilings
of conventional
construction
method (large
scale, connection:
JIS clip)
General ceilings
of conventional
construction
method (large
scale, connection:
wind endurance
clip)

Input wave for shaking
table to reproduce
El Centro wave with
scaling factor of 300%
(three components)
KiK-net Haga wave
(2011 Tohoku
earthquake, three
components, scaled to
PGA 1.2 m/s2)
KiK-net Haga wave
(scaled to PGA 1.2
m/s2)
KiK-net Haga wave
(scaled to PGA 1.5
m/s2)
Response of a singledegree-of-freedom
(SDOF) system with
damping factor of 0.05
under JMA Sendai NS
wave (2011 Tohoku
earthquake, with scaling
factor: 150%)
Response of an SDOF
system with damping
factor of 0.05 under
JMA Sendai NS wave
(scaling factor: 180%)

Response of an SDOF
system with natural
period of 0.3 s and
damping factor of 0.05
under El Centro NS
wave

K-NET Sendai wave
(scaling factor: 25%)

Horizontal
acceleration
at joint
(m/s2)

Horizontal
acc. at a
ceiling
(m/s2)

Vertical
acc. at
joint
(m/s2)

Vertical
acc. at a
ceiling
(m/s2)

10.26

X: 5.74
Y: 7.47

Ceilings fell.

19.292

22.801

Screw connection at lower end of
a brace in Y direction damaged
and the brace buckled.

20.524

38.582

23.344

50.515

Damage

Remarks

T bar joints around braces in Y
direction detached and ten ceiling
panels fell.
T bar joints around braces in both
X and Y directions detached and
ceiling panels fell wholly.

Reference

[14], [15]

[16], [17]

Clips loosened due to impact
force, hooks bent to open,
connection detached, and ceilings
and joists fell.

18.6

[18]

Clip joints damaged and
detached, and ceilings fell.

25.1

Clip detached due to impact force
and ceilings and joists fell. First,
edge of ceilings broke and
successively ceilings fell up to
their central portion.

20 to 30#
#: One sample is
assigned to 20 m/s2
and the other 30 m/s2.

[19]
Connections did not detach, but
ceilings fell due to punching of
ceiling boards at screw fastening
parts.

20 to 30#

3.43,
1.96

7.938,
5.88

0.882

7.252

7.448,
4.312

41.258,
13.23

1.96

50.668

Non-seismic
suspended ceiling
K-NET Sendai wave
(scaling factor: 50%)
7.546,
4.41

54.292,
22.834

2.058

59.29

Minor damage was observed,
such as slight slip of connection
metal of hangers and clips and
meandering of crossing joists, but
ceilings has almost no damage.
Many clips
detached
Surroundings
successively
managed to
and wide
support
range of
deflected
ceilings
ceilings.
damaged.
Clips
detached,
Due to
joists and
detaching of
ceiling boards
joists, ceilings
were not
connected to
support, and a
the joists were
deflected part
dragged down
of ceilings
and fell in
vibrated and
chain reaction.
fell.

[20]

3 Formulation of a Fragility Curve
Based on the data in Table 1, a fragility curve for ceilings was formulated. First, it was assumed
that damage occurrence acceleration A follows a log-normal distribution. A log-normal fragility
function P = FA(a) is derived for this binary damage occurrence model by using the maximum
likelihood method. The result is shown as a blue curve in Fig. 1. The mean of log A is 2.08 (the
median of A is 7.97 m/s2); the standard deviation of log A is 0.811; and the log likelihood is
−22.1. In Fig. 1, presences and absences of damage are plotted on lines P = 1 and P = 0,
respectively. In the studies, there was no damage for A < 4 m/s2, and damage tends to present
for A > 5 m/s2. However, there were several cases of absence of damage in the range from 9 to
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19.3 m/s2; therefore, the model had a large standard deviation. Consequently, the fragility curve
rose near the acceleration zero point, and the probability reached approximately 20% at the
acceleration of 4 m/s2, even though this value was the lower limit acceleration of cases in which
damage was present.
It was observed that damage rarely appears in a small acceleration range; therefore, a threeparameter log-normal distribution was adopted. This distribution has a shift parameter to move
a log-normal distribution curve in the horizontal direction as follows:
𝑃 = Φ(

log(𝐴 − 𝑠) − 𝜇
)
𝜎

(1)

where Φ(∙) denotes a cumulative distribution function of the standard normal distribution and
𝜇 and 𝜎 are the mean and the standard deviation, respectively, of log(A − s). The introduction
of a shift parameter corresponds to the assumption that ceilings do not sustain damage under
accelerations smaller than the shift parameter. Note that an application example of this
probability distribution for a fragility curve is seen in other studies also [21]. A red curve in Fig.
1 shows the fragility curve fitted to the three-parameter log-normal function by using the
maximum likelihood method. The shift parameter s is 3.88 m/s2; 𝜇, the mean of log(A − s), is
−0.0611 (the median of A is 4.82 m/s2); 𝜎 , the standard deviation of log(A − s), is 3.34; and the
log likelihood is −18.9.
Damage occurrence prob.

1.0
0.8
0.6

Damage presence/absence

0.4

Two-parameter log-normal
0.2

Three-parameter log-normal

0.0

0

5

10

15

20

25

30

Horizontal acceleration of upper floor slab [m/s2]
Figure 1: Fragility curves for ceilings

4 Application Example of the Proposed Fragility Curve
The usefulness and effectiveness of the derived fragility curve were shown by applying the
curve to introduce a vibration control device in a data center building. The building model used
was described in [22]; this study models a fifteen-story (i.e., Ns = 15) steel building. A set of
1000 simulated ground motions (i.e., Ne = 1000) of a small amplitude and short duration and of
a large amplitude and long duration were synthesized based on the generation procedure of
design ground motion in the Notification of Building Standard Law in Japan. The input motions
composed of 1000 waves had a PGV ranging from 0.08 to 1.77 m/s.
We denote the acceleration response at the upper joint of a ceiling hanger (e.g., upper floor
slab) in the i-th story as ai,n, when the ground motion n is input to the building. Then, the damage
probability of the ceilings of the i-th story is calculated by FA(ai,n). Using this conditioned
probability, the probability that any ceilings of fifteen stories sustains damage, Pbn , is given by
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𝑁s

𝑃b𝑛 = 1 − ∏ (1 − 𝐹𝐴 (𝑎𝑖,𝑛 )) .

(2)

𝑖=1

Here, it is assumed that the input wave characteristics other than those used for measuring the
intensity do not influence the occurrence of damage.
Figure 2 (a), (b), and (c) show the evaluation results of Pbn for 1000 waves for the cases (a)
without vibration control device, (b) controlled by an active mass damper (AMD) having a
maximum control force of 100 kN, and (c) controlled by an AMD having a maximum control
force of 200 kN.

(a) No control device

(b) Active mass damper with maximum control force of 200 kN

(c) Active mass damper with maximum control force of 200 kN
Figure 2: Fragility curves for ceilings

Figure 2 shows fh(v), the probability density function of the maximum PGV in 30 years; it has
been converted from the seismic hazard curve Hh(v) provided by the National Research Institute
for Earth Science and Disaster Resilience [23]. The target site was Hiyoshi, Yokohama, Japan.
The seismic hazard curve Hh(v) represents a complementary cumulative distribution function.
The probability density function fh(v) can be derived using the following formula:
𝑓h (𝑣) =

d
(1 − 𝐻h (𝑣))
d𝑣

(3)

Let us assume that the PGV values of the 1000 waves are discretized samples; then, the damage
probability for ceilings in 30 years Pf can be approximately calculated as follows:
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𝑁e

𝑃f = ∑ 𝑓h (𝑣𝑛 )𝑃b𝑛 ∆𝑣𝑛

(4)

𝑛=1

where ∆𝑣𝑛 is a sample weight of the input ground motion n. The value of ∆𝑣𝑛 is calculated based
on the PGV distance between neighboring samples.
The damage probability is 23.5% when there is no vibration control device. The probability
decreases to 20.7% when an AMD with a maximum control force of 100 kN is installed on the
top floor. It further decreases to 19.1% when an AMD with a maximum control force of 200
kN is installed (Table 2).
Table 2: Probability of ceiling damage in 30 years

Vibration control System
None
Active mass damper

Maximum control force
—
100 kN
200 kN

Damage probability
23.5%
20.7%
19.1%

5 Conclusion
In this study, a seismic fragility curve for ceilings was formulated based on data from 51
experiments in the literature on shaking table tests. A fragility curve uses acceleration at the
upper joint of a hanger (i.e., the upper floor slab) as an intensity measure. Considering that
ceilings do not sustain damage in small-range accelerations, a three-parameter log-normal
function was employed and parameters were identified using the maximum likelihood method.
To show the usefulness of the proposed fragility curve, probabilities of damage to ceilings in a
data center building in 30 years were calculated for three cases: (a) without using any vibration
control device, (b) by introducing 100 kN maximum control force AMD, and (c) by introducing
200 kN maximum control force AMD. By comparing the damage probabilities, we could
clearly prove the effectiveness of a vibration control device.
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Abstract: Jacketing of masonry walls employing Through-the-Thickness ties
(TTJ) represents a widespread and effective technique for seismic retrofit of
historical structures since confinement induced by these elements can increase
structural ductility and strength. In this respect the authors have recently proposed a deterministic Equivalent Single Layer (ESL) First-order Shear Deformation (FSDT) shell theory which, upon being combined with a MITC Finite
Element (FE) in the FE code Opensees, is capable of capturing the TTJ interaction at the global structural level by a computationally less expensive 2D continuum layered formulation. The present contribution shows the employment of
the TTJ formulation to perform probabilistic analyses of TTJ-confined masonry
walls subject to seismic forces, by taking in due account the randomness of the
constitutive masonry features, for investigating the influence of confinement on
the structural performance/capacity. Results show how strength is highly influenced by the triaxial stress state so that traditional approaches could fail in determining a reliable estimate of the strength increment. On the contrary, the TTJ
shell proved to be a viable methodology in FE reliability analyses for taking into
account the mutual relationship between the triaxial mechanical behavior of the
masonry and the effects of confinement devices.

1 Introduction
Confinement devices for improving structural performaces find applications in the reinforcement of existing masonry structures by retrofitted steel bars, plates or Fiber Reinforced Polymers (FRP). Among different available techniques, Through-the-Thickness Jackets (TTJ) represent a convenient retrofit strategy for several typologies of masonry walls and historical structures employing through-the-thickness ties and exterior plates whose confinement induces increased ductility and strength in the core material [1, 11].
Although confinement in masonry and Reinforced Concrete (RC) structures is prevailingly analyzed by employing simplified models and adopting suitably defined uniaxial constitutive relationships sensitive to transverse confinement [5], the beneficial effects of confinement is the
result of the onset of a more complex multi-axial stress state induced in the walls core. For
shear walls, panels and vaults reinforced by TTJ, traditional 1D analysis approaches are not
prone to be employed without introducing drastic simplifications, so that more refined 3D and
2D analyses need to be resorted to for increasing the accuracy of the stress analysis. Actually,
as shown in [4, 14, 15] for shear walls, one-dimensional elements can fail in accounting for
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local mechanisms, where shell elements have been chosen in order to properly define the local
behavior of the masonry panel.
Quite recently, a generalized shell formulation, based on the Equivalent Single Layer Mindlin
First-order Shear Deformation Theory (ESL-FSDT) [3], has been proposed by the authors
assuming a smeared description of TT reinforcements [13]. Its implementation in the FE
OpenSees code [6] permitted to carry out deterministic numerical simulations of pushover analyses and to show its capability to efficiently capture a complex triaxial confining interaction,
what ultimately results into significant effects of increased stiffness, strength and ductility at a
global structural level.
In our previous studies we could detect that the effects of TT confinement does not only depend
on the geometry of structural members and on the cross sectional area of TT links, but it is
primarily influenced by the Poisson ratio of masonry, aside to its strength and stiffness.
However, compared to the confidence in the mechanical parameters of the retrofitted confining
devices, confidence on the constitutive properties of existing masonry is lower since these are
affected by higher randomness due to additional uncertainties related to the generally limited
knowledge of historical manufacts as well to handcrafting procedures [12]. Hence, given the
high variability and dispersion of masonry constitutive features [12], especially in case of historical buildings, the role of these last three constitutive parameters of masonry should be, more
realistically, analyzed from a probabilistic point of view.
In the light of the discussion above, this contribution presents the results of probabilistic analyses, devised by treating Poisson ratio, strength and stiffness of masonry treated in terms of
Probabilistic density Functions (PDF), to explore the influence of transverse confinement on
the structural capacity of a TTJ-confined rubble stone masonry wall subject to in-plane loading.
All remaining mechanical and loading parameters are treated herein as deterministic variables
and dimensioned according to common design practices of Italian and European regulations.
FE analyses of the structural model are carried out in OpenSees using the TTJ –generalized
ESL-FSDT shell element presented in [13]. The investigation is carried out by Monte Carlo
Simulation (MCS) and also deploying an Inverse–First–Order Reliability Method (Inverse–
FORM ) procedure [2] to obtain characteristic values of the horizontal forces corresponding
to ultimate limit states. A comparison is also made of the results obtained by the investigated
methodology with a simpler and more empirical estimate of the strength increment based on
the Italian building code recommendations.

2 Probabilistic analysis of a masonry panel
The effect of TT confinement is herein evaluated in terms of strength increments of a rubblestone wall subject to in-plane loading with fixed vertical load and monotonically increasing
horizontal load, as shown in Figure 1. In particular, adopting pre-assigned statistics of masonry
constitutive parameters available from the experimental literature, the analysis has the objective
of determining the PDF of two structural responses; specifically, the analyses determine the
probability distributions of two structural performance measures: i) the horizontal maximum
displacement Uh (drift) obtained as the quasi-static response to a predetermined horizontal force
fh , and ii) the maximum horizontal force Fh (capacity) attained at a fixed threshold of the horizontal displacement uh . From now on we emphasize that use of capital symbols, such as Uh ,
denotes the probabilistic nature of a given quantity; a specific realization of the aleatory variable
is referred to by the corresponding lowercase symbol, e.g., uh .
Thresholds of fh are chosen in order to be close to the maximum resisting shear force of the
panel while, for type ii) performance measures, the thresholds of uh are determined according to the conventional Ultimate Limit States (ULS) provided by Italian Standards [9]. These
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choices imply that type i) measure evaluates the performance of the panel in terms of horizontal
drift while type ii) analyzes the strength increment, due to confinement effects, at a specified
displacement.
Following Italian Standard provisions [8, 9] and indicating by hm the height of the wall, displacement thresholds for type ii) analyses are set to 0.004hm , corresponding to the shear
ULS, and 0.006hm corresponding to the bending ULS. Confinement is defined by the quantity mt = Ωt /Ωc , i.e. the ratio of the cross-sectional area Ωt of (discrete) TT by-passing ties per
unit shell midplane area Ωc .
In order to investigate the variability of panel strength with respect to different confinement
levels, analyses are performed considering several values of mt , increasing from 0 (unconfined case) to 1%, this last value approximately corresponding to a regular 0.1 × 0.1 m mesh
ot φ 12 mm transverse ties. Moreover, further analyses have been performed considering the
limit case of plane strain (zero TT stretch), corresponding to the theoretical limit of infinite
confinement.
The proposed methodology is also compared with a simplified strategy, suggested by the Italian
standards [8], that takes into account confinement effects by multiplying masonry strength by a
factor of 1.5. This last strategy is referred to in the sequel as SBCA (Strength–Based Confinement Approach).
In order to evaluate the response probability distributions, a MCS is employed while an Inverse–
FORM procedure [2] has been performed in order to get characteristic values of the horizontal
forces corresponding to the ultimate limit states. This latter algorithm also validates the probability distributions computed by the MCS.
In-plane path-following FE analyses of the 8.0 × 4.0 × 0.8 m rectangular wall with geometry,
loading conditions and constraints shown in Figure 1 are carried out. The wall is subject to
a uniformly distributed vertical load Qv and an horizontal in-plane shearing action fh , whose
distribution is denoted as usual by the corresponding uppercase symbol Fh , also modeled as a
uniformly distributed horizontal in-plane load.
fh
Qv

uh
y
x

z

4.00 m
8.00 m

Figure 1: Geometry, constraints and loading scheme of the masonry wall with FE mesh employed in the
numerical analyses
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2.1

FE structural model

In all analyses, the structural behavior of the confined wall is modeled by the formulation of
generalized TTJ ESL-FSDT shell proposed in [13] and implemented in OpenSees [6] combined
with a 2D layered MITC finite element [3]. Such a formulation encompasses the triaxial stress
analysis of TT jacketed shells in structural walls by employing a smeared description of the
interaction between transverse reinforcements and the confined wall. Assuming the core wall to
be entirely confined all along its thickness t and denoting by z the coordinate along the thickness
direction, the following TT continuum equilibrium and compatibility equations are added to the
set of governing equations of the ESL-FSDT formulation:
Z t/2

−t/2

εz (z) dz = εt δt ,

σz (z) + mt σt = 0,

∀z ∈ ]−t/2, t/2[ .

(1)

where εz , εt and σz , σt are the normal strain and stress along the z direction in the core and in the
TT reinforcement, respectively. An elastic-plastic behavior for both the shell core and the TT
links is used; in particular, associated plasticity with a Drucker-Prager yield function is assumed
for the core:




2
σt σc
1 σt − σc
I1 − √
,
(2)
f = J2 − √
3 σt + σc
3 σt + σc

being σt and σc the tensile and compressive thresholds for uniaxial stress, respectively, and I1
and J2 the first and second (deviatoric) stress invariants. For TT bars, a tensile–only uniaxial
Giuffré-Menegotto-Pinto [6] model with kinematic hardening is used.
The TTJ formulation has been subsequently combined with a 2D layered MITC shell finite
element and exploited in the nonlinear FE analyses of the jacketed masonry panels. The presented application employs the 1.0 × 0.5 m regular mesh of shell elements shown in Fig. 1 with
fully–constrained nodes at the lower base.

2.2

Deterministic and probabilistic mechanical properties of the structural model

The masonry wall has 4m height, 8m width and 0.8m thickness and it is subject to an uniformly distributed vertical action Qv = 400 kN. Transverse links are modeled by means of a
uniaxial, elastic–plastic constitutive model with yield stress fyt = 450 MPa, Young’s modulus
Et = 200 GPa and kinematic hardening modulus Ht = 20 GPa, calibrated on the specifications
of the Italian Standards.
2.2.1

Probabilistic parameters

Statistics of the masonry constitutive parameters are defined in terms of the PDFs summarized
in Table 1. Lognormal distributions are assumed for Young’s modulus and compressive strength
in order to take into account their single–sided domain. This choice has been made in analogy
with the concrete statistics for which a lognormal distribution is deemed appropriate in case of
poor-quality material [7].
Concerning the Poisson’s ratio, experimental evidences available in the literature are not sufficient for identifying a specific probability distribution. Therefore, a Beta distribution has been
employed in order to properly take into account the physical bounds of the ratio.
Probability distributions are defined by mean and coefficient of variation, reported in Table 1.
Parameter averages of E and σc have been deduced by Italian Standards [8] while coefficients
of variations and Poisson’s ratio average are sourced from [10, 12].
Although it is known that correlation does hold among the compressive strength, the Young’s
modulus and the Poisson ratio of masonry these parameters are assumed to be statistically independent in order to circumvent the absence of specific data.
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3 Numerical results
Results of the analyses are hereby presented. Monte Carlo simulation is applied in order to
determine two sets of Cumulative Distribution Functions (CDFs). Typical realizations for increasing confinement rates of the load–displacement response are shown in Fig. 2 which is
obtained by considering the means of the constitutive parameters.

Figure 2: Typical load–displacement responses

(a) fh = 1500kN

(b) fh = 2000kN

Figure 3: Cumulative probability distributions of the horizontal displacement Uh fixed the seismic demand. Vertical dashed lines represent the assumed displacement thresholds.

Figures 3(a) and 3(b) show the CDFs of the structural performance evaluated in terms of horizontal displacement Uh according to the performance measure i) defined in Section 2, computed
for fh = 1500 kN and fh = 2000 kN.
All curves, corresponding to increasing values of the transverse ties area ratio mt , are bounded
Table 1: Assumed material and geometrical probabilistic parameters for shell core and TT reinforcement.
Description
Shell core Young modulus
Shell core Poisson ratio
Shell core Drucker-Prager uniaxial tensile strength
Shell core Drucker-Prager uniaxial compressive strength

Symbol
E
ν
σt

Units
GPa
–
MPa

Mean µ
1.2
0.35
0.25

c.o.v. δ
0.22
0.25
0.19

Distribution
Lognormal
Beta (interval [0, 0.5])
Lognormal

σc

MPa

-2.5

0.19

Lognormal

1886

by the CDFs determined by neglecting the confinement effects (blue curves) and by an ideally
fully–constrained panel which corresponds to plane strain conditions (green curves).
SBCA curves have been computed, according to Italian Standards, by amplifying by 1.5 each
(randomly generated) MCS occurrence of the masonry strength; therefore the structural analysis is performed by neglecting the contribution of transverse ties and assuming a plane stress
condition.
A comparison between Figures 3(a) and 3(b) shows how the effects of confinement on the maximum drift of the panel are sensibly higher as the seismic demand increases: greater confinement
ratios tend to reduce the horizontal drift. The black curves represent the CDFs of the simplified
SBCA estimate, where confinement is taken into account by increasing the masonry strength. It
can be observed that SBCA horizontal drift deviates from TTJS results with deviations increasing with fh .

(a) Shear ULS, uh = 16mm

(b) Bending ULS, uh = 24mm

Figure 4: Cumulative probability distribution of the horizontal force Fh computed at the attainment of
the ultimate limit states.

Results consistent with the ones described above are obtained from analyses of type ii). These
can be observed in Figures 4(a) and 4(b) where the CDFs of the horizontal force Fh , computed
for the drifts uh corresponding to the attainment of the shear and bending ULS, are shown. The
unconfined and plane strain curves represent the limit behaviors of the FE model bounding the
CDFs computed at intermediate values of mt .
Generally, the strength increases proportionally to the confinement level, although such increments are quite limited. Moreover, strength increments turn out to be independent from the
value of the horizontal displacement since CDFs of Figures 4(a) and 4(b) appear to be merely
shifted along the horizontal axis.
An important issue concerns the CDFs of the SBCA estimate since it exhibits a significant drift
to the right side of the graph; in this sense, SBCA provides sensibly higher strength values of
the masonry panel, especially in case of bending ULS (Fig. 4(a)).
Confinement effects plotted in Figures 4 are further illustrated in Table 2 where the values of
the horizontal force fh at percentiles Pr = 5% and Pr = 10% are reported for each ULS. Values
of Fh have been computed by an Inverse–FORM procedure employing the Direct Differentiation Method (DDM) algorithm implemented in OpenSees. To this end, the algorithmically–
consistent derivatives of the generalized stresses, with respect to the masonry constitutive parameters and to the generalized strains, have been computed in closed form.
A first consideration concerns the consistency between the values provided in Table 2 and the
curves of Figures 3 and 4. The agreement between the probability values provided by MCS and
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Table 2: Horizontal force fh [kN], computed by Inverse–FORM at each ultimate limit state for percentiles
Pr = 5% and Pr = 10%.
Links area
ratio mt
plane stress
mt = 0.0025
mt = 0.0050
mt = 0.0100
plane strain
SBCA

Shear ULS,
Pr = 5%
1383.39
1398.41
1412.54
1422.86
1463.15
1566.33

Bend. ULS,
Pr = 5%
1637.86
1663.21
1672.36
1688.37
1755.70
2039.37

Shear ULS,
Pr = 10%
1468.47
1492.20
1501.81
1510.57
1552.04
1675.40

Bend. ULS,
Pr = 10%
1729.30
1752.95
1761.01
1771.60
1850.55
2173.94

Inverse–FORM confirms a correct implementation of both algorithms. Moreover, a numerical
comparison between the provided values of the horizontal force shows how the effects of confinement determine an increment of the panel strength which is about 3% higher with respect
to the unconfined case. The fully–constrained model (plane strain), which represents the physical bound of confinement effects, provides strength increments of about 6%; on the contrary,
strength increments obtained by SBCA estimate are sensibly higher.
A final remark concerns the features of the probability distributions shown in Figures 3 and
4. CDFs of the horizontal drift (Fig. 3) result right–tailed with quite limited asymmetry and
kurtosis almost normally–distributed. Distributions of Fh (Fig. 4) present higher asymmetries
and kurtosis sensibly far from the normal distribution. In both cases, probability distributions of
Fh are not easily approximable by Gaussians; for this reason, in case of ULS–based reliability
analysis, a proper modeling of the transverse confinement should be taken into account (see
Table 3).
Table 3: Skewness γ1 and Kurtosis k coefficients of the computed CDFs.

Links area ratio mt
plane stress
mt = 0.0025
mt = 0.0050
mt = 0.0100
plane strain

fh = 1500 kN
γ1
k
0.4710 3.6072
0.4750 3.6061
0.4722 3.5950
0.4673 3.5742
0.4731 3.4880

fh = 2000 kN
γ1
k
0.5113 3.7580
0.5073 3.7402
0.5039 3.7240
0.5013 3.7036
0.5087 3.6485

uh = 16 mm
γ1
k
1.1038 5.3884
1.0883 5.4444
1.1063 5.5861
1.0831 5.5272
0.8634 4.4040

uh = 32 mm
γ1
k
-0.1787 1.7563
-0.0895 1.7394
-0.0285 1.7414
0.0266 1.7477
0.3031 2.0873

4 Conclusions
The distributions of the structural performance indicators of type i) and ii), obtained by the
probabilistic FE analyses of TT-confined masonry walls, show that transverse confinement is
effective in increasing the structural capacity for realistic values of the masonry constitutive
properties.
Sensibly different magnitudes of the beneficial effect of TT confinent to the structural performance have emerged from the computations reported in this study of approximately 20% for
structural performance indicator of type i) and some units percent for type ii). However, these
differences are interpreted to be merely the consequence of the use of simpler measures of
the ultimate structural capacity of the walls, which are defined on the basis of a conventional
identification of ULS by criteria directly defined at the structural level of the entire wall panel.
The analyses have also shown that, for indicators of type ii), the distributions of the horizontal
forces are strongly influenced by the chosen threshold of horizontal displacements, while for
type i) distributions confinement also induces significant ductility increments. These two properties indicate that a more appropriate definition of indicators of the ULS structural performance
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formulated at the continuum level in terms of ultimate triaxial stress/triaxial strain criteria is expected to predict sensibly higher estimates of the structural capacity of confined walls, closer
to the estimate obtained in a more empirical way by SBCA. Forthcoming contributions will address this enhancement of ULS modeling, together with dynamic random vibration procedures
and details on the DDM tools and Inverse–FORM algorithms, herein omitted for brevity.
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Abstract: Rot decay is one of the problems associated with excessive moisture accumulation in timber façades construction, which can result in financial loss and further
intangible consequences. This paper proposes a methodology for cost-optimal design of
façades exposed to rot decay. The decay rating is represented by an empirical model as
a function of the hygrothermal conditions inside the façade construction, which are calculated based on material properties and geometry of the façade cross-section, indoor
climate and outdoor weather conditions. These hygrothermal conditions are represented
by a hierarchical probabilistic model that takes due account in aleatoric and epistemic
uncertainties. This approach is expected to support decision-making processes during
the evaluation or optimisation of current and innovative façade configurations.

Introduction
Wooden structures are subject to a variety of biotic and abiotic agents, which can lead to degradation and deterioration [1]. Rot decay is one of the microbiological deterioration, which
leads to alterations of the physical and mechanical properties of wood, and consequently is
reducing the stiffness, strength and other resistance properties of wood [2]. When rot decay is
activated, the integrity of the façade is susceptible, causing improper functionality up to total
failure. This results in financial loss and further intangible consequences.
The hygrothermal conditions on the materials’ surface, temperature and relative humidity, are
key factors for fungal growth such as decay [1, 3], and simultaneously parameters which are
possible to be controlled in the design phase of the façade construction. In timber façades, OSB
(Oriented Strand Board) are typically used as sheathing boards, which in addition to increasing
the stability of the façade construction, they can also be used as wind barriers [4, 5]. Generally,
this layer is positioned between the membrane (wind barrier) and the insulation material, creating a position, which is highly prone to condensation problems and might lead to favourable
conditions for rot decay. The hygrothermal properties of this layers’ surface are highly dependent on the vapour resistance of the wind barrier and vapour retarder (𝑠𝑑 −values). Consequently, the choice of these two layers has a strong impact on the overall façade performance.
The façade constructions are often designed based on experience and opinions of practitioners
rather than well-established methodology [4]. Different solutions may not be robust with respect to decay occurrence when exposed to different climate or indoor conditions, or they might
not be economic. The codes or national standards give limited directions regarding the composition of the façade construction and limited suggestions regarding the selection of maximum
and minimum 𝑠𝑑-values for these membranes [6, 7]. Moreover, the conventional approach to
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the selection of the façade composition is based upon the choice of the materials that provide
the best performing façade exposed to a deterministic one-year duration of a severe reference
climate [8]. This methodology does neither account the uncertainties associated to the weather
nor the anticipated service life duration of the construction. The codes provide also guidelines
on how to avoid microbial growth [7, 9]; however, suggestions are limited and expressed in
terms of maximum threshold values for the moisture content. Consequently, by only following
these terms might lead to underestimation, which causes premature failure of the construction,
or overestimation, which leads to over-designed façades and hence undesirable societal costs.
In order to overcome the aforementioned issues, this paper develops a methodology for costoptimal design of façades subjected to rot decay. The following challenges are addressed:
- Sampling of realisations of weather properties, with duration of the service life, from a probabilistic model of the weather phenomena.
- Development of an accurate approach to decay occurrence prediction. A detailed and established decay model that considers the crucial requirements for microbial growth is chosen to
evaluate construction performance.
- Integration of all necessary steps within a user-friendly process that enables cost-optimisation
and probabilistic analyses for timber façades construction.

Material and Methods
2.1 Methodology
The façade is an element required for the building to function properly and its failure is related
to the occupants comfort, and not to casualties. In this light, the optimal façade construction is
the one that fulfils the established requirements (functionality of the façade) with an acceptable
probability, while simultaneously minimizing present and future costs. Cost-effective façade
constructions can be derived by performing a cost-benefit analysis that provides the solution
with the maximised expected benefit. This is equivalent to minimising the total expected costs
since the benefits (given by the existence of the building) are independent of the façade design.
The methodology addressing this scope is developed and shown schematically in Figure 1.
The total cost of a façade unit 𝐶𝑡𝑜𝑡 is the sum of the following costs:
𝑛𝑖𝑛𝑡

𝐶𝑡𝑜𝑡 (𝐳) = 𝐶𝑖𝑛𝑖 (𝐳) + ∑ 𝐶𝑖𝑛𝑡,𝑖 (𝐳)

(1)

𝑖=1

where:
- 𝐳 is a vector of all design parameters (e.g. material properties or geometries) influencing
implicitly the future costs by controlling the decay rating, and therefore subjected to the
optimisation.
- 𝐶𝑖𝑛𝑖 is the initial cost of the façade considering the costs of all façade’s layers. Expressing
explicitly the fixed costs (𝐶0 ) and costs depending on 𝐳, it follows:
𝐶𝑖𝑛𝑖 (𝐳) = 𝐶0 + 𝐶1 (𝐳)
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(2)

-

the cost of the 𝑖 − intervention. The intervention cost is the standard cost related
to the replacement process itself, or other life-cycle measures i.e. repair, and the costs of the
materials that should be replaced when the intervention occurs.
𝐶𝑖𝑛𝑡,𝑖 (𝐳) is

Figure 1: Workflow process of the proposed methodology

The decision considering the solution for the façade construction is taken at the time 𝑡 = 0 (the
construction stage). Therefore, the cost of intervention, that might occur in the future, should
be discounted at the time of the construction stage. Consequently, the decision is taken on the
present value of total cost. A cash flow 𝐶 at the future point in time 𝜏 is transformed to a present
value using the following equation:
𝑃𝑉(𝐶) =

𝐶
(1 + 𝛾)𝜏

(3)

where 𝛾 = 3% is the chosen long-term yearly interest rate, and 𝜏 the time expressed in years.
The present value of the total cost is therefore given by the following:
𝑛

𝑛

𝑃𝑉(𝐶𝑡𝑜𝑡 (𝐳)) = 𝑃𝑉(𝐶𝑖𝑛𝑖 (𝐳)) + ∑ 𝑃𝑉(𝐶𝑖𝑛𝑡,𝑖 (𝐳)) = 𝐶𝑖𝑛𝑖 (𝐳) + ∑ 𝐶𝑖𝑛𝑡,𝑖 (𝐳)
𝑖=1

𝑖=1

1
(1 + 𝛾)𝜏𝑖

(4)

where:
- 𝑃𝑉(𝐶𝑖𝑛𝑖 (𝐳)) = 𝐶𝑖𝑛𝑖 (𝐳), since the decision takes place at 𝜏 = 0;
- 𝜏𝑖 is the time (in years), when the 𝑖 − intervention is performed.
The optimal solution is defined as 𝐳 = 𝐳𝒐𝒑𝒕𝒊𝒎𝒂𝒍 , which minimises the total cost (balancing the
investments at the time of construction and the future investments expressed in terms of interventions). The expected present value of the total cost for a given design 𝐳 is evaluated based
on 𝑁 simulated climate time series with length of the service life duration.

1893

𝑁

1
𝐸[𝑃𝑉(𝐶𝑡𝑜𝑡 (𝐳))] = ∑ 𝑃𝑉(𝐶𝑡𝑜𝑡,𝑗 (𝐳))
𝑁

(5)

𝑗=1

2.2 Simulation Set-up (Input)
2.2.1 Configuration of the façade and different combination of the vapour and wind barrier
Generally, the construction of timber façades includes a vapour retarder located towards the
warm side of the construction and a wind barrier towards the cold side, both influencing the
hygrothermal conditions in the façade construction. The combination of these layers establishes
the façade performance against biodeterioration phenomena, which are activated by the excessive moisture content and temperature on the materials’ surface. Their performance is defined
by the 𝑠𝑑-value, which is the vapour resistance expressed as equivalent air layer thickness [-m]
[9]. In the current study, the design parameters that are objective to optimisation are 𝐳 =
(𝑠𝑑1 ; 𝑠𝑑2 ), referring to the wind barrier and vapour retarder 𝑠𝑑-values respectively. The cross
section of the timber façade investigated in this study is shown in Figure 2 and the material
properties and costs (according to the price index 2016 from BKI [10]) are shown in Table 1.
The different solutions regarding the choice of the wind and vapour barrier, the design parameters of this study, are presented in
Table 2 including their respective assumed costs.

Figure 2: Timber façade cross-section
Table 1: Material properties of the façade cross-section (𝑑𝐿 -thickness, 𝛬 - thermal conductivity, 𝛭 - water vapour resistance factor)

Layer
1
2
3
4
5
6
7

Spruce cladding
Battens
Wind barrier
OSB/3
Insulation (mineral wool)
Studs
Vapour retarder

Cost
𝐸[𝛬]
𝐸[𝛭]
[W/mK]
[-]
[Euro/m]
0.09
130
0.10
130
7.24
𝑠𝑑2 [0.5; 0.1; 0.01] [-m]
12
0,13
175
21
145
0.035
1.0
17
145
0.09
130
36.15
𝑠𝑑1 [1; 2; 5; 7; 10; 50; 75; 100] [-m]

𝑑𝐿
[mm]
22
25
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8
9

Insulation
Gypsum board

40
13

0.035
0.2

1
8.3

5
42

Table 2. Material properties and costs of the vapour and wind barrier

𝑠𝑑2 -value
Cost of 𝐶𝑤𝑏 (𝑠𝑑1 )
𝑠𝑑1 -value
Cost of 𝐶𝑣𝑏 (𝑠𝑑2 )

Vapour Retarder
1
2
5
3.6
4
6.2
Wind Barrier
[-m]
0.5
[Euro/m]
7.5
[-m]
[Euro/m]

7
8.5

10
12.3

0.1
12.2

50
12.3

75
15.5

100
25,5

0.015
14.1

The position within the façade construction which is the most prone to rot decay is between the
OSB layer and insulation layer where condensation might occur. In this study, the calculation
of the hygrothermal properties is performed by the conventional ‘Dew Point Method’ according
to ISO 13788 [9]. More advanced HAM programs may be used; however, this requires a vast
amount of time to run an optimisation analysis. The scope of this work is to investigate and
demonstrate the methodology of the cost-optimisation of a façade construction. The material
properties (𝛬, 𝛭) are represented as normally distributed with mean values 𝐸[𝛬], 𝐸[𝛭] according to Table 1 and coefficient of variation equal to 10 %. When an intervention occurs, new
realisations of the material properties of the changed layers are computed.
2.2.2 Outdoor weather scenarios
One of the most important factors for the façade construction’s performance is its climate exposure; the outdoor weather and the indoor climate, whereas the latter is affected from the former together with the use of inner space. The conventional approach of assessing the façade
performance is by using one-year-long historical time series weather data for a specific or several climate exposures. Generally, the MDRY (Moisture Design Reference Year) is applied [8].
However, several limitations of this approach should be considered including the followings:
- A serious drawback of specifying an MDRY for a certain location is that different constructions exhibit different levels of performance in response to different types of climates [11],
consequently the use of MDRY is limited to some types of constructions and might not be
suitable for innovative constructions.
- As for most bio-deterioration failure mechanisms, their activity is a result of complex biological phenomena and occurs only when certain conditions (expressed in terms of humidity
and temperature) are met over time. A given year, such as the MDRY, may include growth
scenarios dependent on humidity but may lack potential growth scenarios that are mostly
dependent on temperature or vice-versa. Thus, the use of a specific year as a basis for façade
construction assessment might not include plausible scenarios favourable for decay activation and growth, and it does not account for the variability of the weather parameters.
- The use of a single year’s climate exposure data is too short to provide realistic results,
especially when the failure mode is modelled as a non-declining biological activity as it is
considered for the decay phenomenon in the predicting models. When using single-year
data, the results become highly sensitive to the initial time of the climate series, which is
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also a stochastic variable. Lastly, if several additive MDRYs are used in such cases to prolong the duration, results are likely to be conservative and not suitable to support a riskbased decision process.
The aforementioned reasons confirm the need to use a different approach when assessing façade
construction performance. The methodology presented in this paper proposes the sampling of
realisations of weather properties by using time series analysis according to autoregressive–
moving-average model. Several authors have used this approach, such for example in forecasting global warming [12] and weather pricing derivative applications [13]. This method provides
the opportunity to identify a mathematical expression that generates possible historical patterns
in a time series containing plausible sequences, frequencies and correlations. This ensures that
varying climatic influences are taken fully into account. The utilization of time series is also
motivated by their ability to accommodate a large number of simulations that help to exploit
the influence of each parameter during sensitivity analyses.
The parameters of the stochastic model representing the weather conditions (hourly-based temperature and relative humidity) are calibrated based on the historical hourly measured data over
a period of 15 consecutive years (01.10.2002 to 30.09.2016) at the Blindern Station in Oslo
[14]. The time series are firstly computed for temperature. Since relative humidity does not
exhibit clear seasonality, absolute humidity series (which do exhibit seasonality) is firstly simulated. They are transformed afterwards into relative humidity considering the coupled effect
of the simulated temperatures.
Several steps are required to compute the simulations of weather data realisations. Firstly, the
trend of the data is checked. Since the trend of the data is very small (0.03 oC increase in 15
years), it is decided to use a constant value. A mean hourly temperature for 15 consecutive
years is calculated and then removed from the time series. A double sine model is fitted afterwards to the remaining data as directed by the physical nature of the weather data and seasonality, as follows:
𝑆𝑒𝑎𝑠𝑜𝑛𝑎𝑙𝑡 = 𝑥1 ∙ 𝑠𝑖𝑛(𝑦1 ∙ 𝑡 + 𝑧1 ) + 𝑥2 ∙ 𝑠𝑖𝑛(𝑦2 ∙ 𝑡 + 𝑧2 )

(6)

where 𝑡 is the time [in hours], and 𝑥, 𝑦, 𝑧 are the calculated parameters.
The seasonal component is subtracted from the times series and the residuals are studied. The
autocorrelation and partial autocorrelation factors of the residuals are examined to check their
randomness. An auto-regressive model involving 94 seasonal lags, representing a correlation
for four days, is used to model the residuals which are then retrieved from the series. The second
residuals series are calculated and their partial autocorrelation function is computed. The results
show that the second residuals (𝜀𝑡 ) are uncorrelated, and therefore they can be represented by
independent and identically distributed random variables with mean 0 and variance 𝜎 2 .
Finally, the time series model is constructed by assembling the following quantities; a) a constant value, b) the seasonal component, c) the regression parameters and autocorrelation lags
(to simulate the relationship between subsequent and preceding data) and d) the residuals.
𝑇𝑡 = 𝐶𝑠𝑡 + 𝑆𝑒𝑎𝑠𝑜𝑛𝑎𝑙𝑡 + 𝑓𝑡 (𝑎𝑢𝑡𝑜𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛, 𝑟𝑒𝑔𝑟𝑒𝑠𝑠𝑖𝑣𝑒) + 𝜀𝑡
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(7)

The Pearson correlation coefficient is computed for the simulated data and the historical measurement, and the results vary from 0.76 to 0.84. This demonstrates good agreement with the
measured data while accounting for the variability of the weather exposure data. Three random
realisations of the simulated temperature time series are illustrated together with the measured
temperature times series in Figure 3.

Figure 3: Three Simulated temperature time series and the measured temperature time series

2.2.3 Indoor Climate
The indoor climate is calculated according to the guidelines from EN 15026 [8]. The values of
indoor temperature 𝑇𝑖𝑛𝑑 and relative humidity 𝑅𝐻𝑖𝑛𝑑 are calculated based on the outdoor temperature 𝑇𝑜𝑢𝑡 and the indoor category for moisture load (high moisture), see Figure 4. The
model uncertainties are accounted by adding a random error based on engineering judgment.

Figure 4: Calculation of the inner climate based on the outdoor conditions according to EN 15026 [8]

2.3 Failure Mode
2.3.1 Calculation of the decay rating
The calculation of the decay degree is performed according to [1, 15]. The decay rating
𝐷𝑅(𝐷(𝑛)) over the periods of 𝑛-days is calculated with the dose-response function from the
total dose over 𝑛-days. The whole procedure is presented as a schematic workflow in Figure
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5, where 𝑒, 𝑓, 𝑔, ℎ, 𝑖, 𝑗, 𝑘, 𝑙, 𝑚, 𝑝 are variables and 𝑎 is the temperature weighting factor [1, 15].
The calculation time step 𝑡 is one hour.

Figure 5: Schematic workflow of the decay rating calculation. Further explanation of the procedure and notation can be found in [1, 15].

2.3.2 Assessment of decay rating
The decay is assessed using the rating system as in EN-252 [16], which is presented in Table 3.
In this study, failure is considered when the decay rating reaches rating 1. After decay has been
activated, its effect is expressed as mass loss of the timber and therefore poses the option of
‘replacement of the damaged layer’ as the only possible intervention to consider. The replacement costs, excluding the costs of new products, are assumed 50 Euro/m.
Table 3: Rating system for the assessment of attack caused by microorganisms on test stakes [16]

Decay
Rating
(DR)

Class.

0

No attack

1

Slight
attack

2

Moderate
attack

3

Severe
attack

4

Failure

Definition
No change perceptible by the means at the disposal of the inspector
in the field. If only a change of colour is observed, it shall be rated 0.
Perceptible changes, but very limited in their intensity and their position or distribution: changes which only reveal themselves externally
by superficial degradation, softening of the wood being the most
common symptom.
Clear changes: softening of the wood to a depth of at least 2 mm over
a surface area covering at least 10 cm2, or softening to a depth of at
least 5 mm over a surface area less than 1 cm2.
Severe changes: marked decay in the wood to a depth of at least 3
mm over a wider surface (covering at least 25 cm2), or softening to a
depth of at least 10 mm over a more limited surface area.
Impact failure of the stake in the field.

Results and Discussion
Figure 6 shows the graph of the total expected costs related to the choice of the design parameters. A total of 𝑁 = 120 simulations for this study has shown satisfactory convergence. The
optimal design solution has a combination of the 𝑠𝑑-values as (𝑠𝑑1 , 𝑠𝑑2 ) = (10, 0.5). It should
be noted that this optimal solution is for the construction type and assumed cost given in section
2.2.1, exposed to Oslo climate and when only decay according to 2.3.1 is considered as failure.
Different optimal solutions may result when different levels of decay rating or failure modes
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are considered. In addition, different solution may be obtained when different replacement costs
or other intervention measures are assumed.

Figure 6: Total expected costs as a function of the wind barrier and vapour retarder

As expected, the results show that the choice of the vapour barrier is the most decisive. The
façade constructions with 𝑠𝑑1 < 10 do not perform well and give rise to potential failures (more
than once) during the service life of the construction. The optimal solution is the one among the
façades that have low probability of failure (𝑃𝑓 < 0.05) and the most economic in initial investment. While the solutions with 𝑠𝑑1 > 10 are better performing ones (lower probabilities of
failure), they result in overestimation and hence accepting higher unnecessary societal costs.
Figure 7 shows the cumulative probability distribution of DR for the optimal façade.

Figure 7: Cumulative probability distribution for the optimal façade (𝑁 = 300 simulations) for 50 years

Conclusion
This paper develops and demonstrates a methodology for the cost-optimal design of timber façades
construction subjected to rot decay. The methodology includes an empirical model representation
of decay rating as a function of the hygrothermal conditions in the façade. The hierarchical probabilistic model allows the representation of the uncertainty on the decay rating from the variability
of the outdoor weather and indoor climate scenarios and material properties for selected design
parameter(s).
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The scope of this paper is to demonstrate the methodology and the benefits of its application,
where damage by rot decay is selected as the failure criterion. However, other failure modes
may also be the subject of further studies associated with other potential life-cycle measures.
This approach is expected to support decision-making processes during the evaluation or optimisation of current or innovative timber façade configurations.
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Abstract: The chloride-induced reinforcement steel corrosion usually causes premature failure of performance in reinforced concrete structures subjected to chloride environment. However, conventional prescriptive design methods or fully probabilistic
methods cannot ensure an explicit performance in design stage. The main objective of
this study is to develop a performance-based service life design method, by which
concrete structures such as bridges can be designed according to a predefined performance level to satisfy the target service life, reliability and deterioration level. The
mechanism of chloride-induced reinforcement steel corrosion initiation was analyzed
to deduce a time-varying limit state function, and the corresponding stochastic model
was developed considering the effects of random factors. Through first-order reliability method, a partial factor formula was deduced to realize performance verification
in performance-based design process. Finally, a case study of a concrete bridge deck
exposed to marine environment was presented and the sensitivity analysis of steel
corrosion was carried out. The proposed performance-based design method can rationally deal with the uncertainties of random parameters and ensure the predefined
target performance to be satisfied during design process.

1 Introduction
Chloride-induced reinforcement steel corrosion is one of the most common deterioration
mechanisms which usually cause premature failure of concrete bridges exposed to de-icing
salts in winter or airborne-chloride marine environment. According to the Federal Highway
Administration of the United States, premature failure due to environmental factors happened
in a large number of concrete bridges, which was responsible for considerable maintenance
costs compared with those of construction [8, 15].
In order to control the failure risk of concrete bridges due to chloride penetration, design
methods to ensure that concrete bridges fulfil a predefined target performance in service have
been extensively studied. The traditional prescriptive methodology has been widely adopted
by current design codes or standards, such as the Eurocode 1992 [3], which specifies a minimum concrete cover depth, maximum water-cement ratio, strength and other parameters to
guarantee a satisfactory durability for concrete bridges subjected to chloride attack. The prescriptive methodology is convenient to use for designers, however, still has some defects:
firstly, the prescribed values for concrete cover, water-cement ratio and other parameters in
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prescriptive codes are usually derived from empirical judgments of experts and researchers,
which cannot explicitly reflect the deterioration mechanism of concrete bridges; secondly, the
majority of parameters which govern concrete bridge durability performances tend to be random variables, while the prescriptive methodology cannot deal with the effects of parameter
uncertainties on durability performances. Moreover, the specified values of parameters in prescriptive codes do not correspond to a target performance level which includes service life,
reliability and deterioration level. Therefore, the prescriptive methodology cannot ensure an
explicit design which may result in an excessively conservative design or dangerous one. An
excessively conservative design will considerably increase the construction costs, but a dangerous one will increase the failure risk of structures.
Considering that the design methods for concrete bridges exposed to chloride environment
cannot determine rational design parameters to satisfy a predefined target performance level,
this paper presents a research about performance-based service life design method for concrete bridges to achieve the following objectives: (i) to study the mechanism of chloride ingress into concrete and establish a time-varying limit state function of chloride-induced
reinforcement steel corrosion initiation; (ii) to analyze the uncertainties of random parameters
in the limit state function and deduce a partial factor formula for performance verification of
concrete bridges exposed to chloride environment according to the predefined service life,
reliability and deterioration level; and (iii) to evaluate applicability of the performance-based
service life design method and the rationality of the partial factor formula which is used to
verify the performance of concrete bridges under chloride-laden environment.

2 Reinforcement steel corrosion initiation and limit state function
Many researchers applied the Fick’s second law modelling the diffusion process to analyze
the chloride ingress process, and the corresponding research results have verified that the diffusion model is qualified to predict the time-varying chloride concentration in concrete [6, 16].
The partial differential equation for chloride diffusion based on the Fick’s second law is depicted as Eq. (1) [7, 12, 13]:
∂C(𝑥, 𝑡)
∂
∂C(𝑥, 𝑡)
=
(−𝐷
)
∂𝑡
∂𝑥
∂𝑥

(1)

Where t = exposure time of the concrete structure to chloride environment; x = depth from the
concrete surface; C(x, t) = chloride concentration at depth x after time t; D = “effective” or
“apparent” diffusion coefficient.
Assuming that concrete is homogeneous which can be considered as an ideal media, diffusion
coefficient and surface chloride concentration are time-independent constants and the chloride
diffusion in concrete can be considered as a one-dimensional diffusion process. According to
initial condition that C(x, t) = 0 when t = 0, and x > 0, Eq. (2) was obtained as the analytic
solution of the Eq. (1) [1]:
C(𝑥, 𝑡) = 𝐶s [1 − erf (

𝑥
2√𝐷𝑡

)]

(2)

Where erf(. ) is error function; 𝐶s = surface chloride concentration which is assumed to be a
time-independent constant.
The limit state of steel corrosion initiation can be represented by the Eq. (3):
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C(𝑑, 𝑡) ≥ 𝐶th

(3)

Where d = cover depth, i.e., the distance from the steel surface to concrete surface; C(𝑑, 𝑡) =
chloride concentration in the immediate vicinity of steel at time t; and 𝐶th = threshold chloride
concentration.
Considering Eqs. (2) and (3) simultaneously, the limit state function of chloride-induced reinforcement steel corrosion initiation can be deduced as Eq. (4):
𝑑
g(𝐶s , 𝑑, 𝐷, 𝐶th ) = 𝐶th − 𝐶s [1 − erf (
)] = 0
2√𝐷𝑡

(4)

Where E(. ) is the limit state function representing chloride-induced steel corrosion initiation.

3 Methodology
3.1 Uncertainty of corrosion initiation
Eq. (4) is a deterministic calculating formula for chloride-induced reinforcement steel corrosion initiation. However, chloride-induced reinforcement steel corrosion is actually a random
event which is affected by many random factors. It is necessary for the performance-based
service life design method to be able to deal with the effects of random factors on concrete
bridge performances. The uncertain ties of the parameters in Eq. (4) have been extensively
studied by many researchers [9-11, 14], the researchers have not reached a consensus on the
numerical characteristics and distribution types. It is worth noting that when a good understanding of uncertainties of random parameters is possible for chloride-induced reinforcement
steel corrosion, the stochastic models of the parameters can be updated for the performancebased service life design method.

3.2 Partial factor formula of reinforcement steel corrosion initiation
Partial factor formulae can be used to represent a certain limit sate of concrete bridge performance, which imply a reliability requirement and are able to deal with the uncertainties of
corrosion initiation compared with the deterministic equation. Based on the predefined target
performance and numerical characteristics of random parameters, a partial factor formula can
be deduced through FORM and the deduction process is presented as follows.
The general form of the partial factor formula should be determined for chloride-induced reinforcement steel corrosion initiation. Partial factors should be set for four random parameters
in the Eq. (4), namely 𝐶s , 𝑑, D and 𝐶th . As a result, the general form of the partial factor formula is presented as Eq. (5)
𝐸 (γ𝐶s 𝐶sr ,

r
𝑑r
𝐶th
, γ𝐷 𝐷 r ,
)=0
γ𝑑
γ𝐶th

(5)

r
Where 𝐶sr , 𝑑r , 𝐷r and 𝐶th
are the representative values of 𝐶s , 𝑑, D, and 𝐶th respectively.

The deduction of partial factor formula through FORM is actually a reverse process of reliability calculation. For the reliability calculation process through FORM, mean values, coefficient of variations (CV) and distribution types of all the random variables in the function are
required and reliability is to be solved. By contrast, for partial factor deduction process
through FORM, target reliability as an ingredient of target performance is known and the numerical characteristics of design parameters are to be solved. Eqs. (6)~(13) can be obtained
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through FORM [2] based on the assumption that all the random variables are normal distributed.
𝑑 ∗ = 𝜇𝑑 + 𝛼𝑑 𝛽𝜎𝑑

(6)

𝐶s∗ = 𝜇𝐶s + 𝛼𝐶s 𝛽𝜎𝐶s

(7)

𝐷 ∗ = 𝜇𝐷 + 𝛼𝐷 𝛽𝜎𝐷

(8)

∗
𝐶th
= 𝜇𝐶th + 𝛼𝐶th 𝛽𝜎𝐶th

−
𝛼𝑑 =

∂𝐸
| 𝜎
∂𝑑 𝑋 ∗ 𝑑

2

𝜕𝐸
| 𝜎
𝜕𝑐s 𝑋 ∗ 𝑐𝑠

2

2

𝜕𝐸
𝜕𝐸
𝜕𝐸
𝜕𝐸
√( | ) 𝜎𝑑2 + (
| ) 𝜎𝐶2s + ( | ) 𝜎𝐷2 + (
| ) 𝜎𝐶2th
𝜕𝑑 𝑋 ∗
𝜕𝐶s 𝑋 ∗
𝜕𝐷 𝑋 ∗
𝜕𝐶th 𝑋 ∗
∂𝐸
| 𝜎
∂𝐷 𝑋 ∗ 𝐷

(12)

2
2
2
2
𝜕𝐸
𝜕𝐸
𝜕𝐸
𝜕𝐸
√( | ) 𝜎𝑑2 + (
| ) 𝜎𝐶2s + ( | ) 𝜎𝐷2 + (
| ) 𝜎𝐶2th
𝜕𝑑 𝑋 ∗
𝜕𝐶s 𝑋 ∗
𝜕𝐷 𝑋 ∗
𝜕𝐶th 𝑋 ∗

−
𝛼𝐶th =

(11)
2

−
𝛼𝐷 =

(10)

2
2
2
2
𝜕𝐸
𝜕𝐸
𝜕𝐸
𝜕𝐸
√( | ) 𝜎𝑑2 + (
| ) 𝜎𝐶2s + ( | ) 𝜎𝐷2 + (
| ) 𝜎𝐶2th
𝜕𝑑 𝑋 ∗
𝜕𝐶s 𝑋 ∗
𝜕𝐷 𝑋 ∗
𝜕𝐶th 𝑋 ∗

−
𝛼𝑐𝑠 =

(9)

2

∂𝐸
| 𝜎
∂𝐶th 𝑋 ∗ 𝐶th

2

(13)
2

2

𝜕𝐸
𝜕𝐸
𝜕𝐸
𝜕𝐸
√( | ) 𝜎𝑑2 + (
| ) 𝜎𝐶2s + ( | ) 𝜎𝐷2 + (
| ) 𝜎𝐶2th
𝜕𝑑 𝑋 ∗
𝜕𝐶s 𝑋 ∗
𝜕𝐷 𝑋 ∗
𝜕𝐶th 𝑋 ∗

Where 𝐶∗s , 𝑑∗ , 𝐷∗ and 𝐶∗th are the values of the design point in physical space; 𝛼𝑑 , 𝛼𝐶s , 𝛼𝐷 and
𝛼𝐶th are the direction cosines of the design point in the standard Gaussian space transformed
from the physical space.
Because the design point is on the failure surface in physical space, Eq. (14) is satisfied.
𝑑∗
∗
∗
) = 𝐶th
𝐸(𝐶s∗ , 𝑑 ∗ , 𝐷 ∗ , 𝐶th
− 𝐶s∗ (1 − erf (
)) = 0
2√𝐷 ∗ 𝑡

(14)

An iteration method is used to solve the Eqs. (6)~(13) and (14), and the design values of the
four random parameters, the corresponding direction cosines and the mean value of concrete
cover depth can be obtained. If the mean of the four random parameters are taken as the representative values in the formula, the partial factors can be calculated through Eq. (15) or (16):
𝑋∗
𝜇X
𝜇X
𝛾X = ∗
𝑋

𝛾X =

(15)
(16)

Where 𝛾X = partial factor for random variables. Eq. (15) is for 𝛾𝐷 and 𝛾𝐶s ; and Eq. (16) is for
𝛾𝑑 and 𝛾𝐶th .

4 Illustrative examples
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4.1 Description of the Model Structure
The proposed performance-based service life design process is illustrated on the concrete
bridge deck under chloride-laden environment. The distance from the concrete bridge site to
the coastline is 1km, which is a typical airborne-chloride marine environment. The bridge
deck is reinforced concrete component which is made of the concrete with the cylinder compressive strength of 40MPa and reinforced with conventional steel bars. According to the literature research in Section 3.1, the numerical characteristics and distribution types of the
random parameters can be obtained which are presented in Table 1.
Table 1: Numerical characteristics and distribution types of random design parameters

Design parameter
Mean
Coefficient of variation Distribution
3
1.15 kg/m
0.50
Normal
𝐶s
To
be
solved
0.30
Normal
𝑑
2
D
0.63cm /year
0.45
Normal
3
0.90 kg/m
0.20
Normal
𝐶th

4.2 Target performance and partial Factor Formula
A target performance is the basis for performance-based service life design of concrete bridges, which can be determined by analyzing the requirements of stakeholders about bridges and
the implications of the current design codes or standards. As discussed above, target performance is composed of service life, reliability and deterioration level. Chloride-induced reinforcement steel corrosion initiation is defined as the target deterioration level, because it is a
turning point of concrete bridge degradation. Considering that the requirement of protecting
steel from corrosion for concrete bridges in airborne-chloride marine environment is relative
stricter than requirements of the other serviceability, the target service life without steel corrosion is determined to be 20 years according to Model Code 2010 [11] and Eurocode 1990 [4].
The target reliability is predefined as 1.5, i.e., the failure probability is about 7%. The target
performance is presented in Table 2.
Table 2: Target performance level

Target performance Deterioration level
Service life Reliability
Steel corrosion initiation 20 years
1.5
A numerical program for iteration has been composed by the authors to solve Eqs. (6)~(13)
and (16). By introducing the data of Table 1 and 2 into Eqs. (6)~(13) and (16) and setting the
allowable error of iteration as 0.01%, it takes 9 times iterations for the numerical program to
obtain nine unknown parameters, which are given in Table 3.
Table 3: Solutions of iteration procedure

Unknowns
𝐶s∗
𝑑∗
𝐷∗
∗
𝐶th

Solutions
1.66 kg/m3
38.6mm
0.75 cm2/year
0.80 kg/m3

𝜇d

54.7mm

Unknowns
𝛼c2s
𝛼d2
𝛼D2
𝛼𝐶2th
-

Solutions
0.34
0.43
0.08
0.15
-

The mean values of the four random parameters, i.e., 𝐶s , 𝑑, D and 𝐶th , are taken as the representative values in the partial factor formula. The partial factors can be derived through Eqs.
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(17) and (18) as shown in Table 4. Consequently, for the concrete bridge deck of this illustrative example, the partial factor formula shown as Eq. (19) can be used for performance verification in the performance-based service life design process, which could ensure a concrete
bridge deck satisfying the target performance given in Table 2.
E (𝛾Cs 𝐶sr ,

𝜇d
r
𝜇Cth
𝑑r
𝐶th
1.42
r
,𝛾 𝐷 ,
)=
− 1.44𝜇Cs (1 − erf (
)) = 0
𝛾d D
𝛾Cth
1.13
2√1.20𝜇D 𝑡

(19)

Table 4: Partial factors for random design parameters

Partial factors

𝛾𝐶s
1.44

𝛾𝑑
1.42

𝛾𝐷
1.20

𝛾𝐶th
1.13

4.3 Sensitivity Analysis of reinforcement steel corrosion
In this section, the sensitivity of reinforcement steel corrosion initiation to random parameters
is analyzed through the deduced partial factor formula.
As shown in Figure 1, the cover depth is proportional to the surface chloride concentration.
Assuming that the CV of surface chloride concentration kept a constant value of 0.5, the importance factors of the random parameters under different surface chloride concentrations are
shown in Figure 2, which represent the degree of impact of the random variables on the performance. As shown in Figure 2, the importance factors of random parameters vary with the
concrete surface chloride concentrations. The importance factor of cover depth increases rapidly by 0.31 with the surface chloride concentration increasing. By contrast, the importance
factors of threshold chloride concentration and surface chloride concentrations decrease gradually by 0.12 and 0.22 respectively with the surface chloride concentrations increasing. When
the surface chloride concentration is low, the importance factor of chloride concentration is
nearly the same with the counterpart of cover depth. However, when the surface chloride concentration is relative high, the importance factor of surface chloride concentration decreases to
be equal to those of diffusion coefficient and threshold chloride concentration.
0.8

11

0.7

10

0.6

Important Factor

Cover depth (cm)

12

9
8
7
6

0.5
d
D
Cs
Cth

0.4
0.3
0.2

0.1

5

0

1

1.5
2
2.5
Surface chloride concentration (kg/m3)

3

1

1.5
2
2.5
3
Surface Chloride Concentration (kg/m3)

Figure 1: Mean values of cover depths under different surface chloride concentrations
Figure 2: Effects of surface chloride concentration on important factors of random parameters

When the cover depth is taken as a deterministic variable, the mean value of cover depths is
smaller than the “reference” by 9.26 mm and 28.27mm for low and high surface chloride concentrations respectively (Figure 3). When the surface chloride concentration is taken as a deterministic variable, the difference of the cover depth between the “ 𝐶s as deterministic
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Concrete cover depth (cm)

variable” and the “reference” is 16.00mm under low concentration and decreases to 7.73mm
under relative high concentration. As a result, it is essential to take account of the uncertainties of random parameters in performance-based service life design of protecting reinforcement steel form chloride-induced corrosion.
12
11
10
9
8
7
6
5
4
3

Reference
Cs as determinstic variable
Cth as determinstic variable
d as deterministic variable
1

1.5
2
2.5
3
Surface chloride concentration (kg/m3)

Figure 3: Effects of parameter uncertainties on required cover depth under different surface chloride concentrations

5 Summary and conclusion
A research was performed on performance-based service life design of concrete bridges under
chloride-laden environment. The conclusions of this research can be drawn as follows:
(1) Compared with prescriptive standards, performance-based design method for concrete
bridge under chloride-laden environment takes account of the performance deterioration mechanism and performance uncertainties due to random parameters; Compared
with the fully probabilistic method, the partial factor formulae can ensure that a target
performance is satisfied during design stage instead of predicting performance after
design.
(2) The important factors of random parameters to steel corrosion can be obtained
through the performance-based design process, which reveals that when the surface
chloride concentration is low, concrete cover depth and surface chloride concentration
both have great impacts on steel corrosion; with the surface chloride concentration increasing, cover depth tends to be the most dominant factor.
(3) In order to rationally determine the required cover depth for corrosion protection in
performance-based design of concrete bridges under chloride-laden environment, it is
necessary to accurately estimate the CVs of random parameters under different surface chloride concentrations.
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Abstract: The performance degradation of the PSC girder bridge is estimated in
terms of the expected reliability level under the dead and live loads in the future.
The resistance degradation model is developed combining the performance degradation model based on the previous inspection results and the corrosion loss model
considering the site corrosion environment. The probabilistic traffic loading characteristics, which may play an important role on the performance reliability level
of the bridge, are also included to reflect the site traffic environments.

Introduction
The optimum maintenance schedule is quite important in the bridge engineering field as the
number of aged bridges requiring proper maintenance and rehabilitation are increasing
worldwide, in which the maintenance budget must be allocated properly depending on the
current and future performance of the bridge because the available budget is generally limited
very much. Therefore, the estimation of the future performance of the bridge should be executed quantitatively to be compared with other bridges. The reliability-based performance
evaluation may be a possible solution to be accepted by many bridge agencies, understanding
the various aleatory and epistemic uncertainties inherent in the future performance of a bridge.

Traffic Load Model on Highway Bridges
The probabilistic traffic load characteristics acting on the bridge during the service time may
play an important role on the performance reliability level of the bridge, such as daily traffic
volume, heavy vehicle proportion, heavy vehicle weight model, heavy vehicle consecutive
travelling mode, etc. The consecutive travelling characteristics of heavy vehicles are widely
understood to cause the unintentional high load effects, especially on medium span bridges.
The Markov transition probability matrix models are developed based on the site traffic load
survey data to include the consecutive travelling effects in the estimation of maximum traffic
load effects in the intended service period. Table 1 contains some transition probability matrix
models for various heavy vehicle proportions, which is the very important parameter in the
models. Table 2 explains how the consecutive travelling models affect the extreme traffic load
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effects on a simple model bridge. The values in Table 2 are the annual 95% extreme live load
effects normalized with the design live load effect.
Table 1: Transition probability matrix models [1]
(a) Heavy vehicle proportion: 25%
Type
P
1.06
(76.36)
0.98
(70.40)
0.84
(60.33)
0.83
(59.47)
0.80
(57.39)

P
B
T
TT
ST

Consecutive traveling coefficient
(Consecutive traveling probability: %)
B
T
TT
0.97
0.85
0.80
(2.92)
(10.59)
(7.64)
2.32
0.83
1.02
(6.97)
(10.43)
(9.68)
0.94
1.71
1.27
(2.82)
(21.32)
(12.05)
0.88
1.20
1.98
(2.63)
(15.01)
(18.84)
0.97
1.25
1.45
(2.90)
(15.66)
(13.75)

ST
0.83
(2.49)
0.84
(2.52)
1.16
(3.48)
1.35
(4.04)
3.43
(10.30)

Simple vehicle
proportion (%)
72.0
3.0
12.5
25.0

9.5
3.0

(b) Heavy vehicle proportion: 45%
Type
P
B
T
TT
ST

P
1.21
(62.02)
1.09
(56.37)
0.83
(42.59)
0.81
(41.87)
0.77
(39.67)

Consecutive traveling coefficient
(Consecutive traveling probability: %)
B
T
TT
1.09
0.84
0.77
(2.33)
(18.45)
(12.87)
2.54
0.81
0.96
(5.45)
(17.85)
(16.04)
0.90
1.45
1.10
(1.93)
(31.96)
(18.37)
0.84
1.03
1.66
(1.80)
(22.60)
(27.70)
0.92
1.06
1.19
(1.97)
(23.19)
(19.90)

ST
0.82
(4.33)
0.81
(4.29)
0.97
(5.14)
1.14
(6.03)
2.90
(15.27)

Simple vehicle
proportion (%)
52.8
2.2
22.5
17.1

45.0

5.4

Table 2: Comparison of simple model and consecutive travelling model(single lane) [1]
Span

Heavy
vehicle
proportion

25%

Average daily traffic volume
Model

2,000

5,000

10,000

20,000

40,000

Simple

1.30

1.37

1.38

1.42

1.48

Consecutive

1.59

1.71

1.72

1.75

1.75

22.3%↑

25.3%↑

24.2%↑

23.1%↑

18.5%↑

1.34

1.39

1.44

1.47

1.49

Consecutive

1.59

1.77

1.88

1.93

2.01

Consecutive
model effect

19.2%↑

27.7%↑

30.7%↑

31.9%↑

34.5%↑

Consecutive
model effect
Simple

30 m
45%
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Performance Degradation Model based on Site Inspections
The performance degradation of a PSC girder highway bridge may be assumed to be caused
by the various site environments. The future performance degradation is to be estimated calibrating systematically the representative degradation model based on the previous inspection
results on the bridge(Figure 1). Table 3 contains the inspection histories. One example is the
case, in which the periodic regular inspections have been performed. Another example is an
unusual situation, in which no previous inspection report is available. Figure 2 shows the calibrated degradation functions. Depending on the availability of the previous inspection results
the deterioration model may lead to an improper estimation of the performance degradation in
the future. However, the performance degradation model calibrated based on the previous
inspection results is found not to be much sensitive to the availability of previous inspection
data as long as the current performance status is included. It means the proposed calibration
method may provide a reliable performance degradation model, which is not much dependent
to the previous inspection data.

Figure 1: Calibration of performance degradation model [3]

Table 3: Bridge inspection history
Year of inspection
History
W/ previous inspection
W/O previous inspection

2

4

6

8

10

11

13

15

16

A

A

B

B

B

B

B

C

C

-

-

-

-

-

-

-

-

C

A

A
Calibration of degradation model
Representative degradation model
Calibrated degradation model

Calibration of degradation model
Representative degradation model
Calibrated degradation model

B

Condition Level

Condition Level

B

C

C

D

D

E

E
0

10

20

30

40

0

10

20

30

Service life (year)

Service life (year)

(a) W/ previous inspections

(b) W/O previous inspections

Figure 2: Calibrated performance degradation models [4]

1911

40

Resistance Deterioration Model considering Corrosion Environments
The deterioration of resistance capacity due to the corrosion environments is evaluated considering the existence of the concrete cracks. The corrosion environments at the bridge sites
are classified as mild, normal, and severe. The performance-based resistance deterioration
model is finally developed combining the performance degradation function(Figure 2) and the
corrosion loss function(Figure 3). Figure 4 contains the resistance deterioration functions for a
PSC girder highway bridge under various site environments. In Figure 4, the cracks are assumed to be monitored through the inspection on 16th year as shown in Table 3. The corrosion
loss functions are modified according to the crack size measured in the bridge.

Reduction rate of section

0.03

0.02

0.01

Corrosive environments
Severe
Normal
Mild
0
0

10

20

30

40

Service life (year)

Figure 3: Corrosion loss functions

1.025

Crack initiation

1

Resistance capacity

0.975

0.95

0.925
0.9

0.875

Width of crack
0.0mm (Representative degradation model)
0.0 mm (Calibrated degradation model)
0.1 mm (Calibrated degradation model)
0.2 mm (Calibrated degradation model)
0.3 mm (Calibrated degradation model)

0.85

0.825

0.8
0

10

20

30

40

50

60

70

80

Service life (year)

(a) Mild corrosion environment
1.025

Crack initiation

1

Resistance capacity

0.975
0.95

0.925
0.9
0.875

Width of crack
0.0mm (Representative degradation model)
0.0 mm (Calibrated degradation model)
0.1 mm (Calibrated degradation model)
0.2 mm (Calibrated degradation model)
0.3 mm (Calibrated degradation model)

0.85
0.825

0.8
0

10

20

30

40

50

60

70

80

Service life (year)

(b) Severe corrosion environment
Figure 4: Performance-based resistance deterioration models [2]
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Reliability Estimation considering Resistance Deterioration in Future
The expected performance degradation is evaluated in terms of the reliability level as shown
in Figure 5, in which the probabilistic models of the bridge resistances and loadings are included. The traffic load effect model has been developed through the Monte Carlo simulations
based on the traffic models mentioned above for the inventory bridge(Figure 6).
3.8

3.6

Reliability Index

3.4

3.2

3

2.8

Width of crack
0.0mm (Representative degradation model)
0.0 mm (Calibrated degradation model)
0.1 mm (Calibrated degradation model)
0.2 mm (Calibrated degradation model)
0.3 mm (Calibrated degradation model)

2.6

2.4

0

10

20

30

40

50

60

70

80

70

80

Service life (year)

(a) Light traffic characteristics
3.8

3.6

Reliability Index

3.4

3.2

3

2.8

Width of crack
0.0mm (Representative degradation model)
0.0 mm (Calibrated degradation model)
0.1 mm (Calibrated degradation model)
0.2 mm (Calibrated degradation model)
0.3 mm (Calibrated degradation model)

2.6

2.4

0

10

20

30

40

50

60

Service life (year)

(b) Heavy traffic characteristics
Figure 5: Reliability evaluation considering performance degradation [2]

15,000

300 300

3,300

3,300

300

210

450

300

G1
850

G2

G3

G4

G5

G6

G7

G8

1,900

Figure 6: Cross-section of PSC-I bridge(span=30m) [2]
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Concluding Remarks
The proper performance-based and reliability-based maintenance plan may be scheduled to
achieve an optimum maintenance budget allocation. The proposed procedure is found to be
very efficient to consider systematically the performance degradation characteristics based on
the bridge inspection results as well as the site environment characteristics, such as traffic
condition and others that cause the structural deterioration.
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Structural capacity formulation of ageing infrastructure
for projected climate effects
Tatyana Micic
City, University of London, UK

Abstract: Integrating sophisticated structural capacity models, current climate projections and the effects of ageing to evaluate future structural performance is still a challenge. Our aim is to develop probabilistic formulation that will include the effects of
ageing and potential climate change scenarios on structural capacity in order to quantify their impact on structural performance and the remaining life. Probabilistic representation for the capacity for infrastructure offers an appropriate framework however,
the traditional random variable models are not sufficient. Here, we consider a typical
short span simply supported reinforced concrete deck and we implement a continuous
gamma process model for capacity representation. This approach enables inclusion of
inspection data and provides consistent estimate for future capacity projections that are
necessary if climate scenarios are of concern.

1 Introduction
While in the past decades performance of infrastructure facilities constructed in 50s and 60s
was often in focus recent shift towards assessment of climate effects has now made it essential to establish a rational methodology to quantify the change in infrastructure safety level
for the projected service life.
Even when structural assessment is needed regulatory documentation is insufficient and
ability to account for site specific information is limited. Structural ageing is not without
consequences and therefore it is essential that it is properly quantified. Climate scenarios
have been developed for some time however they are representative of current knowledge,
have long term view and they are bound to be updated in the future. Therefore, it is essential
to have a robust model to establish projected structural capacity that is consistent with climate change scenarios in the relevant timeframe but also acknowledges fairly working conditions.
Deterministic models are not sufficient and random variable models are not able to account
for temporal effects that are inevitable with long time horizons of say at least 30 but possibly
beyond 70 years.
Over such long term horizons, damaging effects of material ageing, climate conditions,
effect of the maintenance regimes, etc. cannot be ignored. The loss of serviceability and load
carrying capacity over long term, represent genuine concern. The rate of strength loss is dependent on the site specific parameters, environmental factors, quality of the construction,
maintenance and repair within interfering years etc. [14]. For common infrastructure com-
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ponents such as highway bridges, there is very a low availability of data i.e. information
from inspections that are often qualitative rather than quantitative.
Issues are exacerbated by the fact that much of infrastructure in many developed countries is
not new and extensive data is needed to be able to control the degradation process in the
coming years. Current inspection regimes such as the one used by the UK Highways
Agency are not sufficient to ensure adequate data comes on stream for the future, [7, 11, 15].
There is a further aspect that with advancing technology opportunities for continuous monitoring are increasing and should be used to a greater extent to acquire data. We will consider
here opportunities for advance in inspection processes that would be more efficient and yield
more usable data than is the case at present.

2 Deterioration Representation
We require a mathematical model to represent the current condition of a structural component in order to be able to establish a strict methodology that will ensure non-conservative
estimates of future capacity. It has often been a case that deterioration model was effectively
expert judgment model, however while for estimates of current loss of capacity it could be
acceptable as an intuitive model to account for effects of climate intuition is no longer viable
proposition.

Figure 1: Illustration of development of alternative scenarios for a component deterioration progress

Possible scenarios of capacity loss are illustrated in Figure 1. Starting with scenario B as a
benchmark, we can see a deterioration initiation time and progress of deterioration that are
acceptable, resulting in Tlc useful life. However, such scenario is not the only one possible,
there could be a case of deterioration development starting earlier (Scenario 1) and resulting
in reduced life cycle time tlc,1. Two further scenarios are represented in Figure 1, namely
sudden adverse event and subsequent acceleration in deterioration as Scenario 2 and the case
of early initiation and higher rate of increase in deterioration, Scenario (3). All alternative
scenarios result in reduced service life.
Several additional questions can be identified from Figure 1:
How to estimate capacity loss at current time, tlc,c
How to define inspection regime to monitor the component over the remaining life
How to establish the remaining life for the component
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3 Current Status of Deterioration
There are multiple options to establish the current status of capacity loss; deterministic assumption, random variable model and stochastic process model. However there is much evidence from literature [5, 8] that only probabilistic approach should be considered as more
appropriate to account for uncertainties associated with the deterioration process need to be
identified.
Furthermore, bearing in mind that we wish to have in place the capacity loss model that is
projected to the future to account for climate scenarios we select continuous stochastic process rather than random variable model. In particular we will use the continuous gamma
process to represent capacity loss. Following [14] such model is suitable for gradually increasing functions, relying on the last available set of data about the status of deterioration
and providing projections for the future. These features are particularly useful for consideration of climate change effects considering long time frame and gradual nature of loss of
capacity.
Thus we will assume that the current status of deterioration can be established on the basis
of past inspections, [19]. While different factors, both objective and subjective can influence
the inspection outcomes, it has been demonstrated in [14] that it is feasible to obtain sufficient information from inspection outcomes to establish the site-specific continuous gamma
process model for the progress of capacity loss. Effects of site specific information are illustrated in Figure 2 where gamma process functions are shown for a same existing component subject to three site specific scenarios over 25 year period. It is evident from Figure 2
that site specific conditions can have significant effect on progress of capacity loss. This
illustration also demonstrates capability that gamma process model enables.

Figure 2 Capacity loss projection for three site specific conditions

Considering that the current practice in the UK is formed as a programme of definite inspections at pre-set intervals over the lifecycle there will be an increase in uncertainty in respect
to the true structural condition for existing components. Using inspection outcomes to define
site specific deterioration model even taking into account substantial limitations, enables
refined predictions and advanced tools for future management of infrastructure.
Due to imbedded uncertainties definition of current deterioration status for infrastructure
components has attracted attention in the past. Among others, probabilistic models have been defined by [18, 12, 10, 13, 2, 20, 3] etc.
However, following from [9,11,16] and [14] due to limitations of random variable models to
characterize temporal nature of capacity loss continuous stochastic process will be deployed
here.
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Stochastic processes model for capacity loss
An appropriate stochastic process model for an infrastructure component such as the short
span reinforced concrete highway bridge deck can be identified by considering outcomes of
inspections.
We define capacity loss as a non-negative and monotonic incremental process over the time
in sequence of small intervals that can be defined with reference to Figure 1. We consider
the current time ti,c capacity loss is annotated as 𝐷!! ! . As inspections are carried out at set
intervals, there will be an inspection outcome 𝐷!!!! ! . Thus, by considering the deterioration
progress we consider the rate:
𝐷!! ∆ =

!! ! !!! !
!
!!!
!!!!! !

(1)

This formulation reflects available site specific information. The actual information for parameters such as 𝐷!! ! will reflect sources of data and their quality.

Continuous gamma process model for capacity loss
Continuous gamma processes are established category and they have been used in the past to
model temporal properties. To define the continuous gamma process modelling, a random
variable X that has a gamma distribution with the shape parameter α>0 and scale parameter
β>0 is considered. It is well established that probability density function is given by:
𝐺𝑎 𝑥 𝛼, 𝛽 =

!!
!(!)

𝑥 !!! exp −𝛽𝑥

!

Γ 𝑎 =

(2)

𝑧 !!! 𝑒 !! 𝑑𝑧

!!!

where Γ( ) is the gamma function for a > 0.
Here the most beneficial feature of gamma processes is that they are effectively independent away
from the immediate prior observation. Thus for continuous gamma process representation for capacity loss we can establish that α(t) is a non-decreasing, right-continuous, real valued function for t≥0,
with α(0)=0. Then, gamma process with shape function α(t)>0 and scale parameter β>0 is a continuous-time stochastic process {D(t), t≥0} with the resulting properties:
𝐷!! ! = 0

with probability one

𝐷!!!! ! − 𝐷!! ! ≈ 𝐺𝑎 𝛼 𝑡 + 1 − 𝛼 𝑡 , 𝛽
∀t 𝑡 + 1 > 𝑡 ≥ 0

𝐷!! !

(3)

has independent increments

The site specific shape parameter α>0 and scale parameter β>0 are obtained on the basis of
inspection data. While there are alternative methods for evaluation of such parameters we
proceed with the simplest form, method of moments, [19].
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For application of the method of moments in respect to times between inspections we define:
{∀ 𝑖, 𝜔! = 𝑡! ! − 𝑡!!! ! , 𝑎𝑛𝑑 𝜔! > 0}

(4)

{∀ 𝑖, γ! = 𝐷!! ! −𝐷!!!! ! , and γ! > 0}.

(5)

The deterioration increments γ! > 0 have a gamma distribution with shape factor 𝑐𝜔! > 0
and scale parameter 𝛽 > 0 for all, 𝑖 = 1,2, … , 𝑛. At time ti , when there are n inspection outcomes, the method -of-moments estimates 𝑐, 𝛽 can be obtained from:
!
!
!!
!

=

!
!!! !!
!
!!! !!

1−[

!

= ! !! = 𝛾

!
!
!!! !!
! ! ]!
!!! !

(6)

!

=

!
!!!( 𝛾!

− 𝛾𝜔! )!

(7)

This is a standard method of moments formulation and its application is straightforward as
will be illustrated in the later numerical example.

4

Climate Effects

The effects of climate have been in focus for some time and following substantial research,
climate projections are now available and represent the current state of the art. It is thus possible to use these long term projections to estimate infrastructure performance. To provide
context we will focus on climate effects on a short span reinforced concrete deck section.
Bastidas-Arteaga et al.[1], have considered the complex mechanism of corrosion development in reinforced concrete structures in the presence of environmental factors. They have
identified that climate change will have effect on the corrosion initiation due to chloride ingress and carbonation and proposed that the rate of corrosion can be represented by the
change in the reinforcing bar diameter (reduction). Having implemented Monte-Carlo simulation it was established that the mean reduction in the remaining life due to climate scenario
was as much as 20% for the sample tropical environment. Considering that these effects
have been estimated to be 31% for oceanic environment it is evident that models for remaining life prediction are very valuable. [17] refer to 5-15% increase in probability of corrosion
initiation thus drawing attention to the initiation time variability.
For example, [4], have used an empirical formula for carbonation depth as a function of the
initial calcium content and carbon dioxide pressure as concrete carbonation is a time dependent. To estimate the carbonation depth they have relied on experiments by collecting
many observations specific times. However such experimental data is difficult to collect as
access to the site is often very restricted. They managed to obtain updates at 5, 7 and 10
days, with a set of approximately 60 observations. Despite significant effort the European
regulation for durability of concrete structures does not establish any threshold reliability
level regarding the depassivation of the steel reinforcement. This is predominantly the result
of difficulties that are associated with the choice of a threshold reliability level that inevitably has to be site specific.
As [21] demonstrate the concentration of free chloride ions and the degree of carbonation
with and without the influence of corrosion induced mechanical damage after 40 years of
exposure. This result indicates that corrosion-induced damage can increase the content of
free chloride ions and accelerate the carbonation of the concrete. In addition to general envi-
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ronmental parameters such as temperature and humidity the location of reinforcement was
found to be a critical parameter and for some spatial arrangements significant increases in
the free chloride concentration was identified. They also bring attention to the depassivation
of the reinforcement that is accelerated significantly by the corrosion-induced mechanical
damage to the concrete. In addition, scenarios are identified that can develop and produce
significant reduction in initiation time, namely from 60 to 28 years in the presence of mechanical damage to concrete. It is evident that due to the complexity of climate effect mechanisms:
Environmental effects associated with climate change are site specific
Impact of environmental effects is variable between localities within the structure even at
the same site
Initiation of deterioration is significantly affected by climate parameters
Reported variability in initiation indicates that it is necessary to consider this parameter as
site specific.
Therefore, considering the very long term view that attention to climate effects calls for,
continuous gamma process represents appropriate method to establish the projected capacity.

Performance definition for climate effects.
It is inevitable that for infrastructure integrity it is necessary to establish relevant performance criteria. While in design we have clearly defined limit states to consider when we
have to establish performance criteria for existing structures with a long term view many
issues emerge. This problem is essentially one of assessment alternative options are inevitably relying on probabilistic outcomes. Here we simplify the criteria
capacity expressed as continuous gamma process at time tp, 𝐷!! ! , with particular exceedance
probability,
relevant environmental effects such as initiation time, parametrically
Deterministic criteria that 𝐷!! ! is less than life cycle limit deterioration 𝐷!!" !
𝑔 𝑋! = 𝐷!!" ! − 𝐷!! !

(8)

In general the Equation 9 would enable probabilistic measure,
𝑃 0 < 𝐷!! ! ≤ 𝐷!!" ! = 𝑃!"

(9)

where, Plc , reflects likelihood of deterioration at the selected time in future being greater
than acceptable. Here, however, we will only consider the Equation (9) and retain effectively deterministic performance criteria.

Climate scenarios
Climate scenarios have emerged in recent years for many countries in the world. Such scenarios include geographical information as well as assumptions about emission progress,
namely high, medium and low. A variety of parameters are addressed by these scenarios, so
for example UK model UKCP09 has addressed parameters such as precipitation, humidity,
temperature etc. for a rather fine geographical grid and for seasonal but also monthly scenarios. Due to pertinent focus on understanding future climate the models are updated at some
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intervals and UKCP09 will be updates as of March 2018. From above review it is evident
that any infrastructure assessment model will have to be able to include such new data coming on stream and provide useful information on which owners and stakeholders would be
able to act.
Scale of the impact of climate change cannot be underestimated as for some locations the
change in precipitation in January from 2010 to 2099 by more than 50%, [6].

5

Numerical Example

In this section, a short simply supported reinforced concrete bridge deck is considered when
it is subjected to reinforcement corrosion as a most common defect. The continuous gamma
process is applied to represent the loss of section capacity. It will be assumed that capacity is
proportional to the area of reinforcement and that the environmental factors are represented
by the rate of corrosion and the initiation time.
Table 1 Environmental effect scenarios for the numerical example
Scenario

Initiation
(year)
0
0
10
10
10

SEIL
SEIH
SMIH
SMIL
SMIM

Corrosion rate
(mm/year)
0.5
5.0
5.0
0.5
2.0

The inspection outcomes that are for example in UK prescribed to occur at certain intervals
are used to estimate the gamma process parameters. Here we assume that information from
inspections is provided in such a way that quantitative data can be extracted. For a more
comprehensive approach data associated with inspection outcomes is variable and site specific issues would need to be taken into account.
Table 2 Sample scenario with early initiation and low corrosion progress
As
Asp
Time
(year)

prior
(mm2)

posterior.
(mm2)

𝐷!! !

γi(%)

(%)

0

1608.5

0

5

1608.5

1596.9

10

1596.9

1585.3

0.72
1.44

15

1585.3

1573.7

20

1573.7

25
30

ωi
(year)

-

-

0.72

5

0.72

5

2.16

0.72

5

1562.2

2.88

0.72

5

1562.2

1550.7

3.59

0.72

5

1550.7

1539.3

4.30

0.72

5

(SEIL) using inspection outcomes for reinforced concrete deck
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Now, by implementing the method of moments we obtain parameters of the continuous
gamma process models for defined scenarios. The use of the method of moments is a simplification however, it is sufficiently refined for this application. A sample set of gamma process parameters is shown in Table 3 for early initiation and initiation at 10 years. The latter
cases have lesser number of observations to relay on and that is an aspect that should receive
attention in future.
Table 3 Gamma process parameters for different scenarios at
year 25 and for predictions for 30 and 50 years ahead
Scenario

β

α_30

α_50

SEIL

0.199

21.459

35.764

SEIH

0.024

24.215

40.358

SMIH

0.012

7.496

12.493

SMIL

0.111

7.226

12.043

SMIM

0.029

7.316

12.193

Probability density function is shown for 3 scenarios in Figure

Figure 3 Comparison of probability density functions at age 25 for capacity loss for 3 scenarios for early initiation of deterioration in year 55.

Figure 4 demonstrates the effect of initiation time on the progress of capacity loss. The particular data is representing projection for year 80 for the component and it is evident that the
difference in remaining capacity could be substantial. Thus, there is a prevailing case for
these effects to be quantified. With reference to Figure 1 we could obtain the particular
capacity associated with some agreed exceedance level.
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Figure 4 Comparison of cumulative probability distribution functions at
age 30 for capacity loss for 2 and loss of capacity in year 80.

The information demonstrated in Figures 3 and 4 can be used to devise a plan of future inspections and maintenance. It goes without saying that in aggressive environment, as [1]
pointed out, planned maintenance would be different to that in some milder conditions. The
methodology presented above is suitable for relatively rapid implementation and therefore
can be used to quantify climate effects from different, or new climate projections in a site
specific manner. The capacity loss is therefore here established so that by considering the
lower incomplete gamma function we can obtain the probability of certain capacity loss
being reached.

6

Conclusions

This paper has considered the structural capacity loss as a temporal process that needs to be
characterized quantitatively in order to assess the effect of climate. Climate effects are a
broad category and diverse impacts but, here, we have limited approach to its effects on corrosion of reinforcement bars within the reinforced concrete section. The long projection time
and the nature of climate effects require specific modelling and use of deterministic models
would be inadequate. The continuous gamma process is identified as an efficient approach
to represent capacity loss due to loss of reinforcement area.
Continuous gamma process has been used in the past due to its straightforward modelling
and it has been confirmed in this paper that by using the method of moments it was possible
to include inspection outcomes for selected scenarios and define gamma process parameters.
Illustrative outcomes are obtained for different initiation times and rates of reinforcement
loss. Information set out in this paper sets good foundations for further work:
In the current paper the inspection outcomes are treated as deterministic. In reality that is not
the case and there will be significant difference between the quality of data obtained from
weekly routine inspection for a bridge and the one carried out for assessment. Thus, the
gamma process parameters should include uncertainties associated with inspection outcomes.
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Over the life cycle, the progress of capacity loss would be quite different between sites and
application of the presented approach would be relatively straightforward, however not necessarily using the Method of Moments to estimate gamma process parameters as the rate of
capacity could change in multiple ways.
It is evident that continuous gamma process model for capacity loss is intuitively very powerful, however this approach can only be used as a notional model and it would be helpful to
have certain benchmarks established.
The method is clearly more suitable for long term predictions than standard random variable
models. The inspection intervals and techniques can be established as site specific.
A major benefit from continuous gamma process model is ease with which information (be
it from inspections or from climate scenarios) can be implemented. However, optimizing the
inspection process would require substantial effort and regulatory guidance.
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Abstract: This paper examines corrosion effect on bridges’ service life by performing time dependent reliability analysis. Limit state functions are developed based on
multiple failure modes, including flexure failure, shear failure and deflection failure.
An aging steel viaduct in Australia with span length of 11m is selected for analysis.
Section loss rate (22μm/year), load models and viaduct structure capacity is determined based on Australian Standard and in-field data. A time dependent Monte
Carlo simulation is then conducted to compute the probability of failure of viaduct
due to the three failure modes. This simulation is carried out both for the I-shape
girders and girder-deck system. The results elaborate the dominant failure mode and
the difference between considering multi failure modes and individual failure mode.
Parametric sensitivity analysis is also conducted in the reliability analysis to investigate the level of effectiveness of the factors affecting the viaduct corrosion behaviour.

Introduction
Bridges play a key role in transport system, and deterioration of these infrastructure is becoming
a worldwide issue [1]. Take Unite States as an example, 26.6% of the nation’s bridges were
reported to be structurally corroded in 2004. Moreover, the repair and maintenance works on
aging bridges are very costly. Czarnecki and Nowak [2] stated that over $10 billion is required
annually for bridge repair and maintenance in USA for a period of 20 years . Additionally,
corrosion of steel bridges is more serious than concrete bridge [1]. Therefore, it is necessary to
predict the service life of steel bridges, in order to prevent steel bridges from unexpected failure
and minimize the cost involved for bridge rehabilitation and maintenance.
Corrosion leads to section loss of bridge members (e.g., girders, piers and beams), and reduces
the service life of bridges by affecting its’ capacity [3-5].. Literatures [6-9] suggest that the
service life prediction of bridge subject to corrosion can be achieved through time-dependent
reliability analysis. Moreover, several parameters may affect the corrosion behavior and accordingly the reliability analysis of bridges, including mechanical properties of steel and geometry of bridge elements (e.g., girders, piers and beams). They should be treated as probabilistic
parameters rather than deterministic ones [10], in order to consider the uncertainties related to
these parameters [11].
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There are a number of researches carried out on time dependent reliability analysis of bridges
under corrosion, and the failure modes they employed includes flexure failure, shear failure and
deflection failure [12]. Literatures further suggest these reliability-based analyses have been
conducted using both numerical and analytical solutions. For example, Al Badran [13] predicted the remaining life of steel girder bridge through Monte Carlo simulation. The limit state
functions were derived based on flexure failure, shear failure and deflection failure modes. Normal distribution was fitted for the probabilistic parameters in the limit state functions.
Darmawan, Refani [1] also considered multiple failure modes (flexure, shear and deflection
failure), and conducted reliability assessment through outcrossing method. In their study, the
mechanical properties of steel and geometry of steel cross-sections were assumed to be lognormally distributed and normally distributed respectively. The probability of failure was then determined based on the first passage probability when load effect exceeds capacity limits.
Moreover, McCarthy [14] considered the flexure failure mode in bridge reliability assessment,
and their reliability assessment was performed using first order second moment method
(FORM). They also verified their results based on Monte Carlo simulations.
Despite a number of researches (as cited above) carried out on reliability analysis of bridges,
remaining life prediction of bridges has still mainly been carried out by deterministic method
under most circumstance, namely using design codes [13, 15]. Design codes tend to ignore the
concept of reliability, and they adopt a more conservative approach to design [13]. Reliability
analysis has its advantages compared with deterministic method. This is because conservatism
is not warranted for aging bridge assessment, and it may result in nu-necessary expenses in
bridge rehabilitation.
In this research, a time-variant assessment has been employed on a typical railway steel viaduct
in Australia. The analysis mainly focuses on bridge girders as it is one of the most critical
members in the bridge structure. Three failure modes are considered for reliability analysis,
including flexure, shear and deflection failure. In addition, the analysis was conducted using
Monte-Carlo simulations. This is because Monte Carlo simulations allows details of the physical mechanism to be maintained with no need to perform linearization, as suggested by
Mahmoodian and Alani [11]. Moreover, parametric sensitivity analysis is also conducted in the
reliability analysis to investigate the level of effectiveness of the factors affecting the corrosion
behaviour of steel bridges[16].

Structural bridge configuration
The bridge analysed in this research is a steel girder viaduct in Australia. To begin with, the
viaduct containing four railway lines were constructed in early 20th century. Next, the viaduct
has 45 spans and each span has 3 girders. Entire length of the viaduct is around 760m, whilst
the length of each span ranges from 10m to 24m.
For reliability analysis, this research focuses on mid girder of the longest span due to the maximum load effect it subjects to. In details, for the span under study, the steel girder is composed
of steel plates connected by rivets to make an I shape girder. Its dimensions are shown in Figure
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1. Moreover, the dimensions of the steel girder were considered as normally distributed probabilistic parameters (mean and standard deviation given in Figure 1). This is to consider the
changes in cross sections along the span length.
For bridge decks, there are two types of steel troughs, including E-max trough and D-min trough
(Figure 2). Steel troughs are filled by concrete. Deck is connected to the bottom flange of the
girders to make a U-frame system (Figure 3). In addition, the connections between each span
are treated with pin joints based on AS5100, with details shown in Figure 4. The yield strength
of steel 250 MPA for bridge girders. Additionally, mechanical properties of the steel are also
treated as normal distributed probabilistic parameters. This is to consider the uncertainties due
to steel manufacturing.

Figure 1: Dimensions of I beam cross section in the span

Figure 2: D-Min and E-Max steel trough

Figure 3: U frame system composed of girders and decks in the span
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Span (24m)

Figure 4: Connection between girders in the span

Bridge load modelling
Dead load (DL) and live load (LL) are considered in this research. Dead load includes the gravity load of the girder and the superimposed dead load on girders, including the gravity load of
steel trough, overlaying concrete, railway track, ballast, and overhead structures. Superimposed
dead loads were treated as deterministic parameters based on Australian Standard (AS5100.2).
They are summarized as table 1.
Table 1: Dead load components and values

Item

Load (kN/m)

Trough weight and overlaying 17.7
infill concrete
Railway ballast and track

14

Overhead structures

4.8

In this research, live load is a system of axle loads representing typical trains operating in Australia (Figure 5). Standard deviation of live load was assumed as 7.3kN. This is to consider the
load difference when train is empty or fully packed with passengers. The load effect is determined by influence line, and assuming there are four trains running simultaneously on each
track across the bridge. In connection to this, axle load exerted on the mid girder is 2×146 =
292kN. The distributions of axle load system are shown in Figure 6, which results in the maximum bending moment, deflection and shear forces.
146kN

146kN

146kN

146kN

Figure 5: Axial load system of train
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146kN

146kN

292kN

172.6kN

146kN
292kN

172.6kN

292kN
172.6kN

292kN
172.6kN

292kN
172.6kN

Figure 6: Live load distribution result in maximum load effect (maximum bending moment and deflection left,
maximum shear right)

Corrosion models
Corrosion rate of steel is assumed to be constant based on AS4312. Moreover, corrosion rate
(C) depends on the environment in which the bridge is exposed to and the distance of the bridge
from the coast. For the objective bridge girder, corrosion rate were 22𝜇𝑚/𝑦𝑒𝑎𝑟 based on its
location and AS4312. In addition, two other corrosion rates are considered in this study,
namely 12𝜇𝑚/𝑦𝑒𝑎𝑟 and 32𝜇𝑚/𝑦𝑒𝑎𝑟. This is to carry out a parametric sensitivity analysis,
which evaluates the impact of corrosion rate on the results. Corrosion is assumed to occur at
the top surface of the bottom flange and ½ of the web close to the bottom flange. This assumption is based on the site inspection carried out by the researchers. Details are shown as Figure
7 and equations 1 and 2.
d2
d31

0.5b3

d32

0.5b3
d1

b1
Figure 7: Girder cross section prone to corrosion

d32 (t) = d30 − 2Ct

(1)

d1 (t) = d10 − Ct

(2)

where d32 (𝑡) is the thickness of the web in the corrosion affected region (½ of the web close to
the bottom flange) at time t, d1 (t) is the thickness of the bottom flange at time t, d10 and d30
are the initial thicknesses of the bottom flange and the web accordingly, and C is the corrosion
rate.

Limit state formulations
The limit states in this research were determined based on flexure, shear and deflection failure
modes. Time dependent reliability assessment was performed considering the corrosion
induced section loss of girders. In concept, limite state function in time dependent reliability
analysis is shown in equation 3 [17]:
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𝐺(𝑅, 𝑆, 𝑡) = 𝑅(𝑡) − 𝑆(𝑡)

(3)

where 𝐺(𝑅, , 𝑡) is the limit state function, 𝑅(𝑡) is time variant resistance and 𝑆(𝑡) is time
variant load effect. The bridge fails if 𝐺(𝑅, 𝑆, 𝑡) ≤ 0. Therefore, probability of failure (𝑝𝑓 ) is
determined based on equation 4.
𝑝𝑓 (𝑡) = 𝑃[𝐺(𝑅, 𝑆, 𝑡) ≤ 0]

(4)

5.1 Flexure failure
For flexure failure, limit state function can be written as equation 5.
𝐺(MR , MS , t) = MR (t) − MS

(5)

where MR (t) is the flexural resistance of steel section at time t and MS is the flexural moment
due to the load effect, which is a deterministic parameter in this research. Moreover, the MR (t)
and MS are located at the mid of span. MS is computed based on the live load distribution presented in figure 6. Whilst MR (t) is computed based on AS5100, shown as Equation 6.
MR = 𝑓𝑦 𝑍𝑒 (𝑡)

(6)

where 𝑓𝑦 is the yield stress and 𝑍𝑒 (𝑡) is the effective section modulus of mid girder of the span.
𝑍𝑒 (𝑡) is time dependent since the thickness of the bottom flange and half of the web close to
the bottom flange are degraded linearly with time.

5.2 Shear failure
For shear failure, the limit state function can be written as equation 7.
𝐺(VR , VS , 𝑡) = VR (t) − VS

(7)

where VR (t) is the shear resistance of steel section at time t. VS is the shear force due to load
effects. The shear forces are loacted in the support region. MS is computed based on the live
load distribution given in figure 6. VR (t) is calculated based on AS5100, shown as equation 8.
VR (t) = 0.6𝑓𝑦 𝐴𝑤 (𝑡)

(8)

where 𝐴𝑤 (𝑡) is the steel web section area at time t.

5.3 Deflection failure
For deflection failure, the limit state function is calculated as equation 9.
𝐺(x) = ∆R − ∆𝑆 (𝑡)

(9)

where ∆R is the allowable deflection under live load, ∆𝑆 (𝑡) is the deflection at the middle of
the span due to live load effect at time t. In details, maximum mid span deflection under live
load should not exceed 1/640 of the span length, and ∆𝑆 (𝑡) is calculated based on the live load
distribution in figure 6, shown as equation 10.
∆S (𝑡) =

𝑃𝑙3
48𝐸𝐼(𝑡)

+

𝑙
2

𝑙
2

𝑃( −6.5)×[3𝑙2 −( −6.5)2 ]
48𝐸𝐼(𝑡)

(10)

where P is the axile load of the train on the girders (172.6kN), l is the length of the span (24m),
E is the elastic moduls of steel, and I is the second moment of inerita at time t.
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Monte Carlo simulation
Monte Carlo simulation is a widely used method in time dependent relibiliaty analysis [11,16].
This technique is to generate random samples which present a large number of experiments,
and compute probability of failure based on the result. To be sepcific, a value 𝑥̂𝑖 is derived for
each sample, and the value of limit state function is checked accorodingly. Structure fails when
𝐺(𝑥̂𝑖 ) ≤ 0. The process is repeated for a number of times to caculated probability of failure
(𝑝𝑓 ), shown as equation 11.
𝑝𝑓 ≈

𝑛(𝐺(𝑥̂𝑖 )≤0)

(11)

𝑁

where N is the number of trials and n is the number of trials leading to 𝐺(𝑥̂𝑖 ) ≤ 0. Sample
generation and 𝑝𝑓 calculation could be achieved by Matlab code [17, 18].
Monte Carlos simulation is a well-known method since it has several advantages: (1) compared
with analytical method (FORM and outcrossing method), limit state functions do not need to
be linearized in Monte Carlo simulation. In this way, the details of the physical failure mechanism can be preserved [11]. (2) Monte Carlo simulation allows none-normal distributions of
stochastic variables to be accommodated in limit state function. (3) Monte Carlo simulation is
able to treat complicated and highly nonlinear limit state functions [11]. However, Monte Carlo
simulation also has its limitations, as it assumes there is no autocorrelation of probability of
failure between each time [11], which is not realistic in real engineering cases.
In this research, Monte Carlo simulation is used to determine the service life of bridge under
various failure modes. Analytical method, such as outcrossing method, will be used in future
works to calibrate the results from Monte Carlo simulation. In particular, the accuracy of Monte
Carlo simulation depends largely on the sample size (N). In this study, the sample size was
chosen as 10000. For the limit state functions shown in equation 3, 5 and 7, the input parameters
are summarized in table 2.
Table 2: Summary of input parameters

Variables
Resistance Ze (t = 0)
(R)

Variable
properties
Effective Random
section
modulus

Distribution
type

Value

Standard
deviation

Normal dis- 8.3×
tribution
10−2 m3

3.83×
10−4 m3

Aw (t
= 0)

Web
area

Random

0.024m2

1.5×
10−4 m2

E

Elastic
modules

Random

200GPA

4GPA

I(t = 0)

Second
Random
moment
of inerita

6.68×
10−2 m4

3.62
×
−4
4
10 m

fy

Yield
stress

250Mpa

5Mpa

Random
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Threshold
value (S)

DL

Dead
load

Deterministic

36.5kN/m

0

l

Span
length

Deterministic

24m

0

LL

Live
load

Random

Normal dis- 146kN Ax- 7.3kN
tribution
ial load

Results and discussion
The results for reliability analysis are shown in figures 8 to 10. Based on AS5100, the acceptable probability of failure for bridge structure is 0.02%. Therefore, for corrosion rate of
22𝜇𝑚/𝑦𝑒𝑎𝑟, the service life is 63 years for flexure failure mode, 86 years for shear failure
mode and 417 years for deflection failure mode. This results show that the flexure failure is the
most dominate failure mode among others.

Porbaility of failure

In addition, figures 8 to 10 also show service life of the bridge is highly sensitive to corrosion
rate. Firstly, for flexure failure mode, service life increases by 84.1% when corrosion rate reduces to 12 𝜇𝑚/𝑦𝑒𝑎𝑟, whilst it reduces by 36.5% when corrosion rate rise to 32𝜇𝑚/𝑦𝑒𝑎𝑟.
Secondly, for shear failure mode, service life grows by 80.2% when corrosion rate reduces to
12 𝜇𝑚/𝑦𝑒𝑎𝑟, and declines by 34.9% when corrosion rate increases to 32𝜇𝑚/𝑦𝑒𝑎𝑟. Thirdly,
for deflection failure mode, the service life increases by 85.6% and reduces by 34.5% when
corrosion rate drops to 12 𝜇𝑚/𝑦𝑒𝑎𝑟 and increases to 32 𝜇𝑚/𝑦𝑒𝑎𝑟 respectively. This result
points out that the service life of bridges can be increased by slowing down the corrosion rate.
Painting, anode protection, and adding corrosion inhibitors inside the material are all efficient
ways to slow down the corrosion rate of steel [19].
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Figure 8: Probability of failure versus time for flexure failure mode
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Figure 9: Probability of failure versus time for shear failure mode
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Figure 10: Probability of failure versus time for deflection failure mode

Conclusions
This paper presents a systematic approach to study the effect of corrosion on service life of
bridges through time dependent reliability analysis. Monte Carlo simulation was used for the
time dependent reliability assessment. Three failure modes were considered, including flexure
failure, shear failure and deflection failure. A typical steel girder from an Australian steel viaduct was chosen for the analysis. As corrosion behavior and reliability analysis are affected by
mechanical properties of steel and geometry section of bridge members, they are treated as
probabilistic parameters to consider their uncertainties. The research found that flexure failure
mode is the most dominate failure mode for the targeted bridge, and service life of the bridge
is sensitive to corrosion rate and corrosion behavior. However, to make more accurate service
life prediction for the bridge, system reliability analysis needs to be performed.
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Abstract: The paper studies the application of dynamic Bayesian Networks for
modelling degradation processes in ship structures. The theoretical background on
temporal models in general and Dynamic Bayesian Networks (DBN) in particular
is presented. A DBN tool consisting of a Matlab code for performing inference is
implemented and applied to develop the probabilistic model of the ultimate
strength of a ship plate under compression subjected to corrosion degradation. A
non-linear time dependent empirical corrosion model is adopted for predicting the
corrosion wastage in ship plates. A series of simulated corrosion wastage measurements are used to increase the accuracy of the predictions. The results are validated against those obtained by Monte Carlo simulation. Finally, several
parametric studies are conducted to investigate how changes in observations, in
the interval between inspections, in the inference algorithm and in the prediction
method for corrosion degradation affect the posterior probability distribution of
the ultimate strength of the plate.

Introduction
Steel structures are usually subjected to many kinds of degradation processes, such as corrosion, chemical attacks, various forms physical damage, fatigue cracks, among other mechanisms. These degradation processes are inherently uncertain and affect the safety of the
structures. Therefore, there has been an increasing interest in using structural reliability methods in the design of structures (e.g. [1],[2]) and in optimizing maintenance and inspection
scheduling as part of the life-cycle management of deteriorating structures to ensure safety
while minimizing costs (e.g. [3]). This requires a probabilistic framework to deal with all uncertainties related to the structure, especially those associated to its operation, which can be
difficult due to several factors. On the one hand, methods used to predict the propagation of
degradation and its effect on the structural integrity are usually empirical or semi-empirical
and have large model and statistical uncertainties. On the other hand, accounting for inspection results requires the use of time-dependent probability analysis with update capabilities.
Therefore, a probabilistic framework able to deal with these problems needs to properly account for all uncertainties related to the system parameters and degradation mechanisms and
for the effect of maintenance actions and inspection data on the safety of the structure. Some
of the classical reliability methods, like First and Second Order Reliability methods
(FORM/SORM) (e.g. [4]), might be unable to perform inference with accuracy in such kind
of models. There are also a number of methods, usually implying graphic representation of
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the models, developed to cope with complex systems without accounting for temporal aspects. Examples of these are the fault and event trees [5] or Bayesian networks [6]. To deal
with temporal aspects different methods have been used, including Markov chain MonteCarlo simulations or Dynamic Event Trees and Dynamic Fault trees (DET/DFT) [7], and
more recently Dynamic Bayesian networks [8]. Dynamic Bayesian, or Belief, Networks
(DBN) are a particular type of Bayesian network especially conceived to represent the relations between variables at a given time and those same variables in past or future times. During the last years a growing interest in both Bayesian Networks and Dynamic Bayesian
Networks (DBNs) as a modelling technique for uncertainty analysis in different domains, and
particularly in dependability studies, has been observed [9]. DBNs have been used for assessing reliability, degradation, maintenance plans and risk assessment problems ([10], [11],
[12], [13], [14], [15]). DBNs have also been applied for studying deteriorating processes, such
as fatigue crack growth [16] and pitting corrosion in pipes [17]. In the field of ship and offshore floating structures, Bayesian updating over time has been used by Garbatov and Guedes
Soares [18]. The present work deals particularly with the problem of corrosion on marine
structures. First, the theoretical foundations of the DBN model are presented. Bayesian probabilistic reasoning over time and general inference in this kind of models are discussed. The
basic aspects of DBN construction and inference are presented. Afterwards a practical case
study dealing with the ultimate strength analysis of a ship plate under compression subjected
to corrosion degradation is developed. This covers the construction of the model and graphic
representation through a DBN, the simulation of sets of measured data and inference on the
model. Parametric studies are carried out for different parameters and model assumptions and
the results are compared with the ones obtained in a previous work through FOSM (First Order Second Moment) analysis and Monte Carlo simulation [19]. Different transition models
for the variables and inference algorithms are tested.

Theoretical Aspects of DBNs
2.1 Probabilistic reasoning over time and inference in temporal models
Frequently uncertainty modelling and structural reliability assessments are conducted in the
context of time-invariant problems, in which the uncertainties that affect the safety of the
structure are described by random variables that do not change over time. For many cases the
changes of the variables in a given time window are slow enough to accept this assumption.
However, some problems contain highly dynamic stochastic processes and, therefore, an approach capable of dealing with both time-invariant and time-variant model parameters is required. Different temporal models exist to deal with this kind of situations, including the
Hidden Markov Model (HMM), the different versions of Kalman filter or the Dynamic
Bayesian Networks ([8]). All of them share the same theoretical basis, although they were
developed to cope with different kinds of problems and the specific algorithms vary from one
to the other.
Temporal problems can be dealt with as a series of stationary states, describing the problem at
different times slices. Each time slice has a set of random variables, which may be observable
(evidence variables, Et, being et the set of observations at time t) or not (state variables, Xt,
being xt the set of variable states at time t). All variables are assumed as static within each
time slice. To avoid unbounded computational complexity two assumptions are necessary: to
consider the process to be both stationary and a Markov chain. The first condition implies
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that, although the probability distribution of the variables might change with time, the laws
governing the relation between them remain constant. The second implies that current states
depend only on a finite number of previous states, instead of the whole historical record.
Particularly for the present work, a first-order Markov chain has been considered. Also, the
parents of evidence variables ( ) have been restricted to state variables at the present time
slice ( ). These two conditions can be expressed as:
(
( |

|

)= (

:
:

,

)

|

(1)

)= ( |

:

)

(2)

) is the probability distribution describing how the state variables evolve along time
and will be known from now on as the transition model. ( | ) describes the accuracy of
(

|

observations and it will be known from now on as the model for inspections.
Finally, to completely define the joint distribution, it is necessary to specify a prior probability, ( ), which contains beliefs regarding the system before observations start. Taking all
this into account, the joint probability distribution of all variables for a specific, t, is:
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,
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Once the structure of a generic temporal model is established, there are different inference
tasks that can be performed, depending on which information is wished from the model. Only
two have been considered for the present work: filtering, i.e. the probability distributions of
variables at the current state, given all the evidence collected; and smoothing, i.e. the probability distributions at a past time slice, given all the evidence collected up to present time.
Filtered distribution for all state variables at a time t+1 can be calculated as:
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where is a α normalization constant. Within the summation, the second term is obtained from
the state filtered distribution at time t. Thus, the filtering operation can be seen as a recursive
call that unwraps along time in chronological order. This algorithm is known as forward operation.
The smoothed distribution is obtained by considering separately the evidence up to a given
time in the past, k, and the evidence from k to the current time, t:
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It should be noted that the ( | : ) factor is actually the forward operation. (
: |
known as the backwards operation, which is calculated also recursively, but starting by the
present state and going to the past direction
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2.2 DBN construction
To construct a DBN three types of information are necessary: a prior distribution over the
state variables ( ( ), describing the variables before observations), a transition model
), describing how state variables evolve over time) and a model for inspections
( ( |
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( ( | ), describing accuracy of measurements). Once all these are defined, it is possible to
represent graphically the whole network using only two time slices: one at time zero, before
observations start, and another one containing the first observations. The general rules for
regular BN manual construction are used to define the prior distribution.
Once time zero slice is built, it is enough to replicate it to obtain the state variables at time
one. This is done by convention on the right side of slice zero. The next step is to establish the
links between slices. This is done by considering which variables of the past affect the present
state of the problem. Finally, it is necessary to include the evidence nodes in the slice corresponding to time one. Typically, the evidences are taken as children of state variables.

2.3 DBN inference
Although the filtering and smoothing algorithms are generic for any temporal model, it is also
necessary to perform inference within each time slice of the DBN. There are several ways of
performing inference in Bayesian networks. The most straight-forward technique is referred
to as enumeration, consisting of summing out the terms of the joint distribution. The distribution of a query variable, X, within a model with n non-query state variables, Y, and a number
of evidence variables, E, can be expressed as:
( | )=

( , )=

( , , )

(7)

However, there are different algorithms that aim at avoiding repeating the operations several
times within the summation in Eq. (7). The Maltab tool developed uses the best known of
these algorithms, named variable elimination, which stores partial results of the summation
and then re-uses them. Inference in DBNs is performed by “unrolling” the network to a size
where includes all the evidences up to date. Then, inference can be performed as in regular
BNs. When performing filtering, inference is first carried out for each time slice, the results
are stored and then used to update the predictions in future time slices, according to Eq. (4).
The procedure for smoothing is similar, but it starts at the present slice and goes backwards.
By doing so, both filtering and smoothng can be done with constant computational time and
space for each time slice. For more complex DBNs, it might not be possible to get exact
results within reasonable computational time. There are a number of aproximate inference
algorithms that can be used instead. In the present work an algorithm from the particlefiltering family has been adopted.

Application of DBN to strength assessment of corroded plates
3.1 Case study description
The ultimate strength of simply supported corroded steel plates under compression with random initial distortions and random material and geometrical properties has been adopted as a
case study. The dimensions and properties of the plate have been defined in accordance with a
previous paper by Teixeira et al. [19]. A semi-empirical design equation is used for predicting
the plate strength. More particularly, the formula proposed by Guedes Soares [20] has been
adopted. In this work the residual stresses in the plate have not been considered, thus the plate
ultimate strength is given by:
=

= 1.08

1 − (0.626 − 0.121 )
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(8)

=

2

−

1

;

(9)

=

where δo is the initial distortions of the plate, σy is the yield stress and
is the expression
proposed by Faulkner [21] to predict the strength of a simply supported plate with an average
level of initial imperfections.
Table 1: Probabilistic description of the model parameters.

Variable
Plate width
Initial distortions
Plate thickness
Yield stress
Young modulus
Corrosion wastage
Corrosion rate
Corrosion COV

b
δo
to
σy
E
d
R
COV

Units
mm
mm
MPa
MPa
mm
mm/year
-

Distribution
Normal
Lognormal
Normal
Lognormal
Lognormal
Weibull
Deterministic
Deterministic

Mean
850
0.1
18
269
206,000

Std. Dev.
1.65
0.06
0.22
21.52
20,600
Time variant
Time variant
Time variant

Eight unobservable basic variables plus the evidence variable for the measured corrosion are
considered, as shown in Table 1. Three of these variables are time-variant. Random variables
are discretized from their continuous probability distributions. The discretization is done by
dividing a domain of the variable into 301 intervals of equal width. For each variable this domain corresponds to a probability of 0.999 so that the tails excluded have equal areas and a
probability of occurrence of 0.1%. Figure 1 shows the DBN model of the plate ultimate
strength.
Besides random variables, two deterministic, time-dependent variables have been considered:
corrosion rate and corrosion coefficient of variation. They are used to determine how corrosion wastage and the uncertainty associated to it evolves, as it will be further explained in
Section 3.3.

Figure 1: Plate ultimate strength DBN.

3.2 Corrosion wastage: simulated data
The non-linear time dependent corrosion model proposed by Guedes Soares and Garbatov
[22] has been used for all predictions regarding corrosion wastage. This model has been applied to model the time dependent corrosion wastage of bulk carriers ([19],[23],[24]) and of
deck plates of tankers [25-27]. The generic formula of the corrosion model is presented in Eq.
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(10). For the present work the model parameters have been selected according to [23], being
=1.07,
= 5,
= 1.64. The model has some uncertainty associated to it;
the following:
corrosion wastage is assumed to follow a Weibull distribution with mean given by Eq. 10 and
a coefficient of variation that can be calculated using Eq.11. The Weibull distributions defined in that way are not used to generate the simulated measurements, but are used within the
DBN framework, as will be discussed in Section 3.3.
(

( )=
· 1−
( )=0

)⁄

= −0.0237 · ( −

>
<

(10)

) + 1.1016

(11)

Three different sets of measurements are generated (see Figure 2). Measurements are generated one by one, in a chronological order. Each measurement is obtained by adding to the previous value the increment predicted by the time dependent corrosion model. Then, a random
deviation from the predicted value following a uniform distribution is considered. Three data
sets are simulated:
•

Similar values: Follows Eq. (10) with a random deviation of +-10% for each time slice. Corrosion starts at some random point between the 5th and 8th year ( ).

•

Lower values: Follows Eq. (10) with a random deviation from -20% to 0% for each
time slice. Corrosion starts at some random point between the 6th and 9th year.

•

Higher values: Follows Eq. (10) with a random deviation from 0% to +20% for each
time slice. Corrosion starts at some random point between the 4th and 7h year.

3.3 Corrosion wastage: inference
The ultimate strength of the plate is assumed to remain constant until corrosion is firstly detected. Thus, inference on the model starts once corrosion wastage is observed. Prior distributions for corrosion wastage at each time slice are calculated using the time dependent
corrosion model. The transition model is calculated from any possible given state of the corrosion variable at the previous time slice:
(

|

)=

(

| )· ( )

(12)

For every possible state in time t, a Weibull distribution in time t+1 is defined. This distribution has a mean value obtained from adding the corrosion rate, Rt+1, to the corrosion state at
the previous time step, dt; and a coefficient of variation COVt+1.
(

| )=

(

+

,

(13)

)

The corrosion rate corresponds to a corrosion increment obtained from Eq. (10). The transition model for this variable can thus be defined as shown in Eq. (14). The transition model for
the COV is obtained directly from Eq. (11), as is shown in Eq. (15):
= ∆ ( + 1) =

(

·

)⁄

=

· 1−
− 0.0237

⁄

=

·

⁄

(14)
(15)

Corrosion wastage before observations is considered to be equal to zero with no uncertainty.
Once observations start, the model for inspections assumes a measuring error normally distributed, with a mean of 0 and a standard deviation of 0.2 millimetres. Figure 3 shows how
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filtering and smoothing transform the prior corrosion distribution. It can be seen that the
posterior distributions obtained by filtering and smoothing present a much lower uncertainty
than the prior theoretical corrosion probability.

Figure 2: Simulated corrosion wastage measurements.

Figure 3: Prior and posterior corrosion distribution

3.4 Results
The results obtained using the DBN tool developed, without considering observed data, are
now compared with those obtained in [19] by Monte Carlo Simulation. Figure 4 shows the
probability distribution of the intact plate ultimate strength, at year 10, obtained by the DBN
and by the Monte Carlo simulation. The figure shows a good agreement in the mean value
and distribution shape. The differences in the standard deviation can be attributed to the use of
the transition model in the DBN framework, in opposition to the Monte Carlo simulation,
which is blind to previous system states. Figure 5 shows the mean values of the ultimate
strength of the plate obtained through the DBN, both with and without observations. The ultimate strength calculated using only observations, without accounting for the corrosion prediction method, is also shown. It can be seen how DBN filtering and smoothing algorithms
have an averaging effect between theoretical predictions and predictions obtained considering
only observed data. Moreover, given the homogeneity of the measured data and that corrosion
wastage is time dependent, there are not significant differences between filtered and smoothed
results.

Figure 4: DBN and MCM distributions compared.

Figure 5: Ultimate strength of the plate mean values
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As expected, the COV drops when measurements are taken into account. It can be seen that
filtered and smoothed 5% percentile values of the ultimate plate strength are larger than those
obtained without observations, see Figure 6. Thus, it is possible to obtain higher characteristic
values of the ultimate strength of the plate even when measured corrosion is larger than predicted, due to the effect of reduced uncertainty. To further test the tool developed, different
sets of observations corresponding to lower, similar and higher levels of corrosion are considered. The DBN results react accordingly, as in Figure 7.

Figure 6: Ultimate strength, 5% percentile

Figure 7: Mean ultimate strength. Varying simulated data.

The previous results have considered measured data from annual inspections. However, other
time intervals between inspections are considered and their effect assessed. The initial results
are compared to those obtained using 3 and 5 years between inspections. Differences are not
significant, and the results converge as time increases. This can be observed both in Figure 8,
for the mean values, and in Figure 9, for the 5% percentile of the plate strength. However, it
should be noted that the model for inspections chosen has a great influence on the results obtained. If results from inspections are considered to be less reliable, larger differences can be
seen when changing the time between inspections. A particle-filtering approximate inference
algorithm has also been considered. The number of samples is taken as 20 times larger than
the number of categories assigned to each variable. Under these conditions, the running time
of the approximate inference algorithm is 54% lower than that of the exact inference algorithm. The results obtained are similar to those predicted by exact inference, see Figure 10
and Figure 11.

Figure 8: Ultimate strength means.
Different steps between time slices

Figure 9: Ultimate strength 5% percentile.
Different steps between time slices.
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Figure 10: Ultimate strength means.
Approximate inference algorithm.

Figure 11: Ultimate strength COV.
Approximate inference algorithm.

The Dynamic Bayesian Network are very useful when the model used for predicting degradation deviates from the observed corrosion measurements. The framework is capable to “correct” bad predictions using the data obtained from measurements. If measurements and
predictions are somehow similar, then the algorithm has an averaging effect. However, if the
prediction model deviates considerably from the observations, the resulting posteriori distribution will tend to resemble the measured degradation. For results to be reliable in this case, it
is necessary to perform enough measurements with a method accurate enough.
To assess how the model reacts to different prediction methods, calculations are performed
considering a linear corrosion model and assuming non-linear simulated measurements. The
linear model assumes that corrosion is linear and that by the end of the time series (thirty
years) the corrosion wastage is identical to the one predicted by the time dependent corrosion
model Eq. (10). Figure 12 compares the results obtained considering the linear corrosion
model to those derived from the original non-linear one. It can be seen that both models converge as time increases, despite some divergences for the first years after corrosion starts to
take place.

Figure 12: Mean corrosion. Linear transfer function

Conclusions
The theoretical basis of the DBN framework have been presented, showing its multiple capabilities for modelling uncertainty in problems involving time dependent processes. DBN is a
robust tool that can be used to automatically perform Bayesian updating, using constant com-
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putational time and space per update. A simple DBN model for probabilistic analysis of the
ultimate strength of corroded plates has been developed, together with a Matlab tool to perform inference on the model. The results have been compared to those obtained in a previous
study using Monte Carlo simulation, showing a good agreement. Different sets of observed
data with varying levels of corrosion wastage have been simulated, to test the DBN model and
the Matlab tool. It has been shown that observations can reduce the uncertainty regarding the
corrosion. As consequence, the characteristic values of the plate ultimate strength are higher
when observations are included, even when the measured corrosion exceeds the theoretical
predictions of the corrosion model. Different time intervals between inspections have been
adopted and their effect on the ultimate strength of the plate has been assessed. It has been
shown that the results tend to converge independently of the frequency of inspections. Two
methods for performing inference have been tested out: the variable elimination algorithm for
exact inference using discretized variables and the particle filtering algorithm for approximate
inference. The results for both methods are similar, while the particle filtering algorithm allows to reduce computational time by a 50%. Two different transition models for the corrosion have been considered: one linear and one non-linear. It has been shown that when the
prediction model deviates considerably from the observations, the resulting posteriori distribution tend to resemble the measured degradation. For the present example, when the prediction model is linear and the corrosion observations are non-linear, the obtained posteriori
distribution of the corrosion wastage is non-linear.
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Abstract: It is important for the management of the existing structures to evaluate current and future condition on structural integrity based on inspection. However, large variations in the inspection data make the evaluation of current and
future structural integrity difficult. The authors study the reliability evaluation
method on the structural integrity based on visual inspection, focusing on aged
deterioration due to chloride attack in this study. The corrosion crack width has a
close relationship with the corrosion of reinforcing bars by chloride attack. The
authors model the relationship between the corrosion crack width and the weight
reduction rate of the corroded reinforcing bars. The failure probability of an existing RC structure is estimated based on the model.

1 Introduction
In recent years, the aged deterioration of existing structures has become a major problem in
Japan. As the number of structures showing aged deterioration has increased, efficient
maintenance and management of the existing structures are required more and more. The need
for repair, reinforcement, or replacement of existing structures is determined through an evaluation of their current and future integrity, which are usually based on inspection data on the
degree of deterioration. Therefore, it is important to evaluate the structural integrity appropriately from the inspection data. However, large variations in the inspection data make the
evaluation difficult.
Measures such as repairs and reinforcements in early stages have been performed in
important structures. In the near future, maintenance and management of many existing structures will be performed on a limited budget. It will reduce cases to perform early repairs and
reinforcements compared with before, and requires proper evaluation of current and future
condition for efficient management of structures. The authors study the reliability method in
order to evaluate current condition of structures based on visual inspection data.
The major causes of aged deterioration of reinforced concrete (RC) structures include
chloride attack, neutralization, freezing damage, alkali-aggregate reactions, chemical corrosion, and fatigue. As Japan is an island surrounded by the sea, many RC structures with aged
deterioration due to chloride attack exist. Chloride attack occurs when the reinforcing bars are
corroded and expanded by the intrusion of chloride ions into the concrete. It leads to corrosion
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cracks on the surface of the concrete. The corrosion cracks then substantially deteriorate the
load bearing performance of the RC structure. In order to appropriately evaluate the extent of
chloride attack in RC structures, it is desirable to obtain quantitative information on the degree of corrosion of the reinforcing bars, such as the weight reduction rate of the corroded
reinforcing bars. However, a direct method to obtain this information causes damage to the
RC structures by exposing its reinforcing bars and measuring their diameter. Such a direct
method is rarely used in usual inspection of RC structures. The length, width, and degree of
exfoliation and peeling are measured generally in the inspection. The corrosion crack width
has a close relationship with the corrosion of reinforcing bars. The authors try to estimate the
weight reduction rate of the corroded reinforcing bars based on the corrosion crack width
which can be quantified easily from the visual inspection.
There have been several studies on the relationship between the corrosion crack width
and the weight reduction rate of the corroded reinforcing bars [1] [2] [3]. However, they have
not offered a quantitative relationship between the two quantities including uncertainty. As
for the uncertainty in the relationship between them, the discussion has only started in recent
years [4] [5]. The authors try to model the relationship between corrosion crack width and the
weight reduction rate of corroded reinforcing bars based on data from the galvanic corrosion
experiments of the RC members conducted by Oshita et al. [6] [7] [8]. Using the model, the
authors show a numerical example to estimate limit state probability of RC structure updated
by inspection data (crack width).

2 Modeling of Relationship between Corrosion Crack Width and
Weight Reduction Rate of Corroded Reinforcing Bars
2.1 Experiment Data Used for Modeling
Oshita et al. [6][7][8] conducted an experimental study on the remaining bearing force by
adopting the galvanic corrosion test method. They carried out the bending and loading test of
the RC beam test specimen with corroded reinforcing bars. The design reference strength of
the test specimen was 30 N/mm2. Concrete with the blending ratio shown in Table 1 was used.
A Solution of 5% NaCl was used to accelerate the corrosion of the reinforcing bars.
The shapes and the state of the bar arrangements of the 26 specimens that were used in
this study are shown in Figure 1. The test specimens are classified into two types according to
the difference in the state of the bar arrangement of the shear reinforcing bars. For type A
specimens, the shear reinforcing bars were arranged at equal interval. For type B, the anchoring bars (shear reinforcing bars) were only arranged at the anchoring areas of the main bars.
For all cases, the dimensions of the test specimens were 240 × 200 × 2,100 mm, and 3 deformed reinforcing bars D16 (SD295A) were arranged for the main reinforcing bars at interval of 600 mm. The covering thickness of the reinforcing bars was 40 mm. These 3 main
reinforcing bars are hereinafter referred as "M" reinforcing bar for the center bar, "L" and "R"
reinforcing bars for the left and right bars.
The galvanic corrosion test was used to corrode the reinforcing bars. The test specimen was placed in a water tank filled with a NaCl solution. The main reinforcing bars were
connected to the anode side, while the copper plate was connected to the cathode side. Then, a
DC current of 20 A was applied. The target corrosion ratios of the main reinforcing bars were
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set to 5, 10, 20, and 30%, and the corrosion amount was controlled by the integrated current
amount.
In order to evaluate the corrosion of the reinforcing bar, corrosion ratio is defined as
the ratio of weight of the reinforcing bar before creating the test specimen to after the bending
and loading test. This value is also referred as the weight reduction rate. For the weight measurements after the bending load test, the main reinforcing bars are removed from the test specimen, and the corrosion product is removed. The main reinforcing bars are cut into 50 mmlong pieces, then their weight are individually measured.
All the corrosion cracks that occurred on the test specimen before the bending and
loading test were sketched. The corrosion crack width for each piece of the reinforcing bar
was obtained by measuring the crack width at two locations using a crack scale and then averaging the two values. The measurement locations of the reinforcing bar corrosion ratios and
the corrosion crack widths are shown in Figure 2. An example of the measured reinforcing bar
corrosion ratios and the corrosion crack widths is shown in Figure 3. This figure corresponds
to the results from type A specimens, and the target corrosion ratio of 5%. Figure 3 (1) is the
spatial distribution of the reinforcing bar corrosion ratios and Figure 3 (2) is the spatial distribution of the corrosion crack widths. Additionally, in Figure 3 (1), the average reinforcing bar
corrosion ratio of each section of the test specimen are shown. Additionally, in Figure 3 (2),
the total value of the corrosion crack widths of each section of the test specimen are shown.
Table 1: Blending of Concrete
Gmax
[mm]
20

W/C
[%]
60

SL
[cm]
10

Air
[%]
60

W
168

Unit Quantity[kgf/m3]
C
S
G
Additive
280 826 996
2.8

NaCl
8.8
40

CL
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M R

60@4=240
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Figure 1: Shape of Test Specimen and Typical Bar Arrangment State
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Figure 2: Number of Neasurements and Measurement Points
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2.2 Modeling of Relationship between Corrosion Crack Width and Reinforcing
Bar Corrosion Ratio
The authors studied the relationship between the corrosion crack width and the reinforcing bar
corrosion ratio based on the results of the galvanic corrosion experiment described in Section
2.1. An exmaple of experiment reslut is shown in Figure 3. Figure 3(1) indicates distributions
of measured corrosion ratio of reinforcing bar at measurement line L, M and R shown in
Figure 2. Figure 3(2) indicates distributions of corrosion crack at each measure line. The
corrosion cracks do not occur depending on the corrosion of the coresponding reinforcing bar,
namely one at same measurement line. The relationship of the average value of the
reinforcing bar corrosion ratio and the sum of the corrosion crack width is modelled at each
section, instead of individual corrosion ratio and crack width at each measument line and
section. Figure 4 shows the experiment results. The regression line between the corrosion
crack width and the reinforcing bar corrosion ratio, and the range of ±σ (standard deviation)
are shown in the figure. The correlation coefficient between them r is 0.58.
In addition to the ordinary regression between the corrosion crack width and the
reinforcing bar corrosion ratio, regressions to the data with/without logarithm transformation
are performed, namely (a) crack width - logarithm of corrosion ratio, (b) logarithm of crack
width - corrosion ratio, and (c) logarithm of crack width - logarithm of corrosion ratio. Figure
5 shows the regression results of three cases. The left figures show the data of the corrosion
crack width and the reinforcing bar corrosion ratio and its regression line in the transformed
space. While the right figures show them in the original space. Although r = 0.58 for all cases,
the shapes of the regression differ significantly in each case.
The corrosion cracks occur due to the corrosion expansion of the reinforcing bars, and
the corrosion crack widths become large with the increase of the reinforcing bar corrosion
ratio. However, according to some researchers, there is a tendency that the adhesion condition
between the reinforcing bars and the concrete deteriorates when the reinforcing bar corrosion
ratio increases, therefore the corrosion crack widths do not become large in proportion to the
increase of the reinforcing bar corrosion ratio [9]. Figure 5(a) is consistent with this findings.
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In the numerical example with an existing pier in Section 3, Figure 5(a), namely Eq.(1) is
used to estimate the reinforcing bar corrosion ratio from the corrosion crack width.

p  exp1.00w  1.96

(1)

where, p is the reinforcing bar corrosion ratio, w is the corrosion crack width.
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Figure 4: Relationship between Corrosion Crack Width and Reinforcing Bar Corrosion Ratio
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Figure 5: Relationship between Corrosion Crack Width and Reinforcing Bar Corrosion Ratio on Tthree Space
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The distribution of the reinforcing bar corrosion ratio is examined by using Box-Cox
conversion shown in Eq.(2). Parameter λ in the converstion is determined by Akaike’s
Information Criterion (AIC). AIC is minimum when λ = 0.25. When the value of λ is close to
0 rather than 1, the distribution of the reinforcing bar corrosion ratio is close to lognormal
distribution. This suggests the validness of the Eq.(2). For simplicity, simple logarithm
transformation is taken rather than Box-Cox conversion here.





 Z  x   1 / 
Z  x   
log Z  x 

  0
  0

(2)

3 A Numerical Example for an Existing Pier
3.1 Condition Settings
Limit state probability of the RC concrete main girder of an existing pier is evaluated and
updated by inspection data by using Eq.(1), i.e., the relationship between the corrosion crack
width and the reinforcing bar corrosion ratio obtained in Section 2. Figure 6 shows the crosssectional shape of the main girder of the pier for the numerical example. The main girder is Tshaped, and the reference strength of the concrete used when it is constructed is 24 N/mm2.
Two rows of 12 main reinforcing bars (D29, SD345) are arranged at the bottom of the pier.
The distance of the covering on the reinforcing bars from the bottom surface of the member is
50 mm, and the space between the reinforcing bars is 90 mm. The span of the main girder is
23 m. The design load 52.5 kN/m acting on the main girder is uniformly distributed as shown
in Figure 7. It is obtained by multiplying the characteristic value of the nominal load Fk,
which is 46.0 kN/m and the load coefficient γf, which is equal to 1.2.
The calculated maximum moment in the design occurs at the center of the main girder
and is 3,650 kNm. The ultimate bending strength of the member under a structurally integrated condition (initial contidion) is 4,499 kNm according to the normal design practice. As a
result, safety factor under a structurally integrated condition is 1.23.
Figure 8 shows the distribution of corrosion cracks which is used for the updating of
the limit state probability. The distribution of corrosion cracks is assumed by referring to the
corrosion cracks that actually occurred at the bottom surface of the main girder of the existing
pier. The figure also shows the corrosion crack width at every 0.5m interval. The maximum
corrosion crack width is set to 0.4 mm at the center of the main girder. Figure 9 shows the
sum of the crack widths at each cross section. The maximum value of the crack width is 0.6
mm near the center of the main girder.
The statistics of model parameters are summarized in Table 2, which is used to calculate the limit state probability of the main girder using the reliability method. The statistics of
the concrete strength and the yield stress of the reinforcing bars for evaluation of the ultimate
strength are assumed based on [9] [10]. The statistics related to formula for calculating the
ultimate strength are assumed based on [11]. The statistics involved in construction process,
the error in the construction work of the covering is assumed based on [12]. Coefficient of
variation (CoV) of working load is assumed to be 0.12. In the design practice load coefficient
γf = 1.2 is used. This coefficient provides safety margins that probability exceeding the nominal value would be 5% or less. The CoV 0.12 can be derived assuming that the working load
follows normal distribution.
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Figure 6: Cross-sectional Shape of Main Girder of Pier

Figure 7: Design Load Acting on Main Girder
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Table 2:List of Uncertain Factors

Uncertain Factors

Material
Properties

Average
（μ）

Standard
Deviation
(σ)

Coefficient
of Variation
(CoV)

Concrete

Compression
Strength
（N/mm2）

31.0

3.15

0.10

Reinforcing
Bar

Yield Stress
（N/mm2）
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19.3

0.05

Formula

Ultimate Strength（kNm）

1.0×
Calculated
Value

0.11μ

0.11

Construction

Construction Error of
Covering（mm）

58.5

16.6

0.28

46.0

0.12μ

0.12

Working Load（kN/m）
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Probability
Distribution
Normal
Probability
Distribution
Normal
Probability
Distribution
Normal
Probability
Distribution
Normal
Probability
Distribution
Normal
Probability
Distribution

3.2 Evaluated Limit State Probability
Monte Carlo Simulation (hereinafter referred to as MCS) is used to estimate the limit state
probability of the pier model. The corrosion crack width and reinforcing bar corrosion ratio
very significantly depended on the positions [8]. Therefore, it is assumed that the reinforcing
bar corrosion ratios are perfectly independent among segments. While it is assumed that the
other design variables are perfectly correlated among segments. The number of trials in the
MCS is 20,000.
"Ave" and four cases of sample realizations by the MCS are shown in Figure 10 to 13.
"Ave" indicates the calculated result when mean (average) of model parameter are used. Figure 10, 11 and 12 show the distribution of bending moment, the reinforcing bar corrosion ratio, and the ultimate bending strength respectively. The reinforcing bar corrosion ratio is
predicted from the observed corrosion crack width shown in Figure 8. The ultimate bending
strength is calculated by using the distribution of the reinforcing bar corrosion ratio shown in
Figure 11. Figure 13 shows the distribution of the safety factor, which is the ratio of the ultimate bending strength to the bending moment. According to Figure 13, the safety factor is
minimum near the center of the main girder when the average values were used for the model
parameters. However, the safety factor is not necessarily lowest at the center of the girder due
to the variation of the reinforcing bar corrosion ratio.
The minimum value of the safety factor among all segments is focused because the
girder is considered to be failed when the safety factor of any segment is below 1.0 in the
evaluation of the safety of the main girder. Figure 14 shows the minimum safety factor versus
working load in MCS trials. The safety factor fell below 1.0 in around 5,858 trials out of
20,000. The estimated failure probability is 0.29 (=5858/20000).
According to ISO2394, although the safety level of a structure depends on the target
limit state and the importance of the structure, it is described that pf = 1.0×10-3 must be secured for the ultimate strength, even for a structure with low importance [14]. As for this trial
calculation result, the values are significantly larger than 1.0×10-3 and the pier in the example
does not have sufficient safety level.
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4 Conclusion
The relationship between the corrosion crack width and the reinforcing bar corrosion ratio are
modelled based on the data measured during the galvanic corrosion experiment of the RC
specimens.
As the numerical example, an existing pier with aged deterioration due to chloride attack
is studied. The failure probability of the existing pier is calculated by Monte Carlo Simulation.
The reinforcing bar corrosion ratio is predicted from the observed corrosion crack width using
the relationship between the corrosion crack width and reinforcing bar corrosion ratio. As a
result, the authors show that the integrity of the existing pier with aged deterioration can be
quantitatively evaluated in terms of failure probability.
One of future topics in this study is spatial correlation. Our model is based on the
assumption that the uncertainty of the reinforcing bar corrosion ratio at each position is
completely independent. The spatial correlation between the reinforcing bar corrosion ratio
and the corrosion crack width should be considered.
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Abstract: Recently, a displacement-based non-local beam model has been developed and the relative finite element (FE) formulation with closed-form expressions of the elastic and fractional viscoelastic matrices has also been obtained.
The static and quasi-static response has been already investigated. This work investigates the stochastic response of the non-local fractional viscoelastic beam,
forced by a Gaussian white noise. In this context, by taking into account the
mass of the beam, the system of coupled fractional differential equations ruling
the beam motion can be decoupled with the method of the fractional order state
variable expansion and statistics of the motion of the beam can be readily found.

1 Introduction
In the last decades, the non-local beam theories have known a great interest. This is due to
their ability to capture the mechanical behavior of beam-like micro- and nanodevices [1] that
avoid computationally expensive (and sometimes prohibitive) molecular simulations; indeed the
behaviour of such micro- and nano-elements can not be reproduced correctly by the classical local continuum approach [2].There are several non-local theories available in literature; the most
known is for sure the Eringen’s integral theory [3], successfully applied to Euler-Bernoulli (EB)
model [4]; however there are many other effective theories used to construct non-local beams
model. Although most of the works have been carried out to model the non-locality related to
the pure stiffness, recently a great effort has been dedicated by researchers of the the field to
the modeling of non-local damping effects. Indeed, recent studies demonstrate that non-local
damping effects at microscale are relevant in application like image acquisition via high-speed
atomic force microscopes [5] or frequency measurements of vibrating nanosensors [6]; damping effects have also been observed as a result of humidity and thermal effects [7] or external
magnetic forces [8]. Applications of non local damping effects at macroscale also exists, see
for examples [9]. In the last years the authors have proposed non-local EB and TM beam models which treats non-local effects as long-range interactions depending on the relative motion
of nonadjacent volume elements [10–13]. The model is suitable for finite element (FE) implementation and closed form of the FE formulation can be readily found [13]. Both elastic and
fractional viscoelastic [14–16] long-range interactions have been included in this model [17].
In this paper the model has been further improved by taking into account the mass of the beam.
Indeed this is the only way to evaluate the error in measurement of micro-/nanosensors or the
error committed by micro-/nanoactuators due to environmental noise. In first approximation the

1958

noise is modelled as Gaussian white noise [18, 19]; however the capability of the method is
independent of the input applied to the system. The coupled FE equations of motion with fractional derivative can be decoupled efficiently with the fractional order state variable expansion
[20]; despite the fact that in this paper the application of this method is not the most general,
this approach can be readily applied to more realistic structural systems. It is shown that all the
elements of the power spectral density (PSD) matrix can be obtained in analytical form.

2 Non-local fractional viscoelastic model
In this section the mechanical model of non-local fractional viscoelastic beam is briefly introduced. Firstly, the basic concepts of fractional viscoelasticity are discussed, then the mechanical
model of the non-local beam is introduced; finally, the finite element formulation is derived.

2.1

Fractional viscoelasticity

In this work, the viscoelastic forces are modelled by means of the tools of fractional calculus,
that is a branch of mathematics that study the integro-differential operators of real order and
their applications. In particular, fractional operators appear when power law creep/relaxation
functions are assumed to describe the linear viscoelastic behaviour. Indeed, if we assume the
relaxation function as follows
Cα t −α
(1)
R(t) =
Γ(1 − α)
where 0 ≤ α ≤ 1 and Cα are material parameters, while Γ(·) is the Euler gamma function, by
substituting it in the integral form of the Boltzamann superpositon principle we obtain:
F(t) =

Z t
0

Cα
R(t − τ)u̇(τ)dτ =
Γ(1 − α)

Z t
0

(t − τ)−α u̇(τ)dτ = Cα (0 Dtα u) (t)

(2)

where F is the force, u is the displacement and (0 Dtα ·) is the Caputo fractional derivative. Eq.
(2) is related to the case in which a displacement is applied and the resulting force is evaluated.
If the force is applied, the creep function is used in the Boltzmann superpoistion principle
and the inverse relationship of Eq. (2) is obtained as u(t) = Cα−1 (0 Itα F) (t) where (0 Itα ·) is
the Riemann-Liouville fractional integral. For more information abut fractional calculus and
fractional viscoelasticity see [16].

2.2

Kinematic and local resultant of the beam

As shown in Fig. 1 the bar has an arbitrary cross section with area A, it is referred to an axis x
coincident with centroidal axis; the material of the beam is assumed linearly elastic characterized by the Young modulus E.
Under the assumptions of small displacements, the kinematics of the beam can be completely
described by the following:
χ(z) = −

dϕ(z)
;
dz

γ(z) =

dv(z)
− ϕ(z)
dz

(3)

where χ is the curvature, ϕ is the rotation of the transverse section about the x axis, v is the
transverse displacement in y direction and γ is the shear strain. The local resultants are written
as
(l)
Ty (z) =

Z

A

τxy (x, y, z)dA = G Ks Aγ(z);
∗

(l)

(l)
Mx (z) =

Z

A

σz (x, y, z)ydA = E ∗ Ix χ(z)

(4)

where Ty is the local shear resultant in y direction, A is the area of the cross section, τxy is
(l)
the shear stress, Ks is the shear factor, Mx is th local bending resultant, σz is the local stress
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in the z direction, Ix is the moment of inertia about the x axis, E ∗ = β1 E, G∗ = β1 G and β1 is a
dimensionless parameter with values in the range 0 ÷ 1, that reduces the amount of local effects.

qy(z,t)

u(z,t)

x

P

A

φ(z,t)

y

u(z,t)
EI, GA

z

v(z,t)

Figure 1: Non local beam.

2.3

Long-range forces

The non-local model is constructed under the assumption that non-adjacent bar segment mutually exert long-range viscoelastic forces due to relative motion. More specifically, consider
two nonadjacent bar segment of volume ∆V (xi ) and ∆V (ξk ) located at the positions z = zi and
z = ζk on the bar axis, respectively; they mutually exert long-range forces and moments as a
consequence of their relative motion measured as pure deformation [21]. The force are supposed
to be self-equilibrated according to the Newton’s third law. The long-range forces are written
as linearly depending on the product of the two volumes and the attenuation function governing the decay of non-local effects with the relative distance; both purely elastic and fractional
viscoelastic forces, modeled by Caputo’s fractional derivative, are considered. A mechanical
description of the long range interactions is depicted in Fig. 2.
The pure deformations θ and ψ are defined as follows:
-qy(zi,ξk)

qφy(zi,ξk)

-qφφ(zi,ξk)

qφφ(zi,ξk)

qφy(zi,ξk)
qy(zi,ξk)

θ>0
ψ>0

Figure 2: Pure mode of deformation.

θ (zi , ζk ) = ϕ(ζk ) − ϕ(zi );

ψ(zi , ζk ,t) =

v(ζk ,t) − v(zi ,t)
+ ϕ(ζk ) + ϕ(zi )
ζk − z i

(5)

The bending moments mutually exerted by the two volumes ∆V (xi ) and ∆V (ξk ), due to the pure
bending rotation θ , is given as:
qϕϕ (zi , ζk ,t) = rϕϕ (zi , ζk ,t) + dϕϕ (zi , ζk ,t)

(6a)

rϕϕ (zi , ζk ,t) = gϕ (zi , ζk )θ (zi , ζk ,t)∆V (zi )∆V (ζk )

(6b)

dϕϕ (zi , ξk ,t) = g̃ϕ (zi , ξk )Dα0+ [θ (zi , ξk ,t)]∆V (zi )∆V (ξk )

(6c)
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where gϕ and g̃ϕ are the attenuation function of the long range elastic and fractional viscoelastic pure bending interactions, respectively. Typically, these functions are chosen as Gaussian,
exponential or power law [13]. The forces mutually exerted by the two volumes ∆V (xi ) and
∆V (ξk ), due to the pure shear defromation ψ, are given as:
qy (zi , ξk ,t) = ry (zi , ξk ,t) + dy (zi , ξk ,t)]
1
gy (zi , ξk )ψ(zi , ξk ,t)∆V (zi )∆V (ξk )
|zi − ξk |
1
dy (zi , ξk ,t) =
g̃y (zi , ξk )Dα0+ [ψ(zi , ξk ,t)]∆V (zxi )∆V (ξk )
|zi − ξk |
whereas the moments are
ry (zi , ξk ,t) =

2.4

(7a)
(7b)
(7c)

qϕy (zi , ξk ,t) = rϕy (zi , ξk ,t) + dϕy (zi , ξk ,t)

(8a)

rϕy (zi , ξk ,t) = gy (zi , ξk )ψ(zi , ξk ,t)∆V (zi )∆V (ξk )

(8b)

dϕy (zi , ξk ,t) = g̃y (zi , ξk )Dα0+ [ψ(zi , ξk ,t)]∆V (zi )∆V (ξk )

(8c)

Non-local bar equation of motion

Let us divide the bar in N segments of length ∆x and consider the bar segment of ∆V (xi ) = A∆x
at the location x = xi = i∆x, with i = 0, 1, ..., N; the equations of motion of this bar segment are
T (l) (zi + ∆z) − T (l) (zi ) + Ry (zi ,t) + Fy (zi ,t)∆z − ρ(xi )Av̈(zi ,t)∆z = 0
M (l) (zi + ∆z) − M (l) (zi ) + Rϕ (zi ,t)∆z − ρIx ϕ̈(zi ,t)∆z = 0

(9a)
(9b)

where qy (zi ,t) is the external force per unit-length, m(x) = ρ(x)A being ρ(x) the mass per unit
volume and Ry and Rϕ are the resultants of non-local forces and moments on the beam segment
at hand. They can be written as
Ry (zi ,t) =

N−1

∑

k=0,k6=i

qy (zi , ξk ,t);

Rϕ (zi ,t) =

N−1

∑

k=0,k6=i

qϕϕ (zi , ξk ,t) + qϕy (zi , ξk ,t)

(10)

By considering Eqs. (10), dividing Eqs. (9) by ∆z and performing the limit for ∆z → 0, the
continuous counterparts of Eqs. (9) are obtained:

Z L
2 
∂ 2 u(z,t) ∂ ϕ(z,t)
+
q
(z,t)
+
gy (z, ξ )ψ(z, ξ ,t)
+
χGA
y
∂ z2
∂z
0 ξ −z


+ g̃y (z, ξ )Dα0+ [ψ(z, ξ ,t)] dz = ρAv̈(z,t) (11a)



Z L
∂ 2 ϕ(z,t)
∂ u(z,t)
2
EIx
+
χGA
+
ϕ(z,t)
+A
gϕ (z, ξ )θ (z, ξ ,t) + g̃ϕ (z, ξ )Dα0+ [θ (z, ξ ,t)] dz
∂ z2
∂z
0
+A

2

Z L
0

gy (z, ξ )ψ(z, ξ ,t) + g̃y (z, ξ )Dα0+ [ψ(z, ξ ,t)] dz = ρIx ϕ̈(z,t) (11b)

Regards the boundary conditions (BCs), it can be easily seen that the BCs of the classical local
theory still hold since in the equilibrium equation at the bar ends, the long-range resultants are
infinitesimal of higher order with respect to the local resultants [22]. They are not reported here
for brevity.
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2.5

Finite element formulation

The displacement based non-local model of the bar is suitable for implementation in FE method.
To this purpose, let us divide the bar in n finite elements of the same length l, such that nl = L,
being L the length of the bar. The points shared by adjacent bar elements are the nodes; the
generic i −th element has two nodes located at z = ẑi = (i − 1)l and z = ẑi+1 = il. The displacement field within the element is approximated by means of standard linear shape functions as
follows:


ui (z,t) = N i (z)dd i (t); d i (t) = v(i)1 (t) ϕ(i)1 (t) v(i)2 (t) ϕ(i)2 (t)
(12)
where i = 1, 2, ..., n,, v(i)1,2 (t) and ϕ(i)1,2 (t), are the transverse displacements and rotations of
the two nodes of the i −th element and N i (x) is the shape functions vector of the i −th element,
that is


(l−yi )(l 2 (1+12Ω)+(l−2yi )yi )
6(l−yi )yi


l 3 (1+12Ω)
l 3 (1+12Ω)

(l−yi )(l+6lΩ−yi )yi
(l+12lΩ−3yi )(l−yi ) 

 − l 2 (1+12Ω)
l 2 (1+12Ω)

(13)
N i (z) = 
2
2


yi (12l Ω+3lyi −2yi )
6(yi −l)yi


l 3 (1+12Ω)
l 3 (1+12Ω)


(l−yi )(6lΩ+yi )yi
l 2 (1+12Ω)

(2l(1−6Ω)+3yi )yi
l 2 (1+12Ω)

where yi = z − ẑi . Next, being d T (t) = [u1 (t) u2 (t) . . . un+1 (t)]T the vector collecting the displacements of all nodes, the nodal displacements of the i − th element are written as d i (x) =
C i d (t) where Ci is the connectivity matrix of the i − th element. Following a standard Galerkin
approach, the dynamic equilibrium equation of the discretized bar is
C (nl) (Dα d ) (t) + K d (t) = F (t),
M d̈d (t) +C

(14)

being M the consistent mass matrix, C (nl) the matrix of fractional viscoelastic long range interactions, K the stiffness matrix and F (t) the vector of nodal forces. The stiffness matrix is
obtained as
n

n

i=1

i=1

(l)
(nl)
K = K (l) + K (nl) = ∑ K i + ∑ K i ,

(15)

where K (l) and K (nl) are the local and non-local stiffness contribution to the stiffness, respectively. The local stiffness matrix of the i − th element is
K (l)
i =

Z ẑi+1
ẑi

Bi (z)C
C i ]T D Bi (z)C
C i dz,
[B

(16)

where D = Diag [EIx χGA] and B i (z) is the vector collecting the spatial derivative of the shape
(nl)
functions and is not reported here for brevity, while K i is evaluated as
(nl)
(nl,θ )
(nl,ψ)
Ki = Ki
+ Ki
=

n

n

j=1

j=1

(nl,θ )
(nl,ψ)
∑ Kij + ∑ Kij

(17)

with
(nl,θ )
Kij
=

A2
2

Z ẑi+1 Z ẑ j+1 h
(ϕ)
ẑi

ẑ j

C j − N (ϕ)
Ci
N j (ζ )C
i (z)C
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iT

h
i
(ϕ)
C j − N (ϕ)
C
gϕ (z, ζ ) N j (ζ )C
(z)C
i dzdζ
i

(18a)

(nl,ψ)
=
Kij

A2
2

Z ẑi+1 Z ẑ j+1 h 
(v)
ẑi

ẑ j

iT

(ϕ)
(ϕ)
C
C
C
C j − N (v)
(z)C
(ζ
)C
+
N
(z)C
/(ζ
−
z)
+
N
2 N j (ζ )C
i
j
i
i
j
i

i

h 
(ϕ)
(ϕ)
(v)
(v)
C
C
N
N
C
C
N
N
gy (z, ζ ) 2
j (ζ )C j − i (z)C i /(ζ − z) + j (ξ )C j + i (z)C i dzdζ (18b)

It is to emphasized that the matrix C (nl) has the same mathematical form of the non-local
stiffness matrix K (nl) ; the only difference is that in C (nl) gi (z, ζ ) has been replaced by g̃i (z, ζ ).
Finally, the vector F (t) is given as:
n Z

F (t) = ∑

i=1 Vi

N i (x)C
C i ]T F̄
F (z,t)dVi (x) + [N
N 1 (0)C
C i ]T F̄
F 1 (t) + [N
N n+1 (L)C
C n+1 ]T F̄
F n+1 (t).
[N

(19)

F (z,t) = [Fy (z,t) 0] and F̄
F i (t) = [Ti Mi ], i = 1, n + 1, being Ti and Mi the shear and
where F̄
bending moment reactions.

3

Stochastic response of non-local beam

The finite element formulation of fractional viscoelastic non local beam is considered for the
case in which the external load vector in Eq. (14) is composed by stochastic actions. An approach to find the analytical solution of the power spectral density (PSD) of the stochastic
response of such mechanical system is present below.

3.1

Problem formulation in frequency domain

In the stochastic case, the set of coupled differential equations in Eq. (14) is forced by a stochastic input. In particular, consider that each node of the beam is forced by a zero mean Gaussian
white noise denoted by W (t), therefore F (t) = pW (t), being p an influence vector. In this
case the set of inputs are stochastic processes and the response vector is a set of stochastic
response processes too d T (t) = [V1 (t), Φ1 (t), . . . ,Vn+1 (t), Φn+1 (t)]. Moreover, since the fractional derivative is a linear operator, and the input processes are Gaussian, than the set of nodal
displacements d (t) is composed by Gaussian processes too. Therefore, each response process
can be described at steady state by two deterministic function. That is, the PSD, and the correlation function that are related each other by the Fourier transform. Without loss of generality,
consider the evaluation of the PSD only. Such analysis in frequency domain in terms of PSD
determination is particularly useful for the evaluation of the stationary statistics of the response.
This aim can be pursued considering the Eq. (14) in frequency domain. In other words, taking
into account that the forcing vector contains stochastic processes and performing the Fourier
transform, Eq. (14) in frequency domains yields
h
i
2
α (nl)
−ω M + (iω) C + K d F (ω, T ) = pWF (ω, T )
(20)

√
where the i = −1 is the imaginary unit, d F (ω, T ) contains the truncated Fourier transform
of the response processes, and WF (ω, T ) denotes the Fourier transform of the Gaussian white
noises truncated at time T in the frequency domain ω. Observe that the power law (iω)α ,
related to the fractional order terms, contains an effective stiffness (related to the ℜ [(iω)α ])
and an effective damping (proportional to the ℑ [(iω)α ]). From Eq. (20) the response in the
frequency domain is
h
i−1
d F (ω, T ) = −ω 2 M + (iω)α C (nl) + K
pWF (ω, T ) = H (ω)ppWF (ω, T ),
(21)
where H (ω) contains the transfer functions.
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In order to fully characterize the stationary response in terms of displacements V j (t) and rotation
Φ j (t) for j = 1, 2, . . . , n + 1, the evaluation of the PSD and all the cross PSD of each element of
the vector d (t) is needed. In this regard, consider the PSD matrix defined as


E WF∗ (ω, T )WF (ω, T ) T T
∗
p H (ω) = H ∗ (ω)ppS0 p T H T (ω),
(22)
S d (ω) = H (ω)pp lim
T →∞
2πT
where S0 = SW (ω) is the constant PSD of the Gaussian white noise, E [·] is the expectation
value, and the apex * denotes the complex conjugate. Consequently, the matrix S d (ω) is


SV1 (ω)
SV1 Φ1 (ω) . . . SV1 Φn+1
 SΦ V (ω)
SΦ1 (ω)
. . . SΦ1 Φn+1 
 1 1

S d (ω) = 
(23)
..
..
.. 
..

.
.
.
. 
SΦn+1V1 (ω) SΦn+1 Φ1 (ω) . . . SΦn+1

and each term represents the PSD function of the output processes and their cross counterparts.
In particular, the diagonal terms are the PSDs, whereas the other terms are the cross PSDs.
Unfortunately, the PSD matrix cannot be obtained in analytical form because the matrix H (ω)
cannot be obtained by means of the matrix inversion in Eq. (21). In fact, just a numerical evaluation of each terms of S d (ω) can be pursued by the discretization of the variable ω. For this
reason in the next subsection the problem is solved with the introduction of a proper state variable expansion and a complex modal transformation in order to find the exact solution of each
term in the PSD matrix. However, the numerical solution obtained with the aid of of Eq. (21) is
used as a benchmark for the results obtained by the method in the next subsection.

3.2

State variable expansion and complex modal transformation

The matrix inversion problem in the previous subsection in some cases can be overcame with the
aid of a classical modal transformation and diagonalizing all the involved matrices in Eq. (20).
Unfortunately, for the case at hand the three involved matrices can be diagonalized and other
mathematical tools are needed. In this regards, consider the case in which the fractional order
α is rational, under this assumptions it is possible to represent the generic fractional order as
irreducible fractions of two integer values α = a/b, where a, b ∈ N. Thus, the system in Eq. (20)
can be rewritten as the following sequential linear algebraic equations:
"
#
2b

∑ C j (iω) j/b + K

j=1

d F (ω, T ) = vWF (ω, T ),

(24)

where the involved matrices in the summation are C a = C (nl) , C 2b = M and C j = 0 , ∀ j : j ∈
(1, a] and [a, 2b − 1). Introducing the vector of state variables in the frequency domain
h
i
z TF (ω, T ) = d TF (ω, T ), (iω)1/b d TF (ω, T ), . . . (iω)(2b−1)/b d TF (ω, T ) ,
(25)
and appending to Eq. (24) the 2b − 1 identities
2b−k

∑

j=1

C j+k (iω)1/b (iω)( j−1)/b d TF (ω, T ) =

2b−k

∑ C j+k (iω) j/bd TF (ω, T ),

j=1

k = 1, 2, . . . , 2b − 1,

then a set of (n + 1) × 2b coupled algebraic equations is readily cast in the form

 √
b
A iω + B z F (ω, T ) = g F (ω, T ),
1964

(26)
(27)


where g TF (ω, T ) = WF (ω, T ) v T 0

C1
C 2 . . . C 2b−1
 C2
C 3 . . . C 2b

 ..
..
..
..
A= .
.
.
.

C 2b−1 C 2b . . .
0
C 2b
0 ...
0


. . . 0 , the involved matrices are symmetric and defined as



C 2b
K
0
0
0
...
0
C2
C 2b−1 −C
C 2b 
0 
−C
. . . −C



..  B =  ..
..
..
.. . (28)
..


.
. 
.
.
. 
.

 0 −C
0 
C 2b−1 . . .
0
0 
C 2b . . .
0
0 −C
0
0

Now, it is possible to diagonalize the involved matrix by placing the complex modal transformation y F (ω, T ) = Ψ z F (ω, T ). That is,

 √
b
Ψ T A iω + B Ψ y F (ω, T ) = Ψ T g F (ω, T )
(29)

 √

b
V d y F (ω, T ) = µ F (ω, T ),
U d iω +V

where Ψ contains the eigenvectors of the matrix D = A −1 B , the matrices U d = Ψ T A Ψ and
V d = Ψ T B Ψ are diagonal (the subscript d stands for diagonal). Now, from Eq. (29) the response
in the complex modal space is
−1
 √
b
µ F (ω, T ),
Vd
µ F (ω, T ) = H d (ω)µ
y F (ω, T ) = U d iω +V

(30)

√
U d b iω +V
V d )−1 can be evaluated in closed form each term of the
since the matrix H d (ω) = (U
vector y F (ω, T ) can be readily obtained and then the exact PSD matrix in the state variable
domain can be derived. In particular,




E z ∗F (ω, T )zzTF (ω, T )
E y ∗F (ω, T )yyTF (ω, T ) T
∗
S z (ω) = lim
Ψ
= Ψ lim
T →∞
T →∞
2πT
2πT
(31)
 ∗ T

E µ F µ F (ω)
ΨT .
ΨT = Ψ ∗ H ∗d (ω)SS µ (ω)H
H d T (ω)Ψ
= Ψ ∗ H ∗d (ω) lim
H d T (ω)Ψ
T →∞
2πT
The advantage in the use Eq. (31) respect than Eq. (22) arises in the fact that the involved
transfer function can be evaluated in closed form and then exact solution in terms of PSD and
CPSD functions can be obtained. The described state variable analysis and the complex modal
transformation are used in the next section in which numerical applications for different value
of fractional order are reported.

4

Numerical applications

The state variable expansion described in the previous section is used now to evaluate the
PSD of the stochastic response of non-local beam forced by Gaussian white noise. In particular, consider a cantilever beam under a zero-mean Gaussian white noise as ground motion
acceleration. Such white noise is characterized by unitary PSD, S0 = 1. The beam length is
L = 300 µm, it has a constant cross section with dimensions b = 30 µm and h = 15 µm. Considering that the material is an epoxy resin the elastic modulus is E = 1.4 GPa, whereas the density
is ρ = 1000 Kg/m3 . As for the attenuation functions, typical exponential functions have been
|x−ξ |

|x−ξ |

selected [13, 17]. That is, g(x, ξ ) = Ch−2 e λ , and g̃(x, ξ ) = C̃h−2 e λ̃ , where λ = 30 µm,
λ̃ = 20 µm, C = 1022 Nm−6 and C̃ = 1021 Nm−6 . The beam is discretized with then n = 20
FE. In order to show the effect of the fractional order in the stochastic response of the bar, two
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Figure 3: Displacement PSD at x = L for EV case and for VE case, exact solution by Eq. (31) in grey
continuos line, numerical solution by Eq. (22) in black dotted line.

different cases are considered. In the first case the chosen fractional order is α = 1/4, whereas
in the second case the fractional order is α = 3/4. Such choice aims to show the differences
in terms of PSD of the response between the case in which the elastic phase is predominant
(elasto-viscous (EV) case α = 1/4) and the response when the damping effect prevails (viscoelastic (VE) case α = 3/4). In both cases the matrices of the coefficients C nl are the same. In
this manner only the influence of the fractional order is considered. For both cases the value b
in Eq. (24) is b = 4 and the number of state variables is 2b = 8.
The PSD matrix of the nodal displacement ad rotation can be evaluated by Eq. (22). In this
way just a numerical results can be found by the discretization of the frequency domain ω
and performing a matrix inversion for each frequency step ω j = j∆ω. For the case at hand
∆ω = 10.000 and the number of frequency step is N = 500. Such numerical results are used
as benchmark for the described method in which the PSD matrix of the node displacement and
rotation S d (ω) is obtained from the PSD matrix in the state variable space S z (ω) in Eq. (31). In
particular, the matrix S d (ω) is the first block of the 2n × 2n elements of the super-matrix S z (ω)
and by the state variable expansion and the complex modal transformation each term of the PSD
matrix can be evaluated in closed form. Figure 4 shows the PSD of the top node displacement
for the two considered fractional orders α = 1/4 and α = 3/4.

5

Concluding remarks

The vibrations of a non-local beam with fractional viscoelastic long range interactions subjected to a Gaussian white noise has been studied in this paper. The non-local beam is studied
by means of a FE formulation which closed form of non-local stiffness and fractional damping
matrices are available. With this approach the system is treated as a MDOF system and the related coupled differential equations of fractional order cannot be uncoupled by standard method
of modal analysis. For this reason the fractional order state variable expansion is used in conjunction with a complex model transformation to decouple the equations of motion. It is shown
that the elements of the PSD matrix can be obtained analytically, while without the application
of the described method the PSD matrix can be obtained only numerically.
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Abstract: In this paper an approximate analytical apporach is developed for
determining the survival probability of randomly excited nonlinear hysteretic
oscillator endowed with fractional derivatives elements. The amplitude of the
system response is modeled as one-dimensional Markovian process by relying on a
combination of the stochastic averaging and statistical linearization techniques.
This yields a backward Kolmogorov equation which governs the evolution of the
survival probability of the oscillator. An approximate solution of this equation is
derived by resorting to a Galerkin approach. Specifically a convenient set of
confluent hypergeometric functions, related to the corresponding linear oscillator
with integer order derivatives, is used as an orthogonal basis for this scheme.
Further, application to the Preisach oscillator is presented. Comparison with
pertinent Monte Carlo simulations demonstrates the efficiency and reliability of
the proposed approach.

1

Introduction

Fractional calculus has recently emerged as an effective mathematical tool in engineering
applications. Specifically, fractional operators firstly appeared in the beginning of the 20th
century in [1, 2] to model the constitutive behavior of viscoelastic materials. Since then,
fractional calculus has been successfully employed in several fields of physics and
engineering. Novel trends and recent results on the application of fractional calculus in
problems related to solid mechanics have been provided in [3]. Further, it is noted that
applications of fractional calculus in structural and mechanical engineering pertain primarily
modeling of the behavior of fluid viscous dampers [4], seismic isolation devices [5], and,
recently, Tuned Liquid Column Damper systems [6]. In this context, the problem of the
response determination of oscillators comprising fractional terms and subjected to stochastic
excitations naturally arises [7-10].
Furthermore, another related problem, of high engineering interest, pertains to the so-called
survival probability of the system. That is, the probability that its response will not reach a
certain barrier over a given time interval. Several research efforts have focused in the past
decades on this topic, or its counterpart known as the first-passage problem. That is, the
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probability that the system response reaches a prescribed barrier for the first time. Readers
may refer to [11] for further details on recent approaches to address this problem.
In this regard, it is noted that the great majority of existing approaches for determining the
first-passage probability consider systems with only integer order derivatives, while the firstpassage problem of systems with fractional derivative elements is much less addressed [12].
In this context, quite recently a Galerkin approach has been proposed [13] to determine the
evolution of the survival probability of nonlinear system comprising fractional derivative
terms.
In this context, in this paper the aforementioned Galerkin approach is extended and applied to
the case of hysteretic systems with fractional derivative element. Specifically, a combination
of stochastic averaging and statistical linearization [14, 15] is employed, to derive a first order
stochastic differential equation governing the response envelope of the original nonlinear
hysteretic oscillator. In this manner the backward Kolmogorov (BK) equation that governs the
evolution of the survival probability is obtained. An approximate solution of this equation is
then derived through a Galerkin scheme approach, based on the orthogonality properties of
the confluent hypergeometric functions [16-18].
As far as the hysteretic model is concerned, the Preisach model, extensively used in the area
of ferromagnetism and smart materials, is adopted. This is a versatile model able to represent
diverse hysteretic patterns. A detailed presentation of the model can be found in [19], whereas
in [20] stochastic averaging was applied to determine the response amplitude PDF and power
spectrum of Preisach hysteretic systems under Gaussian white noise excitation.
Numerical examples with pertinent Monte Carlo simulation data are used to assess the
performance of the proposed procedure. Results show that the herein developed Galerkin
based approach may represent a convenient alternative for determining the survival
probability of Preisach hysteretic systems with fractional derivatives elements, efficiently and
with a satisfactory degree of accuracy.

2

Mathematical Formulation

2.1

Markovian model of response amplitude

Consider a nonlinear single degree of freedom oscillator with fractional derivative elements,
whose motion is governed by the following differential equation
ɺɺ
x ( t ) + Cα

(

C
0

)

Dtα x ( t ) + z ( t, x, xɺ ) = w( t ) ,

(1)

where a dot over a variable denotes differentiation with respect to time t; Cα is a constant
which can be viewed as a damping coefficient if (α=1), or as a stiffness coefficient (α=0);
z ( t , x, xɺ ) is an arbitrary restoring force that can be either hysteretic or depend only on the
instantaneous values of the displacement and velocity; and w(t) is a zero mean Gaussian white
noise process of power spectral density S0. Further, ( C0 Dtα x ) ( t ) is as α-order Caputo fractional
derivative defined as [21]

(

C
0

)

Dtα x ( t ) =

xɺ ( t − τ )
1
dτ , 0 < α < 1
∫
Γ (1 − α ) 0 τ α
t

in which Γ (⋅) is the Gamma function.
Equation (1) can equivalently be written as
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(2)

ɺɺ
x ( t ) + β 0 xɺ ( t ) + z ( t , x, xɺ ) + h  x ( t ) , ( C0 Dtα x ) ( t ) , xɺ ( t ) = w ( t ) ,

(3)

where h  x ( t ) , ( C0 Dtα x ) ( t ) , xɺ ( t ) = Cα ( C0 Dtα x ) ( t ) − β 0 xɺ ( t ) ; β 0 = 2ζ 0ω0 is an arbitrary chosen
value of linear damping coefficient; ω0 is the natural frequency of the corresponding linear
oscillator; and ζ 0 the ratio of critical damping.
In this manner, the term containing the fractional derivative h  x ( t ) , ( C0 Dtα x ) ( t ) , xɺ ( t ) can be
construed as a perturbation (not necessarily small) of an equivalent nonlinear perfectly
viscoelastic system.
Assuming that ζ 0 ≪ 1 and S0 is O(ζ0), it can be argued that the solution of Eq. (3) exhibits a
pseudo-harmonic behavior, described by the following transformations of variables
x ( t ) = A ( t ) cos ω ( A) t + θ ( t )
xɺ ( t ) = − A ( t ) ω ( A ) sin ω ( A ) t + θ ( t )

(4)

where the amplitude A(t) and phase θ(t) are assumed to be slowly varying functions of time
and the term ω ( A ) denotes an "effective" angular frequency of the system.
Squaring and summing both sides of Eqs. (4) yields
1


xɺ 2 ( t )  2
A (t ) =  x2 (t ) + 2

ω ( A ) 


(5)

Next, following a statistical linearization approach [15], a linearized counterpart of Eq. (3)
can be derived as
ɺɺ
x ( t ) + β ( A ) xɺ ( t ) + ω 2 ( A ) x ( t ) + h  x ( t ) , ( C0 Dtα x ) ( t ) , xɺ ( t ) = w ( t ) ,

(6)

where the equivalent damping β ( A ) and the natural frequency ω ( A ) are assumed to be
functions of the response amplitude A ( t ) to account for the effect of the nonlinearity.
Performing a mean square minimization procedure on the error between Eqs. (3) and (6), the
approximate expressions for β ( A ) and ω ( A ) can be determined, assuming that the
amplitude and phase remain constant over one period of oscillation. That is

β ( A) = β0 −

1

π Aω ( A)

2π

∫ z  Acosφ − Aω ( A) sinφ  sinφ dφ

(7)

0

and

ω 2 ( A) =

1
πA

2π

∫ z  A cos φ − Aω ( A) sin φ  cos φ dφ
0

where φ ( t ) = ω ( A ) t + θ ( t ) .
Further, differentiating Eq. (5) with respect to time and taking into account Eqs. (4), yields
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(8)

h  A( t ) cosφ ( t ) , − A( t ) ω ( A) sin φ ( t ) 
w( t )
Aɺ ( t ) = −β ( A) A( t ) sin2 φ ( t ) − 
sin φ ( t ) −
sin φ ( t )
ω ( A)
ω ( A)

(9)

A major step in solving Eq. (9) is related to the Caputo fractional derivative in terms of
amplitude and phase which appears in the term h  A ( t ) cos φ ( t ) , − A ( t ) ω ( A ) sin φ ( t ) .
In this context, following the derivations reported in [13], this problem can be addressed by
relying on the assumption of light damping and utilizing a combination of deterministic and
stochastic averaging. This leads to an approximate decoupling of the amplitude from the
phase. Indeed; the amplitude A ( t ) is modeled as a one-dimensional Markov process
governed by the differential equation

π S0
πS
1
η (t ) ,
Aɺ ( t ) = − β ( A) A ( t ) + 2 0
+ h ( A) A ( t ) +
ω ( A)
2
2ω ( A) A ( t )
where h ( A ) =

β0
2

−

2ω

Cα

1−α

( A)

sin

απ
2

(10)

, and η ( t ) is a unitary intensity zero mean delta

correlated stationary random process.

2.2

Backward Kolmogorov equation

Introducing the dimensionless variable

A (t ) =

A (t )

σs

π S0
,
β 0ω02

; σs =

(11)

Eq. (10) can be rewritten in the form
  1

β 0ω02
β 0ω02

η (t )
Aɺ ( t ) = −   β ( A ) − h ( A ) A ( t ) −
+

2 A ( t ) ω 2 (σ s A )  ω 2 (σ s A )

  2

(12)

where σ s represents the stationary standard deviation of the linear perfectly viscoelastic
oscillator and
h ( A) =

β0
2

−

2ω

Cα

1−α

(σ A )

sin

απ
2

s

(13)

and

β ( A ) = β0 +

S (σ s A )

σ s A ω (σ s A )

.

(14)

Denote by PB ( a , t ) the survival probability of A ( t ) , that is, the probability that A ( t ) starting
from an initial value a never reaches the barrier B during the interval [0,t]. Then, based on
the Markovian approximation of A ( t ) , it can be proved that PB ( a , t ) satisfies the backward
Kolmogorov (BK) equation
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2
∂PB ( a, t )
β0ω02  ∂PB ( a, t )  β0ω02  ∂ PB ( a, t )
  1

= −   β ( a ) − h ( a ) a −
+ 2


2
2a ω 2 ( a )  ∂a
∂t

  2
 2ω ( a )  ∂a

(15)

Taking into account the physics of the problem, the following initial and boundary conditions
are appended
PB ( a , 0 ) = 1; 0 ≤ a ≤ B
PB ( B, t ) = 0

(16)

PB ( 0, t ) = finite

3

Galerkin Formulation

As shown in [18], the BK equations corresponding to a linear oscillator with integer order
derivatives (α→1), along with the boundary conditions Eqs. (16), leads to a boundary value
problem, which can be recast in a Sturm-Liouville form.
Let the variables λi ,B and Φ i ,B  E , λi ,B  denote respectively the ith eigenvalue, and the
corresponding eigenfunction of the associated Sturm-Liouville problem of the corresponding
linear oscillator with integer order derivatives (α→1). As shown in [18], the ith eigenfunction
can be expressed as
Φ i , B  E , λi , B  = M  −λi , B ,1, E  ,

(17)

1 2
a , and M ( ⋅ ) is the Krommer confluent hypergeometric function [22].
2
The corresponding eigenvalue λi,B is the solution of the equation
where E =


B2 
M  −λi , B ,1,  = 0
2 


(18)

Based on the properties of the eigenfunctions Φ i ,B  E , λi ,B  , the orthogonality condition
B2
2

∫Φ

i ,B

 E , λi , B  Φ j , B  E , λ j , B  e − E dE = 0, i ≠ j

(19)

0

has also been derived [18]. Note that eigenvalues λi ,B in Eq. (18) have already been
determined and tabulated in [18] for several values of the barrier B.
The availability of the eigenvalues λi ,B , and the orthogonality of the eigenfunctions
Φ i ,B  E , λi ,B  Eq. (17), have suggested the use of this set of functions as a basis of a Galerkin

scheme, for the determination of the survival probability of nonlinear systems without
fractional derivative elements [11, 18].
Here the same procedure is applied and extended to cope with linear and nonlinear systems
endowed with fractional derivative elements.
Following the approach in [11, 18] it can be argued that a solution of the BK equation Eq.
(15), can be obtained by a Galerkin technique, using the already known eigenfunctions for the
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case, tabulated in [18] for several values of the barrier B. Specifically, an approximate
solution of Eq. (15) is sought in the form
N

PB ( a, t ) = ∑ ci ( t ) Φ i , B  E , λi , B  ,

(20)

i =1

where ci ( t ) are functions of time to be determined, and N is an integer number which denotes
the truncation limit of the series expansion.
Once the eigenvalues λi ,B for the chosen value of the barrier B are obtained from the tables in
[18] or from Eq. (18), eigenfunctions Φ i ,B  E , λi ,B  can be directly determined using Eq. (17).
Thus, through this method, only functions ci ( t ) must be determined in Eq. (20) for the
solution of the problem Eq. (15). Specifically, omitting henceforth the dependence of the
various variables and substituting Eq. (20) into Eq. (15) yields
N

∑ cɺ Φ
i =1

i

i ,B

β 0ω02  N d Φ i ,B  β 0ω02  N d 2Φ i ,B
  1

= −  β − h  a −
+
c
 ∑ ci
2 ∑ i
2a ω 2 ( a )  i =1
da
da 2

 2ω  i =1
  2

(21)

Following the approach in [13] and taking into account the orthogonality condition Eq. (19),
Eq. (21) yields the linear system
cɺ ( t ) = Ψc ( t )

(22)

where c ( t ) = c1 ( t )… cN ( t )  , while Ψ is a ( N × N ) matrix whose elements are given by
T

1 2
B
 12 B 2 2

2
 ω02 β 2h  d Φ j ,B
− β0
ω0


−E
−E
ψ ij = 1 2
−
Φ i ,B e dE 
λ j ∫ 2 Φ j , B Φ i ,B e dE + ∫ E  − 2 +

B
ω
ω
β
β
dE
0
0 

0
2
 0
 (23)

Φ 2 e − E dE 

∫

i ,B

0

As far as the initial conditions of Eq. (22) are concerned, it can be shown that
1 2
B
2

ci ( 0 ) =

∫

0
1 2
B
2

∫

Φ i , B e − E dE
i = 1,… , N

;

(24)

Φ i2, B e − E dE

0

Once Eq. (22), with the initial conditions in Eq. (24), is solved, then the survival probability
PB ( a , t ) can readily be determined using Eq. (20), while the corresponding first-passage
probability density function can be obtained by using the equation
pB ( a , t ) = −

dPB ( a, t )

1973

dt

(25)

4

Preisach Model Numerical Application

In this section, the versatility and the accuracy of the proposed approach is assessed
considering the case of a Preisach hysteretic single degree of freedom system with a fractional
derivative element. Specifically, following the notation adopted in [20], the Preisach
hysteretic restoring force is expressed as

z ( t , x, xɺ ) =

∫∫ µ (α , β ) γ α ,β ( x, t ) dα d β ,

(26)

α ≥β

where γ α ,β ( x, t ) is the hysteron, or relay operator. This model can represent various

hysteretic phenomena by appropriately choosing the weight functions µ (α , β ) . Considering
the weight function that corresponds to the Iwan-Jenkins model [23], and following the
derivations suggested in [20], the equation of motion Eq. (1) becomes
ɺɺ
x + Cα

( C0 Dtα x ) ( t ) + ω 2 x + f H (t ) = w (t ) ,

(27)

where ω = ω j 1 + φ , ω j = k j and φ = k k j , being k is the linear stiffness of the system
and k j is the linear stiffness in the individual Jenkins element.
In Eqs. (27), it can be recognize that the Preisach restoring force can be divided in two terms:

(

)

a linear part ω 2j x and a nonlinear one

( fH (t ))

which monitors the memory of the system.

Further, introducing the parameter

ψ=

ω2

(28)

f y*

Eq. (27) can be recast in the form
ɺɺ
x + Cα

(

C α
0 Dt x

) (t ) + ω

2

 x + ψ d H ( t )  = w ( t )

(29)

where d H ( t ) is the scaled hysteretic restoring force (readers may refer to [20] for further

(

details) and f y* = f y ,max + f y ,min

)

2 , being f y ,max and f y ,min the maximum and minimum

yielding force, respectively.

(

Further, defining the nondimensional parameter ν = f y ,max − f y ,min

)

f y* , and taking into

account Eqs. (7) and (8) for ν = 1 , the amplitude-dependent equivalent damping β ( A ) and
natural frequency ω ( A ) are respectively

ψω 2

β ( A) = β0 +
3π (1 + φ )

2

ω2 −

; ω 2 ( A) = ω 2 +

ψω 2
4 (1 + φ )
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2

A

ψω 2
4 (1 + φ )

2

A
(30)

Following the procedure described in the previous section, the coefficients of the matrix Ψ
can be found, and Eq. (22) can be solved. Thus, the survival probability PB ( a , t ) can be
determined through Eq. (20), while the corresponding first-passage probability density
function pB ( a , t ) is obtained by using Eq. (25).
The Galerkin scheme formulation is applied to the oscillator in Eq. (29) possessing the
π S0
parameter values Cα = 0.05; α = 0.4; ω 2 = 10;ψ = 1 and considering
= 1 . A value of the
β0 ω 2
parameter φ = 0.5 is used, while N = 11 terms are used in the Galerkin scheme. Oscillators
are considered initially at rest, that is x ( 0 ) = 0, xɺ ( 0 ) = 0 and hence a = 0 .
In Fig. 1 Galerkin scheme-based survival probabilities and first-passage time PDFs are
compared with pertinent MCS results. Specifically, results for three different values of the
barrier B are presented (B=0.5, 0.7, 1). As shown in these figure, comparison to MCS data
shows a rather good agreement.

(a)

(b)
Figure 1: Galerkin scheme vis-à-vis MCS results (20000 samples) for the Preisach oscillator

(Cα = 0.05;α = 0.4;ω

2

)

= 10;ψ = 1; φ = 0.5 : a) Survival probability; b) First-passage PDF.
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Concluding Remarks

The survival probability of a Preisach hysteretic system with fractional derivatives element
under Gaussian white noise excitation has been studied. The response amplitude envelope has
been modeled as a one-dimensional Markov process. This has led to the associated backward
Kolmogorov (BK) equation ruling the evolution of the survival probability. An approximate
solution of the BK equation has been pursued resorting to a Galerkin scheme. Specifically, the
available eigenfunctions of a corresponding linear system with integer order derivatives have
been used as basis of the Galerkin expansion. Proposed Galerkin based survival probability
vis-à-vis pertinent Monte Carlo simulation data have demonstrated the accuracy and
reliability of the proposed procedure.
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Stochastic Response of Beams with Uncertain Crack Depth
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a
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Abstract: Detection of cracks in structural components and identification of their
size for structures having beam form is of crucial importance in many engineering
applications. Usually, the crack characteristics (crack size, crack position, applied
stress etc.) are assumed to be known. However they possess considerable scatter or
uncertainty.
In this paper it is assumed that the crack size is a stochastic variable. It follows that
for deterministic time variant excitations the structural response become a stochastic process. In literature for this kind of uncertainties the statistics of the structural
response are usually evaluated by applying the perturbation approach, whose accuracy is valid only for very little uncertainties.
Aim of this paper is to propose an alternative approach whose main step is the decomposition of the stochastic response in frequency domain by means of the rational series expansion, recently proposed by the authors.

1

Introduction

The fracture behaviour of structural components subjected to various loading and environmental conditions is of relevance in assessing structural integrity. When a structure is subjected to damage its dynamic response changes due to the change of its mechanical
characteristics. In this framework an interesting issue is the effect of a single crack on the
structural response [1-6]. Moreover, the crack characteristics (crack size, crack position, applied stress etc.) possess considerable scatter or uncertainty [7]. Uncertainties in structural
systems are unavoidable in all relevant practical applications. Its quantification and propagation to the response of interest provide the basis for a realistic prediction, for quantifying tolerances and safety margins. Such quantifications are crucial whenever one has to rely on
computational predictions, which are supposed to reflect the reality with sufficient accuracy.
In this paper it is assumed that the crack size is a stochastic variable. For treating problems
with stochastic uncertainties, methods based on perturbation techniques [8-10], polynomial
expansions [11,12], Neumann expansion [13] or response surface [14] are adopted. However
these methods are not well suited to the scope of the studied problem.
This study is performed adopting a finite element model for the damaged beam. Undamaged
elements of the beam are modelled by Euler-type finite elements. Once the mathematical
model of the cracked beam is defined, the main statistics of the stochastic response process
are evaluated by applying a procedure which requires: i) the spectral decomposition of the
deviation of the stiffness matrix (with respect to its nominal value), ii) the evaluation in explicit approximate form of the Frequency Response Function matrix via the so-called Rational Series Expansion [15]; iii) the evaluation of the main statistics of the stochastic

1978

response process once the inverse Fourier transform of the frequency domain approximate
response is performed.
The obtained results are compared with Monte Carlo Simulation and with the first order perturbation method, which is usually adopted to evaluate the structural response in presence of
stochastic uncertainties and under dynamic excitations.

2

Mathematical model of the cracked beam

The adopted mathematical model used for the damaged beam with a transverse on-edge nonpropagating crack is based on the finite element model proposed in Refs. [1,2].
According to Saint-Venant principle only the element that contains a central crack is modified, being the stress field affected only in the region adjacent to the crack. Such a perturbation of the stress field is relevant especially when the crack is open and determines a local
reduction of the flexural rigidity.
It follows that the element stiffness matrix, with the exception of the terms which represent
the cracked element, may be regarded as unchanged under a certain limitation of the element
size.
Undamaged parts of the beam are modelled by Euler type finite elements with two nodes and
two degrees of freedom (transverse displacement and rotation) at each node.
Neglecting shear action, the strain energy of an element without a crack can be written as

W (0) =

1
2 EI

ℓ

∫ ( M + Pz ) dz =
2

0


1  2 P 2ℓ3
+ MPℓ 2 
M ℓ+
2 EI 
3


(1)

where E is the Young’s modulus, ℓ the length of the finite element, P and M are the shear and
bending internal forces at the right node of the element and I is the moment of inertia.
The calculation of the additional stress energy of a crack has been studied in fracture mechanics and the flexibility coefficients are expressed by a stress intensity factor in the linear elastic
range, using Castigliano’s theorem.
Concerning a rectangular beam having width b and thickness h the additional energy due to
the crack can be expressed as

 K I2 + K II2 (1 + ν ) K III2 
= b∫ 
+
da
E'
E

0
a

W

(1)

(2)

where a is the crack depth, E'=E for plane stress and E'=E/(1+ν) for plane strain, ν is the
Poisson ratio and K I , K II , K III are stress intensity factors for opening type, sliding type and
tearing cracks, respectively
Taking into account only bending, Eq.(2) leads to
a

W (1) = b ∫

(K

2
+ K IP ) + K IIP
2

IM

E'

0

where

1979

da

(3)

K IM =

6M
3 Pℓ
P
π aFI ( s ) ; K IP = 2 π aFI ( s ) ; K IIP =
2
bh
bh
bh

π aFII ( s )

(4)

are stress intensity factors for opening-type and sliding-type cracks due to M and P, respectively, and
2
 π s  0.923 + 0.199 1 − sin (π s 2 ) 
FI ( s ) =
tan  
πs
cos (π s 2 )
 2 
FII ( s ) = ( 3s − 2 s 2 )

1.122 − 0.561s + 0.085s + 0.18s
1− s
2

4

(5)

3

with s=a/h is the ratio between the crack depth and the height of the element.
The generic component dij( 0) of the compliance (or flexibility) matrix D(e0) of the undamaged
element can be derived as
∂ 2W (0)
0
d ij( ) =
, i, j = 1, 2; P1 = P, P2 = M
(6)
∂Pi ∂Pj

whereas the terms dij(1) of the additional flexibility matrix D(e1) due to the crack can be formulated by:
(1)

dij

∂ 2W (1)
=
, i, j = 1, 2; P1 = P, P2 = M
∂Pi ∂Pj

(7)

Finally the total flexibility matrix for the element with an open crack is:
De = D(e ) + D(e )
0

1

(8)

From the equilibrium condition it follows

( Pi

M i Pi +1 M i +1 ) = T ( Pi +1 M i +1 )
T

T

(9)

where the apex T means transpose matrix and

 −1 − ℓ 1 0 
TT = 

 0 −1 0 1 

(10)

By the principle of virtual work the stiffness matrix of the undamaged element takes the following form:
K e = TD(e ) TT
0 −1

(11)

while the stiffness matrix of the cracked element may be derived a
K c,e = TD−e 1TT

(12)

Once the stiffness matrices of the undamaged and cracked elements are defined, for the beam
discretized in Ne finite elements the stiffness matrix K of order n × n with n = 2 N e can be
straightforwardly evaluated following the classical assembly rules.
Moreover, in the framework of the finite element approximation, it is usually assumed that the
crack does not modify the mass distribution.
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3

Problem formulation

Usually parameters relating to crack, namely depth and position of the crack, could be affected by a lack of knowledge and consequently modelled as uncertain parameters. In this
section the case of uncertain depth of the crack modelled by a random variable is introduced.
The equation of motion of a quiescent cracked beam discretized by N e finite elements subjected to an external deterministic excitation f (t ) can be written as:
ɺɺ(αɶ , t ) + C(a0 , αɶ ) uɺ (αɶ , t ) + K (a0 , αɶ ) u(αɶ , t ) = f (t )
Mu

(13)

where M is the n × n mass matrix of the structure, C(a0 , αɶ ) is the n × n damping matrix,

K (a0 , αɶ ) is the n × n stiffness matrix and f (t ) is deterministic vector function of order n × 1 ;
u(αɶ , t ) is the stochastic vector of nodal displacements of order n × 1 and a dot over a variable
denotes differentiation with respect to time t .
The n × n stochastic stiffness matrix K (a0 , αɶ ) is here expressed as a function of the uncertain
structural stochastic parameter αɶ as follows:
K ( a0 , αɶ ) = K C ( a0 ) + αɶ K1 ( a0 );

K 1 ( a0 ) =

∂K ( a0 , αɶ )
∂αɶ
αɶ = 0

(14)

where αɶ is the undimensional zero mean random fluctuation of the uncertain crack depth
a = a0 (1 + αɶ ) with a0 its mean value. In Eq.(14) K C (a0 ) is the mean stiffness matrix. It is a
positive definite symmetric matrix of order n × n , while K1 (a0 ) is a symmetric matrix of order n × n and rank r .The Rayleigh model is herein adopted for the stochastic damping matrix,
i.e.:

C(a0 , αɶ ) = c0 M + c1 K (a0 , αɶ ) = c0 M + c1 K C ( a0 ) + c1 αɶ K1 ( a0 ) = CC ( a0 ) + αɶ C1 ( a0 )

(15)

where c0 and c1 are the Rayleigh damping constants having units s −1 and s , respectively.
In the following sections a second-moment analysis, namely computing the evolution of mean
values and covariances of response quantities, is performed employing a first-order perturbation approach and an alternative method developed in the frequency domain.
Hereafter we indicate K C (a0 ) = K C , K1 (a0 ) = K1 and CC ( a0 ) = CC for sake of notation compactness.
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First order perturbation technique

According to first order perturbation theory the structural response can be split as the sum of a
zero-th plus a first order term as follows:

u(t ) = u 0 (t ) + αɶ u1 (t )

(16)

Substituting this relationship into the equations of motion (13), neglecting higher order terms
than one in αɶ and taking into account Eqs.(14) and (15), the zero-th and the first order term
of structural response can be obtained by solving the following differential equations:
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ɺɺ0 (t ) + CC uɺ 0 (t ) + K C u 0 (t ) = f (t );
Mu

ɺɺ1 (t ) + CC uɺ 1 (t ) + K C u1 (t ) = − C1 uɺ 0 (t ) − K1 u 0 (t ) = −K1 [ c1 uɺ 0 (t ) + u 0 (t )]
Mu
The mean value response vector can be evaluated as:
µ u (t ) = E u 0 (t ) + αɶ u1 (t ) ≡ u 0 (t )

(17)

(18)

E • being the mathematical expectation operator. It follows that the mean value vector can

be evaluated by solving the first of Eqs.(17), that is:
ɺɺu (t ) + CC µɺ u (t ) + K C µu (t ) = f (t )
Mµ

(19)

By applying to this equation the traditional modal analysis, the solution of Eq.(19) may be
pursued by introducing the following coordinate transformation:
(20)
µ u (t ) = Φ C µ q (t )
where ΦC is the modal matrix, of order n × m , collecting the first m eigenvectors normalized
with respect to the mass matrix M , evaluated as solution of the following eigenproblem:
(21)
K CΦ C = M Φ C Ω C2 ; ΦΤC M Φ C = I m ; ΦΤC K C Φ C = Ω C2

I m being the identity matrix of order m and Ω 2C the spectral matrix listing the squares of the
natural circular. By applying the coordinate transformation (20), the equations of motion can
be projected in the modal space:
ɺɺq (t ) + ΞC µɺ q (t ) + ΩC2 µq (t ) = ΦΤC f (t )
µ
(22)
where ΞC = c0 I m + c1 Ω C . The solution of this set of decoupled equation can be easily performed by introducing the state variables [16].
According to first order perturbation theory, the covariance matrix of the structural response
in terms of displacements can be evaluated as follows:
Σ uu (α , t ) = E [ u 0 (t ) + αɶ u1 (t ) ][u 0 (t ) + αɶ u1 (t ) ]

Τ

− µ u (t ) µTu (t ) = E αɶ 2 u1 (t )u1T (t ) (23)

In order to evaluate the vector u1 (t ) , the second of Eqs.(17) can be projected in the modal
space as

ɺɺ1 (t ) + ΞC qɺ 1 (t ) + Ω C2 q1 (t ) = −ΦΤC K 1 [ c1 µɺ u (t ) + µ u (t ) ]
q

(24)

where the following coordinate transformation u1 (t ) = ΦC q1 (t ) is adopted. Similarly to the
evaluation of the mean value vector response, the solution of the previous equation is obtained by the introduction of the state variables.
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Statistic functions of the response via frequency domain

In this section an alternative approach to the first order perturbation technique is proposed.
Performing the Fourier transform of both sides of Eq.(13) the stochastic frequency response
vector U(αɶ , ω ) can be expressed as follows:
ɶ (ω ) = H(αɶ , ω )F(ω )
U(αɶ , ω ) ≡ U
(25)
where H (αɶ , ω ) is the stochastic frequency response function (FRF) matrix given as:

H (αɶ , ω ) = [ I n + H C (ω ) S(αɶ , ω ) ] H C (ω )
−1
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(26)

In the previous equation, I n denotes the identity matrix of order n and H C (ω ) is the FRF
matrix of the structural system evaluated considering the mean stiffness matrix and
S(αɶ , ω ) = i ω αɶ c1 K1 + αɶ K1

(27)

is a complex matrix of order n × n accounting for the fluctuations of the uncertain parameter.
Notice that since the Rayleigh model has been adopted for the damping, the H C (ω ) matrix
is a diagonal one and can be evaluated as:
H C (ω ) = Φ C H C,m (ω ) ΦTC

(28)

where ΦC is the modal matrix solution of the eigenproblem (21). In the previous equation
H C,m (ω ) is the FRF matrix in the modal subspace that for classically damped structural systems is a diagonal one which can be evaluated in closed-form as:
H C,m (ω ) =  −ω 2 I m + i ω ( c0 I m + c1 Ω C2 ) + Ω 2C 

−1

(29)

By inspection of Eq.(26), it is observed that the evaluation of the FRF matrix H (αɶ , ω ) involves the inversion of a matrix expressed as sum of a diagonal matrix plus a deviation given
by the full matrix S(αɶ , ω ) . The FRF matrix H (αɶ , ω ) can be determined in approximate explicit form by applying the Rational Series Expansion (RSE) [15] i.e.:
r
p(ω )λ j αɶ
B j (ω ) = H C (ω ) + ∑η j (αɶ , ω ) B j (ω )
ɶ λ j b j (ω )
j =1 1+p (ω )α
j =1
r

H (αɶ , ω ) ≈ H C (ω ) − ∑

(30)

with
b j (ω ) = vTj H C (ω ) v j ; B j (ω ) = H C (ω ) v j vTj H C (ω );
p (ω ) = 1 + iω c1 ; η j (α , ω ) = −

p (ω )λ j α

(31)

1+p (ω )α λ j b j (ω )

In the previous equations the following position has been made:
v j = K Cψ j

(32)

ψ j and λ j being the j -th eigenvector and the associated eigenvalue, solutions of the following eigenproblem:
K 1Ψ = K C ΨΛ;

ΨT K C Ψ = I r

(33)

⋅⋅⋅ ψ r ] ; Λ = Diag [ λ1 , λ2 , … λr ]

(34)

with
Ψ = [ ψ1

ψ2

Notice that only r < n eigenvalues are different from zero because of the matrix K1 is a
symmetric matrix of rank r . By substituting Eq.(30) into Eq.(25) it follows that the k-th eleɶ (ω ) can be written as:
ment of the vector U
r
p(ω )λ j αɶ
d k , j (ω ) = U k ,C (ω ) + ∑ηɶk , j (αɶ , ω )
ɶ λ j b j (ω )
j =1 1+p (ω )α
j =1
r

Uɶ k (ω ) ≈ U k ,C (ω ) − ∑
with
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(35)

U k ,C (ω ) = {H C (ω ) F (ω )}k ; d k , j (ω ) = {B j (ω ) F (ω )} ;
k

ηɶk , j (αɶ , ω ) = ηɶk , j (ω ) = −

p (ω )λ j αɶ
d k , j (ω )
1+p (ω ) αɶ λ j b j (ω )

(36)

The symbol {•}k means k-th element of the vector into curly parentheses. In order to evaluate
in the time domain the mean value and variance of the k-th nodal response, µUɶ (t ) and
k

σ U2ɶ (t ) respectively, the inverse Fourier Transform is applied to Eq.(35) obtaining:
k

r

Uɶ k ( t ) ≈ U k ,C (t ) + ∑ Nɶ k , j (t )

(37)

j =1

where U k ,C (t ) = F −1 U k ,C (ω )  and
∞

1
Nɶ k , j (t ) = F −1 ηɶk , j (αɶ , ω )  =
ηɶk , j (αɶ , ω ) eiωt d ω
∫
2 π −∞

(38)

Starting from Eq.(37), the mean value of the stochastic variables Uɶ k ( t ) can be evaluated as
follows:
r

r

j =1

j =1

µ Uɶ (t ) = U k ,C (t ) + ∑ E Nɶ k , j (t ) ≡ U k ,C (t ) + ∑ ek , j (t )
k

(39)

After simple algebra it can be proved that the variance function can be evaluated as follows:
r

σ (t ) = ∑ e
2
Uɶ

k

j =1

2
k , jj

 r

(t ) + 2∑ ∑ ek , jℓ (t ) −  ∑ ek , j (t ) 
j =1 ℓ = j +1
 j =1

r −1

r

2

(40)

where ek , jℓ (t ) is the time domain stochastic average for the generic cross-term with respect to
the zero-mean stochastic variable αɶ which can be evaluated as:

1
ek , jℓ (t ) ≡ E Nɶ k , j (t ) Nɶ k ,ℓ (t ) =
4π

6

+∞

+∞
 +∞

iωt
iωt
∫−∞ −∞∫ ηɶk , j (αɶ , ω ) e dω × −∞∫ ηɶk ,ℓ (αɶ , ω ) e dω  pαɶ (α ) dα

(41)

Numerical application

In order to demonstrate the efficiency and the accuracy of the procedure presented in the previous section, a cantilever steel beam studied in [1] reported in Fig.1 subjected to a transverse
deterministic action f(t) applied to the free-end is examined.
The beam has length L=200mm and a rectangular cross-section with b=1mm and h=7.8mm
being b and h width and height of the section respectively. The Young’s modulus and the material mass density are assumed E = 207000 N mm2 and ρ = 7860 Kg m3 , respectively.
The Rayleigh damping constants in Eq.(15) are evaluated as c0= 2.654s-1 and c1=0.000435s,
respectively in such a way that the modal damping ratio for the first and second modes of the
structure referred to the mean stiffness matrix is ζ 0 = 0.05 .
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Figure 1: Geometry of the cantilever steel beam

The cantilever beam has been modelled by N e = 5 finite elements (see Fig.1), assuming positive upward vertical displacements and counter-clock wise rotations. The crack is supposed
to be located in the middle of the second element while the remaining four elements are modelled as undamaged beam finite elements.
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Figure 2: Mean value
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µUɶ (t ) and
9

Variance σ Uɶ (t ) of the free-end displacement of the damaged cantilever
2

9

beam with random crack depth subjected to impulsive load: proposed approach (dashed line), first-order perturbation technique (dot-dashed line) and MonteCarlo simulation (continuous line)
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Variance σ Uɶ (t ) of the free-end displacement of the damaged cantilever
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beam with random crack depth subjected to decaying sinusoidal funtions: proposed approach (dashed line),
first-order perturbation technique (dot-dashed line) and MonteCarlo simulation (continuous line)
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The mean value of the crack depth is assumed to be a0 = 0.4h and the zero mean random fluctuation αɶ is a uniformly distributed random variable on the interval [-β,β] with a fixed
β=0.8 in the present application.
The analysis has been conducted for two types of deterministic load: the first one represented
by the impulsive load f ( t ) = δ ( t ) while the second action expressed by a combination of decaying sinusoidal functions in the form f ( t ) = ∑ j =1 exp ( − jt 10 ) sin ( 5 jt ) .
4

The time varying mean and variance of the response of the cantilever beam have been calculated via the proposed procedure resumed by Eqs. (39) and (40) and the first-order perturbation technique (see Eqs. (20) and (23)) and both compared with the Monte Carlo simulation.
The latter approach is performed by the generation of s=5000 samples of the random variable
αɶ .
In Figs.2 and 3 means and the variances of the vertical displacement u(t) of the free end of the
cantilever beam, namely Uɶ 9 ( t ) , are reported for the two cases of action considered.
In both the figures the comparison between the statistics of the vertical displacement obtained
by the proposed procedure via frequency domain approach and by the Monte Carlo simulation
shows an excellent agreement.
Contrary to the previous considerations, unsatisfactory results are provided employing firstorder perturbation method for this level of uncertainty in the crack depth confirming how this
approach is competitive for its simplicity only for small values of uncertain parameter.

7

Conclusions

In this paper a method to evaluate the main statistics of the response of single cracked finite
element discretized Euler-Bernoulli beams, where the crack size assumed as a stochastic variable, is proposed.
The proposed procedure requires: i) the spectral decomposition of the deviation of the stiffness matrix (with respect to its mean value), ii) the evaluation in explicit approximate form of
the Frequency Response Function matrix via the so-called Rational Series Expansion, recently proposed by the authors; iii) the evaluation of the main statistics of the response once
the inverse Fourier transform of the frequency domain approximate stochastic response is
performed.
The obtained results are compared with Monte Carlo Simulation showing a great accuracy
also for high level of the uncertainty on the contrary of the first order perturbation method,
which holds only for small values of the crack size uncertainties.
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Abstract: The main focus of this paper is the development of an improved “hardening” response model procedure for calculating first passage probabilities of stationary non-Gaussian “hardening” structural responses. Firstly, the existing
“hardening” response models including Winterstein’s polynomails [1], Zhao and
Lu model [2], and Ding and Chen model [3] are reviewed; Secondly, comparison
studies of the existing “hardening” response models basing on the first four moments (the mean, standard deviation, skewness, and kurtosis) which are calculated
by the existing “hardening” response models, compared with the target values (exact values). Through comparison studies of the existing “hardening” response
models, it is indicated that the first four moments that calculated by Winterstein’s
polynomails and Ding and Chen model differ from the target values, while limitations of Zhao and Lu model cannot ensure requirement. Then an explicit improved
hardening response model is proposed and limitations of the proposed model in
representing non-Gaussian processes are also discussed. At last, the accuracy and
efficiency of the proposed model for first passage probabilities of stationary nonGaussian “hardening” structural response are demonstrated through a numerical
example. It is found that the first passage probabilities obtained from the proposed
method have good agreements with those obtained by analytical expressions.

1 Introduction
The translation process theory has widely been used for estimating the mean up-crossing rates
or first passage probability of stationary non-Gaussian processes [1-3]. Following this theory,
the non-Gaussian process can be related to underlying Gaussian process through a monotonic
translation function. The first passage probability of the non-Gaussian process can be then
evaluated by taking advantage of the well-developed theory for a Gaussian process.
The hardening non-Gaussian process with narrower distribution tails, i.e., kurtosis<3, are often encountered in practice[4-7] such as structural responses due to wave force, Wind pressures
on structure envelop and claddings, and dynamic response of operational wind turbines. Winterstein’s polynomial[2] has been used to represent the underlying Gaussian process as Her-
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mite polynomials in terms of a non-Gaussian process. However, the Winterstein’s polynomial
used in literature[4-6] is inadequate for skewed hardening non-Gaussian processes. Based on
the orthogonal expansion of random processes, Ding and Chen[8] proposed a more appropriate
translation model for hardening non-Gaussian process. Its application region is quantified
considering both the model accuracy and monotone requirement, but the coefficients of the
translation model is not simple enough. In addition, unlike the softening non-Gaussian processes, the relationship between statistical moments and the coefficients of translation model
for hardening non-Gaussian processes cannot be given in closed-form expressions. Zhao and
Lu[9] provide a simple explicit fourth-moment standardization function. It is accuracy in many
softening response cases, but application region of Zhao and Lu model for hardening response
has not been investigated complicated. Thus, it is necessary to investigate the existing models
and present a more appropriate model for hardening response.
In the present paper, an improved explicit hardening response model is proposed based on
Zhao and Lu model (fourth-moments standardization function). Firstly, review of the existing
hardening response models including Winterstein’s polynomial, Ding and Chen model and
Zhao and Lu model (fourth-moments standardization function); the accuracy of the existing
models are investigated comprehensively. Then, the model coefficients of Zhao and Lu model
are revised and application limit of the proposed model in representing hardening nonGaussian processes are discussed. Finally, the efficiency and accuracy of the proposed model
for evaluating the first passage probability are examined through an example. Numerical results are compared with those obtained by the analytical expressions (Poisson model).

2 Existing models for modelling hardening non-Gaussian processes
2.1 Winterstein’s polynomial
Winterstein’s polynomial is widely used for modelling a hardening non-Gaussian process X(t)
through a underlying standard Gaussian process U(t)[2]:
U (t )=X S (t )-h3[ X S2 (t )  1]  h4 [ X S3 (t )  3 X S (t )]
(1)
in which XS(t)=[X(t)-X]/X, h3=3X/6, h4=(4X-3)/24. Where X, X3X, 4X are mean value,
standard deviation, skewness and kurtosis of non-Gaussian process X(t), respectively. However, it can be easily verified that this model is at least not held for skewed hardening nonGaussian process. Taking the expectation of both sides of Eq. (1), it gives E (U )  h4 E ( X S3 )
[8]

. To further demonstrate the modeling error from Winterstein’s polynomial, the first four
moments of the non-Gaussian process resulting from this model are calculated and then compared with the target values. The mean and i-th central moments are calculated as


m1 

 g (U ) f

U

dU

(2a)




mi 

 [ g (U )  m ]

i

1

fU dU (i  2,3,..., n)

(2b)



where fU is PDF of standard Gaussian, i.e., fU 

1
exp(U 2 / 2) . g(U) is the inverse func2

tion of Eq. (1), it can be expressed as

X S  g (U )  [  2 (U )  c   (U )]1/3  [  2 (U )  c   (U )]1/3  a

1989

(3a)

with

 (U )  1.5b ( a  U )  a 3

(3b)

a  h3 / 3h4 , b  1/ 3h4 , c  (b  1  a )

2 3

(3c)

Fig. 1 shows the bias between the estimations based on Winterstein’s polynomial and the target values for mean, standard deviation, skewness and kurtosis. The target values for mean
and standard deviation are zero and unit, respectively. It is found the bias from this Hermite
model is noticeable for hardening non-Gaussian processes, especially the bias for mean,
standard deviation.
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Figure 1: Bias from the Winterstein’s polynomial for hardening non-Gaussian processes

2.2 Ding and Chen model
Based on general orthogonal expansion of random processes, Ding and Chen model can be
expressed as[8]
U (t )  b2 X S (t )  b3[ X S2 (t )   3 X X S (t )  1]  b4 [ X S3 (t )   4 X X S (t )   3 X ]
(4a)
where b2, b3, b4 are model coefficients, which can be expressed as
 4  1.2 32X  0.18
0.8 35X   33X  0.77 3 X
], b3  
b2  [1  3 X
7.5exp(0.5 4 X )
( 4 X  1)2  0.5

(4b)

11.5 34X  6.8 32X  3.5
],   [1  0.06(3   4 X )]1/3
b4  [0.04 
(4c)
2
2
( 4 X  0.4)  0.15
The corresponding translation model from Gaussian to non-Gaussian variables can be determined as same form as Eq. (3a), but
U 3 X
 (U ) 

 a(1.5  1.5b  a 2 )
(5a)
2b4
2

a  b3 / 3b4 , b  (b2  b3 3 X  b4 4 X ) / (3b4 ), c  (b  a 2 )3
the application region is approximated by

1990

(5b)

(1.353X )2  1.25  4 X  3

(6)

Fig. 2 shows the bias between the estimations based on Ding and Chen model and the target
values for mean, standard deviation, skewness and kurtosis. The target values for mean and
standard deviation are zero and unit, respectively. It is also found the bias from Ding and
Chen model is noticeable for hardening non-Gaussian processes, especially the bias for mean,
standard deviation.
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Fig 2: Bias from Ding and Chen model for hardening non-Gaussian processes

2.3 Zhao and Lu model
Zhao and Lu[9] proposed a simple explicit fourth-moments standardization function, which
was developed from a large amount of data of third-and fourth-dimensionless central moments through trial and error
X S  l1  k1U (t )  l1U 2 (t )  k2U 3 (t )
(7a)
The coefficient l1, l2 k1, k2 are given as

l1 

3 X

6(1  6l2 )

, l2 

1
( 6 4 X  8 32X  14  2)
36

1  3l2
l2
, k2 
2
2
2
(1  l1  l2 )
(1  l1  12l22 )
From Eq. (7a), the inverse function is readily obtained as
3
3 q  
l
2p
U (t )  
 3
 1
3 q  
3k2
2
k1 

(7b)
(7c)

(8a)

where

3k1k2  l12
  q  4p , p 
9k22
2

3
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(8b)

2l13  9k1k2l1  27k22 [l1  X S (t )]
(8c)
27k23
The first four moments of the non-Gaussian process resulting from this model are calculated
by Eq. (2a-2b) and then compared with the target values. The bias between the estimations
based on Zhao and Lu model and the target values for mean, standard deviation, skewness
and kurtosis are shown in Fig. 3. It is found the bias from Zhao and Lu model is close to zero,
but the application region of this model should be satisfied:
q

4 X  (7  432X ) / 3

(9)

which cannot cover many hardening non-Gaussian processes if 4X≤2.3.
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Fig 3: Bias from Zhao and Lu model for hardening non-Gaussian processes

3 The proposed model for hardening non-Gaussian processes
3.1 The revised model based on Zhao and Lu model
To overcome the application limit of Zhao and Lu model, the revised formulae of coefficients
l1, l2 are given as
7 3 X
1
, l2  ( 6 4 X  8 32X  6  2)
l1 
(10)
12(1  6l2 )
36
The coefficients k1, k2 are also given as the form of Eq. (7c)
In order to investigate the accuracy, the first four moments of the non-Gaussian process resulting from this model are calculated by Eq. (2a-2b). Fig. 4 shows the bias between the estimations based on the revised model and the target values for mean, standard deviation,
skewness and kurtosis, respectively. Fig. 3 reveals the following:
(1) In Fig. (4a), Fig. (4b) and Fig. (4c), the bias between the estimations based on the revised
model and the target values for mean, standard deviation and skewness are close to zero.
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(2) In Fig. (4d), the bias for kurtosis closed to 1. When skewness is large, the bias between the
estimations based on the revised model and target kurtosis become small.
(3) It can be clearly observed from Fig. 1, Fig. 2 and Fig. 4, the bias of first four moments for
the revised model is smaller, compared with the bias for Winterstein’s polynomial and
Ding and Chen model.
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Figure 4: Bias from the revised model for hardening non-Gaussian processes

3.2 Application limit of the proposed model
To ensure the accuracy and efficient of the proposed model, the approximated by
4
(11)
1   32X   4 X  3
3
It is sufficient to cover most of hardening non-Gaussian processes, compared with Ding and
Chen model. Generally, the combination limit for any distributions can be expressed as[10]

1  32X  4 X

(12)

The application regions of the proposed model, Ding and Chen model and the combination
limit summarized in Fig. 5.
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Figure 5: Application region of the proposed model
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4 App
plication to
t evalua
ate the firrst passage proba
ability
4.1 Sim
mulation of hardenin
ng non-Gaaussian pro
ocesses using U-X trransforma
ation
According to the translation
n process thheory[1,

11-1
12]

, the pro
oposed moddel can be used to

simulatee hardeningg non-Gausssian processses. For sttandard Gaussian proccess U(t), there
t
are
[13-14]
basically two moddels for gen
nerating Gauussian proccesses
. Based on statistical moments
m
and stanndard Gausssian processes U(t), thee hardening
g non-Gausssian processses X(t) can
n be map
into Staandard Gausssian processses U(t) byy Eq. (7a). A schematicc of the methhod is show
wn in Fig.
6(a).

(a))

(b)

F
Figure 6: Scheematic of calcculating non-G
Gaussian struccture sample X(t)
X and first ppassage proba
ability

4.2 Thee first passsage proba
ability of h
hardening
g non-Gaussian proccesses
The firsst passage probability
p
is
i equivalennt to the pro
obability that X(t) exceeeds the thrreshold x
at least once withinn T:

p f (T )  p  max X (t )  x 
(13)
 tT

mple of X(t) by introduccing an indicator functiion as follow
ws:
It can bee estimated from a sam
1, if ffor anytk  [0
0, T ]:

I j   X j (tk )  x and
d X j (tk 1 )  x
(14)

0, elsse
The firsst passage probability iss then estim
mated as the sample mean of all Ij:
n
p f (T ) 
N siim

(15)

Fig. 6(aa-b) shows a schematiic of the fiirst passagee probability
y for hardeening non-G
Gaussian
processees.

5 Num
merical example
In this section, an example presented too demonstraate applicatiion of the pproposed model
m
for
first passsage probaability. Let X(t)
X denote the stationaary responsee of a nonliinear SDOF
F oscillator to a stationary,, Gaussian white noisee with one--sided specttral densityy 1/.The oscillator
o
displaceement satisffies the follo
owing differrential equaation
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X (t )  cX (t )  02 X (t )[1   X (t )2 ]  W (t )

(16)

where c>0 denotes a damping coefficient, and constantsanddefine the
initialfrequency and degree a nonlinearity of the oscillator, respectively. The stationary
density function of displacement, f(X), has an analytical solution[15]. It can be expressed as
1

f ( X )  2  0 q exp[ 2 ( X 2  X 4 )]
(17)
2 0
2
in which

 02 

1

1
1
,  02  02 02 , q 1 
exp[
K1/4 (
)]
2
2
2c0
8 0
8 02
2 c

(18)

where K1/4() denotes the modified Bessel function of order 1/4.
The functional form of f(X) demonstrates that X(t) is non-Gaussian. Then according to the
structural parameters and stationary density function of displacement, the first four moments
can be readily obtained. The structural parameters and the first four moments of displacement
are listed in Table 1 (hardening response, i.e., 4X<3).
Table 1: The structural parameters and the first four moments of displacement
Parameters for Eq. (16)

The first four moments of displacement

X

 X

X

X

c=0.2

0

1.34667

0

2.47436

c=0.1

0

1.07363

0

1.72788

Let x>0 denotes a critical threshold for X(t). Then mean up-crossing rate of X(t) is
1
v( x) 
f ( x)
2 c

(19)

Thus, the first passage time probabilities of stationary response X(t) can be written as[16]

p f (T )  1  exp[v( x)T ]

(20)

where pf(T) is probability of [0,T]. Eq. (20) is a Possion model for calculating first passage
probability. It is herein as the benchmark.
Considered the critical threshold level of x=2X, the variations of the first passage probability
with regard to excitation time T obtained by using the proposed methd with 10000 samples
are illustrated in Fig. 7(a) and Fig. 7(b) , compared with the results obtained by using Ding
and Chen model, Winterstein’s polynomial and the analytical expression, Eq. (20). It can be
seen in Fig. 7(a) and Fig. 7(b) that the first passage probabilities estimated from the proposed
method closely agree with the exact results obtained by the analytical expression, while the
results using Ding and Chen model, Winterstein’s polynomial have significant difference.
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Figure 7: The first passage probabilities estimated for the nonlinear SDOF oscillator

6 Conclusions
(1) An improved hardening non-Gaussian model is proposed. The relationships between the
model coefficients and process skewness and kurtosis have been examined, which arrived
in closed-form formulations for calculating the model coefficients from target skewness
and kurtosis. The proposed model overcame the limitations of the existing model.
(2) Through numerical example presented, the proposed method is successfully applied to
simulate hardening non-Gaussian processes and evaluate the first passage probability. It is
demonstrated that the results of proposed method are good agreement with the results of
analytical expressions.
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Abstract: According to performance and certification criteria, complex mechanical systems have to take into account several constraints, which can be associated with a series of performance functions. In reliability analysis, we thus are interested in the identification of the domain where at least one of these constraints
is not satisfied. To this end, the present work proposes an adaptive method to
maximize the knowledge about this domain, which is a priori not convex nor
connected, at the minimal total computational cost, i.e. while trying to minimize
the required number of evaluations of each performance function. This method
is based on the introduction of a particular Marked Poisson Process [25] and
on the the Gaussian process regression formalism. The interest of the proposed
approach in terms of quantile estimation will then be illustrated on a test cases.

1 Introduction
The reliability analysis of complex systems relies more and more on simulation. Complex numerical codes have therefore been introduced to insure that undesirable events will not appear.
More precisely, in this work, we are interested in the analysis of a particular system, whose
design is supposed to be characterized by a vector of d parameters, X = (X1 , . . . , Xd ) ∈ X ⊂ Rd .
These parameters are uncertain (can be epistemic or aleatory) and are treated using probability
theory. Hence, vector X is modeled by a random vector, and we denote by fX its probability
density function (PDF), which is assumed to be known. In addition, let g : x ∈ X 7→ g(x) ∈ R
be a measurable function such that the failure domain of the system is Ω = {x ∈ X | g(x) > 0}.
By construction, the failure probability of the system, Pf , is given by (1):
Pf := P [g(X) > 0] =

Z

Ω

fX (x)dx.

(1)

In this work, function g is considered as a deterministic ”black box”, i.e. for each x in X, it
is possible to compute the value of g(x), which is unique, but we do not have access to an
explicit expression for it. Sampling techniques have therefore
n to be introduced
o to compute Pf .

For instance, given a set of N independent copies of X, X (1) , . . . , X (N) , the Monte Carlo
approach [17] is based on the empirical estimator of the mean function (2), where E [·] is the
mathematical expectation, and where 1Ω (x) is equal to one if x is in Ω, and to zero otherwise.
Pf = E [1Ω (X)] ≈ Pbf :=

1 N
∑ 1Ω(X (n)),
N n=1

(2)

2 := (1 −
By construction, the squared coefficient of variation of this estimator is equal to δMC
Pf )/(Pf N), such that the required number of samples to get a relevant approximation of Pf is
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commonly chosen between 102 /Pf and 103 /Pf . When the computational cost associated with
one evaluation of g is high (between several minutes to several days), it is clear that such a naive
approach can not be used to estimate small values of Pf (say Pf < 10−5 for rare event).
For the last decades, specific techniques have therefore been developed to compute this failure
probability from a limited number of samples. First, the well-known first-order or second-order
reliability methods (FORM/SORM) directly approximate the boundary of Ω as a linear or a
second-order polynomial function around a specific point [9, 16, 14, 2]. More advanced approximations of the failure domains have also been introduced, which can be based on support
vector machines (SVM) techniques [22, 20, 12] or based on generalized least-squares linear
e it is generally
regression [21, 11]. However, given an approximation of Ω, which is written Ω,
difficult to evaluate the difference between Pf and its approximation (3):
Pef :=

Z

e
Ω

fX (x)dx.

(3)

Hence, the use of these direct approaches is relatively limited for the analysis of complex phenomena in medium and high dimension, i.e. for values of d between 10 and 20.
Alternatively, methods based on a variance reduction of the estimator have been proposed.
Among these techniques, the Importance Sampling method proposes to apply the Monte Carlo
e such that the mean of 1Ω (X)
e is still equal to Pf , but its
approach on an other random vector, X,
variance is much lower than the one of 1Ω (X) [17]. In the same manner, the splitting techniques
(see for instance [3]) propose to split the rare event into a series of less rare events, such that the
variance of the aggregated estimator is much smaller that the direct one. However, for these two
e for the importance
techniques to be efficient, practical issues have to be solved: the choice of X
sampling, and the conditional sampling for the splitting techniques.

To circumvent some of these problems, most of the rare event estimation techniques are currently based on a surrogate model, i.e. an easy to compute mathematical approximation of g. For
e for the Importance Sampling
instance, such a surrogate can be used to orientate the choice of X
techniques. Among these surrogate models, the Gaussian process regression (GPR) method, or
kriging, plays a major role, which is mostly due to its ability to provide an approximation of
g(x) in any unobserved point x, for which precision can be quantified [18, 13, 19, 8].
Coupling results from GPR and an original understanding of the splitting methods, this work
presents a new framework for the estimation of small failure probabilities. The outline of this
work is as follows. First, Section 2 presents the theoretical bases of the two main components of
the proposed approach: the particular splitting method we are investigating, and the GPR. The
proposed method is then introduced in Section 3. Finally, the interest of the method is illustrated
in Section 4 on two examples.

2 General framework
We introduce here the two main bricks of the proposed method. Unlike with classical Monte
Carlo methods, the estimation of the failure probability, Pf , is not based on independent and
identically distributed samples, but on a series of dependent samples associated with a particular
Markov chain. The first part of this section will thus be devoted to the description of this splitting
method. In the second part, it will be shown how the GPR can be coupled to already existing
rare event simulation techniques, in order to optimize their relevance.
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2.1

Point process for rare event simulation

The idea of the splitting methods is to rewrite the failure probability using a finite sequence of
increasing thresholds (tm )M
m=1 , M ≥ 1, such that t0 = −∞, tM = 0, and:
Pf = P [g(X) > tM |g(X) > tM−1 ] × · · · × P [g(X) > t2 |g(X) > t1 ] × P [g(X) > t0 ] .

(4)

Then, the goal is to estimate independently each conditional probability using a classical Monte
Carlo estimator. As all these estimators are unbiased, the mean of their product is still equal
to Pf , but depending on the choice of the thresholds, the variance of this product of estimator
can be much smaller than the variance of estimator (2). In practice, the sequence of thresholds
(tm )M
m=1 is defined on the fly, which is generally referred as Adaptive splitting [3].
In that context, we introduce the sequence of increasing random walk (Yi )i≥1 , such that for
all i ≥ 1, Yi := (g(X) | g(X) > Yi−1 ) is a Markov Chain. If we denote by Fg(X) the cumulative
density function (CDF) of random variable g(X), it has been shown that the sequence (− log(1−
Fg(X) (Yi )))i≥1 is distributed as the arrival times of a Poisson Process with parameter 1 [25].
As a consequence, the counting random variable of the number of events before y = 0: M =
card {i ≥ 1 | Yi ≤ 0} follows a Poisson law with parameter − log(1 − Fg(X) (0)) = − log(Pf ).
Given Q ≥ 1 independent random counting variables (Mq )1≤q≤Q , this leads to estimator (5).
This estimator is unbiased, and its variance is given by (6):
Pbf

PP

 Q

1 ∑q=1 Mq
.
:= 1 −
Q

(5)

 
1
+◦
.
(6)
Q
Q
The main difficulty in this approach is the conditional sampling: for all i ≥ 1, each element Yi
is randomly generated conditionally greater than Yi−1 . This can be done using the MetropolisHastings algorithm [15, 10], with a burn-in parameter T used to increase the convergence of
the Markov chain to its stationary distribution. This means that, on average, 1 + T log(1/Pf )
samples have to be generated to get one realization of counting variable Mq . The total number
of evaluations of g to get the Q samples M1 , . . . , MQ is thus equal to N = Q(1 + T log(1/Pf ))
2 , is given by (7)
on average. In addition, the corresponding squared coefficient of variation, δPP
2 ≈ 1/(P N) for the crude Monte Carlo.
which has to be compared to δMC
f
PP
−1/Q
Var(Pbf ) = Pf2 (Pf
− 1) = −

Pf2 log(Pf )

log(Pf )(T log(Pf ) − 1) T log(Pf )2
≈
,
(7)
N
N
This estimator is therefore particularly interesting, as it exhibits a logarithmic efficiency, and
allows a direct parallel implementation [25, 24]. A simple example is provided in Figure 1:
it aims at quantifying P [Y > 2.5] with Y ∼ N (0, 1). It is computed using R package mistral
[6] with Q = 20 Markov Chains.
The corresponding results are summarized in (8) and Figure 1 underlines the parallel aspect of
the computation : each Markov Chain is computed independently to get a sample of counting
variable M and is finally merged in the Marked Point Process realization (black dots). The exact
result for comparison purpose is Pf = 1 − Φ(2.5) ≈ 6.21 × 10−3 .
2
δPP
=

Pbf

PP


= 1−

1
Q = 20

∑Q=20 Mq =108
q=1

≈ 4.13 × 10−3
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δPP [Pbf ] ≈

−log(Pbf )
Q = 20

!0.5

≈ 52.4% (8)
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Figure 1: Illustrative example of the point process framework for rare event simulation.

2.2

Surrogate models for rare event simulation

GPR is based on the assumption that function g can be seen as a sample path of a stochastic
process, which is supposed to be Gaussian. By conditioning this Gaussian process using a set
FN of N ≥ 1 code evaluations, it is possible to define a very interesting predictor of g(x) in
any unobserved point x of X. This predictor, written gb(x), is Gaussian by construction fĝ (x) ∼
b (x), σ
b 2 (x)) with µ
b (x) = E [ĝ(x)|FN ] and σb 2 (x) = Var [ĝ(x)|FN ] its conditioned mean and
N (µ
variance (we refer to [18, 19] for further details about the expression of these two quantities).
This predictor can then be used to limit the total number of calls to the function g that are
needed to compute Pf . To this end, it has been proposed in [7] to use this surrogate model as a
e whose PDF
soft-classifier in the importance sampling scheme. Indeed, for all random vector X,
exists and is written fXe , if fX is absolutely continuous with respect to fXe , that is to say if for all
x ∈ X, fXe (x) = 0 implies that fX (x) = 0, then the failure probability can be written (9):
#
"
e
e fX (X) .
(9)
Pf = E 1Ω (X)
e
fXe (X)

Given these notations, it is clear that the best choice for fXe is 1Ω fX /Pf , corresponding to the
original distribution truncated to the failure domain, such that the variance of the associated
Monte Carlo estimator would be equal to zero. This choice is however not feasible as the hard
classifier 1Ω (x) is unknown, but this PDF can be approximated using the following soft classifier, based on the predictor gb(x) of g:

Pgb [b
g(x) > 0] fX (x)
, x ∈ X.
(10)
pe
where the notation Pgb is used to underline that the integration
is carried out on the distribution
R
of the estimator gb (i.e. normal distribution), and where pe := X Pgb [b
g(x0 ) > 0] fX (x0 )dx0 is a constant that can be estimated from a classical Monte Carlo approach, without any evaluations of
function g. In that case, the estimation of Pf is based on a two-steps procedure:
fXe (x) =

1. Function g is evaluated in N points (not necessarily chosen randomly) of X to compute
the conditioned Gaussian estimator gb.
2. g is evaluated in N 0 new points to compute the Monte Carlo estimator of
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"

#
"
#
e
e
f
(
X)
1
(
X)
Ω
e X
E 1Ω (X)
= pe E
.
e
e > 0)
f e (X)
Pgb(b
g(X)

(11)

X

For such a method to work properly, it is important to notice that the surrogate model gb has to be
very conservative, i.e. it does not consider some parts of X as safe when they are not. Otherwise,
the variance of the importance sampling estimator can be very high. This notion of conservatism
is however very difficult (and often impossible) to assess. But clearly the more evaluations of
g are used to compute gb, the more relevant the final estimation of Pf is likely to be. This rises
the question of a good balance of the computational budget between the exploration step to
compute gb, and the importance sampling step for the estimation of Pf .

A different approach is presented in this work, which consists in adopting a full Bayesian
formalism for the estimation of Pf . Hence, the idea is to directly work on the probability space
associated with both random vector X and predictor gb. If function g is actually a random path
of predictor gb, then Pf can be writen as (12).


b (x))2
1 (y − µ
1
exp −
fX (x)dxdy. (12)
Pf = EX×R [1Ω (b
g(X))] :=
1Ω (b
g(x)) √
b 2 (x)
2 σ
b (x)
X×R
2π σ
Z

In that case, the problem is less the estimation of Pf , which can be done from a Monte Carlo
approach based on evaluations of gb only, than the minimization of the variance of this estimator
by carefully choosing the points where function g has to be evaluated.

3 Bayesian moving particles for system reliability
As presented in the former section, the main idea of the proposed method is to combine the
use of the cheap-to-evaluate surrogate model gb, defined in Section 2.1, and the point process
framework related to rare event simulation in a Bayesian formulation of the problem, presented
in Section 2.2. Indeed, as soon as g is seen as a ”black box”, only limited point-wise evaluations
are available, therefore it is natural to treat the uncertainty of the code the same way as the
uncertainty on the inputs.
Deterministic framework
g(X)|X is deterministic
Pf R= P [g(X) > 0]
= X 1Ω (x) fX (x)dx
X n+1 ∼ X|g(X) > g(X n )

∑Q Mq
q=1
Pbf = 1 − Q1

Bayesian framework
gb(X)|X ∼ fgb(X)|X is random
Pf R= RE [α]
= X y>0 fgb(X)|X (y) fX (x)dxdy

X n+1 ∼ X|b
g(X, ω) > gb(X n , ω 0 )

∑Q Mq
q=1
[
E
[α] = 1 − Q1

Table 1: Rare event simulation with random processes: ”augmented” problem.

This formulation simply adds a dimension to the original problem [7, 24], as presented in Table
1, where for all x in X, quantities gb(x, ω) and gb(x, ω 0 ) are two independent realizations of gb(x).
In this Bayesian framework, the desired failure probability Pf can be seen as the expectation of
a random variable α = PX [b
g(X) > 0].
The point process approach remains valid to evaluate E [α], as it uses no assumption on output
gb(X), but it has to be applied in the augmented space.
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For the estimator to be as accurate as possible, one has to reduce the uncertainty carried out
by the introduction of the random process gb. It can
it by well-chosen
n be done by conditioning
o
(1)
(N)
evaluations of g. Given a set of N samples FN = g(x ), . . . , g(x ) and the corresponding
conditional process gb|FN , it has been proved in [24, 1] that :
• E [α|FN ] = P [b
g(X) > 0|FN ] is the best predictor of α given the data,

• Var [α|FN ] is the remaining error, for which an upper bound is given by (13). This upper
bound, denoted Γ, is of interest as it is reduces the computation cost of the evaluation of
the error to a single integral over X.
Γ(FN ) =

Z

X

Var[1gb(x)>0 |FN ] fX (x)dx.

(13)

Then, a Stepwise Uncertaincy Reduction (SUR) is introduced [4], aiming at sequentially choosing the next samples x(N+1) between all possible x∗ ∈ X in order to minimize learning criterion
Γ
, given by (14), i.e. the mean predicted remaining error or its upper bound Γ. Criterion
JN,N+1
Γ
is evaluated at each point x∗ , by adding the prediction µ̂(x∗ ) = E [b
g(x∗ )|FN ] of g(x(∗) )
JN,N+1
to the conditioning points of the process. This strategy can be declined to find one (one-steplook-ahead) or more (k-step-look-ahead) samples at each iteration.
Γ
x(N+1) = arg min
JN,N+1
(x∗ ) = arg min
E [Γ(FN ∪ µ̂(x∗ )) | FN ]
∗
∗
x ∈X

x ∈X

(14)

Noticing that (13) can be rewritten in (15) (refer to [24] for details),
Γ
JN,N+1
(x∗ ) = E [α|FN ] ×

Z

X×R

Φ(0|x∗ , x, y)

1y>0 (x) fgb(x)|FN (y) fX (x)dxdy
E [α|FN ]

(15)

we underline the advantage of using the point process framework introduced in [24] instead
of usual Monte-Carlo or importance sampling scheme. Indeed, a single run is needed for the
estimation :
• of the desired probability E [α|FN ],
• of the upper bound Γ of its variance,

Γ
• of the SUR criterion JN,N+1
by getting Nsur iid sampling according to the conditional
density in (15) and by performing a simple post-processing. In that equation, Φ(0|x∗ , x, y)
is the uni-variate cdf of a Gaussian RV with parameters depending on x, x∗ and y.

Equation (15) can be seen as the average probability of miss-classification of the limit state
function. For this approach, all calls to code g are dedicated to the enrichment of the process
Γ
using the presented SUR criterion JN,N+1
. When the maximal available number of evaluations
is reached, we get the final estimator of Pf .
Nevertheless, numerical experiments show that extreme events may be hard to find (see Section
4), mainly due to the fact that the Gaussian process cannot predict failure so that multi-modal
limit-state functions are missed.
As an extension of the former SUR criterion, to avoid as much as possible this problem, an
Γ
Γ
integrated version of criterion JN,N+1
, denoted by IN,N+1
, is proposed in this work (see [24] for
details about this criterion).
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Γ
IN,N+1
(x∗ ) =

Z

R

1y≤0

Γ
(x∗ )
JN,N+1

E [α|FN ]2

fgb(x∗ )|FN (y)dy

(16)

The integrated SUR criterion I writes as the sum of the point-wise usual criteria J over the
states of the Poisson process. It requires to run NSUR processes to generate a discrete population
at each level y until y = 0 for integration purposes. It means that it considers the precision of
the metamodel E [b
g(x)|FN ] for each level used for the conditional simulations. In the end, this
quantity characterizes the variance increase in the generation of the counting random variables
due to the use of a random process instead of the deterministic code g.

4 Application
4.1

Illustrative academic example

This example, known as four branches serial system from [23], is used for illustration purpose
as d = 2. It is defined by two random variables X ∼ N (0, I2 ) and limit-state function g (17):

2
+ x2 |
3 + (x1 − x2 ) − |x1√
2
(17)
g : x ∈ R 7→ min
10
2
√

−|x1 − x2 | + 7/ 2

5

5

0

0

x2

-5

1

-5

-5

0

5

-5

x1

(a) q = 0 and

Γ
JN,N+I

0

5

x1

criterion

(b) q = 0 and

Γ
IN,N+1

criterion

Ecdf:

10−3

P [Y < y]

x2

The reference value for P[g(X) < q = 0] ≈ 4.59 × 103 and P[g(X) < q = −4] ≈ 5.98 × 109
are computed with R package mistral [6], using a single run of the function MP described in
Section 2, with Q = 5000.

BMP(-4)
BMP(0)
Ref.
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criterion (d) q = −4 and IN,N+1
criterion

Figure 2: BMP from R package mistral with Niter = 50 and Nsur = 1000. Same initial DoE in green.
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Figure 2 shows the models obtained after Niter = 50 iterations of the proposed procedure. FigΓ
focusing only on the boundary
ures (a) and (c) are obtained using the usual SUR criterion JN,N+1
2
Γ
.
{x ∈ R | g(x) = q}. Figures (b) and (d) use the integrated criterion IN,N+1
While the usual SUR criterion performs well when the probability is moderately low because
it precisely samples on the boundary {x ∈ R2 | g(x) = 0}, it totally misses a part of the failure
domain in the second case. Here the first random DoE does not find the failure domain and the
Γ
is very unlucky to recover it in totality because if focuses on the already known
criterion JN,N+1
Γ
covers the whole safety domain
boundary. On the other hand the integrated SUR criterion IN,N+1
2
{x ∈ R | g(x) > q} in both cases and is able to recover the four branches of the boundary in the
extreme case as well as on the moderate one.
These results suggest that the integrated SUR criterion I is robust to drive the learning of the
random process. Especially it lets address extreme and non-extreme events in the same way
and is easily estimated with the Poisson process framework. In the proposed simple example, a
failure probability of 10−9 has been estimated using only 60 calls to model g while controlling
the c.o.v of the final estimator.

4.2

Industrial example

This example, dealing with estimating the reliability of a spherical containment vessel subject
to internal blast, has already been presented in [5].

Figure 3: Workflox of the numerical simulation involved

The mechanical response (displacement, strain and stress tensors) of the vessel is modeled with
a coupling of two independent numerical codes: first a hydrodynamic code M1 simulates the explosion of a bursting charge placed in the center of the tank. Then it outputs the time-dependent
distribution of the pressure at several spots localized by angle θ (see Figure 3) for a given input
vector x characterizing uncertainty in the dynamical loading, some material properties and the
geometry. These distributions are then used as input of a structural code M2 , which simulates
the vibrations of the vessel under dynamic excitation and evaluates the evolution in time of the
mechanical response at all spots.
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Finally, given a set of parameters x ∈ X ⊂ Rd=8 , the problem writes as (18): we are interested
eq
in the cumulative equivalent plastic strain ε p (x, θ ) over a given time range [0, τ].
x ∈ X 7→ ε peq (x, θ ) = M2 ◦ M1 (x,t, θ ).

(18)
eq

By introducing uncertainties in the inputs x using probability theory, the variability of ε p (x, θ )
can be quantified in terms of probability.
eq
Our goal is to estimate P[ε p > q], with q = {0.025, 0.05, 0.1} and using as few calls to g as
possible while controlling the c.o.v of the estimator.
Using the formalism previously presented, running a point process estimator until threshold q =
0.1 will directly output an estimator of the three quantities, each one with known distribution.
The main results are presented in Table (2).
Probability
eq
P[ε p > 0.025]
eq
P[ε p > 0.05]
eq
P[ε p > 0.1]

E\
[α|FN ]
4.22 × 10−2
1.50 × 10−3
3.53 × 10−6

c.o.v δ
0.18
0.26
0.35

Table 2: Results for the industrial problem with N = 1375.

For this example, a probability of order 10−6 has been quantified with δ = 35% using only N =
1375 calls to model M2 ◦ M1 , which is affordable for industrial purpuses using the parralelism
ability of M2 ◦ M1 on HPC computer at CEA.

5 Conclusion
This paper has presented a new approach for the estimation of small probabilities of failure
associated with very time-consuming computational codes. This method is based on the combination of the Poisson process theory and the Gaussian Process regression. In particular, an
integrated criterion has been proposed to iteratively choose the positions of the code evaluations, in order to minimize the variance of the estimator of the probability of failure, while
minimizing the risk of considering as safe some input regions that are not. This method is very
intuitive, which makes it easy to understand and implement. Finally, two examples have been
proposed to illustrate its possibilities.
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Abstract: Assessing urban resilience is nowadays one of the main goals of the
scientific community dealing with natural catastrophes. This plays even a higher
role in case of historic centres that have to be preserved from future disasters according to general principles of conservation and safety.
Accordingly, a methodology is proposed to quantify catastrophe resilience by accounting for urban complexity in terms of the physical dynamics and according to
a social perspective. Urban environment is modelled as a complex network composed of two different layers: the physical asset and the social system, namely a
hybrid social-physical network (HSPN). Efficiency measures are used to quantify
the operational level of the HSPN. Hence, resilience is computed as the integral of
the city efficiency over the whole recovery process. In this paper, two alternative
resilience indices are investigated, that enable to assess the urban aptitude to recover from structural damages. The methodology is implemented for two real case
studies, whose features are typical of Italian historic centres: the city of Sarno
(close to Salerno) and the Quartieri Spagnoli area in the city of Naples. Resilience
is evaluated against earthquake scenarios compatible with the seismicity of the
sites, assuming the same recovery strategy in order to investigate the influence of
HSPN features. The two proposed indices for resilience quantification enable to
catch different important aspects, highlighting the chance to be collateral resilience
measures, to be used depending on the goal of the resilience assessment.

1 Introduction
Contemporary bottom up processes encouraged the call for more accountability of technical
expertise and local decision-makers in urban management. In addition, this approach highlights the importance of involving the community in planning processes, as people represent
the nodal core of living in cities.
In this context, urban management of historic centers represents an important challenge in the
present era of globalization. In Europe, and particularly in Italy, there is a huge quantity of
historic centers. These are typically places of conflict between conservation and safety principles, resulting from the layering of cultural heritage and intangible values of urban identity. In
particular, the cultural heritage preserved in historic centers is mainly related to the physical
assets of a city. Historic centers are usually characterized by a urban configuration made of
building agglomerations, that are spatially distributed over a network of narrow streets and
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alleys. This makes them even more exposed and vulnerable in case of the occurrence of an
adverse event. Hence, enhancing resilience of historic centers arises as one of the main goal of
urban managers, above all with reference to natural catastrophes, e.g. earthquakes, floods or
landslides.
Previous studies proved that urban dynamics are governed by specific behaviors which repeat
identically at all levels, according to diverse scaling relationships [1][5]. These considerations
play even a higher role in case of historic centers that are typically part of a broader urban
context, i.e. the city.
Most of the current studies on catastrophe resilience of urban centers highlight the complexity
of urban dynamics, as the whole of mutual interrelations between people, physical assets,
stakeholders and services [4]. Hence, urban environments are modeled as complex networks
[2][3][5][6]. Accordingly, a methodology is proposed to quantify catastrophe resilience by
accounting for urban complexity in terms of the physical dynamics and according to a human
centric perspective.
In this paper, the city is modeled as a hybrid social-physical network (HSPN), based on the
information about spatial distribution of people and infrastructures. The HSPN is built up in a
GIS environment as a complex network composed of two different layers: the physical asset
and the social system. The former is modeled as a planar graph of urban street patterns, building nodes (dwellings, schools, etc.) and building-to-street links. The latter is modeled as a
planar graph, whose nodes represent urban stakeholders and citizens living in or using each
building. Efficiency measures are used to quantify the operational level of the HSPN before
the event, after its occurrence and in each stage of the recovery process, as the connectivity
level between couples of citizens. Finally, resilience is computed as the integral of the city
efficiency over recovery process. Two resilience indices are investigated. Both of them are
based on the concept of urban quality respectively as: the global efficiency in the sense of
graph theory and the systemic damage in the sense of civil engineering. The former is assumed to be independent on the cumulative damage level of the city after the event. The latter
is a damage-dependent index that considers efforts in the recovery process. The proposed
framework can be potentially used as a support to decision makers in the medium-long term
before or after an extreme event occurrence. With this, when no event has occurred scenario
analysis can be performed to simulate diverse damage levels and recovery strategies. As a
result, disaster managers can forecast damages scenario and plan for enhancing resilience
through mitigation actions.
On the other hand, in case an extreme event has occurred, local officers might use the methodology proposed to choose the strategy, which can guarantee the higher resilience level, after
managing the emergency phase.
The development of the proposed methodology is also related to further advancements in this
field of research. In fact, the paper focuses on the definition of the HSPN approach, that is the
basic approach to be further integrated by focusing on the single building level. On the one
hand, the methodology proposed currently enables to evaluate the urban system function as a
global entity. On the other hand, performance-based approaches are needed to assess the
structural performances of the single city buildings, hence their resilience [12]. Specific limit
states might be recognised depending on the buildings’ performances and on their robustness
in the pre-event phase and reliability condition in the post-event [11].
Two real case studies are analyzed, having the typical features of Italian historic centers: the
Sarno municipality (Salerno) and the Quartieri Spagnoli area (Naples). The case study cities
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have strongly different shapes, street patterns, building types, and population density levels.
The resilience of such historic centers is evaluated against earthquake scenarios compatible
with the seismicity of the sites.

2 Analytical approach to the resilience quantification
A methodology is proposed for quantifying disaster resilience of historic centres according to
the approach of Cavallaro et al. [2]. Urban contexts are modelled in a GIS environment by
taking into account the structural typology and the geographical location of buildings as
HSPNs. In addition, urban stakeholders living in each building and using urban infrastructures
are also accounted for. Hence, the social city component is computed to the HSPN, by considering data available from National databases and surveys. Specifically, this study refers to
the Italian Institute of Statistics (ISTAT), that suggests 1 citizen each 30 square meters, for
residences and other buildings typologies (e.g. schools, shops) [7]. Accordingly, the proposed
approach enables to model any kind of city, provided the availability of information about the
location, the number and the typology of buildings and streets.
The capability of the city network to connect buildings through the street network, i.e. citizens, is assessed through efficiency metrics. In addition, structural damages can be assessed in
case of extreme event occurrence by means of the integration of fragility models of the physical components. Resilience is then quantified by integrating efficiency over the city life-cycle,
by observing its service function before and after the event occurrence.
A preliminary assumption is made by considering the infrastructure network to coincide with
the street network, because of urban services being typically arranged along street patterns.
Consequently, the interactions between the city inhabitants and services can be studied by
modelling two planar graphs. A complex network is always represented by a graph G = (Ɲ,
L). It is constituted by a discrete set of nodes, Ɲ = {1, 2, …, n} and a discrete set of links L 
Ɲ x Ɲ. In this study one set of links and one set of nodes are modelled in each graph. The
former graph is given by the set of residential buildings nodes, Ɲb, and the set of door links,
Lb, that connect each building to the street junction’s nodes. Meanwhile the latter is constituted by the set of street junctions nodes, Ɲs, and the set of links, Ls, which represents urban
street patterns. The HSPN modeling put forth herein also accounts for the number and the
length of the street links in order to consider the probability of street interruption. The city’s
HSPN is obtained by overlapping the two graphs and is denoted as G (Ɲb U Ɲs U Lb U Ls). A
further assumption regards the vehicular and inhabitant’s flow, that is assumed to be bidirectional in each street. Finally, the HSPN results to be defined as an undirected graph.
A seismic scenario is simulated for the two case studies and a recovery strategy is hypothesized and implemented. In keeping with this, the HSPN is assumed to recover to the pre-event
efficiency level. Hence, comparative studies are developed with regards to the efficiency and
the resilience assessed step-by-step over the recovery process.

2.1 Efficiency metrics
Man-made urban networks show a small-world behaviour, that means they are efficient systems both at a local and at a global extent. With this, Latora and Marchiori [8] define their
global efficiency, as a single variable enabling to assess the system’s features both at a local
and at a global scale. In particular, assessing the system functioning through the global efficiency metric enable to evaluate its functionalities in any condition. Hence, the system behav-
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iour can be studied when it is in a disconnected configuration too. Conversely, typical complex networks metrics do not allow to assess the system’s functioning in case of network disruption.
The global efficiency of a real network is inversely proportional to its shortest paths, dij, i.e.
the smallest sum of the physical distances throughout couple of nodes i and j belonging to the
graph G, considering all possible paths between them. Furthermore, efficiency can be normalized in [0,1] in order to ensure for comparability of results between different systems. To do
this, the shortest path length between i and j is divided by the Euclidean distance between i
and j, dijeucl. The normalized efficiency can be calculated and averaged on each couple of
nodes [8][2][9]. In this paper, efficiency is evaluated with reference to the HSPN’s connectivity level between groups of inhabitant (i.e. residential building nodes) and urban services (i.e.
street junction nodes), namely the citizen-to-network efficiency. Equation 1 shows the formula:
𝐸𝑐𝑛 =

1
𝐻𝑡𝑜𝑡∙(𝐻𝑡𝑜𝑡 −1)

∙ ∑𝑖 𝜖 𝐵 𝐻𝑖 ∙ ((ℎ𝑖 − 1) + ∑𝑗 ∈(𝐵\𝐼) 𝐻𝑗 ∙

𝑒𝑢𝑐𝑙
𝑑𝑖𝑗

𝑑𝑖𝑗

)

(1)

where i, j are the identification number (ID) of the building nodes, Htot is the number of the
citizens living in the studied area, Hi and Hj are the number of citizens living in building i and
in building j. B identifies the set of the building nodes, dij is the shortest path's length and dieucl
is the Euclidean distance, between node i and j. hi is the number of citizens, whose resij
dences have zero distance from building i and belong to the set I.

2.2 Resilience metrics
This study proposes a novel approach aimed at quantifying resilience. Damages suffered by a
urban context are evaluated as the decay of the city's state of service, based on the structural
performances of its physical components in the occurrence of a seismic event. For instance,
when an earthquake causes damages to buildings, citizens that usually use them will not be
able to benefit from their services (e.g. service stakeholders will refer to different structures,
residents will be deallocated, etc.). In keeping with this, the HSPN efficiency is evaluated
before, Epre, and after the event occurrence, Epost, in order to study the efficiency decay with
the event occurrence. In addition, efficiency is evaluated in any recovery stage, when c citizens have been relocated, E(c), to monitor progress of the recovery process. To this end, a
recovery function is defined, Y(c), that returns the residual HSPN's functionality. Equation 2
shows the formula:
𝑌(𝑐) =

𝐸(𝑐)

(2)

𝐸 𝑝𝑟𝑒

Notice that c is a normalized variable, enabling to define the recovery function as dependent
on the number of inhabitants being relocated in each recovery stage. It can be assessed according to Equation 3:
𝑐=

𝐶−𝐶 𝑝𝑜𝑠𝑡
𝐶 𝑝𝑟𝑒 −𝐶 𝑝𝑜𝑠𝑡

(3)
post

Where C is the number of citizens living in the city at the stage considered; C , is the number of citizens living in the city after the event. Cpre is the number of citizens living in the city
before the event occurred. c represents the delta of the relocated citizens in each recovery
stage, normalized to the number of citizens that might be relocated due to the event occurrence. It is defined in the close interval [0,1], being c=0 when C= Cpre, meaning that all citizens have been relocated and c=1 when C= Cpost, meaning that all deallocated citizens have
still to be relocated.
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In this study, the dependence of the recovery process on time is deliberately neglected. On the
one hand, this approach might be considered as less realistic because of the recovery of a
damaged city clearly e mainly depending on time. On the other hand, the relocation of displaced citizens is observed as the independent variable, being indirectly related to time and to
further complex and uncontrollable variables.
In real practice, decision making is ascribable to disaster managers, that depending on the
time, money and human and material resources’ availability, choose the best strategy to undertake for recovery. Issues related to this process affect the city recovery in different ways,
being almost all related to time, so that they cannot be considered in detail. As a consequence,
time-dependence is removed in order to avoid embedding further uncertainties in the evaluation process. Hence, the global efficiency and the recovery function are defined as dependent
on the number of inhabitants relocated in each recovery stage. Finally, resilience can be evaluated according to Equation 4, following:
1

𝑅 = ∫0 𝑦(𝑐) ∙ 𝑑𝑐

(4)

With y(c) the recovery function normalized in [0,1]. Such normalization can be differently
performed according to the approach adopted to quantify resilience. In keeping with this, in
case resilience is evaluated as independent on the level of damage suffered by the HSPN the
normalized efficiency has to be evaluated as follows (Equation 5):
𝑦1 (𝑐) =

𝐸(𝑐)−𝐸 𝑝𝑜𝑠𝑡

(5)

𝐸 𝑝𝑟𝑒 −𝐸 𝑝𝑜𝑠𝑡

where y1(c)=0 when no citizens have been relocated yet, that is immediately after the earthquake occurrence, with c=0. Hence, the recovery function is a zero function, at the zero stage,
and E(c)=Epost. Paralleling this, when c=1, by supposing that the implemented recovery strategy leads the city functionality to the pre-event level, E(c)=Epre and the recovery function
tends to a unit value.
Conversely, in case resilience is evaluated by taking into account the initial state of damage
suffered by the HSPN the normalized efficiency has to be evaluated according to Equation 6:
𝑦2 (𝑐) =

𝐸(𝑐)
𝐸 𝑝𝑟𝑒

(6)
pre

where the recovery function tends to the unity when E(c)=E , and tends to a very low value
when E(c)=Epost, since Epost will always be lower than Epre, but it will never be equal to zero.
According to this approach, resilience is assessed by accounting for efforts needed to restore
equilibrium of a city.
Finally, the main difference between the two approaches lays in the interval of definition of
the resulting variable. When damage independence is assumed the involved variables are fully
normalized and resilience, R(y1), is defined in [0,1]. On the other hand, when damage dependence is assumed resilience, R(y2), has got unity as an upper bound, but it will never tend to the
zero value.

3 Resilience assessment of real case studies
Two real case studies are presented and seismic scenarios are run for both of them. Efficiency
and resilience measures are then performed to compare analysis’ results.
The proposed framework is implemented in a routine developed by means of a mathematical
computing software. With this, it is possible to integrate fragility functions according to the
building’s typologies modelled and to the event typology simulated.
In this study, extreme earthquakes are simulated, hence in order to reduce the computational
burden in performing the scenario two diverse earthquake intensities are simulated by impos-
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ing the 15% or the 30% of buildings to collapse. A fully random methodology is implemented, that generate a random permutation of integers in 1:N. Hence, being buildings identified
through their IDs, extracted numbers decide which building will be damaged by the earthquake occurrence, whether its ID corresponds to one of the number given by the permutation.
As a result, different simulations returned different damaged configurations of the HSPNs.
With reference to the probability of street links to become inaccessible in the earthquake occurrence a probability-based approach is used, which is based on the ratio between each damaged building’s height, h, and the streets’ width, l, that it is located on. Equation 7 following
shows the relationship [2]:
1

Pr (h, l )   h
l


if

hl

(7)

otherwise

The probability of street interruption is evaluated for each street link being connected to a
damaged building. In case Pr =1 the street is considered to be interrupted and it is removed
from the HSPN. It can be noticed that the higher is the ratio between the buildings’ height and
the road’s width, the higher is the probability that the street link will be interrupted after the
event. Hence, the HSPN result to be fragmented and the removed street links are gradually
replaced within the recovery process.

3.1 Sarno
The city of Sarno is a 39km2 wide area, located about 50km far from Naples, in the Salerno
area (Campania Region, Italy). The Sarno’s buildings network is constituted by about 2,756
buildings, 1,205 of which are made of reinforced concrete and 1,551 of masonry, all having
number of storeys between 2 and 5.
Sarno has about 32,000 inhabitants. Hence, only residential buildings were modelled in its
HSPN in order to evaluate the level of connectedness between them.
The HSPN of the city of Sarno was modelled by means of a GIS software, referring to information collected by National databases. Data about the buildings’ structural typology and
vulnerability were also embedded, together with information about the number of storeys. In
addition, the length and the width of the streets in the area were also included. The global
network was finally obtained as shows Figure 1, following:

(b)
(a)
Figure 1: City map (a) and HSPN of Sarno (light grey points represent residential buildings and black lines
represent street patterns) (b)

According to the Italian seismic regulation (decree PCM n. 3519 of 28th April 2006) [10],
Sarno is a medium-risk seismicity area, with expected seismic excitations varying between
PGA=0.04g and PGA=0.26g.
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Modelling the Sarno’s HSPN implied developing a complex network with 2,757 door-links,
7,427 street links and 10,035 nodes (2,756 buildings and 7,278 street junctions). As a consequence, running scenario analysis is computationally quite heavy.
In this study, two different scenario were simulated, assuming that damaged buildings attain
an extensive damage state, that lead them to heavy damage or collapse. Based on buildings’
damages also the probability of the related streets to be unusable for inhabitants was assessed.
As a consequence, buildings’ and streets’ nodes and the related links, being jeopardized by
the seismic event occurrence, are removed from the city’s HSPN, showing a fragmented configuration.

3.2 Quartieri Spagnoli
The Quartieri Spagnoli area is located in the inner city Naples. It is a 0.80km2 wide area. The
building portfolio is mainly constituted by masonry buildings, of which about 600 are residential buildings and 17 are schools (kindergartens, primary, secondary and high schools). The
area have about 30,000 inhabitants, which are respectively computed to buildings according
to their floor area.

(a)
(b)
Figure 2: City map (a), residential HSPN (b) of the Quartieri Spagnoli area (Naples, Italy)

The Quartieri Spagnoli’s HSPN presents 615 door-links, 547 street links and 1,009 nodes
(614 residential buildings and 395 street junctions). Hence, analyzing the HSPN was quite
easier than the Sarno’s case analysis. Obviously, it is because of the need to compare two historical centres with different sizes and shapes. The Sarno’s area is a municipality, while the
Quartieri Spagnoli area represents a city’s district. Hence, it is smaller and has a lower number of inhabitants.
The Quartieri Spagnoli area presents the typical features of historical city centres in Italy, and
in Europe too. It is mainly characterized by a regular lattice configuration of the overall network, with medium- and high-rise buildings (4 to 6 storeys) being overlooking alleys and
narrow streets. These features are also shown by the Sarno’s area, which is a typical Italian
borough.

3.3 Results and comparisons
A first important result that can be drawn from this study is the relationship that exists between the recovery function, Y(c), and the normalized number of citizens to be relocated after
a certain event, c. In particular, the trend of the normalized efficiency is observed over the
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recovery process in order to monitor progress in urban connectivity between residential buildings and the physical network.
1,00
0,80
0,60
Y(c)
0,40
0,20
0,00
0,00

0,20

0,40

Sarno 15%
Quartieri Spagnoli 15%

c

0,60

0,80

1,00

Sarno 30%
Quartieri Spagnoli 30%

Figure 3: median trends for the four analysis cases

It can be observed an important drop in the urban efficiency that highlights the occurrence of
the earthquake, causing citizens to be deallocated. Hence, resilience represents the area under
the recovery curve, that is as larger as lower is the drop observed in the efficiency when the
event occurs.
In particular, the higher is the slope that can be observed for the recovery curve, the prompter
is the recovery process. Specifically, in this case, where the recovery is strictly related to the
number of citizens relocated, it can be considered as much as effective as higher number of
citizen is relocated.
In keeping with this, the pre-event efficiency of the city might also be considered. In fact, the
Sarno’s area is quite larger than the Quartieri Spagnoli area, as it is a municipality, while the
Quartieri Spagnoli area is a city’s district. Hence, Sarno is a larger area as well as a better
connected area, accounting for a higher number of buildings and streets. Nonetheless, it can
be observed that the number of citizens is quite similar for the two areas. This can be explained by considering that all Sarno’s buildins are typically medium-rise buildings with
number of storeys between 2 and 5. Meanwhile, residential buildings in the Quartieri
Spagnoli area are both medium- and high-rise buildings, with number of stories up to 8.
Nonetheless, the pre-event efficiency results to be equal to 0.63 for the Sarno’s HSPN and
0.62 for the Quartieri Spagnoli area. As a consequence, preliminary analysis show that despite
its smaller dimensions, the Quartieri Spagnoli area reveals to function better than the Sarno
area. This evidence emerges also when simulating an earthquake. Figure 3 shows a higher
resilience of the Quartieri Spagnoli, not only because of the higher starting point of the recovery curve (i.e. higher pre-event efficiency), but also because of the higher slope of the curve.
In fact, it underlines a higher capability of the Quartieri Spagnoli area to resist and to recover
from the external stress simulated. A similar comparison can be performed for both the severity level of the earthquake simulated. In fact, one can expect that the higher is the preevent HSPN efficiency, the lower is the efficiency drop after the event.
Actually, the pre-event efficiency seems comparable for the two HSPNs (i.e. Sarno=0.62 and
Quartieri Spagnoli=0.63). Nonetheless, the limited extension of the Quartieri Spagnoli area
and the existence of a lesser number of interconnections compared to the Sarno area reveal
that similar values of the pre-event efficiency may lead to a higher resilience.
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In fact, both the damage-dependent and the damage-independent resilience indices highlight
the best response to be from the Quartieri Spagnoli area.
Paralleling this observation, analysis show very similar results both in terms of damagedependent and the damage-independent resilience indices. As a result, the normalization performed can be considered to be equivalent in the two metric typologies, resulting with the
same values. A slight decrease is observed when passing from the damage-dependent to the
damage-independent resilience, that tends to level off when increasing the HSPN’s size, as
Table 1 following shows.
Table 1: damage-dependent and damage-independent resilience indices for the Sarno and the Quartieri
Spagnoli case analysis

15% collapsed buildings
30% collapsed buildings

Sarno’s HSPN
R(y1)
R(y2)
0.41
0.40
0.30
0.30

Quartieri Spagnoli’s HSPN
R(y1)
R(y2)
0.67
0.60
0.54
0.53

4 Conclusions
Contemporary cities emerge as complex systems where physical and social components coexist and are strictly interrelated. According to this, nowadays building sustainable cities while
enhancing their resilience against catastrophic seismic events is a major issue.
The proposed methodology aims to quantify the resilience of urban centres as their copying
capacity against earthquakes. Two resilience metrics are proposed, the former being independent on the initial state of damage after the seismic event occurrence, and the latter being
dependent on it.
First a model of the city is designed, which accounts for urban physical components and also
for inhabitants using them (HSPN). Hence, scenario analysis are performed for two different
real case analysis: the municipality of Sarno and the Quartieri Spagnoli district.
Experimental results show a major downfall of the HSPN efficiency after the seismic event,
which is gradually recovered towards the simulated strategy. In particular, the recovery curve
shows higher resilience when its slope is higher. In fact, resilience represents the area under
the recovery curve.
Major damages are observed for the case study of Sarno in comparison with the Quartieri
Spagnoli’s HSPN, despite the pre-event efficiency being similar for both the HSPN models
Furthermore, comparisons are performed with regards to damage-dependent and damageindependent resilience. The two resilience metrics show similar results for both the case analysis, that tend to be even much comparable when increasing the HSPN’s size.
Based also on the observed systemic damage and efficiency in the pre- and post-event, for the
studied HSPN’s configuration, the two resilience metrics result to be mutually supplementary.
In keeping with this, the proposed resilience metrics can be useful when comparing urban
environments with sound different features, as they are both normalized. On the other hand,
the proposed framework reveals to be a potential tool to be simply integrated in traditional
disaster management processes and to be used in the medium-long term before and after the
event occurrence. In the former case it can be effective in simulating the urban system behavior under different external attacks. In the latter, it can be a valuable support for decisionmaker to select and implement the best reconstruction process, in order to maximize local
resilience. In fact, it is highlighted also in the scientific literature [11] that frameworks aiming
at quantifying urban resilience might potentially give dual benefits when integrated in hazard
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management. In particular, mitigation pre-event actions (e.g. retrofit) reveal to be most effective for increasing resilience. Conversely, post-event efficient recovery processes might be
more effective for increasing resilience threshold with reference to longer return periods.
In keeping with this, ongoing research activities are being focused on the resilience assessment of single buildings, to develop a reliability-based methodology to be integrated within
the resilience assessment framework of the urban networks. In this case, time-dependence and
budgetary constraints will be considered for the restoration of damaged buildings, whose assessment is based on performance-based methodologies. Resilience thresholds will be recognised referring to each building typology and depending to the damage state suffered [12][13].
In fact, actions to be undertaken depending on the limit state that each single building has
exceeded due to the event occurrence can be very different and need to be properly evaluated.

References
[1]

[2]

[3]
[4]

[5]
[6]
[7]
[8]
[9]
[10]

[11]

[12]

[13]

L.M. Bettencourt, J. Lobo, D. Helbing, C. Kühnert, & G.B. West. Growth, innovation,
scaling, and the pace of life in cities. Proceedings of the national academy of sciences,
104(17), 7301-7306, 2007.
M. Cavallaro, D. Asprone, V. Latora, & G. Manfredi. Assessment of urban ecosystem
resilience through hybrid social–physical complex networks. Computer‐Aided Civil and
Infrastructure Engineering 29.8, 608-625, 2014.
A. Bozza. D. Asprone., & G. Manfredi. Developing an integrated framework to quantify
resilience of urban systems against disasters. Natural Hazards 78.3, 1729-1748, 2015.
M. Bruneau, S. Chang, R. Eguchi, G. Lee, T. O’Rourke, A. Reinhorn, M. Shinozuka, K.
Tierney, W. Wallace, & D. von Winterfeldt. A framework to quantitatively assess and
enhance seismic resilience of communities. Earthquake Spectra 19, 733–752, 2003.
A. Cardillo, S. Scellato, V. Latora, & S. Porta. Structural properties of planar graphs of
urban street patterns. Physical Review E. 73.6, 066107, 2006.
M. Ouyang, L. Dueñas-Osorio, & X. Min. A three-stage resilience analysis framework
for urban infrastructure systems. Structural safety, 36, 23-31, 2012.
ISTAT - Istituto nazionale di statistica. 14° Censimento generale della popolazione e
delle abitazioni, 2011. (Available from: http://dawinci.istat.it/MD/dawinciMD.jsp).
V. Latora & M. Marchiori. Efficient behavior of small-world networks. Physical review
letters, 87(19), 198701, 2001.
D.J. Watts. & S.H. Strogatz. Collective dynamics of ‘small-world’ networks. Nature
393.6684, 440-442, 1998.
Ordinanza PCM 3519 del 28/04/2006. Criteri generali per l'individuazione delle zone
sismiche e per la formazione e l'aggiornamento degli elenchi delle medesime zone. G.U.
n.108 del 11/05/2006.
H. Bonstrom & R.B. Corotis. First-order reliability approach to quantify and improve
building portfolio resilience. Journal of Structural Engineering, 142(8), C4014001,
2014.
H.V. Burton, G. Deierlein, D. Lallemant & T. Lin. Framework for incorporating probabilistic building performance in the assessment of community seismic resilience. Journal of Structural Engineering, 142(8), C4015007, 2015.
X.X. Liu, E.E. Ferrario & E.E. Zio. Resilience analysis framework for interconnected
critical infrastructures. ASME. ASME J. Risk Uncertainty Part B, 2017.

2018

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Generalized multivariate fragility functions with multiple
damage states
C. P. Andriotis and K.G. Papakonstantinou
Department of Civil & Environmental Engineering
The Pennsylvania State University, University Park, PA, 16802, USA

Abstract: Fragility functions are widely used in performance-based analysis and
risk assessment of structures, readily addressing the earthquake and structural engineering needs for uncertainty quantification. Fragility functions indicate the probability of a system exceeding certain damage states given some appropriate intensity
measures characterizing recorded or simulated data-series. Formally, these intensity
measures are characteristic features of the data-series, which can then be probabilistically mapped to a label state space, through presumed structural models and engineering demand parameters. In this sense, the development of fragility functions
is a learning task, which has to preserve the statistical information of the labeled
data. In this work, fragility functions are derived in their utmost generality, accounting for both multivariate intensity measures and multiple damage states, and are
even further expanded to cases with multiple transitions among different states, what
is called herein generalized fragility functions. As shown in this work, the framework of softmax regression is proven to be the appropriate one for such learning
tasks for several theoretical and practical reasons. Different variants of the methodology applicable in fragility analysis are discussed and their underlying implementation details, statistical properties and assumptions are provided.

Introduction
Fragility analysis of structures is a practical mathematical and engineering tool for parametrizing the inherent uncertainties due to earthquake events, enabling engineering decision-making
based on a few informative metrics. Fragility functions quantify the probabilities of a structure
exceeding certain Damage (or limit) States (DSs) Z, given some Engineering Demand Parameters Y (EDPs), f Z |Y . Through these probabilities we can eventually estimate the Mean Annual
Frequency (MAF) of DSs exceedance, λDS , and other relevant MAF responses related to economical, societal, or environmental impacts. A strong assumption made is that given some Intensity Measures X (IMs) we can sufficiently define the probabilistic response of EDP, fY | X .
Following the premises of these conditional independencies of the uncertain measures and responses, we obtain [2]:
=
λDS

f (z
∫∫=
Z |Y

1| y )dfY | X ( y | x)d λIM ( x )

(1)

x, y

where z  {0,1} , 1 for exceeding the DS and 0 otherwise, and λIM is the corresponding seismic
hazard function.
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A favorable simplification for alleviating a part of the computational effort is to assume that
DSs are precisely defined by EDPs. That is, f Z |Y is just a step function from the EDP space to
the discrete Z space. Thereby, fragility functions are given conditionally to IMs, instead of
EDPs, and this is the format considered in this work. There are various methods in the literature
for selecting and handling recorded or simulated ground motions to extract the information
required for the fragility analysis [4,5,7,9,14]. In this work a stochastic ground motion model
is utilized, which can be also integrated in (1).
Several formulations for conducting fragility analysis exist, either combining univariate
IMs with binary DSs [14], or univariate IMs with multiple DSs [13], or multivariate IMs with
binary DSs [17]. In general, fragility functions can be expressed as multivariate models with
multiple DSs. While the multivariate extension is straightforward under fair assumptions, the
multidimensional one, i.e. through multiple DSs, often brings out inconsistencies. The crossings
of fragility curves are, for instance, indicative of some modeling flaws, since what they essentially imply is negative state probabilities. Some techniques for circumventing this issue have
been proposed in the literature, e.g. [12], yet without always providing clear theoretical justifications.
In this paper, multivariate fragility functions with multiple DSs are analyzed within the
context of Softmax Regression (SR) [11]. SR has strong theoretical connections with generalized linear models [3], featuring the special case of logit links. In the binary case, SR can be
regarded as binary logistic regression, which has been effectively used for fragility analysis,
e.g. [8,17]. The development of fragility functions based on data and SR is seen as a learning
problem in this work, where the probability distribution over multiple discrete structural DSs is
to be inferred, given some multivariate data attributes.
In current fragility analysis frameworks, the lognormal distribution is favorably utilized for
data belonging to certain DSs, mainly for the practical reason of the non-negativity of the used
IMs, x. Quite often though, the posterior, f Z | X , is misconceived as the likelihood, f X |Z , frequently enabling, among other issues, DS probabilities with negative values, i.e. crossings of
fragility functions. In this work, we show that SR, in the log-space of IMs, is a mathematically
accurate modeling choice for this posterior, when the DS conditional distribution is log-normal.
Besides lognormal, the results are generalizable to the entire exponential family of distributions,
which technically implies that a softmax fragility function assumption is invariant to this large
family of distributions. Another significant feature of fragility analysis is the fact that states
commonly follow a certain order, meaning that, for example, a “minor damage” state is a subset
of an “up-to-major-damage” state. This nested structure is analyzed, investigated and leveraged
along the lines of nominal, ordered and hierarchical regression approaches.
Classic fragility analysis is mainly focused on the DS probabilities given that the structure
is in one given initial configuration, usually the intact state. However, it would have broad
implications to model state transitions from every to all DSs. Such generalized fragility functions are particularly useful in life-cycle applications, that necessitate computation of failure
probabilities from multiple initial structural configurations. This generalized approach that accounts for transition probabilities among all DSs, and is capable of describing long-term structural behavior, is presented here, assuming Markovian properties for the evolution dynamics of
DSs. In this regard, the current state of the structure is a sufficient statistic over a history of
state transitions that do not need to be tracked.
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Statistical learning approach
2.1 Theoretical implications
To shed some insight on the choice of SR in fragility analysis, we examine, without loss of
generality, a binary state case, with one IM. The scope in fragility analysis is to model the
posterior probability of a DS exceedance given an IM, f Z | X , which based on Bayes’ rule can be
written:
fZ|X =
x)
( z 1|=

f X=
1=
) f Z ( z 1)
|Z ( x|z
f X |Z ( x|z =
1) f Z ( z =
1) + f X |Z ( x|z =
0) fZ ( z =
0)

(2)

A common misconception in fragility analysis is to model f X |Z instead of f Z | X . To elaborate
on this, once the structural analysis results have been obtained, usually only the points that
indicate damage are kept, and their derived distribution is eventually treated as being the posterior, f Z | X , when in fact it is merely the DS conditional likelihood f X |Z . From relation (2) we
can further derive:
fZ|X =
x)
( z 1|=

1
f=
( x|z 0=
) fZ ( z 0)
1 + X |Z
f=
1=
) f Z ( z 1)
X |Z ( x|z

(3)

The state z is binary, and random variable Z follows a Bernoulli distribution, having mass density function:
f Z ( z=
;θ ) θ z (1 − θ )

1− z

(4)

A popular distribution for modeling f X |Z is the lognormal, mainly due to its positive support
domain. Adopting this assumption we have:

σ i , µi )
f=
i;=
X |Z ( x|z

1
xσ i

 ( lnx − µi )2 
exp  −

2


σ
2
2π
i



(5)

Substituting (4) and (5) in (3), and after some tedious but trivial algebraic steps, we obtain:
fZ|X =
x)
( z 1|=

1
1 + exp ( − Aln 2 x − Blnx − C )

(6)

where A, B, C are constants, functions of the parameters of (4) and (5). Under the assumption
that σ 0 = σ 1 , it can be shown that A = 0 , thus f Z | X is a logistic function in the log-space of x.
From a classification perspective, the affinity of the exponent in (6) implies that DSs can be
discriminated by a linear function in the log-space of IMs. In case A ≠ 0 , the exponent is
quadratic in the log-space of x, which suggests that a quadratic kernel can be integrated in the
analysis. This important result in (6), also holds for any distribution in the exponential family,
with the lognormal just being one of them [1,6]. In addition, it can be easily shown that with
multiple DSs, relation (6) becomes the softmax function, demonstrating that SR is the mathematically accurate modeling choice for fragility analysis, with the potential aid of nonlinear
kernels, under the most general and diverse assumptions.

2021

2.2 Softmax regression
In an SR setting, given a set of n labeled data points lying at an m-dimensional feature space,

{

} { x ( ) , x ( ) , …, x ( ) , z ( ) }
n

n
i
i
i
i
m
1
2
=i 1 =i 1
i
namely x (i )=
, z( )

, we want to estimate the probability of a class z=j

P ( z j|x1 , x2 , …, xm ) , z ∈ S =
given x, =
{1, 2,...,| S |} , where |S| is the total number of classes.
In the context of fragility analysis, the classes can designate DSs, whereas the data features are
the various IMs. In SR, the labels are often given in a one-zero vector format, meaning that if
x belongs to DS z = j , its label is a zero vector with only its j-th entry equal to 1:

z = 0 0 ... 1 j

... 0 

(7)

This vectorized representation of the classes also allows for a relaxation of the strict one-zero
requirement, thus allowing for a softer probability distribution over the classes, in cases where
the actual DS is only partially observable and is not known with certainty. To discern the two
approaches in the presence of deterministic classes (one-zero vectors), the method is referred
to as sparse SR, which is quite similar to the classical multi-class logistic regression. Along the
premises discussed in section 2.1, the probability of a class j given x, can be directly modeled
by the softmax function as:

P ( z =j|x1 , x2 , …, xm ) =p j =

e

g j ( x)

∑e

(8)

gi ( x )

S

where gi is an affine function of x, for all i ∈ S :

gi ( x=
) aoi + a1i x1 +…+ ami xm

(9)

It is clear from relation (8) that the probabilities of all individual states sum up to 1 for all x,
and are, of course, positive. Although the necessity of positivity is self-evident, its importance
has to be underlined here, since this is the guarantee that resolves fragility functions crossings.
The total number of optimal coefficients to be determined is ( m + 1) | S |, whereas the loss function to be minimized is given by the cross-entropy:
n

|S |

L = −∑∑z j(i ) ln p (ji )

(10)

=i 1 =j 1

Note that minimizing (10) is essentially equivalent to maximizing the log-likelihood of
P ( z|x1 , x2 ,…, xm ) assuming i.i.d. observed data.
2.2.1

Nominal approach

If we set z = k as a reference state, by dividing the denominator and nominator of (8) with e k ( )
we end up with the multinomial logistic function. This scheme eliminates a set of unknown
coefficients. In differentiation among the other types of SR, this reduced version is called the
nominal one, and includes ( m + 1)(| S | −1) coefficients. Accordingly, the probability of each
g

DS now becomes:

2022

x

e j( )
1
=
p j ≠k =
, pk
gi ( x )
g x
1 + ∑ S \{k }e
1 + ∑ S \{k }e i ( )
g x

2.2.2

(11)

Ordinal approach

The ordinal SR is a more restrictive version of nominal SR. In this case, the affine gi functions
are now constructed so as to directly take advantage of the ordered state structure, which is
rather appealing in fragility analysis given the nature of DSs, as for example “minor damage”,
“major damage” etc. This assumption is true to some extent, but rather restrictive, requiring a
good prior knowledge of the data domain. In the ordinal case, the total number of optimal coefficients is reduced to (| S | −1) + m , since the probabilities of exceedance of a set of sequential DSs, are now modeled as:

1
P ( z > j|x1 , x2 , …, xm ) =g j ( x )
1+ e
gi ( x=
) aoi + a1 x1 + … + am xm

(12)
(13)

As seen, the gradient of gi is constant for all i, namely the respective separating hyperplanes,
gi ( x ) = 0 , as well as the corresponding fragility functions are parallel to each other. As such,
although fragility functions have different means, they share the same variance, as the only way
to guarantee non-crossings in this case. It should be made clear at this point, that equal variance
is not required in the other SR formulations in order to avoid crossings. In all other cases, noncrossings are a priori guaranteed, even when different variances are used, due to the way the
probabilities are formulated. In these cases, however, the modeled probabilities have to be
simply post-processed in order to provide the typical fragility functions, which model the probability of exceedance of DSs. Along the ordinal assumptions, early and recent works in fragility
analysis have subtly employed ordinal models, without explicitly addressing it, either using the
probit or the logit link [13,17]. It can be noted that, with the probit link, equation (12) yields
the classical maximum likelihood estimation formulation presented in [13]:

 x − μj 
P ( z > j|x1 , x2 , …, xm ) =
Φ

 σ 

(14)

where, again, x is the log-IM and Φ the standard Gaussian CDF. The probit link is quite similar
to the logit one, with the former turning sharper at the tails. However, as shown in section 2.1
the choice of a logit link is in general theoretically more consistent for DS conditional data,
distributed according to the exponential family.
2.2.3

Hierarchical approach

The hierarchical approach reflects a nested logic. The probability of a DS is now given conditionally to the IMs and DSs, as:

1
P ( z > j|z > j − 1, x1 , x2 , …, xm ) = g j ( x )
1+ e
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(15)

This is a formulation that comprises features from the two previous approaches. The gi expressions are similar to the ones in (9), hence the same number of coefficients as in nominal SR
should be determined, whereas concurrently the concept of DSs ordering is explicitly enforced.

2.3 Kernelized softmax regression
The developed formulation of linear SR in the previous sections can be expanded to facilitate
nonlinear data discrimination. To accomplish this, a nonlinear mapping should be defined from
the original space of the dataset to a new space, where the linear model performs more
efficiently. An elegant way towards this, is to define the inner product in the new space by
means of a kernel function. Technically, linear SR can be seen as a special case of the family
of polynomially kernelized SR, that employs a kernel of the form K ( x, y )=

(1 +

x, y

)

r

for any

x, y ∈ ℜm , with r = 1 . The quadratic kernel is accordingly obtained for r=2, the cubic kernel
for r=3, etc. Another versatile and useful inner product is defined by the gaussian kernel or

y ) exp(− x − y 2 / γ 2 ), γ ∈ℜ+ . Relation (9) admits the following
radial basis function K ( x,=
modification [10]:
2

gi ( x ) = ∑ai( j ) K ( x ( j ) , x )
n

(16)

j =1

Nonlinear kernels can be integrated in any of the SR variants discussed previously. To avoid
overfitting when using nonlinear kernels, the loss function should often be supplied with L2- or
L1-norm regularizers. For more details on the strengths and weaknesses of different
regularization functions the interested reader may consult [11].

Generalized fragility functions
In order to capture the longitudinal data dependencies, a network with Markovian states evolution is introduced, shown in Figure 1. The network consists of two node categories; the X-nodes
and the Z-nodes, corresponding to IMs and DSs random variables respectively. More formally,
for all i = 0,1, 2,..., T , Z i , X i are random variables, such that Z i ∈ S and X i ∈ Ω , where

S = {1, 2,...,| S |} , Ω ⊆ ℜ|Ω| . Assuming that the initial state z0 is known, the joint probability
mass function is [11]:
f ( z0:T | x1:T ) = f ( z1 | z0 , x1 ) f ( z2 | z1 , x2 )... f ( z|T | | z|T |−1 , x|T | )
T

|S |

|S |

t =1

k

j

( zt
= ∏∏∏ p IIj=
|k

(17)

j=
, zt −1 k )

where II is the indicator function. Considering the negative log-likelihood of (17), the corresponding loss function reads:

Z0

X1

X2

Z1

Z2

XT

…

ZT

Figure 1: Markovian network representation
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n

T

|S |

|S |

|S |

k

j

=
k 1

−∑∑∑∑ II ( zt =
L=
j , zt −1 =
k ) ln p (ji|k) =
∑ L( k )
=i 1 =t 1

(18)

Table 1: Analysis and modeling parameters

5.7 – 7.5
5.0 – 40.0
305.0
6.5
4.2
W21x83
W24x84
235.0
200.0
0.5
20.0

6.5 m

4.2 m

Magnitude (-)
Distance (km)
Vs30 ground velocity (cm/s)
Beam length (m)
Column length (m)
Beam section
Column section
Yield strength (MPa)
Elastic modulus (GPa)
Hardening (%)
Concrete slab height (cm)

The subscript k in the loss functions of (18) indicates the conditional state of the respective
cross entropy. In addition, the form of the loss function indicates that regardless the length of
the sampled earthquake sequences, the parameter estimation process can be decomposed into
|S| subproblems that can be processed in parallel. The transition probabilities from each state k
to all j, p j|k , form the generalized fragility functions modeled according to (8), or any other of
the presented variations.

Numerical results
In this section, the dynamic response of a one-bay three-story internal moment resisting frame
is considered, under simulated seismic excitations. Details for the earthquake model implemented can be found in [15,16]. Dynamic time-history analyses are conducted using Opensees.
All beams and columns are geometrically linear force-based elements with proper fiber discretization, modeled with a bilinear material law with kinematic hardening, simply simulating
the uniaxial steel constitutive behavior chosen. In Table 1, the simulated ground motion and
analysis parameters are shown in detail. For the earthquake magnitude and distance from the
site, uniform distributions with bounds shown in Table 1 are sampled. The DSs are based on
different levels of maximum interstorey drifts. For illustration purposes, only three states are
chosen, shown in Table 2.
Fragility analysis for a 1D IM case is performed first, with the Peak Ground Acceleration
(PGA) (in g) chosen as the IM. A total number of 50 earthquakes and respective structural
analysis is used in this example for deriving the fragility functions.
Table 2: Damage states based on maximum drift

1: Minor damage

<0.5 %

2: Major damage

0.5 – 1.5 %

3: Near collapse

>1.5%
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Figure 2: Moment resisting frame fragility curves for one IM and three DSs (left). Crossing of fragility functions
for classical maximum likelihood approach without common variance (middle). Crossing avoided without
common variance assumption using nominal SR (right).

P(z>1), P(z>2)

Results for this example are presented in Figure 2. Nominal and hierarchical approaches
are almost identical, whereas ordinal fragility curves for different DS exceedances are only
differentiated through a shift in their mean values. In all cases crossings are avoided, and as
explained in section 2.2.1, in the nominal and hierarchical cases this is accomplished without
the common variance assumption. In Figure 2, the remedy of fragility functions crossing is
also demonstrated. The same example is evaluated and fragility functions based on one of the
leading methodologies [13], without the common variance assumption, is compared with the
presented formulation results.
The difference among the three approaches can be also seen in Figure 3, where fragility
surfaces for 2 IMs are demonstrated, for 500 analyses. In this example, the chosen D595 (in sec)
duration is a typical measure for the significant duration of seismic excitations, denoting the
time interval between 5% and 95% of the arias intensity. In Figure 3, we can again observe that
nominal and hierarchical approaches are almost identical and different from the ordinal case.
This difference is more obvious in the x-y plane, in Figure 4, where the boundaries, for gi = 0
, are shown. The parallel boundaries among DSs imposed by the ordinal assumption seem to
not be accurate when the model is free to optimize all the coefficients.
Finally, we show the analysis regarding the generalized fragility functions. The generalized
formulation is applied based on 1000 series events, with each series consisting of 5 earthquakes,
corresponding to 5000 analyses in total. In Figure 5, the corresponding plots are shown, for
every initial state, based on the nominal SR. In this figure, the diffusion of more severely damaged points into former less damaged regions is observed, and the corresponding linear boundaries defining the fragility functions are drawn.
1
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1
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0
5
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5

0
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-2
log-PGA
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0

0

-4
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log-PGA

Figure 3: Moment resisting frame fragility surfaces for two IMs and three DSs.
Nominal (left), Ordinal (middle), Hierarchical (right).
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Figure 4: Separating boundaries of DSs based on fragility analysis.
Nominal (left), Ordinal (middle), Hierarchical (right).
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Figure 5: Conditional separating boundaries of DSs based on generalized fragility analysis
with nominal SR.

Note that by determining all separating boundaries, all fragility functions have essentially been
obtained, since their optimal coefficients have been computed.

5 Conclusions
This work presents a complete and systematic framework for fragility analysis, based on SR.
This choice is driven by the fact that the softmax function turns out to describe the probabilities
of the DSs, when the distributions of the DS conditional data belong to the exponential family
of distributions. The presented methodology can be implemented in three alternative ways either under (i) nominal, (ii) ordered or (iii) hierarchical assumptions regarding the DSs, and in
all cases fragility functions crossings are avoided. The numerical investigation supports the fact
that the nominal and hierarchical approaches are more flexible and obtain similar results, and
do not need the common variance assumption to avoid crossings, as the ordinal approach does.
Finally, a theoretical formulation for generalized fragility functions based on Markovian assumptions is derived. Generalized fragility functions provide the transition probabilities from
every to all DSs, given the IMs, allowing for long-term structural damage predictions. Numerical examples and connections to current practice are analyzed and discussed for all presented
formulations.
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Abstract: Many communities face threat of repeated hazards, though the majority
of hazard research focus on isolated events. This mentality fails to consider how
communities change over time in response to hazards and, as a result, can limit
model insights. This work summarizes the importance of interdisciplinary
modelling for quantifying a community’s risk to repeated hazards by integrating
hazard, infrastructure, and behavioural models. Insights from recent projects are
discussed, including why inclusion of a community’s behavioural response to
hazard-mitigation is critical when planning regional loss-reduction strategies. For
example, infrastructure designed to reduce losses may actually increase regional
vulnerability if that infrastructure encourages development in hazard-prone zones.

Introduction
Many communities face repeated hazards (e.g., hurricanes, floods, and heatwaves) that
damage infrastructure, disrupt services, and cause loss of life. No doubt, there has been
significant progress in developing models of the physical performance of infrastructure during
these events. However, these systems do not exist in isolation; they exist within the fabric of
system users, managers, operators, and governing institutions that set relevant policy. Often,
in response to policies, perceived risk, or a recent hazard’s severity, these actors make
decisions that exert large influences on the physical systems (e.g., levee creation, adoption of
building code). These decisions, in kind, cause communities to evolve and directly affect a
community’s resilience. Hence, to better understand how an infrastructure system or a
community might perform under stress, we need to assess what actions might occur in the
time between stressors. This requires a more holistic and interdisciplinary perspective seated
at the intersection of physical system models and behavioural science models.
The objective of this paper is to demonstrate the importance of behavioural decision science
in the field of infrastructure performance after hazards. We do this by demonstrating the
limitations of studying hazards in temporal isolation; it fails to capture human-induced
changes to system vulnerability. These limitations can be resolved by studying repeated
hazards and incorporating individuals’ behavioural responses to these repeated hazards. To
that end, we highlight recent methodological advances for evaluating system performance
after repeated hazards. The approach taken is inherently interdisciplinary and iterative. All
results possess significant uncertainty. The uncertainty stems from the intensity of the hazard,
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the system’s ability to resist the hazard, and each actors’ behavioural response to the hazard,
perceived risk, and policy – perhaps the last of which, the behavioural response, is the hardest
to quantify. Yet still, the uncertainty need not pause a methodological adoption; in no manner
is the purpose to strive for predictive accuracy but rather to produce descriptive insights on
the components driving the system’s risk.
Evidence of evolving community vulnerability to hazards abounds. For example, Nateghi et
al. demonstrated how, over long time frames, the efficacy of seawalls for reducing death and
building damage from tsunamis is not always clear [1]. Sure, seawalls designed and built to
code will withstand the force of the design tsunami. But they could simultaneously encourage
coastal development and undermine evacuation orders; both of which would exacerbate
destruction if the design tsunami is exceeded. Seawall development should be complemented
by holistic land use planning. Research has also demonstrated the potential effectiveness of
policy alternatives to contain vulnerabilities as well. Reilly et al. showed the potential
effectiveness of different subsidies that sponsor homeowners to mitigate [2]. Subsidies can be
particularly effective, even when small, when the time between intense hazards is long. This
is informed by behavioural research showing that individuals have poor long-term memories
when it comes to consequences from hazards.
A significant body of evidence shows how risk perception fuels this cycle of behavioural
response and hazard vulnerability [3,4]. An individual’s experience during and after a hazard
affects their risk perception, which in turn affects what they choose. But in no manner, should
this imply a strict over-estimation of risk. Uncharacteristically long droughts without a hazard,
biases, or simply being “lucky” during a hazard (e.g., near-misses) [5] are instances that cause
individuals to underestimate their risk [6]. Further, risk perception is influenced by more than
only hazard; individuals constantly gather new risk data from the opinions and actions of
others in their social network and from governing authorities [7]. A government or regulator
can nudge individuals (e.g., through subsidies or information) toward better comprehension of
their risk, though unintended consequences can result (e.g., levees communicate a lower flood
risk which can dissuade individuals from protecting their homes) [8].
The majority of the methodological discussion in this article focuses on imbedding hazard,
behavioural, and system performance models within large-scale agent-based models (ABMs).
ABMs are bottom-up simulation models that mimic possible actions and interactions of
agents to identify emergent phenomenon. An [9] provides a valuable review of ABMs.
Agents, their actions, and physical properties of the region (e.g., the extent of damage) are
spatially and temporally tracked. Temporal tracking is a distinct advantage of ABMs; it allows
for the hazard and behavioural cycle to play out as opposed to examining the effects of a
single hazard. Many behavioural frameworks exist and can be imbedded, including utility
theory, game theory, and the theories surrounding bounded rationality. The goal is not to
assign “the right one,” but rather to look at the effects on system performance from different
types. This thus enables understanding of the marginal impact of different behaviours and
how important behavioural traits are for vulnerability.
The coupling of behaviour, hazard, and infrastructure models, especially using ABMs, is
relatively nascent, but also offers opportunity. Among the first studies in this area pertained to
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hurricane evacuation [10,11], and have now expanded to household mitigation decisions for
hurricanes and floods [2,4,12], and land use decisions for tsunami affected regions [13].
ABMs are particularly effective at demonstrating how different trends may emerge over time
given possible behavioural characteristics of community members. Note, however, that ABMs
are not the sole method for evaluating community resilience to repeated hazards; other
methods, including system dynamics and optimizations models, are more appropriate when
objectives are different. For example, Nateghi et al. used supervised learning methods to look
at the effect on destruction from a region’s decisions to build seawalls over long periods of
time [1]. However, this particular method cannot address what is driving individual decisions
and how behavioural modifications may affect future losses. Ultimately, the model that is
selected depends on the questions being asked, and there may be advantages to multimodelling approaches. For instance, if the question seeks an optimal allocation of mitigation
resources, optimization models might be preferred. However, because this method requires
static and, typically, uniform behavioural assumptions, there may be advantages to coupling it
with an ABM. This way, the outcomes of the optimization model could be tested in silico.
This line of research highlights the importance of and need for more interdisciplinary
collaboration and research in disaster science. Discipline specific models on how e.g.,
buildings will fail or how to best communicate hazard risk are continuously advancing and
key for understanding what could happen given a hazardous event. But, they are not designed
to explore the impacts of changes to the system that are exogenous to their field. An iterative,
interdisciplinary approach allows for researchers to generate new hypotheses about the system
and have the discipline experts test the hypotheses within the context of their own field.
The remainder of the paper is organized as follows. Section 2 briefly reviews the factors that
affect behaviour in repeated natural hazards. Section 3 outlines an interdisciplinary framework
for tracking a system’s risk evolution. Central to this framework is agent-based modelling that
integrates behaviour, spatial hazard models, and infrastructure models. Section 4 draws from a
recent project focused on repeated riverine flooding. It demonstrates how behaviour and
decisions can be modelled so that community vulnerability can be better understood.

Factors of behaviour in repeated natural hazards
Succinctly, the behaviour of individuals in response to risk is motivated by their perception or
understanding of the risk, their threshold for the level of risk they are willing to accept (or
similarly, what actions/alternatives compensate for the risk, if any), and how empowered they
feel to address the risk. Many of these properties are dynamic. As individuals learn, their
understanding of the risk evolves, and they react accordingly. Similarly, some factors may
change (e.g., greater wealth, intervention by an authority) and individuals may feel more
empowered to take action. Obviously, numerous frameworks exist for conceptualizing these
components, many of which are supported by empirical evidence. The subsections below –
learning, risk perception and coping, and decision-making under uncertainty – provide an
overview of the types of models that can be incorporated into repeat hazard ABMs.
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2.1. Learning
People’s behaviours are driven by their beliefs [14]. Beliefs can change over time when
individuals update their understanding from new experiences. To describe a more realistic
behavioural process in an ABM framework, learning is essential and cannot be neglected [15]
As in a massive ABM, the agents are autonomous and interactive, which means that they can
learn from the environment and others experience following certain rules. Learning is the
bottom module that enables us to observe how a complex system evolve dynamically based
on agent knowledge and how it affects behaviour.
There are several models that are used to simulate learning. One of them is the Bayesian
learning or Bayesian updating model [14]. This model assumes an agent’s belief follows a
probability distribution. Agents’ belief probability distributions are updated when new
information become available using Bayes theorem. For example, an agent could have
categorically distributed beliefs over the likelihood of zero, one, or more hurricanes in a given
year. This model can be combined with Dirichlet conjugate priors which are updated in a
Bayesian manner every year given whether one or more hurricane occurred.
Other learning models include reinforcement learning and coevolutionary algorithms [16,17].
For reinforcement learning, agents receive reinforcement information from their actions and
they make decisions based on new environment and the consequences caused by their prior
actions. Coevolutionary algorithms are adapted from evolutionary algorithms to refine multiagent behaviours [16,18]. The fitness is described by the interactions among agents; agents
are making adaptive changes and decisions via interacting.

2.2. Risk perception and coping
An individual’s perception of the risk may differ vastly from the actual probabilistic risk,
particularly for low probability events [19]. Some primary factors that influence risk
perception include personal hazard experience, near-miss experience, community mitigation,
household mitigation, information, and neighbour experiences [4].
Even when individuals’ perceptions of a risk are high, they may not take action if they believe
they lack capacity to take action – formally called coping perception. Factors that affect
coping perception include beliefs about the effectiveness of a protective measure, self-efficacy
in implementing the measure, and cost of implementing the measure, including financial costs
as well as time and emotional costs [20]. Other factors include socioeconomic characteristics,
implementation of prior mitigation measures, information availability, and neighbour
mitigation action [4]. Neighbour actions, such as purchase of insurance or installation of
household mitigation measures can influence an individual’s coping perception. If an
individual observes a neighbour taking an action, he or she is more likely to think that action
is smart or feel competent to take that action. Because ABMs are agent-focused, they allow
for a variety of ways of specifying neighbouring agents and allow the consideration of
neighbouring agents in the specification of behavioural rules.
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2.3. Decision-making under uncertainty
Once individuals form an understanding of their risk and assess their ability to take action,
they make a decision that affects how they fare in future events. Broadly, decisions within
repeated hazards ABMs are modelled prescriptively (i.e., how people should behave given
stated preferences, etc.), descriptively (i.e., how people do behave assuming they follow a
consistent set of rules), empirically (i.e., observational), or by using an exploratory ‘if-then’
approach.
Prescriptive decision theory models what people should do given their stated (often
probabilistic) beliefs and preferences. The premise is straightforward. A rational decisionmaker translates the possible outcomes to a utility and then chooses the alternative that offers
the highest expected utility [21]. However, people are not observed to strictly follow this
approach when making decisions. For example, individuals have been observed to make
decisions based on isolated differences between two alternatives as opposed to a holistic
evaluation of the alternatives. Descriptive decision theory attempts to explain the differences
between what decision-makers are observed doing and what they should do given stated
preferences. Prospect theory is one example of a descriptive framework where people are
assumed to evaluate outcomes based on possible gains and losses rather than what is expected
[22]. Various heuristics and biases have been established to help explain the observed
phenomenon (e.g., availability bias). Examples in the ABM literature include water scarcity
management for repeated droughts [23] and electric-power outage reliability for repeated
hurricanes [24]. Empirical models apply real observed decision behaviour (e.g., observed
mitigation rates). The approach is reasonable when building an ABM for a particular region
using observed data from that same region. Individuals from different regions have been
observed making different choices under similar hazards [25] – likely because of different
background understanding of the hazard – meaning empirical data are at times less relevant
when applied to different regions. The final approach is “if-then” models which take the
format of “if this happens, then I will do that with some likelihood.” The probabilities can be
populated based on observation (i.e., empirical) or come from subject matter experts, but that
is typically not the point. The objective to find the marginal influence of different types of
decisions on model outcomes and require extensive sensitivity analyses [2].

An Integrated Approach
When modelling how communities and infrastructure evolve over time in response to repeated
events, models of multiple aspects of the situations must be integrated. Depending on the
particular situation, these can include models of: (1) the hazard or hazards of interest, (2) the
physical response of infrastructure and buildings, (3) the behavioural response of individuals
such as homeowners and infrastructure managers as they recover and adapt from the event,
(4) the response of policy makers and regulatory bodies, and (5) the response of natural
systems to both the hazards and to changes induced by human behaviour. These models must
be fully coupled so that the feedback loops between the different aspects of the problem are
closed and considered in the model. For example, in modelling the effects of repeated
hurricanes on the evolution of communities, one must include physical models of wind and
surge hazards. These are coupled with damage models for infrastructure systems (e.g., power
systems) and buildings to estimate damage to each infrastructure element or building for a
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given hazard event. Models of individual-level behavioural responses to damage are then used
to estimate how the system will change as individuals recover from the event. These models
could, in some cases, include land use change induced either by individual decisions or by
policy decisions (e.g., zone changes or buy-out programs). These behaviour-induced changes
may then lead to changes in both the built and natural environments, which in turn change
how the system responds to future hazard events. Built into this integrated approach are the
issues discussed above, learning, risk perception, decision-making, and policy responses.
As a specific example, of this integrated approach, consider Figure 1. This figure summarizes
the integrated framework being used in an NSF-funded project (Grant Number 1631409) that
focuses on developing a model-enabled interdisciplinary approach to understanding how
repeated hazards such as hurricanes and heat waves may affect the evolution of the
vulnerability of a community over time. This framework includes stochastic hazard models, a
land use change model, models of behavioural responses of individuals to damage, and
physical impact simulation models, all integrated through an agent-based simulation model. It
is critical that the models of the different aspects of the problem be truly integrated and that
interdisciplinary expertise is used to develop each component of the overall framework.

Figure 1. Overview of the Integrated Hazard and Resilience Modelling Framework (NSF grant number
1631409)

Illustrative Example: Riverine Flooding
The following example describes on a study conducted by Tonn and Guikema regarding the
evolution of community flood risk, considering the physical hazard, community response, and
individual behaviour [4]. In this study, an ABM is used to simulate the interactions of
household behaviour and community mitigation and their impact on flood risk over time in a
community.
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4.1. Background
Flooding is the most common natural hazard and the third most damaging globally. Flood
damage continues to increase in the U.S. and abroad [26,27], and climate change is expected
to significantly impact flood risk [28]. The physical hazard component of flood risk is often
simulated using hydrologic and hydraulic models. Decisions about flood risk management are
made based on these models, benefit-cost calculations, and on opinions about acceptable
levels of risk. These decisions typically do not account for behavioural aspects of flood risk.
Ignoring behaviour in flood risk management decisions can result in unanticipated
consequences and increased flood risk. For instance, while intended to reduce risk, flood
control measures can increase damages by enticing development in marginally protected
areas. This creates a cycle of development and structural flood mitigation that can encourage
people to settle in harm’s way [29]. Poorly planned flood mitigation projects can have other
unanticipated consequences like reduced ecosystem services and can sometimes result in
increased flooding and reduced public safety [30]. To truly simulate flood risk in a
community, these interactions between the flood hazard, the community, and the individual
should be simulated together.

4.2. Behavioural Response
When a flood event occurs in a given year, the community-level and individual-level
responses impact flood risk in future years. Responses at the community-level include
programmatic responses, like information campaigns and incentivizing, or investment
responses, like large-scale flood mitigation projects including stormwater management
improvements and levees. At the individual-level, a flood event may change the perceived
risk and may entice the individual to consider mitigation and/or insurance options to protect
against future flood events. Similarly, fear of flooding, knowledge about flood hazards,
socioeconomic and geographic factors, deterrent factors, and perceived effectiveness of
mitigation measures all impact the adoption of individual mitigation measures [31].
There is interplay between individual and community actions. When a community distributes
information, or constructs a mitigation measure, they change the individual’s flood perception
and sometimes their flood risk. The “levee effect” is an example of this. When a community
constructs a levee, individuals may believe that land behind the levee is free from flood risk,
enticing additional residential and commercial development in these areas [8].

4.3. Agent-Based Flood Risk Model
This study allows for combined simulation of the stochastic flood hazard and behavioural
components [4]. The model focuses on a case study location of approximately 2,100
households in an area of Fargo, North Dakota located adjacent to the Red River and has three
main steps. In the first step, an annual flood elevation is sampled from historic flood data, and
damage and population at risk are tallied. In the second step, each agent may take action based
on risk perception, coping perception, and calculated utility. Risk and coping perception are
calculated by summing the weighted values of factors that impact risk and coping perception,
either positively or negatively, with relevant factors identified through review of social
science literature. Due to their subjectivity, these types of heuristics require rigorous
sensitivity analysis, Potential agent actions, in response to risk and coping perception levels,
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include doing nothing, complaining to the community (requesting community action),
elevating mechanical equipment, or elevating the home. If perceived risk and coping levels
are high enough, agents may also vacate their properties. In the third step, the community
(e.g., a government agency) can take action. Actions include doing nothing, putting out an
information campaign, or undertaking a structural mitigation project (simulated as a levee).
Actions are taken once a deterministic threshold for each criterion is met. For example, if
coping and risk perceptions exceed thresholds, and the utility of action is high, then an agent
could be assigned the action of raising its house. The thresholds are varied through sensitivity
analysis to assess the robustness of the results. These simulation steps are repeated for each
year of the 50-year simulation. 50-years is selected because it is a long enough duration to
quantify the marginal impacts of intervention given that major flooding events are relatively
infrequent, while being short enough of a timeframe to still be of interest to decision-makers.1
In each year of the simulation, a perceived risk and perceived coping value are calculated for
each agent. These values change each year based on the occurrence of flood events and nearmiss events, community and agent mitigation actions, and neighbour experiences and actions.
Individual action is based on perceived risk and coping along with a utility calculation that
considers potential future damage and cost of household mitigation measures. Community
action occurs based on the total damage that the community incurs in a given year and the
percentage of agents that complain to the community. For each simulation year, agent damage
and mitigation action as well as total community damage and mitigation action are recorded.

4.4. Novel Insights into Community Vulnerability
Absent changes to the system that impact the flood hazard itself (e.g., climate change and land
use change) or that impact the value of the exposed property, community flood damages tend
to decrease over time due to individual and community action. In response to damaging flood
events, individual or community action is taken to prevent future damage.
Individual action has a significant impact on the evolution of risk. Individuals influence
community flood risk by mitigating at the household level and by pushing for community
action. When mitigation action is taken at the individual level, it can lessen the drive for
community action. Likewise, community-level mitigation action reduces perceived flood risk,
lessening the drive for individual-level mitigation. Under simulations with repeated flood
damage, some agents choose to vacate their properties. In extreme cases, this can result in a
significant decline in the number of agents within the study area, which reduces overall
damages and fragments the community. Forthcoming work will address this phenomenon in
more detail under future climate scenarios.

Conclusions
This paper examines how studying the risk from hazards in isolation, without considering
how a community and its residents may adapt to the hazard, fails to fully characterize the risk.
In fact, it could under-predict potential losses and hide unintended consequences. Agent-based
models (ABMs) are discussed as a valuable modelling framework for integrating physical,
1

Ultimately, it is important to adjust the duration via sensitivity analysis, to ensure that the results are
not simply an artifact of the model’s time duration.
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hazard, and behavioural models. Recent work using ABMs have shown how communities
may evolve in response to their repeated hazards. These models are useful for understanding
community risk and the quantifying the possible impact of potential interventions. ABMs are
additionally useful for testing the marginal impact of domain-specific perturbations on other
system components. The authors have found this useful when discussing projects with
multiple uni-disciplinary researchers. Key components of behavioural models are also
discussed, though much more depth into methods is warranted.
Not discussed are strategic interactions – i.e., when individuals’ objectives are mutually
interdependent – the role of insurance, and the role of policy. Insurance programs and
governments have potentially significant roles in managing how community vulnerability
evolves over time.
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Abstract: In this paper, we implement a simple verified ODE solver to run on
the GPU as a first step towards GPU-based fully verified parameter identification. Our goal is to use the proposed parallelization to speed up parameter identification for dynamic SOFC models based on ordinary differential equations. We
illustrate the potential of the approach using a simple close-to-life example, for
which we compute the cost function under parameter uncertainty on the GPU
and compare the performance to the non-parallelized case.

1 Introduction
Parameter identification for mathematical models of real-life systems is an important and wellexplored task in engineering. One possibility here is to use least squares optimization with
data obtained from observations. In reality, this might mean that the cost function has to be
minimized for thousands of measurements, possibly using a model which provides only a differential equation (ODE) for the characteristic of interest. (As an example, see our publications,
e.g. [7], on ODE-based dynamical models for solid oxide fuel cells, SOFC.) Besides, the quality
of the results is often influenced by inexact measurement values, imprecise information about
the process, uncertain choices of suitable models, and many more factors having to do with
uncertainty.
Soft computing methods are powerful tools for dealing with the uncertainty-related problems.
Among various techniques available in the area, interval analysis [20] plays an important role
in addressing the issue of bounded uncertainty, that is, information representable by closed
intervals. In the last decades, an ever increasing number of developed tools, guidelines, and
techniques have allowed for wider and easier application possibilities of interval analysis in the
area of engineering.
Interval analysis belongs to the group of methods with result verification. Such methods provide
a mathematical proof that a result obtained on a computer is correct. The mathematical proof
can be simple or more advanced according to the algorithm in question. The main disadvantage
of methods with result verification is the possibility of a too conservative enclosure of the true
result. One of the reasons is the dependency problem, that is, the loss of information that two
given intervals represent the same variable. This is an inherent problem of naive interval analysis, which can be tackled by using more advanced arithmetics such as Taylor models [19], or
by other techniques [18].
An interval approach to solving the least squares problem is to use global optimization [10].
The proposed algorithms usually have higher computing times than the traditional floatingpoint-based ones. However, their advantages make up for the additional time. Such methods not
only guarantee the existence (and sometimes even uniqueness) of global optimizers inside the
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obtained bounds, but also deal with bounded uncertainty in parameters. Besides, they are fairly
parallel in their nature. This is what makes so attractive the idea of using readily available and
comparatively cheap computing power of graphic processing units (GPUs).
Employing GPUs for low-cost parallelization of different types of algorithms has been a popular
topic in the recent years [1],[5]. In our previous work, we have already employed the GPU for
the global optimization type based on explicit expressions for the characteristics of interest in
the context of SOFC [15]. Of course, there is more research dealing with the verified global
optimization on the GPU [8]. Our purpose in this paper is not to develop a new ODE solver or
enhance an existing ODE algorithm with the help of the GPU (like, e.g., in [5]). Our purpose is
to implement a simple algorithm with result verification running completely on the GPU to be
used in the context of parameter identification. In particular, we want to be able to compute the
cost function in parallel on the GPU in the case where the characteristic of interest is given by a
system of ODEs with complex right hand sides. This simple algorithm is a first but indispensable
step towards every more sophisticated, less pessimistic ODE solver with result verification for
the GPU, as explained in Section 2.2. This is also an essential step towards our ultimate goal
of speeding up the full verification process for the parameter identification stage of dynamical
SOFC models.
The paper is structured as follows. In Section 2, we review briefly the notions and concepts from
the area of methods with result verification. This includes a discussion of the ODE algorithm we
implemented on the GPU in Section 2.2 and of the general setting for the global optimization
problem that we want to solve in Section 2.3. In the next section, we illustrate the potential of
the approach using a simple close-to-life example of a two-compartment model. In Section 4,
the paper is summarized and conclusions are drawn.

2 Methods with Result Verification
There are a lot of readily available publications about methods with result verification, for example, [20],[26] and many more. Since the basics are well-known, we reproduce only the definitions or concepts we need later on in the paper.

2.1

Interval Arithmetic

Methods with result verification are constructed in such a way as to ensure a priori with the help
of mathematics that the results produced by their implementation on a computer will be correct.
Note that this does not include making sure that the code of the implementation is correct, which
is the subject matter of code verification [16].
As a simple example of a method with result verification, consider obtaining on a computer a
guaranteed result of the sum x + y, where x, y ∈ R are not representable by floating point numbers. If interval arithmetic is used, it is necessary to compute representations of these numbers
as intervals (i.e., their enclosures)
x := [x, x] := {x ∈ R | x ≤ x ≤ x}

(1)

and y with floating point bounds x, y, x, y, which is usually done by directed rounding. The
lower bound is the largest representable number smaller than the exact one (rounding down, denoted by ∇). The upper bound is the smallest floating point number greater than the considered
one (rounding up, 4). The sum is then enclosed according to the rule x + y := {x + y for all x ∈
x, y ∈ y} = [x + y, x + y]. The lower bound s = x + y has to be rounded down if it is not representable in the floating point arithmetic used on the computer, and the upper bound s = x + y is
rounded up. In this way, the true result s = x + y ∈ R of the addition is always inside the interval
[∇s, 4s] obtained using a computer, and all rounding or conversion errors are taken care of.
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Such rules can be devised for all basic arithmetic operations and elementary functions. They
need not necessarily rely on intervals, but can take internal dependencies of variables into account, for example, in a linear way as in affine arithmetic [9] or as a polynomial of a higher
degree as in Taylor model arithmetic [19]. There are a number of software libraries for methods
with result verification which implement the corresponding arithmetics (e.g, C-XSC [11] for
intervals) and higher level algorithms (e.g., VNODE-LP [21] for solving initial value problems
with the help of interval analysis or G LOB S OL [13] for global optimization).
To prove the correctness of results for more advanced algorithms such as those for solving
algebraic or differential equations, fixed point theorems (Brouwer’s or Banach’s) reformulated
for interval spaces are employed. In this context, the concept of an interval extension f of a real
function f is often needed. If the range of f over an interval x from its domain is defined as the
set
Range( f , x) := { f (x) | x ∈ x} ,
(2)

then the natural interval extension of f is obtained by replacing all constants, variables, and
operations in its analytical expression by corresponding (point) interval constants, variables,
and operations. Other kinds of interval extensions (evaluations) are possible, for example, those
based on the mean value theorem or Taylor models. A set-valued function f(x) is an extension
if it satisfies the condition Range( f , x) ⊆ f(x).
The main disadvantage of methods with result verification is the possibility of too conservative bounds (e.g., ±∞) which appear because of the dependency problem or wrapping effect (the latter being a variation of the former). As a simple example, consider the difference of the interval [x, x] and itself: [x, x] − [x, x] = [x, x] + [−x, −x]. According to the general
definition, the result is the interval [x − x, x − x] of the nonzero width 2(x − x), which contains zero (the true result), but is not equal to it. In addition, the width of the resulting enclosure is two times greater than the width x − x of the interval [x, x]. This happens because
the general definition of the interval addition given above does not take into account that the
operands are the same. Actually, we do not compute the set {x − x x ∈ [x, x]} but rather
{x − y x, y ∈ [x, x]}, which leads to overestimation. This problem of the naive interval analysis can be solved in different ways, in particular, by “recording” dependencies (as in the Taylor
model or affine approach) or by shifting the coordinate system to eliminate disturbing (unstable)
factors (e.g. the QR-decomposition based method for ODEs [21]).

2.2

A Rough Enclosure Method for Systems of ODEs with Uncertainty

As finely summarized in [26], a simple method of enclosing the solution of an initial value
problem
y0 = f (t, y) for y(t0 ) ∈ y0

(3)

in a rectangle y1 follows from the Picard-Lindelöf iteration and the Banach fixed point theorem.
The same techniques can be applied if instead of f an interval function f is used, that is, if
uncertainty is present in the parameters of the model. The following can be shown [17] for the
equivalent definition of the solution to (3) as


Zt


y(t) := y(t) = T (y(t)) := y0 + f (s, x(s))ds ∀y0 ∈ y0 (a fixed point problem) .


0

Let T be defined over the set of functions Y = {y(t)|y0 ≤ y(t) ≤ y0 ∀t ∈ [t0 ,t1 ]}. If there is
an interval y0 such that y1 := y0 + [0,t1 −t0 ] · f ([t0 ,t1 ], y0 ) ⊆ y0 , then the solution y(t;t0 , y0 )
for a fixed y0 ∈ y0 exists, is unique, and is enclosed by y1 .
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Generally, we want to find such dtmax , ρmin and ỹ0 := [y(t0 ) − ρmin , y(t0 ) + ρmin ] ⊇ y0 that
y1 := y0 + [0, dtmax ] · f([t0 ,t0 + dtmax ], ỹ0 ) ⊆ ỹ0 .

(4)

If we succeed in finding these values, and if dtmax 6= 0 and ρmin 6= ∞, then y1 encloses the
solution of the IVP over the whole time interval [t0 ,t0 + dtmax ]. Of course, this enclosure is
not very good, since the solution does not have to be constant inside [t0 ,t0 + dtmax ]. Also, the
widths of the enclosures y2 , y3 , etc., computed in this way from y1 , y2 , respectively, are always
growing, independently of the actual solution form [26]. If y(t) is one-dimensional, it is possible
to consider the lower and the upper bound of y0 separately and build a convex hull of both
enclosures; in higher dimensions, monotonicity conditions have to be checked first.
The enclosures provided by successive application of (4) become too conservative very rapidly.
However, every better technique (e.g., Taylor-expansion-based [21],[22]) needs this or similar
kind of rough assessment as a starting point. The general idea after obtaining rough bounds
for the flow of the ODE is to compute a tighter enclosure not over the whole time interval
[t0 ,t0 + dt], but in t0 + dt only. Using these tight intervals, an interpolation function containing
the true flow can be constructed if necessary, which is equivalent to providing a non-constant
enclosure over [t0 ,t0 + dt].
Algorithmically, obtaining dtmax and ρmin is heuristic. For example, the author of the implementation [6] suggests 0.5 as the maximal value for dtmax , 0.25 as the optimal value, and 0.0001
as the minimal. If we cannot prove Condition (4) with the current value of dtmax , then it is
decreased successively (together with increasing ρmin ), otherwise we try to increase it. Having
obtained an optimal dtmax in this sense, we try to decrease the value of ρmin successively, simultaneously trying to increase dtmax . In this way, we arrive at somehow balanced values of dtmax
and ρmin . This procedure has a lot of branching due to IF branches and WHILE cycles.
The monotonicity conditions mentioned above can be also applied to obtain tight bounds if
the parameters of the right hand side of the Equation (3) are uncertain but bounded (Smith’s
theorem [25]). That is, if a system y0 = f(t, y) is cooperative ( ∂∂ xfij ≥ 0 for all i 6= j), then the tight
flow can be computed by solving two systems with crisp values instead of one with uncertain
values. Those two systems are as follows
y0lb = f (t, ylb ) and

y0ub = f (t, yub ) .

(5)

The true result lies inside the convex hull [ylb (t), yub (t)] of the enclosures ylb (t) for the lower
and yub (t) for the upper bound in each point t from the integration interval. If the cooperativity
cannot be shown, Müller’s theorem [14] might be of help, which basically provides the same
result under different conditions. An illustration of different kinds of enclosures is given in
Section 3, Figure 1.

2.3

Parameter Identification in the Context of SOFCs

In [7], a possible modeling principle for the thermal subsystem of SOFCs was described. It
is based on general techniques from [12], and is adjusted to fit the actual SOFC test rig. The
overall procedure can be divided into three general steps. The first is to develop a system of
equations to describe the thermal behaviour of the corresponding SOFC subsystem based on
heat flow/energy balances over finite domains (“early lumping”). This system is discretized
with the help of the finite volume method to obtain a system of ODEs for the temperature of
the stack in the second step. The ODEs are used as the basis for the subsequent simulation
and control of the SOFC stack in order to obtain global behaviour, in contrast to the traditional
methodology locally simplifying the system even further. In the third step, the parameters of the
developed ODE models are identified using least squares minimization (or, in case of methods
with result verification, global optimization) with the measured data from the SOFC test rig.
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To solve the problem of experimental parameter identification, the upper bound J of the cost
function
J=

ke

N

∑ ∑ (yi(tk , p) − ym,i(tk ))2

(6)

k=kb i=1

is minimized with respect to parameters p. Here, y(tk , p) is the solution to the model equations
(e.g., as given in Eq. (3)) at the time tk , k = kb , . . . , ke . Without loss of generality, we assume
that the N states that can be measured are the first N ones in the vector y(tk , p). The solution is
obtained from the initial value problem (IVP) corresponding to the used model and optimised
with respect to the measured values ym,i (tk ), i = 1 . . . N.
There are two features according to which different kinds of parameter identification can be
classified. The first is according to the type of the used algorithms: An engineer can use traditional floating point methods, or interval analysis, or other methods with or without verification.
The second characteristic is according to the way the simulated solution y(tk , p) of the IVP is
obtained in (6):
(a) y(tk , p) is computed analytically.
(b) y(tk , p) is approximated by an analytic expression (e.g., using the Euler method) and the
2
ke
N  (k−1)
(k−1)
approximation error is neglected: Japp = ∑ ∑ yi
,
− ym,i (tk ) + h · f (yi
, p)
k=kb +1 i=1

where y(k) := y(k−1) + h · f (y(k−1) , p) is an approximation of the true solution y(tk , p).

(c) y(tk , p) is computed using a “black box” numerical solver (no explicit expression for the
solution).
Generally, forms (a) and (c) combined with verified methods correspond to the complete verification of the model.
Since ODEs for the SOFC models cannot be solved analytically in general, we identified their
parameters by verified approximation ((b) with interval analysis) in [2],[15]. Moreover, we studied the performance of simplified models for which we computed explicit analytical solutions
((a) with interval analysis, affine and Taylor model arithmetics) in [4]. The variant (c) in the
verified case means that the true solution y(t, p) needs to be enclosed numerically by a verified
IVP solver. Here, it is more difficult to compute the derivatives ∂ J/∂ p of the cost function J in
general, because it requires solving an additional IVP to obtain the sensitivities of the solution.
This possibility is explored in [3],[24], the general outcome being that although the quality of
the obtained parameters improves in this case, the computing times become too high even for
one dimensional models.
Since ke − kb = 17628 in the context of SOFC models, the cost function (6) is computationally
very expensive, making its treatment with general-purpose verified global optimization software
next to impossible. The situation is made worse by the fact that up to nine possible model states
might be needed but only up to two of them can be observed by the test rig (N = 2). Therefore,
rigorous and fast implementations are necessary to obtain reliable results. In this paper, we
present a first step not only towards the full process verification (by variant (c)) but also towards
its GPU parallelization and speedup.
As mentioned earlier, verified global optimization algorithms are well suited for parallelization.
One possibility results from the fact that the interval extension J of (6) has to be evaluated for
parameters p in a certain search interval p0 which is subdivided in the process. The techniques
allow that J is evaluated in parallel on these smaller parameter boxes, a strategy we already
applied on the GPU for y(tk , p) given explicitly. Now, if there is a verified solver running completely on the GPU, the same technique can be applied to speed up the variant (c).
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2.4

Interval Computations on the GPU

The use of GPUs for scientific computing has become a standard topic in the recent years. These
specialized units were originally designed for rendering with a fixed function pipeline. Today,
GPUs are accessible for programming and thus suitable for general tasks. They offer low cost
computational power if the problem to be solved can be mapped to the stream processing model
which GPUs employ.
The stream processing model consists of data elements called streams and a program or a function called the kernel which is applied to each of the elements. The kernel should be parallelizable, that is, the results for one element should not depend on the results for any other element.
The data to be processed by the kernel have to be transferred from the CPU host program to
the GPU global memory. Therefore, the kernel needs to be rather expensive computationally
to make up for this input/output overhead. Further limitations on the kernel are imposed by
the underlying SIMD (Single Instruction Multiple Data) architecture of the GPU. For example,
diverging program branches (IF, WHILE) can slow down the computation significantly.
The kernel is implemented using a specialized programming language. Currently, we use
CUDA [23], a proprietary C dialect with C++ extensions designed specially for NVIDIA
graphic cards. The reason is that it has more choice of already implemented open-source libraries. In particular, the CUDA SDK offers a ready-to-use interval library. Note that it is crucial
for verified implementations that the employed hardware supports directed rounding according
to IEEE 754-2008. Modern GPUs from NVIDIA comply with the standard well enough [27]
to perform interval computations. In our context, the GPU can be used to evaluate J in parallel
over parameter sets p(1) , . . . , p(n) which are generated by subdivision strategies of the global
optimization algorithm.
For the evaluation of J, the device has to be prepared first. That is, the constant parameters
(not to be optimized) and the measurements need to be transferred to the GPU. These data are
independent of the number of actual kernel launches during application runtime, so that this
transfer is performed only once. After that, we have to move the interval boxes p(1) , . . . , p(n)
from the CPU host memory to the GPU global memory for a specific kernel launch. Now the
programmed GPU kernel can be executed, which produces the values J(p(i) ) for i = 1, . . . , n.
Finally, the results need to be transferred back to the CPU.
In this paper, we apply the described technique to evaluate J for characteristics given as ODEs
using our first implementation of the rough enclosure method (4) on the GPU. To simulate a
realistic number n of subdivision boxes, we employ a bisection strategy for a given search box
p0 until the box width of 10−3 or 5 · 10−4 .

3 Example
In this section, we test our proof-of-concept GPU implementation of the verified ODE solver using a well-known problem from [14]. Although described by a linear ODE system, the solution
to it is highly nonlinear in parameters making global optimization more difficult.

3.1

The Two-Compartment Model

In [14], a good overview of verified global optimization methods is given using the example of
the two-compartment model:
y01 = −(p3 + p1 ) · y1 + p2 · y2 ,
y02 = p3 · y1 − p2 · y2 .

(7)

The initial conditions are y1 (0) = 1, y2 (0) = 0. This linear system can be solved analytically us-
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ing a well-known technique based on the eigenvalues of the right-hand side. The exact solution
for y2 is thus given as
q
p3
D =
(p1 − p2 + p3 )2 + 4p2 p3 , α = ,
D
λ1 =

1
(p1 + p2 + p3 − D),
2

1
λ2 = (p1 + p2 + p3 + D),
2

(8)

y2 = α · (e−λ1 ·t − e−λ2 ·t ) .
This system is cooperative so that the Smith theorem can be applied to obtain tighter enclosures
of the true solution y1 , y2 as given in [14]. In Figure 1, different kinds of enclosures for y2 are
shown over the integration interval [0, 1] and for parameters p1 = 1.925403, p2 = 0.232718,
p3 = 0.145076 under uncertainty of 0.1 each. The red boxes result from the implementation of
1
, ρmin = 0.5. Note that
the rough enclosure algorithm as explained in Section 2.2 with tmax = 16
they represent enclosures over the whole time interval. The blue boxes result from the interval
evaluation by means of the natural extension of the exact solution (8) over same time intervals
as for the red boxes. Additionally, we employed a state-of-the-art verified IVP solver VNODEk
, k = 1, . . . , 16 with and without using the
LP [21] to obtain tight enclosures in time points tk = 16
Smith theorem for enclosures. As predicted by theory, the algorithm from Section 2.2 produces
Rough
Exact (interval extension)
VNODE−LP
VNODE−LP with Smith

Enclosures of the observed state

0.4
0.3
0.2
0.1
0
−0.1
−0.2
0

0.2

0.4

0.6
Time in s

0.8

1

Figure 1: Enclosures by different methods for the two-compartment model

the most conservative enclosures, especially after repeated application. However, the natural
interval extension y2 of the exact formula (8) for the solution also suffers from overestimation
because of nonlinear dependency on parameters and their multiple occurrence. Tightest enclosures are provided in points by VNODE-LP and the use of Smith’s theorem in this example.

3.2

Benchmarks for the Two-Compartment Model on the GPU

In this section, we test how fast the cost function (6) for the two compartment model with 16
measurements can be evaluated on the GPU using our implementation of the rough enclosure
algorithm and carry out a comparison with the CPU-based parallelization. Due to the nature of
the algorithm, we do not expect to obtain very tight bounds for J as explained in Section 2.2
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and illustrated in Section 3.1. Moreover, since our goal is to employ the solver in the context
of parameter identification for SOFC models as explained in the Introduction, we consider only
cases with a high computational load.
For this particular cost function, N = 1 and the observed quantity y1 (t, p) is y2 from Eq. (7). We
do not use the exact solution from (8) here, but solve the system (7) on the GPU. Further, kb = 1
k
, k = 1, . . . , 16 using (8)
and ke = 16. The “measurements” ym were generated in points tk = 16
for this benchmark. The GPU is an NVIDIA Tesla K40m running on Intel Xeon CPU E5-2660
with Ubuntu 16.04.1 LTS.
In Table 1, the results are shown for the search interval of the width 0.1 around each parameter
value given in Section 3.1. To achieve a realistic scenario, we employ a subdivision strategy
(bisection) until the bound given in the first column of the Table is reached. For 10−3 , we
obtain n = 2097152 boxes and n = 16777216 boxes for 5 · 10−4 . We execute the GPU kernel
once (compiled with the optimization flag O2) and distribute the data using 512 or 768 threads
per block. After the kernel execution, we obtain J(p(1) ), . . . , J(p(n) ), for which we compute
the average width. The last column of the Table shows the corresponding GPU runtimes in
milliseconds. We performed the tests with and without the use of the Smith theorem to bound
the ODE flow. The runtimes are quite good even though we did not optimize the implementation
Table 1: Evaluation of J for the two-compartment model, uncertainty 0.1

Subdivision Threads Blocks Average width
Simple ODE flow bounding
−3
10
512
4096
0.132
10−3
768
2730
0.132
−4
5 · 10
512
32768
0.129
−4
5 · 10
768
21845
0.129
Flow bounding with Smith’s theorem
10−3
512
4096
0.130
−3
10
768
2730
0.131
5 · 10−4
512
32768
0.1288
5 · 10−4
768
21845
0.1288

Time
2277 ms
2309 ms
2767 ms
2794 ms
2349 ms
2327 ms
2990 ms
3010 ms

of the ODE solver for the GPU by trying to get rid of the branching. The achieved average
bounds are acceptable in spite of the fact that merely the rough ODE enclosure method was
used. The fact that the runtimes are very similar for all cases indicate that memory transfers
dominate them. Note that although the systems for the upper and lower bound of the flow
(Smith’s theorem) are not coupled and can be computed in parallel, the resulting bounds for
J=

16

∑ [min{(y2(tk ) − ym(tk ))2, (y2(tk ) − ym(tk ))2}, max{(y2(tk ) − ym(tk ))2, (y2(tk ) − ym(tk ))2}]

k=1

(9)

are not easily obtained in parallel and need coordination.
As the second benchmark, we test the same approach on the CPU by parallelizing with
O PEN MP (www.openmp.org/specifications/, specification version 4.5). Here, we use the
state-of-the-art interval arithmetic library C-XSC [11]. This library is slower than the interval
arithmetic implementation available in CUDA SDK, which we used for the implementation on
the GPU. However, C-XSC is the more advanced library prodicing tighter enclosures, quite
complete in its functionality and user-friendly. For the subdivision depth of 5 · 10−4 and the
ODE flow bounding with the Smith theorem, the runtime on the GPU with 512 threads per
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block is 3.0 s, on the CPU with 10 cores 300.0 s with a slightly better average width due to
C-XSC (a speedup factor of 100).

4 Conclusions
In this paper, we presented a GPU implementation of a rough enclosure algorithm for bounding
the flow of ODE systems with uncertainties. We tested the implementation in the context of
parameter identification of a close-to-life example and compared it to the parallelized version
of the same implementation on the CPU. The comparison indicated a considerable speedup,
even in the case of ODE flow bounding using the Smith theorem.
The rough enclosure algorithm is an important step towards any more sophisticated implementation on the GPU. The existing verified ODE solvers for the CPU cannot be adapted easily to
run completely on the GPU since their structure is too different from that dictated by the GPU
stream processing model. For example, they exhibit too much branching.
The goal of implementing a verified ODE solver to run completely on the GPU is to speed up
parameter identification by means of global optimization of a least-squares cost function for
characteristics modeled by ODEs. In our future work, we plan to use this technique for parameter identification of dynamical SOFC models, which have a very expensive cost function.
Additionally, these models do not possess an analytical solution. Even if a closed-form solution
expressions could be obtained (as is the case for the simplified models from [4]), these expressions do not necessarily produce tighter bounds as illustrated in Section 3.1 of this paper for a
simpler example.
A further step which is necessary before applying the technique to SOFC models is to refine
the rough enclosure algorithm to produce tighter bounds in points instead of over whole time
intervals. Here, a fine balance is necessary between increasing complexity of the solver and the
tightness of bounds. Ideally, we would like to have a solver with a simple structure producing
bounds that are good enough.
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Abstract: Maintaining deteriorated bridge structures has been a keen technical
issue in developed countries and will surely be one in developing countries in the
near future. An effective maintenance strategy is highly depending on timely inspections on the bridge health condition. This study is intended to investigate a
way of detecting bridge damage for the long-term health monitoring by using the
copula theory. Long-term observed data for a seven-span plate-Gerber bridge is
investigated. The autoregressive time series models constructed for the observed
accelerations taken from the bridge are utilized for the computation of damage
index for the bridge. The copula model is used to analyze the statistical changes
associated with the modal parameters. The changes in the modal parameters with
the time are identified by the copula statistical properties. Applicability of the proposed method is also discussed based on a comparison study between other approaches.

1 Introduction
Performance of deteriorated bridges is a key concern in retaining the stability of land transport.
Maintenance strategies and repair works are usually required in order to prevent the failure of
such important infrastructure. However, developing an effective maintenance strategy is not
easy which needs timely evaluations on the bridges health conditions. As most bridges have
been functioned for tens of years, certain potential risks are expected due to the structural
strength reduction. Moreover, following the fast economic development nowadays, the need
for public transportation is increasing. This leads to more vehicles and high load burden to the
bridge which even worsen the situation. Therefore, an economical and efficient structural
monitoring system for the bridges is highly demanding.
Structural health monitoring of old deteriorated bridges has became of great significance in
civil engineering community for quite a few years. Many advanced techniques have been utilized and attempted to evaluate the structural health condition. Park et al. [1] have implemented the laser scanning technology to detect the displacement of the structure. The use of
piezoceramic patches in the health monitoring of concrete bridges has been mentioned by Soh
et al. [2]. Li et al. [3] have provided an overview of the development in the field of structural
health monitoring by using the optical sensors. Until recent, the advances and achievements in
ultrasonic wave structural health monitoring have been discussed in Mutlib et al. [4]. Among
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these, the use of vibration data is still one of the most common and promising technologies.
The idea is to use the structural dynamic parameters, such as the frequency, damping and
modal shape, as an indicator for the health condition of bridges. Fundamentally, if a change in
the parameters is observed, the health condition of bridge structures is considered changed.
Typical applications include, for example, Chang and Kim [5] have identified the modal frequencies and mode shapes of the bridge by using a stabilization diagram-aided multivariate
autoregressive analysis of vehicle-excited bridge vibrations. Dilena et al. [6] have estimated
the modal parameters of a damaged bridge from frequency response measurements using
harmonic excitations. A key step in the damage identification process is to find anomalies out
from the observations. Many works have been devoted to this task based on statistical properties of observed variables. However, most works are focusing on individual statistical properties whilst the dependencies are simply ignored. Since vibration data are collected from a
huge structural monitoring sensor network, such ignorance would lead to a large waste of information in the analysis.
An alternative way of improving the current identification techniques is to utilize the statistical properties of dependencies between the observed data. The canonical correlation analysis
is perhaps one of these approaches that have drawn the most attention [7]. The idea of using
the Mahalanobis Distance to detect the anomalies in the multivariate time series data has also
been noticed by Kim et al. [8]. However, all these approaches are having a general assumption that the data from different sources are linearly dependent. If the actual dependency is
nonlinear, then the applied approach may only offer quite coarser approximations. Unfortunately, the nonlinear dependency is commonly existed between the sensor observations. The
characterization of nonlinear dependency among the sensor network remains challenging and
requires suitable multivariate models to detect structural damage from the available information.
To remedy this problem, this study aims to provide a methodological contribution by developing copula-based multivariate models for the modal parameters of bridge structures, and an
associated identification approach to detect structural damage. The paper is organized as follows. Section 2 will firstly present the fundamental modal parameter–based bridge diagnosis
method using time series models. Then the copula-based damage identification method is described in Section 3. Section 4 then demonstrate the use of the developed method for a real
old deteriorated bridge. Detailed benefits of utilizing the copula concept in the analysis are
discussed. The concluding remarks are summarized in Section 5.

2 Structural damage identification from AR model
There are many techniques developed nowadays on the health monitoring of bridge structures
based on damage-sensitive features. One of the common methods is focusing on changes in
system frequencies and structural damping constants by utilizing a time series model such as
the autoregressive (AR) model.

2.1 Damage indicator from AR coefficients
In a linear dynamic system, the output can be idealized by an AR model expressed as
y k  

p

 a y k  i  ek  ,
i

i 1
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(1)

where y(k) represents the output of the structural dynamic system at time k, ai is the ith order
AR coefficient, and e(k) denotes an error term. However, there are several points that we
should pay attention to when using the time series model in modal parameter–based bridge
diagnosis. For instance, the number of order terms used in a time series model for characterizing the vibration responses of bridge structures should be selected with caution. A careless
selection may result to spurious modal parameters and thus lead to unreliable results for the
system frequencies and damping constants.
A possible way to determine the optimal AR order can be obtained by means of Akaike Information Criterion (AIC). The standard AIC for a time series model can be given as
(2)
AIC  n log 2E 2   2m  1  n ,
2
where n is the number of data, m is the number of orders in AR model, and E is the square of
prediction errors. AIC takes account of both the simplicity and the goodness-of-fit of the
model. A smaller value indicates a better model.
Once the order of AR model is confirmed, the AR coefficients can be transformed and linked
to the modal parameters. By utilizing a z-transformation, the AR model with order of p can be
expressed in the z-transform as
y k  

1
ek  
H z 

1
p

1

a z
i

ek  ,

(3)

i

i 1

where H(z) represents the transfer function of the system in the discrete-time complex domain,
and z-i is a forward shift operator. The denominator of the transfer function is the characteristic equation of the dynamic system and
z n  a1 z n1  a2 z n2    an1 z  an  0 .
(4)
Therefore, the frequency and damping constant of each structural mode can be determined
from the complex conjugate poles from the following
(5)
z k  exp  hk k  jk 1  hk  ,
where j represents the imaginary unit, hk and ωk are the damping constant and circular frequency of the kth mode of the structural system. The function H(z) is also defined as AR polynomial of the model transfer function which relates the input to output. The poles zk in
Equation (4) can be estimated by finding the roots of the AR coefficient polynomial in the
denominator of H(z). As the coefficients of H(z) are real, the roots should be real or complex
conjugate pairs. The number of poles in z-plane must equal to the number of orders in AR
model. Therefore, damages in the structure (e.g. a change in frequency and damping ratio)
will correspond to changes in the AR model coefficients. Based on this concept, the AR model based damage indicator (DI) can be defined as
DI 

a1

,

n



(6)

ai2

i1

where DI stands for the damage indicator, and also changes due to damage. Usually, in computing the damage indicator, it is not necessary to include all the order terms in the AR model.
For example, the higher order terms in the AR model are corresponding to high frequency
modal parameters which are insignificant in the structural dynamics. Therefore, the following
equation is suggested for a simplified damage indicator
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DI 

a1
a12  a22  a32

,

(7)

where only the first three AR coefficients are utilized. It was shown by Nair [9] that these AR
coefficients are the most significant ones in the AR model when there are damages occurred
in the structure. The conclusion was also agreed by Kim et al. [8], who observed that the DI,
considering up to the third order of AR coefficients, is a promising parameter in bridge health
monitoring from a bridge-moving vehicle laboratory experiment. Feasibility of the DI for real
bridge application is examined in [9] which concluded that the DI is superior to modal parameters, with the advantages of preventing potential human errors. However, although this time
series based damage identification method is easy and convenient, it is usually criticized for
its inefficiency in data usage. The construction of one time series model usually requires too
much information. This normally needs a very long observation time. Moreover, the stability
of the damage index in single time series is not reliable enough to judge the safety of the
whole structures. More efficient method is demanded for utilizing the available data sources.

2.2 Damage identification from multiple observations
As discussed in the above section, the use of only one parameter to identify the health condition of bridge structure is usually too bias and unreliable. For instance, the identification accuracy of frequencies from vibration data is higher than that of damping constants. Based on this
concern, the frequencies are more preferred in detecting the structural damage. However, on
the other hand, damping constants are more sensitive to the structural damage. The detection
of changes in damping constants would be more meaningful compared to the frequencies.
Therefore, many studies attempt to utilize the monitoring data from multiple sources. Among
these, the Mahalanobis Distance (MD) is one of the widely adopted approaches [5].
The Mahalanobis Distance is generally a measure of the distance between the observations
and the theoretical values. In detecting the structural damages, it is usually utilized to calculate the distance of an observation = ( , ⋯ , ) from their theoretical mean =
( , ⋯ , ) . This can be expressed as
MD  X  

 X   T S 1  X   

(8)

where S is the covariance matrix for the n-dimensional data X. The theoretical mean μ can be
obtained from the monitored data of the bridge at an early stage which is set as a reference.
Therefore, a large deviation from the theoretical mean would imply a structural damage in the
bridge.
Furthermore, the Bayes factor can also be introduced to make judgment of the value changes.
Under the Bayesian theory, the probability of a hypothesis conditionally on observed data can
be calculated. For example, if the null hypothesis (H0) is indicating a ‘healthy’ condition and
the alternate hypothesis (H1) is defined as a ‘damage’ condition, the posterior odds can be
obtained by utilizing priors and marginal likelihoods as following:
p(D | H1 )
ò p(D | q1, H1 )p(q1 | H1 )dq1 ,
(9)
B

p(D | H 0 ) ò p(D | q 0 , H 0 )p(q 0 | H 0 )dq 0
where D refers to the data obtained during monitoring, p(D|H0) and p(D|H1) are the marginal
likelihoods, and θ0, θ1 are parameters under hypothesis H0 and H1 respectively. Bayes factor is
in fact the ratio of likelihood of the ‘healthy’ scenario and ‘damage’ scenario. By utilizing a
similar concept of Mahalanobis distance, the hypothesis H0 and H1 can be defined as
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H 0 : xi  i

(10)
H1 : xi   i
which measures how much deviation between the observed data and the reference data.
If the Bayes factor is greater than 1, it indicates the data favor hypothesis H1 and hence suggests that there is a structural damage. If Bayes factor is less than 1, it generally implies a
‘healthy’ structural condition.
Although MD and Bayes factor are both simple concepts that can be efficiently applied, the
drawbacks of these two are also obvious. Mahalanobis distance might not offer an accurate
measure of structural damage if the observations are nonlinearly dependent. The Bayes factor
only measures the data mean. The change of dependency structure could not be captured by
the Bayes factor. Therefore, with the aim of advancing the field of structural health monitoring, there is a strong need for establishing a more robust damage identification approach that
could utilize the relationships between multiple observations.

3 Copula Theory
To achieve a more efficient use of multivariate data, the concept of copula could be introduced in the structural health monitoring analysis [12].

3.1 Basic formula
Copula is a model which could connect univariate marginal distributions to a multivariate
distribution. In practice, a multivariate distribution function can be constructed by combining
the marginal distributions with specific dependence structures where the latter is called a copula function. This copula function can be expressed as
( ,…, ) =
( ), … , ( )
: 0,1 → 0,1
(11)
where H(·) is the cumulative joint distribution function and Fi(·) is the individual cumulative
marginal distribution function for the ith variable. Specifically, copula C is itself a cumulative
distribution function which connected the one-dimensional probability distributions F1(x1),…,
Fn(xn) to a multivariate probability distribution H(·).
Generally, the most important characteristic in a copula model is the dependence structure. A
copula model can describe various kinds of dependencies which include association concepts
such as concordance, linear correlation and the related dependence measures. It is much more
flexible than traditional concepts for characterizing multivariate dependencies.

3.2 Copula Based Damage Detection Method
Back to the damage identification problem, the structural damage can be detected by a
change-point detection algorithm from the dependence structure in the multivariate series. For
an n-dimensional data series = ( , ⋯ , ) , the joint distribution of the multivariate variables at time t can be formulated by a copula function by
(12)
H  X t   C  ut   u1,t ,..., un,t  | q t 
where ui is the marginal probability vector of xi, e.g. ui=Fi(xi); C(·) is the copula function and
θt stands for the copula parameter at time t.
Assuming there is no structure damage at t+1, then the type of copula should be generally
constant. Thus, the null hypothesis of no change in the dependence structure of X can be given as following
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H 0 : q t  q t 1

H1 : q t  q t 1

(13)
If the null hypothesis H0 is rejected, it indicates a dependence structure change in the multivariate series which implies an event of structural damage. The structure damage may not
occur at a particular moment, and therefore the copula parameter values can be compared
from any two time points. That is, the hypothesis in Equation (13) can be changed to
:
=
and
:
≠
.
The null hypothesis should be rejected when a small value of the test statistic of copula-based
likelihood ratio is noticed. The copula-based likelihood ratio can be expressed by
L t ,t 
1 2

   Õ c u | q  ,
L  X  L  X  Õ c  u | q Õ c  u | q 
Lt t X t t
1

t1

2

1

t1

t2

t1t2

2

t2

t1

t0

t1

t2

(14)

t2

where
(∙),
(∙) and
(∙) are the likelihood functions for the multivariate data during
time periods t1, t2 and t1+t2. On the condition that a structural damage is occurred between t1
and t2, the hypothesis H0 will be rejected. This can be tested by the following statistic [13]
Zt1 ,t2  2ln Lt1 ,t2 .
(15)
If Zt1,t2 is large, it implies there is a structural damage. The former work has derived the asymptotic distribution of Z1/2 for the hypothesis test. This is given by





P Z 1/2  z 



z k exp  z 2 / 2
2

k /2

  k / 2

  ln 1  h 1  l   k ln 1  h1  l   4  O  1  ，(16)



hl

z2

hl

z2

 4
z


 

where k is the number of copula parameters, Γ(.) is the gamma function, h=l=[ln(n)]3/2/n and n
is the number of data. Thus, if the p value calculated in Equation (16) is less than a criteria
value such as the significance level , we can make an inference that the structure is damaged.
This provides an opportunity that we can implement this concept into the structural damage
identification. However its applicability and suitability for bridge structural health monitoring
has not been examined. From the different indicators of structural damage, the assessment of
which type describes the structural condition best has to be made and this is elucidated in the
following sections.

4 Long-Term Monitoring on an In-Service Steel Plate-Girder Bridge
A steel plate-girder bridge with Gerber system which is located in Himeji, a city of Japan, is
analyzed in this study. It has a width of 8 meters and length of 142 meters with seven spans.
The bridge was constructed in 1960 and was operated since then. A picture of this bridge can
be seen from Figure 1.
The bridge experienced fatigue damage due to high traffic volumes of heavy trucks. Since
2008 after full reinforcement against fatigue failure, the bridge has been monitored by the
dynamic sensors. The sensors are put at four locations in the middle and the end of the bridge.
Two are put at the up lane and two are put at the down lane. A plan view of these sensors is
plotted in Figure 2. The marked red squares UA-1, UA-2, DA-1 and DA-2 stand for accelerometers to measure acceleration responses of steel girders on up and down lanes. The sampling rate of the accelerometers is 200 Hz. Another two thermometers (T-5 and T-6) are also
placed in the middle of the bridge to accompany the accelerometers. The temperature is
measured and recorded once per hour. The weight of passing by vehicles is estimated by a
BWIM system which is installed on the bridge. The monitoring system was working from
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2008
08 to 2016 but however suffered several system errors and stopped functioning for some
years.

Figure 1: General picture of the bridge

Figure 2: Location of sensors on the bridge

This study intends to detect the long
long-term structural damage associated with the bridge from
the vibration characteristics. As discussed in Section 2, the use of AR model in the structural
health monitoring is based on a comparison between the observed structural condition and the
intact structural
al condition. For this reason, the data collected at the earliest time is utilized as
the reference for intact structural conditions. This covers the data record from 6th August 2008
to 21st June 2009. It was reported that the bridge is in a perfect condition
condition with no damage and
deterioration during this period. Unfortunately, a car accident has occurred in 2010. The
bridge was heavily crashed during this accident and believed having some minor influences
although no structural damage was reported by an emergence visual inspection.. Moreover the
periodic bridge inspection in 2013 found peeled painted surface of bridge members which
was suspected as a sign of fatigue crack. Therefore, the observations after thee year 2010 will
be analyzed and compared to the data when structure is in intact condition. It is noteworthy
that operational influences to the long
long-term
term bridge monitoring are not considered in this study
since this study only focuses on feas
feasibility of the copula-based
based damage detection.
In this study, the key modal parameters including frequency and damping ratio are utilized to
detect any sign of bridge damage.
damage The data from sensor DA-1
1 is utilized in this analysis. The
first mode frequency and damping
ping ratio are calculated based on a subspace structural identif
identification (SSI) algorithm [11].
]. A general plot of the estimated values of frequency and damping
ratio is shown in Figure 3. The calculated damage index as introduced in Equation (7) for the
damping
ping ratio is also included in the figure. As can be seen, the values of either frequency
fr
or
damping ratio do not show large deviations after the year 2010.. It is hardly to tell there is a
structural
tural change by only looking at th
the frequency
quency and damping ratio values. Even by observobser
ing the damage index, the changes are still not obvious.
For a further detection of structural damage sign, the traditional applied MD,, Bayes fa
factor and
the newly proposed copula based indicators are utilized. Following Equations (8), (9) and (15),
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the indicator values for the whole period are calculated and plotted in Figures 4-6. In order to
see the differences between the intact condition and the condition after the year 2010, the 95percentile value of the data observed in intact condition is highlighted. For the copula based Z
statistics, the critical Z statistic value corresponding to p-value of 0.05 is also highlighted.

(a)

(b)

(c)
Figure 3:Calculated (a) frequency,(b) damping ratio and (c) DI from sensor DA-1
（a）

（ b）

（c）

Figure 4:Calculated MDs of (a) frequency, (b) damping ratio and (c) frequency and damping ratio for sensor
DA-1(black dash line indicates the 95 percentile of the data observed in intact condition)
（a ）

（ b）

Figure 5:Calculated Bayes factors of (a) frequency and (b) damping ratio for sensor DA-1(black dash line
indicates the 95 percentile of the data observed in intact condition)
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Figure 6:Calculated Z statistics of frequency and damping ratio for sensor DA-1(black dash line indicates the z
statistic value corresponding to a p-value equals to 0.05)

As shown in the figures, MD shows very obvious differences between the intact condition
and the condition after the year 2010. The Bayes factor is somehow less sensitive compared to
MD. However, Bayes factor is more sensitive to the traffic peaks. For example, the calculated
Bayes factor for frequency has very large values around the national holidays for bridge structure in both the intact condition and the damaged condition. This is more reasonable compared to MD results which do not show very obvious peak values. Compared with these two
indicators, copula based Z statistics shows outstanding features. As can be seen from Figure 6,
the values of Z statistics between intact condition and after year 2014 are quite different from
each other. Moreover, Z statistics is also very sensitive to the traffic effects due to the national
holidays as illustrated by the peak values in Figure 6. The main reason that Z statistic can outperform the other approaches is because of the copula characteristics. Not like the traditional
approaches, which can only detect changes in individual parameters (Bayes factor) or joint
relationships (MD), the copula model can characterize both the individual behavior and the
complex dependencies. The Z statistic value is a complete reflection of all the statistical properties of the multivariate data.
These results provide us an opportunity to utilize the copula concept for the structural damage
detection. The key features of the copula model can help to formulate a more sensitive damage indicator from the observed multivariate data, whilst the traditional approaches cannot.
Implementing such statistic in the long term structural health monitoring is not straightforward and is in its infancy stage of development. The future work will be focusing on the development of a real time damage detection approach based on the copula approach.

5 Conclusions
In this study, feasibility of using copula theory in the identification for health monitoring of
an old deteriorated bridge structure is investigated through a real case study. A copula based
feature sensitive indicator is proposed to detect the structural changes from sensor data. The
indicator is developed based on the statistical properties between different modal parameters.
This technique is applied to a real bridge located in Japan for detecting structural changes
over eight years of time. The case study demonstrated that the changes in dominant frequency
and damping constant of the bridge were identified using the measured data. The copula
based indicator also detected a sign of changes in the indicators. The changes of dependences
between different modal parameters can be accurately predicted by the copula function. It
shows potential usefulness of the copula model for the structural damage detection and thus is
worthy of further investigation. Future work seems necessary to investigate the significance
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of this approach, including uncertainties such as environmental and operational influences
during the long-term monitoring, on the health monitoring and safety assessment of deteriorated structures.
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Application of New Theorems on Ratio Statistics to
Transmissibility Analysis in Modal Domain
Wang-Ji Yan, Long Yang and Wei-Xin Ren
Department of Civil Engineering, Hefei University of Technology, Anhui Province, China

Abstract: Recent advances in structural dynamics have spurred the adoption of
transmissibility functions. Due to the inherent randomness of measurement and
variability of environmental conditions, uncertainty impacts its applications significantly, which encourages researchers to come up with statistical approaches to
accommodate multiple uncertainties. In this study, new theorems on multivariate
complex normal ratio distribution are proved based on the principle of probabilistic transformation of continuous random vectors. Explicit closed-form distributional formulas for multivariate ratios of correlated complex normal random
variables are derived analytically. This work lays the mathematical groundwork
for finding probabilistic models for raw scalar transmissibility functions. Based on
the statistics of raw scalar transmissibility functions, fast Bayesian algorithm allowing for a fast computation of the most probable values and covariance matrix
of the system parameters to be identified is employed to formulate new system
identification approaches driven by transmissibility functions. The proposed algorithms are verified through simulated data.

1 Introduction
Known as a mathematical representation of the output-to-output relationship in the frequency
domain[1], transmissibility function has been regarded to be a good candidate for structural
health monitoring [2-5]. Pioneered by Devriendt and Guillaume, transmissibility was also
employed for operational modal analysis (OMA) by different research groups [6-10], which
were believed to be appealing due to its insensitivity to colored excitation. There are multiple
uncertainties existing in transmissibility measurements. Defined as the ratio of FFT coefficient of two responses, a scalar transmissibility function is a complex-valued random variable
composed of a real part and an imaginary part correlated with each other. In current stage,
rare model is able to accommodate the correlations among different transmissibility functions.
This study aims at providing fundamental statistics of raw scalar transmissibility functions. A
new theorem on multivariate circularly-symmetric complex normal ratio distribution are presented mathematically [11,12]. Analytical closed-form formulas are derived to compute the
pdf of circularly-symmetric complex normal ratio distribution. As a sequel to the development, a probabilistic model connecting modal parameters and transmissibility measurements
in the vicinity of the resonant frequency is developed in this study. On the basis of the proba-
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bilistic model of raw transmissibility function, the modal identification problem is formulated
as one minimizing a negative log-likelihood function (NLLF) as an objective function in the
context of the novel fast Bayesian operational modal analysis paradigm [13]. Their accuracy
is verified using simulated data.

2 New Theorem on Circularly-symmetric Complex Normal Ratio
Distribution
Suppose that the no -variate complex random vector Y  Y  iY    n , where Y  {Yo , Y1 , , Yn 1}T ,
o

o

has the multivariate circularly-symmetric complex normal distribution with its pdf given by
pY (y ) 



no

1
  y* Σ1y 
e
where Σ  Σ  iΣ  is the covariance matrix of Y with Σ and Σ  being
det( Σ)
T

T

real-valued matrices such that Σ   Σ   0 , Σ     Σ   . Then the random vector U  n 1
with each entry formulated as the ratio of two correlated circularly-symmetric complex noro

T

o

T

Yn 1 
 Y Y2
Y
,  , i , , o 
Yo
Yo 
 Yo Yo

mal random variables denoted by U  U1 ,U 2 , ,U i , ,U n 1   1 ,

follows

multivariate circularly-symmetric complex normal ratio distribution. The pdf of U  n 1 is [11]
o

pU (u) 

(no  1)!



 no 1



det  Σ  u * Σ 1u



(1)

no

In above equation, u  [1, uT ]T  [1, u1 , u2 ,, un 1 ]T denotes the value of random vector U  1, U .
o

3 Statistical Inference for Transmissibility Function
Consider a linear system with nd dofs subjected to a stationary excitation and no ( nd ) measured
dofs, the sampling time interval is assumed to be t and the time duration is assumed to be Td .
The Fast Fourier transform (FFT) of x(n) at frequency f k is defined as
X k  Xk  iX k 

t
2 N

N 1

 x  n  exp  i 2 f nt 
n0

(2)

k

where n  1, 2, , N , i 2  1 , f k  k f , k  1, 2, , Int ( N 2) . In (2), Xk and X k denote the real and
imaginary part of X k , respectively. The discrete estimator of the PSD matrix of x(n) is defined
as S y  Xk Xk where  denotes the conjugate transpose of a complex vector. In this work, all
k

‘ k ’ shown in the bracket, in the subscript or in the superscript denote frequency f k .
It has been proved that the FFT random vector Χ k has a multivariate circularly-symmetric
complex normal distribution [14], and its pdf is given by
pΧ k  x k  



no

* 1
1
e  xk Λ k xk
det Λ k

(3)

Here xk denotes the value of random vector Χ k ;  k denotes the covariance matrix of Χ k . Using
the new theorem on multivariate circularly-symmetric complex normal ratio distribution and



the statistics of FFT vector, the pdf of transmissibility vector Tk  T1,ok  , T2, ko , , Ti ,ok  , , Tnk 1,o
given by [12]
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o



T

is

pΤk  τ k  

(no  1)!



 no 1



det Λ k ζ*k Λ k 1ζ k



(4)

no

T

where ζ k  1, τTk   1, 1, ko , 2, ko , , nk 1,o  with  i,ko being the value of the random variable Ti ,ok  .
T

o

4 Application of Probabilistic Model of Transmissibility to Modal
Analysis
The measured response y (n)   n at the n-th time step nt (n  1, 2,, N ) is modeled as
o

y ( n)  x( n)  μ ( n)

(5)

where x(n) is the model response, a function of the model parameters θ to be identified, while
μ(n) is the prediction error. Given the full set of modal parameters to be identified, denoted by
θ ,  k  θ  is equal to
 k  θ   E S y k   E S xk   E S μk 

(6)

where E S x  and E Sμ  denote the mathematical expectation of the PSD matrix of the model
response x(n) and the prediction error μ(n) at f k , respectively. For the case with a single mode
from a selected resonant frequency band, the covariance matrix  k  θ  in the vicinity of the
k

k

resonant frequency reduces to [13,15]



 k  θ   S Fk Pk1ΦΦT  sk I no  S Fk Pk1 ΦΦT  vk Pk I no



(7)

where S F is the m-th modal excitation at frequency f k ; Pk  [(  k2  1)2  (2 k  )2 ] with  k  f f k . It is
k

assumed that the mode shapes identified are all normalized to unit norm, i.e., ΦT Φ  1 . Here k
is termed as ‘noise-to-environment’ ratio at f k , which was defined in [16] as vk  s S F . By
k

k

noticing that  k   k Pk is ‘noise-to-signal’ ratio at f k [16], one can figure out that p  ξ k θ  can be
written as [15]
p ξ k θ 

 n

o





(no  1)!

1
1   k1 ξ *k  I no  1   k  ΦΦT  ξ k



1



(8)

no

Eq. (8) indicates that the probabilistic model p  ξ k θ  solely relies on ‘noise-to-signal’ ratio  k
and mode shapes Φ within the specific frequency band in the vicinity of the resonant frequencies. The input information does not appear explicitly in (8).
As the number of discrete data points N   , Yk and Yk  are uncorrelated when k  k  . Therefore,
Tk and Tk  for k  k  are also independently distributed. Conditioned on the set of raw transmissibility vector T  Tk k  k1 , k2  formed over  [k1f , k2 f ] , the updated PDF of θ is given,
according to the Bayes’ theorem, by







p θ T  co p  θ  p T θ



(9)

where co is a normalizing constant and p  T θ  is the likelihood function given by[15]





k2

k2

k  k1

k  k1

p T θ   p  ξ k θ   

 n

o

1

1 

1
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(no  1)!

1
Pk1 ξ*k  I no  1   Pk  ΦΦT  ξ k





no

(10)

In the case where a non-informative prior is used, the posterior PDF of θ is proportional to the
likelihood function, which can be written in terms of NLLF L  θ  as





p θ T  exp   L  θ  



(11)



1
with L  θ    ln 1   k1   no  ln ΦT I n  1   k  S y tr  S y   Φ . The full set of parameters to
k k
k k
k2

k2

1

o

k

k

1

be identified include θ   f ,  , , Φ  , whose optimal values and uncertainties can be identified
using the novel fast Bayesian operational modal analysis paradigm [13].

5 Numerical Verification
Simulated data of a six-storey shear building are processed to illustrate the accuracy of the
proposed probabilistic models of raw scalar transmissibility functions. It is assumed that the
stiffness to mass ratio at each floor is 2000ms 2 . Classical Rayleigh damping model is employed here with the damping ratios for the first two modes set to be  1   2  1% . Random excitation is assumed to be applied at the structure. One thousand realizations, each with
duration 400s are generated, with the sampling frequency being 100Hz. The scalar transmissibility function corresponding to the fourth floor and the first floor ( T4,1 k  ) is observed by taking the ratio of X 4 k  to X 1 k  directly. The scalar transmissibility function at frequency line
k  3.432 rad/s is considered. Figure 1(a) gives the theoretical marginal pdfs and the histogram marginal pdfs of the real part and the imaginary part of T4,1 k  . The theoretical marginal
pdfs of the magnitude and the phase of T4,1 k  at k  3.432 rad/s are compared with the histograms drawn from MCS samples in Figure 1 (b). From Figure 1, good agreement can be
found between the histograms and the curves of theoretical solutions, indicating that the histograms are well-predicted by the probabilistic models.
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Figure 1: The analytical pdf and the histogram pdf of the real part & the imaginary part , the

magnitude & the phase

The first two modes are identified separately with one mode within each frequency band. The
frequency bands for modal identification can also be selected in the vicinity of these peaks.
The transmissibility measurements within the frequency bands f 1  8  are used for modal
identification. Table 1 gives a quantitative view of the results in terms of the MPVs, the posterior variance and the posterior coefficient of variation (c.o.v.) defined as the root of the posterior variance divided by the MPV.
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Table 1: Identified spectrum variables of the numerical study

Variable
f1

1
v1

f2

2
v2

Values
0

ˆ



 ˆ (%)

1.918
0.010
5.643
0.010
-

1.920
0.012
18.347
5.641
0.010
20.560

0.003
0.002
2.015
0.004
0.001
1.252

0.001
0.143
0.110
0.001
0.088
0.061

6 Conclusions
The development of new approaches for signal processing in the field of structural health
monitoring has gained substantial interest over the past two decades. This study aims at giving a scientific description for the uncertainty behaviour of transmissibility functions using
fundamental statistical tools. Rare mathematical tools can be employed to treat this problem
directly. Therefore, a formal mathematical manipulation is compulsory. New theorems on
multivariate circularly-symmetric complex normal ratio distribution are presented here. This
work paves the way for the development of new stochastic approaches for modal analysis
using transmissibility measurements using the framework of Bayesian analysis. Based on the
statistics of scalar transmissibility functions, fast Bayesian algorithm [15] is employed for a
fast computation of the most probable values and covariance matrix of the modal parameters.
Discrepancies between the analytical pdfs and the corresponding histograms drawn from
simulated data are plotted for several representative cases to display the accuracy of the probabilistic models. The accuracy of the modal analysis approach was also verified using simulated data. This work aims to provide some insights into transmissibility analysis as an
independent concept rarely reported from a statistical perspective ever before.
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Abstract: Frequently the required concrete resistance is not attained in Brazilian
construction. The Brazilian Standard related with this issue, ABNT NBR 12655
maintained in its 2015 revision the insufficiently stringent criteria defined in its
previous revision of 1996, for updating the concrete compression resistances in under
construction structures. This updating can be based on very few test specimens, even
in the result of a single test. It is shown herein that these criteria are clearly unsafe.
Alternative criteria are proposed herein, based in a Bayesian approach.

1 Introduction
Concretes of high compressive resistance are nowadays currently used in structural design in
Brazil. This poses new technological problems for the construction industry, still in a process
of adaptation to this new technology. Therefore, frequently the concrete resistance required by
design is not attained in the construction. The Brazilian Standard related with this issue, ABNT
NBR 12655 maintained in its 2015 revision the insufficiently stringent criteria defined in its previous revision of 1996 for updating the concrete compression resistances in under construction
structures. This updating can be based on tests in very few specimens, even in the result of a
single test. It is shown herein that the criteria defined in ABNT NBR 12655 are clearly unsafe. Then, alternative criteria are developed and proposed in the paper, fully based in a
Bayesian approach.

2 Criteria of Brazilian Standard 12655
2.1 Acceptance Criteria
Two basic types of resistance controls are defined in Brazilian Standard NBR 12655 [1]: statistical control by “total” sampling and control by “partial” sampling.
The basic idea of the total sampling is that the characteristic value fck of the resistance in the
volume of a concrete mix can be evaluated with a test performed in a single sample made by
two specimens of the mix; nevertheless, every volume mix shall be tested.
In the partial sampling, the tests are performed in some of the concrete volumes also by sample made of two specimens and the characteristic strength fck of the total volume is estimated
from the results of these tests.
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2.2 Total Sampling
In the total sampling, the Brazilian Standard NBR 12655 [1] considers that for defining the
characteristic resistance of a volume mix is enough to take the result of a single sample of two
specimens in each volume mix. The characteristic strength fck of the volume mix is taken as
the higher result of the two specimens (f1 > f2; fck = f1), supposing that the lower value is due
to a defect of the test. Clearly, this definition is not in accordance with the statistical concept
of the characteristic resistance fck , which is defined as the resistance with 95% of probability
of being attained.
If a lot of n volume mixes is considered, the new 2015 version of the Standard do not define
the characteristic strength fck of the total volume of the lot. The previous 1996 version defined
this value as the minimum result of the n volume mixes for n < 20.

2.3 Partial Sampling
In the partial sampling, it is required to have at least six specimens for testing, for each concrete “lot” (for instance, a floor in a building).
a) for lots with number n of specimens, 6 ≤ 𝑛 < 20, the estimated value of the characteristic compression resistance (fck,est) is given by:
𝑓𝑐𝑘,𝑒𝑠𝑡 = 2 .

𝑓1 +𝑓2 +⋯+𝑓𝑚−1
𝑚−1

− 𝑓𝑚 ≥ 𝛹6 . 𝑓1

(1)

where:
m = n / 2 , neglecting the highest n, if n is odd;
𝛹6 is a parameter that depends on n; for instance for n = 6, 𝛹6 = 0.92;
𝑓1 , 𝑓2 , … , 𝑓𝑚 – resistance of the specimens, in crescent order.
b) for lots with number n of specimens 𝑛 ≥ 20, the estimated value of the characteristic
compression resistance (fck,est) is given by:
𝑓𝑐𝑘,𝑒𝑠𝑡 = 𝑓𝑐𝑚 − 1.65 . 𝑠𝑑
1

𝑠𝑑 = √

𝑛−1

(2)

∑𝑛𝑖−1(𝑓𝑖 − 𝑓𝑐𝑚 )2

(3)

where:
𝑓𝑐𝑚 is the average resistance of the specimens of the lot;
𝑠𝑑 is the standard deviation of the resistance of these n specimens

3 The Bayesian Approach
3.1 Statistical Analysis without Previous Knowledge
In the analysis of a finite (small) number of specimens, it shall be considered that the Normal
Standard Distribution shall be replaced by a T-Student Distribution (see Jacinto [2]). This
statistical distribution is given by:
𝑐

1 𝑥−𝑎 2 −𝜈+1
) ) 2
𝑏

𝑓𝑥 (𝑥⃓ 𝑎, 𝑏, 𝜈) = 𝑏 (1 + 𝜈 (
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𝑐=

𝛤(

𝜈+1
)
2

√𝜋𝜈.𝛤(𝜈/2)

(4)

where:
number of samples = n ;
average: μ = a

ν =n-1
variance: σ = 𝑏 2 𝜈/(𝜈 − 2)

When the number of samples tends to infinity, the T-Student Distribution tends to the Normal
Standard Distribution.
Applying equations (2) and (3) to the determination of the characteristic resistance of concrete, for a limited number of specimens, the consideration of the T-Student Distribution leads
to a reduction on the evaluated characteristic values. The following expression applies:
𝜌=

1
𝑛

1+𝑉.√1+ .𝑡(0.05,𝜈)

(5)

1−1.645.𝑉

where:
ρ – relationship between characteristic values determined with T-Student and Normal
Distributions;
t (0.05, ν) – inverse T-Student distribution for a 5% quantile and ν;
V – coefficient of variation = √𝜎⁄𝜇
Figure 1 below shows the variation of ρ against n, considering a usual value for V=0.10.
Clearly when using a very limited number of specimens, another approach is necessary. It is
described next an approach using a “previous knowledge” in a Bayesian sense.

Reduction factor for characteristic values
1
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Figure 1: Relationship between characteristic values using T-Student and Normal Distributions
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30

3.2 Statistical Analysis with Previous Knowledge
The statistical analysis considering the previous knowledge, considers that the contractors
possesses a large previous knowledge in preparing the concrete in order to attain the resistance previously required by the designer. The Bayesian approach is linked to the importance that will be arbitrarily assigned to this previous knowledge. This will be materialized
in the variable n0 that represents the relative weight of the previous knowledge relatively to
the present resistance tests in the specimens. The value of the variable n0 will be defined by
the analyst based on his engineering judgement. A parametric analysis would be advisable for
evaluating as the variation of values of n0 can affect the final results.
The expressions found in Jacinto [2] are reproduced below.
a) Previous knowledge:
number of specimens: n0 (arbitrary in the Bayesian sense);
average: μ0 ; standard deviation: s0
auxiliary parameters: α0 =

(𝑛0 −1)

𝑛

; β0 = ( 20 )𝑠02

2

b) From the actual tests:
number of specimens: n
average: 𝑥̅ ; standard deviation: s
c) “a posteriori” distribution:
number of specimens: 𝑛𝑛 = 𝑛0 + n
average: μn =

𝑛0 𝜇0 +𝑛𝜇
𝑛0 + 𝑛

𝑛

; α𝑛 = α0 + 2 ; β𝑛 = β0 +

𝑛−1 2
𝑠
2

+

𝑛0 𝑛(𝜇0 −𝑥̅ )
2(𝑛0 +𝑛)

T-student (St) distribution:
1

β

𝑓𝑥 (𝑥) = 𝑆𝑡(𝑥⃓ μn, √(1 + 𝑛 ) α𝑛 , 2. α𝑛 )
𝑛

𝑛

4 Numerical Application
4.1 Analysis according Brazilian Standard NBR 12655
The Figure 2 shows the report of test results which were done in four columns of one actual
bridge in Brazil. Each column was executed in four different days, leading to the consideration of four different concrete lots. Each lot corresponds to six volume mixes with their sets of
tests, each of them including the rupture of two or three specimens. According to Brazilian
practice, in each of these two or three specimens, the higher resistance is considered as the
most representative one between them. The nominal characteristic strength is 𝑓𝑐𝑘 = 35 MPa.
Table 1 shows a summary of test results in each column.
Table 1: Summary of test results and lot characteristic strength 𝑓𝑐𝑘

Concrete Column
Test Results (MPa)
𝑓𝑐𝑘 *
lot
eq. (1)
008
2
36.4 32.7 34.9 36.2 36.5 34.7 32.50
010
5
44.9 42.6 44.0 42.4 47.7 43.3 41.70
013
3
46.22 43.82 45.19 42.78 47.02 47.63 41.41
016
4
49.10 46.85 44.03 46.37 44.06 45.48 42.61

𝑓𝑐𝑘 **
eq. (2)
32.82
40.91
42.35
42.81

* Only for the sake of comparison, since NBR 12655:2015 is not applicable to n < 20.
** Only according previous NBR 12655:1996, since the 2015 version has no criteria for n > 1
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This table shows also the values of the lot characteristic compressive stress fck according both
equations (1) and (2) for partial sampling. In this analyzed set of data, equation (1) furnishes
the best approximation for the actual resistance. Equation (2), although not applicable since
n < 20, gives reasonable results.
The last column shows the results of characteristic stress fck of the lot, for total sampling according to 1996 version of NBR 12655. These results are reasonable and useful, but unfortunately they are no more applicable as long as the 2015 version eliminated the criteria for
n > 1. The Standard criteria could be improved according to the methodology proposed by
Stucchi [3] that uses a Monte Carlo simulation that leads to results similar to the ones obtained
with the usual probabilistic criteria.
On the other hand, it seems very clear that the criteria of total sampling (each result being the
estimative of each volume mix characteristic strength fck,mix) is clearly unsafe.
In this way, for the most critical situation, the concrete Lot 008 (column 02), a Bayesian updating has been done.

Figure 2: Test report in an actual bridge

2070

Figure 3: Probability Distributions

Figure 4: Cumulative Probability Distributions
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4.2 Bayesian Updating
The following data were considered, regarding the previous knowledge:
Considered number of specimens: n0 = 10
Resistance average: μ0 = 43.3 MPa; standard deviation: s0 = 4.33 MPa
(these values were selected in order to correspond to a characteristic resistance fck = 35 MPa
in a T-Student Distribution).
Figures 3 and 4 show respectively, probability distributions and cumulative probability distributions for the volume mix corresponding to Test no. 40 (with average 35.8MPa; V=4.5%)
- Blue lines: previous knowledge;
- Red lines: test results;
- Green lines: “a posteriori” probabilities.

4.3 Updated Results
Table 2 shows the Bayesian updating for the results of tests performed for Lot 008 (column
02). Also in the table, the results obtained with the Monte Carlo Simulation according to the
methodology proposed by Stucchi [3], as well as the deviation between results obtained with
the two criteria are shown
It is evident that the criteria of NBR12655 for Total Sampling are unsafe.
Test
NBR Bayesian
number 12655 Updating
035
036
038
040
041
042

36.4
32.7
34.9
36.2
36.5
34.7

33.2
30.8
32.2
32.9
33.3
32.2

fck,mix=
0.93fcm*

Deviation

33.7
30.3
32.2
33.3
33.8
32.2

+1.5%
-1.6%
+1.2%
+1.5%
-

* Criteria defined by Monte Carlo Simulation

5 Conclusion
The last 2015 version of Brazilian Standard ABNT NBR 12655 [1] maintained the “Total Sampling” criteria as defined in the previous 1996 version. Besides this, the 1996 criteria for number
of samples for n > 1 were eliminated. These concepts have been criticized in this paper. It has
been shown that the traditional simplified criteria can lead to good results and that the new criteria
can be unconservative. An alternative, based on a Bayesian approach has been proposed in this
paper. This approach, originally proposed by Jacinto [2], can lead to results consistent with the
statistical theory. It is interesting to mention that these results are in accordance with the methodology previously proposed by Stucchi [3] that uses a Monte Carlo simulation that leads to results similar to the ones obtained with the usual probabilistic based partial sampling
considering previous knowledge.
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Abstract: Tropical cyclones and their associated storm surge generate extreme
hydraulic loads that may cause significant damage to coastal bridges. The current
life-cycle management approaches for these bridges generally use past climate
records to obtain the long-term reliability. However, neglecting the potential effect
of climate change on the predicted loads may lead to an underestimation in the
estimated time-dependent risk profiles. This paper demonstrates that excluding
climate change from life-cycle risk estimates can lead to up to a 50%
underestimation in the risk over an anticipated 30 year period of remaining
operational life for a typical bridge in the Northeast region of the United States. The
paper also introduces the concept of adaptation delay to quantify the additional risk
accrued by delaying adaptation efforts. It was found that the risk arising from
delaying adaptation increases when retrofit is deferred until late in the remaining
life of the structure. This suggests that the optimal management of bridges under
climate change includes retrofitting vulnerable bridges as early in their remaining
life as possible.

Introduction
Climate change research has noted an unequivocal warming in the climate, global average sea
level rise, and an increased intensity of natural extreme events [1]. The increase in sea level has
the potential to permanently inundate low-lying coastal regions and increase the likelihood of
flooding further inland. Additionally, researchers have shown that an increase in the intensity
of tropical cyclones is theoretically related to global climate change and substantiated through
historical records [2]. When coupled with the fact that large economic centres and populations
exist in vulnerable coastal regions, this increase presents a major threat to the social and economic stability of a region.
Hurricanes have caused up to 105,840 billion 2010 USD in damages [3]. Eighty five percent of
total US Hurricane damages have been caused by major category, landfalling storms that constitute only 24% of all storms [4]. Post-disaster regional reconnaissance of affected areas have
indicated the immense scale of structural and non-structural damages, loss of life, and longterm societal impacts [5, 3]. Design guidelines have been introduced to address potential vulnerabilities of coastal bridges to damage from tropical storms [6] and several researchers have
integrated the potential for failure due to tropical cyclones into probabilistic vulnerability assessment of bridges [7,8]. Furthermore, risk management strategies have been developed to
mitigate life-cycle risk for bridges vulnerable to tropical storms [9]. These design guidelines
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and risk assessment methodologies have typically considered only stationary climates, and tend
to neglect potential anthropogenic climate changes when performing quantitative assessments.
However, Mondoro and Frangopol [10] assessed the probability of failure due to deck unseating
during hurricanes under the climate change effect, but solely considered the impact of sea level
rise.
Researchers have indicated that adaptation is an essential component for mitigating the impact
of climate change on the built environment, highlighting the management of transportations
networks as imperative [11, 12]. The IPCC indicates that adapting to the effects of climate
changes is as necessary as mitigating further emissions [1]. Furthermore, while the complete
and accurate impact of climate change on the expected attributes of tropical cyclones (e.g. intensity, occurrence, track, and speed) is a developing field that is continuously being enhanced,
Schwartz [12] identified that it is imperative to consider climate change in current management
decisions, rather than postponing such inclusion until an accurate estimate is available.
This paper takes the first steps towards developing management strategies for coastal bridges
that consider the effects of climate change when determining retrofits. Emphasis is placed on
quantifying the effects of postponing adaptation or adapting early in the remaining life of an
existing bridge. A climate change scenarios is used to develop the time-variant risk profiles for
bridges vulnerable to tropical storms. The concept of adaptation delay is introduced in this paper
to provide a metric for estimating the consequences of delaying adaptation efforts. Potential
management strategies are evaluated based on adaptation delay risk and maximum life-cycle
risk.

Tropical Cyclones and Climate Change
The potentially serious impacts of global climate change on the built environment can come
from sea level rise, heat waves, rising arctic temperatures, changes in precipitation patterns, and
increasingly intense storms [12]. The destructiveness of tropical cyclones is of particular interest for bridge managers due to the large economic and social consequences stemming from
structural bridge failures. Some researchers have linked an increase in the frequency of Atlantic
tropical cyclones to anthropogenic changes in climate [13, 14]. However, evidence from available observational tools and technologies may skew this data [15]. Additionally, current research conflictingly suggests that the frequency of tropical cyclone may decrease, have no
change, or increase slightly due to anthropogenic changes [2]. While the relationship between
anthropogenic climate change and the frequency of tropical cyclones remain uncertain, it is
unanimously expected that the intensity of tropical cyclones will increase due to such changes.
Statistically, there is an observed global increase of intense (i.e. Category 4 and 5) storms [16].
This can be theoretically attributed to the fact that the increase in sea surface temperatures generates increasingly intense hurricanes [17]. Additionally, global climate models have predicted
an average increase in storm intensity of 2 to 11% by 2100 [2].
This paper incorporates the average intensity increase in a linear model to account for the increase in intensity tropical cyclones from the current climate to the expected 2100 climate. Sitespecific trends should be taken from climate change predictions when a specific case study is
being investigated. The linear increase assumed in this paper includes a shift in the scale parameter of the distribution of annual wind speeds, as shown in Figure 1. This figure shows the
effect of the increase in the intensity of tropical cyclones on the probability density function
(PDF) of annual wind speed in Northeastern United States. Case A depicts the instance where
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there is a 2% shift over 90 years; Case B shows the expected distribution at year 0, 30, 60, and
90 resulting from a linear increase to 11% over 90 years. The distribution for wind speeds in
the initial climate (Year = 0) for New York is a Weibull distribution based on historical wind
speed records [18]. While there is agreement among researchers that climate change will increase the intensity of tropical cyclones, the projected extent of the impact varies based on the
adopted climate model, and model size and resolution, among other factors.
(a)

(b)

Case A: 2% increase

0.020
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Year
Year
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Case B: 11% increase

0.020

0.010

=0
= 30
= 60
= 90

0.010
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Figure 1: Potential impact of climate change on the annual wind speed distribution assuming (a) a 2%
increase and (b) an 11% increase over 90 years.

Hydraulic Loads on Bridges
Tropical cyclones generate storm surges and wind-generated waves that impart vertical and
horizontal loads on a bridge deck. The maximum vertical and horizontal forces are used to
assess the vertical and horizontal failure modes, respectively [6]. The maximum uplift force FV
is the summation of the maximum quasi-static vertical force Fv-max and the associated vertical
slamming force Fs [6]




H
b x
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b
Fv max  wW    1.3 max  1.8  1.35  0.35 * tanh(1.2T p  8.5)  b 0 + b1 x + 2 + b 3 x 2 + 42 + 5 + b 6 x 3 TAF  (1)
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y
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d
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2





(4)

The variables employed in the above equations include expected wave parameters (i.e. wave
period, Tp, and the maximum probable wave height Hmax), site characteristics (i.e. water depth
at or near the bridge, ds, and bridge clearance, Zc), and bridge geometry (the wetted deck width,
W , and bridge type coefficients, b0, b1, …, b6, among others). A complete definition of the parameters is provided in AASHTO [6].
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The limit state for deck dislodgement is defined through a series-parallel system model, where
the deck can be dislodged if the uplift force exceed the self-weight and the horizontal force is
non-zero, or if the horizontal resistance due to bearing is less than the maximum horizontal
force.

Adaptation Options for Bridges
The adaptation of exisiting bridges involves retrofiting the structures to prevent or reduce
damage caused by natural events that are intensified by climate change. For bridges vulnerable
to deck dislodgement, adapation methods involve increasing the resistance of the system to both
the horizontal and vertical hydraulic loads applied to the structure. Potential measures for
adapation include the application of shear keys and restrainers, among others.
Concrete shear keys provide horizontal resistance while steel restainers can provide resistance
to both horizontal and uplift loads; both can contribute in decreasing the probability of failure
of the structure. Such retrofits increase the capacity to resist deck dislodgement but require
monetary investement. As such, the application of retrofits must be evaluated and prioritized
based on the cost, feasibility, and/or efficacy, among others [20].

Life-Cycle Risk and Adaptation Delay Risk
Risk is an effective metric for assessing and developing optimal management plans since it can
integrate economic, social, and environmental consequences associated with structural failures
under multiple hazards. The risk arising from a single hazard can be expressed as





R  P F H PH 

(7)

where κ is the monetary consequence associated with failure, P[F|H] is the probability of failure
given the occurrence of a hazard, and P[H] is the probability of occurrence of a hazard. The
formulation for consequence of failure is [21]

   rep   det   tl   rem

(8)

which includes considerations for direct economic costs of replacing the bridge κrep, time-loss
costs κtl, detour costs κdet, and environmental costs κrem. A scale factor is used to adjust hurricane consequences to account for post-disaster economics wherein the rushed schedules and
limited supplies of material and labor increase the costs [8,22].
The risk of a structure can be evaluated at any point in time in the expected remaining life of
the structure. The maximum life-cycle risk is the maximum value of risk observed over the
expected remaining life of the structure. This will occur either before the application of a retrofit
measure or at the end of the expected remaining life of the structure.
In general, decisions to retrofit or repair bridges are made on a regular basis. For critical bridges,
these decisions are revisited every year; for other bridges, they may be made on a 5- or 10-year
basis. The decision to retrofit (or not) is not revisited until the next period. The concept of
adaptation delay is introduced in this paper to provide a metric for estimating the consequences
(i.e. additional risk) of delaying adaptation efforts. Adaptation delay risk is herein defined as
the additional risk accrued due to delaying the application of retrofit measures by one year.
Figure 2 conceptually shows the adaptation delay risk for two potential cases: (a) where the
retrofit is applied earlier in life and (b) where the application of the retrofit measure is postponed
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until later in life. The expected remaining life is considered as 30 years for this conceptual plot.
The illustrative figure shows time-variant risk profile for a structure. The variations may be due
to corrosive environments and the gradual deterioration of structural components, or, the variation may stem from changes in hazards (e.g. more intense storms) due to climate changes. For
the illustrative example, there is a larger adaptation delay risk when retrofit is delayed (Figure
2b) than when retrofit is applied earlier in life (Figure 2a).
(b)

(a)
Year of application

Risk (USD)

Risk (USD)

Adaptation
Delay Risk

Adaptation
Delay Risk
0

10

20

Year of application

0

30

10

20

30

Year

Year

Figure 2: Adapation delay risk for management strategies where retrofit measures are applied (a) early and (b)
late in the expected remaining life of the bridge.

Application and Results
The effects of climate change on the life-cycle risk of a bridge and management thereof is assessed for a typical simply supported bridge in the Northeast region of the United States. Table
1 includes input parameters for the bridge geometry, material properties, retrofit parameters,
and river attributes. The wind speed distribution for the initial climate is based on the estimates
for New York [18]. This paper uses a linear relationship between the surge heights listed in the
National Oceanic and Atmospheric Administration (NOAA) surge maps with the wind speeds
for the hurricane category. The surge heights for New York for Category 1 storm is negligible,
up to 0.91 m for a Category 2 storm, between 0.91 m and 1.83 m for a Category 3 storm, and
between 1.83 m and 2.74 m for a Category 4 storm [23].
The adaptation efforts included in the study are retrofitting the bridge with two cable restrainers
at each pier, six restrainers (one at each girder at each pier), or shear keys at each pier. The cost
of these retrofit options are 2,820 USD, 8,460 USD, and 3,750 USD respectively [24]. The
structural properties of the restrainer and shear key are listed in Table 1. The social, economic,
and environmental inputs needed to evaluate the consequence of failure and risk are similar to
those adopted in Mondoro et al. [9]. The climate change scenarios addressed in this study include a stationary climate where there is no climate change (Case 0), a moderate scenarios with
a 2% increase in the intensity of tropical storms (Case A), and a severe climate change scenario
where there is an 11% increase in the intensity of tropical storms (Case B). Deterioration of
structural components due to corrosion is not considered in this example.
Monte Carlo sampling is used to determine the probability of failure of the bridge deck under
extreme hydraulic loads. The annual probability of failure is assessed for every year of the
expected remaining life using 107 samples. The risk values are also evaluated at 1-year intervals
and an expected remaining life of 30 years is considered, as shown in Figure 3a.

2079

Table 1: Description of bridge geometry, river conditions, and structural details for retrofit options.
Bridge Input Parameter

Value

Bridge width (m)
Span length (m)
Spacing between girders (m)
Number of girders
Depth of web (cm)
Thickness of the web (cm)
Thickness of the flange (cm)
Width of flange (cm)
Steel yield stress - girder (MPa)
Haunch (cm)

Bridge Input Parameter

14.3
24.4
2.1
6
83.8
1.3
3.2
45.7
414
5.08

Retrofit Input Parameter

Value

Height of parapet (m)
Average width of parapet (cm)
Thickness of slab (cm)
Yield stress - slab reinforcement (MPa)

Concrete compressive stress (MPa)
Reinforcing steel in 1 ft. strip (cm2)
Thickness of asphalt (cm)
Density of concrete (kg/m3)
Density of asphalt (kg/m3)
Density of Steel (kg/m3)

Value

1.37
25.4
22.9
414
28
5.69
6.35
N(2400,96)
N(2243,22)
N(7854,79)

River Input Parameter

Value

[24]

Elastic modulus - restrainer (MPa)
69000
Vertical clearance (m)
Yield stress - restrainer (MPa) [24]
1210
Average water depth (m)
Area of steel - shear key (mm2) [24]
774
Fetch length (m)
Yield stress of steel - shear key (MPa) [24] L(6.13,0.08)
where N(a,b) is a normal distribution with mean a and standard deviation b
L(µ,δ) is a lognormal distribution with parametersµ and δ.

2.7
2.4
76.2

In Case 0, there is no change in risk over the expected remaining life of the structure and it
remains constant at 11,609 USD. This is attributed to the fact that no other gradual or sudden
deteriorating mechanisms have been considered, as well as the stationary climate. For Case A,
there is an annual increase in the risk of the structure with a maximum life-cycle risk of 12,558
USD for a 30 year expected remaining life. Thus, the 2% increase in intensity of storms due to
climate change has caused an 8% increase in risk over 30 years for this example. In the more
severe climate change scenario (Case B), the maximum life-cycle risk is 18,136 USD. This is
a 56% increase in the maximum life-cycle risk for a 30 year expected remaining life as compared to Case 0, where the change in climate is not considered.
x 104
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Figure 3: (a) Risk profiles over the expected remaining life, and (b) adaptation delays risks associated with a
given year of application for the no climate change scenario (Case 0), moderate change scenario (Case A), and
severe change scenario (Case B).

Figure 3b shows the adaptation delay risk associated with applying retrofit measures for every
potential year of application throughout the expected remaining life. For Case B, the delay risk
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increases as the year of application increase. This indicates that there is a higher risk accrued
by delaying the application of retrofit measures. The same is true for Case A, though the increase in adaptation delay risk is not as significant. There is no adaptation delay risk for Case 0
since there is no change in risk over the expected remaining life.
The maximum life-cycle risk for a structure over its expected remaining life can be reduced
through the application of retrofit measures such as shear keys and restrainers; the effects of
retrofit types and the year of application on the maximum life-cycle risk and the adaptation
delay risk are detailed in Table 2 for selected cases. The first three entries provide the base-line
references for maximum life-cycle risk and the adaptation delay risk when no action is taken to
retrofit the bridge for the three climate scenarios. As the climate scenarios become more severe,
there is a higher maximum life-cycle risk and adaptation delay risk. When shear keys, 2 restrainers, and 6 restrainers are added at year 10, there is a reduction in the maximum life-cycle
risk of 2960 USD, 2273 USD, and 3210 USD, respectively, for the same delay risk; this delay
risk is less than that expected when no retrofits are performed. The variation in the reductions
reflects the added capacity of each retrofit action; adding 6 restrainers is the most effective
retrofit action of the set investigated, but is also the most expensive. Such a tradeoff should be
noted when developing optimal management strategies.
Table 2: Description of bridge geometry, river conditions, and structural details for retrofit options.
Plan

Case

Adapation
Type

Time of
Application

Cost
(USD)

Maximum LifeCycle Risk (USD)

Adapatation
Delay Risk (USD)

1
2
3
4
5
6
7
8
9
10

0
A
B
B
B
B
B
B
B
B

nothing
nothing
nothing
Shear Keys
2 Restrainers
6 Restrainers
6 Restrainers
6 Restrainers
6 Restrainers
6 Restrainers

n/a
n/a
n/a
10
10
1
10
15
20
29

0
0
0
3750
2820
3750
8460
8460
8460
8460

11609
12558
18136
15176
15863
14926
14926
14926
15715
17902

0
37
271
215
215
183
215
224
228
260

The year of application of such retrofit measures has a significant effect on the adaptation delay
risk. This can be seen in the comparison of Plans 6 through 10. Each of these plans include the
application of six restrainers as the adaptation measure. However, they are applied at various
times in the expected remaining life. If the application of retrofit is delayed until later in life
(i.e. a larger time of application), there is a higher risk associated with delaying it even further
(i.e. a larger adaptation delay risk). This suggests that, in order to mitigate the effects of climate
change, adaptation should be performed as early in the remaining life as possible.
Furthermore, the year of application also affects the maximum life-cycle risk for the management plan. For Plans 6, 7, and 8, the maximum life-cycle risk occurs at the end of the remaining
life. Since the same retrofit action was applied, the maximum life-cycle risk is the same. This
can be seen in Figure 4a and b for Plans 7 and 8. However, if the adaptation effort is delayed
until later in life, as is the case for Plans 9 and 10, the maximum life-cycle risk occurs immediately before the application of the retrofit measure (Figure 4c and d). This suggests that there is
a critical time before which the retrofit measures should be applied in order to achieve a minimal
maximum life-cycle risk. For Case B, this critical time is slightly after the mid-point of the
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remaining expected life. This conclusion, however, is highly dependent on the model used for
the time-variant climate changes. Further work is needed to integrate accurate climate change
models before an estimate of the critical time of retrofitting the bridge can be made. However,
it can still be concluded that significant delays in adaptation efforts may cause a substantial
increase in the maximum life-cycle risk.
x 104
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Figure 4: Maximum life-cycle risk for adapation strategies under Case B conditions where 6 restrainters are
applied at year (a) 10, (b) 15, (c)20, and (d) 29 .

Conclusions
This paper investigated the effect of climate change on the life-cycle risk assessment and management of coastal bridges vulnerable to damage during tropical storms. A typical low-clearance simply supported bridge over a waterway in the Northeast region of the United States was
investigated. The social, economic, and environmental consequences of failure were included
to estimate the annual risk accompanying bridge failure. Three scenarios were included to investigate the impact of severe climate change, moderate climate change, and no climate change
on the management of the bridge. The following conclusions are drawn.
 If climate change is not considered when assessing the life-cycle risk of a structure
vulnerable to damage from tropical storms, an underestimation of risk may occur.
Assuming that climate change will severely increase the intensity of storms, then, at the
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end of a 30-year period, the risk may be 50% larger than that associated with no climate
change.
Postponing the application of retrofit measures to a vulnerable bridge leads to higher
adaptation delay risk. There is larger additional risk accrued by delaying the application
of retrofit measures by 1 year. This suggests that adaptation efforts should be applied to
an existing bridge as early as possible in order to minimize the delay risk.
Significant delays in adaption efforts result in higher maximum life-cycle risks. There
is a critical time before which the retrofit measures should be applied in order to achieve
a minimal maximum life-cycle risk. This critical time will vary based on the climate
prediction model and the variation of future storm intensities.
Further work is needed to identify and incorporate appropriate climate prediction
models in order to enhance accuracy of the lifetime risk assessment of vulnerable coastal
bridges. Additionally, the effect of corrosion, and subsequent impacts of climate change
on corrosion, should be integrated into the risk assessment of the structure.
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Abstract: Electric power distribution systems are susceptible to extensive damage
due to hurricanes. With the potential increase in the intensity of hurricanes in the
long-term due to climate change, the cost of the damage to distribution system is
expected to rise. As investment in the power sector is considered long-term investment due to the long service life of the assets, it requires long-term planning that
incorporates the potential impact of climate change. With the inherent uncertainty
in the prediction of variation in weather patterns as well as the time-dependent
strength of infrastructure components, a better understanding of the potential varied
risk is essential for informed decision making. Therefore, there is a need to investigate the possible impact of climate change on power distribution systems and come
up with economically feasible adaptation strategies. This paper presents a framework for evaluating the impact of climate change on power distribution systems
subjected to hurricanes. The framework includes hurricane simulation model, timedependent component fragility, climate change modelling, adaptation strategies, and
life cycle cost analysis. The framework is demonstrated using a notional power distribution system of a city assumed to be in the hurricane-prone east coast of Florida.

Introduction
Electric power systems are subjected to numerous disturbances ranging from small disturbances
caused by common cause failures to major disturbances caused by natural hazards. Natural
hazards that threaten power systems include hurricanes, earthquakes, floods, severe thunderstorms, and tornadoes. In the event of natural disasters, continuous supply of electricity is essential not only to critical buildings such as hospitals and fire stations but to the public as a
whole. Hurricanes are among the most devastating natural hazards that can cause extensive
damage and prolonged power outages [1-3]. For example, in 2004, four major hurricanes struck
Florida causing a combined economic loss of over $20 billion and damaging every segment of
Florida’s electricity infrastructure [4]. Among the three segments of electric power systems
(generation, transmission, and distribution), the distribution part of the system is the most vulnerable to damage due to hurricanes [5].
As investment in the power sector is considered long-term investment, there is a need for utility
companies to consider the uncertainties inherent in such investment. One such uncertainty is
the potential impact of climate change on hurricane hazard. Research has shown that climate
change can alter both the intensity and frequency of future hurricanes [6, 7]. This is expected
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to affect the level of damage on power distribution systems caused by hurricanes. The problem
is compounded when the issue of aging of components is taken into account. Aging has been
determined to be one of the major issues facing the electric power system industry in the US
[8]. Aging increases the vulnerability of components subjected to hurricane hazard. For example, wood poles, which support most of the power distribution lines in the US, are susceptible
to decay over time [9].
There is, therefore, a need for a framework that can be used to evaluate the potential impact of
climate change on hurricane risk for power distribution systems and investigate the effectiveness of various adaptation strategies. This paper presents such a framework. The framework
includes hurricane simulation model, time-dependent component fragility, climate change modelling, adaptation strategies, and life cycle cost analysis. The framework is demonstrated using
a notional power distribution system of a city assumed to be in the hurricane-prone east coast
of Florida.

Component Risk Assessment
The components of focus in this paper are the wood distribution poles supporting overhead
distribution lines. Component risk is defined here as the annual probability of failure of the
poles which is given by (1).
∞

𝑃𝑃𝑓𝑓 = � 𝐹𝐹𝑅𝑅 (𝑣𝑣, 𝑡𝑡)𝑓𝑓𝑣𝑣 (𝑣𝑣, 𝑡𝑡)𝑑𝑑𝑑𝑑
0

(1)

where 𝐹𝐹𝑅𝑅 (𝑣𝑣, 𝑡𝑡) is the time-dependent cumulative distribution function (CDF) of the structural
fragility, and 𝑓𝑓𝑣𝑣 (𝑣𝑣, 𝑡𝑡) is the time-dependent probability density function (PDF) of the annual
maximum hurricane wind speed. Evaluation of 𝐹𝐹𝑅𝑅 (𝑣𝑣, 𝑡𝑡) and 𝑓𝑓𝑣𝑣 (𝑣𝑣, 𝑡𝑡) is discussed below.

2.1 Time-Dependent Fragility Analysis

The fragility analysis is carried out using Monte Carlo simulation. The limit state function for
the fragility of the poles is given by (2).
𝐺𝐺(𝑡𝑡) = 𝑅𝑅(𝑡𝑡) − 𝑆𝑆(𝑡𝑡)

(2)

𝑅𝑅(𝑡𝑡) = 𝑅𝑅𝑜𝑜 [1 − 𝑚𝑚𝑚𝑚𝑚𝑚(𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎1 𝑡𝑡 − 𝑎𝑎2 , 0) , 1) × 𝑚𝑚𝑚𝑚𝑚𝑚(𝑚𝑚𝑚𝑚𝑚𝑚(𝑏𝑏1 𝑡𝑡 𝑏𝑏2 , 0) , 1)]

(3)

𝐹𝐹 = 𝑄𝑄𝐾𝐾𝑧𝑧 𝐾𝐾𝑧𝑧𝑧𝑧 (𝑉𝑉)2 𝐺𝐺𝐶𝐶𝑓𝑓 𝐴𝐴

(4)

where R(t) is the time-dependent strength of the poles; S(t) is the time-dependent load demand
(i.e. bending stress) at the ground line caused by hurricane wind load. R(t) accounts for the
decay of the poles and the decay model developed in [10] and [11] has been adopted for use in
this paper. R(t) is given by (3) [11].

where Ro is initial strength determined from ANSI-O5.1 [12], a1, a2, b1, and b2 are constants
found from regression analysis as 0.014418, 0.10683, 1.3 x 10-4, and 1.846 respectively in [10]
and [11]. The stress demand, S(t) is calculated based on (4) [13].

where F is force (N), Q is air density factor, Kz is exposure coefficient, V is 3-sec gust wind
speed, G is gust response factor, Cf is force or drag coefficient, Kzt is topographic factor, and A
is the area projected on a plane normal to the wind direction (m2). To account for P-Δ effect,
ASCE-111 [14] recommends using the method developed by Gere and Carter [15] which is
adopted in this research.
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2.2 Time-Dependent Hurricane Hazard Model
2.2.1

Hurricane Simulation Model

Hurricane simulation is the most widely used method of hurricane risk analysis for design and
assessment of structures and infrastructure [16, 17]. Hurricane simulation model involves using
site-specific statistics of key hurricane parameters and Monte Carlo simulation for assessing
hurricane hazard level. The hurricane simulation model developed by Xu and Brown [18] and
also discussed in detail in Salman and Li [19] is adopted for use in this paper. The flow chart
of the simulation model is shown in Figure 1.

Figure 1: Hurricane simulation model flow chart [19]

The required parameters for the hurricane simulation in Florida, which is the chosen location
for demonstrating the framework, are shown in Table 1 [18, 20]. The radial wind field model
developed by Holland [21] is used to calculate the gradient wind speed at locations of interest.
The gradient wind speed is converted to a surface and then 3-sec gust wind speed using factors
of 0.8 and 1.287, respectively [18, 22]. The rise in central pressure (which results in weakening
of intensity) of the hurricane after landfall is modeled using the approach developed by Vickery
and Twisdale [23]. Wind speed decay after landfall due to friction and reduction in storm’s
moisture is modeled using the model developed by Kaplan and DeMaria [24]. Lastly, the radius
to maximum wind is modeled using the equation from FEMA [25]. The simulation is carried
out for 200,000 hurricane seasons.
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Table 1: Statistics of hurricane simulation parameters for different regions in Florida
Variable

Distribution

Annual frequency, λ

Poisson

Approach angle, θ
(degrees)

Bi-normal

Central pressure difference
Translation velocity

Weibull

Distribution parameters
Southeast

2.2.2

Lognormal

Northeast

Southwest

Northwest

0.2
0.039
0.1871
0.297
𝜇𝜇1 = 310
𝜇𝜇1 = 345
𝜇𝜇1 = 40
𝜇𝜇1 = 35
𝜎𝜎1 = 30
𝜎𝜎1 = 5
𝜎𝜎1 = 25
𝜎𝜎1 = 25
𝜇𝜇2 = 35
𝜇𝜇2 = 285
𝜇𝜇2 = 300
𝜇𝜇2 = 295
𝜎𝜎2 = 15
𝜎𝜎2 = 10
𝜎𝜎2 = 30
𝜎𝜎2 = 40
𝑎𝑎1 = 0.9
𝑎𝑎1 = 0.5
𝑎𝑎1 = 0.63
𝑎𝑎1 = 0.5
𝑢𝑢 = 64.831
𝑢𝑢 = 42.751
𝛼𝛼 = 3.465
𝛼𝛼 = 3.929
𝜆𝜆 = 2.3 − 0.00275𝜃𝜃
𝜁𝜁 = 0.3

Hurricane Simulation Model Validation

The simulation model above is used to simulate the hurricane hazard at a particular location in
south-eastern Florida (27.6oN, 80.4oW) which is the centre of the notional power distribution
system used later in the case study. The maximum annual hurricane wind speed at the mentioned location is recorded for each simulation and its cumulative distribution function (CDF)
plotted in Figure 2. Maximum annual hurricane wind speed is usually modelled using an extreme value distribution [26, 27]. The three types of extreme value distributions are fitted to the
data. It can be seen from Figure 2 that the Fréchet and reverse Weibull (or simply Weibull) are
a better fit than the Gumbel distribution and are, therefore, chosen for further analysis. The
scale and shape parameters of the Weibull distribution determined using the maximum likelihood method are 26.24 and 1.88 respectively. The shape, scale, and location parameters of the
Fréchet distribution are found to be 0.19, 8.66, and 16.12, respectively.

Figure 2: CDF of maximum annual hurricane wind speed with fitted distributions

To validate the hurricane simulation model, wind speeds corresponding to different mean
recurrence intervals (MRI) from the simulation are compared to wind speeds corresponding to
the same MRI from ASCE-7 [28]. The comparison is shown in Figure 3. It can be seen that the
wind speeds from the simulation modelled using the Weibull distribution are similar to those
from ASCE-7. The Fréchet distribution, on the other hand, resulted in unrealistically high wind
speeds, especially at higher return periods. This anomaly regarding the Fréchet distribution has
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been documented in the literature [26]. Hence, the Weibull distribution is selected to model the
PDF of the wind speed, 𝑓𝑓𝑣𝑣 (𝑣𝑣, 𝑡𝑡), in (1).
180
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Figure 3: Wind speed comparison and validation

2.2.3

Climate Change Impact Modelling

A lot of uncertainties exist in modeling the potential impact of climate change. One such uncertainty is the level of greenhouse gas emission. The impact of climate change at the end of
the 21st century, for example, will depend on whether policies are put in place to curb emissions.
Consequently, climate change impact modeling is usually carried out based on different emission scenarios. The latest emission scenarios by Intergovernmental Panel on Climate Change
(IPCC) are the concentration pathways (CPs), which are determined by their radiative forcing
at the end of the 21st century. Four Representative Concentration Pathways (RCPs) were produced by IPCC [6] that correspond to radiative forcing levels of 8.5, 6.0, 4.5, and 2.6 watts/m2
and are termed RCP 8.5, RCP 6.0, RCP 4.5, and RCP 2.6, respectively. It might be of interest
to note that the forcing level in 2005 was estimated to be 1.6 watts/m2 [29].
Over the years, research has been conducted to study the impact of the different RCPs on hurricane hazard [30-33]. Staid et al. [34] reported that change in hurricane intensity based on a
review of existing literature can be as high as +40%. Landsea et al. [35], on the other hand,
reported that change in future hurricane frequency can be as high as +35% based on existing
literature. Based on these estimates, three climate change scenarios (CCSs) at the end of the
21st century are assumed for this study to model low, medium, and high impact:
i.
CCS1: +20% change in frequency, no change in intensity
ii.
CCS2: +20% change in frequency, +20% change in intensity
iii.
CCS3: +35% change in frequency, +40% change in intensity
The change in frequency and intensity from the present time to the end of the 21st century is
assumed to be linear as suggested by Stewart et al. [36]. The parameter of the Poisson distribution, λ, is altered within the hurricane simulation to model the change in frequency. For intensity
variation, the randomly sampled central pressure difference at landfall is altered. Figure 4 shows
the hazard curves for the climate change scenarios considered at the chosen location.
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Figure 4: Hazard curves for different climate change scenarios

Life Cycle Cost Analysis
Life cycle cost analysis is used to investigate the impact of climate change on total cost as well
as the effectiveness of adaptation strategies. The total life cycle cost is given by (5) [37].
𝐿𝐿𝐿𝐿𝐿𝐿 = 𝐶𝐶𝑎𝑎 + 𝐶𝐶𝑚𝑚 + 𝐶𝐶𝑟𝑟 + 𝐶𝐶𝑣𝑣 + 𝐶𝐶𝑒𝑒

(5)

𝐶𝐶𝑚𝑚 = � � 𝑚𝑚𝑖𝑖 ∙ 𝑧𝑧(𝑡𝑡)

(6)

𝐶𝐶𝑟𝑟 = � �[𝐹𝐹𝑖𝑖 (𝑡𝑡) ∙ 𝑟𝑟𝑖𝑖 ] ∙ 𝑧𝑧(𝑡𝑡)

(7)

𝐶𝐶𝑣𝑣 = � 𝑉𝑉 ∙ 𝑝𝑝 ∙ 𝑧𝑧(𝑡𝑡)

(8)

𝐶𝐶𝑒𝑒 = � 𝐸𝐸 ∙ 𝑧𝑧(𝑡𝑡)

(9)

where 𝐶𝐶𝑎𝑎 is the cost of implementing an adaptation strategy; 𝐶𝐶𝑚𝑚 is the periodic preventive
maintenance cost (tree trimming etc.) given by (6); 𝐶𝐶𝑟𝑟 is the cost of replacing failed poles due
to hurricane wind and is given by (7); 𝐶𝐶𝑣𝑣 is the revenue loss due to power outage calculated
using (8); and 𝐶𝐶𝑒𝑒 is the societal economic losses due to power outage calculated using (9).
𝑡𝑡

𝑡𝑡

𝑖𝑖

𝑖𝑖

𝑡𝑡

𝑡𝑡

where 𝑚𝑚𝑖𝑖 is annual maintenance cost for pole 𝑖𝑖; 𝑧𝑧(𝑡𝑡) is a discount factor; 𝐹𝐹𝑖𝑖 is the annual probability of failure of pole 𝑖𝑖; 𝑟𝑟𝑖𝑖 is unit repair cost of pole; 𝑉𝑉 is the annual demand not met; 𝑝𝑝 is the
unit prize of electricity; and 𝐸𝐸 is expected annual economic loss.

Case Study

The power distribution system shown in Figure 5 is used as a case study. It is the power distribution system of a virtual city developed at Texas A&M for use in infrastructure research [38].
It serves about 434 residential, 15 industrial, and 9 commercial/institutional customers. The
poles supporting the lines are class 4 and 5 southern pine poles for the feeder and lateral lines,
respectively. The poles are assumed to be 13.7 m long. The feeder and lateral line poles support
4 and 3 conductors, respectively [39]. The average power consumption of the customers in the
city is given in Table 2.
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Figure 5: Micropolis power distribution system (Courtesy of Alex Sprintson, Texas A&M University)

Table 2: Average power consumption of customers
Customer type
Residential
City churches
City schools
Industrial (Feeder 1)
Central business district (Feeder 2)
Feeder 1 total
Feeder 2 total
System total

Consumption
1.5kW/h
5kW/h
10kW/h
39.4kW/h
10.1kW/h
1,334kW/h
394kW/h
1,728kW/h

To adapt the system to the potential impact of climate change, two strategies are considered: (i)
strengthening the entire system and (ii) strengthening only the main feeder lines. Strengthening,
here, is defined as using poles that are one class higher than the existing poles. The analysis
period is assumed to be 2010 to 2100. The time to repair a failed pole is assumed to be 4 hours
[40]. Periodic preventive maintenance cost, electricity demand and unit cost are assumed to be
constant over time. The data used in the cost analysis is shown in Table 3.
Table 3: Life cycle cost analysis parameters
Parameters
Class 3 SP poles (13.7 m)
Class 4 SP poles (13.7 m)
Class 5 SP poles (13.7 m)
Cost of pole replacement under normal condition
Cost of pole replacement under storm condition
Annual maintenance cost, 𝑚𝑚𝑖𝑖
Discount rate, y
Unit price, p
Economic loss (residential)
Economic loss (commercial)
Economic loss (industrial)

Value
$544/pole
$479/pole
$441/pole

Source
ATS [41]
ATS [41]
ATS [41]

$2,500/pole

Taras et al. [42]

$4,000/pole
$4,000/circuit mile
4%
$0.11/kWh
$2.70/h
$886/h
$3,253/h

Xu and Brown [43]
Francis et al. [44]
Bastidas-Arteaga and Stewart [45]
Xu and Brown [43]
LaCommare and Eto [46]
LaCommare and Eto [46]
LaCommare and Eto [46]
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Average consumption (residential)
Average consumption (commercial)
Average consumption (industrial)
Average consumption (schools)
Average consumption (churches)

1.5kW/h
10.1kW/h
39.4kW/h
10kW/h
5kW/h

EIA [47]
EIA [47]
EIA [47]
Assumed
Assumed

4,600

12% increase

LCC ($1,000s)

4,400

6% increase
2% increase

4,200
4,000
3,800
3,600

Total LCC

No
change

CCS1

CCS2

CCS3

3,909

3,986

4,155

4,381

Net Benefit ($1,000s)

The results of the cost analysis are shown in Figure 6. It can be seen from Figure 6(a) that
climate change increased the total life cycle cost by 2, 6, and 12% for scenarios CCS1, CCS2,
and CCS3, respectively. Figure 6(b) shows the net benefit of the two adaptation strategies considered. It can be seen that both strategies resulted in positive net benefits for all the three climate change scenarios considered. Both strategies resulted in the highest net benefit in the case
of CCS3 which implies that the strategies are more attractive, economically, if climate change
impact on hurricane hazard is high.
800

CCS1

CCS2

CCS3

600
400
200
0

Strategy 1

Strategy 2

Figure 6: Cost analysis results (a) LCC for different climate change scenarios (b) Net benefit of adaptation
strategies

Conclusions
This paper presents a framework for modeling the impact of climate change on hurricane risk
for power distribution systems. The framework incorporated hurricane hazard modeling, climate change impact, time-dependent component fragility, and life cycle cost analysis. The
framework can be used by stakeholders for decision making regarding long-term investment
planning for power distribution system infrastructure. The results of the case study considered
indicates that climate change can increase the total life cycle cost of distribution systems subjected to hurricane hazards. For example, a 35% increase in hurricane frequency and a 40%
increase in intensity resulted in 12% increase in life cycle cost. The result of the case study also
shows that the adaptation strategies considered are effective in reducing the life cycle cost of
the system.

References
[1]
[2]
[3]
[4]
[5]

Pasch, R.J., D.P. Brown, and E.S. Blake. (2005). Tropical cyclone report: Hurricane charley
National Hurricane Center.
Pasch, R.J., et al. (2006). Tropical Cyclone Report - Hurricane Wilma: National Hurricane
Center.
Stewart, S.R. (2004). Tropical Cyclone Report: Hurricane Ivan: National Hurricane Center.
USDOE. (2005). Florida State's Energy Emergency Response to the 2004 Hurricanes: US
Department of Energy - Office of Electricity Delivery and Energy Reliability.
Davidson, R.A., et al. (2003). Electric power distribution system performance in Carolina
hurricanes. Natural Hazards Review, 4(1), 36-45.

2092

[6]

[7]

[8]
[9]

[10]

[11]

[12]
[13]
[14]
[15]
[16]
[17]

[18]

[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]

IPCC. (2013). Summary for Policymakers. In: Climate Change 2013: The Physical Science
Basis. Contribution of Working Group I to the Fifth Assessment Report of the
Intergovernmental Panel on Climate Change [Stocker, T.F., D. Qin, G.-K. Plattner, M. Tignor,
S.K. Allen, J. Boschung, A. Nauels, Y. Xia, V. Bex and P.M. Midgley (eds.)]. Cambridge
University Press, Cambridge, United Kingdom and New York, NY, USA.
Walsh, J., D. , et al. (2014). Our Changing Climate. Climate Change Impacts in the United
States: The Third National Climate Assessment. In J. M. Melillo, Terese (T.C.) Richmond, and
G. W. Yohe (Eds.), (pp. 19-67): U.S. Global Change Research Program.
ASCE. (2013). 2013 report card for America's infrastructure. Reston, VA: American Society of
Civil engineers
Gustavsen, B. and L. Rolfseng. (2000). Simulation of wood pole replacement rate and its
application to life cycle economy studies. IEEE Transactions on Power Delivery, 15(1), 300306.
Li, Y., et al. (2005, 23-25 Oct. 2005). Degradation-path model for wood pole asset management.
Paper presented at the Proceedings of the 37th Annual North American Power Symposium,
2005. .
Shafieezadeh, A., et al. (2014). Age-dependent fragility models of utility wood poles in power
distribution networks against extreme wind hazards. IEEE Transactions on Power Delivery,
29(1), 131-139.
ANSI-O5.1. (2002). Timber Poles Specifications and Dimensions: American National
Standards Institute.
ASCE-74. (1991). Guidelines for electrical transmission line structural loading. Reston, VA:
American Society of Civil Engineers.
ASCE-111. (2006). Reliability-based design of utility pole structures. Reston, VA: American
Sociaety of Civil Engineers.
Gere, J.M. and W.O. Carter. (1962). Critical buckling loads for tapered columns. ASCE -Proceedings -- Journal of the Structural Division, 88(ST1, Part 1), 1-11.
Vickery, P.J., P. Skerlj, and L. Twisdale. (2000). Simulation of Hurricane Risk in the U.S. Using
Empirical Track Model. Journal of Structural Engineering, 126(10), 1222-1237.
Legg, M.R., L.K. Nozick, and R.A. Davidson. (2010). Optimizing the selection of hazardconsistent probabilistic scenarios for long-term regional hurricane loss estimation. Structural
Safety, 32(1), 90-100.
Xu, L. and R.E. Brown. (2008). A hurricane simulation method for Florida utility damage and
risk assessment. Paper presented at the Power and Energy Society General Meeting-Conversion
and Delivery of Electrical Energy in the 21st Century, 2008 IEEE.
Salman, A.M. and Y. Li. (2016). Assessing Climate Change Impact on System Reliability of
Power Distribution Systems Subjected to Hurricanes. Journal of Infrastructure Systems.
doi:10.1061/(ASCE)IS.1943-555X.0000316
Huang, Z., D. Rosowsky, and P. Sparks. (2001). Hurricane simulation techniques for the
evaluation of wind-speeds and expected insurance losses. Journal of wind engineering and
industrial aerodynamics, 89(7), 605-617.
Holland, G.J. (1980). An analytic model of the wind and pressure profiles in hurricanes. Monthly
weather review, 108(8), 1212-1218.
Vickery, P.J., et al. (2009). Hurricane hazard modeling: The past, present, and future. Journal
of Wind Engineering and Industrial Aerodynamics, 97(7), 392-405.
Vickery, P.J. and L.A. Twisdale. (1995). Wind-field and filling models for hurricane windspeed predictions. Journal of Structural Engineering, 121(11), 1700-1709.
Kaplan, J. and M. DeMaria. (1995). A simple empirical model for predicting the decay of
tropical cyclone winds after landfall. Journal of applied meteorology, 34(11), 2499-2512.
FEMA. (2011). Multi-Hazard Loss Estimation Methodology, Hurricane Model: Hazus-MH 2.1
Technical Manual. Washington, DC: FEMA.
Yeo, D., N. Lin, and E. Simiu. (2014). Estimation of Hurricane Wind Speed Probabilities:
Application to New York City and Other Coastal Locations. Journal of Structural Engineering,
140(6), 04014017. doi:doi:10.1061/(ASCE)ST.1943-541X.0000892

2093

[27]

[28]
[29]

[30]
[31]
[32]
[33]
[34]
[35]
[36]

[37]
[38]

[39]

[40]
[41]
[42]

[43]
[44]
[45]

[46]
[47]

Coles, S. and E. Simiu. (2003). Estimating uncertainty in the extreme value analysis of data
generated by a hurricane simulation model. Journal of engineering mechanics, 129(11), 12881294.
ASCE-7. (2010). Minimum design loads for building and other structures: American Society of
Civil Engineers, ASCE Reston Virginia.
Bernstein, L., et al. (2007). IPCC, 2007: climate change 2007: synthesis report. Contribution of
working groups I. II and III to the Fourth Assessment Report of the Intergovernmental Panel on
Climate Change. Intergovernmental Panel on Climate Change, Geneva.< http://www. ipcc.
ch/ipccreports/ar4-syr. htm.
Bender, M.A., et al. (2010). Modeled impact of anthropogenic warming on the frequency of
intense Atlantic hurricanes. Science, 327(5964), 454-458.
Knutson, T.R., et al. (2010). Tropical cyclones and climate change. Nature Geoscience, 3(3),
157-163.
Mann, M.E. and K.A. Emanuel. (2006). Atlantic hurricane trends linked to climate change. Eos,
87(24), 233-244.
Mudd, L., et al. (2014). Assessing climate change impact on the US East Coast hurricane hazard:
temperature, frequency, and track. Natural Hazards Review, 15(3), 04014001.
Staid, A., et al. (2014). Simulation of tropical cyclone impacts to the U.S. power system under
climate change scenarios. Climatic Change, 1-12. doi:10.1007/s10584-014-1272-3
Landsea, C.W., et al. (2010). Impact of Duration Thresholds on Atlantic Tropical Cyclone
Counts*. Journal of Climate, 23(10), 2508-2519.
Stewart, M., X. Wang, and G. Willgoose. (2014). Direct and Indirect Cost-and-Benefit
Assessment of Climate Adaptation Strategies for Housing for Extreme Wind Events in
Queensland. Natural Hazards Review, 15(4), 04014008.
Chang, S.E. (2003). Evaluating disaster mitigations: methodology for urban infrastructure
systems. Natural Hazards Review, 4(4), 186-196.
Bagchi, A., A. Sprintson, and C. Singh. (2009). Modeling the impact of fire spread on the
electrical distribution network of a virtual city. Paper presented at the North American Power
Symposium (NAPS), 2009.
Salman, A.M., Y. Li, and M.G. Stewart. (2015). Evaluating system reliability and targeted
hardening strategies of power distribution systems subjected to hurricanes. Reliability
Engineering & System Safety, 144, 319-333.
Brown, R.E. (2009). Cost-benefit analysis of the deployment of utility infrastructure upgrades
and storm hardening programs. Raleigh: Quanta Technology.
ATS.
(2014).
Products
and
Pricing.
Retrieved
from
http://www.americantimberandsteel.com/poles-pilings-utility-poles-unframed-cca.html
Taras, A., G. Ratel, and L. Chouinard. (2004). A life-cycle cost approach to the maintenance of
overhead line supports. Paper presented at the Reliability and Optimization of Structural
Systems: Proceedings of the 11th IFIP WG7. 5 Working Conference, Banff, Canada, 2-5
November 2003.
Xu, L. and R.E. Brown. (2008). Undergrounding assessment Phase 3 Report: Ex Ante Cost and
Benefit Modeling. Raleigh: Quanta Technology.
Francis, R.A., et al. (2011). Probabilistic life cycle analysis model for evaluating electric power
infrastructure risk mitigation investments. Climatic change, 106(1), 31-55.
Bastidas-Arteaga, E. and M.G. Stewart. (2015). Damage risks and economic assessment of
climate adaptation strategies for design of new concrete structures subject to chloride-induced
corrosion.
Structural
Safety,
52,
Part
A(0),
40-53.
doi:http://dx.doi.org/10.1016/j.strusafe.2014.10.005
LaCommare, K.H. and J.H. Eto. (2006). Cost of power interruptions to electricity consumers in
the United States (US). Energy, 31(12), 1845-1855.
EIA. (2013). 2012 Utility Bundled Retail Sales: U.S. Energy Information Administration.

2094

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

The Impact of Climate Change on Bridge Scour Reliability
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Abstract: In this paper, a framework is presented for the probabilistic assessment
of scour prone bridges considering the potential effects of changing flow characteristics due to climate change. In this methodology, statistical analysis of the expected
maximum annual flow is combined with Monte Carlo simulation (MCS) to estimate
the probability of scour failure. The uncertainties associated with the different factors which influence scour performance are taken into account using suitable distributions. The influence of climate change on the flow characteristics is considered
through changes in the mean and variability (i.e. standard deviation) of the expected
maximum annual flow distribution. The methodology is demonstrated through a
case study using a bridge in the UK. The results from this investigation revealed that
a time-dependent increase in the mean of the expected maximum annual flow can
have an adverse effect on local scour performance which is greater in magnitude
compared to an increase of its variability (i.e. standard deviation) alone. Amongst
the cases examined, however, the most adverse effect on scour performance is observed from the simultaneous increase in both mean and variability of the expected
maximum annual flow. The results also highlighted the significance of the uncertainty in foundation depth, commonly present in old bridges, when estimating scour
reliability.

Introduction and Background
Scour is identified as one of most widespread causes of structural failure in bridges spanning
over rivers [1]. Scour is characterised by the erosion/removal of (underwater) river bed material
in the vicinity of the piers which can lead to structural instability if the foundation depth is
reached. A number of factors are associated with the scour depths which may potentially develop at the pier and/or abutments of a bridge including, among others, the geometrical characteristics of the pier/abutment, the river characteristics including bed material and angle of attack
as well as the flow magnitude at the bridge location. The scour phenomenon has been extensively investigated and a number of – mainly empirical – models are available which allow the
quantification of scour depths considering the most significant influencing factors such as pier
geometry, river and flow characteristics [2,3]. The prediction of scour depths in practice involves significant uncertainty caused by the variability associated with the above parameters as
well as the scour prediction models themselves, which have been developed empirically
through small-scale laboratory experiments.
A source of uncertainty which is becoming increasingly relevant when predicting future scour
performance of bridges is the potential influence of climate change. The increased risk of scour
of bridges due to climate change has been recognised worldwide [4,5]. The potential
consequences of climate change on bridge scour performance are currently under-researched,
on a quantitative basis, and need to be investigated to assist the development and
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implementation of adaptation strategies [6]. Hence, capturing the aforementioned uncertainties
in the analysis would allow a more reliable performance assessment of scour prone bridges and
assist towards more efficient decision-making under conditions of uncertainty.
Some previous studies examined the probability of scour failure, without, however, considering
the potential influence of climate change in performance assessment [7-11]. Very few studies
in the literature examine the potential effects of climate change on scour performance of bridge
piers.
An important parameter which directly affects the depth of the developing scour hole is the
magnitude of the flow which may potentially be encountered in a river at the bridge location.
The flow magnitude in a river is governed by several factors such as catchment characteristics,
precipitation patterns, etc. Climate change is predicted to cause changes in the river flow
characteristics due to changes in the precipitation patterns and catchment characteristics [12].
A number of methods have been devised to predict the potential flow in a particular river, for
instance through statistical analysis of historic flow records or alternatively using the rainfallrunoff method which requires knowledge of the precipitation patterns and the catchment
descriptors. The statistical analysis of historic flow records through the widely-used WINFAPFEH 3 software [13] allows the estimation of the statistical properties of the expected maximum
annual flow for any river in the UK.
Alterations in the climatic and weather conditions due to climate change can potentially
increase the uncertainty associated with the magnitude as well as the prediction of extreme
weather events including extreme precipitation and river flows. The available evidence suggests
that these changes may prevail as temporal changes in the statistical properties and distribution
of key climatic parameters such as temperature and precipitation [14]. Increasing flood
frequency and magnitude due to increasing precipitation and/or changes to the catchment
characteristics can have a significant effect on the scour performance of bridges. At present, it
is difficult to precisely quantify the effect of climate change in terms of precipitation and
temperature changes on fluvial flood frequency and magnitude. However, the results of several
studies suggest that in some areas flood frequency and magnitude will increase in the future
(i.e. occurrence of extreme events will become more frequent).
This paper, which is based on research carried out by the authors in the past [15], aims to
provide a framework for the scour reliability assessment under changing uncertain flow
characteristics due to climate change. In view of the above limitations, an alternative
probabilistic approach is suggested in this paper to quantify the effect of potential increase of
flood frequency and magnitude due to climate change on the probability of local scour failure.
Firstly, the distribution of the expected maximum annual flow is obtained using statistical
analysis of existing flow records. Thereafter, gradual changes are introduced to the statistical
properties of the flow to account for climate change and Monte Carlo simulation (MCS) is used
to estimate the probability of scour failure over time. A case study of a UK bridge is carried out
to investigate the potential effects of changing mean and variability of the expected maximum
annual flow on the probability of local scour failure in bridge piers to demonstrate the
applicability of the proposed framework.

Probabilistic Framework
In this paper, local scour is estimated using the HEC-18 design equation [16], given by Eq. (1),
which considers scour as a time-independent process, i.e. temporal effects of local scour development are not modelled
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 2 y 0 K1 K 2 K 3 K 4  
 y0 

0.65

F00.43

(1)

where ymax is the maximum scour depth (m), y0 is the depth (m) of the flow upstream of the
bridge pier, K1, K2, K3 and K4 are coefficients which allow for pier shape, angle of attack,
streambed conditions and the river bed material size, D is the pier diameter and F0 is the Froude
number given by

V
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where V is flow velocity given by
V 

Q
B y0

(3)

and the flow depth y0 is given by [16]
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where Q is the flow (m3/s), B is the river width (m), n is the Manning’s coefficient and s is the
longitudinal slope of the channel. Eq. (4) can be used for wide rivers with ratios B/y0 exceeding
about 10, giving conservative predictions for cases where this is less than about 10 [17]. In this
paper, the flow Q is estimated using the statistical analysis procedures implemented in the
software WINFAP-FEH 3 [13].
In terms of the probabilistic framework for the scour analyses, the performance function for the
limit state for local scour of a bridge pier is given by
0.65


D
G(t )  DF  y max (t )  DF  2 y 0 (t ) K1 K 2 K 3 K 4   F00.43 


 y0 

(5)

where DF is the foundation depth. G(t) ≤ 0 indicates the failure realization of the limit state.
Using the statistical properties, including distribution type, for the random variables of Eq. (5)
and assuming that the resistance DF and the load effects ymax(t) are statistically independent, the
instantaneous (annual) probability of failure, pf (t), is given by
p f (t )  PG(t )  0

(6)

In this paper, Eq. (6) is evaluated using Monte Carlo simulation using a sample size of n =
2×106 per year. Table 1 shows the random variables and their characteristics. Flow events in
different years are assumed to be independent. The cumulative (time-dependent) probability of
failure, at any point within a time period, is given by Eq. (7) below, provided that the failures
are statistically independent.
k





p f (0, t L )  1   1  P Gti (t )  0



(7)

i 1

The expected maximum annual flow is modelled by fitting a suitable distribution to flood data
using the statistical procedures implemented in WINFAP-FEH 3 [13]. This approach is based
on the creation and analysis of a pooling group of several catchments of similar hydrological
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characteristics, with the available years of flow records for each station (in the different
catchments) contributing to the total number of station years.
The uncertainties associated with the random variables of Eq. (5) can be separated as aleatory
and epistemic uncertainties [18,19]. Within the context of scour assessment under changing
flow magnitude (i.e. expected maximum annual flow) due to climate change, the variability of
flow magnitude is associated with both natural variability and epistemic uncertainty. Aleatory
uncertainty in relation to flow modelling is due to the lack of a specific emission scenario for
future climate change since climate change itself is a function of several variables which are
not always possible to be objectively quantified such as future global population, government
policy, technological breakthroughs, etc. On the other hand, epistemic uncertainty is caused by
the lack of understanding of how a specific climate change scenario (e.g. increased
precipitation, etc.) will affect the flow conditions of a particular catchment. Furthermore, the
available models for scour are associated with epistemic uncertainty, since the inherently
complex nature of scour is modelled through approximations developed from laboratory
experiments of small-scale pier models (e.g. Eq. (1)). This uncertainty type can be reduced by
developing more accurate models of the phenomenon through, for instance, additional
experimentation or comparing field measurements in real bridges with the scour models.

Bridge piers

River

Table 1: Statistical properties of random variables.

Variable Mean
B (m)
65
K3
1.1
K4
1.0
s
0.0032
n
0.035
DF (m)
4.5
K1
1.0
K2
1.0
D (m)
2

CoV Distribution Reference
0.05
Normal
Assumed
0.05
Uniform
[9]
0.05 Lognormal Assumed
0.28 Lognormal
[9]
Assumed
Assumed
Assumed
0.05
Normal
Assumed

UK Bridge Case Study
The bridge considered in this case study is assumed to be located on river Earn in Scotland,
UK, assuming alluvial riverbed conditions. WINFAP-FEH 3 provides a number of options for
estimating QMED, which is the maximum annual flow with a return period T = 2 years), for
instance using the catchment descriptors or annual maxima (AM) series (for more details see
[13]). In this paper, a QMED of 250.2 m3/s is estimated from annual maxima series of the
station. Analysis of pooling group flood data (i.e. annual maximum series) using the WINFAPFEH 3 software indicates that the generalized extreme value (GEV) distribution, given by Eq.
(8) [19], is the most suitable distribution for modelling the magnitude of the expected maximum
annual flow; its cumulative distribution function is expressed as follows

FX max

1k

  k x    

 exp  1 
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(8)

where k is the shape parameter, ε is the location parameter and α is the scale parameter. The
GEV distribution parameters obtained from the statistical analysis of stations in similar
catchments (i.e. pooling group) in WINFAP are α = 0.222, ε = 0.919 and k = 0.002. The scale
and location parameters of the GEV distribution are given by Eqs. (9) and (10), respectively
[19]



k 2 2
1  2k    2 1  k 

 


k

1  1  k 

(9)
(10)

where μ is the sample mean, σ is the sample standard deviation and k, ε and α are the shape,
location and scale parameters of the generalized extreme value distribution, respectively [20].
Γ is the gamma function.
The potential effects of climate change on scour are examined through a parametric study in
which the scale and location parameters are gradually changed for increasing values in the mean
μ and variability (i.e. standard deviation σ) of the flood magnitude in Eqs. (9) and (10).
Within the probabilistic framework developed, several variables associated with the bridge and
river characteristics are treated as random. Table 1 summarises the statistical properties of the
random variables considered in this case study. Climate change is likely to impact the
precipitation patterns and catchment characteristics of a specific area which in turn may affect
the magnitude and frequency of expected maximum annual flow. In this study, it is assumed
that climate change will cause a certain amount of temporal changes in the statistical properties
of the flood predicted using the FEH. The different analysis cases examined in relation to
changing flow conditions are follows: 20%, 40% and 60% increase in the mean value; 20%,
40% and 60% increase in the standard deviation (variability) and 20%, 40% and 60%
simultaneous increase in both. These changes are assumed to evolve linearly with time over a
60 year period. In this way, the effects of climate change on the precipitation patterns and
catchment descriptors and hence on the flood frequency and magnitude are implicitly
considered in the analysis of the different scenarios examined. A foundation depth (FD) of 4.5m
is assumed to facilitate the estimation of the scour failure probability.

Results and Discussion
Figs. 1(a) to 1(c) show the effect of the changing flow characteristics on the distribution evolution of the predicted scour depths, with gradually increasing flow mean, standard deviation and
the simultaneous increase of both, respectively. The results indicate that in all cases examined
the variability associated with the predicted scour depths can be modelled using a lognormal
distribution. The results in Fig. 1(a) indicate that the gradually increasing mean of the expected
maximum annual flow causes a gradual shift of the predicted scour depth distribution towards
higher (and more unfavourable) values compared to the initial distribution of the base line case.
In the case where a gradual increase of the flow variability is assumed, an increase of the areas
of the distribution tails is observed, which indicates an increased probability of observing larger
scour depths. It is interesting to note that the results in Fig. 1(b) indicate that the increased
variability also causes an increase in the probability of observing smaller scour depths. The
results in Fig. 1(c) indicate that the simultaneous gradual increase of mean and variability results in higher predicted maximum scour depths compared to the case of gradually increasing
mean alone (Fig. 1(a)).
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1.5
No change
Fitted LN (1.182, 0.1022)
20% increase in st. dev.
Fitted LN (1.178, 0.1117)
40% increase in st. dev.
Fitted LN (1.174, 0.1231)
60% increase in st. dev.
Fitted LN (1.167, 0.1369)

1.2
No change
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Figure 1: Monte Carlo simulation results showing the PDF of the predicted local scour depths for changing flow
characteristics: (a) increasing mean, (b) increasing standard deviation and (c) simultaneous increase of mean
and variability (standard deviation, σ).

Fig. 2 shows the effect of increasing the mean in the expected maximum annual flow on the
annual and time-dependent probabilities of failure for the scenarios with mean increases of
20% (45M2000), 40% (45M4000) and 60% (45M6000) over a 60 year period. The results in
this figure indicate that the effect of increasing mean is relatively small for the initial 10 years
and it gradually becomes noticeable between 10 and 20 years and significant beyond the initial
20 year period. At the end of the examined period the time-dependent probabilities of failure
for the scenarios with 20%, 40% and 60% increase in mean are predicted to be approximately
60%, 175% and 340%, respectively, higher than the base line scenario (45M0000) which
assumes no changes in the statistical properties of the expected maximum annual flow over
time.
Fig. 3 shows the effect of increasing variability in the expected maximum annual flow on the
annual and time-dependent probabilities of failure for the scenarios with variability increases
of 20% (45M0020), 40% (45M0040) and 60% (45M0060) over a 60 year period. The results in
this figure indicate that the effect of increasing variability is relatively small for the initial 15
years and it gradually becomes significant beyond the initial 20 year period. For the analysis
cases examined, the effect of increasing variability in the expected maximum annual flow is
predicted to have a relatively smaller effect on the failure probabilities compared to the previous
case of assuming a gradually increasing mean. The time-dependent failure probabilities at the
end of the 60 year period are predicted to increase by approximately 40%, 90% and 150% for
cases 45M0020, 45M4040 and 45M0060, respectively relative to the base line case (45M0000).
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The results in Fig. 4 show the effect of simultaneously increasing mean and standard deviation
up to 60% of the expected maximum annual flow on the annual and time-dependent
probabilities of failure for scenarios 45M2020 (20%), 45M4040 (40%) and 45M6060 (60%).
The results in this figure indicate that the combined effect is relatively small for the initial 10
year period and it gradually becomes significant beyond 15 years. For the analysis cases
examined, the effect of simultaneous increase of mean and variability has the highest relative
effect on the predicted failure probabilities. More specifically, the results for cases 45M2020,
45M4040 and 45M6060 show that at the end of the 60 year period, an increase in the timedependent failure probabilities by approximately 120%, 330% and 630%, respectively,
compared to the base-line case (45M0000). It is interesting to note that the combined effect of
increasing mean and variability of the maximum expected annual flow (i.e. analysis cases
45M2020, 45M4040 and 45M6060) is greater than the sum of the individual effects (i.e. cases
where the increasing mean and variability are considered separately).
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Figure 2: Effect of increasing mean in the expected maximum annual flow on the annual (A) and cumulative
time-dependent (C) probabilities of scour failure.
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Figure 3: Effect of increasing variability (standard deviation, σ) in the expected maximum annual flow on the
annual (A) and cumulative time-dependent (C) probabilities of scour failure.
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Figure 4: Effect of simultaneous increase of mean and variability in the expected maximum annual flow on the
annual (A) and cumulative time-dependent (C) probabilities of scour failure.

Fig. 5 shows the cumulative probabilities of scour failure for the previous analysis cases for
different foundation depths, i.e. 3.5m, 4m and 5m. As expected, the results in this figure clearly
show the influence of foundation depth (DF) on the predicted time-dependent pf; with smaller
foundation depths having higher probabilities of failure. For the case of FD = 3.5m the effect
of changes in the statistical properties of the flow (i.e. increasing mean or/and variability) have
an insignificant effect on the time-dependent probabilities of scour failure. The results further
indicate that the effect of increasing mean and/or variability is not constant when different
foundations depths are considered. For example, for the case of FD = 5m, the increasing
variability of the expected maximum annual flow has a greater effect than the increasing mean.
Conversely, the increasing mean of the expected maximum annual flow distribution has a
greater effect compared to the effect of increasing variability for decreasing foundation depths.
As shown in Fig. 5, the simultaneous increase of mean and variability of the flow distribution
produces the highest probabilities of failure in all cases examined. These results indicate that
foundation depth has a significant effect on the predictions. In practice, this variable is deemed
with high uncertainty while in many cases no data is available on the actual foundation type
and depth of a particular bridge [21]. In such cases, conservative values of FD are recommended
in assessing scour performance [21]. To this end, the systematic collection of actual foundation
depth measurements of piers in scour prone bridges would reduce the uncertainty and hence
improve the accuracy of the scour failure predictions during assessments.

Conclusions
In this paper, which is based on research carried out by the authors in the past [15], a probabilistic methodology was presented for the reliability analysis of local scour in bridge piers, considering the potential effects of climate change through changes in the distribution of the
expected maximum annual flow. The procedure was demonstrated though a case study using a
bridge located in the UK in which a number of analysis cases were considered to investigate
the potential effect of changing flow characteristics on the probability of scour failure. The
salient conclusions of this study are summarised as follows:
 A simultaneous gradual increase of mean and variability of the expected maximum annual
flow was found to result in higher maximum scour depths as compared to the case of
gradually increasing the mean or the variability alone.
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The effects of gradually increasing mean and variability of the expected maximum annual
flow on the predicted probabilities of scour failure were found to be relatively small for the
initial 10-15 years. Beyond this initial period their effect on the predicted probabilities of
failure becomes significant, with the case of simultaneous increase in mean and variability
of the flow having the greatest impact on the predictions.
The foundation depth was found to have a significant effect on scour failure probability. It
was found that increasing mean and/or variability of the maximum expected annual flow is
likely to affect bridges with deeper foundations than bridges which are already scour
critical.
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Figure 5: Effect of foundation depth on time-dependent probability of scour failure.

References
[1]
[2]
[3]
[4]

[5]
[6]

K. Wardhana, F.C. Hadipriono. Analysis of recent bridge failures in the United States.
Journal of Performance of Constructed Facilities, 17(3), 144-150, 2003.
B.W. Melville, S.E. Coleman. Bridge scour. Water Resources Publications, LLC, ISBN13: 978-887-201-18-6, 2000.
D.M. Sheppard, B. Melville, H. Demir. Evaluation of existing equations for local scour
at bridge piers, Journal of Hydraulic Engineering, 140(1), 14-23, 2014.
Transportation Research Board. Potential impacts of climate change on U.S.
Transportation. Transportation Research Board Special Report 290, Committee on
Climate Change and U.S. Transportation, National Research Council, Washington D.C.,
2008.
Department for Environment, Food and Rural Affairs (DEFRA). The UK Climate Change
Risk Assessment 2012; Evidence Report. Project Deliverable D.4.2.1. London, 2012.
M.D. Meyer, B. Weigel. Climate change and transport engineering: preparing for a
sustainable future. Journal of Transportation Engineering, 137(6), 393-403, 2011.

2103

[7]
[8]
[9]

[10]
[11]
[12]
[13]

[14]
[15]

[16]

[17]

[18]

[19]
[20]
[21]

P.A. Johnson. Reliability-based pier scour engineering. Journal of Hydraulic
Engineering, 118 (10), 1344-1358, 1992.
S.M. Stein, G.K. Young, R.E. Trent, D.R Pearson. Prioritizing scour vulnerable bridges
using risk. Journal of Infrastructure Systems, 5(3), 95-101, 1999.
NCHRP. Design of highway bridges for extreme events. Report 489, National
Cooperative Highway Research Program, Transportation Research Board, New York,
2003.
M. Muzzammil, N.A Siddiqui. A reliability-based assessment of bridge pier scour in nonuniform sediments. Journal of Hydraulic Research, 47(3), 372-380, 2009.
J.L. Briaud, P. Gardoni, C. Yao. Statistical, risk and reliability analyses of bridge scour.
Journal of Geotechnical & Geoenvironmental Engineering, 140(2), 04013011, 2014.
A.J. Robson. Evidence for trends in UK flooding. Philosophical Transactions of the
Royal Society London A, 360, 1327-1343, 2002.
A. Robson, D. Reed. Statistical procedures for flood frequency estimation. Flood
Estimation Handbook, Volume 3, Centre for Ecology & Hydrology, Natural Environment
Research Council, Wallingford, Oxfordshire, 1999.
R.W. Katz. Towards a statistical paradigm for climate change. Climate Research, 2, 16775, 1993.
A.N. Kallias, B. Imam. Probabilistic assessment of local scour in bridge piers under
changing environmental conditions. Structure and Infrastructure Engineering, 12(9),
1228-1241, 2016.
L.A. Arneson, L.W. Zevenbergen, P.F. Lagasse, P.E. Clopper. Evaluating scour at
bridges, 5th Edition, Hydraulic Engineering Circular No. 18 (HEC-18), FHWA-HIF-12003, U.S. Department of Transportation, Federal Highway Administration, 2012.
BD. BD 97/12. The assessment of scour and other hydraulic actions at highway
structures. Design Manual for Roads and Bridges, Highway Structures: Inspection and
Maintenance Assessment, Vol. 3, Sec.4, Part 21, UK, 2012.
D.M. Frangopol, M. Liu. Maintenance and management of civil infrastructure based on
condition, safety, optimization and life-cycle cost. Structure and Infrastructure
Engineering 3(1), 29-41, 2007.
A.D. Kiureghian, O. Ditlevsen. Aleatory or epistemic? Does it matter?. Structural Safety
31, 105-12, 2009.
N.T. Kottegoda, R. Rosso. Statistics, probability and reliability for civil and
environmental engineers. McGraw-Hill, 451-2, 1997.
JBA. Scour & flood risk at railway structure. Project Number T112, Final Report, JBA
Consulting, Rail Safety & Standards Board, 2004.

2104

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Impact of Climate Change and Infrastructure
Risk Management on Arctic Shipping
Jean Freitasa and Hiba Baroudb
a

Engineering, Modelling, and Applied Sciences Center, Universidad Do ABC
Department of Civil and Environmental Engineering, Vanderbilt University

b

Abstract: The Arctic Ocean has drawn global attention in the past few years; with
the fast decline in sea ice in the past decade recording the six years with the lowest
summer sea ice, the shipping industry saw potential opportunities in a less icy Arctic
with new shipping routes opening up. Primarily, the Northern Sea Route (NSR) running along northern Russian borders and the Northwest Passage running along
northern Canadian waters represent the main points of opportunity for the maritime
industry in the Arctic Ocean. Due to an increase in the number of navigable days
owing to warmer temperatures, traffic transit expansion was expected. However, the
lack of infrastructure along these routes signifies complications for vessels that intend to profit from these routes. Russia’s 2014 Transport Strategy aims at improving
the coastal infrastructure along the NSR underlining the importance of utilizing the
NSR for commercial shipping. How would this enhancement, coupled with the fastpaced changing climate, influence the Arctic shipping? We develop a simulation
model incorporating a thorough uncertainty analysis using Monte Carlo simulation
tools to address a comprehensive set of future uncertainty scenarios under climate
change and enhanced infrastructure management. The variables in the model have
projected probability distributions as opposed to point estimates of multiple scenarios and account for all possible future outcomes. The proposed approach will provide accurate predictions of the risks of navigating the Arctic shipping routes in the
future, and as a result, will inform current infrastructure risk management of preparedness strategies for a thriving future in maritime transportation.

Introduction
Over the last decade, the sea ice in the Arctic has seen a significant decline recording the lowest
summer ice cover for six consecutive years. In a fact a recent study analysed the monthly sea
ice extents for 37 years (1979-2015) and found that there has not been a record high since 1986,
while there has been 75 new low records [1]. With researchers having predicted such trend and
expecting the rate of ice meltdown to increase in the upcoming years, shippers are considering
an expansion of shipping routes in the Arctic sea that might save on fuel and travel time due to
the shorter distance. A number of studies and analyses have considered the impact of climate
change on navigation and human activity in the Arctic and concluded that the increasing pattern
in temperature and ice meltdown is expected to lead to a prosperous economic future in the area
due to increased shipping volume. However, there is also a great deal of uncertainties to account
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for when making such projections. These uncertainties may result in higher risks of navigating
such waters due to the lack of infrastructure preparedness as well as the need for extensive risk
management strategies. As such, a number of research studies focused on the negative impacts
of navigating these routes, indicating that the ice is still too thick to consider navigating without
significant expansion of the infrastructure.
The research presented in this paper develops a simulation model to compare the cost of navigating Arctic and non-Arctic sea routes to identify potential advantages and disadvantages to
using either routes for shipping. We expand an existing simulation tool to incorporate uncertainty in the parameters and add new parameters accounting for the risk of accidents. Using
Mote Carlo simulation, we are able to use probability distributions of the variables in the model
to generate the cost of navigating a particular route over several iterations of possible values
for these variables.
Section 2 of the paper provides an overview of Arctic routes and related studies. We present
the simulation model in section 3 with results and discussion in section 4 and the conclusion is
in section 5.

Arctic Routes Overview
There are five major passages in the Arctic routes: Northwest Passage, Northeast Passage,
Northern Sea Route, Arctic Bridge, and Transpolar Route. The last passage traverses the North
Pole and has ice permanently year around, making it possible to sail through it. The Northern
Sea Route (NSR) runs along the northern Russian borders while the Northwest Passage runs
along the northern Canadian waters. These two passages are two points of interest for the maritime industry in the Arctic sea as both of them have had an increase in the number of navigable
days due to warmer temperatures. For our study, we consider NSR as it provides the advantage
of a shorter distance for maritime navigation. For instance, to travel between the East Asian
ports and Rotterdam, the navigation distance could be reduced by 37% if the Arctic route is
taken and considering little or no sea ice [2]. Having shorter navigation distances is extremely
important and profitable, as this will significantly affect the fuel consumption of a trip. However, taking the NSR introduces a higher risk requiring vessels to have proper specifications for
safe navigation such as a reinforced hull or the need to be escorted by an icebreaker driving up
the cost of insurance, which can offset the lower fuel cost of traveling a shorter distance. In
addition to that, the absence of an equipped stopover along the Canadian waters to berth, the
strict schedules that can be influenced by the weather, and the likelihood and severity of accidents along Arctic routes constitute some of the threats that these vessels might face. A study
surveyed up to 98 shipping companies asking them if they would consider developing operations in the Arctic. The study concluded a lack of enthusiasm for Arctic shipping with the main
reasons of concern to these companies being the lack of infrastructure in the area, the uncertainty in annual ice extent, untraceable icebergs, seasonality, and poor mapping of the Arctic
sea [4].
Because of controversial information and analyses regarding a new seaway viability in the Arctic, a number of research studies emerged trying to predict the future of maritime Arctic seas.
Lee and Song evaluated the distance and time saving effects of NSR in comparison with Suez
Canal. They surveyed logistics companies and forecasted traffic volume via the NSR considering cost and time as the two main factors along with several other assumptions. The study concluded that the opening of NSR will take place in the near future, resulting in significant
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advantages for the maritime shipping industry [5]. However, this study excludes other important factors such as the state of the infrastructure along the route, the port service availability,
and sea wave behaviour. Another study estimated the expected traffic through the Northwest
Passage (NWP), the Arctic waters along the norther Canadian borders, from 2050 to 2100, using
a computational model. The estimates start with 4 vessels transiting the NWP in 2050 expanding to only 32 in 2100, which would not be enough to justify the need to invest in infrastructure
risk management to navigate this route [1].
As Arctic sea ice extension continues to decrease and temperatures continue to increase,
resulting in an increase of navigable days during a given year, there exists a possibility for
increased shipping activity in the Arctic, bringing strategic advantages for shippers and the
maritime industry overall. However, navigating such routes might introduce new risks and
uncertainties for which shippers need to be prepared. As such, in order to identify whether the
benefits are worth the risks and the investment in new infrastructure, we need to accurately
measure the cost of navigating these routes considering all possible future scenarios, and we
propose to do that using a simulation model that incorporates uncertainty of different variables
representing the different costs in maritime navigation.

Simulation Model
As mentioned earlier, the goal of this research is to develop a robust predictive model based on
historical data and simulation to analyse the possibility of opening new shipping routes in the
Arctic. Such environment may hold great opportunities for the maritime industry in the future,
but it also introduces a wide range of risks that will directly impact the cost of navigating these
routes. The consideration of additional risk and cost is not only related to potential monetary
losses but also to the consequences on the social and natural environment. We present in this
paper a simulation model that is focused on the uncertainty in the variables of the different costs
of maritime navigation in two different routes, the Suez Canal Route (SCR) and the Northern
Sea Route (NSR). The NSR has been a target for improved infrastructure in anticipation of
increased traffic and the SCR is an established and reliable maritime route with proper infrastructure that has been an attractive route for a large volume of ships.
We construct our model using R, the software provides flexibility to analyse different scenarios
and account for uncertainty using probability distributions of several variables in the. We use
Monte Carlo simulation to generate these scenarios and compute the corresponding costs of
navigation [6]. The total costs were computed in dollars in order to evaluate the costs and benefits of traveling through the NSR in comparison to the traditional trip through SCR. We consider the costs involved in the navigation process through each route for an entire year and
evaluate them for the next 25 years given projections of a number of uncertain variables. We
model these variables using probability distributions that are identified based on either historical data or reasonable assumptions from the literature, reports, and previous studies.
One of these variables represent the number of navigable days along NSR, which depends on
the level of sea ice. For NSR, we assume that a vessel would sail through the NSR only during
navigable days and through the SCR for the rest of the year when the conditions on the NSR do
not allow for navigation. This year-round cycle is compared to a vessel navigating through SCR
during the entire year. The study assumes that both vessels are the same size (8000 TEU), therefore, the duration and price of financing a new vessel are not taken into account in the model.
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A 2016 study by Copenhagen Business School (CBS) modeled future scenarios of navigating
NSR, accounting for the oil price, the number of navigable days, and controlling for other
important variables such as the vessel cargo capacity. The study compared the costs of using
the NSR and the Suez Canal from 2016 to 2035 by taking multiple point estimate projections
of these variables [3]. We developed our simulation tool based on the CBS study and incorporated the uncertainty analysis using Monte Carlo simulation. The most important variables used
in the cost function are classified into three groups: navigation cost, accidents costs, and fixed
costs.
The navigation cost function is directly related to the price of bunker oil (residual fuel used in
maritime navigation). Other factors that influence the fuel consumption are modelled as fixed
variables, those include vessel navigation speed, ice water extension which is a segment of the
route that is always covered by a thin layer of ice and requires reduced speed for safety (in the
case of NSR this constitutes 10% of the route), the distance of the route, fuel consumption based
on the route, port related costs, capacity, load factor, and number of port visits per trip. The
values for the fixed variables were provided by the literature. In order to stochastically model
the future price of bunker oil, we collect historical data from the U.S. Energy Information Administration (EIA) [8] and fit a probability distribution for the price difference of each year
from the previous year, which will be used to generate potential future bunker oil price.
Another stochastic variable we consider is the number of navigable days in NSR. In order to
estimate this variable for each year, we consider the ice extension variation by collecting data
from the National Snow and Ice Data Center and fitting a probability distribution to the minimum ice extension in the region needed to navigate through the Arctic. We consider 2017 to
have 90 navigable days and we assume that this number will increase annually with a range of
navigable days having the mean and standard deviation of the fitted distribution for the ice
extension.
In order to calculate the total navigation cost for each year, we multiply the navigation cost by
the number of trips made by each vessel. For SCR, the number of trips constitutes the year
length divided by a function that accounts for port stops duration, berthing, and speed [3]. We
employ a similar method for the number of NSR trips, however, the function considers the
number of navigable days and the icy waters stretch where the vessel sails at a lower speed as
well.
Table I: Probability Distribution of Accidents

Severity

Cost

Probability

None

$0

0.75

Minor

$10,000

0.125

Moderate

$200,000

0.075

Serious

$500,000

0.035

Critical

$1,500,00

0.015

The second group of costs is related to accidents. Since there is a lack of data in Arctic incidents
as this type of accidents rarely occurs, we assume a probability distribution for a set of possible
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scenarios of accident severities, and this distribution is outlined in Table I. Note that these numbers are hypothetical and may not exactly represent the reality. However, we assume that realistically, extreme events resulting in large losses have a low likelihood of occurring while small
to no impact accidents are more common. At each iteration, the simulation will generate a potential cost due to accidents based on this distribution and will add the cost of the total cost
function.
Finally, we consider a number of fixed costs presented by constant parameters. Some of these
costs include insurance cost, crew cost, and maintenance for each route/vessel. In this paper,
we do not assume any variation with these numbers and consider them to be constant for all the
years that we are simulating.
Once all three cost components are evaluated, the total cost of navigating each route is calculated in the equations below.
(𝑇𝑛𝑠𝑟[𝑖]. 𝐶𝑛𝑠𝑟[𝑖] + 𝑇𝑛𝑠𝑟𝑠𝑐𝑟[𝑖]. 𝐶𝑛𝑠𝑟𝑠𝑐𝑟[𝑖] + 𝐹𝐶𝑛𝑠𝑟[𝑖] + 𝐴𝑛𝑠𝑟[𝑖])
(1 + 𝑟𝑎𝑡𝑒)𝑖
𝑁𝑆𝑅 𝐶𝑜𝑠𝑡[𝑖] =
(𝑇𝑛𝑠𝑟[𝑖]. 𝐿𝑛𝑠𝑟[𝑖] + 𝑇𝑛𝑠𝑟𝑠𝑐𝑟[𝑖]. 𝐿𝑠𝑐𝑟[𝑖]) . 𝑆𝑣𝑒𝑠𝑠𝑒𝑙

(𝑇𝑠𝑐𝑟[𝑖]. 𝐶𝑠𝑐𝑟[𝑖] + 𝐹𝐶𝑠𝑐𝑟)
(1 + 𝑟𝑎𝑡𝑒)𝑖
𝑆𝐶𝑅 𝐶𝑜𝑠𝑡[𝑖] =
(𝑇𝑠𝑐𝑟[𝑖]. 𝐿𝑠𝑐𝑟[𝑖]) . 𝑆𝑣𝑒𝑠𝑠𝑒𝑙
The parameters used in the computation of the total costs of navigating these routes are outlined
below.
Tnsr = Number of trips in NSR in a given year (function of navigable days)
Cnsr = Cost per trip in NSR
Tnsrscr = NSR vessel number of trips in SCR in a given year (function of navigable days)
Cnsrscr = NSR vessel cost per trip in SCR
FCnsr = NSR fixed cost
Ansr = Accidents cost in a given year
i = Year (0 to 25)
Lnsr = NSR load factor = 60%
Lscr = SCR load factor = 70%
Svessel = Vessel size
Rate = 7%
Tscr = Number of trips in SCR in a given year (function of navigable days)
Cscr = Cost per trip in SCR
FCscr = SCR fixed cost
Svessel = Vessel size
As the bunker oil price, number of navigable days, and accident cost constitute stochastic variables, each iteration in the simulation will result in a different cost for navigating each route.
As such, we would need to perform the simulation for a large number of iterations in order to
have an idea of the future cost of navigation under different scenarios. In the following section,
we apply the above simulation model to compare the cost of navigation for SCR and NSR to
identify any potential advantages one route might have over the other.
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Results and Discussion
We first consider one iteration of the model in order to examine the breakdown of the different
types of costs to identify the most important attributes influencing the total cost of navigation.
The fixed costs values used are taken from the CBS study [3]. Figure 1 is a plot for the percentage of costs that make up the total cost of navigating the NSR between each year for the upcoming 25 years, and Figure 2 is the breakdown for the navigation cost of SCR over the same
period. The two figures are the result of one iteration.
We notice that for both routes the fuel price is among the largest portions driving the cost of
navigation. However, we note that the fixed costs for NSR constitute a much larger percentage
of the navigation cost of NSR than for SCR.

Figure 1: NSR vessel cost percentage

Another important observation is that while the fuel price is among the largest portions of navigation costs, it is smaller in the cost of NSR due to the shorter distance. However, the increased
risk of navigating the Arctic resulted in higher costs such as the fixed costs related to the poor
infrastructure in that region. One iteration of NSR resulted in two significant accidents that
contributed to the risk of navigating this route. If more scenarios are considered, additional
examples of such accidents will most likely show up and drive up the overall cost of navigation.
As mentioned earlier, the estimates for fixed parameters are either gathered from the literature
or past studies in the case of constant parameters. Ideally, we would validate them by talking
to experts or gathering additional data to fit probability distributions.
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Figure 2: SCR vessel cost percentage

In order to compare the value of the total navigation cost in both routes and identify whether
the decreased navigation cost is worth the increased cost of risks, we examine the ratio of the
cost of traveling along the SCR divided by the cost of traveling along the NSR. If the ratio is
less than 1, this means that SCR is more cost-effective even though it is a longer route that will
incur higher cost of fuel consumption. In that case, in order for the Arctic to look more attractive
than the traditional SCR, larger investments towards improved infrastructure are needed to
lower the risk of accidents as well as other fixed costs that challenge current vessels to navigate
these waters. The equation to calculate this ration is shown below.

𝑅𝑎𝑡𝑖𝑜[𝑖] =

𝑆𝐶𝑅 𝐶𝑜𝑠𝑡[𝑖]
𝑁𝑆𝑅 𝐶𝑜𝑠𝑡[𝑖]

The ratio above was calculated for each iteration in each year, i. The process is repeated for
1000 iterations and the outcome is illustrated in Figure 3 for the 25 years. Each point at each
year represents the average of 1000 possible values for the ratio. We notice that for the next 25
years the ratio will still be below 1, indicating that SCR is more profitable than NSR due to
high costs incurred for lack of infrastructure in NSR. However, the ratio has an increasing pattern and might become larger than 1 shortly after these 25 years. This means that NSR is becoming more and more profitable even though it still more costly than SCR, its costeffectiveness is improving each year.
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Figure 3: Cost Ratio of SCR and NSR

Based on the analysis done so far in this work, NSR does not provide a better deal than SCR
yet. While this Arctic route provides a shorter distance and less fuel cosumption related costs,
there are other important factors that influence the total cost and drives its value up. NSR lacks
the infrastructure needed to insure a safe navigation and the capacity to accommodate larger
shipping volumes. Relaxing some of the assumptions, such as the size of vessel, might result in
different outcomes. In addition, extending the analysis to include a larger period of time could
give additional insights on the ratio of costs between SCR and NSR.

Conclusion
As temperatures increase and the ice melt in the Arctic Ocean resulting in additional low records
of sea ice extension, the shipping industry is preparing for a new era of maritime transportation
that benefit and profit from new navigation routes in the Arctic. However, the lack of infrastructure along these routes can lead to increased risks for vessels that intend to utilize these
routes. Examples of these include poor Arctic waters mapping, long emergency response times,
drifting ice, and the requirement for sophisticated and specialized equipment on Arctic vessels,
among others. As such, current research studies are questioning the cost-effectiveness of the
new shipping routes. While Arctic sea routes shorten the distance between important trading
ports in Eastern Asia and Northwest Europe, the benefit is compromised by additional costs
and risks associated with navigation in a challenging environment. We develop a simulation
model that is based on the 2016 study by Copenhagen Business School (CBS) study to model
future scenarios while accounting for the uncertainty in oil price, the number of navigable days,
and the likelihood and severity of accidents. We collect historical data from a number of sources
and fit probability distributions to variables of interest such as the oil price difference and lowest

2112

sea ice extension in order to account for the uncertainty in variables in our model such as the
navigation cost. We conclude that the Suez Canal Route provided an economic advantage over
the NSR due to increased costs associated with managing the poor infrastructure along the NSR.
However, Russia’s 2014 Transport Strategy aims at improving the coastal infrastructure along
the NSR underlining the importance of utilizing the NSR for commercial shipping. And our
model indicates that the advantage of SCR over NSR is decreasing over time as the ratio of cost
of SCR over NSR increases and gets closer to 1 in 25 years which can be the result of improved
infrastructure management coupled with climate conditions.
Future research in this work will consider relaxing some of the assumptions in the model as
well as identifying ways to validate the current estimates of the probability distributions of
uncertain variables such as the likelihood and severity of accidents.
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Abstract: Flood is one of the most devastating natural hazards in the United States
in terms of economic losses and social impacts. The potential exists for even larger
losses in the future, given the shifts of population to hazard-prone areas of the United
States and global climate change. Community resilience planning against flood
requires physics-based hazard models that not only predict reliable hazard
intensities but also project the future trend of the hazard characteristics due to
climate change. In this study, we first develop a flood modeling framework which
couples a coarse-resolution hydrological model at a regional scale to highresolution hydraulic analyses at selected locales to predict localized flood depths,
velocities and inundation maps. This model is then forced with future precipitation
and temperatures projected from 14 global climate models (GCMs) under three
greenhouse gas emission scenarios (RCP2.6, RCP4.5 and RCP8.5) to predict, on a
community scale, the streamflow, flood depth, precipitation and temperature in the
early (2010~2039), middle (2040~2069) and end (2070~2099) periods of the 21st
century. This coupled analysis is illustrated with the Wolf River Basin in Shelby
County, TN, USA.

Introduction
Floods are among the most destructive natural hazards in the United States [1]. All 50 states
have experienced floods or flash floods during the past five years [2]. Floods are a threat to
human life as well as a source of property damage. Flood insurance claims average more than
$3.5 billion per year [3], and the potential exists for even larger losses in the future, given the
growth in population in hazard-prone areas of the United States and global climate change.
Moreover, floods are often coupled with the occurrence of other natural hazards such as heavy
rainfall, hurricanes and tornados, amplifying their impact.
The resilience of a community to floods and other natural disasters is reflected in the ability of
its physical infrastructure and socioeconomic institutions to return to a level of normalcy within
a reasonable time following the occurrence of an event [4]. Flood inundation mapping is
important for enhancing the resilience of physical, social and economic systems within a
community to flood hazards. Traditionally, flood risk at community or regional scales has been
assessed using the Flood Insurance Rate Maps (FIRMs) and Flood Insurance Study (FIS)
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reports, which are developed by the Federal Emergency Management Agency (FEMA) [3] from
statistical data of river flow, storm tides and rainfall, and hydrologic/hydraulic analyses and
topographic surveys. However, the FIRMs are not adequate tools for community resilience
planning for the following reasons: (i) Many of the data utilized in the FIRMs are often ten
years (or more) old and may not reflect recent patterns of urbanization that might affect the
current flood risk [5];(ii) The FIRMs depict the 100-year (Base Flood Elevation, or BFE) and
500-year return period flood contours. As aggregations of many flood events, they do not reflect
the possible impact of specific flood scenarios, which are the common basis for community
resilience planning because they are needed for charactering the correct spatial distribution of
risk; (iii) The FIRMs only provide information on flood inundation area and depth but not on
water velocity [6], which often is essential in assessing damage and economic losses to the built
environment; and (iv) the FIRMS do not reflect potential impacts of climate change [7].
Community resilience planning requires new methods for modeling flood hazard and risk.
While hydraulic models theoretically provide the most advanced forecasts of flood elevations,
velocities and flood plain contours [8, 9], most hydraulic models are highly demanding on both
input data and computational resources [10, 11]. Accordingly, in this study, we develop an
integrated model framework that couples a hydrological module, which simulates the
hydrological processes in a community at a relatively coarse resolution using measured and/or
remotely sensed precipitation data, with a hydraulic analysis module which computes localized
flood depths, velocities and inundated areas at a finer spatial resolution at specific civil
infrastructure sites. Following the validation of this coupled model using existing streamflow
gauge data, we apply it to forecast the potential impacts of climate change in the remainder of
the 21st Century on flood hazards in the Wolf River Basin in Shelby County, TN.

Coupled hydrological/hydraulic flood hazard model
Figure 1 summarizes the framework to integrate the hydrological and hydraulic models through
one-way coupling (hereafter denoted as iH&H) for flood simulation and inundation mapping in
ungauged and macro-scale regions. The left panel of Figure 1 shows that the forcing data consist
of only precipitation and air temperature, while the topographic data includes the digital
elevation model (DEM), land cover type and soil texture type. Other topographic data, such as
flow direction, flow accumulation, river network, and slope, can be derived from the DEM.

2.1 Distributed Hydrological Model
The iH&H system requires a grid-based distributed hydrological model to simulate streamflow
in a river basin at a relatively coarse spatial resolution. In this study, we utilize the coupled
routing and excess storage (CREST) hydrological model, which couples the runoff generation
component and cell-to-cell routing scheme and was jointly developed by the University of
Oklahoma (http://hydro.ou.edu) and the NASA SERVIR Project Team (www.servir.net) [12,
13]. The SCE-UA method (shuffled complex evolution method developed by the University of
Arizona) [14] is implemented to calibrate the CREST model parameters [13, 15]. Daily
potential evapotranspiration (PET) is incorporated in CREST using the model developed by
Hamon [16]. This grid-based distributed hydrological model can provide high-resolution
streamflow input for hydraulic analysis (discussed subsequently in 2.2) to produce localized
flood depths, velocities and inundation maps (see right-hand panel of Figure 1, showing the
study area described in Section 3).
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iH&H: Integrated Hydrological Model & Hydraulic Analysis System
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Figure 1: Integrated hydrological model and hydraulic analysis system for predicting streamflow and flood
depth, elevation and velocity, and inundation at different scales of resolution

2.2 Hydraulics-based Inundation Mapping Model
Advanced hydraulic models require high-resolution river cross-sectional geometry data and
detailed initial and boundary conditions. In practice, these data are difficult to obtain in remote
regions or areas that are larger than 10,000 km2. Moreover, advanced hydraulic models are
computationally intensive, making them hard to apply except on a local scale [16].
Alternatively, a simplified hydraulic model can be used initially to map the areas inundated by
floods. Given a high resolution DEM, we can derive the cross-section profile of each river
segment. The discharge, Q, is computed as
)

𝑄=

𝑢% 𝑑% ∆𝑤%

(1)

%*+

where ui, di and ∆wi are the mean velocity, mean flood depth and width in cross section i,
respectively. The flow velocity can be estimated from Manning’s equation [17]:
𝑢% =

-// +/𝑆%

𝑅%

(2)

𝑛%

where Ri = Ai/Pi , is the hydraulic radius of the cross section i of the channel, Ai is the cross
section area, Pi is the wetted perimeter; Si is the friction slope, which equals the bed slope for a
steady uniform flow; n is Manning’s coefficient. Substituting Eq (2) into Eq (1), Q becomes:
)

𝑄=
%*+

-// +/𝑆%

𝑅%

𝑛%

)

𝑑% ∆𝑤% =

2// +/𝑆% ∆𝑤%

𝑑%

%*+

𝑛%

(3)

The discharge, Q, in Eq (3) simulated by the hydrological model at a coarse resolution then can
be transformed to a finer-resolution streamflow based on the river channel and the DEM.
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The iH&H system described above has the following three advantages: (1) the coupled
approach is sufficiently efficient to capture the characteristics of the flood events; (2) the
physics-based approach enables long-term forecasting of future extreme flood events projected
by Intergovernmental Panel on Climate Change (IPCC) climate scenarios; and (3) the model
outputs, i.e. flood depths, velocities and inundation maps, directly support scenario-based
infrastructure loss estimation in community resilience assessment.

Flood Hazard Assessment for Wolf River Basin, Shelby County, TN
The Wolf River basin, TN, with an area of approximately 1,432 km2, drains a large portion of
the northern and eastern areas of Shelby County, TN, as shown in Figure 2. The Wolf River
stretches 165 km from the Holly Springs National Forest to the East to the Mississippi River on
the West. Elevations range from 62.75 m at the Mississippi River outlet to 235.19 m at the
headwater origin to the west.

Figure 2: Study domain showing the boundary of the Wolf River Basin in southwest TN with its river network,
the locations of two streamflow gauges

Figure 3: Comparison of simulated streamflow forced by the METDATA precipitation and air mean temperature
and observed streamflow in both calibration and two validation periods at station #07031740, (b) comparison of
simulated and observed daily stream flow at station #07031650.

Our hydrological model uses a low spatial resolution of 30 arc-seconds (approximately 1 km)
and a temporal resolution of 1 day. The CREST model uses DEM from United States
Geological Survey (USGS) geo-referenced datasets to derive other topographical data. Data on
daily precipitation and minimum and maximum temperature from 1979 to 2014 were obtained
from the University of Idaho Gridded Surface Meteorological Database (METDATA,
http://metdata.northwestknowledge.net/). The METDATA were then interpolated to 30 arc-

2117

seconds spatial resolution. The high-resolution (1 arc-second, or approximately 30 m) DEM for
hydraulic analysis and inundation mapping was obtained from the USGS National Elevation
Dataset [18]. USGS streamflow records at Gauge #07031740 and #07031650 are used for
model validation, and, as shown in Figure 3, the iH&H framework can realistically predict the
hydrological phenomenon in Shelby County.

Climate change impacts on flood hazard in the 21st Century
4.1 Climate change projections
The coupled hydrologic/hydraulic models that were validated in the previous section can be
used to investigate the possible effects of climate change on flood depth, inundation area, and
flood velocity impacting civil infrastructure. Fourteen GCMs from the Coupled Model
Intercomparison Project Phase 5 (CMIP5) [19] were used to assess the impact of climate
changes on the streamflow of the Wolf River Basin under three projected Representative
Concentration Pathways scenarios (RCP2.6, RCP4.5 and RCP8.5). We utilized the downscaled
GCMs for Shelby, TN from http://gdo-dcp.ucllnl.org. All downscaled GCMs (precipitation and
temperature) were interpolated to 30 arc-seconds resolution to match the spatial resolution of
the iH&H system.
Figure 4(a) shows the projected changes in Shelby County in annual maximum daily
temperature for each RCP for the current century. The temperature is projected to rise by 0.4°C
to 2.6°C over the whole basin relative to the present by 2099. Relative to the significant upward
trend of maximum temperatures, the projections of precipitation and streamflow in Figure 4(b)(c) are more uncertain. However, a closer look at the monthly average of daily maximum
precipitation, as shown in Figure 5(a)-(c) in three future epochs, indicates a clear increasing
trend later in the 21st Century, particularly in the early spring (February – May) season.

Figure 4: Time series of (a) annual maximum temperature, (b) precipitation of CMIP5 ensemble BCCA
downscaling to Wolf River Basin and (c) streamflow of CMIP5 ensemble USGS Station #07031740 (Shadow
shows 5%-95% percentile)
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Figure 5: Comparison of Monthly Average of maximum daily precipitation between historical trend (1980-2005,
Gray Shadow) and future trajectories (2010-2099, lines)

Figures 6(a), 6(b) and 6(c) compare the expected 100-year maximum flood depth (reflecting
“future climate”) with the 100-year return period flood depth (representing “past climate”), in
which the annual extremes are computed using a Gumbel distribution, which is often used to
develop the return period values of rainfall intensity, streamflow and flood depth from collected
or simulated statistical data [20] for all grid-cells. If the annual extreme flood depths are
represented as a stationary random process, the expected value of the maximum flood to occur
in 100 years is approximately equal to the 100-year return period flood. The comparison in
Figure 6 shows that the mean trend of the 100-year maximum flood depth over Wolf River
Basin (dashed line) is invariably larger than the 100-year return period flood depth for all RCPs;
in other words, the “future” flood depths are likely to exceed the “past” flood depths for a
significant number of cells and GCMs in all RCPs.

Figure 6: Comparison of 100-year return period flood-depth vs 100-year maximum flood depth forced by (a)
RCP2.6, (b) RCP4.5 and (c) RCP8.5 scenarios from 2000 to 2099

Consequently, there are likely to be more extreme flood events in the future that generate larger
flood depths than the 100-year return period value reflected in the FIRMs. Accordingly, civil
infrastructure facilities in Shelby County, TN, e.g. dams, levees and buildings in flood plains,
are likely to be susceptible to higher floods than those for which they’ve been designed over
the next century.
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Conclusions
This study presented a new integrated hydrologic/hydraulic framework that coupled hydrologic
and a hydraulic models at different scales to investigate the impacts of riverine flooding from
future storms on urban infrastructure situated along major rivers or in river basins. This iH&H
framework performed well when compared to hydrologic data furnished by the USGS
observing stations along the Wolf River in Shelby County, TN. The study also investigated the
impacts of climate change on the streamflow and flood depth through the next 100 years (from
2000 to 2099) in the Wolf River Basin using three scenarios (RCP2.6, RCP4.5 and RCP8.5)
identified in the latest IPCC study. The following conclusions may be drawn:
1) Temperature and precipitation in the Wolf River Basin are likely to increase relative to
the values from 1980 to 2005, and the extreme flood events are likely to be more severe
in the 21st century, particularly in the early spring months.
2) The comparison of the 100-year maximum flood depth (for the future climate) with the
100- year return period flood depth (based on past climate) reveals that the intensity of
the extreme flood events over the next century are likely to increase due to climate
change.
3) It would be prudent for public planners and decision makers to institute policies to
protect the residents of Shelby County from flood hazards, especially in its urban areas.
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Abstract: Infrastructure resilience in the context of extreme events is potentially
affected positively or negatively by the combined effects of infrastructure
concentrations and interdependence, occurring together. Concentration and
interdependence are usually analyzed separately, and additionally, without reference
to infrastructure resilience, an important need given the centrality of infrastructure to
society. Concentration refers to density of facilities and/or operational controls and
users at single points, extending the author’s previous research using broader
geographic areas. Concentrations of economic activities, social settlements, and
supporting infrastructures reflect traditional economies of scale. Alternatively,
literature defines infrastructure interdependence as spatial, functional, or control
connectivity. Resilience used here is recovery after destructive events, though the
concept is broader. The methodology involves first, defining concepts and identifying
actual, representative joint infrastructure concentration/interdependence combinations
from cases. Second, key prototypes and typologies for concentrated, interdependent
infrastructure combinations are developed and related to resilience (duration of postevent restoration and pre-event recovery), extending research considering them
separately. Third, for quantitative analysis, databases are used to define and evaluate
characteristics of different concentration/interdependence combinations e.g., recovery
role (positive/negative), vulnerability to threats, tightness of combinations, and
flexibility. Fourth, the role of adaptations, e.g., renewable resources and green
infrastructure, in reducing or redirecting concentration/interdependence to promote
positive impacts are discussed in terms of effectiveness at socioeconomic and
technological interfaces. Finally, implications of concentration and interdependence
combinations for infrastructure management and policy are presented. The
methodology is applied and evaluated for transit ridership at NYC subway stations
under normal conditions and disruptions such as an electric power outage. Results
indicate that concentration and its effect on interdependence varies depending on
assumptions about ridership redistribution during or following an outage.

1 Introduction, Rationale and Approach
Infrastructure failures occur particularly when infrastructure facilities and operations are both
concentrated and interconnected. Research on infrastructure failures typically addresses
concentration or interconnectivity but not both. A unique approach is developed here that
combines concentration with interconnectivity as inputs to risk assessment and other decision
tools to promote infrastructure and societal resilience. The research questions integrating the two
concepts are that (1) if infrastructures are both concentrated and interdependent, then adverse
consequences of failure and recovery can potentially be magnified and (2) if such weak linkages
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are identified, then they can be isolated and strengthened by directly focusing on concentration
and interdependency simultaneously. First, infrastructure concentration and interdependency
concepts are introduced at multiple scales (component, system-wide, area-wide, etc.). Second,
concentrations are then quantified using concentration ratios. Third, alternative interconnections
are gradually introduced to identify their effect on concentration, thereby integrating the two.
The method is illustrated with NYC rail transit ridership as an infrastructure activity measure.
Concentrated ridership is quantified under normal (undisturbed) conditions. Then changes in
concentration are observed from disturbances as power outages are introduced. Conclusions
imply scalability of the integrated concepts geographically and by risk agent type. These provide
valuable insights about policies and practices for deploying and designing infrastructure
concentration and interconnections in positive directions to increase resilience.

2 Concepts and Types of Interconnectivity and Concentrations
2.1 Interconnectivity Concepts: Interdependence and Dependence
The term interconnection is used here as a more general term encompassing both dependence
and interdependence. According to Rinaldi, Peerenboom and Kelly [31:13-14], interconnections
occur in one direction (dependency) or multiple directions (interdependency), and they present a
typology [31:14-16]. Characteristics of interdependency have been addressed in a large literature
for engineered and economic systems [4, 6]. These attributes also emerge in the context of
extreme events [54, 3], security (U.S. DHS’s National Infrastructure Protection Plan), and
resilience [47]. Examples of infrastructure interconnectivity are extensive. Petit et al [27: 11]
organize this with a typology of interdependency effects. Interconnectivity and concentration are
related to single points of failure (SPOF), where one damaged unit of a system can disable the
entire system, i.e., cease its operations [49]. Infrastructure interdependencies alone are beginning
to be incorporated into risk modeling for consequences, vulnerabilities, and resilience [30, 8].
Combining interdependencies and concentration provides a new direction and important, new
focused inputs for risk modeling of interdependencies.

2.2 Concentration Concepts
Infrastructure concentration is used here to signify the convergence or density of facilities or
activities at many different scales or levels of aggregation, from component to global levels.
Concentrations can take many different forms or be described in many ways. They can be single
locations or facilities that provide large shares of critical functional needs, such as a large
transportation hub, an energy facility e.g., a large power plant or substation, a water collection,
storage or distribution facility, or concentrated communication facilities (carrier or telecom
hotels) [12: 73]. They can account for a sizable amount or percentage of a service where no or
few feasible alternatives exist and where a disturbance would have widespread, widely
distributed effects. They can also refer to supply or material constraints, e.g. for lithium for
batteries and silicon for many infrastructures. Both are experiencing shortages. Damages at or to
concentrated areas can shorten infrastructure lifespans and increase recovery times, hence
affecting resilience. Concentration can occur at nodes or links, and can contribute to
vulnerabilities [12: 71], and concentration points appear along many points in the supply chain.
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Infrastructure concentrations are often driven by economic forces such as economies of scale and
land availability for infrastructure needs as well as population concentrations in urban areas that
are magnets for infrastructure [12: 73]. Other concentration forces are more opportunistic and
accidental, analogous to interconnectivity (interdependencies or dependencies) [31], but the
difference is that concentration does not specify connections whereas interconnectivity does.
Some attributes can be highly concentrated but not be interconnected and vice versa.
Concentration per se has usually not been a direct or explicit focus of the infrastructure literature
with some exceptions [26, 51]. The concept appears implicitly in network theory literature as the
distance between nodes or “betweenness” [25] applied extensively to infrastructure, particularly
for transportation [20] but does not capture concentration within nodes. Infrastructure
concentration can occur beyond spatial or geographic concentration, i.e., not confined to a
particular infrastructure location [7]. Concentration and density are related, e.g., infrastructure
density is analyzed by Simonoff et al around points [35]. The simplicity of the concentration
formulation presented here allows spatial and temporal flexibility in defining aggregation.
An important point is that though concentration may have negative effects on infrastructure,
decentralizing infrastructure does not necessarily mean spatial decentralization, since
infrastructure decentralization can occur within small areas with otherwise dense populations.

3 Framework: Metrics and Application
3.1 Interconnectivity Metrics: Dependence and Interdependence
Numerous frameworks and models portray interconnectivity described in definitions above and
illustrated by cases below. Interconnectivity draws from or builds upon network principles.
Networks characterize dependencies and interdependencies as nodes and links, and effects on
networks can be evaluated in terms of altering the relationships among nodes and links from
different assumptions about interconnections and resulting network size changes [25, 53].
Interconnections, that is, the flows among infrastructure systems at component or global scales,
can be quantified in a number of different ways, as: (1) Intensity/usage factors to characterize
product and service usage from each interdependent system component (2) Recovery rates for
one infrastructure when affected by another upon which it is dependent [55] (3) Impact measures
that signify how one infrastructure affects another (4) Resource dependency, e.g.,water demand
for power production (cooling etc.) and vice versa [45], and (5) Reinforcing concentration that
brings multiple infrastructures in close spatial or functional proximity.

3.2 Concentration Metrics
3.2.1 Concentration Ratios
The concentration ratio (CR) is commonly used in economics as is a related modification called
the Herfindahl-Hirschman Index (HHI). The HHI was developed by Herfindahl and Hirschman
about the same time (1950s-1960s). The U.S. Bureau of the Census [38] defines concentration
ratios as a measure of industry competition: “the percent of output accounted for by the largest 4,
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8, 20 and 50 companies (at the national level only).” The HHI uses the square of the values, and
as applied to industry market share it can reflect degree of competitiveness, though Matsumoto,
Merlone and Szidarovszky [13] presenting a definition of HHI identify caveats. It has been
applied beyond industry sectors, e.g., to identify repetition in travel activity [36]. This paper
expands the concept beyond industry applications to infrastructure which is rarely done.
Other measures and methods capture different aspects of concentration. Location quotients [39]
are applied to firms or employment [40] and used in shift-share techniques in urban economics to
estimate and project growth spatially [28]. Cluster analysis and spatial statistics are common [5].
3.2.2 Application of Concentration Ratios to Transportation Infrastructure
The CR and HHI in terms of rail transit station ridership are formulated as follows:
Concentration ratio (CR):

k
∑ Ri
(1)
i=1
Ri=share of ridership of the ith station up to threshold X%; Ri ≥ Ri+1 (descending order assumed)
k=the total number of stations examined until a selected threshold is reached
k<n and is only equal to n if the threshold is 100% (but the threshold is normally << 100%).
n= total number of stations
Herfindahl-Hirschman Index (HHI):

n
∑ Ri2
i=1

(2)

i=the station number
R=share of ridership of the ith station
n=total number of stations
The CR only looks at entities below some pre-defined threshold. The HHI, however, looks at all
entities. The higher the HHI relative to the minimum HHI, the more concentrated the industry is
in specific firms, and conversely. The minimum HHI=1/n (no concentration). The higher the n,
the lower the HHI, therefore the HHI / 1/n ratio is the significant value to use.

3.3 Concentration and Interconnectivity Combined
Using equations 1 and 2, CR and HRR ratios are a starting point and infrastructure
interconnections are gradually introduced in the form of an electric power outage at points of
concentration defined as transit ridership in a transportation application in NYC to test resilience.
Electric power is one possible type of disruption, and the method is applicable to others. NYC
has over 400 stations [19] - a good data set. To integrate concentration and interconnectivity, a
number of scenarios were used for normal and disturbed conditions. First, no interconnections
are assumed for a baseline comparing changes in concentration and interdependency:
(1) The ratios are first computed assuming equal distribution of ridership across all stations,
which is the baseline representing complete dispersion. Stations utilize electric power equally,
and if electric power goes out equally at each station, there is no effect on the concentration ratio.
(2) The ratios are then computed using actual 2015 ridership distribution among the stations [19].
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Second, various alternative ridership distributions across stations are introduced given a
disruption, e.g., an electric power outage, in certain parts of the system impacting ridership at
stations differently:
(3) Stations are affected differently by electric power outage, thus usage differs at each station,
i.e., ridership declines, is lost, or the slack is not compensated for by other stations unaffected by
the outage. A specific application is presented where stations with highest ridership (42nd Street,
Grand Central, 34th Street, 14th Street) are assumed to lose power and all their ridership. The CR
and HHI are recomputed assuming reduced total ridership for the assumed power outage.
(4) As a key recovery mechanism for system resilience, rather than reducing total 2015 ridership,
ridership lost by those few stations with highest ridership is redistributed over the remaining
stations in proportion to the existing ridership at each station.
(5) Finally, rather than an even distribution, total ridership is unchanged, since ridership lost at
the 4 stations is assigned evenly among 3 other stations – 59th Street nodes (west and east). They
are logical ones for rerouting since they enable riders to avoid more congested stations and still
connect to other routes and stations. For the CR if electric power affects stations unequally, then
the order of the stations ranked by ridership share changes since ridership distribution changes.
The HHI is unaffected, but changes if overall system ridership is reduced. Table 1 summarizes
the five scenarios and results. The approach is flexible to accommodate other assumptions based
on different distributions of ridership across the stations.
Table 1: Results of Concentration Ratio (CR) and Herfindahl-Hirschman Index (HHI)
Calculations for New York City Rail Transit
HHI***
CR
Assumptions for Ridership Distribution Concentration Relative to 50% highest
Among Transit Stations
Ratio (HHI) % 0.24% base no. of Stations
1. Equal distribution among transit stations
0.24
--211
2. Actual 2015 distribution for transit stations 0.72
3.00
61 (the highest)
3. Elimination of ridership at top 4 stations*
0.42
1.75
70
(10.7% decline in total 2015 ridership)
4. Redistribution of the ridership of highest 4 0.47
1.96
67
stations (no decline in 2015 ridership) equally
across all remaining stations
5. Redistribution of the ridership of highest 4 1.07
4.50
57
stations (no decline in 2015 ridership) equally
across three 59th St. stations**
Notes: *These stations are Times Sq-42 St (N,Q,R,S,1,2,3,7)/42 St (A,C,E); Grand Central-42 St
(S,4,5,6,7);34 St-Herald Square (B,D,F,M,N,Q,R), and 14 St-Union Sq (L,N,Q,R,4,5,6); **These
stations are 59 St-Columbus Circle (A,B,C,D,1); Lexington Av-53 St (E,M)/51 St (6); and
Lexington Av (N,Q,R)/59 St (4,5,6). ***HHI scaling usually multiplies the % by 10,000,
however, values here are 0-1. “Relative to base” = 1/n or 1/421 = 0.24%.

4 Examples of Actual or Potential Infrastructure Failures for
Concentration and Interdependence Separately and Combined
Cases and examples of infrastructure concentration and interdependency are presented that
support the research direction above. First, examples are presented for concentrations or
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interconnectivity of services and facilities separately [51, 52, 54], and then combined for both
normal and extreme events.

4.1 Examples of concentration or interdependence separately
4.1.1 Examples of Interconnectivity Only



The Colonial pipeline is heavily interconnected with digital technologies for operations,
detection and connectivity to other infrastructures [41, 44], evident in disruptions [43].
A power cable was removed disabling a second backup line that disrupted transit along
MTA’s Metro-North Railroad for over a week, demonstrating a severe ramification of an
interconnection [16]. Resiliency was reflected in recovery which took close to two weeks
[16], though temporary restoration measures offered passengers some service.

4.1.2 Examples of Concentration Only
Many infrastructure resources and services are concentrated at specific points from origin to use.
These characteristics are relatively “benign” unless adversely influenced by an extreme event or
environmental condition. Concentration has been measured as the share of some overall service
or service use. For comparability 50% is used as a threshold below for some cases.
Energy infrastructure contains numerous points of concentration across the entire energy
management system and types of energy resources:
 Natural gas transmission, distribution and storage are often concentrated, e.g., Henry
Hub, where numerous inter- and intra-state natural gas distribution lines converge, under
a single company’s ownership [32] accounting for a substantial amount of U.S. natural
gas and the centralization of U.S. natural gas futures pricing.
 U.S. electric power production facilities are concentrated: about half of total U.S.
petroleum refineries are in just a few states, half of the power plants are in only a dozen
states, and energy transmission lines often enter urban areas in a few ways [52]. Certain
energy-related emissions are concentrated by industry sector also [9].
 Oil products transport occurs via pipeline, roadways, rail, or waterborne transport
representing both transportation and energy infrastructures. The U.S. EIA [42] identified
8 choke points worldwide for oil transport by sea. The Colonial pipeline (also noted
above for interconnection) which accounts for a large share of east coast petroleum
products transported, is a single pipeline, and owned by a single company [11: 38, 43].
Spills increase impacts of concentration [2, 43].
Transportation infrastructure is concentrated by mode [51, 52: 222, 227]:
 Concentration occurs in road networks as choke points measured as traffic volume and
hours of delay by INRIX [10] and the TTI [34: 42], and choke points are concentrated in
a few urban areas and a few intersections within urban areas [51: 446-447). Tomer and
Kane [37: 1, 6] identified goods shipment concentration across few trade corridors.
 Bridges have unique concentration characteristics evident during extreme events: single
(concentrated), non-redundant components contributed to the collapse of the Mianus
Bridge [21], the Schoharie Bridge [22], the Nimitz freeway in the Loma Prieta
earthquake [24], and the Minnesota Bridge [23]. Some industrial accidents exhibit
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analogous types of concentration [50]. Concentration also appears in normal situations,
e.g., as large traffic shares at the Peace Bridge linking NYS and Ontario, the Portal
Bridge where northeast coast rail traffic converges [14], and the San Francisco Oakland
Bay Bridge where if it fails the commuting alternative is to go around the Bay [48].
Rail transit is similarly concentrated for certain areas, routes and transfer points [46: 15].
Zimmerman [51, 52] summarized the following examples for rail concentrations: Far less
than half of the 15 heavy rail, 25 commuter rail and 30 light rail categories in the U.S.
have accounted for over half of the travel activity expressed in terms of passenger trips,
rail mileage and number of stations.

4.2 Examples of concentration and interconnectivity combined for electric
power, transit, and information technology (IT) infrastructure
4.2.1 Transportation/IT
On September 29, 2011, a lightning strike disabled large portions of the The Long Island
Railroad (LIRR) exemplifying a concentrated system plus interconnections with IT, and the
combination contributed to an increase in adverse effects. The LIRR is concentrated in being a
highly centralized network (most trains go through Jamaica station), having the highest U.S.
commuter rail volume, with few rail travel alternatives (MTA), and at the time of a lightning
strike, the system was controlled by a single computer not well protected from weather effects.
Massive delays occurred system-wide due to the singularity of the computer and convergence of
lines through one station. The result was 17 stranded trains and 9 standing trains [15].
4.2.2 Electric Power and Transit
The MTA New Haven rail transit line and an electric power feeder cable are heavily
interconnected, described above. In addition, the Metro-North line represents a concentrated
infrastructure: ridership is second to the LIRR in U.S. commuter rail ridership [17, 18]. On
September 25, 2013 the entire 8 mile New Haven Railroad service stopped for 12 days as a result
of a disabled power feeder cable [16]. This affected system users [1]. The cause of the outage
was attributed to damage to one feeder cable from work on an adjacent back-up feeder line – the
main feeder and the back-up were located very near one another [1]. As a way of reducing the
impact on passengers, the MTA relied on buses and alternate MTA Metro-North Railroad and
subway lines not affected by the outage.
4.2.3 Electric Power, Transit and IT
The NYC subway system has gradually centralized its electric power controls to increase
reliance of signaling on computerized control at NYC Transit’s Power Control Center. It
interconnects and concentrates IT, power, and transit at a single location in Manhattan; electric
power is moved from signal towers located at interlockings to master towers, and then to a
centralized center – the NYC Transit Power Control Center [33]. Centralization of the
communications system – the “Communications-Based Train Control” (CBTC) system –
replaced a “fixed-block system” where information and settings had to be made at the track level
and at interlocks [29: 21]. Monitoring equipment is still decentralized but controls are
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centralized. The objective is to increase train performance by reducing delays from wait times
and congestion due to the fixed signaling system.

5 Discussion and Conclusion
The advantage of the approach of integrating infrastructure concentration and interconnectivity
rather than treating each individually is the ability to relate infrastructure attributes directly and
holistically to resilience in natural or human factor contexts including climate change. In the
quantification and case illustrations presented, the degree and distribution of concentration is
influenced by interconnectivity. Many ways exist to change negative impacts of concentration
and interconnectivity relationships with knowledge of how they are related. Many policies and
practices already exist but can be strengthened, such as resource sharing, mutual assistance
agreements, and improving combined concentration and connectivity in infrastructure design.
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Abstract: According to the most recent IPCC report, warming of the climate system is unequivocal, and this warming may lead to increased risk of breakdown of infrastructure networks
due to extreme weather. A key means of reducing future risk exposure is implementation of
effective climate change adaptation strategies for critical infrastructure assets. This however
constitutes a significant engineering challenge, for a variety of reasons discussed herein. The
work described in this paper examines the regional variability of climate change adaptation
feasibility for timber power pole networks, an important critical infrastructure asset. This is
achieved through development of a Monte-Carlo event-based sequential model, which incorporates structural reliability, deterioration, climactic effects and network maintenance. The
hazards of interest are storm winds and timber decay - both of which may worsen due to a
changing climate. A probabilistic life-cycle cost-benefit analysis is used to examine the appropriateness of a single climate adaptation strategy for three Australian cities; Sydney, Melbourne and Canberra. Regional variability in power pole infrastructure performance is also
compared across European and Australian networks.

Introduction
The International Panel on Climate Change (IPCC AR5) has stated that observed changes in
climate, and more importantly projected future changes, may lead to increased risk to human
life and infrastructure [4]. One of the primary measures of reducing the impact of climate
change is implementation of effective climate change adaptation strategies. This can however
be challenging given a) the considerable uncertainty associated with future climate change projections, and b) the regional variability of climate and climate change. The work presented in
this paper is aimed at investigating the regional variation in climate change adaptation feasibility for critical infrastructure using a probabilistic approach. This probabilistic approach, which
includes time-dependent structural reliability and probabilistic cost-benefit analysis, allows uncertainty and variability at various levels to be incorporated into the assessment. The analysis
is conducted for three different regions of Australia, with infrastructure performance across
Australia and Europe also compared. The critical infrastructure type examined is timber power
pole networks.
To date very few studies have employed probabilistic methods to assess possible changes in
timber power pole infrastructure performance due to climate change. Existing publications in
this area are limited to the work of Bjarnadottir et al. [1] and Ryan et al. [9]. Fewer studies still
have examined the appropriateness of climate change adaptation strategies for power poles net-
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works [6]. This is somewhat surprising given the International scientific community’s predictions about future climate [3], and the scale and value of timber power pole networks worldwide
[8]. The work described herein builds on the existing literature through utilisation of probabilistic methods to investigate the regional variability of climate adaptation feasibility. Monte
Carlo event based sequential modelling is used to assess structural reliability of the power pole
networks and conduct a probability based cost-benefit analysis of climate adaptation. This allows climate change uncertainty to be incorporated into the assessment, together with the other
forms of uncertainty associated with time-dependent modelling of infrastructure networks. The
following section of this paper presents the assessment methodology. Subsequently, details of
the notional networks are given and results are presented for regional variability of climate
change adaptation feasability across the three Australian cities, and for the comparative
performance of power pole networks in Ireland and Australia.

Assessment Methodology
The basis for the model used herein has been developed in detail in previous papers by the
authors [8, 9]. This section presents a brief description of the model, with a focus on how adaptation is assessed using a probabilistic cost-benefit approach. The reader is referred to the
previous papers for more detailed discussion on the model development and probabilistic model
parameter selection [8, 9].

2.1 Sequential Event-based Modelling
The sequential event-based modelling approach used herein allows power pole network performance over time to be assessed, considering both maintenance and climate change effects. The
uncertainty and variability associated with a) climate change predictions, b) structural capacity,
c) structural loading, and d) deterioration with time, are incorporated in the analysis. The sequential aspect of the model relates to the fact that each Monte Carlo iteration runs on a yearby-year basis from the year 2015 to 2090. Each yearly step includes; calculation of time dependent resistance R(t) and time dependent load S(t), accounting for climate change effects on
deterioration and wind load, in addition to simulation of network maintenance if appropriate.
The event-based aspect of the probabilistic model refers to the fact that the occurrence of certain
events over the monitoring period can influence the course of a given sequential Monte Carlo
simulation. The two key events which can occur are a) violation of the limit state, whereby the
annual wind load exceeds the deteriorated pole bending capacity and the pole fails without
warning, and b) the condemning of a pole as a result of the network inspections and maintenance programme. Upon occurrence of a wind failure or the condemning of a pole, the pole in
question is replaced by a new pole in the Monte Carlo simulation. This pole is assigned new
properties generated from the appropriate distributions. The process of deterioration then restarts for this new pole, and the sequential Monte Carlo process continues for the iteration in
question up to the year 2090. This sequential event-based approach means that, in effect, each
Monte Carlo iteration represents one pole location in a network of poles, whereby if this pole
fails at a given location it must be replaced to prevent a break in the power supply system.
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2.2 Time Dependent Load and Resistance
The initial bending resistance (R(0)) of a timber power pole at time t = 0 can be represented
based on established bending theory as follows;
3
R (0)  f b .  . D

32

(1)

where fb is the bending strength of the timber, and D is the ground line diameter of the distribution pole. It is noted however that this initial bending resistance (R(0)), will tell us little about
the performance of timber power poles in service, which undergo significant deterioration over
their service life. Thus, for timber power pole networks, as with any infrastructure network
analysis, infrastructure element deterioration must be incorporated into the probabilistic model.
Timber deterioration was incorporated herein based on the work of Wang et al. [14], who developed a timber decay model based on 35 years of field data for 77 timber species which
considers timber type, timber treatment, temperature and rainfall. The implementation of this
model in the context of timber power pole networks, both in existing environmental conditions,
and under climate change conditions, is discussed in detail in previous publications by the authors [8, 9].

2.3 Time Dependent Wind Loading
The most common failure mode for timber power poles is bending failure under wind loading
[17]. In the context of climate change, it is thus important to consider time dependent changes
in wind speed under various climate change scenarios. The wind field for the three Australian
locations (Sydney, Melbourne and Canberra), and the Irish location, examined in this paper are
dominated by non-cyclonic synoptic weather systems. These non-cyclonic gust wind speeds
are modelled using the Gumbel distribution. The probabilistic parameters for the pre-climate
change wind field distributions for the Australian locations were adopted from Wang et al. [15].
The probabilistic wind filed parameters for the Irish location were obtained from Logue [5].
Climate change impacts on the wind field and subsequent wind load was incorporated into the
assessment using the climate change predictions presented in Section 2.4 in accordance with
the procedure outlined in detail in [9]. The work of Henderson and Ginger [2] was used to
calculate the time-dependent wind load S(t), based on the generated wind speed, again as described in detail in Ryan et al. [8]. This model allowed uncertainty and variability to be incorporated into predictions for the wind load on the power poles, conductors etc. for a given wind
speed v, at a given time t. Details of the statistical properties used for the model variables are
provided in Table 2 in Section 3.

2.4 Climate change Projections
This study uses the latest IPCC Assessment Report (AR5) climate change predictions for Australia [16]. In line with the large uncertainty and variability associated with long-term climate
predictions, climatic changes were modelled probabilistically using Monte Carlo simulation.
Wind speed, rainfall and temperature changes were considered for the no climate change scenario and the RCP 8.5 (severe case) emission scenario. The AR5 RCP 8.5 10 th, 50th and 90th
percentile predictions for Sydney, Melbourne and Canberra are presented in Table 1. In line
with the framework set out by Stewart and Deng [12], and utilised in Ryan et al. [7, 9], truncated
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normal distributions were used to represent the uncertainty associated with climactic predictions provided by CSIRO [16].
Table 1. IPCC AR5 RCP 8.5 predicted climactic changes to year 2090
10th
Percentile

Parameter
Sydney
Temperature (°C)
Rainfall (%)
Wind speed (%)
Melbourne
Temperature (°C)
Rainfall (%)
Wind speed (%)
Canberra
Temperature (°C)
Rainfall (%)
Wind speed (%)

50th
90th Percentile
Percentile

+ 2.9
- 20
- 6.9

+ 3.7
-3
- 1.1

+ 4.6
+ 16
+ 4.2

+ 2.4
- 27
- 5.9

+ 3.0
-9
- 1.7

+ 3.8
+4
+ 1.7

+ 2.7
- 27
-5

+ 3.8
-5
- 0.6

+ 4.5
+9
+ 2.6

2.5 Probabilistic Cost-benefit Analysis
Stewart [13] proposed that the total life cycle cost (LCC) can be described as:
LCC(T )  C D  CC  C IN (T )  Edamage(T )

(2)

where CD is the design cost, CC is the construction cost (materials and labour), CIN(T) is the
cost of inspections during the service life T, and Edamage(T) is the expected cost of repair or loss
during service life T.
The expected cost of repair and loss can be described as a present value:
DS T

Edamage(T )   Pf ,i
i 1 j 1

Cdamage
(1  r ) i

(3)

where Pf,i is the probability of damage in year i, Cdamage is the cost of repair and loss, r is the
discount rate and DS is the number of different damage states. In the present case there are two
damage states, namely power pole condemnings and power pole wind failures. The probabilities used in the estimation of Edamage are calculated using Monte Carlo simulation techniques.
The cost-benefit analysis aims to examine the effectiveness of climate change adaptation on life
cycle cost over the period 2015 to 2090 at three different Australian locations. The initial design
cost is assumed to be equal for all cases analysed. Thus, in accordance with Equation 1, the
economic performance is determined by cost of initial pole construction, inspection costs, and
the expected damage costs, all of which are impacted by the cost of adaptation strategy implementation, and the effectiveness of the adaptation strategy. The ‘benefit’ of an adaptation measure is the reduction in damage costs related to the adaptation strategy, and the ‘cost’ is the extra
costs associated with implementation of the adaptation strategy. The Net Present Value (NPV)
of an adaptation strategy is;
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NPV (t) = LCCBAU (t) - LCCadaptation (t)

(4)

where LCCBAU(t) and LCCadaptation(t) are the life-cycle costs for ‘business as usual’ (BAU, i.e.
existing practice) and the adaptation measure, respectively, discounted to a present value.
The Benefit-to-Cost Ratio (BCR) of the adaptation strategy is also examined herein whereby;
BCR 

Benefit adaptation
Cost adaptation

(5)

The benefit is defined as the reduced losses due to reductions in pole condemnings, number of
inspections, or pole wind failures, when compared to the BAU case. Similarly, the costs associated with implementation of an adaptation strategy can range from additional construction
cost, to additional wind failure and condemning costs, to additional inspection costs, depending
on the nature of the adaptation measure employed. A NPV greater than zero, and a BCR value
greater than one, indicates that an adaptation measure is cost-effective. The study herein considered both direct and indirect costs and benefits. These costs were obtained from the power
industry in Australia and from the international literature. The development of the costs for the
study are discussed in detail in [6]. A discount rate of 4% was used herein.

Power Pole Network Details
A typical Australian power distribution pole layout, as detailed in Ryan et al. [8] was used for
the Australian case studies herein. Appropriate pole ground line diameters for this typical newly
installed Australian pole set-up were obtained by carrying out detailed pole design in accordance with existing Australian standards for Sydney, Melbourne and Canberra [10, 11]. Appropriate sizing grades were also utilised in line with those provided by pole suppliers in each
region. The timber type used for this design was spotted gum, the most popular power pole
timber species in South-East Australia. The pole was assumed to be CCA treated in line with
current practice in the Australian power industry.
Inspection intervals were set at 5 years, with first inspection at 20 years [10]. In accordance
with common industry practice in Australia, inspection failure or pole condemning criteria was
set at 50% of original pole capacity based on loss of section modulus (Z), meaning if inspection
revealed that the pole moment capacity was less than 50% of the original pole moment capacity
the pole failed the inspection and was condemned and replaced.
The climate change adaptation strategy investigated in the Australian case study was developed
following consultation with industry and investigation into a range of proposed strategies at the
Centre for Infrastructure Performance and Reliability at the University of Newcastle, Australia.
It involved alterations to both the power pole design and maintenance procedures detailed
above. The business as usual and adaptation strategy can be summarised as follows;
 Business as Usual (BAU): Pole diameter design in accordance with AS/NZS standards,
inspection intervals set at 5 years, and pole condemning criteria set at 50% of original pole
capacity
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 Adaptation Strategy: Same as BAU with exceptions that the new poles and replacement
poles are one size grade larger than required under the existing AS/NZS design procedure,
and pole condemning criteria is reduced to 45% of original pole capacity.
The statistical details for the probabilistic parameters used herein are presented in Table 2. Due
to space constraints the detailed discussion on the nature, definition, and source of each parameter is not provided herein, but can be found in Ryan et al. [8, 9]. All results presented in this
paper are based on one million Monte Carlo simulations, each of which ran from the year 2015
to 2090 in time steps of one year.
Table 2. Statistical parameters for probabilistic model
Property
GLD (Sydney and Canberra)
GLD (Melbourne)
Sapwood depth
Corewood depth
fb Spotted Gum
Conductor diameter
Street lighting wire
Pole height
High voltage wires
Low voltage cables
Communication wire height
Sydney annual max wind speed
Melbourne annual max wind speed
Canberra annual max wind speed
MEw
ρair
Mz,cat
Cd pole
Cd wires
G (poles)
G (wires)
MEdecaya (durability class 2)

Units
Distribution
Mean
mm Uniform (242 - 294) 268
mm Uniform (245 - 290) 268
mm
Uniform (25 – 50) 37.5
Growth
Uniform (5-10)
7.5
rings
MPa
Normal
104.1
mm
Normal
13.5
mm
Normal
9.0
m
Normal
10.7
m
Normal
10.95

COV
0.14
0.06
0.06
0.03
0.03

m

Normal

9.5

0.03

m
m/s
m/s
m/s
kg/m3
-

Normal
Gumbel
Gumbel
Gumbel
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Normal
Normal
Lognormal

8.1
29.29
25.80
20.08
1.00
1.2
0.95
1.2
1.0
0.96
0.81
1.00

0.03
0.09
0.07
0.10
0.05
0.02
0.10
0.05
0.05
0.11
0.11
0.92

GLD = pole ground line diameter

Results
4.1 Climate Change Impacts
The regional variability of climate change impacts can be seen in Table 3, which presents the
predicted impact of climate change for RCP 8.5 on power pole network performance for Sydney, Melbourne and Canberra. This impact is expressed in terms of percentage change in pole
wind failure rates, % change in poles condemned, and increase in operating costs, over the 76
year monitoring period (2015 to 2090). As can be seen from the table there is considerable
variation in climate change impact across the three regions. Sydney experiences the greatest
impact with a predicted 6.8% increase in lifecycle operating costs, while Melbourne actually
experiences a slightly positive predicted climate change impact, with a 0.1% reduction in operating costs.
It is noted that Canberra has a greater percentage increase in pole wind failures than Sydney.
This is however due to the fact that Canberra has a far lower baseline pole failure rate than
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Sydney. The absolute increase in pole failures for Sydney is actually larger than that predicted
for Canberra (3,500 for Sydney vs 237 for Canberra). An increase in pole wind failures of 3,500
is significant when considered in the context of the consequences of power pole wind failures,
which range from loss of power to business and homes, to catastrophic wildfire events with
significant loss of life and infrastructure.
Table 3. Impacts of IPCC AR5 RCP 8.5 emission scenario
Location

Sydney
Melbourne
Canberra

% Change in
Pole Wind
Failures
+ 17.5
- 3.1
+ 28.7

% Change in % Increase in
Poles
Lifecycle
Condemned Operating Cost
+ 6.8
+ 10.7
0.1
0.0
+ 2.2
+ 3.7

4.2 Cost-Benefit Analysis Results for Adaptation
In order to investigate the regional variability of climate change adaptation feasibility, a single
adaptation strategy was employed across all three cities i.e. approach in line with a nationally
implemented climate adaptation strategy. It is recognized that the climate change impact results
in Table 3 indicate that the notional power pole network in Melbourne does not require increased structural resilience to compensate for climate change. It has been found however, that
carefully designed climate adaptation strategies can have a positive cost benefit outcome, even
if climate change does not occur i.e. adaptation results in improved asset management irrespective of climate change [6].
Table 4 shows the results of the probabilistic cost-benefit analysis investigating regional variability of climate change adaptation feasibility. These results were obtained through comparison
of the climate adaptation strategy with the “business as usual” strategy over the 76 year lifecycle, under the RCP 8.5 climate emission scenario. The risk reduction value reflects the percentage reduction in operational costs of the power pole network, brought about by implementing the climate adaptation strategy. The NPV and BCR were calculated in accordance with
Equations 4 and 5.
As can be seen from the table there is considerable variation in the feasibility of climate adaptation from region to region. The adaptation strategy has a positive cost benefit outcome for all
three cities, however, the extent of this benefit varies largely from city to city. For Canberra
and Melbourne the risk reduction is modest at 3% to 4%, while the mean BCR values indicates
that for every dollar invested in adaptation, the benefit will be approximately 1.1 dollars. This
is a relatively small margin in the context of the inherent uncertainty in the system. Implementation of the adaptation strategy for Sydney is however far more feasible. It is predicted that the
adaptation strategy NPV per pole is over $300, while each dollar of investment in the adaptation
strategy is predicted to return 1.7 dollars in direct and indirect benefit. Consequently, implementation of the adaptation strategy is an attractive proposition for Sydney under the RCP 8.5
emission scenario. This regional variation in climate adaptation effectiveness is driven by the
condemning rates and failure rates in each of the cities. As shown in a detailed location analysis
in Ryan et al. [9], for the no climate change condition, Canberra has the lowest pole condemning
rates and the lowest wind failure rates. Melbourne also has low wind failure rates, and lower
condemning rates than Sydney. These location specific rates are dictated by a range of factors
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[9]. These reduced occurrences of pole condemnings and pole wind failures in Melbourne and
Canberra reduces the benefit associated with implementation of the adaptation strategy. The
variation in climate adaptation feasibility across different Australian cities for the notional network of 1 million poles illustrates the difficulties associated with implementation of single climate adaptation strategies across Australia.
Table 4. Climate adaptation cost-benefit analysis results under RCP 8.5 emission scenario for notional power
pole networks
Location
Sydney
Melbourne
Canberra

Risk
Mean NPV Mean BCR
Reduction (%) ($/pole)
13.7
302
1.70
3.8
56
1.12
3.0
43
1.09

4.3 European-Australian Network Performance Comparison
This section presents preliminary results of ongoing work, which seeks to develop the model
framework presented herein to examine European power pole networks. The model has been
adapted to facilitate examination of existing vulnerability and power pole network performance
for Irish networks. Future work will examine the impacts of climate change on Irish and other
European networks, and the need for, and feasibility of, climate adaptation. Figure 1 and Figure
2 compare the performance of a notional network of one million poles in Ireland to notional
networks of one million poles in Brisbane and Melbourne, Australia across a timeframe of 2016
to 2190. This comparison is distinct from the regional variability study within Australia, where
there are subtle difference between network properties and environment from region to region.
The modelled networks in Ireland and Australia are different in almost every way, from timber
type to environment to wind field, to design and maintenance procedures. Interestingly however, actual network performance is somewhat comparable across the two countries. Condemning rates in Ireland are far lower than in the two Australian regions. This is due to the lower
annual temperatures in Ireland (Ireland average = 10.7°C, Brisbane average = 21.0°C Melbourne Average = 15.5°C), which results in a significant reduction in the rate of deterioration.
The predicted cumulative failure rates in Ireland follow a somewhat similar pattern to Melbourne Australia, despite Ireland’s lower deterioration rates. This is related to the two regions
differing wind fields, and the fact that Irish power pole design is less conservative than Australian design. It is noted however that these are preliminary results with further work required
to allow for the most realistic representation of the Irish power pole network.
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Figure 1: Cumulative power pole condemnings for
Ireland, Brisbane and Melbourne

Figure 2: Cumulative power pole wind failures for
Ireland, Brisbane and Melbourne

Conclusions
A probabilistic event-based sequential model has been presented herein which facilitates investigation into the spatial variability of climate change adaptation feasibility for critical infrastructure. The critical infrastructure type examined is timber power pole networks. Climate change
impacts and climate change adaptation feasibility were examined for notional networks of one
million timber power poles for three Australian cities, namely Sydney, Melbourne and Canberra. Predicted negative climate change impacts were found to be largest for Sydney, with
Melbourne actually experiencing a very slightly positive climate change impact. Examination
of the appropriateness of a climate adaptation strategy showed significant spatial variation in
cost-benefit outcomes across the three study locations. The adaptation strategy in question was
found to perform significantly better for Sydney than for Melbourne and Canberra, when considering both direct and indirect costs and benefits. This highlights the difficulties associated
with implementation of nationwide climate change adaptation strategies for Australia. The preliminary results for the examination of reginal variability in performance from Australia to Ireland showed power pole wind failures to be somewhat similar in both countries, despite
significant differences in pole condemning rates. This is interesting as it indicates despite the
Irish and Australian networks varying in almost every manner, final power pole reliability was
similar. Further work is required to fully develop the Irish and European models.
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Abstract: This paper adopts a Bayesian approach to creep deformation prediction
by combining Monte Carlo simulation on an available model with in-situ measurements obtained from in-situ concrete specimens over a period of six years. Both
single point-in-time and sequential updating approaches are developed and demonstrated. It is concluded that for the specific structure examined, the sequential updating method offers advantages in terms of the estimated variability of future
predictions.

Introduction
Creep in concrete structures exhibits high uncertainty over time. Both endogenous (e.g. mix
composition) and exogenous (e.g. humidity) factors play a role in the level of uncertainty that
can be expected at different points in time during a structure’s service life. For many years, it
has been recommended to carry out experiments, even for relatively short periods on small
specimens, either under controlled conditions or exposed to the field environment. The latter,
which is less common, has the advantage of providing data directly relevant for predicting creep
evolution in the actual structure. Over the same period, creep prediction models have been developing, based on theoretical and experimental studies, to include more influencing parameters
and have undergone calibration through comparisons with test databases. Nevertheless, the prediction of creep deformations remains a challenging and timely task, given the large number of
ageing and deteriorating concrete structures around the world.
This paper adopts a Bayesian approach to the problem of creep deformation prediction by combining Monte Carlo simulation applied to existing models with in-situ measurements obtained
from concrete specimens placed in a field environment over a period of several years. In particular, it focuses on aspects of the Bayesian methodology that need be tailored to the problem
in hand, depending on the availability and robustness of in-situ data. Both single point-in-time
and sequential updating approaches are developed and demonstrated through a case study that
utilises such data from a pre-stressed concrete bridge collected over a period of more than six
years. The objective is to discuss the limitations of having to rely on small samples and incomplete information on actual conditions, leading to alternative predictive distributions for creep
compliance. The question of how long the in-situ measurements should be extended in time is
also addressed, in the light of monitoring considerations, e.g. feasibility/robustness of data acquisition and costs.
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Models and measurements
2.1 Creep models
Proposed creep models are essentially semi-empirical, calibrated/validated using laboratory experiments. Supported by the RILEM database, and in an attempt to achieve consensus, recent
research [1,2] has investigated several of these models with the objective of drawing robust
conclusions through detailed comparisons. Generally, it has been concluded that the B3 and
GL2000 models are performing better in comparison to others [3, 4]. For the purpose of this
study, the GL2000 model is selected, since it requires input that is compatible with the information available from the in-situ specimens being considered. Table 1 summarizes the input
parameters, whereas Eq. 1 shows the formulation where (i) J(t,t0) is the compliance at concrete
age t when loading starts at age t0 (in 1/MPa), (ii) 28(t,t0) is the 28-day creep coefficient and
(iii) (tc) is the correction term for the effect of drying before loading.
Table 1: List of input parameters for GL2000 model

Young’s modulus, 28d
Young’s modulus at loading
Relative Humidity
Beginning of drying
Age of concrete at loading
Volume-Surface ratio
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With regard to the input parameters, some might reasonably be taken to be deterministic,
whereas others should be treated as random variables. The identification of random variables
depends on the context of the study, and has a significant effect on the dispersion of creep
predictions over time. In this study, bearing in mind that the focus is on site specific measurements associated with a single existing structure, the following are identified as random variables: (i) Young’s modulus of concrete (Ec) and (ii) relative humidity (h). As can be seen, these
are related to the mechanical properties of concrete and the prevailing environmental conditions. In contrast, it is assumed that, for a specific structure, key points in time related to curing
and loading and certain geometric parameters can be taken as deterministic.
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2.2 Measurements
The analysis presented herein is supported by a well-documented testbed offering extensive
field data - the São João Bridge, for which a set of creep measurements at specimen level are
available with a comprehensive characterization of the employed concrete and good understanding of the prevailing environment. A monitoring system was installed during the bridge
construction [5], which has allowed the collection of measurements from an early age, i.e. concrete pouring. Among several monitored parameters, special attention was given to the characterization of the employed concrete, aiming at the characterization of creep and shrinkage.
Specifically, fifteen specimen were cast with two long unsealed faces and different sections: (i)
six with dimensions 30×30×60 cm, (ii) six with dimensions 30×35×60 cm and (iii) three with
dimensions 30×50×60 cm. An equal number of specimens with the same dimensions were used
for the characterization of creep. All these samples were kept in an experimental stave, placed
next to the bridge, on the south bank river. For this study, the concrete specimens with a notional
size of 300 mm are considered, i.e. six specimens in total.

Bayesian approach
The utilisation of a Bayesian method in creep and shrinkage prediction dates back over thirty
years when Bazant and his associates introduced it to a simplified (linearized) compliance
model to a number of different cases and presented in detail potential benefits and limitations
arising from this approach [6, 7]. Many important aspects were discussed, including the effect
of correlation arising from the use of successive creep measurements and the interplay between
prior models and the statistics of the likelihood function. However, the limited in situ data available at the time, together with computational constraints, introduced limitations to the analysis
and the generated results. In the following, the application of Bayesian methods is revisited,
through Monte Carlo simulation and the availability of multi-year field data.

3.1 Uncertainty modelling
The use of current formulations for creep results in considerable prediction scatter stemming
from several sources of uncertainty (e.g. random variability, statistical uncertainty, model uncertainty). Table 2 presents probabilistic models for those input parameters (from Table 1) considered as random variables. The presented values are based on in-situ information (i.e. utilising
data available from São João bridge) related to the employed concrete and surrounding environmental conditions [5]. Model uncertainty, Xn, is also taken into account and reference values
are taken from [1] and presented in Table 2. Regarding the remaining variables, the following
points are relevant: (i) the strength development parameter, s, is set equal to 0.24 [1], (ii) the
curing conditions is considered moist, (iii) according to recorded information the concrete is
exposed to drying at ts = 1 day and (iv) loaded at t0 = 7 days (v) the Volume-Surface ratio, V/S,
is 150 mm (vi) the shape of the cross section is assumed to be an infinite square prism and (vii)
the type of cement is CEM I 42.5 R.
Table 2: Description of random variables

Variable

Mean

CoV

Distribution

Units

Ecm,28d

34.7

0.07

Log-normal

GPa
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RH
Xn

70.0
0.90

0.05
0.30

Extreme Value
Normal

%
-

3.2 Bayesian method
3.2.1 Single point updating
According to Bayes’ theorem, updated, and more valuable, information is achieved about a
parameter  – the posterior – based on initial state of knowledge about that same parameter –
the prior – and the knowledge gained from a set of observations – the likelihood. It is important
to realize that the prior must not be constructed from the same set of observations, which implies
that the prior should be independent of the likelihood and therefore, the observations do not
have any influence on the choice of the prior. In simple terms, Bayes’ theorem concludes that
the posterior is proportional to the prior times the likelihood as expressed by Eq. 2.
∝

ℎ

×

(2)

For a continuous random variable y and an unknown parameter , Bayes’ Theorem is formulated in terms of probability density functions (PDF) as follows:
( )
( | ) ( )
( | )

( | )=

∝

( | )

( )

(3)

Where f(y|) is the conditional PDF of y given  (likelihood distribution), () is the PDF of 
(prior distribution), (|y) is the conditional PDF of  given y (posterior distribution). The denominator of Eq. 2 is a normalising constant, assuring that the area under the posterior distribution is equal to unity.
3.2.2 Sequential updating
If the continuous random variable y is stochastic, i.e. data is available sequentially in time y1,
…, yn, …, and it is intended to update inference on the unknown parameter , this can be set by
replacing the usual expression for a Bayesian updating scheme (Eq. 2) by the following:
∝

ℎ

×

(4)

Where it can be claimed that just before the next time step, i.e. i+1, the knowledge of  is
summarized in the distribution i(). Consequently, this is used as a prior distribution for the
next time step and updated as following:
+1 ( | )

∝

+1
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( ) ,

= 1,2, … ,

(5)

In this dynamic perspective, it is evident that the characterization of i is only needed to be kept
at the time step i, and therefore no information related to the past is needed. In other words, the
current i contains all information needed to revise knowledge when confronted with new information f(yi+1|θ).
3.2.3 Proposed methodology
In the context of updating the creep distribution at a given time up to when observations are
available and predicting the same distribution for a subsequent time, a Bayesian approach to
the use of in-situ specimen data was specifically developed starting from Eq. 3 and Eq. 5. Thus,
the following formulations were developed and used within a stepwise approach which is detailed below:

+1

,

0

,

0

(

, 0) ] ∝

(

, 0) ] ∝

,

( +1 , 0 )

0

,

(

, 0) ] ∙ [ ( , 0) ]

0

]∙

(

, 0) ,

(6)

= 1,2, … ,

(7)

Where (i) J(tf,t0) is the calculated compliance (from the GL2000 model, Eq. 1) at the final date,
tf, when loading starts at age t0, (ii) ( , ) is the calculated compliance (from the experiments
in the specimens) at generic date, ti, when loading starts at age t0 and (iii) i is an index related
to the time sampling of the experiments. Based on this formulation, the proposed methodology
comprises the following five main steps:
Step 1 : Characterization of the predicted creep compliance - Generation of a set of timeseries for the GL2000 creep model based on a Monte Carlo simulation and the characterization of the random variables (Table 2). Quantification of the prior distribution [ ( , ) ] and the mean, ( , ), and standard deviation, ( , ), over
time.
Step 2 : Characterization of the measured creep compliance - Selection of a set of creep
measurements over time. Quantification of the mean, ̅( , ), and standard deviation, ̅( , ), over time.
Step 3 : Characterization of the likelihood distribution – Generation of the likelihood distribution, [ (
, ) ( , )] over time, based on the mean and standard deviation calculated in Step 1 and Step 2, respectively.
Step 4 : Characterization of the posterior distribution – Quantification of the posterior distribution, based either on the single point updating method, π[ J(t , t ) | J(t , t ) ] ,
or the sequential updating π [ J(t , t ) | J(t , t ) ] (Eq. 6 or Eq. 7, respectively).
Step 5 : Characterization of the posterior distribution for the final date, tf - Quantification
of the posterior distribution for the final date, tf, π[ J(t , t ) ] , based on the extrapolation of the posterior distribution calculated in Step 4.
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Results
As aforementioned, the creep model GL2000 was chosen for illustration and discussion of the
results obtained by the proposed methodology. In addition, different hypotheses were explored
in order to enrich the discussion regarding the proposed methodology, i.e.:




Different sampling rates were assumed for the in-situ measurements. Namely, three
scenarios were investigated assuming measurements are collected: (i) every month, (ii)
every 4 months and (iii) every 12 months.
Estimation of the posterior distribution for creep compliance was made for different
final dates, tf. Namely, (i) tf = 2297 days ( 6.3 years), (ii) tf = 4015 days ( 11 years)
and (iii) tf = 5840 days ( 16 years).



A Monte Carlo simulation was initially performed for the GL2000 creep model by taking into
consideration the information in Table 2. In order to limit simulation sampling errors, the CoV
of the predicted compliance was investigated. Hence, sample sizes with up to 5,000 realisations
were considered and the final sample size was fixed at 2,500. Figure 1 shows the results obtained, in which the average measured creep compliance (based on five specimens) is also
included in order to get an impression of how the in situ results relate to the spread that is
generated by a site-specific a priori analysis.
2297 days

4015 days

5840 days

Measurements
(average of 5 specimens)

Figure 1: Measurements vs. Model predictions from the Monte Carlo simulation

Figure 2 and Figure 3 show a selection of the results for both single-point and sequential updating. It is worth mentioning that with regard to the single point updating this was performed
at t = 2297 days, whereas for the sequential updating the number of cycles used where 60, 16
and 8 depending on the collection rates being every month, every 4 months and every 12
months, respectively.
Figure 2 shows how the mean and CoV related to the predicted creep compliance changes for
the different scenarios of measurement collection (for the final date, tf = 4015 days). With regard to the mean value, a different pattern is observed in comparing the two approaches. As
expected, the mean value obtained by the single point updating approach is the same regardless
of the sampling rate (the point used is always t = 2297 days), whereas higher estimates are obtained when using the sequential updating approach, with trend being that the mean increases
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as the updating is performed more regularly. As far as the CoV is concerned, the patterns are
clearly different. For single point updating, the CoV is independent of the measurement collection frequency with a value of approximately 5 %. For the case of sequential updating, the CoV
is generally smaller and increases as the collection interval increases. The CoV for this case is
always less than 2 %. Intuitively, it should approach the single point estimate as the cycles
become longer.

a) mean

b) CoV

Figure 2: Results for the final date prediction tf = 4015 days

Figure 3 shows how the mean and the standard deviation changes for different final dates, tf,
for which creep compliance is predicted (for the scenario of measurements collection every 4
months). With regard to the mean value, similar patterns are observed for both approaches. As
expected, the predicted average value for creep compliance tends to increase as the final date,
tf, becomes longer. Moreover, the mean value achieved by the sequential updating is always
greater than the estimate corresponding to the single point updating for the same value of tf (i.e.
t = 2297 days, t = 4015 days, t = 5840 days). As far as the standard deviation is concerned, the
results confirm those in Figure 2, i.e. the standard deviation for the case of the sequential updating approach is far less than the estimates obtained with the single point updating approach
(approximately 4.5 MPa-1 against 1.2 MPa-1).

a) Single point updating

b) Sequential updating

Figure 3: Prediction of creep compliance for the scenario of measurements collected every 4 months

On the basis of this short case study, it can be concluded that sequential updating is more efficient in terms of reducing the uncertainty associated with the final value for creep compliance
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(standard deviation reduced by a factor of almost four). Nevertheless, these observations needs
to be checked against more case studies in order to become more robust.

Conclusions
The objective of this paper was to investigate a Bayesian approach to the use of in-situ specimen
data for predicting creep compliance applied to in-situ measurements, based on a comprehensive characterization of the employed concrete and a good understanding of the prevailing environment. In-situ measurements, collected from one modern pre-stressed bridge, were used to
appraise model predictions over time. It is evident that, even under relatively tightly controlled
site-specific uncertainty modelling (as opposed to the wider uncertainty in considering a population of pre-stressed bridges), the prediction envelope for creep is quite wide. Consequently,
the benefit of introducing Bayesian updating, for cases where in-situ measurements are available over substantial time periods, becomes evident. The results herein presented shows that the
sequential updating approach is more efficient in terms of reducing the uncertainty associated
with the final value for creep compliance. It would clearly be of benefit to apply the proposed
methodology in more cases where field data may exist, in order to improve our confidence in
predicting creep compliance and bridge the gap between models and observations.
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Abstract: This paper describes the nonlinear analysis of the reinforced concrete
emergency tank in nuclear power plant (NPP) with reactor VVER V-230 considering an accidental temperature. The scenario of the hard accident in NPP is in accordance with the requirements of IAEA in Vienna and U.S.NRC in Washington.

1 Introduction
The International Atomic Energy Agency set up a program to give guidance to its member
states on many aspects of the safety of nuclear power reactors. The resistance of the building
structure to extreme steam pressure in the case of small or medium-sized accidents must be
checked. During the nineties, the requirements for service safety of the NPP Type V1 increased. In 1994, the Slovak Nuclear Inspection Authority defined the conditions for the general reconstruction of the NPP V1 hermetic zone [12].

Figure 1: Containment and emergency tank 800 m3 of NPP V1
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Moreover, the principal tasks for checking the capacity and integrity of the hermetic zone
after an accident involving the pipeline cooling system were defined. The object of NPP V1 is
rectangular in plan (Figure 1). The part in the modulus V-G/10-12 has dimensions 13,7/39,2m
and in part V-G/12-17 it is 25,0/39,2m.The floor of the steam box is at level 10,5m. The exterior walls are with thickness about 1.0-1.7m. The complicated wall configuration inside the
hermetic zone provides more possibilities for the occurrence of local peak strain in the spoil
liaison wall and panel.

Figure 2: Computational model of the NPP building with layered shell elements

There are two critical structures in the NPP object – the containment (CTMT) and the emergency water safety tank (EWST). The foundation conditions under the NPP V1 structure are
also complicated. The computational FEM model of the NPP V1 structure is presented in
Figure 2. For a complex analysis of the reinforced concrete structure of the hermetic zone for
different kinds of loads, the ANSYS software and the CRACK program [11-17] were used to
solve this task. The building of the power block was idealized with a discrete model consisting of 26.923 elements with 325.036 DOF. The link finite elements and the infinite layered
space elements developed by the author [12] were used to model the soil. Recently the soil
under the foundation plate has been consolidated. The accident scenario was defined by
SIEMENS KWU, VÚEZ Tlmače and VÚ JE Trnava within the Phare program and “The NPP
V1 Reconstruction Project” [12].

2 Nonlinear Solution of Concrete Cracking and Crushing
The probabilistic analysis of the containment integrity failure is based on the nonlinear analysis of the concrete structures due to the accident of the coolant system and under the high level of the overpressure in the box of the steam generator [11, 12].
The theory of large strain and rate of independent plasticity were proposed during the high
overpressure loading using the SHELL181 or the SHELL281 layered shell elements from the
ANSYS library [9].
The vector of the displacement of the lth shell layer u l   u xl , u ly , u zl  is approximated by the
T

quadratic polynomial [12] in the form
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(1)

where Ni is the shape function for i-node of the 8-node quadrilateral shell element, uxi, uyi, uzi
are the motions of i-node,  is the thickness coordinate, ti is the thickness at i-node, a is the
unit vector in x direction, b is the unit vector in plane of element and normal to a ,  xi or
 yi are the rotations of i-node about vector a or b .

Figure 3: The element SHELL281 with 8 nodes

2.1 Geometric Nonlinearity
If the rotations are large but the mechanical strains (those that cause stresses) are small, then a
large rotation procedure can be used. A large rotation analysis is performed in a static analysis
in the ANSYS program [9, 12].
The strain in the n-step of the solution can be computed from the relations

 n    Bo Tn un  ,

(2)

where un  is the deformation displacement,  Bo  is the original strain-displacement relationship, Tn  is the orthogonal transformation relating the original element coordinates to the
convected (or rotated) element coordinates. A corotational (or convected coordinate) approach
is used in solving large rotation/small strain problems [9].

2.2 Material Nonlinearity
The presented constitutive model is a further extension of the smeared crack model [2 and
21], which was developed in [12]. Following the experimental results [18] a new concrete
cracking layered finite shell element was developed and incorporated into the ANSYS system
[12]. The layered approximation and the smeared crack model of the shell element are proposed. The processes of the concrete cracking and crushing are developed during the increasing of the load. The concrete compressive stress fc, the concrete tensile stress ft and the shear
modulus G are reduced after the crushing or cracking of the concrete [10]. In this model the
stress-strain relation is defined (Figure 4) following ENV 1992-1-1 [3].
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Figure 4: The concrete stress-strain diagram

Figure 5: Kupfer’s plasticity function

In the plane of principal stresses (c1, c2) the relation between the one and bidimensional
stresses state due to the plasticity function by Kupfer (see Figure 5) can be defined as follows:
 Compression-compression
f cef 

1  3.65.a

1  a 

2

. fc ,

a

 c1
 c2

(3)

 Tension-compression

 
f cef  f c .rec , rec  1  5.3278 c1  ,
fc 


rec  0.9

(4)

 Tension-tension
f t ef  ft .ret ,

ret 

A   A  1 .B
A.B

ret  1.  x  0 ,

,

B  K .x  A ,

x   c 2 fc ,

(5)

ret  0.2  x  1.

The shear concrete modulus G was defined for cracking concrete by Kolmar [10] in the form
G  rg .Go , rg 

1  εu 
ln   ,
c2  c1 

c1  7  333  p  0.005 ,

c2  10  167  p  0.005  ,

(6)

where Go is the initial shear modulus of concrete,  u is the strain in the normal direction to
crack, c1 and c2 are the constants dependent on the ratio of reinforcing, p is the ratio of reinforcing transformed to the plane of the crack ( 0  p  0.02 ).
We propose that the crack in one layer of shell element is oriented perpendicular to the orientation of principal stresses. The membrane stress vector and strain vector depend on the direction of the principal stresses and strains in one layer

 cr   T   ,

 cr   T   ,

(7)

where T  , T  are transformation matrices for the principal strain and stress in the direction

 in the layer. The strain-stress relationship in the Cartesian coordinates can be defined in
dependency on the direction of the crack (in the direction of principal stress, versus strain)
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 cr    Dcr  cr 

   T T  Dcr T  

and

(8)

This failure condition is determined by the maximum strain s of the reinforcement steel in the
tension area ( max  s    sm  0.01 ) and by the maximum concrete crack width wc

 max  w   w
c

cm

 0.3mm  .

3 Reinforced Concrete Structures under High Temperature Impact
On the base of the research results in domain of the concrete and steel behaviour of the reinforced concrete structures under the temperature effect the US standards [1 and 20], EU
standards [3, 5] and IAEA recommendations [7] determine the basic material characteristics
for the numerical analysis and design of the RC structural element.
The stress-strain relation  c ,   c , for the concrete material are defined in following form in
region I:
 
c ,
   cu ,


 c ,  f c, 3 





  
c ,
2  

  cu ,





3


 ,


f c,  kc , fc ,

(9)

where the strain  cu , corresponds to stress f c , , the reduction factor can be chosen according
to standard [6]. The reduction factors kc ,

k

c ,

 0.925 for  c  150o C  for the stress-strain rela-

tionship are considered in accordance with the standard.

Figure 6: Stress-strain relationship of the concrete dependent on temperature [6]

The stress-strain relationship for the steel (Figure 6) is considered in accordance with Eurocode [6] in dependency of temperature level  for heating rates between 2 and 50k/min. in
the case of the steel the stress-strain diagram is divided to four regions.

Figure 7: Stress-strain relationship of the steel dependent on temperature [6]

The stress-strain relations  a ,   a , are defined in following form in region I:
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 a ,  Ea ,  a , ,

for

Ea,  kE , Ea

 a ,   ap ,  0, 002

(10)

where the reduction factor kE , can be chosen according to the standard [5] .
In region II  0, 002   a,  0, 02  :
 a ,   f ay  c  

2
b 2
a    ay ,   a ,  , a 2    ay ,   ap ,   ay ,   ap ,  c Ea ,  ,
a

b  Ea ,   ay ,   ap ,  c  c
2

2

,

c

f

ay ,

 f ap , 

(11)

2

Ea ,   ay ,   ap ,   2  f ay ,  f ap , 

and in region III  0, 02   a,  0,15 :
(12)

 a ,  f ay ,

A graphical display of the stress-strain relationships for steel grade S235 is presented in Figure 7 up to a maximum strain of  ay ,  2% .
The strength and deformation properties of reinforcing steel in dependency on temperatures
may be obtained with the same mathematical model as structural steel S235. The reduction
factors kE ,  k E ,  0.95 for  a  150o C  for the stress-strain relationship are considered in accordance with the standard.

4 Nonlinear Deterministic Analysis
The corrosion effects of the reinforcement at the basin bottom and in the concrete cracks were
considered according to Faraday’s law using the uniform corrosion penetration (of 11.6
m.year-1). This assumption is also conservative from the point of view of the higher safety
level [1] and supported with the experimental results [22]. The critical sections of the structure were determined on the base of the nonlinear analysis due to the monotone increasing of
overpressure inside the hermetic zone [11 and 12]. The resistance of these critical sections
was considered taking into account the design values of the material characteristics and the
load. The combination load and design criteria were considered for the BDBA state [7].

Figure 8: Critical area of containment structure loading at overpressure 320 kPa
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The critical areas were identified in the connection walls and plate of the hermetic zone at
level +10.5 m near the hole in the modulus „10“ and „V“ (Figure 8). The tension forces and
the bending moments were concentrated between two outside large walls.

Figure 9: The capacity utilization of the reinforced concrete containment (CTMT) and emergency water storage
tank (EWST) due to overpressure with and without degradation effects.

On the base of the nonlinear analysis of the containment resistance for median values of the
material properties and Kupfer’s failure function the critical overpressure was equal to 309
kPa without the degradation effect and 287 kPa (versus 283 kPa) with degradation effects
during 10 years (versus 20 years) (Figure 9a). The capacity of the concrete wall of the EWST
structure is equal 45% without considering the degradation effect (versus 50% with the degradation effect after 20 years) under overpressure 300kPa in the CTMT structure (Figure 9b).

5 Probabilistic Analysis of the Structure Reliability
Recent advances and the general accessibility of information technologies and computing
techniques give rise to assumptions concerning the wider use of the probabilistic assessment
of the reliability of structures through the use of simulation methods in the world [2, 4-6, 1117, 23].
The probability of failure can be defined by the simple expression
Pf  P  R  E   P  R  E   0

(13)

The reliability function RF can be expressed generally as a function of the stochastic parameters X1, X2 to Xn, used in the calculation of R and E.
RF  g ( X1 , X 2 ,..., X n )

(14)

The failure function g({X}) represents the condition (reserve) of the reliability, which can be
either an explicit or implicit function of the stochastic parameters and can be single (defined
on one cross-section) or complex (defined on several cross-sections, e.g., on a complex finite
element model).
In the case of simulation methods the failure probability is calculated from the evaluation of
the statistical parameters and theoretical model of the probability distribution of the reliability
function Z = g(X). The failure probability is defined as the best estimation on the base of numerical simulations in the form
pf 

1
N

N

I  g  X   0

(15)

i

i 1
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where N in the number of simulations, g(.) is the failure function, I[.] is the function with value 1, if the condition in the square bracket is fulfilled, otherwise is equal 0.

6 Uncertainties of Input Variables
The methodology of the probabilistic analysis of integrity of reinforced concrete structures of
containment results from requirements [7 and 19] and experience from their applications [1117, 23]. On the base of the IAEA [7] , NRC [19] and JCSS requirements [8] the uncertainties
of the input data were taken in the form of the histograms (Table 1). The histograms of the
input data were used to the simulations for the probabilistic analysis using the approximation
methods RSM in software ANSYS.
Table I: Variable parameters of the input data

Soil Material
Stiffness Young Dead
Modulus load
Characteristic value kzk
Ek
Gk
Variable
kzvar
evar
gvar
Histogram type
N
LN
N
1
1
1
Mean value 
5
11.1
10
Deviation  [%]
Minimum value
0.754 0.649 0.621
Maximum value
1.192 1.528 1.376

Loads
Live
Presload
sure
Qk
Pk
qvar
pvar
BETA
N
0.643
1
22.6
8
0.232 0.662
1.358 1.301

Model
Tempe- Action Resist.
rature Uncert. Uncert.
Tk
Tek
Trk
tvar
Tevar
Trvar
BETA
N
N
0.933
1
1
14.1
5
5
0.700 0.813 0.813
1.376 1.206 1.206

7 Fragility Curves of the Failure Temperature
The previous design analyses of the containment failure determine the critical area of this
structure. The probability of the containment failure was considered in the critical structure
areas on the base of the nonlinear probabilistic analysis of it for the various levels of the temperatures.

Figure 10: Idealized fragility curves of the reinforced concrete structures for limit deformation of the reinforcement in tension  a ,   ap ,  0,002 for lognormal distribution with 5% envelope

The cracking of the concrete slabs extended due to the temperature gradient between the inner
and the outer plate surface. In the case of plate-wall structures, the combination of membrane
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and bending effects comes up. The expansion of the shear and flexural cracks is not usually in
the same place in case of the simple shape (rectangle, circle, etc.). In case of structures that
are more complex these areas can be identical.
The fragility curve of the failure temperature was determined using 1000 probabilistic simulations using the LHS method for the failure function defined for the critical areas defined on
base of the nonlinear probabilistic analysis based on the approximation method RSM for the
various levels of the temperature. The various nonlinear probabilistic calculations for six constant levels of temperature were carried out. The idealised fragility curves (Figure 10) were
calculated as the optimal envelope of the results from the probabilistic nonlinear analysis for
the various levels of temperature.

8 Conclusions
The probability analysis of the loss of the concrete containment integrity was made for the
overpressure loads from 40 kPa to 320 kPa using the nonlinear solution of the static equilibrium considering the geometric and material nonlinearities of the reinforced concrete shell layered elements. The nonlinear analyses were performed in the CRACK program, which was
developed by the author and implemented into the ANSYS system [12, 14 and 15]. The uncertainties of the loads level, the material model of the composite structure, the degradation
effects and other influences following from the inaccuracy of the calculated model and the
numerical methods were taken into account in the approximation method RSM [12 and 13].
The fragility curves of the critical structures were determined by LHS simulations based on
the results from the approximation method RSM. The probability of the loss of the concrete
containment integrity in the case of the degradation effects of the concrete structure is equal to
1,375.10-4 for the overpressure 320 kPa.
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Abstract: The variation in the reliability index with different strand arrangements
for a Super-T prestressed concrete girder is investigated. The system reliability
for serviceability limit state failure is calculated for each strand arrangement using
Ditlevsen bounds. An alternative to the Magnel diagram as a safety-optimal strand
arrangement selection method is discussed.

Introduction
In prestressed concrete (PSC) girder design, it is useful to know the level of safety achieved by
a selected arrangement of prestressing strands. For serviceability limit state (SLS), the Magnel
diagram assists designers in choosing a feasible combination of total jacking prestress force and
strand eccentricity with respect to the centroid of the girder profile. Since several strand arrangements are possible, discrete combinations of prestress force and strand eccentricity exist.
Hence, each combination could achieve a different level of safety, or reliability index, for the
PSC girder at SLS. By using the Magnel diagram alone, the designer has no indication of the
reliability of the girder for the selected feasible strand arrangement.
Al-Harthy & Frangopol [1] investigated the variation in the reliability index with changes in
total prestressing strand area and strand eccentricity to provide a reliability-based design
method for PSC girders. “Isosafety design chart curves” indicated the reliability of a particular
PSC girder for a selected total prestressing strand area and strand eccentricity at both ultimate
and serviceability limit states. However, for SLS, separate design curves for transfer and service
stages were constructed. Such curves could not be used as an alternative to the Magnel diagram
in PSC girder design since the diagram considers transfer and service stages simultaneously.
Moreover, the Magnel diagram considers the jacking prestress force rather than the prestressing
strand area. Whilst the prestress force is related to the strand area, its random nature is not.
Variation in prestress force is given from the jacking process during the girder fabrication,
whereas the strand area variation is from the manufacturing process of the prestressing strands.
Additionally, these design curves did not consider variation in prestress losses that are now
available in the literature [3,8,10]. There seem not to be other works considering this aspect of
PSC design.
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This study investigates the variation in the reliability index at SLS for PSC girders from discrete
combinations of total jacking prestress force and strand eccentricity. A suitable Super-T girder,
common in Australian PSC girder bridges, is selected to demonstrate the analysis. The system
reliability for the girder is calculated for each discrete strand arrangement, considering both
transfer and service stages stress limits. Notably, variation in prestress losses is accounted for
in the analysis. The development of a safety-optimal selection method for strand arrangement
in PSC girders as an alternative to the Magnel diagram is also discussed.

Bridge Girder Properties
The dimensions of the selected Super-T girder and permitted locations for the selected prestressing strands (15.2 mm diameter 7-wire low relaxation strands (AS 5100.5) [13]) are shown
in Figure 1. The girder is one of five Super-T girders in a bridge deck spaning 33.5 m [3].

Figure 1: Dimensions (in mm), centroid location (dashed line) and permissible strand locations (crosshairs) for
Super-T Girder

2.1 Possible Strand arrangements
The Cartesian product of the permitted number of strand pairs in row i (of r rows), including
no pairs, (ns,i) determines the list of possible strand arrangements for the girder while maintaining symmetry. Hence, the total number of strand arrangements are;

 r

N s   n s , i   1
 i 1


(1)

where the subtraction of one removes the combination of no pairs in all rows. For the girder in
Figure 1, 50 420 strand arrangement are thus possible. Each strand arrangement has a corresponding strand eccentricity (eb) with respect to the centroid of the Super-T girder (shown in
Figure 1) and a corresponding total jacking prestressing force (Pj). The jacking prestress is
based on 188 kN per strand (AS 5100.5).
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2.2 Material and Geometric Properties
The permissible concrete stresses in accordance with AS 5100.5 and the geometric properties
for the Super-T girder are shown in Table 1. Service properties refer to the girder and a 180 mm
overlay in-situ slab acting compositely.
Table 1. Material & geometric properties of selected girder for design at transfer and service.

Compression Limit
Tension Limit
Girder cross-sectional area
Bottom elastic modulus
Top elastic modulus

Symbol
σc
σt
A
Zb
Zt

Units
N/mm2
N/mm2
×103 mm2
×106 mm3
×106 mm3

Transfer
30
-3.5
556
-235
193

Service
39
-4.0
934
-332
549

2.3 Loading
Table 2 displays nominal and design maximum bending moments for the Super-T girder for
different loadings based on a grillage analysis [3]. Superimposed dead load includes an asphalt
surfacing and non-structural precast concrete parapets. For traffic loading, the M1600 load
model is used in accordance with AS 5100.2 [14].
Table 2: Maximum bending moments for girder under different load components (kNm).

Load Component
Super-T Girder
Girder + Overlay Slab
Superimposed Dead Load
Traffic Loading
Design SLS
Load Combinations

Symbol
Mi
Mi + Mslab
Msdl
MLL

2068
3430
869
5154

M*

9715

2.4 Prestress Losses
Both immediate and time-dependent losses are considered in this study [6]. Long-term losses
are considered as 30 years after transfer. Immediate losses (∆Pi) are taken as 9% of the total
jacking prestress force and long term losses (∆Plt) as 26% of the total jacking prestress force.

Magnel Diagram
For PSC girder design under SLS, four linear inequalities corresponding to the permissible
stress limits exists. Using a sign convention where negative indicates below the centroidal axis
(for eccentricity and section modulus), and positive above, for transfer they are:

1  i / Ai   i / Z t ,i  eb

Pj
 ti  M i / Z t ,i

(2)

1  i / Ai   i / Z b ,i  eb

Pj
 ci  M i / Z b ,i

(3)

And for service:
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 lt / Ai   lt / Z t ,i  eb
1

Pj  cs   M i  M slab  / Z t ,i  M *   M i  M slab  / Z t ,s

(4)

 lt / Ai   lt / Zb ,i  eb
1

Pj  ts   M i  M slab  / Z b ,i  M *   M i  M slab  / Z b ,s

(5)









where Ai is the cross-sectional area of the girder at transfer; Zt,i and Zb,i are the elastic moduli
for the girder at transfer in the top fibre and bottom fibre, respectively, Zt,s and Zb,s are the elastic
moduli of those at service; σci and σti are the stress limits at transfer for compression and tension,
respectively, σcs and σts are those at service (seen in Table 1),  i  Pj  Pi  / Pj ,

 lt  Pj  Plt / Pj , and all other symbols are as per Table 2.

To construct the Magnel diagram, Equations 6-9 are plotted together to reveal a region where
feasible combinations of Pj and eb exists based on this deterministic criteria (Figure 2).

Reliability Analysis
4.1 Component Reliability
The probability of exceeding the permissible stress limits at transfer and service stages are individual events within the sample space. Therefore, each event can be considered as an individual component characterized by its own limit state function. Based on the governing inequalities
for PSC design under SLS, the limit state functions for each component are written as follows
[3]. For transfer:

1 e  M 
g ti   ti  Pj  Pi   b   i 

 A Z t ,i  Z t ,i 

(6)


1 e
g ci   ci  Pj  Pi   b

 A Z b,i

 Mi 

 Z 
b ,i 



(7)


1 e
g cs   cs  Pj  Plt   b

 A Z t ,i

 M i  M slab M sdl  M LL 




Z t ,i
Z t ,s



(8)


1 e
g ts   ts  Pj  Plt   b

 A Z b,i

 M i  M slab M sdl  M LL 




Z b,i
Z b,s



(9)

And for service:

Within each limit state function, it is assumed that the variables are random in nature and independent to each other. The distribution used for each random variable is presented in Table 3
and its origins detailed elsewhere [3].
For each strand arrangement, the reliability index for each limit state function is computed using
First-Order Reliability Method (FORM) [11]. As an example, results for the limit state function
gts are shown in Figure 2.
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Table 3. Distributions of random variables used for reliability analysis

Variable
σci
σcs
σti
σts
Pj
eb
A
Zb,i
Zt,i
Zb,s
Zt,s
∆Pi
∆Plt
Mi
Mslab
Msdl
MLL

Units
N/mm2
N/mm2
N/mm2
N/mm2
N
mm
mm2
mm3
mm3
mm3
mm3
N
N
Nmm
Nmm
Nmm
Nmm

Distribution
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Normal
Gumbel (Type 1)

λ
1.28
1.13
1.03
1.01
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.03
1.05
1.00
1.34

CoV (%)
9.0
9.0
12
12
1.5
1.5
2.1
3.9
3.8
4.4
7.3
30
30
8.0
10
25
18

Reference
[7][2]
[7][2]
[7][2]
[7][2]
[3]
[3]
[3]
[3]
[3]
[3]
[3]
[8]
[8]
[12]
[12]
[12]
[3]

Figure 2: Component reliability indices for all strand arrangements for limit state function gts. (b) is a close-up
of (a) and (c) is a close-up of (b) as indicated by the boxes. The shaded areas in (b) and (c) indicate the feasible
region (Magnel Diagram). (Eccentricity is measured negative downward from the centroidal axis.)
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4.2 System Reliability
For this study, serviceability limit state failure for the PSC girder is defined as exceeding any
of the four permissible stress limits. Hence, all four components are considered as a series system for the system reliability analysis. System reliability indices for each strand arrangement
are calculated using Ditlevsen bounds [4];


n



n

 sys     Pr( g x )   max  Pr( g x  g y )  
 x 1

 sys

x2



y x

(10)

n
x 1


  
   Pr( g1 )   max  Pr( g x )   Pr( g x  g y )  , 0  
x2
y 1

  


where Pr(gx) is the failure probability for component x, ordered from largest to smallest, and
Pr(gx∩gy) is the joint failure probabilities of two components x and y, determined using the
bounds [9];

   
y
xy x
Pr( g x  g y )  max     x    


1   xy2


   
y
xy x
Pr( g x  g y )      x    

1   xy2



   
xy y
 ,    y     x


1   xy2




   
xy y
     y     x


1   xy2













(11)

where ρxy = dxTdy with dx and dy are the directional cosine vectors with respect to the failure
point of all random variables in the limit state functions of components x and y, respectively.
Results for each strand arrangement of the upper reliability index Ditlevsen bound using the
lower joint probability of failure bound are shown in Figure 3. With a low number of components (events) in the series system, a narrow range exists with bounds coinciding in most cases.

Conclusions
Figure 2 and Figure 3 describe the variation in the reliability index for serviceability limit states
of the selected Super-T girder profile. For strand arrangements where the total prestress force
and strand eccentricity are above the Magnel line for σts, the reliability index decreases linearly
away from the σts line. Meanwhile, strand arrangements below this line, those that fall within
the Magnel feasible region, increase linearly away from the line before decreasing again when
approaching the σci line. Note that the contours are similar between the gts component (Figure
2) and the series system (Figure 3) suggesting that the tension at service limit state is one critical
limit state function within the series system. This is a similar finding to Al-Harthy and Frangopol [1] when considering the total strand area. Moreover, it was observed that as the total
strand area increased, the critical limit state changed to the compression at transfer, and the
reliability index begins to decrease in value. Hence an optimum reliability index existed between the two limit states. Similarly, such an optimum reliability index is observed in this particular girder.
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Figure 3: System reliability indices for all strand arrangement combinations taking upper reliability index
Ditlevsen bound using lower joint failure probability bounds. Black points indicate reliability index of –Inf (certain failure). (b) is a close-up of (a) and (c) is a close-up of (b) as indicated by the boxes. The shaded areas in
(b) and (c) indicate the feasible region (Magnel Diagram). For asterisks, see text. (Eccentricity is measured negative downward from the centroidal axis.)

The shaded area in the Magnel diagram depicts the feasible strand arrangements, according to
the design rules of AS5100.5. The strand arrangements will the greatest reliability indices fall
within the Magnel feasible region. If a designer were to select a strand arrangement for this
girder, the most economical option (least total jacking prestress force and greatest strand eccentricity within the Magnel region as indicated by the single asterisk “*” in Figure 3c) would
be close to being, but not necessarily, the safest option (system reliability index = 1.11). The
most reliable option is indicated by double asterisks (“**”) in Figure 3c. This highest system
reliability index of 1.12 corresponds to having 60 strands This suggests the compression limits
imposed by AS 5100 may be too conservative, shifting the Magnel line for σci up and hence
narrowing the Magnel region unnecessarily. Hence, there are some benefits when selecting an
economical option for the reliability of the girder. As seen in Figure 3, the system reliability
index increases with increasing strand eccentricity for the same total jacking prestress force.
Moreover, the most reliable option has one of the greatest strand eccentricities.
The system reliability index can be compared to acceptable levels of safety, providing a reliability-based decision-making process on the strand arrangement for a PSC girder. For this particular example, the highest system reliability index of 1.12 is lower than a recommended
accepted level of 2.9 [5] and hence individual properties for the girder may need to be revised
to provide a more acceptable design.
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A methodology has been developed which allows a designer to take into the consideration the
reliability for a PSC girder when selecting a strand arrangement in PSC design. Given a girder
profile and permitted locations for strands, a designer is able to determine the system reliability
index for serviceability limit state failure when geometric and material properties, loading values, and quantification of prestress losses are provided. This provides an alternative to the Magnel diagram as a safety-optimal strand arrangement selection method in PSC girders.
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Abstract: A structure needs to be operated safely and economically throughout
its service life. The essential step in the needed cost-benefit evaluation is the
prediction of the performance of the structure as a function of time, with consideration also given to environmental actions, i.e. using service life modelling. The
chloride-induced corrosion of steel in reinforced concrete structures is one of the
major causes of their deterioration over time as chlorides from de-icing salts or
a marine environment penetrate through the concrete cover with the potential to
dissolve the protective layer of reinforcement. The present contribution discusses
and investigates analytical chloride diffusion models that apply a stochastic approach in order to enable the assessment of a relevant reliability level. Attention
has been paid to the time dependency of the diffusion coefficient and surface
chloride.

1 Introduction
The durability issues affecting concrete structures are significant when designing or assessing
concrete structures (see fib Model Code 2010 [10] and ISO 16204 [14]). These documents
deal with probabilistic approaches and present the performance-related design of structures for
durability; the involved uncertainties (both epistemic and eleatoric) need to be given proper
consideration.
The assessment of service life can be performed via mathematical modelling – either analytical
or numerical. Many works concerning the modelling and testing of degradation effects for engineering systems and their use in supporting life-cycle engineering decisions are reported in the
literature. Some of them are referred to in the following sections of the present text. The issue
of life-cycle modelling is critically examined in a comprehensive manner in [30].
The present text deals with reinforced concrete structures and concentrates on the damage they
sustain due to chloride ingress. The main source of chloride in concrete structures is marine or
road environments. In the following sections of this contribution, diffusion models for everyday
practice are investigated utilizing the probabilistic approach and focusing on initiation time
assessment.
In addition, the synergy between degradation effects (including the effect of mechanical load)
and statistical correlation among decisive input variables are briefly mentioned. Note that the
need for proven predictive models is highlighted by a current RILEM activity [3].

2 Transport processes in concrete – mathematical modelling
The degradation of reinforced concrete is governed by processes that allow the transport of
water, chloride ions, oxygen, carbon dioxide and other substances within concrete [4]. Four
basic mechanisms take place with regard to the movement of fluids and ions through concrete:
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diffusion, capillary suction, permeation and migration. This is a complex phenomenon and its
modelling in a form suitable for use in engineering practice is not feasible. The complex models
that do exist are utilized in research work (e.g. [29, 38, 6, 2]).
The evaporation of water in the outer zones of concrete due to wetting and drying cycles can lead
to the enrichment of chloride ions or the binding of cement paste constituents due to chemical
reactions, both of which can alter the concentration of chloride ions in the pore solution. Generally, the response of concrete to variations in external humidity is a complex function of the
length of wet and dry cycles, concrete composition and cement hydration [4]. Only in concrete
permanently saturated with water can chloride ions penetrate by pure diffusion, i.e. diffusion is
more effective in saturated than in partially saturated concrete. Moreover, the external chloride
concentration can vary over space and time, and some chloride ions become immobile (bound)
due to chemical reactions or physical adsorption. As a result, the total concentration of chloride
ions Ct is the sum of the free ion concentration Cf (ions dissolved in pore water) and the concentration of bound ions Cb . Only the free ions take part in the diffusion process and are able to
cause the depassivation of steel reinforcement [10]. As stated in this last-mentioned reference,
chloride binding is significant when studying the service life of concrete structures. Both chemical and physical binding can be distinguished. Nevertheless, chloride profiles can be modelled
with relatively good approximation in many cases using Fick’s second law, which describes a
non-stationary diffusion process [23]. Additionally, Luping and Gulikers [19] concluded that a
simplified model which considers the apparent dependence of the chloride diffusion coefficient
on the duration of exposure may be used for long-term prediction without significant mathematical errors if the age factor m (see Equation (2) in the following text) is small (< 0.3). However,
it may underestimate the service life if high values are used for m; this underestimation may be
acceptable because it is on the conservative side.
The widely used, simple close-form solution, which is based on the error function [7] (for
brevity hereinafter referred to as the “ERF solution”) and assumes homogeneous concrete, constant chloride concentration at the exposure surface, linear chloride binding, the constant effect
of co-existing ions and no initial chloride concentration in concrete, can be expressed for 1D
cases as:



x
,
(1)
C(x,t) = CS 1 − erf √
2 Dc t

where C(x,t) in [wt.-%/cement] is the concentration of chlorides at depth x [mm] at time t
[years], CS is the chloride concentration on the nearest surface [wt.-%/cement], and Dc is the
diffusion coefficient of chloride through concrete [m2 /s].
Consideration should also be given to the “convection zone” [9, 1] or the “skin effect” [23],
which is the outermost concrete layer of thickness ∆x, where the behaviour of chlorides entering
the concrete is not subject to a pure diffusion process. The maximum concentration of Cl− is
produced at the position x = ∆x, which is often reported as being from about 6 to 11 mm [9].
The diffusion process is then applied starting at depth ∆x, with CS being replaced by CS,∆x .
Even though the ERF solution has been frequently utilized in recent decades by engineers in
practical applications, it has been realized that this model cannot provide a correct prediction of chloride ingress in concrete for all real and complex situations. Critical reviews and
mathematically more correct solutions appear in [22, 19] and are further discussed and developed in, e.g. [37, 15, 13]. The main focus has been on the lack of consideration given to
the time-dependency of both the diffusion coefficient and surface chlorides. Due to the progression of cement hydration, the diffusion coefficient reduces over time. The problem of the
time-dependency of the diffusion coefficient was presented by a simple substitution in [34] –
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which is applied also in [10] in the form:
Dc (t) = Dref

 t m
ref

t

,

(2)

where Dref in [m2 /s] is the known diffusion coefficient of chloride through concrete at time tref
[years] and m is the age factor [-]. A substitution of Dc by Da (t) performed in a more complex
fashion, was suggested in [22, 19]:


Dref 
tex 1−m  tex 1−m  tref m
Da (t) =
1+
−
,
(3)
1−m
t
t
t

where tex is the concrete age at the start of exposure [years].
Surface chloride concentration CS (or CS,∆x ) is reliant on (i) the supply of chloride from de-icing
salt or a marine environment, which can be time-dependant; and (ii) on concrete composition,
type of binders and other factors, which are again time-dependant processes [9, 10]. This phenomenon is dealt with by the more advanced ERF solution, where surface chloride concentration is treated as a time-dependent variable in addition to the diffusion coefficient [27] in the
form:
√
(4)
CS (t) = C0 + k t,
where C0 is the initial surface chloride concentration and k is a constant related to the rate of
surface chloride increase. The ERF solution then reads:



 √ 



√ − x2
x
x
π
x
C(x,t) = C0 erfc √
+ k t e 4Dat − √
erfc √
.
(5)
2 Da t
2 Da t
2 Da t
The following comments related to chloride ingress modelling can be added:
• In some approaches the influence of chloride ion binding, concrete composition and environmental conditions on the diffusion coefficient can be considered directly by the analysis of chloride penetration profiles in cores taken from exposed structures. The values for
D (and eventually CS ) are then determined mathematically by fitting, e.g. Fick’s second
law to the experimental data. However, a different strategy suitable for a “pure” modelling
approach exists, in which the chloride diffusivity is modelled by means of multiplicative
factors applied to certain reference chloride diffusivity coefficients (e.g. the diffusivity
in saturated concrete made from OPC at the age of 28 days). Such factors can be: (i)
the chloride binding effect factor Fb , which depends mainly on concrete supplementary
cementitious materials and can be calculated using the corresponding binding capacity
and either the linear or Langmuir isotherm [40, 21]; (ii) factor FT , which accounts for
the effect of ambient temperature – described e.g. in [12, 41, 26]; (iii) factor Ft , which
accounts for the ageing effect [12, 41, 17]; (iv) factor Fh for the effect of relative humidity
– see [41, 26]; and (v) factor Fc , which takes into account the effect of curing.
• “Between” solutions with constant and time-dependant diffusion coefficients stands the
model proposed in fib Model Code 2010 [10], which introduces an apparent diffusion
model (determined by the use of the profiling method) as a mean value representing the
period from the start of exposure to the time of interest as a stochastic value, but constant
in time.
• The effects of the time-dependency of both the diffusion coefficient and surface chlorides
can, in an alternative to the ERF solution, be analysed by the numerical solution of Fick’s
differential equation in which the D and CS values are modified at every time step [16].
This option is less feasible for a stochastic approach.
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• The time-variability of surface chloride supply due to the seasonal application of de-icing
salts has been considered employing the Celullar Automata technique [36].

2.1

Reliability of service life prognoses

The mathematical inconsistency of ERF solutions is studied in [19, 27, 28]; in order to enhance
this body of literature, the present contribution also describes the effect on reliability level associated with service life assessment. Note that often the initiation time ti (the time at which the
initiation of reinforcement corrosion can take place) is conservatively considered equal to service life. However, a real service life is also composed of the period after corrosion initiation,
known as the propagation period, tp , during which the corrosion of reinforcement proceeds.
This has several consequences with regard to types of degradation, and with a relation to limit
states (SLS or ULS).
Considering chloride ingress (e.g. due to de-icing salts), the limiting condition for initiation
time reads:
Pf (tD ) = P {Ccr −C (x,t) ≤ 0} ≤ Pd ,
(6)

where Ccr is a critical concentration of dissolved Cl− leading to steel depassivation, and Pf and
Pd stand for the actual and design probability of failure. Commonly, the reliability index β can
be used as an alternative for Pf (with the design value βd ).

2.2

Numerical example

A comparative probabilistic study has been performed in order to analyse the effect of the
time-dependency of the diffusion coefficient or/and chloride surface concentration on chloride
ingress into concrete and on the relevant safety measures to be employed within the time interval of 50 years utilizing Equations (1) to (5) and condition (6). The reliability level has been
expressed by the reliability index β and compared with the SLS design value βd =1.3 [10].
The input parameters have been taken from the long-term experimental investigations in marine environment published in [20] and are listed in Table 1, where COV means the coefficient
of variation and PDF the probability distribution function. The examples were calculated by
FReET-D software [24] for the efficient statistical, sensitivity and reliability assessment of engineering problems.
The results presented in Figure 1 show the evolution over time of chloride concentration for
various models and relevant ultimate state assessments. It appears that the consideration of
time-dependency for Dc and/or CS can be a decisive factor while checking the service life of
an RC structure. Figure 2 shows the effect of the different depths/concrete covers of 30, 60 and
80 mm and exposure times of 10, 20 and 40 years to chloride concentration and reliability index.
However, the presented results cannot be generalized as this computational procedure is case
sensitive.

2.3

Synergy of degradation effects

Concrete is typically affected by several deterioration mechanisms, possibly with a synergetic
effect on its degradation rate. Commonly occurring deterioration mechanisms are freeze-thaw,
carbonation and chloride induced corrosion. Consequently, design and maintenance decisions
based upon separately considered time-dependent reliability models cannot lead to optimal outcomes.
If one considers, e.g. simultaneous contamination by carbon dioxide and the ingress of chloride, carbonation generally decreases the chemical binding capacity of cement-based materials
as chlorides from Friedel’s salt are released into the pore solution. In addition, the pH value
of the pore solution is one of the factors affecting the chloride threshold concentration, which
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Table 1: Input parameters

Input parameter
depth, x
time, t
initial surface chloride concentration, C0 or CS
diffusion coefficient, Dc or Dref
age factor, m
concrete age at the start of exposure, tex
concrete age corresponding to Dref , tref
constant, k
critical concentration of dissolved Cl− , Ccr

[Unit]
Mean
[mm]
30
[years]
0–50
[wt.-%/c]
0.40
2
[m /s]
7.7·10−12
[-]
0.19
[years]
0
[years]
0.07671
[-]
0.074
[wt.-%/c]
0.50

COV
0.25
0.30
0.15
0.16

0.20

PDF
Log-normal
Deterministic
Normal
Normal
Normal
Deterministic
Deterministic
Deterministic
Normal

Figure 1: The evolution of chloride concentration over time for various models: mean values and standard deviations (left); the evolution of reliability index β over time according to condition (6) (right).

Figure 2: The evolution of chloride concentration over time for various concrete covers/depths and models: mean values (left); the evolution of reliability index according to condition (6) (right).
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decreases with decreasing pH value. Thus, in the presence of carbonation, the risk that reinforcement concrete will be affected by corrosion is higher [40]; also, [31] deals with associated
problems for concretes with SCMs. Nevertheless, the steel depassivation caused by chlorides
usually occurs in noncarbonated concrete since chlorides penetrate mainly due to moisture in
the pore system, whereas the diffusion of carbon dioxide needed for carbonation rather proceeds
in concrete with a lower moisture content [25].
The research project detailed in [8] is composed of an extensive laboratory testing regime for
the assessment of coupled deterioration mechanisms including frost attack, carbonation and
chloride penetration; a design tool called Ennus-Concrete has been developed that takes into
account multi-deterioration mechanisms. When concrete is subject to internal cracking due to
freeze-thaw loading, it is assumed that the carbonation coefficient increases with the increase
in internal damage to the concrete. The developed empirical coefficients for carbonation and
chloride ingress affecting concrete that is subject to freeze-thaw induced cracking increase with
time and the increasing freeze-thaw deterioration of concrete. Note that the following disadvantages exist when using this approach: usually the reference value exhibits high uncertainty and
there is no direct way to check the associated probability of failure or reliability index.
Additionally, Yuan et al. [40] presents a multi-factor model for chloride diffusivity that also
gives consideration to carbonated concrete. It shows that chloride diffusivity decreases by about
25 % in the case of a carbonated OPC concrete. Moreover, the experimental work presented
in [36] shows the simultaneous effect of chloride concentration and pH value on the rate of steel
corrosion icorr , which proved to be higher in the case of carbonated concrete; also, icorr increases
with chloride concentration.
However, considering the synergy of carbonation and chloride attack in the same time period, it
should be kept in mind that the rate of chloride ion ingress is much greater than the progression
of carbonation and so the coupled effect of both these processes is of limited practical use.
In [5], a probabilistic procedure is presented which combines the assessment of two independent (and consecutive) limit states: chloride induced corrosion initiation, and corrosion induced
cracking of concrete cover. In this way the “synergy” is made effective with regard to probability
failure functions.

2.4

Mechanical load and chloride ingress

The degradation of load-bearing concrete structures is a result of the combined effect of environmental and mechanical factors. In order to make service life design realistic it is necessary
to consider both of these factors acting simultaneously; transport characteristics in concrete
may vary significantly depending on concrete composition, materials, curing, age, and environmental conditions, and also on its current pore and/or crack structure [10, 33]. In the annotated bibliography [39] it is reported that pore space is modified by the application of load,
while capillary absorption decreases under compressive load. Chloride diffusion slows down
under moderate compressive load but increases if the applied load approaches the ultimate load.
Under tensile load, both the capillary absorption and the diffusion coefficient increase steadily
with increasing applied load.
Many researchers have discussed the effect of cracking on concrete diffusivity in recent years,
mostly concentrating on the effect of a single crack only. Several of these references are mentioned in [35], which deals with the advanced modelling of concrete carbonation and chloride
ingress into concrete using stochastic 1D and 2D models. As mentioned above, the coefficient
of chloride diffusivity Dc can be modelled by means of influencing factors for chloride binding, temperature, ageing effect, humidity effect, curing condition, influence of stress/strain state
and crack formation. Additionally, influencing factors Fε and Fw for stress/strain state and for
crack structure are employed according to the approach presented in [41, 18]: for concrete with
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transverse load-induced cracks the average diffusion coefficient is divided into two parts for
sound and cracked concrete. Note that in [37] the relation between the ageing factor and the
stress level, i.e. the impact on the diffusion coefficient Dc was investigated. Apart from Dc , the
surface chloride accumulation CS will also be changed in relation to changes in concrete microstructure caused by mechanical load [37]. The results of the numerical simulation developed
by FReET-D and their comparison with experimental measurements [11] are presented in [35]
and are not repeated in the present text.

2.5

Statistical correlation among decisive input variables

Some of the parameters that define chloride ion ingress into concrete, the damage caused and
related limit states are correlated among themselves. The reason for this is their dependence on
the composition of concrete, on the location and on environmental conditions. These parameters
can be used in the design of reinforced concrete structures and in the prognosis of their evolution
over time. It can be of interest – as pointed out, e.g. in [4] – to assess the influence of such
correlations. Also, the selection of appropriate probability distribution functions is a critical
step while using a mathematical model and stochastic approach [17].
These correlations vary in relation to, e.g. the pore structure and other properties of concrete.
Unfortunately, this phenomenon has not yet been investigated properly (to the authors’ best
knowledge). Therefore, as regards ERF models (Equations (1) and (5)), correlations between
diffusion coefficient Dc and the chloride concentration CS (or CS,∆x ) on the concrete surface are
investigated in [32], again utilizing FReET-D software. Both these input variables possess high
sensitivity with respect to the output, i.e. to the chloride concentration C(x,t), and the effect
of their correlation can be incorporated into the stochastic analysis using a sampling technique
(MC or LHS) and simulated annealing. In this way, the related uncertainties are considered
together with the correlation effect, and thus more rational predictions can be gained for the
lifetime of a given structure.
Apart from the correlation effects of variables D and CS , which can influence the values of
modelled chloride concentration at reinforcing bars level, when assessing the reliability level
of initiation time employing the limit condition 6, the resistance variable Ccr plays a decisive
role and its correlation with other data can affect the results obtained from modelling. Some of
which are presented in [32]. Lollini et al. [17] also investigated the frequency analysis of the
ratio of parameters Ccr and CS,∆x for three types of reinforcing bars.

3

Conclusions

In this paper, an analytical chloride diffusion model applying a stochastic approach has been
investigated in order to enable the assessment of reliability level related to initiation time. Attention has been paid to the time dependency of the diffusion coefficient and/or surface chloride
concentration, and, partially, to the synergy of mechanical load and chloride ion ingress, as well
as the statistical correlation among decisive input variables (including the comparative variable
used for limit state formulation). It appears the consideration of the time dependency for the
diffusion coefficient and/or surface chloride concentration can be a decisive factor while checking the service life of an RC structure. Some more detailed results are to be presented at the
conference.
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Abstract: This paper presents a probabilistic model to consider the effect of fly ash
types on early creep of self-consolidating concrete (SCC). Existing models have
many key factors that influence the creep of SCC: mixture proportions, such as water-to-cement ratio, water-to-binder ratio, supplementary cementitious materials
(SCMs), and other environmental factors including humidity and temperature. In
general, SCC mixture proportions require a high paste volume to achieve the target
slump flow. Therefore, SCMs play an important role in changing the fresh properties
and hardened properties of SCC. However, the impact of fly ash on creep strains has
not been fully understood with respect to creep strain. Therefore, the further investigation is needed for the inclusion of quantified parameter of SCM (herein, fly ash)
effects on creep. Markov Chain Monte Carlo (MCMC) analysis is conducted to estimate unknown parameters of the probabilistic model to predict the creep accurately. The proposed model can be used to predict the early-age creep values of SCC.

1 Introduction
Self-Consolidating Concrete (SCC) is one of many high-performance concretes, which can be
consolidated under its weight without mechanical vibration. Because of its highly fluid nature,
SCC can be used for concrete sections with congested reinforced concrete. Mixture proportions
for SCC are different from those of ordinary concrete. Also, SCC mixture proportions require
a high paste volume to achieve the target slump flow. In general, SCC achieves a relatively high
paste volume by lowing the volume of aggregates. To achieve high paste volume, supplementary cementitious materials (SCMs) are additionally added and replace partially cement in total
binder content. In addition, superplasticizer as a chemical admixture is used to maintain the
lower water contents and improve workability, simultaneously. Therefore, SCMs play an important role to change fresh properties of SCC. In previous research, SCMs are mainly utilized
to increase the flowability of SCC. However, the contributions of SCMs on hardened properties
have been identified in fresh and hardened properties, but quantification of the contributions
are still limited. In general, the addition of SCMs in concrete can lead to increase the strains
and deformation of hardened SCCs over time. However, Kim et al. [1] reported that strength of
paste and SCMs could compensate the adverse effects of high volume of pastes on creep deformation. Therefore, the consensus on the effect of SCMs on SCC mixtures is still not fully
established. This study focuses on the application of fly ash in SCCs and its impact on the creep
deformation.
Fly ash is one type of by-product of modern thermal power plants using coals. Depending on
the chemical compositions (i.e., sources) of coals, the fly ash is categorized into two types
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(Class F and Class C). Typically, Class F fly ash has been widely used in SCMs for SCCs to
achieve high flowability and high strength. The specification of fly ash can be found in ASTM
C618, Standard Specification for Coal Fly Ash and Raw or Calcined Natural Pozzolan for Use
in Concrete. Therefore, the particle sizes and chemical characteristics of SCMs can play an
important role to change the time-dependent deformation.
In summary, there have been several studies on prediction of creep deformation for SCCs containing SCMs [2-4]. However, the characteristics of fly ash are not included in estimating creep
strains qualitatively rather than quantitatively. The uncertainties of sources and types of fly ash
are the main reason. Furthermore, the design guidelines for long-term behavior have not been
fully established for the SCC mixtures. The purpose of this study is to develop a probabilistic
model considering the effect of fly ash types to predict early creep of SCC.

2 Methodology
2.1 Mix Design of Self-Consolidating Concrete (SCC)
In this study, two types of Class F fly ash exhibiting different particle size distributions are used
as SCMs. The amounts of fly as retained on No. 325 sieve (normal opening size of 0.044 mm)
are 19.4% and 2.05%, respectively. With having blended fly ashes in the constant water-tocement (0.4) and water-to-binder ratio, three different fly ash contents are used for experiments.
As shown in Table 1, Type 2 Class F fly ash (Micron III) has finer particle than Type 1 Class
F fly ash (Apache).
Table 1. Important Design Parameters of Mixture Proportion

w/c by weight (unitless)
w/b by weight (unitless)
b/a by weight (unitless)
Type 1 and Type 2 SCM fractions
by weight, f (decimal)

Mix 1
(Type 1 and Type 2 fly ash)
0.4
0.32
0.31
f1= 0.33 (Type 1)
f2= 0.67 (Type 2)

Mix 2
(Type 2 fly ash only)
0.4
0.32
0.31
f1= 0 (Type 1)
f2= 1.0 (Type 2 only)

This study has all the same mixture design parameters except for two different blending ratios
of Type 1 and Type 2 fly ash. The new quanitative value is proposed to account for the impact
of particle distribution in SCMs. To represent the particle size in a quantitative manner, the
passing amounts of fly ash on No. 325 can be used such as one minus the retained amount in
decimal. This is a multiplier for weighing factor of SCMs fraction term, f. For example, Mix 1
has the value of equivalent f = f1 (1-0.194) + f2(1-0.02) = 0.92, while Mix 2 has the value of
equivalent f = 0.98. Therefore, equivalent f can be varied from 0.8 (only Type 1 used) to 0.98
(only Type 2 used).

2.2 Experimental Setup
Creep deformation is measured using calibrated strain gages on a concrete sample that is loaded
over time in the creep frame. Those strain gages are connected to the National Instruments (NI)
data acquisition system through modules NI-9219 and NI-9237. Figure 1 shows experimental
setup for monitoring creep deformation. Two creep samples using two different mix designs
are placed in the creep frame with one dummy sample in between two test cylinders. In addition,
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other SCC samples are prepared to monitor strain changes due to shrinkage and temperature
variations.

Figure 1. Experimental setup for creep testing
Using NI’s LabVIEW software, all every measurement is saved and plotted in real-time. In this
study, 25 days of load and corresponding strain measurements are collected. In order to develop
the more robust model, Kim et al. [1] data (1288 data points) is also added. Therefore, a total
of 5886 data points is used to develop the proposed prediction model using Marcov Chain
Monte Carlo (MCMC) analysis.

2.3 Probabilistic Model Development
There are two ways to express creep deformations of concrete: using creep strain, and
compliance function (creep function). Compliance function (creep function), J(t, t  ), can be
obtained from the following equation:

J  t , t     t , t   1 E  t   1 E  t   c a

(1)

( )

where f t, t ¢ is the creep coefficient at time, t; and loading at time, t  ; and E( t  ) is the modulus
of elasticity at time t  ; c is the creep strain; a is the applied constant stress, and c/a is the
specific creep function. The compliance values for different concrete mixtures are compared in
this study.
Based on the literature, the AASHTO model is well calibrated with traditional concrete
and became standard in the construction industry. The AASHTO model [5] considers four major extrinsic parameters to calculate the creep coefficient,   t , t   :

  t , t   1.9kvs khc k f ktd t 0.118

2181

(2)

kvs  1.45  0.13(V S )  1.0

(3)

khc  1.56  0.008H

(4)

kf 

5
1  f ci

(5)



t
ktd  

 61  4 f ci  t 

(6)

where H is the relative humidity (%), kvs is the factor for the effect of the volume-to-surface
ratio, khc is the humidity factor for creep, ktd is time-development factor, t is the maturity of
concrete (days), defined as the age of concrete between time of loading for creep calculations,
and time being considered for analysis of creep or shrinkage effects, kf is the effect of concrete
strength, t  is the age of concrete when load is initially applied (days). In this study, some additional parameters are added to the existing AASHTO model to enhance accuracy.

3 Results
3.1 Slump and Hardened Properties of SCC
As seen in Fig. 2, Mix 1 and Mix 2 containing Micro fly ash (Type 2 fly ash) showed the slump
flow of 737 and 724 mm, respectively. The compressive strengths of Mix 1 and 2 are 8014 psi
and 7080 psi, respectively.

(a) Mix 1 (slump flow = 737 mm)
(b) Mix 2 (slump flow= 724 mm)
Figure 2. Slump test results for SCC design mixes
Mix 2 containing Micro fly ash (Type 2 fly ash) tends to increase the rate of creep over time
when compared to Mix 1. Therefore, this can confirm that the effect of particle size could play
a role in the creep strain in SCCs. The inclusion of a new parameter is necessary to express the
different creep deformation of SCC containing SCMs except for w/b and b/a ratio. These two
parameters cannot distinguish the types of fly ash in the model. Thus, the equivalent, f factor
can be used in the proposed model. More detail formulation can be presented in the following
section.
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3.2 Probabilistic Prediction Model
A probabilistic model is developed to describe the relationship between the compliance function and the important parameters affecting the creep deformation of SCC. The current
AASHTO Model is used as a base model, and three parameters (the water-to-binder ratio, the
binder-to-aggregate ratio, and the SCMs to binder ratio) are added to enhance prediction of the
 (b  c) 
creep deformation. The proposed model is expressed including the new term of f  

 b 
as follows:

(7)

where other parameters are defined earlier, and f  0.801 f1  0.98  f 2 (where f1  f 2  1). The
 (b  c) 
term of 
 represents the total SCMs fraction over total binder contents by weight.
 b 
where Θ = (θ1, θ2, θ3, θ4, θ5, σ) is a vector of unknown parameters; ε is a random variable
representing the error in the model with zero mean and unit standard deviation, and σ is the
standard deviation of the model error. The logarithmic transformation is used to approximately
satisfy the normality assumption (i.e., ε has the Normal distribution) and the homoscedasticity
assumption (i.e., σ is constant). The posterior statistics of the unknown model parameters are
obtained using an adaptive Markov Chain Monte Carlo (MCMC) simulation method [6]. To
check the convergence of the simulated Markov chains, the Geweke convergence criterion is
used [7]. It is based on the comparison between the mean values of the first 10% and last 50%
of the samples. If the difference of the mean values is less than 5%, the MCMC simulation is
terminated. More detailed information can be found in Kim and Bai [4].
Table 2 shows modelling parameters of the probabilistic prediction model. Based on the posterior statistics in Table 2, impact due to the additional parameters are relatively small compared
to the original parameters used in the existing AASHTO model (θ4). The new parameter for the
SCM fraction (θ5) shows the least contribution among them. The contribution from the waterto-binder ratio is less than that from the binder-to-aggregate ratio.
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Table 2. Model Parameters of Proposed Model
Parameters
Mean

Standard
Deviation

Correlation Coefficient

1

-2.47

0.0212

1.00

2

0.102

0.00123

-0.65 1.00

3

-0.120

0.00345

-0.46 0.90 1.00

4

0.844

0.00195

0.75 -0.69 -0.54 1.00

5

0.0209

0.000158 -0.44 -0.04 0.02 -0.21 1.00

σ

0.143

0.00103

1

2

3

4

σ

5

0.31 -0.21 -0.18 0.22 -0.43 1.00

3.3 Comparison between AASHTO and Proposed Model
A probabilistic model is developed to describe the impact of parameters in the compliance
function for the creep deformation of SCC. The predicted compliance function values are estimated using the proposed model and the current AASHTO model. Figure 3 shows the relationship between the measured data and the predicted compliance function using models.
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Figure 3. Comparison between measured data and the predicted compliance function
As shown in Figure 3, most of the predicted values are plotted within the 50% error (red dotted
line) which is the current allowance adopted by the AASHTO. In addition, the spread of the
data around the 1:1 line is considerable. However, the lower measure of creep deformation
slightly exceeds 50% error bounds. This figure also shows the comparison on the predicted
compliance function between the proposed model and the existing AASHTO model. As shown,
the proposed model provides a better fit than the current AASHTO model. The performance of
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two models (i.e., AASHTO versus the proposed model) is marginally similar when the lower
compliance range.

4 Conclusion
This paper presents a probabilistic model to consider the effect of fly ash types on early creep
of self-consolidating concrete (SCC). SCC mixture proportions require a high paste volume to
achieve the target slump flow. Experimental results show that the creep containing finer fly ash
exhibited higher creep deformation over time. Therefore, the impact of fly ash on the creep is
considered using the particle size characteristics in a quantitative manner. The probabilistic
model is proposed using volume fraction and particle sizes of fly ash of the total binder in the
mathematical formulation. Finally, the proposed model exhibits the reasonable level of accuracy against the measured value. In particular, the early creep deformation is considered in the
proposed model using the newly measured data. In the future, the model can be improved with
the updated parameters using the additional data.
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Abstract: Since the predicted creep compliance according to the Eurocode 2 does not
take the effect of admixtures into consideration, a study of the influence of admixtures on creep is performed. Based on a large database established from international
laboratories and research centers, a comparison between the experimental creep and
the creep predicted by the Eurocode 2 is performed using statistical methods. An inaccurate estimation is detected based on the type of the admixture used. The use of a
combination of water reducer and silica fume as admixtures leads to an underestimation of the creep compliance.
In order to overcome this difference, a calibration is required by adding corrective
coefficients to the Eurocode 2 equations, taking into consideration the type and percentage of admixtures. The Approximate Bayesian Computation method based on the
rejection algorithm is applied in order to calculate the corrective coefficients.
After implementing the corrective coefficients in the Eurocode 2 compliance formula,
and in order to evaluate our updated Eurocode 2 creep model, statistical methods are
used. An improvement in the results is clearly shown. Using the large experimental
database, the present study demonstrates the importance of the Bayesian model assessment for the updating of the Eurocode 2 creep model, taking into account the effect of admixtures. The adoption of such a design approach would improve long-term
serviceability of structures subject to creep.

Introduction
Concrete is subjected to long-term deformations classified into two main categories based on
the presence or the absence of sustained applied load. The first category includes deformations manifested without application of external load known as the shrinkage deformations.
The creep deformations define the second category; they appear during the lifetime of the
structure and they are caused by the sustained applied load. In addition to these two categories, instantaneous deformations reveal also when the external load is applied. The deformations are affected by any type of admixtures added to the concrete and have an important
impact on the behavior, stability and durability of the structures.
Excessive deflections, difficulties with closure or un-esthetic permanent deflections may result from an inaccurate creep analysis. In 1978, the first large worldwide creep and shrinkage
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database was collected by Bažant and Panula at the Northwestern University (NU). This database coming from American and European institutions consists of results of approximately
400 creep tests and 300 shrinkage tests. The collaboration established between the ACI and
the CEB leads to an extension of this database performed by Müller and Panula. Further expansion has been undertaken by the RILEM TC 107-CSP Subcommittee 5 [21], leading to
what is known as the RILEM Database. Raphael et al. have used this database in order to predict the creep compliance for concrete that does not include admixtures in their composition
[22]. A major expansion leads to the current database completely restructured and verified,
and named the NU Database. This database was lately used in order to propose a multiobjective genetic programming technique for the modeling of complex engineering systems;
this technique was applied to develop a prediction model for the time dependent total creep
compliance of concrete [12]. Using this database, this paper presents a study showing the impact of admixtures on the concrete creep strains.
Admixtures are additions to a concrete mixture that can help in controlling the setting time
and other properties of fresh concrete [20]. In addition, it can improve its performance by
modifying its characteristics and enhancing workability. Concrete admixtures are of two main
types: chemical and mineral.
Chemical admixtures modify properties of concrete; improve its quality during mixing, transporting, placing, and curing. They fall into the following categories: air entrainers, water reducers, retarders, accelerators, corrosion inhibitors and shrinkage reducers.
Mineral admixtures make mixtures more economical, reduce permeability, increase strength,
and influence other concrete properties. They affect the nature of hardened concrete through
hydraulic or pozzolanic activity. Pozzolans are cementitious materials and include natural
pozzolans, fly ash and silica fume.
Gong et al. [14] have proposed a creep model for the axial compression concrete member
suffered from sulfate attack by combining effective stress in concrete damage mechanics theory with the B3 Model for concrete creep [4]. In Model B4 [2], the effect of admixture type
and percentage is taken into consideration by adding scaling factors to p2, p3, p4 and p5 parameters [17].
The Eurocode 2 does not take the admixtures into consideration in the evaluation of the creep.
Therefore, the present paper treats the impact of the water reducers and the silica fumes admixtures on the creep strains according to the Eurocode 2 [11] by using the Bayesian method,
which is one of the multiple methods that can be applied in order to predict the creep strains
from measurements. Ghasemzadeh et al. [13] have used the Inverse Analysis method to predict long-term creep from short-term measurements.
The Bayesian updating [6] is an advantageous method of analyzing experimental data, which
is the case of the present study. Bayesian model assessment is essential for a good evaluation
of structural safety, development of a reliability method that accounts for imperfect states of
knowledge and recognizes all sources of uncertainty arising in structural problems. By adding
correction coefficients, the Approximation Bayesian Computation (ABC) method [26] is applied in this study to take into account the effect of admixtures in the calculation of creep
strains.
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Method of Analysis
2.1 Database Parameters and Admixtures
H. Rüsch and O. Wagner performed the first data collection at the Technical University of
Munich. This limited database became the basis for the first CEB creep and shrinkage model.
D.E. Branson and M.L. Christiason’s paper [7] underlying the 1971 ACI-209 Model included
another data. The first large database assembled by Z.P. Bažant and L. Panula at the Northwestern University was included in the papers presenting the BP Model [5]. A joint ACIRILEM committee was organized, during the international ACI Fall 1979 Convention, to extend the Northwestern University database. This work was pursued in a Subcommittee
chaired by H. Müller of the RILEM Committee TC107-CSP that led to the RILEM-ACI 209
database in 1992. Some further additions to the database were done, at NU, by G. H. Li, in
2008 [3] and by K.T. Kim, in 2010 [19]. The latest database was assembled at NU during
2010-2013 [18] mainly under the support of the U.S. Department of Transportation. The information was extracted from many reports, conference proceedings and journal articles. Using this large database [10], a comparison is performed between the results obtained by
laboratory testing and those given by the theoretical model as indicated in the Annex B of the
Eurocode 2. The creep tests presented in this database have different parameters and conditions including but not limited to water to cement ratio, aggregate to cement ratio, cement
type, concrete strength, effective thickness, age at loading, temperature, relative humidity,
sustained stress, admixtures, etc. Since the admixtures have an influence on the behavior of
concrete, the tests with admixtures are separated from those without admixtures. This large
database contains 117 creep tests containing water reducers and silica fume admixtures simultaneously. The percentage of water reducers varies between 0.6% and 4.8 %, whereas the silica fume percentage varies between 4.17% and 17.6%.
The silica fume (SiO2) is a mineral admixture added to concrete to improve its properties,
particularly, its compressive strength and abrasion resistance. These improvements results
from both the addition of a very fine powder to the cement paste mixture as well as from the
pozzolanic reactions between the silica fume and the free calcium hydroxide in the paste. The
addition of silica fume to the concrete mix increases its compressive strength during the first
days of hydration but barely influences its compressive strength after 28 days [27].
The water reducer (WR) is a chemical admixture that usually reduces the required water content for a concrete mixture by about 5 to 10 percent. Consequently, concrete containing a water-reducing admixture needs less water to reach a required slump than untreated concrete.
The treated concrete can have a lower water to cement ratio. This usually indicates that a
higher strength concrete can be produced without increasing the amount of cement.

2.2 Approximate Bayesian Computation Method
The Bayesian calibration [6] provides an automated process for calibrating models [25] by
multiplying the expert knowledge known as a priori distribution [15] by the likelihood coming from the database [16]. The a priori distribution incorporates the uncertainty of the parameters that shall be calibrated. The objective is to refine these probability distributions by
comparing the results coming from the Bayesian update to the experimental measurements. In
the calibration processes, it is important to distinguish variables from parameters [26]. The
variables are input data [8] that are known but variable in times, while parameters are un-
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known constant data modeled by a priori distribution [8]. By multiplying the likelihood function with the a priori distribution, an a posteriori distribution will be obtained which will be
an update of the knowledge already known by using the latest database provided.
Different methods of Bayesian calibration may be used according to the available information
on the likelihood function [26]. If the likelihood function is analytically known, then Markov
Chain Monte Carlo (MCMC) method can be used. If the likelihood function is unknown analytically but an analytical approximation can be defined, then the MCMC method based on
metamodeling may be applied. If the likelihood function is unknown analytically, then the
Approximate Bayesian Computation method is used. In this study, the Approximate Bayesian
Computation method based on the rejection algorithm is applied [26].
The Approximate Bayesian Computation rejection algorithm method consists in generating,
for each correction coefficient, a random vector following an a priori distribution [26]. After
defining the new equation for predicting the creep compliance that takes the correction coefficients into consideration and for each random value of the correction coefficient, we apply
this equation to each test in the database and at different time of measurement as provided in
the database. Once the updated compliance is calculated, it will be compared to the experimental measurement. If the difference between the updated and the experimental compliances
is less than the threshold, then the random variable is accepted; if not, it is rejected [28]. Once
this procedure is applied, we obtain at the end a set of correction coefficient values with a
known a posteriori distribution or an empirical a posteriori distribution.

2.3 Evaluation Methods
The creep compliance J (t, t0) is the time-dependent strain per unit stress. In order to evaluate
the accuracy of the Eurocode 2 creep compliance prediction based on the experimental tests,
five methods are applied.
2.3.1 The residual method
The residuals are calculated by the difference between the experimental compliance and the
theoretical one, as given in equation (1):
𝑅𝑖𝑗 = (𝑂𝑏𝑠 𝑋𝑖𝑗 – 𝐶𝑎𝑙 𝑋𝑖𝑗 )

(1)

Figure 1 shows the Eurocode 2 residuals versus experimental creep compliance scatter of
concretes containing water reducer and silica fume simultaneously.
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Figure 1: Eurocode 2 residuals versus experimental creep compliance of concretes containing water reducer
and silica fume (J (t, t0) in MPa-1)

We notice that Eurocode 2 residuals increase linearly with the experimental creep compliance.
Moreover, the majority of the scatters are located above the X-axis. Therefore, the residuals
values are positive and the experimental creep compliance exceeds the predicted creep compliance. Consequently, the Eurocode 2 underestimates the creep compliance of concretes containing water reducers and silica fume.
2.3.2 The CEB methods
The CEB methods are statistical methods used to evaluate a model relative to the experimental database. The CEB mean deviation MCEB, the CEB coefficient of variation VCEB, and
the CEB mean square error FCEB formulas are presented in [1].
2.3.3 The RMSD method
The Root Mean Square Deviation (RMSD) represents the sample standard deviation of the
differences between predicted values and observed values. It is calculated using equation (2):
1
𝑅𝑀𝑆𝐷 = √ ∑(𝐶𝑎𝑙 𝑋𝑖𝑗 − 𝑂𝑏𝑠 𝑋𝑖𝑗 )2
𝑁

(2)

When RMSD is near zero or have small values, the results of the predicted compliance are
close to the experimental results.

2.4 Division of the Creep Compliance into Categories
The division of the creep compliance into categories has been used effectively to study the
impact of the range of creep compliance. Although the residual versus experimental creep
scatter plot shows a linear behavior, Figure 1 shows that for small creep compliances, the
scatters are around the X-axis, which indicates that the Eurocode 2 estimates accurately the
creep compliances, while, for larger values of creep compliances, the residual values increase
and the Eurocode 2 underestimates the creep compliances. In their study [24], Raphael et al.
have divided the creep compliance into three categories as follows:
- Small creep compliance (SC) for 0 < J (t, t0) < 60x10-6 MPa-1.
- Medium creep compliance (MC) for 60x10-6 MPa-1 < J (t, t0) < 120x10-6 MPa-1.
- Important creep compliance (IC) for J (t, t0) > 120x10-6 MPa-1.
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In the present paper, the same division into categories was applied for the creep compliance of
concretes containing water reducer and silica fume simultaneously.

Results
A prediction of the creep compliance according to the Annex B of Eurocode 2 is performed.
Then a comparison between the obtained results and the experimental measurements is applied using the CEB and the RMSD methods. Table 1 shows the evaluation method results of
the creep compliance for each category.
Table 1: Evaluation method values for creep compliance before correction

Category of creep Compliance
Small creep compliance
Medium creep compliance
Important creep compliance

MCEB
0.98
0.53
0.44

VCEB
23.5
58.1
59.5

FCEB
23
58
59.6

RMSD
7
44
105

Table 1 shows that the Eurocode 2 estimates accurately the small creep compliance and underestimates the medium and important creep compliance. To overcome this underestimation,
correction coefficients are introduced to the Eurocode 2 equation as follows:
𝐽(𝑡, 𝑡0 ) = (𝐴 𝑥

𝑊𝑅
𝑆𝑖𝑂2
+𝐵𝑥
) 𝑥 𝐽𝐸𝐶2 (𝑡, 𝑡0 )
100
100

(3)

With:
- A: a correction coefficient relative to the water-reducing admixture,
- B: a correction coefficient relative to the silica fume admixture,
- WR (in %): the percentage of water reducer added to the concrete mixture,
- SiO2 (in %): the percentage of silica fume added to the concrete mixture,
- JEC2 (t, t0): the theoretical creep compliance predicted by the Eurocode 2.
The correction coefficients A and B are calculated using the Approximate Bayesian Computation rejection algorithm. The results of applying this method on the creep compliance for the
concrete mixture with silica fume and water reducer are shown in Table 2.
Table 2: Correction coefficient values for creep compliance

Category of creep compliance
Small creep compliance
Medium creep compliance
Important creep compliance

Correction coefficients
No need for correction
A = 14.8, B = 17
A = 15, B = 24

Table 2 summarizes the results of the correction coefficients. We can notice that since the
Eurocode 2 estimates accurately the creep compliance for the small creep category, no correction coefficients are available. As for the medium and important creep categories, correction
coefficients are required. Once the values of A and B are determined, equation 3 is applied for
each test in the database and the results are compared to the experimental measurements.
Table 3: Evaluation method values for creep compliance before and after correction

Category of creep compliance
Small creep
Before correction
compliance
After correction
Medium creep
Before correction

MCEB
0.98
N/A
0.53
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VCEB
23.5
N/A
58.1

FCEB
23
N/A
58

RMSD
7
N/A
44

compliance
Important creep
compliance

After correction
Before correction
After correction

1
0.44
1

47.2
59.5
37.9

47.2
59.6
37.8

27
105
61.5

Table 3 summarizes the results of MCEB, VCEB, FCEB and RMSD before and after the Bayesian
correction. By comparing the values obtained before and after correction, we can notice that
for both medium and important creep categories, the mean deviation value became equal to 1,
and the VCEB, FCEB and RMSD values have decreased after correction. Therefore, by applying
the correction coefficients A = 14.8 and B = 17 for 60x10-6 MPa-1 < JEC2 (t, t0) < 120x10-6
MPa-1 and A = 15 and B = 24 JEC2 (t, t0) > 120x10-6 MPa-1, the corrected creep compliances of
concrete mixtures incorporating water reducer and silica fume meet the experimental values.
Figure 2 shows a diagram plot for the MCEB values before and after correction for each creep
category.

Figure 2: The MCEB values of the Eurocode 2 evaluation for each category before and after correction

From Figure 2, we can notice that, after applying the correction coefficients, the mean deviation MCEB has increased from 0.53 to 1 for the medium creep category and from 0.44 to 1 for
the important creep category. Therefore, the corrected creep compliance is nearer to the experimental values after correction since the MCEB is equal to the expected value 1.

Conclusion
This paper treats the effect of water reducer and silica fume added together to concrete mixtures, on the creep compliance. The first step consists on evaluating the applicability of the
Eurocode 2 creep compliance formulas to investigated concrete mixtures. We have found that
the Eurocode 2 underestimates the creep compliance for concrete mixture with water reducer
and silica fume. The approach used in the design codes is clearly insufficient for practical
engineering structures when admixtures are added to concrete mixes. In order to predict the
creep compliance for concrete containing water reducer and silica fume, the correction approach based on the Bayesian updating is applied to the creep compliance equation with addition of two correction coefficients that take the percentage of admixtures into consideration.
The correction coefficients were calculated according to the Approximate Bayesian Computation rejection algorithm using Matlab and the experimental database. The Approximate
Bayesian Computation rejection algorithm has proven to be an effective solution for the im-
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provement of the creep prediction according to the Eurocode 2 and very interesting results
have been obtained.
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Abstract: In the modelling of existing structures, the parameter uncertainties due to
seismic loading history cannot be ignored. Therefore, model needs to take this into
consideration for updating through time. In this paper, the identification of uncertain
parameters based on measurement and global sensitivity analysis of a numerical
model were conducted on an existing building. The authors first clarified error causes
between numerical outputs and observed data of an existing structure, and then
adopted the sensitivity analysis to measure uncertainties of a numerical model. To
clarify error causes, the first was to evaluate the variability of modal parameters
through system identification. Then, we investigated the possibility of structural
property changes by transfer functions and equivalent stiffness estimations of the base
isolation system over time. For uncertainty quantification, sensitivity analysis was
conducted on local stiffness parameters of the superstructure. The study can be useful
in model updating and data acquisition related to health monitoring problems.

1 Introduction
The health monitoring of existing structures is highly required to assure their structural safety
including in the risk assessment for future earthquakes. Numerical models of target structures
incorporating with monitoring data are required for comprehensive investigations of their current
states as well as the prediction of their future dynamic performance. Especially in the modelling
of existing structures, one of influential factors to model outputs that must be considered is the
uncertainties of input structural properties due to structural changes over time not only
deterioration but also large earthquake loading histories. In this paper, authors dealt with
earthquake response data acquired in a high-density structural monitoring system installed in an
existing base-isolated building. The building suffered from a very large Mw. 9.0 off the Pacific
Coast of Tohoku zone in 2011, commonly known as the Great East Japan Earthquake. Some
dynamic properties changes of this building were already found later by Dionysius et al. [1][2].
Therefore, the safety evaluation of the building through numerical analysis is only of value if its
model is updated. The success of model updating strongly depends on the choice of influential
parameters to errors between numerical results and measured data, i.e., how many parameters
from many possible candidates are chosen and which parameters should be preferred. Some
previous studies indicated that updating parameters can be prioritized for yielding better results
of finite-element-model updating after some updating procedures were implemented [3][4]. Kim
and Park involved an automated parameter selection procedure in an updating process; as a result,
the number of updating parameters was considerably reduced. Meanwhile, some other studies
applied F-test method to perform hypothesis testing based on Analysis-of-Variance (ANOVA)
for parameter screening before model updating [5][6]. The significant parameters were pointed
out based on comparing calculated F-test values with a chosen F-test criterion value without the
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indication of which specific parameter was significantly different from each other. Wan and Ren
[7] focused on parameter selection in finite-element-model updating through sensitivity indices
of main and total effects in the global sensitivity analysis (GSA). This ANOVA-based method is
more efficient and reliable for selecting parameters in terms of their quantity and importance
ranking. Besides, the parameter choice carried out before model updating is beneficial to produce
more accurate results and saving computational time on significant parameters with the reduced
number of chosen parameters. So far, the application of GSA in parameter selection in model
updating considering uncertainty is quite new and needs further investigation.
GSA aims to describe how changes in model inputs affect model outputs in an entire input space
and hence can extract significant uncertain parameters. One of GSA methods which is most used
recently is Variance-based SA (VBSA) [8]. The advantages of VBSA include model
independence, the provision of a complete picture of models considering simultaneous variations
of all input parameters, and the ability to treat a group of variables as a scalar variable. VBSA is
hence adopted for sensitivity analysis of the existing building. The aim of the study is, through
the identification of uncertain parameters of a numerical model and the application of VBSA on
sensitivity analysis of recognized parameters, to localize and prioritise uncertain parameters
causing significant errors between computed results and measurements. It may be useful for
decision-making in parameter selection in model updating of the target building.
In this study, the detailed analysis of possibility of structural changes in the target structure due
to the Great East Japan Earthquake through observed data was first conducted. For detail
analysis, the authors investigated dynamic property changes through the system identification
and the local stiffness reduction of the structure through transfer functions. Then, GSA using
importance measures was applied on a lumped-mass model of the target building for localizing
and prioritizing model input parameters that cause significant uncertainties on the errors
between simulated outputs and measured data.

2 Target building
The target structure in this study was an existing base-isolated building located in Tokyo Bay
area, Japan. Here, the earthquake response monitoring data was acquired successfully from
2010 to 2012. The dynamic property analysis and its numerical study using a lumped-mass
model in the Great East Japan Earthquake were conducted in the previous studies by Dionysius
et al. [1][2]. In this chapter, authors basically follow those studies to explain the target structure,
installed monitoring system, dynamic properties, and modelling. Based on these results, the
authors continue to identify error sources between measured and simulated results of the
building under various shaking levels and analyze sensitivities of the numerical model
considering uncertain parameters which will be presented in next sections.

2.1 Target building description and its data acquisition
The target building is an L-shaped reinforced concrete base-isolated building with the main
structure made of braced steel frames. The building consists of 2 parts: 7-story classroom
building (building B) and 14-story research building (building C) connected by common elevator
shaft and paths (Figure 1(a)). A vertical opening in the middle of building C from the 2nd to 7th
floor divides it into two sections named section Ca and section Cb, as shown in Figure 1(b). All
parts of the building are connected by a unique concrete slab placed on the top of the base
isolation system. The base isolation system consisted of a total of 146 isolators and dampers
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(c)

(b)

(a)

Figure 1: (a) The target building, (b) Layout of the isolation system, (c) Isolator layout

units: 59 natural rubber bearing (NRB) units, 26 sliding bearing (SB) units, 28 lead damper (LD)
units, and 33 U-shaped steel dampers (SD) units, see Figure 1(b).
In 2011, the huge Mw 9.0 earthquake off the Pacific Coast of Tohoku zone attacked Northeastern Japan (here referred to as the main shock) with its peak ground acceleration (PGA)
reaching 157.6 gal in X-direction and 167.9 gal in Y-direction. From 2010 to 2012, there were
5 large earthquakes with GPA from 25 to 160 gal and many small events less than 25 gal. Note
that the building survived the main shock without visible structural and non-structural damage.
The high-density seismic monitoring system provides dynamic measurements of acceleration and
displacement with automated data acquisition and communication functions. Sensor deployment
was performed in Figure 1(c).The detail of seismic monitoring system is given in [9]. Sensors are
measured along the principal axes of the building with the sampling frequency of 100 Hz. The
system has successfully recorded more than 140 earthquakes for 3 years from 2010 to 2012.

2.2 System identification and its long-term changes
2.2.1 System identification
The MIMO time-variant SRIM system identification [10] of the target building using the seismic
monitoring data was conducted by Dionysius et al. [1]. The study presents the first three modes as
dominant modes of the building (Figure 2). For the main shock, the first mode was a translational
mode that had the characteristic of large horizontal modal displacement at the isolator layer and
small modal displacement at the upper structure, identified at about 0.45-0.58 Hz. The second and
third modes were torsional responses of the structure that have large modal displacements at the
corner of building Cb in a range of 0.58-0.68 Hz and building B from 0.68 to 1 Hz respectively.
Similarly, frequency ranges of the first mode, the second mode, and the third mode for small
earthquakes were approximated at 0.55-0.6 Hz, 0.7-0.8 Hz, and 1.1-1.2 Hz respectively.
2.2.2 The variability of modal parameters during long-term data observation
The sequential variability of natural frequencies of the first three modes during the long-term
earthquake observation is shown chronologically in Figure 3. The response of one event can be
divided into time segments of 50s each. For example, considering the natural frequency of the first
mode, the event starts from a low value at the beginning of the excitation and increases gradually
towards the end. The figure reveals that the natural frequencies of the first two modes for events
after the main shock are generally lower than those before the main shock. The decrease of
frequencies of events after the main shock is clearly expressed in mode #3. As aforementioned,
mode #2 and mode #3 signify the rotational responses of the superstructure. Hence, it is predicted
that there was the possibility of structural changes of the existing building.
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Figure 2: First three mode shapes of the structure under the main shock produced from the system identification.

1.4

Mode #1

Mode #2

Mode #3

1.2
1
0.8
0.6
0.4
9/10

1 event
3/11

5/11
Time (Month/Year)

1/12

12/12

Figure 3: Long-term sequential variability of the first three modes against natural frequencies over time.

2.3 Numerical model verification
2.3.1 Modeling
Numerical modelling process details can be referenced in [2]. The base isolated building
consists of 26 floors and one rigid base slab. Here, 81 degrees of freedom (DOFs) was adopted
(Figure 4(a)). Matrices of stiffness [K], mass [M] and damping ratios 𝜉 were assigned as input
parameters of the model. For base isolation units, bilinear models were applied to calculate the
first stiffness and second stiffness for each. The stiffness matrix of the base was approximated
as the summary of stiffness of all isolator units in three directions X, Y, Z which were identified
following to the building’s main directions.
2.3.2 Model accuracy
Simulations were done for large and small earthquakes to evaluate model's accuracy. Figure
4(b) shows that a good agreement between the numerical outputs and the recorded data in both
time domain and frequency domain in the main shock. The small discrepancy between
simulation and measurement can be considered as acceptable errors because of the complexity
of the real structure and the simplification of the numerical model. However, there was not good
agreement in the response of small earthquakes before and after the main shock especially in
the frequency range of 0.7-1.2 Hz, for example in Figure 4(c). This specified frequency range
dominated the torsional responses of the building. The model hence can be updated through
response analysis of the superstructure modes.
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Figure 4: (a) 3D lumped-mass model of the target building; (b),(c) Dynamic performances of the structure between
simulation and measurement of sensor C110 in X-direction under the main shock and a small EQ respectively.

3 Detail analysis of structural property changes
Considering possible changes of the target building through the system identification using
long-term monitoring data indicated that there was the possibility of structural changes after the
Great East Japan Earthquake (in section 2). In this section, ones investigated structural property
changes in detail by performing transfer functions of floor acceleration and the variance of
equivalent stiffness of the isolation system over time.

3.1 Transfer functions of superstructure
In this section, the transfer functions represented transfer ratios between specified floors of the
building, i.e., the ratios between the top and the 4th floor, the 4th floor and the upper base layer
of building B; the top and the 9th floor, the 9th floor and the base layer of building C, with respect
to translational floor acceleration on their respective weak axes. Spectra of transfer functions
were constructed by a set of 45 recorded earthquake (EQ) events before and after the main
shock from 2010 to 2011. Most of these events were small earthquakes. The set was divided
into two subsets including 18 events of foreshocks and 27 ones of aftershocks. Their
performance analysis can be conducted through evaluating the probabilistic values of mean and
standard deviation, as shown in Figure 5. The figure shows that the transfer function of seismic
forces from the ground to upper floors decreases following floors’ height development. The
lower floors of the buildings point out clear peaks with higher transfer magnitudes in
comparison with upper floors in their dominant torsional frequency ranges. By comparing the
magnitudes of these peaks, the figure also indicates that transfer ratios of aftershocks were
higher than these of foreshocks. That is, the behavior of the structure in aftershocks became
more flexible than they were in foreshocks. It thus can be concluded that there was a possibility
of stiffness reduction of the structure after suffering the main shock. These results were
consistent with the previous indication in section 2.2 as considering the long-term changes in
frequency domain.

3.2 Equivalent stiffness of isolators over time
An approximation of equivalent stiffness through measured acceleration and displacement was
conducted to assess the possibility of stiffness changes of the isolation system after the main shock.
The force-deformation relationship of the system can be approximated through equivalent
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Transfer ratio

hysteretic loops of acceleration and displacement. The equivalent stiffness was calculated through
the ratio between the discrepancy of maximum and minimum accelerations and that of respective
displacements, simply illustrated by the straight line on the hysteretic loop of a natural rubber
bearing (Figure 6(a)). The change of approximated effective stiffness of the isolation system over
time is shown in Figure 6(b). The stiffness decreases gradually from the event on 2 May 2010
towards the lowest value at the main shock and recovers the value on 15 July 2011 after 4 months.
The delay can be explained to be due to the stiffness reduction of isolator devices as a characteristic
of Mullin’s effect [2], which is known as the property of temporary and recoverable reduction in
modulus under strain cycling of rubber isolators. The recovery process of the effective modulus
spent a long time in four months. This is understandable to be due to fact that consecutive events
after the shock caused a prolonged effect on the effective modulus recovery of isolators.
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(b)

(c)
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Figure 5: Transfer functions of floor acc.:(a)(b) the 4th floor/ the upper base layer and the 7th floor/ the 4th floor of
building B, (c)(d) the 9th floor/ the upper base layer and the 14th floor/ the 9th floor of building C respectively.
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Figure 6: (a) The hysteretic loop of a natural rubber bearing located at the base of the building Cb in Xdirection under the mainshock, (b) Approximated effective stiffness of the system over time.

4 Variance-based sensitivity analysis
One of global sensitivity analysis methods is Variance-based sensitivity analysis (VBSA) that is based
on the theory of ANOVA. VBSA on the numerical model can extract significant uncertain parameters
from the entire parameter space and rank uncertain parameters following to their importance
measures. It is useful for determining which parameters should be preferred in model updating.

4.1 Theoretical description of Analysis-of-Variance (ANOVA)
In this section, ones briefly introduce an importance measure of GSA based on ANOVA
incooperated with Design-of-Experiments (DoE) of uncertain input parameters. The
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fundamental idea of the method is to decompose the variability of an output y following to the
variability of one of input parameters Xi:
E[V ( y X i )]  V ( y)  V ( E[ y X i ])
(1)
Where V(y), V ( E[ y X i ]) presents the total variance and the conditional variance of the output y
when the input Xi is set constant. E[V ( y X i )] is the expected value of the conditional variance of
y. First-order sensitivity indices can be estimated through correlation ratio  2  V ( E[ y X i ]) / V ( y).
Practically, they can be calculated through the coefficient of determination R2 as follows:
R

2

 
 1
 
m

n

j 1

i 1

m

n

j 1

( yij  y j ) 2

(2)

( yij  y )2
i 1

Where y is expressed in three notations of yij, y j and y corresponding to ith output (i=1:n) under
level j, mean of outputs under level j and mean of the total output.

4.2 Variance-based sensitivity analysis of uncertain parameters
Though numerical outputs of the largest earthquake were verified with an acceptable error level,
structural perturbations subjected to large earthquakes or consecutively small earthquakes in a
long term possibly result in large errors of the model in the future. Model updating is thus needed
for monitoring the health of the structure. This section focuses on performing sensitivity analysis
of uncertain structural parameters which were found in the previous section.
As aforementioned, there was the possibility of the structural changes after the mainshock, i.e.,
the stiffness reduction of the superstructure due to suffering the largest earthquake and the
stiffness variance of the isolation system due to Mullin’s effect. The change of stiffness of the
isolation system was a temporal and recoverable property; therefore, the authors concentrated
on sensitivity analysis of stiffness parameters of the upper structure due to external forces. By
functioning GSA on structural stiffness parameters, the aim of predicting which uncertain
parameters was the most influential to the errors can be obtained. Here, one aftershock on 21
September 2011 with small PGA of 5.26 gal in X-direction and 4.4 gal in Y direction was
chosen for conducting GSA in the fact that a high error level was found on this small earthquake.
The building was divided into 8 groups, B1, B2, Cb1, Cb2, Ca1, Ca2, C1, and C2, as shown in
Figure 4(a), corresponding to 8 local stiffness parameters of concern. The first step of GSA is
to determine probability distributions of selected parameters in DoE. The variability of
stiffnesses was assumed to be uniform distributions with 10% for each. The total 28 = 256
parameter sets were created by two-level full-factorial DoE. The parameter sets which was
adopted as inputs of the model were then run to get R2 values with respect to an appropriate
comparative feature, i.e. RMS error (RMSE) of acceleration. Note that R2 values are shown in
percentage to compare the sensitivities relatively.
The R2-statistic results are shown in time domain (Figure 7) illustrates that the uncertainty of local
stiffness parameters affected the errors of the model in very diversified degrees, some of them
emerged as critically sensitive parameters while others seem to be insignificant. The figure shows
that the stiffnesses of lower parts of the building KB1, KCa1, KC1 come to higher sensitivity
percentages in relative comparison with the ones of their upper parts. It can be due to high transfer
ratios at low floors of the building, as presented in section 3.1. Error sources subjected to local
stiffness changes at a specific position of the model can also be predicted, e.g., at the 4th floor of
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building B (at sensor B102), the uncertainty of KB1, KC1 was found as potential error causes in
X-direction, and KB1, KB2 was ones in Y-direction.
It is interesting that sensitivities of local stiffnesses in frequency domain strongly related to
characteristics of mode shapes (Figure 2). Considering the first mode (mode #1) that has the
characteristic of rigid body motion of the superstructure, the uncertainty of the parameters more
influences to the response errors of the model where they were defined. For example, KB1 almost
only affects to building B while KCa1 is a significant factor to building Ca (see Figure 8 (a)(b)).
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Figure 7: Sensitivities of local stiffnesses with the comparative feature RMSE on 21 sep. 2011 in time domain.
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Figure 8: Sensitivities of local stiffnesses against RMSE in frequency domain in (a) X-Dir., (b) Y-Dir.
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Regarding mode #2, high sensitivities of the parameters are found at building C in X-direction and
building B in Y-direction where have large modal displacement, e.g., the variability of KB1
significantly influences to the corner Cb of building C in X-direction and building B in Y-direction.
The response of the structure was oriented following to Y-direction in mode #3, therefore, higher
sensitivity was found at positions of the building in this direction.
On the other hand, the different influence level of a considered parameter on different positions
of the building is beneficial to select appropriate sensors in model updating using observed data.
For example, Figure 7 points out that sensor C104 can be chosen for updating KCa1 in both
directions. A similar work was done in three dominant frequency ranges of 0.3-0.6 Hz, 0.6-0.9
Hz and 0.9-1.2 Hz corresponding to the three first modes for more detail concerns (Figure ).
Different sensitive degrees of parameters in dissimilar frequency ranges can be helpful for
narrowing data within required bandwidths from the large volume of observed data. For
example, needed data of sensor C104 for updating KCa1 in both X and Y directions can be
limited in the frequency range of 0.3-0.6 Hz.

5 Conclusion
The study explored important sources of inaccuracies of the numerical seismic response. Then,
sensitivity analysis was conducted considering uncertain parameters using a numerical model
of an existing base-isolated building. Some conclusions are drawn as follows:
1. By functioning transfer ratios for a set of earthquakes before and after the main shock, it is
realized that there was the possibility of stiffness reduction of the superstructure due to the
large earthquake on 11 March 2011. The analysis of equivalent stiffness variance of the
isolation system over time also indicated that the stiffness variance of the isolation system
was temporal and recoverable in 4 months after the mainshock.
2. Global sensitivity analysis was conducted on uncertain parameters of local superstructure
stiffnesses. The analysis goes to conclusive results:
 GSA on local superstructure stiffnesses indicated that stiffness parameters of lower floors
should be of most concern in model updating. By considering which parameter was most
influential to the errors, error sources due to local stiffness changes can be predicted.
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GSA of structural parameters has a strong relationship with characteristics of mode shapes
in terms of their displacement direction and magnitude. Hence, it can be applied to more
comprehensively understand about the response of structure in both time domain and
frequency domain as well as increase the ability of error prediction of numerical models.
GSA in frequency domain can be used for selecting appropriate sensors in model updating.
The study also suggests a strategy for limiting data acquisition to appropriate bandwidths.

Localization and prioritization of uncertain parameters are useful for supporting decision-making in
parameter selection in a model updating procedure. Further findings on sensitivity analysis of the
numerical model may be useful for optimal data acquisition. For future work, uncertainty quantification
of uncertain parameters using Bayesian approach may be done for model verification and validation.
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Abstract: This study focuses on quantification of uncertainty relevant to the seismic
response analysis for improvement of reliability of seismic probabilistic risk assessment (SPRA) for nuclear facilities. In order to quantify the effect of variation of
simulated input ground motions on response analysis results, uncertainty evaluation
of the variations in seismic response of nuclear facility was conducted. It was in
addition investigated that the influence due to different modelling methods on the
variations of the reactor building response since there are several modelling methods
often used so far.

Introduction
Research and development on the next-generation seismic probabilistic risk assessment (SPRA)
by using three-dimensional (3D) virtual vibration simulators is ongoing to evaluate the seismic
safety performance of nuclear power plant (NPP) facilities with higher degree of reliability [1].
This study focuses on quantification of uncertainty of seismic response analysis for improvement of reliability of SPRA for nuclear facilities. To develop an advanced SPRA scheme,
Nishida et al. [2] proposed the hazard consistent ground motions (HCGMs) as a set of input
ground motions, which will be used for reliability computation using the Monte Carlo Simulations (MCS) of hazard and the following fragility analyses as well. In this proposed scheme,
ground motion time histories carefully selected, which is not the case for conventional hazard
analyses using only a single intensity measure such as peak ground acceleration (PGA) and
peak ground velocity (PGV). Therefore, it is a method integrated both hazard and fragility analyses with more realistic representation of ground motions. In addition to represent of input
motions, difference of modelling methods for an NPP building including soil-structure interaction (SSI) modelling. This paper examines three different models of a seismic response analysis
of an NPP building; a three-dimensional finite element (3D FE) model with shell elements, a
3D FE model with solid elements and a conventional Sway-Rocking (SR) stick model with
lumped mass with SSI springs using the HCGMs as input are used. Then the results are compared to estimate uncertainty related different models. Finally, a method of adopting the variation on the same floor due to the difference in position to the conventional SR model, which
obtained from the result of the 3D FE model is proposed.
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Analysis Conditions
2.1 Hazard Consistent Ground Motions (HCGMs)
Ground motion generation is conducted for the target site, Oarai, Japan (Lat. 36.26˚N, Lon.
140.55˚E), where the target NPP is located in. Figure 1 shows the site location, and Figure 2
shows the seismic hazard curve for PGA defined at the free rock surface. The seismic hazard is
evaluated according to the method used in headquarters for earthquake research promotion
(2009) [3], where the intensity measure of ground motions is the peak acceleration on a free
rock surface. The attenuation relationship proposed by Si and Midorikawa [4] is adopted with
the variation of 0.58 as a standard deviation value of the natural logarithm (logarithm standard
deviation). In this study, the target range of the ground motions reproduction is selected based
on our past experience that two or three times greater PGA than design level has most contribution to the core damage frequency (CDF) of the NPP designed according to the current seismic design requirement in Japan. This level is around PGA of 700-1,100 cm/s2, which
corresponds to the range between 10-4 and 10-5 in annual exeedance probability in the seismic
hazard curve. The acceleration range 700-1,100 cm/s2 was divided into 4 intervals of 100 cm/s2
each; then, 50 ground motions were generated for each range, and finally 200 ground motions
were reproduced from this range. Seismic sources for reproducing these motions are chosen
according to their hazard contributions to the site hazard by using a stochastic fault-rupture
model [2], which are obtained from disaggregation of the seismic hazard curve.
Figure 3 shows examples of response spectra and acceleration time history waveforms that are
generated from different seismic sources. According to Figure 3 (a), it can be confirmed that

Figure 1: Target site location.

Figure 2: Seismic hazard curve at the target site [2].

(a) Response spectra (700–800 cm/s2).

(b) Time history waveforms (1000–1100 cm/s2).

Figure 3: Examples of generated input ground motions from different sources [2].
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the phases of the response spectra are diverse. Also, according to Figure 3 (b), input ground
motions are of the same hazard level (1000–1100 cm/s2); however, the arrival time and duration
are diverse. It can be observed from these examples that even if PGAs of the generated as a
result of disaggregation of a single measure hazard curve, which can be understood as good
advantage of this proposed method over the conventional PRA, in which the shape of the input
seismic motion spectrum is assumed to be the same as the uniform hazard spectrum or that of
the design basis earthquake for the plant and the variability of the spectrum is not considered.

2.2 Analytical Models and Analytical Conditions
The reactor building was modelled as the following three different models; a 3D-FE model with
shell elements, a 3D-FE model with solid elements and a conventional SR stick model. The
difference among the three models will be compared and be quantified. The 3D-FE shell model
mainly uses shell elements for walls and slabs, as shown in Figure 4 (a). The number of nodes
is approximately 50,000 and the number of elements is approximately 60,000. The soil-structure interaction (SSI) was expressed in terms of the soil springs as shown in Figure 5. Seismic
response analysis using the 200 waves of HCGMs was performed and the building responses
were obtained by simultaneous excitation in three directions. Rayleigh damping and direct time
integration methods using Newmark-β method (β=1/3, γ=1/2) were employed in the analysis.
The integration time interval (Δt) is 0.005 s. Nonlinear effects on the SSI and the material properties of the reactor building and soil are considered. For comparison, the results of the 3D-FE
solid model obtained from the past study [5] and the embedded SR model were compared. Here,
the SSI effect was modelled as “solid elements” above the free rock surface for the solid model,
while “soil springs” for the embedded SR model. To verify the constructed analytical models,
eigenvalue analyses were performed, and the results of the 3D-FE (shell and solid) and SR
model are shown in Table 1. From the results, the first and second natural periods in each model
correspond to each other.

(a) 3D-FE model (Shell)

(b) 3D-FE model (Solid)[5]

(c) Embedded SR model

Figure 4: Overview of the analytical models.

(b) Bottom spring

(a) Side springs

Figure 5: Attachement location of soil springs for Soil-structure Interaction (Shell model).
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Model

3D-FE (Shell)

3D-FE (Solid)

Embedded SR

Table 1: Eigenvalue analysis result of the reactor building models.
East-west dir. (EW)
North-south dir. (NS)
Mode
Period [s]
Frequency [Hz]
Period [s]
Frequency [Hz]
1st

3.2

0.31

3.2

0.32

2nd

5.7

0.17

6.0

0.17

1st

3.9

0.25

3.9

0.25

2nd

5.7

0.17

5.7

0.18

1st

3.4

0.29

3.4

0.29

2nd

6.5

0.15

6.6

0.15

Analytical Results
3.1 Maximum Acceleration Response along Height
The analytical results obtained using the 200 ground motions were compared model by model.
The maximum acceleration responses in the in-plane direction of the reactor building walls (4A and 4-C line walls as shown in Fig. 6) were focused for comparison. At first, we focused on
the maximum acceleration response distributions along the building height. Figure 7 (a) shows
the analytical results of the maximum acceleration responses in the EW direction of the shell
model using the 200 ground motions, and Figure 7 (b) shows the average response as the red
solid line and the standard deviation as the red dotted lines along the building height. It can be
observed from this that embedment effect dominates structural responses by observing notable
response amplification of building portion above the ground level. Here, the result of the solid
model is also shown as the blue lines. As a result of comparing the average response, difference
was confirmed in the middle part in the height direction of the reactor building. This is assumed
to be due to the difference in modelling method of the SSI effects. Figure 7 (c) shows the logarithm standard deviation due to simulated ground motions in each model. According to the
Figure 7 (c), both logarithm standard deviations of the shell model and the solid model are
almost constant regardless of the height difference and the values are around 0.2.

Figure 6: Response output positions of the reactor building walls.
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(b) Average ± σ
(c) Logarithm standard deviation
(a) Maximum
acceleration response due to simulated ground motions
Figure 7: Statistics of maximum acceleration response of 3D-FE models (4-A line wall, EW dir.).

Table 2: Correlation coefficient of maximum acceleration responses of locations on the same floor level.
(a) Shell model

4-A line

58.7m
50.7m
44.7m
36.7m
29.7m
22.7m
15.0m

EW dir.

0.720
0.705
0.667
0.642
0.708
0.739
58.7m

0.675
0.770
0.709
0.682
0.785
0.816
50.7m

0.620
0.798
0.783
0.724
0.826
0.856
44.7m

0.558
0.690
0.847
0.816
0.824
0.850
36.7m
4-C line

0.584
0.635
0.762
0.883
0.878
0.845
29.7m

0.575
0.684
0.722
0.828
0.937
0.899
22.7m

0.605
0.726
0.763
0.800
0.921
0.992
15.0m

0.669
0.805
0.872
0.946
0.943
0.879
0.823
36.7m
4-C line

0.690
0.796
0.828
0.879
0.926
0.937
0.867
29.7m

0.677
0.784
0.822
0.857
0.878
0.946
0.936
22.7m

0.650
0.765
0.814
0.853
0.865
0.932
0.955
15.0m

(b) Solid model

4-A line

60.7m
50.7m
44.7m
36.7m
29.7m
22.7m
15.0m

EW dir.

60.7m

0.775
0.808
0.763
0.740
0.706
0.668
0.670
50.7m

0.670
0.844
0.942
0.906
0.839
0.814
0.795
44.7m

*Correlation coefficient: 0.50~0.75, 0.75~0.90, 0.90~

3.2 Correlation of Maximum Acceleration Response on same Height
Next, we focused on spatial difference in responses on the same floor, which is a feature of the
3D-FE model only. Table 2 shows the correlation coefficients of the maximum acceleration
response of the walls on the same floor (4-A and 4-C line walls) in the EW direction due to 200
ground motions. For the reference, the embedded SR lumped mass model cannot express the
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(a) Shell model

(b) Solid model

Figure 8: Variation of maximum acceleration response of building walls (EW dir.).

spatial difference of response on the same floor level, therefore at least not identical maximum
response should be considered when this model is used. It is evident that the correlation coefficient exceeds 0.95 for two baseline walls. However, in both cases, it is found that the correlation
coefficient decreases as the height increases.

3.3 Factor of Response Variations
In the conventional SR model, since there is only one evaluation point on each floor, it is impossible to consider variation due to the difference in the position of the same floor. We examined a method for adopting the variation due to the position difference obtained from the result
of the 3D FE model to the SR model. First, it was assumed that response variations of the two
walls (βT) obtained by seismic response analysis results using a 3D FE model contains variations caused by ‘differences in the ground motions’ and ‘differences in the wall’. Here, the
former and latter variations are to be called ‘variation between ground motions (βB)’ and ‘variation in the ground motion (βI)’, respectively. ‘Variation between ground motions (βB)’ indicates the variation from the average value of the maximum response of the wall at the same
floor obtained by analysing the 200 ground motions, while ‘Variation in the ground motion (βI)’
indicates the difference between the variation in the maximum responses of the two walls at
same floor obtained by analysing the 200 ground motions. This relationship is shown in Equation (1).
𝛽𝑇 = √𝛽𝐵 2 + 𝛽𝐼 2

(1)

The variation of the maximum acceleration response in the EW direction of the shell model and
the solid model are shown in Figure 8. The horizontal axis of the figure is the logarithm standard
deviation value. According to the Figure 8, both ‘Variation between ground motions (βB)’ of
shell and solid model are almost constant regardless of the modelling method and the direction
of the building height, and the logarithm standard deviation values are approximately 0.17-0.20.
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For reference, the variations of the embedded SR lumped mass model are shown as a black
dotted line in Figure 8 (a), its values are about 0.20 or less. Furthermore, ‘Variation in the
ground motion (βI)’ tend to increase as the building height increases, and the maximum logarithm standard deviation values are approximately 0.07 or less regardless of the model method
and the direction of the building height. As a result, in case of use of the embedded SR stick
model, ‘variation in the ground motion (βI)’ 0.07 should be taken into consideration.

Conclusion
A seismic response analysis of a 3D-FE model of a nuclear plant building using the 200 waves
of HCGMs as input was performed, and the knowledge obtained through the analysis of the
variation of the analytical results are as below.





The embedment effect is very much important for more realistic response evaluation of the
building thus embedded in the ground. As a result of comparing the average values, a difference was confirmed in the middle part in the height direction of the reactor building.
This is assumed to be due to the difference in modelling method of the SSI effects.
Correlation coefficient of the maximum acceleration in the same floor of the 3D FE model
exceeded 0.95 for two baseline walls, but decreases as the height increases.
The factor of variation was classified into ‘Variation between ground motions (βB)’ and
‘variation in the ground motion (βI)’. The former was almost constant regardless of the
modelling methods and the building height, and the value was approximately 0.20. In addition, the latter tended to increase as the building height increases, and the value was about
0.07 or less regardless of the modelling methods and the building height. Thus, in case of
the embedded SR stick model, ‘variation in the ground motion (βI)’ 0.07 should be taken
into consideration.
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Abstract: There is a recent growing interest in accurately estimating the collapse
capacity of a structure under seismic excitation as one of the critical research efforts
to enhance life safety and promote disaster-resilience of urban societies. For reliable
evaluation of structural collapse capacity, one needs to perform nonlinear dynamic
analyses repeatedly using ground motion time histories showing a large variability
in their characteristics. This approach of quantifying the collapse potential of structures may require exceedingly high computational cost if a large set of ground motions is used. To address this issue, this paper develops a ground motion selection
algorithm, which clusters ground motion time histories into distinct groups in terms
of their critical features affecting the collapse capacity. To demonstrate the proposed
algorithm, this study utilizes a recently developed energy-based collapse criterion
and descriptor termed “equivalent velocity ratio” (𝑉𝑉𝑅𝑅 ), which describes the seismic
demand and capacity of structural collapse based on dynamic instability and energy
balance of a structural system. To implement clustering algorithm using the energy
based descriptor of collapse, this study uses the best subset selection method to identify relevant features of ground motions that can properly represent equivalent velocity ratio during the sampling process. Nonlinear dynamic analyses are then
performed using a validated computational model and ground motion time histories,
which are sampled adaptively from the identified clusters. This adaptive sampling
is repeated until the estimated fragility curve is converged in terms of the normalized
Euclidian distance. It is shown by a numerical example that the proposed algorithm
can reduce computational cost significantly, which requires only less than a quarter
of the ground motions to obtain a reliable estimate on the collapse fragility curve.

Introduction
During the last decades, a special attention has been paid to the structural safety against collapse
under strong ground motions as a critical research effort to enhance life safety and minimize
ultimate socio-economic costs. To meet such a demand, an acceptably small likelihood of structural collapse under seismic excitation should be ensured. Estimating the collapse capacity of a
structural system, however, is an evasive task due to both record-to-record variability of ground
motions and uncertainty in modeling assumptions. Therefore, current earthquake engineering
application adopts probabilistic assessment frameworks which can deal with not only aleatory
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uncertainty of seismic demand but also epistemic uncertainty of structural capacity. The framework convolutes the seismic intensity and the responses or the damage of the structural system
through a series of nonlinear dynamic analyses such as incremental dynamic analysis (IDA)
which can offer a thorough prediction of seismic demand and capacity [1].
IDA is a powerful seismic performance assessment method, which produces “IDA-curve”
that characterizes the relationship between an intensity measure (IM) of ground the motion and
the damage measure (DM) or engineering demand parameter (EDP). The IM-DM pairs of computational simulations are interpolated with appropriate spline until the structure loses the ability to sustain gravity loads. Collapse risk assessment based on IDA, however, has some
limitations. Since even a single IDA-curve requires a large number of computational simulations, the approach may require performing nonlinear response history analyses repeatedly.
Furthermore, a large set of ground motions is needed for comprehensive reflection of seismic
hazard analysis at site of interest, which may further increase the computational costs.
To reduce the number of nonlinear dynamic analyses for collapse risk assessment while not
compensating accuracy, this study proposes a method for obtaining fragility curves with far less
number of ground motions while keeping consistency with seismic hazard analysis at given site.
While the proposed algorithm can be utilized along with general limit states and DMs, this
study focuses on energy-based collapse criterion and descriptor called “equivalent velocity ratio”
(𝑉𝑉𝑅𝑅 ) [2-4]. These were recently proposed to describe the structural collapse caused by dynamic
instability, which was simulated by nonlinear time history analyses validated by near-collapse
experiments reported in the literature. The proposed ground motion selection algorithm employs statistical learning methods such as clustering analysis and best subset selection method
to identify critical features and cluster a set of ground motions in terms of the identified features.
The structure of this paper is as follows: First, Section 2 briefly introduces an energy based
collapse criterion and descriptor which were recently developed for ductile steel frames using
computational models of three collapse experiments whose near-collapse behavior was validated by experimental results reported in the literature [2-4]. One of the validated computational
simulation models by Lignos et al. [5] is employed for demonstrating the proposed method in
this paper. Next, Sections 3 and 4 present the main framework of the ground motion selection
algorithm and identification of critical features. Using the collapse case study by Lignos et al.
[5], Section 5 then demonstrates efficiency of the proposed ground motion selection algorithm
to obtain energy-based collapse fragilities. Finally, summary and conclusions are presented.

Energy-Based Collapse Criterion and Descriptor for Ductile Steel
Frames
2.1 Collapse-Case Study of a Four-Story Steel Frame Structure
A series of shaking table tests of 1:8 scale model of 4-story, 2-bay steel moment resisting frame
were performed by Lignos et al. [5] as shown in Figure 1a. The steel frame structure consists
of a mass simulator with axially rigid links located at each floor level to transfer P-delta effects
acting on the test frame. An equivalent 2D computational model based on study by Lignos et
al. [5] was developed in OpenSees [6]. In order to represent the nonlinear structural behavior,
the analytical frame was modeled with elastic beam column elements connected by zero length
plastic elements at the ends. A modified Ibarra-Krawinkler model available as “Bilin” in OpenSees is used for the zero length elements to illustrate the stiffness and strength degradation
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associated with structural damage [2, 5]. A series of dynamic analyses were carried out sequentially using the ground motion record at Canoga Park of the 1994 Northridge earthquake with
increasing intensity level, which is the same seismic record applied on the test-frame. The lateral roof top displacement of both experiment and simulation results show a good agreement to
each other as shown in Figure 1b. Further details of the validated computational simulations are
available in Deniz et al. [2] and Deniz [3].
In the following sections, the collapse case study of the four-story ductile frame by Lignos
et al. [5] was used to demonstrate the energy-based collapse criterion and corresponding damage measure developed by Deniz et al. [2] and Deniz [3]. The same case study will be also
employed for demonstrating the ground motion selection algorithm proposed in this paper.

(a)

(b)

Figure 1: a) Collapse experiment of a four-story ductile steel frame structure by Lignos et al. [5], and b)
experimental and analytical test results of roof top displacement of the structure [2,3].

2.2 Energy-Based Collapse Criterion
The collapse prediction through IDA procedure [1] relies on the behavior of IDA-curves. In the
approach, the occurrence of collapse is indicated by a large increase of DM or EDP caused by
a small increase in the IM, i.e., flat plateau of IDA curves. IDA curves, however, often shows
erratic or chaotic behavior instead of monotonic increase of DM as IM increases. Furthermore,
the “flatness” is often defined by introducing a subjective threshold value for the slope of the
curve, i.e. IM-based criteria (e.g. lower than 20% of the initial IDA slope), and for the value of
DM, i.e. DM-based criteria (e.g. exceedance of 10% maximum drift) [1]. It is, however, noted
that the results of collapse assessment may be sensitive to the assumed threshold value [2]. To
address this issue, Deniz et al. [2] proposed a new collapse criterion based on dynamic instability and energy balance of the structural system. The new limit-state of global structural collapse
capacity can be proposed as the point of maximum structural resistance observed just before
the structure shows dynamic instability due to the loss of structural resistance against the gravity
loads, which can be defined as the incidence of gravity energy exceeding seismic input energy
with a sudden increase (i.e., 𝐸𝐸𝐺𝐺 > 𝐸𝐸𝐸𝐸𝐸𝐸 ). It was observed from validated computational simulations that the new collapse criterion indicates the dynamic instability accurately and quantifies
the global behavior effectively compared to subjective limit states of collapse [2].

2.3 Energy-Based Descriptor of Collapse
Based on the aforementioned energy-based collapse criterion, Deniz [3] and Deniz et al. [4]
introduced a new energy-based descriptor named as equivalent velocity ratio (𝑉𝑉𝑅𝑅 ). The de2216

scriptor represents the ratio of the dissipated hysteretic energy (𝐸𝐸𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 ) to total energy applied on the structure (𝐸𝐸𝐸𝐸𝐸𝐸 + 𝐸𝐸𝐺𝐺 ). Since the gravity energy (𝐸𝐸𝐺𝐺 ) becomes equal to the seismic
energy (𝐸𝐸𝐸𝐸𝐸𝐸 ) at near collapse, the total applied energy on the structure becomes twice as the
seismic input energy (𝐸𝐸𝐸𝐸𝐸𝐸 + 𝐸𝐸𝐺𝐺 = 2𝐸𝐸𝐸𝐸𝐸𝐸 ). In addition, since energy parameters are aggregated
quantities, energy parameters at the end of the analysis then become maximum values, which
is shown as below.
max(𝐸𝐸𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷𝐷 )
2 max(𝐸𝐸𝐸𝐸𝐸𝐸 )

𝑉𝑉𝑅𝑅 = �

(1)

In Figure 2a, IDA curves of the ductile steel frame structure are shown along with the “collapse” points identified by three different collapse criteria – IM-based rule, DM-based rule and
the new energy-criterion [3, 4]. For IM and DM, spectral acceleration and inter-story drift ratio
(IDR) are used, respectively. Except the DM-based rule, which depends on predetermined value,
large variabilities are shown for the identified collapse points on the axis of DM. In Figure 2b,
the last non-collapse points are shown in terms of 𝑉𝑉𝑅𝑅 instead of IDR. In contrast to the results
in Figure 2a, the variability of the near-collapse points is drastically decreased. This implies
that the velocity ratio in Eq. (1) successfully describes the collapse limit-state defined by the
energy-based collapse criterion. In summary, at least for the ductile steel frame structures, the
energy-based collapse criterion and descriptor can provide reliable limit-state definition of the
structural collapse during the probabilistic evaluation of collapse capacity and likelihood.

(b)

(a)

Figure 2: a) Comparison of last-non collapse data point with diffrent collapse cirteria by Deniz [3], and b) the
last non-collapse data points when 𝑉𝑉𝑅𝑅 is selected as DM in the IDA procedure together with energy-based
collapse criterion by Deniz [3].

Ground Motion Selection Algorithm
Since a large set of ground motions is often needed to reflect the results of seismic hazard
analysis at the site of interest, IDA-based collapse risk assessment for a structural system may
entail high computational costs. To reduce the number of ground motions used for computational simulations, a ground motion selection algorithm is proposed in this study. The proposed
clustering-based adaptive sampling is schematically presented in Figure 3, and consists of the
following 5 steps:
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Step 1 Choose initial values of the number of cluster K and target coefficient of variation
(c.o.v.), 𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 .
Step 2 Perform K-means clustering analysis based on selected critical features so that distinct
groups of ground motions are identified.
Step 3 Select a single ground motion from each identified cluster and perform a series of IDA
to get the last non-collapse point of the structural system.
Step 4 Assign the IDA results to other ground motions in the same cluster, then obtain fragility
curve based on the statistics of the collapse-level IM values assigned to each ground
motion.
Step 5 Repeat Step 2 to Step 4 with increasing the number of cluster until the distance between
previous and present fragility curves is acceptably small, i.e., c.o.v. of distance between
fragility curves is smaller than target c.o.v. 𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 . Since the ground motions from the
previous trials are re-used, it is not necessary to sample a new ground motion from the
clusters including the ground motion employed during the previous trial.
Choose initial value: 𝐾𝐾, 𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡
K-means clustering analysis of ground motion set

Sample*: Sample one “dominant” ground motion for each
cluster and perform IDA using selected ground motions

Estimate fragility: Assign the results to other ground
motions in the same cluster and estimate fragility curve

Calculate c.o.v of MD: 𝜀𝜀
Update:
𝐾𝐾 → 𝐾𝐾 + 1

No

Check
convergence:
𝜀𝜀 < 𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

Yes

End Algorithm
K: the number of clusters of ground motions
𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 : Target coefficient of variation which can decide the
convergence of the fraglity estimate

*: It is not necessary to sample a new ground motion from the clusters
including the ground motions employed during the previous trials.

Figure 3: Schematic representation of the proposed ground motion selection algorithm

In Step 1, initial values of ground motion selection algorithm are selected. A lower level of
target c.o.v would lead to higher total computational cost. In Step 2, using a clustering method
such as K-means algorithm, ground motions in a given set are grouped distinctively based on
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the relationship between IM and DM selected for IDA procedure. After clustering, a single
“dominant” ground motion, i.e. the nearest to the center of the cluster, is selected from each
cluster and nonlinear dynamic analyses are carried out on the structural system using the selected ground motions. In Step 4, the results of nonlinear time history analyses (i.e., the last
non-collapse point of IDA-curve) are assigned to the other ground motions in the same cluster,
then collapse fragility curve of the structural system is evaluated based on the statistics of the
collapse points on IM. The main premise of the ground motion selection algorithm is that, if a
set of ground motions is clustered properly in terms of IDA-curves, the last non-collapse points
of each ground motion in the same cluster are similar to each other. The algorithm repeats the
process while increasing the number of the clusters until the fragility estimate converges to a
certain curve.
In this study, fragility curves, i.e., the conditional probability that the collapse limit state is
exceeded, are calculated assuming that the last non-collapse data points follow lognormal distribution. However, it is noted that the proposed algorithm is not limited to the specific methodology of fragility evaluations. To quantify the difference between the fragility curves from
the current and previous trials, the normalized Euclidian distance, MD [7] is used. MD is defined as
2

1

1/2

�∫0 �𝑦𝑦𝑝𝑝𝑖𝑖 − 𝑦𝑦𝑝𝑝𝑜𝑜 � 𝑑𝑑𝑑𝑑�

(2)
𝜇𝜇𝑦𝑦𝑜𝑜
where 𝑦𝑦𝑝𝑝 is 𝑝𝑝-quantile of the cumulative density function (CDF) of the collapse-point of IM,
the superscript 𝑖𝑖 and 𝑜𝑜 denote the current and previous fragility estimates, respectively and 𝜇𝜇y0
is the mean level of collapse points of the previous fragility curve. It is noted that small and
stable MD (i.e., c.o.v of MD is smaller than target c.o.v. 𝜀𝜀 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 ) guarantees that the calculated
fragility curve has achieved convergence.
Clustering analysis is a widely used technique, which identifies a set of data in terms of their
similarity. Thus, a fundamental issue about clustering analysis is the choice of distance or similarity measure between data points [8]. Given that each ground motion has different characteristic and strength (e.g., the same peak ground acceleration but different duration), a ground
motion can be represented by a vector of intensity measures, so called “critical features” which
explain the relationship between IM and DM in IDA plot. The distance between two ground
motions can then be calculated, which is a good candidate for representing the dissimilarity
between two IDA data points. If critical features have been already identified, one can use them
in ground motion selection algorithm. If not, one needs to identify critical features, e.g. by using
the best subset selection method, which will be discussed in the next section.
𝑀𝑀𝑀𝑀 =

Identification of Critical Features
In this study, critical features are defined as a vector of IMs which can collectively describe the
variability of IDA-curves effectively. For example, even if ground motions are scaled to get the
same peak ground acceleration, nonlinear responses of structural system vary greatly. Thus, it
is desirable to identify other intensity measures that can properly interpret the “remaining variability.” For this purpose, this study uses the best subset selection method. To begin with, a
form of logistic regression is adopted to construct probabilistic model which can represent the
relationship between IM and DM. Because 𝑉𝑉𝑅𝑅 – the DM selected for IDA in this study – is
related to the ratio between system’s degrading energy and earthquake input energy, it should
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be smaller than 1. To meet this condition, the following mathematical form of logistic regression is utilized:
𝐷𝐷𝐷𝐷 =

𝐓𝐓 ∙[𝐈𝐈𝐈𝐈]

𝑒𝑒 [𝐜𝐜]

1 + 𝑒𝑒 [𝐜𝐜]

𝐓𝐓 ∙[𝐈𝐈𝐈𝐈]

(3)

where [𝐈𝐈𝐈𝐈] represents the vector of candidate IMs and [𝐜𝐜] denotes the corresponding
coefficient vector. Next, the best subset of intensity measures that properly reduces the
remaining uncertainty is found using best-subset selection method which is one of the subset
selection methods used in the area of statistics [8]. The method starts with an empty set of
features and generates all possible probabilistic models using a single feature. Then, the models
are expanded in the same manner by sequentially adding additional features. The best subset
can be determined through comparing the sum of squared error. This method is helpful not only
for identifying critical features but also for comprehensive understanding of seismic demand
and structural capacity.

Numerical Example
In order to test and demonstrate the proposed algorithm, IDA is carried out for the aforementioned ductile steel frame structure using a ground motion set of totally 155 records generated
from 22 different earthquake events, selected from NGA-West2 database [9] based on the criteria by Haselton & Deierlein [10]. Spectral acceleration at the first mode period and equivalent
velocity ratio are selected as IM and DM, respectively. Using the best subset selection method,
three additional features are identified among fifty intensity candidates as critical features: Arias
intensity ( 𝐴𝐴𝐴𝐴 ) [11], average modified Arias intensity with strong earthquake duration
∗
(𝐴𝐴𝐴𝐴𝑎𝑎𝑎𝑎𝑎𝑎
(𝑇𝑇1 )) [12] and strong earthquake duration (𝑡𝑡𝑠𝑠 ) [13]. The initial number of cluster and
target coefficient of variation are selected as K=20 and 𝜀𝜀 ∗ =0.02, respectively.

Figure 4: MD at each trial computed with respect to fragility curve from previous trial
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To illustrate the convergence of the fragility curve, the MD computed at each trial of adaptive
fragility curve with respect to the previous trial is shown in Figure 4. As expected, large variability is observed in MD values when ground motions are randomly selected (red plus mark).
The MD converges to a small value as a large set of ground motions is used, but it requires
more computational effort. However, the clustering-based ground motion selection algorithm
gives small MD values (blue asterisk mark), which quickly converges with far less number of
ground motions.
To test whether the proposed algorithm is converged to a local optimal value or not, the MDs
are computed with respect to the fragility curve calculated based on the entire set of ground
motions and shown in Figure 5. (Please note that this is done only for sanity check. In the
proposed approach, each trial of MD should be computed with respect to the fragility curve
from the previous round as in Figure 4.) The plot in Figure 5 clearly shows that, if totally 155
ground motions are used to estiamte fragility curve, MD value converges to zero. As expected,
while the MDs calculated by randomly selected ground motions (red triangles) show large
variablity, those by the proposed algorithm (green squares) show lower MD values despite the
use of a small number of ground motions. It is due to the fact that clustering analysis reduces
the vairance of statistical estimates, thus ensuring that no sub-domain is overly sampled.

Figure 5: MD at each trial computed with respect to fragility curve estimated based on entire record set

Lastly, Figure 6 compares two fragility curves: one is estimated using only 30 ground
motions based on the ground motion selection algorithm, and the other is estimated by the
original record set, i.e. a total of 155 ground motions. It is noted that two fragility curves match
each other closely, which confirms the efficiency and accuracy of the proposed method.
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Figure 6: Fragility curves by the proposed algorithm (30 ground motions, red dashed line) and by the entire set
(155 ground motions, black solid line)

Conclusions
To reduce high computational cost associated with IDA, a new ground motion selection algorithm is proposed using clustering analysis and the best subset selection method. Critical features are identified using the best subset selection method, which can successfully represent the
behavior of IDA-curve by a few intensity measures. Next, based on the results of clustering
analysis, ground motions are selected adaptively, which can ultimately reduce the high computational cost associated with nonlinear dynamic analyses while keeping consistency with the
seismic hazard characteristics at a given site. Since clustering analysis make a set of ground
motions equally distributed in terms of the behavior of IDA-curve, the algorithm does not fall
into a local optimum easily and shows quick convergence. The effectiveness and applicability
of the algorithm is tested using the computational model of a four-story steel frame test whose
near collapse behavior was validated by experimental results. The numerical example confirms
that the new ground motion selection algorithm significantly decreases the computational cost,
reducing the total set of 155 ground motions used to form the collapse fragility curve to a set of
30 ground motions which give comparable results. This method is expected to provide an efficient way to develop reliable fragility curves that are compatible with a large ground motion
set. A further study is needed to demonstrate the applicability of the method to other limit states
for different types of structural systems and behaviors.
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Abstract: The equivalent linearization method (ELM) is one of the most widely
used methods in stochastic seismic analysis of nonlinear structures. Conventional
ELM approaches determine the equivalent linear system which minimizes the meansquare error relative to the responses of the nonlinear systems. This approach can be
accurate in estimating the mean-square responses, but it may not capture the nonGaussianity of the nonlinear responses. Consequently, using ELM to estimate response statistics such as response distributions and mean peak responses could be
inaccurate. A new equivalent linearization method, termed the Gaussian mixture
based equivalent linearization method (GM-ELM) was recently developed. The
method employs a Gaussian mixture (GM) distribution model to approximate the
probabilistic distribution of a nonlinear system response. Due to properties of the
GM distribution model, the GM-ELM is able to decompose the non-Gaussian response of a nonlinear system into multiple Gaussian responses of linear single-degree-of-freedom oscillators. GM-ELM is shown to be fairly accurate for some test
examples studied. However, the application of GM-ELM in earthquake engineering
has not been fully investigated. Motivated by this, this paper focuses on the application of GM-ELM in stochastic seismic analysis of nonlinear structures. Numerical
example of an MDOF system illustrates the method in detail.

Introduction
To overcome challenges in stochastic seismic analysis of nonlinear structures, various random
vibration analysis techniques have been developed in recent decades [1], among which the
equivalent linearization method (ELM) has gained wide popularity. Conventional ELM approaches determine the equivalent linear system via minimizing the mean-square error between
the responses of the nonlinear and equivalent linear systems [2]. This approach could be accurate in estimating the mean-square responses, but it may not capture the non-Gaussianity of the
nonlinear responses. Consequently, using ELM to estimate response statistics such as response
probability distributions and mean peak responses could be inaccurate especially when the seismic behavior of the structure is highly nonlinear.
As an alternative to the conventional ELM, the tail-equivalent linearization method (TELM)
[3] has been proposed for problems where the interest is in the tail region of the probability
distribution of the nonlinear response. In TELM, an equivalent linear system is numerically
obtained in terms of a discretized impulse-response function or frequency-response function,
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using knowledge of the ‘design point’ determined from first-order reliability method (FORM)
[4]. In comparison to the conventional ELM, TELM has superior accuracy in estimating the
response probability distributions, especially in the tail region. At the same time, however, the
high accuracy of TELM is achieved at the cost of more computational demand, since TELM
involves performing FORM analysis for a sequence of response threshold values. Moreover, in
contrast to ELM, the equivalent linear system by TELM depends on the response threshold, i.e.,
the equivalent linear system varies as one specifies different response thresholds in FORM
analysis. As a result, it is impossible to use TELM in conjunction with response spectrum
method in a way the conventional ELM could do.
Inspired by benefits and limitations of conventional ELM and TELM, and using the concept
of mixture distribution models [5], a new equivalent linearization method, termed the Gaussian
mixture based equivalent linearization method (GM-ELM) was developed recently [6]. The
method employs a Gaussian mixture (GM) distribution model to approximate the probabilistic
distribution of a nonlinear system response. Due to properties of the GM distribution model,
the GM-ELM can decompose the non-Gaussian response of a nonlinear system into multiple
Gaussian responses of linear single-degree-of-freedom (SDOF) oscillators. Using a probabilistic combination technique, a mixture of linear systems of GM-ELM can provide the response
probability distribution equal to the Gaussian mixture estimation of the nonlinear response distribution.
This paper studies the application of GM-ELM in stochastic seismic analysis of nonlinear
structures, and compares the accuracy of GM-ELM, ELM and TELM. The structure of this
paper is as follows. The basic ideas and computational details of GM-ELM with the emphasis
on earthquake engineering are introduced in Section 2 and Section 3. In Section 4, formulations
and procedures of GM-ELM for stochastic seismic analysis are provided. In Section 5, a numerical example of a multi-degree-of-freedom (MDOF) system is studied to illustrate the
method. Comparisons of the results obtained from GM-ELM with those by ELM, TELM and
Monte Carlo simulation show the accuracy of GM-ELM. Finally, Section 6 provides conclusions of the paper.

Basic ideas of GM-ELM
The GM-ELM establishes a set of linear oscillators through a Gaussian mixture representation
of the probability density function (PDF) for a generic nonlinear response of interest, and a
physical interpretation of the GM model.
Consider a general MDOF structural system subjected to a zero-mean, stationary Gaussian
ground motion excitation and let the probability density function of a generic nonlinear response 𝑍𝑍(𝑡𝑡) be denoted as 𝑝𝑝(𝑧𝑧; 𝑡𝑡). Assuming 𝑍𝑍(𝑡𝑡) achieves stationarity, the PDF 𝑝𝑝(𝑧𝑧; 𝑡𝑡) is
written as 𝑝𝑝(𝑧𝑧) in the following discussions. Given an estimate of 𝑝𝑝(𝑧𝑧) (see the following section for how to obtain 𝑝𝑝(𝑧𝑧)), in GM-ELM, a GM surrogate PDF model, denoted as 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯),
in which vector 𝐯𝐯 represents parameters of the GM model, is employed to represent 𝑝𝑝(𝑧𝑧). The
GM surrogate PDF model 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) is expressed as
𝐾𝐾

𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) = � 𝛼𝛼𝑘𝑘 𝑓𝑓𝒩𝒩 (𝑧𝑧; 𝜇𝜇𝑘𝑘 , 𝜎𝜎𝑘𝑘 )
𝑘𝑘=1

(1)

in which 𝐾𝐾 denotes the number of Gaussian densities in the mixture, 𝛼𝛼𝑘𝑘 , 𝑘𝑘 = 1, … , 𝐾𝐾, are relative weights of the Gaussian densities satisfying ∑𝐾𝐾
𝑘𝑘=1 𝛼𝛼𝑘𝑘 = 1 and 𝛼𝛼𝑘𝑘 > 0 for ∀𝑘𝑘 , and
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𝑓𝑓𝒩𝒩 (𝑧𝑧; 𝜇𝜇𝑘𝑘 , 𝜎𝜎𝑘𝑘 ) denotes the Gaussian PDF with mean 𝜇𝜇𝑘𝑘 and standard deviation 𝜎𝜎𝑘𝑘 . Thus, the
distribution parameters of the GM model are summarized as 𝐯𝐯 = {𝛼𝛼1 , … , 𝛼𝛼𝐾𝐾 , 𝜇𝜇1 , … , 𝜇𝜇𝐾𝐾 ,
𝜎𝜎1 , … , 𝜎𝜎𝐾𝐾 }. The expectation-maximization (EM) algorithm [5] is usually involved in obtaining
parameters 𝐯𝐯 of the GM model, provided with samples randomly generated from PDF 𝑝𝑝(𝑧𝑧) as
input of the EM algorithm (see Section 3 for more details).
Given the probability distribution of a nonlinear response is successfully represented by a
GM model with 𝐾𝐾 densities, the random nonlinear response 𝑍𝑍(𝑡𝑡) can be described as
𝐾𝐾

𝐾𝐾

𝑘𝑘=1

𝑘𝑘=1

𝑍𝑍(𝑡𝑡) ≅ � 𝐼𝐼𝑘𝑘 (𝑡𝑡) ∙ 𝑍𝑍𝑘𝑘 (𝑡𝑡) = � 𝐼𝐼𝑘𝑘 (𝑡𝑡) ∙ [𝜇𝜇𝑘𝑘 (𝑡𝑡) + 𝐷𝐷𝑘𝑘 (𝑡𝑡)]

(2)

where at a specified time point 𝑡𝑡, 𝐼𝐼𝑘𝑘 (𝑡𝑡) is the k-th element of a K-dimensional random vector in
which only one element takes 1 while the others take 0 according to the probabilities 𝛼𝛼𝑘𝑘 (𝑡𝑡), 𝑘𝑘 =
1, … , 𝐾𝐾, with ∑𝐾𝐾
𝑘𝑘=1 𝛼𝛼𝑘𝑘 (𝑡𝑡) = 1, while 𝑍𝑍𝑘𝑘 (𝑡𝑡) follows Gaussian distribution with mean 𝜇𝜇𝑘𝑘 (𝑡𝑡) and
standard deviation 𝜎𝜎𝑘𝑘 (𝑡𝑡). In Eq. (2), 𝑍𝑍𝑘𝑘 (𝑡𝑡) is alternatively described as 𝜇𝜇𝑘𝑘 (𝑡𝑡) + 𝐷𝐷𝑘𝑘 (𝑡𝑡) in which
𝐷𝐷𝑘𝑘 (𝑡𝑡) is a zero-mean Gaussian process with standard deviation 𝜎𝜎𝑘𝑘 (𝑡𝑡). The stationarity assumption of the response 𝑍𝑍(𝑡𝑡) will be used throughout the paper, thus the dependence on time can
be dropped for 𝛼𝛼𝑘𝑘 (𝑡𝑡), 𝜇𝜇𝑘𝑘 (𝑡𝑡) and 𝜎𝜎𝑘𝑘 (𝑡𝑡), and variable 𝑡𝑡 in the stationary processes 𝑍𝑍(𝑡𝑡), 𝐼𝐼𝑘𝑘 (𝑡𝑡),
𝑍𝑍𝑘𝑘 (𝑡𝑡) and 𝐷𝐷𝑘𝑘 (𝑡𝑡) will be omitted for simplicity in the following discussions.
Eq. (2) depicts a probabilistic decomposition of a non-Gaussian response into multiple
Gaussian responses, which is analogous to the modal analysis approach. In the modal analysis
approach, the response of a linear MDOF system is represented by multiple linear single-degree-of-freedom (SDOF) oscillators. In the proposed approach, the non-Gaussian response of a
nonlinear SDOF or MDOF system is represented by multiple linear oscillators whose relative
importance (in a probabilistic sense), ‘location’ (with respect to the origin of the z-axis, see
Figure 1), and root-mean-square oscillation around the specified location are represented respectively by 𝛼𝛼𝑘𝑘 , 𝜇𝜇𝑘𝑘 and 𝜎𝜎𝑘𝑘 , 𝑘𝑘 = 1, … , 𝐾𝐾. This concept is illustrated in Figure 1.

Figure 1. A physical interpretation of densities in the Gaussian mixture model (after [6])

Details of GM-ELM
3.1 Obtaining the PDF of a Nonlinear Response
In GM-ELM, to determine the parameters 𝐯𝐯 of the GM structural response PDF model
𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯), one needs to first obtain the PDF 𝑝𝑝(𝑧𝑧) for the response of interest. Only for some
specialized, and usually simple nonlinear systems, one may obtain analytical response PDFs
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using Fokker-Planck equations. While for general nonlinear systems, one could only obtain an
estimate of the response PDF.
A simple approach to obtain an estimate of 𝑝𝑝(𝑧𝑧) is to presume the response process 𝑍𝑍(𝑡𝑡) is
stationary ergodic, so that the responses at every time point of the process can be viewed as a
sample of 𝑝𝑝(𝑧𝑧), and consequently by only performing a few rounds of dynamic analysis one
would acquire a large set of sample points to build an empirical 𝑝𝑝(𝑧𝑧) using histograms. An
alternative approach is to use first-order reliability method (FORM). Specifically, one could
use FORM to compute the probability Pr[𝑧𝑧 < 𝑍𝑍] for a sequence of specified response threshold
values 𝑧𝑧, so that the empirical cumulative distribution function (CDF) and PDF of the nonlinear
response can be obtained. It is found in [7] that if Pr[𝑧𝑧 < 𝑍𝑍] is reformulated into an ‘inverse’
reliability problem as Pr[𝑧𝑧(𝛽𝛽) < 𝑍𝑍], where 𝛽𝛽 is the FORM reliability index, one could build an
efficient algorithm to compute Pr[𝑧𝑧(𝛽𝛽) < 𝑍𝑍] for a sequence of specified 𝛽𝛽 values. Other considerable approaches are expansion method [8], response surface method [9], and numerical
integration method using dimensional reduction [10]. It is important to note that the methodology of GM-ELM is independent of how the PDF 𝑝𝑝(𝑧𝑧) is computed.

3.2 Identifying Parameters of the Gaussian Mixture Model

Given a set of samples 𝑧𝑧𝑖𝑖 drawn from the nonlinear response PDF 𝑝𝑝(𝑧𝑧), parameters 𝐯𝐯 of the
GM model 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) that ‘best’ fit the observed data can be obtained by solving the maximum
likelihood problem expressed as [5]
𝑁𝑁

1
𝐯𝐯 ≅ arg max𝐯𝐯 � ln 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧𝑖𝑖 ; 𝐯𝐯)
𝑁𝑁
∗

(3)

𝑖𝑖=1

in which arg max denotes the argument of the maxima. An iterative updating rule in the socalled expectation-maximization algorithm are used to solve Eq. (3), i.e. (see, e.g. [5])
∑𝑁𝑁
𝑖𝑖=1 Υ𝑖𝑖,𝑘𝑘 𝑧𝑧𝑖𝑖
(4)
𝜇𝜇𝑘𝑘 = 𝑁𝑁
∑𝑖𝑖=1 Υ𝑖𝑖,𝑘𝑘
2
∑𝑁𝑁
𝑖𝑖=1 Υ𝑖𝑖,𝑘𝑘 (𝑧𝑧𝑖𝑖 − 𝜇𝜇𝑘𝑘 )
2
(5)
𝜎𝜎𝑘𝑘 =
∑𝑁𝑁
Υ
𝑖𝑖=1 𝑖𝑖,𝑘𝑘
∑𝑁𝑁
𝑖𝑖=1 Υ𝑖𝑖,𝑘𝑘
(6)
𝛼𝛼𝑘𝑘 =
𝑁𝑁
in which coefficient Υ𝑖𝑖,𝑘𝑘 is expressed as
𝛼𝛼𝑘𝑘 𝑓𝑓𝒩𝒩 (𝑧𝑧𝑖𝑖 ; 𝜇𝜇𝑘𝑘 , 𝜎𝜎𝑘𝑘 )
(7)
Υ𝑖𝑖,𝑘𝑘 = 𝐾𝐾
∑𝑗𝑗=1 𝛼𝛼𝑗𝑗 𝑓𝑓𝒩𝒩 (𝑧𝑧𝑖𝑖 ; 𝜇𝜇𝑗𝑗 , 𝜎𝜎𝑗𝑗 )
Thus, the optimal GM parameters can be identified via the following algorithm:
1) Initializing GM model: Set value 𝐾𝐾 (e.g. 𝐾𝐾 = 20), which denotes the number of Gaussian
distributions in the mixture. Set other initial parameters of the mixture 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) as well.
For example, one can set all 𝛼𝛼𝑘𝑘 to 1/𝐾𝐾, 𝜇𝜇𝑘𝑘 to a random number drawn from a uniform distribution that covers the domain in which the response values are of interest, and all 𝜎𝜎𝑘𝑘 to
1.
2) Updating: Use Eqs. (4)-(7) in the order (7), (4)-(6) iteratively to update parameters of the
GM. Stop the updating process if �𝐿𝐿(𝑠𝑠) − 𝐿𝐿(𝑠𝑠−1) �⁄𝐿𝐿(𝑠𝑠) ≤ 𝑇𝑇𝑇𝑇𝑇𝑇 is satisfied, where 𝐿𝐿(𝑠𝑠) =
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(𝑠𝑠)
(𝑠𝑠)
∑𝑁𝑁
denotes
𝑖𝑖=1 ln 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧𝑖𝑖 ; 𝐯𝐯 ) /𝑁𝑁 is an indicator of the likelihood for the 𝑠𝑠-th step, and 𝐯𝐯
the parameters of the GM for that step.

It is found for the one-dimensional PDF 𝑝𝑝(𝑧𝑧) considered here, a 𝐾𝐾 ≥ 20 value in the GM
model 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) is sufficient to provide an accurate approximation of 𝑝𝑝(𝑧𝑧) in most cases, and
the accuracy is not overly sensitive to the 𝐾𝐾 value. Thus one could simply set, e.g. 𝐾𝐾 = 20, for
most practical applications.

3.3 Identifying Parameters of Equivalent Linear Systems from the Gaussian
Mixture
The root-mean-square response of the 𝑘𝑘-th, 𝑘𝑘 = 1, … , 𝐾𝐾, linear system is equal to 𝜎𝜎𝑘𝑘 , i.e. the
standard deviation of the 𝑘𝑘-th Gaussian density, when subjected to the ground motion excitation.
From theories of linear random vibration analysis [1], one has
∞

𝜎𝜎𝑘𝑘2 = � |𝐻𝐻𝑘𝑘 (𝜔𝜔)|2 𝑆𝑆𝑔𝑔 (𝜔𝜔)𝑑𝑑𝑑𝑑,
−∞

𝑘𝑘 = 1, … , 𝐾𝐾

(8)

in which 𝐻𝐻𝑘𝑘 (𝜔𝜔) is the frequency response function (FRF) of the linear system associated with
the 𝑘𝑘-th Gaussian density, and 𝑆𝑆𝑔𝑔 (𝜔𝜔) is the auto power spectrum density (auto-PSD) of the
ground motion.
We let the linear system associated with each Gaussian density be an SDOF oscillator, and
the FRF of the SDOF oscillator can be expressed as
𝑠𝑠𝑒𝑒𝑒𝑒,𝑘𝑘
(9)
𝐻𝐻𝑘𝑘 (𝜔𝜔) =
, 𝑘𝑘 = 1, … , 𝐾𝐾
𝑘𝑘𝑒𝑒𝑒𝑒,𝑘𝑘 + 𝑖𝑖𝑖𝑖𝑐𝑐𝑒𝑒𝑒𝑒,𝑘𝑘 − 𝑚𝑚𝑒𝑒𝑒𝑒,𝑘𝑘 𝜔𝜔 2
in which 𝑘𝑘𝑒𝑒𝑒𝑒,𝑘𝑘 , 𝑐𝑐𝑒𝑒𝑒𝑒,𝑘𝑘 and 𝑚𝑚𝑒𝑒𝑒𝑒,𝑘𝑘 are the stiffness, damping and mass of the 𝑘𝑘-th linear oscillator,
respectively, and 𝑠𝑠𝑒𝑒𝑒𝑒,𝑘𝑘 is a scaling factor which depends on the response quantity of interest.
It is impossible to identify all parameters of the FRF in Eq. (9) by only using Eq. (8). To
facilitate convenient and practical applications of GM-ELM, we let 𝑚𝑚𝑒𝑒𝑒𝑒,𝑘𝑘 , 𝑐𝑐𝑒𝑒𝑒𝑒,𝑘𝑘 and 𝑠𝑠𝑒𝑒𝑒𝑒,𝑘𝑘 be
independent of 𝑘𝑘, and set them to pre-specified values, so that only 𝑘𝑘𝑒𝑒𝑒𝑒,𝑘𝑘 needs to be identified
from Eq. (9). For applications to a response of MDOF systems, 𝑚𝑚𝑒𝑒𝑒𝑒 , 𝑐𝑐𝑒𝑒𝑒𝑒 and 𝑠𝑠𝑒𝑒𝑒𝑒 can be obtained by
𝑚𝑚𝑒𝑒𝑒𝑒 = 𝝍𝝍𝑇𝑇 𝑴𝑴𝑴𝑴
(10)
𝑐𝑐𝑒𝑒𝑒𝑒 = 𝝍𝝍𝑇𝑇 𝑪𝑪0 𝝍𝝍
𝑠𝑠𝑒𝑒𝑒𝑒 = (𝒒𝒒𝑇𝑇 𝝍𝝍) ∙ (𝝍𝝍𝑇𝑇 𝓕𝓕)
where 𝑴𝑴 and 𝑪𝑪0 are the mass and initial damping matrix of the nonlinear system, 𝓕𝓕 is the spatial distribution of the input ground motion, 𝒒𝒒 is a deterministic vector which depends on the
response quantity of interest, and 𝝍𝝍 is a ‘representative’ response shape vector. The shape vector 𝝍𝝍 can be simply selected as the modal vector (for a linear system with the initial structural
properties of the nonlinear system) which contributes the most to the response quantity of interest. If the initial structural properties would lead to unsuitable linear systems (e.g. systems
with zero stiffness), one could use the equivalent linear system obtained from conventional
ELM to set 𝝍𝝍, 𝑚𝑚𝑒𝑒𝑒𝑒 , 𝑐𝑐𝑒𝑒𝑒𝑒 and 𝑠𝑠𝑒𝑒𝑒𝑒 values. With 𝑚𝑚𝑒𝑒𝑒𝑒 , 𝑐𝑐𝑒𝑒𝑒𝑒 and 𝑠𝑠𝑒𝑒𝑒𝑒 obtained from Eq. (10), Eq. (9)
is substituted into Eq. (8) and the stiffness 𝑘𝑘𝑒𝑒𝑒𝑒,𝑘𝑘 can be easily found.
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GM-ELM for Stochastic Seismic Analysis
4.1 Random Vibration Analysis
Various response statistics of interest can be computed using the mixture of linear systems obtained in GM-ELM. First, for the mean up-crossing rate, consider the expression [11]
Pr{𝑍𝑍(𝑡𝑡) < 𝑧𝑧 ∩ 𝑍𝑍(𝑡𝑡 + 𝛿𝛿𝛿𝛿) > z}
(11)
𝜈𝜈 + (𝑧𝑧) = lim
𝛿𝛿𝛿𝛿→0
𝛿𝛿𝛿𝛿
At time point 𝑡𝑡 the nonlinear system is represented by one of the 𝐾𝐾 linear systems, for an infinitesimal 𝛿𝛿𝛿𝛿 it is unlikely that the linear system switches from one to another, thus Eq. (11) can
be rewritten as
𝜈𝜈

+ (𝑧𝑧)

𝐾𝐾

∑𝐾𝐾
𝑘𝑘=1 𝛼𝛼𝑘𝑘 Pr{𝑍𝑍𝑘𝑘 (𝑡𝑡) < 𝑧𝑧 ∩ 𝑍𝑍𝑘𝑘 (𝑡𝑡 + 𝛿𝛿𝛿𝛿) > z}
= lim
= � 𝛼𝛼𝑘𝑘 𝜈𝜈𝑘𝑘+ (𝑧𝑧)
𝛿𝛿𝛿𝛿→0
𝛿𝛿𝛿𝛿

(12)

𝑘𝑘=1

in which 𝑍𝑍𝑘𝑘 (𝑡𝑡) = 𝐷𝐷𝑘𝑘 (𝑡𝑡) + 𝜇𝜇𝑘𝑘 denotes the response of the 𝑘𝑘-th linear system, and 𝜈𝜈𝑘𝑘+ (𝑧𝑧) denotes the up-crossing rate of the 𝑘𝑘-th linear system, and 𝜈𝜈𝑘𝑘+ (𝑧𝑧) can be estimated by [12]
𝜈𝜈𝑘𝑘+ (𝑧𝑧) =

1 𝜆𝜆2,𝑘𝑘
0.5(𝑧𝑧 − 𝜇𝜇𝑘𝑘 )2
exp �−
�
�
2𝜋𝜋 𝜆𝜆0,𝑘𝑘
𝜆𝜆0,𝑘𝑘

(13)

Note the presence of 𝜇𝜇𝑘𝑘 in Eq. (15). The spectral moment 𝜆𝜆𝑗𝑗,𝑘𝑘 in Eq. (13) is expressed as
∞

𝜆𝜆𝑗𝑗,𝑘𝑘 = � |𝜔𝜔|𝑗𝑗 |𝐻𝐻𝑘𝑘 (𝜔𝜔)|2 𝑆𝑆𝑔𝑔 (𝜔𝜔)𝑑𝑑 𝜔𝜔
−∞

𝑗𝑗 = 0,1,2

(14)

where 𝐻𝐻𝑘𝑘 (𝜔𝜔) is the FRF of the 𝑘𝑘-th linear system identified by the procedure in Section 3.3,
and 𝑆𝑆𝑔𝑔 (𝜔𝜔) is the auto-PSD of the ground motion.
Assuming the up-crossings follow a Poisson process with rate 𝜈𝜈 + (𝑧𝑧), then the first-passage
probability Pr[max 𝑍𝑍(𝑡𝑡) > 𝑧𝑧]𝑡𝑡∈𝑇𝑇𝑑𝑑 can be estimated via
Pr[max 𝑍𝑍(𝑡𝑡) > 𝑧𝑧]𝑡𝑡∈𝑇𝑇𝑑𝑑 = 1 −

exp[−𝜈𝜈 + (𝑧𝑧)𝑇𝑇𝑑𝑑 ]

𝐾𝐾

= 1 − exp �− � 𝛼𝛼𝑘𝑘 𝜈𝜈𝑘𝑘+ (𝑧𝑧) 𝑇𝑇𝑑𝑑 �

(15)

𝑘𝑘=1

Similarly, the double-sided first-passage probability, Pr[max|𝑍𝑍(𝑡𝑡)| > 𝑧𝑧]𝑡𝑡∈𝑇𝑇𝑑𝑑 , can be computed
via
Pr[max|𝑍𝑍(𝑡𝑡)| > 𝑧𝑧]𝑡𝑡∈𝑇𝑇𝑑𝑑 = 1 −

exp[−2𝜈𝜈 + (𝑧𝑧)𝑇𝑇𝑑𝑑 ]

4.2 Response Spectrum Analysis

𝐾𝐾

= 1 − exp �−2 � 𝛼𝛼𝑘𝑘 𝜈𝜈𝑘𝑘+ (𝑧𝑧) 𝑇𝑇𝑑𝑑 �

(16)

𝑘𝑘=1

A heuristic response spectrum formula for GM-ELM has been proposed as [6]
𝐾𝐾

𝑙𝑙𝑘𝑘 𝛼𝛼𝑘𝑘
𝐾𝐾
∑
𝑙𝑙𝑘𝑘 𝛼𝛼𝑘𝑘
𝑘𝑘=1 𝑘𝑘=1

𝐸𝐸[max|𝑍𝑍(𝑡𝑡)|]𝑡𝑡∈𝑇𝑇𝑑𝑑 ≅ �

[Γ ∙ 𝑆𝑆𝑑𝑑 (𝜔𝜔𝑘𝑘 , 𝜉𝜉𝑘𝑘 ) + |𝜇𝜇𝑘𝑘 |]

(17)

where 𝜔𝜔𝑘𝑘 and 𝜉𝜉𝑘𝑘 respectively denote the natural frequency and damping ratio of the 𝑘𝑘-th linear
system, 𝑆𝑆𝑑𝑑 (𝜔𝜔𝑘𝑘 , 𝜉𝜉𝑘𝑘 ) denotes the ordinate of the displacement response spectrum at 𝜔𝜔𝑘𝑘 and 𝜉𝜉𝑘𝑘 ,
Γ = �𝑠𝑠𝑒𝑒𝑒𝑒 �/𝑚𝑚𝑒𝑒𝑒𝑒 is a scaling factor of 𝑆𝑆𝑑𝑑 (𝜔𝜔𝑘𝑘 , 𝜉𝜉𝑘𝑘 ) , 𝑙𝑙𝑘𝑘 is a binary function, 𝑙𝑙𝑘𝑘 gives to 1 if
𝐸𝐸[max|𝑍𝑍𝑘𝑘 (𝑡𝑡)|]𝑡𝑡∈𝑇𝑇𝑑𝑑 satisfies
𝐾𝐾

𝐸𝐸[max|𝑍𝑍𝑘𝑘 (𝑡𝑡)|]𝑡𝑡∈𝑇𝑇𝑑𝑑 ∈ �0.95 ∙ � 𝛼𝛼𝑘𝑘 𝐸𝐸[max|𝑍𝑍𝑘𝑘 (𝑡𝑡)|]𝑡𝑡∈𝑇𝑇𝑑𝑑 , max�𝐸𝐸[max|𝑍𝑍𝑘𝑘 (𝑡𝑡)|]𝑡𝑡∈𝑇𝑇𝑑𝑑 ��
𝑘𝑘=1
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(18)

and 𝑙𝑙𝑘𝑘 gives to 0 otherwise.

4.3 Procedures of GM-ELM for Stochastic Seismic Analysis
The procedures of GM-ELM for stochastic seismic analysis are generalized as follows.
Step 1. Obtain the probability density function, 𝑝𝑝(𝑧𝑧), of a nonlinear response of interest.
Step 2. Identify a Gaussian mixture PDF model 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯) that best fits the PDF 𝑝𝑝(𝑧𝑧).
Step 3. Obtain the frequency response functions associated with each Gaussian density in the
GM model 𝑝𝑝𝐺𝐺𝐺𝐺 (𝑧𝑧; 𝐯𝐯).
Step 4. Compute the crossing rate and first-passage probability, or/and compute the mean peak
response using elastic response spectra.

Numerical Investigations
Consider a 6-DOF shear-building model shown in Figure 2. The force-deformation behavior of
each column is described by a Bouc-Wen hysteresis model [13]. The structure has an initial
fundamental period of 0.576 seconds and the second mode period of 0.238 seconds. Rayleigh
damping with 5% damping ratio in modes 1 and 2 is assumed. The building is subjected to a
stochastic ground motion with the auto-PSD described by a modified Kanai-Tajimi model suggested by Clough and Penzien [14]
𝜔𝜔𝑓𝑓4 + 4ζ2𝑓𝑓 𝜔𝜔𝑓𝑓2 𝜔𝜔2
𝜔𝜔4
(19)
𝑆𝑆𝑓𝑓 (𝜔𝜔) = 𝑆𝑆0 2
(𝜔𝜔𝑓𝑓 − 𝜔𝜔 2 )2 + 4ζ2𝑓𝑓 𝜔𝜔𝑓𝑓2 𝜔𝜔 2 (𝜔𝜔𝑠𝑠2 − 𝜔𝜔 2 )2 + 4ζ2𝑠𝑠 𝜔𝜔𝑠𝑠2 𝜔𝜔 2

where 𝑆𝑆0 = 0.016 m2 /s 3 is a scale factor, 𝜔𝜔𝑓𝑓 = 15 rad/s and 𝜁𝜁𝑓𝑓 = 0.6 are the filter parameters representing, respectively, the natural frequency and damping ratio of the soil layer, and
𝜔𝜔𝑠𝑠 = 1.5 rad/s and 𝜁𝜁𝑠𝑠 = 0.6 are parameters of a second filter that is introduced to assure finite
variance of the ground displacement. The duration of the ground motion is assumed to be 30
seconds.

Figure 2. 6-DOF shear-building model
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The results of GM-ELM with 20 Gaussian densities are obtained using response samples
obtained from 100 runs of dynamic analysis. Typical hysteretic loops for the 1st and 6th column
subjected to the stochastic ground motion are illustrated in Figure 3.

Figure 3. Typical hysteretic loops for 1st and 6th column

Figure 4 and Figure 5 respectively show the mean up-crossing rates and first-passage probabilities for the 1st and 6th story drift obtained from GM-ELM, ELM, TELM and MCS using 105
samples. Similar to the previous example, it is seen that for crossing rate and first-passage probability estimations, GM-ELM is significantly more accurate than ELM, and GM-ELM is at least
as accurate as TELM.

Figure 4. Mean up-crossing rates and first-passage probabilities for the 1st story drift

Figure 5. Mean up-crossing rates and first-passage probabilities for the 6th story drift
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The mean peak absolute drifts estimated from ELM, GM-ELM and MCS are listed in Table
1. It can be seen from Table 1 that Eq. (17) provide accurate estimate on mean peak drifts for
most of the stories.
Table 1. Mean peak absolute drifts estimated from various methods (unit: meter)

Story
1
2
3
4
5
6

ELM
0.0186 (17.72%)
0.0187 (22.22%)
0.0176 (34.35%)
0.0175 (37.80%)
0.0189 (35.00%)
0.0248 (9.25%)

GM-ELM
0.0161 (1.90%)
0.0153 (0.00%)
0.0135 (3.05%)
0.0130 (2.36%)
0.0150 (7.17%)
0.0240 (5.73%)

MCS
0.0158
0.0153
0.0131
0.0127
0.0140
0.0227

Conclusions
This paper studies the application of the recently developed Gaussian mixture based equivalent
linearization method (GM-ELM) to stochastic seismic analysis of nonlinear structures. GMELM can decompose the non-Gaussian response of a nonlinear system into multiple Gaussian
responses of linear single-degree-of-freedom oscillators. Using a mixture of the linear systems
of GM-ELM, response statistics as the mean up-crossing rate and first-passage probability can
be conveniently computed. The application of GM-ELM in nonlinear seismic analysis is illustrated and tested by a numerical example. The example is a 6-DOF shear-building model that
has hysteretic force-deformation relation for the lateral load-carrying mechanism of each story.
The building is subjected to a stochastic ground motion described by a modified Kanai-Tajimi
model. The example confirms the superior accuracy of the proposed GM-ELM compared to
ELM and TELM.
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Abstract: The sensitivity of the hazard, soil, and vulnerability of the USEQTMmodel
are investigated. Uncertainties are modified based on literature-informed epistemic
uncertainties and results are prestended through various financial metrics, including
average annual loss (AAL) and return period losses.

1 Introduction
State-of-the art loss models incorporate the earthquake engineering community’s best understanding of expected building response to seismic ground shaking. However, the lack of loss
data to calibrate and validate both hazard related components (e.g. seismic source characterization, ground motion models) and vulnerability functions introduces uncertainty into modelled
losses. It is well known that there is significant uncertainty in the estimation of loss results and
this uncertainty can be divided into two different categories: (1) aleatory and (2) epistemic
(Benjamin and Cornell, 1970). Aleatory uncertainty (randomness) is the inherent variability in
the physical system; it is stochastic and cannot be reduced by improving the current approach
of loss estimation. Epistemic uncertainty, on the other hand, is associated with lack of data and
knowledge; it is subjective and can be augmented with additional information. In the United
States (U.S.), epistemic uncertainty in loss modelling can be functionally split into two subcomponents: (1) epistemic uncertainty in the hazard (from both the source and the ground motion characterizations); and (2) epistemic uncertainty in vulnerability functions. Combining
individual source models/GMPEs to generate site hazard typically weights individual components based on an assessment that one model valued over another model. Although the uncertainty in the combining methodology is primarily epistemic, in many cases, epistemic
uncertainty cannot be covered by the range of the available models. When addressing vulnerabilities, epistemic uncertainty varies by the quality of construction and loss adjustment practices. Both of which may vary by geographic region associated with frequency of seismic
activity. Recent research has quantified the magnitude of uncertainty and provides the background into how to account for the uncertainty in loss modelling.
This paper discusses and quantifes the effects of each of these sources of focusing on the
sensitivity of USGS selected 2014 GMPEs for different tectonic settings in U.S. and plausible
variations in vulnerability curves representative of changes in epistemic uncertainty.
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2 Updates to the National Seismic Hazard Model (USEQ™)
The national seismic hazard maps for the conterminous U.S. have been updated to account for
new methods, models, and data that have been obtained since the 2008 hazard maps were released (Petersen et al., 2014). Among many, the main sources of the updates to seismic source
and ground motion models include 1) new earthquake sources, and 2) new or updated GMPEs
that are developed with more well-recorded strong ground motion data and additional new features and 3) updated GMPEs weights. Such periodic updates of hazard models are necessary in
order to incorporate the latest-science into the maps. However, they also contribute to the scientific uncertainty (aleatory and/or epistemic) in the hazard model for different tectonic settings.
To illustrate, lack of data and knowledge varies geographically. The epistemic uncertainty for
well-studied regions (i.e. Western U.S.) with abundant data is usually lower than the regions
with less available data (i.e. CEUS). Even though there are more seismic source and ground
motion data available for CEUS now than decades ago, it may not influence the relative uncertainty between these two regions. Such variations are also important for geotechnical components which may have limited impact at the portfolio level as high value at one location might
cancel the impact from low value at other location. This can be important for location-level risk
assessments. The details of the updates and uncertainties for each hazard component will be discussed in following sections.

2.1 Seismic source model
Some of the general updates from seismic source models in 2014 USGS NSHMP consists of
development of moment magnitude (Mw) based earthquake catalog, update to treatment of Mw
uncertainty in rate calculations and non-tectonic seismicity, update to the maximum magnitude
(Mmax) zonation and so on. As far as the source models in different tectonic settings are concerned, there has been a new seismic source model for California based on Uniform California
Earthquake Rupture Forecast, Version 3 (UCERF3, www.scec.org/ucerf/; Working Group on
California Earthquake Probabilities, 2013); new models for Cascadia earthquake-rupture geometries and rates are developed and New Madrid source model, including fault geometry,
recurrence rates of large earthquakes and alternative magnitudes from Mw6.6 to 8.0 are updated.

2.2 Ground motion models
Ground motion prediction equations (GMPEs) provide median ground motion predictions for
ground shaking intensity measures (IMs), such as PGA or PSA (previously, Peak Ground Acceleration or Pseudo-Spectral Acceleration), as a function of various predictor variables such
as moment magnitude, source-to-site distance and site conditions. In general, the maps can use
individual or weighted average of a suite of available and appropriate GMPEs. GMPE updates
in 2014 USGS NSHMP maps are based on various tectonic settings: 1) Active crustal regions,
2) Subduction zones and 3) Stable continental regions. Regarding active crustal regions in U.S.,
the main reason for 2014 USGS NSHMP update is the completion of phase 2 of Next Generation Attenuation (NGA) (hereafter referred to NGA-West 2) GMPEs that have been released in
2014 by Pacific Earthquake Engineering Research Center (PEER). The update includes 1) an
updated flatfile unprecedented in size including around 20,000 strong ground motion recordings
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for small-, moderate-, and large-magnitude events worldwide, and 2) five updated GMPEs for horizontal component of ground motion with new data and modelling features. For subduction zones
in U.S., including both interface and deep-sources, there have been two new GMPEs since 2008
update that are Atkinson and Macias (2009) and Addo et al., (2015) (hereafter, BcHydro).
CEUS GMPE update is comprised of two new GMPEs: Pezeshk et al., 2011 and Atkinson
(2008) in addition to weight updates that are assigned based on more sophisticated methods
which account for functional forms and modelling features.

3 Vulnerability Function
Building loss assessment is often carried out using a vulnerability function (VF) (also known
as damage function), which defines the distribution of the ratio of the building loss to the building value as a function of ground-motion (GM) intensities (Figure 1). In 1985, Applied Technology Council (ATC) first published a comprehensive report (ATC-13 1985) to estimate the
earthquake loss of existing buildings by developing a suite of VFs based on expert opinions.
ATC considered this approach since very limited earthquake damage or loss data were available
at that time. The report developed earthquake loss estimates as a function of Modified Mercalli
Intensity (MMI) for different facility classes (e.g., low-rise wood frame). For years this document based on primarily expert opinion and limited data was the standard for earthquake loss
modeling.

Figure 1. Typical vulnerability function representing mean damage ratio versus
intensity (spectrl displacement shown here).

Recently, researchers are focused on developing analytical VFs based on detailed nonlinear
analysis of buildingsIt is important to note that the newer approaches are typically developed
for site-specific buildings. A range of expected performance, along with expected uncertainty
in quality of construction, uncertainty associated with variations in the structure clas is required
to develop a vulnerability function to model the response of a class of similar buildings. As
such, these methods may provide data where little is known, but can not completely eliminate
uncertainty for reasonable loss modeling.
Another challange associated with portfolio-level loss modeling is the utilization of narrow
bands to classify large classes of buildings, defined by building height, building age, and
constrcution type. Refining the class of structures also reduces the quantity of data available to
generate low uncertainty vulnerabilities. Observed data forming a vulnerabilty curve (similar
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to shown above in Figure 1) may have very limited (if any) data to form the portion of the curve
associated with large intensities. In some regions, it is required to interpret the limited data from
past earthquake losses to represent vulnerabilities where no data may exist. As noted above, use
of engineering judgment to inform vulnerability functions have been accepted practice for over
30 years.

4 Methodology for implementation of alternative views of hazard
and risk
4.1 Hazard
It is common practice in seismic hazard analyses to represent the epistemic uncertainty in earthquake ground motions by a weighted set of available and appropriate GMPEs (Atik and
Youngs, 2014). The default GMPEs in USEQ™ are able to quantify the median ground motion
predictions as a function of various predictor variables such as moment magnitude, source-tosite distance and site conditions. However, GMPEs are statistical models that capture the median predictions of various IMs with associated uncertainties of model parameters as shown in
Eqn. 1.
lnY = FM(Mw) + FR(Mw, RJB, RRUP) + FS(VS30, Mw, RJB, RRUP) + T

(1)

This is a standard GMPE equation where lnY represents the median predictions in natural log
units, FM, FR, and FS show the scaling with magnitude, distance and site effects, respectively.
The aleatory variability is given as T where is the fractional number of standard deviations
of a single predicted value of lnY away from the mean value of lnY.
Such uncertainties represent the natural, random variability of model parameters. This variability is different than model-to-model uncertainty which can only be characterized by alternative
models (referred to epistemic uncertainty here). In other words, among the selected suite of
GMPEs, if the user can choose either one model or another, but it is uncertain which model is
the most appropriate, the epistemic uncertainty becomes very important. Therefore, USEQ™
has two sets of GMPEs in addition to the default set that represents authors’ view of risk based
on latest science in peer-reviewed journal papers and publications. These additional sets of
GMPEs can be selected in the peril related profiles which help users to perform alternative
sensitivity tests that deviate from the defaults models within the modeled range of uncertainty.
The underlying assumption of this approach is that the set of models, which typically have been
developed more or less independently by various researchers, represents the range of technically defensible interpretations for modeling strong ground motions (AY14). However, this
phenomenon doesn’t fulfil when 1) there is considerable collaboration between model developers to build the functional forms and 2) data limitations. Thus, additional epistemic uncertainty may be required.
Different methodologies to calculate the additional epistemic uncertainty can lead to large differences. For example, the approach taken by 2014 USGS NSHMP study group is based on the
square-root rule based on assumed level of epistemic uncertainty for large-magnitude–short-
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distance bin and the number of earthquakes used in modeling. However, AY14 uses direct statistical estimates of how well the data constrains the predictions of the individual NGA-West 2
GMPEs.
Authors quantify the epistemic uncertainty of five NGA-West 2 GMPEs for various Mw and
RJB or RRUP bins at different spectral period from PGA to T = 0.01 – 10 sec. The additional
epistemic uncertainty is incorporated based on the proposed values in AY14. Their study is
specific to NGA-West 2 model epistemic uncertainties and suggests that the epistemic uncertainty is Mw-, period- and style of faulting-dependent. Based on our understanding of the distribution of epistemic uncertainty in different tectonic settings, an epistemic uncertainty scaling
factor is applied to the regions outside of active crustal regions in Western U.S.

4.2 Vulnerability
Primary sources for epistemic uncertainty in generation of US vulnerability functions are: (1)
lack of recent (significant) earthquakes and the accompanying loss data; (2) construction quality; and (3) adjustment uncertainty. Lack of recent significant earthquakes is likely the largest
source of uncertainty in development of vulnerability functions. Limited sources of information
exist as to what the epistemic uncertainty may be for vulnerability function generation. One
source of uncertainty quantification is FEMA P-58 (2012). In that document, modelling uncertainty has two main components: quality of construction and quality and completeness of the
analytical model. FEMA P-58 (2012) provides suggested levels of uncertainty (represented as
the dispersion, βC, or the standard deviation of the natural log of the random variable). Dispersion values, βC, for Superior Quality, Average Quality, and Limited Quality are 0.1, 0.25, and
0.4, respectively. Lower values indicate a more rigorous construction process, from engineering to inspection procedures. Higher values indicate lack of consistency and inspection, and
poor quality structural design drawings.
Similar to these values, FEMA P-58 provides dispersions for the quality and completeness of
the analytical model used, βQ. Dispersion values, βQ, for Superior Quality, Average Quality,
and Limited Quality are 0.1, 0.25, and 0.4, respectively Here, βQ is assumed to be consistent
with the level of uncertainty we may see in the loss adjustment process. Note that both of these
tables are consistent with observations from other researchers indicating that the total dispersion
of the loss cost is on the order of 0.7 (Jayaram et. al. 2012).
Once the uncertainty around the mean is quantified from the above, i.e. the appropriate consideration of uncertainty has been completed, distributions around the mean for the default vulnerability functions can be computed. This includes relevant percentiles such as median, 70th, or
90th percentiles. One reasonable method of scaling the alternate vulnerability functions would
be to scale the mean value of the alternative vulnerability curve such that the median values of
the both the default curve and the alternative curve are equivalent.
Scaling as described in the paragraph above produces the dashed red and blue lines in Figure 2
representing the high uncertainty and low uncertainty scale factors, respectively. Because this
reduction is a non-linear function of the mean damage ratio, the solid red and blue lines represent simplified scale factors to apply to the mean damage functions. Using linear functions
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preserve monotonicity and provide reasonable changes in the vulnerabilities, as expected. An
example vulnerability function and subsequent high and low modifications are shown in Figure
3.

Figure 2. Proposed scale factores. Dotted lines show
theoretical values of scale factors and solid lines
represnt numerical simplifications of the dotted lines.

Figure 3. Default and modified vulnerability
functions for an example structure

5 Results
The changes to the hazard models and vulnerability functions have been implemented in the
USEQ™ model to quantify the sensitivity and the uncertainty in the estimation of seismic risk
for well distributed portfolios in U.S. One of the metrics used to quantify the methodology is
the average annual loss (AAL), which is used to calculate the insurance premium, and losses at
different return periods which are used extensively for risk transfers. Figure 4 shows the absolute change in AAL for two select geographic regions: (1) California, a region with high seismic
activity, and (2) the New Madrid Seismic Zone (NMSZ), a region of relatively lower seismic
activity. For California, the changes are in the order of 27-34% for the combined effects of
alternate vulnerability and hazard. In NMSZ, accounting for the uncertainty results in an absolute change on the order of 38-55%.
Another metric used to calculate losses at varying return periods. Figure 5 shows losses for the
same geographic locations and portfolios as above at four distinct return periods of 100, 250,
500, and 1,000 years. As would be expected the return period losses are greatest in the more
frequent events due to increased uncertainty in the vulnerability models at lower intensities.
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Figure 4. Effective change in well-distributed portfolio average
annual losses for ground-up loss

Figure 5. Effective change in well-distributed portfolio at various
levels of exceedence probabilities

Summary and Conclusions
In this paper, two separate methods to account for varying levels of epistemic uncertainty were
presented. The changes represented reasonable ranges of reducible uncertainty in both the hazard modeling and vulnerability creation. When combined, the alternate views of uncertainty
had a meaningful impact on the USEQ™ model, resulting in a range of absolute changes in
ground-up AAL from 27% to 55%. The impact of geographic variations regarding the lack of
data and knowledge results in larger uncertainty in NMSZ than California.
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Abstract: As infrastructure ages, the importance of assessing long-term structural
reliability is increasing. One of the challenges in doing this is the uncertainty that
exists in projecting long-term environmental conditions, including in varying loading conditions and the hazards that these structures will be subjected to. While
there is an increasing amount of work that takes into account non-stationary load
processes, many studies fail to consider the differing modes of degradation associated with aging infrastructure when assessing reliability, and the effect of changing
environmental conditions on those modes. In this paper, we create a framework to
assess long-term structural reliability accounting for various modes of aging and
degradation and incorporating the uncertainty of changing environmental conditions. We specifically focus on the effects of climate change on both the long-term
resistance of and loading patterns on structural systems. Projections for estimated
changes in environmental factors are used to investigate their impacts on structural
reliability. Sensitivities of the formulation to parameter variation are presented.
The use of data collected from a structure over its lifetime to update reliability
estimates is discussed.

1 Introduction
As infrastructure ages, the importance of assessing long-term structural reliability is increasing. Due to changing loading conditions and component deterioration over time, a timedependent reliability assessment is needed [4, 8]. While there is an increasing amount of work
that takes into account non-stationary load processes [e.g., 11], we are interested in assessing
structural reliability under changing environmental conditions, particularly the impacts of
climate change. In addition, we investigate the effects of differing modes of degradation on
reliability. One of the challenges in doing this is the uncertainty that exists in projecting environmental parameters over time. This includes variations in loading conditions and the hazards that these structures will be subjected to over the long term.
In this paper, we present a framework to assess long-term structural reliability accounting for
various modes of aging and degradation and incorporating the uncertainty of changing environmental conditions. We specifically focus on the effects of climate change on both the long-

2243

term resistance of and loading patterns on structural systems [10]. Degradation modes considered include temperature effects, carbonation, corrosion, and fatigue. These are affected by
environmental parameters including increased temperature, carbon dioxide, and the extreme
intensities of natural hazard loading events.
To assess the impacts of long-term environmental trends on structural reliability, the 2007
Intergovernmental Panel on Climate Change (IPCC) report [6] is used to provide estimated
projections of changes in environmental factors. While many models exist for climate change
projections, this report is one of the most widely accepted and is therefore used in this study.
In addition, global mean projections are used to demonstrate the general methodology presented here. Location-specific projections can be used for further study of structures located
in particular regions or subject to particular hazards.
In considering the uncertainties associated with changing environmental factors over time, the
IPCC report [6] estimates that average global temperature will increase by 1.79-3.13°C between 2000-2100. The concentration of carbon dioxide is projected to increase by 2-2.5 times
in that period. In addition, for changes in the extremes of natural hazard events, precipitation
extremes are expected to increase by 4-5% by 2100 and maximum surface wind speeds for
hurricanes and cyclones by 6-14%. Based on historical linear trends, e.g., in increased global
carbon dioxide levels, we assume that these changes occur linearly over the period of interest
to assess ranges of responses over the considered time period.
In the following sections of this paper, we describe the methodology for estimating structural
reliability. This includes a proposed degradation function accounting for varying modes of
degradation. The methodology is applied to a demonstrative structure to show the effects of
uncertainty and changes in environmental conditions on long-term structural reliability. Sensitivities of the formulation to parameter variation are presented. The use of data collected from
a structure over its lifetime to update reliability estimates is discussed.

2 Methodology
2.1 Degradation Function
To model the uncertainty in structural degradation, we propose a stochastic degradation function 𝐺(𝑡) such that the resistance of the structure as a function time 𝑅 𝑡 is given as
𝑅 𝑡 = 𝑅! 𝐺(𝑡)

(1)

where 𝑅! is the initial resistance as in [5]. In previous studies, 𝐺 𝑡 has generally been modeled using simple polynomial functions as in [2, 3, 5, 7]. In contrast, we propose a degradation function given in Equation (2) based on the mechanical properties of different modes of
degradation
𝐺 𝑡 = 1 − 𝑎𝑡 − 𝑏 𝑡 − exp

!
!

(2)

In this formulation, the square-root, exponential, and linear terms account for, respectively,
carbonation, accelerated corrosion due to temperature, and other mechanisms of degradation
including fatigue. Carbonation is particularly relevant for structures made of concrete, the
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most widely used construction material. For reinforced concrete, carbonation reduces the material strength and leads to the corrosion of steel reinforcement. Previous studies have found
the strength of concrete to be inversely proportional to the depth of carbonation [1]. In addition, the depth of carbonation has been found to be directly proportional to the square root of
the concentration of atmospheric carbon dioxide [9]. Therefore, we assume the long-term
structural strength is negatively correlated to the square root of the atmospheric carbon dioxide concentration.
The effects of a rise in temperature on the structure are threefold with a decrease in modulus
of elasticity, induced thermal loads, and increased rate of corrosion. The modulus of elasticity
of any structural material decreases with increased temperature, and tends to be linear at the
temperature ranges considered in this study. Increased temperature also induces thermal
loads. Depending on the end fixity conditions, a maximum thermal stress of 𝐸𝛼∆𝑇 is generated, where 𝐸 is the modulus of elasticity, 𝛼 the coefficient of thermal expansion, and ∆𝑇 the
change in temperature. Temperature also affects the rate of corrosion of an element. In general, the Arrhenius equation suggests that chemical reaction rates increase exponentially with
temperature. While recognizing that long-term corrosion of civil engineering materials is affected by several factors, we assume an exponential variation for the temperature ranges considered in this study.
The linear term is intended to cover all other modes of degradation, including fatigue. Outside
of typical fatigue from structural loadings, in the context of climate change, increased fatigue
can be due to more severe freeze-thaw cycles or heat events. If other dominant degradation
modes are present, this term can be replaced by any other polynomial function. For simplicity
and assuming fatigue to be dominant compared to other strength-reducing factors, we use a
linear term in the degradation function.
In Equation (2), it is assumed that each term in the function is driven solely by the attributed
degrading mechanism, such that fatigue only affects 𝑎, carbonation 𝑏, and corrosion 𝑐, and
that each term is separate from the other. The three parameters 𝑎, 𝑏, and 𝑐 can then be estimated based on an attributional quantification of the fraction of the total degradation caused
by each degradation mechanism. For the results presented in this paper, we take a demonstrative concrete structure, assuming corrosion and fatigue each account for 45% of the degradation, and carbonation contributes to the remaining 10%. These values are selected as a
concrete structure is most affected by corrosion and fatigue in the long run. Selection of alternative weights is possible for a specific structure based on the type of structure, its usage, and
its location. Further, in the results section, we investigate the sensitivity of the model to these
parameter selections.

2.2 Loading Events
We model the non-stationary environmental loading events as Poisson processes with timedependent mean occurrence rate 𝜆(𝑡) and mean load intensity 𝜇! (𝑡), where the subscript 𝑠
denotes structural loads. The changing mean rate and mean intensity parameters model the
increasing frequency and severity of climate-dependent natural hazards, including hurricanes,
tornados, and rain and snow events.

2245

2.3 Structural Reliability
With these models of resistance and loading, we estimate structural reliability as the probability of the load 𝑆 𝑡 exceeding the resistance 𝑅 𝑡 at any point in time. The probability of failure of the structure 𝑃! is therefore given as
!
𝐹!,!
!

𝑃! 𝑡 = 𝑃 𝑅 𝑡 < 𝑆(𝑡) =

𝑠 𝑓!,! 𝑠 𝑑𝑠

(3)

𝐹 and 𝑓 represent the CDF and PDF, respectively, and 𝑅 and 𝑆 are assumed to be statistically
independent. To obtain the probability of failure of the structure in a time interval 𝑡 to 𝑡 + 𝑑𝑡,
we employ a hazard function ℎ(𝑡) where
ℎ 𝑡 =

!(!! !!!!"|!! !!)
!"

=

! !!!! !!!!"
! !!!! !"

(4)

and 𝑡! indicates the time of failure. Expressing the numerator of Equation (4) as 𝑃 𝑡 < 𝑡! ≤
𝑡 + 𝑑𝑡 = 𝜆 𝑡 𝑑𝑡 ∙ 𝑃 𝑅 𝑡 + 𝑑𝑡 < 𝑆 𝑡 + 𝑑𝑡

∙ 𝑃 𝑡 < 𝑡! results in the hazard function

ℎ 𝑡 = 𝜆 𝑡 ∙ 𝑃 𝑅 𝑡 + 𝑑𝑡 < 𝑆 𝑡 + 𝑑𝑡

(5)

Assuming 𝑑𝑡 to be infinitesimally small such that no uncertainty is induced in the estimation
of 𝐺(𝑡 + 𝑑𝑡) given 𝐺(𝑡), 𝐺(𝑡 + 𝑑𝑡) and hence 𝑅 𝑡 + 𝑑𝑡 are deterministic such that
𝑃 𝑅 𝑡 + 𝑑𝑡 < 𝑆 𝑡 + 𝑑𝑡 = 1 − 𝑃 𝑆 𝑡 + 𝑑𝑡 < 𝑅 𝑡 + 𝑑𝑡 = 1 − 𝐹! 𝑅(𝑡 + 𝑑𝑡) . The hazard function then becomes
ℎ 𝑡 = 𝜆 𝑡 ∙ 1 − 𝐹! 𝑅(𝑡)

(6)

The hazard function is related to the structural reliability 𝐿(𝑡) by
!

ℎ 𝑡 = − !" ln 𝐿(𝑡)

(7)

Thus, the structural reliability can be expressed as
𝐿 𝑡 = 𝑒𝑥𝑝 −

!
𝜆
!

𝑡 ∙ 1 − 𝐹! 𝑅(𝑡) 𝑑𝑡

(8)

with the probability of failure given by 𝑃! 𝑡 = 1 − 𝐿(𝑡).

3 Results
3.1 Reliability
The proposed degradation function is now applied to a demonstrative concrete structure to
show the effects of uncertainty and changes in environmental conditions on long-term structural reliability. To estimate the parameters of the degradation function, we assume that the
resistance at the end of 40 years is 80% of the initial resistance [5]. This value may be
changed, including updating the remaining resistance based on measurements made on the
structure over its lifetime. However, 80% at 40 years is assumed here for consistency with
previous work. Based on the attribution of 45%, 45%, and 10% of the degradation to corrosion, fatigue, and carbonation, respectively, the parameters of the degradation function are
then calculated as 𝑎 =

!.!"
!"

,𝑏=

!.!"
!"

, and 𝑐 = ln (0.09) ∙ 40.

With these parameters, Figure 1 and Figure 2 show the evolution of the structural reliability
over time due to individual environmental factors. The “natural” line indicates the decrease in
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reliability (or increase in probability of failure) without accounting for increased degradation
due to climate change parameters. The “net effect” line indicates the combined effect of all
degradation mechanisms considered. Figure 1 shows the results for more conservative climate
change estimates, i.e., for a temperature increase of 1.79°C and 100% increase in carbon dioxide concentration. Figure 2 results are for more aggressive estimates of 3.13°C temperature
increase and 150% increase in carbon dioxide concentration. Probability of failure is plotted
on a logarithmic scale for the next 85 years until the year 2100, with zoomed plots provided
for years 67-75 for clarity.
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Figure 1: Probability of failure with minimum climate change projections (a) over time, (b) zoom years 67-75
Reliability with ∆ T=3.13 °C and ∆ CO 2 =150% at year 2100
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Figure 2: Probability of failure with maximum climate change projections (a) over time, (b) zoom years 67-75

From the plots, we see that thermal loads have the smallest effect, with the change in modulus
of elasticity having also a negligibly small effect over the period of interest. Corrosion and
carbonation have the largest effects. These results are dependent on the fraction of degradation attributed to each mechanism. Carbonation’s significant effect on decreasing structural
reliability with only 10% attribution in the degradation function is noteworthy. Overall, accounting for the effects of climate change results in an almost doubled probability of failure
of the structure through 2100. It is noted that the calculated values of reliability are dependent
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upon several numerical assumptions, which may not be able to be validated in reality. In that
case, relative changes in reliability for a structure due to different degradation modes, as well
as comparing reliability estimates across a portfolio of structures may be of interest.
From Figure 1 and Figure 2, to facilitate comparison of the two cases considering the minimum and maximum climate change projections, Figure 3 shows the net effect lines for both
cases on a single plot compared to the natural case. This shows the impacts of climate change
on long-term structural reliability, as well as the uncertainty associated with taking these effects into account in projecting structural reliability over time.
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Figure 3: Probability of failure comparing results for minimum and maximum climate change projections

Next, we consider the effects of increasing loading events on the structure. Extreme load
events, such as hurricanes, tornadoes, and extreme precipitation, are assumed to be Poisson
distributed with mean rate of occurrence of 1/year. While the IPCC report provides projections on increases in the magnitude of the loading maxima, no clear consensus exists regarding increases in the number of extreme events. Therefore, we assume a constant mean rate of
occurrence with increases in the intensity of the extremes of 5%, 10%, and 15% from the year
2000-2100. Figure 4 shows the reliability over time under different loading scenarios, with
“natural” and “net” indicating the plots for decreased resistance without and with the effects
of climate change, respectively.
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Figure 4: Probability of failure over time with increase in intensities of extreme loads

From the plot, we see that the probability of failure is increased at each instant of time with
the higher environmental load. Taking into account the increased intensities of loading events,
the failure probability is increased by as much as 3.5 times compared to the natural curve.

3.2 Sensitivity Analysis
We now investigate the impact of the choice of parameters in the degradation function on the
reliability assessment outcomes. The results of a sensitivity analysis of the function with respect to the three parameters 𝑎, 𝑏, and 𝑐 are given below. We calculate a normalized sensitivity coefficient 𝜑! for a variable 𝑋! in the degradation function 𝐺 as
𝜑! =

!"

.

!!

!!! !

(10)

where 𝑋! = 𝑎, 𝑏, 𝑐 . We do the same for the sensitivity of the probability of failure or reliability to the choice of parameters, changing 𝐺 to 𝑃! or 𝐿 in Equation (10). The results are
shown in Table 1.
Table 1: Sensitivity of degradation function and structural reliability to parameters 𝑎, 𝑏, and 𝑐

𝜑!
𝜑!
𝜑!
Degradation function 𝐺
0.112
0.025
0.271
Structural reliability 𝐿 7.47×10!! 1.78×10!! 1.63×10!!
The values in Table 1 represent the sensitivity of the model to different assumed parameters
and quantify how the degradation function is expected to change with changes in estimates of
the parameters. From the results, the function is most sensitive to parameter 𝑐, followed by 𝑎,
and then 𝑏. The parameters 𝑏 and 𝑐 are the more directly climate-dependent factors in the
degradation function, 𝑐 representing accelerated corrosion and 𝑏 the effects of carbonation,
with the model being more sensitive to 𝑐 compared to 𝑏.
The sensitivity results of the calculated reliability or probability of failure 𝐿 or 𝑃! to the
choice of parameters (it is noted that as these are sensitivity magnitudes, the results for both
cases will be the same) is consistent with the sensitivity analysis of the degradation function
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𝐺. The results at 𝑡 = 40 years show that the reliability is most sensitive to 𝑐, 𝑎, then 𝑏. Thus,
we see the effect of changes in parameters on the failure probability results presented.

3.3 Data for Updating and Decision Making
Within this framework for assessing long-term structural reliability, there are two major components where data can be used for updating to facilitate decision making based on the most
up-to-date information. The first is in the selection of parameters of the degradation function.
As previously discussed, the attribution of fractions of degradation to specific mechanisms
has a significant impact on the reliability assessment results. Based on periodic inspections or
observations of a structure, these parameters can be updated. For example, tests using NDE
techniques can help estimate the extent of a specific degradation mode compared to other
modes, such as the amount of fatigue-induced deformation or degree of corrosion in reinforced concrete. These observations can be used to update the weights of the dominant modes
of degradation for the structure over time.
Measurement and observation data can also be used to update the reliability curves themselves. For example, measurements of certain mechanical properties of the structure can be
used to assess the reliability at a given point in time. This would be a measured point on the
structural reliability curve. With this point, the projections of reliability can then be updated
from that point forward using the degradation function over the remaining life of the structure.
There are many uncertainties associated with projecting long-term reliability. Incorporating
measurement data in these ways will help update reliability assessments to facilitate decision
making under uncertainty for aging structures and infrastructure systems. Example decisions
include, for a single structure, retrofit decisions that can be optimized by time and type of
action based on degradation mode to minimize probability of failure over the lifetime of the
structure. In addition, when looking at multiple structures, comparing reliability estimates
across a portfolio of structures will enable prioritization of limited resources for repair or retrofit over the network. Assessments of long-term structural reliability will help infrastructure
owners and operators make better-informed decisions in these scenarios under conditions of
uncertainty.

4 Conclusion
In this paper, we presented a framework for assessing long-term structural reliability under
the uncertainty of changing environmental conditions. This includes a proposed structural
degradation function that takes into account the mechanical properties of different modes of
degradation. The framework was applied to a demonstrative concrete structure under varying
environmental parameters due to climate change. The decrease in reliability of the structure
due to these factors, both from decreased resistance and increase loading, was shown. In
terms of decreased resistance, carbonation and corrosion were found to have the largest effects. The effects of increasing extremes of loading events were also analyzed. The sensitivity
of the degradation function and reliability results to the choice of parameters in the degradation function was investigated, with the results found to be most sensitive to the exponential
parameter corresponding with corrosion in the function. In general, the framework requires
incorporation of certain assumptions. However, these can be improved by the incorporation of
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data for updating, and the method presented provides a framework for assessing long-term
reliability to facilitate decisions to increase structural reliability under the uncertainty of
changing environmental conditions over time.
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Abstract: In this paper a completely data based method of health monitoring in
railway bridges, using signal energies of structural responses to traffic loads, is
proposed. Signal energies of responses of an unknown state are compared to the
signal energies of the training data set using the Mahalanobis squared distance
metric. The method offers a very fast and reasonably accurate identification of the
presence of damage in the system, and inherently accounts for the operational
variability of the train traffic in damage detection.

1 Introduction
Railway bridges are vital components of the infrastructure framework, and thus ensuring their
continued functionality and safety is of prime importance. This calls for regular inspection
and condition assessment of the bridges. The information obtained from such continuous
monitoring will help reduce the uncertainty stemming from lack of knowledge of the state of
health of the bridge, and will hence be an essential input for remaining service life assessment
and efficient maintenance planning for the bridge. Structural health monitoring offers various
techniques to detect damage by comparing the baseline structure with the current state of the
structure [5,6,8,11].
Initial methods of SHM consisted of visual inspections, and non-destructive testing using xrays and infrared techniques. While such methods provide a local assessment of damage, they
usually require an a priori knowledge of the possible damage location(s), and are hence often
prone to miss hidden damages. Recently, vibration based SHM, which provides a more global
assessment of the structural health, has garnered a lot of interest. These techniques use vibration responses of the structure, such as accelerations, measured using sensors placed at various locations of the structure [3]. System identification based methods extract the modal
and/or physical properties of the structure from the measured vibration data, often using an
analytical model of the system [4,9,10]. These methods become highly complex when identifying systems with time varying modal properties. Additionally, incomplete instrumentation,
unknown inputs, and operational and environmental variability in the system make modal
identification challenging. An alternate class of vibration based SHM techniques that rely
solely on the measured data, bypassing modal identification, and defined in a statistical
framework, can perform well in handling the operational and environmental uncertainties in
damage detection. These methods extract damage sensitive features (DSFs) from several sets
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of vibration data acquired from the healthy structure (training data), and build a statistical
model of these features to represent the healthy state. The DSFs obtained from any newly
acquired data, from the current (unknown) state of the structure, can then be compared to this
statistical model to decide whether the structure in its current state is still healthy or may have
suffered some damage. However, as these methods do not make use of any physical model of
the structure, prediction of the type and severity of damage is intricate [1,5,7]. Recent studies
also tend to rely on ambient or operational vibrations of structures (output-only), in contrast to
traditional monitoring with known applied excitations (input-output) [4].
In the present study, we engage into the solely data based approach for SHM of railway
bridges under train induced vibrations. This allows us to avoid the complexity of identifying
modal parameters of the train-bridge system rapidly varying in time, owing to the interaction
between the train and bridge masses, especially for heavy trains [8]. This also lets us account
for the operational variability in the measured responses induced by trains of different masses
and speeds. We propose to identify damage in a railway bridge using the signal energies of its
acceleration responses to the train traffic load as DSFs. The proposed feature can be extracted
from only the measured response data, and hence can be used in output-only situations. The
operational variability of the train traffic are incorporated in the damage identification procedure by considering a large set of responses under variable mass and speed conditions in the
training data. An outlier analysis is carried out to compare the log of signal energy of an unknown set of responses to log of signal energies of the training data set, using the
Mahalanobis squared distance metric. The methodology is explained through a numerical
example in Section 2. The method is applied to data from laboratory experiments in Section 3.

2 Signal Energy Based DSF with Numerical Example
The proposed DSF and the damage detection methodology are discussed with the help of a
numerical example. A four span continuous bridge of 200 m total length, shown in Figure 1,
is considered under moving train load. The train is modeled as a moving uniformly distributed
load of length 100m. Mass per unit length of the bridge is 12.75 × 103 kg/m and flexural rigidity is 1.015 × 103 kgm3/s2. Damage in the bridge is simulated as localized stiffness reduction.

Figure 1: Four span continuous bridge

2.1 Finite element model
The bridge is modeled as a continuous beam using eight Euler Bernoulli beam elements per
span, resulting in a finite element model with total 61 degrees of freedom (DOFs). The train
load is modeled as a moving distributed mass using Heaviside step functions [2]. This causes
the mass matrix of the train-bridge system to change in every time step due to the moving
train mass over the bridge. Rayleigh damping is assumed, with 2% modal damping in the first
two modes. Damage is induced by reducing the stiffness of the 12th element in the beam
(center of span 2) to various extents. We assume that we measure the acceleration responses
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of every alternate active vertical degree of freedom, shown by the sensor locations in Figure
1, resulting in a total of 12 measured DOFs. The true acceleration responses are computed
using the Newmark-β method. The effect of measurement noise is simulated by adding ten
percent root mean square Gaussian white noise signals to the true responses at the sensor locations to give the measured “noisy” acceleration data.

2.2 Simulation of operational variability
Any SHM technique used in railway bridges should be able to accommodate the operational
variability like different masses and speeds of the trains passing on the bridge. In the current
study, the uncertainties in mass (per unit length) and speed of trains are modelled as scaled
inverse chi squared distributions with degree of freedom 50. The distributions are scaled so
that the modal value of the train mass distribution is 0.8 times the mass of the bridge, and the
modal value of the train speed distribution is 30m/s. Two different sets of 500 masses and
speeds are randomly sampled from these distributions; the first set is used in the simulations
to create the healthy (training) data set, while the second set is used to simulate the responses
of the different damaged states of the bridge. The use of two different sets to simulate the
training data and data from damaged states ensure that there exist some differences in the
masses and speeds used for the training and damaged states, as would be expected in reality,
although the underlying distributions characterizing the operational variability remains unchanged from the healthy to the damaged states. Figures 2 and 3 show the histograms of the
sampled mass ratios (ratio of mass per unit length of the train to that of the bridge) and speeds
of the trains used to create the training data and data for different damaged states.
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Figure 2: Histograms of sampled mass ratios and speeds to create the healthy (training) data set
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Figure 3: Histograms of sampled mass ratios and speeds to create the different damaged data sets
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2.3 Influence of operational variability on statistics of signal energy
Suppose we have d acceleration sensors located on the bridge. The signal energy of the discrete time acceleration signal recorded by sensor j can be calculated as:
𝑗
𝐸𝑆

𝑛𝑡

1
= � 𝑥𝑖2
𝑛𝑡

(1)

𝑖=1

where, xi is the signal value at the ith time instant, and nt is the total number of data points in
the signal. The total time is taken as the time it takes for the entire train to enter and cross the
full length of the bridge. The energies of the signals recorded by all the d sensors can then be
stacked to form the vector:
𝐄𝐒 = {𝐸𝑆1 , 𝐸𝑆2 , … , 𝐸𝑆𝑑 }𝑇
(2)

In this paper, we propose to use the log of the d-dimensional vector in Equation (2) as a DSF.
The minimal computational effort necessary in extracting this DSF from measured responses
is evident from Equation (1). The normalization by nt in Equation (1) is to account for the
effects of different sampling rates for the same signal, or signals of different length from the
same state of the structure.
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Figure 4: Normal probability plots of the log of acceleration signal energies at the midpoints of spans 1 and 2
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Figure 5: Scatter plot of the log of acceleration signal energies at midpoints of spans 1 and 2

While the acceleration signal energies should be affected by structural damage, they should
also be affected by the operational variability induced by different masses and speeds of the
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trains running on the bridge. Not accounting for this variability may lead to false alarms,
where a change in the signal energies due to change in train mass/speed is incorrectly attributed to structural damage, or even cases where we miss the existence of damage, incorrectly
attributing a change in signal energy to operational variability. To account for the operational
variability, we create a statistical model of the DSF vectors extracted from data collected from
the healthy bridge under different operational conditions. In this example, we use the responses of the healthy bridge under the different train loads, corresponding to the first set of
500 train masses and speeds generated in Section 2.2, to study the effect of train load variability on the statistics of the acceleration signal energies. Figure 4 shows the normal probability
plots of the log of the signal energies of the acceleration responses measured at the midpoints
of spans 1 and 2 of the bridge. It is evident that, although not strictly normal, approximating
the distributions of the log of these signal energies as normal would be a reasonable assumption. Figure 5 shows the scatter plot of the log of these two sets of signal energies. From this
figure, it is evident that the log of the signal energies of acceleration responses measured at
the two different DOFs are linearly related. Similar trends as in Figures 4 and 5 are also obtained for the acceleration responses measured at the other DOFs. Based on these observations, with d sensors, accounting for the operational variability of different train loads, the
DSF proposed here may be treated as a d-dimensional (multivariate) normal random vector.

2.4 Damage detection using outlier analysis
Once a statistical model of the DSF vector is determined, for any new acquired DSF vector,
one can perform an outlier analysis using a suitable distance metric, to decide whether the
new acquired DSF vector can be treadted as a sample from the same statistical model
(structure is still healthy), or not (structure has suffered some damage). Since the distribution
of the proposed DSF may be approximated as multivariate normal, the Mahalanobis squared
distance metric (MSD) may be used to perform the outlier analysis in this case [1,7]. The
damage detection using the MSD metric with the DSF of Section 2.3 is discussed next.
Suppose we have ntr sets of measured data from the healthy structure, resulting in ntr DSF
vectors representing the healthy state. In this example, ntr = 500. Let μ and Σ respectively
denote the mean vector and covaraince matrix of these ntr DSFs, i.e., if log Es,i denote the
DSF obtained from the ith set of measured data from the healthy structure:
𝑛𝑡𝑟

1
𝛍=
� log 𝐄𝐬,𝑖
𝑛𝑡𝑟
𝑖=1

𝑛𝑡𝑟

1
𝑇
𝚺=
��log 𝐄𝐬,𝑖 − 𝛍��log 𝐄𝐬,𝑖 − 𝛍�
𝑛𝑡𝑟 − 1

(3)

𝑖=1

With μ and Σ thus computed, the healthy state of the structure, including the effects of
operational variability, can then be said to be represented, in terms of the proposed DSF, by
the multivariate normal distribution N(μ, Σ). Now, let the DSF vector obtained from a newly
acquired set of measured data be log Es,new. The MSD metric between this new DSF vector
and the distribution N(μ, Σ) can then be computed as:
𝑇
(4)
MSD = �log 𝐄𝐬,new − 𝛍� 𝚺 −1 �log 𝐄𝐬,new − 𝛍�

If the computed MSD is less than a threshold Γ, it is concluded that the new DSF vector
comes from the same distribution N(μ, Σ), i.e. the state of the structure from which the new
DSF is obtained is still healthy. If the computed MSD is greater than Γ, we conclude that the
DSF distribution has changed, i.e the structure has suffered some damage. The threshold is
determined based on the distrbution of the exclusive MSD metric. When the statistics defining
the distribution N(μ, Σ) are sample statistics, as evaluated in Equation (3), the exclusive
MSD follows a scaled F distribution [1]. Accordingly, the threshold Γ can be computed as [1]:
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𝛤=

2
(𝑛𝑡𝑟
− 1)𝑑 1−𝛼
𝐹
𝑛𝑡𝑟 (𝑛𝑡𝑟 − 𝑑) 𝑑,𝑛𝑡𝑟−𝑑

(5)

1−𝛼
where 𝐹𝑑,𝑛
is the (1 – α)th percentile of the F distribution with d and (ntr – d) degrees of
𝑡𝑟 −𝑑
freedom. In this paper, α is chosen as 1%.

2.5 Results for numerical example
In this numerical example, ntr = 500 and d = 12 (number of sensors), as discussed in Sections
2.1 to 2.3. To evaluate the damage detection method, we consider four damage states, with
State 1 being healthy, and States 2 to 4 respectively with 5%, 10% and 15% reductions in the
stiffness of element 12 (center of second span). For each damage state, 500 sets of data are
simulated using the second set of train masses and speeds sampled in Section 2.2. Each of
these 500 × 4 (= 2000) sets of data are treated as coming from unknown states of the structure
to be assessed for damage existence, and the computed MSD of the corresponding DSF is
used to classify the state as healthy or damaged. Naturally, detection of damage for any DSF
from State 1 will be a false alarm, while declaring the structure healthy for any DSF from
States 2 to 4 will be a false negative error. Figure 6 shows the MSD values obtained for all the
2000 data sets, along with the threshold 𝛤. A few cases in State 1 are classified incorrectly as
damaged, giving a false alarm rate of 1.2%. When the damage in element 12 is of 5%
severity, 11.64% of the cases are incorrectly classified healthy; for damage severities of 10%
and more, the existence of damage is detected in all the data sets. It is evident from the results
that the proposed DSF is able to perform damage detection with reasonable accuracy, even
under severe operational varibility induced by differences in the train load characteristics.

Figure 6: MSD values for the DSFs from States 1 to 4, respectively denoted by blue, red, green and cyan bars,
and the threshold for damage detection (dotted line). State 1: healthy, States 2 to 4: damaged.

3 Experimental Application
The proposed method is applied to detect the presence of damage in a laboratory scale model
of a four span continuous railway bridge. The bridge deck is a 2439 × 76 × 4 mm steel plate,
which rests on plywood supports and is connected to the supports using two door frame hinges at each support, as shown in Figure 8(a). Damage is simulated by making a 60 × 1.5 mm
cutout (Figure 8(b)) in the third span from the left.
Both the healthy and damaged bridges are subjected to moving train loads using a HO (1:87)
scale train model which consist of an engine of 397 gm, and four freight cars each of 77 gm.
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Operational variability is simulated by running the train at three different speeds: 15, 30 and
45 cm/s, and by adding different combinations of 200 gm lead blocks to the freight cars. Five
different combinations of added mass are considered, as detailed in Table 1. For the combination M2 in Table 1, one 200 gm lead block is added on each of the first and fourth freight
cars, while the second and third cars have 3 added blocks each; similarly for the other combinations. For each speed and mass combination, the train is run across the bridge five times,
resulting in 3 × 5 × 5 = 75 data sets for both the healthy and damaged bridges. Acceleration
responses are recorded at the midpoint of each span with a sampling frequency of 1000 Hz.
Prior to damage detection, the measured signals are downsampled to 500 Hz, and band-pass
filtered using a 4th order Butterworth filter with passband [1, 100]Hz.
Out of the 75 data sets from the healthy bridge, 60 are used to create the statistical model of
the DSF depicting the healthy state, and determine the threshold Γ. The remaining 15 data sets
from the healthy bridge (one run for each speed and mass combination), and all 75 data sets
from the damaged bridge are treated as coming from unknown states. Figure 8 shows the
MSD values of the DSFs extracted from these 90 data sets. All the healthy data sets are classified correctly, while only one data set from the damaged bridge is incorrectly classified as
coming from the healthy bridge leading to a damage miss rate of 1.33%.
(b)

(a)

Figure 7: (a) Experiment set up (b) cut out for damage
Table 1: Mass combinations used in the experiment

Mass combinations
Number of 200 gm lead
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Figure 8: MSD values for the DSFs extracted from the 15 healthy responses (blue bars) and 75 damaged
responses (red bars), along with the threshold for damage detection (dotted line).
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4 Conclusions
The use of signal energies of measured acceleration responses as a potential DSF for health
monitoring of railway bridges under operational conditions is explored in this paper. A major
advantage of this DSF is its computational efficiency. The method is completely data driven,
output-only, and circumvents the challenge posed by the time-varying nature of the trainbridge system. The method also inherently accounts for the operational variability in responses induced by trains of different masses running at different speeds. It is seen that the
distribution of the proposed DSF extracted under different operational conditions may be approximated as multivariate normal. Damage existence in the bridge is detected by performing
outlier analysis using the Mahalanobis squared distance metric, comparing any newly extracted DSF, with the multivariate normal model of the DSF depicting the healthy state of the
bridge. The performance of the method is illustrated using both numerical simulations as well
as laboratory scale experiments, and promising results are obtained.
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Abstract: Prediction of deterioration in structural systems is associated with
large uncertainties. Inspections can reduce these uncertainties and support the
planning of measures to ensure the integrity of structural assets, but inspections
are costly and should be optimized. Past research and applications of risk-based
inspection planning have treated sequentially the questions “when to inspect?”
and “where to inspect?” to limit the computational cost of optimizing inspection plans. To optimize inspections in larger structural systems, we develop a
methodology that accounts for component interactions and interdependence such
as stochastic dependence in deterioration processes at different locations, structural interactions and progressive damage evolution. The methodology involves
a hierarchical dynamic Bayesian network to compute the updated system reliability with component inspection results. The optimization utilizes a heuristic
for defining inspection strategies at the system level. In particular, component
inspections are prioritized based on their value of information (VoI). We investigate heuristics that combine component characteristics which are closely linked
to the VoI. We define a Prioritization Index and study its effect for different combinations of component structural importance, uncertainty and correlation. For
numerical investigations, the methodology is applied to an idealized steel structure subject to fatigue deterioration.

1 Introduction
Civil and structural assets deteriorate over time due to processes such as fatigue, wear or corrosion, and can eventually become non-operational or even fail. Their state of deterioration can be
described and predicted only with uncertainty due to the stochastic nature of these processes [3,
13]. To reduce this uncertainty, the asset operator can devise inspection and maintenance plans
(I&M). Through inspections, the operator obtains new information on the state of the structure
and reduces the uncertainty on the system condition. However, the inspection and maintenance
actions can represent a significant part of the total life cycle cost of a structure. This paper addresses the optimization of these actions, so that the total expected I&M cost over the design
life of the structure is as low as possible without affecting the operability of the system.
Multiple studies have developed I&M planning methods and tools combining Bayesian methods and stochastic deterioration models [7, 8, 13, 18, 20]. An I&M plan can be modelled as a
sequential decision problem, as illustrated by the decision tree in Figure 1. This type of problem has been studied extensively and several general methods have been proposed to obtain a
global optimal strategy [2, 11]. These methods include the Partially Observable Markov Decision Process (POMDP), which has been utilized to solve single and multi-components I&M
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Figure 1: Simple decision tree in risk based inspection planning [13].

optimization problems [6]. However, the exact solution of the POMDP for multi-component
systems is an intractable computational challenge [2, 9, 6]. Approximate solutions have been
investigated, but they do not consider components interdependence and their joint effect on the
system condition [6]. For the same reasons, most risk-based planning optimization approaches
have simplified the system and focused on the optimization at the component level [8, 18].
However, these simplified models consider separately and sequentially the conditions of the
components and do not include the strong correlation among the states of multiple components.
The method proposed in [4] models the component interaction by adopting a hierarchical dynamic Bayesian network (DBN) to calculate the system probability of failure at any point in
time t, given inspection observation and repair decisions of the system components up to that
time t. This offline method is based on state-of-the art deterioration models, is applicable to
large multi-components systems, and takes into account component interdependence and their
joint effect on the state of the system. The DBN is utilized in a methodology to evaluate the
cost of any strategy for an I&M plan [5]. The methodology utilizes a heuristic to reduce the
optimization space of possible strategies at the system level and a Monte Carlo simulation to
obtain the expected cost of an adopted inspection and maintenance strategy. The heuristics approach plays the double role of eliminating sub-optimal and impractical strategies for the asset
operator, and pre-selecting subsets of strategies. The strategy that minimizes the expected cost
within the reduced space is not a global optimum but may be a good compromise and can be
compared to any other strategy being put forward as an alternative.
In [5], component prioritization for inspection is considered only in a simplified manner,
through the value of the component probability of failure. This paper extends the methodology in [5] and combines component importance within the system and component probability
of failure to propose a new ranking index and a parameter η for the heuristic prioritization of
components for inspection. This extended methodology and proposed component prioritization
is applied to a steel structure.

2 The optimization problem
2.1

Terminology and parameters

The terminology, parameters of interest and basic assumptions in this study are outlined below.
· Finite horizon model: we evaluate the optimal decision plan for a deterministic service
life time T in years. This assumption is reasonable since the durability of materials or
technological advances are likely to make the structure obsolete after a certain time.
· Time step t: a discrete-time model is adopted, where a time step corresponds to one year.
This is typical for most structures, but the methodology and formulae in this paper can
be adjusted for different time step definitions. For the fatigue model presented in the
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numerical investigation, one time step corresponds to ∆n fatigue stress cycles.
· Policy πt : the set of rules adopted at time t guiding the decision process based on the
information available at that time [1]. The policy gives the answer to the questions "Inspect?" {Yes/No}, "Where?" {component i, j...}, "Repair?" {Yes/No} in function of the
inspection, repair and failure history.
· Strategy S = {π1 , ..., πt , ...πT }: the set of policies for all decision steps. The universe S
of strategies increases exponentially with the number of components and the number of
states describing the condition of a component.
· Inspection outcomes Z = {Z1 , ..., ZT }: the (Zt ) are random variables containing the possible inspection history during the service life of the structure. The vector Zt stores the
information for components 1 ≤ i ≤ N, if inspected at time t, and the inspection results.
· Costs: the utility of a strategy is expressed in monetary terms, in function of the different
costs incurred during the service life [14].
– cC : cost incurred when an inspection campaign is launched. It includes the cost of
installing inspection devices or transporting inspection operators to site, and the cost
of impairing the operation of the system.
– cI : cost of inspection per component. It includes the cost of the time spent for each
component inspection during an inspection campaign.
– cR : cost of repairing one component. It also includes the associated downtime.
– cF : cost incurred if the structure fails.
We assume that the inspection and maintenance actions have a fixed price over the service
life.
· Discount rate r: we consider a discounting factor for the costs incurred in the future.
For the life cycle cost calculation, all costs are discounted to their present value by the
discounting function γ(t) = 1/(1 + r)t .

2.2

Formulation of the optimization problem

The decision-maker searches for the optimal inspection-repair strategy Sopt , which minimizes
the expected cost over the service life of the structure:
Sopt = argmin(E[CT |S]).

(1)

S∈S

The expected cost E[CT |S] of a strategy S can be derived as follows [5]:
1. The total lifetime risk associated to a strategy S and an outcome Z is the sum of the
discounted risk, namely the cost of failure multiplied by the probability of failure of the
system Fs (t), conditional on the inspection outcomes and repairs as prescribed by the
strategy:
RF (S, Z) =

T

∑ cF · γ(t) · Pr(Fs(t)|S, Z0:t−1).

(2)

t=1

2. The lifetime risk is added to the lifetime inspection and repair costs, which are determined
by the inspection and repair history:
CT (S, Z) = CC (S, Z) +CI (S, Z) +CR (S, Z) + RF (S, Z).
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(3)

3. Finally, the expected total life-time cost and risk, for a strategy S, is given by
E[CT |S] = EZ [CT (S, Z)] =

Z

ΩZ (S)

CT (S, z) fZ (z)dz.

(4)

The solution of Eq. (1) is already non trivial for a single-component system and has been studied
extensively [8, 13]. The complexity of the calculation increases for a multi-component system,
due to the large number of possible strategies and inspection outcomes. The methodology summarized in section 2.3 addresses the calculation of the probability of failure in Eq. (2) at each
time step, given an inspection and repair history, with a dynamic Bayesian Network with time
and state-space discretization. The computation of the integral in Eq. (4) is performed with a
Monte Carlo simulation. A solution to the optimization problem of Eq. (1) is given in section 3.

2.3
2.3.1

Dynamic Bayesian Network model
Deterioration model

Fatigue crack growth is modeled by Paris’ law where the evolution of the crack depth D is
described by:
M
M
dD
= C[∆SeM π 2 ] · D(t) 2 ,
(5)
dt
where C and M are empirical material parameters. C can be expressed as a function of M, i.e.
C = C(M) [13].
The fatigue stress range ∆S is described by a Weibull distribution with scale and shape parame1
ters K and λ . The distribution of the equivalent fatigue stress range ∆Se = (E[∆SM ]) M is defined
by Eq. (6) [13], as
1

M M
.
(6)
∆Se = K · Γ 1 +
λ
One can integrate Eq. (5) between t − 1 and t (one time step corresponding to ∆n fatigue cycles),
with initial condition Dt−1 :
Dt =






(1− M )−1
2
√ M
M
M
(1− M
2)
1−
C · (K π) · Γ 1 +
∆n + Dt−1
.
2
λ

(7)

Failure of a component is defined by the fatigue crack size exceeding a critical depth dc .
2.3.2

Inspection model

The observation outcome Zt is a random variable defined conditionally on Dt . The possible
states of Zt are defined on R+ by the discrete state {"no crack detected"}, i.e.{Zt = 0}, and
the continuous state {"crack detected and measured as z"}, i.e. {Zt = z}z>0 . The corresponding
hybrid distribution is defined in Eq. (8), where φ (.) is the standard normal probability density
function, and Φ(.) is the standard normal cumulative distribution function:
 

Pr(Zt = z|Dt = d) = exp − d
if z = 0
ξ
 
(8)
1
z−d
 fZt |Dt =d (Zt = z) = (1 − Pr(Zt = 0|Dt = d)) ·
if
z
>
0.
−d · φ
σ
ε
1−Φ( σε )
2.3.3

System DBN

The DBN models the deterioration process at the component level and at the system level as
per Figure 2. K, M, C and λ are modelled as constants. For each component, Dt , Mt and Kt
are random variables describing the state of the component at time t, with Mt = Mt−1 and
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Figure 2: Hierarchical dynamic Bayesian network [4].

Kt = Kt−1 . The effect of components’ interdependence and correlation at the system level is
modelled through the hyper-parameters α. The random variables are discretized and the conditional probability tables are pre-computated according to Eqs. (7 - 8). Exact Bayesian inference
at each time step at the component level, and at the system level through the hyper-parameters,
enables the calculation of the probability of failure for each component given the observation
from all components. Finally, the updated probability of system failure Fs is calculated. The
inference is performed following the algorithm described in [4].

2.4

Monte Carlo simulation

Monte Carlo simulation approximates the integral in Eq. (4) by:
E[CT |S] '

1
ns

ns

∑ CT (S, z j ),

(9)

j=1

where ns is the number of samples and (z j )1≤ j≤ns are samples of the inspection history generated from sampled deterioration histories of the structure [5]. The number of samples determines
the accuracy of the approximation. For the optimization problem, the required accuracy should
allow two strategies to be compared with a small uncertainty. In our study, we find that 200
samples are sufficient to identify the optimum strategy.

3 Value of information and component prioritization
3.1

Heuristics

A heuristic is a simple method to generate I&M strategies and reduce the search space of strategies to a discrete subset. This approach is common in risk-based inspection planning and has
been demonstrated to approximate the optimal strategy efficiently for individual structural elements [8]. The choice of the heuristics can be guided by operational constraints on the minimum
inspection interval and the system reliability threshold. We characterize the heuristics at the system level with the following parameters [5].
1. Inspection campaigns are performed at fixed intervals ∆T .
2. The numbers of inspected components in each campaign is nI .
3. If a threshold on the system reliability pth is exceeded, an additional component is inspected. If no inspection campaigned was planned at that time, an additional inspection
campaign is carried out.
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4. Repairs of components are carried out if damage measurements exceed a repair criterion
dR .
5. Components are prioritized for inspection following a selection criterion described in
section 3.2.
These five parameters define the strategies now considered for the optimization problem. The
heuristic can yield a sub-optimal solution but reduces the complexity of the decision problem.

3.2

Prioritization Index PI(η)

We investigate several component prioritization criteria and their effect on the cost of the strategies. The value of information (VoI) is a good candidate for such a criterion and can be defined
as the expected utility of inspecting component i at time t, i.e. the net gain of inspecting one
component rather than doing nothing [11]. However, the calculation of the VoI demands significant computational efforts for multi-component systems [15, 19]. In the application of the
DBN-MC method to a Daniels system, the components’ probability of failure was used as a
proxy for the VoI [5].
In this study, we aim to find an improved proxy that also accounts for component importance.
Fundamentally, the information gained by inspecting a component is contained a) in the reduction of the uncertainty on the condition of this component and the corresponding effect on
the system reliability; and b) in the reduction of the uncertainty on the condition of other components, through the components’ interdependence. Indeed, more information is gained on the
deterioration of other components from inspecting a component with a higher probability of
failure [18].
To approximate the relationship between the probability of system failure Pr(Fs ) and the probability of component failure, we introduce the Single Element Importance measure for component i (SEIi ), defined as the difference between the probability of failure of the intact system
and the probability of failure of the system when only component i has failed [16]. Due to the
conditional independence properties of the Bayesian network, the SEIs are independent of any
observation and are constant in time. With Fi denoting the event "failure of component i", it is
SEIi = Pr(Fs |F1 , ..., Fi−1 , Fi , Fi+1 , ..., FN ) − Pr(Fs |F1 , ..., FN ).

(10)

Using the total probability theorem and inserting the definition of the SEI from Eq. (10), one
can approximate the probability of system failure at a time t:
constant

z
}|
{
Pr(Fs ) ' Pr(Fs |F1 , ..., FN ) + SEI1 · Pr(F1 ) + ... + SEIN · Pr(FN ) + b,

(11)

PI(η) = SEIiη · Pr(Fi ), with 0 ≤ η ≤ 1.

(12)

where b represents the contribution of simultaneous component failure. Here, the conditioning
event Z0..t−1,1..N is omitted. Note that Eq. (11) is not actually used to calculate Pr(Fs ), but
shows that the probability of system failure is a function of the terms SEIi · Pr(Fi ) defined for
each component, hence by a), the VoI for component i is a function of SEIi ·Pr(Fi ). Furthermore,
as stated in b), the amount of information learnt on other components is related to the probability
of failure Pr(Fi ), through the components’ interdependence.
The numerical study investigates the relative weight of the quantities SEIi and Pr(Fi ), as per a)
and b), to find an improved proxy for the VoI. For this purpose, we introduce a Prioritization
Index (PI) with an adjustable exponent η:

Other factors should be considered for the VoI, such as the effect of varying component correlations, the inspection quality, and the cost of inspection. For instance, an underwater part
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of the structure is more difficult and costly to inspect with the same accuracy as a part of the
superstructure. We limit the study to equi-correlated components, with equal inspection quality
and cost.

4 Numerical investigation
4.1

Zayas frame description

We apply the methodology to the Zayas frame [10]. This two-dimensional welded frame shown
in Figure 3 is widely used for studying offshore structures. The structure is subjected to gravity
and is loaded laterally at the top left node by a quasi-static point load L. The details of the
loading and the DBN setup can be found in [4] and [12]. The components are defined as the 22
fatigue hotspots. Two hotspots belonging to the same element have the same SEI. The system
failure is assessed through a pushover analysis [12], conditional on components states.
L
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Figure 3: The Zayas frame [12, 10].

4.2

Fatigue model and DBN Parameters

It is here assumed that deterioration parameters for all components have the same marginal distributions and are equi-correlated, but the method is applicable for varying probabilistic models
and correlation coefficients. The parameters of the DBN and the discretization process of the
variables are summarized in [4]. The crack depth variable D is discretized in 100 intervals, as is
the observation variable Z. The cost model assumed for the optimization is presented in Table 1,
with the same inspection and repair costs for all components. To reduce the number of required
computations, we assume that a repaired component performs like a new one [17].
Table 1: Cost model.

Inspection campaign, cC
Component inspection, cI
Component repair, cR
System failure, cF
Discount rate, r
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1
0.1
0.3
104
0.02

4.3

Optimization

The optimization is performed exhaustively on the discrete set of parameters values as per Table
2. We use 200 samples for the MC simulation, which gives an acceptable variability for the
approximation of the expected cost of one strategy and is sufficient to conclude on the strategy
with the minimum cost.
Table 2: Parameters for the heuristic strategies.

Minimum time between inspection campaigns, ∆T [year] {5, 10}
PoF threshold, pth
{7 · 10−4 , 1 · 10−3 , 2 · 10−3 }
Minimum number of inspected hotspots, nI
{1,2,3,...,22}
Repair criterion, dR
{0}
Prioritization parameter, η
{0, 0.2, 0.5, 0.7, 1}

4.4

Results

The results for the approximated expected cost of strategies with η = 0 are shown in Figure 4.
From this graph, the best strategy with η = 0 is defined by ∆T = 10, pth = 1e−3 and nI = 4. The
15
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5
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1

2

3

4

5

6

7

8

9 10 11 12 13 14 15

Figure 4: Strategy optimization for η = 0.

constraint of a minimum inspection interval along a probability threshold might not be optimal.
In practice, it is however challenging to agree a strategy with the operator without minimum
(regular) inspection intervals.
The influence of parameter η on the expected cost of strategies is illustrated in Figure 5. Varying
η from 0 to 1 decreases the cost of the strategy in the order of 10%. The η factor also has a
smoothing effect on the expected cost curve for the same number of simulation samples, which
is due to a lower variance in the total life cycle cost.
Figure 6 shows that the greatest reduction in cost between η = 0 and η = 1 is in the risk of
failure. All other costs are also reduced but to a lesser degree.

5 Conclusions
This paper extends the methodology for estimating the optimal inspection and maintenance
strategy of large multi-component structural systems, described by Luque and Straub in [5],
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Figure 5: Influence of η on the expected cost of strategies with ∆T = 10 and pth = 10−3 .

Figure 6: Decomposition of costs for the strategy ∆T = 10, pth = 10−3 and nI = 4.

within the space of strategies defined by heuristic parameters. The heuristic of component inspection was investigated with a Prioritization Index acting as a proxy for the value of information of inspecting a component. This Prioritization Index factors in the information gained at the
system level through the component importance in the structural system, as well as the information learned about other components through the probability of failure of the component. The
application of the methodology to a frame structure confirmed the computational efficiency of
the dynamic Bayesian network model combined with Monte Carlo simulation for a more complex multi-component system. The proposed prioritization heuristic proved to be an effective
measure to reduce the expected cost of a chosen strategy.
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Abstract: A significant source of uncertainty in modern societies is linked to
the assessment of the current state of infrastructure. Namely, the ability to identify damage in structures, such as transportation networks and buildings hosting
power and health facilities, is critical for decision making in terms of their rehabilitation or even decommissioning. Structural damage often manifests in the
form of brittle or ductile failure, with the development of cracks or yielding of
members respectively. These phenomena are associated with substantially differentiated structural behavior depending on the existence and amount of damage.
Mathematically this may be attributed to the non-smooth nature of these systems. In an attempt to ensure robust diagnostics, feedback from the system by
means of structural health monitoring, allows to identify and quantify damage
and to assess the underlying system properties. Toward this end, Bayesian identification algorithms have proven robust in tackling increased modelling complexity, and may even achieve so in an online manner. A basic requirement of
the algorithms however, is that the models to be identified involve continuously
observable states and identifiable parameters. This assumption is nonetheless violated for non-smooth systems, which involve parameter subsets that are not
continuously identifiable. The identifiability of some of the involved parameters
may switch during the evaluation, depending on the realization of the state vector. While on an “unidentifiability mode”, it is beneficial to avoid updating the
estimate of those parameters. This is termed by the authors as the Discontinuous ‘D-’ modification. This work will present the D- modification to different
Bayesian identification algorithms. The robustness of the ‘D-’ algorithms over
their standard counterparts will be discussed in terms of the converging properties. A suitable example illustrates the performance of the methods in problems
involving detection and quantification of damage.

1 Introduction
With the advent of sensor technologies in recent years, it has become increasingly feasible to
achieve the monitoring and real-time tracking of structural response for condition assessment,
reliability estimation [19], as well as control and vibration mitigation of engineered systems
[11]. All aforementioned tasks pertain to response under extreme and unusual loads, and as a
result are tied to behavior that is nonlinear, and potentially non-smooth (plasticity, hysteresis,
impact, cracking, brittle failure). For efficiently modeling and tracking of such systems, it is
necessary to establish approaches that are online, or “near real-time”, in nature. In recent years
an abundance of works has brought forth the potential of Bayesian-type filters [10, 13] in serving
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the purpose of online identification of linear and nonlinear systems. However, for complex
phenomena involving system uncertainty this endeavor becomes challenging, as it is tied to the
identification of system parameters, which are not known a-priori.
The so-called challenge of joint state and parameter identification has posed an object of study
for a number of works, comprising by default a nonlinear system identification case. The majority of the research community has in earlier years turned to the Extended Kalman Filter (EKF)
for the real-time tracking of nonlinear systems [14, 5]. However, more recently Particle-based
methods, such as the Unscented Kalman Filter (UKF) [9, 2, 16] and the Particle Filter [7, 1],
have proven improved alternatives due to elimination of the need to locally linearize the system
via calculation of the Jacobian. While Particle Filters commonly tend to violate the real-time
tracking feature, the UKF employs a reduced number of particles, termed the Sigma-Points,
maintaining a rapid and online estimation.
From an algorithmic point of view, it is well known that the above class of methods relies on tuning of a number of hyper-parameters, such as assumptions on the initial conditions of the states,
the ranges of the system’s parameters, as well as the level of certainty attributed to accuracy
of the system model, and the precision of the obtained measurements. While the former may
be treated by means of a baseline calibration, or an adaptive estimation, a further assumption
pertains to the nature of the system itself, and may not be alleviated by pre-calibration. Bayesian
filters operate on the assumption that the dynamic states and the time-invariant parameters of
a system are observable [10, 8, 6] and identifiable [20]. While this holds commonly true for
smooth systems, the same does not apply for non-smooth systems, i.e., those featuring nondifferentiable state-space equations. The assessment of the latter class of systems is however
essential for engineering assessment, since these are linked to the most common manifestations
of damage and failures.
Previous work of the authors [3] demonstrates that non-smooth systems may be separated into
smooth branches, where only part of the complete parameter set remains observable within each
branch. This poses a salient obstacle for Bayesian-type online identification algorithms, which
are expected to diverge for unobservable states or parameters [12]; a phenomenon amplified
in the case of nonlinearity. The methods presented in [3] may be adopted to determine the
observability of the system’s states and parameters, and the way in which these evolve during
the system’s response under specific loads. This information may then be seeded into the filters
in real-time for alleviating divergence, thereby improving estimation.
In this work, and following original developments introduced in [4], a modified version of the
standard EKF and UKF is introduced, which evaluates observability within each time step
and isolates the observable subsets of the state for estimation within that step. The method is
termed the Discontinuous ‘D-’ modification. The occurring algorithms, DEKF and DUKFare
compared against their standard variants on a selected non-smooth problem involving material
plasticity. The example reveals a consistently superior performance of the ‘D-’ modification
further highlighting the effects of observability for non-smooth problems.

2 Non-Smooth Dynamical Systems
A nonlinear system with state variables xt , time-invariant parameters θ , known input vector u,
and measurement vector y may be cast in the following system of equations:
ẋt = E(xt , θ , u),

θ̇ = 0,

y = G(xt , θ , u)

(1)

where E and G denote the nonlinear state-space and measurement functions respectively. For the
purpose of joint state and parameter identification, the state vector is augmented as x = [xt , θ ],
with updated system and measurement equations:
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ẋ = e(x, u),

y = g(x, u)

(2)

In this paper, we deal with non-smooth systems, i.e., systems for which the state-space equations
are continuous, but not differentiable, and whose state-space equations can be separated into
smooth branches, i.e.
ẋ = e1 (x), when x ∈ Rn1
..
.

(3)

ẋ = ek (x), when x ∈ Rnk
where ei (x) is an analytic set of functions within Rni . It should be noted that at a specific time
instance the state has a given realization corresponding to a single branch of equation (3). As the
system evolves dynamically over time, and depending on the imposed loads, it shifts between
branches. This transition between branches will be referred to as a dynamic event, and the
corresponding time instance as the time of the event.

2.1

Observability of Non-Smooth Dynamical Systems

In [3] the authors overview the notion of observability for non-smooth dynamical systems. The
system is broken down into smooth branches, deemed as either i) observable, when all states
are observable and associated parameters are identifiable; or ii) as unobservable, when not all
states are observable, and hence not all parameters are necessarily identifiable. The separation
of the states into observable and unobservable sets may be in general achieved via a nonlinear
transformation [17]. However, for the systems examined herein it is further assumed that for
each of the subsystems i, the state vector x may be straightforwardly separated into observable
and unobservable components, denoted as xoi and xui . It will further be assumed, as is often the
case in non-smooth systems, that the unobservable states correspond to some or the parameters,
which are in turn unidentifiable.
It is additionally assumed that the union of the observable components from all subsystems
results in the original state vector x = ∪ni=1 xoi . As a result, each component of the state vector x
could potentially be identified within the smooth branch wherein it remains observable, allowing
for the system identification algorithm to sequentially succeed in identifying all parameters.
This of course also assumes that the excitation is rich enough to excite the system in all branches
of each response. For nonlinear systems, this correspondingly calls for load levels, which force
the system to move beyond linearity.

3 Extended and Unscented Kalman Filters and ther Discontinuous
modification
Let us assume a dynamical system whose discrete state-space and measurement equations are
written as:
xk = f (xk−1 , uk−1 ) + wk−1 ,

yk = h(xk , uk ) + vk

(4)

where wk is the process noise and vk is the observation noise, assumed as white Gaussian
processes with covariance matrices Q and R respectively.
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A nonlinear Kalman Filter, such as the Extended or Unscented, EKF and UKF respectively,
operate at any time instance on all of the augmented states. However, as was noticed in the
previous section only part of the states is observable, and hence at such an instance the algorithms may be expected to converge only for the observable part xoi . On the other hand the
unobservable part xui will not be updated in a way that is compatible with the optimality criteria of the method. In that sense we can refer to the progress of the algorithms with respect
to the unobservable states as divergence. To alleviate the previously described divergence the
treatment followed in this work is to retain the unidentifiable parameters invariant during the
corresponding time steps. This is termed by the authors, the ’Discontinuous’ modification of
Kalman filters. The modification applied to the EKF and UKF algorithms result to the DEKF
and DUKF methods respectively. The following table presents the steps of standard nonlinear
Kalman Filters versus their Discontinuous modification.
Table 1: Nonlinear Kalman Filters versus their Discontinuous modification
1

Nonlinear Kalman Filter steps
Discontinuous Modification Steps
Time Update
Observable part:
x̂ok|k−1 = F(x̂ok−1|k−1 , Poo
k−1|k−1 , Q, R)
oo
o
Pk|k−1 = G(x̂k−1|k−1 , Poo
k−1|k−1 , Q, R)
Unobservable part:
x̂k|k−1 = F(x̂k−1|k−1 , Pk−1|k−1 , Q, R)
x̂uk|k−1 = x̂uk−1|k−1
Pk|k−1 = G(x̂k−1|k−1 , Pk−1|k−1 , Q, R)
uu
Puu
k|k−1 = Pk−1|k−1
Cross terms:
uo
Puo
k|k−1 = GS−K (Pk−1|k−1 )
Measurement Estimates
ŷk|k−1 = H(x̂k|k−1 , Pk|k−1 , Q, R)
Pyy
k = I(x̂k|k−1 , Pk|k−1 , Q, R)
Pxy
=
J(x̂k|k−1 , Pk|k−1 , ŷk|k−1 , Pyy
k
k )
Kalman Update
−1 yy
K o = (Pxyo
k ) Pk
Observable Part:
x̂ok|k = x̂ok|k−1 + K o (ỹk − ŷk|k−1 )
oo
o yy
o T
−1 yy
Poo
K = (Pxy
k|k = Pk|k−1 − K Pk (K )
k ) Pk
Unobservable Part:
x̂k|k = x̂k|k−1 + K (ỹk − ŷk|k−1 )
yy T
x̂uk|k = x̂uk|k−1
Pk|k = Pk|k−1 − K Pk K
uu
Puu
k|k = Pk|k−1
Cross Terms:
uo
o xyu
Puo
k|k = Pk|k−1 − K Pk
The functions F, G, H, I, J appearing in Table 1 correspond to the mean and variance propagation functions employed by the EKF and UKF for the system and measurement update steps,
as described in [4]. The procedures for updating the cross-terms when using the Discontinuous algorithms follow the Schmidt-Kalman Filter ([18, 15]). The DEKF steps are described
in greater detail in [4]. The Discontinuous algorithms apply the procedures of their standard
counterpart only on the observable part of the state vector and covariance matrix, xo and Poo .
The unobservable parts, xu and Puu remain invariant, while the cross covariance terms, Puo , are
updated following the equations of the Schmidt-Kalman Filter ([18, 15]).
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The previous process requires an estimate of the smooth branch the dynamic system is in, so
as to separate the state into observable and unobservable. In both the DEKF and DUKF this is
u
at every time instance t.
conditioned on the estimate of the mean x̂t|k−1

4 Example
In this example the performance of the methods is compared for the purpose of identifying a
single degree of freedom system of a mass on a nonlinear Bouc-Wen spring and a linear damper,
with normalized-over-mass stiffness and damping coefficients, k and c respectively. The system
is illustrated in Figure 1. The Bouc-Wen spring is determined in terms of parameters ∆1 , ∆2 and
ν, which control the evolution of the elastic displacement of the spring r.

Figure 1: Mass on a Bouc-Wen Spring.

The equation of motion of the system can now be written as:
ẍ + k r + cẋ = −ẍg

(5)

where the evolution of the elastic displacement is defined from the following piecewise smooth
equations:
(A) : ṙ = ẋ − ∆1 ẋ rν , for ẋ > 0 & r > 0
(B) : ṙ = ẋ + ∆2 ẋ rν , for ẋ < 0 & r > 0
ν

(C) : ṙ = ẋ + ∆2 ẋ (−r) , for ẋ > 0 & r < 0

(6)

(D) : ṙ = ẋ − ∆1 ẋ (−r)ν , for ẋ < 0 & r < 0
The overall system is non-smooth as the above state equations are not differentiable in the
transition between the branches. From equation (6) and as further explained in [4, 3] at any
time instance depending on the sign of ẋ r only one of the parameters ∆1 and ∆2 is identifiable.
Specifically when ẋ r ≥ 0, ∆1 is identifiable and ∆2 unidentifiable. Conversely when ẋ r < 0, ∆1
is unidentifiable and ∆2 identifiable.
1
,β = 2, γ = 1 and ν = 2 initially at rest is subA system with parameters k = 9 sec1 2 , c = 0.25 sec
jected to the input ground motion shown in Figure 2(a), producing the measured displacement
response shown in Figure 2(b).
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Figure 2: (a) Ground acceleration (b) Relative displacement.

The excitation and measurement signals are used in the EKF, UKF and their Discontinuous
modifications DEKF and DUKF respectively, for identifying the dynamic states and parameters of the model. The signals are contaminated with white noise corresponding to a 1% noise
to signal rms ratio for the Excitation, while for the measurement the noise to signal rms ratio is
varied from 1% to 10%. For a given level of noise to signal rms ratio, 100 different sets of noise
vectors are used to contaminate the Excitation and measurement signals. The initial estimates
1
, ∆10 = 4, ∆20 = 4, ν0 = 3. The
of the parameters used in the filters are k0 = 18 sec1 2 , c0 = 0.5 sec
assumed covariance of the noise used in the filters correspond to a 1% and 5% noise to signal
rms ratio for the process and measurement noise respectively.
The following Figure 3 illustrates the performance of the methods for the different levels of
actual noise to measurement signal rms ratio. The figure presents the cumulative distribution
Number of samples versus the mean relative error of the final estimate of parameters ∆1 and ∆2
from the methods. As the Bouc-Wen model appears to be substantially sensitive to the accuracy
of ν, only samples for which the relative error of ν is less than 20% are taken into account.
As can be seen from the previous figure, the performance of the discontinuous modified algorithms appears to be more robust than their standard counterparts. For a given level of noise
to measurement signal rms ratio DEKF and DUKF outperform EKF and UKF respectively.
The Discontinuous algorithms also appear to be less sensitive with respect to the actual level
of noise in the measurement data. This is a useful property as in practice the expected noise to
signal rms ratio is not precisely known a-priori. It should be noted however, estimation accuracy
may further be improved by using the optimal hyper-parameters for each filter, in terms of the
estimated for the filter process and measurement covariances. In Figure 3 the same estimates are
adopted for all filters, allowing for a straightforward comparison of their online performance.
In the following, the dependence of the filters on the initial estimates of the parameters will
be studied. For this purpose, the excitation and measurement signals are corrupted using a 1%
noise to signal ratio. The assumed noise levels for the filters are set at 1% and 5% for the process
and measurement noise respectively. The initial estimates for k and c are the same as in the case
of Figure 3, while the initial estimates of the Bouc-Wen parameters vary in the range ν ∈ [2, 6],
∆1 ∈ [1, 5] and ∆2 ∈ [1, 5]. The mean relative error of the Bouc-Wen parameters for the filters
are shown in Figure 4.
As observed in Figure 4, the Discontinuous variants exhibit a more robust behavior in terms of
the initial estimates of the parameters, as they provide good estimates for the parameters even if
the initial guess is far away from the real value. Notably, the performance of EKF strongly deteriorates as the initial guess of ν moves away from the real value of 2. This strong dependence
on adoption of ’sufficiently good’ initial estimates is alleviated in the DEKF algorithm. Despite
the fact that the UKF, as highlighted in the literature, exhibits a more robust behavior than the
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colorbar.

EKF for less favorable initial estimates, that performance appears to be further improved by the
DEKF and DUKF.

5 Discussion and Conclusions
This paper discusses the effect of the observability properties of non-smooth systems on nonlinear Kalman Filters. Unlike smooth systems, where the identifiability property of a parameter
of the system is not expected to vary over time, in a non-smooth system some of the parameters
may be identifiable or unidentifiable depending on the smooth brunch the system lies in. During
intervals for which a parameter is unidentifiable, the corresponding nonlinear filter cannot be
expected to be working towards convergence of that parameter. To alleviate this problem this
work suggests retaining such parameters, during the corresponding intervals of unidentifiability,
invariant. This has been termed by the authors as the Discontinuous, D−, modification.
The Discontinuous modification was applied in this paper in two robust nonlinear Kalman Filters, the EKF and UKF. An example case study, which is representative of systems involving
plasticity, is adopted to illustrate the performance of the algorithms. The algorithms are contrasted under different levels of noise in the measurements, and different initial estimates of the
parameters. It is demonstrated that the D− modifications, DEKF and DUKF, offer substantially improved estimates over their standard counterparts. This can be attributed in the ability
of the algorithms to avoid the non-optimal updating of unidentifiable parameters, experienced
by the EKF and UKF.
This paper illustrates the benefits of using the Discontinuous modifications in problems involving non-smoothness. A future step would be to extend the ‘D-’ modification in other Bayesian
Identification algorithms.
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Abstract: In this work, an optimal planning under uncertainty framework relating
to structural life-cycle management is analyzed. Optimizing long-term objectives of
structures and/or infrastructure systems taking into consideration informative but
uncertain data about their condition, becoming available in time, is approached
herein as a sequential decision-making problem, in the form of Markov Decision
Processes under Mixed and Partial Observability (MOMDPs-POMDPs). Along
these lines, significant beneficial features are enabled, yet mathematical challenges
in determining the optimal policies arise as well. Several point-based value iteration
MOMDP and POMDP algorithms are thus evaluated here, based on a nonstationary
maintenance and inspection planning problem for one structural unit. Difficulties in
use of these methods for large infrastructure systems with several components are
also explained, and ongoing efforts and future plans for system-level problems with
interconnected structural components are briefly presented.

Introduction
Optimal allocation of resources for structural components, engineering systems and infrastructure is of foremost importance in life-cycle policies. The aging infrastructure nature should
embrace novelty in decision-making, seeking optimality in terms of defined objectives [1]. The
decision-maker/agent should be able to determine optimal strategies, with respect to some metrics, and learn to adjust the optimum actions autonomously in the view of new real-time data.
Significant mathematical difficulties emerge in this context that have primarily to do with this
utilization of the informational data that become available along the structural life. In this work,
a sequential decision-making approach is presented, in the form of dynamic programing,
through Markov Decision Processes (MDPs) with Mixed and Partial Observability
(MOMDPs/POMDPs). POMDPs can optimize long-term objectives and work in a hidden Markov model stochastic domain, taking both data and their uncertainty into consideration [10]. In
such a framework, the agent acts optimally at each time step given a belief about the state of
the system, which is provided by a stochastic model and an updating Bayesian process relying
on real-time uncertain observations. Based on this stochastic control approach, it is showed that
optimum long-term objectives for nonstationary structural maintenance problems can be seamlessly satisfied, under the most general situations and assumptions [9].
To illustrate schematically a POMDP policy, with a minimum life-cycle cost objective, in
a general, characteristic structural inspection and maintenance problem, Figure 1 is provided.
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In this figure, the actual path of the deterioration process (continuous blue line) has been simulated based on one realization of a non-stationary Gamma process and is overall unknown to
the decision-maker except when he decides to take an observation action. This probabilistic
outcome of the simulation model is the only base for maintenance planning for the decisionmaker when actual observation data cannot be taken into account. Even with an accurate stochastic model, the fact that the actual deterioration process is never observed will usually result
in non-optimum actions, for a certain structure, since the realized process can be, for example,
in percentiles far away from the mean. Taking observation data into account, the decisionmaker can update his belief about the deterioration level of the structure according to his prior
knowledge and the accuracy of the observations. As also explained later in this paper, POMDPs
plan their policy upon the belief state-space and this key feature enables them to suggest times
for inspection/monitoring and types of observation actions, without any restrictions, such as
fixed inspection intervals for example. Concerning maintenance actions, POMDPs can again
optimally suggest the type and time of the actions without any modeling limitations. Two different maintenance actions with probabilistic outcomes are shown as an example in Figure 1.
In the POMDP framework, observation actions are not necessarily connected to maintenance
actions and hence a computed policy may suggest a maintenance action at certain instances of
the belief space without observing first [4, 5].
Based on their advanced capabilities and mathematical attributes, POMDP models can provide optimal policies that consist of complex and sophisticated combinations of a variety of
actions, which cannot be achieved by any other method. However, as a consequence, POMDP
models are unfortunately hard to solve [14]. In recent years, nonetheless, significant breakthroughs in their solution have been achieved, mainly due to the introduction of point-based
value iteration algorithms, and important large-scale POMDP models for maintenance and inspection planning of structural components have been efficiently solved. In [11] a nonstationary, infinite horizon planning problem with combined maintenance and inspection actions is
presented, and comparisons with simpler MDP approaches are provided, while in [9] further
details and extensions to finite horizon problems with thousands of states are explained. In [6,
7] infinite horizon, stationary, dual planning and learning problems are presented, where the
exact POMDP model is not entirely known and is approximated based on data, and in [13] a
stationary, finite horizon planning problem with a continuous state space, describing the structural condition, is analyzed. In this work, several POMDP and MOMDP point-based algorithms
with various characteristics in the selection of the belief space subset and the value function
update procedures are examined, based on the infinite horizon, nonstationary problem in [9], in
order to investigate their efficiency and applicability in structural maintenance and inspection
planning problems of deteriorating infrastructure.

Figure 1: A schematic POMDP policy for a structural inspection and maintenance problem.
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Maintenance and inspection POMDP problems of large scale infrastructure systems with
several interconnected components are even more challenging, mainly because the discretized
state-spaces can quickly become extremely large. Ongoing work is underway by the authors to
address full and complete system-level problems through factored approaches. In this paper,
however, only some initial results for system-level inspection scheduling under inspectors
availability constraints are presented. Several methods for inspection scheduling have already
been developed based on various metrics, such as the probability of failure and the Value of
Information [4, 5, 18]. In several cases, these methods consider the observations of individual
components as completely independent from every other, and do not update the belief about the
condition states of other related components, apart from the one that is inspected. In this work,
the correlation among the components is taken into consideration, such that inspection information from one component can provide information about the condition states of other components as well. Once the inspection decisions are made and our belief for the condition states
of all components has been updated, the maintenance part of our management planning can take
place, which is independent for every component.

POMDPs - MOMDPs
POMDPs provide a flexible and mathematically sound decision making framework for partially
observable environments [10]. In situations where inspection techniques and observations do
not reveal the true state of the system with certainty, a belief b over the states of the system, S,
can only be obtained. This belief is a probability distribution over S and a sufficient statistic of
the history of actions and observations, meaning that knowing b, but not the full history, provides the decision-maker with the same amount of information. All beliefs are contained in a
S  1 dimensional simplex. A POMDP assumes that at any time step t the environment is in a
state s  S (which is not known with certainty), of a finite set of states, the agent takes an action
a  A, of a finite set of actions, receives a reward (or cost) R(s,a) as a result of this action, while
the environment switches to a new state s according to a known stochastic model, with transi-





tion probability p s s, a . Having an initial belief about the system and after taking an action a
and observing a possible observation ο the belief about the new state of the system is easily
updated by Bayes’ rule:
b  s 

p  o s , a 
p  o b, a 

 p  s  s, a  b  s , p  o b, a    p  o s, a  p  s  s, a  b  s 
s S

sS

(1)

sS

Thus, a POMDP is defined as a 6-tuple (S, A, P, O, Po, R) where S, A and O finite set of states,
actions and possible observations respectively, P state transition probabilities, Po observation
probabilities modeling the effect of actions and states on observations, and R rewards (in the
rest of this work rewards will be mainly referred, since cost can be simply perceived as negative
rewards). A decision problem within the POMDP framework requires that the decision-maker
finds a sequence of actions that optimize some objective long-term reward function. Since the
problem is stochastic, typically the objective function is additive and based on expectations.
The most common function used is maximization of the total expected discounted rewards and
this is the one considered in this work. Thus, a POMDP value function V   represents the
expected reward of some complete policy, π. For every belief, V * estimates the amount of discounted reward the decision-maker can gather when he has that belief and acts according to the
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optimum policy π* in the future. The optimal value function for the discounted (γ is the discount
factor), infinite horizon POMDPs in a condensed form can be given by the Bellman equation,
as explained in detail in [10]:


V *  b   max   b  s R  s, a     p  o b, a  V *  b s  
a
o O
 s S


(2)

Accurate enough planning for a POMDP is a difficult problem due to the policy space that is
large and continuous, since the belief state-space lies on a S  1 dimensional continuous space.
A significant feature of POMDP models, which is of importance for their solution as well, is
that their optimal or ε-optimal value functions are piecewise linear and convex (PWLC) for a
finite horizon case, and can be approximated arbitrary well by PWLC functions for infinite
horizon tasks. The piecewise linearity of the value function means that the function is composed
solely of line segments or hyperplanes. There may be many hyperplanes that are combined
together to make up the function but at any belief point there is only one hyperplane that covers
it. The set of vectors that help form the value function are called  -vectors ,
  { 1 ,  2 ,...,  k ,...} and each vector consists of the S  M coefficients of one of the hyperplanes of the piecewise linear function. The gradient of the value function at any belief point is
given by a corresponding  -vector and based on a set of vectors the function can be written:
V *  b   max  b  s  i  s 

 
i

*

i

(3)

s S

With this representation, the value function over the continuum of points of the belief statespace can be represented with a finite number of items, i.e. the  -vectors . As the belief space
is a simplex, each vector defines a region over the simplex which represents a set of belief
states. Since there is only a finite number of  -vectors , there is also only a finite number of
regions defined over the simplex. Furthermore, each vector is associated with a specific optimal
action to take. A sample value function for the S  3 case is shown in Figure 2(a) as a threedimensional surface, comprised of planes (  -vectors ), lying above the triangle simplex. The
planes impose a partition of the belief simplex and the borders of the partitions are projected on
the triangle.
MOMDPs share, overall, the same formulations and attributes with POMDP cases, but now
some of the state components can be fully observable. To take advantage of this mixed observability fact, MOMDPs use a general factored approach to reduce the high dimensionality of the
state space, and represent it as a union of lower dimensional spaces, based on the distinction
between fully and partially observable state components [8]. In this way, each  -vector set defined by the fully observable states is contained in its partially observable subspace, having
only localized information and reducing the computational and memory demands.

2.1 Point-based POMDP and MOMDP solvers
To identify the set of  -vectors that form the optimal value function, point-based value iteration
solvers are currently used. Their popularity comes from the fact that they can efficiently solve
quite large problems with millions of states. Different point-based algorithms are currently
available, having different characteristics and implementation details [14]. However, the core
of most methods is the same. The main steps of these solvers are to use simple to compute lower
and upper bound initializations of the value function over the belief simplex, iteratively collect
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(a)

(b)

Figure 2: (a) A sample value function for S  3. Each  -vector defines a region over the belief simplex.
(b) Sketch of point-based algorithms search and belief points value bounds.

belief points that are reachable from the initial belief state, are most likely to describe the system, and may support a more accurate value function overall, and perform Bellman backups of
the value bounds of these points. Together with these backups, the  -vectors , that support the
lower bound value function representation, and the respective upper bound function approximations of these points are backed up as well, so as to improve the value function representation
over the whole belief simplex in each iteration. A sketch of a point-based algorithm search and
belief points value bounds can be seen in Figure 2(b). Five different state-of-the-art point-based
algorithms are compared in this work. The four POMDP ones are PERSEUS [17], SARSOP
[3], HSVI [15], and FRTDP [16], and the MOMDP one [8] is the mixed observability variant
of SARSOP. PERSEUS does not currently support an upper bound value function representation and unlike the other algorithms, which iterate between steps of belief point collection and
backups, generates a set of reachable belief points B at the beginning, traversing a series of
random paths, starting at an initial belief point. This set remains fixed throughout the complete
algorithm and updates are not executed along the single trajectories [17]. Finally, HSVI and
FRTDP support a masking technique that exploits the sparsity of the belief points and does not
keep the full dimensional representation of the  -vectors. As such, the masking technique can
improve computational efficiency and can facilitate faster exploration of the belief simplex in
some problems, but the calculated  -vectors have now localized information and do not support
the whole belief space. This technique has similarities with the MOMDP cases but the information of the  -vectors is even more concentrated now, among others.

Optimal long term planning of structural components maintenance
In order to evaluate and compare the performance of the different point-based algorithms and
identify important features relevant to inspection and maintenance decision problems, the
infinite horizon, nonstationary POMDP application in [9] is used as a benchmark case. In this
example, the uncertain condition of the structure is characterized by 4 discrete states, with a
different deterioration rate every year that passes without maintenance. As such, the state space
of the problem consists of the condition of the structure in each different deterioration rate. As
explained in [9], there are 83 different deterioration rates, that are observable to the agent,
resulting in 332 overall states for the POMDP case, and (83 fully observable states) x (4
partially observable states) for the factored MOMDP case. Adopting the assumption that the
structure can deteriorate only by one condition, utmost, during each year, the used non-zero
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Figure 3: (a) Deterioration transition probabilities. (b) FRTDP(mask-on) optimal policy example simulation.

transition probabilities for the do-nothing action can be seen in Figure 3(a). In case the structure
is already in condition x=4 (worst condition), it will remain in the same condition with
probability 1, if no maintenance is performed. Due to space limitations, all remaining action
transition matrices, observation matrices and rewards are not presented here and the reader is
referred to [9]. The 10 available combined maintenance and inspection actions can be seen in
Figure 3(b), together with a representative FRTDP(mask-on) optimal policy example
simulation. Overall, the versatility and complexity of the policy in order to achieve optimality
and minimum life-cycle costs should be emphasized at this point. Apart from nonstationarity
and uncertain observations that characterize each individual structure, the optimal policy
seamlessly also supports uncertain action outcomes, non-periodic inspections and choice
availability of inspection types and intervals, as well as maintenance actions and action times.
In Figure 4(a) the performance of the four POMDP solvers is compared based on the value
function bounds of the initial belief point (intact structure with rate 1 at condition 1). The maskoff versions of HSVI and FRTDP were not competitive and are not shown here. The FRTDP
algorithm with its sophisticated deep path search strategy and its masking technique, taking
advantage of the sparsity of the problem, performed best in terms of overall solution quality
and is the only one that converged in 24 hours (bounds difference less than 10-3). SARSOP is
the best algorithm in terms of anytime performance but does not make considerable progress
towards a better solution beyond its early stages and estimates the lowest overall value function

(b)

(a)

Figure 4: Comparison of policies and value function bounds computation in time.
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out of the four. PERSEUS shows remarkable anytime performance and obtains fairly accurate
results. Being the most adaptable and multipurpose algorithm over the others, its further future
development for problems of this type seems very promising. HSVI performs well in general
but its overall and anytime performance are surpassed by the FRTDP and other algorithms.
Similarly, in Figure 4(b) the performance of the MOMDP solver is compared with SARSOP
and the FRTDP(mask-on) algorithm. Interestingly, the MOMDP solver performs the worst in
this case, in contrast to robotic applications [8] and despite the fact that the example formulation
suits its factored representation perfectly and only few partially observable states exist. More
information on this can be seen in [12]. A valuable conclusion out of this comparison is the fact
that localized  -vectors formulations, with their reduced computational cost but limited information, should be combined with deep path search strategies in order to take advantage of longterm horizons. This observation can have important implications in developing dedicated pointbased algorithms for maintenance and inspection planning problems, especially for systemlevel applications where a MOMDP style factorization is very often readily present.

System-level problems
The main weakness of the powerful and versatile POMDP framework for planning in large
systems is the curse of dimensionality. For instance, in a system with 10 components, with 3
states each, the total number of system states becomes 310. If we also integrate a temporal component into the problem, one can easily envision that the state space can become extremely
large in size. Ongoing work is underway by the authors to address full and complete systemlevel problems through factored approaches and related dimensionality reduction techniques.
In this paper, however, only some initial results for system-level inspection scheduling under
inspectors availability constraints are presented.

4.1 Inspection scheduling based on Value of Information
System-level inspection scheduling with constraints in number of inspectors poses certain computational challenges, since it is difficult to integrate such information gathering optimization
in a dynamic controlled setting, where the agent is optimizing the maintenance policy as well.
The concept of Value of Information (VoI) is key to pre-posterior analysis and can be considered as a consistent approach for ranking all possibly available observations. VoI of an inspection is defined here as the difference between the value of the planning policy with and without
that specific observation [5]. However, exact computation of VoI is intractable for large systems
and heuristic approaches are needed to achieve useful solutions.
Priority on sequential information gathering can be based on measures of uncertainty of
components condition state, i.e. the less we know about a component, the higher the need to
inspect it. In this context, methods based on entropy have been developed for sensor placement,
e.g. [2]. Entropy provides a useful heuristic, but it does not guarantee an optimal ranking among
inspections. Some uncertainty, in fact, is irrelevant in the maintenance process and should not
be considered in the inspection ranking, as for example when uncertainty for a specific component is high only among states that are all deemed acceptable and related to the same optimal
maintenance action. In addition, entropy is not affected by the relative importance of each component. An alternative metric is related to components’ probability of failure, as higher probability may dictate more urgent attention [18]. Although this metric is ideal for some
applications, care is needed in cases where it assigns high priority to inspection of components
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that are known to be in unacceptable states, for which the planned prior maintenance action
cannot be influenced by any inspection outcome. VoI can be regarded as a combination of the
previous concepts, measuring only the uncertainty that is relevant for the maintenance process
and impacts the decision making. In [4, 5] several VoI quantification heuristics are proposed
for system-level inspection scheduling.
In this paper, we adopt the stochastic future allocation method proposed in [5] to quantify
the VoI for inspecting components of the system. Quantifying the VoI for inspections at a current time step depends on how inspections are going to be allocated in future time steps. The
stochastic future allocation method solves this problem by making an assumption about the
future availability of inspectors for system components. The probability of future availability
of inspectors can be set to the ratio of inspectors Nins to components Ncomp , i.e. if the allocation
of inspectors is random, then every component has P  Nins / Ncomp probability of inspection at
any time step in the future. Of course, the actual allocation of the inspectors is not random and
this assumption only helps quantifying the VoI for each component. Other, more sophisticated,
assumptions about the future availability of inspectors have also been proposed in [5], with
introduction of higher computational complexity, nonetheless.

4.2 Numerical example for interdependent components
In this work, we start to consider the inspection scheduling problem in systems with interdependent components, where observations of individual components are not completely independent and inspection information from one component can provide information about the
condition states of other components as well. In this framework, once the inspection decisions
are made based on VoI and our belief for the condition states of all components has been updated, the maintenance part of our management planning can take place, which is still independent for each component. To evaluate the performance of our suggested VoI based method
in this case, we have adopted the example from [5]. A system of 10 components is considered
and each component is characterized by three states: intact (s=1), damaged (s=2), and failed
(s=3). Two maintenance actions are available to the agent: Do-Nothing (DN) and Replace (RE).
The transition probability matrices for all components can be seen in Figure 5. The cost of
replacement is considered to be 10K and the cost of failure to be 500K, while the discount factor
is 95%. Further details can be seen in [5]. The agent has access to two inspectors that can detect
the state of the component with certainty and can be used to avoid unnecessary replacements,
when the probability of damage for a specific component increases. For this simple preliminary
example, we compare the cases when every three components are fully dependent, meaning
that any information on one is true for the other dependent components as well, with a system
of independent components. Figure 5 shows the performance of the proposed VoI based scheduling method in the two cases. As seen in the figure, the suggested scheduling approach can
work in cases of correlated components as well, and as expected, the agent who ignores the
interdependency ends up with higher operational cost due to suboptimal inspections and repairs.
The total net present cost value of operating and maintaining this system is 96.7K and 156.2K
for interdependent and independent components, respectively. Future efforts will include a refined correlation structure among component observations, will investigate and compare alternative inspection scheduling techniques, based on action augmentations, and will explore full
system-level problems for dual maintenance and inspection actions at the system level.
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Figure 5: Actions transition probability matrices, and performance of VoI based inspection scheduling for a
system of 10 components, based on interdependent and independent observations.

Conclusions and future work
Optimization of long-term maintenance and inspection planning for structures and/or infrastructure systems taking into consideration informative but uncertain data about their condition,
becoming available in time, is approached in this work as a sequential decision-making problem, in the form of Markov Decision Processes under Mixed and Partial Observability
(MOMDPs-POMDPs). As shown, these approaches can provide optimal policies that consist
of very complex and sophisticated combinations of a variety of actions, but they are unfortunately hard to solve. The fundamental properties of these methods are briefly explained and
several point-based value iteration MOMDP and POMDP algorithms are evaluated, based on a
nonstationary maintenance and inspection planning problem for one structural unit. Results revealed important algorithmic features relevant to inspection and maintenance decision problems and, among others, hint to a trade-off between deep path search strategies and localized
 -vectors information that should be explored more in the future, especially for factored representations of large scale systems. Difficulties in use of these methods for large infrastructure
systems with several components are also explained, and preliminary efforts for system-level
Value of Information based inspection scheduling for interdependent components are shown.
Future efforts will include alternative inspection scheduling techniques, and will explore full
system-level problems for dual maintenance and inspection actions through factored approaches and related dimensionality reduction techniques.
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Abstract: Sustainability and resilience are issues that should be recognized worldwide. To increase community resilience and sustainability against extreme events,
structural design must ensure structural performance under hazard scenarios that
may occur during the lifetime of structures and balance multiple competing objectives. Thus, research associated with structural sustainability and resilience has been
an important topic, and relevant studies are needed. A structural design strategy that
has the ability to integrate the resilience of civil infrastructure systems and multicriteria analysis is established in this paper. Overall, an integrated framework to
support the green and resilient structural design by identifying structural systems
that are consistent with stakeholder preferences and structural performance indicators is proposed. An outcome of this paper is a decision support framework for the
structural design that can provide robust estimates of resilience and sustainability
in a life-cycle context.

Introduction
Sustainability is an issue that should be recognized worldwide and increased attention
should be placed on strategies to design infrastructure systems that are safe, resilient, and sustainable [4; 8]. It is crucial to assess the performance of different structures and infrastructures
when developing a decision making system for the development of sustainable and resilient
infrastructure systems. Thus, research associated with structural sustainability and resilience
has been an important topic, and relevant studies are needed. Additionally, to increase community resilience and sustainability against extreme events, structural design must ensure structural performance under hazard scenarios that may occur during the lifetime of structures and
balance multiple competing objectives. The development of sustainable and resilient structures
should consider the initial cost, resilience, sustainability, and total loss during the investigated
time interval under hazards. Accordingly, multi-criteria analysis should be adopted to choose
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the sustainable and resilient design of structural systems among possible alternatives considering different conflicting criteria. The structural performance is of vital importance for the decision makers as it can provide them guidance for the decision making process. A structural
design strategy that has the ability to integrate the resilience of civil infrastructure systems and
multi-criteria analysis is established in this paper.
The decision making procedure also depends on the risk attitude of the decision maker
toward the structural performance indicators. Utility theory can be adopted to account for the
attitudes of decision makers. In order to consider the various sets of units associated with different performance indicators, the Multi-Attribute Utility Theory (MAUT) is used to convert
each risk-attribute to a consistent unit [11]. The flowchart regarding MAUT in the context of
this paper is indicated in Figure 1. The multi-attribute performance indicator is representative
of the development of a sustainable and resilient structure.
Overall, an integrated framework to support the sustainable and resilient structural design
by identifying structural systems that are consistent with stakeholder preferences and structural
performance indicators is proposed. Furthermore, the proposed methodology aims to minimize
both initial construction impacts and reconstruction impacts associated with extreme events in
a life-cycle context. An outcome of this paper is a decision support framework for the structural
design that can provide robust estimates of resilience and sustainability in a life-cycle context.
Compute the values
of structural
performance
indicators

Initial cost
(u1 and k 1 )

Compute single
attribute utility values
considering the risk
attitude

Environmental
impact
(u2 and k 2 )

Resilience
(u3 and k 3 )

Total loss
under hazard
(u4 and k 4 )

Compute the multi-attribute utility value
Figure 1: Flowchart for the decision support system based on multi-attribute utility assessment

Decision Making Criteria incorporating Environmental Impacts
and Resilience
The first step within the decision making procedure of development of sustainable and
resilient structure is to compute the structural performance considering different criteria. There
are four types of attribute considered within this analysis and they are initial construction cost,
sustainability, resilience, and total loss under hazard during the investigated time interval, respectively.

2.1 Sustainability
Two definitions are commonly used for sustainability. One is the “Brundtland Definition”
which is stated as “meeting the needs of the present without compromising the ability of future
generations to meet their own needs” [1]. The other, denoted as the “Triple Bottom Line” treats
sustainability as satisfying three objectives: “not only economic, but social and environmental,
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as well” [7]. The sustainability assessment of a building system under seismic hazard is investigated in this paper. Given a seismic hazard, a building can have different performance states,
which are characterized by the value of different performance indicators such as inter-story drift
ratio and peak floor acceleration. The consequences associated with these states should be assessed. The two extreme cases associated with building performance states under a given seismic scenario are non-collapse and collapse. The total sustainability is the sum of consequences
weighted with the probability of occurrence of the respective consequences. The metric of sustainability SM of a building subjected to a hazard can be computed as [5]

SM  DS CCons DS  PDS H

(1)

where CCons|DS is the conditional consequence (e.g., economic, social, and environmental) given
a damage state DS (e.g., minor, moderate, major, complete) and PDS|H is the conditional probability of a damage state DS arising from hazard H. In this paper, Eq. (1) is used to calculate the
metrics of sustainability (e.g., CO2 emissions and annual loss). The total sustainability is the
sum of consequences weighted with the probability of occurrence of these consequences. Sustainability can provide the harmony between the structural systems and natural systems for both
the present and future generations [1].
The environmental impact is emphasized within the sustainability assessment process. The
environmental impact covers the emissions associated with extraction and production of materials, transportation emission, and construction on sites. Generally, the total CO2 emissions
from the embodied of building material contribute significantly to the total emissions associated
with construction and repair [13]. Based on the gaseous emission of a material in terms of unit
mass (e.g., kg of CO2 emission per kg), the masses of the materials associated with different
components can be converted to their environmental impact. Generally, the amount of CO2
associated with the materials used in a building component can be calculated based on the mass
quantity of material and the unit emission coefficient of unit quantity of material (e.g., kg
CO2/kg). All the material used in the components should be considered in the environmental
consequence assessment process. Then the total CO2 emissions associated with different structural systems can be computed.

2.2 Resilience
To estimate the resilience of a building following an earthquake, downtime needs to be
assessed. Building downtime is generally defined as the period of time between the occurrence
of a seismic event and the completion of repair efforts. One portion of downtime is attributed
to the time needed to repair building damages and is considered as the rational component of
building downtime. The remaining portion of building downtime depends on financing, relocation of functions, human resources, and economic and regulatory uncertainty. The building
downtime under a given hazard level is determined considering the collapse and survival cases.
After collapse, the building has to be rebuilt. Given building survival, the total repair time associated with a specific component group is computed. Subsequently, the total repair time of
all the groups (e.g., structural and non-structural) can be computed. Given the repair scheme
(e.g., slow-track, fast-track), the repair/downtime associated with the damaged structure can be
computed.
Given the downtime, the functionality of buildings under the repair scheme can be determined. Herein, the three recovery states associated with building functionality are defined as:
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re-occupancy of the building, pre-earthquake functionality, and full recovery. Re-occupancy
occurs when the building is deemed safe enough to be used for shelter and does not pose a threat
to life safety. Functional recovery occurs when the building regains its primary function. Lastly,
full recovery occurs when the building is restored to its pre-earthquake condition. Based on the
recovery pattern, the resilience of the building under an extreme event is computed. The most
widely adopted measure to quantify the resilience of a structural system is [3; 9]

RResi

1

Tr

t 0  Tr

 Q(t )dt

(2)

t0

where Q(t) is the functionality of the building; to is the occurrence time of the extreme event;
and Tr is the investigated time horizon. The shape of the performance restoration curve is a
function of changes in system performance due to repair and recovery efforts. Given the timevariant functionality of a building under a seismic hazard, the corresponding resilience can be
computed by using Eq. (2).

2.3 Total Loss in a Life-Cycle Context
Given the hazard intensity (e.g., peak ground acceleration (PGA)), the performance of the
building (e.g., probability of being in different damage states) could be computed. Subsequently, based on the theorem of total probability, the hazard loss is the sum of consequences
weighted with the probabilities of having these consequences as indicated in Eq. (1). Given the
occurrence of the earthquake as a Poisson process, the total life-cycle hazard loss of the building
during the time interval [0, tint] under earthquakes can be computed [14]

Lt(tint ) 

N ( t int )

l (t )  e 
k 1

 tk

(3)

k

where tint is investigated time interval; N(tint) is the number of hazard events that occur during
the time interval; l(tk) is the expected annual hazard loss at time tk; and γ is the monetary
discount rate. Given the Poisson model with mean rate equal to λf, the time tk has a uniform
distribution in [0, tint]. Given N (tint) = λf × tint, the total expected life-cycle loss can be computed
[5]
E[ Lt (tint )] 

 f  E (l )
 (1  e  t )

int

(4)

Multi-Criteria Decision Making
This section presents the decision making process considering multiple performance criteria. Four performance criteria are considered within the approach: construction cost, environmental impact (CO2 emissions), resilience, and total seismic loss during the investigated time
interval. The desirability of each alternative depends on the values of four performance criteria,
all of which are measured with different units. Thus, there is a need to establish a consistent
range of values that each attribute may take so that all risk-attributes are directly comparable to
each other. The utility function containing information about the decision maker’s attitude toward risk is adopted to transfer these performance indicators into a uniform unit. The formulation of the utility function corresponding to each attribute greatly depends on the knowledge
and preferential characteristics of the decision maker. Considering an exponential formulation,
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the utility associated with a single attribute (e.g., loss and CO2 emissions) can be expressed as
[2]

u  x 



xmax  x  
1
1  exp   

1  exp     
xmax  


(5)

where x is the risk-attribute value under investigation; ρ indicates the attitude of the decision
maker; and xmax denotes the maximum value of the risk-attribute. xmax is included within this
formulation in order to normalize the utility function so that it always takes values between 0
and 1. The risk attitude of the decision maker is reflected within the parameter ρ. Additionally,
the absolute value of ρ represents the severity of the risk attitude.
Subsequently, MAUT is used in the field of decision making and allows for the incorporation of multiple criteria into a decision. The ideal combination of the different attributes comprising risk can be determined by employing MAUT. The goal of MAUT, within this context,
is to transfer these four metrics (i.e., initial cost, environmental impacts, resilience, and lifecycle loss under hazards) into one combined value [6910]. Once the utility function associated
with each attribute is appropriately established, all utilities may be combined into one multiattribute utility that effectively represents all aspects under investigation. Within the additive
formulation for the multi-attribute utility function, marginal utility values associated with each
attribute are multiplied by weighting factors and summed over all attributes involved. Considering an additive formulation, the multi-attribute utility function utilized within the presented
decision making framework can be computed as [10]

u ( x1 , x 2 , x3 , x 4 )  k1u1 ( x1 )  k 2 u 2 ( x 2 )  k 3u 3 ( x3 )  k 4 u 4 ( x 4 )

(6)

where u(x1, x2, x3, x4) is the multi-attribute utility function and ki is the scaling factor corresponding to the ith attribute. The weighting factor associated with each attribute is calculated
considering information obtained from the decision maker. The alternative that provides the
highest multi-attribute utility value is the preferred solution.

Illustrative Example

3

4.57m

The presented multi-criteria decision making approach is applied to conventional and baseisolated steel buildings incorporating initial cost, environmental impact, resilience, and total
hazard loss. The seismic performance associated with the two investigated buildings is compared. The conventional and base-isolated buildings designed by Forell/Elsesser Engineers Inc.
are investigated herein. The two buildings are both designed for Los Angeles, CA, located on
stiff soil. The elevation of the conventional and base-isolated buildings is shown in Figure 2
[4].

9.144 m
9.144 m

9.144 m

9.144 m

9.144 m

9.144 m

Conventional building

Base-isolated building

Figure 2: Elevation of the conventional and base-isolated buildings (adapted from [4])
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More detailed information about the investigated buildings could be found in [12]. The
initial basic building costs for the conventional and base-isolated buildings are assumed 2.5 and
4.5 million USD, respectively.5 Within this illustrative example, the seismic performance of
the buildings is investigated considering the four performance criteria. These performance indicators associated with conventional and base-isolated buildings are compared and then are
transferred to the uniform unit by using multi-attribute utility function. The conventional building is associated with the larger values of construction cost, CO2 emissions and hazard loss
compared with the base-isolated building. The base-isolated building can provide a larger resilience than the conventional building.

4.1 Performance Criteria of Conventional and Base-Isolated Buildings
The structural performance of buildings is generally defined by using three performance
states: immediate occupancy, life safety, and collapse prevention, which are assumed 0.7%,
2.5%, and 5% inter-story drift ratio, respectively. The probabilities of being in these three performance states can be obtained. The reference seismic event, the 1940 El Centro earthquake,
is used to evaluate the seismic performance of the conventional and base-isolated buildings.
The investigated hazard scenario can correspond to 475-year return period earthquake event.
The PGA is selected as ground motion intensity. The seismic performance (e.g., inter-story drift
ratio and acceleration) of the conventional and base-isolated buildings under these two seismic
inputs is investigated in [4]. Then the seismic damage states of the whole building and the
components (e.g., structural and non-structural components) are identified. Given the CO2
emission associated with different materials, the CO2 emissions of the conventional and baseisolated buildings under given seismic event can be computed accordingly. Under the 1940 El
Centro earthquake, the CO2 emissions associated with the repair of the damaged conventional
and based-isolated buildings are 8.1 × 104 and 5.0 × 104 kg, respectively.
The annual repair loss of the conventional and base-isolated buildings under the given 1940
El Centro earthquake is computed considering the building performance. Additionally, given
the seismic fragility curves of structural and non-structural components, the annual loss of
buildings under seismic hazard is computed. Accordingly, the repair loss of the damaged conventional building is 7.1 × 105 USD. This value is reduced to 2.45 × 105 USD for the baseisolated building. In this paper, the monetary discount rate γ assumed is 2%. The investigated
time interval investigated herein is 75 years. Given the annual loss of the building and hazard
occurrence ratio, the total loss of the building under seismic hazard during the investigated time
interval is computed using Eqs. (3) and (4). Then the total loss of the buildings under the investigated hazard scenario for the conventional and base-isolated buildings is 5.8 × 104 and
2.0 × 104 USD, respectively.
The resilience of conventional and base-isolated buildings under given seismic hazard is
assessed herein. The seismic performance states (e.g., immediate occupancy, life safety, and
collapse prevention) are considered in the resilience assessment process. Given the probability
of building being in different performance states and the corresponding functionality, the functionality of the conventional and base-isolated buildings is computed on the basis of the theorem
of total probability. After the total downtime period, the functionality of the building will reach
full functionality. Given the time-variant functionality associated with given repair scheme, the
resilience is computed using the Eq. (2). The resilience of conventional and base-isolated buildings under the 1940 El Centro earthquake are 0.75 and 0.91, respectively. Accordingly, the
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value of resilience associated with the base-isolated building is larger than that associated with
conventional building.

4.2 Decision Making

Multi-attribute utility value

MAUT is used within the decision making process. The four performance indicators (i.e.,
initial construction cost, resilience, environmental impact, and life-cycle hazard loss) are considered, which are transferred to a uniform scale ranging from 0 to 1 by employing single attribute utility function. The attitude of the decision maker is considered within the decision
making process. The utility assignment for each attribute is facilitated by Eq. (5) with varying
xmax values associated with different performance indicators. The xmax associated with these four
performance indicators (i.e., construction cost, CO2 emissions, resilience, and total loss) is 6.5
× 106 USD, 10 × 104 kg, 1, and 7.5 × 104 USD, respectively. Once the single utility function
associated with the performance indicator is formulated, the marginal utility values are obtained
by combining into one multi-attribute utility value. Herein, given the utility functions associated
with the four performance indicators, the utility values associated with conventional and baseisolated buildings are computed by using Eq. (6).
The multi-attribute utility values associated with both conventional and base-isolated
buildings are computed and compared. The structural system that has the largest multi-attribute
utility value is the one that should be selected. The multi-attribute utility value associated with
a risk averse decision maker (i.e., ρ = 2) is computed considering the weighting factors (k1, k2,
k3, and k4) = (0.25, 0.25, 0.25, 0.25). This combination of weighting factors indicates equal
contributions of all four risk-attributes within the multi-attribute utility assessment. Then, the
multi-attribute utility value associated with the conventional and base-isolated building is 0.60
and 0.74, respectively. Accordingly, the base-isolated building is selected under the given condition. Figure 3 shows the final result associated with a risk averse attitude and weighting factor
(0.25, 0.25, 0.25, 0.25). For this combination of consequence contributions, a decision maker
would select the base-isolated building, as it always results a larger utility value compared with
the conventional building under the given weighting factor and attitude of the decision maker.
Overall, the decision maker’s risk attitude involved in the multi-attribute utility assessment,
have great effects on the multi-attribute utility value of the building types.
1
Base-isolated
building
0.8
Conventional
building
0.6

0.4

Weighting factor
(0.25, 0.25, 0.25, 0.25)

0

2
4
6
8
10
ρ associated with decision maker’s attitude

Figure 3: Effect of ρ on the multi-attribute utility value

Conclusions
This paper presents an approach for the decision making of sustainable and resilient building systems considering multiple performance indicators. The initial cost, resilience, environmental impacts, and life-cycle loss are considered within the decision making process
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associated with different building types. The seismic performance improvement associated with
base-isolated buildings is significant compared with that of the conventional buildings incorporating both resilience and sustainability. The proposed framework considers the state-of-theart building performance assessment techniques while simultaneously considering the decision
maker’s preference. Based on the results of seismic performance associated with conventional
and base-isolated buildings, the base isolation can effectively reduce the seismic repair loss,
downtime, and environmental impact and increase the resilience.
MAUT is utilized to combine all single-attribute utilities into a uniform metric that reflects
the overall utility associated with a specific structural system. Overall, the consequences of
decision making regarding development of sustainable and resilient buildings may be evaluated
based on professional judgment and existing information while utility theory can be employed
to quantify the decision maker’s preference. The proposed approach can aid the design of highperformance and environmentally friendly buildings, which can facilitate the reduction of economic losses associated with natural hazards, improve safety and energy efficiency, and subsequently reduce the environmental impact.
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Abstract: In this study, the damage costs due to dam breaches are estimated by the
response surface method. The procedure for calculating the risks and the expected
total cost at earth-fill sites, based on the estimated damage costs, is presented. The
proposed approach is applied to actual earth-fill dam sites; and consequently, the
possibility of its practical use is proved.

1 Introduction
There are many earth-fill dams for farm ponds in Japan. Some of them breach every year due
to heavy rains, since many of them are very old and have deteriorated. To mitigate disasters,
improvement works must be conducted on the most deteriorated earth-fill dams. For this task,
the priority of the dams needs to be determined, and a reliability-based design method is introduced here in response to this demand.
Floods due to dam breaches have the greatest influence on the infrastructures in the downstream area, and estimating the costs of the damage to these structures is important for risk
assessments. Nishimura et al. [1] [2] have tried to apply a reliability-based design for such
dam breaches.
The existing methods for estimating damage costs require an exact flood simulation and usually is time consuming, because of complicated conditions. Thus, they are not efficient for
application to practical problems. To overcome this dilemma, the authors propose a surrogate
model called the response surface (RS) method [3]. The aim of this study is to validate the
accuracy of the proposed RS for assessing the risk of dam breaches due to heavy rains. The
Monte Carlo method can be easily applied to RS with low computational and operation costs.
The RS method, which estimates the damage costs in the downstream area submerged by
floods, can be identified as a regression function of the volume of the reserved water, the average inclination of the flood runway, the density of the houses and the population inside the
submerged area, and other factors. Then, the damage costs calculated by the RS method and
the exact method, based on the flood simulation, are compared to verify the utility of RS. The
expected total costs for the dam breaches and the dam improvements are also compared. Finally, the applicability of the RS method for prioritizing the improvement works, among the
numerous deteriorated earth-fill dams, is considered through a case study.
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2 Quasi-rainfall Model
In this research, rainfall events continuing for 72 hours are simulated based on the annual
maximum rainfall intensities obtained from rainfall data records in Okayama City, Japan for a
span of 45 years. A dam breach almost happens within 24 hours on an empirical basis. To
cover all cases, the longer consecutive rainfalls of 72 hours are used. The cumulative distribution function Fk (x) of rainfall intensity x (mm/h), for k (=1~72) hours after the rain starts, is
determined with the mean rank method [4], as follows:
(1)
Fk ( x) = mk ( x) /( N + 1)
where mk(x) is the number of rainfall intensities after k hours that do not exceed x, and N denotes the number of years. Figure 1 shows an example of the cumulative distributions. Rainfall intensity x (mm/h) is then transformed into random variable y following the standard
normal distribution as
(2)
y = Φ −1 ( Fk ( x))
where Φ is the standard normal distribution function. Correlation coefficients ρij (i,j = 1, 2, …,
72) between probabilistic variable y, after i hours and j hours, can be estimated by the following equation:
45

∑ (y

i

− µ)(y j − µ)

l =1

(3)
σ2
Here, the set of correlation coefficients is viewed as a matrix, namely, R = [ρij]. Since R is
positive definite, lower triangular matrix L, satisfied with LLT = R, is obtained by the Cholesky decomposition. A normal random number Y can be produced as follows:

ρij =

(4)
Y = Lz
where z is a standard normal random number generated by the Box-Muller method [5]. Then,
normal random number Y is transformed into random number X, which has the same distribution as the actual rainfall, using the following equation:
−1
(5)
X = Fk (Φ( y))
If X is used directly as the quasi-rainfall, the pattern causing overflows may be fixed, because
the cases of heavy rains are very limited. To prevent this, a method is proposed whereby the
rainfall intensity is decreased or increased, while keeping the shape of the hyetograph.

The Gumbel distribution is assumed for the distribution of total rainfall T (mm/72hours) of
the annual maximum 72-hour rainfalls, and F(T) is determined as follows:
72

∑x

i

=T

(6)

i =1

(7)
F (T ) = exp(−e − y ) , y = a(T − T0 )
where xi is the intensity of the annual maximum 72-hour rainfalls after i hours, and a and T0
are the parameters employed to adjust the observed data to the theoretical distribution function [4]. Then, random variable T' is generated as the total rainfall from Gumbel distribution
F(T), as shown in Figure 1.
Lastly, the adjusted rainfall intensity, X’(mm/h), is determined for each hour, as seen in the
following equation:
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Figure 1: Cumulative distributions of maximum
annual continuous precipitation of 72 hours.

Figure 2: Example of continuous quasi-precipitation of
72 hours.

Figure 3: Typical control volume.
72

X ' = (T ʹ / ∑ X i ) X

(8)

i =1

An example of a generated 72-hour rainfall series is exhibited in Figure 2.

3 Evaluation Method for Probability of Overflow
At first, the quantities of inflow, discharge, and storage are calculated. The inflow equation is
defined as follows [6]:
(9)
Qin = f p rA / 3.6
where Qin = inflow to the reservoir (m3/s), fp is the peak runoff coefficient, r is the quasirainfall intensity (mm/h) generated in Chapter 2, and A is the area of the basin (km2). Uniform
random numbers are used for fp in the range of 0.7 to 0.8 [6]. The discharge equation for a
rectangular weir, as used in this study, is
(10)
Qout = CBS h 2 3
where Qout = discharge(m3/s), C = discharge coefficient, Bs = width of spillway, and h = static
or piezometric head on a weir referred to as the weir crest.
The probability of overflow is then defined by Equation (11) as the number of Qout < Qin per
iterations of the Monte Carlo simulation [5].
(11)
Pof = Pr ob [Qout < Qin ]

4 Flood Simulation
As the basic governing equations, two-dimensional shallow water equations are employed. In
the equations, the flow velocity is assumed to be equally distributed along the vertical axis.
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(14)

in which t is time, x and y are the horizontal orthogonal axes, h is the water depth, u and v are
flow velocities for the x and y directions, respectively, g is the acceleration of gravity, Sox and
Soy are the inclinations along the x and y axes of the river bottom, respectively, and Sfx and Sfy
are the inclinations of friction. Inclination So is obtained from the height of the bottom, zb, and
the positive direction of inclination is defined as being downstream, namely,

S ox = −

∂z b
,
∂x

S oy = −

∂z b
∂y

(15)

The inclinations of the friction are defined from Manning’s formula, namely,

S fx =

n 2u u 2 + v 2
n2v u 2 + v 2
,
S
=
fy
h4/3
h4/3

(16)

in which n is Manning’s ratio. The equations are solved by the finite volume method [7]
(FVM), employing two-dimensional rectangular cells. The FVM is a numerical method based
on an integral type of equation, and the analytical area is divided into a finite number of cells.
A group of cells, objective for the analysis, is defined as the "control volume". An example of
the control volume is exhibited in Figure 3. The cell objective for the calculation is defined as
L, and the surrounding cells are defined as R in the figure. Following this definition, the governing equation is derived as

dU i
1
=−
dt
Ωi

4

∑E ⋅ n

ij

ΔΓij + S i

(17)

j =1

in which E=F+G, n is the unit normal outward vector, Ω is the area of the cell, and ΔΓ is the
length of the boundary. The numerical flux E•n is calculated by the HLL Rieman solver [8].

5 Response Surface Method
The response surface method, which is based on the experimental design concept [1], can be
expressed as a regression function, as seen in the following equation:
(18)
yR = βx R + ε R
where yR is the response surface, xR is the factor variable vector, β is the regression coefficients vector, and εR is the error term. By substituting the matrix of several sampled values of
xR, XR, and output vector YR into Equation (18), Equation (19) is obtained.
YR = X Rβ + Ε R
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(19)

Table 1: Profiles of studied sites.

(c) Site C

(b) Site B
(a) Site A

Figure 4: Submerged areas predicted by flood simulation.
Table 2: Damage costs of studied sites calculated by flood simulation.

where ER is the error term vector. By minimizing ERTER, the optimum regression coefficient
vector, β̂ , is determined as
−1

β̂ = ( XTR X R ) XTR YR

(20)

In this study, variable yR represents the damage costs due to floods, and variable xR represents
the factors related to these damage costs, which are selected through a sensitivity analysis.
Although the damage costs can be estimated precisely from the flood simulation described in
Chapter 4, the procedure requires huge computing costs. Since efficient calculations are required for the risk evaluation at so many sites, the response surface method is introduced here
as a more convenient approach. If precise flood simulations for sampled factors XR are conducted, and corresponding damage costs YR are obtained, regression coefficient vector β is
determined. Once coefficient β has been determined, the damage costs can be estimated by
means of Equation (18).
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6 Case Study
6.1 Profile of studied site
Three earth-fill dam areas are selected for the studied area to determine the response surface.
The profiles are presented in Table 1, and the flood simulation results are presented in Figure
4, which shows the maximum depth of the submergence. Site A is the maximum dam, while
Site C is the minimum one. The damage costs can be estimated based on the results of the
flood simulation and the costs for the loss of the facilities existing in the submerged area. The
estimated damage costs are presented in Table 2.

6.2 Response surfaces of studied area
By means of the sensitivity analysis, the dominant factors affecting the damage costs are selected, namely, the factor variable vector can be determined. In this research, the following
five factors are selected. Factor i is explained in Figure 5.
a: Amount of effective reserved water (1,000 m3).
c: Median inclination on main route of flood (%).
e: Number of houses /km2.
f: Number of working persons /km2
i: Median elevation of housing and business area in flood area.
In order to determine the response surfaces, 21 sample cases are prepared by solving the flood
simulation. In Table 3, the values of the factors and the calculated damage costs are presented.
These sample cases are created based on the properties of Sites A, B, and C, hypothetically.
Response surface RS, as the damage costs, Cf RS, is determined as
C fRS = 15,880 × a − 3.959 ×108 × c + 7, 951× e +1, 492 × f + 5.183×10 6 × i
(21)
A comparison of the calculated damage costs of 21 cases between exact method and the RS
method is presented in Figure 6. According to the figure, function CfRS can approximate the 21
cases well, and the coefficient of the determination is r2 = 0.79.
The RS is applied to other sites, namely, D and E, for validation. The profiles of the two sites
are presented in Table 4, and Table 3 includes the damage costs for Sites D and E calculated
based on the exact flood simulation. Moreover, Figure 6 includes the results for Sites D and E,
and the damage costs of the two applied sites are predicted well by the RS.

6.3 Evaluation of risk and expected total cost
The risk is evaluated from the probability of overflow and damage costs. The following equation is proposed for the risk at the two states, namely, the original and the improved earth-fills.
CT = C0 + C f ⋅ E [ n ]

(22)

⎧ tl
k−1
⎪∑⎡⎣ PO (1− PO ) {1+ (tl − k ) PI }⎤⎦(Original)
E [ n ] = ⎨ k=1
⎪
(Im proved)
⎩tl ⋅ PI
(23)
in which CT is the expected total cost, n is the frequency of overflows within a lifetime span
of tl (years), PO and PI are the probabilities of overflow a year corresponding to the original
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Figure 5: Description of factor i.

Figure 6: Comparison of exact and RS approaches.

Table 3: Sample cases to determine response surface.

and the improved states of the embankment, respectively, C0 is the cost of the improvements,
and Cf is the damage cost due to flooding. PO and PI coincide with the Pof derived from Equation (11), corresponding to the two states. The improved state means that the function of the
spillways of the dams has been reinforced and that the surfaces of the earth-fills have been
compacted with additional materials. In this study, the case of tl =50 years is considered.
The results for the five sites are presented in Table 5. The effect of the improvement work can
be evaluated by the difference between the expected total costs of the original and the improved earth-fills, A-B. The order of the effects. A-B corresponds to the priority of the planning of the improvement works. In the table, the exact method and the RS method are
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Table 4:. Profiles of validation sites.

Table 5: Results of reliability analysis.

compared. Although there is a relatively large gap for the absolute values of the expected total
costs between the two approaches, the predicted priorities are the same.

7 Conclusions
(1) An evaluation method for the damage costs of earth-fill dams due to heavy rains has been
proposed based on the response surface (RS) method.
(2) The RS of the damage costs has been determined based on the properties of three studied
sites, and the method has been validated by applying it to two other sites. Consequently, the
determined RS method has been presented as being applicable to other sites.
(3) The risks and the expected total costs of the original and the improved states of five earthfill dam sites have been given. The priorities of the improvement works among the five
sites are found to be the same for the exact and the RS approaches. Thus, the applicability
of the proposed approach for practical use has been proved.
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Discussion on
Imprecise Interval Approaches Applied to the
Eurocode 7 Partial Factor Design
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Abstract: The capabilities of nontraditional models for engineering computation
under uncertainty have been under continuous review so that several nonprobabilistic approaches have been developed. The first applications of nonprobabilistic interval analysis in geotechnical engineering have been recently explored,
considered a research area formally motivated by input information characterised
by imprecision. Thus, the conventional probabilistic approach to uncertainty may
be extended to include imprecise information in the form of intervals. For demonstration, results are provided on the analysis of a strip spread foundation designed
by the Eurocode 7 methodology. A limit state imprecise interval analysis for bearing capacity is presented in the format of a sensitivity analysis. The limit state
charts to safety assessment are separately sketched for the cases cohesion and friction angle interval scenario wherein the random variables are bounded on different
levels of probability. The extension for high dimensional cases is as well considered through a limit state three-dimensional joint view to safety assessment, considered simultaneously the interval variables cohesion and friction angle. At last,
the Eurocode 7 partial factor design is discussed on the basis of distinct levels of
credibility.

1 Introduction
In recent years, several nonprobabilistic approaches have been developed to include
uncertainties described by scarce information. If reliability is seen as a probability related to
the satisfactory performance of a system under given circumstances, a nonprobabilistic
concept of reliability holds on the acceptable range of performance fluctuations. According to
the discussion of Haim and Elishakoff [1], when considered only input interval variables the
nonprobabilistic concept of reliability is approached only by bounds as the safety margin is as
well expressed in the interval format. Among nonprobabilistic approaches, the ordinary
interval analysis involves the mapping of interval input to interval output quantities. The main
advantage is the evaluation of the analytical enclosure of the true solution. However, the
application to real engineering systems is quite complex due to the assignment of threshold
values under a binary treatment of information.
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A considerable number of works devoted to interval versus stochastic analysis has been
published, see for instance Muscolino et al. [2]. Intervals represent an appropriate model to
describe uncertainty in cases when a possible range between bounds is known and no other
information concerning frequencies is available. Apart from, interval quantities may as well
be included in computation based on other uncertainty models. Interval probabilities emerge
from the consideration of a set of plausible probabilistic models in order to find the lower and
upper probability bounds. This procedure is particularly convenient for sensitivity analysis, a
very efficient tool to identify important design parameters and to address the performance
level of real engineering systems in the context of optimisation procedures. Thus, whenever
some probabilistic information is available, a mixed approach gathering imprecise information in the form of intervals may be explored.
Starting from only a few papers wherein imprecise probability has been considered as a
marginal way to precise probability, a considerable number of works appeared with enhanced
frequency in the second half of the 20th century. Vicig and Seidenfeld [3] published a review
focused on influential ideas for the theoretical development of imprecise probability in the
form of fundamental contributions by including some critical remarks about future prospects.
Actually, the idea of replacing one exact probability value by introducing an indecision
interval with two different exact one-sided values as endpoints is discussed by arguments in
the sphere of existence and consistency of the indecision interval so that an evidence-based
precise two-sided probability is then proposed in the form of a coherent approach. From this
viewpoint, imprecision does not open a space to a new uncertainty measure but only
expresses incomplete knowledge.
Geotechnical design parameters enclose a physical meaning and are typically limited in a
range. As the solution of practical problems in geotechnical engineering often requires judgement based on limited information, the assumption of interval-valued parameters in a
mixed approach that admits as well probabilistic information verily complies with the imprecision of the input scenario. For demonstration, results are provided for a strip spread foundation designed by the Eurocode 7 methodology, wherein the shear strength parameters of the
foundation soil are implemented as intervals and then combined with other uncertain parameters in the form of random variables bounded on different levels of probability. A limit state
imprecise interval analysis for bearing capacity is then presented in the format of a sensitivity
analysis wherein the safety margin is as well expressed in the interval format, highlighting the
model assumptions.

2 Imprecise Interval Approaches
Imprecise interval approaches have been recently applied in the context of geotechnics. On
the limit state imprecise interval analysis some selected parameters are implemented as imprecise intervals and then combined with other uncertain parameters in the form of bounded
random variables under dependence; thereby, the random variables are bounded by using imprecise interval quantities in order to express different levels of probability.
A brief explanation of the methodology for minimisation and maximisation which considers
dependence while sketching the limit state charts to safety assessment for the cases cohesion
and friction angle interval scenario is summarised. The step by step optimisation algorithm is
supported by transformations derived in compensative probability to express the performance
function in the standard normal space of uncorrelated random and interval variables:
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[Step 1] Express the distributions and the statistics of basic input variables;
[Step 2] Express the equivalent standard normal correlation matrix;
[Step 3] Express the outcome matrix from the Cholesky decomposition of the equivalent
standard normal correlation matrix;
[Step 4] Express the set of random and interval variables vector in the standard normal space
of uncorrelated random and interval variables;
[Step 5] Express the performance function and the limit state in the standard normal space of
uncorrelated random and interval variables;
[Step 6] Express the set of constraints and whenever required the set of guess values for initialisation of the suboptimisation algorithm;
[Step 7] Select the suboptimisation algorithm properly and run the iterative process in a
multistart approach;
[Step 8] Estimate the pair minimum-maximum and the corresponding coordinates in the
standard normal space of uncorrelated random and interval variables as well as in the original
space of correlated random and interval variables.
Considered a design example with correlated normal and lognormal distributions, the equivalent standard normal correlation matrix may be computed from the values of the correlation
coefficients between the basic input variables by using the expression in the next Table 1
wherein the transformation F is derived by exact relationship.
Table 1: Transformation F by exact relationship for representation
of the coefficient of correlation between two standard normal variables
and
as
= ·

Variable xi

Variable xj

Normal

Lognormal

Transformation F
cv
ln 1 + cv

cv-coefficient of variation

Thereby, the performance function in the standard normal space of uncorrelated variables is
expressed by the following equivalent transformations =f(! ) and f( )=! straightforwardly
derived by Equation (1) in compensative probability:
= F#$ %& 'Φ(! )) ↔ Φ%& 'F#$ ( )) = !

(1)

if =variable in the original space; ! =variable in the standard normal space; F#$ =cumulative
nonnormal distribution function; F#$ %& =inverse cumulative nonnormal distribution function;
Φ=cumulative standard normal distribution function; and Φ%& =inverse cumulative standard
normal distribution function.
The correlation assignment in Equation (2) is also added to this standard normal space script:
',! ∗ ) = 'Ch)'0! ∗ )

(2)

if ,! ∗ =set of variables vector in the standard normal space of correlated variables; 0! ∗ =set of
variables vector in the standard normal space of uncorrelated variables; and Ch=outcome matrix from the Cholesky decomposition of the equivalent standard normal correlation matrix.
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The equivalent transformations for representation of variables
in the original space as a
function of variables ! in the standard normal space are further detailed as follows in the next
Table 2 as explicit expressions for the equivalent transformations =f(! ) and f( )=! previously derived by Equation (1) in compensative probability.
variables

Table 2: Transformations for representation of
in the original space as a function of variables ! in the standard normal space
=f(! )

Distributions

=μ+σ∙!

Normal

= e(56786∙9 )

Lognormal
Distributions
Normal
Lognormal
μ-mean value; σ-standard deviation
μl-log mean value; σl-log standard deviation

f( )=!
−μ
=!
σ
ln( ) − μl
=!
σl

The results and discussion from the design example introduced hereafter gather the limit state
imprecise probabilistic and interval analysis wherein the shear strength parameters of the
foundation soil are implemented as intervals.

3 Design Example
The design example is referred to the strip spread foundation on a relatively homogeneous
soil shown in Figure 1, wherein groundwater level is away. Considered the vertical noneccentric loading problem and the calculation model for bearing capacity, the performance function
may be described by the simplified Equation (3):
M = f(B, D, γ@ , cA , φA , γA , P, Q)

(3)

if B is the foundation width; D is the soil height above the foundation base; γ@ is the unit
weight of the soil above the foundation base; cA is the cohesion of the foundation soil; φA is the
friction angle of the foundation soil; γA is the unit weight of the foundation soil; P is the dead
load; and Q is the live load.
Table 3 summarises the description of basic input variables, with different types of distributions. The considered correlation coefficients between the basic input variables are either presented in Table 4. The strip spread foundation is designed by the Eurocode 7 methodology,
Design Approach DA.2*, wherein partial factors are coupled with characteristic values. It is
noted that a cautious estimate of the 95% reliable mean value for a known coefficient of variation is considered for each geotechnical characteristic value regarding the occurrence of a
limit state.
A set of scenarios wherein the shear strength parameters of the foundation soil are separately
implemented as intervals is further considered, noted that the limit state imprecise probabilistic and interval analysis is performed in the format of a conditional analysis under dependence. The extension for high dimensional cases is as well considered through a limit state
three-dimensional joint view to safety assessment, considered simultaneously the interval
variables. In particular, conjugate gradient and quasi newton optimisation algorithms in a
multistart approach are considered whenever appropriate.
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Figure 1: Strip spread foundation
Table 3: Summary description of basic input variables
Basic input variables
B (m)

D (m)

γ@ (kN/m )
3

cA (kN/m2)
φA (º)
γA (kN/m )
3

P (kN/m)

Q (kN/m)

Distributions

Mean value

Coefficient of variation

Deterministic

1.30

0.00

Deterministic

1.00

0.00

Normal

16.80

0.05

Lognormal

14.00

0.40

Interval

⋯

⋯

Lognormal

32.00

0.10

Interval

⋯

⋯

Normal

17.80

0.05

Normal

370.00

0.10

Normal

70.00

0.25

μl-log mean value; σl-log standard deviation
c-case cohesion interval scenario
fa-case friction angle interval scenario

Statistics

⋯
⋯
⋯

μl=2.5648
σl=0.3853

c=[0.00,35.00]
μl=3.4608
σl=0.0998

fa=[25.00,35.00]
⋯
⋯
⋯

Table 4: Correlation coefficients between the basic input variables
Correlation matrix
ρ&& ρ&
ρ&
ρ & ρ
ρ
ρH& ρH
ρH
ρI& ρI
ρI
ρJ& ρJ
ρJ
ρK& ρK
ρK

ρ
ρ
ρ
ρ
ρ
ρ

ρ
ρ
ρ
ρ
ρ
ρ

ρ
ρ
ρ
ρ
ρ
ρ

1.0 0.0 0.5
0.0 1.0 0.0
H
H I
H J
H K
0.5 0.0 1.0
=
H
I I
I J
I K
0.9 0.0 0.5
H
J I
J J
J K
0.0 0.0 0.0
H
K I
K J
K K
0.0 0.0 0.0
x1-γ@ ; x2-cA ; x3-φA ; x4-γA ; x5-P; x6-Q; ρ-coefficient of correlation
H

H

& I
I

& J
J

& K
K

0.9
0.0
0.5
1.0
0.0
0.0

0.0
0.0
0.0
0.0
1.0
0.0

0.0
0.0
0.0
0.0
0.0
1.0

4 Results and Discussion
Firstly, the summary description of reliability estimates in probabilistic scenario is provided
in Table 5, wherein three methods are compared: the first order reliability method (FORM)
and the second order reliability method (SORM), or the Monte Carlo simulation (MCS), the
latter from counting among 5e6 trials. Regardless of the type of function and within acceptable margin of error, the global behaviour is approachable in every case considered the 3.8
target reliability index. Moreover, the failure probability error is registered in percentage.
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Table 5: Summary description of reliability estimates in probabilistic scenario

Reliability
index
βWXYZ

Reliability
index
β[XYZ

Reliability
index
βZ\[

3.3716

3.4392

3.4388

βWXYZ
and
βZ\[
relative error
(%)

β[XYZ
and
βZ\[
relative error
(%)

MCS
failure
probability

MCS
failure
probability
error
(%)

-1.9542

0.0102

0.0292e-2

5.2317

MCS results from 5e6 simulations in probabilistic scenario

The summary description of reliability estimates in interval scenario is further provided in
Table 6 for the cases cohesion and friction angle interval scenario, wherein results are obtained from 5e6 simulations or sampling points. In particular, the generalised extreme value
distribution is selected after a study with Kolmogorov Smirnov and Anderson Darling and
Chi Squared goodness of fit tests. On this limit state imprecise probabilistic analysis the shear
strength parameters of the foundation soil are separately implemented as intervals and then
combined with other uncertain parameters in the form of random variables under dependence.
The 3.8 target reliability index is as well considered on the determination of the cohesion and
friction angle values which satisfy the safety on every interval scenario by simulation and
distribution fitting, further noticed a boundless immeasurable reliability.
Table 6: Summary description of reliability estimates in interval scenario

Case

Cohesion
interval
scenario

Friction angle
interval
scenario

Value

MCS
failure
probability

Reliability
index
βZ\[

FIT
failure
probability

Reliability
index
βW]^

0.00

4.4845e-2

1.6970

4.4800e-2

1.6974

5.00

4.5420e-3

2.6089

5.0000e-3

2.5727

10.00

2.0200e-4

3.5375

2.8887e-4

3.4419

11.00

8.9800e-5

3.7461

1.4933e-4

3.6165

12.00

4.1800e-5

3.9338

7.6973e-5

3.7846

13.00

1.9800e-5

4.1098

3.8507e-5

3.9535

14.00

7.2000e-6

4.3377

1.8511e-5

4.1253

15.00

3.2000e-6

4.5127

9.1553e-6

4.2846

20.00

≈0

≈∞

1.8173e-7

5.0872

25.00

≈0

≈∞

2.5786e-9

5.8420

30.00

≈0

≈∞

2.9561e-11

6.5459

35.00

≈0

≈∞

3.0374e-13

7.1988

25.00

2.2054e-3

2.8472

1.8000e-3

2.9189

25.50

5.7560e-4

3.2507

3.8867e-4

3.3607

26.00

1.3200e-4

3.6483

6.0447e-5

3.8443

26.50

1.7600e-5

4.1369

5.9806e-6

4.3783

27.00

1.8000e-6

4.6332

3.3652e-7

4.9690

27.50

2.0000e-7

5.0690

8.9437e-9

5.6313

30.00

≈0

≈∞

≈0

≈∞

35.00

≈0

≈∞

≈0

≈∞

MCS results from 5e6 simulations in interval scenario
FIT results from 5e6 sampling points for the generalised extreme value distribution
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A comparative analysis of results from both methodologies shows appreciable differences
whenever the cohesion values are approaching 15.0 kN/m2 and the friction angle values are
approaching 27.5 º, noted that for the correspondent levels of reliability the Monte Carlo
simulation failure probability error is estimated higher than 10%. Moreover, it is clearly
shown that small variations in the friction angle input are very influential in that the median
and the imprecise lower bound of probability correspond to a boundless immeasurable reliability, noted that satisfactory levels of reliability estimates are separately attained for a cohesion of about 12.0 kN/m2 and for a friction angle of about 26.0 º.
The limit state charts to safety assessment are represented in Figure 2 and Figure 3, considered respectively the cases cohesion and friction angle interval scenario in a sensitivity analysis wherein the random variables are bounded on different levels of probability. Distinct
levels of credibility are used to sketch the lines which express the limit state bounds. It is possible to search for a credibility level which ensures no failure regardless of the parameter
value on the horizontal axis, see safe level for arrow in Figure 3 against unsafe level for arrow
in Figure 2. Conversely, it is possible to find the threshold parameter which ensures no failure
for a given credibility level and then to proceed with proper ground investigation and testing
or improvement, see in both charts the circles crossing the zero limit state boundary and the
0.9900 credibility level line. In decision making, this valuable approach may be extended by
numerical analysis for high dimensional cases with several indecision variables in simultaneous, see Figure 4.

Figure 2: Limit state chart to safety assessment for the case cohesion interval scenario
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Figure 3: Limit state chart to safety assessment for the case friction angle interval scenario

Figure 4: Limit state three-dimensional joint view to safety assessment for a 0.9900 probability level
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The Eurocode 7 Design Approach DA.2* corresponds to a particular form of load and
resistance factor design, wherein partial factors are applied as late as possible in the calculation process to the resulting effects of actions and to the ground resistances. Thereby, while
ground strengths are left unfactored, ground resistances are calculated by using characteristic
values. The geotechnical characteristic values are often calculated separately, neglecting the
effects of dependence, important feature in geotechnical engineering practice wherein design
parameters encompass a physical meaning. In a brief analysis, the dependence between the
cohesion and the friction angle of the foundation soil relies particularly on the material so that
the considered hypothesis of independence is possibly cautious as suggested by experience on
the calculation of reliability estimates. In fact, it is actually recognised that a simulation in
probabilistic scenario often returns different reliability indexes under dependence and independence assumptions. Likewise, the proposed step by step optimisation algorithm for minimisation and maximisation considers any important dependence relationships and whenever
interval variables are involved proper constraints are required, see the case friction angle interval scenario.
According to the results on Table 6 and considered the cases cohesion and friction angle
interval scenario, the threshold values which satisfy the 3.8 target reliability index are about
12.0 kN/m2 and 26.0 º, respectively. Following the vagueness of the indecision interval, this
imprecise approach is interpreted altogether with a complementary limit state imprecise
interval analysis for sensitivity, validation and decision. Thereby, it is concluded that
satisfactory levels of reliability estimates are attained by the probability level of 0.9900
sketched on the limit state charts to safety assessment. On this framework, Figure 4 displays
the limit state three-dimensional joint view to safety assessment for a 0.9900 probability level.
A three-dimensional representation of the zero limit state reference surface is crossed in one
corner by the limit state lower bound surface constructed from a joint assumption of the
values of the interval variables cohesion and friction angle. According to the results on Figure
4, unsafe coordinates are limited to a cohesion parameter on a value between 7.0 kN/m2 and
10.5 kN/m2 or to a friction angle parameter on a value between 29.0 º and 30.0 º, considered
the two worst combination cases corresponding to a friction angle of 25.0 º or to a cohesion of
0.0 kN/m2, respectively.
Unrealistic model assumptions are evinced by the limit state charts to safety assessment when
higher levels of probability are considered, see the case cohesion interval scenario wherein the
limit state upper bounds are obtained from unrealistic coordinates. Therefore, a critical
evaluation from the interval scenario may influence the safety-based decision in ground
investigation and testing or improvement. In addition, the interval uncertainty comprehends a
probabilistic meaning for every combinatory possibility, see the case cohesion interval
scenario wherein nonsatisfactory levels of reliability estimates are attained in a significant
part of the cohesion interval. Another important issue is the position of the median trend
which separates the fifty percent chance cases, here sketched on the safe side, noted that the
linear and nonlinear trends evinced by the charts express the influence of the shear strength
parameters in the calculation model for bearing capacity. In the multivariate case the
considered probability level prescribes a credible region in the hyperspace, then the imprecise
interval analysis complies with a mixed set of probabilistic and nonprobabilistic interval
models wherein different bounding measures may be applied in order to find the limit state
lower and upper bounds in different scenarios.
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5 Conclusion
The capabilities of nontraditional models for engineering computation under uncertainty have
been under continuous review. Practical experience suggests that important dependence relationships should be considered on the proposed step by step optimisation algorithm for minimisation and maximisation. For demonstration, results are provided on the analysis of a strip
spread foundation designed by the Eurocode 7 methodology, and precise versus imprecise
probabilistic approaches are discussed. The limit state imprecise probabilistic analysis is interpreted altogether with a limit state imprecise interval analysis for bearing capacity. This
sensitivity analysis may reveal unrealistic model assumptions and may provide meaningful
results for safety-based decision in ground investigation and testing or improvement. Thus,
the limit state charts to safety assessment are separately sketched for the cases cohesion and
friction angle interval scenario wherein the random variables are bounded on different levels
of probability. The extension for high dimensional cases is as well considered through a limit
state three-dimensional joint view to safety assessment, considered simultaneously the interval variables cohesion and friction angle. In the multivariate case the considered probability
level prescribes a credible region in the hyperspace, then the imprecise interval analysis complies with a mixed set of probabilistic and nonprobabilistic interval models wherein different
bounding measures may be applied in order to find the limit state lower and upper bounds in
different scenarios. Thereby, the Eurocode 7 partial factor design is discussed on the basis of
distinct levels of credibility. On this particular case study it is clearly shown that small variations in the friction angle input are very influential in that the median and the imprecise lower
bound of probability correspond to a boundless immeasurable reliability. This conclusion is
noticeable as well from the limit state chart to safety assessment for the case friction angle
interval scenario.
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Abstract: This study employs conditional random fields to integrate different
sources of information on soil properties in the reliability assessment of slope
stability in Rissa, Norway. The reliability assessment is conducted to quantify
the effects of uncertainties in soil properties and the simulation model on the
safety assessment of the slope. The uncertainties in soil properties are modeled
with normal and lognormal random fields. The random fields are conditioned
on the values of soil properties interpreted from Cone Penetration Test (CPT)
measurements at several locations along the slope. The interpreted values of soil
properties are subjected to uncertainty due to the inherent variability of CPT
measurements, measurement errors, and transformation uncertainty. The application of conditional random fields enables a consistent treatment and integration
of different sources of information on soil properties with varying degree of certainty. The reliability assessment of the slope stability is conducted within the
Monte Carlo framework by propagating the uncertainties to the slope response.
The response of the slope is simulated by a 2D finite element model with an error
term accounting for the uncertainty of the simulation model.

1 Introduction
The stability of slopes is a geotechnical problem of high importance due to the social and economic consequences commonly associated with the corresponding failures. An assessment of
slope stability provides a basis for the evaluation of hazards and consequences imposed by a
potential slope failure. An appraisal of slope stability is subjected to uncertainties due to the
inherent soil variability, measurement error, interpretation uncertainty of soil parameters [e.g.,
15, 16], and uncertainties associated with simulation models [e.g., 15]. Due to the societal and
economic consequences commonly associated with slope failures, the topic has received a considerable attention in the literature [e.g., 1, 3, 6, 11]. The majority of early studies on reliability
of slopes rely on the classical limit equilibrium slope methods [e.g., 1, 3, 9, 14] to evaluate
the stability of a slope. Additionally, the majority of the earlier approaches omit the effects
of spatial correlation and local averaging of soil properties [6]. For example, the study in [3]
evaluated the reliability of a slope with a limit equilibrium slope stability approach and the
first-order second-moment (FOSM) reliability method. Improvements in the reliability assessment were achieved with the implementation of a more advanced reliability method, as shown
in [9] where the slope reliability is evaluated with the first-order reliability method (FORM)
and the Morgenstern-Price slope stability model [14]. The FORM method is also employed in
[12] where the slope response is simulated with the Janbu’s generalized procedure of slices.
The effects of soil variability on the slope reliability are examined in [11] on limit equilibrium
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models with the FORM method. The application of more robust sampling reliability methods
is examined in [5] on a limit equilibrium slope model with spatially variable soil properties
and the Monte Carlo (MC) reliability method. The application of nonlinear finite element (FE)
models in more recent studies allowed for the implementations of random fields that can model
the spatial variability and local averaging of soil properties [e.g., 6, 8]. Additionally, the application of nonlinear FE models does not require a priori assumptions on the shape or positions
of the failure surface [e.g., 6]. The probabilistic analysis in [6] coupled an FE slope model with
random fields of soil properties to investigate the effects of spatial variability and local averaging on slope stability with the MC method. The study in [8] implemented an unsaturated soil
model to evaluate the effects of rain infiltration on the stability of a slope with spatially variable
void ratio with the MC method. In addition to the implementation of more advanced FE model,
some of the recent studies examined more advanced reliability methods to reduce the computational expenses commonly associated with probabilistic slope stability analyses. For example,
the applications of the Subset Simulation method on reliability analysis of slopes is presented
in [18]. Additional advanced reliability approaches include the implementations of surrogate or
metamodels as a computationally less demanding approximation of FE models [e.g., 4]. A slope
stability model is approximated with the artificial neural network (ANN)-based response surface in [2], while the study in [13] features an implementation of the Kriging surrogate model.
Considering the extent of research conducted on the topic, the literature review in this paper is
relatively short due to the limited paper length. More extensive literature reviews can be found
in for example [6] or [8].
This study investigates the effects of spatial variability of soil properties on the reliability of a
slope in Rissa, Norway. The novelty of the implemented approach is the application of conditional random fields for the integration of different sources of information on soil properties.
The normal and lognormal random fields of soil properties are conditioned on the values of
soil properties interpreted from Cone Penetration Test (CPT) measurements at several locations
along the studied slope. The interpreted values of soil properties are subjected to uncertainty
due to the inherent variability of CPT measurements, measurement errors, and transformation
uncertainty. The reliability assessment of the slope stability is conducted with the MC method
and an additive error term to account for the uncertainty in the simulation model.
The paper is organized to provide an overview of the slope geometry and the uncertainties in
soil properties in Section 2. The implementation of conditional random fields is examined in
Section 3. The reliability analysis of the slope with a short discussion is presented in Section 4,
followed by conclusions in Section 5.

2 Slope properties
The stability of the studied slope was investigated as an element of the Norwegian Public Roads
Administration’s (NPRA’s) plans to construct a road in Rissa, Sør-Trondelag, Norway. The area
surrounding the slope is characterized by marine clay deposits that formed after the last glaciation, approximately 9000 years ago. The glaciation was followed by land heave, which exposed
the marine clay to fresh water that washed out the salts within the clay. This process lowered
the strength of the clay and led to the formation of a soil type known as ’quick clay’.
A series of in-situ and laboratory tests were conducted at the site to obtain information on soil
properties and provide a basis for the assessment of slope stability. The soil investigation led
to the identification of four main layers at the site, as illustrated in Figure 1. A layer of sand is
found at the top left part of the slope. The sand layer rests on a layer of quick clay, which is followed by clay and sensitive clay layers. The clay layers rest on bedrock, as illustrated in Figure
1. The slope extends for 210 m horizontally, with the elevation difference of 56 m between the
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highest and lowest surface points on the left and the right side of the slope, respectively. The
groundwater level follows the surface of the slope closely, as illustrated in Figure 1. Among the
in-situ tests, this study is focused on the soil properties interpreted from CPT measurements.
The locations of the CPTs are denoted with capital letters and illustrated in Figure 1.

Figure 1: Geometry of the Rissa slope

The construction of the road was eventually halted due to a low factor of safety, which failed
to satisfy NPRA’s regulations. However, the availability of a wide range of information on soil
properties provides an excellent basis for the investigation of the effects of uncertainties in soil
properties on the slope reliability.

3 Soil properties
The derivation of soil properties at the site is based on the information provided by the CPT
measurements and laboratory tests. The soil properties obtained from the laboratory tests are
primarily used to calibrate soil properties interpreted from the CPT measurements. The interpretation of soil properties from the CPT measurements is subjected to uncertainty due to the
inherent variability of the CPT measurements, measurement errors, and transformation uncertainty [16]. A consistent treatment of uncertainties in the interpretation of soil properties from
the CPT measurements should account for each of these sources of uncertainties, as discussed
in the following sections.

3.1

Inherent variability of the CPT measurements

The inherent variability of the CPT measurements is modeled by fitting a one-dimensional
lognormal random field in the vertical direction to a set of cone tip resistance measurements,
Y = [qt (z1 ), ..., qt (zn )]T , where z is the soil depth at the locations of the CPT profiles. The
parameters of the lognormal random field are evaluated with the maximum likelihood method
by transforming qt to the corresponding normal random field, ln qt . The parameters of ln qt ,
ξ ln q = {µ ln qt (z), σln2 qt , θln qt }, include a linear trend function, µ ln qt (z) = Fβ ln qt , where F =
 t
T
1 ... 1
is the term matrix, β ln qt = [β0 , β1 ]T are the regression coefficients, a constant
z1 . . . zn
variance along depth σln2 qt , and the correlation length of the exponential autocorrelation function
[e.g., 6], θln qt , in the vertical direction. The regression problem:
Fβ ln qt ≈ ln Y

(1)

has the following generalized least squares solution:
−1 T −1
β̂ ln qt = FT ρ −1 F
F ρ ln Y
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(2)

where ρ(θln qt ) is the matrix of correlation coefficients. The estimate of the variance is:
σ̂ln2 qt

T


1
−1
=
ln Y − Fβ̂ ln qt ρ
ln Y − Fβ̂ ln qt
n

(3)

The correlation matrix, ρ, and consequently β̂ ln qt and σ̂ln2 qt depend on θln qt . The optimal choice
for θln qt is defined as the maximum likelihood estimator. θ̂ln qt is calculated by minimizing [e.g.,
10]:
ψ(θln qt ) = σ̂ln2 qt · |ρ|1/n
(4)

Maximum likelihood estimates for the parameters of the lognormal random field of qt are presented in Table 1.
Table 1: Maximum likelihood estimates for the inherent variability of CPT measurements.

CPT profile
A

B

C
D

E

3.2

Layer

µ̂ln qt (z)

σ̂ln2 qt

θ̂ln qt (m)

Sand
Quick clay
Sensitive clay
Quick clay
Clay
Sensitive clay
Quick clay
Clay
Sensitive clay
Quick clay
Clay
Sensitive clay
Quick clay
Clay
Sensitive clay

6.712+0.203 z
5.919+0.045 z
6.035+0.040 z
5.699+0.074 z
6.197+0.037 z
6.294+0.029 z
5.634+0.071z
5.875+0.054 z
5.863+0.054z
5.019+0.145z
5.674+0.061z
6.122+0.039z
5.894+0.012z
5.689+0.062z
6.009+0.039z

0.121
1.80 ·10−3
1.94 ·10−4
2.8 ·10−3
2.7 ·10−3
2.4 ·10−3
1.8·10−3
1.9·10−3
2.7·10−3
0.015
3.9·10−3
3.0·10−3
3.0·10−3
1.3·10−3
1.0·10−3

0.685
0.175
0.155
0.34
0.40
0.205
0.32
0.3
0.51
0.25
0.49
0.29
0.45
0.245
0.21

Interpretation of undrained shear strength from the CPT measurements

The main input parameters for the analysis of slope stability is the shear strength of soil. Provided that the response of the slope is evaluated in undrained loading conditions, the shear
strength of the clay soil layers is defined by the undrained shear strength, su . This study adopts
the following transformation model between qt and su :
su =

εqt − σv0
Nk

(5)

where qt is a lognormal random field, ε is a lognormally distributed measurement error with
unit-mean and CoV = 0.1 based on the values reported in [16]. The autocorrelation properties
of ε are defined by the white-noise model [e.g., 6]. σv0 is the total vertical stress, considered to
be deterministic in this study. Nk is a lognormally distributed cone resistance factor. The mean
of Nk is determined based on the comparison of qt values with the su values from laboratory tests
to be 9.0 for z ≤ 16 m and 6.0 for z > 16 m. The variance of Nk is specified with CoV = 0.3
to agree with the values reported in [17]. The autocorrelation properties of Nk are defined by
the exponential correlation function and θln Nk = θln qt . Given the composition of the random
variables in the transformation model, su is lognormally distributed. The mean and variance of
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su , µsu and σs2u , can be derived analytically by using the multiplicative property of the lognormal
random variables and the relation of the lognormal to the normal distribution [e.g., 6], as shown
in [4]. The autocorrelation properties of su are approximated with the exponential correlation
model and θln su = θln qt .

3.3

Interpretation of friction angle from the CPT measurements

The shear strength of the sand layer is evaluated based on the Mohr-Coulomb failure criterion
as a function of the cohesion, c, and friction angle, ϕ. The value of cohesion is set to c = 4.5 kPa
based on the values obtained from laboratory tests. A transformation model for the interpretation
of ϕ from qt is developed by approximating the solution for the tip resistance of piles [e.g., 7].
The approximation of the pile tip resistance provides the following transformation model:


εqt
+ 8.67 + εR + εT
(6)
ϕ = 7.55 · ln
0
σv0
0 is the effective vertical
where ε is the measurement error with properties defined earlier, σv0
stress, considered to be deterministic, εR is the regression model error, distributed normally
with zero-mean and standard deviation of 0.19◦ . εT is the transformation model error specified
as a normally distributed random variable with zero-mean and standard deviation of 2.8◦ . The
autocorrelation properties of εR and εT are defined by the white-noise model. Based on the
distributions of random variables in the transformation model, it follows that ϕ is normally distributed. The mean and variance of ϕ, µϕ and σϕ2 , can be derived analytically by employing the
additive property of normal random variables and the relation between the normal and lognormal distributions [e.g., 6], as shown in [4]. The autocorrelation properties of ϕ are approximated
with the exponential correlation model and θϕ = θln qt .

4 Conditional Gaussian random field
Two-dimensional conditional random fields are implemented to integrate different sources of
information on soil properties along the studied slope. Normal and lognormal random fields of
soil properties are conditioned on the soil properties interpreted from the CPT measurements at
the locations of the CPT profiles. Given that a lognormal random field can be transformed to
a normal random field, the following section provides a background to Conditional normal or
Gaussian random fields.

Consider a two-dimensional Gaussian random field, R(x, z); (x, z) ∈ D ⊂ R2 , specified with:
E [R(x, z)] = µ(x, z)

(7a)

Var [R(x, z)] = σ 2 (x, z)

  0

|x − x00 | |z0 − z00 |
0 0
00 00
+
Corr [R(x, z)] = ρ (x , z ), (x , z ) = exp −2
θx
θz

(7b)
(7c)

where x is the horizontal coordinate axis, z is the vertical coordinate axis, D is the domain of
the random field, µ(x, z) is the mean function, σ 2 (x, z) is the variance function, ρ is the exponential autocorrelation model as a function of the distances along the axes between two points
{(x0 , z0 ), (x00 , z00 ) ∈ D}, and correlation lengths, θx and θz . Let D be discretized into a series of m
sub-domains. The discretized domain is referred to as LD with the sub-domains represented by
the corresponding centers, LD = {(x1 , z1 ), ..., (xm , zm )}. The discretized random field is denoted
as R(x, z) and specified with a vector of mean values µ = [µ(x1 , z1 ), ..., µ(xm , zm )]T and
 a covariance matrix Σ with the following elements Σi, j = σ (xi , zi )σ (x j , z j )ρ (xi , zi ), (x j , z j ) ; i, j =
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1, ..., m. The joint probability density function (pdf) of R corresponds to a multivariate normal
pdf, defined as follows:
R ∼ f (r) = N(r; µ, Σ)
(8)

where r is a random field realization. Consider that observations or measurements are available
on s locations of the discretized domain, o = {o1 , ..., os } with the covariance matrix Σo . The
likelihood of the observations is:
o ∼ f (o) = N (o; Hµ, Σo )

(9)

where H is a linear function, specified as a matrix composed of s rows and m columns. Each
row of the H matrix is assigned to an observation with the value of one on the column index
corresponding to the index of the observation. The rest of the elements have zero values. The
joint pdf of the random field conditioned on the observation is defined as:


[R|o] ∼ f (r|o) = N [r|o] ; µ r|o , Σr|o
(10)
where


−1
µ r|o = µ + ΣHT HΣHT + Σo
(o − Hµ)

−1
Σr|o = Σ − ΣHT HΣHT + Σo
HΣ

(11)
(12)

µ r|o is the mean, and Σr|o is the covariance matrix of the conditional random fields. Similar
expression to the ones in Eqs. 11 and 12 can be found for example in [6].
The conditional random fields of soil properties are constructed independently for each of the
layers of the slope. The variability of ϕ in the sand layer is modeled by a conditional normal
random field with the parameters prior to observations defined in Table 2. The variabilities of su
in the quick clay, clay, and sensitive clay layers are modeled by conditional lognormal random
fields with the properties prior to the observations defined in Table 2. The values in Table 2
are based on laboratory tests on samples from the site and the values reported in [16]. The
observed values of soil properties at the locations of CPT profiles are calculated based on the
MLE estimates in Table 1 and the transformation models in Sections 3.2 and 3.3.
Table 2: Random field properties prior to the observations.

Parameter
ϕ [◦ ]
su [kPa]

Layer
Sand
Quick clay
Clay
Sensitive clay

µ
CoV
35.40 0.15
54.52 0.20
62.25 0.25
94.40 0.25

θz [m] θx [m]
0.6
50.0
0.3
50.0
0.3
50.0
0.3
50.0

The conditional random fields of soil properties are generated by discretizing the domain of the
slope in 3190 elements, as shown in Figure 2. The locations of the CPT profiles are discretized
with a vertical column of width of one meter. The mesh around the locations of the CPT profiles
is refined to provide a better approximation to the conditional random fields. Figure 2 (a) and
(b), respectively, present the mean and the standard deviation of the conditional random fields.
The upper legends on Figures 2 (a) and (b) correspond to ϕ parameters of the sand layer, while
the lower ones corresponds to su parameters in the clay layers.

2324

(a)

(b)
Figure 2: (a) Mean and (b) standard deviation of the conditional random fields.

5 Reliability analysis
Reliability analysis is conducted to investigate the effects of uncertainties in soil properties and
the simulation model on the reliability of the studied slope. The probabilistic model for the
reliability assessment of the slope is constructed by coupling an FE model of the slope with
the conditional random fields of soil properties. The FE model is prepared in the commercial
software package Plaxis 2D, as shown in Figure 3. The generated FE mesh corresponds to the
discretization of the random fields.

Figure 3: The failure mechanism in terms of deviatoric strain for a realization of the random fields.

The reliability of the slope is evaluated by estimating its complement, known as failure probability PF . PF is defined as the probability of an undesired or unsafe response of the slope. The
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response of the slope is defined by the performance function:
g(X) = FS (X) − 1 + εM

(13)

where X is the vector of random variables composed of the discretized random fields. FS is
the factor of safety of the slope calculated with the FE model, where FS > 1.0 corresponds to a
stable slope, while FS ≤ 1.0 corresponds to a failed slope. εM is the model error of the FE model,
defined as a normal random variable with zero-mean and standard deviation of σεM = 0.05 [e.g.,
19]. An expression for PF is then defined as:
PF = P(g (X) ≤ 0) = P (FS (X) − 1 + εM ≤ 0) = P (εM ≤ 1 − FS (X))




1 − FS (X)
1 − FS (X)
εM
≤
=Φ
=P
σεM
σεM
σεM

(14)
(15)

where εM /σεM is the standard normal random variable, and Φ is the standard normal cumulative
density function. An estimate of PF is calculated with the MC method on N = 103 realizations
of the random fields, xi ; i = 1, ...N as follows:


1 − FS (xi )
1 N
= 2.4 · 10−3
(16)
P̂F = ∑ Φ
N i=1
σεM
The effect of the value of CoV of soil properties at the unobserved locations on PF was investigated by increasing the CoV values in Table 2 to 1.5 CoV and 2.0 CoV. An increase in the
CoV of soil properties at the unobserved locations has a negative influence on the slope reliability with respective estimates, P̂F = 3.66 · 10−2 and P̂F = 3.60 · 10−1 . The increase in P̂F can
be related to the observation that the failure surface of a slope follows the most critical path of
shear strength values along the slope profile. An increase in the CoV values of soil properties at
the unobserved locations leads to a higher chance that realizations of low shear strength values
can be generated. Consequently, it is more likely that a critical path of low shear strengths can
be generated that results in a slope failure. Considering the relatively high values of P̂F for the
considered slope, the construction on the slope is halted until satisfactory stabilization measures
are not implemented.

6 Conclusion
The presented study demonstrated the potential of conditional random fields for the integration of different sources of information in the reliability assessment of slope stability. Conditional normal and lognormal random fields were implemented to incorporate information on soil
strength parameters obtained from laboratory tests and interpreted from cone penetration test
measurements. The resulting probabilistic model was coupled with a finite element model to
assess the reliability of the slope in the Monte Carlo framework. The application of conditional
random fields is considered as advantageous for modeling spatially variable soil properties as
they provide a consistent treatment and integration of different sources of information with
varying degree of certainty.
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Abstract: This contribution discusses the application of the Random Field theory
to geotechnical variables for making prediction on the ultimate bearing capacity
and the final settlement of a single pile of 1 m diameter and 24 m length through a
piezocone penetration test CPTu drilled into sandy soils at Araquari site (Brazil).
From this study the calculated ratio between the measured and the predicted bearing capacity is about two. The distribution of the load along the pile shaft is similar
to the measured one although the absolute value of the calculated load is about the
half. Thus, in the case of the Araquari sand and silt mixture the characteristic value
approach performed by the evaluation of the mean trend and the spatial variability
structure of the residuals is highly conservative.

1 Introduction
An international call for pile prediction was launched at Araquari experimental testing site
(Santa Barbara, Brazil) in April 2015. A single pile of 1 m diameter (D) and 24 m length (L)
was drilled under bentonite suspension into sandy soils investigated up to 30 m depth. Practitioners and scientists were challenged to predict: (1) the static load bearing behaviour of the
bored including load-displacement curve, shaft and base loads at failure and (2) load along the
shaft at failure. This international competition had the twofold scope (1) to show the scatter in
prediction of pile behaviour in sandy soils by using different theoretical and numerical approaches from literature and designing experience and (2) to check how much conservative
can be the pile designing in sandy soils. A comprehensive in situ mechanical characterization
has been performed, at Araquari testing site, based on 13 piezocone penetration tests CPTus,
3 standard penetration tests SPTs and 2 seismic dilatometer test SDMTs. Laboratory tests
were also performed on disturbed samples to get soil grading and natural water content. Hereafter, the authors’ prediction is discussed, based on Bustamante and Gianeselli’ method to
calculate the pile bearing capacity and Fellenius’ approach to estimate the load-settlement
trend along depth. Mechanical properties of soil profile has been derived through the random
field approach. The comparison between the present predictions and the measured perfor-
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mance of the pile shows that the adopted designing strategy underestimate the actual strength
of the pile by almost half.

2 Mechanical characterization of the site
For the prediction of the pile under study one CPTu has been used (Figure 1); a SPT and
SDMT profiles are also available in the vicinity of the pile, but hereafter they will not be taken into account. Soil mechanical characterization accomplished through SPT measures are
less continuous and accurate than CPTus. Furthermore, the SDMT records show a lack of data
in the depth range between 4.40 m and 11.00 m. Unfortunately, this latter represents a layer of
interest for the pile prediction. According to Robertson and Wride soil classification system
[11], the pile is placed in a succession of silty and sandy soils up to 18 m and a clay layer up
to 22 m depth. During the pile drilling settlements were measured along the pile shaft through
strain-gauges during a load test. The integrity of the pile was checked by means of different
non-destructive techniques: PIT (Pile Integrity Testing), CH (Cross Hole) and TIP (Thermal
Integrity Profiler).
The prediction carried out hereafter used CPTu data, namely the vertical CPTUF5. The soil
data provided for this prediction exercise are insufficient for a finite element (FE) settlementload pile analysis. In fact, a reliable prediction based on FE method should include details on
elasto-plastic behavior of the soil-pile system to be modelled. Hence, hereafter the limit equilibrium approach is chosen to perform the pile prediction.

Figure 1: Location of Araquari test site within the Santa Barbara district, Brazil.

For the pile prediction accomplished herein Bustamante and Gianeselli formula [2] was used
to carry out the ultimate bearing capacity of the pile (Q), that is 1 m diameter (D) and 24 m
length (L). The abovementioned formulation was already used by [3] based on electric or piezocone penetration tests. In fact, this method uses both the sleeve friction fs and the tip resistance qc readings for representing the two components of the pile bearing resistance.
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Through their expression, Bustamante and Gianeselli try to reduce the spatial variability of
the two measurement profiles fs and qc by limiting the peaks amplitude according to (1) the
soil lithological characters, (2) the spatial mean qc and fs values and (3) the pile material and
constructive type, named category. The total bearing capacity of the pile Qtot is calculated as
the summation of the toe qt and shaft qs contributions times the corresponding areas At and As
respectively, according to the following formula:
∙

∙

∙

∙

∙

(1)

where qca is the equivalent cone resistance at the level of pile toe (kPa), kc is the penetrometer
bearing capacity factor, d is the pile diameter (m), qs(z) is the skin friction resistance along the
pile shaft (kPa), L is the pile length and  is a parameter. Both kc and  depend on the pile
type, the magnitude of qc and qs and the soil nature. A throughout explanation of Bustamante
and Gianeselli’s method is provided by [2] and details on its application can be found in [3].
In the following prediction, Bustamante and Gianeselli’s procedure has been applied although
the calculated ultimate bearing capacity has been reduced to derive the “characteristic value”.
This value has been derived by calculating the mean and the fluctuations along the depth of
the CPTu readings (Figure 2). The statistical approach to interpret the tip resistance profile of
CPTUF5 followed the one-dimensional Random field theory [12]. By means of this statistical
approach the spatial trend of the qt readings have been drawn and used to derive the pile ultimate bearing capacity mean value. Additionally, from the measured stationary fluctuations
the point standard deviation p and averaged spatial standard deviation s, the scale of fluctuation  and the variance reduction function 2 have been calculated.

Figure 2: Robertson and Wride [11] classification system of soils based on CPTus readings.
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Figure 3: a) Cone tip resistance qc reading from the studied CPTu; b) Fluctuations of qc drawn from the
detrending step in calculating the natural variability structure alongside depth.

Table 1 shows the variability structure parameters calculated through the fluctuation reading
in Figure 3a. The trend functions were derived by the least square root rule and the normal
distribution of the residuals within homogeneous layers. The homogeneous layer detection
has been addressed by means of the intraclass correlation coefficient RI [13].
For each layer the scale of fluctuation is measured according to Vanmarcke’s rule [12]. It
consists on calculating the mean distance between two consecutive changes of sign in residual
profile:
(2)
The point standard deviation was calculated from the fluctuation values i according to the
unbiased estimator:
∑



(3)

where n is the number of fluctuations in each layer evidenced by seeking for the trend at the
previous working step.
Finally the spatial averaged standard deviation s has be drawn. It is a reduced value compared with the corresponding statistical moment p though the spatial correlation measured by
the scale of fluctuation . Then, s is obtained through the following expressions by [1]:
∙Γ
Γ

1

(4)
,
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0

(5)

where 2 is the variance reduction function, according to Vanmarcke’s expression; δ is the
scale of fluctuation and L is length of the pile.
According to the standards for reliability-based design approach recently issued [7], in structural and geotechnical designing, characteristic values of action and resistances shall be considered. This value, should be chosen “as an a priori specified quantile of the statistical
distribution of the material property” [7]. Accordingly, in this study, the characteristic value
has been chosen starting from the mean value obtained from the detrending step (Table 1)
reduced by the spatial averaged standard deviation calculated through the Eq. (6).
The characteristic value of the ultimate bearing capacity Qc has been drawn through the following expression used by [4]:
∙ 1

(6)

where Qm is the mean value of the Qc and CVQ is the Coefficient of Variation of the pile ultimate bearing capacity. CVQ is calculated by dividing the Q standard devition by its mean value at each considered depth. This latter, is not the point variance but the spatial averaged
variance calculated through the method shown above.
From Table 1, the calculated scales of fluctuation of the ten lithotypes range between 0.2 and
0.9m according to the range suggested for sandy soils by Lloret-Cabrot et al. [8] [9] that is
0.31-0.91 based on the scales of fluctuation of 7 CPTus in sandy soils. Although the scales of
fluctuation cannot be predicted in advance because they depend on the site specific characters
of the soil formation, it can be noted that clay soils show higher scales of fluctuation in comparison with sandy and silty soils ([9]). The calculated values of the point standard deviations
for qc fall also within the ranges shown by Phoon and Kulhawy [10].
Table 1: Variability structure of the qc readings from the CPTu under study at Araquari site. In column 3 te
variable z = depth

Layer

1
2
3
4
5
6
7
8
9
10

Range of depth Trend function
[m]
qc[MPa]

2-10
10.02-12.08
12.10-15.08
15.10-16.58
16.60-18.18
18.20-19.70
19.72-21.62
21.64-25.30
25.32-27.80
27.82-30.30

of Scale of Point standfluctuaard deviation
tion [m] [MPa] (Eq.3)
(Eq. 2)

0.69z1.5
178620e-0.921z
0.0034e0.4944z
93973e-0.669z
-2.95z2+104.03z- 12.87
7.94z2-306.03z+ 2953.7
-0.61z + 14.395
-1.29z2+60.66z - 706.24
0.87z2- 46.03z + 618.53
9.39x2- 540.8z + 7796.7
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0.9
0.3
0.3
0.2
0.2
0.3
0.3
0.2
0.2
0.4

5.1
5.2
1.12
0.99
0.74
1.26
0.38
1.26
1.01
3.25

Spatial
averaged standard
deviation [MPa]
(Eq. 4)
1.74
1.8
0.4
0.4
0.26
0.53
0.15
0.32
0.3
1.9

They are expressed in terms of coefficient of variations COVs varying between 20% and 40%
in clay soils and between 20% and 60% in sandy soils.
To the second range of values belong the point standard deviation values calculated in the
present study and reported in Table 1 (column 5). When qc mean and spatial averaged standard deviation values are calculated at each depth, the mean value of the bearing capacity of
the pile Qm through Eq. (1) and its coefficient of variation COVQ can be calculated.

3 Class A prediction
The prediction consists of three different calculations:
a. the pile axial load (Q) versus head displacement (w) curve, up to a head displacement of
w/D ≥ 10 %;
b. the shaft (Qs) and base (Qb) loads at failure (conventionally fixed at w/D = 10 %);
c. the distribution of axial load (N) along the shaft of the pile at failure (N versus depth z, at
w/D = 10 %).
To answer the first question, Fellenius method [6] was considered. It estimates the evolution
of the pile settlement w up to the failure, conventionally assumed w/D = 10 %, starting from
the calculated ultimate bearing capacity of a pile according to the classical formulas, that are:
.

.

(7)

(8)

where q’t is the unit toe-bearing resistance; (q’t)m is the mobilized net unit toe-bearing resistance; fs is the unit side-friction resistance; (fs)m is the mobilized unit side-friction resistance; δ is the settlement and δu is the settlement required to mobilize the ultimate
resistance, that is D/10 for toe bearing and 10 mm for side friction. In addition, the elastic
settlement δe due to the elastic compression experienced by the pile was also computed:
(9)
where P is the downward load on the head of the pile, zc is the depth of the centroid of the soil
resistance, assumed as 0.75D, A is the cross-sectional area of the pile and E is the modulus of
elasticity of the foundation. The calculated elastic settlement showed to be three order of
magnitude lower than the plastic settlement, thus it was discarded.
In this prediction, the authors used Bustamante and Gianeselli’s formula for deriving Q. From
the characteristic value is then calculated. Hence, Fellenius method has been applied. The
results are shown in Table 2 and Figure 4a, black line. The maximum predicted axial load is
4.7 MN. The red line in Fig. 4a is derived by calculating the characteristic values through Eq.
(10). In this latter case, the maximum predicted axial load is 20% higher.
Concerning the second question, the total ultimate bearing capacity has been split into two
components. The characteristic value of each contribution, that is the shaft resistance Qs and
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the tip resistance Qt has been calculated and used for the prediction at point b, as shown by
Table 2.

Table 2: Total load (Q) versus head displacement (w) curve.

w/D[%]

w[mm]

Q[kN]

Q/Qw/D=10% [-]

0.5
1.0
2.0
3.0
4.0
5.0
6.0
7.0
8.0
9.0
10.0

5
10
20
30
40
50
60
70
80
90
100

2651
2815
3090
3332
3554
3762
3960
4149
4332
4510
4683

0.6
0.6
0.7
0.7
0.8
0.8
0.8
0.9
0.9
1.0
1.0

Figure 4: a) Bearing capacity versus settlement of the pile; b) Axial load (kN) distribution along depth (z) at
w/D = 10 % head displacement. The characteristic values are calculated according to Eq. (6) (black lines) and
Eq. (10) (red lines).

Finally, for answering to the question c, the authors subtracted the shaft resistance calculated
along the pile depth to the total bearing capacity Q. From the top of the pile towards the tip
the calculated values are listed in Table 4 and shown by Figure 4b, black line. At 24.4 m, the
N value corresponds to the tip resistance contribution only.
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Table 3: Shaft (Qs) and base (Qb) loads acting at w/D = 10 %.

Qs,w/d=10% 2474.12kN
Qb,w/d=10% 2210.50kN

Table 4: Axial load (N) distribution along depth (z) at w/D = 10 % head displacement.

z/L [-]
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

z[m]
0.0
2.4
4.9
7.3
9.8
12.2
14.6
17.1
19.5
22.0
24.4

N[kN] N/Qw/D=10% [-]
4684.62
1.0
4641.87
1.0
4327.54
0.9
4025.79
0.9
3711.46
0.8
3414.69
0.7
3090.96
0.7
2816.00
0.6
2538.68
0.5
2302.43
0.5
2138.57
0.5

4 Discussion of results
To the prediction event 72 participants were registered among which 42% academics and
58% practitioners. More than 80% of the participants took into account the CPTu readings for
the soil characterization. The measures of the pile performance were impressively higher than
the predicted ones. It is worth noticing that the 40% of participants used in situ test based
methods, like Bustamante and Gianeselli approach to predict the pile performance whereas
the 42% numerical methods based on in situ characterization and experience on soil properties from that site. The maximum axial load measured was 8.6MN, that is the almost the double of the value predicted by the writing authors (Figure 6, where red lines are the measured
trends). At 10 mm settlement, the measured axial load was 4.5MN whereas the present prediction calculated 2.8MN. This underestimation, compared with the other predictions that did
similar performance can be attributed to the CPTu measurements.
Thus, not taking into account the spatial variability structure of soil properties drawn from the
CPTu reading qc, the mean value of the axial load is a bit higher than the characteristic value.
This is due to the definition of the characteristic value, according to Eq. (6). Then, if the characteristic value of Qc is calculated through the following expression:
∙ 1

3∗

,

(10)

This characteristic value is the maximum possible value that takes into account all the scatter
in the final value of Qc. In this case, the maximum axial value gain 5.6MN (Figure 4a, red
line). This value is lower than the measured one, exactly the 35% less. Considering it without
the performing the load test it cannot be considered “safe” to be used for designing purpose
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but, in the sandy soils of the Araquari site, Eq. (10) suggests a sensible design characteristic
value of the pile total bearing capacity.

Figure 6: Results from all the 72 predictions submitted to the international pile prediction event at Araquari site
(Brazil): a) Total bearing capacity of the pile versus settlements; b) The axial load measured alongside the pile
length, that is from 2 to 24 m depth. Black lines refer to the best three predictions whereas the measured pile
performance is reported in red lines.

5 Conclusions
This paper presents the results of a pile prediction at Araquari experimental testing site accomplished by the characteristic design value approach. The spatial variability in CPTu readings has been quantified by means of the random field theory. The present prediction results
show two different ways to calculate the characteristic value of the pile bearing capacity: (1)
the first one considers a value lower than the mean; (2) the second one assumes the characteristics value as the highest possible one according to the statistical characterization of the pile
bearing capacity. Both approaches underestimate the measured axial load of the pile at failure:
the first of the 50% and the second of the 35%. Both cases show to be conservative although
it seems that, in this case study, taking into account the maximum possible value of the bearing capacity of the pile can be sensible and acceptable. Additional analyses should be undertaken by using random finite elements together with a more complete soil characterization of
the site in order to understand whether a safe but less conservative prediction is possible
through numerical simulations.
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Abstract: This paper summarizes 28 field compression-loading tests and 11 field
uplift-loading tests reported in literature for high capacity helical piles in cohesive
soils. Two semi-empirical methods (individual plate bearing method and cylindrical shear method) are used to calculate the helical pile capacity. The accuracy is
evaluated in terms of the mean and coefficient of variation (COV) of the ratio (bias
or model factor) of measured capacity to calculated capacity. Based on the available data, the model factor is characterized as a lognormal random variable with
COV of 0.3.

1 Introduction
A helical pile is a segmented deep foundation, which usually consists of the lead section and
the extension part. In the lead section, one or more bearing helices are welded along central
shaft. Each bearing helix is formed into a screw thread. Helical piles are installed into the
ground using a mechanical torque applied through a drive head. The extension part is used to
make sure that the lead section penetrates into the bearing stratum. The load is transferred
from the shaft to the surrounding soil through these bearing helices. As mentioned in [1], the
past 25 years have seen exponential growth in the use of helical piles because of their ease of
installation in limited access with low levels of noise and vibration and cost effectiveness.
Helical piles are now considered as a standard of practice in the deep foundation industry as
indicated in [2] and [3].
A helical pile can be classified into low and high capacity helical pile depending on the
size of the central shaft. According to [4], a low capacity helical pile is defined for the shaft
diameter smaller than 178 mm, while a high capacity helical pile is defined for the shaft diameter larger than 178 mm.
A general guideline for design of helical piles is presented in [2], more details about the
determination of the helical pile capacity is given in [3]. The axial capacity of helical piles can
be calculated analytically using either the individual plate bearing method and cylindrical
shear method. The individual plate bearing method is recently adapted in [3], when the bearing helices are spaced far enough apart to avoid overlapping of their stress zones. In cases
involving stress zones, the cylindrical shear method was proposed by [5] and [6].
Considerable uncertainties exist in the capacity calculations of helical piles as shown by
[7] and [8], because some theoretical simplifications and geometric idealizations are made in
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two semi-empirical methods. This type of uncertainty is generally called the model uncertainty, which was identified and characterized as one of the critical elements of the geotechnical
reliability-based design process in Annex D of ISO2394:2015 by [9].
The main objective of this paper is to characterize the model uncertainty in capacity calculations (the individual plate bearing method and cylindrical shear method) of high capacity
helical piles in cohesive soils using a total 39 field load tests available in literature. The model
uncertainty of cylindrical shear method for low capacity helical piles in clay under uplift loading was characterized by [10] using laboratory model tests and field load tests together with
finite element limit analysis.

2 Calculated Capacity
2.1 Individual Plate Bearing Method
The individual plate bearing method assumes that bearing failure occurs below or above each
bearing helix under axial compression or uplift loading. On this basis, the helical pile capacity
is the sum of individual bearing resistances of helices and skin friction developed along the
central shaft. For a helical pile in cohesive soils, the capacity is given below
∑

(1)

where Ah=projected area of bearing helix, su=undrained shear strength, Nc=bearing capacity
factor, d=shaft diameter, Heff=effective length of the pile shaft (the embedment depth H1 of
the uppermost helix minus its diameter D1, i.e. Heff=H1-D1), and α=empirical adhesion factor.
According to [3], α is approximated as follows
0.21

0.26

⁄

1

(2)

For conventional pile foundations without bearing helices, the bearing capacity factor Nc
is usually chosen as 9 under compression or uplift loading. For helical piles, this value may be
appropriate for compression loading because the soil weight above helices is approximately
equal to γD (γ=unit weight of soil and D=helix diameter) and the net bearing capacity is only
controlled by the undrained shear strength. In this paper, Nc=9 for helix diameter smaller than
0.5 m, Nc=7 for helix diameter between 0.5 m and 1 m, and Nc=6 for helix diameter larger
than 1 m, as suggested in [3].
For uplift loading, however, the effects of soil weight and the undrained shear strength are
superimposed and the bearing capacity factor Nc could be larger than 9 as shown by [6] and
[11]. In the current work, the following Nc value is adopted
⁄ 0.152

0.064

11.2

(3)

which was proposed by [12] based on load test results, where η=H/D, H=embedment depth
and D=bearing helix diameter.

2.2 Cylindrical Shear Method
The cylindrical shear method assumes that a cylindrical failure surface is developed between
the uppermost and lowermost bearing helix because of the interference of closely spaced bearing helices. In this context, the helical pile capacity is determined as the summation of the
bearing resistance of the lowermost helix for compression loading or the uppermost helix for
uplift loading, skin friction along the central shaft, and shear resistance mobilized along the
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soil cylindrical failure surface. For a helical pile in cohesive soils, according to [5] and [6],
the capacity is calculated as follows
(4)
where Da=averaged helix diameter and Hn=embedment depth of the lowermost helix.
For a helical pile under uplift loading, the area of each bearing helix is reduced to account
for the central shaft. On the other hand, for a helical pile under compression, the full area of
the lowermost helix is used as the pipe usually plugs with soil.

3 Load Test Database
For the purpose of this study, 39 field load tests performed on high capacity helical piles in
cohesive soils are compiled from literature. Fourteen compression-loading tests and three uplift-loading tests are compiled from [13]. Two compression-loading tests and two upliftloading tests are collected from [14]. Two uplift-loading tests are compiled from [15]. Six
compression-loading tests and four uplift-loading tests are compiled from [16]. Two compression-loading tests are collected from [17]. Three compression-loading tests are compiled from
[18]. One compression-loading test is collected from [19].
The database developed herein is given in Table 1, including the helical pile geometries
and soil strength parameters. The case number in literature is retained for ease of reference.
The shaft diameter d ranges from 0.114 m to 0.508 m. The helix diameter is same in each helical pile and the averaged helix diameter Da=D, where D is between 0.3 m and 1.02 m. The
ratio Hn/D of the pile depth Hn to the helix diameter D is in a range of 5.1 to 23. The relative
spacing ratio S/D ranges from 1.5 to 3.3.
In the helical pile industry, for helix diameter smaller than 0.61 m, the measured capacity
is usually defined as the load at which the settlement is equal to 10% of the averaged helix
diameter Da. This approach has been adopted in by [20], which provides a standardized guideline for evaluation of helical piles. When helix diameter is larger than 0.61 m, the measured
capacity is generally defined as the load where the settlement is equal to 5% of the averaged
helix diameter Da, as used by [16]. This interpretation criterion was initially proposed in [21]
for drilled shafts (mostly end bearing similar to helical piles). As a result, the interpreted capacities and calculated capacities are given in Table 1.

4 Comparison of Calculated Capacities
A comparison between the individual plate bearing method and the cylindrical shear method
is presented in Figure 1. As expected, the calculated capacities from the individual plate bearing method and the cylindrical shear method would be same for a helical pile with a single
bearing helix. The calculated capacities using the cylindrical shear method are found to be
larger than those from the individual plate bearing method. The choice of the calculated
method depends on the S/D value. For example, the cylindrical shear method was suggested
in [3] and [23] for S/D≤3.
Comparative studies for compression and uplift loading tests were performed in [16]. For
case ST71 (compression) and ST72 (uplift), the helical pile is made with the same configuration (e.g. n=2, Hn=18.5 m, D=0.81 m, d=0.406 m, and S/D=1.6). The compression capacity is
2450 kN, which is higher than the uplift capacity (2100 kN). This difference is mainly because the failure mechanism under uplift loading is different from the failure mechanism un-
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der compression. In addition, the projected area of the lowermost helix under compression is
chosen as the full area (i.e. πD2/4), which is larger than the net area (i.e. helix area minus shaft
area, πD2/4- πd2/4) of the upmost helix under uplift.
Table 1: Field load test database for high helical piles in cohesive soils

Reference

Loading
mode

Compression
[13]

Uplift
Compression
[14]
Uplift

Compression
[16]
Uplift
[17]

Compression

[18]

Compression

[19]

Compression

[15]

Uplift

Qc (kN)
Qm
Case
D
d
su
Hn/D S/D
n
(m)
(m) (kN) (1)
no. (kPa)
(2)
C1
80 3 0.36 14
1.5 0.22 180 270 276
C3
80 2 0.36 14
3 0.22 210 224 276
C2
80 3 0.36
8
1.5 0.22 160 212 217
C7
80 1 0.46 10
— 0.18 212 219 219
C8
80 1 0.46 10
— 0.22 268 242 242
C9
80 2 0.49 11
3.1 0.18 372 334 379
C10 150 2 0.49 19
3.2 0.24 1177 760 883
C11 150 1 0.76
8
— 0.27 1094 730 730
C12 150 2 0.76
8
3 0.27 1375 1037 1439
C13 200 1 0.4
19
— 0.22 1075 558 558
C14
40 2 0.91 11
1.8 0.32 634 616 644
C15
40 3 0.51 12
3 0.11 270 197 284
C16
60 2 0.46 11
3.3 0.11 245 216 263
C17
30 1 0.46
9
— 0.11 169 82.9 82.9
T7
150 1 0.76
8
— 0.27 800 917 917
T8
150 2 0.76
8
3 0.27 1325 1433 1586
T9
260 1 0.76
6
— 0.41 2025 1370 1370
C1
30 3 0.81
9
2.6 0.32 677 366 505
C2
24 4 0.86 13
2.6 0.32 722 428 612
T1
30 3 0.71 11
2.5 0.22 270 436 433
T2
18 3 0.71 11
3 0.22 445 250 276
ST6 225 2 0.76
8
2.3 0.32 1912 1537 1892
ST7 225 1 0.76
8
— 0.32 1540 1083 1083
ST13 225 1 0.91
6
— 0.41 2292 1481 1481
ST15 225 1 1.02
5
— 0.51 2400 1615 1615
ST61 115 2 0.81 17
1.6 0.41 1630 1493 1561
ST71 118 2 0.81 23
1.6 0.41 2450 1806 1877
ST5 225 2 0.76
8
2.3 0.32 1195 2098 2102
ST14 225 1 0.91
6
— 0.41 1680 1751 1751
ST62 115 2 0.81 18
1.6 0.41 1420 1774 1656
ST72 118 2 0.81 23
1.6 0.41 2100 2082 1961
S4
300 1 0.76 12
— 0.32 1906 1699 1699
S3
300 2 0.76 12
1.5 0.32 2400 2375 2412
PB-1 11.5 3 0.61 12
3 0.18 127 85.4 123
PB-2 11.5 3 0.61 12
3 0.18 143 85.4 123
TP1
73 6 0.61 22
3 0.32 118 79.7 93.4
T2
60 1 0.41
5
0.17 1068 854 1593
T3
60 2 0.3
8
3 0.17 93
105 105
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Qc (kN) (cylindrical shear)

3

10
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10
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10
10
Qc (kN) (individual plate bearing)

Figure 1: Comparison of calculated capacities from the individual plate bearing method and the cylindrical
shear method

5 Model Factor Statistics
5.1 Capacity Model Factor
In general, the model uncertainty in the capacity calculation is represented in terms of a model
factor, defined as a ratio of measured capacity to calculated capacity, that is
⁄

(5)

Qc (kN) (cylindrical shear)

Qc (kN) (individual plate bearing)

where M=capacity model factor, Qm=measured capacity and Qc=calculated capacity.
The calculated capacities are plotted against the measured capacities in Figure 2. Both two
semi-empirical methods are found to give an accurate prediction of the helical pile capacity
on average.
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10

2

3

10

3

10

2

10

2

10

3

10

Qm (kN)

10
Qm (kN)

Figure 2: Comparison of measured capacities and calcualted capacities

The capacity model factors are plotted against the measured capacities in Figure 3. It
shows the variation in the capacity calculation. This model uncertainty could be explained as
follows
(1) Each bearing helix is idealized as a circular anchor plate and the pitch is not considered, namely, geometric idealization.
(2) Only two distinct failure mechanisms are assumed (i.e. theoretical simplifications).
Model tests given in [23] refined the cylindrical shear failure mechanism as shallow,
transition, and deep failure mode, based on H1/D.
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Figure 3: Scatter plots of the capacity model factor versus the measured capacity

The following two steps are required to perform statistical evalaution of the model factor:
(1) verification of randomness and (2) identification of an appropriate probability model.

5.2

Verification of Randomness

On the basis of equations (1) and (4), the calcualted capacity could be affected by the
undrained shear strength of soil (su) and pile geometries (n, d, D, Hn/D, and S/D). The
correlation between the model factor and these influential factors could be quantitatively
assessed in terms of Spearman rank correlation. The results for the correlation coefficient r
and the p-value are summarized in Table 2.
Table 2: Results for Spearman rank correlation analysis

Variables
su
n
D
Hn/D
S/D
d

Individual pate bearing Cylindrical shear
r-value
p-value
r-value p-value
-0.17
0.29
0.1
0.56
-0.02
0.92
-0.4
0.02
0.13
0.43
0.28
0.09
0.05
0.74
-0.1
0.68
0.07
0.68
-0.3
0.06
-0.04
0.83
0.2
0.23

Besides the model factor for the cylindrical shear with respect to the number of bearing
helices (n), most p-values are greater than 0.05. It suggests that the correlation between the
model factor and these input parameters is statistically insignificant. Therefore, a random variable appears reasonable. The variation of the model factor for the cylindrical shear method
calculating the capacity of helical anchors in cohesive soils was expressed as an exponential
function of four parameters (i.e. n, S/D, H1/D and γH/su) in [10], but the correlation is weak.

5.3 Statistics and Probability Distribution Function
The mean and coefficient of variation (COV) of the model factor are equal to 1.23 and 0.3 for
the individual plate bearing method, while they are equal to 1.1 and 0.31 for the cylindrical
shear method, respectively. The statistics reported in this study are comparable with the statis-
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tics of driven piles without bearing helices in cohesive soils presented in [22], where
mean=1.17 and COV=0.26.
The empirical and fitted lognormal cumulative distribution functions for M are illustrated
in Figure 4. The p-values (i.e. pks in Figure 4) of the Kolmogorov-Smirnov goodness-of-fit
test are greater than 0.05, suggesting the model factor can be treated as a lognormal random
variable.
1

1
N=39
mean=1.23
COV=0.3
pks=0.16

0.8
Cumulative probability

Cumulative probability

0.8

0.6

0.4
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0.2

N=39
mean=1.1
COV=0.31
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M
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Figure 4: Empirical and fitted lognormal cumulative distribution fucntions for M

6 Conclusions
In this paper, 39 field load tests for high capacity helical piles in cohesive soils are compiled
from literature. The individual plate bearing method and the cylindrical shear method are
found to give an accurate prediction of the helical pile capacity on average. Based on the database, the capacity model factor is characterized a lognormal random variable with COV
about 0.3.
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Abstract: Soil properties cannot be determined with certainty due to inherent spatial variability and limited site-investigation. Random field theory is often used to
characterize the variability in soil properties based on correlation structures among
the soil properties. The spatial variability can be overestimated if a nearby borehole
data are not utilised in the estimation. This paper aims to characterize the soil variability considering the in-situ borehole data by developing a conditioned three-dimensional random field method. A three-dimensional random field is first
established based on prior information of the soil property. The soil property from
the in-situ site investigation is then incorporated into the random field to update the
estimation. An advantage of the method is that the data along boreholes can be fully
utilized to characterize the soil profiles in three-dimensions. The method is applied
to evaluate the normalized cone penetration resistance of a clayey site in Australia.
Results show the variability can be reasonably reduced by involving the additional
information. This study provide a method to characterize the soil property more
accurately, paving the way for a cost-effective design in geotechnical engineering.
Keywords: conditioned random field; spatial variability; site-investigation; cone
penetration test

Introduction
Soils are among the most variable materials due to the complex physical, chemical and biological process during earth evolution [3]. Soil properties vary from one location to another even
within one soil layer. Site-investigation such as cone penetration test (CPT) has been widely
used to reveal soil properties at a site. Due to the limited boreholes and inherent spatial variability, soil properties cannot be determined with certainty. The design of geotechnical structure
is affected by the inherent spatial variability of soils [2, 13, 16].
Random field theory is now widely used to evaluate the spatial characteristics of soils [5, 13,
15]. The advantage of random field theory is that it can account for the spatial variability of soil
properties based on the correlation structure among site-investigation data. However, a random
field model will overestimate the spatial variability if the borehole data are not used to constrain
the random field [4]. Conditioning the random field is a viable way to overcome this problem.
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For example, the depth of Grade III weathered rock in a pile foundation construction site in
Hong Kong is predicted by conditioned random field by Li et al. [9]. Lloret-Cabot et al. [10]
generated a conditioned random field of cone penetration resistance and found that the spatial
uncertainty decreases with increasing number of measurements used in the conditioning. These
studies focus on the conditioned two-dimensional random field. In reality soil properties vary
in three dimensions. However, there is few research on the conditioned three-dimensional random field.
The objective of this paper is to develop a method enabling condition a three-dimensional random field by a series of borehole data. A site-investigation are used to illustrate the feasibility
of the method at the end of the paper.

Methodology
2.1 Random field theory
Let
denote a three-dimensional random field of a geotechnical parameter (e.g., cone penetration resistance) in a site-investigation. Here, denotes the coordinates, , , , of random
variables contained in the three-dimensional random field. Usually, the random field is discretised into a number of elements. In this study, the midpoint method [6] is adopted to achieve
this goal. Hence,
can be expressed as
,

∈ Ω,

1, ⋯ ,

1

where is the midpoint coordinate of kth element; Ω is the range of the three-dimensional random field; is the total number of elements.
There are two kinds of random fields: stationary random field and non-stationary random field.
A random field is stationary if the statistical parameters (mean value, , standard deviation, ,
) of each random variable are constant
and the prior joint probability density function,
over the whole field. Generally, a non-stationary random field can be transferred into a stationary random field by removing a lower-order polynomial trend [11]. For a stationary random
field, the correlation among these random variables can be expressed as a covariance matrix, ,
as:
∆

2

is the covariance between ith element and jth element; ∙ is the autocorrelation
where
function which expresses the correlation structure among random variables [1]; ∆ is the spacing between ith element and jth element. After the statistical parameters and the covariance
matrix have been obtained, the random field can be simulated by various methods. The expansion optimal linear estimation (EOLE) method [7] is applied in this study to simulate threedimensional random field.

2.2 Conditioned random field
Suppose
measurements of a geotechnical parameter,
,⋯,
, were collected from a site. The conditioned random field requires that the values of the random field,
, meet the requirement of Eq. (3) at the measured locations:
3
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where
is the allowable error. In this study, the allowable error is a random variable that
follows a Gaussian distribution with zero mean and a given standard deviation.
In statistics, information is usually described through a likelihood function when uncertainties
(allowable error) in information are considered [9]. Based on Eq. (3), the likelihood function of
observing these measurements at the measured location of the random field,
, can be expressed as:
Pr

,⋯,

Pr

,⋯,

4

Assume that
and are independent and the allowable error at the measured locations are
independent and identically distributed (iid), Eq. (4) can be expressed as:
5

Pr

Based on Bayes’ theorem, the prior joint probability distribution,
posterior probability distribution, |
:
,⋯,
|

,⋯,

Pr

,⋯,

, can be updated as the
6

where Pr
,⋯,
is a constant which denotes the probability of observing
, ⋯,
from site-investigation. The random field following the posterior probability distribution
can be regarded as conditioned random field. Hence, the conditioned random field can be generated by sampling
from |
based on Eq. (6). Sometimes, the conditioned
,⋯,
isn’t modelled by a common mulrandom field is difficulty to obtain because |
,⋯,
tivariate normal or lognormal distribution and the constant Pr
,⋯,
in Eq. (6) is
difficult to evaluate. Markov Chain Monte Carlo (MCMC) simulation is a strategy to solve this
problem. The basic idea of MCMC is to draw samples from an arbitrary probability distribution,
and then correct the samples based on the target posterior probability distribution. Once the
number of samples is large enough, the corrected samples will finally converge to the target
posterior probability distribution. In this study, the MCMC-Metropolis algorithm [12] is applied
to simulate the conditioned three-dimensional random field.

Case Study
3.1 Study site
The study site is located at the town of Ballina, New South Wales, Australia. Eight CPTU tests
are used to demonstrate the method in this study (as shown in Figure 1). The study site has an
area of 12 18 m2. The clay layer from depth of 6 m to 10 m are studied. A more detailed
description about the site is given by Li et al. [8]. In order to model a random field, the continuous study site is firstly discretized into 2160 elements. Each element has the size of 1 1 0.4
m3. The statistic soil properties are defined at the midpoint and assumed to be homogeneous
within each element.
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Figure 1: Relative locations of boreholes

3.2 Prior information estimation
Three geotechnical parameters can be measured from CPTU test, i.e., cone penetration resistance, , sleeve friction, , and pore pressure, . The CPTU measured data are influenced
by the in situ stress states such as confining stress and stress history [8]. The normalized cone
penetration resistance, , has been shown to be a good indicator to characterize the spatial
variability of soil properties [14]. For details about the normalized cone penetration resistance,
see Li et al. [8]. The normalized cone penetration resistance, , is used to investigate the spatial
variability of soil properties in this study.
Qt
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Figure 2: Normalized cone penetration resistance and its trend of boreholes
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The spatial variability is often separated into a deterministic trend and a residual variability
about that trend:
7

where
is the normalized cone penetration resistance at location ;
is the trend value
at location ;
is the residual at location . The variance of the residuals reflects the spatial
. As shown in Figure 2, the normalized cone penetration resistance shows
variability of
obvious linear trend at the depth of 6-10 m. The ordinary least squares method is used to model
a linear trend function for . The trend is removed from the
and the stationary residuals, ,
are obtained. The trend function of in the study site is:
, ,

4.645

0.011

0.066

0.005

8

where , , and are the east coordinate, north coordinate, and depth of normalized cone penetration resistance, respectively.

Figure 3: Residuals of normalized cone penetration resistances of boreholes

Figure 3 shows the residuals, , for each borehole. The mean and standard deviation of for
the study site are 0 and 0.36, respectively. A squared exponential autocorrelation function [1]
is applied to describe the spatial correlation of the random field of
Δ

,Δ

,Δ

exp

√

Δ

Δ

Δ

9

where and is the scale of fluctuation in the horizontal and vertical directions, respectively.
The scale of fluctuation is estimated by a theoretical best fit. The squared exponential autocorrelation function is fitted to the calculated autocorrelation coefficient of using regression
analysis based on least square error approach [1]. As shown in Figure 4, the spatial correlation
of the field can be expressed by squared exponential autocorrelation function. The estimation
scale of fluctuation
and for the study site are 7.99 m and 2.54 m, respectively. Substituting the calculated standard deviation, and into Eq. (2), the covariance matrix, , can be
obtained. In this study, the field is assumed to be Gaussian. Hence, the prior probability density function of the field can be expressed as
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Figure 4: Autocorrelation structure and scale of fluctuation

3.3 Three-dimensional random field based on prior information
Figure 5(a) demostrates a realization of the three-dimensional random field following the prior
probability distribution. This three-dimensional random field is sliced into 5 layers to clearly
show the soil variability inside the random field (see Figure 5(b)). In order to compare the
generated random field and the measurements at the borehole location, the measured data of
borehole BH5 is also plotted in Figure 5(b). It is obvious that the simulated values are not
equal to the measured residuals at the borehole locations. Hence, the generated random field
based only on the prior statistical soil parameters overestimates the spatial variability of soil
properties because the borehole data cannot be involved in the estimation.

(a)

(b)

Figure 5: A realization of the residuals of the unconditoned soil resistance field

3.4 Three-dimensional random field conditioned by borehole data
Based on the prior information, the conditioned random field of variable can be generated by
MCMC-Metropolis algorithm. In this study, the allowable errors, , of the conditioned random
field are assumed to be iid and follow a Gaussian distribution with zero mean and a standard
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deviation of 0.02. A total of 2,000,000 iterations of the algorithm, which are sufficient to ensure
a converged result, are performed to obtain realizations of conditioned random field.
Figure 6 is a realization of the conditioned three-dimensional random field. The simulated
values of the conditioned random field shown in Figure 6 approximately equal to the measured
residuals at the location of borehole BH5. Hence, the proposed conditioned three-dimensional
random field algorithm is capable of constraining the random field with measured data.

Figure 6: A realization of the residual of the conditioned soil resistance field
Table 1: Comparison of the measured normalized cone penetration resistance,

Location (m)
(13.4, 8.3, 6.6)
(13.4, 8.3, 7.4)
(13.4, 8.3, 8.2)
(13.4, 8.3, 9.0)
(13.4, 8.3, 9.8)
(13.5, 2.9, 6.6)
(13.5, 2.9, 7.4)
(13.5, 2.9, 8.2)
(13.5, 2.9, 9.0)
(13.5, 2.9, 9.8)

Original random field
5.07
5.40
5.41
4.93
5.30
4.47
4.74
4.77
4.44
3.88

, with the random fields

Conditioned random field
5.36
4.92
4.65
4.42
5.01
5.03
5.08
5.31
5.20
5.71

Measured data
5.35
4.92
4.65
4.41
5.00
5.03
5.10
5.31
5.21
5.69

The normalized con penetration resistance at the locations with measured data are compared
with the original random field based only on the prior information and the conditioned random
field using data along boreholes BH5 and BH7. The comparison is listed in Table 1. The
values generated by the conditioned random field are closer to the measured data comparing
with those generated by the original random field. For example, the normalized con penetration
resistance of the conditioned random field at the location (13.5, 2.9, 9.8) is 5.71, which is approximately equal to the measured value at this location (i.e., 5.69). In contrast, the normalized con penetration resistance of the original random field at the same location is 3.88. The
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relative error of the original random field and the conditioned random field at that location are
31.8% and 0.3%, respectively. The results show that the conditioned random field can estimate
the soil properties more accurately.

Conclusion
This paper presents a conditioned three-dimensional random field which can characterize the
spatial variability of soil properties considering the site-investigation data. The advantage of
this method is that the site-investigation data can be fully utilized by conditioning the random
field with the measured data. The normalized cone penetration resistance of a clayey site in
Australia is evaluate by the traditional three-dimensional random field and the proposed conditioned three-dimensional random field. It is found that the conditioned random field can simulate the soil variability in the site more accurately.
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Spatial Distribution of Deterioration of Airport Runway
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Abstract: Maintenance problem for infrastructures such as bridge, road, airport,
etc., attracts keen interest in modern Japan. Prediction of deterioration of infrastructures is very important for rational maintenance planning. In this paper, the
authors try to model deterioration of an existing airport runway, which is
composed of 100 units. This paper discusses deterioration curve for each unit separately considering spatial smoothness of deterioration characteristics. The spatial
distribution of deterioration feature is discussed.

Introduction
Maintenance problem for infrastructures such as bridge, road, airport, etc., attracts keen
interest in modern Japan. We have to cope with repair and maintenance for infrastructures
with limited financial resources. In airport pavements, repair works are restricted by daily
flight operation, so that efficient maintenance planning is required. Indices for a pavement
and structural condition, denoted as PCI and SCI have been used by many practitioners and
researches for maintenance of airport pavements [1]. PCI indicates the functional condition of
a pavement, and SCI indicates its structural condition. The Integrated Airport Management
System (IAPMS) has been developed and implemented in Jhon F. Kennedy (JFK) International Airport [2]. It is comprehensive pavement management system to aim effective maintenance and management of JFK, and functional condition of pavements is evaluated by PCI. A
two-parameter exponential model is proposed to predict pavement deterioration by using PCI
from airports in China [3]. This model incorporates pavement structural properties, air traffic,
environmental effects and maintenance level. Rollings and Witczak [4] propose an airfield
structural deterioration model based on SCI and traffic. Zou and Madanat [5] considered loss
of time that is caused by maintenance and repair, functional interdependence between runways, and traffic growth, and incorporates delay cost for pavement management problems at
airports with multiple runways.
Many researches and practitioners use PRI (Pavement Rehabilitation Index) for airport pavement maintenance in Japan. PRI is an index to provide an objective evaluation of pavement
surface condition, with criteria determined for judging the need for rehabilitation work on
runway, taxiway, and apron pavements [6]. The spatial distribution of deterioration in airfield
pavement is not discussed in many previous studies. In this paper, deterioration curve for each
unit separately considering spatial smoothness of deterioration characteristics is discussed.
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Outline of Data and The Target Site
Our target site is Kumamoto Airport in southernmost main island in Japan. It is composed of
100 units. The size of each unit is 21 by 30 meter. Data about cracking, rutting and roughness for
each unit is obtained by 3 to 8 times of inspection during around 28 years. Many researches
and practitioners use PRI (Pavement Rehabilitation Index) for airport pavement maintenance
in Japan. PRI can be calculated as [7]
10 0.45
0.0511
0.655
1
Cracking, CR (%) is the cracking ratio, defined as the cracked area divided by the area of the
section and expressed as a percentage. Rutting, RD (mm) is the maximum rut depth in the
section. Roughness, SV (mm) is the standard deviation of roughness measured by using a 3m
profilometer. The need for rehabilitation is judged based in 3 categories, Rank A, B, C according to PRI value. Rank A, B, C indicate “rehabilitation work is unnecessary”, “rehabilitation work will be necessary in the near future“ and “rehabilitation work is necessary
immediately” respectively. Threshold values that indicating these ranks are summarized in
Table 1.
The relation between measured data and years after repair is shown in Figure 1. The deterioration in the unit 1 side is the faster than the other side. Clear correlation is observed in Rutting,
but it is not clear in roughness. The authors might discuss the measured items CR, RD, SV
separately, we try to model the relation between PRI and years after repair, namely
deterioration curve as preliminary study in this paper.
Table 1: PRI judgment criteria at each Facility

Facility
Runway
Taxiway
Apron

A
more than 8.0
more than 6.9
more than 5.9

B
8.0 to 3.8
6.9 to 3.0
5.9 to 0.0
10

The Crack Ratio（%）

10
8

PRI

C
less than 3.8
less than 3.0
-

6
R² = 0.0958

4
2
0

8
R² = 0.0269
6
4
2
0

0

5
10
15
20
years after repair of unit in runway

0

10

15

20

(2): The crack ratio(%)
6

Roughness（mm）

Rutting（mm）

(1): PRI
40
35
30
25
20
15
10
5
0

5

years after repair of unit in runway

R² = 0.4392

5
4

R² = 0.0021

3
2
1
0

0

5

10

15

20

0

years after repair of unit in runway

5

10

15

years after repair of unit in runway

(3): Rutting(mm)

(4): Roughness(%)

Figure 2: Age deterioration of each elements
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Deterioration curve is evaluated for each unit. Relation between PRI and years after repair are
shown in Figure 2. Since PRI value should be 10 just after repair by referring Eq. (1), the
slope of deterioration line is an only parameter to be estimated. Large variation is observed
depending on the location, namely unit as shown in the figure because impact of landing and
take-off vary by location. The Deterioration progress is faster at the unit 1 side, and it is slower around unit 80. Strange pattern, which shows recovery of deterioration, is observed between unit 86 to unit 100 in Figure 2 (2). It is inferred that it is due to the change of inspection
manual. In this paper, only data of unit 1 to unit 85 are used for the study.
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Figure 2: PRI and regression analysis at each unit

Method to Evaluate Aging Deterioration
As mentioned previously, large variation is observed and inspection data for each unit are not
sufficient to perform regression analysis separately. The result of applying least squares
method to each unit separately has large variation as shown in Figure 2. On the other hand,
when single deterioration line is estimated for all units, the prediction error has large variation
as shown in Figure 1 (1). It does not reflecte the feature of spatial distribution depending on
the unit. The least squares method considering spatial smoothness are used to estimate the
aging deterioration for each unit.

3.1 Least Squares Method Considering Difference as Prior Information
The Authors introduce the formulation of probabilistic inverse analysis with prior information.
Please refer to [8][9], etc., for the detail. Mean and covariance matrix of unknown parameter
vector x in prior information is given as,



x  Εx, M  Ε ( x  x)(x  x)Τ



(2)

Here, it is postulated that the observation z is expressed as a linear function of x and is contaminated with a Gaussian noise v as follows.
(3)
z = Hx + v
v is Gaussian random variable vector with zero mean and their covariance matrix R.
R = E[v vT]
(4)
We assume the uncertainty of unknown parameter of prior information and observation error
are independent and follow Gaussian random distribution.
Following the idea of MAP (Maximum A Posteriori), the parameter x is determined such that
the posterior PDF P(x|z) be maximum. Objective function to estimate parameter x is obtained
as:
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J  ( x  x )Τ M 1 ( x  x )  ( z  Hx )Τ R 1 ( z  Hx )  ln M  ln R  ( n  m)ln(2π )

(5)

The objective function can be minimized by the following differential condition:

dJ
 M 1  x  x   H T R 1 z  Hx  0
dx

(6)

The solutions are obtained as follows:

x  x  PH T R 1 ( z  Hx )
1

T

1 1

P  (H R H  M )

(7)
(8)

The first term in Eq.(5) is interpreted to be for regularization, and second term indicates the
discrepancy between the observation z and the calculated (predicted) Hx. There are many
types of regularization term like:

x , x  x0 ,

x 2 x
,
s s2

The first term in Eq.(5) corresponds to the second in above. We can use the third (differential)
for regularization. The derivative can be approximately expressed by difference.
x x s  1  x s 

s
s

(9)

where, s is variable of position. The prior information is given to the difference. The unknown
vector x is obtained by discretizing x(s) with respect to s, and its difference vector y are given
as:
 x1  x2 


 x2  x3 
y
 Dx
 


x  x 
 n1 n 

(10)

where, D is defined as:
 1 1 0  0 
 0 1 1   

D
    0


 0  0 1  1

We assume that prior information is given to y. The mean is equal to 0, and covariance matrix
is M. The covariance matrix M and R are assumed to be diagonal matrix, and the diagonal
components have same value. It means that they are independent each other, and identical
with σM2 and σR2.
M = σM2I，R = σR2I
(11)
where I is identity matrix. The objective function becomes following equation, where the
weight of prior information and observed informaton is ratio of each variance.

J

1
σ 2M

x Τ D Τ Dx 

1
σ 2R

( z  Hx) Τ ( z  Hx)
(12)

 (n 1)ln(σ 2M )  mln(σ 2R )  (n 1  m)ln(2π)
The unknown parameter x can be obtained as:
x

1
PH T z
σ 2R
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(13)


 1
1
P   2 H T H  2 DT D 
M

R

1

(14)

Eq.(12) shows the solution is influenced by the ratio of the variances. When the ratio is
assumed, the absolute value is determined as fllows:

σ 2M  cσ 2M 0 , σ R2  cσ 2R 0

(15)

where coefficient c is introduced to variance. We take the derivative condition with respect to
the coefficient c.
J
1 1
1 1
1
1
  2 2 x Τ D Τ Dx  2 2 ( z  Hx) Τ ( z  Hx)  (n  1)  m  0
(16)
c
c
c
c σM0
c σ R0
Consequently we have:
c

J'
n 1 m

(17)

where

J'

1

 M2 0

x  D  Dx 

1

 R2 0

( z  Hx)  ( z  Hx)

3.2 Deterioration Prediction at Each Unit in Airport Runway
Observation vector z is PRI value at unit 1 to unit nu.

z  ( z1, z2 , , znu )T

(18)

The deterioration prediction model of airport runway unit is defined as:
(19)

z '  10  ay

where y is years after repair. Eq.(19) is replaced like:
z   ay

, where, z  z '10

(20)

From the above, observation equation is simplified.
z A= HAx + v
where
 H1
0
HA  
 

0

y 

(21)
a 

1
0 
 1 
y 

H 2    , H   2  , x   a2 
i
  
  
  0 





a 
y
 0 H nu 
 nu 
 ni 

0



Observation vector zi and Hi are defined for each unit i, the size of vector zi is ni. It means the
number of observation data is ni at unit i. Consequently the size of matrix HA is  ni   nu .
The slope of deterioration line a is obtained for each unit by substituting these matrices and
vectors into Eq.(13) and (14). This method can be interpreted that smoothness of spatial distribution feature is introduced by considering probability distribution of difference of regression coefficient.
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Deterioration Prediction Considering Spatial Distribution
The slope of deterioration a is obtained at each unit by Eq.(13) and (14). The slope of deterioration ai at each unit is computed in the condition that variance σR02 is 1.0, and variance σM02
is 0.0001, 0.001, 0.01, 0.1 and ∞. As mentioned above, variance σM2 is variability of the
slope of deterioration a, and variance σR2 is variability of observation error. The solution is
determined by not their absolute value but the ratio of σM2 and σR2. The distribution of estimated slope a is shown in Figure 3. This figure shows that when σM0 is the lower, the line of
slope of deterioration is the smoother, and ai are close to constant value regardless of units.
When σM0 is the larger, the line of slope of deterioration is close to black circles that is
obtained by least squares method at each unit separately. When σM0 is 0.1, the line almost
corresponds to black circles. The absolute value of ai is larger between unit 1 to unit 40 than
unit 41 to unit 85. It means that deterioration progress is faster. At the area around unit 15 and
unit 40 the deterioration progresses fast.
Figure 4 shows comparison between observed PRI and estimated ones using ai shown in Figure 3. When σM0 is the higher, plot points are the more closer to 45-degree line. But it seems
that they are over-fitting, and the predictability is not good when σM0 is ∞. Figure 5(1) shows
PRI prediction in 4, 8 and 12 years from 2012 based on inspection data as of 2012. There are
no data of 2012 from unit 20 to unit 60. The distribution of PRI is predicted except these units.
Deterioration progress depends on area of runway. Figure 5(2) shows exceedance of probability of each PRI criteria (it is shown in Table 1) in 2016, 2020 and 2014.
The probability of exceedance of each PRI criteria is obtained by the probabilistic distribution
of PRI, which is assumed to be Gaussian distribution with standard deviation σR of observation error. The deterioration progress can be quantitatively shown by exceedance of probability for each PRI criteria. Deterioration progress is faster between unit 1 to 14 than unit 53 to
85. The probability of rank C is gradually growing in left side, but it is still not very large in
right side in 2024.

Figure3: Distributions of a(slope of deterioration)estimated with/wthout prior information

(4): σM0 = 0.0001

(2): σM0 = 0.01

(3): σM0 = ∞

Figure4: Comparison of Estimated PRI and True Ones with assumed prior information σM0
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Conclusion
This study discusses probabilistic deterioration model for each unit and feature of its spatial
distribution by considering spatial smoothness of deterioration characteristics. The proposed
model is applied to runway of Kumamoto airport in Japan, which has accumulated inspection
data in the form of PRI (Pavement Rehabilitation Index) for airport pavement maintenance in
Japan. The distribution of deterioration based on PRI and the probability of exceedance of
each PRI criteria in future are estimated by the proposed method. We have three future topics,
1) determination of σM0 based on objective criteria, 2) deterioration curve (not line) by more
flexible function like Weibull distribution, 3) optimal inspection planning based on Value of
Information (VoI) [10] with the probabilistic deterioration model.

(1): Deterioration Prediction Based on PRI

(2): Probability of Each PRI Judgment Criteria in 2012

(3): Probability of Each PRI Judgment Criteria in 2016

(4): Probability of Each PRI Judgment Criteria in 2020

(5): Probability of Each PRI Judgment Criteria in 2024
Figure 5: Deterioration Prediction Based on Inspection Data of 2012
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Abstract: The severity of concrete lining deterioration is a factor in the risk of
failure. The deteriorated lining surface areas are temporary covered by steel plates
or stopgap repair mortars in order to prevent a rare possibility such as a concreate
chip fall, leaking of backwater. In current visual tunnel lining inspections, it is also
required to evaluate the damage state in the rear of covered material. This study
evaluates the damage state of unobservable lining concrete by the stochastic
interpolation of conditional lognormal fields.

Introduction
Tunnel infrastructure provides essential transport functions to the society. Existing highway
and rail transit tunnels are gradually becoming functional obsolete and structurally deficient.
The monitoring and maintenance of tunnel has become increasingly important topic over the
decade. Efficiently monitoring the structural health of tunnel infrastructure is a socially
important challenge. Visual inspection operations have been carried out last several decades,
such as crack width, crack length and crack expanse in tunnel lining concrete panel [1, 2].
As shown in Fig.1, the severity of concrete lining deterioration is a factor in the risk of failure,
such as a concreate chip fall, leaking of backwater. It is need to cope with the worst-case
scenario, deteriorated lining surface areas are temporary covered by steel plates or stopgap
repair mortars. So far, the visual inspection is prevalent method in the monitoring of civil
engineering structure. It is required to evaluate the damage degree at unobservable lining
concrete panels.

Figure 1: Damaged Tunnel Lining Concrete
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This study evaluates the damage state of the temporary covered lining concrete panels by the
stochastic interpolation method of conditional lognormal fields.

Tunnel Lining Inspection

(Year)

(Year)

Figure 2: Construction Year in Hokkaido Island

Figure 3: Repair/Maintenance Works
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Fig.2 shows total number of tunnels by the construction year in Hokkaido Island. It is observed,
many tunnels have been constructed at 1959-1980. Fig.3 shows the total number of
repair/maintenance works in each year. It should be noted that recently repair/maintenance
works are rapidly increasing. The cost of repairs is expected to increase as these facilities
continue to age. It has been done, rehabilitation decisions, scheduling and budgeting were based
primarily on the results from visual lining concrete inspections [3,4].

Inspection works have been carried out, such as crack width, crack length and crack expanse of
over 180 tunnels in Hokkaido Island. The inspection results quantified to the damage degree as
0.0(no damage) to large number (critical damage). For example, figs.4 to 7 show each lining
damage degree of longitudinal direction and probability density function of damage degree in
GAMATA tunnel with biennial inspection operations from 2006 to 2012. It is observed that the
lognormal distribution conform to the inspection data distribution. The width of a lining
concrete is 10m. The total length of the GAMATA Tunnel is over 2 km.
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Figure 4: GAMATA Tunnel (26 years old)
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Figure 5: GAMATA Tunnel (28 years old)
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Figure 6: GAMATA Tunnel (30 years old)
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Figure 7: GAMATA Tunnel (32 years old)

As for inspected data, most of aged tunnels have been repaired several times. However, it is
difficult to estimate how much damage degree is recovered based on the insufficient repair
records. Therefore, damage degree are not indicated precisely natural degrading process of the
tunnel lining concrete.
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Stochastic Interpolation of a lognormal field
The deteriorated lining surface areas are temporary covered by steel plates or stopgap repair
mortars in order to prevent a rare possibility such as a concreate chip fall, leaking of backwater.
This study evaluates the damage degree of the temporary covered lining concrete panels by
the stochastic interpolation method of conditional lognormal fields.
We are concerned with the interpolation of a spatial random field at discrete points [6]. Let
damage degree X = [ x 1 , x 2 ,  x i ,  , x n ]T be a lognormal variable with the following
characteristics:

mean

E[X]

,

variance

Var[ X] = σ 2

,

stationary

covariance

C ( xi , x j ) = σ 2 exp(− | xi − x j | a ) . Z = ln X = [z1 ,z 2 ,  , z n ] is then a normal variable with the

following

characteristics,

E[Z] = ln E[ X] − σ' 2 2

mean

,

variance

2

Var[Z] = σ'2 = ln(1 + σ 2 E[ X] ) , statinonary covariance K ( zi , z j ) = ln(1 + C ( xi , x j ) / E[ X]2 ) .
Then Z = [z1 , z 2 ,  z i ,  , z n ]T is a spatial Gaussian random field with pdf p(Z) , where z i
is a random quantity at the i th discrete spatial point, and the posterior field with pdf p (Z | Y)
will be estimated, after an observation Y = [ y1 , y 2 ,  , y  ]T is carried out on Z . The
observation is not necessarily made on every corresponding z i .
Under this condition, we may represent a linear observation equation by
(1)
Y = HZ + w
where w = observation noise vector of  × 1 with pdf r (w ) .
In order to obtain an optimal estimate on the spatial field Z after the observation of
Y = [ y1 , y2 ,  , y ]T , the following conditional probability p (Z | Y) for updating or filtering
after processing the observation data become a basic formulas. For the updating or filtering, the
conditional probability law gives
p ( Y | Z) p ( Z)
p (Z | Y) =
(2)
(
)
(
|
)
p
p
d
Z
Y
Z
Z
∫
Equation (2) is the basis for fundamental discussions on updating or filtering of stochastic
fields. Equation (2) indicates that the conditional pdf p (Z | Y) can be obtained if p(Z) is
known, and if p (Y | Z) is evaluated.
Thus, a prior field is assumed to have a Gaussian field, and then a posterior pdf analytically
obtained by the updating theory of Gaussian field. Z be a spatial Gaussian field with the prior
mean field E[Z] and covariance matrix K ( z i , z j ) of Z are given, and the mean and the
covariance of observation noise w are respectively zero and R , then conditional Gaussian
field of Eq.(2) can be expressed in an explicit expression. An optimum estimate of the state
vector is then sought, such as Z that minimizes the following objective function.
(3)
J = (Z − E[Z])T K −1 (Z − E[Z]) + (Y − HZ)T R −1 (Y − HZ)
To evaluate the optimum estimate by minimizing J , following equation must be evaluated.
∂J
(4)
= M −1 (Z − Z ) − H T R −1 (Z − HZ)
∂Z
Estimated conditional mean and conditional covariance matrix in Gaussian field are given as
Zˆ = Z + PH T R (Y − HZ )
(5)
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(6)
P −1 = M −1 + H T R −1H
Then, estimated conditional mean Ẑ and conditional variance P in Gaussian field transformed
into the lognormal fileld.

Numerical Example
A stochastic interpolation of a one-dimensional spatial lognormal field is investigated by using
an inspected data in GAMATA tunnel (2012). The unconditional lognormal field has
LN(4.18,4.8) is estimated by inspected data in figure 7, where the first argument 4.18 is the
mean, and the second argument 4.8 is the standard deviation. Further, figure 8 shows the
estimated spatial correlation coefficient ρij of xi and x j . In the numerical analysis, no
observation noise is considered.
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Figure 8: Correlation Coefficient
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Figures 9 and 10 show the conditional mean and conditional standard deviation respectively.
The conditional standard deviation is normalized by an unconditional standard deviation. In
figures 9 and 10, the total number of interpolation points is assumed to be 10 (#30-#39 lining
concrete panels) and observation data taken from #20 to #29, #40 to #49.
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Figure 9: Estimated Conditional Mean

Figure 10: Estimated Conditional Standard Deviation
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In Figure 9 shows estimated conditional mean values with known damage degree. Because of
the weak spatial correlation estimated values are consistent with the unconditinal mean.
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Figure 11: Estimated Conditional Mean

Figure 12: Estimated Conditional Standard Deviation

Also, figures 11 and 12 show the conditional means and normalized conditional standard
deviations respectively. In this case, the total number of interpolation points is assumed to be 6
(#30, #32, #33, #35, #37, #39).

Concluding Remarks
This study evaluates the damage state of unobservable lining concrete by the stochastic
interpolation of conditional lognormal fields. Some practical applications using actual
observation data have carried out successfully.
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Vision based structural health monitoring using laser
speckle imaging and GPU parallel computing
Kyeongtaek Parka and Marco Torbola
a
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Abstract: In civil engineering, non-contact structural health monitoring is of great
interest, because the target structure may be either inaccessible or expensive to
monitor with contact-based sensors. This study proposes a new, innovative, noncontact-based system. A laser pointer spreads a uniform light over a small area of
the structure. The illuminated area has the function of a physical target panel, which
previous studies used. A camera that is equipped with a red filter lens captures a
video of the area; the recorded raw pixel data of the speckle pattern is fed to a GPU.
The analysed speckle pattern is sensitive to any ambient vibration and contains the
modal properties of the structure. A k-means clustering algorithm tracks the
displacement of different colour bands, which are virtual sensors, from frame to
frame. Due to the uncertainty in the cluster identification, the mean and standard
deviation of each virtual sensor have to be analysed, a computationally expensive
endeavour. For this reason, and to achieve real time performance, the study uses
parallel general-purpose GPU technology.

1 Introduction
Nowadays, non-contact structural health monitoring techniques have been developed, because
they are convenient to use and allow monitoring in harsh structural circumstances. For example,
non-destructive evaluation and detection of cracks in reinforced concrete structures were
successful [1]. Furthermore, due to their multiple advantages non-contact sensing techniques
proved even superior to wireless networks of contact sensors.
Previous vision based displacement measurement techniques used physical target as reference
points. Examples of these reference points are pre-installed target panels or robust objects.
Video cameras record the movement of the reference points in real time [2]. This study proposes
a new non-contact structural health monitoring method. The method is vision-based, but there
are no physical targets. Instead, a simple laser spreads its light over a target object and the
resulting speckle pattern is the new non-physical target.
Speckle pattern is scattered protons that a coherent light creates, when it reflects over a rough
surface. Many different engineering fields use speckle pattern techniques, for example: laser
holographic interferometry [3], dynamic speckle processing [4], measurement of bending
moment [5], deflection [6]or strain Existing blood flow monitoring methodologies, which use
speckle contrast imaging (SCI) techniques in biomedical engineering field, inspired this study.
In this study, each raw speckle image obtained is converted into speckle contrast image, which
quantifies the blurring effect of the pixels. In addition, a k-means clustering algorithm creates
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virtual nodes for each speckle contrast images and the movement of the nodes from frame to
frame contains the modal properties of the structure. From the displacement signals in time
domain, frequency domain decomposition (FDD), which is a well-known modal analysis
algorithm, is used to obtain the frequency domain properties.
In order to obtain sufficient and accurate displacement responses and in order to reduce the
uncertainty in the identification of the virtual nodes in time domain a large number of frames
must be analyzed, which is computationally expensive. Even the CPU on the latest generation
laptop computer cannot achieve real time performance; for this reason, GPU parallel technology
is used.

Figure 1: Overall flowchart of the study

2 Method of Analysis
Figure 1 describe overall flowchart of this study.

2.1 Speckle contrast imaging
When a coherent light, such as the one from a laser, is reflected by a rough surface, it creates
speckle patterns. A digital camera, with the appropriate frame rate and focus, records the
speckle patterns for further analysis. Because the photographic exposure time affects the camera,
when a subject is moving, a blurring effect happens in the exposure moment.
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SCI quantifies the blurring effect in a static frame. The speckle contrast is the standard deviation
of the speckle intensities divided by the average of the speckle intensities in a user-define subregion, equation (1). 7-by-7 pixels is commonly used as the standard size for the sub-region.
𝐶≡

𝜎𝐼
⟨𝐼⟩

(1)

Where I is the standard deviation of speckle intensities and <I> is the average of speckle
intensities of surrounding pixels.
The speckle intensity follows a negative exponential distribution. Therefore, in a static image
the speckle contrast moment becomes one. However, if the subject is moving during the camera
exposure time, a blurring effect happens. The blurring effect decreases the standard deviation
of the speckle intensities of the surrounding pixels. SCI quantifies the blurring effect inside an
image frame, and captures the movement of the subject. As a result, SCI successfully highlight
a moving subject in an image frame and the target object can be discerned from its surrounding.
Users decide the speckle window, which is the range of standard deviation and mean. Figure 2
is an example of the speckle window. The size of speckle window in the example is assigned
as 7x7, so the first pixel to compute speckle contrast is pixel located in 4x4 point.

C 1,1 

I
I

Figure2: Speckle window

2.2 k-means clustering algorithm
Each speckle contrast image represents the blurring effect of the subject in its own exposure
time. In order to estimate the displacement of the target in real time, it is necessary to track the
movement of virtual nodes from frame to frame. In this study, the k-means clustering algorithm
computes the virtual nodes. The centroids of the k clusters are the virtual nodes. The k-means
clustering algorithm reduces the within-cluster sum of square as shown in equation (2)
𝑘

𝑎𝑟𝑔𝑚𝑖𝑛 ∑ ∑‖𝑥 − 𝜇𝑖 ‖2
𝑖=1 𝑥∈𝑆𝑖

Where i is the mean value of ith cluster and x are the speckle contrast values of a frame.
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(2)

The algorithm randomly chooses the initial mean values among speckle contrast values in each
speckle contrast image, in the entire colour band. After a sufficient number of iterations for
each cluster, the optimal k-mean is obtained. Because the algorithm tracks to which cluster each
pixel belong, the algorithm can compute the centroid of each cluster within the image. The
centroids, so obtained, are the virtual nodes.
The camera is fixed. Therefore, any change in the obtained raw speckle intensities is caused by
ambient vibrations in the structure, and the centroid of each cluster also contain the ambient
vibration. If the movement of the target are small, like is the case for civil structures, the clusters
are consistent from frame to frame. However, even if the consistency of the clusters is uncertain,
one can measure the level of uncertainty and can treat it as noise in the obtained displacement
signals.
2.2.1 Uncertainty of the speckle intensities
The distribution of speckle intensities varies from different target objects; some subject forms
extremely concentrated distribution of speckle intensities while another subject forms sporadic
distribution. The number of cluster’s centroid is dependent on the distribution of speckle
intensities. Therefore, realizing the speckle intensity distribution should be prior to perform kmeans clustering algorithm. For example, Figure 3 illustrates a speckle intensity distribution.
The speckle intensities in the example rarely exceed 100 and they are mostly categorized into
two main peaks. To assign more than 10 clusters may not be efficient in this case because the
cluster’s centroid might not constant between different speckle images when speckle intensities
are concentrated in certain extent.

Figure3: Example of speckle intensity distribution

2.3 Parallel computing of GPU
To follow properly the movements of the target, it is necessary to collect many data. Because
each speckle image contains a large number of pixels, all the algorithms together, including
SCI and k-means clustering, are computationally expensive process. In order to achieve real
time performance, the algorithms were implemented on parallel GPU technology. The
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algorithms applied in this study were coded in Compute Unifies Device Architecture (CUDA)
for NVIDIA processors.
If raw speckle images are fed into the GPU, speckle contrast values for pixel are computed in
parallel and k-means clustering computes virtual nodes. FDD for multi-displacement signal is
also computed by parallel computing of GPU.

3 Experiment
The experiment was conducted with a steel plate hang on a shaker and the shaking frequency
of the shaker is controllable. The purpose of the experiment was to check if the analysis of
speckle pattern recognition could reflect the dynamic property of the structure. The section of
steel plate was vertically fixed by shaker and laser light was spread over the surface of the steel
plate. Shaker vibrate the steel plate in vertical direction with pre-assigned frequency: 2 Hz and
4 Hz. Camera was recording the speckle patterns created from the surface of the steel plate with
30 fps. 30 fps was sufficient because the frequency scope of this experiment is less than 15 Hz
of Nyquist frequency. The linear variable differential transformer (LVDT) observes the
displacement of the steel plate to compare with the displacement result from the analysis of
speckle pattern recognition. The speckle images were fed into the GPU. Parallel computing of
GPU enhanced computational efficiency and SCI, k-means clustering algorithm and FDD built
in CUDA successfully conduct whole analysis in real time.
Figure 3 and Figure 5 are fast Fourier transform (FFT) result of displacement obtained by
LVDT while Figure 4 and Figure 6 are FFT result of displacement obtained by speckle centroids.
The FFT results of the displacement of speckle centroid follow the exciting frequency.
Consequently, the analysis of speckle pattern recognition can be used to measure displacement
signal of the target structure.

Figure3: Fast Fourier trasnform of displacement obtained by LVDT
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Figure4: Fast Fourier trasnform of displacement obtained by speckle centroid

Figure5 Fast Fourier trasnform of displacement obtained by LVDT

Figure6: Fast Fourier trasnform of displacement obtained by speckle centroid
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4 Conclusion
This study applies the laser speckle pattern analysis to the structural health monitoring (SHM).
The speckle contrast pattern sensitively response to the movement of the target and k-mean
clustering algorithm classifies the speckle contrast image from frame to frame. The k centroid
gives virtual nodes and FDD algorithm of the centroids results in the frequency domain modal
result. Parallel computing technique of GPU enables to perform real time analysis from laser
speckle pattern recognition to system identification. Based on the experimental result, we
conclude that it is possible to monitor the structural target using laser speckle analysis with a
simple camera and laser pointer.
In the future, the laser speckle pattern recognition anlaysis developed will be applied to actual
civil structures, such as: cables of the long span bridges, steel pipes at inaccessible location, or
locations where it is not easy to access.
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Abstract: This paper proposes an imaging method for passive monitoring and
identifying damages in plate-like structure by reverse-time frequency-wavenumber
(f-k) migration. A linear sensor array is deployed to record the acoustic emission
(AE) waves released by the damages, and f-k migration is developed to back propagate these AE waves toward their sources to produce image displaying the damage locations. Since the occurrence time of the damages is usually unknown, a
series of images are generated by the f-k migration with different assumed occurrence times (namely different lengths of AE wave signals). An optimal criterion
using minimum Shannon entropy is adopted to determine the image with the identified damage locations and occurrence time that mostly approximate the actual
ones. Experimental studies are performed to demonstrate the applicability and effectiveness of the proposed method.

1 Introduction
The increasing emphasis on integrity of critical structures such as aircrafts urges the needs to
monitor structures in-situ and real-time to detect damages at an early stage [1]. In general, an
effective online structural health monitoring system should consists of two major components:
active monitoring and passive monitoring. The active monitoring needs both sensors and actuators to evaluate the damage of a structure. The passive monitoring uses only sensors to ‘listen’ to
the acoustic emission (AE) waves emitted by damage events such as propagating cracks or impact damages [2].
This study deals with passive monitoring to detect damages by monitoring and processing their
AE waves. AE has been studied for several decades, and advances have given rise to an enhanced understanding of AE wave propagation in terms of guided acoustic modes. In thin
plate-like structures, AE waves can be characterized into Lamb waves which contain symmetric
modes (extensional waves) and anti-symmetric modes (flexural waves). This approach, designated as modal acoustic emission (MAE), offers the potential to depart from the traditional reliance on statistical analysis and can significantly improve the structural monitoring capabilities of
AE technique [3].
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In MAE, most of the damage detection methods are based on signal processing. A lot of algorithms utilize the time differences of arrival (TDOAs) of the AE waves recorded by different
sensors to identify the damages. With the known distances between the sensors and the velocity
of AE waves, the damage location can be determined by triangulation or solving a set of nonlinear equations [4-7]. The problem arising from the TDOA-based method is that, when the AE
wave is dispersive, the localization error may increase since the dispersion effect distorts the
wave shape and add difficulty to extract TDOAs accurately. In addition, since it is not easy to
distinguish the TDOAs of the AE waves from multiple damages, the traditional methods can
only handle identification of one damage.
The objective of this study is to develop a new method for passive monitoring and identifying
damages in plate-like structure. Unlike previous work on AE-based damage identification
from the prospect of signal processing, the method developed is based on a frequencywavenumber (f-k) migration imaging algorithm and an optimal image criterion, providing a
new tool for passive damage monitoring.

2 Imaging the damages by f-k migration
x

Sensor array

x

y

Sensor array

y

AE waves

AE waves

Damage source

(a)

Damage source

Plate structure

(b)

Plate structure

Figure 1 Imaging damage by migration (a) forward propagation (b) back propagation

Figure 1 shows a isotropic plate with a linear sensor array located along the horizontal-axis.
When damages occur in the plate, AE waves are emitted and recorded by the sensor array.
Based on Mindlin theory, the governing equation describing the flexural waves can be written
as [8]

 2
 2 w( x, y, t )
 2  
 h3  2 
2
0
(1)
  2
  D 
 w( x, y, t )   h
t 2
 G t 2  
12 t 2 

with the out-of-plane displacement w( x, y, t ) , bending stiffness D , thickness h , density 
and the corrected shear modulus  2G (    / 12 ) of the plate. By applying twodimensional Fourier transform to w( x, y, t ) with respect to t and x, equation (1) can be
converted to
 2 w(k x , y,  )
(2)
 k y2 w(k x , y,  )
y 2
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in which  is the circular frequency, k is the wavenumber ( k 2  ( A2  4 B  A) / 2 ,
A    h3 12 D    2G   2 , B    2 h 3 2 12 2GD   h D   2 ), kx and k y

are the

components of k in x- and y-directions, respectively.
Considering only the upgoing wave from the damages to the sensor array and omitting the
harmonic wave term eit , the solution of equation (2) can be written as

w(k x , y,  )  Ce

ik y y

(3)

When y  0 , the constant C can be determined as

C  w(k x ,0,  )

(4)

which is the two-dimensional Fourier transform of the recorded AE wave w( x, y, t ) at y = 0
by the sensor array. Thus equation (3) can be written as

w(k x , y,  )  w(k x , 0,  )e

ik y y

(5)

By applying inverse two-dimentional Fourier transform to equation (5), it yields
1  
 i ( k x  k y t )
w( x, y, t )  2   w(k x , 0,  )e x y
dk x d
(6)


4
Equation (6) is an important formulation for the reverse-time f-k migration for imaging the
damage locations in this study. It back propagates the AE waves recorded by the sensor array
to their sources, namely the damages.
However, when and where should the back-propagating AE waves stop to illuminate the
damages? The answer is given by the imaging condition [9]. In this study, the exploding
imaging condition is used to visualize the damage locations. The exploding image condition
considers the wave sources exist at t = 0, i.e.,
1  
i ( k x k y )
w( x, y, 0)  2   w(k x , 0,  )e x y dk x d 
(7)


4
Note that, equation (7) is not a two-dimensional inverse Fourier transform. To calculate it
using Fourier transform and its fast algorithm, we need to map w(kx ,  ) into w(k x , k y ) (here
w( x, y , 0) and w(k x , 0,  ) are written as w( x, y ) and w(k x ,  ) for simplicity).

According to the group velocity dispersion relationship,
d
d
cg 

dk d ( k x2  k y2 )

(8)

equation (7) can be written as
w( x, y ) 



1
4

2

 



 

w(k x ,  )e

i ( kx xk y y )

cg k y
k x2  k y2

dk x dk y

(9)

By mapping w(kx ,  ) into u (k x , k y ) through the phase velocity dispersion relationship
k y  ( / c p ) 2  k x2

in which k   / c p , c p is the phase velocity of the wave, equation (9) becomes
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(10)

w( x, y ) 



1
4

2

 



 

u (k x , k y )

cg k y
k k
2
x

2
y

e

i ( kx x  k y y )

dk x dk y

(11)

After the interpolation of w(kx ,  ) to u (k x , k y ) by using sinc function in this study, equation
(11) can be solved by applying inverse two-dimensional Fourier transform. By using discrete
digital signal processing method, equation (11) could be conveniently solved with very high
computational efficiency. This is the reverse-time f-k migration developed in this study to
back-propagate the recorded AE waves to image the damages.

3 Optimal image criterion
In real application, the occurrence time of the damages is usually unknown and can not be
determined from the AE wave signals recorded by the sensor array. This means that the AE
waves may not be back-propagate to their exact damage locations by the developed reversetime f-k migration method if the signal length of the AE waves is not consistant with the right
occurrence time. Thus, an important problem should be solved for applying the developed
reverse-time f-k migration method is to determine the occurrence time and the image contains
information of the damage locations that mostly approximate the actual ones. In this study, a
series of images are produced by the AE waves with different assumed occurrence times, and
then an optimal criterion using minimum entropy principle is adopted to achive the objective.
When the AE waves focus back to the damages, it is expected to produce an image with sharp
peaks near the actual locations and significantly diminish elsewhere. In image processing aera,
a way to characterize focused images is to measure them with sparsity norms that are small in
that case and large otherwise. In this study, Shannnon entropy, which is defined in
information theory as
(12)
S ( X )    x p ( x ) log 2 p ( x )
is employed as the norm of measure. In equation (12), p(x) is the probability density function
of random variable X.
For migration, after the reversed AE waves in equation (11) is obtained, at every discrete
pixel point (xm, yn) (m = 1, 2 ,…, M, n = 1, 2,…, N, M and N are the number of discrete pixels
in x- and y-direction, respectively), an image displaying w(x,y) in a discrete form w(xm, yn) can
be produced. The produced image is designated as wmn for convenience. Shannon’s definition
of the entropy of a pixelized image is a measure of the sparsity of the histogram of the grey
levels of the image [10]. The histogram of gray levels of the image is defined by counting the
number of pixels contained in each grey level. From equation (12), the Shannon entropy of
the image wmn can defined by
N c 1
 h 
 h 
S ( w mn )     k  log 2  k 
 MN 
k 0  M N 

(13)

where hk is the histogram of grey levels of the image, Nc is the number of grey levels, MN is
the total number of pixels. The entropy quantifies the amount of information needed to encode an image and is often given in bits per pixel. It penalizes back propagated fields that
have a lot of speckles.
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4 Experimental study
To demonstrate the effectiveness of the proposed method, experimental studies on an
aluminum plate are conducted. The test set-up consists of a aluminum plate and a National
Instrument PXI system incorporated with a PXI-5441 arbitrary function generator and two
PXI-5105 8-channel digitizers, and a KH-7600 wideband amplifier. The dimensions of the
aluminum plate are 1000 mm × 1000 mm × 2 mm and its nominal material properties are
Young’s modulus E = 73 GPa, Possion ratio v = 0.32 and density  = 2790 kg/m3. A linear
sensor array containing 15 PZT transducers, denoted by S1 to S15, with diameter of 10 mm and
thickness of 1 mm are surface mounted on the plate. These sensors are connected to the data
acquistion channels of the digitizers for monitoring the damage events and collecting the AE
wave signals. Unfortunately, S4, S12 and S13 malfunction in the following test, so only the
remaining 12 sensors are employed for damage imaging. Another 2 PZT actuators, denoted
by A1 and A2, are surface mounted on the plate to excite AE waves to simulate as the damage
events. An illustration of the aluminium plate and sensor placement is shown in Figure 2. The
origin of the coordinate system is set at the left of S1, with distance of 75 mm. The coordinates
of the center locations of sensors S1 and S15 are (75, 0) mm and (475, 0) mm, respectively.
The rest 13 sensors are uniformly distributed between S1 and S15 with spacing of 25 mm. The
coordinates of the center locations of actuators A1 and A2 are (190, 250) mm and (295, 300)
mm, respectively. In the experiment, the arbitrary function generator generates a wideband
impulse signal as shown in Figure 3, and applies it to the actuators after it is amplified by the
wideband amplifier. The amplitude of the signal outputted by the function generator is 6 V
and the gain of the amplifier is set at 28 dB. The response wave signals are then received by
the sensors and acquired by the digitizers, whose sampling rate is set at 10 MHz.

KH-7600 amplifier

A2
A1

y

S1

……

S15

x O
NI PXI system
Figure 2 Test setup for imaging of damages

In the experiments, three case studies are performed, i.e., (I) single damage event at (190, 250)
mm simulated by exciting A1; (II) single damage event at (295, 300) mm simulated by
exciting A2; and (III) two damage events at (190, 250) mm and (295, 300) mm simulated by
simultaneously exciting A1 and A2. Figure 4 shows the AE wave signals at 12 sensor positions
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when A1 is excited in case I. Since only the time information is used to localize the damage,
all the signals are normalized by their maximums.
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Figure 4 AE wave signals in case I (a) sensors S1-S7 (b) sensors S8-S15

Applying the reverse-time f-k migration method to the AE waves, the waves propagate back
to show the information about the locations of the damage events in the spatial domain. However, the occurrence time of the damage events is unknown, how long of the AE wave signals
should be used to perform migration is a problem. In this study, from Figure 4, it can be seen
that the damage event occurs between 0 to about 230 s. A series of images are produced by
the signals with different assumed occurrence times. Figure 5 shows the produced damage
images using reverse-time f-k migration with different assumed occurrence time in an interval
of 40 s in case I. From the figures, it can be clearly seen that by reverse-time f-k migration,
the AE waves recorded by the linear sensor array are successfully back-propagated toward its
damage source. But AE waves with different lengths focus to different locations, or sometimes they can not produce an focused image. An optimal criterion using minimum Shannon
entropy is adopted to pick up the image with the identified damage locations and occurrence
time mostly approximate the actual ones.
Figure 6(a) shows the variation of Shannon entropy values of the images with different
assumed occurence times in case I. The entropy values are calculated with an image area of
500 mm × 500 mm. The entropy value reaches a distinct minimum with assumed occurrence
time of 180 s (the actual one is 160 s). Combined with Figure 5 it can be seen that the
smaller the Shannon entropy, the clearer of the image, the closer the AE waves focus to the
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actual damage location. Figure 6(b) shows the optimal damage image with the identified
damage location in the highest pixel value. The actual simulated damage location is also
highlighted by a cross for comparison. From the figure, it can be clearly seen that combined
with the optimal image criterion, the reverse-time f-k migration successfully reversed the AE
waves back to its damage source. The identified location agrees the actual one very well.
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400
Y-coordinate (mm)

Y-coordinate (mm)

Similar images and results can be obtained for cases II and III. Figure 7(a) and 8(a) show the
variations of Shannon entropy values of the images with different assumed occurrence times
in case II and III, respectively. Figure 7(b) and 8(b) show the optimal damage images in case
II and III, respectively. In both optimal images, the identified locations are well in agreement
with the actual ones, demonstrating that the proposed method has the capability of imaging
single and multiple simultaneous damage events.
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Figure 5 Damage images with different assumed occurrence times in case I (a) 0 s (b) 40 s (c) 80 s (d) 120
s (e) 160 s (f) 200 s
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Figure 6 Results of imaging damage in case I (a) entropy vs occurrence time (b) optimal image
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Figure 7 Results of imaging damage in case II (a) entropy vs occurrence time (b) optimal image
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Figure 8 Results of imaging damage in case III (a) entropy vs occurrence time (b) optimal image

5 Conclusions
This study proposes a new method for passive monitoring and identifying the locations of
damages in plate-like structure from the view of image processing. Reverse-time f-k
migration imaging algorithm is employed to produce images containing the damage location
information, and an optimal criterion using minimum Shannon entropy is used to determine
the image with the identified damage locations and occurrence time mostly approximate the
actual ones.
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Experimental studies on AE waves generated by PZT actuators-simulated damages have
demonstrated that the proposed reverse-time f-k migration method has the capability of localizing single and multiple simultaneous damage events. The minimum Shannon entropy provides a good criterion to determine the optimal image to identify the damage locations and the
occurrence time of the damage events, providing a new tool for structural health monitoring.
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Abstract: Monitoring a bridge’s structural response has the potential to detect the presence
of structural changes for condition assessment and inform the bridge manger to assist in
daily operational decision-making. The excitation for these responses typically comes from
traffic or environmental demands. Vertical lift bridges provide a unique opportunity for
structural health monitoring based on dynamic response because of the frequent, repeated
impact imparted on the structure each time the lift open and closes. In this paper, a dynamic
structural health monitoring program on the newly reconstructed Memorial Bridge in Portsmouth, NH, is implemented The resulting baseline structural response provides a benchmark for the calibration of multiple-scale structural models to predict the actual behaviour
of the bridge structure. This data was also the basis for the design of a long-term instrumentation plan to be incorporated into the bridge management and maintenance procedure. It
includes assessment of structural behaviour and may be able to detect changes in the structural response. These changes in structural response due to environmental conditions provide bridge operators with objective information for operational decision-making,
specifically lift or no-lift conditions. This paper will present the long-term structural response of the bridge and incorporation of this data and a calibrated structural model to
bridge management decision-making.

Introduction
With the aging of civil infrastructures likes bridges, a significant amount of research allocated
on the structural health and safety of them. According to a 2015 accounting of the United States’
bridges, 144,621 of the nation’s 608,445 bridges (23.8%) are structurally deficient by the Federal Highway Association [1]. As bridge owners repair or replace these bridges, engineers look
to incorporate innovation to increase the service life of the structure. [2]
Among bridges, movable bridges play an integral role in modern transportation infrastructure.
As means of passage for both vehicular and naval traffic at a single location, their reliable
performance is necessity. However, there are thousands of movable bridges in the US, which
are typically located in coastal environments that are typically highly susceptible to extreme
weather events. There are few objective protocols for decision making of these bridge subjected
to vertical operations in addition to traffic and environmental loads, based on structural health
monitoring data [3]. This paper, presents a long term structursl health monitoring plan to be
used for future decision making of the Memorial Bridge Portsmouth, NH. As demonstration,
this paper presents a lift/no lift protocol based on wind loading based on the initial collected
data of the bridge.
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The New Memorial Bridge: Details, Design and Construction Innovation
Memorial Bridge carries US Route 1 across the Piscataqua River connecting Portsmouth, NH
with Kittery, ME, see Figure 1. The bridge is the only pedestrian link between the two
communities and is viewed by both not just as a transportation link, but as a destination. The
original Memorial Bridge, constructed in 1923, was a through truss vertical lift bridge and was
demolished in Spring 2012 due to structural concerns. The new Memorial Bridge, partially
funded by the Transportation Investment Generating Economic Recovery (TIGER) program at
the Federal Highway Administration (FHWA), opened to traffic in July 2013 [4]. The new
Memorial Bridge includes an innovative “gusset-less” truss connection and a metalized
corrision protective coating. [4] Working with bridge design and construction firms and the
NHDOT (bridge owner), a data collection plan was designed for environmental and structural
response collection to verify design assumption related to the gusset-less connection, see Figure
2, and behavior of the towers during vertical lift operations. The preliminary data collection
occurred during multiple lift events through the summer and fall of 2015. This data was used
to design the long-term instrumentation for deployment during September 2016. The collected
data was also used to provide model verification for a coarse, wire structural model of the entire
Portsmouth-side span in SAP2000® and an detailed finite element model in Lusas®.

Figure 1New Memorial bridge Memorial Bridge Connecting Portsmouth, NH and Kittery ME [13]

Structural Model
To better understand the bridge‘s behavior under various loading conditions, a global structural
model of the bridge is necessary. A structural model of the bridge, including all critical
components, can be used to find potential damage locations on critical points, especially at
fracture critical members. Therefore, a structural wire model gives valuable information to
bridge owners, managers and researchers for efficient decision- making and long-term health
monitoring of the bridges. However, the complexity of the structural elements particularly the
gussett-less connections of the Memorial Bridge warrants a finite element model with
thousands of elements, which leads to a time consuming model creation and analysis procedure.
This restricts doing various complicated analysis such as nonlinear analysis.
Therefore, in order to take full advantage of the global structural model and the collected
structural response data, this project will take a multi-scale modeling approach to take
advantage of the benefits of a finite element model, as shown in Figure 2, and a wire model, as
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shown in Figure 3, to discern the force and displacement distribution through the south span
of the bridge. This procedure helps to produce the global behavior of the bridge and track stress
locations accross the gusset plate. There is the added benefit of having the stiffness matrix from
global model and a more detailed analysis in the local model of the gusset-less connection,
which is a main objective of the monitoring program. This enables the bridge manager to track
the local damage in the critical points through comparison of the predicted response with the
data collected via a non-destructive test. The local model of the connection, using a fine element
mesh, helps evaluate a more explicit stress distribution in the connection elements. In addition,
calibrating a detailed model of the gusset-less connection with structural health monitoring data
of the bridge would increase the load rating and the capacity and confidence of the model.

Figure 2. finite element model of upprconnection (left) bottom conection( right) in LUSAS

Figure 3 Structural Model of the South Span of the Memorial Bridge in SAP2000®(left) and Lusas®

Prior to embarking on a lengthy multi sided modeling, a preliminary analysis was performed
by providing a three-dimensional structural model of the entire Portsmouth-side span and lift
tower in SAP2000® to get an overview of the behavior of the bridge and verification of the
model procedures through comparison with collected acceleration data from short-term initial
monitoring.
The spatial model in SAP2000®, as shown in Figure 3a, includes horizontal span is 297 ft (91
m) long and the vertical towers are 158 feet (48 m) in height. The truss elements consist of W14
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section diagonals ranging in size from a W14x90 to a W14x211 depending on location along
the span and built-up chord elements with integral knuckle connection. The chord elements are
constructed with 1-inch and 1-1/4-inch (2.5-cm and 3.2-cm) thick web plates. The top chord
web plates are 24 inches (0.61m) tall and the bottom chord web plates are 36 inches (91 cm)
tall. The flange plates range in thickness from 1-1/4-inch (3.2-cm) to 2-3/4 inches (7.0 cm) and
are 26 inches (66 cm) to 36 inches (91 cm) wide. The web-flange connection is a 5/8-inch (1.6
cm) weld. This three-dimensional model consists of 219 beam elements representing the
structural frame and 108 shell elements representing the concrete deck. A link connects the
deck to the floor beams at each node. In this coarse-scale model, the knuckle connections are
not modeled. Their behavior is represented by partial fixity settings for all six degrees of
freedom (DOFs) at each end of each element.
The control house, gatehouse, and counterweight are represented by point masses. The primary
structural variables in the model are the rotational and axial stiffness value of the member ends
representing the gusset-less connection, deck links representing the shear connectors, and linear
springs representing the bearings. The stiffness of the concrete deck is also a variable. The
masses of the deck and appurtenances are also uncertain parameters.
In creating the global model in Lusas®, as shown in Figure 3b, geometric drawings of the asbuilt bridge, provided by the bridge owner, were used. The element used for the finite element
model is a four nodded quadrilateral element, QTS4, to represent thick shell behavior due to
the sizable thickness of the members. Using thick shell elements also provides stress results
throughout the thickness of the element. The size and shape of the elements varies due to
geometry of each part from irregular dimension element for the gusset less connections to the
biggest elements for beams and cross braces to minimize the analysis time.
Both of the models will be calibrated to the dynamic response of the bridge when acceleration
data from the long-term structural health monitoring sensor network becomes available in
March 2017. At that time, structural static and modal-based parameter estimation [5] and [6]
will be used to refine the model to reflect in-situ condition. The structural responses predicted
by this model, once calibrated, will be used to determine the performance of the structure with
respect to design expectations.

Short-term Structural Health Monitoring
Even with recent advancements in sensing technology and communication, the instrumentation
of an in-service structure is costly and must be designed with clear objective-based sensor
selection and locations [7]. One of the major goals of the monitoring program at the Memorial
Bridge are to verify design assumptions related to the gusset-less connections with respect to
fatigue loading, and another major goal is the quantify the structural performance of the towers
during lift operations under a variety of environmental conditions. With these goals in mind,
accelerometers and strains transducers were deployed at three strategic locations during six
short-term structural health monitoring sensor deployments and data collections during 2015
[8]. During these deployments the sensors were placed in three areas of the bridge: the south
span at midspan (Area 1), the base of the south tower (Area 2), and the top of the south tower
(Area 3), as marked in Figure 4. The sensors deploayed at each locations are described and
pictured in Table 1.
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Figure 4: Temporary Sensor Locations at the Memorial Bridge

Table 1 Sensors used for short-term data collection

Sensor

Description

Locations

Wired* Strain
Transducer

BDI ST-350 with
Intelliducer
connector

1, 2

Wired* Uniaxial
Accelerometer

BDI
A1521
Accelerometer with
Intelliducer
connector

1, 3

Wireless Triaxial
Accelerometer

LORD Microstrain
G-Link –LXRS with
internal temperature
sensor

1, 3

3.1 Short term Structural Response data
The short-term sensor deployments provided data to demonstrate the potential value of a
permanently-installed system. This information was paired with a calibrated model for final
sensor placement. For instance, the magnitude of the live load strains could be used to estimate
the weight of each truck once the model is calibrated [9], demonstrated in Figure 5 where in the
strain is the blue line and the acceleration is the red line at location 1 from Figure 4. Another
beneift of these short-term data collection was to gauge the impact of the vertical lift operations
on structural behavior of the horizontal span, as shown in Figure 6.
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Figure 5 Strain and Acceleration Measurement at Location 1 During a Truck Passage at the Memorial Bridge

Figure 6 Strain Measurement at Location 1 During a Lift Operation at the Memorial Bridge

The results from the temporary data collection, together with the response predicted by the
structural model and the issues related to access to structural elements on the bridge influenced
the development of the long-term structural monitoring plan installed at the Memorial Bridge,
shown in Figure 7. The instrumentation system includes a set of seven biaxial accelerometers
along the top chord of the span and south-facing chord of the tower on the downstream (east)
truss for monitoring of the vibration response along the length of the span and height of the
tower. The four additional biaxial accelerometers along the top chord on the upstream
struss(west) and along the bottom chord, to allow for comparison of the east and west sides and
top and bottom chords in order to identify modes of vibration. There are also two additional
accelerometer on at the base of the lift tower on both east and west side to identify torsional
motion in the tower. There clusters of five strain rosettes at two connection nodes on the span,
and three strain rosettes at three connection nodes on the tower will allow for investigation force
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path through the webs of the gusset-less connections. Uniaxial strain gauges will be installed at
the diagonal members connecting the instrumented connections. The tiltmeters at the top and
at mid-height on the tower will be used to study movement of the tower due to wind, bridge
lifts, and combinations of the two. There are three weather stations, providing wind speed,
humidity, and ambient temperature measurements at the top and mid-height of the tower, and
underneath the deck above the water. This system will be augmented by occasional deployment
of wireless sensors, including additional accelerometers and digital cameras for visual image
correlation-based strain measurement on the curved connection flanges for short durations

Figure 7 Long Term Instrumentation Plan for the Memorial Bridge

Long term Structural Health monitoring
As the structural health monitoring system becomes operational, the increased number of
acceleration data locations will allow for identification of the modal frequencies and modes of
vibration to facilitate the structural parameter estimation of the identified structural parameter
for model calibration. This information combined with the environmental data collected via the
three weather stations included in the instrumentation, will create a data-driven basis for bridge
operations, specifically related to the lift/no-lift decisions. In this project, lift/no-lift decision
protocol has been started by considering various calculation of wind load impact, which has a
dominant role in determining the consequences of performing a lift operation.

4.1 Decision making program- lift/no lift
Unlike their static counterparts in fixed span bridges, movable bridges face unique operational
decisions. A typical static bridge, for example, must simply endure the winds it is exposed to.
The operator of a vertical lift bridge, on the other hand, must actively choose between remaining
closed or opening. Therefore, the designers and operator must consider both the more typical
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low winds found close to the ground and the high winds corresponding to an increase in altitude.
This decision is, in essence, a decision between lower system demands and higher system
demands. It would be unfavorable to actively decide to expose the bridge’s lift span to windinduced demands higher than its capacities especially when it is possible to leave the lift closed
and avoid these demands altogether.
In order to make this decision from an objective standpoint. The Figure 8 shows wind pressure
profiles for three extreme temperatures ( -20C, 15C and 40C) at a single base wind speed of
135 mph (60.3 m/s). As can be seen, the profiles at extreme temperatures show a 20%
difference in load magnitude. Since the lift decision at the Memorial Bridge is made throughout
the year in varying seasons and extreme temperatures, it was deemed important to capture this
effect in the model. As such, twelve load cases were developed using multiple international
design codes, including the American Society of Civil Engineers [10], American Associate of
State and Highway Transportation Officials, [11] and the Eurocode [12]. The bridge was
analyzed in the lifted and un-lifted states when exposed to an extreme wind speed of 100mph
(44.7 m/s) at -4, 59, and 104 degrees Fahrenheit as well at a base wind speed of 50mph (22.3
m/s), which is the current operational maximum for wind speeds andd and the same
temperatures at the Memorial Bridge.

Figure 8:wind pressure profilebased on tempreture

Data from the SAP2000® analyses yielded valuable information about the demands
experienced by the structural system of the Memorial Bridge at extreme temperatures and wind
speeds. A predictive formula that linearly interpolates from the SAP2000® data was written to
estimate the demands of critical structural members at wind speeds between 50 mph (22.35
m/s) and 100 mph (44.7 m/s) and temperatures ranging from -4 and 104 degrees Fahrenheit in
both the lifted and un-lifted states. Knowing the difference between demands in specified
environmental conditions and both lift states helps to more accurately decide whether a lift is
viable or not.
The future integration of the Memorial Bridge Project’s structural health monitoring sensors
will help to validate the numerical models used to produce the theoretical demand data and
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predict the viability of a lift. Recording this data over time will not only make the model more
accurate, but will help to identify trends in the health of the Memorial Bridge system, potentially
identifying problems before they occur and allowing operators to make informed decisions
about the bridge. In conjunction with the structural health monitoring sensors, a weather sensor
at the bridge will make it easier to identify and record the actual wind speeds experienced at the
site and further streamline the model. Knowing the environmental conditions at the site also
makes it possible to prevent the blow over of lightly loaded trucks – a phenomenon experienced
on many exposed bridges with winds over 50 mph (22.35 m/s).

Conclusion and Future Work
The data collected in 2015 provided a basis for the design of the long-term instrumentation
plan. The data also supported the indentification of the model parameters that are critical to
predict structural performance accurately. The long-term structural monitoring system is
scheduled for installation in March 2017. As the structural health monitoring system becomes
operational, the increased number of acceleration data locations will allow for identification of
the modal frequencies and mode shapes to facilitate the structural parameter estimation of the
identified structural parameter for model calibration. This information combined with the
environmental data collected via the three weather stations included in the instrumentation, will
create a data-driven basis for bridge operations, specifically related to the lift/no-lift decisions.
The temporary data collection suggested a link between modal frequency and temperature. The
long-term data collection will be able to quantify this link to determine if temperature and wind
speed should be the basis for a suspension of lift operations.
The innovative gusset-less connections combined with the repetitive vertical lift operations at
the Memorial Bridge connecting Portsmouth, NH to Kittery, ME create an opportunity to
advance the state of structural engineering design. The influence of the connections on the
performance of both the bridge structure and the corresponding structural model is potentially
significant based on the preliminary data collection. This information supports the combination
of a local model of the connections within a global model of the truss, deck and floor beam
elements to allow more efficient predict the performance of the bridge as a system.
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Abstract: A damage tolerance method for fatigue assessment opens the possibility of combining theoretical assessments with inspection results. This is widely
accepted in the aerospace and offshore industries but is rarely implemented in
the assessment of bridges. In this paper, an investigation on the applicability of
a damage tolerance approach is presented for bridge specific conditions regarding geometry, loading and reliability level. A probabilistic model is defined and
used for the reliability estimation. The result shows that conventional inspection
methods can provide enough information to update the reliability resulting in an
increased fatigue life.

1 Introduction
Fatigue is one of the main reasons for deterioration and limitations in service life for steel
bridges [18]. The deterioration process consists of initiation and propagation of cracks, typically
appearing at details with high stress concentrations. The safety of the structure and the remaining service life can be estimated by theoretical assessments and on-site inspections. Ideally,
these activities should be closely connected to allow accurate service life predictions. However,
the established practice for fatigue assessment is based on the safe life method, which does
not result in any damage indicator that can be measured on-site. In the aerospace and offshore
industries for example, the damage tolerance method has been widely accepted. It is typically
based on fracture mechanics and builds on the size of a physical crack. In this paper, the applicability of the damage tolerance method for bridges is investigated together with the possibility
of updating the theoretical result considering inspections. The latter issue has gained considerable attention during the last decades. Some recent examples are Lotsberg et al. [9], Luque and
Straub [10], Maljaars and Vrouwenvelder [13], and Rangel-Ramı́rez and Sørensen [17].
As pointed out in [17], the consequences of failure of offshore structures are typically low in
comparison to other structures. This allows a pragmatic approach for inspection planning based
on cost benefit analyses. For bridges, on the other hand, used by the third party the risks to
human lives, society and environment are considered high. This requires a large safety margin
which in turn means that the allowable cracks size must be kept small in comparison to the
critical crack size. The main question is whether realistic crack sizes for bridge details are
detectable with conventional inspection methods available today. In [13] where a detail in an
orthotropic deck is treated, it is stated that the tolerance to large cracks is relatively high. For
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other structural parts subjected to a pronounced load controlled situation, large cracks appear
only very close to the final failure. This puts a question mark on the applicability of the damage
tolerance method for bridges and other civil engineering structures with high consequences of
failure.
This study is performed for three frequently occurring details shown in Figure 1. Detail A
represent a crack in the flange of a beam at the welded connection of a web stiffener. In Detail
B, a crack has initiated and propagated into the flange at the end of a welded on in-plane gusset
plate. Detail C represent a crack initiated at a hole of a built-up section such as a riveted member.

(a) Detail A: Vertical stiffener.

(b) Detail B: Gusset plate.

(c) Detail C: Built-up section

Figure 1: Three details frequently occurring in steel bridges.

The applicability of the damage tolerant method based on linear elastic fracture mechanics
(LEFM) is tested by the following steps. A probabilistic model based on LEFM is defined in
Section 2. Updating considering inspections is treated in Section 3. The time variant reliability estimated using the first order reliability method (FORM) and simulation is presented in
Section 4. Updated reliabilities based on inspection results are presented in the same section.
Conclusions regarding the applicability of the damage tolerant method are put forward in Section 5.

2 Probabilistic model
The probabilistic model is based on linear elastic fracture mechanics (LEFM) and the wellknown Paris law [16]
da
= A Krm
(1)
dN
where a is the crack depth, N is the number of cycles, Kr is the stress intensity factor range, and
A and m are material dependent constants. The stress intensity factor range, Kr , depends on the
stress range Sr , the crack depth and the geometry of the considered detail and can be expressed
as
√
(2)
Kr (a) = Sr πaY (a) Mk (a)
where Y (a) is a geometry correction factor which considers the geometry of the unwelded
component, and Mk (a) is a stress magnification factor due to the weld geometry [4].
For the analyses presented in this paper, a bi-linear relation for the crack growth rate in Eq. (1)
as suggested in BS 7910:2013 [2] have been adopted. It is expressed as

0,
Kr < Kth
da 
na
= Aa Kr , Kth ≤ Kr < Kab
(3)
dN 

nb
Ab Kr , Kr ≥ Kab
2397

where Kth is the crack growth threshold below which the stress intensity factor range cause no
crack growth. The transition point Kab in Eq. (3) can be calculated as
Kab =



Aa
Ab

1/(mb −ma )

(4)

With this formulation of the crack growth law, the number of cycles to reach a critical crack
depth can be calculated as

Z ac 
da −1
Nc (x) =
da
(5)
dN
a0

where a0 is the initial crack depth and ac is the critical crack depth representing the final failure
of the component. The vector x contains the stochastic variables considered in the model treated
below. For variable amplitude loading, the stress ranges and the number of cycles are typically
known as a stress range spectrum. It entails the need for a cycle-by-cycle integration or a stepwise integration for each block of stress ranges. In [7] it has been shown that the load sequence
has a minor influence on the crack growth for typical bridge loading. This allows the use of an
approximate solution suggested in [6] based on the expectation of the power of the stress ranges
which simplifies the analysis significantly. The expectation of the crack growth rate can then be
expressed as [6]
 
m
m
√
√
da
= Aa E [Srma ]S0ab
πaY (a) Mk (a) a + Ab E [Srmb ]∞
πaY (a) Mk (a) b
(6)
E
Sab
dN
where E[ ] denotes the expected value. The threshold stress range Sab corresponds to the value
reaching Kab . As stated in [6], the expectation of da/dN is reached if the stress ranges can be
described as an ergodic process.

2.1

Limit state equation

A general limit state equation considering fatigue can be formulated on the number of cycles as
g (x,t) = Nc (x) − N (t)

(7)

where Nc (x) is described by Eq. (5) and N (t) is the number of cycles at the studied point in time.
A state of failure is defined for g ≤ 0 and the probability of failure is defined as Pf = P (g ≤ 0).
The reliability index β is related to the probability of failure as [11]
β = −Φ−1 (Pf )

(8)

where Φ−1 ( ) is the inverse of the standardized normal distribution function.
The limit state depends on the value of the critical crack depth ac in Eq. (5). For the current study
it was set to a geometrical property dependent on the geometry of the detail. The value was
selected high enough to render a crack growth rate close to infinity. The critical crack depth can
be further restricted by the resistance of the ligament, which can fail either by plastic or brittle
failure. These failure modes have not been considered. Partly because governing standards for
bridge steels state requirements on fracture toughness, and partly because it is concluded in [12]
that the failure probability is relatively insensitive to different criteria on the critical crack depth.
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2.2

Uncertainties

The stochastic variables considered are listed in Table 1. The variables CS and CSIF represent
model uncertainties for the stress range and the stress intensity factor range, respectively. The
rather low uncertainty for the stress range is associated to measured response [7]. The other
variables are selected as suggested in the JCSS Probabilistic model code [6].
Table 1: Stochastic variables. N ∼ Normal, LN ∼ Lognormal, DET ∼ Deterministic. The values are valid
√
for crack growth in mm/cycle and stress intensity in MPa mm.

Variable Distrib.
Mean
CoV
CS
LN
1
0.03
CSIF
LN
1
0.07
Sr
DET
Aa
LN
4.80 · 10−18
1.70
Ab
LN
5.86 · 10−13
0.60
ma
DET
5.10
–
mb
DET
2.88
–
Kth
LN
140
0.40
a0
LN
0.15
0.66
ac
DET
w/2, t/2, or (b − r)
–
a/c
DET
0.2
–
The aspect ratio a/c is valid only for Detail A in Figure 1. The dimensions a and c can be seen
in Figure 3(a). The aspect ratio has a large influence on the estimated fatigue life as shown in [7]
but, since the actual fatigue life is not the primary concern of the current study it was assigned a
deterministic fixed value of a/c = 0.2. As shown in [7], also the parameters describing the crack
growth rate has a significant influence on the estimated fatigue life. The values suggested in
Table 1 were used as reference for this study but should be assigned with care in the assessment
of a specific detail.

3 Reliability updating
If the theoretical assessment is based on a measurable indicator of damage, the prior estimation
of the reliability can be updated considering results from inspections. The crack size is the
obvious choice in a damage tolerance approach. Three possible events are (i) no detection, (ii)
detection with size measurement, and (iii) detection with unknown size [19]. From a bridge
owner perspective, the first event is preferred and the only one treated henceforth.
A detection event can be expressed as
HD (x) = a (x, Ni ) − ad

(9)

where a (x, Ni ) is the estimated crack size at cycle Ni considering the stochastic variables in x.
A lower limit of detectability denoted ad should be considered as a stochastic variable and is
typically described by a probability of detection (PoD) curve. An event HD (x) ≤ 0 indicates
that no crack is detected. The estimated probability of failure can then be updated considering
the detection event as
PfU = P [g (x) ≤ 0|HD (x) ≤ 0] =
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P [g (x) ≤ 0 ∩ HD (x) ≤ 0]
P [HD (x) ≤ 0]

(10)

This corresponds to the probability of failure of a parallel system with two components which
can be solved by a first order approximation as suggested in [11] or by simulation. It was, however, found in the current study that the first order approximation couldn’t provide a satisfactory
result. This eventuality is pointed out also in [11].

3.1

PoD curves

The accuracy of an inspection method is considered through a probability of detection (PoD)
curve. It expresses the probability of detecting a flaw of a given size ad [19]. A review of
nondestructive inspection methods applicable to bridges can be found in [18]. Visual inspection
is the simplest and least expensive method. For higher accuracy, an ultrasonic method such as
phased array or radiography is suggested.
Different sources have adopted different functions for describing the PoD curves. In Mello and
Mattos [14] a Weibull distribution is assumed expressed as
 
 
ad − a∗ α
(11)
PoD (ad ) = 1 − exp −
λ − a∗
where a∗ , λ , and α depends on the inspection method and the accessibility of the detail. In the
recommendations issued by DNV GL [3], the PoD curves for different inspection methods are
expressed as
1
PoD (x) = 1 −
(12)
 X1
x
1 + X0

1

1

0.8

0.8

0.6

0.6

PoD(x)

PoD(a)

where x is equal to the visible crack length for visual inspection and the crack depth a for other
methods. The parameters X0 and X1 are dependant on the inspection method and the prevailing
conditions for the detail. Ultrasonic testing is considered to be one of the most accurate methods
available for small cracks and visual inspections as the least accurate. PoD curves for these two
methods under the best possible conditions are shown in Figure 2. The difference between the
sources is evident which makes the selection of an appropriate curve doubtful for the practitioner. The format suggested by DNV GL for offshore structures, which have similarities with
bridges in design and size, was adopted in the current study.
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(a) Ultrasonic testing.
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(b) Visual inspection.
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Figure 2: PoD curves for ultrasonic testing and visual inspection reproduced after [3] and [14]. Note
that x in (b) is defined as the visible crack length in [3] but as the crack depth in [14].

Values for the parameters X0 and X1 for different inspection methods are reproduced after [3] in
Table 2.
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Table 2: Parameters for PoD curves suggested in [3] valid for good conditions above water.

Method
X0
Ultrasonic testing (UT)
0.41
Eddy current (ET)
0.400
Magnetic particle testing (MT)
Alternating current field measurement (ACFM)
Visual inspection (VT)
15.78

X1
0.642
1.43

x
x=a
x=a

1.079 x = crack length

4 Results
The reliability analyses were performed considering the probabilistic model described in Section 2. The expressions for the stress intensity factors for the three details in Figure 1 were taken
from [1], [8], and [15], respectively. The crack configurations can be seen in Figure 3. The dimensions of the cracked plate were set to w = 225 mm, b = w/4, and t = 20 mm. For Detail A,
the attachment footprint width and weld angle were set to 39 mm and 45o , respectively. For Detail B, the thickness and length of the gusset plate were set to 10 mm and 200 mm, respectively.
The radius of the hole in Detail C was set to 11.5 mm. These dimensions are representative for
secondary beams in steel bridges, such as stringer beams in railway bridges.

c

a

a 2r

a
t

b

(a) Detail A: Vertical stiffener.

b

w/2
(b) Detail B: Gusset plate.

(c) Detail C: Built-up section

Figure 3: Dimensions and crack configurations for the three details.

The load effect was considered by an idealised stress range spectrum, following a Gumbel
distribution with a mean value of 26 MPa and a CoV of 0.22. It is the same spectrum that was
used in [7] fitted to measured response from a railway bridge in Sweden. The spectrum was
divided in discrete intervals of 2 MPa as shown in Figure 4(a). The integration of the crack
growth rate was performed for a spectrum consisting of a total of 1 million cycles. Consecutive
representations of the spectrum were added until the critical crack was reached.
The expected crack growth for the three details and the spectrum in Figure 4(a) are shown in
Figure 4(b). The x axis is normalized with respect to Nc which corresponds to the number of
cycles to reach the critical crack depth of ac . The total fatigue life differs significantly between
the three details and the propagation follows different paths. However, as can be seen in the
figure, the cracks remain small during most of the fatigue life and propagate fast towards the
end. This is expected for details subjected to variable amplitude loading which is noted also in
[13].
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Figure 4: The stress range spectrum considered and the expected crack growth for the three details.

4.1

Prior reliability

The reliability have been estimated using both the first order reliability method (FORM) and
crude Monte Carlo (MC) simulations. Nonlinearities as the bilinear crack growth rate and especially the crack growth threshold makes the use of the first order reliability method (FORM)
dubious. Figure 5 shows the reliability estimated for the details in Figure 1, the stochastic variables in Table 1 and the stress range spectrum in Figure 4(a). The reliability level β = 2.3 is
indicated which is the lowest acceptable target reliability suggested in ISO 13822 [5], for fatigue
of existing structures and a reference period as the intended working life.
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Figure 5: The prior estimated reliability for the three details. FORM – first order reliability method, MC
– Monte Carlo simulations.

Based on the results from the MC simulations, the fatigue lives were estimated to 68, 12, and 9.5
million cycles for details A, B, and C, respectively. See Figure 5. For details B and C, the linear
approximation of the failure surface inherent in FORM renders an acceptable agreement with
the simulated result. For Detail A, however, a considerable difference in fatigue life is attained.
The reason is that the crack growth threshold Kth has a significant influence for this detail due
to the relatively low stress intensity factor range. This causes a nonlinearity which makes the
estimation with FORM erroneous.
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4.2

Updated reliability

The updating of the prior reliability considering no detection was performed as described in
Section 3, using crude Monte Carlo simulations to solve Eq. (10). Each one of the three different inspection categories in Table 2 were considered. The updated reliability is presented in
Figure 6 and Figure 7. An inspection with no detection was assumed when the prior reliability
had decreased to the target value of β = 2.3.
5

Prior
UT
ET/MT/ACFM
VT

β

4
3
2
1
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50
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N/106

β

Figure 6: Updated reliability for detail A considering the inspection methods in Table 2.
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Figure 7: Updated reliability for details B and C considering the inspection methods in Table 2.

It is apparent in Figures 6 and 7 that the updating can give a significant increase in the fatigue life. The result is, however, strongly dependent on the inspection method. As expected,
visual inspections gave the smallest contribution. Ultrasonic testing, which is the most accurate
method for small cracks according the considered PoD curves, is only the second best method
according to the result. The largest increase in fatigue life was attained with ET, MT or ACFM,
considered with the same PoD curve in the analyses. The estimated fatigue lives for a target
reliability of β = 2.3 are listed in Table 3.
An assumed inspection using ET, MT or ACFM with no detected crack doubles the fatigue life
of all three details. See Table 3. Even visual inspection which is a rather simple method is shown
to give a noticeable contribution. It should, however, be noted that the PoD curves considered
presume good conditions and accessibility during the inspections [3].
The result indicates that a beneficial influence on the fatigue life can be expected. It should be
noted though, that the result is valid for these three specific details and that some of the results
are dependent on the actual size of the detail and the crack.

2403

Table 3: Estimated fatigue life in million cycles for a target reliability of β = 2.3 considering updating
by inspections.

Conditions
Detail A Detail B Detail C
Prior
68.3
12.2
9.43
Visual inspection (VT)
106
16.8
12.7
Ultrasonic testing (UT)
123
21.1
16.8
Eddy current (ET)
158
27.2
20.5
Magnetic particle testing (MT)
Same as ET
Alternating current field measurement (ACFM)
Same as ET

5 Conclusions
A probabilistic model for crack growth analysis have been outlined and used on three specific
bridge details. These details are frequently occurring in existing bridges. Based on the result,
the following conclusions can be drawn:
• The expected crack growth follows a pronounced nonlinear path where the crack remains
small for a major part of the service life. The growth accelerates approaching failure. This
puts high demands on the accuracy of the inspection method to enable crack detection
before a critical size is reached.
• The first order reliability method (FORM) gives a non-conservative estimation of the
reliability for one of the details, for which the stress intensity factor range is relatively low.
Thereof, reliability estimations should be performed using a method capable of handling
nonlinear limit state surfaces.
• Considering the result of this investigation, the use of a damage tolerance method seems
applicable in the fatigue assessment of bridge details. The PoD curves considered indicate
sufficient accuracy to provide information to increase the reliability.
• All considered inspection methods provide a noticeable increase in reliability and the
associated fatigue life. The PoD curve representing the methods ET, MT, and ACFM
gives the largest increase in service life.
An important issue to be studied further is the validity of the PoD curves for on-site inspection
of bridges.
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Abstract: Effective risk communication practices play a key role in building
community resilience. This paper examines the role played by critical infrastructure (CI) operators in building community resilience by studying public expectations of disaster related information provided by CI operators during such crisis.

1 Introduction
The EU Horizon 2020 project IMPROVER1 lexicon defines community resilience as “the
ability of social system to respond and recover from disasters and include those inherent conditions that allow the system to absorb impacts and cope with an event [40].” Literature indicates that information provision plays a part in community resilience [12][26][28]. While the
academic literature differentiates between risk communication (what might happen) and crisis
communication (what is happening or has just happened) [32], on an operational level there is
little distinction [21]. Indeed, guidelines for blue light organisations and emergency managers
on how best to use social media recommend to use it for both2. However, few studies have
examined the communication role played by critical infrastructure3 (CI) operators during a
crisis and even fewer have studied public expectations of information provision from them.
As such, this paper uses an online questionnaire to explore these questions. The paper begins
with a literature review of public expectations of disaster related information. After which the
methodology of the questionnaire and interviews is revealed, followed by a presentation of
the results and then discussion.

2 Public expectations of disaster-related information
The public expect to be kept informed about the development of the disaster, threat to their
lives and properties, at every stage of the disaster cycle [29][37]. Furthermore, improvements
in information and communication have been found to increase community resilience
[23][27]. Due to the ease and frequency with which we communicate today, the public expect
to be able to find up-to-date disaster-related information in near real-time [20]. In general, the
public’s expectation for real-time disaster information is in line with key findings about increasing community resilience [12]. Real-time information increases situational awareness,
1

2

3

IMPROVER: Improved risk evaluation and implementation of resilience concepts to critical infrastructure. The overall
objective of IMPROVER is to improve European critical infrastructure resilience to crises and disasters through the implementation of resilience concepts to real life examples.
See for example, EU projects DRIVER, CascEff, or COSMIC guidelines; Belgium Federal Interior Minister white paper
(http://centredecrise.be/sites/default/files/brochure_sociale_media_fr.pdf) or the French Ministry of Interior’s crises communication kits destined for Prefectures (http://www.interieur.gouv.fr/Actualites/L-actu-du-Ministere/Votre-prefecturepresente-sur-les-reseaux-sociaux).
The European Union defines CI as “an asset, system or part thereof that are essential for the health, safety, security, economic or social well-being of people, and its disruption or destruction would likely have a significant impact upon the
ability of a Member State to maintain those functions [7].”
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contributing to reduced anxiety, to more appropriate actions being taken, and to a faster response to the crisis [25][31][32][35][38].
The public expect to find information from both traditional and social media (SM) [39] and
most people use a combination of sources to find information during disasters, as was the case
during Hurricane Sandy [4] and the 2011 Great East Japan Earthquake [24]. Indeed, traditional and SM are complementary sources of information [21]. The IMPROVER project found
that SM can be an effective tool for increasing community resilience [23]. SM generally encourages interaction and dialogue between users [16]. As such, it has also given rise to the
expectation of being able to engage with information. This means that the public expect to be
able to take an active role in information dissemination if they so desire, as was the case during Boston Marathon bombings [11] and Hurricane Sandy [4]. The public also expect a response if they post to blue light organisations on SM [14][19].
When it comes to CI operators, the public expect to be kept up to date with the progression of
restoration of critical services. For example, connected citizens expect power companies to
get them accurate information about power restoration [20]. Some operators are already
meeting this need, as for example during Hurricane Sandy when certain operators provided
near real-time information on their websites and SM accounts [18].
Information also plays a key role in setting expectations of CI operators, where providing the
public with information leads to more realistic expectations [3][34]. Indeed, a Swedish survey
on maximum tolerance for a rupture in fresh water services found that the amount of time
people were willing to go without the service increased when they were informed ahead of
time [5]. Expectations have also been found to be influenced by demographic factors such as
age, gender, education level, and culture [6][14][17][34].

3 Method of Analysis
Three research questions emerged from the literature reviewed above:
1) What do European citizens expect of CI operators in regards to information provision?
2) Are there any noticeable similarities/differences between public expectations based on demographic factors?
3) How do these expectations compare to the current practices of European CI operators?
An online questionnaire and interview-based study was designed to investigate these questions. Ethics were approved prior to data being collected. The target population for the questionnaire was adults aged 18 years and over who were familiar with the four IMPROVER
Living Labs1. In order to maximise the response rate, the questionnaire was translated into six
languages (English, French, Danish, Swedish, Norwegian, and Portuguese). It was structured
as follows: First, a brief description of the project was provided and participants were informed of their right to withdraw from the project at any time, as well as how all data would
be handled during the project. For the purposes of this questionnaire, respondents were presented with the following definition of a disaster: “an event which has catastrophic consequences and significantly affects the quality, quantity, or availability of the service provided
by the critical infrastructure.” Second, a Likert scale was used to measure participants’ expectations. The questionnaire also asked about the participants’ demographics. Data from the
questionnaire was collected between 28 March 2016 and 30 April 2016. The questionnaires
were translated back into English at the data entry stage.
1

The IMPROVER project relies on Living Labs, or clustered regions of different types of infrastructure which provide specific services to a city or region. There are four Living Labs associated with the project: Barreiro Municipal Water Network, Oresund Region, Oslo Harbour, and French transportation networks (roadways).
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The sample includes 403 respondents. Due to the dissemination method1, this self-selected
sample was not broadly representative (at least by age, sex, or education level) of the European population. Respondents are 57% men, 41% women and 2% did not answer. Most were
highly educated, 77% of respondents having a university degree or higher. Both young and
old people are underrepresented. Respondents aged 18-24 accounted for only 8% of the total
sample, with only 16% identifying themselves as aged 55 years and above. While 26 nationalities responded, 88 percent of the questionnaire sample is made up of French, Norwegian,
Portuguese or Swedish respondents. As such, comparisons depending on nationality were
carried out only for these four nationalities. As it was an online questionnaire, it is unsurprising that 90% of the respondents use social media.
The findings were then compared to the current practices of CI operators based on 22 semistructured interviews with CI operators and other relevant stakeholders. Interviewees came
from France, Sweden, Norway, Denmark and Italy. An in-person interview took place with
actors from all four Living Labs. Experts were selected for interviews based on their experience in working with disaster management, disaster risk reduction, and/or resilience. Experts
were interviewed in person as well as via telephone. The findings were then analysed using
critical thematic analysis. Data from the interviews was collected between January and May
2016.

4 Questionnaire results
4.1 Public expect critical infrastructure operators to provide disaster-related
information
The questionnaire found that every respondent agreed that she expects CI operators to provide
information during the crisis via at least one channel (telephone, SM, website, or traditional
media). Respondents clearly expect to be able to find information from CI operators through
traditional media, as 78% of them strongly agree with this statement, going up to 96% if taken
together with agree, as can be seen in Figure 1.
Critical infrastructure operators are expected to provide information
Via calling their telephone number
On their social media sites (Facebook, Twitter)
On their website

30%

31%
49%

Strongly agree

0%
Agree

25%

57%

Through traditional media e.g. interviews with
television networks or the radio, press releases

22%

19% 3% 4%
30%

78%

10% 8%

9% 1% 3%
18% 3%1%

20%
40%
60%
80%
100%
Unsure, neutral
Disagree
Strongly disagree

Figure 1 Respondents’ expectations for information provision from critical infrastructure operators.

Still more than half strongly assert their expectation to be able to find information on the CI
website. The vast majority of participants also agreed with the proposition that CI operators
should use social media for crisis and risk communication (49 percent strongly agreed, 25
percent agreed).
1

The questionnaire was disseminated through IMPROVER consortium partners’ contacts as well as through the Living Labs.
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Another finding from the questionnaire is that expectations may vary across age groups, SM
use, or nationality. Conversely, the results show no clear differences based on gender or educational level. SM is proportionally more selected by the youngest respondents. 70% of 18-24
year old respondents strongly agreed that they expect to be informed through SM, against
only 37% of 55 years old and older. Similar significant correlation has been found for websites.
Respondents who declared that they are SM users expect to get information from CI operators
on their SM site. Indeed, 78% agree or strongly agree, against 29% of social-media non-users,
who mostly (47%) declare that they are unsure or neutral. However, being a SM user or nonuser does not seem to affect expectations of the other sources studied.
Portuguese respondents have a higher expectation to get information via calling the CI telephone number than respondents from other countries: 78% of Portuguese respondents agree
or strongly agree, against 67% of French, 59% of Norwegian and only 32% of Swedish respondents. In contrast, Portuguese respondents have lower expectations to get information via
the website. Not only do they agree less with this proposition, but they also agree less strongly.

4.2 Public expect critical infrastructure operators to respond on social media
When asked if they expect CI operators to respond to their questions and comments on SM,
one respondent out of two either agreed or strongly agreed (see Figure 2). No significant difference linked to sex, age, or education level was found. Surprisingly, Norwegian respondents
agreed or strongly agreed less about this assertion (36% compared to 51% of the Swedish,
61% of the French and 66% of the Portuguese respondents).
Participants’ expectations that CI operators will respond to queries via
social media
Strongly agree

7%

Agree
24%

13%

Unsure, neutral
Disagree

25%

Strongly disagree
32%

Figure 2 Respondents’ expectations for two way communication on social media.

Again, social-media non-users mostly responded that they were unsure or neutral on this topic
(44%) and agreed less than SM users. Moreover, we also found that more than 50% of respondents who expect CI operators to provide information on SM also expect them to respond
to their questions and comments.

5 Interviews: current practices of CI operators
Nine1 interviewees referenced the fact that there was an expectation for the operator to provide the public with information during a crisis. While not saying that it is an expectation,
1

Oslo Harbour (Oslo Harbour living lab actor), member of Danish Emergency Management Agency (Oresund Region living lab
actor), Danish Insurance Expert (Oresund Region living lab actor), Gilles Teneau (resilience expert), Italian hospital operator,
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Barreiro Municipal Water Supply Network operators stressed the importance of being proactive in informing the public. A Norwegian water sector operator said that “informing the public about when the services will be restored is just as important as restoring the services quickquickly.”
While most have put into place communication strategies to inform government authorities
and traditional media during crises, the majority of operators do not communicate directly
with the public. Of the six operators who stated that they communicate directly with the public during crisis, three use SMS (either as warnings, if downtime is expected, or something
unexpected happens), two use SM, and three provide disaster related information on their
website. Another operator mentioned, “in the future we think SM will be more important.”
Interviewees appear divided among those who state communicating about disaster can affect
public expectations (five) and those who do not (three). For example, French transportation
living lab actors said that when they inform the public, they are more willing to accept increased journey times, and that users of the infrastructure demand to be informed about any
incidents. Sharing information with the public was also seen as a way to help operators to
keep their image. Danish living lab actors discussed two big storms in Denmark in 2013,
which both affected the railway network. During the first storm, only limited information was
provided to the public and consequently it was seen as a “big mess.” However, during the
second storm, the operator did provide the public with information, and the public responded
“very positively.”

6 Discussion
While the literature review found that community resilience can be increased through improvements in information and communication, when interviewed very few CI operators said
that they share information with the public during a disaster, indicating that this is an area
where CI operators could have a big impact in increasing community resilience, if they
change their communication policies accordingly. Results indicate that members of the public
expect CI operators to provide disaster related information in near real time, via both traditional and SM. Websites are also especially important places to provide disaster related information, as more respondents felt the website should contain crisis information than social
media sites. Moreover, the high level of respondents who expect CI operators to respond to
their questions or comments on SM demonstrates the importance of two-way communication.
However, expectations were found to be influenced by age and nationality. Indeed, it would
seem that the use of SM by CI operators is a young person’s expectation. Younger respondents were also more inclined to expect to find information on the CI operator’s website, even
though the senior respondents are all internet users, and 81% of respondents 45 years or older
use SM1. This could have to do with differences in skills to use the internet, as young people’s
sociability relies partly, but in an essential way, on technologies and social media [1]. Also,
young people are used to information coming to them through social media and tend to be
informed by “inadvertence” [9]. Another reason for this difference could be smartphone use,
as they allow one to stay connected via SM during disasters, even during power outages. The
Pew Research Center found that people aged 18 - 34 are more likely than older generations to
own a smartphone, including in European countries [30]. However, as this question was not
asked of participants, further research is needed.

Norwegian water sector operator, Öresund transportation sector operator, French transportation agents - DIR (A31 Highway living lab actors) and French transportation agents - DDT (A31 Highway living lab actor).
1

Compared to 100% of 18-24 year olds, 95% of 25-34 year olds, or 91% of 35-44 year olds.
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When it comes to nationality, one reason that Portuguese respondents have a higher expectation to get information via calling the CI telephone number could be because of the way in
which the Portuguese questionnaire was disseminated (via the Barreiro municipality’s Facebook Page). The Barreiro Municipal Water Supply Network currently uses this method to
provide information to the public, and does not have their own website or SM. Another reason
that Portuguese respondents seem to have lower expectations for website could be because
Portuguese have a lower Internet access by household rate1 and a less frequent Internet use2
than the other studied countries [10]. However, the lack of such a difference for SM expectations between countries may indicate that the Portuguese Internet access hides a wider generation gap than in other countries[10] and this is mostly a young respondents’ expectation. This
suggests that whatever the country, young respondents expect to get information on SM.
This method is not without limitations, however. When responding to questionnaire surveys,
people provide a judgment on the spot “based on information that is available to them at the
time and influenced by a myriad of contextual and emotive factors [35].” Despite these limitations, the results of the analysis are still indicative of existing European expectations for information provision by CI operators.

7 Conclusion
After examining public expectations, it appears that CI operators should contribute to community resilience by providing disaster related information to the public in real-time and via
websites as well as social media. Young people appear to have higher expectations in regards
to the use of both websites and social media by CI operators in times of crises. It is important
to keep in mind however that they are not the only ones with these expectations, and as websites and social media are meant to compliment traditional media and not replace it, they
should be seen as new communication tools to reach even more people. Furthermore, CI operators should avail of the opportunities provided by SM to engage in two-way communication with and provide real-time information to disaster affected communities. IMPROVER is
developing a social media strategy for communicating with the public in crisis situations in
order to help CI operators contribute to community resilience.
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Abstract: Tornadoes are significant hazards in the Central U.S. and have a disproportionate impact on low-rise residential wood buildings. However, due to the comparatively low annual occurrence rate at a given site (magnitude of 10-5 or less east
of Rocky Mountain) and the relatively localized impact when compared with other
natural hazards, e.g. earthquake and hurricane, tornado has not been explicitly considered in building design standard such as ASCE-7 [1] or IRC [2]. To enhance the
performance of existing building portfolios, this study, from a systemic perspective,
develops a decision framework to design community-level, large-scale portfolio retrofit strategies that enables communities to achieve their overall resilience objectives under tornado hazards. This framework includes three major steps: i) define
community-level resilience objectives, ii) disaggregate the community-level resilience objectives to obtain individual building performance criteria for retrofitting,
and iii) develop optimal portfolio-level retrofit strategies under budget and resource
constraints. This framework can assist public decision makers in community planning and in creating policy incentives towards more resilient built environment.

1 A Decision Framework for Building Portfolio Retrofit
Tornadoes cause, on average, 70 deaths and $1 billion economic losses annually in the U.S. [3,
4], most of which are resulted from severe damage to residential wood buildings. The enormous
physical damage to community building portfolio can cause profound social-economic consequences that affect the recovery and wellbeing of the impacted population and the community
overall. However, due to the comparatively low annual occurrence rate at a given site (magnitude of 10-5 or less east of Rocky Mountain [5]) and the relatively localized impact when compared with other natural hazards, e.g. earthquake and hurricane, tornado has not been explicitly
considered in building design standard such as ASCE-7 [1] or IRC [2]. There is a growing
trend of implementing large-scale community-level retrofit programs to enhance the resilience
of under-performed community building inventories (e.g. San Francisco [6], Los Angeles [7]
and Florida [8]). Such community-level retrofit activities are expected to be more often as more
communities have started to incorporate resilience concept in their strategic development planning. Considering the significant potential impact and highly resource-demanding nature, such
portfolio retrofit programs especially need to be well-designed, both strategically and technically, with a forward-thinking and overarching goal of achieving community resilience objectives [9].

2416

In this study, from a holistic perspective embodied in community resilience concept, we develop a decision framework for building portfolio retrofit with the ultimate goal of enabling communities to achieve their resilience objectives under tornado hazards. The decision framework
includes three major steps, as illustrated in Figure 1: i) define community-level resilience
goal(s), ii) de-aggregate the community-level goal to obtain individual building performance
criteria as the building-level retrofit target, and iii) develop optimal retrofit strategies for existing building portfolios that minimize the gap between its current performance and the community-level resilience goals.

Figure 1: Flowchart of the decision framework for designing building portfolio retrofit strategies

In Step (i), community resilience goals with respect to building performance are defined by
communities’ stakeholders based on their risk perceptions, existing community infrastructure
and available resources. Resilience goals “help a diverse set of stakeholders develop strategies
for achieving the stated goals and prioritize supporting administrative and construction solutions, and guide the setting of specific goals for the desired performance of building and infrastructure systems” [10]. Among the challenges involved in establishing the community
resilience goals is to select appropriate resilience metrics (M) and the hazard intensity levels
(H), and to define the acceptable risk threshold (G) that the community is willing to tolerate in
a probabilistic form (a%).
In Step (ii), with the community resilience goals defined in (i), we determine the individual
building-level performance target for retrofit constructions, through a risk de-aggregation algorithm developed to directly link the community-level resilience goals to the minimum performance requirement for individual buildings that can facilitate these goals. Several researchers
proposed risk de-aggregation concept [11, 12], which fundamentally is the inverse process of
community-level probabilistic risk evaluation and assessment, i.e., risk aggregation.
In Sept (iii), based on the building-level performance target derived in Step (ii), we develop the
optimal retrofit strategies for existing building portfolios. The outcome of this decision step is
a set of recommended retrofit strategies that will enable the community to minimize the gap
between its current resilience performance and its prescribed resilience objectives (determined
in Step (i)) under resource constraints.
This multi-step decision framework can facilitate communities’ resilience planning over a longtime horizon through systemically designed, portfolio-level retrofit and rebuilt activities, and
assist public decision makers (e.g., government agencies, building authorities, etc.) in creating
policy incentives that can lead building owners towards decisions that collectively enhance
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community’s resilience. The three major steps of this decision framework will be discussed
next in Sections 2-4.

2 Community-Level Resilience Goals
The community-level resilience goals should be determined by a diverse set of stakeholders in
the community, e.g. government agency, residents, insurance companies, as recommended in.
It is desirable to prescribe such goals in terms of specific resilience metrics (M) corresponding
to interested hazard intensity levels (H) [10].
In this study, Direct Loss Ratio (DLR) (the ratio of the direct loss of a portfolio to the overall
replacement cost of the portfolio) and Uninhabitable Ratio (UIR) (the percentage of buildings
in the portfolio that are uninhabitable following a tornado) are selected as the two community–
level resilience metrics, such that both the economic and social consequences of extreme events
are considered. In this study, only the DLR is considered in risk de-aggregation (Step ii), while
both DLR and UIR are considered as objective functions in the optimization of portfolio retrofit
strategies (Step iii).
According to the historical data in the US [3], over 90% of tornadoes are categorized as EF-2
or below. Moreover, the current design wind speed for different types of buildings lies between
the intensity of the EF-1 and EF-2 events [13] if only straight-line wind is considered. We
therefore consider EF-2 as the “design tornado” (DT) and EF-5 tornado, on the other hand, can
be seen as the “maximum considered tornado” (MCT). In this study, the community resilience
objectives are specified with respect to EF-2 and EF-5 tornadoes, respectively. It is recognized,
however, that defining the intensity levels of tornado events for community resilience planning
need further researches regarding tornado wind engineering, the cost effectiveness of the enhanced system as well as risk communication between experts, code compilers, government
agencies, and citizens.
Due to the enormous uncertainties in both hazards (H) and metrics (M) quantification, community-level resilience objectives must be expressed probabilistically, e.g., “there is A% probability that community resilience metric M will be less or equal to a prescribed threshold value of
G for any tornado occur in the community with intensity level of 𝐻”, i.e.
𝑃 𝑀& ≤ 𝐺&,+ 𝐻+ ) = 𝐴%

(1)

in which 𝑗 denotes tornado intensity levels – DT (EF-2) or MCT (EF-5), and 𝑖 is the index of
the metrics. The 𝐺&,+ is the threshold value (or the goal) with respect to the specific metric 𝑀&
and the hazard level 𝐻+ , and should be determined by community decision makers (resilience
office or group of private and public stakeholders).

3 Risk Disaggregation to Obtain Individual Building Performance Criteria
In the context of community resilience, Eq. (2) represent a probabilistic estimation of community performance metric M is conditioned on a pre-defined tornado H characterized by a specific tornado EF-scale:
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𝐹3 𝑧 𝐻 = 𝑃 𝑀 ≤ 𝑧 𝐻
=

𝐹
(𝑧|𝑢)𝑓𝑫𝑽|𝑫𝑺 (𝑢|𝜐)𝑓𝑫𝑺|𝑽 (𝜐|𝑦)𝑓𝑽|>? (𝑦|𝑆? )𝑓>?|A (𝑥|𝐻)𝑑𝑢𝑑𝑣𝑑𝑦𝑑𝑥
H G F E 3|𝑫𝑽

(2)

where, from right to left, 𝑓>?|A (𝑥|𝐻) is the probability density function (PDF) of tornado scenario ST conditioned on certain tornado hazard intensity H characterized by EF-scale;
𝑓𝑽|>? (𝒚|𝑆? ) is the joint PDF of wind speeds at all building sites V conditioned on the ST, which
is modeled by the gradient technique [14]; 𝑓𝑫𝑺|𝑽 (𝝊|𝒚) is the PDF of vector of damage state of
all portfolio buildings DS conditioned on V; 𝑓𝑫𝑽|𝑫𝑺 (𝒖|𝝊) is the PDF of vector of damage variable DV conditioned on DS; and 𝐹3|𝑫𝑽 (𝑧|𝒖) is the cumulative distribution function (CDF) of
community performance metric M conditioned on DV; 𝐹3 𝑧 𝐻 is the probability of community metric M conditioned on the ST with intensity level H. The functional relation between
community resilience and individual building performance is capsulated in Eq. (2), in which
the community resilience is represented by M, and building performance is represented by the
fragility function, 𝑓𝑫𝑺|𝑽 (𝝊|𝒚). We developed a risk de-aggregation algorithm by coupling
Monte Carlo Simulation (MCS) with multi-objective optimization (MOO) to search for the optimal building strength criteria (expressed in the form of fragility functions) that will enable a
community to achieve its resilience goals established in Step (i).
In MCS, the uncertainty of tornado path (starting point, path angle, path length, and width) are
modeled based on NOAA database [3]. The spatial wind intensity variation within a tornado
event is modelled by the gradient approach proposed in [14] and the wind speed is assumed to
be normal at a given site [5]. De-aggregation is essentially a MOO problem. The decision variable is the building-level performance criteria expressed in terms of 𝜆N ∈ (𝜆NP , 𝜆NQ , 𝜆NR , 𝜆NS )
, representing the median lognormal capacity associated with tornado-induced building damage
states DS ∈ (DS1, DS2, DS3, DS4) defined in [13]. The objective of the de-aggregation is to
find the minimum 𝜆N that enables the community to fulfill it resilience goals (G) expressed in
terms of M under tornado intensity H. Multi-objective Particle Swarm Optimization (MOPSO)
method [15, 16] is employed to find the optimal 𝜆N .

Figure 2: Illustration of the concept of disaggregation
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4

Pre-event Retrofit Strategy Optimization

Using the de-aggregated building performance criteria as the target for building retrofit construction, we next optimize portfolio retrofit strategies under limited budget and other constraints. The retrofit cost of the k-th building (𝐶ZN[\]^ ) depends on the original building
resistance (𝑅Z` ), the target resistance (𝑅Z? ) as well as other building characteristics (e.g. roof
type). Kanda and Ellingwood [17] suggested the retrofit cost for building might be approximated by a linear function of the difference between the target resistance and current resistance,
i.e.
𝐶ZN[\]^ = 𝐶 ∙ 𝐴Z ∙ (𝑅Z? − 𝑅Z` )

(3)

where C is a constant and 𝐴Z is the square footage of k-th building. For simplicity, we assume
the mean retrofit cost is only a function of the mean resistance, the Eq. (3) becomes
𝐶ZN[\]^ = 𝐶 ∙ 𝐴Z ∙ (𝑒 defg − 𝑒 defh )

(4)

where 𝜆Nfh and 𝜆Nfg is the mean logarithmic median of capacity R of k-th building before and
after the retrofit.
Accordingly, we formulate the retrofit strategy as an optimization problem, in which the two
objectives are minimizing DLR and UIR, and the constraint is the retrofit budget; and the decision variable is the number of building in each zone to be retrofitted to the performance level
determined by risk de-aggregation (Section 3). This optimization problem is treated as an Integer Programming problem since all the decision variables are integers, and is solved by using
MOPSO.

5

Illustration

A hypothetical community building portfolio of 20 by 20 miles2 is considered herein for illustration. The portfolio consists two existing building types: E1 – single family house (c.f. Type
1 in [18]) and E2 – multi-family apartment (c.f. Type 4 in [18]) located in two equal-area zones:
a high density zone (Zone 1) with 2800 E1 and 800 E2, and a low density zone (Zone 2) with
1200 E1 and 200 E2. The hypothetical portfolio is designed to reflect the spatial variation of a
typical community building portfolio and its effect on optimal portfolio retrofit strategies.
The two community resilience goals considered in this illustration is: 95% probability that the
community will subject to 1) less than 0.2% DLR in DT and 2) less than 1.5% DLR in MCT.
The target building performance criteria for retrofit construction obtained by de-aggregation
step (outlined in Section 3) is λj = [4.75, 4.90, 5.00, 5.08]. The corresponding optimal portfolio retrofit strategies associated with a budget limit of $12 Million is shown as the Pareto
Front in Figure 3. Each point on the Pareto Front represents a specific optimal strategy as shown
by the sub figures for the RS1, RS2 and RS3, respectively. In all of the cases, although the
relative proportion of E1 and E2 buildings allocated for retrofit varies with different strategies
(associated with the different weights between the objectives), the majority of buildings to be
retrofitted are located in the high-density zone – Zone 1. The real practical optimal solution for
a given community depends on its preferences established by the public policy- makers and
other stakeholders within the community. For example, when reducing DLR is heavily
weighted, the optimal strategy (i.e. RS1) is to focus retrofit effort on the E1 buildings (2800 out
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of 2929), while when reducing UIR is the paramount concern (i.e. RS3), the majority of buildings to be retrofitted are E2 buildings (800 out of 1036).

Figure 3: Trade-off between DEL and UDU in optimal retrofit scheme with $12 Million budget limit (Souce [8])

6

Conclusion

This study proposes a multi-step decision framework for designing large-scale building portfolio retrofit strategies with an ultimate goal of achieving community resilience objectives. This
decision framework can facilitate communities’ resilience planning over a long-time horizon
through systemically designed, portfolio-level retrofit and rebuilt activities, and assist public
decision makers (e.g., government agencies, building authorities, etc.) in creating policy incentives which can lead building owners towards decisions that collectively enhance community’s
resilience.
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Abstract: This study introduces a comprehensive stage-wise framework to support
resilience planning decisions for roadway networks regarding pre-disaster
mitigation (Stage I), post-disaster emergency response (Stage II) and long-term
recovery (Stage III). Three network metrics, i.e., reliability-weighted independent
pathways (RIPW), emergency facility-weighted IPW (EIPW), and daily trafficweighted IPW (TIPW), are developed as a metric system from a common base
concept IPW to measure the network performance at each planning stage,
respectively. A stage-wise decision process is then formulated as stochastic multiobjective optimization problems, including a project ranking mechanism to identify
pre-disaster network retrofit projects at Stage I, a prioritization approach for
temporary repair to facilitate post-disaster emergency rescue at Stage II, and a
scheduling methodology to project sequencing for long-term recovery of networks
at Stage III. The implementation of the developed stage-wise framework is
illustrated using the roadway network of Shelby County, TN, subjected to seismic
hazards.

1 Introduction and Background
The roadway network components, i.e. roads and bridges, are vulnerable to extreme natural
hazards, leading to extensive damage and functionality loss to the spatially distributed network
overall, as evidenced in past natural hazards. A notable growing body of literature has been
published to study the performance of transportation systems in terms of the network resilience
[3,5,6,8,9,11]. According to the literature review [1,2,4,7,10], most research only considers a
single type of decision, i.e., pre-disaster mitigation and post-disaster recovery. Consequently, a
consistent method to support stage-wise resilience planning of the transportation networks is very
much needed.
Resilience concept has a time dimension. On one hand, risk mitigation and disaster management
measures and interventions at different point in time with respect to the occurrence of hazard are
very different, necessitating different decision supports. On the other hand, these decisions,
although made at different planning stages, should serve a common overarching goal of enhancing
roadway network resilience in a systematic fashion. We propose a stage-wise decision framework
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to support transportation network resilience planning in three phases: pre-disaster mitigation, postdisaster emergency response, and long-term recovery, as illustrated in Figure 1. The stage-wise
decision framework includes two major components. 1) a quantitative performance metric system
is developed in Section 2 to best capture the characteristics of different stages to support the
corresponding decision-making. 2), the corresponding mathematical decision formulation and
optimization models are developed in Section 3. An illustration of the implementation of the
framework is presented in Section 4 using roadway network of Memphis, TN. The research
findings and conclusions are summarized in Section 5.

Figure 1: Stage-wise decision framework (source[10])

2 Stage-wise Network Performance Metric System
To best support the stage-wise decision framework, we first develop a network performance metric
system that includes three metrics: reliability-weighted independent pathway (RIPW), emergency
facility-weighted IPW (EIPW), and daily traffic-weighted IPW (TIPW), to support decision in
each of the resilience planning phases, respectively. We describe transportation network on a
directed graph 𝐺 = (𝑉, 𝐴) where 𝑉 = {1,2, … , 𝑛} is the set of nodes, which is partitioned into set
𝐸 = {1,2, … , 𝑒} of emergency and set 𝑁 = {𝑒 + 1, 𝑒 + 2, … , 𝑛} of non-emergency nodes
(representing major destinations, e.g., residential areas, economic hubs, and major road
intersections); and 𝐴 = {1,2, … , 𝑚} is the set of edges that represent road segments without or with
maximum of one bridge. Let 𝐾45 and 𝑃457 respectively denote the total number of IPWs and the 𝑘th
IPW between node 𝑖 ∈ 𝑉 and 𝑗 ∈ 𝑉. Each IPW is a set of ordered edges connected in series. The
algorithm computing 𝐾45 and searching for 𝑃457 between all node pairs can be found in [8].

2.1 Reliability Weighted IPW, RIPW
At Stage I, the purpose of pre-disaster mitigation is to enhance the network robustness, i.e. reduce
the network damage when hazard occurs, as shown in Figure 1. Increasing reliability (or reducing
failure probability) of the IPWs between all O-D pairs is the objective of retrofit intervention.
Accordingly, we define reliability-weighted IPW, RIPW, as the network performance metric to
support the pre-event mitigation decisions. Assuming conservatively that reliabilities of edges are
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statistically independent, the reliability of 𝑃457 , denoted as 𝑅45
, is the product of the reliabilities of

all edges included in the path 𝑃457 . Then, the RIPW of network 𝐺 becomes:
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where 𝑙 and 𝑞K are the edge index and the corresponding reliability. A critical step to compute
RIPW is to quantify the reliabilities for edges (i.e., road with or without a bridge), which are
evaluated from fragility analyses associated with damage states of interest.

2.2 Emergency Node-Weighted IPW, E-IPW
Immediately after a disruptive earthquake, the connectivity between critical facilities and the
people who need to be rescued is of the paramount concern. Accordingly, we define the emergency
IPW, EIPW, as the network performance indicator of Stage II, denoting the average number of
independent pathways between emergency nodes and non-emergency nodes. Let 𝑑45 denote the
damage status of edge 𝑖, 𝑗 ∈ 𝐴, which can be measured on a 0 to 4 scale, corresponding to the
damage level of none, slight, moderate, extensive and complete. Edges with only the damage
conditions of none, slight, and moderate are considered in service, then the serviceability of edge
𝑖, 𝑗 ∈ 𝐴 , 𝑠45 denote is:
𝑠45 =

1,
𝑑45 ≤ 2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2)

7
The serviceability of 𝑃457 , denoted as 𝑠45
, is the product of the serviceability of all road edges

included in the path 𝑃457 . The EIPW of a network is defined as the average EIPW of non-emergency
nodes, which is computed as,
1
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When 𝑄\ (𝐺) equals to 0, the transportation network cannot support any emergency actions and
the response of the system is considered as the worst.

2.3 Average Daily Traffic Weighted IPW, T-IPW
In Stage III, the goal is to minimize the total recovery time and maximizing efficiency during
recovery process. We use average daily traffic (ADT) weighted IPW (TIPW) as the Stage III
network performance metric to facilitate long-term recovery proposed in [9]. We idealize the
service level of each arc 𝑖, 𝑗 ∈ 𝐴 to be (1 −

^MN
_

). We further approximate the service level of the
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IPW 𝑃457 as the product of the service levels of all arcs 𝑙 ∈ 𝑃457 . Let 𝐴K denote the ADT of edge 𝑙 ∈
𝑃457 . Define 𝐴745 , the ADT of IPW 𝑃457 , as the minimum ADT of all edges on that pathway, note that
for any node pair (𝑖, 𝑗),

PMN
𝐴7
7QD 45

= 𝐾45 . The TIPW of a network is further defined as:
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For stage III, a damaged transportation network is considered as fully recovered if all the damaged
bridges are restored, i.e., the network TIPW computed using Eq. (4) returns to its pre-disaster level.

3 Formulation of the Stage-wise Decision Framework
At stage I, the decision is to make selections from a set of candidate edges to maximize the RIPW
and simultaneously minimize the associated investment cost. The mitigation decisions, denoted as
𝒙, includes decision variable 𝑥45 for edge 𝑖, 𝑗 ∈ 𝐴, which is binary as defined in Eq. (5). The first
objective of the decision process is to maximize the expectation of RIPW as expressed in Eq. (6),
where 𝑞K (𝜉j ) is the realization of the random variables 𝑞K representing the reliabilities of edges
l ∈ Pmno prior to retrofitError! Reference source not found., and 𝑞K ′ is the reliability of edge after
retrofit. Let 𝐶(𝑥) denote the total cost associated with decision x. The second objective is to
minimize the expectation of total costs as defined in Eq. (7), where 𝑐45 𝜉t is the stochastic
realization of random variable retrofit cost 𝑐45 .
In stage II, the problem is to select from failed edges and to schedule their restoration sequence,
the objective is to minimize the total time to ensure that there exists at least one path between nonemergency nodes and emergency nodes. Let 𝐷 = {1, 2, … , 𝑏} denote the set of damaged edges
(candidates). Let 𝑥K and 𝑦K respectively denote whether or not to select edge 𝑙 ∈ 𝐷 and the time at
which emergency restoration is initiated for edge 𝑙 ∈ 𝐷. The network emergency recovery time
associated with the selection x and schedule y is denoted as 𝑡 \ 𝑥, 𝑦 . Let 𝑠K′ and 𝑝K (𝜉z ) denote
serviceability for each edge 𝑙 ∈ 𝐷 after emergency restoration and the stochastic variables of
duration of temporal action. Let 𝑇 = {𝑡| } {𝑡D , … , 𝑡} }, the union of time 𝑡| and the invention
completion time 𝑡K = 𝑥K 𝑦K + 𝑝K (𝜉z ) for each edge 𝑙 ∈ 𝐷, denote the discrete points in time at
which the number of edges simultaneous emergency restoration interventions is evaluated. Using
the above notations, the emergency accessibility recovery model is presented by Eqs. (8)-(14) as
tabulated in Table 1.
Finally, in the stage III, our objective is to restore the transportation system back to the pre-disaster
condition with minimized total recovery time and maximized efficiency. The long-term recovery
problem then is to determine an optimal schedule 𝑥 = {𝑥D , 𝑥~ , … , 𝑥} } for the repair of all b
damaged edges. Let 𝑟K (𝜉z ) denote the stochastic variables of duration of restoration intervention.
Let 𝑡 H (𝑥) and 𝑡 € (𝑥) denote the TRT and SRT associated with schedule x, respectively. We set
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𝑇 • = {𝑡|• , 𝑡D• , … , 𝑡}• } as the permutation of 𝑇 such that 𝑡|• ≤ 𝑡D• ≤ 𝑡~• ≤ ⋯ ≤ 𝑡} ′. The long-term
recovery model is presented in Table 1 through Eqs. (15)-(19).

Table 1: Formulation of the three-stage decision

Stage I: Pre-disaster Risk Mitigation
𝑥45 =

1, edge 𝑖, 𝑗 is selected
, ∀ 𝑖, 𝑗 ∈ 𝐴
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(19)

4 Stage-wise Resilience Planning for Memphis Roadway Network
The proposed stage-wise decision framework is illustrated using a simplified transpiration in
Shelby County and the City of Memphis, Tennessee (as illustrated in Figure 2). We assume a
severe earthquake occurs, with magnitude Mw equal to 7.7 and the epicenter located at 35.3N and
90.3W.

Figure 2: Road network of Memphis, TN (Source [10])

The upper bound of RIPW is 1.697, when all the bridges in the transportation network are in “as
new” condition. RIPW of the current network without any risk mitigation actions under the
considered scenario event is 0.635, and its coefficient of variation (COV) is 0.03. As is illustrated
in Figure 3, each dot represents a feasible solution mapped in the objective space and each nondominated solution on the Pareto front is optimal with respect to a specific financial investment
and RIPW. It should be noted that the tradeoff between network RIPW and cost is not simply
adding more bridges to the selected group associated with a lower budget. For each certain
financial investment, the algorithm will search a new set of bridges.
Immediately following the hazard, the post-hazard damage condition of the network should serve
as the initial state for Stage II planning. For illustration herein, we use the estimated mean damage
states of each bridge as the starting point. The 10 hospitals (see Figure 2) and the majority of them
(8 hospitals) are located in the downtown Memphis, TN. The EIPW, the average number of inservice IPWs between the 24 non-emergency nodes and the 10 hospitals, is 1.89 and 0.55, prior
and immediately following the seismic hazard, respectively. In particular, nodes 11, 13, and 19,
do not have accessibility to any hospital. We assume that the time to establish a temporary path
for extensive and complete damaged bridges is 20 hours and 35 hours on average, respectively,
¦§¨
with COV equals 10%, and maximum number of 2 repair crew teams (i.e. N¤¥
= 2) are available
for emergency rescue immediately following the disaster. The optimal solution identifies that
bridge 345 is the most critical bridge to bring EIPW of node 11, 13, and 19 to 1 with the shortest
time. All these three nodes can travel via bridge 345 (with emergency restoration) and 264 (none
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damage) to hospitals. Bridge 390 is an alternative candidate, but since it is completely damaged
and will take longer for emergency restoration.
1.8
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Figure 3: Pareto front: RIPW and Cost

The network performance in Stage III is evaluated by TIPW as defined by Eq. (4) which equals to
1.752 before the earthquake and 0.578 following the same earthquake in Stage II. The optimal
recovery trajectories are visualized in Figure 4 and we can observe that the optimal solution is
superior to the suboptimal solution: although both schedules allow all damaged bridges in the
transportation network to be restored in 300 days, given that the maximum of 5 bridges can be
repaired simultaneously; the optimal strategy is associated with better network performance at
almost any given time through the recovery process. These results demonstrate that the optimal
scheduling of bridge restoration can greatly improve the efficiency of the transportation network
recovery.
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Figure 4: Recovery trajectories with different restoration schedules

5 Conclusions
This paper introduced a comprehensive stage-wise decision framework for transportation network
resilience planning and recovery. The decision framework includes an IPW-based metric system
and a set of stochastic decision formulation for stage-wise resilience planning of roadway
networks. These decisions are formulated as multi-objective optimization problems; the NSGA II
and GA are employed to find near-optimal solutions. Three quantitative resilience-based decisionspecific, network performance metrics: RIPW, EIPW and TIPW are proposed. RIPW is developed
to measure the network performance capacity following extreme natural hazard events. EIPW is
designed to quantify the critical facility accessibility of the damaged transportation system. TIPW
is presented as the network performance for post-disaster recovery.
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Abstract: The purpose of this paper is to analyse the social seismic resilience of
Bucharest, Romania by means of questionnaire responses. To this aim, an extensive
survey on the people currently living in Bucharest has been conducted within the
framework of the COBPEE research project. In total 1000 responses were collected.
The most representative results quantifying the community social resilience are presented and discussed.

Introduction
Community seismic resilience is defined as the ability of a system to bounce back, respond to,
recover from and absorb the impacts and cope with earthquake disaster [1] and it includes four
interrelated dimensions defined as technical, organizational, social and economic [2]. This
paper focuses on the social component of seismic resilience which has been defined as the
ability of the community to withstand and recover quickly from the disaster [2]. To this aim, an
extensive survey on the people currently living in Bucharest has been conducted within the
framework of the COBPEE (Community Based Performance Earthquake Engineerin) research
project [3]. In total, 1000 responses were collected. Social seismic resilience is thus evaluated
by means of questionnaire responses to a set of questions aimed at measuring community
performance such as ability of the community to offer humanitarian help or temporal shelter
for possible victims of a major earthquake or even preliminary medical attention. Responses
dealing with the level of awareness and preparedness of the population for a major seismic
event as well as the level of implication of the population in the aftermath of the seismic event
are also considered in this paper.
Community size can range from a neighbourhood to a country [4]. In this paper, by community
we understand the city of Bucharest, which is considered as having a very high seismic risk due
to the to the high vulnerability of the built environment coupled with the seismic hazard given
by the Vrancea intermediate-depth seismic source. This source has generated several strong
seismic events in the past century, the most recent being the earthquakes from November 10th
1940 (Mw=7.4), and March 4th 1977 (Mw7.4), [5; 6]. Other smaller magnitude earthquakes
occurred on August 30th 1986, May 30th 1990 and October 27th 2004. These are earthquakes
that most of the respondents felt during their lifetimes. However, a recent study on the
perceptions and attitudes of people living in Bucharest [7] with respect to earthquake hazard
showed that out of the 220 respondents, 54% are completely indifferent whereas only 10% live
with a constant fear of earthquakes. A similar study [8] comparing attitude towards an
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earthquake of respondents from Seattle (USA), Osaka (Japan) and Izmir (Turkey) showed that
people are aware of the seismic risk for their city.
The high level of vulnerability of the building stock in Bucharest is mainly associated with the
buildings built in the years preceding the first official seismic code issued in 1963. Two such
buildings can be seen in Figure 1. According to the 2011 census, the Bucharest residential
building stock comprises a number of 132,798 buildings. Bsed on a report published on the
official website by the Bucharest City Hall [9], 2578 have been structurally evaluated, out of
which 777 have been classified into seismic risk classes. Only 79 buildings been consolidated
since 1992, this representing approximately 10% of the buildings identified as having a seismic
risk.

Figure 1: Representative buildings of Bucharest’s vulnerable building stock

The COBPEE survey
The questionnaire developed within the framework of the COBPEE research project was
conducted over a period of eight months (February to September 2016) and received in total
1000 responses. The main objective was to gather information on the public’s opinion on the
level of seismic preparedness of the population living in Bucharest. The target population was
contacted mainly by the online version of the questionnaire (http://cobpee.utcb.ro/)
disseminated on social media and by email, as well as by distributing paper version of the
questionnaire. Sample questions from the COBPEE survey analized in this paper are presented
in Figure 2. Both closed and, where necessary, open questions were used in the survey, with a
preamble with additional explanation when necessary.
The questionnaire contains 34 questions and is divided into five parts, as follows [10]:








Part I quantifies the level of public information and education regarding the occurrence
of a potential major earthquake in Romania.
Part II quantifies the importance of the level of structural safety for the population and
the its expectations regarding the safety of newly constructed buildings.
Part III (quantifies the level of damage expected by the population after a Vrancea
earthquake of great magnitude and the population’s interest in having structural
rehabilitation of the buildings they inhabit before the earthquake.
Part IV identifies the people's attitude after a major earthquake, their expectations
regarding the length of time acceptable to return to their previous housing and their
opinion regarding the financial responsibility for repairing privately owned buildings
damaged during the seismic event.
Part V includes general information about the respondents (age, gender, education,
income) as well as about the type of building in which they live.
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Figure 2: Sample questions from the COBPEE survey

The target population selected for study is the population of Bucharest. In order to validate the
sample, the results were compared with statistical data from the Population and Housing Census
conducted in 2011, the margin of error obtained being ± 3.1%.
Figure 3 shows the distribution by gender as obtained from the Census of 2011 and the
COBPEE survey conducted in 2016. In 2011, among the total population of Bucharest of
1,883,425 residents 1,011,895 (or 53.7%) were women and 871,530 (or 46.3%) were men. As
it can be seen in Figure 3, respondents to the CoBPEE survey follow a gender structure similar
to that established in the 2011 Census. Related to the distribution by age, it can be seen in Figure
4 that the COBPEE survey respondents differs significantly from the Census of 2011,
particularly because the survey was addressed solely to adults aged over 18 years.

Figure 3: Distribution by gender

Figure 4: Distribution by age

The distribution by building type as obtained from the 2011 Census and the COBPEE survey
is presented in Figure 5. The percentage of respondents residing in individual buildings
increased at the time of the 2016 survey compared to that of the Census while the percentage
of respondents residing in collective buildings has decreased between the two investigations.
The year of construction for the buildings inhabited by the survey respondents is presented in
Figure 6. This information was not included in the 2011 Census. However, it may be noticed
that the majority of the respondents (39.1%) live in buildings built between 1978 and 1992.
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Figure 5: Distribution by building type

Figure 6: Year of construction

Survey results: risk perception and earthquake preparedness
The COBPEE survey contains in total 34 questions related to several aspects dealing in general
with the seismic preparadness of the population of Bucharest. In this paper, the most
representative results quantifying the community social resilience are presented and discussed.
Herein, social seismic resilience is cosidered from the perspective of the population. At the
community level, the human component being a central part because, in the case of a major
earthquake, resilience depends first on the actions of people operating at individual and
neighborhood scale [11]. The resiliene of a community depends to large extent on people that
are part of the community so identifying their beliefs and expectations is essential.
Risk perception and earthquake preparedness of the population was evaluated by means of a
series of questions such as:
(1) Do you believe there is a risk of occurrence of a major earthquake in Romania in the
coming years?
(2) Do you feel safe in the building you inhabit?
(3) Are you aware of the prevention measures and how to behave in case of earthquake
according to the Emergency situation guidelines issued by the General Inspectorate for
Emergency Situations?
(4) Have you got and “emergency bag” or something similar ready for use in case of an
earthquake?
(5) Do you know how to give basic first aid?
(6) Do you have a meeting point for you and your family in the event of a major earthquake?

Figure 7: Responses to question: Do you believe
there is a risk of occurrence of a major
earthquake in Romania in the coming years?

Figure 8: Responses to question: Do you feel safe
in the building you inhabit?

Figures 7 and 8 show results of questions quantifying the level of risk perception for the
interogated population. The seismicity of Romania is a relativelly known fact. It is thus
surprising that 28.6% of the respondents are not aware of this and even more that 8.4% do not
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believe that a major seismic event could occur in Romania in the future, as seen in Figure 7.
However, this could be explained from the fact that only 45.7% of the respondents have experienced at least one major earthquake generated by the Vrancea source (November 10th, 1940
or March 4th, 1977), as obtained from the analysis of the COBPEE survey. New generations
have no memory of major earthquakes and thus cannot fully recognize the risk of such a disruptive event. Results also show that, out of the total number of respondents, 44.7% feel safe
in the building they inhabit, the majority living in buildings built between 1978 and 1992 and
only 10% feel unsafe (Fig. 8).

Figure 9: Responses to question: Are you aware
of the prevention measures and how to behave in
case of earthquake according to the Emergency
situation guidelines issued by the General
Inspectorate for Emergency Situations?

Figure 10: Responses to question: Have you got
and “emergency bag” or something similar ready
for use in case of an earthquake?

Figure 9 shows the extent to which the population is aware to the prevention measures for
earthquakes, as published by the The Romanian General Inspectorate for Emergency Situations.
The majority of the respondents are aware either to a small or to a very small extent, in total
58.4%. Also, approximately 95% do not have an emergency bag (Fig. 10), which is a bag
containing all the necessary items for survival in case of an earthquake and approximately 90%
of the respondents do not have an established meeting point for their family. However, 48.7%
responded that they have some knowledge related to giving basic first aid and 10% to having
followed a specialized course (Fig. 11).

Figure 11: Responses to question: Do you know how to give basic first aid?

Survey results: vulnerability of buildings
One of the ways of increasing seismic resilience is by reducing vulnerability which in this
particular case means assessing and strenghtening buildings. The COBPEE survey takes into
account the issue of buildig vulnerability by means of questions such as:
(1) Would you feel safest in a building built in what time interval?
(2) What kind of damage do you believe may occur to the building you inhabit after the
next major earthquake?
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(3) I would strenghten my privately owned building before an earthquake if:
(4) Should the building you inhabit be proposed for strengthening, would you agree to move
temporarily to allow for the works?
People living in Bucharest consider buildings built in the time interval 1978-1992 as being the
safest (Fig. 12). These are reinforced concrete apartment buildings built after the March 4th
1977 earthquake. The general idea about these buildings is that, based on the fear produced by
the 1977 earthquake, they were overdesigned and better constructed. However, the lower percentage obtained for the new buildings (built in the past 10 years) proves on one side the lack
of information of the population with respect to the increased level of safety of the new design
codes and, on the other side, the mistrust in how the construction works are conducted at present.

Figure 12: Responses to question: Would you feel safest in a building buit in what time interval?

The type of damage that most respondents would expect to occur in their homes after a major
earthquake is minor damage (Fig. 13). Only 12.0% would expect major damage or total collapse
of the building. Table 1 presents the crosstabulation of the type of expected damage and the
year of construction of the building for blocks of flats only (768 responses). Considering each
year interval, it can be seen that major damage is expected mostly by people living in buildings
built between 1941-1963 (24.5%), followed by buildings built before 1940 (22.2%) and buildings built between 1964-1978 (15.47%). Only 8.16% of the people living in buildings built
between 1978 and 1992 believe major damage would occur to their homes.

Figure 13: Responses to question: What kind of damage do you believe may occur to the building you
inhabit after the next major earthquake?

The structural rehabilitation of privately owned buildings constructed before the official seismic
design codes came into force is currently highly debated. There are countless cases where
strengthening works had to be suspended or cancelled as a small percentage of owners refused
to leave their homes for the duration of the works. This is also shown by the results of the
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COBPEE survey. To the question Should the building you inhabit be proposed for strengthening, would you agree to move temporarily to allow for strengthening works? 5.4% of the respondents answered No (Fig. 14).
The reasons given include the lack of financial capacity to rent alternative housing during the
course of the consolidation works; mistrust in the quality of the works and in the deadlines for
their completion; and faith in the fact that if their home was not damaged in the 1977 earthquake
then the building is safe. Other reasons mentioned were: lack of time, the availability of additional housing (the owner does not live in the building that requires consolidation), and lack of
personal comfort.
Table 1: Cross-tabulation between year of construction of the building and expected damage

Type of expected damage

Year of construction of building (blocks of flats only)
194119641978- 1993- 2007- Don’t
<1940
1963
1977
1992
2006 present know
Total
collapse
Major
damage
Moderate
damage
Minor
damage

Total

2

1

5

2

0

3

2

15

6

12

28

27

0

6

13

92

8

21

75

133

13

25

15

290

8

15

62

146

18

42

16

307

No damage

2

0

3

8

1

12

1

27

Don’t know

1

0

8

15

3

7

3

37

27

49

181

331

35

95

50

768

Total

Further analysis shows that the respondents aged 50-65 years are those who are the most reluctant to have consolidation works undertaken as well as to move temporarily to allow for these
works. Also, of those who would not agree to a temporary relocation, the largest percentage
live in buildings built during 1941-1963, which are known to be among the most seismically
vulnerable, being relatively tall buildings built at a time when earthquake engineering
knowledge was limited.

Figure 14: Responses to question: Should the building you inhabit be proposed for strengthening, would you
agree to move temporarily to allow for strengthening works?

Among those who agree to have their buildings consolidated, only 2.9% of the respondents
would agree to support the full costs of the strenghtening works. However, the majority of the
respondents would oly do so if state provides financial support as seen in Figure 15.
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Figure 15: Responses to question: I would strenghten my privately owned building before an earthquake if:

Survey results: actions of people
The COBPEE questionnaire is structured into five parts, the fourth dealing with the actions of
people the in aftermath of a major seismic event affecting Bucharest. Social measures of
community performance migh be the community capacity to provide housing for residents or
the ability of the community to ofer help by various ways in order to restore the functionality
of the community. These were quantified by questions such as:
(1) After a major seismic event, whould you agree to offer humanitarian help?
(2) After a major seismic event, would you agree to offer temporary shelter?
(3) After a major seismic event, which is the periods that seems acceptable to you to return
to basic facilities?
(4) After a major seismic event, you are forced to leave your home. What temporary shelter
would you choose?
(5) How much time would you agree to spend in a temporary shelter?
Figures 16 and 17 show the degree of involvement of the population on the aftermath of a major
seismic event. People were asked whether they would offer their help in clearing rubble,
donating food, donating money, transporting injured or donating blood (Fig. 16).

Figure 16: Responses to question: After a major seismic event, would you agree to offer humanitarian help?

An overwhelming majority agreed to offer humanitarian help in all these aspects, mostly
offering food. Help in offering money received the lowest percentage which is to be expected.

2439

However, it is encouraging that people would get involved in issues like clearing rubble, thus
helping to clear the roads and restore the transportation system that might get distrupted after a
distructive event as well as donating blood which wold defenetely be needed in large amount.
People would also get involved in providing shelter for victims, mainly for people they know
such as relatives or friends for a longer time period. However, 30% of the respondents would
offer help to anybody in need for a few days (Fig. 17). This is an important aspect to take into
account when dealing with the temporary housing situation for victims as, the help provided by
the community might unburden the state or the ONG’s. When asked what kind of temporary
shelter they would choose given the situation (Tab. 2), 78.8% of the respondents would prefer
to stay with relatives or friends, whereas only 21.0% would choose a shelter provided by the
authorities or by ONG’s and they would agree to spend a few days (34.9%) to a few weeks
(24.6%) in the chosen temporary shelter.

Figure 17: Responses to question: After a major seismic event, would you agree to offer temporary shelter?
Table 2: Responses to question: After a major seismic event, you are forced to leave your home. What temporary
shelter would you choose?

Temporary
shelter
Responses [%]

Relatives/friends
78.8

Car

Trailer ONG or state
shelter
17.1
3.9
21.0

Rented
apartment
18.2

Hotel

Other

12.3

10.4

Conclusions
In this paper, results of an exensive survey conducted on the population of Bucharest over a
period of eight months (February to September 2016) were presented. In total, 1000 responses
were collected. The survey is structures into five parts and contains questions related to aspects
such as risk perception and earthquake preparadness, structural safety of buildings,
vulnerability of existing buidings and expected damage level as well as implication of people
in the aftermath of a major seismic event. Responses were used to quantify the social seismic
resilience, mainly in qualitative terms. The results show that, although the majority of the respondents are aware of the possibility of a major seismic event in Romania, less than half are
informed about what to in case of an earthquake. Related to vulnerability of buildings, respondents were asked to identify the safest buildings in terms of year of construction. Most respondents consider buildings built in the period 1978-1992 as the safest even though seismic design
standards have improved significantly for newly constructed buildings. The issue of structural
rehabilitation for the existing vulnerable housing was addressed through two questions: if those
living in such housing would be willing to leave home temporarily to allow for strengthening
works; and to which extent they would be willing to participate financially, as owners, to struc-
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turally rehabilitate the building. Most respondents believe that the state should contribute financially through partial or full support, or by granting interest-free loans. This shows first a
lack of financial means and, second, a lack of accountability. Regarding those who refuse to
leave their home, results show that most of them are living in the most vulnerable types of
buildings (apartment buildings built during 1941-1963). Their reasons given for this refusal
were varied, most cited being the inability to pay rent or the absence of temporary housing
alternatives. As far as post-earthquake attitudes are concerned, the vast majority of Bucharest’s
residents agree to provide humanitarian assistance in various ways, of note being however that
providing financial aid is their last preference.
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Abstract: The aim of the present paper is to propose an analysis for the statical
simulation of mitigating risk caused by Tokai and Tonankai coupled earthquake.
We will show that it is possible to estimate accurately the number of death, total and partial collapse with the proposed method. Traditionally, seismic ground
motion intensities have been used for estimating the meshes, which are based
on hypothetic ground models using the boring investigation data; however, the
accuracies of these estimations are unclear. As the soil condition would not be
uniform within a mesh, the traditional methods cannot estimate the seismic risks
precisely enough at each construction site. Recently, a modified Kriging analysis
was proposed [9] for estimation at each construction site with seismic intensities,
which was applied to the case study in the city of Owariasahi, Aichi Japan [8]. In
this paper, the Monte Carlo simulation is used to calculate the estimators. These
simulations are performed by using a map of a virtual city, which has the same
statistical properties with those of a real city in age distribution, proportion of
elderly, disabled persons and construction years.

1 Introduction
Forecasting technology has been developed recently [3, 11], which makes a good forecast for
weather, air temperature, track of typhoon and so on [5]. Although current technology cannot
make a forecast when and where an earthquake occurs with long-term accurately, several studies
have shown in a probabilistic manner that the seismic hazard [9, 8] and the risk of collapsed
houses that may occur [7]. When a terrible disaster occurs, a lot of people would go to an
evacuation site nearby and stay there for days. For such people, some contingency retention
stock needs to be prepared at the evacuation sites before an earthquake, but the question is how
much stock should be prepared. The objective of this paper is to discuss the number of rescuer,
evacuator, total and partial collapse house, and death people. The probability distribution of the
number of people coming to an evacuation site is estimated based on the seismic risk of each
building and house that would be collapsed in the whole city.

2 Analyze for derive the mitigation
To derive the amount of evacuators, total collapse and partial collapse houses from seismic
disaster, the following steps are considered.
Step 1. Compute PGV (Peak Ground Velocity) at each construction site using boring investigation data.
Step 2. Determine the seismic grade of each house.
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Step 3.
Step 4.
Step 5.
Step 6.

2.1

Derive the probability of total collapse, partial collapse and death.
Execute simulation.
Count evacuators, collapse houses and death person at each evacuation site area.
Summarize the result of simulation.

Step 1: Compute PGV from boring investigation data

PGV at each construction site is estimated by using the boring investigation data and ground
motion at engineering bedrock for each mesh with side length, e.g., 250m. In this analysis, the
Tokai and Tonankai coupled earthquake scenario earthquakes are used in the seismic damage
assessment of Owari-asahi city [1]. Ground motions on the surface can be estimated by applying
FDEL method [10], and the PGV at each construction site can be estimated by applying the
modified Kriging analyses [9].

2.2

Step 2: Determine seismic grade of each house

Seismic performance level of a house is expressed by a seismic grade (Ig ) determined via seismic diagnosis of the house. If seismic diagnosis is not carried out for a house, its Ig is considered as a random variable with lognormally distribution, and the mean and standard deviation
of ln(Ig ) can be assumed depending on its construction year as shown in Table 1.
Table 1: Statistics of Ig of a house per construction year

Construction year
∼1950
1951-1960
1961-1970
1971-1980
1981-1990
1991∼
Unknown

2.3

mean of ln(Ig )
-1.10
-0.76
-0.59
-0.40
-0.19
-0.03
-0.37

Ig
standard deviation of ln(Ig )
0.82
0.70
0.56
0.53
0.51
0.48
0.60

Step 3: Derive probability of total collapse, partial collapse and death

The probability of death, total collapse and partial collapse for each house is estimated using
the damage index curve which is a function of seismic grade and PGV [7].

2.4

Step 4: Execute simulation

Assume that those people, whose houses are collapsed totally after an earthquake, partially or
survivors of the house where the dead occurred, go to the nearest evacuation site. The Monte
Carlo simulation computes the statistics of the number of deaths, total collapse or partial collapse for each house and building.

2.5

Step 5: Count evacuators, collapse houses and death person at each evacuation site area

Count evacuators, collapse houses and death person, and compute the average, standard deviations and coefficient of variation for evacuators, collapse houses and death person for each
evacuation site area.
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2.6

Step 6: Summarize the result of simulation

Summarizing the result of Monte Carlo simulation, we obtain the items in total collapse and
partial collapse houses, death, injured person at each evacuation site. Estimating the number of
injured persons, we obtain that it is 7 times as much as the number of deaths [2]. At Hansin
Awaji Earth quake, 6,434 persons have lost their lives and 43,792 persons have been injured. In
order to rescue one person from a collapsed house, 5 to 10 persons had to work together [4]. In
this paper, the average number of working person is assumed to be 7.5. These procedures are
summarized in Figure 5.

3 Numerical Example
The application of the proposed method is demonstrated as follows. A virtual city is considered
in order to avoid an issue of privacy.

3.1

Virtual city model

The parameters of the virtual city are assumed, referring to those of the city of Owari-asahi,
Aichi Japan, whose area is 21.03 km2 , and it has 12 evacuation sites:
1. Area
The area of the virtual city is 5 km2 . This is about a quarter of the area of the city of
Owari-asahi
2. Houses and evacuation sites
The virtual city holds 6,764 houses and buildings, and number of i(1, 2, 3, · · · , Mi ) evacuation sites locations are assumed. It has 3 elementary schools, 1 junior high school, 1
high school, and 6 children’s houses at evacuation sites. In Figure 1, the location of these
evacuation sites are marked and the territory of each evacuation site is separated by color.
It is assumed that person stays in his/her own house.
3. Number of persons per household
According to the results of the national census taken on Feb. 26, 2016 [6]. Japanese population was 127,110 thousand and the number of household was 53,403 thousand. Therefore, the average number of persons per household is 2.38. The number of person per
household for each house in the virtual city is assigned randomly following the truncated
normal distribution with the lower limit of unity, the upper limit of 10, the standard deviation of unity, and the average of 2.38. The population of the virtual city is 16,868, which
is about a half of that of Owari-asahi city. Figure 2 illustrates the number of persons in
each household.
4. Boring investigation data and PGV
676 boring investigation data are available inside and around the virtual city. The actual
data and the relative location of boring investigation data of the city of Owari-asahi is
used. Figure 3 shows the boring points and PGV.
5. Construction year of the houses
The construction year of the houses in the virtual city is given randomly, and then Ig of
each house is generated and it follows the lognormal distribution function, such Ig ’s are
shown in Figure 4.

2444







P




KLJKVFKRRO

I







P




I

HOHPHQWDU\VFKRRO
FKLOGUHQ VKRXVH

FKLOGUHQ VKRXVH

MXQLRUKLJKVFKRRO

FKLOGUHQ VKRXVH

䣇䣸䣣䣥䣷䣣䣶䣫䣱䣰䢢䣶䣧䣴䣴䣫䣶䣱䣴䣻




FKLOGUHQ VKRXVH

FKLOGUHQ VKRXVH



䣐䣷䣯䣤䣧䣴䢢䣱䣨䢢䣪䣱䣷䣵䣧䣪䣱䣮䣦














HOHPHQWDU\VFKRRO

FKLOGUHQ VKRXVH








HOHPHQWDU\VFKRRO





Figure 1: Evacuation territory
%%
,
,

,
%%
,
,
%
,%
%
,%
,

Figure 2: Number of persons per household

, %
,
,%
%
,
,
%
,
,
%
, %
%
,%
,%
%

,
%
,
%
,%
%
,
%
,
,
%
KLJKVFKRRO
,
%
%%
,
,
,
%
,
%
,
%
,
,
%
,%
,%
%
,
%
,
%
,%
%
,
%
,
%
,,
,
%
,% %
%
,
,
%
,
%
, %
%
,
,%
,
,%
%
,%
%
,
,
%
,
%
,
%
,
%
,
%
,
,%
%
,
%
,%
%
,
%
,%
,
%
,
,
%
, HOHPHQWDU\VFKRRO
FKLOGUHQ VKRXVH
,%
%
,%
%
,
%
,
%
,,
%
,%
%
, %RULQJSRLQW
,
%
,%
%
,
,
,%
%
3*9
,%
%
,
%
FKLOGUHQ VKRXVH
, ,
,
%
,
%

, %
%

,
%
,
%
,
%
MXQLRUKLJKVFKRRO
,
%

,
%
,
%
,
%
,
,%
%

,
%
,
%
,
%
,
%

,
%
,
%
,
%
,

,%
%
,
%
,
%
,
%
,
%
,
%
,
%

,
%
FKLOGUHQ VKRXVH
,
%
,
%

,
%
,
%
,
%
,
%
,%
%
,
%
,
%
,%

,%
,
%
,
%
,%
%
,
,
,
%
,
%
, %
%
,
,%

,
%
,
%
,
%
,

, VKRXVH%
%
FKLOGUHQ
,
%
FKLOGUHQ VKRXVH
,
%
,
%

,
%
, %
%
,
, %
%
,
,
%
,%
%
,

,
%
,
%
,
%
,
%
,
%
,
%
,%
,
,%
%

,
%
,
%
,
,
%
,%
,%
%

,
%
,
%
,%
%
,
%
,
%
,
,
%
,
%
,
%
,
%
,
%
,
%

,
%
,
%
,
,
%
,
%
,
%
,
%
,%
%
HOHPHQWDU\VFKRRO
,
%
, FKLOGUHQ%
%
,VKRXVH

,
%
,
%
,
%
,
%
,
%

,
%
,
%
HOHPHQWDU\VFKRRO
,
%

,
%
,
,%
%
,
%
,
, %
%
,
%

,
%
,
%
,
%
,%
%
,
%
,
,
%
,
%
,
%
,
%
,
,%
%
%
,
,%
%
,
,
%
,%
,
%
,
%
,
%
,
%







P


I







P


I

HOHPHQWDU\VFKRRO
FKLOGUHQ VKRXVH

FKLOGUHQ VKRXVH

MXQLRUKLJKVFKRRO

FKLOGUHQ VKRXVH

䣋䣩

FKLOGUHQ VKRXVH

FKLOGUHQ VKRXVH

Figure 3: Boring points and PGV
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Figure 4: Seismic grade Ig

Summary of simulation results

Figures 6, 8, 10 and 12 show the summary of the number of total collapse, partial collapse,
evacuator and death, and Figures 7, 9, 11 and 13 show the summary of the coefficient of variation for total collapse, partial collapse, evacuator and death in the virtual city on this simulation.
Figures 11 and 13 indicate that Site No. 11 area is the most number of total and partial collapse
houses and the coefficient of variation is low in the virtual city. Thus, Site No. 11 area has most
fragile houses in the virtual city.
Figure 13 show that No. 6 site’s coefficient of variation is most large value. Considering the
range 1σ (68%), the range of death is from 0 to 1.7. According to number of death and Section
2.6, number of injured person will be from 0 to 11.7, and a rescuer needs from 0 to 87.75, which
is a very large fluctuation, making excessive prevention for the disaster.
This is the problem of uncertainty. To reduce the fluctuation, it is important to determine the
seismic grade level of a house. Then, it can make easier to prepare the disaster.

4 Conclusion
This paper has derived the mitigate risk caused by Tokai and Tonankai coupled earthquake,
using the statical simulation. A virtual city has been considered to estimate PGV for each house
and buildings. We have derived a probability of death, total collapse or partial collapse. The
number of total collapse, partial collapse houses and evacuator and their standard deviation and
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Figure 5: The method of analysis flowchart
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Figure 6: number of total collapse
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Figure 8: number of partial collapse
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Figure 9: coefficient of variation for partial collapse
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Figure 10: number of evacuator
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Figure 11: coefficient of variation for evacuator

coefficient of variation has been estimated. Furthermore, the number of injured person has been
estimated. It has been estimated that the number of rescuer for the injured persons. Moreover,
the range of injured persons has been estimated using a coefficient of variation.
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Abstract: In this research, an alternative to the existing inverse algorithm in
structural reliability is proposed. The existing algorithm is named as inverseFORM, and is based on the Hasofer-Lind-Rackwitz-Fiessler (HLRF) method. The
HLRF method is a special case of sequential quadratic programming (SQP), in
which the Hessian of the Lagrangian is approximated as an identity matrix.
Because of this approximation, inverse-FORM is found to be computationally less
efficient when applied to highly non-linear limit state functions. Alternative
algorithms, based on the Broyden-Fletcher-Goldfarb-Shanno (BFGS) formula used
in SQP, are proposed. They are named as BFGS-based-inverse-FORM-1 and
BFGS-based-inverse-FORM-2. They use the BFGS update formula to
approximate the Hessian, instead of using an identity matrix. In this paper,
comparative numerical experiments have been presented to illustrate the
performance of BFGS-based-inverse-FORM-1 and BFGS-based-inverse-FORM-2,
when applied to highly non-linear limit state functions. Results show that BFGSbased-inverse-FORM-1 is more efficient than inverse-FORM as it uses larger step
size and hence, requires a lesser number of iterations to converge to the final
solution. However, it compromises on the accuracy of the final solution. On the
other hand, BFGS-based-inverse-FORM-2 achieves better efficiency than inverseFORM without compromising the accuracy.

1 Introduction
In First-order reliability method (FORM), the limit state function is approximated to be linear.
In this approach, the random variables are assumed to be normal. Generally, the non-normal
variables are transformed into the standard normal space using one-to-one mapping. In the
standard normal space, the most probable point of failure is estimated, and this is called as the
design point, the limiting point for which structural members should be designed. The design
variables in the standard normal space are denoted by a column vector u, and the limit state
function is denoted by
. Hence, the design point is mathematically represented as that
point on the limit state boundary (
0), closest to the origin.
In FORM [1], reliability index is estimated as the magnitude of , when represents the set
of variables at the design point i.e the design variables. In mathematical terms,
|| ||,
when satisfies the following condition:
min (

) subject to
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0

(1)

Conversely, in an inverse reliability problem, the target reliability index
is known, and ,
an unknown parameter in a limit state function is calculated. represents any variable in an
engineering problem that needs to be estimated for a prescribed reliability level. The inverse
reliability problem is defined by the following equation set:
|| ||

0

|| ||
||

,

||

,

,

(2a)
0

0

(2b)
(2c)

where
is the gradient operator with respect to u. Conventionally, repetitive iterations of
forward analysis (e.g., FORM) can be carried out to estimate by interpolation. However,
this method increases computational time and cost [5]. As an alternative, inverse reliability
algorithms are considered to be more beneficial [9].
In previous studies, methods like reliability contour [10] and its extension, inverse-FORM [2]
have been developed. Inverse-FORM [2] was developed based on the Hasofer Lind Rackwitz
Fiessler (HLRF) algorithm [4, 6, 8]. This method was observed to have fast convergence for
the numerical example discussed by Der Kiureghian et al. [2]. However, it may have slower
convergence for highly non-linear limit state functions [7].
In this paper, alternative algorithms: BFGS-based-inverse-FORM-1 and BFGS-based-inverseFORM-2, based on the BFGS (Broyden-Fletcher-Goldfarb-Shanno) update formula, are
proposed. These algorithms are developed based on the idea that the HLRF algorithm is a
special case of sequential quadratic programming (SQP), where the Hessian of the Lagrangian
is approximated by the identity matrix as proposed by Pericaro et al. [7]. The proposed
methods use the BFGS update formula, instead of the identity matrix to approximate the
Hessian and achieve better efficiency through faster convergence. In the following sections,
the mathematical formulations of inverse-FORM, BFGS-based-inverse-FORM-1 and BFGSbased-inverse-FORM-2 algorithm are provided for inverse reliability analysis.

2

Inverse-FORM algorithm

This algorithm was proposed by Der Kiureghian et al. [2] to solve Eq. (2). They proposed
using a merit function to induce convergence to the solution, and a step direction vector
towards the next searching point in the subsequent iteration. In the inverse-FORM algorithm,
the first starting values for u and θ are selected as
and , respectively, and they are
updated using the following equation until converged:
(3)
where is the step size for the ith iteration; is the step direction vector; and
are the
th
th
values of u in the i and (i+1) iterations, respectively;
and
are the values of θ in the
th
th
i and (i+1) iterations, respectively.
The step size

in Eq. (3) is determined satisfying the following condition:
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,
where

,

is the merit function given by the following equation:
,

where

(4)

and

,

,

(5)

are given by the following equations:
,

||

,

,

,

||

,

(6)

|| ||
where

(7)

is given by the following equation:
,

||

,

,

,

|| , .

(8)

, .

,

The step direction vector ( ) in Eq. (3) is calculated as follows:
(9)
where

,

,

, and

are calculated as follows:
,
,

,

,

;

,

(10)

,

;
where

,

,

, and

(11)

are calculated as follows:
,

,

||

,
,

||

,

||

,

||

,

;

0

;
||

,
,

/

(12)
,

||

(13)

Although this algorithm successfully provided inverse reliability solutions to the examples
considered by Der Kiureghian et al. [2], it may converge slowly for highly non-linear
examples [7] and are improved by using BFGS-based-inverse-FORM-1 and BFGS-basedinverse-FORM-2 algorithms, proposed in the next sections.

3 BFGS-based-inverse-FORM-1 algorithm
The BFGS-based-inverse-FORM-1 algorithm uses calculation steps similar to those in
inverse-FORM to solve an inverse reliability problem described in Eq. (2); the starting points
for u and θ are adopted as
and , respectively, and the values of u and θ are updated using
the step direction vector, using Eq. (3). The step size in Eq. (3) is found such that the
condition in Eq. (4) is satisfied.
As already mentioned before, this algorithm uses the BFGS matrix to approximate the
Hessian of the Lagrangian. BFGS matrix in the (i+1)th iteration (
) is updated using the
following BFGS update formula:
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1
where

, and

(14)

are calculated using the following formulae:
,

;
where

,

(15)

is calculated to be
,

,
,

(16)

,

The calculation steps that are different in BFGS-based-inverse-FORM-1 compared to inverseFORM are shown in the following table:
Table 1: Alternative formulae used in BFGS-based-inverse-FORM-1

Equation
used in
InverseFORM
Eq. (6)

Alternative equation used in BFGS-based-inverse-FORM-1

,

||

where

,

||

,

(17)

is calculated as follows:
,

max ||

,
max

,

,
,

|

,

,
,

Eq. (13)

,

,

,

,
, 0.001

|| , 0.001

is updated using the BFGS update formula (Eq. (14)).

In the above equations,

Eq. (12)

,

,

|

;

0

;
,

,
,

|
/

(18)
,

|

(19)

A pseudo code for BFGS-based-inverse-FORM-1 algorithm is provided in Algorithm 1. The
proposed use of the BFGS update formula to update the Hessian increases the computational
efficiency of the BFGS-based-inverse-FORM-1 algorithm when compared to that of the
inverse-FORM because it provides more optimised step changes.
Algorithm 1: BFGS-based-inverse-FORM-1 algorithm

Select target reliability index .
Select the starting point values for and as
and .
i = 0; i is the iteration counter.
is fixed as the identity matrix for the first iteration (
).
REPEAT (while the stopping criterion is not satisfied)
1. Compute and using Eqs. (17) and (7), respectively.
2. Compute and
using Eq. (10).
3. Compute
and
using Eq. (11), where
,
are calculated using Eq. (18) and
,
are calculated using Eq. (19).
4. Compute the search direction vector ( ) using Eq. (9).
5. Compute the step size based on Eq. (4) by trying several values for .
6. Find
and
using Eq. (3).
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7. Update
8. i = i +1.
END

using the BFGS update formula as shown in Eq. (14).

The convergence criterion in the equation below is used to stop the iterative loop in
Algorithm 1. It was originally proposed for inverse-FORM by Der Kiureghian et al. [2].
||
||

||

|

||

|

|
|

0.001

(20)

where is the vector of design variables ( , , … ) in the ith iteration; || || is its
magnitude; | | is the absolute value of the unknown parameter in the ith iteration.
Although BFGS-based-inverse-FORM-1 is more efficient than inverse-FORM, it is found to
compromise the accuracy of the final solution as demonstrated through the numerical
examples in Section 5. This is because the BFGS update formula does not always assure a
rigorous convergence, due to the fluctuations in the determinant of inverse of BFGS matrix.
This fluctuation affects the accuracy of the final solution apart from the improvement in the
efficiency. To overcome this issue, a modified algorithm called as BFGS-based-inverseFORM-2 is developed. BFGS-based-inverse-FORM-2 has both better accuracy and stability
in convergence by using inverse-FORM and BFGS-based-inverse-FORM-1 in a hybrid
manner. BFGS-based-inverse-FORM-2 uses the same convergence criterion as shown in Eq.
(20) and its mechanism is presented in the next section.

4 BFGS-based-inverse-FORM-2 algorithm
In BFGS-based-inverse-FORM-2, some iterations use the BFGS formula to update the inverse
of the Hessian of Lagrangian, and some iterations use the identity matrix. From the first
iteration, the BFGS formula is used to update the inverse of Hessian, as long as its
determinant converges towards 1.0. Once its determinant starts diverging from 1.0, the
inverse of Hessian is fixed as the identity matrix. As shown by algorithm 2, BFGS-basedinverse-FORM-2 uses a flag variable k in Step 7, to execute this conditional process.
Algorithm 2: BFGS-based-inverse-FORM-2 algorithm

Select target reliability index .
Select the starting point values for and as
and .
i = 0; i is the iteration counter.
k = 0.
is fixed as the identity matrix for the first iteration (
).
REPEAT (while the convergence criterion is not satisfied)
1. The same as step 1 in the BFGS-based-inverse-FORM-1 algorithm.
2. The same as step 2 in the BFGS-based-inverse-FORM-1 algorithm.
3. The same as step 3 in the BFGS-based-inverse-FORM-1 algorithm.
4. The same as step 4 in the BFGS-based-inverse-FORM-1 algorithm.
5. The same as step 5 in the BFGS-based-inverse-FORM-1 algorithm.
6. The same as step 6 in the BFGS-based-inverse-FORM-1 algorithm.
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7. If (k =1) OR determinant of the inverse of BFGS matrix diverges away from 1.0
k =1;
fix the inverse of Hessian as the identity matrix ( .
else
update inverse of Hessian as
using the BFGS update formula shown in Eq. (14).
where
is the inverse of BFGS matrix in the ith iteration and k is the variable to keep
track of the determinant of
. k has an initial value of 0.
8. i = i +1.
END
The above-mentioned algorithm illustrates that BFGS-based-inverse-FORM-2 is a hybrid of
BFGS-based-inverse-FORM-1 and inverse-FORM. Similar to BFGS-based-inverse-FORM-1,
BFGS-based-inverse-FORM-2 is also more efficient that inverse-FORM. However, it does
not compromise the accuracy of final results as BFGS-based-inverse-FORM-1 does.

5 Numerical experiments
This section presents the comparisons of efficiency and accuracies of the three algorithms in
solving 10 numerical problems. In each problem, a different limit state function represented
by
,
is considered, where
is a vector of design variables, and
is an unknown
parameter. The considered problems are selected or modified from the literature, or newly
constructed in this study. For the remaining of this section, first, the limit state function, the
starting points for the design variables ( ,
1 … ), and the starting point for the unknown
parameter ( ) are provided for these problems; second, comparisons of the efficiency and
accuracy of the three algorithms for solving the problems are provided in Table 2.
Problem 1 (from Der Kiureghian et al. [2]). Limit state function:

,

= exp

3
1.5. , , , and
follow the standard normal distribution and are
2
uncorrelated. The true solution for the value of is set to be 0.3671. The reliability index ( )
corresponding to this value of is 2.0 from forward analysis, and is taken as target reliability
index ( ) for the inverse analysis. To check if the final results vary depending on the starting
points, two different sets of starting points are considered for , , , , and :
1a) The starting point is 0.2 for

,

,

, and

, and 0.1 for .

1b) The starting point is 0.4 for

,

,

, and

, and 0.4 for .

Problem 2 (modified from Der Kiureghian et al. [2]). Limit state function:
,
=
exp
0.5
3
1.5.
,
,
, and
follow standard normal
distribution and are uncorrelated. The true solution for is set to be 0.4291. The reliability
index ( ) corresponding to this value of is 2.0 in the forward analysis, and is taken as the
target reliability index ( ) for the inverse analysis. Two different sets of starting points are
considered for , , , , and :
2a) The starting point is 0.2 for
2b) The starting point is 0.4 for

,
,

,
,

, and
, and

, and 0.1 for .
, and 0.4 for .
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Problem 3 (modified from Grooteman [3]). Limit state function:
,
=
0.2357
0.0046
20 .
and
are normally distributed:
10;
3. The variables are uncorrelated. The starting points considered for , ,
and are , , and 0, respectively. The true solution for is set to be 2.5. The reliability
index ( ) corresponding to this value of is 2.5 in forward analysis, and is taken as target
reliability index ( ) for inverse analysis.
Problem 4. Limit state function:
,
= 0.2 x
exp x
2
2.
and
are
normally distributed:
10,
2;
5,
1. Correlation coefficient between
variables is 0.5. Starting points considered for , , and are , , and 0, respectively.
The true solution for is set to be 1.3838. The reliability index ( ) corresponding to this
value of is 2.0 in forward analysis, and is taken as target reliability index ( ) for inverse
analysis.
Problem 5. Limit state function:
,
= 0.2 x
2 sin 0.2 x
2
.
and
are
10;
5. The variables are uncorrelated. The
normally distributed:
starting points considered for , , and are , , and 0, respectively . The true solution
for is set to be 2.0. The reliability index ( ) corresponding to this value of is 1.5105 in
forward analysis, and is taken as target reliability index ( ) for inverse analysis.
Problem 6. Limit state function:
,
= 0.25 x
sin exp 0.5 x
2
2.5.
and
are normally distributed:
10,
4;
4,
2. The variables are
uncorrelated. The starting point considered for , , and are , , and 0, respectively.
The true solution for is set to be 1.3992. The reliability index ( ) corresponding to this
value of is 2.0 in the forward analysis, and is taken as target reliability index ( ) for the
inverse analysis.
Problem 7. Limit state function:
, = 0.25 x
2.5 exp sin 0.25 x
2.5
. ,
and
are normally distributed:
10;
4. The correlation coefficient
between variables is 0.5. The starting point considered for is , for is , and for is 0.
The true solution for is set to be 1.0. The reliability index ( ) corresponding to this value of
is 1.4671 in the forward analysis, and is taken as target reliability index ( ) for the inverse
analysis.
Problem 8. Limit state function:
,
= 0.25 x
1.5
exp sin 0.5 x
2 . , and
are normally distributed:
6,
4;
4,
2. The variables are uncorrelated.
The starting points considered for , , and are , , and 0, respectively. The true
solution for is set to be 2.3584. The reliability index ( ) corresponding to this value of is
1.4 in the forward analysis, and is taken as target reliability index ( ) for inverse analysis.
Problem 9. Limit state function:
,
= 0.2 x
2 sin 0.2 x
4
. , ,
and
are normally distributed:
10;
5. The variables are
uncorrelated. The starting points considered for , ,
and
are , ,
and 0,
respectively. The solution for is set to be 1.5551. The reliability index ( ) corresponding to
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this value of is 1.0 in the forward analysis, and is taken as target reliability index ( ) for
inverse analysis.
Problem 10. Limit state function:
, = 0.25 x
1.5 exp sin 0.2 x
4
. , , and
are normally distributed:
6,
10;
4,
5. The
correlation coefficient between variables is 0.5. The starting points for , , and are ,
,
and 0, respectively. The solution for is set to be 0.3438. The reliability index ( )
corresponding to this value of is 0.7901 in the forward analysis, and is taken as target
reliability index ( ) for inverse analysis.
Table 2 illustrates the comparison of the three inverse reliability algorithms for the above
problems. In this table, limit state function
, ; the unknown parameter ; the reliability
index are provided at the solution point, along with no. of iterations needed. The numerical
values of
, , and presented under the column named True solution represent the values
of the limit state function (zero) and reliability index at the design point, estimated from
forward analysis (FORM). These values are what we are targeting at, in the inverse analysis.
We assume that the value of is known beforehand in forward analysis. For this value of ,
the design point and its associated reliability index are estimated.
The number of iterations needed to arrive at design point is not presented for forward
analysis, as the purpose of presenting Table 2 is to compare efficiencies and accuracies of
inverse algorithms only. To compare the accuracies of the three algorithms, the final values of
, and obtained by them are compared with the benchmark values presented under the
column: True solution. In Table 2,
, values less than 10 have been regarded as zero.
The value of the reliability index obtained from the forward analysis is used as the target
reliability index
in all the inverse algorithms. The values of the estimated reliability index
at the final solution point are presented under respective columns of each algorithm.
Table 2: Comparison of accuracy and computational efficiency of the three algorithms

Problem

1a

No. of iterations
,

1b

No. of iterations
,

2a

No. of iterations
,

2b

No. of iterations
,

True solution
(from forward
analysis)
0
0.3671
2.0000
0
0.3671
2.0000
0
0.4291
2.0000
0
0.4291
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InverseFORM
8
0
0.3669
2.0002
62
0
0.3666
2.0005
10
0
0.4282
2.0007
56
0
0.4284

BFGS-basedinverseFORM-1
6
0
0.3535
2.0136
5
0.006
0.3525
2.0082
7
0.0038
0.38427
2.032
4
0.0088
0.3834

BFGS-basedinverseFORM-2
7
0
0.3668
2.0003
30
0
0.3666
2.0005
7
0.0002
0.4287
2.0003
37
0
0.4284

3

4

No. of iterations
,

No. of iterations
,

5

No. of iterations
,

6

No. of iterations
,

7

No. of iterations
,

8

No. of iterations
,

9

No. of iterations
,

10

No. of iterations
,

2.0000
0
2.5
2.5
0
1.3838
1.7346
0
2.0000
1.5105
0
1.3992
2.0000
0
1.0
1.4671
0
2.3584
1.4
0
1.5551
1.0
0
0.3438
0.7901

2.0005
2
0
2.5
2.5
8
0
1.3838
1.7346
17
0
2.0012
1.5115
10
0
1.4000
2.0007
9
0
1.0002
1.4672
78
0
2.3570
1.3995
23
0
1.5561
1.0008
12
0
0.3440
0.7903

2.0298
2
0
2.5
2.5
4
-0.0657
1.4252
1.8274
6
0.0937
2.1017
1.5172
6
0.0264
1.4258
2.0001
5
-0.0041
1.0333
1.4998
4
0.1934
2.2964
1.2382
6
0.0752
1.6531
1.0174
5
0.0161
0.4305
0.8477

2.0005
2
0
2.5
2.5
7
0
1.3839
1.7347
7
0
2.0003
1.5107
10
0
1.3999
2.0007
9
0
1.0001
1.4672
69
0
2.3571
1.3995
13
0
1.5560
1.0007
11
0
0.3440
0.7902

From Table 2, both BFGS-based-inverse-FORM-1 and BFGS-based-inverse-FORM-2 are
generally more efficient than inverse-FORM. However, BFGS-based-inverse-FORM-1
compromises on the accuracy of the final solution, whereas BFGS-based-inverse-FORM-2
does not. In addition, there are cases in which all the three algorithms failed to get a solution,
as they were found to converge to a point not on the limit state boundary. The solution point
did not satisfy the condition in Eq. (2c) and hence cannot be deemed as the design point. Such
problems could not be solved by inverse-FORM. The inherent limitation of inverse-FORM is
reflected in the limitation of the other two proposed methods.

6 Conclusions
Two inverse reliability analysis algorithms, BFGS-based-inverse-FORM-1 and BFGS-basedinverse-FORM-2, are proposed based on inverse-FORM, using the BFGS update formula.
These algorithms are compared with inverse-FORM through numerical experiments, and the
following are concluded:
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1. The Hessian of Lagrangian in inverse-FORM is approximated as the identity matrix ,
which makes the step size considerably small for all iterations, thereby decreasing the
efficiency.
2. Although BFGS-based-inverse-FORM-1 has better efficiency than inverse-FORM, it
compromises the accuracy of the final solution, owing to the fluctuation of the inverse of
Hessian of the Lagrangian near the design point.
3. In BFGS-based-inverse-FORM-2, the inverse of BFGS matrix is used as the inverse of
Hessian of the Lagrangian as long as it keeps moving towards unity ( ). However, once it
starts to diverge from unity, it is fixed to unity. This algorithm has better accuracy,
compared to inverse-FORM, without compromising the accuracy of final results.
4. For few highly non-linear problems, the inverse-FORM algorithm may not achieve
convergence, and this limitation still applies to BFGS-based-inverse-FORM-1 and BFGSbased-inverse-FORM-2.
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Abstract: While the theory of Bayesian system identification provides a means for
reliably and robustly inferring structural models and their parameters (e.g., stiffness) based on measured dynamic response, online tracking of sparse changing
structural stiffness parameters is not well developed. The focus in this study is the
dual Kalman filter implementation for Bayesian state and parameter identification
based on noisy monitoring data, but, in addition, we also use the sparse Bayesian
learning framework to impose spatially-sparse structural stiffness changes from an
initial reference value, and also we would like our model to capture the evolution
of the sparse stiffness changes with shared “common sparseness”, i.e., the stiffness
changes between two successive time instants are also sparse. To this end, we present a hierarchical Bayesian model for tracking the joint posterior distribution of
the state and model parameter vectors for a structural system, where the two
sparseness constraints mentioned above (stiffness changes from a reference and
with time) are also effectively incorporated for each time. We will show our model
of the structural dynamical system can be represented as a coupled conditionallylinear Gaussian state space model for the structural system state and model parameter vectors, leading to some interesting analytical properties of the method, as
many quantities of interest can be calculated by using Kalman filtering equations.
The measurement and state prediction error parameters will be learned solely from
the available data up to the current time and so this method can resolve the wellknown instability problem of the Kalman filter due to arbitrary assignment of the
error-distribution parameters. Finally, an illustrative example will be presented
with application to damage identification for a stiffness degrading structure using
monitoring information from noisy dynamic response measurements.

1 Introduction
The advancement of filter theory [e.g., 1,4-5,9,11-12,14-16], which allows the estimation
of unknown variables recursively from incoming measurements observed over time, by using
Bayesian inference and state-space models, has received significant research interest over the
past few decades. For Bayesian system identification [2] purposes, Bayes filters have been
applied for simultaneous state (e.g., system displacements and velocities) and model parameter (e.g, structural stiffness parameters) identification of a dynamical system [4,16], by finding
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the joint posterior probability distribution of hidden states and model parameters. Towards
this goal, both the joint Kalman filter [5] and dual Kalman filter [14] can be used. In the joint
Kalman filter, the original state and model parameter vector are combined as an augmented
state vector for estimation. The drawback is that even for linear dynamic systems, the joint
approach results in nonlinear dynamics for the augmented state vector, which is often treated
by linearization around the current state. While in the dual estimation approach, two interacting, distinct Kalman filters run concurrently by each feeding its estimate to the other: one
computes the state posterior given a parameter estimate and observations, while the other
computes the parameter posterior given an estimate of the hidden state and observations. In
this paper, we investigate the dual Kalman filter for tracking degradation of structural stiffness, showing how our model of a dynamical system can be represented as two conditionally
linear Gaussian state space models, leading to some interesting analytical properties, without
linearization required.
Structural stiffness reductions due to excessive loading or environmental degradation typically occur in localized areas in the absence of collapse. By exploring the sparseness constraint on the stiffness change from initial reference values, we have previously proposed
several system identification algorithms [6-8] based on sparse Bayesian learning [13] by using
identified modal data from pre- and post-damage states. The goal is to produce more reliable
damage assessments even when high-dimensional model parameter spaces are involved. In
the Kalman filter formulation, we also wish to incorporate sparse Bayesian learning to impose
spatially-sparse structural stiffness changes from initial reference values. We would also like
our model to capture the evolution of the sparse stiffness changes with shared “common
sparseness”, i.e., the stiffness changes between two successive time instants are also sparse.
One can reasonably expect significant potential gain from this, since it uses the estimate at the
previous time instant to aid reconstruction of the new estimate at the current time instant, and
thus possibly to further reduce the number of necessary measurements. The exploring of the
two sparseness constraints involves a dynamic sparse estimation problem and is a nontrivial
task. This problem has recently captured the attention of various researchers, though mostly
with application to tracking the dynamically changing sparse signals in compressive sensing
[1,11-12], where no dual Kalman filter scheme is required. Among them, Sejdinovic et al.
[12] proposed a Bayesian method for tracking posterior distributions of sparse signals recursively via sequential Monte Carlo sampling. However, to our knowledge, no Bayesian method
with analytical solutions for online tracking of the dynamically changing sparse models has
been presented.
The scope of this work involves hierarchical Bayesian modeling that combines a dual
Kalman filter scheme with sparse Bayesian learning to produce a dynamic sparsenessinducing dual Kalman filter algorithm. It allows recursive estimation of the posterior distributions of the state and model parameter vectors at each time instance through analytical solutions that are updated in a sequential way, following each new batch of measurements. The
quantified posterior uncertainties are incorporated into the sequential prediction and updating
process to estimate the uncertain output and state prediction error covariance parameters. In
most Kalman filter applications, these parameters are treated as ‘tuning parameters’ and are
adjusted in an ad-hoc manner. Although Yuen and Kuok [16] also developed a Bayesian
method for “noise” parameter estimation, they only provide numerical solutions. Finally, an
illustrative example is presented to demonstrate the implementation of the proposed algorithm
for damage assessment in structural health monitoring.
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2 Dual Kalman filter algorithm for online tracking of time-varying
spatially-sparse structural stiffness
2.1 Structural model class
As in [6-8], we choose a set of parameterized linear structural models with classical damping
where each model has the known mass matrix
∈
inferred from structural drawings. A substructuring scheme is chosen and the uncertain stiffness matrix
∈
is
1 substructure stiffness matrices , :
parameterized as a linear combination of
,

∑

(1)

,

where , ∈
,
1, … , , is the prior choice of the
substructure stiffness matrix
and the corresponding stiffness scaling parameter is a factor that allows modification of the
nominal substructure stiffness so it is more consistent with the real structure behavior. ,
and the other , could come from a finite-element model of the structure, then it would be
appropriate to choose all
1 to give the most probable value a priori for the parameter
. For system identification purposes, we will exploit the fact that the onset of
vector ∈
stiffness reductions is typically in a small number of locations, and so the potential changes in
compared with the values from previous time instant, and also changes from initial reference values, are expected to be sparse vectors with relatively few non-zero components.

2.2 Dynamic sparseness-inducing dual Kalman filter algorithm
We define the system state vector as
,
∈
, where
and
denote the
model structural displacement and velocity vectors, respectively, for the time instant
Δ ,
0,1, … . To track the structural stiffness over time, the stiffness scaling parameters
for each time instant are also introduced, and the value for the
substructure is
denoted as , .
of the structural response at each time
It is assumed that only the accelerations ∈
∈
denote the selection matrix for the observed
instant are measured. We let
degrees of freedom (DOFs). According to the equation of motion for a linear dynamical
system with the measurement and prediction errors taken into account, the measurements
can be expressed binearly with respect to either or :
(2)
,

,

where:
,

,
,

,

,

⋯,

where ∈
is the excitation force for the time instant that is controling the forces at all
∈
; and ∈
is introduced as a
DOFs through the force distribution matrix
combination of the measurement noise and output prediction error, which is modeled as
~
,
.
From (2), one can derive Gaussian likelihood functions for
:
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and

, given the measurement

| ,

,

|

,

|

,

(3)

By using numerical integration of the equation of structural motion, we get the following
discrete state evolution equation for :
(4)
exp

where:

∆ ,

,
,

∈
and
modeled as
|
,
|

,

refers to the state prediction error for the system state vector, which is
~
,
. The state transition PDF (probability density function)
is then given by:
,
,

,

|

,

(5)

The structural stiffness should undergo only small changes at limited locations over short
times, so we introduce a sparse vector ∈
to model the temporal dependence as:
(6)
Inspired by the idea of automatic relevance determination [10], the state transition PDF for
is defined as:
∏

|

,

|

,

,

|

,

,

(7)

where
diag , , … , , . However, the spatial sparseness of sub-structural stiffness
changes cannot be guaranteed by just the temporal dependency between successive times as
in (6), since the non-zero elements in the stiffness change may accumulate with time.
Therefore we also want to induce sparseness in the accumulated stiffness changes compared
should be sparse. We specify a
with an initial reference vector , that is, ∆
reference vector as pseudo-data and use the automatic relerence determination idea again to
define another likelihood function for as:
∏

| ,
where

diag

,

,…,

,

,

|

,

,

,

| ,

(8)

.

The acyclic graph of the hierarchical Bayesian model is shown in Figure 1, where each arrow
denotes the conditional dependencies used in the joint probability model.

Figure 1. Acyclic graph representing the information flow in the hierarchical Bayesian model.
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2.3 Bayesian inference
Although the joint measurements
,
are a nonlinear function of the augmented
,
, we employ the dual Kalman filter scheme to utilize the two coupled
state vector
linear-in-the-parameter equations in (2) to perform Kalman filtering for and separately
but with information exchange between them by each feeding its estimate to the other.
To proceed, we assume that the posterior PDFs for
the
1 time instant are Gaussian PDFs:

and

conditional on the data up to

|

:

|

,

1|

1

,

,

1|

1

(9a)

|

:

|

,

1|

1

,

,

1|

1

(9b)

It will be demonstrated later that the derived posterior PDFs
| : and
| : for the
time instant have the same Gaussian form as in (9a) and (9b) when using some
approximations, and thus the Gaussian assumption in (9a) and (9b) is self-consistent under
these approximations.
In the following two subsection, recursive Bayesian estimation is employed to produce the
posterior distribution of conditioned on and the measurements : up to the current time
step and the posterior for conditional on and : . Both the prediction and updating steps
are written probabilistically. Note that the output prediction error variances are distinct
when performing the Kalman filter for and separately, as their values depend on the
model for specified values of or . We denote the output prediction error variance for
and as , and , , respectively.
conditional on

2.3.1 Kalman filter for model parameter vector
The predictive PDF for

is expressed as:
|

,

:

,|

,
,

|
,

|

,|

,

(10a)

,|

,|

,

(10c)

|

,
is available at the time instant , the updated PDF
When new data vector
is obtained first by using Laplace’s asymptotic approximation [3] based on the
| :,
assumption that the posterior
, ,, | :,
has a unique maximum at
, ̃,,
, , , | : , , and then employing sequential Bayesian updating by treating
argmax
the posterior having observed data : as the `prior' for the pseudo data to compute the
| :, :
posterior PDF
|
∝
where:

| ,
,|

| , ̃
,|

,

:

|
|

,

, ̃,,

;

,|
,|

,|

,|

,

:

,

:

,|

, ̃,,

,

,|
,|

,

|
,|

, ̃,,
,

,

,|

,

,|

(11a)
(11b)

;
(11c)

We now compute the MAP (maximum a posteriori) values
, ̃,,
by maximizing their
posterior PDF
, , , | : , . Using the probability product rule:
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,

,

,

|

,

:

,

|

:

,

,

,

,

|

:

,

(12)

The first factor in (12) is the posterior PDF of , conditional on the other two
hyperparameters and , which is given by using Bayes’ theorem:
,

|

:

,

,

,

∝

|

,

:

,

,

,

,

,

|

(13)

:

To allow Bayesian conjugate analysis, we define an inverse gamma prior PDF for , at the
begining time instant , i.e,
IG , , , , ,
1, , → 0, and the transitional
,
PDF
is approximated as a Dirac delta function based on the assumption that the
, | ,
output prediction error variances are slowly time-varying. In addition, we incorporate the
and likelihood
|
,
output prediction error variance , in the state transition PDF
⁄ , and
⁄ , , then:
function
| ,
by defining
, | : , , ,
∝

| ,

,

| ,

,

,

|

:

|

,

,

∝ IG

,

,
,

,
,

,

∙

,

,

|

:

.

(14)

where the shape and rate parameters of the updated inverse gamma distribution are given by:
,
,

=

⁄2

,

,

,|

,|

where:

,|

The MAP value ̃

⁄2
,|

,|

,|

diag
,

̃

,

,

(15b)

,|

and

|

(15a)

,|

diag

,|

′

.

is the mode of the updated inverse gamma distribition:
̃

,

⁄

,

1

,

(16)

For computational convenience, we define noninformative prior PDFs for
and
.
, ̃,, | :,
with respect to , and
Differentiating the logarithm function of
,
respectively,
and
setting
the
derivatives
to
zero
leads
to:
,
̃

,

̃

,

,

̃

,

,
,|

,

̃

(17b)

,|

,

where:

(17c)

,|

;
Therefore, the MAP estimates of

(17a)

,|

,

,

and

|

,

(17d)

are given by:

,

,
,

,

,
,|

(18a)

,|
,

,|

(18b)

Iterative methods, cycling over (17c),(17d) and (18a) ((11b),(11c) and (18b)) until
convergence, are required for computing the MAP value
. Note that some care is
needed for , because of its important influence on the state transitions. For most of the time,
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the change between successive times
corresponding , ′ should be very small values.

conditional on

2.3.2 Kalman filter for system state vector
|

The predictive PDF

,

:

,
|

is very minor, even exactly zero, so the

is given by:
,

:

,

|

,

,|

(19a)

,|

with mean and covariance matrix:
,|

When new data

,

,

|

,|

is available, the update PDF
|

:

,

|

:

,

,

,

|

:

, ̃

,

,

(19b)

|

is computed as:
|

,|

,

(20a)

,|

where the Laplace’s asymptotic approximation [3] is used based on the assumption that the
posterior
, ,| :,
has a unique maximum at:
and:
,|

,|

, ̃

,|
,

;

, ̃

,

, ̃

,

,|
,|

,

argmax
;

,|

,|

,

| ,

,|

,|

:

,|

,|

(20b)
(20c)

,|

,|

,|

,|

,|

(20d)

,

Note that the pseudo-data is irrelevant to the system state vector
the hierarchical model information flow in Figure 1.

here, as can be seen in

As in the Kalman filtering for in the previous subsection, we assign an inverse gamma
⁄ , , then the inverse gamma posterior PDF
prior IG , , ,
for , and define
IG , | , , , is obtained with the shape and rate parameters becoming:
,
,

where

,

,|

,|

̃

(21a)

,|
,

,

A non-informative prior is assigned for
̃

,

,|

. The MAP value for

|

̃

so:

⁄2

,

,

⁄

,

,

,

(22)
is computed as:
2

,|

tr

is given by:

1

and the MAP estimate

tr

(21b)

2

,|

(23a)
(23b)
(23c)

where:

,

|

,

,|

(23d)

.

(23e)

An iterative method, cycling over (19a-19b), (20a-20d), (22) and (23b-23e) until
convergence, is required for getting the MAP values ̃ , and .
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Theoretically, we can perform a sequence of iterations by maximizing the conditional
posterior PDFs
| :,
and
| :,
and
to estimate the MAP values of
, respectively, and then employ Laplace’s method [3] to approximate the joint posterior
PDF
, | : as a Gaussian distribution centered at the obtained MAP values
, .
For a online implementation, we can use the dual Klaman filter procedure presented in [14],
which involves no iterations between the estimations of and . However, the estimation of
the output and state-prediction error parameters needs to be included for each time instant. To
impose the sparse constraint of ∆
, a pseudo-measurement stage can be further
performed after the implementation of the dual Klaman filter for each time instant, by
iterating over (11b), (11c) and (18b). A similar idea can be found in [1], though it is a
deterministic least-squares method regularized by using an -norm.

3. Illustrative example
Consider a 6-story shear building, which has uniformly spatially-distributed floor mass
and inter-story stiffness, with a stiffness-to-mass ratio of 679.3 sec (the fundamental
frequency is 1Hz). A Rayleigh damping model is adopted, so the damping matrix is given by
, where
0.0938 sec and
8.0750e 004 sec (the damping ratios
for the first two modes are 1%). The building is subjected to a measured stationary ground
excitation. The acceleration structural response is measured at the 1st, 3rd, 4th and 5th floors
with a sampling frequency of 200 Hz, and these data are contaminated by Gaussian noise with
a standard deviation taken as be 5% RMS of the corresponding noise-free quantities. The total
monitoring period is 48 secs. A 12% total stiffness loss is imposed linearly in time for the 4th
story during the time period ∈ 10,12 ec.
The proposed dual Kalman filter algorithm is performed for state and parameter
identification as well as the “noise” parameter estimation. The initial reference vector is
unique here for all time instants and it is obtained from applying Bayesian updating using the
method in [7] without any sparseness constraint based on a large amount of data from the
undamaged structures. It has been found sometimes the produced MAP values of , may be
too large due to noise (data overfitting and an under-sparse model with more large , ′ tend
to be generated), which makes the estimation algorithm unstable (it diverges). However,
reasonably large values of , are important to gradually fade out the contribution of the past
data points so that any recent changes of the uncertain stiffness parameters can be tracked. To
get a reliable estimate of , , we investigate the MAP values , estimated from (18b) for
100 time steps before the current time (including the current time step), and choose the mean
of the first 50 smallest values as the final estimate of , . The justification behind this
treatment is that the stiffness change for this small time duration are almost the same for each
time step and we should choose smaller estimates to reduce the noise effects. With regard to
the pseudo-measurement stage, we impose the sparse constraint until the 1000th time step
(
1000), since the initial values of the stiffness parameters selected may be far from the
actual values and the prior uncertainty of stiffness scaling parameters is generally large as
well.
The estimation results for three normalized stiffness parameters ( , and ) and two
output prediction error parameters ( and ) are shown in Figures 2 and 3, respectively. The
blue lines are the means of the identified parameters and the red and green lines represent the
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plus and minus three standard derivation confidence intervals which yield a probability of
99.7%. In Figure 2, the actual stiffness parameter evolution is also indicated by the black dash
line. It is shown that the stiffness values including can be identified with reasonable
confidence intervals, though the initial values are arbitrarily selected. For the stiffness
reductions at the forth story, a time delay of parameters tracking is observed, which is
reasonable since smaller values of , tend to be selected to alleviate the noise effects as
stated above.
After
5
(
1000), the pseudo measurement stage is performed for each time step.
It is seen that the MAP estimated stiffness parameter values of the non-damaged components
become stable and the values are almost equal to one. In addition, the corresponding
confidence intervals are approaching zero, which means these substructures have no stiffness
reduction with high confidence. This is a benefit of the sparse Bayesian formulation, which
reduces the posterior uncertainties of the unchanged components.
Regarding the results of output prediction error parameters in Figure 3, the proposed
approach provides satisfactory estimations, where the estimated values are close the variance
of the measurement noise added (0.0025). This is consistent with our expectation since the
identified stiffness is accurate, and so the difference between the model output and the real
system output is negligible compared with the measurement error. Furthermore, their
quantified posterior uncertainties keep getting smaller over time, due to our assumption of
and
.
Dirac delta functions for the transitional PDFs
, | ,
, | ,
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Figure 2: Estimation results for the stiffness scaling parameters.
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Figure 3: Estimation results for the output prediction-error variance parameters.

4. Conclusion
In this paper, we pursue a recursive Bayesian approach for sequential state and model
parameter estimations using a dual Kalman filter scheme, based on a series of incomplete
noisy accelerations observed over time. The key contribution is to incorporate prior
knowledge in a hierarchical Bayesian model that suggests sparse solutions for both the
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stiffness changes relative to initial reference values and, especially, the change of stiffness
with time. By jointly leveraging both the spatial and temporal regularization structures in a
Kalman filter framework, one can reasonably expect significant potential gain to alleviate the
ill-posedness in the structural system identification. In addition, the output and state
prediction-error variance parameters in the dual Kalman filters are learned solely from the
data available up to the current time and hence there is no requirement to specify these “noise”
parameters. The performance for online tracking of the local structural stiffness degradation
for the proposed algorithm has been demostated by an illustrative example.
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Abstract: This paper discusses the reliability treatment of wind load uncertainties and presents a generalized method for reliability assessment and calibration
of design standards. First, a new reliability framework for wind load uncertainties
based on the use of hierarchical Bayesian models is presented. The development
of a new probabilistic wind load model using this framework is briefly outlined.
Next, a simple reliability assessment method which allows for multiple and alternative design functions to be assessed across a range of parametrically varied
variables is presented. Finally, a case study is presented in which the reliability
method is employed to assess the South African design wind load stipulations
using the newly developed probabilistic wind load model.

1 Introduction
There has been a significant increase in interest in the topic of quantification of wind load
uncertainties and reliability calibration of wind load partial factors for design standards in recent
years, particularly in South Africa. This paper is part of an ongoing project to update the South
African design wind load stipulations. This paper discusses two critical parts of this process,
namely, the underlying framework for the development of probabilistic wind load models, and
a proposed methodology for reliability assessment and calibration of design standard partial
factors.

2 Probabilistic Wind Load Models
2.1

Conventional Reliability Framework

Several probabilistic wind load models have been developed for use in the reliability assessment and calibration of design load standards. One such model is the JCSS model [11], which
provides statistical parameter ranges for basic wind load components, resulting in a reliability
envelope instead of a single model. The JCSS model was used as the basis for other models, such as the Gulvanessian-Holický model [9] and the updated Holický model [10], both
of which have been used for assessment and calibration of Eurocode [8]. Another important
model is the Ellingwood model [7], which has been widely used for reliability assessments in
the United States of America and Australia. Finally, the Milford model [12], which was based
on the Ellingwood model, has been used for reliability assessment and calibration of the South
African design wind load stipulations. Where the JCSS and updated Holický models were developed to be indicative models for a general wind load formulation, the other models were all
developed as specific representations of uncertainty of their respective local wind load stipulations.
All the models mentioned above are based on the fundamental framework for wind loads developed by Davenport [6]. This formulation, commonly referred to as the “wind loading chain”,
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Figure 1: Reliability framework of the Davenport wind loading chain.

defines the design wind load (wd ) on a structure as the product of several wind load components
(θi ), as shown in Equation 1. Depending on the level of approximation considered, these components may include aerodynamic factors (ca ), terrain roughness factors (cr ), dynamic response
factors (cd ), gust factors (cg ) and the reference free-field wind pressure (Qre f ).
Y
wd =
θi
(1)

The reliability framework of the Davenport wind loading chain is based on the treatment of each
wind load component as an independent random variable, subject to its own uncertainties. Each
component is therefore defined by a probability distribution which represents the uncertainties
of that component. These uncertainties may then be combined using standard reliability techniques such as Monte Carlo simulation or First-Order Reliability Method (FORM) into a single
representative distribution of design wind load uncertainties. A graphical representation of this
framework is shown in Figure 1. The representative design wind load distributions obtained
from a parametric FORM analysis of the existing models are shown in Figure 2, where the tail
end of the distribution is described by β, used to represent the probability of exceedance, as a
function of the design wind load normalized with respect to the characteristic load.
The Davenport framework is an effective reliability modelling approach for the description of
the system level treatment of wind load uncertainties. The component level treatment of wind
load uncertainties, however, is poorly defined and challenging when considering components
which represent complex physical processes such as the reference free-field wind pressure or
aerodynamic factors. This deficiency, coupled with the lack of agreement of the existing probabilistic models on the quantification of wind load uncertainties as evidenced by the wide spread
of the distributions shown in Figure 2, served as the primary motivation for the development of
a new reliability framework and probabilistic wind load model based on rational and transparent
reliability techniques.

2.2

Proposed Reliability Framework

In order to establish an effective reliability framework for the investigation of wind load uncertainties, the underlying statistical approach followed was assessed. Two possible approaches are
the frequentist approach and the Bayesian approach [1]. A graphical representation of a model
for a given variable or component (θ) using each of these approaches is shown in Figure 3 and
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Figure 2: Representative design wind load (50 year maximum) distributions from existing probabilistic
models.

Figure 3: Frequentist and Bayesian component model frameworks.

described in detail below.
The frequentist approach is the most commonly used approach in typical reliability applications
where sufficient observed data is available. It is based on the assumption that the parameters of
a system, such as the mean (µ) or standard deviation (σ), are constant, albeit unknown. Sample
statistics are used as estimators of these parameters with confidence intervals used to express
the degree to which these estimations are believed to be incorrect. A drawback to using this
approach is that accurate estimates of parameters require large amounts of data. In engineering
problems such as the design wind load formulation it is difficult to obtain an adequate amount
of data due to the scope of structural design formulations, and as such secondary information
often supersedes available data. Unfortunately the frequentist approach makes few provisions
for combining secondary sources of information with observed data.
The Bayesian approach is based on the assumption that the parameters of a system (µ, σ) are not
constant, but rather random variables. These models are referred to as multilevel or hierarchical
models. In the three level model presented above, the distribution of the component under con-
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Figure 4: Reliability framework composed of conventional Davenport model and hierarchical Bayesian
models.

sideration (θ) is the model of the underlying system. The distribution parameters of θ, namely µ
and σ, are then treated as random variables. These probability distributions describing µ and σ
are prior distributions of θ. The distribution parameters of the prior distributions, namely αµ , βµ ,
ασ and βσ , are referred to as hyperparameters. In theory the model may be extended further by
considering the hyperparameters as priors to µ and σ, thus becoming hyperpriors which are described by hyperhyperparameters, and so forth. However, for the purposes of this investigation
the three level model in which the hyperparameters are assumed to be constant is sufficient.
Using hierarchical Bayesian models allows modelling of components subject to multiple
sources of uncertainty. Instead of defining a single probability distribution for the component,
the effects that different sources of uncertainty have on the systematic bias or variability of the
wind load component may be quantified independently by defining prior distributions. Furthermore, the Bayesian approach also provides a platform for combining multiple data sources, be
they observational data, secondary information or judgmental expert opinions, while managing
their uncertainties. Botha et al. [3] presented a Monte Carlo simulation method in which these
prior distributions may be combined into a single representative distribution of the component
as required for the system level treatment of the component.
The use of hierarchical models is an extension of the conventional Davenport reliability framework. A better level of approximation can be obtained for each component of wind load uncertainties if different sources of uncertainty are considered independently. The same rational
methodology used in the Davenport framework at system level is therefore extended to the
component level. The framework created by the combination of the system level Davenport
model and component level reliability treatment of wind load uncertainties using hierarchical
Bayesian models, as shown graphically in Figure 4, served as the basis for the development of
a new rational and transparent wind load model.
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2.3

New Wind Load Model

Using the framework presented above, an investigation of the primary wind load components’
uncertainties, specifically in the context of the South African wind load formulation, was conducted by Botha et.al [2][4][5]. The three wind load components which have the greatest influence on the total wind load uncertainty were identified as the time variant free-field wind
pressure and the time invariant pressure coefficients and terrain roughness factors. These components were investigated independently and probabilistic models established for each based
on the hierarchical Bayesian model framework. A brief summary of the uncertainties quantified
for each component is given below, and a summary of the final component models is given in
Table 1.
Free-field wind pressure: The primary sources of uncertainty were identified as the inherent
variability of the wind and the artificial bias introduced through the use of a wind map
with wind speed intervals. These uncertainties were quantified independently using the
latest available free-field wind data for South Africa and a new wind map which was
developed based on the same data.
Pressure coefficients: The primary challenge faced in quantifying pressure coefficient uncertainties was the amount of data required due to the large scope of design situations to be
considered. As such, these uncertainties were quantified using a two-pronged approach.
Firstly, codified pressure coefficients were compared with observed pressure coefficients
from numerous wind tunnel and full-scale tests. Secondly, a novel algorithm was developed for the comparison of pressure coefficients from different wind load standards using
expert opinion analysis.
Terrain roughness factor: The primary uncertainties in terrain roughness factors are due to
the inherent conservative bias introduced through the use of terrain categories, and the
variability of the selection of representative roughness profiles for specific terrain categories. These uncertainties were quantified both through comparison with observed data
and comparison of terrain roughness stipulations in both wind load standards and relevant
literature.
Table 1: Component models developed using hierarchical Bayesian model framework.

Component

Distribution

Relative Mean

Coefficient of Variation

50-year wind pressure
Pressure coefficient
Terrain roughness

Gumbel
Normal
Normal

0.92
0.99
0.88

0.34
0.31
0.20

The new component models showed greater uncertainty, both in terms of the mean and the
variability, than the corresponding component models from the existing probabilistic models
considered. To mitigate this potentially overconservative estimate of wind load uncertainties,
upper and lower bound approximations of the total design wind load probabilistic model were
established. The upper bound approximation was established using the component models as is
in combination with established secondary component models from literature. A lower bound
approximation was established using Bayesian updating of the existing models, with the new
component models considered as distributions of new data. The new free-field wind component
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model remained unchanged throughout, however, as it is based on the latest available data which
is directly related to the South African strong wind climate. More details on this upper and lower
bound estimation process is given by Botha [2]. The result of the process was the establishment
of a reliability envelope as in the JCSS model. The upper and lower bounds of the new model
are given in Table 2.
Table 2: Upper and lower limits of new probabilistic model of design wind loads (50-year maximum) for
South Africa.

Model

Distribution

Relative mean

Coefficient of Variation

Lower Limit
Upper Limit

Gumbel
Gumbel

0.65
0.71

0.50
0.55

As with the comparison of the existing models above, a parametric FORM analysis was performed using the limits of the new models, as detailed by Botha [2]. The results of this analysis
showed that the new model reliability envelope is significantly narrower than the disparate range
of results obtained from the existing models as illustrated in Figure 2. The new model shows
greater uncertainty than the existing models, which indicates that currently used partial factors
for wind load may be inadequate, specifically in South Africa. The new model was therefore
used to perform a simple reliability calibration using the South African wind load stipulations,
which is detailed in the following section.

3 Reliability Analysis and Calibration
3.1

Methodology

The proposed reliability assessment and calibration method is based on the methodology used
by Retief and Dunaiski [13] in the previous reliability calibration of the South African design
loading standard. The method involves the calculation of the reliability requirement of a given
limit state function for parametrically varied load ratios using probabilistic models for basic
variables. The reliability performance of design functions may then be measured against the reliability requirement in order to determine whether adequate reliability performance is achieved.
Furthermore, the method allows for simple optimization of the design functions for specific design situations by comparing how close the reliability requirement is matched by the design
function, or set of functions, as the case may be.
The first step of the methodology is the definition of the limit state function (g(X)) in which the
reliability margin, defined by the difference of the structural resistance (R) and the load effect
(E), is equated to zero, as shown in Equation 2. Regardless of the number of loads and the action
combination scheme considered, the load effect (E) is subdivided into the combined effect of
P
P
permanent actions (G = gi ) and variable actions (Q = qi ). Once the limit state function is
established and the probabilistic models for the basic variables are defined, a target reliability
level (βT ) is selected.
g(X) = R − E = R − (G + Q) = 0

(2)

The reliability requirement is expressed as an interpreted variable referred to as the effective
safety factor (ESF), which is defined as the ratio of the characteristic values of the resistance (Rk )
P
P
to the combined characteristic values of the permanent (Gk = gk,i ) and variable (Qk = qk,i )
actions, as shown in Equation 3. The characteristic values of the basic variables are obtained
through an inverse FORM solution of Equation 2 for the given target reliability. This process is
repeated for parametrically varied load ratio (χ) values as defined in Equation 4. A lower load
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ratio where χ → 0 is representative of a design situation where the permanent load dominates,
whereas a higher load ratio where χ → 1 represents dominant variable actions. Sýkora et al. [15]
provide some information regarding typical values for χ, and state that for reinforced concrete
structures a value of between 0.1 and 0.6 is common. The final step in the methodology is
to compare the reliability performance of the design function under consideration (ES F Design )
with the calculated reliability requirement (ES FReq ) to determine whether adequate reliability
performance is achieved.
ES F =

Rk
G k + Qk

(3)

Qk
(4)
G k + Qk
The presented methodology has several strengths. The first is that the reliability assessment is
performed for multiple and alternative design functions through the consideration of the parametrically varied load ratio. The scope of design situations assessed may be increased further
by using different models of structural resistance which represent different structural materials
such as steel, concrete, masonry or timber. Finally, the primary advantage of this method is
that the design function may be changed without having to recalculate the reliability requirement, which is computationally expensive. This significantly simplifies reliability calibration
and optimization calculations.
χ=

3.2

Case Study: Assessment of South African Wind Load Stipulations

A reliability assessment of the South African loading standard is performed using the new
design wind load models described earlier in this paper. The design situation assessed is the
simple combination of permanent and wind actions on a structure with no accompanying variable actions. ES FReq is calculated for a target reliability of βT = 3.0 using both the upper and
lower limits of the wind load model, resulting in a range of possible reliability requirements.
In addition to this the coefficient of variation of the resistance model is varied parametrically
to simulate different material types, using indicative values from Retief and Dunaiski [13]. A
summary of the basic variables used in the assessment is given in Table 3.
Table 3: Probability models for representative basic variables.

Variable

Distribution

Relative Mean Coefficient of Variation

Resistance (Steel)
Resistance (Concrete)
Resistance (Masonry)
Resistance (Timber)

Log-normal

1.00

0.10
0.15
0.20
0.25

Permanent Load

Normal

1.05

0.10

Wind Load (Lower)
Wind Load (Upper)

Gumbel

0.65
0.71

0.50
0.55

The final step of the assessment exercise is to measure the reliability performance of the South
African load standard, SANS 10160 [14], against the calculated ES F reliability requirement
for the parametric range considered. The general equation for the design functions ( f (X)) used
in SANS 10160 is given in Equation 5 in terms of χ. Each performance function uses different
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partial factors for the same basic variables, excluding resistance (γG , γW ). The performance
function which results in the most stringent reliability requirement for any given design situation
is selected as the controlling load case in design verification.
f (X) = γR ((1 − χ)γG + χγW )

(5)

In this assessment only the two primary SANS 10160 performance functions were considered, namely the STR and STR-P limit state functions. These expressions are similar to Equations 6.10 (a) and (b) in Eurocode. The SANS partial factors for the basic variables for these
functions as well as the resistance factors for different coefficients of variation of resistance are
presented in Table 4. The resistance factors correspond with a target level of reliability for resistance obtained by factoring the target reliability index with a standard sensitivity factor for
resistance, βR = αR βT = (0.8)(3.0) = 2.4.
Table 4: SANS 10160 basic variable partial factors

Variable
Resistance

wR
wR
wR
wR

Partial Factor γ
= 0.10
= 0.15
= 0.20
= 0.25

1.26
1.42
1.59
1.79

STR

Permanent Load
Wind Load

1.20
1.30

STR-P

Permanent Load
Wind Load

1.35
1.00

ES F Design for SANS is compared to the ES FReq reliability envelope, which is shaded in Figure 5. The STR partial factor for wind loads γW,S T R is varied parametrically in increments of 0.3.
The results show that the STR-P function has sufficient reliability performance for values of χ
between 0.0 and 0.3, however the STR function using γW,S T R = 1.3 do not meet the required
reliability performance. This limited reliability assessment shows that γW,S T R = 1.6 would result in acceptable reliability performance for the majority of load ratio values when considering
the lower limit reliability requirement. It is clear from the results, however, that for light, wind
sensitive structures with load ratios of χ > 0.6, specifically when considering structures with a
lower variability of resistance such as steel structures, this partial factor may not be adequate.
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Figure 5: Reliability performance of SANS 10160 design function for β = 3.0 across parametric range
of resistances.

4 Conclusion
• The use of hierarchical Bayesian models for quantifying wind load component uncertainties serves as a rational extension of the Davenport system-level framework to the
component-level. This results in more transparent wind load models with a better level of
approximation.
• The new wind load model indicates that existing models underestimate wind load uncertainties, specifically those of the primary time invariant components such as pressure
coefficients.
• The reliability assessment method presented serves as a simple tool to easily calculate reliability requirements for a fair number of design situations by varying parameters such as
the load ratio and the variability of resistance. It also allows for simultaneous comparison
of multiple and alternative design functions. The method is not limited to the combination
of a single variable action with permanent actions, therefore different action combination
schemes may be assessed.
• In addition to allowing assessment of reliability performance, the presented method may
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also serve as a useful tool for reliability calibration and optimization as the reliability
requirements do not need to be reassessed once calculated. The reliability performance
can therefore be calibrated easily by adjusting partial factors until adequate reliability
performance is achieved.
• The case study showed that the new wind load model results in higher reliability requirements and the current South African γW,S T R does not result in adequate reliability
performance.
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Abstract: An adaptive meta-model is integrated into a finite element model updating formulation using dynamic response data. A Bayesian model updating
approach based on a stochastic simulation method is considered in the present
formulation. Such approach is combined with a surrogate technique and an efficient model reduction technique. The integration of these techniques into the
updating process reduces the computational effort to manageable levels allowing
the solution of complex problems.

1 Introduction
Finite element model updating using measured dynamic system responses has a broad range
of applications in a number of engineering fields. In this context, Bayesian model updating approaches provide a robust and rigorous framework for model updating [12]. This information is
used to update the initial belief about the model parameters (prior probability density function)
to a posterior belief (posterior probability density function). For practical problems, samples
from the posterior probability density function have to be generated numerically. In this setting,
the transitional Markov chain Monte Carlo (TMCMC) method is quite attractive for Bayesian
model updating [5]. Although the TMCMC method is quite flexible it requires a large number of system simulations. Thus, the computational demands may become excessive in cases
of computationally expensive model evaluations. To address this difficulty two approaches are
implemented in the present work without undermining the efficiency of the TMCMC method.
First, a measure of fit function involved in the definition of the likelihood function is approximated by using a meta-model. In particular, a kriging approximation technique is selected [11].
In order to maintain the kriging estimates quality the support points need to be in the vicinity
of each candidate sample during the updating process. Thus, a local scheme which relies on
a set adaptive support points is considered here. Second, since the construction of the kriging
interpolants is based on a number of support points a potentially large number of full simulation runs would be still required for this purpose. To reduce the computational effort involved
in the full simulation runs (dynamic finite element analyses) a model reduction technique is
introduced into the updating process. In particular, a method based on substructure coupling is
implemented in the present formulation [9].

2 Finite Element Model Updating Problem
2.1 Bayesian Formulation
Within the framework of Bayesian model updating it is assumed that a finite element model
class M of a structural system is parameterized by a set of model parameters θ ∈ Θ ⊂ Rn p ,
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which are considered uncertain in the analysis. It is assumed that the finite element model class
satisfies the equation of motion
M(θ )ü(t, θ ) + C(θ )u̇(t, θ ) + K(θ )u(t, θ ) = q(t, θ )

(1)

where u(t, θ ) denotes the displacement vector of dimension n, u̇(t, θ ) the velocity vector,
ü(t, θ ) the acceleration vector, and q(t, θ ) the external force vector. The matrices M(θ ), C(θ ),
and K(θ ) describe the mass, damping, and stiffness, respectively. The objective of model updating is to compute the posterior probability density function of the model parameters p(θ |M, D)
using available data D. This is achieved by using the Bayes’ Theorem
p(θ |M, D) =

l(D|θ , M) p(θ |M)
p(D|M)

(2)

where l(D|θ , M) is the likelihood of observing the data D from the model class M, p(θ |M)
is the prior probability density function representing the initial belief or information about the
distribution of θ , and p(D|M) is the evidence of the model class M.

2.2

Input-Output Measurements Case

In the context of the present work it is assumed that D contains input dynamic data and output
responses from measurements on the structural system. Let ui (t j , θ |M) denotes the response
at time t j at the ith observed degree of freedom predicted by the proposed structural model,
and u∗i (t j ) denotes the corresponding measured output. The prediction and measurement errors
ei (t j , θ ) = u∗i (t j ) − ui (t j , θ |M) for i = 1, ..., nd , and j = 1, ..., nt , where nd denotes the number
of observed degrees of freedom and nt denotes the length of the discrete time history data,
are modeled as independent and identically distributed Gaussian variables with zero mean and
variance σe2 . Using the above probability model for the prediction error it can be shown that the
likelihood function l(D|θ , M) can be expressed in terms of the quantity exp(−1/2 J(θ |M, D))
where
J(θ |M, D) =

1

nd nt

∑∑
nt nd σe2 i=1
j=1

[u∗i (t j ) − ui (t j , θ |M)]2

(3)

is a measure-of-fit function between the measured response and the model response at the measured degrees of freedom [2, 3]. It is noted that if information about the dependency of measurement errors is available alternative prediction error model classes can be used as well [9].

2.3 TMCMC Method
The TMCMC method relies on the construction of a series of non-normalized intermediate
distributions
p j (θ |M, D) = l(D|θ , M)α j p(θ |M)

(4)

j = 0, ..., nst , 0 = α0 < α1 < ... < αnst = 1
where nst is the number of stages of the updating process. The parameter α j can be interpreted
as the percentage of the total information provided by the dynamic data which is incorporated
in the jth iteration of the updating procedure. The idea is to choose the value of exponent α j+1 ,
given α j , in such a way that the change of the shape between two adjacent intermediate distributions be small. Once the parameter α j+1 has been determined, the samples for stage j + 1
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are obtained by generating Markov chains where the lead samples are selected from the samples of the previous stage, i.e. θ kj , k = 1, ..., n j according to their probability equal to the nornj
malized weight w̄(θ kj ) = w(θ kj )/∑l=1
w(θ lj ), k = 1, ..., n j , where w(θ kj ) = l(D|θ kj , M)α j+1 −α j ,
k = 0, 1, ..., n j . The upper index k = 1, ..., n j denotes the sample number in the jth iteration step
(θ kj , k = 1, ..., n j ). Each sample of the chain is generated by applying the Metropolis-Hastings
algorithm [7], where the proposal probability density function is a Gaussian distribution centered at the preceding sample of the chain with a covariance matrix Σ p equal to a scaled version
of the sample covariance matrix of the current intermediate distribution p j (θ |M, D), that is,
Σ p = η Σ j where
nj

Σ j = ∑ w̄(θ kj )[(θ kj − θ̄θ j )(θ kj − θ̄θ j )T ] , θ̄θ j =
k=1

nj

∑ w̄(θ lj )θ lj

(5)

l=1

The procedure is repeated until the parameter α j is equal to 1. At the last stage the samples
(θ knst , k = 1, ..., nnst ) are asymptotically distributed as p(θ |M, D). For a detailed implementation
of the TMCMC method the reader is referred to [4, 5].

3

Approximation Techniques

The proposed Bayesian model updating technique is in general computationally very demanding due to the large number of dynamic finite element analyses required during the updating
process. In fact, the model updating technique based on the TMCMC method involves drawing
a large number of samples (of the order of thousands) for populating the importance region in
the uncertain parameter space. The computation of each sample during the updating process
implies a dynamic finite element analysis (evaluation of the measure-of-fit function needed for
the estimation of the likelihood function). Consequently, the computational demands may become excessive when the computational time for performing a dynamic finite element analysis
is significant. To cope with this difficulty two approximation techniques are implemented in
the present formulation: a surrogate model for the measure-of-fit function; and a model reduction technique for defining reduced-order models of the structural system. Among the different surrogate models kriging approximation is selected in the present implementation [11]. On
the other hand, substructure coupling for dynamic analysis is considered as a model reduction
technique [6, 9]. Finally, the updating problem is implemented in an underlying space of independent standard normal variables Z. The transformation between the Θ and Z spaces. i.e.
θ = θ (z) can be obtained by means of several techniques.

3.1 Kriging Meta-Model
Kriging starts with the assumption that the function to approximate is a sample path of a Gaussian process. In this context, consider m support points zi , i = 1 . . . m where the measure-offit function is known. That is, the quantities J(zi |M, D) , i = 1 . . . m are assumed to be known.
The approximation of the measure-of-fit function at a new point z takes the form J(z|M, D) =
f(z)T β + β (z), where f(z)T =< f1 (z), . . . , f p (z) > are basis functions, β =< β1 , . . . , β p >T
are regression coefficients and the term β (z) is a zero mean stochastic process. The corresponding correlation function of the process is Cβ = σ 2 R(ψ , z1 , z2 ), where σ 2 is the variance, ψ a set of parameters, and z1 and z2 are points in the underlying normal space z.
A common choice of correlation function is the anisotropic squared exponential given by
np
R(ψ , z1 , z2 ) = exp[− ∑l=1
ψl (z1l − z2l )2 ], where ψl ≥ 0, l = 1, ..., n p , and z1l and z2l are the l − th
components of the vector z1 and z2 , respectively. For a given value of ψ and σ the best linear
unbiased predictor of J(z|M, D) is obtained as
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ˆ
β + r(z)T R−1 (j − Fβ̂
β)
J(z|M,
D) = f(z)T β̂

(6)

with variance

σJ2 (z) = σ 2 [1 − r(z)T R−1 r(z) + b(z)T (FT R−1 F)−1 b(z)]

(7)

where b(z) = FT R−1 r(z) − f(z), r(z)T =< R(ψ , z, z1 ), ..., R(ψ , z, zm ) > is the cross-correlation
vector, R = [R(ψ , zi , z j )], i, j = 1, ..., m is the correlation matrix, F = [ f j (zi )], i = 1, ..., m, j =
1, .., p is the regression matrix, jT =< J(z1 |M, D), ..., J(zm |M, D) > is the vector of available
β = (FT R−1 F)−1 FT R−1 j is the genvalues of the measure-of-fit function in the z space and β̂
eralized least-squares solution of the linear regression problem. It is noted that the previous
ˆ depends on the
quantities are functions of ψ and σ 2 . Thus, the accuracy of the predictor J(z)
choice of these parameters. One of the most popular choices for determining the best values of
ˆ
these parameters is based on maximum likelihood estimation. The predictor J(z|M,
D) correψ , is called the empirical best linear unbiased predictor [11]. Such
sponding to the optimum ψ̂
predictor is used for approximating the measure-of-fit function in the present formulation. It is
noted that the measure-of-fit function value at the different support points is obtained by performing a full model simulation to avoid error propagation and subsequent deterioration of the
surrogate quality.

3.2 Model Reduction Technique
It is noted that even though kriging interpolants are used to replace time-consuming full simulations by fast approximate estimates a potentially large number of full simulation runs is still
required (response at the support points). To reduce the corresponding computational effort
to manageable levels a model reduction technique is implemented in the present formulation.
The objective is to evaluate the measure-of-fit function at the different support points by using reduced-order models instead of the original unreduced finite element model. To this end a
model reduction technique based on substructure coupling for dynamic analysis is considered
here [6]. The basic idea of substructuring is to partition the original structural model into a
number of substructures obtaining reduced-order models and then assembling a reduced-order
model of the entire system. To define the reduced-order model the so-called fixed-interface
normal modes and interface constraint modes of each substructure are usually used [6]. The
fixed-interface normal modes describe the substructure internal dynamic behavior while the interface constraint modes provide the interaction of the substructure with adjacent substructures.
By considering a small number of fixed-interface normal modes (dominant modes) a transformation matrix that relates the vector of physical coordinates of all substructures to a vector
of generalized coordinates can be defined. Such transformation matrix allows the definition of
the reduced-order matrices that characterize the reduced-order model. The dimension of these
matrices can be substantially smaller than the dimension of the unreduced matrices. In this manner, highly reduced-order models can be obtained. A detailed description and implementation
of substructure coupling can be found in [8, 9].

4 Numerical Implementation
4.1 Adaptive Kriging
As previously pointed out a local approximation scheme which relies on a set of adaptive support points is needed to control the accuracy of the kriging estimates during the updating process. Due to the annealing property of the transitional Markov chain Monte Carlo method the
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support points at stage j or previous stages can be used as potential support points for constructing the kriging estimates at new points generated at stage j + 1. These support points
are required to be in the neighborhood of the point znew for which the measure-of-fit function
need to be estimated. A kriging estimate is performed and accepted if the following criteria are
satisfied simultaneously [1].
Criterion 1:
The estimate is based on a number of support points zi , i = 1, ..., nsu which are in the vicinity of
the point znew with respect to some measure. The minimum number of support points depends
on the dimension of the uncertain parameter space n p and the order of the basis functions used
in kriging. To preserve the quality of the kriging estimates the support points within a chain,
in the context of the transitional Markov chain Monte Carlo method, are kept fixed and they
correspond to the leader point in the chain. Additionally, in order to consider only interpolation
estimates, the point znew should belong to the n p -dimensional convex hull of its support points
Criterion 2:
The surrogate estimate of the corresponding likelihood function is checked to verify whether
its approximate value is within the lower r% (quantile qr/100 ) of the last nli likelihood function
values accounted for with full model simulation. This is done in order to avoid estimates with
very high plausibility, in the framework of the transitional Markov chain Monte Carlo method,
which may be erroneous. The following values of r and nli are used in the present implementation: r = 95 (quantile 0.95); and nli = 500.
Criterion 3:
The surrogate estimate is accepted if the coefficient of variation of the estimate is smaller than
a specified value ε , that is,

σJˆ(znew )
≤ ε,
ˆ new |M, D)
J(z

(8)

The tolerance value ε , which affect the convergence speed and accuracy of the updating process,
is problem dependent.
If one of the above criteria is not satisfied a direct model evaluation, actually a reduced-order
model evaluation, is performed in order to evaluate the measure-of-fit function at the point znew .

4.2 Reduced-Order Model Parametrization
It is clear that dividing the structure into substructures and reducing the number of physical
coordinates to a much smaller number of generalized coordinates certainly alleviates part of
the computational effort in evaluating directly the measure-of-fit function (cases when kriging
estimates are not performed). However, the repetitive generation of reduced-order models for
different values of the model parameters θ , required during the updating process, can be computationally very expensive due to the substantial computational overhead that arises at substructure level. In this regard, a very efficient implementation of the model reduction technique
is considered in the present work. In the proposed implementation the division of the original
structure is guided by a parametrization scheme so that the substructure matrices for each one of
the introduced linear substructures depend on only one of the model parameters. In this setting,
the stiffness and mass matrix of a substructure depend on only one of the model parameters.
Such parametrization is often encountered in a number of practical applications [9]. Based on
this assumption it can be shown that the mass and stiffness matrices of the reduced-order model
can be expressed explicitly in terms of the model parameters [8, 10]. Thus, these matrices are
computed and assembled once before the updating process takes place (off-line calculations).
The result is that the computational effort of the on-line calculations during the updating process is reduced significantly since the update of the reduced-order matrices for different values
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of the model parameters is immediate. For a detailed derivation of the previous result the reader
is referred to the previous references.

5 Numerical Example
5.1 Model Description and Reduced-Order Model
The ten floors three-dimensional reinforced concrete building model shown in Figure 1 is considered for analysis. The material properties of the reinforced concrete structure are defined
as follows: Young’s modulus E = 2.34 × 1010 N/m2 ; Poisson ratio ν = 0.3; and mass density
ρ = 2500 kg/m3 . The height of each floor is 3.5 m leading to a total height of 35.0 m for the
structure. The floors are modeled with shell elements with a thickness of 0.3m and beam elements of rectangular cross section of dimension 0.3m × 0.6m from floors 1 to 5 and 0.25m ×
0.5m from floors 6 to 10. Each floor is supported by 48 columns of rectangular cross section of
dimension 0.8m × 0.9m. The corresponding finite element model has approximately 40,000 degrees of freedom. A classical damping is assumed for the model with a 3% of critical damping
for the first modes.

z
y

x

Figure 1: Isometric view of the finite element model.

For illustration purposes it is assumed that a stiffness reduction of 20% of the nominal stiffness
value of the columns of the first floor has occurred. In the context of this example problem it is
desired to monitor the stiffness of the columns corresponding to the first, second and third floor.
Note that the stiffness of the columns of the second and third floor is unchanged. In order to
perform the model updating a model class containing three parameters (θ1 , θ2 , θ3 ) associated
with the stiffness (modulus of elasticity) of the columns of the first, second and third floor,
respectively, is introduced. The structure is subdivided into six substructures as shown in Fig.
2. Substructures 1, 3 and 5 are composed by the column elements of the first, second and third
floor, respectively. On the other hand, substructures 2 and 4 correspond to the slabs and beam
elements of the first and second floor, respectively, and substructure 6 contains the upper floors
structural components (columns, beams and slabs). Then, substructures 1, 3 and 5 depend on
the model parameters θ1 , θ2 , and θ3 , respectively, while substructures 2, 4 and 6 do not depend
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on the model parameters.

Substructure 1

Substructure 2

Substructure 3

Substructure 4

Substructure 5

Substructure 6

Figure 2: Substructures of the finite element model used for model updating.

Due to the relatively large dimension of the finite element model a reduced-order model is
considered. It is characterized by a total of 300 generalized coordinates corresponding to the
fixed-interface normal modes of all substructures. On the other hand, the number of interface
degrees of freedom is equal to 864 for the proposed reduced-order model. Thus, a reduced-order
model of 1164 degrees of freedom is obtained. This number of degrees of freedom represents
an almost 97% reduction with respect to the unreduced finite element model. Validation calculations show that this reduced-order model is adequate in the context of the present application.

5.2 Simulated Response Data
The original unreduced finite element model is excited horizontally in the x direction by the
Concepcion ground-motion recorded during the 2010 Chilean earthquake. The measured responses are simulated by first calculating the acceleration response at floors 1, 2, 3 and 4 (in the
x and y direction) of the original unreduced model with a stiffness reduction of 20% of the first
floor columns. Then, a Gaussian discrete white noise sequence with standard deviation equal to
5% of the root-mean square value of the corresponding acceleration time histories is added. The
responses are computed at the center of mass of the floors. In this case sixty seconds of data
with sampling interval ∆t = 0.05s are used, given a total of 1201 data points to be used during
the identification process.

5.3 Model Updating Results
A uniform prior distribution is used with bounds [0.5,1.5] for the model parameters θ1 , θ2 , and
θ3 . The TMCMC method set-up includes 1000 samples per stage. For the surrogate versions of
the TMCMC method three error values ε = 0.01, 0.1 and 0.5 are considered in this case. The
surrogate estimates are based on a second-order kriging approximation considering 20 support
points. The accuracy of the surrogate versions of the TMCMC estimates is shown in Table 1.
This table shows the sample mean and sample standard deviation of the marginal distributions
of the model parameters θ1 , θ2 , and θ3 obtained by the original and surrogate versions of the
TMCMC method. The different versions of the method are implemented by using the reducedorder model defined in the previous section. The statistics are obtained from 50 independent
runs. In general for a small value of the error tolerance level ε (i.e. ε = 0.01) is expected to
yield estimates similar to the ones obtained without surrogates. This is confirmed by the results
shown in the table. As the value of ε increases the accuracy of the estimates is expected to
decrease. However, it is observed that in this case the prediction of the sample mean of the
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Table 1: Accuracy of the surrogate estimates for different ε values.

TMCMC
method
version
original
surrogate (ε = 0.01)
surrogate (ε = 0.1)
surrogate (ε = 0.5)

mean
standard
COV
value
deviation
%
model parameters
model parameters
model parameters
θ1
θ2
θ3
θ1
θ2
θ3
θ1
θ2
θ3
0.80 0.99 1.00 0.0025 0.012 0.0092 0.31 1.22 0.92
0.80 0.98 1.00 0.0021 0.012 0.0074 0.27 1.26 0.74
0.80 1.01 0.98 0.0024 0.014 0.0084 0.30 1.38 0.86
0.80 1.01 0.99 0.0026 0.018 0.011 0.33 1.8 1.14

model parameters is excellent even for a high value of ε (i.e. ε = 0.5). In addition, it is seen that
the sample mean of the parameters is very close to their actual values θ1 = 0.80, θ2 = 1.00, and
θ3 = 1.00. Note that the corresponding COV of the estimates is very small (less than 1.4 %) for
all cases. In other words, the surrogate versions of the TMCMC method are able to identify the
stiffness reduction of the columns of the first floor and the fact that the stiffness of the columns
of the second and third floor remains unchanged. An insight into the effect of the error tolerance
level ε on the mean surrogate acceptance ratio during the model updating process is presented
in Fig. 3. The first stage of the identification process is performed with full simulation runs
(reduced-order model) in order to construct an initial database of support points. It is seen that
for the case of small ε value (ε = 0.01) most of the surrogate points are not accepted during the
second and third stages. After the third stage a steep increase of the accepted surrogate points is
observed. The overall mean surrogate acceptance ratio is approximately 60% (considering that
no surrogate estimates are computed during the first stage). In the case of intermediate ε value
(ε = 0.1) and large ε value (ε = 0.5) a very large percentage of surrogate points are accepted
throughout the updating process. The total mean surrogate acceptance ratio is approximately
81% for the intermediate ε value case and 85% for the large ε value case. In these two cases the
tolerance criterion is relatively high and it is met by most surrogate points. As a result only a low
percentage of full simulation runs are performed in these two cases. This in turn has significant
consequences on the computational cost of the model updating process as shown in the next
section.

Surrogate acceptance ratio [%]

100
80
ε = 0.01
ε = 0.10
ε = 0.50

60
40
20
0

2

3

4
5
Stage number

6

7

Figure 3: Use of kriging during the different stages of the identification process for different error tolerance levels ε .
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5.4 Computational Cost
The corresponding cost is reported in Table 2. The table shows the total time (in minutes) for one
particular run of the updating process by considering the following implementations of the TMCMC method: the original version of TMCMC with the full finite element model; the original
version of TMCMC with the reduced-order model; and the surrogate versions of TMCMC with
the reduced-order model considering the three error tolerance levels ε . The total cost showed in
the table includes all tasks required during the updating process. The last column of the table
indicates the speedup (round to the nearest integer) achieved by the different implementations
of the TMCMC method. In this context, the speedup is the ratio of the execution time by using
the original version of the TMCMC method with the full finite element model and the execution
time by using alternative implementations of the TMCMC method.
Table 2: Computational cost involved during the updating process by considering different implementations of the TMCMC method.

Method
original version of TMCMC with full FE model
original version of TMCMC with reduced-order FE model
surrogate version of TMCMC (ε = 0.01) with reduced-order FE model
surrogate version of TMCMC (ε = 0.1) with reduced-order FE model
surrogate version of TMCMC (ε = 0.5) with reduced-order FE model

Total time (m)
5197.0
35.8
18.2
11.3
10.4

Speedup
1
145
285
460
500

First, it is noted that a speedup equal to 145 is obtained by using the original version of the
TMCMC method with the proposed reduced-order model formulation. This large value is due
to the fact that the different matrices involved in the reduced-order model are computed and
assembled once during the updating process. This in turn implies that the actualization of the
reduced-order model matrices is very efficient. On the contrary, the matrices that define the
full finite element model need to be computed and assembled for each new value of the model
parameters required during the updating process. The speedup is even more significant when
surrogate approximations are considered. Actually, a speedup of 500 is achieved for the error
tolerance level ε = 0.5 case. This value is more than 3 times the speedup corresponding to
the reduced-order case without surrogate approximations. This is because fast approximate estimates of the measure-of-fit function replace reduced-order model simulations for evaluating
such function. The speedup values obtained represent a reduction of more than two orders of
magnitude. Thus, the combination of kriging approximations with reduced-order models is quite
beneficial in term of computational cost. Note that this significant reduction in computational
effort is obtained without compromising the accuracy of the updating process.

6

Conclusions

An adaptive meta-model has been integrated into a finite element model updating formulation
using dynamic response data. The transitional Markov chain Monte Carlo method, which is a
simulation-based Bayesian model updating technique, is adopted in the present work. The updating technique is combined with an adaptive surrogate model based on kriging interpolants
of the measure-of-fit function. The information needed for the construction of the kriging estimates, that is, the measure-of-fit function values at the database of support points, is obtained by
a reduced-order model. To this end a model reduction technique based on substructure coupling
is considered. Numerical results have demonstrated that an important reduction in the number of
full model runs is achieved. In fact, speedup values of more than two orders of magnitude have
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been obtained in an involved finite element model updating problem. Moreover, this reduction
is accomplished without compromising the predictive capability of the identification process.
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Abstract: A new methodology for the analysis of external corrosion observation
data of underground energy pipelines is presented in this study. It is based on the
recently proposed BUS (Bayesian Updating with Structural reliability methods)
method that sets an analogy between Bayesian updating and a reliability problem.
The SRM adopted herein is Subset Simulation (SuS) and the whole analysis is
referred to as BUS-SuS. Corrosion data obtained from in-line inspections of an
underground natural gas pipeline are used to illustrate and validate the proposed
methodology.

Introduction
Degradation of the condition of energy pipelines during their operations is considered inevitable
and as a result comprehensive maintenance and rehabilitation plans should be at hand, as part
of structured reliability-based maintenance management programs. According to incident data,
metal-loss corrosion is the most predominant gradual deterioration process. A typical industry
strategy for reliability-based corrosion management includes high-resolution inline inspections
(ILI) to measure defects on the pipeline body and estimate failure probabilities based on the
inspection results. Bayesian data analysis is the most credible way of updating probabilistic
models given observation data and has been considerably used in energy pipelines’ literature
over the past decade [1-4]. The analytical estimation of the high-dimensional integrals involved
in the Bayesian updating is not feasible in pipeline problems and therefore Markov Chain Monte
Carlo (MCMC) sampling techniques are commonly adopted to numerically perform this task.
One major limitation of these methods is the uncertainty around ensuring that the final samples
have reached the posterior distribution.
Recently, an alternative method to MCMC has been proposed that sets an analogy between
Bayesian updating and a reliability problem [5,6]. This formulation is termed BUS (Bayesian
Updating with Structural reliability methods) and enables the use of established structural
reliability methods (SRM) to conduct the Bayesian updating. The SRM adopted herein is Subset
Simulation (SuS) and the whole methodology is referred to as BUS-SuS. It is considered to be
an improved reinterpretation of the classical rejection sampling approach to Bayesian analysis
with subset simulation; it is particularly advantageous for underground energy pipelines, whose
physical models contain many random variables. The corrosion growth model is considered
critical for the accuraccy and validity of underground energy pipelines physical models. In [23], a stochastic process, namely gamma process, was employed to characterize the growth of
corrosion defects on the pipeline. Then, hierarchical Bayesian approaches were used to update
the gamma process model based on ILI data by means of MCMC simulations. As described
above, MCMC has difficulty in ensuring the stationarity of the Markov Chain. In the present
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study, BUS-SuS is applied in a real pipeline example and is validated against field data [4,7].
The growth of multiple active metal-loss corrosion defects is modelled by combining a gamma
process with an hierarchical Bayesian framework based on multiple ILI data, with the
associated measurement errors being comprehensively accounted for. The contribution of this
paper is the application and validation of BUS-SuS in a real industry context, with subsequent
insights on its efficiency and/or limitations.

Corrosion Growth Model
2.1 Gamma Process
Gamma process is a stochastic process that is non-decreasing and consists of a series of independent and gamma distributed increments, with the same rate parameter (or equivalently the
inverse of the scale parameter). The distribution of the depth of the corrosion defect (metal-loss
in the through pipe wall thickness direction) at time t, di(t) is given by [2,3]

f di (t ) (d i (t ) ai (t  t 0i ),  i )   iai (t t0 i ) d i (t ) ai (t t0 i )1 e  di (t ) i / (ai (t  t 0i )) ( 0, ) (d i (t ))

(1)

where αi(t-t0i) and βi represent the time-dependent shape parameter and rate parameter of defect
i respectively and t0i the initiation time of the ith defect. Also, Ι(0,∞) (di(t)) denotes an indication
function which equals one if di(t) > 0 and zero otherwise and x  





0

s x 1e  s ds for x > 0 [14].

Eq.1 denotes the probability density function (PDF) of a gamma distributed random variable
d(t) with mean equals to α(t-t0) and variance equals to α(t-t0)/β2. For the growth of the ith defect
within one year, the incremental depth is a gamma distributed random variable with a mean
value of αi/βi and a variance of αi/βi2 [2]. It should be noted that Eq.1 is a homogeneous gamma
process (HGP) when the shape parameter is a linear function of time (i.e. α(t-t0) for t ≥ 0) and
a non-homogeneous (NHGP) when non-linear.

2.2 Uncertainties of ILI data
The ILI data are subjected to measurements errors and sizing uncertainties associated with the
ILI tools [4]. Herein, k metal-loss corrosion defects of a pipeline segment are considered, which
have been inspected l times over a given period and the measurement errors of the observations
are quantified. As a result, the measured depth yij of the ith defect at inspection j (j=1, 2,…,l)
has the following relationship with the actual depth dij:

y ij  c1 j  c 2 j d ij   ij

(2)

The parameters c1j, c2j are the constant and non-constant biases associated with the ILI tool of
the jth inspection, which are assumed to be deterministic quantities. For instance, for c1j = 0 and
c2j = 1 the tool is considered unbiased. Furthermore, εij denotes the random scattering errors
with respect to the measured depth, which are assumed to have zero means and known standard
deviations (i.e. from the inspection tool’s specifications). Herein, it is assumed that εij is
spatially independent and identically distributed for a given inspection j. For a specific defect
i, εij is considered correlated and follows a multivariate normal distribution with a zero mean
and known covariance matrix Σε of the random scattering errors associated with different inspections [4].
The PDF of εi = (εi1, εi2, …, εil)Τ , with ‘‘T’’ denoting transposition, is given by:
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f εi (ε i Σ εi )  (2 )



l
2

Σ εi



1
2

1
exp(  ε i Σ εi1ε i )
2

(3)

where Σε is an l-by-l matrix with elements equal to ρnmσnσm (n = 1, 2, …, l; m = 1, 2, …, l), with
ρnm being the correlation coefficient between the random scattering errors associated with the
nth and the mth inspections and σn, σm denoting the standard deviations of the random scattering
errors associated with the tools used in inspections m and n, respectively.

2.3 Growth of multiple defects
The value of α/β denotes the mean of the increment of defect depth within one year for the
HGP, which is considered herein. The growth of the ith defect among two consecutive
inspections is gamma distributed with a PDF as follows:
a
 d 
a
(4)
f d (d ij aij ,  i )   i d ij e
/ (aij )
ij

ij

ij

i

ij

where βi is the defect-specific rate parameter and Δαij is the time dependent shape parameter
associated with Δdij as follows:

 ij   (t ij  t ij 1 )

(5)

with tij denoting the time of the jth inspection for the ith defect. It should be noted that j = 0
corresponds to the initiation time of the ith defect.
Based on the above, the depth of each defect k at the time of each inspection l, dij, can be defined
as the sum of consecutive incremental depths between ti,j-1 and tij, as follows:

d ij  d i , j 1  d ij

(6)

where di0 is assumed to equal zero.

Bayesian Updating of Growth Model
3.1 Formulation
Physical models offer an efficient and comprehensive way of directly assessing loads and
resistances associated with failure modes, accounting for the separate effect of each random
variable on the pipeline under consideration. Most of the parameters are assumed to be
uncertain and are modelled probabilistically as random variables X, through their joint
probability density function (PDF) f(x). In the context of energy pipelines, the mechanical
model can be learned from new observation data, which usually come in the form of ILIs. Since
the uncertainty in the parameters of the physical model is expressed through X, the information
obtained from the inspection data is equivalent to updating the distribution of X. Given the
critical role of the defect growth model in corroding energy pipelines’ physical models,
updating its parameters is considered to satisfactorily describe the updated X.
In this study, the k metal-loss corrosion defects described by means of the HGP, include 2k+1
parameters; one common for all k defects parameter α and k defect specific rate parameters βi
and defect growth initiation times t0i (i = 1, 2, …, k). Given the inspection data D, Bayes’ rule
enables updating the joint ‘prior’ distribution of these parameters θ, which is denoted by f(θ),
to a ‘posterior’ probability distribution f ΄(θ|D), as follows [1,2,5]:
L(D θ) f (θ)
f ' (θ D) 
(7)
 L(D θ) f (θ)
Θ
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Θ represents the space for θ and L(D|θ) is the likelihood function, which describes the
inspection data conditional on the parameters of the model. Based on Eq. 2, εij denotes the
deviation of the inspection data from the model prediction. Thus, the likelihood function characterising these inspections can be described by Eq. 3.
The direct evaluation of the denominator in Eq. 7 is not feasible for corroding energy pipelines,
which has led to numerical evaluations in the literature, through MCMC or other techniques. In
this study a new methodology is applied to corroding energy pipelines, which was proposed in
[5,6] as an extension of the classical rejection sampling approach to Bayesian analysis. In the
specific energy pipeline application examined herein, n random samples of the prior distribution
θ are generated and then accepted as samples of the posterior distribution f ' (θ D)  L(D θ) f (θ)
with  denoting that the posterior PDF is known up to a proportionality constant. The prior
samples are accepted with a probability p = cL(θn), with c defined as a positive constant that
ensures cL(θ) ≤ 1 for all θ. The selection of this constant c is discussed in section 3.2. The
simple rejection sampling algorithm, however, is inefficient, especially in the presence of increasing amount of inspection data, which is normally the case for corroding energy pipelines.
This is particularly aggravated when non-informative priors are the case. However, the abovedescribed rejection sampling algorithm is more advantageous compared to MCMC due to its
simplicity, whilst ensuring accurate samples of the posterior. BUS-SuS developed for corroding
pipelines herein, maintains partly the advantages of the simple rejection sampling algorithm,
while it is highly efficient, by employing Subset simulation which is capable of computing very
small probabilities [8].
Considering the augmented outcome space [θ; p] is the first step in bringing the simple rejection
sampling algorithm in a structural reliability framework. Then, by defining the domain Ζ = {p
≤ cL(θ)}, the posterior distribution f ' (θ D) can be obtained by censoring the joint distribution
of p and θ to Z and marginalizing θ:
1

f ' (θ D)   I ([θ, p]  ) f (θ)dp
0

(8)

where I is an indicator function which takes value one if {p ≤ cL(θ)}and zero otherwise; p is a
standard uniform random variable. In the structural reliability convention, the domain Z describes an observation event (in terms of the Bayesian updating) through a limit state function
r, such that it corresponds to a respective domain {r(p,θ) ≤ 0}:
(9)
r ( p, θ)  p  cL(θ)
The probability of the observation event P(Z) is equal to the acceptance rate of the simple rejection sampling algorithm, which, as mentioned above, is too small for Monte Carlo simulation
to be efficient. Thus, SuS is employed to explore the domain Θ and compute P(Z). It is efficient
to apply SuS in the standard normal space, therefore the outcome space of the original random
variables P and θ is transformed to a space with independent standard normal random variables
V. P and θ are independent, thus they can be transformed separately. The corresponding transformed observation domain can be described in terms of a function R:

R( v)  v0   1 (cL(Τ( v)))

(10)

where Φ is the standard normal CDF. Since the marginals of θ are assumed to be independent
(not correlated), the transfomation T is a simple mapping using the CDF of the marginal
distribution. Next, an algorithm based on SuS can generate samples from the transformed
observation domain [5]. SuS evaluates the probability P(Z) associated with a limit state function
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R(v) defined in the respective domain {R(v) ≤ 0}. This is realised by expressing the event Z as
an intersection of M nested intermediate events such that  0  1  ...   M   . The
probability Pr(Z) can be defined as:
M

M

s 1

s 1

( Z )  (  s )   (  s  s 1 )

(11)

where Z0 corresponds to the certain event [8]. The final probability is expressed through larger
conditional probabilities of the intermediate events Zs = { R(v) ≤ bs}, with b1 > b2 > ... > bM and
s > 0. The values of bs are chosen adaptively, so that the estimates of the conditional
probabilities correspond to a specific value p0, which is usually selected to be in the range of
[0.1~0.3] [5,8]. Toward this, G samples are simulated from V, conditional on each intermediate
event Zs-1 and then the respective limit state function R(v) value is estimated. Based on this
evaluation, the samples are placed in increasing order of magnitude, whereas the threshold bs
is set as the p0-percentile of the ordered samples. The process is repeated until bM = 0, whilst b1
is estimated through unconditional samples of V based on a crude Monte Carlo. Consecutively,
the samples of V conditional on Zs for s = 1, ... , M - 1 are generated from Markov chains
through MCMC sampling, with seeds the samples conditional on Zs-1 for which R(v) ≤ bs. Then,
P(Z) is estimated as follows:

( )  p0M 1 p M

(12)

where p M corresponds to the conditional probability (  M  M 1 ) as follows:

1 G
I R ( ν My 1 )
(13)

G y 1
where IR is an indication function of the observation event and v My 1 , y  1,..., G are samples
of V conditional on ZM-1.
In Bayesian updating, the final finding of interest is not the P(Z) and as a result a final step
should be defined. In that extra step, F additional samples conditional on Z from the output
domain Θ are produced, so that a total number of (at least) G samples from the posterior
distribution can be obtained.
pM 

3.2 Constant c
The required choice of constant c in BUS-SuS should ensure cL(θ)  1 for all θ. Choosing the
constant c too low might undermine the efficiency of the method significantly, since the acceptance probability is linearly related to c. Contrarily, if it is chosen too large, the resulting
samples might not follow the posterior distribution. Therefore, an optimal choice of c is beneficial for BUS-SuS such that:

c

1
sup L(θ)

(14)

For a given defect i, that has been sized by multiple inspections, supL(θ) is equal to the
maximum of the PDF of the random scattering error εij with respect to the measured depth. This
is correlated, following a multivariate normal distribution with a zero mean and known
covariance matrix Σε associated with the total number of inspections l such that:
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c

1



l

[sup Li (θ)]
j 1

(15)

3.3 Hierarchical representation of the growth model
The uncertainties of the aforementioned corrosion growth model, can be expressed by three
levels of parameters for every specific defect, which altogether constitute the system uncertainties [2,3]. This representation of the deterioration model is depicted in Fig. 1. The first level
concerns location and/or element-specific uncertainties, expressed by the basic parameters of
the gamma process model (α, βi, t0i). The second level includes the temporal uncertainties of
the deterioration increments for each defect i. It consists of the expected depths at inspection
times and their increments between two consecutive inspections, along with the respective scale
parameters Δαij (i = 1, 2, …, k; j = 1, 2, …, l). Finally, the third level associates the inspection
data with measurement errors c1j, c2j and Σε, accounting for observational uncertainties and the
imprecise nature of inspections. Ellipses and rectangles in Fig. 1 characterise stochastic and
deterministic (known) variables, whereas single and double-edged arrows symbolise stochastic
and deterministic links, respectively. The known quantities, as shown in Fig. 1 include prior
distributions’ parameters (i.e. γ1, ξ1, γ2, ξ2, γ3, ξ3), inspection times tj (j = 1, 2, …, l) and
measurement errors.

Figure 1: Hierarchical Bayesian model for the jth inspection of the ith defect

Numerical Example
4.1 General
The proposed methodology is applied on an underground natural gas pipeline installed in 1972
[7]. Several segments of this pipeline were excavated in 2010 and the depths of the corrosion
defects were measured using the ultrasonic (UT) thickness device at the excavation sites. A
total of 17 defects were identified and matched with the corresponding defects inspected by
high-resolution magnetic flux leakage (MFL) tools in 2000, 2004, 2007 and 2009. The measurements errors corresponding to these ILI tools were obtained according to [4], a study concerning the same pipeline. The field sized depths were assumed free of measurement error based
on [4]; thus, the corrosion depths in 2010 correspond to the actual depths. The ILI data of 2000,
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2004 and 2007 were considered for the application of the proposed methodology and the results
were then validated against the corresponding field-measured depths in 2010. The ILI data of
year 2009 were not used so that the prediction corresponds to a fairly long forecasting period
(i.e. 3 years, from 2007 to 2010). The constant and non-constant biases and standard deviations
of the random scattering errors of the ILIs, along with the correlations between the random
scattering errors associated with different ILI tools used for inspections are: c11=c12=2.04
(%wt), c13=-15.28(%wt), c14=-10.38(%wt); c21=c22=0.97, c23=1.4, c24=1.13; σ1=σ2=5.97(%wt),
σ3=9.05(%wt), σ4=7.62(%wt); ρ12=0.82, ρ13=ρ23=0.7, ρ14=ρ24=0.72, ρ34=0.78, where the subscripts ‘1’, ‘2’, ‘3’ and ‘4’ refer to the ILI tools used in 2000, 2004, 2007 and 2009 and wt
denotes the pipe wall thickness.

4.2 Application and validation of the methodology
The depths of the 17 defects are illustrated in Fig. 2. They correspond to ILIs for years 2000,
2004, 2007 and to excavation measurements on year 2010, as explained in Section 4.1. Some
of the defect depths appear to decrease over time, something attributed to the large impact of
the ILI tools’ measurement errors.

Figure 2: ILI reported depths in 2000, 2004, 2007and field measured depths in 2010 for each of the 17 defects

The gamma distribution was selected as the prior distributions of α and βi on the basis that this
distribution ensures positive quantities and can also be conveniently used as a non-informative
distribution. The prior distribution of t0i was chosen to be a truncated normal distribution with
a lower bound of zero and an upper bound of 28 years (i.e. the time elapsed from installation of
the pipeline in 1972 until the first inspection in 2000). The parameters at the top of Fig.1 were
defined as follows: γ1 = 1, ξ1 = 1, γ2 = 1, ξ2 = 1, γ3 = 1, ξ3 = 1. A total of 10,000 samples were
selected for the BUS-SuS application, while it was assumed that p0 = 0.1. The constant c was
evaluated from Eq. 15 as c = 1975. A comparison between the defect depth predictions of the
BUS-SuS methodology in 2010 with the corresponding field-measured depths for the 17 defects
in 2010, is illustrated in Fig. 3. The predicted depth for each defect, presented in Fig. 3, is the
mean depth derived from the HGP model with α, βi and t0i assumed to be deterministic and set
equal to the mean values of the corresponding marginal posterior distributions, obtained from
BUS-SuS. Fig. 3 indicates that the predictions given by the proposed methodology are
reasonably satisfactory, in that 14 out of 17 values fall within the range of ± 10%wt of the
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corresponding actual depth. This range is commonly adopted as a confidence interval for
inpsection tools’ accuracy in the pipeline industry and therefore it can set an adequate metric
of accuracy for the proposed model herein [2].

Figure 3: Comparison of model predictions with field measured depths in 2010

The BUS-SuS predictions were further investigated through Fig.4. Two defects were chosen
for analysis and the mean, 10- and 90- percentile were estimated, based on the results of BUSSuS for the period 1972-2010. The mean and standard deviation of defect depths were defined
as α(t-ti0)/βi and (α(t-ti0)/βi2)0.5 respectively for each defect, based on the HGP corrosion growth
model. The parameters α, t0i and βi were set equal to the deterministic mean values from their
corresponding marginal posterior distributions derived from BUS-SuS. The 10- and 90percentile predictions were evaluated based on HGP as well, with shape parameter α(t-ti0), rate
parameter βi and cumulative distribution function (CDF) F (d (t )  x(t ))   ( (t  t 0i ),  i x(t ) / ( (t  t 0i ))
where γ(c, s) is the incomplete gamma function, defined as  c, s    s w c1e w dw [7].
0
It is observed that for defect 6 for which the BUS-SuS predicted depth and actual depth are in
very good agreement, the ILI data is also in great proximity with the actual depth. Defect 4 is
one of the three total defects that BUS-SuS could not achieve a prediction in the interval ±
10%wt. It is indicated in its graph that the ILI results are very different compared to the actual
depth reported in 2010. In that sense, it is reasonable to deduce that ILI tools measurements
errors are the root cause for the discrepancy among ILI reported depths and actual depth, which
subsequently lead to underestimation from the proposed BUS-SuS method. Therefore, it can be
postulated that BUS-SuS provided credible forecasts in all cases and it bears no direct
responsibility for the underestimations. It is also noticed that both defects have almost the same
initiation times. This is attributed to the fact that the ILI reported depths for these defects,
indicate a similar growth rate with little fluctuation, almost steady. If one had a higher growth
rate for instance, BUS-SuS would recognise that as a newer defect and would result in a later
inititation time. This observation is in accord with experimental results reported in the literature
in the past, which have suggested that metal-loss corrosion tends to grow faster during the early
stages of evolution of the phenomenon [9]. Thus, these defects are identified as approximately
of the same initiation time.
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Figure 4: Predicted growth paths of defects 4 and 6 based on the HGP model

In Fig. 5, the probability density functions (PDF) of the same 2 defects are presented for years
after inspections and in specific for 2011, 2016 and 2021. The PDF curves were based on kernel
density approximations for the results from the posterior distribution derived from BUS-SuS
and the HGP stochastic model. It is illustrated that the PDF curves move towards higher depths
over time and also a tendency of increase of the uncertainty in the predicted depth with time is
revealed, since the spread of the curves increase over time.

Figure 5: Marginal posterior depths of defects 4 and 6 in years 2011, 2016 and 2021

Therefore, BUS-SuS is a reliable method in the setting of a real pipeline application. It has
additional efficiency compared to the commonly adopted MCMC techniques, which have
difficulty in ensuring that the final samples have reached the posterior distribution. Even though
BUS-SuS uses MCMC to generate the required conditional samples in SuS, it must be noted
that the initial samples of these Markov chains are already from the target distribution and thus
convergence is not an issue, since it is ensured that all samples follow this target distribution.
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Conclusions
This paper presents a new methodology for updating the corrosion growth model of
underground energy pipelines, based on inspection data. This is accomplished in the context of
an hierarchical Bayesian framework by means of the BUS method, which sets an analogy
between Bayesian updating and a reliability problem. The SRM selected herein is Subset
Simulation (BUS-SuS). The numerical application consisted of developing the growth models
for 17 external corrosion defects, based on the defect depths reported by three consecutive ILIs
that occured before a subsequent field measurement in 2010. The model predictions were
compared with the corresponding actual values from the field. The validation of the model was
satisfactory for 14 defects out of 17, in the range of ± 10%wt for the absolute differences among
BUS-SuS predictions and field measurements. Further analysis of the results indicated that the
reason for the underestimations from BUS-SuS are the difference between ILI reported depths
and actual depths, due to large measurement errors. The proposed methodology can be
particularly relevant to a reliability-based pipeline integrity management setting, with regards
to corrosion management in specific.
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Abstract: In this paper, a Bayesian time-domain model updating methodology is
developed and applied to effectively take into account the correlation between prediction errors. A Bayesian model class selection scheme is suggested for comparing the relative plausibility of models with different correlation orders. As a result,
an appropriate correlation order could be selected so that as few as possible correlation parameters are incorporated in the likelihood function. Numerical examples
representing single-degree of freedom systems are used to demonstrate the proposed approach. Moreover, effects of measurement noise, modelling error, and
number of data points on the posterior uncertainties are discussed in detail.

1 Introduction
Monitoring of structures using vibration-based techniques has received considerable attention
over the last two decades. Many of the state-of-the-art techniques could be categorised as deterministic approaches [1]. However, application of such approaches has faced with certain
limitations in terms of quantifying their accuracy and reliability [2]. Consequently, probabilistic approaches have been proposed to address the involved uncertainties effectively. In this
regard, Bayesian model updating effectively tackles the challenging task of uncertainty quantification and propagation [2-3]. The primary motive behind this approach is to update classes
of physical models along with their uncertainties, and secondly to select the best model class
amongst different class candidates [3].
Since the monitoring data are usually time sequences, treating the updating problem in the
time-domain seems more convenient. Bayesian time-domain approaches handle the modelupdating problem for the case of known deterministic input [2]. First, samples of model responses are generated over the model parameters space. Discrepancies between the measured
response and the sampled responses are used to establish a fitting measure amongst different
samples of model parameters. Constructing a likelihood function over the model and prediction error parameter space, and using Bayes’ rule to combine the likelihood function with prior knowledge assigned based on user’s judgement is the next step. As a result, a posterior
probability density function (PDF) is obtained that expresses the updated uncertainties. Maximization of the posterior distribution with respect to the model parameters gives their most
probable values (MPVs). Depending on the optimization results, the MPVs could be globallyidentifiable, locally-identifiable, or unidentifiable [6]. In the globally identifiable cases, fitting
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a Gaussian distribution around the MPVs could quantify the involved uncertainties [7]. In a
broader picture, the model classes are ranked based on a trade-off between fitting accuracy
and model complexity [3].
Considering statistically independent and identically distributed prediction errors is a very
common hypothesis for constructing the likelihood function [2 and 9]. In practice, however,
there exists a considerable correlation between the prediction errors. Using a high-rank covariance matrix accounting for the correlation is a possible alternative [10]. Nevertheless, incorporating so many correlation coefficients into the likelihood function dramatically increase
both computational efforts and model complexity. Furthermore, the correlated data is less
informative [3], and the assumed correlation structure has a considerable impact on the posterior uncertainties of the model parameters. Therefore, a reliable Bayesian formulation accounting for the correlation considering the computational costs, the model complexities, and
the impact on the posterior distribution, altogether, demands further development in terms of
both formulation and implementation.
In this paper, a new Bayesian time-domain model updating approach is presented to account
for the correlation of prediction errors. For the sake of convenience, the formulation is presented for only one time-history output, but it can easily be extended to different cases with
multiple degrees of freedom. The effect of correlation order on the posterior distribution is
considered, and a model selection scheme is proposed and applied to compare the relative
plausibility of model classes with different correlation orders. Numerical examples representing single-degree of freedom (SDOF) systems are used for illustration of the accuracy and the
effectiveness of the proposed approach. Moreover, effects of measurement noise, modelling
error, and number of data points on the posterior uncertainties are discussed in detail.

2 Mathematical Formulation
2.1 Proposed Bayesian Time-Domain Approach
Let Y = {y1, y2, …, yN} denote time history response of an SDOF system subjected to a
known deterministic loading sampled at equal time intervals (Δt). Consider a model class M,
with models M(θ), where θ is a parameter vector parameterizing the above model class. A
model class M(θ)  M produces a time history response X = {x1, x2,…, xN | M, θ} under the
same input. Without loss of generality, the same sampling interval (Δt) is assumed for the
model responses. Flaws in the model assumptions would cause inevitable modelling error
(η1), and calibration error in the measurement device introduces a measurement noise (η2).
The sum of these two processes accounts for the so-called prediction error:
 i (θ | M)  yi  xi (θ | M)  1,i  2,i
(1)
where the index i represents the time instance ti = iΔt, i={1, 2, …, N}. The data set D (θ, M) =
{ε1, ε2,…, εN | M, θ} contains the prediction error samples. The error εi is assumed to be
modelled with the help of a probabilistic models P  P(Ψ). The combination of the class of
deterministic models M(θ) and prediction error probabilistic models P(Ψ) is denoted as
MP(Θ), where Θ = {θ, Ψ}. Given this data set, Bayes’ rule updates the relative plausibility of
the model parameters as [4]:
(2)
 (Θ | D, M P )  c0 P(D | Θ, M P ) (Θ | M P )
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where π(Θ| D, MP) is the posterior PDF, P(D| Θ, MP) is the likelihood function, π(Θ| MP) is
the prior PDF, and c0 is a normalization constant is given by:
c01   P(D | Θ, M P ) (Θ | M P )dΘ

(3)

To compute the posterior probability, samples of the model parameters are generated, and the
corresponding model responses are produced. When the prior probability is non-informative,
the problem reduces to the maximization of the likelihood function. Therefore, appropriate
choice of the likelihood function is crucial. In general, the likelihood function is the product
of N conditional PDFs given as follows:
(4)
P(D | Θ, M P )  P(1 | Θ, M P ) P( 2 | 1, Θ, M P )...P( N | 1,  2 ,...,  N 1, Θ, M P )
In the following, for notation simplification, the dependence on the class MP is omitted and
assumed as long as dependence on the parameter set (Θ) is explicitly stated. Moreover, this
conditional probability accounts for the correlation between the data points. However, effects
of faraway data points seem negligible. Hence, it may be assumed that each sample of the
prediction error is linearly correlated only with m previous data points such that one may
write:
(5)
 i  a1 i 1  a2 i 2  ...  am i m  wi
, im
where a1, a2,…, am are regression coefficients and wi is a zero-mean Gaussian white noise
process. With these assumptions, the likelihood probability will be the product of N Gaussian
distributions as follows:
N

m

i 1

j 1

P ( D | Θ)   N  i (  a j  i  j ,  )
 (2 )

2  N /2

exp( 

1
2 2

N

 (   a 
i 1

(6)

m

i

j 1

j i j

2

) )

where the set {ε0,…, ε-m+2, ε-m+1} containing the initial m terms is assumed having all its elements equal to zero. Substituting this into Equation (2) gives the posterior distribution as:
m
1 N
 (Θ | D)  c0 (2 2 ) N /2 exp( 2  ( i   a j i  j ) 2 ) (Θ)
(7)
2 i 1
j 1
Notice that Θ is a vector representing the model parameters (θ), and the probabilistic prediction model parameters (Ψ) comprised of the standard deviation (σ) and the regression coefficients a = (a1, …, am). Maximization of the posterior distribution gives the optimal values of
the model parameters, which is equivalent to minimization of the following negative loglikelihood function:
m
N
1 N
L(Θ)  ln c0  ln(2 )  N ln( )  2  ( i   a j i  j ) 2  ln  (Θ)
(8)
2
2 i 1
j 1
In the case of non-informative prior probability, optimal values of the standard deviation are
given as:
m
1 N
ˆ 2   ( i   a j i  j )2
(9)
N i 1
j 1
Moreover, the first derivative with respect to ak yields the following set of equations, from
which, the MPVs of aj will be found:
N m
N
L
 0   aˆ j i  j i k    i i k
k  1, 2,..., m
(10)
ak
i 1 j 1
i 1
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As a result, for each set of the sampled model parameters (θ), the optimal values of the standard deviation and the regression coefficients can be found easily. Equation (7) gives the joint
distribution of the model parameters, the standard deviation, and the regression coefficients.
Carrying out integration over the standard deviation and the regression coefficients gives the
marginal PDF for the model parameters. In general, this integration is computationally prohibitively expensive; however, the fact that the posterior distribution has a global maximum at
the MPVs allows applying a Laplace approximation to estimate the marginal PDF as [5]:

 (θ | D)    P(Θ | D)dad


1
P(Θ | D)
det(1 ( , ˆ , aˆ ))

(11)
a aˆ
 ˆ

where H1(θ, σ, a) is the following matrix containing second derivatives of L(θ) with respect to
the integration variables.

  2 L( ,  , a)  2 L( ,  , a) 
 ( ) 2
a 

1 (θ,  , a) 

 2 L( ,  , a) 
Sym
.


(a)2 

The elements of this matrix evaluated at the MPVs of the foregoing variables are:
 2 L(θ, ˆ , aˆ ) 2 N
 2
( )2
ˆ
 2 L(θ, ˆ , aˆ ) 1
 2
a j ak
ˆ

N


i 1



i  j i k

j, k  1, 2,..., m

(12)

(13)
(14)

 2 L(θ, ˆ , aˆ )
0
a j

(15)

Thus, the determinant of the hessian matrix can be found to be equal to:
2N
det(1 (θ, ˆ , aˆ ))  2 m 2 det(E)
ˆ

(16)

where E is a m×m matrix, elements of which are equal to eij   i 1  i  j  i k . Substituting this
n

into Equation (11) gives the marginal PDF as follows:
c
1
 (θ | D) 
N  m 1
det(E) ˆ

(17)

where c is a normalization constant. Maximization of the proposed marginal PDF for all the
model parameters gives the MPVs of θ. This task is equivalent to minimization of the following objective function:
1
(18)
L(θ)  ln c  ln det(E)  ( N  m  1) ln ˆ
2
Eventually, a Gaussian distribution with mean values equal to the MPVs and covariance matrix equal to the hessian inverse of L'(θ) is used as an approximate probability distribution of
the model parameters. The proposed Bayesian formulation effectively takes into account the
correlation between the prediction errors. However, the choice of correlation order is of prime
importance and is addressed in the next section.
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2.2 Correlation Order Selection
Suppose we have a set of model classes {Mi(Θi)}, i = 1, 2,…, Nm and want to establish the
relative plausibility of these model classes. Bayes’ rule is applied to select the best model
class in terms of fitting accuracy, number of model parameters, and suitable correlation order.
To this end, the posterior probability of each model class (Mi) is given by the following expression [3]:
P(D | Mi ) (Mi )
 (Mi | D) 
(19)
P(D)
where π(Mi) is prior probability, P(D|Mi) is evidence, π(Mi|D) is posterior probability, and
P(D) is a normalization constant determined from the principle of total probability. For the
prior probability, one may consider all model classes equally plausible, and therefore, the evidence will be equal to the posterior. The principle of total probability gives the evidence as
follows:
P(D | Mi )   P(D | Mi , Θi ) (Θi | Mi ) dΘi

(20)

where P(D| M, Θ) and π(Θ| M) are the likelihood function and the prior probability introduced earlier. When the model parameters are globally identifiable, a Laplace approximation
can simplify the integral to the following expression [5 and 8]:
ˆ , M ) (Θ
ˆ | M ) det( (Θ
ˆ )) 1/2
P(M | D)  (2 )( N m1)/2 P(D | Θ
(21)
i

i

i

i

i

2

i

For the case of non-informative prior, the determinant of the hessian evaluated at the MPVs
can be found from:
ˆ ))  2 N det(E) det(2 L(θˆ ))
(22)
det( 2 (Θ
i
θ
ˆ 2 m 2
where E is defined in (16). Since the evidence is highly peaked, working with its logarithm
offers a better comparison. Therefore, the logarithm of the posterior distribution, which reflects relative plausibility of the model classes, is proportional to:
N  N  m 1
1
N
ln[ P(M i | D)]  
ln(2 )  ln(2 N )   ( N  m  1) ln(ˆ )
2
2
2
(23)
1
1
2
ˆ | M ))
 ln(det(E))  det(θ L(θˆ ))  ln( (Θ
i
i
2
2
In this regard, Akaike Information Criteria (AIC) and Bayesian Information Criteria (BIC) are
two simpler measures, obtained in the following [3]:
ˆ , M )]  ( N  m  1)
AIC (M | D)  ln[ P(D | Θ
(24)
i

i

i



ˆ , M )]  1 ( N  m  1) ln N
BIC (Mi | D)  ln[ P(D | Θ
(25)
i
i

2
In the remainder of this paper, a SDOF system is considered to investigate and illustrate the
accuracy and efficiency of the proposed formulation. The results of the latest three equations
are discussed as well.

3 Illustrative Example
Simulated data of the response of a linear SDOF system subjected to a known input are generated at equal time intervals (0.01sec) assuming the natural frequency (ωn) and damping ratio
(ξ) equal to 1.0 rad/sec and 5%, respectively. The motion equation is:
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X  2n X  n2 X  F (t )

(26)

The applied load, F(t), is assumed herein to be a sample of Gaussian stationary white noise
with power equal to 11dB/W, and typical response length 20 seconds, discretely sampled at
0.01sec. In order to study the measurement noise effects, the response is contaminated with
additive white Gaussian noise at three different signal-to-noise ratios (SNR), 1%, 5%, and
25% of the root-mean-square (RMS) of the original signal. Two model classes are considered
to model the observed data. The first model class (M1) assumes a damped vibration with the
correct value of damping ratio (ξ = 5%), in which the natural frequency is unknown and
should be identified. This model class represents a class with absent modelling error and only
presents the measurement error. On the contrary, the second model class (M2) assumes a
wrong damping (ξ = 0%), which introduces modelling error in addition to the measurement
error. Since the correlation order is not known a priori, sub-classes representing different correlation orders are considered for the two model classes. The proposed Bayesian formulation
is applied for identification of the posterior PDFs of the natural frequency.

3.1 No Modelling Error
When there is no modelling error, the only source of uncertainty will be due to the measurement error. Table 1 presents optimal natural frequencies and the corresponding standard deviations for various correlation orders at three different noise levels. In the case of 1% and 5%
noise, the optimal frequency perfectly matches with the correct value; however, small deviation is observed when the noise is as high as 25%. Moreover, increase of the noise gives rise
to the standard deviation of the identified frequency. As presented in Table 1, the MPV of the
first correlation factor (a1) is negligible, which indicates poor correlation between the prediction errors. In addition, the MPVs and the standard deviation of natural frequencies are almost
constant regardless of the correlation order. This is explained by the fact that the prediction
errors of consecutive time instances are uncorrelated when there is no modelling error. Figure
1 shows the relative plausibility of different correlation orders found from Equation (23). The
other two measures, BIC and AIC, are also compared in Figure 2. As shown in these figures,
the uncorrelated assumption surpasses higher order correlation models regardless of the noise
level. Therefore, it may be concluded that the proposed approach can address the uncorrelated
cases effectively.

3.2 Considerable Modelling Error
As discussed earlier, the second model class (M2) produces undamped responses under the
same stationary input, while the actual response is a damped vibration. Therefore, considerable modelling error, along with the measurement noise, makes the result more uncertain. Table 2 presents the identified frequencies and the corresponding standard deviations for model
classes corresponding to different correlation orders. Although considerable modelling error
and measurement noise exists, the natural frequency is identified rather accurately as shown
by the small corresponding standard deviations. The standard deviations of natural frequency
are substantially larger than the corresponding values obtained in Table 1, which highlights
the fact that there exists greater uncertainty.
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Table 1: Posterior uncertainty of model class M1 for different correlation orders
Measurement Noise Level
Correlation Order

1% Additive Noise

5% Additive Noise

25% Additive Noise

a1

ω (rad/sec)

σω (rad/sec)

a1

ω (rad/sec)

σω (rad/sec)

a1

ω (rad/sec)

σω (rad/sec)

Uncorrelated

-

1.000

9.05E-05

-

1.000

4.49E-04

-

1.003

2.18E-03

1

0.002

1.000

9.34E-05

0.013

1.000

4.56E-04

0.044

1.003

2.28E-03

2

0.002

1.000

9.31E-05

0.013

1.000

4.54E-04

0.044

1.003

2.30E-03

5

0.003

1.000

1.02E-04

0.013

1.000

4.49E-04

0.044

1.003

2.30E-03

10

0.003

1.000

1.22E-04

0.010

1.000

4.02E-04

0.044

1.003

2.27E-03

15

0.003

1.000

1.23E-04

0.010

1.000

3.84E-04

0.044

1.003

2.19E-03

20

0.002

1.000

1.25E-04

0.010

1.000

4.25E-04

0.043

1.003

2.43E-03

c) 30

6370

3150

20

ln [P(M1|D)]

6360
6350
6340
6330

ln [P(M1|D)]

b) 3160
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Figure 1: Relative plausibility of different correlation orders calculated based on Equation (23) (a) 1% noise (b)
5% noise (c) 25% noise
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BIC

AIC

b) 6020

BIC

2860
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9180
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2820

9140
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5920
5900
5880

9080

5860
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Correlation Order

ln [P(M1|D)]
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9160

AIC

c) 2880

9220

ln [P(M1|D)]

ln [P(M1|D)]

a) 9240

BIC

2800
2780
2760
2740
2720
2700

0

5

10 15 20 25
Correlation Order

0

5

10 15 20 25
Correlation Order

Figure 2: Relative plausibility of different correlation orders calculated based on Equations (24) & (25) (a) 1%
noise (b) 5% noise (c) 25% noise

The first correlation factor (a1) is also obtained in Table 2 indicating strong correlation in the
prediction errors that is attributed to the presence of modelling error. As seen, increase of the
correlation order decreases the contribution of the first correlation factor. Using higher order
correlation reduces the effect of the previous time samples in establishing the next prediction
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error. For instance, for 5% noise, a1 is 0.922 for the first correlation order, while this factor
decreases to 0.486, 0.178, and 0.111 for second, fifth, and tenth correlation order. Moreover,
the correlation order does not affect the optimal frequency, but has considerable impact on the
standard deviation of identified natural frequency, as illustrated in Table 2.
In the presence of modelling error, considering the prediction error as being uncorrelated will
result in severe underestimation of the calculated posterior uncertainty. Therefore, an appropriate choice of correlation order is necessary. To this end, the proposed model class selection
is applied to first compare the relative plausibility of sub-models, and then, to select a suitable
sub-model with the minimum number of parameters. Figures 3 and 4 compare the updated
probability of sub-models based on Equations (23), (24), and (25). As can be seen, the posterior uncertainty for the zero-order sub-model is considerably less likely such that considering
the correlation seems necessary. As shown, the model class probability reaches a peak, which
corresponds to the most appropriate correlation order. As the noise increases, the peak shifts
to the left side indicating that lower order correlation models are preferable.
Table 2: Posterior uncertainty for model class M2 in different correlation orders
Measurement Noise Level
Correlation Order

1% Additive Noise

5% Additive Noise

25% Additive Noise

a1

ω (rad/sec)

σω (rad/sec)

a1

ω (rad/sec)

σω (rad/sec)

a1

ω (rad/sec)

σω (rad/sec)

Uncorrelated

-

1.003

1.07E-03

0.000

1.003

1.10E-03

0.000

1.002

1.85E-03

1

0.997

0.995

8.49E-03

0.922

1.002

5.32E-03

0.354

1.002

2.67E-03

2

0.532

0.995

5.60E-03

0.486

1.001

8.20E-03

0.268

1.002

3.41E-03

5

0.370

0.995

3.74E-03

0.178

0.996

9.55E-03

0.181

1.002

5.31E-03

10

0.340

0.995

5.50E-03

0.111

0.995

6.84E-03

0.125

1.002

8.15E-03

15

0.267

0.995

9.64E-03

0.103

0.995

6.03E-03

0.096

1.000

1.02E-02

20

0.215

0.995

1.43E-02

0.103

0.995

5.88E-03

0.084

0.998

1.07E-02

30

0.155

0.996

2.05E-02

0.090

0.995

0.00832

0.069

0.995

9.41E-03

40

0.115

0.999

1.74E-02

0.065

0.995

0.01264

0.069

0.995

8.41E-03

0

b)3200
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Figure 3: relative plausibility of different correlation orders calculated based on Equation (23) (a) 1% noise (b)
5% noise (c) 25% noise
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Figure 4: Relative plausibility of different correlation orders calculated based on Equations (24) & (25) (a) 1%
noise (b) 5% noise (c) 25% noise

3.3 Effects of Number of Data Points
As the sample size increases, Bayesian predictors will asymptotically concentrate around a
single MPV point. This pattern can clearly be observed when there is no modelling error
shown in Figure 5(a) for different levels of measurement noise. In the presence of modelling
error, when the noise is as low as 1%, the same pattern is observed, as shown in Figure 5(b).
For higher noise levels, however, the same might not hold true, depending on the variation of
the MPVs due to the modelling error. In effect, use of different number of data points will
result in different outcomes of the MPVs along with different standard deviations regardless
of the number of data points.
0.007

1% Noise
5% Noise
25% Noise

a)

0.006

0.014
0.012
σω (rad/sec)

0.005
σω (rad/sec)

1% Noise
5% Noise
25% Noise

b) 0.016

0.004
0.003
0.002

0.01
0.008
0.006
0.004

0.001

0.002
0

0
0

0

1000 2000 3000 4000 5000
Number of data points

1000 2000 3000 4000 5000
Number of data points

Figure 5: Effect of number of data points on standard deviation of frequency (a) zero-order correlation without
modelling error (b) 2nd order correlation with modelling error

4 Conclusion
A Bayesian model updating formulation is proposed to effectively incorporate the correlation
between the prediction errors. Bayesian model selection is applied to compare the effect of
different correlation orders on the posterior distribution. As a result, a trade-off between the
number of regression parameters and the accuracy is suggested and illustrated with a simple
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academic example. For the sake of convenience, the formulation is presented for a SDOF system, but can easily be extended to different cases with multiple degrees of freedom. The proposed correlation order using the two state-of-the-art model selection methods are compared,
indicating good agreement between them. As future work, the present formulation will be
applied in more complicated dynamical systems to further explore the effectiveness of the
proposed methodology.
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Operational approach to assessment of existing structures
Milan Holickýa
a

Klokner Institute, Czech Technical University in Prague, Czech Republic

Abstract: The upcoming CEN Technical Specification (TS) on assessment of existing structures is to be related to the probabilistic concepts and fundamental requirements of the EN Eurocodes. The document should concern all types of
buildings, bridges and construction works, including geotechnical structures, exposed to all kinds of actions. The first draft of the Technical specification was already submitted to the technical committee CEN TC250 in April 2016. It contains
requirements, general framework of assessment, data updating, structural analysis
(linear, nonlinear, dynamic), verifications (partial factors, probabilistic methods,
risk assessment), past performance, interventions, annexes (flowchart, timedependent reliability, assessment of heritage structures). TS should be completed
in 2017. The submitted contribution provides background information on the principles accepted in the draft of TS. Particular attention is given to verification of
target reliability levels and operational procedures in engineering practice through
adjustment of partial factors.

1 Introduction
Assessment of existing structures is becoming a more and more important and frequent engineering task. Continued use of existing structures is of a great significance due to environmental, economic and socio-political assets, growing larger every year. These aspects are
particularly relevant to public buildings that constitute a great social and economic value.
General principles of sustainable development regularly lead to the need for extension of the
life of a structure, in majority of practical cases in conjunction with severe economic constraints. That is why assessment of existing structures often requires application of sophisticated methods, as a rule beyond the scope of traditional design codes. Nevertheless, apart
from few national codes (listed in JRC report (2015) [1]), three International Standards ISO
2394 (2015) [2], ISO 13822 (2010) [3] and ISO 12491 (1997) [4], related to assessment of
existing structures, have been recently developed. Selected principles of Eurocede EN 1990
(2002) [5] are also applicable for assessment of existing structures. Additional information
may be found in a number of scientific papers (listed in JRC report (2015) [1]) and publications, for example in [6], [7] and [8].
The approach to assessment of an existing structure is in many aspects different from that
taken in designing the structure of a newly proposed building. The effects of the construction
process and subsequent life of the structure, during which it may have undergone alteration,
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deterioration, misuse, and other changes to its as-built (as-designed) state, must be taken into
account. However, even though the existing building may be investigated several times, some
uncertainty in behaviour of the basic variables shall always remain. Therefore, similarly as in
design of new structures, actual variation in the basic variables describing actions, material
properties, geometric data and model uncertainties are to be taken into account by any verification method.
Differences between the assessment of existing structures and the design of new structures as
indicated in Table 1 should be considered when making decision.
Table 1: Differences between the assessment of existing structures and the design of new structures

Aspect
Economic

Existing structures
Additional costs of reliability
improvements are usually high
Social
Restriction of the use and damage
of cultural assets are significant
Sustainability Allowance for sustainability is
made using original materials

New structures
Additional costs of reliability improvements are usually low
Restrictions are usually less significant
than in existing structures
As a rule new materials are used and
aspect of sustainability is complicated

In general, an existing structure could be subjected to the assessment of its actual reliability in
case of:
- rehabilitation of an existing constructed facility during which new structural members
are added to the existing load-carrying system;
- adequacy checking in order to establish whether the existing structure can resist loads
associated with the anticipated change in use of the facility, operational changes or extension of its design working life;
- repair of an existing structure, which has deteriorated due to time dependent environmental effects or which has suffered damage from accidental actions, for example,
earthquake;
- doubts concerning actual reliability of the structure.
In some circumstances assessments may also be required by authorities, insurance companies
or owners or may be demanded by a maintenance plan.

2 Principles and General Framework of Assessment
Two main principles are usually accepted when assessing existing structures:
- Currently valid codes for verification of structural reliability should be applied, historic codes valid in the period when the structure was designed should be used only as
guidance documents.
- Actual characteristics of structural materials, actions, geometric data and structural
behaviour should be considered, the original design documentation including drawings
should be used as guidance documents only.
The first principle should be applied in order to achieve similar reliability level as in case of
newly designed structures. The second principle should avoid negligence of any structural
condition that may affect actual reliability (in favourable or unfavourable way) of a given
structure.
Most of the current codes are developed assuming the concept of limit states in conjunction
with the partial factor method. In accordance with this method, which is mostly considered
here, basic variables are specified by characteristic or representative values. The design values
of the basic variables could be determined from the characteristic (representative) values and
appropriate partial factors or on the bases of more advanced reliability methods.
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It follows from the second principle that a visual inspection of the assessed structure should
be made whenever possible. Practical experience shows that inspection of the site is also useful to obtain a good feel for actual situation and state of the structure. As a rule the assessment
need not to be performed for those parts of the existing structure that will not be affected by
structural changes, rehabilitation, repair, change in use or which are not obviously damaged or
are not suspected of having insufficient reliability.
In general, the assessment procedure consists of the following steps:
• specification of the assessment objectives required by the client or authority;
• scenarios related to structural conditions and actions;
• preliminary assessment:
• study of available documentation;
• preliminary inspection;
• preliminary checks;
• decision on immediate actions;
• recommendation for detailed assessment;
• detailed assessment:
• detailed documentary search;
• detailed inspection;
• material testing and determination of actions;
• determination of structural properties;
• structural analysis;
• verification of structural reliability;
• report including proposal for construction intervention;
• repeat the sequence if necessary.
When the preliminary assessment indicates that the structure is reliable for its intended use
over the remaining life a detailed assessment may not be required. Conversely if the structure
seems to be in dangerous or uncertain condition immediate interventions and detailed assessment may be necessary.

3 Investigation
Investigation of an existing structure is intended to verify and update the knowledge about the
present condition (state) of a structure with respect to a number of aspects. Often, the first
impression of the structural condition will be based on visual qualitative investigation. The
description of possible damage of the structure may be presented in verbal terms like:
'unknown, none, minor, moderate, severe, destructive'. Very often the decision based on such
an observation will be made by experts in purely intuitive way.
A better judgement of the structural condition can be made on the basis of (subsequent) quantitative inspections. Typically, assessment of existing structures is a cyclic process when the
first inspection is supplemented by subsequent investigations. The purpose of the subsequent
investigations is to obtain a better feel for the actual structural condition (particularly in the
case of damage) and to verify information required for determination of the characteristic and
representative values of all basic variables. For all inspection techniques, information on the
probability of detecting damages if present, and the accuracy of the results should be given.
The statement from the investigation contains, as a rule, the following data describing
- actual state of the structure;
- types of structural materials and soils;
- observed damages;
- actions including environmental effects;
- available design documentation.
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A proof loading is a special type of investigation. Based on such tests one may draw conclusions with respect to:
• the bearing capacity of the tested member under the test load condition;
• other members;
• other load conditions;
• the behaviour of the system.
The inference in the first case is relatively easy; the probability density function of the load
bearing capacity is simply cut off at the value of the proof load. The inference from the other
conclusions is more complex. Note that the number of proof load tests needs not to be restricted to one. Proof testing may concern one element under various loading conditions
and/or a sample of structural elements. In order to avoid an unnecessary damage to the structure due to the proof load, it is recommended to increase the load gradually and to measure
the deformations. Measurements may also give a better insight into the behaviour of the system. In general proof loads can address long-term or time-dependent effects. These effects
should be complemented by calculation.

4 Basic variables
In accordance with the above-mentioned general principles, characteristic and representative
values of all basic variables shall be determined taking into account the actual situation and
state of the structure. Available design documentation is used as a guidance material only.
Actual state of the structure should be verified by its inspection to an adequate extent. If appropriate, destructive or non-destructive inspections should be performed and evaluated using
statistical methods.
For verification of the structural reliability using partial factor method, the characteristic and
representative values of basic variables shall be considered as follows:
(a) Dimensions of the structural elements shall be determined on the basis of adequate measurements. However, when the original design documentation is available and no changes in dimensions have taken place, the nominal dimensions given
in the documentation may be used in the analysis.
(b) Load characteristics shall be introduced with the values corresponding with the
actual situation verified by destructive or non-destructive inspections. When some
loads have been reduced or removed completely, the representative values can be
reduced or appropriate partial factors can be adjusted. When overloading has been
observed in the past it may be appropriate to increase adequately representative
values.
(c) Material properties shall be considered according to the actual state of the structure verified by destructive or non-destructive inspections. When the original design documentation is available and no serious deterioration, design errors or
construction errors are suspected, the characteristic values given in original design
may be used.
(d) Model uncertainties shall be considered in the same way as in design stage unless
previous structural behaviour (especially damage) indicates otherwise. In some
cases model factors, coefficients and other design assumptions may be established
from measurements on the existing structure (e.g. wind pressure coefficient, effective width values, etc.).
Thus reliability verification of an existing structure should be backed up by inspection of the
structure including collection of appropriate data. Evaluation of prior information and its updating using newly obtained measurements is one of the most important steps of the assessment.
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5 Data updating
Using results of an investigation (qualitative inspection, calculations, quantitative inspection,
proof loading) the properties and reliability estimates of the structure may be updated. Two
different procedures can be distinguished:
(1) Updating of the structural failure probability.
(2) Updating of the probability distributions of basic variables.
Direct updating of the structural reliability (procedure (1)) can be formally be carried out using the following basic formula of probability theory:
P(F|I) =

𝑃(𝐹∩𝐼)

(1)

𝑃(𝐼)

where P denotes probability, F local or global failure, I inspection information, and ∩ intersection of two events. The inspection information I may consist of the observation that the
crack width at the beam B is smaller than at the beam A. An example of probability updating
using equation (1) is presented for example in [7].
The updating procedure of a univariate or multivariate probability distribution (procedure (2))
is given formally as:
fX(x|I) = K P(I|x) fX(x)

(2)

where fX(x|I) denotes the updated probability density function of X, fX(x) denotes the probability density function of X before updating, X a basic variable or statistical parameter, I inspection information, K normalising constant, and P(I|x) likelihood function.
An illustration of equation (2) is presented in Figure 1. In this example updating leads to a
more favourable distribution with a greater design value xd than the prior design value xd. In
general, however, the updated distribution might be also less favourable than the prior distribution.

fX(x), fX(x|I)

updated distribution fX(x|I)

prior distribution fX(x)

X
prior xd

updated xd

Figure 1: Updating of probability density function and design value xd of a variable X
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The updating procedure can be used to derive updated characteristic and representative values
(fractiles of appropriate distributions) of basic variables to be used in the partial factor method
or to compare directly action effects with limit values (cracks, displacements). More information on updating including The Bayesian method for fractile updating may be found in ISO
12491 (1998) [4].
Once the updated distributions for the basic variables fX(x) have been found, the updated failure probability P(F|I) may be determined by performing a probabilistic analysis using common method of structural reliability for new structures. Symbolically it can be written
P(F|I) =∫𝐺(𝑥)<0 𝑓𝑋 (𝑥|𝐼)d𝑥

(3)

where fX(x|I) denotes the updated probability density function and g(x) < 0 denotes the failure
domain (g(x) being the limit state function). It should be proved that the probability P(F|I),
given the design values of the basic variables, does not exceed a specified target value.
A more operational procedure is to determine updated design values for each basic variable
(procedure (2)). For a resistance parameter X, the design value can be obtained using operational formula of ISO 2394 (2015) [2]. For normal and lognormal random variable it holds

xd = µ (1 − αβ V )
=
xd

(

µ
1+V

(4)

exp − αβ ln(1 + V 2 )

2

)

(5)

where xd is the updated design value for X, µ updated mean value, α FORM sensitivity factor,
β the target reliability index and V updated coefficient of variation.
The value of the target reliability index β is discussed in ISO 13822 (2010) [3], the values of
α can be taken equal to those commonly used for new structures (− 0.7 for the dominating
load parameter, 0.8 for the dominating resistance parameter and reduced values by factor 0.4
for non-dominating variables according to ISO 2394 (2015)) [2] and EN 1990 (2002) [5].
As an alternative to procedure (2), one might also determine the characteristic value xk first
and calculate the design value xd by applying the appropriate partial factor γm:
xd = xk /γm

(6)

For normal and lognormal random variable X the characteristic values xk follow as

=
xk

xk
µ − kσ
=
x d µ − αβσ

µ
1+V

2

(

exp − k ln(1 + V 2 )

(7)

)

(8)

where k = 1.64 (5% fractile of the standardised normal distribution) is usually used. It may be
helpful to consider both methods and to use the most conservative result. In case of a limited
sample size, the value of k will increase with decreasing number of observations.
This procedure may be applied for all basic variables. However, for geomechanical properties
and variable loads usually other distributions apart from the normal and lognormal distribution may be more suitable (e.g. Gumbel, three-parameter lognormal distribution).
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Note that a lower acceptable reliability level can be reflected by reducing β values for probabilistic design and reducing γ values in the partial factor method. For a material property X
described by a normal distribution the partial factor γm may be estimated using equation

γm =

xk
µ − kσ
=
xd µ − αβσ

(9)

which follows from general relationship (5). All the symbols used in (8) are defined above (k
= 1.64 is usually applied for the characteristic strength). Similar relationships between γm and
β may be derived for lognormal or other distributions.

6 Structural analysis
Structural behaviour should be analysed using models that describe actual situation and state
of an existing structure. Generally the structure should be analysed for ultimate limit states
and serviceability limit states using basic variables and taking into account relevant deterioration processes. All basic variables describing actions, material properties, load and model uncertainties should be considered as mentioned above. The uncertainty associated with the
validity and accuracy of the models should be considered during assessment, either by adopting appropriate factors in deterministic verifications or by introducing probabilistic model
factors in reliability analysis.
When an existing structure is analysed, conversion factors reflecting the influence of shape
and size effect of specimens, temperature, moisture, duration-of-load effect, etc., should be
taken into account. The level of knowledge about the condition of components should be also
considered. This can be achieved by adjusting the assumed variability in either the load carrying capacity of the components or the dimensions of their cross sections, depending on the
type of structure.

7 Verification
7.1 General
Reliability verification of an existing structure shall be made using valid codes of practice, as a
rule based on the limit state concept. Attention should be paid to both the ultimate and serviceability limit states. Verification may be carried out using partial safety factor or structural reliability methods with consideration of structural system and ductility of components. The
reliability assessment shall be made taking into account the remaining working life of a structure, the reference period, and anticipated changes in the environment of a structure.
The conclusion from the assessment shall withstand a plausibility check. In particular, discrepancies between the results of structural analysis (e.g. insufficient safety) and the real structural
condition (e.g. no sign of distress or failure, satisfactory structural performance) must be explained. It should be kept in mind that many engineering models are conservative and cannot be
always used directly to explain an actual situation.
The target reliability level used for verification can be taken as the level of reliability implied by
acceptance criteria provided in valid design codes. The target reliability level shall be stated
together with clearly defined limit state functions and specific models of the basic variables.
The target reliability level can also be established taking into account the required performance
level for the structure, the reference period and possible failure consequences. In accordance
with ISO 2394 [2], the performance requirements applied in assessment of existing structures
are the same as those used in design of new structures. Lower reliability targets for existing
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structures may be used if they can be justified on the basis of economic, social and sustainable
consideration (see Annex F to ISO 13822 [3]).
An adequate value of the reliability index β should be in general determined considering appropriate reference period. For serviceability and fatigue the reference period equals the remaining
working life, while for the ultimate limit states the reference period is in principle the same as
the design working life specified for new structures (50 years for buildings). This general approach should be in specific cases supplemented by detailed consideration of the character of
serviceability limit states (reversible, irreversible), fatigue (detectable, not detectable) and consequences of ultimate limit states (economic consequences, number of endangered people).
Reliability of a structure given by condition g(Xi) > 0 (in a simplified form R − E > 0) can
be verified by various methods. The following procedures are included in the draft of
upcoming CEN Technical specification.

7.2 Partial factor method

The requirement g(Xi) > 0 is substituted by

g(xdi) = g(xd1, xd2, xd3, ...) > 0, xdi = xki or xdi = xki γ or xdi = xki /γ

(10)

Here xdi denotes the design vaues of basic variables xi determined using the characteristic values xdi and relevant partial factors γ.

7.3 Design value method
The requirement g(Xi) > 0 is substituted by

g(xdi) = g(xd2, xd2, xd3, ...) > 0, , ΦXi (xdi) = Φ (–αi β)

(11)

Here αi denotes the FORM sensitivity factors and Φ the normal distribution function.

7.4 Probabilistic method
The requirement g(Xi) > 0 is examined by failure probability
Pf = P{g(Xi) < 0} < Pf,t

(12)

Here Pf,t denotes the target probability of failure, that is to be specified taking into account
economic and societal consequences of failure and costs of improving structural reliability.

7.5 Risk assessment approach
The reliability is examined by acceptable risk expressed in a symbolic form as
R = Pf C = P{g(Xi) < 0} C < Rt

(13)

Here C generally represents any type of economic and societal consequences and Rt the relevant target risk level. Appropriate target risk level Rt is to be specified individually taking into
account specific condition of an assessed structure. This may be complicated task particularly
in case of heritage buildings when in addition to economic consequences historical and artistic aspects are usually involved. A general flowchart of risk assessment procedure accepted in
the first draft of the upcoming Technical specification is shown in Figure 2.
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Figure 2: Flowchart of risk assessment procedure

8

Concluding remarks

The main principles of the upcoming European document on assessment of existing structures
harmonised with the valid Eurocode EN 1990 [5] and ISO standards [2], [3] and [4] can be
summarized as follows:
- Currently valid codes for verification of structural reliability should be applied, historic codes valid in the period when the structure was designed, should be used as guidance documents only;
- Actual characteristics of structural material, action, geometric data and structural behaviour should be considered; the original design documentation including drawing
should be used as guidance material only.
The most important step of the whole assessment procedure is evaluation of available data
and updating of prior information concerning actions, strength and structural reliability. It
appears that a Bayesian approach can provide an effective tool.
Typically, assessment of existing structures is a cyclic process in which the first preliminary
assessment is often supplemented by subsequent detailed investigations, data evaluation and
updating. A report on structural assessment prepared by an engineer assessing the structure
should include a recommendation on possible structural and operational interventions. How-
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ever, the client in collaboration with the relevant authority should make the final decision
concerning possible interventions.
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Abstract: Uncertainties are inherently present in structural parameters such as
loadings, boundary conditions or resistance of structural materials. Especially
material properties and parameters of wood are strongly varying in consequence
of growth and environmental conditions. The considered uncertainties can be
classified into aleatoric and epistemic uncertainty.
To include this variation in structural analysis, available data need to be modelled appropriately, e.g. by means of probability and, furthermore, fuzzy probability based random variables or fuzzy sets. Therefore, a limited empirical data
basis for Norway spruce, obtained by experiments according to DIN EN 408, is
stochastically analysed including correlation-, sensitivity-analyses and statistical
tests. In order to comprehend uncertainties induced by estimating the distribution parameters, the stochastic approach has been extended by fuzzy parameters
to fuzzy probability based random variables according to [9], [10].
To cope with epistemic uncertainties for e.g. geometric parameters of knotholes,
fuzzy sets are used. The consequence for wooden structures is determined by
fuzzy stochastic analysis (see [4]) in combination with a FEM simulation using
a model suitable for characteristics of a timber structure by [6]. The uncertain
results (e.g. failure loads, displacements) constituted by the proposed holistic
approach − defining the material properties based on an empirical data basis and
the attempt of representing the uncertainties in material properties and methods
itself − will be discussed with respect to further processing in engineering tasks.

1 Introduction
Wooden structures underlie a fundamental data uncertainty in every engineering related matter.
The material parameters of wood are strongly varying due to natural growth and environmental
conditions even within small pieces of wood. These aspects hold especially true for macroscopic
material parameters like elasticity moduli and material strengths considered in this work. The
reason for the variation at the macroscopic level might be found in the anatomical structure of
wood including the cellular level. To incorporate these characteristics, wood can be described on
the mesoscale including the growth layer dependent spatial variability of material parameters,
see e.g. [2], or even on a micro and nanoscale [5]. However, the material parameters on the nanoand microscale cannot be identified exactly and described by deterministic values, yielding
uncertainty on the upper scales.
Regarding the design of timber structures according to EN 1995, a safety concept with partial
safety factors is utilized to consider all kinds of uncertainties. Structural inhomogeneities like
knots and the grain course deviation are captured by means of strength grading. With respect
to the recently developed detailed material models for timber, approaches for the consideration
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of uncertainties in the structural analysis are required. Thereby, the robustness of a structure as
well as characteristic variables for construction and design purposes can be assessed. Usually,
randomness is utilized to describe uncertainties. In EN 1990, the affirmation of partial safety
factors by means of semi-probabilistic methods is proposed. Regarding timber structures, numerous publications on experimental investigations and statistical evaluation of empirical data
can be found. In [3] and [8], methods to model material parameters as random variables based
on a few reference material parameters are derived. The stochastic modelling of typical material parameters of wood and the impact on the uncertain structural results are discussed in [7].
In general, uncertainty can be classified into aleatoric and epistemic uncertainty. The combination of both yields polymorphic uncertainty, see [4]. The first type involves the uncertainty
characteristic variability, e.g. the variations of material properties based on repetitive material
tests. Due to a given amount of test results, the uncertainties can be represented by means of
randomness, which in general satisfies statistical laws and possess a quasi objective information
content. Epistemic uncertainty comprises incompleteness and impreciseness, which encounters
non-statistical properties and subjective influences. The distinction between precise data and
non-precise data is further described in [16]. Epistemic uncertainty can be represented by fuzzy
sets according to the fuzzy set theory of [17].
In the present work, experiments performed on small specimens made of Norway spruce according to European standards are used as data base. Although the variation of wood material
parameters due to natural growth equals aleatoric uncertainty, the available data bases are usually restricted. Conditions for the application of pure stochastic models, as constant conditions
while sampling, are often not fulfilled, see e.g. [7]. According to [9], [12], the uncertainty model
fuzzy randomness is well suited to represent imprecise data with (very) many samples and includes the uncertainty characteristics variability and impreciseness. Thus, the model is applicable to describe uncertainty in timber engineering. Besides, the variation in geometry emerges
for instance from engineering tolerance due to manufacturing. For the latter, almost no data
is available. The use of fuzzy probability based random variables (fp-r), see [4], [11], is proposed in order to encounter the uncertainty within the determination of stochastic parameters as
well as representing the range of the response for deterministic fundamental solutions. Geometric dimensions, knothole sizes and positions are defined as fuzzy variables. Artificial neuronal
networks, to approximate solutions of FE-simulations, are hereby used as deterministic fundamental solution. To evaluate polymorphic uncertainty with respect to a wooden structure, a
fuzzy stochastic analysis according to [4] is a valid approach, which yields more realistic but
uncertain result quantities.

2 Introduction of uncertainty models for data
The utilized uncertain structural analysis includes both, stochastic and fuzzy analysis. Therefore, the mathematical basis for each concept of uncertainty is introduced including the description of polymorphic uncertainty by means of fuzzy randomness.

2.1

Basic models

In order to derive a numerical model for an adequate consideration of uncertainty, it is proposed
to extend the common approach of stochastic modelling, used e.g. for material parameters, to
fuzzy probability based random variables. Therefore, the fundamentals of randomness, fuzziness, covering epistemic uncertainty of e.g. geometric dimensions, and fuzzy probability based
random variables are hereafter introduced, to incorporate the source and nature of present uncertainties.
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2.1.1

Randomness

A random variable X is defined by the mapping X : Σ → R fulfilling the condition
∀I ∈ B(R) : X −1 (I) := {ω ∈ Ω | X(ω) ∈ I} ∈ Σ ,

(1)

whereas Ω correspondents to the set of elementary events ω, Σ is a σ -Algebra and P is the probability measure, satisfying the probability axioms of KOLMOGOROV. The observation space is
represented by (R, B(R)) including the B OREL-σ -Algebra B(R). If X complies to the condition Eq. (1), an associated probability measure PX is furthermore defined as
PX : B(R) → [0, 1] : I 7→ PX (I) = P(X −1 (I)) .

(2)

The underlying distribution of the random variable X can be expressed by the cumulative distribution function FX (cdf) and its derivative called probability density function fX (pdf) for which
holds
Z x
FX (x) =
fX (t)dt .
(3)
−∞

The probability distribution of random variables is usually described by means of parametrized
distributions FX (x, θ ) and will be further represented as parametric model with respect to the
distribution parameters θ .
2.1.2 Fuzziness
Considering a precise set A ⊆ R, the characterizing function ξ (·), in terms of precise sets also
called indicator functions [16], is defined by

1, x ∈ A
ξA : R → {0; 1}, x 7→:
.
(4)
0, x ∈
/A

Due to the imprecision of measurements, it becomes obvious that the definition of interval
boundaries in this precise manner is a simple approach. Subsequently, the definition of precise
sets has been enhanced to non-precise sets. For reasons of distinction, the characterizing function ξ (·) for non-precise data will be further expressed as membership function µ(·) allowing
an assessment of the membership to a domain between [0, 1]. A fuzzy set Ã can be expressed as
set of ordered pairs
Ã = {(x, µÃ (x)) | x ∈ X, µÃ (x) ≥ 0} .
(5)

To highlight the transformation from precise sets A to uncertain sets in R, fuzzy sets will be
further referred to as Ã. The fuzzy set Ã can also be referred to as a fuzzy number x̃, see [9].
The membership function µ(·) of an uncertain variable is a real function of a real variable with
the following properties
µ : R → [0, 1] ,

(6)

∃ x0 ∈ R : µ(x0 ) = 1 ,

(7)

Aα := {x ∈ R | µÃ (x) ≥ α} = [aα , bα ] ,

(8)

where the finite closed interval Aα is called α-cut of µ(·) [17]. The α-cut A0 is called support
of Ã. In this contribution, only convex fuzzy numbers according to [9] are considered. With
respect to Eq. (8), all utilized fuzzy numbers are represented as either fuzzy triangular number
x̃ = ha0 , x0 , b0 i ,
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(9)

or fuzzy trapezoidal interval number
x̃ = ha0 , a1 , b1 , b0 i .

(10)

Both types of fuzzy numbers are illustrated in Fig. 1.
μ(x)
1

0

μ(x)
1

x
a0 x0

b0

0

x
a0

a1 b1

b0

Figure 1: Fuzzy number x̃ as triangular and trapezoidal interval number

2.1.3

Fuzzy randomness

The definition of fuzzy probability based random variables (fp-r) is founded on the assumption
that the probability distribution of a random variable X according to Eq. (2) cannot be described
exactly due to a lack of information, see e.g. [4]. Thus, a fuzzy probability distribution and a
fuzzy probability space (Ω, Σ, P̂) can be introduced. The fuzzy probability P̂ is represented as
family of α-levels
P̂ = (Pα )α∈(0;1] .
(11)
Each event A ∈ Σ is related by Pα to an interval [Pα,l (A); Pα,r (A)] for all α ∈ (0, 1] such that the
following condition is fulfilled
0 ≤ Pα,l (A) ≤ Pα,r (A) ≤ 1 .

(12)

(PX )α : B(R) → {[l, r] | 0 ≤ l ≤ r ≤ 1} ,

(13)

I 7→ Pα (X −1 (I)) = [Pα,l (X −1 (I)), Pα,r (X −1 (I))] .

(14)

A fuzzy probability based random variable X is defined by the mapping of the fuzzy probability
space onto the observation space X : Ω → R. The fuzzy probability distribution P̂X is formulated
as family of mappings P̂X = ((PX )α )α∈(0;1] , with

The fuzzy probability distribution might be represented by a fuzzy cumulative distribution function F̂X , which is again defined as family of α-levels
F̂X = ((FX )α )α∈(0,1] ,

(15)

(FX )α = {G : R → [0, 1] cdf | ∀x ∈ R :


Pα,l X −1 ((−∞, x]) ≤ G(x) ≤ Pα,l X −1 ((−∞, x]) } ,

(16)
(17)

with an arbitrary cumulative distribution function G(x). Each G ∈ FX is an original of F̂X . The
applied cumulative distribution function G is usually defined by distribution parameters θ in
terms of G(x, θ ). Then, the fuzzy cumulative distribution function F̂X can be described with
fuzzy distribution parameters θ̃ = (θα )α∈(0,1] . For example, a two parametric distribution function with parameters θ1 and θ2 yields
F̂X = ({Fθ1 ×θ2 | θ1 ∈ θ̃1,α , θ2 ∈ θ̃2,α })α∈(0,1] .

(18)

This formulation is referred to as bunch parameter representation, since the fuzzy cumulative
distribution and the fuzzy probability density function can be considered as assessed bunches
of functions which are described by bunch parameters θ̃ .
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2.2

Figure 4.31: Fuzzy stochastic structural analysis Type I [105]

Uncertain structural analysis

X = (X1 , X2 , . . . , Xn ) ⊂ Rn containing n fuzzy random
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and the related bunch parameters θ
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(19)
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Figure 4.32: Fuzzy stochastic
analysis:regarding
α-level discretization of bunch parameters
Figurestructural
2: Trajectory
θ [9]
and description of input variables by trajectories α[105]

F̄(z) is condensed to a representative scalar value σ by means of information reduction. Since
each trajectory is related to an α-level, the resulting σ is likewise related to the same α-level.
As information reduction method, any descriptive statistical evaluation parameter such as standard deviation, mean, median, quantiles etc. are conceivable for this task. In order to determine
the bounds of the associated α-level, a so-called α-level optimization [10] is necessary to be
carried out for the computation of {σmin,α , σmax,α }. Conclusively, the fuzzy result variable σ̃ is
used to represent the uncertain results of the chosen information reduction method.

3 Parameter modelling and data basis
The introduced methods are applied to model the uncertainty of material parameters of wood
subsequently. The mechanical behaviour of the anisotropic material wood differs significantly
in the material directions radial r, tangential t and longitudinal l and strongly depends on the
type of loading like tension t, compression c and shear loading v. In the structural analyses
presented below, macroscopic material parameters taking into account these dependencies are
utilized. The material parameters and their uncertain distributions are modelled on the basis of
empirical data.

3.1

Data basis

The data base applied in this contribution has been obtained in experiments described in [15].
The investigated material parameters include the elasticity moduli and the material strengths in
the material directions and depending on the type of loading. The tests have been carried out on
small specimen, as far as possible free of inhomogeneities, according to European or German
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standards given in Tab. 1. Additionally, the number of samples (under consideration of outliers)
as well as the empirical mean value m̄ and standard deviation σ̄ are given for each parameter.
The total data sets are documented in [15].
The experiments are designed to take all samples independently on the basis of identical conditions (i.i.d. paradigm). For the parameters given in Tab. 1, data sets should be obtained disregarding the interaction to other parameters. Especially density and moisture, as most relevant
parameters influencing all material parameters of wood, should be blinded out. Thus, as far as
possible, specimen of comparable density are used. The specimens are conditioned in climate
chambers. To avoid size effects and obtain comparable parameters, identical specimen measures
are applied for most of the test series. Specimens with equal material directions are used in each
test series considering all three material directions, except for the tensile strength perpendicular
to grain.
parameter

Er

Et

El

ft,90

ft,l

fc,r

fc,t

fc,l

fv

standard

DIN
52192

DIN
52192

DIN
52185

EN
408

DIN
52188

DIN
52192

DIN
52192

DIN
52185

EN
408

samples

41

44

28

30

30

45

45

30

30

656
107

298
36

17132
2211

2.64
0.33

121.64
18.20

3.09
0.23

3.64
0.43

43.60
2.07

5.77
0.73

[N/mm2 ]

m̄
σ̄ [N/mm2 ]

Table 1: Experimental basis according to [7], [15]

3.2

Data modelling

The available data is evaluated statistically to model the material parameters as fuzzy probability based random variables. The best fitting distribution types for the data sets used in the
examples presented below are given in Tab. 2. Exemplarily, the longitudinal elasticity moduli
El is represented by means of a W EIBULL distribution
n
o
FbEl = Fθ ×k | θ ∈ θeα , k ∈ e
kα
,
(20)
α∈(0;1]

whereas the distribution parameters are modelled as fuzzy trapezoidal interval numbers according to Tab. 2. The distribution is illustrated in Fig. 3. The black graphs in Fig. 3(a) are obtained
using the max- and min-sets of the space of bunch parameters defined at α = 1 marked by I and
II in Fig. 3(b). The light grey graphs are computed with α = 0 for the max- and min-sets of the
bunch parameters marked by III and IV.

θ

Figure 3: Fuzzy probability based random variable El : (a) fuzzy probability density function fbEl and
(b) Cartesian product {θe × e
k}
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distribution type

fuzzy distribution parameters

El

W EIBULL

ft,l

N ORMAL

θe = h17256, 17790, 18326, 18785i
e
k = h7.529, 9.283, 10.99, 13.83i

fv

L OG .-N ORMAL

eu = h1.6979, 1.7439, 1.7829i
µ
σeu = h0.0931, 0.1259, 0.1553i

e = h114.45, 121.11, 125.37, 132.02i
µ
σe = h14.491, 18.134, 21.248, 27.354i

distribution type

fuzzy distribution parameters

ft,90

W EIBULL

fc,r

G UMBEL

θe = h2.6627, 2.7771, 2.8879i
e
k = h7.7578, 9.7439, 13.5851i

fc,l

L OG .-N ORMAL

ae = h2.9097, 2.9687, 3.0375i
e
b = h4.9700, 5.9334, 7.7054i

eu = h3.7554, 3.7737, 3.7917i
µ
σeu = h0.0395, 0.0491, 0.0559i

Table 2: Evaluation of experimental data (all data in [N/mm2 ])

4 Example
The methods presented above are used subsequently to compute the ultimate load of a timber
board containing knots at tensile loading, which are analysed under consideration of uncertainties in material and geometrical parameters. The material parameters are modelled as fuzzy
probability based random variables (fp-r) while geometric parameters are described by fuzzy
variables.
Knots in timber are remnants of branches in trees and can be considered as structural inhomogeneities. The size of knots and the boundary to the surrounding wood can often not be identified
exactly. Thus, the size of the knots is regarded as being uncertain and modelled by means of
fuzzy numbers. The board with dimensions t × b × l = 18 × 150 × 350 mm is analysed at uniform tensile loading as shown in Fig. 4. The aim is to compute the ultimate load. An FE-analysis

1

0

0.9

1.0

1.1

Figure 4: Original geometrical model and FE-model with fuzzy sized knots due to fuzzy knot diameter dei

according to [6] is applied to generate an artificial neural feed forward network, which is used
as deterministic fundamental solution fZ . Thereby, the knots and the surrounding wood are not
distinguished explicitly by element edges, but by means of material parameters at integration
points. This smeared FE-model is feasible since an individual coordinate system and material
parameters can be assigned to every integration point of each finite element, compare [18]. To
improve the approximation of knots, three integration points are used in each direction per element. Due to the indirect representation of knots in the FE-model, a fixed regular mesh can
be applied in the uncertainty analysis. Otherwise, a new mesh would need to be generated for
each solution step due to changing knot size. The board analysed here is experimentally investigated in [14], whereas the knots are documented in size and position on the board surfaces.
The procedure how to derive a geometrical model as shown in Fig. 4 from these measurements
is presented in [6]. For the example, the knots are described as cylinders passing the board in
different angles. The board contains 4 knots i = {1, 2, 3, 4}.
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The original knot diameters d0,i taken from [14] are varied in-between ±10%. Thus, four fuzzy
knot diameters
dei = fed,i · d0,i , i = {1, 2, 3, 4}
(21)

are introduced using fuzzy triangular numbers fed,i = h0.9, 1.0, 1.1i as knot factors, see Fig. 4.
Before the structural analysis is carried out, a material coordinate system representing the three
material directions r, t and l needs to be assigned to every integration point. In general, the
longitudinal direction is defined by the stem direction, the tangential direction by the growth
rings and the radial direction by the medullary rays pointing to pith. In the area of branches,
the fibre course, i.e. the longitudinal direction, is deviating from the stem direction. Therefore,
the fibre course is computed by means of a streamline approach presented in [6] based on a
flow-grain analogy. Since the knot diameters are varied, this computation has to be carried out
for every solution step within the fuzzy stochastic structural analysis.
The ultimate load pu is computed using a T SAI -W U plasticity formulation with linear isotropic
softening, see e.g. [13]. In the simulations, the load p is increased by small increments. If the
total cross-section in an arbitrary region of the board is in the plastic regime, the load will decrease. The ultimate load is determined as maximum loading in the computed load-displacement
dependencies pu = max(p).
The material parameters are modelled based on the empirical data described above. In the applied elasto-plastic material model, the 9 material parameters described in Tab. 1 (El , Er , Et ,
fc,r , fc,t , fc,l , ft,90 , ft,l and fv ) are utilized. In addition, the shear moduli, P OISSON’s ratios and
the rolling shear strength are needed. Since these parameters are not investigated in the experiments, deterministic standard values are chosen in terms of νrt = 0.24, νtl = νrl = 0.45 and
Grt = 80 N/mm2 , Gtl = Grl = 800 N/mm2 and fv,rt = 0.1 · m̄ fv for all simulations.
The knot holes are approximated in the regular mesh using 1% of the values of the material
parameters applied for the surrounding wood. As a consequence of a sensitivity analysis, the
longitudinal elasticity modulus El , the tensile strength perpendicular to grain ft,90 , the longitudinal tensile strength ft,l and the shear strength fv are modelled as fuzzy probability based
random variables using the best fitting distribution types identified in Tab. 2. All other material parameters are modelled deterministically by their mean values according to Tab. 1. A
W EIBULL distribution is used to represent El , see Fig. 3. For ft,l , a N ORMAL distribution fits
best to the empirical data. Since these material parameters appear to be most relevant, the distribution parameters are described by means of fuzzy trapezoidal interval numbers, see Tab. 2.
For each configuration (ktype = 1, 2), the ultimate load pu is computed as fuzzy stochastic result
quantity. Quantiles q̄i are chosen to represent the uncertain distribution of pu here. The α-level
optimization is carried out on α-levels α = {0, 61 , 13 , 12 , 23 , 56 , 1} regarding q̄1 , q̄5 , q̄25 , q̄50 , q̄75 ,
q̄95 and q̄99 . The results of the simulation are illustrated in Fig. 5, where the fuzzy numbers are

Figure 5: Uncertain distribution of pu represented by fuzzy quantiles ē
qi
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depicted for the particular quantiles ē
qi with i = {1, 5, 25, 50, 75, 95, 99}. The black circles mark
the bounds of each fuzzy number on each α-level. All fuzzy quantiles are obtained as kind of
fuzzy trapezoidal interval numbers. In addition, a top view is given. The black lines represent
the plateaus of the fuzzy trapezoidal interval numbers while the grey lines represent the support.
As can be seen in the top view, the uncertain distribution function of pu is approximated by the
quantiles.
In this example, methods for the consideration of material and structural inhomogeneities are
applied jointly revealing the advantages of the introduced uncertainty models. The results given
in Fig. 5 include information, which could not have been achieved by application of a pure
stochastic analysis.

5 Conclusion and Outlook
In this contribution, a general description with polymorphic uncertainty is utilized and further
classified into aleatoric and epistemic uncertainty. The combination of both yields fuzzy randomness which is ideally suited to describe the uncertainty of material parameters of wood.
Although the natural variability of material parameters is identified with aleatoric uncertainty,
an application of randomness is often not feasible due to the limitations of available data bases.
Methods to model empirical data by fuzzy randomness with focus on fuzzy probability based
random variables are introduced. The procedure is applied to describe the uncertainty of macroscopic material parameters of wood. In addition, the uncertainty of geometrical and further
structural parameters is represented using fuzzy variables.
According to EN 1990 (2010), a semi-probabilistic safety concept is proposed for the future
determination of partial safety factors. A stochastic analysis procedure as special case of the
introduced methods can be used for the calibration of safety factors in a partial factor design
concept. A failure probability might be prescribed, which is used to determine deterministic
design values from the uncertain input parameters and results. These values simply need to be
related to the characteristic values to define partial safety factors.
However, the evaluation of the uncertain results could provide an additional input for the determination of less conservative safety factors and a better utilization of the load bearing capacity
of timber structures. Future work is necessary to reach from the fuzzy stochastic structural analysis presented here to recommendations for a numerical design concept. In uncertain structural
analyses, uncertain results are computed containing all information provided due to the uncertain input parameters. Engineers require deterministic values to determine a structural design.
Measures of central tendency as mean value and measures of dispersion as quantiles can be
used to reduce the information of uncertain variables to deterministic values. Similar measures
have been used in the fuzzy stochastic structural analysis to describe the uncertain distributions
of the results. Due to the application of fuzzy randomness, the mean values and quantiles are
obtained as uncertain quantities.
In this contribution, the idea is not to reduce the uncertainty but keep as much information
as possible. If all available data are considered in the structural analyses, the influence of the
uncertainty of the input parameters on the structural results can be evaluated. Engineers can
obtain an indication which input parameters deserve closer attention and might be modified to
improve a structural design.
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Fachgebiet Bauwerkserhaltung und Holzbau, Universität Kassel, 2014.
[16] R. Viertl. Statistical Methods for Non-Precise Data. CRC-Press, Boca Raton, 1996.
[17] L.A. Zadeh. “Fuzzy sets”. In: Information and Control 8 (1965), pp. 338–353.
[18] T.I. Zohdi and P. Wriggers. Introduction to Computational Micromechanics. Springer,
Berlin, 2005.

2530

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Stationary Response and Crossing Rate of Linear Systems
Subjected to Non-Gaussian Random Excitation
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Abstract: An approximate analytical method is proposed to obtain the stationary
response distribution and the mean upcrossing rate of linear systems subjected to
non-Gaussian random excitation. The excitation is prescribed by the non-Gaussian
probability density function and the power spectrum, and is expressed by an Itô
stochastic differential equation. In the present method, first, we use the equivalent
non-Gaussian excitation method to obtain a closed set of the moment equations for
the response and the excitation. Then, the response moments up to the 4th order are
calculated from the moment equations. Secondly, using these moments, we approximate the response by the Hermite moment model and obtain the stationary probability density of the displacement. Finally, from the resulting response distribution,
the mean upcrossing rate of the stationary response is derived. In numerical examples, the proposed method is applied to a linear system subjected to non-Gaussian
excitation with the Rayleigh distribution and the generalized Gaussian distribution.
The results show that the method is valid for non-Gaussian excitation with the widetailed or asymmetric probability density and a wide range of the bandwidth.

Introduction
Response analysis methods for dynamical systems subjected to random excitation have been
studied widely for many years[1,2]. In these studies, the random excitation has often been assumed to be a Gaussian process. One reason for this assumption is that many random processes
observed in engineering field have the probability densities similar to the Gaussian distribution.
However, in some cases, the random excitation exhibits highly non-Gaussianity. The examples
of the non-Gaussian excitation include road roughness[3], shallow water waves[4] and wind
pressure acting on low-rise buildings[5]. The response of a system under non-Gaussian excitation often has distinct non-Gaussian characteristics[6] even if the system is linear. Thus, the
response analysis taking account of the non-Gaussianity of the excitation is significant, and
some studies of non-Gaussian excited systems have been performed in recent years[3,7,8].
However, most methods proposed so far are applicable only to a specific non-Gaussian excitation considered in each study and are difficult to use when the non-Gaussianity of the excitation
is different. This may be due to the reasons that non-Gaussian processes cannot be prescribed
uniquely from the limited information on the probability distributions and/or the correlation
functions, and that the mathematical treatment of non-Gaussian processes is generally more
involved than that of Gaussian processes. It is therefore important to develop the analytical
methods widely applicable to excitations with various non-Gaussian distributions.
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In this study, an approximate analytical method is proposed to obtain the stationary response
distribution and the mean upcrossing rate of linear systems subjected to non-Gaussian random
excitation. The excitation is prescribed by the non-Gaussian probability density and the power
spectrum, and is expressed in terms of an Itô stochastic differential equation. First, we use the
equivalent non-Gaussian excitation method[9] and calculate the response statistical moments
up to the 4th order. Secondly, using these moments, we approximate the response by the Hermite moment model and obtain the probability density of the displacement. Finally, from the
displacement response distribution, the mean upcrossing rate is derived.
In numerical examples, the proposed method is applied to a linear system under non-Gaussian excitation with two types of non-Gaussian distributions. The approximate solutions of the
response distribution and the mean upcrossing rate are compared with the results of Monte
Carlo simulation to demonstrate the validity of the method.

Dynamical Model
Consider a single-degree-of-freedom linear system described by

X  2X  X  U (t )

(1)

where  is the damping ratio, t is the non-dimensional time and dot denotes the derivative with
respect to time t . U (t ) is a zero-mean stationary non-Gaussian random excitation, which is
prescribed by the probability density function pU (u) and the power spectrum SU () .
In this paper, we consider SU () expressed by the following form:
SU ( ) 

 U2
 ( 2   2 )

(2)

where  is the bandwidth parameter and  U2 is the variance of the excitation. The power spectra for  = 0.5, 0.05, 0.01 and  U2 = 1 are shown in Fig.1. This spectral density has a peak at
  0 . The excitation is wide-band when  is large, while the low-frequency component of the
excitation dominates when  is small. As the excitation probability density pU (u) , various
shapes of non-Gaussian distributions are taken into account.
The excitation U(t) with the specified probability density pU (u) and the power spectrum
SU ( ) given by Eq. (2) can be described by the following one-dimensional Ito
̂ stochastic differential equation[10]．

dU  Udt  D(U )dB(t )

(3)

where  is the bandwidth parameter in Eq. (2), B(t ) is a Wiener process and the diffusion
coefficient D 2 (u ) is expressed by

D 2 (u )  

u
2
vpU (v) dv
pU (u ) 
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(4)

Figure 1: Power Spectrum of excitation (  U2

= 1)

Approximate Solution of the Probability Density Function and
Mean Upcrossing Rate of the Stationary Response
3.1 Moment Equations
Let X 1  X , X 2  X , X 3  U . The augmented system including both the equation of motion (1) and the governing equation for the excitation (3) is described by a set of Itô stochastic
differential equations as follows:

dX 1  X 2 dt

dX 2  ( X 1  2X 2  X 3 )dt
dX 3  X 3 dt  D( X 3 )dB(t )

(5)

Application of Itô's formula[11] to Eq. (5) yields the (m1  m2  m3 ) th-order moment
equations for the system response
m
m
m
m 1
m 1
m
m 1
m 1
m
E [ X 1 1 X 2 2 X 3 3 ]  m1 E[ X 1 1 X 2 2 X 3 3 ]  m 2 ( E[ X 1 1 X 2 2 X 3 3 ]

 2E[ X 1 1 X 2 2 X 3 3 ]  E[ X 1 1 X 2
m

m

m

m

 m3E[ X 1 1 X 2 2 X 3 3 ] 
m

m

m

m2 1

X3

m3 1

])

(6)

1
m
m
m 2
m3 (m3  1) E[ D 2 ( X 3 ) X 1 1 X 2 2 X 3 3 ]
2

Since D 2 ( X 3 ) , which is given by Eq. (4), is generally complicated non-linear function, the set
of moment equations (6) is not closed. In order to approximately obtain a closed set of the
moment equations, in the next section, we use the equivalent non-Gaussian excitation method.

3.2 Equivalent Non-Gaussian Excitation Method
In the equivalent non-Gaussian excitation method[9], the diffusion coefficient D( X 3 ) in Eq.
(5) is replaced approximately with the equivalent diffusion coefficient Deq ( X 3 ) . The square of
D eq ( X 3 ) is expressed by a quadratic polynomial
2
Deq
( X 3 )  Aeq X 32  Beq X 3  C eq
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(7)

where the coefficients Aeq , Beq , Ceq of the polynomial are determined according to the criterion
of minimization of the mean square error E[e 2 ] between D 2 ( X 3 ) and Deq2 ( X 3 )

E[e 2 ]  E[( D 2 ( X 3 )  Aeq X 32  Beq X 3  Ceq ) 2 ]

(8)

Minimization of E[e 2 ] is accomplished when the following three conditions hold
E[e 2 ]
 0,
Aeq

E[e 2 ]
 0,
Beq

E[e 2 ]
0
Ceq

(9)

Eq. (9) yields
Aeq  {( E[ X 32 ]  E[ X 3 ] 2 )( E[ X 32 D 2 ( X 3 )]  E[ X 32 ]E[ D 2 ( X 3 )])
 ( E[ X 33 ]  E[ X 3 ]E[ X 32 ])( E[ X 3 D 2 ( X 3 )]  E[ X 3 ]E[ D 2 ( X 3 )])}
 {( E[ X 34 ]  E[ X 32 ] 2 )( E[ X 32 ]  E[ X 3 ] 2 )  ( E[ X 33 ]  E[ X 3 ]E[ X 32 ]) 2 }1

(10)

Beq  {( E[ X 34 ]  E[ X 32 ] 2 )( E[ X 3 D 2 ( X 3 )]  E[ X 3 ]E[ D 2 ( X 3 )])
 ( E[ X 33 ]  E[ X 3 ]E[ X 32 ])( E[ X 32 D 2 ( X 3 )]  E[ X 32 ]E[ D 2 ( X 3 )])}
 {( E[ X 34 ]  E[ X 32 ] 2 )( E[ X 32 ]  E[ X 3 ] 2 )  ( E[ X 33 ]  E[ X 3 ]E[ X 32 ]) 2 }1
C eq  E[ D 2 ( X 3 )]  Aeq E[ X 3 ]  Beq E[ X 3 ]
2

Then, we can obtain the following relationships from the 2nd, 3rd and 4th order moment equations for the stationary excitation U (t ) , which are derived from Eq. (6) with
m1  m 2  0, m3  2, 3, 4

E[ X 3n D 2 ( X 3 )] 

2
E[ X 3n 2 ]
n 1

(n  0, 1, 2)

(11)

From Eqs. (10) and (11), it is found that the three coefficients Aeq , Beq , Ceq are evaluated by
E[ X 3n ] ( n  1, 2, 3, 4 ). These moments can be calculated analytically or numerically by using
the non-Gaussian distribution pU (u) , which is given in advance to prescribe the excitation U (t ) .
By replacing D( X 3 ) in the third equation of Eq. (5) with Deq ( X 3 ) obtained through the above
procedure, the stochastic differential equation governing the equivalent non-Gaussian excitation can be obtained as
dX 3  X 3 dt  Aeq X 32  Beq X 3  C eq dB(t )

(12)

The first and second equations of Eq. (5) and Eq. (12) lead to a closed set of the moment equations as follows:
m
m
m
m 1
m 1
m
m 1
m 1
m
E [ X 1 1 X 2 2 X 3 3 ]  m1 E[ X 1 1 X 2 2 X 3 3 ]  m2 ( E[ X 1 1 X 2 2 X 3 3 ]

 2E[ X 1 1 X 2 2 X 3 3 ]  E[ X 1 1 X 2
m

m

m

m

m2 1

X3

m3 1

])  m3E[ X 1 1 X 2 2 X 3 3 ]
m

m

m

1
1
m
m
m
m
m
m 1
m3 (m3  1) Aeq E[ X 1 1 X 2 2 X 3 3 ]  m3 (m3  1) Beq E[ X 1 1 X 2 2 X 3 3 ]
2
2
1
m
m
m 2
 m3 (m3  1)Ceq E[ X 1 1 X 2 2 X 3 3 ]
2
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(13)

In the previous study, the authors showed that by utilizing Eq. (13), the accurate estimates of
the response moments up to the 4th order can be obtained for the excitation with the various
non-Gaussian distributions pU (u) and bandwidth  [9]. In the next section, we will use these
estimates of the response moments to calculate the approximate solution of the probability density of the response. The mean square of the velocity E[ X 22 ] will also be used in section 3.4 to
obtain the mean upcrossing rate of the response.

3.3 Hermite Moment Model
The Hermite moment model approximates a non-Gaussian process x by the Hermite polynomial expansion of a Gaussian process[12]. First, we introduce the standardized process y

y

xx

(14)

x

where x is the mean value of x and  x is the standard deviation of x . When the kurtosis  4
of x is positive (  4  0 for Gaussian distribution), y is expressed by the third-order Hermite
polynomial series expansion of a standardized Gaussian process g

y  {g  h3 ( g 2  1)  h4 ( g 3  3g )}

(15)

where  is a scale factor that ensures y has unit variance.

1



(16)

1  2h32  6h42

The coefficients h3 and h4 are related to the skewness  3 and kurtosis  4 of x . When the
kurtosis of x is negative (  4  0 ), the relation between y and g is given as follows:

g  { y  h3 ( y 2  1)  h4 ( y 3  3 y)}

(17)

h3 and h4 in Eqs. (15) and (17) are calculated according to the following equations[5]:

h3  0.1967  3  0.01646  3 ( 4  3)  0.01809  33  7.438  10 4  3 ( 4  3) 2
 9.209  10  4  33 ( 4  3)  1.366  10 5  3 ( 4  3) 3  1.527  10  4  35
 1.07  10

5

 33 ( 4

8

 3)  8.823  10  3 ( 4  3)
2

(18)

4

h4  0.0721  0.03176 ( 4  3)  0.02942  32  0.00179 ( 4  3) 2  0.002348  32 ( 4  3)
 5.965  10 5 ( 4  3) 3  6.282  10  4  34  6.355  10 5  32 ( 4  3) 2
 9.692  10 7 ( 4  3) 4  1.497  10 5  34 ( 4  3)  5.457  10 7  32 ( 4  3) 3

(19)

 6.049  10 9 ( 4  3) 5

Since y is expressed by the nonlinear transformation of the standardized Gaussian process g
( Eq. (15) or (17)), the probability density of y is given by

pY ( y ) 

 k 2 ( y )  dk ( y )
1

exp  
2  dy
2
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(20)

In the case of  4  0 , k ( y ) is given by the inverse function of Eq. (15) and is expressed as
g  k ( y) 



2

( y)  c   ( y)

  
1
3

2

( y)  c   ( y)



1
3

a

(21)

h
y
1

 ( y )  1.5b a    a 3 , a  3 , b 
, c  (b  1  a 2 ) 3

3h4
3h4


In the case of  4  0 , k ( y ) is given by the right hand side of Eq. (17). The derivative dk ( y ) / dy
is derived from Eqs. (21) and (17)

dk ( y )
b

dy
2  2 ( y )  c





2
  ( y)  c   ( y)



  
1
3

2

( y)  c   ( y)



1
3



 ( 4  0)


(22)

dk ( y )
  {1  2h3 y  h4 (3 y 2  3)}
dy

( 4  0)

Finally, by taking account of Eq. (14), the probability density function of the non-Gaussian
process x can be expressed as

p X ( x) 

xx

pY 
 x   x 
1

(23)

In order to obtain the stationary displacement response distribution, first, we calculate the
stationary moments E[ X 1n ] ( n  1, 2, 3, 4 ) by the equivalent non-Gaussian excitation method
described in section 3.2. Then, using E[ X 1n ] ( n  1, 2, 3, 4 ), the response process X 1 (t ) is approximated by the Hermite moment model, and the response distribution p X ( x1 ) is obtained
from Eq. (23).
1

3.4 Mean Upcrossing Rate
The mean upcrossing rate  ( ) of the stationary displacement response X (t ) is expressed
as follows[13]:


 ( )   xp XX ( , x )dx

(24)

0

where  is a threshold and p XX ( x, x ) is the joint probability density of the displacement X (t )
and the velocity X (t ) .
In this study, to evaluate  ( ) , the following two approximations are used:
1. The velocity response is Gaussian.
2. The displacement response and the velocity response are mutually independent.
The first approximation is based on the fact that when non-Gaussian excitation with the power
spectrum Eq. (2) is considered, the velocity response distribution is similar to a Gaussian
distribution[14]. On the other hand, the second approximation is devised from the fact that the
stationary displacement X 1 and the stationary velocity X 2 are uncorrelated (i.e., E[ X1 X 2 ]  0 ,
which is derived from Eq. (6) or (13) with m1  2, m2  m3  0, ).
Using the above approximations and the displacement response distribution p X ( x1 ) obtained
from Eq. (23), the mean upcrossing rate  ( ) is derived as
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1





 ( )   x 2 p X X ( , x2 )dx 2  p X ( )  x 2
0

1

2

1

0

2


x2

dx 2
exp  
2 
2
2
E
[
X
]
2E[ X 2 ]
2



1

(25)

2



E[ X 2 ]
p X1 ( )
2

where E[ X 2 2 ] is the mean square of the velocity response, which is calculated from Eq. (13).

Numerical Examples
4.1 Parameters and Excitation Probability Densities
The following parameters are used in this example:



Damping ratio   0.05
Excitation bandwidth parameter   0.5, 0.05, 0.01 (    10, 1, 0.2 , respectively)

Three types of α are considered:   0.5 (larger than the damping ratio ζ which corresponds to
the bandwidth of the frequency response of the linear system Eq.(1),    10 ),   0.05 (the
same as ζ ,    1 ) and   0.01 (smaller than ζ,    0.2 ).
As the excitation probability density, we consider the following two types of non-Gaussian
distributions.
(i) Rayleigh distribution
The shifted Rayleigh distribution, which has zero mean, is given by
u b
pU (u ) 

b2


2


 1
exp  2
 2b

2

 

u  b
 


2

 

(26)

The parameter b is set to b  2 (4   ) so that the distribution has unit variance. The
skewness  3 and kurtosis  4 are  3  0.6311 and  4  0.2451 , irrespective of the value of b .
As shown in Fig. 2(a), the shape of the Rayleigh distribution is asymmetric (blue line).
(ii) Generalized Gaussian distribution
The generalized Gaussian distribution with zero mean is defined by[15]

 u
pU (u ) 
exp  
2a(1  )
 a









(27)

where () is the gamma function, a is a scale parameter and  is a shape parameter. The Laplace, Gaussian and uniform distributions are the special cases of the generalized Gaussian
distribution with   1,   2 and    , respectively. To set the variance to 1, a is given as
follows:

1 3
a    
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1

(28)

In Fig. 2(b), the generalized Gaussian distributions for some values of  are shown. The
smaller  becomes, the larger kurtosis  4 the distribution has.  4 can be calculated from the
following equation:
5 1 3

2

 4       3
     

(29)

 4  3 for   1 and  4  0 for   2 (Gaussian). In this numerical example, we choose   1 so
that the excitation distribution has wider tails than those of the Gaussian distribution.

(a)

(b)
Figure2: (a) Shifted Rayleigh distribution and (b) Generalized Gaussian distribution

4.2 Probability Densities of the Stationary Displacement Response
The probability densities of the stationary displacement response for three types of the
excitation bandwidth   0.5, 0.05, 0.01 are shown in Figs. 3 and 4. Figs. 3 and 4 show the results
for the Rayleigh-distributed excitation and the generalized Gaussian excitation, respectively.
The results obtained by the present method (blue solid line) are in good agreement with the
Monte Carlo simulation results (red dotted line). This is shown that the method is applicable to
non-Gaussian excitation with the asymmetric or wide-tailed probability distribution and a wide
range of the bandwidth.

(a)   0.5
(b)   0.05
(c)   0.01
Figure3: Probability density of stationary displacement response (Rayleigh-distributed excitation)
―: present method, ● ● ●: simulation
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(a)   0.5
(b)   0.05
(c)   0.01
Figure4: Probability density of stationary displacement response (generalized Gaussian excitation:   1)
―: present method, ● ● ●: simulation

4.3 Mean Upcrossing Rate
In Fig. 5, the mean upcrossing rates of the stationary displacement response are shown. Figs.
5(a) and (b) show the results for the Rayleigh-distributed excitation and the generalized
Gaussian excitation, respectively. The solid line and the dotted line indicate the result of the
proposed method and the result of the Monte Carlo simulation, respectively. Three different
line colors represent the differences in the excitation bandwidth parameter  . As with the
response distributions in section 4.2, it can be seen that the accurate approximate solutions of
the mean upcrossing rates are obtained by the present method in all cases considered in this
example. From these results, the two approximations used to derive Eq. (25) in section 3.4 can
be considered valid.

(b) generalized Gaussian excitation:   1

(a) Rayleigh-distributed excitation

Figure5: Mean upcrossing rate of stationary displacement response

Conclusions
An approximate analytical method has been proposed to obtain the probability density and
mean upcrossing rate of the stationary response of linear systems subjected to non-Gaussian
random excitation. The excitation is prescribed by the non-Gaussian probability density function and the power spectrum. In the present method, first, we obtain the stationary response
moments up to the 4th order from the moment equations by using the equivalent non-Gaussian
excitation method. Secondly, using these moments, we express the response of the system by
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the Hermite moment model and obtain the stationary probability densities of the displacement.
Finally, the mean upcrossing rate is evaluated from the response distribution.
In numerical examples, a linear system under non-Gaussian excitation with two different
non-Gaussian distributions has been analyzed by the proposed method. The results showed that
the method yields the response distribution and the mean upcrossing rate with high accuracy
for the non-Gaussian excitation with the asymmetric or wide-tailed probability distribution and
a wide range of the bandwidth.
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Abstract: This paper introduces a methodology for the structural risk analysis and
discusses the important advances of this method when compared to the existing
traditional methods. In particular, a clearer definition of structural robustness is
presented as well as an index for the quantification of this important structural
concept. Additionally, a structural fragility index is also proposed in order to assess the system’s structural damages for a given hazard event. The newly developed structural robustness index can be used as a design option to reduce the
structural risk and the newly developed structural fragility index is an analysis tool
that should be used to assess the structural risk. The results of risk analysis using
the proposed methodology explicitly account for all possible damage states and
provide additional critical information to aid the decision-making process.

1 Introduction
The design of engineering structures can essentially be defined as a continuous process of
making difficult engineering decisions based on the available knowledge and under the severe
constraints imposed by society and nature.
In the traditional approach, engineers resort to structural design codes to make decisions. These
documents are developed specifically to address areas where significant past experience exists
and infrastructures which are not critical to society. Thereby, design codes are established for
the purpose of providing a general, simple, safe and economically efficient basis for the design
of ordinary structures under normal loading, operational and environmental conditions. Design
codes not only greatly facilitate the daily work of structural engineers but also provide the vehicle to ensure a certain standardization within the structural engineering profession which in the
end provides a uniformity of reliability of structural performance and enhances an efficient use
of the resources of society for the benefit of the individual.
However, problems do exist. Current design codes are normally based on semi-probabilistic
limit states design, such as the Limit State Design (LSD) methodology. However, design
codes were calibrated to provide an adequate reliability only at the individual element level,
see Annex B of EN 1990 [10]. Therefore, resistance safety checks are merely considered at a
local level (e.g. a cross-section or an individual element) and the designer has insufficient
control over the analysis and selection of preferred mode, or modes, of failure of the designed
structure with respect to critical enabling/triggering hazard events. As a result, the global be-
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haviour is not directly accounted for and the design efficiency and the global target reliability
may not be achieved in practice.
The implied assumption that the adequate resistance of the structure is guaranteed by the resistance of its elements is generally not valid [16]. In addition, Ellingwood [13] points out that
“(...) no attempt was made to rationalise the calibrated reliabilities in explicit risk terms;
thus, they are related to social expectations of performance only to the extent that reliability
benchmarks obtained from member calibration to historical practice can be related to such
expectations”. Finally, “maximising the reliability of a system does not necessarily guarantee
smaller losses from failures” [17].
It can be concluded that the present basis for design does not assure optimal design in terms of
resource allocation and risk acceptance. As a result, the traditional standards-based approach is
becoming increasingly insufficient to handle the allocation of limited resources for structures
design, operation, repair or improvement, in a climate of growing public scrutiny. As a response
to the abovementioned insufficiencies of existing design codes’ philosophies, a risk informed
design methodology may in certain cases be an advantageous alternative [14].
The use of probabilistic methods for the design of structures has grown significantly in the
last decade. This growth is being accompanied by the increasing awareness of how significant
it is to be able to justify such demanding exercises by maximizing their practical impact in the
risk informed decision-making process and in parallel of how important it is to correctly
propagate different uncertainties throughout the entire process.
The above requirements present difficult challenges to traditional methods of risk analysis. To
overcome these limitations, recently developed structural robustness and structural fragility
indices will be presented and the latter will form the basis of the proposed structural risk management framework.

2 Method of Analysis
2.1 Structural robustness
Structural robustness is defined in ISO 2394 [15] as the “ability of a structure to withstand
adverse and unforeseen events (like fire, explosion, impact) or consequences of human errors
without being damaged to an extent disproportionate to the original cause”.
A general design method for structural robustness, or structural integrity, is not yet explicitly
specified in existing design codes. It is expected that in the second generation of the Eurocodes this limitation will be resolved. However, it should be noted that within the context of a
standardised code framework, it may be advantageous to define robustness in a different way
than for a more general structural design framework, see [2]. For example, separating the design at the local element level, already well defined in existing design codes, with the design
at global system level, thus fulfilling an existing gap of modern design codes.
However, the above definitions have limitations. The former is restricted to accidental design
situations and the latter is only valid within a design code framework. In the present paper, a
new, broader, definition of structural robustness is introduced [4]:
Structural robustness is a measure of the predisposition of a structural system to loss of
global equilibrium and global stability, as a result of a failure scenario, e.g. a failure of one
or more elements of the structure, for a given hazard event.
Using the newly proposed definition, structural robustness can be determined for any given
combination of loads, which cause a failure in the structural system, irrespective of the system
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context and exposure, not only those concerning local failures all of which are difficult to
define and to model.
Using the new definition, it is clear that structural robustness and reliability are two different
concepts, although related. A system can have a very high reliability but if it is governed by
the reliability of very few elements, there is always a load scenario for which the system’s
structural robustness might be very low. The opposite is also true, a system can have a very
large structural robustness but if the ultimate resistance of the system is small, there might be
a hazard scenario for which the system’s reliability is very low.
According to the new definition, structural robustness is considered to be a structural attribute
(property), not dependent of possible human or economical risks associated with a failure or
collapse (other than those directly concerning the structural system, e.g. damage to structural
elements). Structural robustness is a measure of the total structural damage and not of total
consequences, contrary to what is suggested by Baker et al [6], see Eq. (1).
The main advantages of the proposed new definition of structural robustness in relation to the
existing definitions are:
• Structural robustness, structural resistance, reliability and risk (or vulnerability) can now
be considered to be four different concepts. The existing structural robustness definitions
mixed these four concepts which made the analysis, interpretation and evaluation of the
former variables difficult tasks. Furthermore, by coupling in the same definition of structural robustness up to four different concepts the benefits of determining robustness is not
clear. The present definition makes structural robustness a property than can be measured
independently of the system’s resistance, reliability and risk.
• The second advantage of the new definition, is that for the first time, progressive and
disproportionate collapse analysis is clearly defined as a requirement not only for unforeseen and accidental situations affecting localised areas of a given structure, but also
for normal service conditions covering for instance design cases where the permanent
load is the dominant action.
2.1.1

Existing methods for analysis of structural robustness

A common trend in structural robustness evaluation is to define a structural robustness measure,
often in the form of a structural robustness index. For example, a structural robustness index,
IRob, was presented in [6] based on a complete risk analysis where the risks (or consequences)
are divided into direct and indirect risks (RDir and RInd, respectively) and the measure is given by
the ratio between the direct risks with the total risk (sum of the direct and indirect risks):

RDir
(1)
RDir + RInd
It may not be immediately transparent to the practitioner of the usefulness of this index in the
context of risk management. In risk management, robustness is usually associated with analysing
and dealing with total risks and not to the relative balance between direct and indirect risks. A
possibility may exist of overlapping rules, analyses and interpretations for risk and robustness.
In addition, the use of this index may weaken the value of robustness as a “structural concept” since it makes robustness dependent of variables external to the structure. In theory, less
emphasis could be given to the proper design of a structure and more emphasis on limiting the
consequences of failure. For example, it is possible to reach a high value of the robustness
index by only having a small value of indirect risks when compared with the value of the diI Rob =
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rect risks, independent on the absolute value of the latter. In addition, it is possible to achieve
a higher value of robustness if it is decided to increase the direct risks while keeping the same
indirect risks, which seems to favour a less efficient structural design.
2.1.2

A new measure of structural robustness

From the analysis of the existing structural robustness measures, it could be concluded [4]
that they are not consistent with the new structural robustness definition presented in this paper. Therefore, an alternative structural robustness measure is proposed.
The basis for the development of the new structural robustness index is the analysis of the
structural behaviour in terms of energy balance. The general expression of the structural robustness index, IR, is given by [4]:

IR ( AL | H ) =

{

Duc − D1st failure
0 ≤ IR ≤ 1
with
Dc − D1st failure =0 ⇒ I R =1
Dc − D1st failure

(2)

where:
AL represents the leading action;
H = {h1, h2, ..., h, ..., hn} is a set of hazard scenarios. For example, a set of different actions
with determined values applied in a given sequence;
D1st failure represents the damage energy of the structure when the “first failure” state takes
place for the hazard scenario considered;
Duc represents the damage energy corresponding to the state where collapse is unavoidable,
the “unavoidable collapse” state, for the hazard scenario considered;
Dc represents the damage energy corresponding to the collapse state for the hazard scenario
considered.
The selected criteria for monitoring the damage and the collapse of a structure is the system’s
damage energy (D) evolution, which is given by the sum of the plastic strain energy (a nondecreasing function) with the internal energy released in each failure (a stepped function).
A value of the structural robustness index equal to 1.0 means that the structure is completely
optimised in terms of structural robustness, for the hazard scenario considered. In the contrary, a
value of the structural robustness index equal to zero may indicate that the structure completely
lacks optimisation in terms of structural robustness, for the hazard scenario considered.
In order to calculate the structural robustness index a three-step procedure must be followed [4]:
• First step: define the nominal loading conditions (hazard scenario), i.e. the sequence of
actions is rationally chosen and the initial values of the various actions, material properties, system imperfections, etc. are generated, corresponding to values obtained from the
probability density functions (actions are modelled with uniform probability density distributions and resistance variables preferably with more informative distributions).
• Second step: while holding everything constant (“ceteris paribus”), a leading action that
can cause the structure to collapse (if it has not already occurred during the first step) is selected and increased until the “unavoidable collapse” state is attained. Alternatively, several
actions can be defined as leading actions and increased simultaneously if it is considered
appropriate (if actions are correlated for example). The value of Duc is determined.
• Third step: the structural robustness index is determined from Eq. (2) based on the adopted
limit state which defines the first failure state (the value of D1st failure is determined).
The value of Dc can be determined in any of the three steps, depending on the method used.
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This index is flexible since the inputs can change, for example: the “first failure” state can be
replaced by another criterion, possibly related to a particular element failure or simply the first
material yield strain, and the “unavoidable collapse” and “collapse” states can also be
changed to represent a maximum limit of acceptable damage, Dmax, for instance, with
Dmax ≤ Duc ≤ Dc.
The value of Duc can be estimated from the theory formulated by [12].
Applying this theory to a framed structural system, such as a building, the collapse of a lower
level of elements due to the failure of an upper level of elements can only be arrested if and
only if [4, 7, 8]:
W ( t ) < ES ( t )

(3)

where:
W(t) represents the value of the work done at time t by external actions on the lower level
elements, including the potential energy associated with the kinetic energy of the moving
mass of the upper level elements.
ES(t) represents the value of the internal energy of the lower level non-failed elements at time t.
In each level of a typical framed structural system, the energy can potentially be dissipated by
the floor elements (slabs and beams), the columns and the joints between these structural elements. This characteristic structural layout leads to two different mechanisms that control the
maximum value of ES. One concerns the column elements of the level ‒ their collapse leads to
the level collapse. The other relates to the elements of the level floor ‒ if all beam-to-column
joints fail it is very likely that the entire floor collapses, for example.
The variable Dc included in the denominator of Eq. (2) can be determined using one of the methods presented in [4]. Additional details of the structural robustness index can be found in [4, 8].

2.2 Structural fragility analysis
Structural robustness is a measure of the predisposition of a structural system to progressive
and disproportionate collapse. Therefore, it is not the best parameter to evaluate when the
objective is to assess the system’s resistance against the applied actions. The development of
such a measure is of great benefit, and even more, if this measure could relate directly to the
damage extension within the system for a given action combination. A structural fragility index, FR, which is capable of addressing adequately these objectives, was developed. The general expression is given by [4]:

0 ≤ FR ≤ 1
D − D1st failure
FR ( A R , A L | H ) = p
with  Dc − D1st failure =0 ⇒ FR =1
Dc − D1st failure
1
 AL ≥ AL,uc ⇒ FR =

(4)

where:
AR represents the reference action;
AL represents the leading action, which can be different from the reference action. AL,uc
represents the value associated with Duc, i.e. the “unavoidable collapse” state;
H = {h1, h2, ..., h, ..., hn} is a set of hazard scenarios. For example, a set of different actions
with determined values applied in a given sequence;
Dp represents the value of the damage energy of the structure when the new static equilibrium state is reached for a value, p, of the reference action within the considered hazard
scenario. See also [4, 8];
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D1st failure represents the damage energy of the structure when the “first failure” state takes
place for the hazard scenario considered;
Duc represents the damage energy corresponding to the state where collapse is unavoidable
for the hazard scenario considered, i.e. the “unavoidable collapse” state;
Dc represents the damage energy corresponding to the collapse state for the hazard scenario
considered.
In order to calculate the structural fragility index, a three-step procedure must be followed,
similar to the one detailed above for the structural robustness index, see [4, 8] for details.
For damage energy values higher than Duc, the value of the fragility index is equal to 1.0; for
values close to D1st failure, the value of the fragility index is in general very small.

2.3 Risk measures
Risk is generally expressed in terms of the probability of structural collapse times the cost of
the consequences given the collapse. Additionally, in the classical approach, risk can also be
expressed by a probability of failure. However, these definitions are quite limited since they
do not account for the various damage states that might occur (damage is a continuous function) but that do not directly imply the global collapse of the structure. Therefore, valuable
information is lost that could be used during the risk informed decision-making process. For
instance, two structural systems A and B can have the same probability of failure but the damage evolution in A can be quite different than in B.
In the suggested framework, if actions and resistance variables are simulated by their real
probability distributions and not by uniform probability distributions, structural fragility becomes an expression of the damage extension of the structural system and a measure of the
system’s structural risk, and vulnerability becomes a measure of risk that can be used in a
Cost-Benefit analysis (CBA). The newly developed structural robustness index can be used as
a design option to reduce the structural risk and the newly developed structural fragility index
is an analysis tool that should be used to assess the structural risk.
With this approach, it is possible to analyse how risk changes with structural robustness or
with other risk control measures thus contributing to a better decision-making process. Using
this framework, it is possible to perform comparative analysis between alternative scenarios.
In the traditional risk framework, only one damage state is usually analysed, typically structural collapse. This corresponds to a single value of cost of consequences. With the new proposed methodology, several damage states are already included in the fragility index
calculation and therefore it is possible to obtain with no added effort additional and important
information for a wide range of probable damage states that if not accounted for in the decision-making process could lead to inefficient solutions.
Of course, more intricate, complex cost functions can be used depending on the problem. For
instance, flag variables can be included in the numerical model so to indicate that a given criterion (structural, e.g. nature of damage, or other such as type of operation, e.g. number of
persons in the affected area) in a certain critical location of the system has been met. Different
cost functions can be attributed to each criteria and location, and the overall cost is determined by the sum of all these particular functions. In the limit, a different cost function can be
used for each element.
Multiple failure criteria can be used simultaneously, and failure is attained when the first criterion is met. As in general, there is not a univocal (single) relationship (function) between the
consequence costs and the damage intensity (fragility) for every failure criterion, a slight
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change must be considered in deriving the probabilistic models for vulnerability. Instead of
determining the probabilistic models for vulnerability based on the probabilistic model for
fragility, the vulnerability must be determined for each combination of input values, for which
the function between the consequence costs and the fragility is known. Having a large sample
of vulnerability values, obtained from a surrogate model for example, it is possible to estimate
the probabilistic model for vulnerability.
Furthermore, in the existing probability of failure based design methods it is not straightforward
to analyse the sensitivity of the system’s probability of failure to a change in the input variables,
as well as to perform uncertainty propagation analysis. Uncertainty propagation needs to be
considered in the analysis. The new fragility index gives a direct insight to the consequences of
changing the initial hypotheses and if coupled with simulation methods it can also easily incorporate directly the influences of different uncertainties sources.
It is important to emphasise that, in principle, risk in structural engineering can be controlled
without structural robustness. This can be readily seen by analysing how risk of consequence X
associated with the collapse of the structure is determined considering just a single hazard event:

RISK=
( X ) P ( X | CL ) × P ( CL F ∩ H ) × P ( F H ) × P ( H )

(5)

where:
H represents the hazard event;
P(H) represents the probability of occurrence of the hazard event;
P(F|H) represents the conditional probability of occurrence of a local failure given H;
P(CL|F∩H) represents the conditional probability of occurrence of a collapse (CL) given H
and F;
P(X|CL) represents the conditional probability of occurrence of consequence X given CL.
If E[RISK(X)] ≤ 10-6 [8] and E[P(H)] = 10-5, for instance, then the left part of Eq. (6) must be
equal or lower than 10-1:
P ( X | CL ) × P ( CL F ∩ H ) × P ( F H ) ≤

10−6
E  P ( H ) 

(6)

Risk can be controlled by the following design strategies:
• At the source, i.e. the hazard event, by diminishing its probability of occurrence, P(H),
by eliminating the hazard source or by reducing the hazard source, for example by better control of the application of concrete casting loads, by reducing dynamic load effects and their variability, or by specifying maximum working wind velocities for the
assembly and operational phases and implementing early-warning systems based on
monitoring and surveillance. This strategy does not increase the intrinsic resistance of
a structure to damage with disproportionate consequences, it prevents or limits the
likelihood of occurrence of an adverse hazard event.
• By diminishing the severity of the hazard, P(F|H): externally by reducing the magnitude of the actions effects, adopting shielding barriers outside the structure for example, or internally (structurally) by increasing the structure’s resistance (e.g. by using
the concept of key elements which imply using higher values of load partial factors for
all design situations) and/or reducing the resistance variability of each element of the
system using quality management tools (especially in the lower-tail region of the
probabilistic distributions). It is also possible to use passive isolation techniques such
as base isolation of the structure.
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By managing the consequences of the hazard applying protective (reactive) measures:
structurally by increasing the resistance (reliability) and/or the robustness of the structure, i.e. by modifying P(CL|F∩H), or by changing the context (e.g. by moving valuable goods, people to safer areas or by installing alarm systems and defining efficient
exit routes), i.e. by modifying P(X|CL).
The first two design strategies consist in preventive measures (proactive, i.e. that reduce the
likelihood of failure) and will increase the system’s structural reliability. The other strategy
consist in protective measures (reactive, i.e. that reducing the consequences from failure).
Reactive measures are often preferred in cases where the likelihood of damage is significant
and little or no control exists over the occurrence of the hazard event or over the hazard event
direct consequences. Risk can be reduced and controlled to an acceptable (or tolerable) level
by implementing one or a suitable combination of the above design strategies.
The reliability of the preventive methods used (e.g. early-warning systems, quality management, barriers, key elements) should be commensurate with the consequences to the structure
in case the intended performance of the methods is not verified.
Practical experience shows that implementing a quality system including organisation measures
and controls at the stages of design, execution, use and maintenance of the structure is one of
the most significant tools to reduce errors and negligence. In general, quality management
methods are used in association with other methods in order to improve structural safety.
•

3 Application Example
The above design methodology was applied to bridge falsework systems, see [5] for details
and [1] for the justification of performing a structural risk analysis. The falsework system A2
(hereon labelled as Model A2) tested in the University of Sydney, see [11] for complete details, will be considered in the illustrative examples. Figure 1 illustrates the numerical representation of Model A2.

Figure 1: Overview of Model A2 numerical model

Additionally to the vertical pressure applied on top of the formwork, the wind pressure corresponding to the working wind velocity and a localised differential ground settlement were
also considered. The working wind velocity was considered equal to a wind pressure equal to
200 N/m2 [9]. The differential ground settlement was applied under a central column with a
value equal to 100 mm. The pressure applied to the formwork was selected as the leading action and was increased until structural collapse occurred.
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Twenty variables associated with the system’s resistance were modelled as random variables,
while the rest of the variables were considered deterministic. Regarding actions, only the
value of the pressure load applied on top of the formwork surface was considered random.
The fragility and consequently the structural risk were analysed by means of predictive models. The procedure to validate, verify and select the predictive models is provided in [3, 5]. In
all cases the boosted trees family provided the best predictive models, either by the Stochastic
Gradient Boosting (SGB) or by the Cubist model.
Using a surrogate model to foresee the actual behaviour under unknown and uncertain conditions introduces a component to the model uncertainty, besides the uncertainty of the numerical results. Both have been estimated and considered in the analysis.
Two scenarios were considered: a baseline scenario where the variability of the input random
variables was high and an alternative scenario where the variability of key input random variables was considered lower. Both cases correspond to different levels of efficiency of the implemented quality management framework.
Using the suggested risk assessment methodology it was possible to perform a cost benefit
analysis to assess if the additional costs of enforcing a better quality management framework
justify the resulting benefits. Figure 2 illustrates the Relative Net Value [3] between the alternative scenario and the baseline scenario. It could be clearly demonstrated that if the cost of the
permanent structure significantly exceeds (about one order higher, i.e. ×10) the cost of the temporary structure, the extent of improvements in terms of structural and economical risks completely justifies the extra costs incurred by adopting better quality management procedures.

Figure 2: Example of a representation of cdf of relative Net Value [5]

4 Conclusions
This paper concerns structural risk analysis based on robustness and fragility indices. First, a
new definition of structural robustness which has two main advantages in relation to the existing definitions: structural robustness, structural resistance, reliability and risk (or vulnerability) can now be considered to be four different concepts; and progressive and disproportionate
collapse analysis can now be clearly defined as a requirement not only for unforeseen and
accidental situations, but also for normal service conditions.
Next, new structural robustness and structural fragility indices are presented which form the
basis of the proposed risk management framework. With respect to traditional structural risk
analyses, the new analysis methodology accounts for the various damage states that might
occur but that do not directly imply the global collapse of the structure. As a result, the newly
developed structural robustness index can be used as a design option to reduce the structural
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risk and the newly developed structural fragility index is an analysis tool that should be used
to assess the structural risk. Finally, an overview of an application example was presented.
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Abstract: This study investigates the spatial variation of knot defects and elastic
modulus of constituent lamstock of cross laminated timber (CLT) panels as a first
assessment for incorporating low value lumber grades and species into the layup.
The focus of the investigation is four nominal 2x4 boards of Eastern Hemlock and
two boards of 1.8E MSR Spruce. Nondestructive flatwise bending tests were conducted to quantify MOE variation along the board length and knot defect location
and sizes were measured and modeled as ellipses. A moving window knot area ratio
(KAR) variable was defined as the ratio of the area of knots to area of board within
the window length to compare defect density distribution with MOE variation along
the board length. The study found that the MOE process can be modeled as a Gaussian random process with a scaled auto-covariance function and that knots, found to
be nearly circular in most cases, could be modeled as a Poisson point field. There
was only very modest correlation between KAR and MOE.

Introduction
Cross Laminated Timber (CLT) is a massive wood composite panel employed in large-scale
construction floor, wall and roof assemblies (Fig 1.) The building material is new to North
America but has been a part of the European market for approximately 20 years where it has
become a cost-competitive and environmentally-friendly alternative to prefabricated concrete
panels (Risen, 2014).

Fig. 1 - UMass Design Building under construction, 2016

Typically used in non-residential multi-story applications, CLT has recently gained acceptance
as an effective construction method for tall structures. The world's first tall timber building was
constructed in 2009 in London, UK reaching 9 stories in height. Three years later, in Melbourne
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Australia, a 10 story timber tower surpassed that height. Since then, over 28 more tall timber
structures over 7 stories high have been built world-wide (Gregerson, 2016) with the current
tallest one reaching 18 stories built this past year in Vancouver, Canada.
CLT is made up of dimensional lumber arranged cross-wise to the next layer for bi-directional
strength and stability. Although presently made from high quality species like Douglas-Fir and
Southern Pine, its composite nature is inherently forgiving of defects which makes it a promising market for low value wood species that are over abundant in the United States. Finding
high volume commercial markets for low value wood supports national forest management
strategies to improve forest health while at the same time produces green jobs in rural communities (Brashaw et. al. 2012, Lyon and Bond 2014). In light of this, the overarching goal of this
research project is to prove the structural viability of using low-valued eastern species in CLT
panels in order to set the stage for broader market development and establishment of manufacturing facilities in the region.
The species under investigation in this study are Eastern Hemlock and Eastern White Pine.
Both softwood species are considered to be low value because they typically have high defect
density, high likelihood of checking/splitting, and high variability of mechanical properties.
Relatively little data exists on their adaptability into engineered lumber and corresponding
structural performance. Research is needed to develop probabilistic finite element models to
simulate strength and stiffness behavior of new CLT panel layups using combined lumber
grades and species, in particular including these types of lower lumber grades placed where
lower stresses occur.
To this end, the objectives of this study are to characterize the spatial variations in mechanical
properties of two lamstocks that will be utilized to fabricate CLT panels in a follow-up study.
Specifically, this work quantifies the spatial variability of Young’s Modulus and knot defect
distribution of four Eastern Hemlock boards and two Machine Stress Rated (MSR) Spruce
boards measuring nominal 38x89mm (2x4) x 3.6m (12ft) long. Correlation between defect
density and modulus is investigated and probabilistic models for defects geometry and density
are proposed.

Materials and methods
A batch of 20 nomimal 2x4 boards of unseasoned Eastern Hemlock (Tsuga canadensis) were
purchased from a lumber mill in Western Massachusetts. The boards were air dried indoors to
less than 11% moisture over a period of 6 months and then joined, planned, and trimmed to
final measurements of 38.1mm x 81.3mm 3.67m.
All twenty boards were structurally graded according to National Grading Rules for dimension
lumber by one of the authors (Kaboli) and of them, four were selected for this study. The other
boards were set aside for later CLT fabrication. All four boards appeared to have fairly clean
surfaces with a scattering of a few knots and checks along the length of the lumber. Their grades
were evaluated to be: two No.1, one No.3, and one Select Structural. Average moisture content
at the time of experimental tests was 10.4%.
Two additional boards of 2100Fb, 1.8E Machine Stress Rated (MSR) lumber were investigated. They were joined, planed, and trimmed to final dimensions 32.5mmx81.3mmx3.66m.
On the surfaces of both boards were a considerable number of small knots . Average moisture
content for both MSR boards at the time of experimental tests was 9.7%.
Nondestructive flatwise bending tests were performed on all six boards (four Hemlock and two
MSR) to measure elastic modulus for each board. Fig. 3 schematically shows the setup for the
bending test. The total specimen length is denoted by lt, and the span between test supports is
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ls. The test specimen was moved in incremental length of lp through the test machine and the
load and deflection were measured after each incremental movement. The end portion of the
boards (76.2 mm in from each end) was needed for supports and incremental length of movements (lp) was fixed to 152.4 mm. ls was considered 762 mm for all tests, so there were 19 tests
performed on each specimen.
The bending tests were performed in compliance with ASTM D198using a Material Testing
System (MTS™) machine in the Materials Mechanics laboratory at UMass, Amherst. Operating in displacement control at a displacement rate of 2.54 mm per minute, specimens were
loaded up to 0.907 kN for lower grade boards and up to 1.134 kN for higher grade boards.
Reading for these tests were including load and cross head movement at mid-span of the test
length and also a linear variable displacement transducer was placed under the beam at the load
point, at the centerline of the test specimen for more accurate measuring of the vertical displacement.
Load-displacement response of the test samples was recorded. A small nonlinearity at the beginning of each test is a result of seating of the specimen, fixture and supports, that are ignored
for calculating the MOE for each test. The linear portion of load-displacement results between
0.726 KN to 0.816 KN was manually selected to calculate MOE in accordance with Table X2.1
of ASTM D198-13. MOE was calculated for all 19 tests to depict rate of MOE variation in
152.4 mm increments along the length of each board.

Figure 2: Grading stamp for MSR

Figure 3: Schematic showing of bending test setup and moving specimen through test machine for sequential
measuring of elastic modulus

Knot defect locations and sizes were measured on each of the boards studied in order to allow
probabilistic modeling of the defect distribution and comparison of defect locations to variation
in MOE. Each knot was first defined as an interior knot, an edge knot with its center on the
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board, or an edge knot with its center off the board. A knot that appeared on two or more faces
of a board was additionally defined as a through-knot. The knot center coordinates, defined by
the longitudinal and transverse location of the knot center, were recorded. For interior knots,
the minimum and maximum diameter and the orientation of the maximum diameter with respect to the longitudinal axis was recorded. For edge knots, the length, width, and depth of the
knot along the edge of the board was recorded. For edge knots with a visible center, the diameter was also recorded. This process was repeated on all four faces of each board.
The surface area of each knot was then approximated by the area of an ellipse with the same
axis lengths as the knot. For edge knots, the surface area was calculated by modeling each knot
as having equal minimum and maximum diameters, and calculating the segment of a circle.
The position and size of knots was used to calculate a moving window knot area ratio (KAR),
defined as the ratio of the area of knots to area of board within a given window length. KAR
has the advantage of being a continuous, real-valued random variable that smears out the discrete knot defects. The window length and increment of window movement were selected to
match the span length and increment for the MOE tests. The area of knots is calculated by
summing the area of knots with centers located within the defined length. For comparison between the MOE and the KAR, the window length ls is defined as 762 mm and the spacing
increment lp is defined as 152.4 mm.
The output of the MOE and KAR ratio measurements is, for each board measured, two sequences of values mi, ki, i = 1, …, ns with mi = m(xi) and ki = k(xi), in which xi are the coordinates
of the load application in the MOE tests and the center of the moving windows in the KAR
measurements. These sequences are treated as observations of samples of the random processes
M(x) and K(x) at the points {xi} with xi-xi-1 = δx. Note that lower case letters are used to indicate
realizations of the random functions that are denoted by upper case letters. The key properties
of these random processes examined in this study are the marginal distributions fm(m) and fk(k)
and auto- and cross-scaled covariance functions, which, assuming stationarity of the random
processes, are:
C*mm(δ ) = E[ (M(x)-µm) (M(x+δ )-µm) ]
C*kk(δ ) = E[ (K(x)-µk) (K(x+δ )-µk) ]

(1)

C*mk(δ ) = C*km(δ ) = E[ (K(x)-µk) (M(x+δ )-µm) ]
in which d is a separation distance and E[.] is the expectation operator. These scaled covariance
functions can be estimated from the measurements by, for example:
(2)
where n is an integer.

Results and Discussion
This section describes the results of the measurements of the MOE and KAR random processes
in terms of the distribution, mean and variance, and scaled covariance functions based on estimates from the sample observations {mi} and {ki}. Figure 4 shows the sample observations of
the MOE measurements for all six boards measured.
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(a) MOE on 4 Eastern Hemlock boards

(b) MOE on 2 Spruce MSR Boards

Figure 4: Varying modulus of elasticity (MOE) for hemlock and spruce MSR boards

There is significant variability of the MOE along the length of the board with the spruce MSR
boards having a mean of µm = 13372 MPa and a 0.14. Histograms of the MOE measurements
(Fig. 5), separated by species, do not provide strong evidence for the Gaussianity or non-Gaussianity of the MOE, largely due to the limited number of samples available. The scaled autocovariance of the MOE C*mm(δ) yields a correlation length equal to 342mm for Hemlock and
38mm for MSR spruce. Correlation lengths were computed from the data by fitting an exponential decay model to the estimated scaled covariances. In each case, these correlation lengths
are significantly smaller (50% and 5%) of the window length 762mm, indicating that the average MOE over a 762mm window length is not significantly correlated between windows that
overlap by less than half the window length for Hemlock and that are shifted by even 5% of
the window length for MSR spruce.

(a) Aggregate of 4 Eastern Hemlock boards (b) Aggregate of 2 Spruce MSR boards
Figure 5: Histograms of modulus of elasticity (MOE) for hemlock and spruce MSR boards

Figure 6 shows photographs of the top surfaces of the boards showing actual knots together
with images of the elliptical approximations of the knots below. There is good comparison
between the actual knots and the approximated geometry, indicating that such a model will
likely perform well as a basis for numerical finite element analysis of the boards including knot
defects. The Hemlock boards have fewer but larger knots and, although the spruce MSR boards
have more numerous and smaller knots, there is significant variation between the character of
the knots in the two MSR boards.
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Figure 6: board surface knot images with elliptical approximations to actual knot geometry.

Table 1 shows the number of knots and mean and standard deviation of the knot area for each
of the boards, and illustrates the larger knots present in the Hemlock and the variability between
boards of the same species. In general, larger knots are viewed by the grading standards as
being more detrimental to mechanical properties, thus the general view that Hemlock is less
suitable for structural applications.
Table 1: Knot count and area statistics
Board identifier

Number of knots

Average knot area (cm2)

Standard deviation of knot area

Hemlock 1

4

0.039

0.031

Hemlock 2

5

0.016

0.023

Hemlock 3

14

0.017

0.030

Hemlock 4

5

0.0081

0.0091

Spruce 1

47

0.0027

0.0030

Spruce 3

71

0.23

0.33

Fig 7. shows the results of using the moving window technique to evaluate the KAR, both in
terms of number of knots per window and the KAR for each window. The figure is divided
into two subfigures since the spruce_3 board has a dramatically higher number of knots and
KAR. These results again demonstrate the qualitatively different characteristics of the knot
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defect distributions in the MSR and hemlock boards with the hemlock having many fewer but
larger knot defects. Correlation lengths for the KAR measurements are 457 mm for Hemlock
and 381 mm for MSR spruce, again indicating that correlations in the KAR process occur at
length scales smaller than the window size.

(a) KAR and number of knots: hemlock and Spruce 1 (b) KAR and number of knots: Spruce 3
Figure 7: Varying KAR and number of knots for hemlock and spruce MSR boards

An important question in evaluating possible lamstocks for CLT fabrication, particularly hemlock which is a low-value wood not currently used in CLT fabrication, is whether there is a
relationship between defects in the boards and their mechanical properties. In this paper, in
which knots are the defect of interest, the question amounts to whether there is correlation
between KAR and MOE, or more specifically, their associated random processes M(x) and
K(x). Data collected for this paper indicate only very modest correlation between KAR and
MOE as shown in Fig. 8. Correlation coefficient for the Hemlock boards is -0.20, and 0.30 for
spruce_1 and -0.16 for spruce_3.
A future goal of this project is to use computational analysis to develop greater understanding
of the mechanics of CLT panels made at least partially from low value northeastern species.
Of specific interest is the way in which uncertainty in the material properties and defects present in the lamstock affect the CLT properties. Investigation of these questions computationally requires probabilistic models for lamstock properties and defects that can be used to
generate simulated lamstock samples for use in the CLT computational models.
Based on results presented here, the MOE process M(x) requires only a fairly straightforward
probabilistic model, that of a Gaussian random process with prescribed scaled auto-covariance
function, each of which could be calibrated to the estimates of MOE distribution and scaled
auto-covariance presented earlier. Generation of samples of such a process can be accomplished using a variety of established algorithms such as the spectral representation or sampling
theorem (Shinozuka and Deodatis 1991, Grigoriu 1993).
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(a) All 4 Eastern Hemlock boards

(b) Spruce 1 MSR board

(c) Spruce 3 MSR board
Figure 8: Correlation between KAR and MOE for all 4 Eastern Hemlock boards and 2 Spruce boards

A probabilistic model for knot defects should account for the size and shape distributions of
the knots as well as their spatial distribution. In examining the positions of the knot centers
measured in the six boards studied here, no evidence was found for clustering of knots or for a
trend in their spatial distribution along the length of the boards. Furthermore, knots were found
to be nearly circular in most cases, with the average aspect ratio being 0.939. Therefore, a
simple model for knot defect size and location is proposed that recreates most of the key features of random knot geometry and distribution. In this model, the number of knots Nk is treated
as a Poisson random variable with parameter calibrated to the average number of knots in the
boards of each species. The center coordinates of the knots (X,Y) for the longitudinal and
transverse directions are modeled as uniform random variables (essentially treating the knots
locations as a Poisson point field). For a simplified model in which the knots are treated as
circles the knot radius is modeled as a beta random variable with lower bound set at the smallest
knot measured (radius 3.175mm (1/8 in)) and upper bound set at the largest knot measured.
Although bounding the knot radius above is not well justified physically, the use of an unbounded distribution will result in knots of unrealistically large size. Further data collection
and investigation is needed to better establish the proper distribution for the knot radius. One
additional consideration is that knots cannot overlap with one another and therefore the generation of the knot centers as samples of a Poisson Point field must prevent knot overlap.
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Conclusions
As a preliminary step to probabilistic strength modeling of Cross Laminated Timber panels,
this study investigated the spatial variation of MOE and knot distribution on nominal 2x4 lamstock machined from four Eastern Hemlock and two 1.8E MSR boards. Nondestructive flatwise bending tests were conducted on all six boards to quantify MOE variation in 152.4mm
increments along the length of each board. Knot defect locations and sizes were also measured
on all four faces of each board and modeled with good success as ellipses with the same axis
lengths as the actual knot. To enable comparison of defect density distribution with MOE variation along the board length, a moving window knot area ratio (KAR) variable was defined as
the ratio of the area of knots to area of board within the window length of 762mm. Key findings
of the study were as follows:
•

The average MOE over a 762mm window length was not significantly correlated between windows with a correlation length smaller than the window size equal to 342mm
for Hemlock and 38mm for MSR spruce. Modeling the MOE process is proposed to be
a Gaussian random process with the scaled auto-covariance function.

•

Hemlock had many fewer but larger knots than the Spruce MSR. Correlation lengths
for the KAR measurements also occurred at scales smaller than the window size at 457
mm for Hemlock and 381 mm for MSR spruce.

•

Across all boards, only very modest correlation was evident between KAR and MOE:
correlation coefficient for the four Hemlock boards was -0.20, and 0.30 for one MSR
board and -0.16 for the other MSR board.

•

No evidence was found for clustering of knots or for a trend in their spatial distribution
along the length of the boards. Furthermore, knots were found to be nearly circular in
most cases, with the average aspect ratio being 0.939. A Poisson point field model is
proposed to simulate the random knot distribution.
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Improvement of Structural Design by Consideration of
Time and Spatial Varying Uncertain Results
Marco Götz, Wolfgang Graf and Michael Kaliske
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Abstract: The consideration of uncertainty in numerical design of structures is
the computation of uncertain results for uncertain inputs. In general, the inputs
and outputs are time and spatial dependent. This contribution is focused on time
τ and spatial θ dependent outputs in form of xu 7→ zu (τ, θ ).
The usual way for fuzzy analysis is to select a small amount of characteristic
results (for a specific time and spatial location) and compute the results for these
quantities. The fuzzy analysis is using optimization techniques to compute the
membership function of the results quantities, which increases the numerical efford for increasing number of results. Furthermore, the a priori identification of
the characteristic results is not allways possible, because of the unknown behaviour of the structure. Wrong assumptions may lead to wrong interpretations.
In this contribution, an approach is proposed to compute fuzzy results for a high
amount of quantities, namely time and spatial varying results for finite element
analyses. The uncertain results can be plotted for the three-dimensional structure,
helping to identify failure modes and week points. Another benefit is, that the deterministic computations can be reused for sensitivity analysis, which shows the
time and spatial dependent influence of the structure. Therefore, variance-based
sensitivity measures are introduced. The benefits of the proposed consideration
of time and spatial dependent results are shown by an example.

1 Introduction
The consideration of uncertainty in structural analysis is essential for realistic results. The task
of uncertainty modelling, which is the definition of an appropriate model, has major influence
on the quality of the results. The appropriate model should reflect the existing data and should
not require unfulfilled preconditions. In this context, the uncertainty quantification is based on
polymorphic uncertainty modelling. In general, uncertainty models can be seen as mapping
U : Q → R. Random numbers e.g. can be written as U (Ω, R) (with the probability space Ω) or
fuzzy quantities are U (R, [0, 1]). Further properties, as the definition of a probability measure
P, are not considered in this abbreviation. These methods of contribution are non-intrusive, and
using a deterministic simulation model ξ : Rnx → Rnz : x 7→ z. To consider uncertain input and
output quantities, the simulation model is enhanced to give
ξ u,0 : U (Q, R) → U (V,W ) : xu 7→ zu .

(1)

The indicator u is used to for a polymorphic uncertainty modelling and allows a mathematical
notation independent of the used uncertainty model.
Structural analysis is the mapping of a time dependent 3D structure to time dependent 3D results. This means time and spatial dependencies need to be considered for the input and result
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quantities. Therefore, the general uncertain mapping is xu (τ, θ ) 7→ zu (τ, θ ), with the time parameter τ and the vector in space θ . The used deterministic simulation model is based on finite
element simulations. This numerical approach involves a discretization in time and space. To
describe the discretization, a continuous space K with the dimensionality of nk ∈ N can be
defined
K = I1 × I2 × . . . × Ink ⊂ Rnk , with intervals I p = [a p , b p ] : a p , b p ∈ R ∀ p ∈ {1, . . . , nk }.
The space K contains t ∈ {1, . . . , nt } support vectors

T
k = k1 k2 . . . k p . . . knk , k ∈ K.

The vector k includes time and spatial coordinates such that

T
k = τ θ : τ ∈ R, θ ∈ R3 , with nk = 4.

(2)

(3)

(4)

The uncertain simulation model Eq. (1) can be rewritten as

ξ u : (Kx → U (Q, R)) → (Kz → U (V,W )) : xu (kx ) 7→ zu (kz ) .

(5)

It can be seen, that different continuous spaces are used for inputs and outputs. For this relationship, many special cases can be identified. For example, xu (τ) 7→ zu is called uncertain process.
The mapping xu (θ ) 7→ zu is an uncertain field and can be performed by random fields [7] or
fuzzy fields [1]. The dependencies of the input parameters will not be discussed further. But the
dependencies of the result parameters yielding xu 7→ zu (τ, θ ) are focussed.
The paper introduces an algorithm for this consideration of fuzzy quantities. The approach is
structured in computation of specific deterministic simulations models. Then, these samples are
used to compute the fuzzy results. The last step is the visualization of the fuzzy results for the
time dependent structure. These topics will be discussed in Section 2. Furthermore, the samples
can be used to compute sensitivities also under consideration of time and spatial dependencies,
see Section 3. The applicability and relevance of the proposed algorithms are demonstrated by
an example in Section 4.

2 Fuzzy structural analysis for consideration of time and spatial
dependent results
The computation of fuzzy result quantities of the mapping ξ f,0 : U (R, [0, 1]) →
U (R, [0, 1]) : xf 7→ zf is called fuzzy analysis, see [3]. The membership function – defining
the fuzzy result quantity – can be found on the basis of an α-level discretization by computing
the minimum (left bound) zαk ,l and maximum (right bound) zαk ,r value on each level α ∈ (0, 1].
The bounds are computed by the solution of two optimization problems for each α-level
zαk ,l = ξ (x) → min | x ∈ Xα and zαk ,r = ξ (x) → max | x ∈ Xα .

(6)

The input space of the optimization Xα is defined as the Cartesian product of the fuzzy input
quantities.
The numerical solution of the optimization problem is obtained by standard optimization algorithms. These algorithms can only be used for one result quantity, because the optimization
progress is affected by the values of the previously computed results. In case of spatial dependencies, the amount of result quantities is in the order of magnitude of the elemental discretization. To handle this large amount a fuzzy sampling scheme is proposed and described in the
following.
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2.1

Fuzzy sampling scheme for high-dimensional result spaces

The proposed algorithm is based on a not oriented optimization method. Due to the properties
of this method – mainly the non-existing feedback loop – it is possible to split the computation
of the results and the evaluation of these data for the fuzzy analysis. This algorithm is shown in
Algorithm 1.
begin
fuzzy sampling scheme
α-level discretization α = {α1 , α2 , . . . , α p , . . . , αnα } | α p ∈ (0, 1] ∀ p ∈ {1, 2, . . . , nα }
definition of α-level set Xα
generation of schampling scheme X α with xl ∈ Xα
computation of simulation model, based on sampling scheme – structural analysis
computation of result set for each α-level Z kz
fuzzy analysis based on existing data
end



α

Algorithm 1: Fuzzy analysis based on specific sampling scheme

For fuzzy sampling, the simulation points l ∈ {1, . . . , nsim } are generated by equally distributed
random numbers xl for each α-level set Xα . The computation
 simulation model is done
 of the
kz
for the number of result
for each simulation point xl and yields the set of results Z l,t, j
quantities j ∈ {1, . . . , nz }. The set is defined as

z1,1
z1,2
 z
z2,2
 2,1

.
..


 ..
.
kz

Z
=
zl,2
α
 zl,1
 ..
..
 .
.
znsim ,1 znsim ,2

α

...
...
...

z1,t
z2,t
..
.

...
...
...

z1,nt
z2,nt
..
.

. . . zl,t . . . zl,nt
..
..
..
..
.
.
.
.
. . . znsim ,t . . . znsim ,nt







,





(7)

with zl,t = ξxklz (kt ) ∈ Rnz , l ∈ {1, . . . , nsim }, t ∈ {1, . . . , nt }. The deterministic simulation model
considers continuous result parameters, such that
ξ kz : X → (Kz → Z) : x 7→ z (kz ) .

(8)

For one simulation point xl , it yields
kz
ξx=x
: Kz → Z : kz 7→ ξ kz (xl ).
l

(9)

The third step is solving of optimization tasks according to Eq. (6) for each α-level, for all result
quantities j and for all support points t. The fuzzy result zfj,t can be written as family of α-level
intervals

 



 
kz
kz
f
zt, j =
min
Z l,t, j ,
Z l,t, j
max
.
(10)
α

l∈{1,...,nsim }

A vector with fuzzy results

exists for each support point kt .

α

l∈{1,...,nsim }

Kz → F (R) : k 7→ zf
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α

(11)

2.2

Enhanced fuzzy structural analysis

The full solution of a fuzzy structural analysis is the computation of time and spatial dependent
results neglecting the dependencies of the input parameters. Eq. (5) is simplified to
ξ f,kz : F (R) → (Kz → F (R)) : xf 7→ zf (k) = zf (τ, θ ).

(12)

Including Eq. (11), the results are computed for each support point, which yields
ξkf,kz : F (R) → F (R) : xf 7→ zfk=k .

(13)

t

t

The computation of the fuzzy results for all support points kt is equal to the fuzzy vector
iT
h
f
f
f
f
zf = zk1 zk2 . . . zkt . . . zkn .

(14)

t

Summarizing, for full fuzzy structural analysis the amount of nz · nt fuzzy result quantities are
computed.
To handle the enormous numerical effort, the approach shown in Fig. 1 is proposed. The approach is separated into fuzzy sampling (based on the fuzzy sampling scheme), and fuzzy
analysis for existing data. Furthermore, the approaches for visualization are shown based on
information reduction.
VTU file format
Fuzzy sampling
independent finite element simultations (for
Processing

Fuzzy
analysis

-level)

for existing
data

Postprocessing
support points of
reference geometry

Preprocessing

nodal values
(displacements)

generation of finite
element model
for realization

Redution of
information

Results for the
full structure

uncertainty
quantifying
and
characteristic
values

Sensitivity
analysis

for existing data

elemental values
(stresses)

Visualization fo results e.g. for

Fuzzy time dependency
at spatial coordinate

Time dependent results of the full structure
(based on reduction of information or sensitivity measures)

Sensitivity time dependency
at spatial coordinate

Figure 1: Enhanced fuzzy structural analysis (labels are exemplary for a plane structure)

The mains steps are:
1. Fuzzy sampling includes the computation of finite element models. Therefore, the steps
preprocessing, processing and postprocessing are necessary. The simulation model is generated on the basis of an input vector xl – preprocessing. Then, the deterministic finite element analysis is processed. Allrelevant
 results are computed during the postprocessing.
kz
These results of one simulation Z l
are stored in the file format ‘vtu’.
α

2. Fuzzy analysis is performed on the basis of existing data according to Eq. (10).
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3. Challenging is visualization of the results. Fuzzy quantities cannot be visualized for 3D
structures, because only a colouring of the finite elements is possible. Therefore, information reducing measures Uf can be used. These measures reduce the fuzzy quantities to
real numbers
(Kz → F (R)) → (Kz → R) : zf (k) 7→ Rf (zf (k)).

(15)

The application of uncertainty quantifying and representative measures (Uf () and
Mf ()) give an overview of the time and spatial dependent uncertain structural results.
Examples for these measures can be found in [2]. Another option is the visualization of a
fuzzy time dependency for specific spatial points.

3 Sensitivity analysis for time and spatial dependent results
The algorithm proposed in the previous section enables another methodology of structural analysis. Inthis paper,
 the structural sensitivity analysis is defined. On basis of the deterministic
kz
results Z l,t, j , the sensitivity of the input parameters x with respect to each support point
(time and space discretization) can be computed. This means, sensitivity measures for existing
data are necessary. A possible approach is computation on basis of correlation measures according to P EARSON or S PEARMAN. With these measures, only linear or monotonous behaviour can
be considered. To compute non-linear sensitivity measures, the ‘EASI’ measures proposed in
[5] can be used. This measure is comparable to the frequency based approach called ‘FAST’.
An alternative is a variance based approach. In [6], the correlation ratio for the input parameter
xi is defined as
Var[E[Z|Xi ]]
, 0 ≤ KVi ≤ 1.
Var[Z]

KVi =

(16)

In [6], the measure is used for computing sensitivities for results which need to be simulated.
In this contribution, the measure ‘KVest’ (KVestimation) is proposed. The measure estimates
the correlation ratio on the basis of intervals of the existing data (X , Z ). The input space is
separated into p intervals Ii,k , k ∈ {1, . . . , p} for the observed input dimension xi , see Fig. 2.

simulation point
Figure 2: Estimation of the correlation ratio SxKVest
i |z

The point set related to each interval and to the result quantity z j is
X ,Z

j



=
i,k

n[
sim 
l=1


xl , z j,l | xl ∈ Xi,k .
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(17)

Based on this segmentation, the mean of each interval can be computed (#{} is the amount of
elements in a set)

b Z i, j,k =
m

1
.
· Z
#{Z i, j,k } ∑ i, j,k

(18)

By the computation of the variance of all means, the correlation ratio can be approximated by
2
b Z i, j,k
ŝ m
Var[E[Z j |Xi ]]
KVest
KVesti, j = Sxi |z j =
≈
.
(19)
2
Var[Z j ]
ŝ Z
j

The proposed measure is comparable to the S OBOL’ index first order. For large sample sizes
’ . The measure ‘KVest’ can be used to compute
and many intervals, it yields SxKVest
≈ SxSiOBOL
|z j
i |z j
non-linear sensitivities for existing data. In Fig. 1, the computation of structural sensitivities is
already included. The data of the fuzzy analysis can be reused.

4 Example
The numerical analysis of the N OORU -M OHAMED test – a configuration of concrete testing
proposed in [4] – will demonstrate the capabilities of complex structural analyses under consideration of uncertainty. The testing was developed for identification of multiple crack paths
within the concrete test specimen. The example will use a simulation model, which analyses the
concrete damage behaviour of the specimen under uncertain conditions based on finite elements
(see Fig. 3). The material parameters are considered as fuzzy quantities.

(a) Simulation model

(b) Element numbering

Figure 3: Finite element model of the N OORU -M OHAMED test

The concrete is described by a gradient enhanced microplane damage model proposed in [8].
The material parameter (E – YOUNG’s modulus, β – shape parameter of damage function, γ0
– limit state of equivalent strain, kr – ratio of compressive to tension strength, c – size of damage zone) are considered as fuzzy quantities. The other material parameters (α – load bearing
capacity at limit state and ν – P OISSON ratio) are deterministic. The parameters are shown in
Tab. 1.
The finite element discretization is obtained by 760 8-node elements, see Fig. 3(b). The load
is applied by 80 increments to the nonlinear material. The first 40 increments simulate a predamage of the structure by applying a horizontal displacement, which is considered as fuzzy
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quantity ufθ1 = −h0.0, 0.001, 0.0035i mm. The increments 41 − 80 apply a vertical load until
uθ3 = 0.075 mm is reached.
The example will use the enhanced fuzzy structural analysis and the data is reused for the
structural sensitivity analysis.
E f = h28.0, 30.0, 32.0i N/mm2
β f = h130.0, 160.0, 205.0i
cf = h0.45, 1.0, 2.5i mm2

ν = 0.2
α = 0.96
γ0f = h1.25, 1.5, 1.75i10−4
f
kr = h14.7, 16.7, 17.7i

Table 1: Material parameters of the gradient enhanced microplane damage model

4.1

Enhanced fuzzy structural analysis

The enhanced fuzzy structural analysis considers the α-levels α = [0.0, 0.5, 1.0]. The total
amount of simulation points is nsim = 750. The result value is the damage of the structure
d(τ, θ ) ∈ [0, 1]. The fuzzy damage is computed for each support point kt | t ∈ {1, . . . , nt }. This
means for each time step and each point in space. In total, 60800 fuzzy result quantities are
computed.
Two ways of evaluation of the results – in this example the concrete damage – can be used. First,
the fuzzy time dependency for selected elements can be analysed, see Fig. 4. The visualized
elements 113 and 339 are in the region of the notch. It can bee seen, that these neighboured
elements have very different damage behaviour. The uncertainty of the damage in element 113
increases over time, but never exceeds the value d = 0.18. For element 339, it can be stated, that
the uncertainty first increases and then decreases. At τ = 80, the uncertainty is negligible but a
very high damage values is reached d(τ = 80, θ 339 ) > 0.8.

(a) element 113

(b) element 339

Figure 4: Fuzzy damage time dependency for selected elements and significant time steps

The other possible evaluation method is to visualize the fuzzy results of the structure as colouring of the finite elements by applying information reducing measures. For this example, the
representative centroid value MfE (d f ) and the uncertainty quantifying area measure UfA (d f ) are
used. In Fig. 5, this results are shown for τ = {50, 80}. Two main properties can be highlighted.
It can be seen, that the damage behaviour is limited to the central area and the cracking starts
symmetrically at the notches. The area of the damage is very high for all elements, which means
possible result values are in a big range.
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The other obvious result is, that the value of damage at the notches is very high, but the area of
damage is very small. This means, the value of damage is almost independent of the uncertainty
of the input parameters.
Summarizing, it can be stated, that neighbouring elements can have significantly different fuzzy
damage time behaviour, which could not be identified if only one fuzzy result quantity is observed.

(a) τ = 50

(b) τ = 80
Figure 5: Time and spatial dependent fuzzy damage (left: MfE (d f ), right: UfA (d f ))

4.2

Structural sensitivities

The proposed enhanced fuzzy structural analysis and the developed sensitivity measure ‘KVest’,
see Eq. (19), enable the possibility to compute structural sensitivities. The sensitivity for all six
input parameters with respect to the result parameter (damage) is computed on the basis of
existing data and reuses the information from α = 0 of the fuzzy analysis, see Fig. 1.
For the sensitivities, the same visualization
methods can be used. In Fig. 6, the four relevant
 
k
b Z t and the sum of the sensitivities ∑i SxKVest
are given. It
sensitivities, the mean value m
i ,kt |d
can be seen, that the behaviour is split into two damage modes. The parameter uθ1 is sensitive
for enabling the horizontal or the curved damage path. The second important parameter is the
damage zone parameter, which is responsible for the size of the damaged area. The parameter
γ0 is responsible for crack initialization and is only active at the periphery. It should be noted,
that the sensitivities at the notches are nearly zero, because the
 range
 of possible values is small
k
b Z t , it can be seen, that this does
and the variance inclines to zero. At the plot of parameter m
not mean, that the damage is small.
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Figure 6: Spatial dependent sensitivity for τ = 80

The second visualization approach is to plot sensitivity time dependencies, as can be seen in
Fig. 7. The essential fact is, that for the three elements different causes for the damage can be
identified. For the element 113, the parameter damage zone c is responsible. For the element
339, the sensitivity changes over time. For 45 < τ < 52, the parameter γ0 is more sensitive than
uθ1 . For the element 374, the horizontal displacement uθ1 is sensitive and increases until τ = 60.

(a) element 113

(b) element 339

(c) element 374

Figure 7: Time and spatial dependent sensitivities for selected elements
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5 Conclusion
In this contribution, a new approach for computing time and spatial dependent results under
consideration of uncertainty is proposed. For the special case fuzziness, a method for computing a very high amount of fuzzy result quantities is introduced. With the help of this fuzzy
sampling scheme, the enhanced fuzzy structural analysis can be applied to 3D finite element
models. The main benefit of the approach is, that a priori no knowledge about the consequences
of uncertainty – which is the normal case – is necessary. The usage of only few significant results, this means specific predefined elements and time, cannot show the complete impact of
uncertain inputs on the uncertain structural results. Two visualization methods are available.
The plotting of fuzzy time dependencies for selected elements and the usage of contour plots
based on information reducing measures are possible. The usage of representative and uncertainty quantifying measures are necessary for a comprehensive evaluation of the fuzzy results.
The method is based on evaluation of precomputed samples, which enables the possibility to
compute sensitivities based on existing data. The introduced measure ‘KVest’ is based on approximation of conditional variance and is applicable to computing non-linear sensitivities. The
example shows, that the new method can be applied to analyse the full time dependent structure.
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Abstract: Safety and reliability assessment of human femur is complemented by the
evaluation of mechanical responses for different physiological activities. The
response of femur is dependents on various parameters, out of which material
properties and loading conditions are person-specific. Thus, selection of data and
appropriate failure criterion are important factors to predict the probability of failure
of the femur that helps in assessing femur life span accounting for scatter in material
properties. The results also help to improve the implant design. The present study
focuses on countering these issues in femur modeling while maintaining the least
possible deviation from the actual scenario.
A CT scan based transversely isotropic inhomogeneous Finite Element model of the
femur is developed using empirical relations between CT number and material
properties, obtained from the literature. In order to account for the material
heterogeneity, on the basis of variation in density across the cross-section and over
the length, number of material data cards are generated. It is arranged in a way that
each one has higher bone density than the previous one and thus single model
incorporates a number of possible material data set. Hence, a realistic distribution of
properties is achieved. The stresses in the femur are determined particularly by
normal standing up position. Convergence study is carried out to identify the number
of material cards required to model bone material heterogeneity in a realistic fashion.
Tsai-Wu failure criterion is employed to model the failure of the femur so as it
includes the anisotropic and realistic nature of bone. The failure criterion is applied
using MATLAB scripting and the critical yield location is identified which is found
to be in good agreement with the experimental study available in the literature. The
probability of failure is thus obtained for the critical yield location and its sensitivity
is studied for monitoring and enhancement of femur health. Sensitivity analysis also
provides an effective input for femur implant design and performance assessment.

1 Introduction
In the past 10 years, many studies have been carried out for the development of a patient
specific 3D solid model of the proximal femur. In these studies, the bone has been divided into
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two broad parts viz. the soft, inner and spongy part called the trabecular bone and the hard,
outer and dense part called cortical bone, [1], [3]. The material properties for these two parts
are different and separate relations have been proposed for the properties of these parts in the
literature, [7]. The bone is a highly inhomogeneous material and just by dividing it into 2 parts
doesn’t account for its inhomogeneous nature. The two portions of the bone are considered
homogeneous and isotropic which is not the real scenario, [1], [9]. In the current study, the
inhomogeneity of the bone has been taken care of by dividing it into a number of material
cards. Each material card consists of properties like Young’s modulus, density and Poisson’s
ratio. This material card will be used to assign the material properties of an element. Also,
transversely isotropic material properties are assigned to all the material cards. A convergence
study is carried out to find the total number of material cards needed in an ABAQUS solid
model of the proximal femur to yield accurate results.

2 Mathematical Model
Based on the pre and post-operative CT data-sets, a patient-specific FE model is generated
using ScanIP; an image processing tool which processes the CT-scan data in DICOM image
format to provide three dimensional solid models. The grade of the model generated depends
on the quality of DICOM images available. The CT scan images of a 32-year-old female patient
with body weight of 65kg are obtained from the hospital of All India Institute of Medical
Science, New Delhi. A process flow chart for 3D model generation is shown in Figure 1.

Figure 1: Process flow for 3D Femur model generation

The separating Hounsfield Unit (HU) number between the cortical and trabecular portions of
the bone is taken as 600 i.e. HU > 600 was considered as cortical portion, [15]. A 3D solid
model of the proximal femur was thus developed in ScanIP. The next step was to assign the
material properties.

2.1 Material Property Assignment
Various empirical models of the relationship between Young’s modulus and the bone density
are reported in the literature. The relations are generally reported in the form of Power law as
given under,
𝐸𝑛 = 𝑎 + 𝑏𝜌𝑛𝑐

(1)

Where, ̅̅̅
𝐸𝑛 is the mean value of the Young’s modulus assigned to nth element, ̅̅̅
𝜌𝑛 is the mean
density and a, b and c are the coefficients, determined through experiments. The experimental
values of a, b and c for cortical and trabecular values were taken from the work of Rho et al.,
[7] and are substituted in ScanIP. The relationship between elastic modulus and apparent
density, used in this study, are given in equation 2 and equation 4, [12]. For the cortical portion
of the bone, the transversely isotropic relations are as under,
𝐸1 𝐶 = 𝐸2 𝐶 = 2314 𝜌1.57; 𝐸3 𝐶 = 2065 𝜌3.09
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(2)

Eliminating the density term,
𝐸1 𝐶 = 𝐸2 𝐶 = 47.87 𝐸3 0.508

(3)

For the trabecular portion of the bone, the transversely isotropic material relations are as under,
𝐸1 𝑇 = 𝐸2 𝑇 = 1157𝜌1.78 ; 𝐸3 𝑇 = 1094 𝜌1.64

(4)

Again eliminating the density term, we get,
𝐸1 𝑇 = 𝐸2 𝑇 = 1.1 𝐸3 0.921

(5)

Here, 𝐸3 is the elastic modulus of the femur along the longitudinal direction while
E1 and E2 are the elastic modulus along the other two perpendicular directions. Isotropic
material properties are assigned at first in ScanIP (i.e. the E3 values are obtained from ScanIP).
The model is meshed using C3D10 elements (tetrahedral element with 10 nodes) and is
exported. Using equations 3 and 5, the isotropic material properties are converted to
transversely isotropic properties by editing the exported file with the help of MATLAB codes.
The values of 𝐺12 , 𝐺23 , 𝐺13 , 𝜈12 , 𝜈23 and 𝜈13 are taken as constant from [16]. 𝜈12 , 𝜈23 , 𝜈31
represent the Poisson’s ratio in all the three principal directions. 𝐺12 , 𝐺23 , 𝐺13 are the rigidity
moduli in all three principal directions. Their values are taken as under,
𝜈12 = 0.4, 𝜈23 = 𝜈31 = 0.25
𝐺12 = 4690 𝑀𝑃𝑎, 𝐺23 = 5610 𝑀𝑃𝑎, 𝐺13 = 7680 𝑀𝑃𝑎

(6)
(7)

Hence, each element is assigned with a material having different density, elastic modulus and
Poisson’s ratio in three principal directions. However, average constant values of rigidity
modulus are considered irrespective of bone type. It is because the scatter in these variables is
too small. Finally, a finite element mesh is obtained with the assigned material properties with
due scatter. The meshed femur model with 75 material cards is shown in Figure 2. In Figure 2
PMGSn denotes the varying bone material cards while MASK_1 indicates the femur structure
after segmentation based on femur CT using ScanIP This model consisted of 149,884 number
of C3D10 elements.

2.2 Convergence study
This study is performed to obtain the number of material cards needed in an ABAQUS solid
model of the proximal femur to give accurate results. A total of six FE solid models containing
2, 15, 30, 49, 73 and 145 material cards were developed in ScanIP from CT scan data. These
material cards model the scatter in properties. The number of elements, nodes and type of
elements in each case remained the same.
The force acting due to hip joint on the femoral head acts on 70% of the area of the head, [17],
[14], and the reaction force provided by the muscles acts on the greater trochanter region, [8].
To model these forces, two sets of nodes are created on the femoral head and greater trochanter
containing 7731 and 5724 nodes respectively as shown in Figure 3. The respective forces are
applied to each node set and a fixed boundary condition is imposed at the distal portion of the
femur.
To perform the static analysis of the femur, the peak static loads are considered which occur
during the gait cycle, [13], of normal walking activity. During the gait cycle of normal walking
activity, the load variation with time at the hip joint for a 65 kg person is shown in Figure 4.
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The stress as well as maximum strain level is found to be changing with increase in number of
material cards or on increasing heterogeneity in a model. This variation clearly depicted that
for correct estimation of failure loads and design parameters, material heterogeneity is an
important parameter to be considered. This variation in stress and strain values found to get
stabilized as the number of materials reaches to 75 as evident from the Figure 5 and the
corresponding Table 1. The maximum von-Mises stress and maximum principal strain for 75
materials is shown in Figure 6 and Figure 7.

Figure 2: Meshed femur model with 75 material cards

Figure 3: Loading and Boundary Conditions
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From the above study it can be concluded that in order to precisely model the human femur
bone considering the statistical scatter in material properties across the cross-section and along
the axial direction, a total of about 70 to 90 material cards are needed for stress convergence.
Convergence Study
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Max Von Mises Stress (MPa)

190
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Figure 5: Convergence Study Results

Figure 4: Gait cycle for normal walking activity

Table 1: Convergence Study Results

Number Max. VonCritical Location
Max. Principal
of
Mises
Strain
Materials Stress(MPa)
02
185.1
Bottom portion of neck
0.02513
15
170.5
Bottom portion of neck
0.02526
30
164.5
Bottom portion of neck
0.02387
45
163.2
Bottom portion of neck
0.02369
75
167.6
Bottom portion of neck
0.02335
145
166.6
Bottom portion of neck
0.02351

Figure 6: Maximum von-Mises stress and its
location for 75 materials cards

Critical Location
Top portion of neck
Top portion of neck
Top portion of neck
Top portion of neck
Top portion of neck
Top portion of neck

Figure 7: Maximum principal strain and its location
for 75 materials cards
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2.3 Limit state Function
Tsai-Wu failure criterion is used in the present study as this criterion is very well suited for a
composite material like bone. The bone is a transversely isotropic material. Hence it is stronger
in the axial direction and weaker in the lateral and radial directions. The properties in the lateral
and radial directions are assumed to be same. The Tsai-Wu criterion for this case is shown
below.
𝑍 = 1 − [(
1
𝑆23 2

1
𝑇11

−

1
𝐶11

) 𝜎11 + (

(𝜎23 2 − 𝜎22 𝜎33 ) +

1
𝑆12 2

1
𝑇22

−

1
𝐶22

) (𝜎22 + 𝜎33 ) +

𝜎11 2
𝑇11 𝐶11

+

1
𝑇22 𝐶22

(𝜎22 + 𝜎33 )2 + 𝐹12 𝜎11 (𝜎22 + 𝜎33 ) +

(𝜎12 2 + 𝜎31 2 )]

(8)

where, directions 1, 2 and 3 correspond to x, y and z
σij = The stress components
T11 = Uniaxial tensile strength in axial/longitudinal direction
T22 = Uniaxial tensile strength in radial and lateral directions
C11 = Uniaxial compressive strength in axial/longitudinal direction
C22 = Uniaxial compressive strength in radial and lateral directions
S23 = Transverse shear strength
S12 = Axial shear strength
F12 = Interaction parameter
The value of the interaction parameter varies from -0.5 to 0 and is experimentally determined.
In the current study, its value is assumed to be 0 because of the very low magnitude of the
whole term containing F12.
In this study, bone was considered brittle with different strengths in tension and compression.
The longitudinal yield limit in compression was correlated to ash density with power relation
described in equation 9 from [5] and [6].
1.88
137 𝜌𝑎𝑠ℎ
,
𝜎𝑦𝑐 (𝑀𝑃𝑎) = {
1.72
114 𝜌𝑎𝑠ℎ
,

𝜌𝑎𝑠ℎ < 0.317 𝑔 𝑐𝑚−3 ,
𝜌𝑎𝑠ℎ > 0.317 𝑔 𝑐𝑚−3 ,

(9)

where 𝜌𝑎𝑠ℎ is the ash density given by Les et. al., [6],
𝜌𝑎𝑠ℎ = 1.22𝜌𝑄𝐶𝑇 + 0.0526

(10)

𝜌𝑄𝐶𝑇 = 0.131 + 1.067 × 10−3 (𝐻𝑈)

(11)

Whereas, tensile yield stress is given by
𝜎𝑦𝑇 = 0.8 × 𝜎𝑦𝐶

(12)

Similarly, yield limits of the kth element in the ith direction in compression and shear, were
given by empiric correlation according to experimental data reported in [11] as follows.
𝜎1,𝑘 𝑐 = 𝜎2,𝑘 𝑐 = 0.6𝜎3,𝑘 𝑐 ; 𝜎𝑖𝑗,𝑘 = 0.25𝜎3,𝑘 𝑐

(13)

where the superscript represents the compressive nature. FE analysis for normal walking
activity is performed on the model with 75 material cards so as to obtain stress distribution.
Element wise stress tensors for all the elements at each integration point are extracted using
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PYTHON scripting in ABAQUS command window. Element-wise density matrix are
generated using MATLAB codes. Strength values for each element are subsequently calculated
and Tsai-Wu failure criterion is applied on each element. The critically stressed element is
identified and its location in the femur is at the bottom portion of the neck as depicted in red in
Figure 8.

Figure 8: Critical element location using Tsai-Wu failure criterion

2.4 Probabilistic Analysis
The probabilistic analysis is performed for the normal walking activity using Tsai-Wu failure
criterion in a probabilistic analysis tool. The most critical stress occurs near the bottom portion
of femur neck. The random variables are elastic moduli of critical element, in the three
directions and the hip joint contact forces. The three random variables 𝐸1,25 , 𝐸2,25 and
𝐸3,25 follow the Gaussian distribution with mean and coefficient of variation as shown in Table
2. The subscripts ‘25’ indicates the 25th material card whose material properties are considered.
Considering Young’s moduli of critical element as random variable the effects of scatter in
other material cards are represented to a greater extent.
Likewise, three force components at hip joint (Table 3) and the strength parameters of
Tsai-Wu criteria are also considered as random variables as shown in Table 4. They too follow
Gaussian distribution for normal walking. Stochastic finite element method is adopted by
coupling FE code ABAQUS with the software for probability failure assessment. The
cumulative distribution function is depicted in Figure 9. The sensitivity analysis indicates the
effect of random variables on the 𝑃𝑓 . It is observed that the mean value of 𝐸3,25 (EZ in Figure
10) and its standard deviation have significant effects on the probability of failure. Likewise,
the mean it values of joint body force in the 3rd direction and its standard deviation have
significant effects on probability of failure. Among the strength parameters, K12 and C22 have
more influence on the probability of failure. This sensitivity of material properties and force
components if optimized, the probability of failure can be achieved in an acceptable range.
These changes may be assessed by different curves compared in Figure 9 if required.
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Table 2: Material RV's

Table 3: Force RV's

Elastic
Modulus

Mean

COV

Force
Component

Mean for Normal
Walking

COV

E1,25
E2,25
E3,25

4682.51
4682.51
8282.08

8.1%
8.5%
9%

F1h
F2h
F3h

881.40 N
151.22 N
1851.46 N

6.1%
5.8%
5.9%

Table 4: Strength RV’s

Mean
COV

T11
118.28
6%

T22
70.968
6%

C11
94.63
6%

C22
56.778
6%

K23*
23.65
6%

K12*
23.65
6%

*In order to avoid conflicts of stress variables, axial shear strength (S12) and radial shear strength (S23) are represented as
K12 and K23 respectively.
Cumulative Probability Distribution

p (Probability)

1.2
1
0.8
0.6
0.4
0.2
0
-30

-25

-20

-15

-10

Z(Response)
Figure 9: Cumulative probability distribution

Figure 10: Sensitivity Analysis
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-5

0

where, EX, EY and EZ in Figure 10 represent 𝐸1,25 , 𝐸2,25 and 𝐸3,25 respectively.

3 Summary and Conclusion
The patient specific FE solid model is developed in ScanIP. Transversely isotropic material
properties are assigned to the model using the appropriate material property relations given in
the literature using MATLAB codes. Heterogeneity in the solid model has been taken care of
by taking different number of material cards. The convergence study reveals that the number
of material cards in the solid model should be around 70-90 to properly take care of the material
inhomogeneity and to get accurate results. Also, the location of the maximum von-Mises stress
always lied in the bottom portion of the femur neck; while the location of the maximum
principal strain always lied in the upper portion of the femur neck which is well in accordance
with Tellache et al., [11]. The probability of failure is evaluated for the normal walking activity
by employing stochastic finite element method and considering the limit state function based
on Tsai-Wu failure criterion. The sensitivity analysis of Pf has shown that the most sensitive
parameters are 𝐸3,25 , transverse shear strength (K12) and the transverse compressive strength
(C22) component. The patient specific investigation of femur response provides crucial
information for implant selection and clinical treatment. The study can further be extended to
obtain stress response for physical activities of patients like climbing of stairs, brisk
walking/running on treadmill and cycling. Hence, it will help to select an appropriate implant
for a patient whose CT scan is provided for various physical activities.
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Abstract: Probabilistic fatigue analysis is often carried out based on traditional S-N curve
data and/or fracture mechanics in consideration of uncertainty. One of the basic equations,
which is governed by the theory of fracture mechanics, is the Paris law. However, it is not
an easy task to determine the Paris law parameters experimentally, because various
sources of uncertainty are involved and experimental data is limited, whereas plenty of
experimental data exists for S-N curves. This paper proposes a novel method termed the
S-N Paris law (SNPL) method to quantify the uncertainties lying in the Paris law
parameters, by finding the best estimates of their statistical parameters from the S-N curve
data using a Bayesian approach. Through a series of steps, the SNPL method helps
determine the statistical parameters (e.g., mean and standard deviation) of the Paris law
parameters that will maximize the likelihood of observing the given S-N data. When more
S-N test data is available, the prior statistical parameters are updated, which provides more
reliable information on the Paris law parameters. To test the proposed method, it is applied
to two numerical examples with various assumptions on the S-N curve experiments and
the Paris law, and the analysis from the SNPL method successfully provides results that
show good agreement with the assumptions.

1 Introduction
A variety of research has been carried out on the fatigue analysis of structures for a long time, but
the engineering world still struggles to fully understand the fatigue process that is laden with
various sources of uncertainty. Previous studies have thus led to the development of various fatigue
analysis methods, which can be categorized into two groups. The methods in the first group are
based on the Wöhler curve or the S-N curve [1] which is based on the stress-life method, whereas
those in the second one are often based on the Paris law [2] which accounts for the crack
propagation rate based on fracture mechanics. However, it is not an easy task to determine the Paris
law parameters experimentally, because various sources of uncertainties are involved and
experimental data is limited, whereas plenty of experimental data exists for S-N curves. In addition,
even though both of these two approaches have been widely used for a long time, only a limited
number of studies have been conducted to compare them [3].
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In this paper, a new method termed the S-N Paris law (SNPL) method is proposed. Using a
Bayesian approach, the SNPL method allows a comparison between the two fatigue analysis
methods, and the derivation of Paris law parameters from the S-N curve data. In the proposed
method, the stress range and number of cycles observed from the S-N curve are used as an input to
the Paris law, which has model parameters in the equation, and a likelihood function is then
constructed using the concept of limit state functions. Next, the response surface of the likelihood
function is checked by inputting different values for the Paris law parameters. Following the best
values obtained from the response surface check, an optimization process employing the likelihood
function as the objective function is then run. Following these steps, the statistical parameters (e.g.,
mean and standard deviation) of the Paris law parameters are determined probabilistically, which
maximizes the likelihood of observing the given S–N curve data. When more test data is available
from S–N experiments, the model parameters values are updated using a Bayesian methodology,
which provides more reliable statistical information of Paris law parameters.

2 Classical Fatigue Analysis Methods
One of the most well-known approaches to understanding fatigue behavior is the stress-life
approach, which provides the relationship between the stress range and the number of loading
cycles to failure. This is often called the Wöhler curve or the S-N curve [1], which is a plot showing
the constant amplitude stress range, S, as a function of the number of cycles to failure, N. The S-N
curve is usually plotted on a log-log scale as shown in Figure 1. The stress-life method (S-N curve)
is primarily applied during the design stage or during the preliminary evaluation of fatigue life of
a structure. Even though this method helps to design a structure against fatigue, it does not give
any information about the crack initiation or propagation.

Figure 1: S-N curve (log-log plot)

On the other hand, the importance of understanding crack propagation led to the formation of a
new field of study called fracture mechanics. Paris and Erdogan used the idea of comparing Irwin’s
stress intensity with the rate of crack propagation per cycle [2]. They developed a relationship
between the crack propagation rate per cycle (da/dN) and the stress intensity factor range (∆K),
which is called the Paris law as shown in Equation 1.
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da
 C K m
dN

(1)

where a is the crack length, N is the number of loading applications, and C and m are material
related parameters. The range of stress intensity factor can be estimated as follows:
K  S  Y  a   a

(2)

where ∆S is the range of the far-field stress and Y(a) is the geometry function. A schematic plot on
a log-log scale of a typical relationship between the crack growth rate and the stress intensity factor
range is shown in Figure 2.

Figure 2: Crack propagation stages and Paris’ Law

Both the S-N curve and Paris law have been effective as fatigue analysis methods, but the Paris
law is often more effective as it can characterize crack growth, which helps in assessing service
life or inspection intervals for a structure. By substituting Equation 2 into Equation 1 and
integrating the resulting equation, one can solve for fatigue life Nf as shown in Equation 3.
ac

Nf  
ai

ac

1
C  K 

m

da  
ai



1

C S  Y  a   a



m

da

(3)

where ai is the initial crack length and ac is the critical crack length.
This advantage of Paris law is helpful in many structural problems such as evaluating the lifetime
of airplane components, determining the inspection intervals of steel girders of bridges or wind
turbine blades. What makes the Paris law more advantageous is its capability of updating the
fatigue failure risk after various crack inspection results on the structure, as presented in a previous
study [4].
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Even though the Paris law is useful in many structural problems, it involves various sources of
uncertainty such as initial crack length ai and material parameters C and m. Their statistical
parameters can be determined experimentally, through fatigue crack growth rate experiments.
However, uncertainty evolves from material inhomogeneity and also while measuring the crack
growth rate and stress intensity factors during the experiment [5]. To incorporate all these
uncertainties, a statistical and probabilistic approach such as the Bayesian inference needs to be
applied.
The uncertainties present in the fatigue process becomes more evident when observing the scatter
in the S-N data, and probability distributions are used to describe these uncertainties [6]. Since SN curve experiments are conducted for almost all materials, there is an abundance of S-N curve
data, which helps in reducing the uncertainties associated with S-N curves; however, there is
limited crack growth rate experimental data, which in turn limits the details of the Paris law
parameters.

3 SNPL Method
In this paper, a new method termed the S-N Paris law (SNPL) method is proposed to derive the
statistical parameters of the Paris law parameters from the S-N curve data. The proposed method
is based on a Bayesian approach and depicted by a flowchart in Figure 3, followed by a detailed
explanation of each of the steps of the method.
Step 1: Divide the S-N curve data into two cases
During the S-N test, different stress ranges are applied to the specimen and the number of cycles
to failure is noted. The basic procedure is to start testing the specimen at a high peak stress, where
failure is expected in a relatively small number of cycles. The applied stress is then decreased for
each succeeding specimen until one or two specimens does not fail within the threshold value of
number of cycles. This threshold value of number of cycles where the fatigue test is terminated is
called as runout number. The runout number is influenced by the endurance limit of the material,
type of stressing and shape of specimen [7]. The endurance limit is the stress range below which
the material does not fail and hence there is no influence of crack growth below the endurance limit
range. Hence the region beyond the endurance range is of less importance for crack propagation
study and Paris’ law application. Since the runout number represents this information, this criterion
is used to divide the S-N data into two cases, failure and non-failure cases. During an S-N test, if
the specimen reaches the runout number of cycles without failing, it is considered as a non-failure
case and if the specimen fails before reaching the runout number of cycles, it is considered as a
failure case. Generally, the runout number is selected as one million cycles or two million cycles.
This value can vary depending on various materials and can be used appropriately in the SNPL
method, based on the material used. The failure and non-failure cases are described as follows.
a. The non-failure case is where the specimen does not fail within runout number of cycles

(Nf > runout number of cycles)
b. The failure case is where the specimen fails within runout number of cycles (Nf ≤ runout
number of cycles)

2585

Figure 3: Flowchart of the SNPL method

Step 2: Construct the likelihood function for both cases
The concept of the limit state function is used in this step which evolved from structural reliability
theories. In simple terms, it is the criteria for when the load effect exceeds the resistance of a
structure. The mathematical representation of the limit state function is given in Equation 4.
g (X)  R(X)  S (X)  0

(4)

where g is the limit state function, R is the resistance of a structure, S is the load effect, and X is
the vector of random variables.
Based on this definition of the limit state function, probability of failure (Pf) is calculated as shown
in Equation 5.
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Pf  P  R(X)  S (X)   0

(5)

This concept of constructing a limit state function and finding the probability is used in the SNPL
method for two cases. The first case is called “inequality case” indicating non-failure cases, and
the second case is called “equality case” indicating failure cases.
Case 1: Inequality case
When one does not observe the failure until certain number of load applications from an S-N test,
it is considered as the inequality case, and the limit state function gnofail is given as

gnofail  X   N SN  N paris  X   0

(6)

where NSN is the number of cycles from the S–N test and Nparis is the number of cycles calculated by
use of Equation 3, as shown in Equation 7.

N paris  X  

a

1 c
1
da

C ai  S  Y  a   a  m



(7)

Based on the limit state function in Equation 6, the probability of the non-failure case is calculated
as follows:
Pnofail  P  N SN  N paris  X    0

(8)

Case 2: Equality case
When one observes the failure after certain number of load applications from an S-N test, it is
considered as an equality case, and the limit state function is given in Equation 9.

g fail  X   NSN  N paris  X   0

(9)

Based on the limit state function in Equation 9, the probability is calculated as follows:
Pfail  P  N SN  N paris  X    0

(10)

Since Equation 10 is an equality condition, the probability is mathematically zero. Hence, to
proceed with this term, an alternative formulation technique of taking its derivative [8] is used as
given in Equation 11.



Pfail   P  g fail  X   θ   0
 θ
 θ 0
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(11)

In Equation 11, an infinitesimal quantity θ is added to the limit state function to eliminate the
equality sign. Equation 11 can be further rewritten as Equation 12.



Pfail   P  N SN  N paris  X   θ   0
 θ
 θ 0

(12)

A similar approach was used by Lee and Song [4], and Pfail in Equation 12 can be calculated by
taking the numerical differentiation of the probability results obtained from conventional reliability
analysis methods such as the first order reliability method (FORM) [4].
If there are multiple inequality cases and equality cases, the final probability Pfinal is the
multiplication of individual probabilities Pnofail,i and Pfail, j, as shown in Equation 13.

Pfinal 

N nofail

N fail

i 1

j 1

 Pnofail ,i   Pfail , j

(13)

where Nnofail and Nfail are the number of inequality cases and the number of equality cases,
respectively.
The SNPL method tries to find the best statistical parameters of the Paris law parameters through
an optimization process, which maximize the probability that the given S-N test results are
observed (i.e., Pfinal in Equation 13). To reduce computational errors during the optimization
process, the natural logarithm of Pfinal is introduced as the objective function:

L  X θ 

N nofail

 ln P

N fail

nofail ,i

i 1

 X θ   ln P  X θ 
fail , j

(14)

j 1

where θ are the statistical parameter vector of the Paris law parameters.
Step 3: Response surface check (RSC) and optimization process
To perform the optimization process effectively, the response surface of the objective function is
checked by evaluating the objective function with various values of statistical parameters of the
Paris law parameters. It helps to identify the overall shape of the objective function and determine
the starting point (i.e., initial values of the statistical parameters) for the optimization process.
In the numerical examples in this research, the initial crack length ai and material parameters C and
m are assumed to have uncertainty, and their statistical parameters (such as mean, standard
deviation, and correlation coefficients) are of interest. Thus, the likelihood function is evaluated
with a range of different values of these statistical parameters.
Once the starting point is selected through response surface check, the optimization process is
performed. It finds the best statistical parameters. One advantage of the SNPL method is the
introduction of a Bayesian approach, which helps to update the current statistical parameters when
more S-N data becomes available. Steps 1-3 can be repeated by incorporating the new S-N data,

2588

which helps to further reduce the uncertainties, thus providing more reliable data for the Paris law
parameters.

4 Numerical Examples
To test the proposed SNPL method, it is applied to two numerical examples with the given
assumptions on the S-N curve experiments and the Paris law parameters. For each example, 1,000
sets of S-N test data were hypothetically generated by inputting various stress values and the
assumed statistical parameter values of the initial crack length and the Paris law material
parameter(s) to equation 7. In these numerical examples, a runout number of two million cycles,
which is a widely used number in S-N experiments, is used and the failure and non-failure cases
are described as follows.
a. The non-failure case is where the specimen does not fail within two million cycles (Nf > 2

million)
b. The failure case is where the specimen fails within two million cycles (Nf ≤ 2 million)
The aim of these numerical examples is only to check whether the SNPL method will accurately
predict the assumed statistical parameter values, which were used to generate the hypothetical S-N
data. If the prediction is accurate, then the future research will be to divide between stage I and
stage II number of cycles and apply the SNPL method to stage II number of cycles where Paris law
is applicable, which will then help to predict the Paris law statistical parameter values. For the
hypothetical generation of S-N curve data, the width of the specimen was taken as 30 mm and the
critical crack length was taken as 15mm. An edge crack was assumed and the crack geometry
function Y(a) from [9] was selected.
Numerical example 1
In this example, the initial crack length, ai was assumed to follow a lognormal distribution and
modeled by a mean of 1.3×10-5 (m) and coefficient of variation (c.o.v.) of 0.25. The Paris law
material parameter C was also assumed to follow a lognormal distribution and modeled by a mean
of 7.8×10-12 (m/(cycle·MPa·m0.5)) and c.o.v. of 0.16. It was also assumed that there is a linear
relationship between C and m as given in Equation 16 [10].
log C  log  3 105   1.7m

(16)

Using these assumed statistical parameter values and different stress values as input, 1,000 samples
were generated and the number of cycles until the specimen reached its critical crack length for
each of the stress values was calculated. This hypothetical S-N data is used to test the proposed
SNPL method.
Based on the steps proposed by the SNPL method, the S-N data is divided into inequality (i.e., nonfailure) and equality (i.e., failure) cases. Out of the 1,000 samples, 474 are inequality cases and 526
are equality cases. The results obtained from the SNPL method are shown in Table 1. From the
results, it is observed that the proposed SNPL method successfully derived the statistical
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parameters of the initial crack length ai and the material parameter C based on the hypothetical SN data, with the maximum error of 2.28%.
Table 1: Analysis results for numerical example 1

Assumed values
1.3×10-05
0.25
7.8×10-12
0.16

Mean of ai
c.o.v. of ai
Mean of C
c.o.v. of C

Obtained values
1.31×10-05
0.2443
7.78×10-12
0.1625

Error (%)
0.77
2.28
0.26
1.56

Numerical example 2
In this example, the initial crack length, ai was assumed to follow an exponential distribution and
modeled by a mean of 4.6×10-5 (m). Both of the Paris law material parameters C and m were
considered as random variables following lognormal distributions. C was modeled by a mean of
7.8×10-12 (m/(cycle·MPa·m0.5)) and c.o.v. of 0.16, and m was modeled by a mean of 3 and c.o.v.
of 0.1. The correlation coefficient between C and m was assumed to be −0.5.
Using these assumed statistical parameter values and different stress values as input, 1,000 samples
were generated and the number of cycles until the specimen reached its critical crack length for
each of the stress values was calculated, and it turned out that, out of 1,000 samples, 453 are
inequality cases and 547 are equality cases. The results obtained from the SNPL method are shown
in Table 2. From the results, it is also observed that the proposed SNPL method successfully
derived the statistical parameters of the initial crack length ai and the material parameter C based
on the hypothetical S-N data, with the maximum error of 3.45%.
Table 2: Analysis results for numerical example 2

Mean of ai
Mean of C
c.o.v. of C
Mean of m
c.o.v. of m
Correlation coefficient
between C and m

Assumed values
4.6×10-05
5.8×10-12
0.2
3
0.1

Obtained values
4.64×10-05
5.6×10-12
0.2
3
0.1

Error (%)
0.87
3.45
0
0
0

−0.5

−0.5002

0.04

5 Conclusion
This paper proposes a new method termed the SNPL method. Through a series of steps, the
proposed method is based on the Bayesian approach and provides the best statistical parameter
estimates of the Paris law parameters from S-N test data. In addition, by the application of a
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Bayesian approach, the current statistical parameters can be further updated when more S -N data
becomes available, which helps further reduce uncertainty. The SNPL method was applied to two
numerical examples with the given assumptions on the Paris law parameters, and it was
successfully proved that the proposed method can provide accurate statistical parameter estimates.
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Abstract: Inspection planning for welded joints is normally based on prediction of
crack propagation while neglecting the crack initiation stage. A common problem
with existing crack propagation models is that distribution and statistics of the initial flaw size is often hard to obtain due to difficulties in measuring and sampling.
In addition, the flaw size in some high-quality joints may be so small that the crack
initiation life is not negligible. This paper proposes a modified fracture mechanics
(FM) model that predicts the fatigue life allowing for the crack initiation life.
Sources of uncertainty associated with the model are quantified in probabilistic
terms. Main novelty of the modified FM model is calibration using S-N curves
with criteria in reliability and fatigue life. The modified FM model is applied to
reliability-based inspection planning for a typical ship structural detail. Optimum
inspection plan formulated with the model is compared to those formulated with
existing S-N and FM model. Results show to what extent is the optimum inspection plan influenced by the crack initiation life. The modified model can be a reliable tool for both fatigue design and fatigue management with respect to inspection
and maintenance planning.

1 Introduction
Initiation and propagation of fatigue cracks is a common problem that needs to be addressed
in the life cycle of steel structures. Although in the design stage fatigue check is conducted
with S-N method, a structural detail is still likely to fail within its service life due to uncertainties associated with the fatigue process and fatigue analysis method. In addition, there are
inevitable gross errors during construction and operation, which can also result in fatigue and
fracture failure of a structural detail [1].
To reduce and the uncertainties and identify gross errors, inspections are implemented to
gather information that is not available in the design stage, and provide additional information
with respect to the actual state and performance of a structure. With the additional information, the structure can be re-assessed. Accordingly, one gets more confidence in the fatigue
reliability of the structure in case of no crack detection or makes decisions on maintenance in
case of crack detection.
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However, inspection and maintenance actions are costly, so it makes sense to plan those actions in advance so that limited inspection and maintenance resources can be optimally allocated to the most critical details. A predicative model for crack evolution is of decisive help
for such planning. Inspection planning is normally performed based on fatigue analysis with
FM method [2-4]. FM method is favorable because it predicts fatigue damage in terms of
crack evolution, which is comparable with inspection results.
FM method assumes that there are detectable initial flaws/cracks in any structure, and fatigue
degradation begins with crack propagation. However, the problem is that distribution and statistics of the initial flaw/crack for specific application is often hard to obtain. In addition, the
dimension of the initial flaw/crack in some structural details may be so small that it takes considerable time to develop a macroscopic crack [5]. In these two cases, FM method cannot be
applied directly.
The problem is addressed with a new FM model incorporating the crack initiation time. Uncertainties associated with the crack initiation and propagation process are quantified in probabilistic terms. The crack initiation time is treated as an additional variable to existing crack
propagation models. e.g. Paris’s law [6]. The distribution of the crack initiation life is calibrated to S-N curves. Methods for such calibration are proposed and evaluated.

2 Crack Propagation Modelling
FM is the most important approach to address crack propagation. From the perspective of FM,
fatigue failure is caused by crack evolution: crack initiation, propagation and finally fracture.
As the final fracture normally occurs very quickly, the fatigue life is mostly comprised of the
crack initiation life and the crack propagation life. FM assumes that there are macroscopic
initial flaws/cracks in any structural detail and the crack initiation life is negligible (e.g. see
crack evolution 1 in Figure 1). Accordingly, fatigue degradation begins with crack propagation.
Paris’s law [6] shows the relationship between crack propagation rate and material property,
loads, crack geometry and intensity of stresses around a crack. The formulation of the model
is expressed as
𝑑𝑎
𝑑𝑁

= 𝐶∆𝐾 𝑚

(1)

where 𝑑𝑎 is increment in crack propagation for 𝑑𝑁 stress cycles; 𝐶and 𝑚 are material parameters; ∆𝐾 is stress intensity factor range, given by
∆𝐾 = ∆𝜎𝑌(𝑎)√𝜋𝑎
(2)
where ∆𝜎 is stress range and 𝑌(𝑎) is geometry function.
Paris’s model is widely used in inspection planning due to its generality and simplicity. Based
on Paris’s model, several models are proposed to account for additional influence factors and
thus add more complexity, e.g. Elber’s model [7], bi-linear model [8], two-directional model
[9], etc. These models may be more accurate than Paris’ model for some specific applications,
but requires much more input parameters and computational efforts, which hind their wide
application in probabilistic crack propagation modelling and inspection planning. In this paper, a modified FM is proposed based on Paris’s model.
By integration, Equation (1) can be rewritten as
𝑎

1

𝑑𝑎

𝑁𝐹 = 𝜋𝑚⁄2 𝐶∆𝜎𝑚 ∫𝑎 𝑐 𝑎𝑚⁄2 𝑌(𝑎)𝑚
0
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(3)

As can be seen from Equation (3), crack propagation life is determined by material properties
𝐶 and 𝑚, stress range ∆𝜎, geometry function 𝑌(𝑎), initial and critical crack size 𝑎0 and 𝑎𝑐 .
Among others, previous studies have shown that uncertainties associated with initial crack
size 𝑎0 , crack growth rate 𝐶 and stress range ∆𝜎 are more influential in the predicted crack
propagation life [10]. In this paper, 𝐶 and ∆𝜎 are treated as variables. Their statistical characteristics, e.g. mean values and coefficient of variations (CoV) are quantified. A model is proposed below for cases where statistical information on 𝑎0 is unavailable or 𝑎0 is so small that
crack initiation life can’t be neglected (e.g. see crack evolution 2 in Figure 1).

3 The Proposed Model
In the case of crack evolution 2 in Figure 1, the actual initial crack size 𝑎02 is smaller than the
smallest crack size 𝑎𝑑 that can be detected reliably by non-destructive testing (NDT) methods.
It is thus hard to obtain statistical information on 𝑎02 by normal NDT methods. However, it is
convenient to substitute the actual initial crack size 𝑎02 with 𝑎𝑑 and calibrate the number of
cycles 𝑁𝐼2 (spent for the crack to develop from 𝑎02 to 𝑎𝑑 ) to SN curves. The formulation of the
proposed model is expressed as
𝑁𝐹 = 𝑇𝐼 ∙ 𝑁0 +

𝑎𝑐
1
𝑑𝑎
∫
𝜋 𝑚⁄2 𝐶∆𝜎𝑚 𝑎𝑑 𝑎𝑚⁄2 𝑌(𝑎)𝑚

(4)

where 𝑁0 is the number of cycles experienced by the structure every year, 𝑇𝐼 is the years
needed to develop a crack size of 𝑎𝑑 and is defined as crack initiation life here.
𝑇𝐼 can be measured from specimen tests by using special gauges. However, it is expensive to
implement such tests [11]. For practical applications in engineering, it is desirable if the parameter 𝑇𝐼 can be related to some parameters that is already known. From this point, it is suggested to calibrate the crack initiation life 𝑇𝐼 from S-N curves, as S-N curves for common
welded joints are well established. The following three calibration criteria are proposed.

Figure 1: Schematic figure of crack evolution process

3.1 Reliability During the Service Life
The crack initiation life 𝑇𝐼 can be calibrated to S-N curves with the criteria that the difference
between the reliabilities calculated with S-N and FM method are minimum in the whole service life 𝑇𝑆𝐿 . The following function is minimised with respect to 𝑇𝐼1
min ∑𝑇𝑡=1[𝛽𝐹𝑀 (𝑡; 𝑇𝐼1 ) − 𝛽𝑆𝑁 (𝑡)]2
(5)
𝑇𝐼1
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3.2 Reliability When 𝜷𝑺𝑵 < 𝜷𝒕
As fatigue design is based on S-N method, it makes sense to determine the time for the first
inspection according to the reliability decline curve calculated with S-N method. The first
inspection is supposed to be carried out when the reliability index calculated with S-N method
𝛽𝑆𝑁 is below a target reliability level 𝛽𝑡 , i.e. 𝛽𝑆𝑁 < 𝛽𝑡 . At that time, the following function is
minimized with respect to 𝑇𝐼2
min[𝛽𝐹𝑀 (𝑡; 𝑇𝐼2 ) − 𝛽𝑆𝑁 (𝑡)]2
(6)
𝑇𝐼2

3.3 Mean Fatigue Life
From the perspective of FM, fatigue life of welded joints is comprised crack initiation life and
crack propagation life. The mean of crack initiation life 𝑇𝐼 can be obtained from the mean of
fatigue life 𝑁𝑐 deducted by the mean of crack propagation life 𝑁𝐹 according to Equation (7).
The mean of fatigue life 𝑁𝑐 can be obtained from an S-N curve if the standard deviation (SD)
or coefficient of variation (CoV) of the fatigue life is known. The mean of crack propagation
life 𝑁𝐹 can be calculated from a FM model.
𝑇𝐼3 = (𝑁𝑐 − 𝑁𝐹 )⁄𝑁0
(7)

4 Limit State Function
4.1 FM Method
A failure criterion is normally defined based on serviceability in FM-based fatigue reliability
analysis and inspection planning. It is thought that a structural detail is not serviceable if a
through thickness crack exists, so a critical crack size equals to plate thickness can be used as
a failure criterion. Using this criterion, a limit-state function can be formulated as
𝑀(𝑡) = 𝑎𝑐 − 𝑎(𝑡)

(8)

where 𝑎𝑐 is the critical crack size, 𝑎(𝑡) is the actual crack size at time t under fatigue loading.
The capacity and load can also be expressed in number of cycles, and limit-state function (14)
can be used.
𝑀(𝑡) = 𝑁𝐹 − 𝑁(𝑡)

(9)

where 𝑁𝐹 is the capacity of a structural detail against fracture and 𝑁(𝑡) is the fatigue loading
experienced by the detail till time 𝑡.
Investigations on inspection planning generally calculate 𝑁𝐹 by integration of a crack propagation model, while in the present paper, the crack initiation life is included in 𝑁𝐹 and Equation 1 is used. Uncertainties associated with 𝑇𝐼 , 𝐶 and ∆𝜎 are quantified.

4.2

S-N Method

Fatigue reliability can also be calculated based on S-N curves and Miner’s rule. The following
limit-state function is used.
𝑔 =∆−𝐷
(10)
where ∆ is a variable signifying the fatigue damage at failure, and 𝐷 is fatigue damage expected during the service life of a structural detail, given by Miner’s rule
𝑛

𝑛

𝑖
𝑏
𝐷 = ∑𝑖=1
𝑁

𝑐𝑖
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(11)

where 𝑛𝑖 is number of load cycles at the 𝑖 stress range level; 𝑁𝑐𝑖 is the fatigue capacity under
the 𝑖 stress range level; and 𝑛𝑏 is the number of stress range levels.
Fatigue capacity 𝑁𝑐𝑖 is given by S-N curves. In this paper, two-segments S-N curves [12] are
used. The curves can be expressed as
{

𝑁𝑐 ∆𝜎 𝑚1 = ̅̅̅
𝑎1
𝑚2
𝑁𝑐 ∆𝜎 = ̅̅̅
𝑎2

𝑁𝑐 ≤ 107
𝑁𝑐 ≥ 107

(12)

where 𝑚1 and 𝑚2 are the fatigue strength exponents, and ̅̅̅
𝑎1 and ̅̅̅
𝑎2 are the fatigue strength
coefficients.
Due to inherent uncertainties of the fatigue process, probabilistic methods are used to assess
the reliability of a structural detail against fatigue failure. Major uncertainties for fatigue analysis based on S-N method come from: 1) uncertainty on fatigue capacity expressed by S-N
curve; 2) uncertainty on modelling of damage accumulation, e.g. Miner’s rule; 3) uncertainty
on calculation of load effects, i.e. stress ranges. Uncertainties from those three aspects are
considered in this paper.

5 Reliability-based Inspection Planning
Based on the proposed modified FM model, the initial reliability curve without inspection can
be calculated. Inspections are assigned every time the calculated reliability index is below the
target reliability level, and the inspection results are used to update the reliability level. Based
on the new reliability curve, the next inspection is planned.
Reliability updating is based on the definition of conditional probability and Bayesian Theorem
𝑃(𝐹∩𝐼)

𝑃(𝐹|𝐼) = 𝑃(𝐼)
(13)
where 𝑃(𝐹|𝐼) is the probability the event 𝐹 occurs given that event 𝐼 occurs.
In this paper, 𝐹 is fracture failure occurs, and 𝐼 are the inspection outcomes. 𝐹 is given by
𝐹(𝑡) = 𝑁𝐹 − 𝑁(𝑡) ≤ 0
(14)
The event of no detection is considered, as it is the most common outcome. The even can be
expressed by
𝐼(𝑡) = 𝑎𝑡 − 𝑎𝑑 ≤ 0
If 𝑛 inspections are implemented with no detection, then the event can be expressed as

(15)

𝐼(𝑡1, 𝑡2, ⋯ , 𝑡𝑛) = 𝑎𝑡1 − 𝑎𝑑 ≤ 0 ∩ 𝑎𝑡2 − 𝑎𝑑 ≤ 0 ∩ ⋯ ∩ 𝑎𝑡𝑛 − 𝑎𝑑 ≤ 0
(16)
where 𝑎𝑡1 , 𝑎𝑡2 , ⋯ , 𝑎𝑡𝑛 are the predicted crack size at time 𝑡1 𝑡2, ⋯ 𝑡𝑛. In this paper, it is assumed that each inspection is independent.
Substituting Equation (14) and (16) into Equation (13), one can obtain the probability of fracture failure given that 𝑛 inspections have been implemented with no detection,
𝑃(𝐹|𝐼) =

𝑃(𝑁𝐹 −𝑁(𝑡)≤0∩𝑎𝑡1 −𝑎𝑑 ≤0∩𝑎𝑡2 −𝑎𝑑 ≤0∩⋯∩𝑎𝑡𝑛 −𝑎𝑑 ≤0)
𝑃(𝑎𝑡1 −𝑎𝑑 ≤0∩𝑎𝑡2 −𝑎𝑑 ≤0∩⋯∩𝑎𝑡𝑛 −𝑎𝑑 ≤0)

(17)

6 An Illustrative Example
The proposed model is illustrated on a typical T joint subjected to fatigue in a steel ship structure. The critical location is shown in Figure 2. There are thousands of such T joints in a ship
structure, in which stiffeners are welded to plates to improve stability of plates. However,
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fatigue reliability of such joints is a problem that needs to be addressed during the life cycles
of the ship, as surface cracks are highly likely to initiate and propagation along the weld toes
of the joints. The structural detail has been designed for 20 years with S-N method. At the late
stage of service life, the operator of the ship want to know if the service life can to extended
to 25 years. Fatigue reliability of the structural detail needs to be analysed to support decisionmaking under uncertainties. In addition, inspection plan needs to be developed to provide information regarding actual state of the structural detail. FM method is employed for in-service
performance assessment and inspection planning, because with the method, all the information of the detail, loads and inspections is utilized. Also, using FM method, crack size can
be predicted and compared with inspection results, in which way epistemic uncertainties are
reduced. However, the problem is that the initial crack size is unknown, and thus FM method
cannot be used directly for fatigue life prediction. The modified FM model proposed in this
paper is applied to the structural detail.

Figure 2: Crack initiation and propagation in a welded T joint
Table 1: Distributions and statistics of parameters

Parameters
𝑁0
𝑁𝑐
∆
log10 ̅̅̅
𝑎1
log10 ̅̅̅
𝑎2
𝑚1
𝑚2
log10 𝐶
𝐵
𝑁𝐼
𝑎𝑑
𝑇
𝑇𝑆𝐿

Distribution
Mean
SD
CoV
Unit
6
Deterministic
cycle
5 × 10
Lognormal
0.25/0.50
cycle
50 𝑁0
Lognormal
1
0.30/0.60
4
−6
Deterministic N ∙ mm
11.855
4
−6
Deterministic N ∙ mm
15.091
Deterministic
3
Deterministic
5
−4
5.5
Normal
-12.74 0.11
N ∙ mm
Normal
1
0.15
Weibull
fitted
0.34
cycle
Deterministic
mm
0.1
Deterministic
mm
25
Deterministic
year
20
-

6.1 Calibration of the Modified FM Model
The probabilistic model in Table 1 is used for reliability analysis and inspection updating.
Figure 3 and 4 shows the initial fatigue reliability without inspection calculated with S-N
method and modified FM method respectively. Uncertainty in fatigue capacity 𝑁𝑐 , fatigue
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damage at failure ∆, and crack initiation life 𝑁𝐼 is quantified, and sensitivity of reliability index to those variables are studied. It can be seen from Figure 3 that the fatigue reliability of
the joint is strongly influenced by the uncertainty in 𝑁𝑐 and ∆. According to the reliability
decline curves provided by Figure 3, the time for the first inspection can be made based on
certain target reliability. For example, if target reliability 𝛽𝑆𝑁 = 3, the year for the first inspection is listed in Table 2.
Three methods proposed in Section 3 are tested to calibrate the crack initiation life 𝑇𝐼 to S-N F
curve. 𝑇𝐼1 and 𝑇𝐼2 are calibrated based on the criterion of reliability, so the results, which are
listed in Table 3 and 4 respectively, are dependent on the uncertainty in 𝑁𝑐 and ∆. 𝑇𝐼3 is, on
the other hand, calibrated based on the criterion of mean fatigue life, and is constant 𝑇𝐼3 = 34
years. The reliability curves calculated with the modified FM model are compared with the
reliability curve calculated with S-N method in Figure 5, in which FM1, FM2 and FM3 represents modified FM model with crack initiation life 𝑇𝐼1 , 𝑇𝐼2 and 𝑇𝐼3 respectively.

Figure 3: Reliability with S-N method

Figure 4: Reliability with modified FM model

Table 2: The year for the first inspection based on
𝛽𝑆𝑁 = 3

Table 4: Crack initiation life 𝑇𝐼2 (unit: years)

CoV∆
0.30
0.60

CoV𝑁𝑐

0.25

0.50

15
7

9
5

CoV∆
0.30
0.60

CoV𝑁𝑐

0.25

0.50

29
6

7
1

Table 3: Crack initiation life 𝑇𝐼1 (unit: years)

CoV∆
0.30
0.60

CoV𝑁𝑐

0.25

0.50

28
12

13
9

Figure 5: Reliability with calibrated 𝑇𝐼
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6.2 Optimum Inspection Plans
The considered inspection method is magnetic particle inspection (MPI) with mean detectable
crack size of 0.89 mm [2]. The time for inspection is determined based on prediction of crack
evolution. The inspection plans formulated with the modified model FM1, FM2 (Figure 8 and
9) and FM3 (Figure 7) are compared with the inspection plan formulated with traditional FM
model (Figure 6). The symbol 𝛽0, 𝛽1, 𝛽2, 𝛽3 in those figures means reliability without inspection, reliability after one, two, and three inspections respectively. It can be seen from Figure 7
that based on traditional FM model, four inspections are needed to ensure that no crack is detected in the joint within 25 years. The inspection time is the 5th, 10th, 16th, and 22nd service
year. Based on the modified model FM3, only two inspection are needed, which should be
carried out on the 16th and 23rd service year. The inspection plans based on modified model
FM1 and FM2 are dependent on the uncertainty in 𝑁𝑐 and ∆. It can be seen from Figure 8 and
9 that inspection plans formulated with model FM1 and FM2 are similar and only two inspections are needed if CoV𝑁𝑐 =0.25, CoV∆ =0.30. However, if CoV𝑁𝑐 =0.50, CoV∆ =0.60, the inspection plans formulated with model FM1and FM2 are different in the years for inspections, but
the same in the number of inspections. The detailed inspection plans based on S-N model, FM
model and modified FM model are compared in Table 5.

Figure 6: Inspection updating based on FM model

Figure 7: Inspection updating based on 𝐹𝑀3 model

Figure 8: Inspection updating based on 𝐹𝑀1 and
𝐹𝑀2 model (𝐶𝑂𝑉𝑁𝑐 =0.25, 𝐶𝑂𝑉∆ =0.30)

Figure 9: Inspection updating based on 𝐹𝑀1 and
𝐹𝑀2 model (𝐶𝑂𝑉𝑁𝑐 =0.50, 𝐶𝑂𝑉∆ =0.60)
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Table 5: Inspection plans (the years for inspections) based on 𝛽𝑡 = 3

The years for inspections
Degradation model
S-N model (only the first
inspection can be planned)

15

5

5/10/16/22

5/10/16/22

FM1

15/21/-

10/15/19/23

FM2

15/22/-

6/11/17/23

FM3

16/23/-

16/23/-

FM model
Modified
FM model

CoV𝑁𝑐 =0.25, CoV∆ =0.30 CoV𝑁𝑐 =0.50, CoV∆ =0.60

7 Conclusion
Fatigue reliability of welded joints is a critical issue for integrity management of steel structures. Compared with S-N method, FM method is widely used in in-service performance assessment and inspection planning. The major uncertainty in FM-based fatigue life prediction
comes from the uncertainty in the initial flaw/crack size, which is one of the most influential
parameters, but hard to obtain due to sampling and measuring difficulties.
This paper has addressed the problem with a modified FM model, in which the initial
flaw/crack size is substituted with the minimum detectable crack size of a NDT method, and
the corresponding crack propagation life is added with a crack initiation life. The crack initiation life is calibrated to S-N curves and three methods for calibration are proposed. Based on
comparative studies, the calibration is suggested be done based on probabilistic analysis and
with criterion in fatigue reliability accounting for the uncertainties associated with S-N data,
fatigue damage accumulation, crack initiation and propagation.
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Abstract: Gas turbine engine components may contain rare material anomalies
that can form cracks that can lead to engine failures. A zone-based approach is
used to address anomalies that may be located anywhere within a component. Algorithms have been developed previously that automatically assign zones to individual finite elements, but the component fracture risk computations associated
with these zones may require several days or even weeks to complete. An improved optimal autozoning methodology is presented that computes component
fracture risk over 1,000 times faster than algorithms that create zones at individual
finite elements. The methodology is illustrated for realistic 2D and 3D gas turbine
engine component geometries.

Introduction
Aircraft gas turbine engine components may contain rare material anomalies that can form
cracks that result in engine failures. To address the rare but significant threats posed by material anomalies, the aircraft engine industry and the U.S. Federal Aviation Administration have
developed probabilistic life management methods and guidelines [6,7]. These guidelines describe a zone-based risk assessment approach that can be used to estimate unconditional component fracture risk (i.e., risk of fracture considering that an anomaly may or may not exist in
the component) based on groupings of finite elements (FEs) called zones. Zones represent
regions of a component with similar conditional risk values. The conditional fracture risk is
modeled as a single constant value within each zone. If an anomaly is placed at the highest
risk location of a zone, the computed conditional risk within each zone will be conservative.
The zoning approach has been incorporated into DARWIN® (Design Assessment of Risk
With Inspection), a probabilistic fracture mechanics software program developed for life and
risk assessment of gas turbine engine components [5, 8, 10, 14]. Independent software has
also been developed for fracture risk assessments in the nuclear, aerospace, and powergeneration industries [1, 2, 4, 16]. These software programs do not use zones or other volumebased techniques and can only perform conditional fracture risk assessments (i.e., fracture risk
of components containing pre-existing anomalies).
One of the key challenges to the zoning approach is to identify the finite elements that are
associated with each zone. Ideally the fracture risk should be similar for an anomaly that is
placed in any of the finite elements in a zone [6]. However, the fracture risk associated with
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each finite element is not known a priori. Human experts can create zones manually, but the
process is time-consuming and produces inconsistent results because no two humans use the
same strategy for creating zones. If the human can provide a coarse zone mesh, algorithms
are available that can adaptively adjust the finite elements that are associated with each zone
[12, 13]. Zones can also be created automatically if risk estimates are available at the nodes
associated with the finite elements [15]. The automated approach is significantly faster and
more accurate than manual zoning. However, the computation time associated with automatically created zones appears to increase exponentially with the number of finite elements. 3D
FE models may contain two to three orders of magnitude more elements than 2D FE models.
It may take several days or weeks to compute the fracture risk of a complex 3D FE model
containing one finite element per zone.
An improved optimal autozoning methodology is presented that is based on groups of elements called “pre-zones” that have similar values of stress, temperature, and distance from the
crack to the nearest surface. The fracture risk for each pre-zone is based on the location of
maximum risk. This location is identified using a Gaussian Process model fit of estimated
risk values at a small number of locations called training points. This methodology is applicable to both 2D and 3D FE models.
In this paper, brief descriptions are provided for zoning and automatic creation of zones using
a previously reported autozoning algorithm [15]. A pre-zoning methodology is presented that
significantly reduces the number of zones that are applied to the optimal autozoning algorithm. A description is provided for each of the key features of the methodology, including
initial pre-zone break-up, placement of training points, determination of the risk-limiting location, and pre-zone refinement. The methodology is illustrated for representative aircraft engine gas turbine components.

Zone-Based Fracture Risk Assessment
The fracture risk of a zone P[Fi] is defined as the product of the probability of having an
anomaly in the zone P[Ai] and the risk of fracture given the presence of an anomaly in the
zone P[Bi|Ai] (Eq. 1). P[Bi|Ai] is referred to as the conditional risk of the zone.
P [Fi ] = P[Bi A i ]⋅ P [A i ]

(1)

In DARWIN, P[Bi|Ai] is computed by virtually placing an initial crack of random size at a
specified location and growing the crack to failure. This computation is performed using an
automated rectangular fracture mechanics model (plate) generation algorithm [11]. The
algorithm identifies the orientation of the plate at each location based on the maximum
principal stress of the major stress cycle and the local stress gradient. Plate dimensions are
based on the intersection of the crack growth plane (coincident with the principal stress plane)
and the component geometry as well as the crack size at fracture. Additional details regarding
the algorithm are provided in Ref. [11]. Crack growth life predictions include additional
random variables such as scatter in the applied stress and material property values, among
others.
P[Ai] is based on a material and process-dependent anomaly occurrence rate (i.e., number of
anomalies per unit volume) and the volume of a zone. The zone volume is equal to the sum
of the volumes of the individual finite elements that are assigned to a given zone.
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DARWIN includes an automated risk assessment approach in which only one finite element
is assigned to each zone. This is referred to as the “exhaustive autozoning” approach. Each
zone is assigned a crack that is located on one of its nodes based on the model geometry.
Consequently, almost all nodes in the model have a crack associated with them. A fracture
mechanics plate is automatically generated at each node using the algorithm described in Ref.
[11], and the fracture risk is computed at each node. The conditional risk throughout each
zone is set to the value at the node to obtain a conservative estimate of P[Bi A i ]. Due to the
high level of discretization, results using exhaustive autozoning are often considered a lower
limit estimate of the component fracture risk.
Once the risk values have been computed for all zones, the results are used to construct a
contour of risk values that is superimposed directly on the finite element geometry. The
component fracture risk P[Fc] is the union of the individual zone risks [13]:

P [Fc ] = P [F1 ∪ F2 ∪  ∪ Fn ] = 1 − ∏i =1 (1 − P [Fi ])
n

(2)

where n is the number of zones in the risk model. Since the number of zones in the risk model
equals the number of finite elements in the FEM, Eqn. (2) can be expressed as:

P [Fc ] = 1 − ∏i =1 (1 − P [Fi ])
N

where N is the number of elements in the FEM.

(3)

Optimal Autozoning
An optimal autozoning algorithm was developed previously [15] that identifies the number
and placement of zones for fracture risk assessments associated with 2D FE models. To define zones, the algorithm first identifies a risk surface based on approximate risk estimates at
every node in the model. A zone is assigned to each finite element, and the node with the
highest risk within each finite element is referred to as the risk-limiting location for the associated zone. This risk surface is then provided as input to the optimal autozoning algorithm. It
compares the risk in each zone with each of its neighbors. The algorithm computes the change
in unconditional risk associated with merging various pairs of contiguous zones, and identifies the pair that produces the smallest change in unconditional risk. The algorithm then
merges these two zones together and re-evaluates the model for the next pair of zones. The
algorithm continues until all finite elements have been merged into a single zone. If the algorithm is then reversed (starting with the final single zone), it provides an optimal step-by-step
discretization of the model into zones. The algorithm identifies the optimal placement of finite
elements within each zone for a specified number of zones. As the number of zones increases, the expected unconditional risk for the component decreases, but the computation time
increases. The algorithm converges to a final zone break-up upon satisfying user-defined
convergence criteria. Further details regarding the algorithm are provided in Ref. [15].
The approach discussed in the preceding paragraph is referred to as an “optimal autozoning”
algorithm. That is, the entire method is named after the key algorithm that defines the discretization of the model into zones. This autozoning approach is significantly faster that the
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exhaustive autozoning approach. Computation times for 2D FE models containing several
thousand elements are on the order of several minutes for optimal autozoning rather than several hours or days for exhaustive autozoning.
Computation times associated with the optimal autozoning algorithm are directly proportional
to the number of elements in an FE model. Fracture plates must be determined for every node
in the model, despite only a few nodes being necessary for the final risk calculations. The
computational costs of this algorithm increase exponentially with the number of finite elements.
3D FE models typically contain hundreds of thousands to millions of elements, or roughly
two to three orders of magnitude times the number of elements in 2D FE models. Since computation times associated with the optimal autozoning algorithm scale exponentially with the
number of elements, it is not feasible for application to autozoning of 3D FE models.

Improved Optimal Autozoning Methodology
4.1 Pre-Zoning
An improved optimal autozoning methodology has been developed for 3D FE models based
on an initial partitioning of the FEs into “pre-zones”. Pre-zones are groups of finite elements
that are expected to have similar conditional risk values based on similar characteristics such
as stress, temperature, and crack type among others.
The pre-zone boundaries are based on several “drivers” of crack growth: maximum stress at
major cycle, maximum temperature at major cycle, and distance of the finite element centroid
to the nearest surface. Bins are defined for each driver, and DARWIN identifies contiguous
elements that have the same driver values.

4.2 Response Surface Modeling
The crack location must be set at the location of maximum risk (risk limiting location) within
each pre-zone. To identify the risk limiting location, a Gaussian Process (GP) model [3, 17]
fits an approximate risk surface based on estimated risk values at a small number of locations
within each pre-zone. These locations are referred to as training points. The GP approach is
well suited for modeling data from deterministic computer simulations because it can create a
function that directly interpolates all of the training data. Since it is a non-parametric
approach, it also has the advantage that it can capture complex nonlinear relationships without
needing a priori information regarding functional form.
The initial training point locations within each pre-zone are set via Latin hypercube sampling.
The number of training points is based on the dimensionality of the model, with 10 initial
training points in each pre-zone for 2D geometries and 20 initial training points in each prezone for 3D geometries. Once it has been determined that a sampled training point is within
the pre-zone boundaries, it is virtually placed at the nearest FE node.

4.3 Identifying the Maximum Risk Location
The risk limiting location is typically not one of the initial training points within a pre-zone.
The risk limiting location is therefore identified using Efficient Global Optimization (EGO)
[9]. For a GP model, the improvement I at any point x can be modeled as a random variable:

I = max( f min − Y ,0 )
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(4)

where − Y represents a random variable from the GP model and − f min is the current maximum
value of risk for all training points in the pre-zone. (Note that EGO is a minimization
technique, so negative signs are applied to the variables to obtain a local maximum). The
expected improvement at this point is then:
 f − yˆ 
 f − yˆ 
E [I (x )] = ( f min − yˆ )Φ min

 + sφ  min
s
s




(5)

This expression employs the mean ( ŷ ) and standard deviation (s) from the GP at the location
x. The functions φ and Φ indicate the standard normal density and standard normal
distribution functions, respectively.
Within each pre-zone, DARWIN computes the expected improvement for each node that is
not already a training point. Another training point is added when the maximum value of the
expected improvement is above a predefined tolerance (based on the number of samples in the
approximate risk estimate). Similarly, training points may be added if the standard deviation
of the GP model is large (again based on a predefined tolerance). The algorithm then
estimates risk at any new training points. The algorithm iterates on every pre-zone until the
training point satisfies the predefined tolerances or the maximum number of training points
for the pre-zone is reached. The pre-defined tolerance for convergence requires that the
expected improvement is less than the minimum discretization of the conditional risk
estimate. (That is, one divided by the number of Monte Carlo samples.) The node with the
maximum conditional risk represents the risk limiting location for the pre-zone. After several
iterations, this approach yields an approximate risk-limiting location in every pre-zone. In
general, the number of nodes needed to locate the risk limiting location using EGO is
significantly lower than the total number of nodes in the pre-zone.

4.4 Zone Refinement
Once the risk limiting location has been identified, pre-zones are refined by applying the optimal autozoning algorithm to operate over elements in the pre-zone based on local risk estimates from the GP models within the pre-zone. A pre-zone is subdivided when it reduces the
unconditional risk beyond a user-defined threshold.
Pre-zone refinement triggers the main pre-zoning algorithm to re-initiate on the new set of
pre-zones. Pre-zone refinement leads to a redistribution of training points among the new and
modified pre-zones. If needed, it samples additional training points to form an approximate
risk surface. The pre-zoning algorithm then continues until it satisfies the convergence criteria. Preliminary studies suggest that pre-zone refinement leads to more reliable disk risk values that offset its computational costs.
The result of the pre-zoning strategy is a model broken up into pre-zones based on crack
growth drivers and risk surfaces. Every pre-zone has a risk limiting location that represents
the maximum risk values for that location. Pre-zones then act as input for the optimal autozoning algorithm. The conditional risk at the approximate risk-limiting location characterizes
the entire pre-zone. Since pre-zones consist of groups of finite elements, the number of prezones will typically be significantly lower than the total number of elements in the FE model,
thus reducing computational costs for zone definition. For example, an FE model containing
millions of elements could be represented using only hundreds of pre-zones. DARWIN provides visualization of color contours within the boundaries of individual zones to display the
pre-zones that are combined to form each zone.

2606

The main limitation of the methodology presented is that the risk limiting location must be
determined within each pre-zone. The pre-zone geometry impacts the number of iterations
needed to acquire the risk limiting location. Slender pre-zones converge less rapidly than
bulky pre-zones, especially on the surface. The EGO algorithm may not converge to the risk
limiting location for all pre-zone shapes. DARWIN provides a warning in these situations and
advises that the user re-run the analysis after modifying the pre-zone inputs.

Application Examples
5.1 2D Axisymmetric Rotor Disk Model
Consider the 2D square axisymmetric disk FE model with linearly varying stresses and radially varying temperatures shown in Figure 1. Three different zoning strategies were considered
for this model: exhaustive (one FE per zone), optimal (described in Section 3), and pre-zoning
(described in Section 4). A comparison of the computation times for the three zoning strategies considered is shown in Figure 2. For small FE models (i.e., 10,000 elements), optimal
autozoning and pre-zoning are 10 and 100 times faster than exhaustive autozoning, respectively. For large FE models (i.e., one million or more elements), optimal autozoning and prezoning are roughly 100 and 1000 times faster than exhaustive autozoning, respectively.
For this example, the component fracture risk decreased with increasing number of elements
and converged to stable values for each of the strategies as expected (Figure 3). Overprediction of risk associated with the autozoning and pre-zoning methods is dependent on the size of
the FE model. For large models (i.e., a million elements), the pre-zoning method predicts a
component risk that is nearly 50% higher than the risk predicted using exhaustive autozoning.
Note that manual zoning often leads to disk risk values that vary by orders of magnitude even
among experienced users. In contrast, the risk penalty associated with pre-zoning is constant
and user-independent.

(a)

(b)

Figure 1: Variation of stress (a) and temperature (b) for 2D axisymmetric engine component application
example
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Figure 2: A comparison of the computation times for the three zoning strategies considered indicates that GP
pre-zoning is more than 1,000 times faster than the exhaustive (one zone per FE) approach

Figure 3: For large FE models, the GP pre-zoning method overpredicted component risk by nearly 50%
compared to the exhaustive autozoning approach

5.2 3D Hub Disk Model
The pre-zoning methodology was next applied to an actual engine disk hub 3D FE model with
54,660 elements and 63,540 nodes. Principal stress values associated with the major engine
cycle are shown in Figure 4a. The model was too large to solve using the exhaustive autozoning and optimal autozoning methods (available computers did not have sufficient memory).
The analysis was completed in roughly 2.5 hours using the pre-zoning approach.
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(a)

(b)

Figure 4: Application to 3D gas turbine engine disk finite element model: (a) stress contours associated with the
major engine cycle, and (b)resulting pre-zone boundaries following pre-zone refinement

Figure 5: The fracture risk converged to a stable value when the pre-zones were applied to the autozoning
algorithm

The pre-zoning algorithm created roughly 800 pre-zones for this model. The resulting prezone boundaries are shown in Figure 4b. The pre-zones were concentrated near the bore of
the model where high stresses drive crack growth more rapidly than in other locations of the
component. The pre-zones were merged into zones via the optimal autozoning algorithm described in Section 3. Convergence of the optimal autozoning algorithm with the number of
zones is shown in Figure 6, where it can be observed that component risk converges to a stable value when roughly 30 zones are used.

Concluding Remarks
Zone-based risk assessment of 3D FE models provides unconditional risk estimates that represent both the fracture risk and the probability of having an initial starter crack anywhere in
the model. However, zone-based estimates using individual FE-based automated zoning algorithms may not be computability tractable (e.g., memory requirements may exceed available
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resources) or may require any excessively long computation time (days, weeks, or months). In
this paper, an improved autozoning methodology is presented that reduces the computation
time by more than three orders of magnitude for large FE models. It predicts risk values that
are conservative compared to methods that require risk assessment at all finite elements within an FE model. This new autozoning method combines finite elements with similar fracture
risk drivers into “pre-zones” and then determines the optimal zone break-up based on prezones rather than individual finite elements. The resulting algorithm provides a feasible solution method for fracture risk assessments of realistic components, as demonstrated via application to a realistic 3D gas turbine engine disk.
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Abstract: In this paper, an experimental study is performed to evaluate the effect of
different notch depths on the scaling law of quasibrittle fracture for asphalt mixture
at low temperature. Three-point bending tests are performed on plain and notched
asphalt mixture beams of different sizes. The results on unnotched specimens are
analysed through the Type I energetic-statistical size effect law (SEL) in combination with the Weakest Link Model, while, in the case of deep notched specimens,
the Type II SEL is used. A significant variation in the evolution of the SEL is observed with a dramatic decrease in strength over size and notch length.

Introduction
Low temperature cracking is the dominant failure mode in asphalt pavements built in cold climates. This phenomenon in combination with traffic loads and water can be very deleterious
for the pavement structure and ultimately lead to premature failure [7]. Good understanding of
strength and fracture properties of paving materials is fundamental for finding durable solutions
for reducing or mitigating the occurrence of thermal cracking in asphalt pavements.
Recent studies have shown that asphalt mixtures present quasi-brittle behavior at temperatures
close to the glass transition of asphalt binder constituent [6,9]. Quasibrittle materials are brittle
heterogeneous materials, such as concrete, ceramics, and rocks. For structures made of quasibrittle materials, the size of the material inhomogeneity is not negligible compared to the structure size [4,8] and, therefore, the failure behavior depends on the structure size. In the case of
small-size structures, the failure tends to be quasi-plastic while for large-size structures brittle
failure is observed [3]. More specifically, two main types of strength size effect can be identified for structures made of quasi-brittle materials. Type I size effect occurs in notchless structures failing at macrocrack initiation from one representative volume element (RVE), where the
RVE is the smallest volume of material containing enough statistical information about the
specific material property [3,4]. Type II occurs in structures containing a large notch or a stressfree (fatigued) crack formed before reaching the peak load [4].
In the recent past, only a very limited number of research efforts were devoted to investigate
the effect of structural size on the failure behavior of asphalt mixture at low temperature
[6,7,12]. In addition, these studies were restricted either to type I size effect or to mean size
effect analysis on Type II size effect. This is because the specimen geometry (cylindrical) used
in the experimentation was hindering the extension of the investigation to the energetic statistical size effect law and to Type I size effect through the weakest link model (WLM) [4]. Therefore, the transition between Type I and Type II size effect for asphalt mixture still remains
unexplored. Thoroughly understanding such a size effect evolution would be beneficial for
evaluating the pavement response during service life since the formation and propagation of
cracks strongly affect and change the mechanical response of the pavement.
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Research Approach
In this paper strength size effect on asphalt mixture at low temperature is investigated with the
objective of addressing the transition between Type I and Type II size effects. For such a
purpose, a comprehensive set of three-point bending fracture tests under crack mouth opening
displacement (CMOD) control is performed at low temperature on asphalt mixture beams of
four different sizes and having different notch depths, a0, (0, 0.05, 0.2 and 0.3 of the beam
thickness, D). In order to evaluate the energetic statistical size effect law for Type I size effect,
histogram strength tests are conducted on unnotched beams of two sizes. At the same time,
mean size effect fracture tests are performed on the entire set of unnotched beams and the mean
strength is related to the statistical parameters through the WLM. Mean size effect fracture tests
are performed on deep-notched beams (a0=0.2D and a0=0.3D) to determine the evolution of the
Type II strength size effect. Finally, the transition between Type I and Type II size effect is
experimentally evaluated by testing shallow-notched specimens (a0=0.05D).

Theoretical Background
Strength size effect laws are conventionally formulated in terms of nominal strength, σN, which
for three-point bending (3PB) flexural tests can be expressed as:
 N  (3PN L) / (2bD2 ) (1)
where PN is the peak load; L is the length of the beam; D is the thickness of the beam, commonly
assumed as scaling dimension in the size effect law; and b is the depth of the beam.
For beams without any preexisting notch, the associated size effect on structural strength is
described by Type I size effect. For small and intermediate-size structures, the Type I size effect
can be derived from the equivalent linear elastic fracture mechanics (LEFM), where the distributed damage zone is replaced by a sharp crack [3]. The size effect at the large-size limit can be
purely described by the classical Weibull statistics [4,13]. Type I size effect on mean strength,
 N , is conventionally described by the following approximate expression [2]:
 C  C  rn / m 
N   1  2  
 D  D  

1/ r

(2)

where m is the Weibull modulus; n is the number of dimensions to be scaled (n = 1, 2 and 3).
C1, C2, and r are fitting parameters.
Equation 2 can be used only when a large range of structure sizes is used for calibration, since
the Weibull modulus, m, has to be estimated by testing large specimens. When this is not possible, Type I size effect can be alternatively derived by combining histogram testing together
with the finite WLM and the joint probability theorem [4,6,8]; in this case, the failure statistics
of the structure is modeled as a finite chain of RVEs according to Equation 3:
Pf ( N )  1   1  P1 ( si N ) (3)
N

i 1

where P1 is the cumulative distribution function (cdf) of the strength of one RVE; σN is the
nominal strength of the structure; si is the dimensionless stress field (function of the coordinate
vector x) such that σNsi corresponds to the maximum elastic principal stress at the center of ith
RVE.
The strength cdf of one RVE can be obtained from atomistic fracture mechanics and a statistical
multiscale model [4] where the transition from nano- to macro-scales is achieved through a
hierarchical model of statistical chains and bundles [4,8], which statistically represent damage
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localization and load redistribution mechanisms from the nano-scale up to the RVE size. Based
on this framework, the strength distribution of one RVE can be approximated by a Weibull cdf
tail grafted on the left into a Gaussian cdf at a point with a probability in the order of magnitude
of 10-4 and 10-2. The grafted cdf of the strength of one RVE can be expressed as [4]:
P1 ( )  1  exp[ ( / s0 ) m ]   / s0

P1 ( )  Pgr 

rf

N

 G 2



 gr

( N   gr ) (4)

m

2

  ( 'G )  

exp  
 d '
2

  2 G  


( N   gr ) (5)

where σ is the maximum elastic principal stress at the center of the RVE; m is the Weibull
modulus, obtained by fitting the lowest part of the experimental histogram; s0 is a scale parameter of the Weibull tail; x = max(x, 0); and μG and δG are the mean and the standard deviation
of the Gaussian core. Pgr and σgr are the grafting probability and the grafting stress between the
Gaussian and Weibull parts of the distribution, respectively, and rf is a scaling factor ensuring
that Weibull-Gaussian grafted cdf is normalized: P1(σ→∞)=1. Therefore, six statistical parameters, m, s0, μG, δG, rf and Pgr are used to describe the failure distribution of one RVE; however,
due to normalization and continuity conditions, only four of these parameters are independent,
and thus suffice to fully define the RVE strength cdf, P1(σ). Conventionally, m, s0, μG and δG,
are selected since they directly return Equations 4 and 5.
For perfectly geometrically similar beams made of quasi brittle material containing a deep notch
or a large pre-existing stress-free crack, a0, relative to structure size D, Type II size effect occurs. This type of size effect exhibits a smooth transition from a horizontal line for small sizes
(corresponding to plasticity theory) to an inclined asymptote of slope -1/2 for large sizes, which
is consistent with the LEFM theory [3]. The transitional behavior is associated with the size of
the FPZ which is equal to the size of several material inhomogeneities. Type II size effect law
can be derived from simple energy release analysis or by asymptotic matching on very small
and very large structures [3], and can be expressed as:
N 

Bf t '
1  D / D0

(6)

where Bft’ and D0, named transitional size, are empirical parameters which can be obtained by
fitting mean strength experimental data. Equation 6 can be related to the energy release rate as:
N 

EG f
g ( 0 ) D  g ' ( 0 )c f

(7)

where a is the crack length; α=a/D is the relative crack length; α0 =a0/D is the initial value of
α; g(α0)=k2(α0) dimensionless energy release rate; k(α0) dimensionless stress intensity factor; Gf
is the initial fracture energy corresponding to the area under the initial tangent of the cohesive
softening stress-separation law; E is the Young’s modulus for plane stress: and cf is the characteristic length which represents about half of the FPZ length [3].
When the initial notch depth is small and the crack at failure is not too large a transitional size
effect between Type I and Type II may be expected. A better understanding of the effect of
structure size and of the evolution of crack formation and propagation on the failure behavior
of asphalt mixture may ultimately help to improve material selection and asphalt pavement
design with the aim of limiting the detrimental effect of low temperature cracking.
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Experimentation
A conventional asphalt mixture used for pavement surface layer in Germany was selected for
the experimental phase. The mixture consisted of granodiorite aggregate, having nominal maximum aggregate size (NMAS) of 11mm, and a plain asphalt binder having performance grade
PG58-28 [1] asphalt binder (5.6% by weight). Recent studies showed that, for quasi-brittle materials, the RVE size, l0, is about 2 to 3 times of the size of the material inhomogeneity [4,6,8].
For materials such as asphalt mixture, l0 can be directly obtained from sieve size analysis; therefore, the dimension of the asphalt mixture RVE was estimated as double of the size of the
average aggregate size [6]. For the particular asphalt mixture considered in this study, an average aggregate size of 3.9mm and an RVE volume of V0=480.9mm3 were obtained.
A comprehensive set of three-point bending fracture tests was designed. This consisted of both
histogram strength tests and mean strength tests. The strength results obtained from histogram
testing can then be analyzed on the Weibull scale [3,4,6,7,8] to identify the type of failure distribution (brittle, quasi-brittle, ductile), and, hence, used to predict the mean strength size effect
with the WLM. On the other hand, mean strength tests are performed on geometrically similar
specimens of different sizes for a limited number of replicates. The results provide the evolution
of the material strength as a function of the structure size [3,4,6,8]. Notches of four different
lengths, a0=0 (notcheless), a0=0.05D, a0=0.2D and a0=0.3D and 1.6 mm wide were fabricated
with the aim of visualizing the change in size effect type. Since 2-dimensional scaling was used,
the depth of all beam specimens, b, was kept constant and equal to 50mm. Table 1 provides a
summary of the specimens’ geometrical details, while Figure 1 shows the four types of specimens used.
Table 1: Geometrical details and replicates of the beam specimens

Relative size D x L (mm) Relative notch depth α0 = a0/D replicates Total replicates
0
0.05
0.2
0.3
*
1X
25 x 150
25
6
6
6
43
2X
50 x 300
27*
6
6
6
45
3X
75 x 450
3
3
3
3
12
4X
100 x 600
3
3
3
3
12

4X

3X

2X

1X

Figure 1: Beam specimens
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All 3PB tests were performed in crack mouth opening displacement (CMOD) controlled mode;
in such a way, the post-peak softening response could be recorded. Since for specimens without
notch it could not be assured that the damage would localize into a crack within the gauge
length, and to avoid possible instability, specific larger gauge arms were designed and fabricated. Testing temperature was selected based on the low PG limit [1] of the asphalt binder used
to prepared the mixture (PG58-28) and set to T= 18°C (low PG+10°C). Together with very
short test duration, this reduces the viscoelastic effect of the binder component.
In order to minimize the loading rate effect and achieve a similar loading rate of the FPZ, a time
to failure of about 5 minutes was set for all specimens. This approach was selected since the
cohesive law, governing the FPZ propagation, is time dependent and consequently rate dependent. By selecting similar times to failure for the two tests, the FPZ propagation was imposed to
occur with the same rate [3,4,6,7,8,11]. Therefore, to achieve the same time-to-failure for all
the specimens two to three additional trial specimens were initially tested with varying CMOD
rates and the results were used to determine the loading rate for the actual tests in order to
achieve the same targeted time-to-failure. The CMOD rates used ranged between 0.0001mm/s
to 0.0004mm/s for the smallest 1X beams with a notch depth α0 = 0.3 to the largest 4X unnotched beams, respectively.

Results and Analysis
5.1 Experimental Results
Figure 2 presents the plots of nominal stress, computed according to Equation 1, versus the
relative CMOD obtained by normalizing the CMOD measurements with the beam thickness, D
(scaling dimension), for all the specimen sizes and notch depths.

α0=0

(a)

α0=0.3

(b)

Figure 2: Nominal stress versus relative CMOD for (a) unnotched - α0=0 and (b) deep notched - α0=0.3 beams

A progressive reduction of the post-peak softening curves is observed. This is associated to
steeper slopes for larger specimen sizes. That means that the selected range of beam sizes is
reasonably large to capture the transition from a ductile/plastic structural behavior, for smallsize specimens, to a brittle behavior, which is typically exhibited for large-size samples.
In order to perform size effect analysis, the mean nominal strength,  N , was computed for all
the specimens tested and plotted on the log  N – logD plane conventionally used to visualize
the size effect on structural strength (Figure 3a) [4]. In addition, since histogram strength tests

2616

were performed on two plain beam sizes (1X and 2X) the Weibull plane was used (Figure 3b)
to plot the strength failure probability, Pf, according to the midpoint position method [10]:
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Figure 3: Experimental (a) mean strength results and (b) histogram for 1X and 2X unnotched beams

It can be observed that the strength decreases for increasing specimen sizes and for larger α0,
with different patterns linked to the different structural behaviors. The experimental strength
histograms of the unnotched specimens 1X and 2X present a lower part with a similar slope
given by the Weibull modulus, m. The top curved part is governed by a chain of Gaussian
elements. Such a histogram trend is typically observed in other quasi-brittle materials including
Portland cement concrete and engineering ceramics [4,8] and more recently in asphalt mixture
at low temperature [6,7] indicating a clear dependence of strength cdf on the structure size [3].

5.2 Size Effect Analysis
The results obtained from the notchless specimens shown in Figure 3a indicate a trend consistent with the Type I size effect. Equation 2 is commonly used for describing Type I size
effect; however, such an approximate expression can be used only if the value of the Weibull
modulus, m, is known. This requires testing of very large specimens, for which the failure
mechanism is governed by the Weibull statics [3,4,6,8]. This was not possible in this study, as
very large beams could not be prepared, neither tested due to the limited, although generous,
dimensions of the climatic chamber attached to the servo-hydraulic machine.
On the other hand, histogram testing was performed on two unnotched beam sizes (1X and 2X)
and, m, was derived from the slope of the lower part of the histogram curves. The WLM (Equation 3) together with the grafted distribution of the RVE cdf (Equations 4 and 5) were then fitted
to the experimental histogram (Figure 3b) to obtain the statistical parameters, s0, μG and δG, and
then the corresponding set of parameters C1, C2, and r of Equation were estimated. Based on
the 2D scaling used in this research, it was assumed that the macro-crack, causing the structure
failure, develops across the entire width of the beam [4,6,8].
The following parameters values were estimated: m=26, s0=8.71MPa, μG=8.82MPa and
δG=3.11MPa, C1=23.17, C2=4.00x1013 and r=0.80, which is in the typical range of 0.5 - 2 [2].
Figure 4a presents the strength histogram fitted by the WLM for both notchless beam sizes 1X
and 2X; Figure 4b shows the mean strength experimental data, predicted by the Type I size
effect expression (Equation 2). Additional specimens’ sizes were also predicted with the WLM
to help visualizing the global trend of Type I size effect.
The good agreement between experimental data and WLM prediction provides evidence of the
uniqueness of the values of the RVE parameters. Moreover, Figure 4a clearly shows that
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Weibull modulus is a material constant [4] and independent of the structure size. It is interesting
to notice that the same value of the Weibull modulus obtained in a different research effort was
found, m=26 [6].
1.2
1.1
1X

logσN

1.0

2X

3X

4X

0.9
n=2

0.8

Tests Results

0.7

Type I SEL

m=26

Prediction by the Weakest Link Model

0.6
0.6

(a)

1.2

1.8

2.4

3.0

3.6

logD

(b)

Figure 4: (a) WLM fitting of strength histograms of unnotched beams and (b) Type I size effect on mean strength

Asphalt mixture presents a Type I mean strength size effect when used to prepare notchless or
crack-free specimens/structures. Therefore, it follows a ductile failure for small specimen size
and gradually changes behavior toward a brittle failure, characterized by Weibull statistics, as
structure size increases.
The results on the deep-notch specimens (see the two lower curves in Figure 3a) suggest a
typical Type II size effect behavior. At larger sizes this type of size effect follow the classical
LEFM, while for small sizes, the development of a full FPZ is not possible, and therefore, the
behavior deviates into a horizontal line typical of a plastic response.
Equation 6 was used to fit the mean strength experimental data obtained from the two deepnotch beams corresponding to a relative notch depth α0=0.2 and α0=0.3, respectively. Parameters Bft’ and D0 were estimated through non-linear optimization methods. Figure 5 shows the
Type II size effect law for the two deep-notch specimens.
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Figure 5: Type II size effect for deep-notched specimens: (a) α0=0.2 and (b) α0=0.3
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D0

2.10

2.40

A very good fitting of the experimental results was obtained by Equation 6, which further confirms that the two deep-notch specimen families follow Type II size effect. The values of the
equation parameters are Bft’=7.51MPa and D0=60.17mm, for specimens having α0=0.2, and
Bft’=6.11MPa and D0=51.64mm, for beams with relative notch depth α0=0.3.
Based on the analysis performed in section 5.2, a more comprehensive vision on the evolution
of size effect can be presented. Figure 6a shows the experimental mean strength results and
Type I and Type II size effect laws curves for notchless and deep-notch specimens. Figure 6b
illustrates the reduction in nominal strength as the relative notch depth, α0, increases for each
beam size.
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Figure 6: (a) Mean strength size effect curves and (b) crack length effect curves

As previously observed the mean strength obtained from the notchless beams follows Type I
size effect. Equation 2 provides a very good approximation of the global evolution the experimental measurements for this type of size effect, for which the influence of the RVE size is not
negligible, compared to the structure size. At large-size limit, the failure mechanisms is purely
governed by the Weibull statistics [13]. On the other hand, Type II size effect is experienced
by the deep-notch specimens. For small size specimens, the size effect curves tend toward a
horizontal asymptotic limit typical of plastic failure, while for larger sizes, they approach the 1/2 LEFM slope. The experimental data obtained on the shallow-notched beams (α0=0.05) suggest a mixed behavior between Type I and Type II size effect. The small asymptote of size
effect curve seems to present a similar trend to what observed for notchless specimens, while,
at the large size limit, the size effect seems to get closer to the size effect of deep notch specimens, with a steep decay of the mean strength. Such a size effect transition visually agrees with
the universal size effect law theoretically derived by Bažant and Yu [5] and with the experimental results recently presented in a different work [14,15]. Figure 7 presents a tridimensional
representation of the size and notch length effect on mean strength for the experimental results
obtained in the present research.

Summary and Conclusions
In this paper a comprehensive study on the strength size effect of asphalt mixture at low temperature was performed. Three-point bending tests were conducted on asphalt mixture beams
of four different size and containing notches of four different relative lengths. The weakest link
model was used to obtain the statistical failure distribution from the strength histogram testing
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on unnotched specimens, while Type I and Type II size effect laws were used to fit the results
on mean strength tests. Finally, the transition between Type I and Type II size effect was graphically visualized and discussed based on the experimental mean strength measured on shallow
notched beams.

Figure 7: Tridimensional representation of the size and notch length effect on mean strength

Based on the performed analysis, the following conclusions can be drawn:
• The nominal strength presents higher values for smaller specimen sizes and decreases
as the scaling dimension and the relative notch length increases.
• The transition from ductile to brittle behavior was directly observed in the strain softening curves of the plots of nominal stress versus relative crack mouth opening displacement, which showed a progressive reduction of the post-peak softening curves.
• The mean nominal strength of plain beams follows Type I size effect. This is indirectly
confirmed by the fitting of the weakest link model to the histogram strength data.
• The mean nominal strengths of beams with a large notch were closely fitted by Type II
size effect law formulation.
• The mean strength obtained on shallow-notched specimens presents an intermediate
trend between Type I and Type II size effect. Such a size effect transition is in agreement
with the universal size effect law theoretically derived by Bažant and Yu.
The present research represents an initial step into the understanding of size effect of asphalt
mixture at low temperature. Most importantly, it provides for the first time a comprehensive
experimental set of data which covers a reasonably wide range of sizes and initial structural
conditions (notched and unnotched). However, the transition between Type I and Type II size
effect is only partially addressed from a modeling viewpoint and, therefore, further analysis is
needed to implement a global size effect model which covers the entire spectrum of notch conditions.
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Abstract: In order to support risk analysis and help decision making processes on
the design of a structural system, a reliability estimation procedure is proposed,
following a methodological method, using concepts from Structural Reliability and
Fracture Mechanics. The objective of the proposed procedure is to evaluate the
risk of failure of metallic components throughout its useful life under fatigue
loads, for a given scenario of stress and strength. The failure probability is estimated based on the First Order Reliability Method (FORM) using the Failure Assessment Diagram (FAD) as the limit state function of the structure. The aim of this
paper is to establish a common approach of assessing crack propagation and its
impact on structure reliability.

1 Introduction
The ever-growing trend for optimal structural system brings to attention the need for a better
understanding of the stress and strength relationships in structural components. Highly reliable structural systems are usually more expensive, requiring investments on design, manufacture, operation and maintenance. On the other hand, low cost design sometimes exposes the
fragility of the product, which can lead not only to financial impacts, but also to catastrophic
consequences such as system collapse or even risk to human life. Figure 1 presents two examples of severe structural failures.

(a)
(b)
Figure 1: Examples of failure of large structures caused by fracture. (a) S.S. Schenectady fractured in half still
anchored in 1943 and (b) Fractured rail track, responsible for the derailment of a Canadian Pacific Railway
freight train in 2006
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A risk analysis is then necessary to evaluate the balance between cost and reliability, which is
a core subject when strutural optimizations are required. Risk can be seen as a combination of
consequence and probability of occurrence. The cross-correlation between these two
parameters lead to the risk profile. A topological study of the system can identify the most
critical components in terms of consequence. Calculating the failure probability, however, is
not always an easy task.
Structural failures can occur, even when designed according to existing standards and
regulations. It happens because uncertainties exist on both stress and strength variables, which
are capable of creating a rare but possible scenario of failure. Improving the knowledge on
these uncertainties and how they affect the overall reliability of the structure can be important
when assessing the risk of failure.
This paper provides a procedure for this assessment, based on existing guidelines and criteria
for structural design. When analyzing components under cyclic load, the use of S-N curves is
well known in the literature and is usually applied on practical situations. The use of FAD as
failure criteria, proposed by this paper, is still recent in the field of structural reliability and it
aims not only to generalize the failure analysis for different components and materials but
also to better model the behavior of brittle and ductile failure modes on structural
components.
Following the proposed procedure should help designers not only to familiarize with the
stochastic aspects of structural design, but also to develop a better notion of risk when
assessing existing structures.

2 Method of Analysis
The method for reliability estimation of components under fatigue load are summarized in the
main steps presented in Figure 2:
Random variables

System architecture
Stress and strength
Mission profile

Deterministic model

Probability density function

Statistical distributions

Failure criteria (FAD)

Crack growth law

Stochastic model

Analytical method (FORM)

Reliability estimation

Figure 2: Main inputs and process for reliability analysis

The deterministic model is done based on the architecture of the system, along with the stress
and strength variables for a given mission profile. The transformation to a stochastic model is
done by defining the random variables of study, modeling its statistical distributions and
estimating the probabilistic crack growth during the mission. Finally, the joint probability
density function (pdf) of the random variables can then be used to estimate the probability of
crossing the limit state curve defined by FAD. The analytical method for the failure
probability estimation is FORM, simulated numerically using Matlab.
The following sections present with more detail the concepts applied on this method.

2623

2.1 Failure Assessment Diagram (FAD)
The Failure Assessment Diagram (FAD) is one of the most used methodologies for the
analysis of elastoplastic fracture of structural components. The original FAD curve was
derived from the strip-yield model by Dowling and Townley (1975) [6], but was refined and
reformulated by further researches in order to become more robust and versatile.
The concept of this methodology consists in establishing a double criteria that consider the
interaction between both brittle fracture and ductile collapse failure modes, considering the
effect of material plasticity. Defining Lr as the ratio between the stress and the ductile strength
of the material, and Kr as the ratio between the stress and the fracture strength of the material,
the FAD curve will be the Kr = f (Lr), given by the dimensionless variables:
 =


;
 



=



(1)

 

The equation is valid for Kr between 0 and 1 and Lr between 0 and Lmax, where Lmax is
defined according to material properties. FAD curves that do not consider creep have Lr
ranging from 0 to 1. With creep effects, Lr can adopt values greater than unity.
Thus, the set of points (Lr, Kr) that lies below the curve are in the safe region, while points
above the curve lie in the failure region. Points with high Lr and low Kr are in a region where
the failure mode is predominantly ductile collapse. Points with low Lr and high Kr represent
failures predominantly by brittle fracture. Figure 3 illustrates the concept of assessment using
FAD and the type of failure mode on different regions on the FAD curve. Under cyclic loads,
it can be observed that the FAD points representing the component state follow a path (A-B-C
on Figure 3). This path reflects the increase of Lr and Kr, which is caused by the crack growth
in the material.
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Figure 3: FAD assessment method and associated failure modes

In this paper the expression for FAD was chosen to be option 1 from BS7910 [3], which is a
more generic and conservative curve, simpler to model, that can be used in different types of
metallic materials. This choice was made to simplify the process and make it more practical to
apply in the proposed procedure. The FAD curve defined by the following expressions have
the behavior shown on Figure 3.
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The expression that defines the FAD curve used on this study is:
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In the equations above, σB represents the yield strength, σC the ultimate strength and E the
young modulus of the material.
The crack growth is modeled by the Paris Law:

DE
= F. G
D?

where E is the crack size, N is the number of cycles and C and m are empirically material constants.

2.2 Reliability Estimation using FORM
In structural reliability analysis, it is common to define a system performance function, which
describes how the system meets its demand [1]. The generic and linear performance function
of a structural system is given by the difference between stress (S) and strength (R):
H =I−J

(7)

where R is the structure strength function and S is the structure applied stress function.
Let Xi, with i = 1, 2, ..., n, be the random variables describing the stress and strength in a
structure. The performance function will then be:
H = KL , L , … , L  = IL , L , … , L  − JL , L , … , L 

(8)

The limit state of the system is the state when the performance function is null (Z = 0),
defining a relation between the system's load and capacity variables that characterizes the
threshold between the operational state and the failure state of the system.
Thus, the failure of the structural system is defined in the region where Z is less than zero, or
when the strength is lower than the stress.
H = KL , L , … , L  < 0 ./ I < J NE;OP/& QRER&

(9)

The probability of failure is then given by:

ST3UVW = SH < 0 = SI < J
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(10)

Mathematically, the probability of failure is given by:
ST3UVW = X 4Y, 4Z,…, 4[ \ , \ , … , \  D\ D\ … D\
]

(11)

where f_Y, _Z,…, _` x , x , … , xb  is the joint probability density function of the system variables
Xi, integrated in the failure domain Ω, where Z < 0. The integral represents the
multidimensional volume of the probability density function within the failure domain [9].
Generally, in more complex problems, the integral from equation (11) cannot be directly and
easily calculated, since the performance function may not be linear and may involve
combinations of random variables with different statistical distributions. In these cases,
analytical methods such as the First Order Reliability Method (FORM) can be applied to
numerically solve equation (11), using the variables mean and COV (coefficient of variation).
The first works related to the FORM method was performed by Basler (1961) [2] and Cornell
(1969) [5], and since then the reliability estimation algorithm has been improved and
alternative formulations have been proposed by Hasofer and Lind (1974) [7] and Rackwitz
and Fiessler (1978) [9]. In order to apply the FORM method, the performance function g(X)
is approximated by a first order Taylor series around a linearization point \ ∗ :
KL ≈ K\ ∗  + eK\ ∗ L − \ ∗ 

where eK\ ∗  is the gradient of the function g(X) calculated at the point \ ∗ :
eK\ ∗  = 

fKL fKL
fKL
,
,…,
 g ∗6
fL
fL
fL
\

(12)

(13)

In FORM, calculations are done in the normalized coordinate system, where all random
variables are transformed into standard normal distributions, represented by hU . The failure
probability is represented by the multidimensional volume of the random variables joint pdf
that crosses the normalized limit state curve. Figure 4, from [10], illustrates the concepts of
the FORM method.

(a)
(b)
Figure 4: Graphical representation FAD curve and assessment method. (a) Graphical representation of the
reliability and (b) Representation of MPP, i and the limit state curve on the standard coordinates system
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The objective of the FORM method as described by Hasofer and Lind [7] is to find the socalled Most Probable Point (MPP), which represents the point on the limit state curve with the
shortest ditance from the origin of the normalized coordinates system. Such distance is called
reliability index or the Hasofer Lind index β. FORM algorithms numerically iterates the limit
state function linearization until the linearization point x ∗ coincides with MPP. The failure
probability is then calculated according to the following relation:
ST3UVW = k−i

where is k.  is the standard normal cumulated probability function.

(14)

The solution for i through FORM is exact only when: (i) the stress and strength variables are
statistically independent, (ii) the random variables are normally distributed and (iii) the limit
state function is linear. If any of these conditions are not met, FORM provide an approximate
result. Further details on the Hasofer Lind algorithm to apply FORM can be seen on [7].

2.3 FAD as limit state function on FORM
Structural reliability analysis by FORM usually applies classical limit state functions such as
S-N curves, critical crack size, or yield limit strength. The choice of the limit state function is
a highly relevant part of the analysis and has a definite impact on the result. Also, modeling
the stress and strength by a limit state function usually relies on simplifications and
hypothesis that vary depending on the mission and context of the structure.
Using FAD as the limit state function for FORM should facilitate the analysis for different
stress and strength situations since it combines the effect of both brittle and ductile failure
modes. FORM analysis using FAD is still recent on researches but similar applications can be
found on [8], [10] and [11].
One of the difficulties of defining FAD as the limit state function is writing the function g(x)
in the format of equation (8). Since FAD represents a double failure criteria on both axis, the
reliability cannot be measured simply by the distance of the FAD point to one of the axis Lr or
Kr, as illustrated by dLr or dKr on Figure 5 (a). By following this approach, the advantage of
using the double criteria from FAD is less significant. Moreover, it can be observed through
simulations that, during cyclic loads, FAD points representing the state of the structure traces
a path similar to A-B-C points on Figure 3, which indicates an increase of both Lr and Kr
during cycles.

Therefore, the reliability is proposed to be measured based on the distance Dlmn from the
point (Lr, Kr) to the FAD curve, measured on the line connecting the origin of the coordinate
system to the point (Lr, Kr), as illustrated on Figure 5 (a).
In order to better model this approach, the FAD curve from equation (2) is reconstructed to
express the maximum acceptable FAD distance Dlmnopq as a function of the angle θ measured
from the horizontal axis. Figure 5 (b) shows the result of this reconstruction, on the domain 0º
< θ < 90º. At θ = 0º, the acceptable Dlmnopq is Lmax, while at θ = 90º, acceptable Dlmnopq is 1.
Intermediate values of dFAD are based on the FAD curve equation (2).
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Figure 5: Transformation of FAD curve to limit state function (a) Different approaches of measuring reliability
and (b) FAD curve reconstructed to provide Dlmnopq as a function of θ

The curve shown on Figure 5(b) is then used as the limit state function on FORM for the
present study. By doing this mathematical reconstruction, the limit state function g(x) has
now a more practical expression, analogue to equation (7):
K ,

 , r

= Dlmn  ,

 , r

= Dlmnopq r − D ,



(15)

The failure probability is then estimated by Dlmn  ,  , r, which represents the difference
between the maximum acceptable FAD distance Dlmnopq r, measured on the angle θ from
the Lr axis to the line conecting the origin to the study point (Lr, Kr), and the distance
D ,   measured from the origin to the study point (Lr, Kr). The angle θ and D ,   are
given by the following expressions:
r = ERE< 
D ,









= s  ² +

(16)
²

(17)

The coordinates of the point (Lr, Kr) are calculated by the following expressions:
 =

T
;
7



=

u

23

(18)

where σB is the yield strength, K wxy is the material fracture toughness, σz{| is the reference
stress, considering the acting forces and available area and K } is the stress intensity factor for
Mode I of crack propagation, which is a function of the crack size, geometry factors and
reference stress σz{| . Models for σz{| and K } depend on the geometry of the structure and
flaw. Reference solutions can be found on BS7910 [3].
The following section presents a case study of FORM method using FAD applied on a
component under fatigue load.
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3 Results
Consider the bar under cyclic load illustrated on Figure 6 as a critical element of a structural
system. At its most stressed section, the bar has a straight-fronted flaw. Suppose the designer
must assess the risk of failure of a 50mm diameter bar under known cyclic loads, for a required life of 107 cycles.
P = 200 ± 10 kgf

Critical section
a

L = 1m
crack a

d

M = 200 ± 10 kgf.m

d = 50 mm

Figure 6: Modeling of critical element

Applying FORM using FAD as the performance function provides the reliability of such element as a function of time and also the stress and strength variables. The deterministic and
random variables considered in the simulation are presented on Table 1. The crack growth is
modeled using Paris Law for ferritic-pearlitic steels. The results were generated numerically
through simulation using Matlab.
Table 1: Variables for simulation. (a) Random variables and (b) Deterministic variables
(a)
(b)
Random Variables
Mean
COV
Law
Deterministic Variables
Value
Bending force (N.m)
2000 ± 100
0.3
Normal
Young Modulus (GPa)
200
Crack size (mm)
0.5
0.3
Normal
Ultimate strength (MPa)
420
Yield strength (MPa)
350
0.15 Lognormal
Paris Law C (m/cycle)
6.9E-12
70
0.15
Lognormal
Paris
Law
m
3
Fracture toughness (MPa√m)

The FAD path and associated failure probability can be seen on Figure 7 (a). The failure
probability as a function of cycles is shown on Figure 7 (b). The scale and colors associated to
the probabilities represent a generic acceptability criteria. Depending on the type of structure
(railway, aerospace, infrastructure,...) the acceptability may vary.
FAD growth during fatigue load
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0
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1.2
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(a)
(b)
Figure 7: Results for simulation using FORM and FAD. (a) Mean value of FAD points during cycles and
associated failure proability and (b) Failure probability as a function of number of cycles
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Note that, on this specific example, at the required 107 cycles, the structure is on the threshold
of the acceptable failure probability. It indicates a risky situation, because a small variation on
the variables uncertainties could lead to an unacceptable condition. Therefore, on this case
study, the designer should increase the robustness of the structure to increase reliability.
A new set of simulations were done in order to determine a more appropriate bar diameter
that will more likely achieve its 107 cycles of life in this situation. Figure 8 shows the failure
probability of the element after 107 cycles, as a function of the bar diameter, for different values of initial crack size mean and COV. The crack size was also chosen as a control variable
due to its difficulty to estimate mean and COV. The size of initial crack and its variability are
heavily dependent on the quality control and manufacturing process of the material.
Therefore, a range of crack sizes and COVs were simulated to observe a best and worst scenario. The results are presented on Figure 8.
46

47
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51

52

53

54

55

56

1,0E+00

Diameter (mm)

1,0E-01
1,0E-02

Failure probability

1,0E-03
1,0E-04
1,0E-05
1,0E-06

Acceptable probability

1,0E-07
1,0E-08
1,0E-09
1,0E-10
1,0E-11
1,0E-12
1,0E-13
ai = 0.5mm, COV 5%
ai = 0.5mm, COV 50%

ai = 1mm, COV 5%
ai = 1mm, COV 50%

Figure 8: Failure probability at 107 cycles as a function of bar diameter and flaw variability

Analyzing the results from Figure 8, it can be observed that indeed the original 50mm diameter may not be appropriate, since it would not be within the acceptable failure probability region if the crack size or variability were higher. Above 52mm the range of simulations are all
within the acceptable region, which indicates a less risky situation. Obviously, higher values
of diameter would lead to a lower risk, but the cost of the structure would be higher. A critical
analysis of the simulations shall be done in order to reach an optimum design.

4 Conclusion
By providing the main concepts, methodology and application of structural reliability estimation of components under dynamic loads, this paper aims at improving the notion of risk
analysis during a structure design. The knowledge of design reliability and its most impactful
variables can be greatly valuable when searching for an optimal and reliable structure.
The use of FORM for this subject is well documented in the literature, and its application can
be very flexible. However, one of the difficulties of creating a standard FORM procedure ap-
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plicable to different systems and contexts is that the failure criteria used as performance function is not always the same for different architectures and materials. The resulting reliability
depends on the function used to model the limit state, which makes it difficult to extrapolate
or compare different systems on different mission profiles.
Since FAD is a generic failure criteria that considers the contribution of brittle and ductile
failure modes, the application of FORM can be automated and generalized for different systems under different operational contexts. The results are then based on a same generic failure
criteria, which facilitates comparison between systems. The proposed method of analysis can
then be used on a risk assessment, providing the designer the visibility to take decisions based
on the estimated risk of system failure.
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Abstract: We investigate how sequential decision making analysis can be used for
modeling system resilience. In the aftermath of an extreme event, agents involved
in the emergency management aim at an optimal recovery process, trading off the
loss due to lack of system functionality with the investment needed for a fast recovery. This process can be formulated as a sequential decision-making optimization problem, where the overall loss has to be minimized by adopting an
appropriate policy, and dynamic programming applied to Markov Decision Processes (MDPs) provides a rational and computationally feasible framework for a
quantitative analysis. The paper investigates how trends of post-event loss and
recovery can be understood in light of the sequential decision making framework.
Specifically, it is well known that system’s functionality is often taken to a level
different from that before the event: this can be the result of budget constraints
and/or economic opportunity, and the framework has the potential of integrating
these considerations. But we focus on the specific case of an agent learning something new about the process, and reacting by updating the target functionality level
of the system. We illustrate how this can happen in a simplified setting, by using
Hidden-Model MPDs (HM-MDPs) for modelling the management of a set of
components under model uncertainty. When an extreme event occurs, the agent
updates the hazard model and, consequently, her response and long-term planning.

1 Introduction: resilience of controlled systems
Resilience is a key aspect in the behavior of dynamic systems, and it indicates the system’s
capability of recovering after disruptions as those induced by extreme events [1-2]. For civil
infrastructure systems, however, the recovery process is the outcome of a complicate interplay between the physical changes, due to degradation and damages induced by the extreme
event, and the decisions of the infrastructure managers, that we call “agents” in the following.
The recovery process can be fast or slow depending on the priorities and decision attitude of
the agents. Generally, their aim is not to restore the system’ functionality as soon as possible,
“at any cost”: it is to find an optimal trade-off between the cost for restoration and that for the
loss of functionality. We posit that the traditional metric of “long-term expected utility” or
“expected cost” in rational decision making can measure resilience.
In this paper, we illustrate how resilience emerges from optimal system management, and
how we can explain it in terms of optimal behavior. In Section 2 we define the basis for sequential decision making, in Section 3 we connect this to resilience analysis, in Section 4 we
describe in details an application, before drawing conclusions in 5.
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2 Sequential decision making
In sequential decision making, an agent acts in time, for achieving a long-term goal. As the
effects of her actions cannot be decoupled, she has to identify not just an optimal current action, but a whole long-term policy. That policy strongly depends on the assumed system behaviour, which is stochastic when the agent can provide only uncertain prediction of the
response to her actions, and on the reward or losses that she receives.

2.1 Markov Decision Processes
MDPs and partially observables MDPs have been extensively applied to civil systems (e.g,
by [4-5]). In a Markov Decision Process (MPD), an agent interacts with a system, observing
completely its current state, selecting actions and getting a loss, or reward [3]. Time is discretized into a set of instants, evenly separated by period Δ𝑡, so that discrete variables 𝑠𝑘 and 𝑎𝑘
indicates the state and action at time 𝑡𝑘 , defined in domain 𝑆 = {1,2, … , |𝑆|} and 𝐴 =
{1,2, … , |𝐴|} respectively. The immediate cost function 𝐶(𝑠, 𝑎) depends on current state 𝑠 and
action 𝑎, while transition probability 𝑇(𝑠, 𝑎, 𝑠′) = ℙ[𝑠𝑘+1 = 𝑠′|𝑠𝑘 = 𝑠, 𝑎𝑘 = 𝑎] models the
Markovian dynamic of the controlled system, ℙ[E′|E] being the conditional probability of
event E′ given event E. The agent selects actions relying on direct observation of the system
state, with the aim of minimizing value 𝑉, i.e. the infinite-horizon expected discounted sum
𝑘
of costs that, at time 𝑡0 , is 𝑉 = ∑∞
𝑘=0 𝛾 𝑐𝑘 , where 𝑐𝑘 = 𝐶(𝑠𝑘 , 𝑎𝑘 ). As the system state is a
sufficient statistic, the agent can base her policy to the observation of the current state. Optimal policy 𝜋∗ and corresponding value 𝑉∗ derives from Bellman’s equation:
{

𝑉 ∗ (𝑠) =

|𝑆|

min𝑎∈𝐴 [𝐶(𝑠, 𝑎) + 𝛾 ∑𝑠′ =1 𝑇(𝑠, 𝑎, 𝑠′)𝑉 ∗ (𝑠′)]

(1a,b)

|𝑆|

𝜋 ∗ (𝑠) = argmin𝑎∈𝐴 [𝐶(𝑠, 𝑎) + 𝛾 ∑𝑠′ =1 𝑇(𝑠, 𝑎, 𝑠′)𝑉 ∗ (𝑠′)]

where 𝛾 is the one-step discount factor. Optimal value and policy are stationary, because reward and transition matrix are so, and the agent is planning for an infinite time horizon.
While recursive Eq.1(a) cannot be easily solved directly, due to its non-linearity, the value 𝑉𝜋
following policy 𝜋 can be express in a linear recursive form and in matrix-vector form as:
|𝑆|

𝑉𝜋 (𝑠) = 𝐶[𝑠, 𝜋(𝑠)] + 𝛾 ∑𝑠′ =1 𝑇[𝑠, 𝜋(𝑠), 𝑠′]𝑉𝜋 (𝑠′)

[𝐈 − 𝛾𝐓𝜋 ]𝐯𝜋 = 𝐫𝜋

(2a,b)

where entry 𝑖 of [|𝑆| × 1] vectors 𝐯𝜋 and 𝐫𝜋 are 𝑉𝜋(𝑖) and 𝐶(𝑖, 𝜋(𝑖)) respectively, entry (𝑖, 𝑗)
of [|𝑆| × |𝑆|] matrix 𝐓𝜋 is 𝑇(𝑖, 𝜋(𝑖), 𝑗), and 𝐈 is the identity matrix. We solve Eq.2 exactly or
approximately. In the “policy iteration” method [3], we (i) arbitrary initialize the policy,
functionality

observations:
model:
states:

updated equilibrium level
original
equilibrium
level

costs:
actions:

a)

b)
Figure 1: Graph of a HM-MDP (a), typical diagram of the system disruption in time (b).
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time

(ii) evaluate it through Eq.2, (iii) improve it applying Eq.1(b) (using 𝑉𝜋 instead of 𝑉∗ in the
right hand side), and getting a new policy, and iterate steps (ii-iii) until policy convergences.
At the end of the analysis, we get optimal policy 𝜋∗, which prescribes an action for each
observed current state. Following this policy, the agent gets expected value 𝑉∗.

2.2 Bayesian model updating and MDP under model uncertainty
In previous section, we have showed how to identify the optimal policy when the dynamic
model (i.e. transition function 𝑇) is known. Here we discuss Hidden-Model MDP (HM-MDP)
[6]: the extended case when the model is uncertain. Model can be defined by parameter 𝜃,
that is persistent in time, but unknown to the agent. Her belief on the model is capture by
probability density 𝑝𝜃 , so that transition 𝑇 is now also a function of 𝜃. In this setting, one task
is learning and updating the probability of 𝜃 during the process: by using Bayes’ rule, posterior probability at time 𝑡𝑘 is given by 𝑝𝜃|𝑌𝑘 ∝ 𝑝𝑌𝑘|𝜃 𝑝𝜃 , where 𝑌𝑘 includes the set of relevant
information collected up to that time, including the observed trajectory of system’s states.
Figure 1(a) shows the influence diagram of an HM-MDP, including states, observations,
costs, actions, and the model. Shaded nodes are observable in due time, and arrows describe
the conditional independence structure.
The other task is to control the system under model uncertainty: depending on the assumptions and the required accuracy, a wide range of methods is available [6]. One simple
method is to derive an average model, by computing the expected transition function as
𝑇𝑘 (𝑖, 𝑎, 𝑗) = 𝔼𝜃|𝑌𝑘 [𝑇(𝑖, 𝑎, 𝑗, 𝜃)], where 𝔼𝑥|𝑧 [𝑓(𝑥)] is the expected value of 𝑓 according to
probability 𝑝(𝑥|𝑧). The average model can be used in the policy iteration method, to define
an optimal policy 𝜋𝑘∗ : the agent can adopt that policy until new information comes, then she
can update the distribution again, compute a new average model and a corresponding new
policy. The method is inexact for two reasons. First, it does not predict that any additional
information will be available in the future, and it is hence an “open-loop” method. Second,
the method does not account for model persistency: policy 𝜋𝑘∗ was optimal ended under the
incorrect assumption that a new value of 𝜃 is independently generated from 𝑝𝜃|𝑌𝑘 at each
future step. Nonetheless, we adopt this approach as a approximate method.

3 Describing resilience using MDPs
Figure 1(b) illustrates a typical recovery process for a system damaged by an extreme event:
its functionality drops due the direct impact, and the recovery depends on the repair and
maintenance policy. Resilience can be (inversely) related the shaded area in graph (b) [3].
Sometimes, the agent decides to restore the functionality to the level before the event, however she can also decide otherwise, and take the system to a new updated equilibrium. This
can happen for many reasons: because of budget constraints, because of the availability of
new technologies, or because of an updated system demand, or because of the “opportunity”
for replacing components that the damage provides (while it was not convenient to replace
the functioning components before the event).
All those features can be included in a sequential decision making framework. However,
here we focus our attention to a specific reason for updating the equilibrium level: by facing
the event, the agent can learn something about the hazard and/or the system vulnerability,
update her knowledge and, consequently, her policy, selecting a new level. In the following
Section we present in details a setting where this happens.
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4 Modelling system maintenance under extreme events
To investigate how we can intend resilience from a sequential decision making prospective,
we consider an agent controlling an infrastructure system before, during and after an extreme
event. This agent has a prior model of the occurrence rate for these events, she has to plan in
advance and can update her policy in face of new observations of these events.

4.1 Problem statement
We consider a system made up by similar components, exposed to extreme events. The system supplies a service to society, to meet its demand. We discretize time in weeks (so Δ𝑡 is 7
days). Weekly demand 𝐷 is unknown, and the agent models it as a set of independent random
variables lognormally distributed by 𝑝𝐷 . System state defines the number of functioning
components, so that there are 𝑛𝑘 components at time 𝑡𝑘 . Components deteriorate, and they
are prone to failure when extreme events occur. The change ∆𝑛𝑘 in the number of functioning
components from 𝑡𝑘 to 𝑡𝑘+1 is given by three contributions:
(𝑎)

(𝑑)

(𝑒𝑒)

∆𝑛𝑘 = 𝑛𝑘+1 − 𝑛𝑘 = ∆𝑛𝑘 − ∆𝑛𝑘 − ∆𝑛𝑘

(3)

where ∆𝑛𝑘(𝑎) is the decision variable and defines the number of components to be added, ∆𝑛𝑘(𝑑)
of those damaged by deterioration and ∆𝑛𝑘(𝑒𝑒) of those damaged by extreme events. Binary
variable 𝑒𝑘 defines the occurrence of an extreme event in the previous time interval, and is
Bernoulli distributed with rate 𝜃, in turn modeled as 𝜃~Beta(𝛼𝜃 , 𝛽𝜃 ). If an event occurs, the
functioning components fail independently with uncertain probability 𝑃𝑒 , that defines the
event intensity and follows distribution 𝑓𝑒 . Hence, ∆𝑛𝑘(𝑒𝑒) is binomially distributed, while the
(𝑑)

survived components fail independently with probability 𝑃𝑑 due to deterioration and ∆𝑛𝑘 is
also binomially distributed:
(𝑒𝑒)
∆𝑛𝑘 |[𝑒𝑘 = 0] = 0
𝑒𝑘 ~Bernoulli(𝜃)
(𝑑)
(𝑒𝑒)
{
; { (𝑒𝑒)
; ∆𝑛𝑘 ~Binomial(𝑛𝑘 − ∆𝑛𝑘 , 𝑃𝑑 ) (4a,b,c)
𝑃𝑒 𝑘 ~𝑓𝑒
∆𝑛𝑘 |[𝑒𝑘 = 1]~Binomial(𝑛𝑘 , 𝑃𝑒 𝑘 )

Overall cost 𝐶 is the sum of two contributions: 𝐶𝑅 and 𝐶𝐹. Repairing cost 𝐶𝑅, for adding
∆𝑛 components is the sum of constant term 𝑐0 , if at least one component is added, and of a
non linear function of the number of components added, via coefficients 𝑐𝑟 and 𝜈:
(𝑎)

𝐶𝑅 (∆𝑛(𝑎) ) = 𝑐0 𝐼[∆𝑛(𝑎) > 0] + 𝑐𝑟 [∆𝑛(𝑎) ]

𝜈

(5)

Expected cost for insufficient components 𝐶𝐹 is a function of the lacking components
∆𝑛lack = 𝐷 − 𝑛, via parameters 𝑐pen and 𝜂: function 𝑔 defines this cost for one value of demand 𝐷, and 𝐶𝐹 is its expected value:
𝑔(∆𝑛lack ) = {

𝑐pen [∆𝑛lack ]𝜂
0

∆𝑛lack > 0
∆𝑛lack ≤ 0

𝐶𝐹 (𝑛) = 𝔼𝐷 𝑔 = 𝔼𝐷 max{𝑐pen [𝐷 − 𝑛]𝜂 , 0}

(6a,b)

4.2 Formulation as a MDP and a HM-MDP
To describe the problem outlined in Section 4.1 in the framework of Section 2, we define
𝑆𝑘 = 𝑛𝑘 + 1, so that the first state refers to zero active components, and (|𝑆| − 1) is the maximum number of components. Action defines the number of added components as 𝑎𝑘 =
(𝑎)

∆𝑛𝑘 + 1, so that 𝑎𝑘 = 1 if no components are added at time 𝑡𝑘 .
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We derive from Eqs.3-4 the transition matrix with no added component, and similarly
those for any specified number of added components, while the complete cost function derived from Eqs.5-6.
Because of prior conjugacy, if 𝑌𝑘 is the observed number of extreme events in the [𝑡0 ,𝑡𝑘 ]
period, the posterior probability of rate 𝜃 is:
𝜃|𝑌𝑘 ~Beta(𝛼𝜃 + 𝑌𝑘 , 𝛽𝜃 + 𝑘 − 𝑌𝑘 )

(7)

4.3 Numerical investigation
We select parameters as follows. The maximum number of components 𝑁 is equal to 100.
The weekly demand of functioning components is defined by probability 𝑝𝐷 ∝ ln𝒩(𝜆𝐷 , 𝜁𝐷2 ),
with 𝜆𝐷 = log 40 and 𝜁𝐷 = 10%, where ln𝒩 is the log-normal distribution. The prior information on extreme event rate is so that the expected value and the coefficient of variation of
𝜃 are 0.2% w −1 (corresponding to a return period of 10 years) and 70%, respectively, so that
𝛼𝜃 = 2, 𝛽𝜃 = 1,000. 𝑃𝑒 is beta-distributed: 𝑓𝑒 = Beta(𝛼𝑒 , 𝛽𝑒 ), with the expected value and
the coefficient of variation of 𝑃𝑒 both equal to 50%, so that 𝛼𝑒 = 𝛽𝑒 = 1.5. 𝑃𝑑 is 0.2%, so
that the expected annual number of degraded components is 10 when 𝑛 = 𝑁. Costs are defined by 𝑐0 = 4K$, 𝑐𝑟 = 10K$, 𝜈 = 2, 𝑐pen = 1K$, 𝜂 = 2. Weekly discount factor is
𝛾 = 99.9%, corresponding to an annual factor of 95%.
Figure 2 summarizes inputs and outputs for the application: graph (a) reports the distribution of weekly demand 𝐷, graph (b) the corresponding expected cost 𝐶𝐹 , obtained by Eq.6,
graphs (c-d) the optimal policy and value (i.e. expected discounted cost), as derived from
Eq.1. All graphs are plotted up to 𝑛 = 𝑁𝑀 = 70. The agent will add components below
𝑛opt = 56, while she will prefer not to when 𝑛 ≥ 𝑛opt . The less the number of components,
the higher 𝐶𝐹 , the number of components to be added, and the value. The value is 4.34M$
when 𝑛 = 𝑁𝑀 and increases of additional 6.39M$ is the system is completely destroyed (i.e.,
when 𝑛 is zero).
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Figure 2: Demand distribution (a), expected cost for lacking components (b), optimal policy: number of components to be added (c), expected discounted cumulative cost (d).
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Figure 3: probability distribution of intensity (a), cost function for repairing (b), posterior distribution of extreme event rate (c) and corresponding complement CDF at given times (d).

Figure 3(a) and (b) reports the probability of intensity 𝑃𝑒 and the cost of repairing 𝐶𝑅 as a
function of the number of added components. We assume that two extreme events occurs
during the management process: at 𝑡10 and 𝑡480 , i.e. after 2 months and after about 10 years
from the beginning. The corresponding posterior belief on extreme event rate 𝜃, obtained
through Eq.7, is represented in graph (c) and (d): specifically, (c) shows the 20-year time domain, and (d) focuses on 4 times, before and after the extreme events. As anticipated in Section 4.2, the agent belief shifts towards higher values of 𝜃 after an extreme event.
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Figure 4: recovery process using the policy optimal before the first event (a), corresponding limit distribution
(b), corresponding quantities for the policy after the first extreme event (c-d).
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To illustrate the recovery process at different times, we can predict the evolution of the
controlled system after an extreme event. Let us assume that, at time 𝑡𝑘 , the agent identifies
optimal policy 𝜋𝑘∗ , and adopts it from that time on. Because of randomness in the system evolution, we cannot predict it with certainty. However, having defined 𝑇𝜋𝑘∗ (𝑖, 𝑗) =
∗ 𝐩𝑘 defines the evo𝑇𝑘 (𝑖, 𝜋𝑘∗ (𝑖), 𝑗) as the transition function when 𝜋𝑘∗ is in control, 𝐩𝑑 = 𝐓𝜋𝑑−𝑘
𝑘

lution of the probability distribution of the system state, where vector 𝐩𝑘 lists probability
ℙ[𝑛𝑘 = 𝑖] for 𝑖 from 0 to 𝑁. Moreover, by using a large value for 𝑑, we derive 𝐩∞ , the asymptotic limit distribution for the Markov process. Figure 4 shows the evolution of the controlled system after an event that takes the number of components down to 10. To do so, we
initialize 𝐩𝑘 to a vector of zeros except for a single 1 in position 10+1, then we can compute
𝐩𝑑 for any 𝑑 > 𝑘. Graph (a) makes use of 𝜋9∗ , the optimal policy before the first extreme
event, practically identical to that at the beginning of the process, plotted in Figure 2(c). The
graph reports the expected value and the 95% confidence bounds, while Figure 4(b) plots the
PDF and CDF of the asymptotic limit distribution. The system never goes above 𝑛opt , because the policy never prescribes to venture in that region. The randomness in the evolution is
due to degradation and occurrence of extreme events.
Because of the change in the agent belief, shown in Figure 3(c-d), the assumed expected
transition probability changes, and so does the optimal policy. Specifically, 𝑛opt grows up to
62 components after the first extreme event, and goes down to 55 just before the second
event, after which it grows again to 60. Graph (c-d) refers to time 𝑡10 , after the occurrence of
the first extreme event. Both the short-time evolution and the limit distribution show that the
agent will adopt a higher number of components, for counter-balancing the increased estimated frequency of events.
Figure 5 plots 100 time-domain forward simulations (one with a thicker line): we sample
variables 𝑒𝑘 , 𝑃𝑒 𝑘 , ∆𝑛𝑘(𝑒𝑒) , ∆𝑛𝑘(𝑑) for each time 𝑡𝑘 , and we close the loop by the optimal policy.
Up to 𝑘 = 9, no extreme events have occurred and the agent follows the policy plotted in
Figure 2(c) with minor adjustment due to the observation of no events. However, at 𝑡10 , an
event occurs (i.e., 𝑒10 = 1), and the optimal policy significantly changes. Before that, the
system stays at 𝑛opt = 56, and the agent repairs all failed components. However, as 𝑛opt
grows up to 62 after the event, the new equilibrium point is higher than the pre-event one.
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5 Conclusions
Our aim in this paper was to illustrate how to model the maintenance and control of a infrastructure system exposed to extreme events by using MDPs and HM-MDPs. Many features
relevant for resilience analysis can be derived by this framework. For example, graphs as
those in Figure 4 can be used for assessing resilience, as in Figure 1. The shaded area in the
latter figure can be intended as a cumulative disruption, which the agent should keep low.
However, we note that, in our example, the aim of the agent is more complicated. First, the
disruption can be non-linearly related to the cost, according to Eq.6, while it is linearly related to the shaded area. Second, the agent can decide to have more components than those necessary to cover the demand, to increase redundancy and reduce the effects of extreme events.
The solution also includes the effects on ordinary degradation and maintenance: the agent
knows that to maintain many redundant components is expensive, as she has to cover their
recurrent maintenance costs. Overall, the agent selects a recovery level for responding to the
short-term demand, but also for preparing the response to the next shock. We also note how
rich the outcome of the MDP analysis is: the value plotted in Figure 2(d), for example, can be
used in the design phase, by integrating it with the construction cost to identify the optimal
design in terms of number of components. That analysis is also able to formalize the updating
process of the equilibrium level, and transient phase to this new target.
We have selected the simplified example presented above for the easiness of solving it
(less than 10 rounds of the policy iteration algorithm are sufficient for finding the optimal
solution). Despite this, we hope that this initial research can be followed by additional work
to better relate sequential system control and resilience.
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Abstract: Structural Health Monitoring requires engineers to understand the state
of a structure from its observed response. When this information is uncertain, Bayesian probability theory provides a consistent framework for making inferences. However, structural engineers are often unenthusiastic about Bayesian logic, finding its
application complicated and onerous, and prefer to make inference using heuristics.
Here, we propose a quantitative method for logical inference based on a formal analogy between linear elastic mechanics and Bayesian inference with linear Gaussian
variables. To start, we investigate the case of single parameter estimation, where the
analogy is stated as follows: the value of the parameter is represented by the position
of a cursor bar with one degree of freedom; uncertain pieces of information on the
parameter are modelled as linear elastic springs in series or parallel, connected to
the bar and each with stiffness equal to its accuracy; the posterior mean value and
the accuracy of the parameter correspond respectively to the position of the bar in
equilibrium and to the resulting stiffness of the mechanical system composed of the
bar and the set of springs. Similarly, a multi-parameter estimation problem is reproduced by a mechanical system with as many degrees of freedom as the number of
unknown parameters. In this case, the inverse covariance matrix of the parameters
corresponds to the Hessian of the potential energy, while the posterior mean values
of the parameters coincide with the equilibrium – or minimum potential energy –
position of the mechanical system. We use the mechanical analogy to estimate, in
the Bayesian sense, the drift of elongation of a bridge cable-stay undergoing continuous monitoring. We demonstrate how we can solve this in the same way as any
other linear Bayesian inference problem, by simply expressing the potential energy
of the equivalent mechanical system, with a few trivial algebraic steps and with the
same methods of structural mechanics. We finally discuss the extension of the
method to non-Gaussian estimation problems.

Introduction
Structural engineers usually have a solid background in mechanics, yet not always a good relationship with probability theory. In most cases, this is not that critical because code-based design is practically probability-free, with serious probabilistic analysis typically being confined
to the most recondite annexes of the codes (EN 1990:2002). It is different for those engineers
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who grapple with structural health monitoring (SHM), an activity where the objective is to
estimate the state of a structure from an uncertain batch of observations provided by different
kind of sensors, such as strain gauge [1], fiber optic sensor [2] and accelerometers [3]. A consistent framework for making inferences from uncertain information is Bayesian probability
theory [4][5]. Yet structural engineers are often unenthusiastic about Bayesian formal logic,
finding its application complicated and burdensome, and they prefer to make inference by using
heuristics. In this contribution, we wish to help structural engineers reconcile with probabilistic
logic [6] by suggesting a quantitative method for logical inference based on a formal analogy
between mechanics and Bayesian probability. We will state the fundamentals of the analogy in
the next section.
To start, we will limit the analogy to the case of linear Gaussian single-parameter estimation,
which corresponds in the mechanical counterpart to mere linear elastic single-degree-of-freedom analysis: a cakewalk for structural engineers. In section 3, we apply this formal analogy to
a classical inference problem: the estimation of the deformation of a cable belonging to a cablestayed bridge, characterized by two independent parameters. We will carry out the simple problem of linear regression by solving the equivalent mechanical system of springs.

Formulation of the analogy for a single parameter
In this section, we refer to the problem of logical inference of a single parameter based on
uncertain information [7]. The goal is to estimate a parameter θ based on a set of uncertain
information yi. Further assumptions are that all the uncertain quantities have Gaussian distribution, and that the relationship between information and parameter is linear. When the problem
is linear and Gaussian, in principle we can solve any logical inference problem using the following two fundamental rules.
First inference rule or inverse-variance weighting rule [8]. Given a set of n observations yi of
variance  i2 , the inverse of the variance  2 of the parameter is the sum of the inverse-variances
of the observations, and the expected value of the parameter μθ is the inverse-variance weighted
sum of the observations:



n 1
1
  2
2
  i 1  i

n y
 i
i 1 i2
   n
1

i 1 i2



(1a,b)

Second inference rule or linear propagation of uncertainties [9][10]. The indirect measurement
y = x1 + … + xm, being the sum of m different arguments xj of variance  2j , the variance of the
observations is the sum of the variance of the arguments and the mean value of the indirect
observation is the sum of the arguments:


m
m
 2y    2j   y   x j 
j 1
j 1

a,b

Before proceeding it is also convenient, primarily to lighten notation, to introduce the quantity
w   2 

1

2

.

(3)

The quantity w is compatible with the official definition of accuracy [11] and the word itself
intuitively connects to the practical meaning of w: the higher the accuracy w of an observation
is, the more accurate our knowledge about the parameter becomes. Therefore, in the rest of the
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paper we will refer to the inverse-variance w simply as accuracy. Based on that, we can reword
and reformulate the two basic inference rules.
First inference rule. Given a set of n observations yi with accuracy wi, the accuracy wθ of the
parameter estimation is the sum of the accuracy of the observations, and the mean value of the
parameter μθ is the sum of the observations weighted with their accuracy:
n

 yi wi
n
w   wi ,   i 1
.
w
i 1

(4a,b)

Second inference rule. The indirect measurement y = x1 + … + xm being the sum of m different
arguments xj of accuracy wj, the inverse-accuracy of the observation is the sum of the inverseaccuracy of the arguments and the mean value of the indirect observation is the sum of the
arguments:
m 1
1
 
w y j 1 w j

m

, y   x j .
j 1

(5a,b)

At this point, it is not difficult for a structural engineer to spot in (4a) the same form of the
expression that provides the stiffness of a set of springs in parallel; and similarly, (5a) reminds
of the stiffness expression of a set of springs in series. This opens a door to set an analogy
between the world of logic and the world of mechanics. Particularly, the analogy statements [7]
are summarized in Table 1, while Figure 1 shows the mechanical representation of simple linear
Gaussian inference problems.
(a)

Table 1: Analogy between inference and mechanical
models

Symbol

Logical meaning

Mechanical
meaning

w,  2

accuracy, inverse-variance

stiffness

2

variance

flexibility

y

observation

μ

expected value

pre-stretch
equilibrium
displacement

(b)

(c)

Figure 1: Mechanical analogy of simple linear
Gaussian inference problems: parameter estimation
based on one observation (a), three uncorrelated observations (b), one observation affected by two uncorrelated sources of uncertainty (c).

Extension of the analogy to N parameters
Now, we analyze a generic inference problem with N unknown parameters to estimate, represented by the vector
. We imagine that each parameter is characterized by a prior
mean value mqi and a prior standard deviation s qi ; the latter is linked by the equation wqi = s q-2i to
the i th accuracy, which in our mechanical analogy represents the stiffness of the spring associated to each single parameter. The multivariate Gaussian distribution [12], linked to the Ndimensional vector θ, takes the form:
N  , ;   

1

1

N
(2 ) 2

1
2

e
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 1    1   
2

T

,

(6)

where is the N-dimensional mean vector, containing the N values i associated to each parameter, S is the NxN covariance matrix, and S denotes the determinant of S .
We can notice that the exponent is characterized by a quadratic form that corresponds to the
potential energy
of a mechanical system with N degrees of freedom, related to the inference problem in question. It takes the following mathematical form:
1
Ep ()  In(N(, ; ))  (  )T 1(  ).
2

(7)

Here, we name the inverse of the covariance matrix
; this is also known as accuracy
matrix [12]. Its diagonal terms represent the posterior stiffness wi |y of each single parameter q i .
Now, to obtain the N diagonal elements to we must get the second derivative of
with
respect to each of the parameters  i ; the elements out of diagonal are instead obtained by calculating the mixed derivatives of each parameter with respect to all other parameters. To obtain
the covariance matrix we simply make the inverse of . The diagonal elements of S represent
the posterior variance s q2 |y of each single parameter q i .
The posterior mean values mqi|y of each parameter q i correspond to those values that minimize
the potential energy of our mechanical system. Therefore, to discover them, we have to resolve
an algebraic system with N variables in which there are the partial derivatives of
, each
with respect to each parameter q i , set equal to zero.
i

A case study: elongation of a cable belonging to Adige Bridge
Structural monitoring has been recognized as a powerful information tool, especially with regard to bridges management [13], and requests a deep knowledge of Bayesian rules.
For this reason, we apply our method to the Adige Bridge [14][15], a two-span cable-stayed
bridge located ten kilometres north of the city of Trento, Italy (Figure 2). The composite deck
is made from 4 “I”-section steel girders and a 25 cm cast-on-site concrete slab. The deck is also
supported by 12 stay cables, 6 on each side, which have a diameter of 116 mm and 128 mm.
Their operational design load varies from 5,000 kN to 8,000 kN. The cables are anchored to the
bridge tower, consisting of four pylons and located in the middle of the bridge. When the construction was completed, the Italian Autonomous Province of Trento, which owns and manages
the bridge, decided to install a monitoring system to continuously record force and elongation
of the stay cables. Elongations are recorded by 1 m long gauge sensors, placed on each of the
12 cables. These fiber-optical sensors (FOS) [16] are based on fiber Bragg gratings (FBG)
which rely on a principle similar to that of photonic crystals [17] but provide better precision.
These sensors also record local temperature for thermal compensation.
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Figure 2: Longitudinal section of the bridge and sensor layout (upper left); plan view of the bridge (lower left);
cross-section of the bridge (right).
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4.1 Two parameters to estimate
As an example, we use data acquired from October 12, 2011, to November 25, 2012, for cable
1TN, purified of the effect of temperature. We consider only one sample a day, recorded between 4 AM and 6 AM, as we assume the temperature in this period to be constant. We have
discarded those days in which no samples were found in the time interval. Figure 3 shows the
data acquired, expressed in terms of difference of deformation and time:
y  yi  y1, t  ti  t1.

(8a,b)

During the analysis, 411 deformation measurements were recorded with an uncertainty for each
measurement equal to wy = 0.0016 me -2 , i.e. s y = 25 me .
This is clearly a classical problem of linear regression. We have to estimate the two parameters
that best characterize the straight line fitting our time-dependent data set. The function employed is:
y  y0    t ,

(9)

where y0 is the intercept and j the slope of the straight line fitting our dataset. As we said
before, the goal is to estimate the vector of the parameters
that characterizes the
T
parametric model resulting in the observations y = (y1,y2 ,....,yN ) , linearly dependent on the time
t, as shown in Figure 4. We can represent the problem as a bar with two degrees of freedom:
vertical translation and rotation. According to the parametric model defined in (9), we consider
the slope of the bar linked to the parameter φ, its length to the time t and its distance from the
ground floor to the parameter y0 .
Based on our experience, we assign to the two parameters φ and t two prior Gaussian distributions that give us the initial information about the state of the bar. We connect the left-hand end
of the rigid bar to a vertical linear elastic spring with flexibility equal to the standard deviation
of the prior distribution associated to the parameter y0 and pre-stretch equal to its mean value.
We connect the same end to a torsion spring with flexibility and imposed rotation equal respectively to the standard deviation and the mean value of the prior distribution associated to the
parameter φ, as shown in Figure 4. Finally, we introduce the measurements as a system of linear
springs, each with flexibility and pre-stretch equal respectively to the standard deviation and
value associated to a single measurement. Each spring is placed at a distance from the torsion
spring equal to the corresponding interval of time ti .
The elastic potential of the mechanical system of Figure 4 becomes:
N
1
1
1
E p ( y0 , )  wy ( y0   y )2  w    )2  wy  [( y0  ti )  yi ]2 ,
0
2
2
2 i 1

(10)

where Dyi = y0 + j ×ti - yi represents the elongation suffered by the N springs linked to the observations, due to a generic translation y0 and a generic rotation φ imposed on the system. The
accuracy matrix is simply the Hessian matrix of (10):
 2 E p ( y0 ,  )

y0 2
Λ   2
 E p ( y0 ,  )

 y0

2 E p ( y0 ,  ) 

y0  
.
2 E p ( y0 ,  ) 


 2

(11)

The inverse of the matrix (11) represents the covariance matrix S : the first term of its diagonal
is the posterior variance associated to the parameter y0 while the second term on the same
diagonal is the posterior variance associated to the parameter φ.
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To identify instead the values m y0 |y and mj|y that represent the posterior mean values associated
respectively to the parameters y0 and φ, we must solve the system formed by the first derivative
of (10) with respect to the parameter y0 and the parameter φ, set equal to zero.

N
 E p ()
 w y ( y0   y )  w y  [( y0  ti )  yi ]  0

 y0
0
0
i 1

.
 E ()
N
p

 w    )  w y  ti [( y0   ti )  yi ]  0
 
i 1

(12)

The solutions of the system (12) give us the values of m y0 |y and mj|y , that represent the posterior
mean values associated respectively to the parameters y0 and φ and that minimize the potential
Ep ( y0 ,j ) of our mechanical system. Now we can substitute the numerical values into the equations formulated above, and we obtain the final outcomes reported in Table 2, compared with
the prior values of the parameters. Figure 3 reports the two straight lines interpolating our dataset. We obtain the same results as applying the flexibility method to the same mechanical
system [7], although, with the potential energy, we considerably reduce the computational cost
of the algebra.

Figure 4: Linear regression problem in the world of
Mechanics.

Figure 3: Relative strain of cable 1TN and interpolating lines.

Table 2: Prior and posterior values of the parameters to estimate

Prior distributions
Parameter φ
Parameter 𝑦0
𝑤𝜑 [𝜇𝜀 −2 𝑑𝑎𝑦 2]
𝑤𝑦0 [𝜇𝜀 −2 ]
0.0025
𝜎𝑦0 [𝜇𝜀]
𝜎𝜑 [𝜇𝜀 𝑑𝑎𝑦 −1]
20.00
𝜇𝑦0 [𝜇𝜀]
𝜇𝜑 [𝜇𝜀 𝑑𝑎𝑦 −1]
0.00
Posterior distributions
Parameter 𝑦0
Parameter φ
−2
−2
𝑤𝑦0 [𝜇𝜀 ]
𝑤𝜑 [𝜇𝜀 𝑑𝑎𝑦 2]
0.6601
𝜎𝑦0 [𝜇𝜀]
𝜎𝜑 [𝜇𝜀 𝑑𝑎𝑦 −1]
2.44
𝜇𝑦0 [𝜇𝜀]
𝜇𝜑 [𝜇𝜀 𝑑𝑎𝑦 −1]
-49.07

1
1.0000
0.0000

36893
0.0103
0.0473

4.2 Three parameters to estimate
We now extend the case of Adige Bridge, presented in the previous Section, by introducing the
effect of temperature DT̂ . Thus, we must estimate an additional parameter a and the model
that fits our time dependent dataset becomes the following:
ŷ  y    Tˆ    tˆ .
(13)
0

In Figure 5, we can note the N translation springs linked to the different measurements with
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-2
stiffness wLH = s LH
= 0.0016 me -2 and the springs linked to the prior distribution: a translation spring
associated to the parameter y0 , a rotational spring associated to a and a rotational spring associated to j , whose numerical values are the same as the case in the previous Section. To
determine the posterior standard deviation of the three parameters to estimate (y0 ,a,j ) we have
to express the potential energy E p ( y0 ,a ,j ) of the mechanical system represented in Figure 5, as
a function of the three unknown parameter. We can now obtain the accuracy matrix
simply
by calculating the Hessian Matrix associated to E p ( y0 ,a ,j ) , and the covariance matrix from the
inverse of . To discover the values m y0 |y , ma |y and mj|y , which represent the posterior mean
values associated respectively to the parameters y0 , a and j , we must solve the system formed
by the first derivative of the potential energy with respect to the three parameters, set equal to
zero. Figure 6 shows the graphical representation, using the software Matlab, of the two surfaces fitting our data set. Finally Table 3 reports the numerical values obtained from the posterior distribution of the parameters.

Figure 5: Representation of a linear regression problem with three parameters
to estimate, in the world of Mechanics.

Figure 6: Representation of the two fitting surfaces associated to the prior parameters (grey) and to the
posterior parameters (black).
Table 3: Posterior values of the three parameters to estimate

Parameter 𝑦0
𝑤𝑦0 [𝜇𝜀 −2 ]
0.6601
𝜎𝑦0 [𝜇𝜀]
2.54
𝜇𝑦0 [𝜇𝜀]
0.48

Posterior distributions
Parameter φ
𝑤φ [𝜇𝜀 −2 𝑑𝑎𝑦 2 ]
36893
𝜎φ [𝜇𝜀 𝑑𝑎𝑦 −1]
0.0106
𝜇φ [𝜇𝜀 𝑑𝑎𝑦 −1]
-0.1209

Parameter 𝛼
27.88
𝑤α [𝜇𝜀 −2 °𝐶 2 ]
−1
0.20
𝜎α [𝜇𝜀 °𝐶 ]
−1
13.80
𝜇α [𝜇𝜀 °𝐶 ]

Non Gaussian variables: single parameter estimation
How does change the theory of the mechanical equivalent if we decide to involve non-Gaussian
variable? As is logical, we will obtain non-linear springs, whose constitutive laws vary depending on the probability distributions that characterize them. To extend the mechanical analogy
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to distribution other than the Gaussian results very simple thanks to the three basic rules explained below.
We denote with f (q ;a,b) a generic probability distribution, where θ is the unknown parameter
to estimate, a and b the parameters that characterize the probability distribution in exam. The
potential energy, the elastic force and the stiffness linked to the spring representing the generic
distribution f are the following (14a,b,c):
E p ( )
 2E p ( )
E p ( )  In( f ), Fe ( ) 
, k ( ) 
.
(14a,b,c)

 2
In the following sections we will report some examples, regarding the main probability distributions used in the world of logic, and we will try to define for each the mechanical features of
the spring that represent them. We remember that, in case of Gaussian distribution, we solve
any inference problem through mechanical systems composed by elastic linear springs, with a
constant stiffness and a quadratic potential.

5.1 Lognormal distribution
The lognormal distribution [18] is applicable to random variables that are constrained by zero
but have a few very large values. The resulting distribution is asymmetrical and positively
skewed. In particular, in engineering field, the lognormal distribution is often used to describe
the fatigue behavior of many mechanical components and the mechanical resistance of structural materials, as the steel.
The application of a logarithmic transformation to the data can allow the data to be approximated by the symmetrical normal distribution, although the absence of negative values may
limit the validity of this procedure. In other words, it is the probability distribution of a random
variable θ whose logarithm In(θ) follows a normal distribution, and it takes the following form:
l( , ; ) =

1

  2

2
- 1  In( )- 
2
2

e
with 0   <+,

(15)

where  is the mean of In(q ) and  the standard deviation of In(q ) , which are both dimensionless.
But how can we model a spring representing l(l ,e ;q ) ? The answer is simple: we must use the
three aforementioned expressions (14a,b,c), to spot the trend of the potential, of the elastic force
and of the stiffness of the spring linked to the lognormal distribution (16-18).
E p ( ) = -In(l( , ; )) =

1
2
In( ) -    In( )  a ,
2
2

(16)

where a is an additive constant that we can neglect.
Fe ( ) 
k ( ) 

E p ( )


 2E p ( )
 2





 In( ) -  +  2  ,

(17)

1  In( ) +  -  2 .

(18)

1

2
1

 2 2

Figure 7 shows that the constitutive low of the spring is absolutely non-linear. We note that the
potential energy,2 Figure 7a, has a minimum in correspondence to the mode of the probability
 
distribution e  1 and not in correspondence to the mean. This time the potential energy is
not symmetric with respect to its minimum value. When the displacements become remarkable,
the elastic force becomes constant, tending to a value little greater than zero, and in consequence
the stiffness, which is the first derivative of Fe (q ) tends to zero.
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(a)

(b)

(c)

Figure 7: Three mechanical properties of a lognormal distribution l(,; )

5.2 Cauchy distribution
The Cauchy distribution [16] is of mathematical interest due to the absence of defined moments.
Its probability density function takes the following form:
1

 
2 

   a  
c(a,b; ) = b 1  

  b   






with     <+,

(19)

where a and b are the parameters that characterize the distribution. The Cauchy distribution is
unimodal and symmetric, with much heavier tails than the normal. The probability density function is symmetric about a, with upper and lower quartiles, a  b . The potential, the elastic force
and the stiffness function linked to the Cauchy distribution c(a,b; ) are:


2
   a  
   c,
 b  

Ep ( ) = In 1  



Fe ( ) 
k ( ) 

E p ( )

 2E p ( )
 2





2   a 
b    a 
2

2

(20)

,

2[  a   b 2 ]  4   a 
2





b 2    a 



2 2

(21)
2

.

(22)

Figure 8 shows these mechanical properties linked to a Cauchy distribution c(2,10;q ) with mode
value a=2. Also this time the potential energy has a minimum in correspondence to its mode
a=2, but unlike the non-linear previous examples, here the potential energy is symmetric respect
to the mode. The elastic force, in correspondence to the mode, has an inflection point and
changes its curvature. In the previous examples we have observed that if the non-linear probability distribution is symmetric respect its mode, the equivalent potential energy result symmetric respect to the same value, because of the lognormal transformation that we apply to the
distribution. In addition, we can assess that the potential energy, which characterizes the mechanical system associated to the inference problem under examination, has a minimum in correspondence to the mode value.

Figure 8: Representation of the three mechanical properties that characterize a Cauchy distribution c(,; )
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Conclusions
We have stated an analogy between the world of logic and the world of mechanics, allowing us
to solve, using the methods of classical structural engineering, any complex inference parameter
estimation problem, in which the values of the parameters have to be estimated based on multiple Gaussian-distributed uncertain observations. By simply expressing the potential energy of
the mechanical system associated to our inference scheme, we are able, with a few trivial algebraic steps, to determine the posterior mean values and standard deviations of the parameters
to estimate. With the aid of real-life structural health monitoring cases, we have showed how
our approach allows structural engineers to solve simply general problems of linear regression.
Although the examples shown in this paper are incidentally all structural engineering cases, the
scope of application of the method is evidently the most general, and we seek to demonstrate
in the future its applicability to inference problem arising from various disciplinary fields, including cognitive science, economics and law.
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Effects of superstructure stiffness on the reliability of piled
foundations on spatially variable soils
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Abstract: Spatial variability of soil properties is a major source of uncertainty
in geotechnical engineering, which also carries significant implications to
structural safety in the case of piled foundations. This paper presents the
coupled formulation for superstructure-foundation modelling, while the threedimensional, anisotropic spatial correlation of soil properties is incorporated in
the evaluation of pile-soil-pile interaction effects. Apart from the geotechnical
spatial features, characteristics of the superstructure are also found to influence
the foundation reliability. To illustrate this phenomenon, a 30-storey building
with a hypothetical structural layout is considered in the probabilistic analyses
of the coupled model. Both the superstructure stiffness and spatial correlation
of soil modulus are shown to significantly affect the settlement patterns, such
as foundation distortion and tilting. Through these analyses, the paper aims to
demonstrate the needs for holistic consideration of the superstructure-foundation
system, and to elucidate the inter-relationship between geotechnical reliability
and structural safety.

1 Introduction
The reliability of pile group performance depends on both the interactions between superstructure, foundation and the soil, and the associated structural and geotechnical variability. In the
current engineering practice, the former is often approximated by modelling the pile response
as springs at column supports of the superstructure model, in which case the pile-soil-pile
interaction effects in the soil continuum are not rigorously considered. Such interaction is, in
turn, heavily influenced by the geotechnical variability in the soil domain. In this regard, the
spatial variability of geotechnical properties and geological profiles have been discussed by [2,
6, 13], while probabilistic analyses of pile settlements were presented by [10] and [11], where
the piles were connected by a rigid cap enforcing uniform settlements across the pile group.
Since large pile groups are often installed to support a relatively stiff (but not necessarily rigid)
superstructure, the stiffness of the adjoining structure should be properly considered in the
pile group analyses. This paper investigates the influence of superstructure stiffness, modelled
through a condensed matrix, on the reliability of piled foundations installed in spatially variable
soils. The shear modulus of the soil is assumed to be spatially correlated, with anisotropic
correlations in the three-dimensional subsurface domain, i.e., the scales of fluctuation can be
different in the vertical and horizontal directions, as typically observed in foundation soils. For
each realization, a flexibility matrix is extracted to simulate the pile-soil-pile interaction effects
in the soil continuum. These components are incorporated into an efficient surrogate modelling
technique for probabilistic analyses of pile group settlements, where the significance of holistic
superstructure-foundation system analyses will be demonstrated.
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2 Methodology
The proposed approach consists of two key components, namely matrix condensation for
coupled superstructure-foundation analysis in spatially variable soils, and surrogate model by
polynomial chaos expansion for efficient probabilistic assessment of system response. The two
components will be briefly outlined herein.

2.1

Coupled superstructure-foundation analysis model

The foundation model adopted in this study is conceptually similar to that in [4, 5], with specific
modifications for probabilistic analyses considering the spatial variable soil modulus. The piles
and the pile cap (or raft if it is in touch with the soil underneath and mobilize its strength)
are discretized into segments specified by nodes. The pile and cap displacements, u, can be
obtained by solving the following governing equation:
p

(K p + Kr + Ks ) u = pw + pg = pw − F−1 u
r

(1)

where K is the pile stiffness matrix; K is the stiffness matrix of the pile cap, simulated by
the thin plate model using the finite element method [14]; Ks is the condensed superstructure
matrix. pw is the loading due to self weight and live loads acting on the superstructure; pg is the
ground reaction forces acting on the pile and pile cap elements, and is equal and opposite to the
pile forces on soil, which can be represented through the soil flexibility matrix F.
In Equation (1), Ks can be obtained using a finite element model of the superstructure by typical
commercial packages, which is commonly constructed by structural engineers for design of
the structural elements. The components of the condensed matrix, Ksi, j , can be obtained by
applying a unit displacement at column j while fixing the other supports, and extracting the
reaction forces at each column support i. For a superstructure with n column supports, this
procedure can be repeated by n times to construct an n × n condensed matrix, which represents
the flexual stiffness of the entire superstructure. In cases where the superstructure consist of
continuous shear walls, the associated Ksi, j components can be obtained by incorporating a
number of discrete supports along the wall in the finite element model.
The soil flexibility matrix, F, represents the pile-soil-pile interaction effects and is often
evaluated using elastic solutions such as the Mindlin solution [8] for homogeneous subsurface
profile. In this study, the soil modulus is represented as a spatially variable field which
is highly non-homogeneous. Accordingly, a similar matrix condensation approach can be
applied to the subsurface domain, modelled as three-dimensional random fields using the finite
element method. At each pile node location j, a unit force is applied, and the corresponding
displacements at other pile node locations i are extracted to become components of the
flexibility matrix Fi, j .
With the stiffness matrices and load vector determined, u can be obtained by solving
Equation (1), after which the column displacements can be imposed at the supports of the
structure model to evaluate the forces and bending moments on individual structural members.
It should be noted that linear-elastic analyses are performed in this study: both the condensed
superstructure stiffness matrix and the soil response are assumed to be elastic. Considering the
superstructure response, this assumption is more appropriate for structural steel than reinforced
concrete structures. However, as discussed in [4, 5], the majority of the stiffening effects arises
from the shear walls of a reinforced concrete building, which may be assumed to behave largely
in an elastic manner under operating conditions. On the other hand, soil response is highly
nonlinear. Therefore, the results presented in the following sections are only applicable to piled
foundations designed with a high factor of safety. To simulate elastic-plastic pile response,
Equation (1) can be modified in a manner similar to that described in [4]. The effects of soil
nonlinearity on foundation reliability will be investigated in a future study.
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2.2

Probabilistic analyses by surrogate model

Geotechnical engineers often need to estimate the subsurface profile and associated soil
properties based on limited numbers of samples. The resulting ‘deterministic’ analyses involve
their best judgements regarding the features of the site, taking into account the inevitable
geotechnical variability. In the current study, such variability is considered explicitly through
random field modelling, where the shear modulus of the soil (G) is assumed to be spatially
correlated, as is observed in many field conditions.
The variations of G can be described by a trend (or mean value) across the site, plus the residuals
(deviations) from the trend at various locations. In this study, the three-dimensional spatial
correlation of residuals is represented by a correlation matrix R, with its components described
by a Gaussian (squared exponential) function as follows:
!
∆2x ∆2y ∆2z
(2)
Ri j = exp − 2 − 2 − 2
θx θy θz
where ∆x , ∆y and ∆z are the separation distances between locations i and j, in x, y and z
directions respectively; θx , θy and θz are the corresponding range parameters. The scale of
fluctuation
(δ ) is usually taken as the separation distance where R = 0.05, in which case
√
δ = πθ for the Gaussian function.
Figure 1 shows two realizations with different range parameters, both with a mean G of
19.2 MPa and coefficient of variation of 0.25. Figure 1(a) involves a anisotropic correlation
structure where the horizontal range is significantly larger than the vertical range, creating a
soil ‘layering’ effect, whereas Figure 1(b) is generated with an isotropic correlation structure
with identical horizontal and vertical range of variations.
(a) θz = 5 m; θx = θy = 100 m

(b) θz = θx = θy = 30 m

G (MPa)
30
25

Schematic diagram of building with
dimensions shown in Figure 2

20
15
10

z
y
x

Figure 1: Realizations of spatially variable soil modulus: (a) anisotropic correlation structure; (b)
isotropic correlation structure

Since the actual pattern of soil variations is unknown from the limited soil samples, a large
number of random field realizations are generated in conventional Monte Carlo simulation
techniques. This study utilizes the approach recently developed by [7], which combines Latin
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hypercube sampling with dependence (LHSD) [9] with polynomial chaos expansion (PCE)
[3, 12] for efficient surrogate modelling. LHSD preserves the covariance structure (R) of
random variables in the stratification scheme and is particularly suitable for spatially correlated
geotechnical properties. The main idea of LHSD involves using a rank statistic to determine
the permutation of a sample in each dimension of the multi-dimensional unit cube, and its
implementation for various covariance structures and geotechnical applications are discussed
by [7].
To couple LHSD with PCE, a spectral decomposition is first performed on the R matrix, which
is a d × d matrix for a finite element mesh with d elements. The decomposition is represented
by:
R = HΛHT
(3)
where H = [h1 h2 . . . hd ] is a matrix containing d orthonormal eigenvectors; and Λ is a
diagonal matrix with d positive descending eigenvalues (λ1 , λ2 , . . . , λd ). The number of principal
components can be less than d. For example, to preserve 90% of the total variance, the number
of components, M, and the corresponding principal components, ξ, can be obtained by:
M

min ∑ λi > 0.9d
M

ξi =

(4a)

i=1

hTi Φ−1 (v)
√
λi

i = 1, 2, . . . , M

(4b)

where Φ−1 represents the inverse cumulative standard Gaussian distribution function, and v
represents the standard uniform samples generated by LHSD. ξi are independent standard
Gaussians which can be used to construct the PCE. For example, the system response, g, can be
expressed as PCE of order p (= 2 in this study):
g(ξ) =

P−1

∑ aβ Ψβ ;

where P =

β =0

(M + p)!
M!p!

(5)

In the above equation, aβ are coefficients of the PCE and P indicates the number of these
coefficients. Ψβ are polynomials constructed by ξ, details of which can be found in various
references such as [3, 7]. It was also shown by [7] that the LHSD-PCE approach leads to more
robust results with much smaller numbers of realizations compared to the conventional Monte
Carlo simulation technique.

3 Illustrative example
The proposed approach is applied to the probabilistic assessment of piled foundation settlements
under a typical high-rise structure, as shown in Figure 2 which was also adopted by [5]. A
schematic diagram of the building structure is also overlain on the geotechnical model in
Figure 1(b) to illustrate their relative sizes. It is, however, not necessary to combine the structural
and geotechnical finite element models under the proposed approach. The current study utilizes
separate models to generate the Ks and F matrices, which are then combined in Equation (1) to
obtain the displacements. Separate formulation of Ks and F allows effective division of labour
between structural and geotechnical experts who can focus on their respective disciplines.
This approach is also less computationally demanding compared to numerical simulations
incorporating the superstructure, foundation piles and the entire subsurface domain altogether.
In addition, this procedure better facilitates sensitivity studies when different structural forms
and/or soil covariance structures are to be investigated, as will be discussed in later sections.
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3.1

Superstructure and foundation details

The hypothetical building involves a 30-storey reinforced concrete structure, representative of
a typical high-rise condominium building. The superstructure floor plan consists of mainly
column-slab components, with central core walls forming the lift shafts and additional shear
walls on two sides for enhanced lateral stiffness. The column dimensions are 350 mm square,
and a slab thickness of 200 mm is assigned to all storeys. The core walls and shear walls are both
200 mm thick. These section sizes and floor plan have been specified and checked with typical
gravity and lateral load requirements to ensure that they represent realistic structural systems.
The long-term Young’s modulus of the concrete is assumed to be 14 GPa, which takes into
account the creep behavior of concrete, and agrees with the estimates based on Eurocode 2 [1].
The complete superstructure is modelled using a commercial finite element package, LUSAS,
where pw and Ks are extracted according to the procedures described earlier.

4m
4m
22 m

4m
4m
4m
4m

4m

5m

5m

4m

4m

28 m

Superstructure:

Foundation:

Slab thickness = 200 mm
Wall thickness = 200 mm
Column dimensions = 350 mm x 350 mm

Pile cap thickness = 1 m
Pile diameter = 1 m
Pile length = 30 m

Figure 2: Superstructure and foundation layouts adopted in [5] and this study

The foundation details are also similar to those adopted in [5]. The ground conditions consist
of a statistically homogeneous soil with mean shear modulus G = 19.2 MPa. G is assumed to
be normally distributed with coefficient of variation of 0.25 (as illustrated in Figure 1), and the
drained Poisson’s ratio is taken to be constant and equals 0.3. These parameters correspond
to a mean Young’s modulus of 50 MPa, and are typical for ‘stiff’ overconsolidated clays. The
bedrock (stiff stratum) is assumed to be 50 m below the ground surface. Contrary to [5], the
building is designed to be founded on a pile group instead of a piled raft, and the pile cap is
assumed to be not in contact with the soil surface. The pile group consists of 42 piles directly
underneath the columns or corners of shear walls. Each pile is 30 m long with diameter of
1 m, and the pile cap is 1 m thick. The piles are discretized into 2-m segments along the
length, while the cap is discretized into 1 m × 1 m, 4-node thin plate elements. Based on
these foundation geometries and discretization scheme, the stiffness matrices (K p and Kr ) can
be obtained. Meanwhile, each realization of spatially variable soil modulus will involve an
individual three-dimensional finite element analysis for the evaluation of flexibility matrix F.
This has been coded using eight-node hexahedral elements for efficient and automated analyses
for the realizations.
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3.2

Probabilistic assessment of foundation settlements

Probabilistic analyses of pile group settlements are performed for both anisotropic (θx = θy =
100 m; θz = 5 m) and isotropic (θx = θy = θz = 30 m) correlation structures shown in Figure 1.
The subsurface domain is discretized into 9,680 elements, with finer mesh around the piles and
coarse mesh away from the foundation. 90% of the total variance is preserved in all analyses,
which lead to M = 15 for anisotropic structure and M = 17 for isotropic structure. Consequently,
both analyses require less than 500 realizations to construct a stable second-order PCE. After
determining the PCE coefficients (aβ ), 5,000 operations of the surrogate model is performed
for each case to obtain the probability density function (PDF) of the settlement response. This
step is efficient as it only involves aβ and the new combinations of ξi , and no additional finite
element analyses are required.
Figure 3 shows the PDF of differential settlements, defined herein as the difference between
the maximum and minimum settlements across the pile cap, for the two different correlation
structures, with and without considering effects of Ks . Considering the mean estimates of
differential settlements, the difference is approximately 25% with and without incorporating
Ks , which broadly agrees with the corresponding deterministic analyses by [5]. Probabilistic
analyses with Ks also result in a smaller variance in the differential settlement response, as
shown by the relatively narrow distributions. This can be attributed to the additional flexural
rigidity associated with the pile cap when its connection with the superstructure is modelled
explicitly.
(a) θz = 5 m; θx = θy = 100 m

(b) θz = θx = θy = 30 m

0.20

with 1.0 Ks
without Ks
Approximate bounds
by 0.75 Ks and 1.25 Ks

PDF

0.15

Approximate bounds
by 0.75 Ks and 1.25 Ks

0.10

0.05

0
20

25
30
35
40
Differential settlement (mm)

45

20

25

30
35
40
Differential settlement (mm)

45

50

with 1.0 Ks: Mean = 26 mm; Standard deviation = 2 mm

with 1.0 Ks: Mean = 27 mm; Standard deviation = 4.5 mm

without Ks: Mean = 33 mm; Standard deviation = 3 mm

without Ks: Mean = 34 mm; Standard deviation = 6.5 mm

Figure 3: Probability density functions for differential settlements with and without considering
superstructure effects

A sensitivity study is then performed to investigate the influence on pile group settlements by
varying the stiffening effects of the superstructure. In two separate analyses, the Ks matrix is
multiplied by 0.75 and 1.25, respectively, so that its components are varied by ±25%. The
corresponding PDF of foundation differential settlements are also shown in Figure 3. Although
factoring Ks only represents simplified approximations of the altered superstructure response,
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the associated impacts on performance uncertainty appear to be less pronounced compared to
the effects of geotechnical variability, which arises from spatial variations of the soil modulus
with coefficient of variation of 0.25.
Comparing Figures 3(a) and (b), the correlation structure of G also significantly affects the
uncertainty on foundation performance. The isotropic structure involves a shorter horizontal
range, and leads to larger variance in differential settlements (wider distribution) than the
anisotropic structure. Moreover, closer examination on the results reveals that when the
horizontal range (θx = θy = 30 m) is similar to the pile cap dimensions (22 m × 28 m),
tilting may occur across the building foundation, as shown in the two examples in Figure 4.
The maximum tilting across the pile cap is around 6 mm in one of the realizations. This may
not be an alarming value considering the size of the foundation, but the potentials of tilting is
expected to increase with higher coefficients of variation and/or shorter horizontal range in the
spatial distributions of G.
Realization 1

Realization 2
25
40

35

50

45

60
50
40

35
25

25

Figure 4: Foundation settlement profiles (in mm) for two realizations with θx = θy = 30 m

Considering the average settlement across the pile group, the mean values (of the PDF) are very
similar with and without considering Ks , which are 35-36 mm for both correlation structures.
The standard deviations of average settlement are also similar with and without considering
Ks , which are about 3.7 mm for anisotropic structure (θz = 5 m), and around 7.3 mm for
isotropic structure (θz = 30 m). For the different θz values (and hence scales of fluctuation),
the coefficients of variation in average pile group settlements also broadly agree with the charts
developed by [11], although they adopted assumptions of rigid pile cap with a maximum of 25
piles, therefore the differential settlements and influence of superstructure cannot be simulated
in their approach.

4 Conclusion
This paper presents the probabilistic analyses of settlements of piled foundations, where the
superstructure stiffening effects are incorporated through the condensed stiffness matrix. The
LHSD-PCE approach is adopted for efficient probabilistic assessments of the holistic system
performance, and two different spatial correlation structures are considered for shear modulus
variations in the subsurface domain. In both scenarios, the superstructure stiffness is found to
influence both the mean and variance estimates of differential settlements in the pile group,
which in turn affect the potentials of distortion and tilting in the foundation, and hence the
evaluation of structural forces experienced by the members. The approach and findings in this
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study may contribute to further investigations involving other superstructure layouts, subsurface
soil stiffness profiles, spatial correlation structures and nonlinearity of soil behaviour.
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Abstract: The monitoring and analysis of tunnel convergences is crucial for their
economic and safe design and construction. This paper analyzes the use of tunnel convergences for two tasks: (i) to update and improve, within the context of
a Bayesian framework, the predictive capabilities of empirical methods for tunnel convergence prediction; and (ii) to assess the likely failure time in tunnels
which have entered an stage of accelerating convergences associated to their tertiary creep. Results show that the combination of prior and observed information in Bayesian methods makes it possible to adequately predict future convergences shortly after construction, hence providing interesting information about
the needs (or not) for tunnel support reinforcement; in addition, they show that
failure-times for unstable tunnels can be adequately predicted when good-quality
convergence data are available.

1

Introduction

Monitoring of tunnel convergences is crucial for a safe and economical tunnel construction.
The reason is that ground deformations around the tunnel are needed to mobilize the ground’s
shear strength, which contributes to the support of the tunnel, allowing lighter and cheaper
supports and being the basic idea behind classical design methods such as the “convergenceconfinement” (CC) method [14]. In particular, the CC method jointly considers the tunnel longitudinal deformation profile [22] and the “characteristic curves” —which relate stresses and
convergences— of the ground and of the support, for which different analytical solutions are
available (see e.g., [18, 3]).
In addition, the analysis of tunnel convergences integrates well within the observational approach [16], a specific design approach for geotechnical designs that builds on the idea of “design as construction progresses and observations are available”. The reason is that unexpected
circumstances (e.g., unexpected ground conditions or ground behavior, etc.) are common in
tunneling, so that an adequate model to predict tunnel convergences is needed to identify difficulties and, when they are encountered, to predict the failure-time of a tunnel. This is important
for disaster prevention and mitigation because it indicates the (time) margin of safety to implement additional support measures before a collapse occurs, in what constitutes a different
approach to the traditional approach in structural engineering.
In this study, we first use one tunneling case history to illustrate the use of Bayesian methods to calibrate and improve tunnel convergence models using convergences monitored at a
given tunnel section. In addition, we employ the inverse-velocity (INV) method and the slope
(SLO) methods —which employ rates of displacement and slopes to predict failure-times— to
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predict the failure-time of tunnels in which convergences leading up to failure have been carefully recorded. (In particular, they are used to predict the failure-time of the Ayas tunnel.) The
objective is to assess the suitability of these methods for practical tunneling engineering.

2

Empirical methods of tunnel convergences

The problem with the use of analytical formulations to predict convergences in real tunnels
is that hyphothesis employed during their development of analytical solutions are not always
fulfilled. For that reason, advanced statistical techniques —such as artificial neural networks
(ANNs) or multivariate adaptive regression splines (MARS)— have been proposed to predict
tunnel convergences [1, 12]. However, these techniques often work as “black boxes” in which it
is not easy to identify the physical meaning of the parameters. Numerical models with advanced
rheological constitutive laws are of course another alternative [4], although they often have
practical limitations due to their complexity and cost, as well as to the lack of reliable input
parameters [5, 19].
For that reason, the available empirical methods that depend on just a few parameters with a
clearer physical meaning, are an interesting practical alternative [17]. We build on the work by
Sulem et al. [20], who proposed an empirical model which considers two main contributions
to time-dependent convergences in rock tunnels: (i) the influence of stress changes due to the
advance of the tunnel face as the tunnel progresses; and (ii) the rheological behaviour of the
rock mass, which can account for more than 50% of the total convergence [10]. In particular,
they proposed that tunnel convergences due to both effects (in a given monitoring section) could
be fitted well using the following expression:
"


2 # "
0.3 !#
X
T
C(x,t) = C∞x 1 −
1+m 1−
(1)
X +x
T +t
where C∞x (1 + m) is the final convergence in such monitoring section; x is the distance from the
monitoring section to the tunnel face; t is the time since the first convergence measurement was
taken at such section; T and X are two characteristic parameters of the model (related to time and
distance); and m is a parameter that characterizes the importance of “rheological convergences”
in relation to convergences due to stress (or “face advance”) effects [10], so that (1 + m) is
the ratio between the final convergence (including rheological effects) and the instantaneous
closure, hence characterizing “the importance of the time-dependent deformations” [15].
Recent research has proven that the empirical method given by Equation (1) can be successfully
employed to a-posteriori fit the convergences measured in real tunnels [2]. However, the problem of how to estimate the fitting parameters a-priori is not solved, due to existing difficulties to
correlate such parameters with aspects such as type of lithology or support characteristics [8].
The basic idea on which we build our work is that it is reasonable to expect that previous
experience —either from tunnels in similar conditions, or from other monitoring sections in the
same tunnel— could provide useful information to be used a-priori, so that predictions can be
later improved as more monitoring data become available. But, of course, that is the basic idea
of a Bayesian approach, as it is formulated below.

3

A Bayesian analysis of tunnel convergences

3.1 Mathematical formulation
To illustrate the “updating idea” described above, we propose a Bayesian methodology to improve Sulem et al.’s convergence model as more convergence information becomes available.
To that end, we note that the model presented in Equation (1) depends on a four-dimensional
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vector of parameters, α ≡ [X, T,C∞x , m], which must be calibrated for each particular tunnel.
But waiting for a long time since a tunnel section is constructed, so that enough monitoring
data to fit Equation (1) becomes available, is not useful in practice. The reason is that “late”
performance predictions cannot be employed to anticipate future tunnel behaviour, or to propose support modifications. And, when few observations are yet available, we could expect that
predictions based on them will be inexact. To consider that possibility, we can introduce an
additional variable into the model —the model bias factor, or BF— which characterizes such
uncertainty. Then, for i = 1, . . . , n, we have that convergences can be expresses as:
Ui = BF ·C(xi ,ti ; α ) = h(xi ,ti , Θ)

(2)

where Θ ≡ [X, T,C∞x , m, BF] is the complete vector of (uncertain) model parameters. Using
f0 (Θ) to represent the a priori probability density function (PDF) of Θ (it could be based on
our knowledge, experience or judgment), then the average estimated convergence is given by
[9, 11]:
Z
E(Ui0 ) =

∞

−∞

h(xi ,ti ; Θ) f0 (Θ)dΘ,

(3)

where the first subscript of Ui0 indicates the order in which the measurement was taken, and the
second subscript indicates the number of times that predictions have been updated within the
Bayesian framework. (The 0 subscript indicates predictions based on prior information.)
We assume that variables in Θ are independent and that f0 (Θ) has a multivariate normal distribution. Once such an a-priori probabilistic model is available, we can employ the convergences
observed to successively update the predictive model of tunnel convergences, so that it accounts
for the new information provided by such measurements. (We assume that the model is updated
after each new convergence measurement.) That is, if a set of i = 1, . . . , n convergence measurements, ui , become available, with x = xi and t = ti , the updating process can be successively
repeated so that the posterior PDF of the j-th updating (for 1 ≤ j ≤ n) can be expressed as [11]:
f j−1 (Θ|u1 , . . . , u j−1 ) L(x j ,t j ; Θ)
,
−∞ f j−1 (Θ|u1 , . . . , u j−1 ) L(x j ,t j ; Θ)dΘ

f j (Θ|u1 , . . . , u j ) = R ∞

(4)

where L(x j ,t j ; Θ) is the likelihood of the u j convergence being measured at x = x j and t = t j .
Such likelihood is given by (see [11] for details):
L(x j ,t j ; Θ = θ ) = φε (u j − h(x j ,t j ; θ )),

(5)

with φε (·) being the PDF of the convergence measurement error, ε . Following standard practice,
we assume that ε is normally distributed, with mean µε = 0 (i.e., unbiased measurements)
and with a standard deviation, σε , that depends on the standard error of measurements; see
Section 3.2 for details.
Substituting the likelihood expression of Equation (5) into (4), we can compute the expected
values of future convergences, as [11]:
E[Ul j ] =

Z ∞

−∞

h(xl ,tl ; Θ) f j (Θ|u1 , . . . , u j )dΘ, (with j < l ≤ n),

(6)

and the uncertainties of such predictions can be characterized by their variance, given by:
Var[Ul j ] =

Z ∞

−∞

h2 (xl ,tl ; Θ) f j (Θ|u1 , . . . , u j )dΘ − E[Ul j ]2 (with j < l ≤ n).

(7)

Although the direct integration of the equations presented above is unfeasible, a numerical
integration is possible, for instance using the Markov Chain Monte Carlo (MCMC) method with
the Metropolis algorithm, whose basic idea is “drawing samples from approximate distributions
and correcting those draws to better approximate the target distribution” [7].
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3.2 Application example
Figure 1 shows a cross section of Babolak water conveyance tunnel in Iran, a tunnel with a
length of 2.6 km and a maximum overburden of 185 m whose convergences measured in the
L1-R1 direction are used in this study. (Further details about the tunnel and its support are
available at [2].)
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Figure 1: Cross section of Babolak water tunnel [2]
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Here, we analyze Station 0+638, or one of the six stations investigated by [2]. To that end, the
prior distributions of the four parameters in α are assumed to be independent, with their means
being set with the values fitted with observed convergences from Station 0+550, which had
been previously excavated. (COVs are assumed as COV = 0.10, except for BF, which is set
to COVBF = 0.15; see Table 1.) Table 1 also lists the expected model parameters values as the
updating process proceeds.
Table 1: Evolution of expected model parameters as the predictive model is updated with new convergence information
Parameters

Prior

1st updating

2nd

3rd

4th

5th

6th

7th

Mean

COV

Mean

Var.

Mean

Var.

Mean

Var.

Mean

Var.

Mean

Var.

Mean

Var.

Mean

Var.

3.2

0.10

3.19

0.10

3.20

0.10

3.21

0.10

3.21

0.10

3.22

0.10

3.22

0.10

3.22

0.10

T (days)

1.3

0.10

1.29

0.02

1.30

0.02

1.30

0.02

1.29

0.02

1.30

0.02

1.30

0.02

1.30

0.02

C∞x (mm)

10.3

0.10

10.43

1.01

10.49

0.93

10.59

0.87

10.67

0.84

10.82

0.80

10.91

0.74

11.00

0.71

m

1.6

0.10

1.61

0.02

1.62

0.02

1.62

0.02

1.63

0.02

1.65

0.02

1.66

0.02

1.67

0.02

BF

1.0

0.15

1.03

0.02

1.05

0.02

1.07

0.01

1.09

0.01

1.11

0.01

1.12

0.01

1.13

0.01

X (m)

The expected values of convergence predictions can then be computed, with the results shown in
Figure 2. Results illustrate that differences between measured convergences and convergences
estimated with the prior model are substantial, even though both stations are less than 100 m
apart and in the same rock mass. Figure 2 also shows the predicted convergences after the model
is updated using measurements from Station 0+638, showing that predictions become closer to
observations as more data are available. And, more importantly, it also shows that only a few
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observations are needed to significantly improve the predictive performance of the empirical
model; in this case, the 7-th updated prediction of convergences at t = 344 days and x = 382.0 m
(i.e., 19.32 mm), which can be conducted after approximate 1.5 months (t = 46 days), is quite
similar to the measured value (19.5 mm), and the “last” measured convergence is already within
the ±σ bounds after only 4 updatings (or 3 weeks; see Figure 3).
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These computations can be repeated using different initial assumptions about measurement errors; although they are not reproduced herein
due to space limitations, results show that, as
WXQQHO
expected, the “amount of information” that is provided by measurements increases as the measurement error decreases or that, in other words, more measurements (data) are needed to improve the model predictions when such data is associated to larger measurement errors. Finally,
results also show that the Bayesian methodology has advantages over traditional curve-fitting
techniques. The reason is that more data (or, in other words, more time) are needed to get a good
curve-fitting result. This makes that, in general, the Bayesian methodology provides better early
estimations —which is precisely when they are more useful to increase the tunnel safety and to
optimize its design— than traditional curve-fitting techniques. (See [6] for details.)

4

Prediction of failure times

Another important aspect during tunnel construction is the monitoring of convergences to assess the adequate performance of the tunnel design (or of its support) and, when the support
is inadequate, to anticipate the likely onset of failure. In that sense, the literature shows that
convergences in rock tunnels might have a rheological behaviour that comprises the primary,
secondary and tertiary creep stages that are typical in rock samples subjected to a constant load
that is maintained over time and that leads to their failure [21]. As an example, Figure 4 shows
the evolution of convergences prior to the collapse in Ayas tunnel.
Here, we employ two methodologies that were previously proposed to anticipate the onset of
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Figure 4: Evolution of convergences prior to collapse in Ayas tunnel. (Data from [21])
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failure in rock slopes [13], with the goal of investigating whether they can also be used in the
context of tunneling. The methodologies are the inverse velocity (INV) method, which employs
rates of displacement or strain; and the slope gradient method (SLO). Both methods assume
that displacements prior to failure are “analogous to the terminal phase of tertiary creep” [13].
Therefore, assuming that we are working with tunnel convergences, we can model them as:
u = −B log (T f − t) +C,

(8)

where u are the convergences, t is the current time, and T f is the failure time. (B and C are
constants that depend on each application.)
Differentiating Equation (8), and rearranging terms, the following expression is obtained for the
INV method:
Tf − t
1
dt
=
=
(9)
v du
B
which suggests that the velocity is inversely proportional to the life expectancy, defined as
T f −t. Similarly, for the SLO method we can express T f as the slope of the relationship between
t(du/dt) and du/dt, as:
du
du
t
= Tf
− B.
(10)
dt
dt
To assess the validity of both methods in tunneling applications, the methodologies summarized by Equations (9) and (10) can be employed with the monitoring results of convergences
measured at tunnels that have suffered instability problems. In particular, we employ the convergence data measured at Ayas tunnel [21] shown in Figure 4.
Figure 5(a) presents the results of such analyses with the INV method, which produces an anticipated failure time of T f ≈ 90 days; whereas Figure 5(b) presents results computed with the
SLO method, which predicts a failure time of T f ≈ 92 days. When such results are compared
with the actual observation that “after 88 days” the tunnel “was broken” [21], they suggest that
both methods provide reasonable solutions. (Note that, although they could be slightly unconservative, in practice it seems unreasonable —and probably risky— to aim for a higher level
of accuracy.) They also suggest that, at least in this case, the INV method could be providing
slightly better results than the SLO method, with failure times predicted by the INV method
being closer to the actual failure-time than those predicted by the SLO method.

5

Conclusions

The monitoring and analysis of tunnel convergences is an important aspect for a safe and economic tunnel design and construction. This paper discusses two ways in which tunnel convergences can be employed to (i) update and improve empirical models for prediction of tunnel
convergences using newly observed convergence data, as it becomes available, and in the context of Bayesian analyses; and (ii) to anticipate the occurrence of failure at tunnel sections whose
convergences have entered the tertiary creep stage.
The objective of such analyses is to provide tunnel designers and contractors with additional
simple tools to improve the safety of tunnels and, following the philosophy of the geotechnical observational approach [16], to assure their adequate performance, so that, since they
can be used in (almost) real time, mitigation measures —for instance, the strengthening of the
support— can be taken if an inadequate behaviour is expected.
Results illustrate that the combination of prior and observed information within a Bayesian
approach is feasible to update and improve empirical models of tunnel convergence, so that
it is possible to adequately predict future convergences shortly after construction of a tunnel
section, hence providing interesting “early” information about the needs (or not) for tunnel
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Figure 5: Predictions of failure times for Ayas tunnel estimated with the INV and SLO methods
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support reinforcement. This is considered to have significant practical relevance, as it allows
designers to take earlier decisions, hence improving the safety of tunnels during construction.
In addition, and although more failure case histories with good-quality convergence data are
probably needed to further validate the approach, results suggest that both the INV and SLO
methods can be employed to predict likely failure-times for tunnels that have entered an accelerating tertiary creep stage, and that would be unstable unless additional mitigation measures
are taken.
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Abstract: In this paper, the resistance factors of bored piles socketed in weathered
rock were calculated and an analytical method based on Bayesian theory was used
to update the resistance factors of bored piles. Resistance factors were calibrated
based on the distribution of the measured-to-predicted pile ultimate bearing capacity
using the results of static pile load tests conducted to failure. The distribution of the
measured-to-predicted ultimate bearing capacity was updated based on Bayesian
theory to incorporate additional proof pile load test results. Using the measured-topredicted load distributions and the updated measured-to-predicted bearing capacity
distributions, resistance factors were updated following the first-order reliability
method (FORM). For the implementation of the LRFD in practice, a case study on
an actual bridge foundation design was comprehensively conducted. The result
showed that the LRFD method can contribute to economical foundation designs
based on the probabilities of foundation failure do not exceed the quantitative target
failure probability. Furthermore, Bayesian-implemented LRFD was found to give
more cost-savings than conventional LRFD by reducing margins of safety.

Introduction
In recent years, geotechnical design practice has been gradually challenged to replace the existing allowable strength design (ASD) with the limit state design (LSD). In Europe, the factored strength design (FSD) method has been established and used for a long time, and other
countries, including the USA and Canada, are gradually implementing load and resistance factor design (LRFD) for various geotechnical structures. Resistance factors are calculated from
reliability analyses for the load factors proposed in the design specifications, such as the
AASHTO LRFD bridge design specifications [1]. For the successful development of LRFD in
geotechnical practices, the uncertainty of resistance must be assessed using high-quality database. The uncertainty of the ultimate bearing capacities of piles is assessed by collecting and
analyzing a large number of pile load test results performed until pile failure.
Generally, for proof pile load tests, the maximum loads imposed on pile heads for static pile
load tests do not exceed twice their design loads; thus, most test piles designed using FS values
of 2 or greater are not likely to fail. Accordingly, the collection of a sufficient number of pile
load tests conducted to failure is difficult. However, this task is a prerequisite for the calibration
of reasonable and reliable pile resistance factors.
Bayesian theory can be used as an efficient method of updating reliability of a system or the
distribution of a design parameter, if limited data are available. Recently, the Bayesian approach
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has been used in geotechnical engineering problems as the rational basis of uncertainty assessments of design variables, loads, and resistances.
The use of drilled shafts has been increased year by year due to its economic efficiency and
constructability in vertical and lateral behaviors. Recently, resistance factors for static bearing
capacity of drilled shafts were calibrated in order to develop geotechnical LRFD codes in Korea
[2]. Thus, for the verification purpose, the LRFD pile design is presented for a real bridge foundation by using the developed resistance factors for drilled shafts. The purpose of this paper is
to update the resistance factors of bored piles based on Bayesian theory and to implement LRFD
of bored piles.

Distribution Update of Resistance Using Bayesian Theory
2.1 First Steps
Bayesian theory can be used to estimate the posterior distribution of the mean values of a problem variable from the specific likelihood and the prior distribution [3]. For a pile problem, the
distribution of resistance can be updated from its prior distribution (i.e., the distribution of
measured-to-predicted ultimate bearing capacity of a pile obtained from the results of pile load
tests conducted to failure) by combining the likelihood determined from additional proof pile
load tests and the Bayesian method.
Based on previous studies [4, 5, 6], the measured-to-predicted pile resistance (rM/P = ratio of
measured pile resistance RM to predicted pile resistance RP) is known to follow a lognormal
distribution. Therefore, the probability that the measured pile resistance RM exceeds the allowable pile resistance RA (= RP / FS) can be written as follows:
P  RM  RA   P  RM  RP / FS  P  rM/P  FS

(1)
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prior

prior

 

 d

(3)

where f prior(μ) and f post(μ) are the prior and posterior distributions of μ, respectively. The
updated distribution of rM/P can be obtained from the integral of the product of f post(μ) and the
within-site distribution f (rM/P  μ) of rM/P for a given μ [6]:







f  rM / P = f rM / P  f
0

post

  d

(4)

Resistance Factors of Bored Piles
3.1 Calculation of resistance factors
The resistance factors of drilled shafts socketed in weathered rock were calculated using 10
static pile load test results conducted to failure along with available subsurface investigation
and laboratory testing records [2]. The diameter of the test piles was in the range of 400 ㎜ to
1500 ㎜. The ratio of rock socket depth to pile diameter is in the range of 0.5 - 3.3. The FHWA
criterion (displacement of 5% of the diameter at pile head) to estimate failure load of a drilled
shaft from the load-displacement curve was adopted. Paikowsky [7] also claimed that the
FHWA criterion provided a reliable and simple failure interpretation. A majority of the selected
load test data reported only total bearing capacity without separating the values of shaft and tip
resistance because no load transfer readings along the pile shaft were made during the pile load
test. Hence, reliability analysis and resistance factor calibration were performed only for total
pile capacity. Predictions of bearing capacities of drilled shaft were made using Carter and
Kulhawy [8] method, which prediction equations for side resistance and end bearing resistance
are summarized in Table 1.
Table 1: Resistance prediction equation for bored piles
Resistance component

Equation
0.5

Side resistance

q 
f max =1.42pa  u 
 pa 

End bearing resistance

qmax =  s0.5 +(m? s0.5 +s)0.5  qu

Remarks
pa : atmospheric pressure
qu: uniaxial compressive strength of
intact rock
qu: uniaxial compressive strength of
intact rock
m, s : mass properties

The bias factor and COV of pile resistances (measured-to-predicted pile capacity) estimated
with the Carter and Kulhawy [8] method were 2.84 and 0.55, respectively, and its distribution
type was lognormal [2]. The calculated resistance factors using FORM method [9] for Carter
and Kulhawy [8] method were 0.70 and 0.54 for target reliability indices of 3.0 and 3.5, respectively.

3.2 Updated resistance factors
The sample size (10) of the static pile load test conducted to failure is not sufficient to represent
the characteristics of the population. The Bayesian approach may play an important role in
estimating the statistics regarding population if more information is possible from proof pile
load test results. Piles for proof pile load tests are typically loaded to twice their design loads
[10], but most do not fail. However, “whether a pile fails or not” in the proof pile load test can
be a valuable information for the distribution update of a pile's ultimate bearing capacity [6].
Thus, the additional pile load test results (i.e., the observed facts) contribute to produce a more
realistic distribution, a posterior distribution, of resistance. Bayesian updating technique is used
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to evaluate the resistance bias factor statistics by treating the static pile load test results conducted to failure as the prior and the proof pile load test result as the likelihood. Posterior resistance distributions can be produced using the Bayesian approach, which can be expressed as
in equation (4). As shown equation (4), given that bias factors, COVs, and distribution types of
resistance, the posterior a pile’s resistance distribution using proof pile load test results can be
assessed. Zhang and Tang [11] collected the within-site COV of driven pile capacities from
published literature, and the COV ranged from 0.12 to 0.28. However, the within-site COV of
drilled shaft capacity was not possible. In reality, due to the dynamic driving process, the soil
disturbance and soil parameter changes near the pile interface resulting from installations of
driven piles produce higher uncertainties compared with drilled shaft cases. Therefore, it is
acceptable to assume the lower within-site COV of rM/P for drilled shafts than that for driven
piles. For the resistance factor update, the assumed within-site COV for drilled shafts is 0.15
and rM/P is assumed to follow a lognormal distribution.
For the given prior distributions of rM/P, the posterior (or updated) distributions of rM/P can be
calculated based on the equation (4). If one proof pile load test is conducted at one site to verify
the pile design, and the test is not conducted to failure, then the updated bias factor and COV
of a pile resistance rM/P, were 2.88 and 0.51, respectively. Then, the updated resistance factors
reflecting the not-failed proof load test result are 0.79 and 0.62 for target reliability indices of
3.0 and 3.5, respectively.
This study employed the statistics of load bias factors reported in the AASHTO LRFD Bridge
Design specifications [1]: bias factor of dead load (QD) = 1.05, COV of dead load (COVQD) =
0.10, bias factor of live load (QL) = 1.15, and COV of live load (COVQL) = 0.20. And the ration
of dead load to live load (QD/QL) was chosen as 1.72 [12].

Implementation of LRFD of Bored Piles
4.1 Design Conditions
For the verification of calibrated resistance factors, a case study on an actual bridge foundation
designs using both the ASD and the LRFD methods was comprehensively performed.
m
m

m

m

m

m

m
Maritime work
Overland work

Figure 1: Figure of the bridge

As shown in Figure 1, the bridge is a 5-span, 464m long cable stayed bridge founded on drilled
shafts. The pile group supporting pylon 2 (PY2) was reviewed in this study in which the soil
profile at PY2 was available from borehole tests. The foundation of PY2 consists of 5 single
drilled shafts, which are average 55m long, with an outside diameter of 2,500 ㎜.
The typical soil profile in the bridge consists of reclaimed fill, deposit, weathered soil, and
weathered rock layers: the fill layer of clay with sand and/or gravel and clayey silt with gravel;
the deposit layer of clay, clayey sand with gravel, gravely sand with silt (clay), gravel with sand,
gravel with sand and silt; the weathered soil layer of mainly silty sand; the weathered rock layer
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with poor core recovery ratio and RQD. Table 2 shows the soil profile at PY2 pier used for the
analysis. The pile length is 55.0m and the pile is socketed into the weathered rock layer by
15.9m with 1.0m of casing socketed length.
Table 2: Soil profile at PY2
Depth
0.0 – 1.6
1.6 – 24.6
24.6 – 39.1
39.1 – 55.0

Soil layer
Reclaimed fill
Deposit
Weathered soil
Weathered rock

SPN N value
29/30 – 50/25
25/30 – 50/15
50/15 – 50/3

Remarks
Em = 40 MPa
Em = 150 MPa

4.2 Calculation of Design Loads
The pile foundation in this problem was planned to carry axial compressive loads of dead load
and live load, which then corresponded to the Strength I load factors and load statistics [1]. The
superstructure self-weight and second fixed load (such as pavement) were considered as dead
load, while the vehicle load of DB-24, DL-24 was considered as live load. The load combination of dead load (QD) and live load (QL) for the Strength I case [1] was the governing design
load case. And the effect of horizontal load and moment was relatively small in this case. The
calculated maximum design loads subjected to a pile cap for both of two design methods (ASD
and LRFD) are summarized in Table 3. Based on the calculated loads in Table 3, the design
loads subjected to a single pile for ASD and LRFD were evaluated as shown in Table 4. For
LRFD, the design load at pile cap was computed by applying load factors of 1.25 and 1.75 for
dead load and live load, respectively.
Table 3:Load distribution at pile cap
Load component
Axial (kN)
Horizontal (kN)
Moment (kNm)

Superstructure weight
(QD)
114,725
25
13,675

Superstructure live
load (QL)
5,355
270
7,250

Pile cap weight

Increased moment

22,050
-

1,328

Table 4:Design loads for a single bored pile
Design method
ASD
LRFD

Axial (kN)
29,662
37,849

Design loads on a bored pile
Horizontal (kN)
Moment(kNm)
60
881
100
1,250

Horizontal displacement
(mm)
1.0
1.5

4.3 Bored Pile Designs
The Carter and Kulhawy [8] method was used to estimate the ultimate bearing capacity of the
pile. The groundwater level was same as the level of ground surface. A factor of safety (FS)
of 3.0 was used for the ASD method. And for the LRFD, two sets of resistance factors (ϕ)
calibrated in this study were used: (a) resistance factors of 0.54 for target reliability index of
3.5, and (b) Bayesian-implemented resistance factors of 0.62 for target reliability index of 3.5.
Therefore, the analytical quantitative probability of failure for the pile foundation becomes
about 0.02% in the LRFD method, whereas the ASD method provides only nominal level of
safety. The unconfined compressive strength and RQD (rock quality designation) of weathered
rock were 36.7MPa and 37%, respectively. Then, the calculated ultimate side and end bearing
capacity of a drilled shaft using Carter and Kulhawy [8] method were 94,052 kN and 3,770 kN,
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respectively [2]. The results of pile foundation design using both the ASD and the LRFD formats are listed in Table 5.
Table 5:Comparison of bored pile designs by the ASD and the LRFD
Design method
ASD
LRFD
DL (kN)1)
29,662
37,849
FS or ϕ
3.0
0.54
UBC (kN)2)
97,822
97,822
DBC (kN)3)
32,607
52,824
Design ratio4)
1.10
1.40
1)
DL : design load
2)
UBC : ultimate bearing capacity
3)
DBC : design bearing capacity
4)
Design ratio : the ratio of design bearing capacity to design load

Bayesian LRFD
37,849
0.62
97,822
60,650
1.60

In Table 5, both the ASD and the LRFD yield higher design bearing capacities than the design
loads. As far as the design ratio defined as the ratio of design load to design bearing capacity
is concerned, the LRFD may have higher redundancy than the ASD. The design ratio for the
ASD, the LRFD, and the Bayesian-implemented LRFD were 1.10, 1.40, and 1.60, respectively.
Considering higher design ratio in the LRFD, it is expected that the rock socket length of the
drilled shaft can be reduced in the LRFD. Then, the rock socket lengths for the LRFD which
were required to produce the same design ratio with the ASD were calculated. Table 6 shows
the results of the adjusted rock socket lengths for the LRFD.
Table 6:Rock socket lengths of a bored pile for the same design ratio
Design method
DL (kN)1)
FS or ϕ
UBC (kN)2)
DBC (kN)3)
Design ratio4)
Rock socket length (m)

ASD
29,662
3.0
97,822
32,607
1.10
14.9

LRFD
37,849
0.54
76,992
41,576
1.10
11.6

Bayesian LRFD
37,849
0.62
67,058
41,576
1.10
10.0

As shown in Table 6, while the rock socket length of 14.9m was required to produce design
ratio of 1.10 for the ASD, the rock socket lengths were reduced from 14.9m to 11.6m and 10.0m
for the LRFD and Bayesian implemented LRFD, respectively, for the same design ratio (1.10)
of the ASD. It is noted that the ultimate bearing capacities for the LRFD methods were decreased from 97,822 kN to 76,992 kN and 67,058 kN for the LRFD and Bayesian implemented
LRFD, respectively. This implies that the LRFD method can result in cost savings and efficient
shaft construction. Furthermore, the implementation of Bayesian theory reflecting the result of
proof pile load test can contribute to more economical pile design by reducing margins of safety
as compared to those by the non-Bayesian implemented LRFD.

Conclusions
This paper aims to present the LRFD implementation of pile design using the developed resistance factors of bored piles. Because of the insufficient sample size, the Bayesian approach
was adopted to update resistance distribution reflecting the result of proof pile load test result.
The updated resistance factors reflecting the one not-failed proof load test result increased from
0.54 to 0.62 for target reliability index of 3.5. A case study on an actual bridge foundation
design using both the ASD and the LRFD is comprehensively conducted. The design ratio (ratio
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of design load to design bearing capacity) for the ASD, the LRFD, and the Bayesian-implemented LRFD were 1.10, 1.40, and 1.60, respectively. And the rock socket lengths were reduced from 14.9m to 11.6m and 10.0m for the LRFD and Bayesian implemented LRFD,
respectively, for the same design ratio (1.10) of the ASD. The result showed that the LRFD
could contribute to cost-savings with satisfying targeted reliability. Additionally, it may be concluded that implementation of Bayesian theory on LRFD can result in economical pile designs
by reducing margins of safety as comparing to those by the non-Bayesian LRFD.
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Ab
bstract: Thhe concept of
o observatiion updatin
ng or data assimilation can be useeful
in many geootechnical problems
p
bbecause they
y involve large uncerrtainties. This
stuudy proposees a method
d to estimatte posteriorr probability
y distributioon updated by
obbservation innformation based on P
Particle Filteer (PF). PF has a probllem known
n as
deegeneracy, which
w
is con
ncentrationn of weight of
o particles and causess the poor perp
foormance in the estimation of thee posterior probability. The propposed metho
od,
whhich is term
med as IPFGMM, usees Iterative Particle Fillter to easee the probleem.
IP
PFGMM is demonstrated through two numerrical examp
ples, i.e., ideentification of
stiiffness paraameter of tw
wo-degree-oof-freedom model and prediction oof ground sets
tleement updaated by obseervation datta of limited
d period. The model pparameters are
a
suuccessfully estimated
e
by
y small num
mber of partticles in the both exampples.

1 Inttroductioon
When ggeotechnicaal infrastrucctures, e.g.., road emb
bankments, railway eembankmen
nts, river
levees, and earth-ffill dams, arre constructted on soft clay found
dations, the major geottechnical
d
n of the gro
ound. The prediction
p
oof the magn
nitude of
concernn is the imppact of the deformation
the setttlement is critically important
i
iin construcction workss. Althoughh the accu
uracy of
numericcal simulattions relies greatly onn the estim
mation of the soil pparameters and the
initial/bboundary conditions, reliable sooil parameeters canno
ot always be obtaineed from
laboratoory tests or
o in situ tests.
t
Thuss, initial/boundary con
nditions aree sometimes quite
uncertaiin in practiical geotech
hnical probblems, wherreby compaarisons betw
ween prediccted and
observeed settlemennts often show a considderable lack
k of agreem
ment, in spitte of a great deal of
discussiion and the research.. To cope with thesee problems, the conccept of obsservation
updatingg or data assimilation, which iis focused on in thiss study, caan be usefu
ful. Data
assimilaation with Particle
P
Filtter has attraacted attention to updaate simulatiion model based
b
on
the obseerved data [1][2].
[
Parrticle Filter can be interrpreted as M
Monte Carlo
o simulation
n approach ffor inverse problem.
Particle Filter is allso useful for
f Bayesiaan reliability
y update with observaation inform
mation in
additionn to identifiication of model
m
param
meters [3][4
4]. Particle Filter,
F
howeever, has a problem
known as degenerracy, which
h is concenntration of weight of particles annd causes the
t poor
perform
mance of thee identificatiion or reliabbility estimaation. Many
y methods aare proposed
d to ease
the deggeneracy problem. How
wever mos t of them are approximate approoach which
h cannot
conservve probabiliistic naturee of the uupdated mo
odel exactly
y because the approx
ximation
deformss the probabbility naturee of updateed model. Such
S
approx
ximation maay be usefu
ul for the
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parametter identificcation or up
pdating, how
wever, it causes serious influencce on the reeliability
estimatiion.
Thiis study prooposes a method
m
to esstimate postterior probaability distrribution upd
dated by
observaation inform
mation exacctly and eaase the deg
generacy problem of PParticle Fillter. The
proposeed method uses
u
iterativ
ve Particle F
Filter and Gaussian
G
Mixture Moddel, which iss termed
as IPFG
GMM. The proposed algorithm,
a
IP
PFGMM, is demonstrated througgh the identtification
of stiffnness parameeter of two-degree-of- freedom model and prrediction off ground seettlement
updatedd by observaation data of limited peeriod.

2 Ou
utline of IPFGMM
I
M (Iterattive Partiicle Filterr with Gaaussian
Miixture Model)
M
2.1 A
Algorithm of
o Particlee Filter
State sppace model consists off two proceesses, namelly time upd
dating proceess and obsservation
updatingg process. The time updating
u
proocess is thee one step ahead
a
prediiction based
d on the
informaation at (k-1)-th step. Th
he predictedd state vecto
or is,
(1)
xk/k-1=F(x
(xk-1/ k-1 , wk )
where wk is system
m or proceess noise thhat is invollved in thee predictionn process in
ncluding
modelling error efffects or un
nforeseen diisturbances.. State vecttor xk-1/k-1 iss model parrameters
with unncertainties at (k-1)-th step,
s
whichh is updated
d reflecting observation
o
n data up to
o (k-1)-th
step. IIt is assumeed that obsservation innformation zk is a fun
nction of sttate vector xk/k and
observaation noise vk as,
(2)
zk=H
H(xk/k, vk )
The PD
DF (Probabillity Density
y Function) of these no
oises, p(wk) and p(vk) aare assumed
d known
and indeependent. Updating
U
of state vectorr xk/k from xk/k-1 with zk is called obbservation updating
u
process. When the state and ob
bservation eequations arre linear and noises aree Gaussian, Kalman
Filter algorithm prrovides exaact solutionn. The real world prob
blems, how
wever, often involve
nonlineaarity and noon-Gaussian
n noises.
Thee filtering algorithm based
b
on M
MCS attraccted attentio
on for nonnlinear and//or nonGaussiaan problemss. It starts by
y assuming samples drawn from th
he distributiion at (k-1)--th step,
( j)
x k 1/ k 1 ~ p( x k 1 | Z k 1 ) ,
j  1,, ,n (3)
Z k 1  ( z1 , z 2 ,  , z kk 1 )
(4)
The supperscript (j) denotes th
he generatedd j-th samplle realizatio
on. The prob
obability cum
mulative
distribuution P(xk-1|Z
Zk-1) can be naturally exxpressed ap
pproximatelly by the gennerated sam
mples.
n
( j)
1
P( x k 1 | Z k 1 )   U ( x k 1  x k 1 / k1 )
(5)
n j 1
where U is step funnction. The approximatte PDF is ob
btained by differentiati
d
ion as to x.
n
( j)
1
p( x k 1 | Z k 1 )    ( x k 1  x k 1 / k 1 )
n j 1

(6)

where  denotes Dirac dellta functionn which is derivativ
ve of step function U. This
approximation form
m of PDF with
w sample realizations is called as
a empiricall PDF. The samples
of k-th step before observation
n updating are obtaineed by simply
y substitutinng the samp
ples into
Eq. (1)
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x k( /j )k 1  F ( x k( j 1) / k 1 , w k( j ) )

(7)

The empirical PDF of k-th step before updating is similarly estimated by the sample
realization.
1 n
(8)
p( x k Z k 1 )    ( x k  x k( /j )k 1 )
n j 1

The PDF after the updating is obtained by using Bayesian theorem.
p( x k | Z k ) 

p ( x k , z k | Z k 1 )

p ( z k | Z k 1 )

p ( z k | x k , Z k 1 ) p ( x k | Z k 1 )

(9)

 p( z k | x k , Z k 1 ) p( x k | Z k 1 )d x k

Substituting Eq. (8) into Eq. (9), we have
1 n
( j)
  ( x k  x k / k 1 )
n j 1
p( x k | Z k ) 
1 n
p
(
z
|
x
,
Z
)
 ( x k  x k / k 1( j ) )d x k
 k k k 1 n 
j 1
p ( z k | x k , Z k 1 )

(10)

Eq.(10) can be integrated by using the nature of a delta function.



( j) 
n
q
( j)
( j)
( j)
 ( x  x
p( x k | Z k )    n k
)

a k  ( x k  x k / k 1 )

k
k / k 1


(
)
i
j 1
j 1
  qk 
 i 1

n

where,

ak( j ) 

qk( j )
n

q
i 1

(12)

(i )
k

qk

( j)

(11)

( j)

 p( z k | x k / k 1 )

(13)

The term ak(j) represents weight (likelihood ratio) of sample j after updating.
When a new observation is available, the weights are calculated again and the approximate posterior PDF is sequentially updated. A new set of samples xk/k(j), j=1, n, is obtained by
resampling independently n samples from xk/k-1(j) proportional to the weight ak(j). The set of
sample realization approximates updated PDF p(xk|Zk).
1 n
(14)
p( x k Z k )    ( x k  x k( j/ )k )
n j 1
The procedure of PF can be summarized as follows,
1) Generate sample realization based on the initial PDF, x0/0(j), j=1, n
2) Perform time updating process with Eq. (7)
3) Calculate weight (likelihood) of each sample with Eqs. (12) and (13) based on given observation data
4) Re-sample according to normalized likelihood (weight)
Go to step 2)

2.2 Degeneracy of Particle Filter (PF) and Iterative Particle Filter with Gaussian Mixture Model (IPFGMM)
In observation updating process by PF, the likelihood (weight) of each sample is estimated.
The likelihood expresses the fitness between observed data and calculated one. The estimated
likelihood of specific sample sometimes becomes very large especially when the assumed
process noise and observation error (w, v in Eq.(1)(2)) are small. In such a situation, accuracy
of estimated probability nature is deteriorated significantly. Consequently the confidence in
2679

the estim
mated PDF
F deterioratees because many partiicles have normalized
n
weights which
w
are
very cloose to zero.. This phen
nomenon is called as weight
w
degeeneracy or ssample imp
poverishment. T
The degree of degeneracy can be estimated by followin
ng indicatorr, effective number
Neff [2].
N eff 

1

 a 
n

i 1

(15)

( j) 2
k

ak(j)

where
is likelihood ratio
o in Eq.(122). When likelihood
l
of all sampples are saame like
(jj)
ordinaryy MCS, wee have ak =1/n, conssequently Neff=n. Wheen likelihoood of one specific
sample is 1.0 and thhose of the other are 0..0 as opposiite extreme case, we haave Neff=1.
Thiis study prooposes a method to esstimate postterior probaability distriibution exaactly and
ease thee degeneraccy problem of Particle Filter. Thee method usses iterativee Particle Filter and
Gaussiaan Mixture Model (GM
MM). GMM
M is widely known as
a a useful method to express
compliccated probabbility distrib
bution by ssuperpositio
on of severaal Gaussian probability
y density
functionns. Parametters of GMM
M like mixtture ratio, mean
m
vectorrs and covaariance matrrices are
evaluateed by Expecctation and Maximizatiion Algorith
hm (EMA) [5]. Modifiied EMA which
w
can
consider the weighht of particlees is formulaated and used in the proposed metthod.
Thee proposed method is referred aas IPFGMM
M (Iterative Particle Fiilter with Gaussian
G
Mixturee Model). The algorithm
m of IPFGM
MM can be summarizeed as follow
ws,
1) Initiaal particles generation
g
(i=0)
(
Partiicles (samples) are geenerated bassed on prio
or PDF. Laarge s0 (staandard deviiation of
obserrvation erroor) is assum
med to avoidd the degeneeracy probleem.
2) Bayeesian updateed by observ
vation
Weiggh of particlles are estim
mated accorrding to ord
dinary Particcle Filter proocedure. Deetermine
si succh that si < si-1 and degeneracy is nnot serious (control
(
by Neff in Eq.( 15)).
If si = strue annd Neff is larrge enough,, then stop the
t calculatiion, otherwiise go to next step.
3) Tentative posterrior PDF
Evaluuate tentativve posteriorr PDF basedd on weightted particless by GMM, EM algoritthm
4) New
w particles geeneration
New
w particles are
a generated by the tenntative postterior PDF modeled byy GMM. Weight
W
of
particcle is estim
mated by thee tentative pposterior PD
DF(sampling
g function) and prior PDF
P
like
ordinnary importance sampliing.
5) Go too Step 2
Forrmulation of
o EM algorithm is om
mitted in th
his paper. For
F the detaails, please refer to
Dempstter et.al [5] or Yoshida et.al [6].

3 Nu
umerical Examplee with Tw
wo-Degreee-of-Freeedom M
Model
3.1 O
Outline of Model
M
The prooposed Bayeesian updatte algorithm
m IPFGMM
M is demonstrated throuugh applicattion to a
simple two-degreee-of-freedom
m model, w
which is orriginally presented in Beck and Au [7].
Straub aand Papaioannou [8] demonstrate
d
es Bayesian
n update wiith this twoo-degree-of--freedom
model by their proposed
p
method
m
BU S (Bayesiaan Updatin
ng with Strructural Reeliability
Methodds). The maasses m1 and
d m2 are givven by 165
50kg, 1610k
kg. Unknow
wn parameteers x for
update aare coefficieent to stiffn
ness of the m
model. The stiffnesses
s
are
a paramettrized as
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c1
c2
(1)) Prior probabbility density function
f

c1
c2
(2) Posterior prrobability denssity function

Figure 1:
1 Probabilityy density functtion of model parameters,
p
coefficients
c
forr stiffness

(1) 1st, St.D
Dev.=0.30

(2) 2nd,, St.Dev.=0.155

(3) 3rd,
3 St.Dev.=0
0.10

(4)) 4th, St.Dev.=
=0.0625

Figgure 2: Conveergence proceess by IPFGM
MM (Iterative Particle
P
Filterr with Gaussiaan Mixture Model)
M
St.Devv.=Standard Deviation
D

k1  c1 k1 , k 2  c2 k 2

(16)

where thhe nominall value for the
t stiffnesss are given by k1  k 2  29.7 106 N
oint prior
N/m. The jo
distribuution of coefficients c1 and c2 iis assumed
d to be thee product oof two Lo
ognormal
distribuutions with most
m probab
ble values 1.3 and 0.8 respectivelly and unit standard deeviation.
Observaation inform
mation are natural freqquency of the
t model, 3.13, 9.83 Hz. The unknown
u
vector x and observvation vecto
or z are denooted by,
~
 f1 
 c1 



x   , z   ~ 
(17)
 c2 
 f2 
The possterior PDF is formulatted as,

  J ( x) 
pD (x ) 
 exp
p0 ( x)
2
 2s 

(18)

where s is the stanndard deviation of obs ervation errror that is assumed
a
to be 1/16 (=
=0.0625),
and J(x)) is a function of fitness between oobservation and calculaation.
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(1) Coeffficient to stifffness c1

(2) Coefficient
C
to stiffness c2

F
Figure
3: Convergence proccess of posterrior cumulative distribution

(1) Coeefficient to stifffness c1

(2) Coefficiennt to stiffness c2

Figure 4: To
otal number off particles=40
00, posterior cumulative
c
disstribution
with 3 diifferent seeds of random nu
umber

(1) Coefficient
C
to
o stiffness c1

(2) Coefficient
C
to stiffness c2

F
Figure
5: Tota
al number of pparticles=800
0, posterior cu
umulative distrribution
with 3 diff
fferent seeds off random num
mber

2

 f j2 ( x ) 
J ( x )    ~ 2  1
(19)
f
j 1 

 j

Natural frequenciess of the mod
del are calcuulated from
m the massess and stiffneesses as folllows.
2
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f1 

1
2

k1m2  k 2 m1  k 2 m2  c
,
2m1m2

f2 

1
2

k1m2  k 2 m1  k 2 m2  c
2m1m2

(20)

where, c  (k12 m22  2k1k 2 m1m2  2k1k 2 m22  k 22 m12  2k 22 m1m2  k 22 m22 ) 0.5

3.2 Estimated posterior distribution

Settlement (m)

Embankment height (m)

y (m)

The posterior probability density function (PDF) of unknown vector x stated in former section
cannot be obtained analytically. However the number of unknown parameter is only two.
Thanks to the low dimensionality, posterior PDF is easily obtained numerically. Figure 1
shows prior and posterior PDF of the unknown parameters. Posterior PDF has two peaks (bimodal nature). Figure 2 shows the convergence process by IPFGMM. 100 particles ("sample"
is called as "particle" in PF) are generated in each iteration. In the first iteration, standard
deviation of observation error (St.Dev.) is 0.3 though the true St.Dev. is 0.0625(=1/16) in the
original problem setting. In the following iterations, 0.15, 0.10 and 0.0625 are used for
St.Dev. of observation error. The original value 0.0625 is used in the fourth iteration. The
total number of function call (particle) is 400. Generated particles in each iteration are shown
in Figure 2. It can be observed that the particles are gradually concentrated to the two points.
The bi-modal nature of the posterior
5
Embankment
distribution can be clearly observed in the
figure.
Observation Point
0
In order to discuss the accuracy of
obtained posterior distribution, marginal
-5
cumulative distributions (CDF) in all
iteration steps are shown in the Figure 3.
-10
The true CDF is also shown in the figure,
0
10
20
30
which is calculated by numerical
x (m)
integration. The obtained CDF in each
(1) FEM model and observation points
iteration gradually approaches to the true
5
CDF. The comparison with the true CDF
4
reveals that the shape of the distribution
3
around the two modes is well captured by
2
the particles, though small difference
1
from the true CDF is observed.
0
Simulation result by MCS-based0
20
40
60
80
100
method like Particle Filter depends on
Elapsed time (day)
seed of random number. Three runs are
(2) embankment plan
performed with different seed of random
Elapsed time (day)
number. Three CDFs obtained in forth
0
200
400
600
800
1000
0.00
iteration are shown in Figure 4. Large
scatter from the true CDF is seen in the
Synthetic observation data
0.05
figure. This scatter could be reduced by
increasing the number of samples. Figure
0.10
5 shows CDFs obtained in the same way
with 200 particles in each iteration,
0.15
(3) Settlement at observation point
namely total 800 particles. The scatter is
Figure 6: Model for settlement prediction
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(1) Initiaal particles (unniform distribu
ution) of model parameters

(2) Updatted particles in
n 3rd iteration
n

(3) Updatedd particles in 4th iteration
Figuure 7: Converrgence processs of model paarameters of IP
PFGMM, 100
0 particles at eeach iteration with
observatiion data up to
o 400days,
Standardd deviation off observation eerror=0.05, 0..02, 0.01, 0.01
1, red lines: trrue values

reducedd due to the increase off the numberr of particlees.

4 Ap
pplication
n to Settllement Prediction
ns
4.1 O
Outline and
d Simulatiion Setup
The preediction of thhe magnitude of the seettlement is critically im
mportant in constructio
on works.
Concept of observvation updaating is useeful to obtaain reliable predictionn of the setttlement.
Figure 66(1), (2), annd (3) show
w the finite eelement meesh model fo
or the prediiction of setttlement,
construcction proceess of the embankmen
e
nt, and syntthetic obserrvation dataa, respectively. The
foundattion groundd is assumed
d to be sofft clay, and its mechan
nical behavvior is simu
ulated by
soil-watter coupled finite elem
ment methodd with the Cam-clay
C
model.
m
Figurre 6(3) indiccates the
time-setttlement currve observeed at the groound surfacce under thee shoulder oof the embaankment,
which iis shown inn Figure 6(1) and it iss used as observation
o
data for thhe update of
o model
parametters by IPFG
GMM. The simulationn model for the clay fou
undation ussed in this example,
e
the Cam
m-clay moodel, is thee most fam
mous consttitutive mo
odel and ccommonly used in
geotechhnical practiice. Shuku et al. [9] reeported thatt Particle Fiilter with im
mportance sampling
s
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(1) Obbservation up to
t 100 Days

(2) Obs ervation up to
o 400 Days

(3) Observ
rvation up to 800
8 Days

F
Figure 8: Preddiction of settleement at 10000 Days, 100 pa
articles for ea
ach iteration, rred lines: truee values

algorithhm can be effective in
n parameterr identificattion of the Cam-clay model because the
model sshows nonliinear and no
on-Markov bbehavior.
Thee compressiion index l,, the swellinng index k1, the coefficient of perrmeability k2 (m/d),
and the void ratio e are the parameters
p
to be identtified. The true valuess of the parrameters,
which aare used forr the calculaation of thee observatio
on data in Figure
F
6(3), are l=0.2, k1=0.02,
k2=-4, aand e=1.2, reespectively.

4.2 Id
dentification of Mod
del Param eter and Prediction
P
of Settlem
ment
Three cases of upddate with observation up to 800, 40
00, 100 day
ys are perforrmed. It is observed
o
t
the preediction bassed on obseervation up to 800 day
ays is easy, but one
from Fiigure 6(3) that
based oon up to 100 days is difficult.
d
Paarticles of th
he parameteer sets are generated by
b using
uniform
m distributioons (prior in
nformation).. The rangess of the gen
nerated paraameters are 0.1 - 0.4
for l, 0.001 - 0.04 foor k1, -7 - -2
2 for ln(k2), and 0.4 - 1.6 for e. Staandard deviiaion of obsservation
error is assumed to
t be 0.01. If the true standard deviaion
d
0.0
01 is used iin ordinary
y PF, we
m. IPFGMM
M with threee iteration iss used to easse the probllem. The
encountter degeneraacy problem
standardd deviationns are 0.05,, 0.02., andd 0.01 for 1st, 2nd and 3rd iterration of IP
PFGMM
respectiively.
Figgure 7(1) annd (2) show initial and updated disstribution in
n 3rd interaation of partticles for
each paarameter whhen observation data upp to 400 day
ys and 100 particles foor each iteraation are
used. Inn order to improve
i
acccuracy, 4th iteration iss added witth stadard ddeviation 0.01. The
obtainedd distributioons are shown in Figur
ure 7(3). The true valuees are indiccated with red lines.
Settlem
ment at 10000 days is prredicted bassed on thesse particles. Figure 8 sshows prediiction of
8 days. Th
he predictedd settlementt is close
settlemeent with obsservatin datta up to 1000, 400 and 800
to true oone and thee uncertianty in the preediction is small
s
when observation
on up to 800
0 days is
used. W
When observvation data up
u to 100 ddays is used
d, the figure shows largge uncertain
nty in the
prediction, which means thatt reliable prrediction iss difficult. The difficuulty is exprressed in
terms off variation of
o the settlement predicction depen
nding on the quantity off observatio
on data.

5 Coonclusion
ns
Observaation updatting or dataa assimilatiion has recently attraccted attentioons in man
ny fields
includinng geotechnnical probleems becausee they invollve a lot off uncertaintiies. This stu
udy proposes a method, Iteerative Particle Filter w
with Gaussiian Mixture Model, IPFFGMM, to estimate
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posterior probability distribution updated by observation information. IPFGMM is
demonstrated through the identification of stiffness parameter of two-degree-of-freedom
model and predicton of settlment of soft ground. The posterior CDF obtained by IPFGMM
captures the nature of bi-modal posterior distribution successfully with small number of
particles compared with ordinary PF in the first example. In the second exaple, uncertainties
in identified four model parameters and predicted settlement are evaluated depending on
length of observation period. Though the total number of function call (particle size, or
sample size) is 400 particles, the identification and prediction are successful when enough
observation data is provided.
IPFGMM might have difficulty for problems that have many local maximum points in
their PDF. More sophisticated methods such as BUS [8], should be used for such special
problems, which, however, may be rare in real world problems.
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Mobilization of Spatially Variable Shear Strength
Jianye Ching, Yu-Gang Hu, and Mohammad Tabarroki
Department of Civil Engineering, National Taiwan University

Abstract: This paper focused on the mechanism of the “mobilized shear strength”
of a spatial variable soil mass. The mobilized shear strength of a soil mass is the
shear strength that is actually “felt” by the geotechnical structure. Numerical evidences have shown that the mobilized shear strength is not the average shear
strength over any prescribed domain. It is the spatial average along the critical slip
curve. In a spatial variable soil mass, the critical slip curve is not a prescribed
curve but an emergent curve that depends on the random field realization. Therefore, it is very challenging to predict the mobilized shear strength because the location of the critical slip curve is not a prescribed curve.

1 Introduction
Soil shear strength in the field generally exhibits some degree of spatial variability, and spatial variability is usually modeled by a stationary random field. Vanmarcke [1] showed that
the averaged property of a random field over a region has a mean value identical to the point
mean, while the variance is less than the point variance. Vanmarcke’s definition of a spatial
average is purely based on an integral of the random field over a given prescribed volume.
The rationale is that the “mobilized” shear strength of a soil mass for a particular problem is
governed by the spatial average along a slip curve and this spatial average is more relevant
than the value at a point. There appears to be an implicit assumption that the spatial average
defined along a prescribed slip curve is comparable to the spatial average defined along a critical slip curve that depends on mechanics (equilibrium, compatibility, and constitutive relations) and boundary conditions. It is clear that this critical curve is fundamentally different
from an arbitrary trial slip curve that is prescribed rather than emerging as an outcome of a
finite element or similar analysis. However, it is unclear at this stage if this fundamental difference would produce mobilized strengths that are significantly different from simple
Vanmarcke-type spatial average strengths.
The key objective of this study is to elucidate this important query. The comparison between
the mobilized shear strength and Vanmarcke-type spatial average strength is conducted
through random field finite element analyses (RFEA). A soil domain is divided into finite
elements with shear strengths specified by realizations of a random field. The mobilized shear
strength of the domain is simulated by RFEA. For simplicity, only the  = 0o condition is considered, i.e., an undrained clay with shear strength f = undrained shear strength. Comparison
between the mobilized shear strength and the spatial average will be investigated in two stag-
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es: (a) the mobilized shear strength versus the spatial average over a prescribed domain; and
(b) the mobilized shear strength and the spatial average over the critical slip curve. As to be
expected, significant discrepancy between the mobilized shear strength and the spatial average exists in the first stage. Nonetheless, agreement exists in the second stage.

2 Random Field and Spatial Averaging
Stationary random fields are widely used primarily because the amount of measured data
available in most site investigations would only permit characterization under this secondmoment (weak) stationarity assumption. A two dimensional stationary random field for shear
strength f(x,z) can be characterized by its point mean value = , point variance = 2, and auto-correlation function. The auto-correlation function of a stationary random field f(x,z) is
defined as the correlation between two locations with lag distance of x and z:

  x, z  

COV  f  x, z  , f  x  x, z  z  
Var  f  x, z    Var  f  x  x, z  z  

(1)

where Var(.) denotes variance; COV(.,.) denotes covariance. Note that  is not a function of
the absolute spatial coordinate, (x,z). A common auto-correlation model widely used in the
geotechnical engineering literature is the single exponential model:

  x, z   exp   2 x x  2 z z 

(2)

where x and z are respectively the scales of fluctuation (SOF) in the x and z directions. It is
clear that the correlation decreases as x and z increase. This is consistent with measurements taken from natural soils: soil properties are strongly correlated within a small interval
but are weakly correlated over a large interval. The SOF is the correlation length, i.e. the
length scale within which two locations are significantly correlated.
Vanmarcke [1] pointed out that the spatial average of soil properties over a region D has a
mean value identical to the point mean  but has a variance smaller than the point variance 2.
Let the region D be a rectangular domain defined by [x0 x0+x] and [z0 z0+z]. The variance
of fD is smaller than the point variance 2 due to the cancellation of variability through spatial averaging. To quantify the spatial averaging effect, Vanmarcke (1977) further defined a
variance reduction factor which is equal to the variance of fD divided by the point variance:
 2D  Var  fD  2

(3)

Using the single exponential model in Eq. (2), Vanmarcke [1] showed that
 2x
 2x  
 2D  
 1  exp  

 x  
 x

 2z  
2x 2  2z

 1  exp  

2
x
 z 
 z

2z 2
2z

(4)

Although Vanmarcke’s theory provides useful closed-form solutions for the mean value and
variance of a spatial average, it is not clear if the mobilized shear strength is the same as fD in
the first instance.
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To verify this, RFEA is conducted for some physical problems on spatial variable soils. Two
sets of finite element analyses (FEA) will be conducted. The first set considers a spatially
variable soil whose f is simulated by a random field. The outcome of this first set of RFEA is
called the “actual response”. It is the reference or actual response of the spatially variable soil
that is based on the mobilized shear strength. The same f random field is then averaged over
a prescribed domain of interest to obtain the f spatial average. The second set of FEA then
considers a homogeneous soil whose f is equal to the spatial average. The outcome of this
second set of FEA will be referred to as the “spatial average response” that is based on the
spatial averaging. This response is then compared to the actual response simulated by the
RFEA. It is clear that the mobilized shear strength is the same as fD if and only if actual response is the same as the spatial average response. Two types of averages (arithmetic and
geometric averages) have been studied, but only the results for the arithmetic average will be
presented. The conclusions for the geometric average are qualitatively similar.

3 Comparison between Actual and Spatial Average Responses
Two physical problems are considered: (a) a soil column and (b) a retaining wall.

3.1 Soil Column
The RFEA model for the soil column is a rectangular area of size Lx  Lz = 48 m  12.8 m
(Figure 1a). The soil column is subjected to two loading conditions: (a) a vertical compression
loading similar to that in the unconfined compression test, except that the soil column is in a
plane-strain condition; (b) a shear loading similar to that in the direct simple shear in a planestrain condition. The undrained shear strength f(x,z) is simulated as a stationary lognormal
random field with mean value  = 20 kN/m2 and coefficient of variation (COV) = / = 0.3.
The yield compressive and shear stresses are identified. This yield stresses, respectively denoted by ym and ym for compression and shear, are interpreted as the actual responses that
are based on the mobilized shear strength. For the spatial average response, the spatial averaging over the entire rectangular area of size LxLz is considered. The arithmetic average of the
f values for all elements is first simulated based on the same random field realization used to
simulate ym and ym, and a homogeneous FEA is simulated to obtain the spatial average responses, denoted by yRA and and yRA (RA means ‘rectangular average’).

3.2 Retaining Wall
The RFEA model for the retaining wall is shown in Figure 1b. In the RFEA, Pa is simulated
as the limiting thrust acting on the retaining wall when the wall moves away from the soil.
The undrained shear strength f(x,z) is simulated as a stationary lognormal random field with
mean value  = 20 kN/m2 and COV = 0.3. The soil unit weight is 20 kN/m3. The simulated Pa,
denoted by Pam, is the actual response that is based on the mobilized shear strength. For the
spatial average response, the arithmetic average along the 45º line in Figure 1b is considered.
The arithmetic average is first simulated based on the same random field realization used to
simulate Pam, and a homogeneous FEA is simulated to obtain the spatial average response.
This spatial average response is denoted by PaLA (LA stands for ‘line average’). Other spatial
averages are considered elsewhere [2], but the conclusions are similar.
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(a) Soil column
(b) Retaining wall
Figure 1 RFEM models for the two problems

3.3 Comparison Results
The comparison between the actual and spatial average responses for isotropic cases with x =
z =  is presented in this paper. The conclusions for anisotropic cases are qualitatively similar
[2]. Figure 2 compares the actual and spatial average responses for the soil column and retaining wall problems for some selected SOFs. Results for cases with very large SOFs are not
shown, because they are close to homogeneous cases and are less interesting. It is clear that
the two sets of responses generally have different numerical values. From Figure 2, it seems
that the two sets of responses are the least consistent for the soil column. For the soil column
problem, there is very little constraint for the location of the critical slip curve. It does not
need to pass through some fixed point.

(a) Soil column subjected to compression
(b) Soil column subjected to shear (c) Retaining wall
Figure 2 Comparisons between the actual and spatial average responses

Based on the above observations, the following conclusions are summarized:
1. In general, the actual response is not the same as the spatial average response. This implies that the mobilized shear strength is not the same as the spatial average of any prescribed domain. In fact, Vanmarcke’s theory of spatial average is never intended to cover
the mobilized shear strength studied herein.
2. The mismatch between the actual response and the spatial average response is less significant for problems with highly constrained slip curves (e.g., retaining wall) and is more
significant for problems with unconstrained slip curves (e.g., soil column).
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4 Spatial Average Response by Averaging along Critical Slip Curve
In the previous section, it was shown that the actual response is not the same as the spatial
average response when the spatial average is taken over a prescribed domain. In this section,
numerical evidences will illustrate that the actual response is very close to the spatial average
response when the spatial average is taken over the critical slip curve. That is to say, the mobilized shear strength is indeed the spatial average over a certain domain. However, this domain is not a prescribed one. By definition, the critical slip curve is the curve producing the
lowest factor of safety among all possible curves for a given spatially variable realization of a
random field. It depends on mechanics (equilibrium, compatibility, and constitutive relations)
and boundary conditions. It is clear that this critical slip curve is fundamentally different from
an arbitrary trial slip curve that is prescribed rather than emerging as an outcome of a finite
element or similar analysis.

4.1 Soil Column
For each realization of random field, an axial compression or simple shear is simulated by
RFEA to failure. At the point of non-convergence, the stress states for all elements are recorded. A sophisticated algorithm is then taken to identify the slip curve where shear failure
actually occurs. This algorithm employs the safety factor (SF) defined by [3]. A global search
algorithm based on the particle swarm optimization (PSO) [4] is taken to find the curve with
the minimum SF, i.e., the critical slip curve. The details of this global search algorithm are
presented elsewhere [5]. The final optimal curve is found to have SF fairly close to 1 and often coincides with the plastic zone predicted by the RFEA. Moreover, the curve has an inclination angle of about 45o for compression and about 0o for shear. The trajectory of the critical
slip curve generally follows the mechanical rule (45o for compression and 0o for shear). The
elements that the critical slip curve passes through are identified, and the assigned f values of
these elements are then averaged with weights proportional to the traversing lengths. This
average value is therefore the spatial average along the critical slip curve, denoted by fCA
(CA stands for ‘average along the critical slip curve’). The corresponding spatial average response for the soil column subjected to compression is denoted by yCA. It is equal to 2fCA
because the compressive strength for an undrained clay is 2 times the undrained shear strength.
The corresponding spatial average response for the soil column subjected to shear is denoted
by yCA. It is exactly equal to fCA. Figure 3a compares the actual response ym with the spatial
average response 2fCA, whereas Figure 3b compares the actual response ym with the spatial
average response fCA. It is clear that now the two sets of responses have very similar numerical values, regardless of SOFs. Figure 3 is in significant contrast with Figure 2a and 2b, where
the actual response and spatial average response have fairly different numerical values. The
main difference is that the spatial average response in Figure 3 is based on the average along
the critical slip curve. This indicates that the mobilized shear strength is very close to the spatial average along the critical slip curve.

4.2 Retaining wall
For each realization of random field, the method of slices developed by [6] is adopted to find
the critical slip curve for the retaining wall problem. The critical slip curve can be nonlinear
and noncircular. However, it is found that the trajectory of the critical slip curve is typically

2691

roughly straight and inclines at an angle of , and  does not significantly deviate from 45o,
the inclination angle for the classical slip line. The averaged shear strength along the critical
slip curve is then determined, and we denote this averaged shear strength by fCA. The thrust
on the wall can be determined by the force equilibrium on the triangular wedge formed by the
critical slip curve. The resulting thrust is considered as the spatial average response, denoted
by PaCA, that is based on fCA. Figure 3c compares the actual response Pam with the spatial
average response PaCA. This figure can be compared with Figure 2c. It is now clear that the
two sets of responses are similar in their numerical values. This indicates that the mobilized
shear strength is close to the spatial average along the critical slip curve. There are few cases
that significantly deviate from the 1:1 line. Those cases are associated with the occasions
where the critical slip curve is obviously not straight.

(a) Soil column (compression)
(b) Soil column (shear)
(c) Retaining wall
Figure 3 Comparisons between the actual and spatial average responses (spatial average evaluated along the
critical slip curve).

Based on the above observations, the following conclusions are summarized:
1. The mobilized shear strength is very close to the spatial average along the critical slip
curve. The critical slip curve is an emergent curve that depends on the random field realization, not a prescribed curve.
2. Although emergent, the trajectory of the critical slip curve typically does not deviate significantly from the classical slip curve.

Conclusions
Numerical evidences from random field finite element analyses (RFEA) showed that the mobilized shear strength is not the same as the spatial average over a prescribed domain
(Vanmarcke-type spatial average). It is the spatial average along the critical slip curve. However, in a spatial variable soil mass, the critical slip curve is not a prescribed curve but an
emergent curve that depends on the random field realization. It is challenging to predict the
mobilized shear strength because the trajectory of the critical slip curve depends on the random field realization. The Vanmarcke-type spatial average needs certain modification to incorporate the emergent feature of the critical slip curve.
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Abstract: This study conducts a two-stage analysis of model development and prediction for the uniaxial compressive strength (UCS) estimation. In the first stage,
the optimal predictive model is developed based on the training dataset, using
Bayesian inference with the automatic relevance determination (ARD) prior. In the
second stage, based on the optimal predictive model of the first stage, outlier analysis for model prediction reliability assessment is performed for the test datasets. The
results show that the model for the Grade III granite depends on the point load index,
P-wave velocity, effective porosity, and this model is not fully applicable to the prediction on the Grade I & II granite.

Introduction
The uniaxial compressive strength (UCS) of rocks is an important parameter in both preliminary and final design stages of many engineering projects [4]. Although the direct uniaxial
compressed test can be performed for the UCS estimation [9], the test process is costly and time
consuming [7]. In some situations, it is difficult or even infeasible to obtain rock core samples
for testing. Therefore, development of the predictive model for the UCS is necessary [1, 5, 8].
Due to the significant level of uncertainty in rock and geotechnical engineering [18], Bayesian inference [2, 29] has attracted much of the attention for uncertainty quantification (UQ) in
various problems in rock and geotechnical engineering [6, 17, 19, 21, 22, 23, 24, 30]. In this
study, a two-stage analysis of UCS model development and prediction is conducted. In the first
stage, given the training dataset, the optimal predictive model is developed using Bayesian inference with the automatic relevance determination (ARD) prior [20]. In contrast to the traditional approach with the fixed prior for discretely searching of the optimal model [10, 14, 27,
28], the inference with the ARD prior is capable to conduct the optimal model searching in a
continuous manner and it thus possesses higher computational efficiency. Recently, this inference is redeveloped and extended for tackling different UQ and learning problems in earthquake
engineering and structural dynamics [11, 13, 16].
In the second stage, outlier analysis is performed for the test datasets based on the optimal
predictive model in the first stage. Taking the advantage of the probability of outlier (PO) [12,
15, 25, 26], a probabilistic measure for outlierness of a test data point is given. Based on the
distribution of the identified regular points and outliers, a binary classification in the input space
is conducted. In order to quantitatively express the region of the input space with unreliable
prediction, the prediction unreliable region is depicted based on the classification result.
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Bayesian Inference with the ARD prior for Optimal model searching
The weathering Grade III granite, which is typical in bedrock of Macao, is selected in the
study. Based on rock core sample collection, classification and laboratory testing, a training
dataset with totally 85 points are obtained [17]. The possible relevance feature vector 𝒙 for the
prediction of the target variable (UCS) is
𝒙 = [𝐼𝑠50 , 𝑅𝐿 , 𝑉𝑝 , 𝜂𝑒 , 𝐺𝑠 , 1 ]

T

(1)

where 𝐼𝑠50 is the point load strength index, 𝑅𝐿 is the rebound hardness, 𝑉𝑝 is the P-wave velocity of each specimen, 𝜂𝑒 is the effective porosity, 𝐺𝑠 is the specific gravity, 1 is the constant
term. Then, the input-output pattern for UCS is expressed by
𝐘 = 𝐗𝐛 + 𝜺(𝜎 2 )

]T

(2)

𝑁

where 𝐘 = [UCS1 , … , UCSN ∈ ℝ (N=85) comprises the measured values of the UCS; 𝐗 =
[𝐗1 , … , 𝐗 𝑁𝑏 ] is the 𝑁 × 𝑁𝑏 (𝑁𝑏 = 6) input matrix characterized by the feature vector in Eq. (1);
𝐛 = [𝑏1 , … , 𝑏𝑁𝑏 ]T is the 𝑁𝑏 × 1 weight parameter vector; and 𝜺(𝜎 2 ) = [𝜀1 (𝜎 2 ), … , 𝜀𝑁 (𝜎 2 )]T
is the 𝑁 × 1 residual vector follows the zero-mean Gaussian distribution with the covariance
matrix characterized by the error parameter vector 𝜎 2 .
The likelihood function 𝑝(D|𝐛, 𝜎 2 ) is [11]:
𝑝(𝐷|𝐛, 𝜎 2 ) = 𝒩(𝐘|𝐗𝐛, 𝜎 2 𝐈𝑁 )

(3)

In order to conduct the continuous relevance feature selection, the ARD prior is adopted
[20]:
𝑝(𝐛|𝛂) = 𝒩(𝐛|𝟎, 𝐀−1 (𝛂))

(4)
T

where 𝐀(𝛂) = diag{𝛼1 , 𝛼2 , … , 𝛼𝑁𝑏 } is the precision matrix and 𝛂 = [𝛼1 , 𝛼2 , … , 𝛼𝑁𝑏 ] is the
hyperparameter vector parameterizing the prior PDF of 𝐛. Based on the above hyperparameterization, the posterior PDF for 𝐛 can be determined by using Bayes’ theorem [16]:
̂ ,𝚺
̂)
𝑝(𝐛|𝐷, 𝛂, 𝜎 2 ) = 𝒩(𝐛|𝐛
−2
T
−1
̂
𝚺 = (𝜎 𝐗 𝐗 + 𝐀)
̂ = 𝜎 −2 𝚺
̂𝐗 T 𝐘
𝐛

(5)
(6)
(7)

𝑝(𝛂, 𝜎 2 |𝐷) ∝ 𝑝(D|𝛂, 𝜎 2 )𝑝(𝛂, 𝜎 2 )

(8)

̂ is continuously depends on the hyperparameter vector 𝛂 [13]: If 𝛼𝑖 → 0,
The posterior mean 𝐛
then 𝑝(𝑏𝑖 |α𝑖 ) is the Gaussian distribution with a very large variance (as 𝛼𝑖 is the inverse of the
variance), corresponding to the case that 𝑏𝑖 → 𝑏𝑖𝑚𝑙𝑒 where 𝑏𝑖𝑚𝑙𝑒 is the maximum likelihood estimate of 𝑏𝑖 , and its associated feature 𝐗 𝑖 is retained in the model; if 𝛼𝑖 → ∞ , then 𝑝(𝑏𝑖 |α𝑖 ) is
the Gaussian distribution with a very small variance, corresponding to the case that 𝑏𝑖 → 0 and
its associated feature 𝐗 𝑖 is irrelevant to the model. Therefore, the optimal model searching can
be achieved by determining the optimal value of the hyperparameter vector 𝛂.
According to Bayes’ theorem, the posterior PDF of 𝛂 and 𝜎 2 is given by:
2

Maximization of 𝑝(𝛂, 𝜎 |𝐷) with respect to 𝛂 and 𝜎 2 can be well approximated by maximization of 𝑝(D|𝛂, 𝜎 2 ) [20], so the optimal values of 𝛂 and 𝜎 2 can be obtained as
̂ , 𝜎̂ 2 ] =
[𝛂

arg max

α1 ,..,α𝑁𝑏 ,𝜎 2 ∈[0,∞)

𝔏(𝛂, 𝜎 2 )

(9)

where 𝔏(𝛂, 𝜎 2 ) ≡ ln 𝑝(D|𝛂, 𝜎 2 ). For 𝔏(𝛂, 𝜎 2 ), Tipping (2001) conducted derivation for the
case of independent and homogeneous error, and Mu and Yuen (2016; 2017) generalized it for
the case of correlated and heterogenous error. Here, the error in Eq. (3) is assumed to be identical and independent Gaussian distribution, so 𝔏(𝛂, 𝜎 2 ) is given as
𝔏(𝛂, 𝜎 2 ) = −0.5[𝑁 ln 2𝜋 + ln|𝐂| + 𝐘 T 𝐂 −1 𝐘]
𝐂 = 𝜎 2 𝐈𝑁 + 𝐗A−1 𝐗 T
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(10)
(11)

The optimal value of hyperparameter vector is obtained by maximizing 𝔏(𝛂, 𝝉) with respect to
𝛂. By introducing the separation strategy, the optimal value of the i-th hyperparameter can be
determined by considering [11, 16, 20]
𝜕𝔏(𝛂, 𝜎 2 )/𝜕𝛼𝑖 = [𝛼𝑖−1 𝑆𝑖2 − (𝑄𝑖2 − 𝑆𝑖 )]/[2(𝛼𝑖 + 𝑆𝑖 )2 ]
−1
𝑆𝑖 = 𝐗 T𝑖 𝐂−𝑖
𝐗𝑖
T −1
𝑄𝑖 = 𝐗 𝑖 𝐂−𝑖 𝐘
𝐂−𝑖 = 𝜎 2 𝐈𝑁 + ∑

𝑘≠𝑖

𝛼𝑘−1 𝐗 𝑘 𝐗 T𝑘

(12)
(13)
(14)
(15)

Note that the optimal value of 𝛼̂𝑖 is achieved when [𝛼𝑖−1 𝑆𝑖2 − (𝑄𝑖2 − 𝑆𝑖 )]/[2(𝛼𝑖 + Si )2 ] = 0
under the constrain 𝛼𝑖 ≥ 0. There are two possible cases for the inference based on 𝛼̂𝑖 : if 𝑄𝑖2 >
2
2
𝑆𝑖 , 𝛼̂𝑖 = 𝑆𝑚,𝑖
⁄(𝑄𝑚,𝑖
− 𝑆𝑚,𝑖 ) , corresponding to the case that the prior PDF 𝑝(𝑏𝑖 |α𝑖 ) =
−1
2
𝒩(𝑏𝑖 |0, α𝑖 ); if 𝑄𝑖 ≤ 𝑆𝑖 , 𝛼̂𝑖 = ∞, corresponding to the case that 𝑏𝑖 = 0 and its associated feâ , the optimal predictionture 𝐗 𝑖 is pruned out from the model. Based on the updated value of 𝜶
2
error variance can be re-estimated by considering 𝜕𝔏(𝛂, 𝝉)/𝜎̂ = 0 [11, 16]:
̂ )T (𝐘 − 𝐗𝐛
̂ )]/[𝑁 − 𝑁𝑏 + tr(𝚺
̂𝐀)]
𝜎̂ 2 = [(𝐘 − 𝐗𝐛

(16)

̂ are evaluated by Eqs. (6) and (7), respectively. Following the up̂ and 𝐛
where the updated 𝚺
dating procedures in [11, 16], the optimal values of 𝛂 and 𝜎 2 can be achieved.
̂ ∗ = {𝛼̂𝑖 : 𝛼̂𝑖 ≠
The relevance terms can be achieved based on the optimization results. Let 𝜶
∞, 𝑖 = 1, … , 𝑁𝑏 } denote the hyperparameter vector for the relevance terms, 𝑁𝑏∗ denote the num̂ ∗ . The relevance precision matrix is 𝐀∗ = diag{𝛼̂1∗ , … , 𝛼̂𝑁∗ ∗ }. The relevance
ber of elements of 𝜶
𝑏
∗

design matrix 𝐗 ∗ = 𝐗𝐑, where 𝐑 ∈ ℝ𝑁×𝑁𝑏 is the relevance matrix with the elements being either zero or one for retaining the relevance terms only. Finally, the posterior PDF for 𝐛∗ is
̂ ∗, 𝚺
̂∗)
̂ ∗ , 𝜎̂ 2 ) = 𝒩(𝐛∗ |𝐛
𝑝(𝐛∗ |𝐷, 𝜶
−1
̂ ∗ = (𝜎̂ −2 𝐗 ∗ T 𝐗 ∗ + 𝐀∗ )
𝚺
̂ ∗ = 𝜎̂ −2 𝚺
̂ ∗𝐗∗ T𝐘
𝐛

(17)
(18)
(19)

Outlier analysis for Model Prediction Reliability Assessment
This section is to assess the prediction reliability of the developed model. The direct way for
prediction reliability assessment is the outlier analysis. The predictive residual of each point is
computed and compared with the selected threshold. A regular point is labelled if its residual is
smaller than the threshold, while an outlier is labelled if its residual is larger than the threshold.
The outlier detection result is then utilized to infer whether the prediction of the developed
model is reliable for the testing dataset. In the remaining of this section, a systematic approach
is proposed to conduct the above procedures for prediction reliability assessment. In contrast to
the traditional methods, the proposed approach possesses the following appealing advantages:
(1) Uncertainty propagation from parametric identification to model prediction is considered;
(2) Probabilistic measure (i.e., PO) for outlierness of a test data point is given; (3) Prediction
unreliable region of the input space based on the outlier detection result is depicted.

3.1 Outlier Analysis by Probability of Outlier (PO)
Consider a test dataset 𝐷 𝑆 with 𝑁 𝑆 data points. The residual of a test data point 𝐷𝑘𝑆 =
(𝐗 𝑘𝑆 , 𝑦𝑘𝑆 ) ∈ 𝐷 𝑆 is given as 𝜀𝑘𝑆 = 𝑦𝑘𝑆 − 𝐗 𝑘𝑆 𝐛. After achieving the posterior PDF for 𝐛 based on
the training dataset 𝐷, the updating PDF of the residual is given as
𝑝(𝜀𝑘𝑆 |𝜎̂ 2 , 𝐷) = 𝒩(𝜀𝑘𝑆 |𝜀̂𝑘𝑆 , 𝑄̂𝑘𝑆 )
̂∗
𝜀̂𝑘𝑆 = 𝑦𝑘𝑆 − 𝐗 𝑘𝑆 𝐛
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(20)
(21)

−1

𝑄̂𝑘𝑆 = 𝜎̂ 2 𝐗 𝑘𝑆 [𝐗 ∗ T 𝐗 ∗ ] (𝐗 𝑘𝑆 )T

(22)

In order to give a probabilistic measure for outlierness, the PO is defined as the probability
that the residuals of all 𝑁 𝑆 data points fall in the interval (−|𝜀𝑘𝑆 |, |𝜀𝑘𝑆 |), given the probability
model of the prediction error (𝒩(𝐘 − 𝐗𝐛|𝟎, 𝜎 2 𝐈)) of Eq. (3) [26]. By incorporating the uncertainty of the updating residual, the PO of 𝐷𝑘𝑆 is given as
∞

∞

∞

𝑆

𝑆

𝑃𝑂(𝐷𝑘𝑆 |𝐷) = ∫ ∫ [1 − 2Φ(−|𝜀𝑘𝑆 |/𝜎)]𝑁 𝑝(𝜀𝑘𝑆 , 𝜎 2 |𝐷)𝑑𝛃𝑑𝜎 2 ≈ ∫ [1 − 2Φ(−|𝜀𝑘𝑆 |/𝜎̂)]𝑁 𝒩(𝜀𝑘𝑆 |𝜀̂𝑘𝑆 , 𝑄̂𝑘𝑆 )𝑑𝜀𝑘𝑆 (23)
0

−∞

−∞

where Φ() is the standard normal cumulative distribution function. The above integral can be
efficiently estimated by Monte Carlo simulation with 𝜀𝑘𝑆 sampling from 𝒩(𝜀𝑘𝑆 |𝜀̂𝑘𝑆 , 𝑄̂𝑘𝑆 ). The PO
is calculated for each point of the testing dataset. A test data point with PO larger than the
probabilistic outlier threshold are labelled as an outlier otherwise it is labelled as a regular point.
Note that the probabilistic outlier threshold is user-defined and it is 0.5 in this study.

3.2 Prediction Unreliable Region by K-Nearest Neighbours Classifier
The result of outlier analysis provides the information on not only whether a testing point is
an outlier or not, but also whether the prediction of the developed model over a concerned
region of the input space is reliable or not. It is obvious that the latter one is directly related to
both the distributions of the regular points and the outliers in the input space. There are three
cases of the distributions: (1) All the testing points are regular points, implying that the predictions are fully reliable and the developed model is applicable for the whole input space of the
testing dataset; (2) All the testing points are outliers, implying that the predictions are fully
unreliable and the developed model is not applicable for the whole input space; (3) Some testing
points are regular points and the remaining points are outliers, implying the predictions are
reliable for partial regions while the predictions are unreliable for the remaining regions. Case
(3) is explored in the following.
Based on 𝑃𝑂(𝐷𝑘𝑆 |𝐷), the k-th suspicious point 𝐗 𝑘𝑆 can be classified as
𝐗 𝑘𝑆 ∈ {

𝐶1 ,
𝐶2 ,
∗

𝐷𝑘𝑆 is a regular point
𝐷𝑘𝑆 is an outlier

(24)

Consider any arbitrary point 𝐙 ∈ ℝ𝑁𝑏 in the input space. By enclosing a neighbour region of 𝐙
in the input space, it is capable to count the number of regular points and outliers falling within
this neighbour region. Obviously, if the number of regular points is larger than the number of
outliers, 𝐙 is more probable to be a regular, indicating that the prediction of the developed
model is more probable to be reliable for 𝐙. On the other hand, if the number of regular point
is less, 𝐙 is more probable to be an outlier, and the prediction of the developed model is more
probable to be unreliable for 𝐙. By varying the position of 𝐙 in the input space, both the prediction reliable region and the prediction unreliable region can be obtained.
The above idea is identical to the K-Nearest Neighbours (KNN) classification [3]. Here, the
goal is to assign 𝐙 to one of two above discrete classes 𝐶1 (regular) and 𝐶2 (outlier) based on
the classification results by Eq. (24) for all the testing points 𝐗 𝑘𝑆 , 𝑘 = 1, … , 𝑁 𝑆 . Let 𝑃(𝐶𝑐 |𝐙) be
the posterior probability of 𝐙 ∈ 𝐶𝑐 . By Bayes’ theorem
𝑃(𝐶𝑐 |𝐙) = [𝑝(𝐙|𝐶𝑐 )𝑃(𝐶𝑐 )]/𝑝(𝐙)

(25)

𝑃(𝐶𝑐 ) = 𝑁𝑐 /𝑁 𝑆

(26)

In the above equation, the term 𝑃(𝐶𝑐 ) is the prior probability of 𝐶𝑐 :

where 𝑁𝑐 is the number of data points of 𝐶𝑐 (note that ∑𝑐 𝑁𝑐 = 𝑁 𝑆 ). The term 𝑝(𝐙) is the probability density of 𝐙, and it can be estimated by considering that there is a small hyper-sphere
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centred on 𝐙, then this hyper-sphere grows until it contains precisely K data points. Assuming
the volume of the hyper-sphere is V, 𝑝(𝐙) is given by
𝑝(𝐙) = 𝐾/[𝑁 𝑆 𝑉]

(27)

The term 𝑝(𝐙|𝐶𝑐 ) is the probability density of 𝐙 associated with 𝐶𝑐
𝑝(𝐙|𝐶𝑐 ) = 𝐾𝑐 /[𝑁𝑐 𝑉]

(28)

where 𝐾𝑐 is the number of data points being classified as 𝐶𝑐 by a given distance metric within
the hyper-sphere (note that ∑𝑐 𝐾𝑐 = 𝐾.) Finally, 𝑃(𝐶𝑐 |𝐙) can be obtained by plugging Eqs. (26)
to (28) into Eq. (25)
(29)

𝑃(𝐶𝑐 |𝐙) = 𝐾𝑐 /𝐾

Note that 𝑃(𝐶𝑐 |𝐙) is proportional to 𝐾𝑐 . In order to maximize 𝑃(𝐶𝑐 |𝐙), one could directly assign 𝐙 to the class with the largest value of 𝐾𝑐 .

Results and discussion
Table 1 shows the parameter identification results of the optimal models. The optimal values
(outside the parentheses), and the standard deviations (inside the parentheses), and the sign ‘‘–’’
indicates that the parameter is pruned out from the optimal model. It is found that the optimal
model for the Grade III granite depends on 𝐼𝑠50 (the point load index), 𝑉𝑝 (P-wave velocity),
𝜂𝑒 (effective porosity).
Two testing datasets are selected for the assessment. Testing dataset one (𝐷 𝑆1 ) possesses the
Grade III granite (same grade as the training dataset). Testing dataset two (𝐷 𝑆2 ) possesses the
Grade I & II granite (different grade of the training dataset). The purpose is to examine the
effect of changing granite grade in prediction. Figure 1 shows the predictive residual (left subplot) and PO (right subplot) of 𝐷 𝑆1 and 𝐷 𝑆2 . For 𝐷 𝑆1 , the residuals and the PO values are within
the acceptable threshold so all the points are regular. For 𝐷 𝑆2 , points 5, 9, 11, 23, 24, 26, 27,
29, 30 are outliers. Finally, prediction unreliable region of 𝐷 𝑆2 is depicted based on the KNN
classifier with K=5 and the Mahalanobis distance. Figures 2 and 3 show the 3D views and
projection views of regular points (blue), outliers (yellow) and prediction unreliable region
(gray) for 𝐷 𝑆2 . This important piece of information could be utilized for reasoning of inapplicability of the model with changing the grade of granite.
Table 1: Parameter identification results of the optimal models

Parameter
Opt (std)

b1
4.25 (0.58)

b2
-

b3
0.0095 (0.0012)

b4
-1.16 (0.61)

b5
-

b6
𝜎2
-5.99 (5.59) 50.99

Figure 1: Predictive residual (left subplot) and PO (right subplot) of 𝐷 𝑆1 and 𝐷 𝑆2
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Figure 2: 3D views of regular points (blue), outliers (yellow) and prediction unreliable region (gray) for 𝐷 𝑆2

Figure 3: Projection views of regular points (blue), outliers (yellow) and prediction unreliable region (gray) for
𝐷 𝑆2

Conclusion
A two-stage analysis of model development and prediction for the UCS estimation is conducted. Based on the Bayesian inference with the ARD prior, it is found that the optimal model
for the Grade III granite depends on the point load index, P-wave velocity, and effective porosity. Based on the outlier analysis with the PO and KNN classifier, it is found that the developed
model for the Grade III granite is reliable for the perdition on the same granite grade, but this
model is not fully applicable to the perdition on the Grade I & II granite.
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Structural utilization assessment considering the uncertainty of monitoring-based damage identification
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Abstract: Monitoring-based identification of structural condition is influenced by
uncertainties of monitoring results caused by different factors. This paper proposes
a method to evaluate the influence of these uncertainties on results of condition
identification and load-bearing capacity evaluation.

1 Introduction
Techniques of long-term structural health monitoring are often used to gain insight into actual
structural behavior and to detect anomalies in structural behavior over time. Further, identification of structural damage (as cause of an anomaly) can be performed with the aim to evaluate remaining structural reliability. In here, the analyst in confronted with limited accuracy of
measurement results, which often leads to ambiguous identification of damage, making monitoring-based reliability assessment difficult.
The simplest method of damage is so called novelty-detection, which was well described by
Santos [7]. Novelty detection aims to detect changed structural behaviour from the measured
data, and it represents level-1 damage identification. In combination with classification techniques [2] and a database of pre-calculated structural states, the measured structural parameters can be used to identify damage location (level 2) and damage extent (level 3). This
forward approach was applied in this work due to its computational efficiency.
To enable monitoring-based condition assessment, a full-probabilistic approach is proposed.
The procedure begins with probabilistic definition of values acquired by measurements, taking into account various sources of uncertainty. All subsequent steps in the analysis, which
include damage identification and load-bearing capacity evaluation, are performed using
probabilistic inputs from monitoring.
The evaluation of uncertainty of measurement results from vibration data builds upon previous research works. Reynders proposed in [3] and [4] a method for evaluation of uncertainty
of extracted modal properties from single measurement. Döhler extended his method also to
multi-setup measurements [1] using the Stochastic Subspace Identification technique. In here,
the evaluation method is based on statistical evaluation of multiple results.
The uncertain measurement results are then used in all subsequent evaluation steps to evaluate
their effects on results of identified condition and load-bearing capacity.
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2 Evaluation Method
2.1 Overall concept
The aim of the investigation is to determine structural condition based on measured structural
response, while accounting for uncertainties that are inherent in measured results. The implemented procedure uses system identification to determine the range of plausible structural
conditions.
Application of the procedure presupposes evaluated measurement uncertainties and precalculated plausible damage scenarios. The principle is schematically shown in Figure 1 for
the hypothetic case of one measured quantity. Firstly, measurement uncertainties are evaluated based on variations in measurements acquired in a known (undamaged) structural state
during so called “reference period”. The measured values 𝑣1 ⋯ 𝑣𝑛 acquired in the reference
period are used to derive probabilistic description of the measured quantity, usually using a
normal distribution: 𝑥𝑟 = 𝑁(𝜇𝑣 , 𝜎𝑣2 ).
In the application period, the currently measured value 𝑣𝑛+𝑖 is replaced by a new distribution
that expresses uncertainty of the actual value. The new distribution is estimated using the currently measured value and previous information about uncertainty. For example, assuming
that coefficient of variance remains constant, the new distribution 𝑥′ can be estimated as (1).
𝑥 ′ = 𝑁 �𝑣𝑛+𝑖 , �𝜎𝑣

𝑣𝑛+𝑖 2
𝜇𝑣

� �

(1)

In here, 𝑥′ has its mean value at 𝑣𝑛+𝑖 . The new distribution 𝑥′ is then sampled, thus providing
a list of plausible values of 𝑣′, the “true” value of measured quantity. In parallel, a number of
plausible damage scenarios 𝑆0 ⋯ 𝑆𝑠 is modeled and expected value of the measured quantity
is calculated for each damage scenario. By matching the sampled distribution of the measured
quantity 𝑣′ with its closest-matching damage scenario 𝑆, a list of plausible scenarios matching
the currently measured value is acquired.

(

xr = N µ v , σ

2
v

)

S6→ψ6

v‘

S5→ψ5
S1→ψ1
S0→ψ0
S2→ψ2
S3→ψ3

x'

vn +i

ϕψ = N (µψ , σ ψ2 )

S4→ψ4
S7→ψ7
Figure 1: Scheme of the evaluation principle for the case of one measured quantitiy

Load bearing capacity of the structure was previously evaluated in each damage scenario, for
example in the form of utilization ratio ψ of critical limit state. Thus, plausible utilization ratios matching to new distribution 𝑥′ based on currently measured value 𝑣𝑛+𝑖 are acquired. The
acquired list of plausible utilization ratios can be statistically evaluated, for example by fitting
a normal distribution ϕψ = N µψ , σ ψ2 to the values of ψ, or by calculating desired percentile

(

)
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values. In this way, the load-bearing capacity or utilization ratio and its confidence bounds are
determined based on measurement results. The procedure does not consider prior knowledge
of structural condition, but instead provides a result based solely on the currently measured
value, estimated measurement uncertainties, and pre-calculated damage scenarios.

2.2 Uncertainty of measurement results
Measurement result, as used in this article, is an experimentally determined structural parameter that is related to structural condition. Effects of other influencing factors should be removed from the measurement result in the process of data post-processing. Types of
measurement results encompass directly measured quantities (deflection, strain, etc.), as well
as parameters extracted from the data streams (e.g. eigenfrequencies and mode shapes) in
post-processing.
Typical influencing factors of measurement results are besides structural damage also environmental influences and traffic intensity. Other sources of uncertainty are algorithms of data
post-processing, especially if they use inverse system identification algorithms.
The process of evaluation of measurement result uncertainties has two stages:
1.
Compensation of known effects
2.
Evaluation of remaining uncertainties
In the first stage, known effects can be compensated, if the relation between the influencing
parameters and their effects is known. Typical example is the influence of temperature. The
purpose of the compensation is to reduce the magnitude of uncertainties.
In the second stage, the remaining uncertainties are quantified, which enables description of
measurement results in form of probabilistic distributions. The remaining uncertainties can
arise from different sources, for example variation of traffic loads, residual errors in temperature-compensation due to incomplete temperature information, other environmental influences like moisture and wind, and last but not least accuracy of algorithms used for data postprocessing.
The uncertainties are evaluated by statistical methods from the post-processed and compensated measurement results 𝑣1 ⋯ 𝑣𝑛 , for example by fitting normal distribution 𝑥𝑟 = 𝑁(𝜇𝑣 , 𝜎𝑣2 )
to the data.

2.3 Database of plausible damage scenarios
To solve the damage identification problem, damage-related structural properties must be
identified using measurement results. This can be done for example using model updating
techniques, which optimize parameters of structural model to achieve agreement between
simulated and measured structural behavior. However, model updating is computationally
demanding and therefore not well suited for application to continuous monitoring, because the
evaluation must be performed repeatedly at arrival of each new data package. Therefore, it is
more efficient to prepare a set of damage scenarios and calculate the expected change of
measurement results in each of the damage scenarios in advance. Thus, the computationally
demanding part is accomplished before the application. During the monitoring, the current
measurement results are compared with the damage scenario database are best-matching pairs
of measurement and damage state are picked. This is very efficient in terms of computational
demand.
Correctness and unambiguity of the following condition identification vitally depends on:
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•
•

Accurate estimation of the effect of simulated damage on the measurement results
Uniqueness of matching pairs of damage scenario – expected change of measurement
results
To ensure accurate estimation of the damage effects, the damage should be modeled in a realistic way. To ensure uniqueness of the identification, the number of damage scenarios in the
database should be limited to plausible or most probable scenarios. If two or more damage
scenarios produce very similar changes in expected measurement results, the identification
algorithm will not be able to distinguish between them.

2.4 Randomization of measured values and state identification
As described in chapter 2.1, the current measurement result is replaced by a probabilistic distribution 𝑥′ with a mean at the current measurement value and a variance adapted from previous experience. This is done to represent the uncertainty of measurement results. In the
general case of 𝑘 measurement results, the current measurement can be represented by distributions 𝑥′1 ⋯ 𝑥′𝑘 and their correlation coefficients 𝜌′𝑖𝑖 cumulated in the correlation matrix 𝑅′.
In the presented case, measurement results are modal parameters of the bridge. The results
include eigenfrequencies and mode shapes of the first two vibration modes, determined from
14 sensors along the bridge. Thus, number of used measurement results in this case was
𝑘 = 2(1 + 14) = 30.
The range of plausible ‘true’ values is acquired by sampling the distributions 𝑥′1 ⋯ 𝑥′𝑘 . In
here, the Latin-Hypercube Sampling technique was used. Since the mode shape values were
strongly correlated between different measurement points, it was important to include the correlations.
In the usual case of more than one measured quantity, it is necessary to define an objective
function that quantifies the difference between two sets of measurement results in one value.
In the presented work, the objective function was defined as in (2).
J a ,b = ∑
m

f a ,i − f b ,i

σ ( fi )

+∑

1 − MAC (fa ,i , fb ,i )

m

σ (MAC (fi ))

(2)

where Ja,b is objective function for matching result sets a, b,
fa,i , fb,i is i-th eigenfrequency in result set a or b, respectively,
σ(fi) is standard deviation of eigenfrequency of mode i,
MAC(fa,i ,fb,i) is Modal Assurance Criterion between matching modes,
σ( MAC(fi)) is standard deviation of MAC-values.

3 Measured vibration properties
3.1 Bridge structure and monitoring system
The analysed structure is a prestressed concrete highway bridge with 10 spans, carrying 3
lanes of road traffic. It has a box-girder cross-section with constant height of 3.2 m. The total
length of the bridge is 327 m. Monitoring system was installed in the bridge in course of the
research project TRIMM [6], whereas the operation of the system continues after end of the
research project. The position of the acceleration sensors is displayed in Figure 2. Sensors
were placed in midspan of 9 spans, and few additional sensors at quarter-span positions were
installed.
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– sensor positions

Figure 2: 2D-Finite Element model of the bridge and position of sensors

3.2 Modal parameter extraction
The eigenfrequencies and mode shapes were extracted using the Stochastic Subspace Identification (SSI) technique, which was automated. The inherent uncertainty of modal parameter
extraction was evaluated by selecting a range of stable solution poles that arise as result of
different assumed model orders. The poles were sorted into groups according to vibration
modes, using appropriate clustering techniques. The uncertainty of modal parameter extraction was then evaluated using statistical methods applied on each group of solution separately.
The whole post-processing algorithm is described in detail in [5].

3.3 Temperature influence and uncertainty evaluation
The temperature influence was observable on both eigenfrequencies and mode shape values.
While the eigenfrequencies were heavily influenced by temperature, mode shape values were
affected only slightly. Representative examples are shown in Figure 3.

Figure 3: Example of temperature influence on the first eigenfrequency (left) and the mode shape value at
measurement point 3 in vibration mode 2.

Influence of the temperature was compensated by subtracting the expected change in measured values due to temperature. The expected change was evaluated using the fitted polynomial curves shown in Figure 3 and a chosen reference temperature. The temperature
compensation improved (lessened) variance of measured values, as shown in Figure 4.
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Figure 4: Reduction of variance by correcting the temperature influence. Left: first eigenfrequency; right: mode
shape value at measurement point 8 in vibration mode 1.

Besides variance, correlations between resulting measurement values were evaluated. Whereas eigenfrequencies proved to be uncorrelated to other vibration parameters, the mode shape
values showed strong correlation between mode shape values at different points in the same
mode shape (Figure 5).

Figure 5: Correlation coefficients between mode shape values at measurement points 1 – 14 in mode 1.

4 Damage scenarios and load-bearing capacity
4.1 Simulated damages
The simulated damages that form the damage scenario database were focused on representing
different scenarios of prestress loss. The damages were simulated in a simplified manner by
removing a part of the prestressing force at a certain length of the bridge, which is referred to
as “affected length” in the following. Simultaneously, stiffness reduction was applied on the
affected length; and the amount of stiffness reduction was assumed constant along the affected length for sake of simplicity. The prestress losses were assumed to affect midspan sections
of different spans. The amount of lost prestress force was varied, and the affected bridge
length correlated with the amount of prestress loss (Figure 6). The scenarios were created
based on simplified assumptions and for research purposes only; they do not reflect actual
damages to be expected on this concrete bridge, since this would require more detailed analysis of the structure and consideration of all construction plans and technical documentation.
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Figure 6: Introduced damage scenarios. Top: prestress losses and span numbers; bottom: loss of bending stiffness and affected bridge length.

The created database encompasses 360 damage scenarios in total, which represent variations
of prestress loss in 36 levels in 10 different spans. Reduction of bending stiffness was calculated by removing contribution of cracked concrete. In the assumed configuration, first cracking appears when prestressing loses 20 % of its initial value. Therefore, there is no stiffness
reduction in a significant number of damage scenarios.

4.2 Damage identification and corresponding utilization of bearing capacity
Changes of modal properties were calculated for all damage scenarios listed above. The
measured modal properties, defined by their distributions and correlation matrix, were modified for each damage scenario according to approach described in chapter 2. The modified
distributions were sampled using 1000 samples (each damage case). Thus, uncertainties of
modal parameters were simulated in each damage scenario. Damage identification was performed based on matching pairs of measurement – damage case with minimal objective function value (2). Since each damage scenario was analysed using 1000 samples of measurement
results, 1000 damage identification results were obtained in each scenario, representing the
spread of results caused by the uncertainties. The results were processed by calculating their
means, and 15.87% and 84.13% percentile values, which correspond to µ±σ in case of normal
distribution. Figure 7 shows the damage location in terms of span number; actual introduced
location is displayed, as well as mean and µ±σ of identified locations.

Figure 7: Comparison of actual and identified damage location

It can be observed that in damage scenarios where stiffness reduction is zero, the identification is completely arbitrary. This was expected, since in these cases the introduced damage
does not affect modal properties, thus it cannot be identified based on modal properties.
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Figure 8 shows the identified prestress losses. Again, in cases with no stiffness reduction the
results are arbitrary. However, after occurrence of first cracks, the identification is in good
agreement with the simulated damage. The variation of results is then very low, until the
range of high prestress losses is reached. In here, the mean corresponds still well with the introduced damage, but the variation is relatively high.

Figure 8: Comparison of actual and identified amount of prestress loss

The presented results were calculated using the relationship between utilization of loadbearing capacity and prestress loss as shown in Figure 9. This relation was estimated based on
simplified assumptions and does not necessarily reflect the true behavior of this particular
bridge. In Figure 9 it can also be observed that there is a large loss of bending stiffness in
range of 20 – 50 % of prestress loss. At higher (>50%) prestress losses, the change in stiffness
is minimal. This explains the relatively high variance of identification results in damage scenarios with a high prestress loss.

Figure 9: Estimated relation between utilization of bending moment capacity and prestress loss

Figure 10 shows the utilization ratios of load-bearing capacity corresponding to the identified
damage scenarios.

Figure 10: Comparison of actual and identified utilization of load-bearing capacity

The result shows similar pattern to Figure 8, i.e. in scenarios with no stiffness loss the results
are arbitrary, in scenarios with prestress loss between 20 and 50 % the identification is very
reliable, and in scenarios with prestress loss above 50% the mean of identified results corresponds well with the true value, but the variance is increased.
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5 Conclusions
The presented work showed a method for consideration of measurement uncertainties in damage identification and following evaluation of structural condition including load-bearing capacity. The procedure works very efficiently once the database of damage scenarios was
created and structural response in all scenarios was estimated.
The procedure seems to be well suited to evaluate variation of identification results based on
monitoring data. In case of ambiguous identification, large spread of identification results is
observed. This was confirmed during identification of damage scenarios, in which there was
no reduction of structural stiffness.
Structural identification based on modal properties is sensitive to stiffness changes. Damage
development in the structure that does not produce change of overall stiffness cannot be identified using modal properties. In here, the results could be improved if additional structural
parameters would be measured that are sensitive to the expected damage development. The
presented procedure is able to accommodate any additional measurement result.
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Abstract: Thermal loads, especially thermal gradients, have a considerable effect on
the behaviors of large-scale bridges throughout their lifecycles. Bridge design specifications provide minimal guidance regarding thermal gradients for simple bridge girders and do not consider transversal thermal gradients in wide girder cross-sections.
This paper investigates the three-dimensional thermal gradients of arch bridge girders
by integrating long-term field monitoring data recorded by a structural health monitoring system, with emphasis on the vertical and transversal thermal gradients of wide
concrete-steel composite girders. Based on field monitoring data for one year, the
time-dependent characteristics of temperature and three-dimensional thermal gradients in girder cross-sections are explored. A statistical analysis of thermal gradients is
conducted, and the probability density functions of transversal and vertical thermal
gradients are estimated.

1 Introduction
Temperature variations and thermal gradients may cause considerable thermal stress and deformation in bridge components. The failure to understand the effect of temperature can result
in considerable damage to bridges and false alarms of structural deterioration [9].
In the early 1960s, Zuk[12] began a study of the thermal behaviors of highway bridges. After
the investigation of several bridges, the study concluded that the thermal load is affected by
air temperature, wind, humidity, intensity of solar radiation, and material type. Derived from
the heat transfer equation proposed by Fourier, the boundary condition that involves the heat
exchange between the boundary of a bridge and the environment was simplified and formulated by Orgill and Hollands [6], Elbadry and Ghali [2], and Duffie [1]. Although these
achievements almost analytically solve the Fourier heat transfer equation, obtaining the
closed-form solution of temperature distribution in bridge girders with complicated geometric
configurations remains a challenging task. To overcome this difficulty, numerical methods
including the finite difference method and the finite element method were employed. Following the one-dimensional finite-difference method developed by Potgieter and Gamble [7],
Mirambell and Aguado [4] proposed a two-dimensional finite difference model to determine
the time-dependent vertical and transverse temperature variation within the cross-section of
concrete bridges. Benefitting from the rapid development of commercial finite element software, simulating the temperature distribution in various types of bridges by the finite element
method was also conducted by many researchers [3, 5, 8]. With the development of sensing
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and information technologies, on-line structural health monitoring (SHM) has gained worldwide applications in civil engineering field over the past decade [10]. The temperature data
obtained from field measurements provide the most practical results of thermal loads in
bridges, and the statistical analysis is employed to investigate these monitored data. These
conclusions provide valuable knowledge about the thermal loads and thermal behaviors of
bridges. An overview of current research and development activities in the field of thermal
loads in bridges was presented by Zhou and Yi [11].
This paper aims to investigate the three-dimensional thermal gradients in a wide concretesteel composite girder using field monitoring temperature data for one year. The remainder of
the paper is organized as follows: Section 2 briefly introduces the temperature monitoring and
data preprocessing method. Section 3 describes the time-dependent variation in temperature in
the cross-sections. Section 4 presents the comprehensive features of longitudinal, vertical and
transversal thermal gradient. Conclusions are drawn in Section 5.

2 Temperature monitoring and data preprocessing
The Jiubao Bridge is a newly constructed bridge in China with a total length of 1855 m. Figure 1 plots the monitored cross-sections and the number of cross-sections. The detailed temperature sensors locations and their numbers are shown in Figure 2. In the figure, the top or
bottom angles indicate the sensor locations. One year of temperature data from August 2011
to July 2012 are used in this paper. More than 500,000 records for each monitoring point were
stored. The task of processing and analyzing such a large volume of data is challenging, and
the efficiency of the task is unacceptable. Thus, representative data of 180 days are selected
for additional research after deleting abnormal data. However, this screening has no effect on
the
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Figure 1: Cross-sections for temperature monitoring (unit: m)
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Figure 2: Locations and number of temperature sensors in cross-sections (unit: m)

observation of the features of thermal loads because these data are uniformly distributed over
twelve months of one year and have the capability of representing temperatures for one year.
Considering the reason that the temperature of structural components varies at a slow rate,
these records are averaged every 10 minutes.
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3 Temperature in cross-sections
In each monitoring cross-section, two test points located at the top of the cross-section and the
bottom of the cross-section, respectively, are selected. The time histories of 10-min averaged
temperatures in selected test points are plotted in Figure 3. The comparison of the figures reveals that all temperatures exhibit coincident variation tendency although they are measured
from different points in the Jiubao Bridge. As denoted by circles in the figures, temperatures
at all measurement points experience a significant and almost simultaneous decrease due to
cold air. The sensitivity of the temperature monitoring subsystem is validated, and the close
correlation among temperatures at different points in the structure is revealed.
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Figure 3: Temperature time histories for cross-sections

4 Thermal gradients in cross-sections
The thermal gradient is a critical thermal load that must be considered in bridge design and
evaluation. In this section, the thermal gradients in the Jiubao Bridge are discussed.

4.1 Time history of thermal gradients
4.1.1 Longitudinal thermal gradients
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Longitudinal thermal gradients between cross-section I and cross-section IV, which are located in the north approach bridge and the south approach bridge, respectively, are computed.
The results are plotted in Figure 4.The longitudinal thermal gradient in the Jiubao Bridge can
be neglected. The rationality of using the temperature of one cross-section to represent the
temperatures of the entire bridge is again validated.
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Figure 4: Longitudinal thermal gradients between cross-section I and cross-section IV
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6

7

4.1.2 Vertical thermal gradients
Vertical gradients in cross-section IV are shown in Figure 5. For example, T78 represents the
temperature variation between SIV-7 and SIV-8. The vertical gradient and the longitudinal
gradient are time-independent, as shown in Figure 5. The vertical gradient among different
heights in the cross-section is notable and should be further investigated.
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Figure 5: Vertical thermal gradients in cross-section IV

4.1.3 Transversal thermal gradients
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Figure 6 displays transversal thermal gradients in different heights of cross-section IV. No
time-dependent correlation is observed in these figures. The transversal thermal gradient in
the concrete slab, as shown in Figs. 6(a), is considerable and the maximal value exceeds 6 ºC.
By combining the figures in Figure 6, the transversal thermal gradient in the concrete slab is
significant and should not be neglected and the transversal thermal gradient in steel box girder
is small and can be disregarded.
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Figure 6: Transversal thermal gradients in cross-section IV

4.2 Statistical features of thermal gradients
4.2.1 Vertical thermal gradients
Based on the criterion of the MLE, the parameters of the GEV distribution for the vertical
thermal gradients at different heights are estimated. Figure 7(a) shows the comparison be2715

tween the probability densities of measured thermal gradients and the estimated PDFs. The
figure in Figure 7(a) indicate that the estimated PDFs correspond with the probability densities of the measured data. A larger number of high thermal gradients make the probability
density slowly decrease on the right side of the peak. A long tail exists in the PDF and extends to an extremely high value.
4.2.2 Transversal thermal gradients
Similar features such as long tails are revealed in the probability distribution of the transversal
thermal gradients, as shown in Figure 7(b). The PDF of these transversal thermal gradients are
also estimated using the GEV distribution. The estimated PDFs show reasonable agreement
with the measured results, as displayed in Figure 7(b).
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Figure 7: Probability distribution of vertical an transversal thermal gradient in cross-section IV

5 Conclusions
Thermal loads, especially the three-dimensional thermal gradients, are critical parameters that
must be considered in the evaluation of structural health and in designing structural components. Based on temperature data for one year recorded by the SHM system installed on the
Jiubao Bridge, three-dimensional gradients are investigated. Some conclusions are drawn as
follows:
(1) The point temperatures measured from independent points on the Jiubao Bridge and
the effective temperatures in the cross-sections are high in the summer and low in the winter;
both have strong relationships with time.
(2) All thermal gradients in three directions have no correlation with the seasons. The
longitudinal thermal gradient is small and can be neglected in the entire bridge girder. The
vertical thermal gradients among different levels in a cross-section are notable.
(3) Both the vertical thermal gradient and the transversal thermal gradient follow the
GEV distribution. The parameters of the GEV distributions of different thermal gradients can
be properly estimated by the MLE and examined by the K-S test with a confidential level of
0.05.
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Abstract: While structural health monitoring (SHM) has been under development for
many decades, there remains a lack of robust algorithmic strategies that truly empower
decision making. In recent years, reliability-based frameworks have been proposed as
an enabling means of performing SHM analyses for asset decision making. In this study,
the first-order reliability method (FORM) is adopted to provide a scalable analytical
basis for SHM-based decision making based on the use of long-term monitoring data
collected from instrumented bridges. The proposed reliability framework is
theoretically described in the paper and applied to the Telegraph Road Bridge (Monroe,
MI) which is a standard pin-and-hanger steel girder highway bridge. The design of
hanger plates makes assumptions that such connections are pure tensile elements.
However, corrosion-induced changes in the assembly boundary conditions can violate
design assumptions by introducing unintended in-plane and out-of-plane stresses
around the pins. In this study performance and health assessment are posed as a
reliability problem in which limit states are associated with changes in the plate
boundary conditions and well-documented corresponding modes of failure. Two limit
states are considered in the study: net-section stress at the hanger plate pin hole and
shear-stress of the pin. The work calculates the reliability index associated with each
limit state and finds the bridge plates exceed design requirements.

Introduction
Despite continued growth within the field of structural health monitoring (SHM) over the past
several decades, there exists a persistent discontinuity between the algorithmic strategies used in
SHM practice and those necessary to inform long-term asset management decisions. This is in part
due to the current focus of SHM techniques on detecting damage in the form of reduced stiffness.
While severe damage may correspond to a change in system stiffness, for many operational
structures deterioration of primary concern is associated with changes in the structure that do not
actually correspond to stiffness changes. For example, changes in the boundary conditions of the
system can lead to changes in static stress levels that in turn alter the structure safety profile without
any change in stiffness. On the other hand, reliability methods are able to consider the limits on
elastic behavior where stiffness remains unchanged. The use of reliability methods in structural
health assessment [3] [17] [20] has been studied for at least the past thirty years and offers powerful
tools that can be used to bridge the existing chasm between monitoring data and asset management
decisions [5].
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Among various types of structures that are currently in-use, complete and partial failure of pinand-hanger highway bridges has been well-documented over the past several decades [4] [11] [14].
The design of hanger plates makes assumptions that such connections are pure tensile elements
[1]. However, corrosion-induced changes in the assembly boundary conditions can violate design
assumptions by introducing unintended in-plane and out-of-plane stresses around the pins which
are the most commonly documented modes of pin-and-hanger failure [11] [17]. For these reasons,
pin-and-hanger highway bridges serve as an excellent platform for academic research in
identifying and evaluating limit states that do not necessarily correspond to the failure modes that
elements are designed for.
Currently, ultrasonic inspection is the most commonly used method for in-service detection of
cracking in pin-and-hanger elements [2] [6] [13]. However, since ultrasonic testing and visual
inspections are performed manually during periodic, and often-times infrequent inspections, the
Illinois DOT evaluated the use of alternative monitoring techniques for detecting damage due to
unintended fixity and locking in pin-and-hanger elements [18]. The study concludes that strain
gages and electronic rotation sensors are the most suitable methods for field-testing pin connection
behavior because they can quantify the effects of pin fixity, such as induced stresses, before
cracking or full failure occur. Since the onset of failure is slow for fatigue cracking and yielding
due to pin locking and section loss, long-term reliability-based structural monitoring poses an
economic advantage to current pin-and-hanger management by alerting officials of life-reducing
behavior before significant and costly deterioration occurs.
A first-order reliability method (FORM)-based framework to monitor sub-system limit states
associated with changes in boundary conditions of pin-and-hanger elements is theoretically
described in this paper. The framework is applied to the Telegraph Road Bridge (TRB) in Monroe,
MI which is a standard pin-and-hanger steel girder highway bridge that has been continuously
monitored since 2011. A primary concern of the bridge owner is the health of the pin-and-hanger
assemblies due to previously reported issues (and bridge failures) associated with corrosion in pinand-hanger connections. Traditional structural reliability evaluates the probability that a structure
does not fail based on yielding, fracture, or fatigue capacities. This paper develops a data-driven
framework for reliability-based structural performance monitoring that derives and evaluates limit
states that correspond to distinct types of damage (such as for corrosion-induced damage in this
case study) that cause changes in boundary conditions of the pin-and-hanger element. The results
from this paper are the first step in the development of an analytical basis for defining and
evaluating lower limit states for which capacities are governed by criteria specified by condition
ratings (which are currently used to prompt decision-making), as opposed to capacities that are
driven by yielding and/or failure. For example, monitoring net-section stresses can help to identify
when a member has up to 10% of section loss which corresponds to a Poor Condition rating by the
Michigan Department of Transportation [12] and can prompt appropriate upkeep decisions. By
deriving limit states that relate to distinct types of damage, there exists an explicit linkage between
monitoring data and the probability that a specific asset management decision must be made.
This paper focuses on two primary objectives as preliminary steps towards achieving the
aforementioned goal. First, a finite element (FE) model is built to characterize the sensitivity of
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(b)

(a)

(c)

Figure 1: Pin-and-hanger detail: (a) in-service plate connecting middle and end spans of a bridge; (b)
outside and (c) inside face of a removed hanger plate with severe corrosion-induced section loss evident

Figure 2: Girder elevation including middle and end span dimensions

strain responses to changes in boundary conditions such as corrosion and “lock-up”. The FE model
is then used to validate a sensing strategy that can capture the influence of changes in boundary
conditions of the pin-and-hanger element on stresses in the element. Second, strain data from the
hanger plates is used to calculate reliability indices, β, that correspond to two well-documented
modes of failure that result from changes in boundary conditions [11]: plate yielding at the pin and
pin shear. Using reliability-based SHM techniques to detect the onset of damage-inducing changes
in boundary conditions enables asset managers to monitor structural elements and to make
preventative maintenance decisions in a rational manner. This is in stark contrast to current reactive
decision making based on damage that has already occurred (such as during visual inspections).

1.1 Pin-and-Hanger Detail
The construction of pin-and-hanger bridges increased in popularity between 1940 and 1980 due to
their design advantages. Over time, pin-and-hanger elements have exhibited several structural
deficiencies and their construction was eventually terminated in Michigan in 1991 [10]. While
their design has been discontinued, many pin-and-hanger bridges remain in operation. Specifically,
water and salt leak through the expansion joints and cause corrosion at the pin-and-hanger
connection (Figure 1). Corrosion typically yields three possible modes of failure: 1) partial (or
complete) pin fixity which induces increased shear stresses in the pin due to torsion, and increased
net-section (i.e., the plate cross section area at the center of the pin) stresses in the hanger plate
due to plate bending; 2) increased vulnerability to transverse swaying of the span which can force
the hanger plate to “walk” outwards towards the pin’s open end; and 3) increased stresses in the
pin-hole region due to plate section loss. The instrumentation plan proposed in this paper uses
strain gage measurements to monitor the changes in structural capacity due to these corrosioninduced changes in the pin-and-hanger boundary conditions.
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(a)

(b)

Figure 3: (a) Strain gage layout with corresponding plate response; (b) installed gages on a TRB hanger plate

1.2 Telegraph Road Bridge Instrumentation Plan
The TRB is a seven-girder, three-span steel and concrete pin-and-hanger bridge that carries two
lanes of northbound traffic on Interstate-275, which is a heavily traveled truck corridor linking
Toledo, OH to Detroit, MI. Figure 2 provides major span dimensions and indicates the locations
of the hanger plates. Strain gages are strategically installed to monitor stresses induced by changes
in boundary conditions including axial (expected), in-plane bending (unexpected), and out-ofplane bending (unexpected) stresses, and to infer torsional forces (unexpected) applied to the pins.
To measure these parameters, two hanger plates are instrumented with a total of eight strain gages
each (Figure 3). The strain gages installed on the hanger plates are labeled 1 through 8 and will be
referred to as H1 through H8 respectively. The H1-H3 locations are measured with a MicroMeasurements 350Ω metal foil rosette (0˚-45˚-90˚) strain gage set, and locations H4-H8 are
measured with Tokyo Sokki 120Ω uni-axial metal foil strain gages. To conduct high quality longterm measurements, strain gages are sampled for one minute every two hours at 100Hz using the
Narada wireless sensor [19] from August 2014 through June 2015. Even though the placement of
the sensors is justified by basic mechanics and knowledge of the documented failure modes, the
sensing strategy is verified with a FE model prior to installation. Section 2 outlines the validation
of the sensor locations for monitoring pin-and-hanger corrosion- and locking-induced net-section
stresses, section loss, and pin shear.

Sensor Validation
A FE model of the TRB pin-and-hanger element is generated in ABAQUS [9] to validate the
sensor instrumentation plan and to verify the influence of corrosion on measured data. All
dimensions and properties of the pin-and-hanger element are based on original design drawings
provided by the TRB owner (Michigan Department of Transportation) and are verified by visual
inspection. Three criteria are considered under zero section loss and free rotation to validate the
model before it is used to simulate damage. First, gross-section dead load (DL) stress at the midplate of the model is confirmed for the documented bridge loads that are calculated from the
engineering design drawings. Second, stress concentrations are extracted from the pin region of
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the model and compared against the expected range that is bounded by an open-hole stress
concentration value of k = 2.13 [23] and a tight-fitting pin-loaded value of k = 2.25 [7]. The
analytical stress concentration of k = 2.13 in Table 1 is based on the pin-and-hanger assembly
dimensions. Third, the first out-of-plane bending mode of the plate is compared against theoretical
calculations and experimental testing. Experimental results are recorded from impulse hammer
tests manually conducted on the TRB hanger plate with accelerometers used to measure out-ofplane impulse responses. Table 1 shows that the FE, analytical, and experimental results for these
three criteria are in close agreement. Under vertical loading the hanger plate behaved as a purely
tensile element with no unexpected bending or abnormal stresses, stress concentrations at the pinplate boundary were within reasonable proximity to the expected range for k, and the frequency
results are in close agreement given that the actual hanger plate boundary condition is that of a
partially fixed support.
Following model validation, several tests are conducted using the FE model to detect the influence
of increased corrosion (modeled as interface tangential friction) and boundary strain sensitivity
conditions at the proposed sensor locations. In-plane and out-of-plane bending simulations are
performed with varying interface tangential friction coefficients, μ, between 0.1 (lubricated) and
1.0 (steel-on-steel dry contact) [21]. The strain gage responses are centered at μ = 0.1 which is
regarded as free rotation tangential friction in order to simulate relative strains (as opposed to
absolute strains). Strain values are extracted from the FE model simulation at the proposed sensor
locations (identified in Figure 3) and the results are shown in Figure 4. The in-plane bending, outof-plane bending, and net-section axial sensing configurations exhibited the greatest sensitivity to
the prescribed loads under simulated corrosion build-up, while the mid-plate rosette location
exhibited very little sensitivity. These results reinforce the TRB sensing scheme for monitoring
progressive locking behavior and changes in boundary conditions.

(a)

(b)

Figure 4: Sensitivity of strain at proposed sensor locations: change in strain as a function of friction coefficient
Table 1: FE strain response to targeted behavior at TRB installed strain gage locations
Validation Step
DL gross (ksi)
DL net (ksi)
First Mode (Hz)

Analytical Result
3.21
13.67 (k = 2.13)
105 (pinned-pinned) – 240 (fixed-fixed)
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FE Result
3.21
13.37 (k = 2.08)
175.2

Experimental Result
N/A
N/A
189

Figure 5: Iterative approach for FORM analysis

Long-Term Reliability Based Condition Monitoring
3.1 Reliability Method
In order to remain consistent with AASHTO-LRFD bridge design procedures [1], this study
considers a FORM-based approach. Structural reliability dictates that the safety margin, M, is
characterized by a limit state function (LSF) as M = g(X) = C – D where the limit state function,
g(X), is a function of X, a vector of random variables (RV) that describes capacity and demand
behavior of the element. For each limit state, structural design requires that C ≥ D, so the
probability of failure is characterized by P(M ≤ 0). It follows that the reliability, R, is the
probability that the limit state is not violated, or R = 1 – Pf. Two assumed failure limit states are
analyzed in this paper: 1) net-section stress at the plate hole; and 2) pin shear stress.
For the simple case in which the RVs that comprise a limit state function are independent with
jointly normal distributions, the probability of failure is given exactly as Pf = Φ(-β), where the
reliability index β is defined as [22]:
𝛽=

𝜇𝐶 −𝜇𝐷
√𝜎𝐶 2 +𝜎𝐷 2

.

(1)

Since the strain data collected from TRB are modeled as generalized extreme value (GEV)
distributions (as will be discussed in Section 3.2), the RVs that characterize both limit states are
not exclusively normal and must be transformed into the independent standard normal space. Due
to the generally non-linear nature of non-normal limit states that have been transformed into the
standard normal space, second-order reliability methods (SORM) can be used to increase the
accuracy of the calculation of the reliability index when first-order reliability methods FORM
methods are not sufficient. However, analysis by FORM returns excellent approximations which
are compared to the results of Monte Carlo (MC) simulations. An iterative approach described in
Figure 5 is then used to analyze the limit state functions using FORM by calculating βFORM as the
minimum distance from the limit state surface to the origin in the standard normal space.

3.2 Formulation and Evaluation of Limit States
3.2.1 Net-section stress
The introduction of corrosion between the pin and hanger plate, as well as between the hanger
plate and girder, can cause unexpected stress fields that lead to unintended boundary conditions
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and out-of-plane eccentricities in the plate loading. It is recommended that general yielding be
evaluated at the net-section and to ignore stress concentrations at the hole in order to monitor
component stresses [10]. The FE model is consistent with this finding and verifies that stress
concentrations are almost completely dissipated at sensor H4. The assumed limit state for stress
near the pin at the net-section is defined as,
𝑀1 = 𝐹𝑦 −

𝐷𝐿+𝐿𝐿
𝐴𝑛

𝐷𝐿

= 𝐹𝑦 − 𝐴 − ɛ𝐻4 ∙ 𝐸

(2)

𝑛

where distribution properties for the strain due to live loads at H4, ɛH4, are extracted from measured
data. The dead load (DL) stress mean value is estimated using design drawings with the assumption
that deck weight are uniformly distributed among the seven girder lines. As suggested in literature
[8] [16], distribution parameters of the yield stress (Fy) and elastic modulus (E) are provided in
Table 2. As it turns out to be the case for strain data collected at all sensor locations, live load peak
strain values closely resemble the generalized extreme value (GEV) distribution (Figure 6), for
which the probability distribution function is defined as
1

𝑓𝑋 =

1
𝑒𝑥𝑝 {− [1 +
𝜉

𝑥−𝜂 −𝜅
𝜆 ( 𝜉 )] } [1 +

1

𝑥−𝜂 −1−𝜆
𝜆 ( 𝜉 )]

(3)

where η is the location parameter, ξ is the scale parameter, and λ is the shape parameter. GEV
distribution parameters for the measured hanger plate data are also provided in Table 2.
Based on observations during maintenance inspections, corrosion typically occurs at the lower pin
which causes a loss of net-section area due to severe pitting (Figure 1 (c)). Loss of area near the

(a)

(b)

(c)

Figure 6: Strain gage live load strain distributions and best fit GEV model at: (a) H3, (b) H4, and (c) H8-H6
Table 2: Random variable parameters used for normal, log normal, and GEV distributions
Random Variable

Mean

COV

Yield stress, Fy (ksi)
Shear yield stress, τ (ksi)
Elastic Modulus, E (ksi)
Dead load, DL (kip)
Net-section area, An (in2)
Live load peak strain, ɛH3, (µɛ)
Live load peak strain, ɛH4, (µɛ)
Live load peak strain, ɛH8-ɛH6, (µɛ)

49.60
29.76
29696
43.00
6.25
-

0.0890
0.0890
0.0179
0.100
0.238
-

Shape
Parameter
0.4
0.43
0.11
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Location
Parameter
5.13
5.25
1.59

Scale
Parameter
3.66
4.31
0.616

Distribution
Lognormal
Lognormal
Lognormal
Lognormal
Normal
GEV
GEV
GEV

pin causes increased demand due to live load (LL) stresses at the section. Failed samples and the
FE model (Figure 4) indicate that the middle of the hanger plate is the least affected. Since it is not
expected for the gross-section (i.e., the cross section of the plate not at the holes) area to change,
a ratiometric measure of hanger plate strains is used to monitor the long-term net-section area. For
the TRB hanger, the plate net-section area, An, is exactly one half of the gross-section area, Ag,
which leads to an expected strain ratio of 2 given no influence from non-uniform stress fields in
the net-section region. The pin-and-hanger FE model confirms that for H3 and H4, the grosssection to net-section strain ratio is approximately two, as the net-section strain gage is far enough
from the hole edge to see significant stress concentrations. The stress in the net-section at the strain
gage H4 can be related to the stress in the gross-section at mid-plate strain gage H3 by,
𝐴

𝜎𝑛 = 𝜎𝑔 ∙ 𝐴𝑔 ∙ 𝑘

(4)

𝑛

where σn and σg are the net- and gross-section stresses respectively, and k is the stress concentration
factor at the location of strain gage H4. This relationship yields,
ɛ

𝐴𝑛 = 𝐴𝑔 ∙ ɛ𝐻3 ∙ 𝑘

(5)

𝐻4

where Ag = 12.5in2 and the expected net-section area is 6.25in2. Since the hanger plate at the TRB
exhibits no pitting or significant section loss, full net-section area is considered and k is adjusted
such that the mean value of Equation (5) equals the expected area. For a value of k = 1.077 the netsection area is calculated from strain gages H3 and H4, and closely fits a normal distribution with
mean μ = 6.248in2 and COV = 0.238. Consistent with the FE model results, k ≈ 1 which indicates
that strain gage H4 is not influenced by stress concentrations around the pin hole. For this limit
state function, the results in Table 3 indicate that FORM is an excellent approximation. Using
FORM, the probability of failure is 9.779(10-6) and the reliability index is 4.27.
3.2.2 Pin shear stress
Due to corrosion-induced locking at the pin, the load transfer of the suspended middle span to the
pin-and-hangers can result in two shear planes. For partial or full fixity, torsional stress is
introduced having the relation 𝜏 = 𝑇𝑥/𝐽 where T is the applied torque, x is the radial distance from
the center of the pin to the evaluation point, and J is the polar moment of inertia. Here, the DL and
LL are desired (rather than the net-section stress), so strain gage H3 is used to estimate the LL
supported by the pin and strain gages H6 and H8 are used to calculate the moment in the hanger
at the pin connection. The shear stress in the pin due to torque from the plate increases linearly
from the pin center to the outer edge with maximum shear stress observed at the outer edge where
c is equal to the pin radius. Given that the polar moment of inertia for a solid shaft is defined as
𝜋
𝐽 = 2 ∙ 𝑐 4 , the assumed limit state function is formulated as follows:
𝑀2 = 0.6𝐹𝑦 −

𝐷𝐿+𝐿𝐿 4
∙
𝐴𝑝𝑖𝑛 3

−

𝑇𝑐
𝐽

= 0.6𝐹𝑦 −

𝐷𝐿+(ɛ𝐻3 )∙𝐸∙𝐴𝑔 4
∙3
𝐴𝑝𝑖𝑛

−

(ɛ𝐻8 −ɛ𝐻6 )∙𝐸∙𝑏∙ℎ 2 ∙𝑐
12∙𝐽

(6)

GEV distribution parameters are extracted from measured data at strain gage H3. As seen in Figure
4, GEV distributions are fit to the peak strain values from strain gage H3 and the difference
between strain gages H8 and H6 with corresponding ξ, η, and λ parameters shown in Table 2. The
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Table 3: Reliability analysis results for a one year reference period
Limit State Function
Net-section Stress
Pin Shear Stress

Pf
(Monte Carlo)
9.866(10-6)
7.156(10-6)

Pf
(FORM)
9.779(10-6)
7.008(10-6)

βFORM
4.27
4.34

shear yield stress is given as 0.60Fy with the same uncertainty as the yield stress, Fy. For pin shear
stress the probability of failure is 7.008(10-6) with a reliability index of 4.34 (Table 3).
For both limit states, FORM is an excellent approximation and SORM is not necessary. The
calculated reliability indices for the net-section stress and pin shear stress limit states are 4.27 and
4.34 respectively. These values are higher than the target reliability index value of 3.5 [1] [15]
reported by AASTHO-LRFD which indicates that the probability of failure is even lower than
originally designed for. In addition, the similarity between the values of these two observed
reliability index values indicates that the hanger plate is efficiently and well designed.

Conclusions
The reliability-based framework for long-term monitoring proposed in this paper allows for
continuous health assessment of pin-and-hanger elements through a reliability index performance
metric. Corrosion-induced damage in hanger plates is well-documented and appears in several
forms, including partial (or complete) pin fixity. This can lead to increased shear stresses at the
pin and increased net-section stresses in the hanger due to plate bending, and increased stresses in
the pin-hole region due to section loss. A FE model is constructed that can accurately model
changes in induced stresses in the hanger plate due to changes in the pin-and-hanger boundary
conditions. The reliability index is then successfully calculated using FORM for two welldocumented modes of failure: net-section stress at the pin and pin shear. Future work will use the
results from this paper as an analytical basis for defining and evaluating lower limit states for
which capacities are defined based on criteria specified by condition ratings, as opposed to
capacities that are governed by yielding. The FE model will also be updated to replicate specific
damage characteristics that are defined by condition ratings. Once additional forms of damage are
identified and modelled, the influence of changes in capacities on the limit states will be analyzed
using the same reliability-based framework presented in this study.
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Towards an optimum monitoring period for action effects
on bridges
Colin C. Caprani
Department of Civil Engineering, Monash University

Abstract: The maintenance of deteriorating structures has become a major challenge in recent years. Ageing infrastructure is subject to a multi-hazard environment
that is becoming more severe with time. Many bridge owners are combating this
problem by using structural health monitoring (SHM) solutions to assist with prioritizing rehabilitation works, and problem diagnosis and prognosis. However, there
is a trade-off: more data results in less uncertainty about predictions, but more data
is expensive. This work provides a basis to obtain the relationship between a specified accuracy level of the extreme predicted action effect, and the required monitoring duration. An approach of extreme value theory, records analysis, is used for
these ends. A theoretical framework for statistical inference and data processing is
presented. This work will lead to improved understanding of the duration of data
collection required for temporary structural health monitoring systems, as well as
other applications.

Introduction
The increasing prevalence of ageing and deteriorating infrastructure is stimulating the adoption
of structural health monitoring. Significant challenges with these systems are their cost, the
management of large quantities of data, and the effective use of the data in managing the instrumented asset. Indeed suitable indicators of extreme and anomalous behaviour are needed to
provide early warning detection of problems situations. Further, since each measurement can
be costly there is a need to obtain the most pertinent information about extreme results with as
little data collection as possible. This work proposes and evaluates statistical records theory as
a means to limit the extent of required data collection and maximize the collection of pertinent
results. Indeed, by their very nature, records are often the direct data of interest.
The use of records can provide a means of reducing the quantity of data necessary to make
informed decisions about the process under measurement. Consider an example such as strain
or vibration measurements that commonly form part of a distributed structural health monitoring installation. Data acquisition (DAQ) and pre-processing are often done at the node (measurement) point to reduce traffic to the central DAQ in large-scale installations. It would be a
simple matter to preprocess the incoming signal in real time for records data, limiting the quantity of information to be transmitted at the end of each recording period. As will be seen, statistical inference based on records theory can then provide information on the annual maximum
distribution of strain (for example) quite readily. Further, trends on the records process from
day-to-day can also be identified, though this aspect is not addressed presently.
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Classical Records Theory
Records theory originated with Chandler in 1952 [6]. Useful reviews of the theory include
[2,10,11,18]. There are two sampling schemes for obtaining the data:
1. Inverse sampling: sampling continues until a predetermined number of records are observed ( N n is known) and so the total number of samples n is itself a random variable.
2. Random sampling: a set number of samples n is recorded and the number of records
obtained N n is a random variable.
To begin, consider a sequence of independent and identically distributed (iid) random variables,
X1 , X 2 , , X n , which for the present purposes will represent realizations of some action upon
a structure. An observation is termed an upper record if it exceeds all previous values in the
sequence of observations (similarly for lower records). It, and the record times sequence (illustrated in Figure 1), are defined as:
X j  max  X1 , X 2 ,



, X j 1 

Tn  min j : X j  X Tn1

(1)



(2)

where the first data point ( X 1 ) is the trivial record, T1  1 , and n  1 . The sequence of record
values can then be indexed by the times at which the records occur as Rn  X T .
n

4
3

Realization

2
1
0
-1
-2
Random data
-3

0

5

10

Upper record
15

20

Lower record

25
30
Variate index

35

40

45

50

Figure 1: Example record sequence from standard normal deviates.

The number of records in the n data points is denoted N n and trivially, N1  1 . Two further
related processes of interest are the waiting (or inter-record) time sequence and the record jump
(or increment) process, defined respectively as:
Wn  Tn  Tn 1

n2

J n  Rn  Rn 1

n2

(3)
(4)

Interestingly (and perhaps intuitively) it is only the record value and jump processes that depend
on the underlying distribution of the random variables, X j . The record counting statistics,
Tn , N n ,Wn , are not influenced by the underlying distribution. The probability that an individual

sample is a record is termed the record rate, Pn . In a sample of n iid random variables, any of
the samples is equally likely to be a record and so:
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1
n

Pn 

(5)

We introduce an indicator variable, I n , to identify samples that are records:
if X n  max  X 1 ,

1
In  
0

, X n 1 

(6)

otherwise

And so the mean and variance of this Bernoulli-distributed variable is:
E  I j   Pr I j  1  Pj 



Var  I j   E  I 2j   E  I j 



2



1
j

(7)

1 1 1 1

 1  
j j2 j 
j

(8)

The number of records in a sample of size n is then:
n

Nn   I j

(9)

j 1

which consequently has mean and variance of:
n
n
1 n 
E  N n    E  I j    
 log n  
j 1
j 1 j

(10)

n
n
1  1  n
2
(11)
Var  N n    Var  I j    1   
 log n   
j
6
j 1
j 1 j 
where  is Euler’s constant (0.5772…) and E  Nn    as n   . The probability of observing

k records in n observations is given by [2,14]:
P  Nn  k  

S1  n, k 

(12)

n!

where S1  n, k  is Stirling’s number of the first kind [7]. For large n, the distribution of the
number of records can be approximated by:



Nn ~  log n, log n



(13)

where   is the normal distribution. These last results are significant: they indicate the rarity
of observing records for large n, as illustrated in Table 1.
Table 1: Statistics of record value incidence in a sequence of iid variables (after [10])

n

E  Nn 

Var  Nn 

2
5
10
50
100
500
1000
1,000,000

1.50
2.28
2.93
4.50
5.19
6.79
7.49
14.39

0.25
0.82
1.38
2.87
3.55
5.15
5.84
12.75
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Var  N n 

0.50
0.91
1.17
1.70
1.88
2.27
2.42
3.57

Similarly, the distribution of the kth record time, and the waiting time between the (k-1)th and
kth record can be approximated respectively by a log-normal distribution:

 
~ LN  k , k 

Tk ~ LN k , k

(14)

Wk

(15)

These wide distributions are illustrated in Figure 2 for some values of k.
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Figure 2: Distributions of kth record times.

To determine the distribution of an individual record value, consider a sequence of standard
exponential variables  X *j , j  1 with distribution function F *  x   1  exp   x  . By the properties of the exponential distribution, the difference between successive records will also be exponentially distributed, J n* , and so the nth record value is the sum of n standard exponential
variables, the n-fold convolution, given by the gamma density function:
f n*  x  

1
x n1 f *  x 
 n  1!

(16)

where f *  x   exp   x  is the density function. This can be used to determine the distribution
of the nth record value for iid variables from arbitrary distributions. If X has continuous distribution function F, then its associated standard exponential distribution is:
F *  x    log 1  F  x  

(17)

And through substitution of this for x in equation (16) we have the distribution of the nth record
value:
f Rn  x  

n 1
1
 log 1  F  x   f  x 
 n  1!

(18)

This approach of converting arbitrarily distributed variables to standard exponential variables
allows the use of the strong law of large numbers, and so a limiting distribution can be found
for the record values. In fact, the limiting form of the records distribution is related to the limiting form for maxima, as given by Resnick’s Duality Theorem [16]:
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lim f Rn  x     log   log G  x  
n 



(19)

where G  x  is the generalized extreme value distribution (GEV), given by [8]:
1 
 
 x     
G  x   exp  1   
(20)
 
    
 
Considering small values of the shape parameter (around 0.2    0.2 ), we can approximate

the asymptotic distribution using that for the Gumbel distribution (   0 ), which is shown to be
the normal distribution with mean and standard deviation as follows [2,14,16]:
  k   F  k 





(21)

  k    F k  k  F  k 

where  F  u   F 1 1  eu  , which for the GEV distribution is:







(22)
1    log 1  eu 

An illustration of equations (18) and (19) (using (21) and (22) as described) is given in Figure
3 for several kth record values from a GEV distribution.

 GEV  u    

0.04
Source
Exact
Asymptotic

0.035
k =2

Probability density

0.03
0.025

k =5
k = 20

k = 10

0.02
0.015
0.01
0.005
0
50

100

150
200
Random variable

250

300

Figure 3: Source, exact, and approximate asymptotic distributions of kth record values for G 100,10, 0.05 .

Inference from records
Given a sequence of record values and times, we wish to determine the joint likelihood function
of these observations (making most use of the available data). The distribution of upper record
value Ri having observed record value ri 1 is given by the truncated distribution on r  ri :
P  Ri  r | Ri  ri 1  

f r 

1  F  ri 1 

ri 1  r

(23)

The probability of the first success in Wi Bernoulli trials is given by the geometric distribution
to be:
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P Wi  w | Ri  r   1  F  ri    F  ri  

w 1

(24)

And so the joint likelihood function for the complete set of upper record value and waiting time
observations under both inverse and random sampling schemes is given by [1,11,17]:
L  R1 ,

n

, Rn ;W1 ,

,Wn 1    f  ri   F  ri  

wi 1

ri 1  ri ; wn  1

i 1

(25)

For which the log-likelihood is:
n

n

i 1

i 1

log L   log f  ri     wi  1 log F  ri 

(26)

Records from GEV distributed random variables
The GEV distribution, defined in (20), is the limiting asymptotic distribution that occurs in the
study of block maxima statistics from an iid random process [8]. A such it has received much
use in civil engineering: see [4,5] for examples. Given the demonstrated flexibility of the GEV
in modelling extremes of relevance to engineering, it will be considered here in detail as a likely
statistical model for the process under consideration. The GEV density function is given by:
g  x 

1
 x   
1  



  

 11  

1 
 
 x     
exp  1   
 
    
 

(27)

And so the log-likelihood function for the data alone (first term of equation (26)) is:
n

n

n

i 1

i 1

i 1

 log f  ri   n log  1  1    log yi   yi1 

(28)

where yi  1    xi     . The second log-likelihood term of equation (26) is given by:
n

n

i 1

i 1

  wi  1 log F  ri     wi  1 yi1 

(29)

And so the log-likelihood function for GEV-distributed upper record data and times is:
n

n

i 1

i 1

log L  n log   1  1    log yi   wi yi1 

(30)

Example inference on GEV record data
A set of 1000 observations is randomly generated from a GEV distribution with location, scale,
and shape parameters of 100, 10, and -0.05 respectively (as per Figure 3). The record values
and times are then found (random sampling scheme) and the maximum likelihood method based
on equation (30) is used to determine the parameter estimates from the underlying distribution.
An example output is shown in Figure 4. The record value and time data upon which this fit is
made is given in Table 2. This particular fit is quite good; the estimated parameters are 95.12,
11.57, and -0.052, and this is a common feature of the fits with number of records greater than
the expected number for 1000 observations ( N n  7.49 ). A good (even) distribution of record
occurrences (i.e. record times) across the dataset is also found to be beneficial on the quality of
the fits.
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Figure 4: Inference on data from G 100,10, 0.05 : (a) shows the data and resulting record values and times;
(b) the source and fitted distributions on Gumbel probability paper.

Table 2: Example upper record value and times data set from 1000 GEV observations.

k
Rk
Tk
Wk

1
103.9
1
5

2
105.9
6
3

3
122.5
9
15

4
125.3
24
20

5
130.7
44
6

6
149.6
50
264

7
153.7
314
254

8
162.9
568
1

The accuracy of the procedure is qualitatively assessed by repeating this process 10 4 times. The
histograms of the resulting parameter estimates are given in Figure 5. Note that a penalty function was used to prevent divergence of the maximum likelihood optimization outside the bounds
  0 ,   0 , 0.5    0.5 which are reasonable for a physical process [13]. Some parameter
values collect at these bounds, most notably the shape parameter – as may be seen in Figure 5.
These occurrences tend to happen when there are few records observed (e.g. the second record
is the maximum value in the whole sequence of observations), or the record occurrences are
clustered leading to small ti s in equation (30) reducing the weight of the third term. In any case,
the mean values obtained for the parameters are 101.91, 10.68, 0.043 and on average, 7.47
records were obtained (the expected value is 7.49 – Table 1).
Interestingly, since the number of records expected is of the order log n, there should not be
much difference in inference based on 500 observations. Indeed, by repeating the 10 4 simulations for this number, the mean parameter values found are 101.9, 10.99, and 0.046, with an
average of 6.83 records observed (6.79 expected – Table 1). The implications of this are significant if the cost of acquiring, storing, or processing the observations is high. Finally, an important observation from the preceding work is the generally poor estimation of the tail index,
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or shape parameter which influences the predicted extremes significantly. This aspect requires
further investigation as outlined next.
1500
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Figure 5: Histograms from 104 simulations of inferences from record data from 1000 observations from
G 100,10, 0.05 : (a) shape; (b) scale; (c) location parameters, and (d) the number of observed records.

Estimation of the tail index
The tail index (or shape parameter) defines the behaviour of the distribution for long return
periods which are of interest in many civil engineering applications. When   0 (the Weibull
domain of attraction) there exists an upper limit on the possible range of values of the process,
x      ; for   0 (Gumbel domain of attraction) there is no upper limit; and for   0 (the
Frechet domain of attraction) there is no upper limit and the distribution has a so-called fat or
heavy tail, admitting higher probabilities to large realizations. With the predictions from the
fitted distribution so sensitive to the tail index, many estimators have specifically developed –
see [9,12,13]. However, these estimators either only apply to heavy tails or rely on the full set
of observations, and not on the record values and times, as is the case here and so alternative
estimators are needed.
Berred [3] suggested two estimators for the tail index from record values for   0 . This was
later extended by Qi [15] for      and is given by:
Q  k, n 

R  Rn  k
1
log n
k
Rn  k  Rn  2 k

(31)

Further, this estimator is shown to be unbiased and asymptotically normal:



k 1  exp  k Q  k , n 

Q k, n



2 
 Q k , n   ~ N 0,1
     

(32)

which allows for confidence intervals to be found. In this estimator, n is the number of records
found and k is the number involved in the computation with the restriction, k  n 2  1 .
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Figure 6(a) shows the histogram of shape parameter estimates using Qi’s estimator from 104
runs of 1000 observations as was done previously for G 100,10, 0.05 . It can be seen that the
estimator does not distinguish this small value of the tail index very well but does return a mean
result of -0.34. For stronger tail indices in either direction, Figure 6(b) and (c) show that the
domain of attraction is clearly identified with means of -0.864 and 0.277 respectively. Considering that on average, there are only 7-8 data points (record values), this performance is not
unreasonable.
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Figure 6: Performance of Qi’s estimator for tail indices (a)   0.05 ; (b)   1.0 (c)   1.0 . (Note that
estimates outside [-1 1] are lumped at those bins, and the value of the y-axis is limited for clarity in (b) and (c)).

Conclusions
This work evaluates statistical records theory for a structural health monitoring setting. IN such
an application, it would be easy to process incoming real time data to store only record values
and times. This vastly reduced quantity of data can be more easily stored and transmitted and
yet is shown to provide good information on the underlying statistical process. Records can be
used to estimate the parameters of the statistical distribution of the measurements, and provide
a reasonable means of estimating the extreme tail behaviour of the distribution – important for
extrapolating for extreme action effects on structures which is often the main quantity of interest.
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Abstract: A novel method for risk-based optimization of inspection and repair strategies for deteriorating structural systems has recently been proposed. The method
defines heuristics at the system level to reduce the number of possible strategies.
For each defined strategy, it computes the updated system failure probability conditional on simulated inspection and repair histories, and evaluates the associated costs
and risk. The expected total service life costs and risk for a strategy are finally determined using Monte Carlo simulation. The optimal strategy minimizes the expected total service life costs and risk. We intend to adopt this approach to optimize
inspection, monitoring and repair activities for offshore wind park support structures. As a first step, we simulate – in analogy to an offshore wind park – the service
life performance of an inspected group of jacket-type frames. The performance is
quantified in terms of the group’s system failure probability conditional on simulated inspection and repair histories. The underlying system model accounts for the
structural redundancy of the frames and the interdependence among their failure
events due to similar loading conditions. The model also captures stochastic dependence among the deterioration states of the frames. As part of the simulation process
the a-priori unknown outcome of any planned inspection is generated conditional on
the outcome of all previous inspections.

Introduction
Offshore wind parks consist of many equivalent turbine support structures, whose performance
is significantly correlated as they are manufactured out of the same material using similar production processes and quality standards. In addition, they are exposed to the same deterioration
processes and similar loading conditions. Through these system effects it is possible to infer the
condition of the entire set of structures by inspecting and/or monitoring a subset. The effect of
inspection and monitoring can be quantified using reliability and risk informed methods. This
approach forms the basis for optimizing inspection and repair strategies [1, 2].
Planning inspection and repair for deteriorating structures is a sequential decision problem [3],
which can be modeled graphically by a decision tree as shown Figure 1. Solving the problem
at the element level is already a challenging task [4, 5]. The complexity increases even further
at the system level because of the large number of possible strategies and inspection outcomes.
A novel method to overcome this problem has recently been proposed in [6, 7]. The method
applies heuristics at the system level to narrow the search space of possible strategies.
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Figure 1: Decision tree for planning inspection and repair for deteriorating structures.

The method then applies hierarchical dynamic Bayesian networks for computing the updated
system failure probability for an adopted strategy and corresponding inspection and repair histories [8]. The associated costs and risk are subsequently evaluated. Finally, Monte Carlo simulation (MCS) is applied to compute the expected total service life costs and risk for a given
strategy. Inspection and repair histories are generated from sampled deterioration histories of
the structure. The optimal strategy minimizes the expected total service life costs and risk.
We intend to adopt this idea for planning inspections, monitoring and repair activities for offshore wind park support structures. As an initial step, we simulate the service life performance
of an inspected group of jacket-type frames subjected to fatigue deterioration. For illustration
purposes, the service life performance simulation is performed for a simple inspection and repair strategy. The group’s performance is quantified in terms of its system failure probability
conditional on simulated inspection and repair histories.
Building on a modeling and computational framework for analyzing and updating the system
reliability of deteriorating structural systems proposed in [9], the system model for computing
the group’s failure probability consists of a probabilistic deterioration model and a probabilistic
structural model for calculating the group’s failure probability conditional on its deterioration
state. The deterioration model considers stochastic dependence among the frame’s deterioration. The structural model accounts for structural redundancy and interdependence among the
failure events of different structures due to similar loading conditions. Inspection results are
included in the assessment through Bayesian updating of the deterioration model. The updated
system failure probability is then obtained through coupling this updated model with the structural model. The resulting structural reliability problems are high-dimensional and are here
solved with subset simulation (SuS) [10, 11], which is an adaptive variant of MSC.
When simulating the service life performance of the group of frames, the outcome of any
planned inspection is a-priori unknown. In this paper, we present an approach to generating the
outcome of any planned inspection based on the probabilistic deterioration model conditioned
on the outcome of all previous inspections and repairs.

Service life performance model
2.1 Description of the structures
We consider a group of 𝑛𝐹 = 9 identical Zayas frames [12] consisting of tubular steel elements
with welded connections as shown in Figure 2. Apart from gravity, each frame 𝑖 is subjected to
a horizontal load 𝐿𝑖 at the structure’s top to represent a critical environmental load scenario. In
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addition, the frames are exposed to fatigue loading throughout their service life of 20 years.
The fatigue hotspots are located at the welded connections of the braces as shown in Figure 2.
Each frame contains 𝑛𝐸 = 13 deteriorating elements and 𝑛𝐻 = 22 fatigue hotspots.

Figure 2: Zayas frame [9, 12]. OD is the outer diameter and WT the wall thickness.

2.2 Inspection and repair strategy
For illustration purposes, a simple inspection and repair strategy is adopted. Regular inspection
campaigns are carried out at 5 year intervals. Frames 1 to 3 are inspected and repaired in year
5, frames 4 to 6 in year 10 and frames 7 to 9 in year 15.
During an inspection campaign, the welded connections of the most important structural elements of each frame are inspected. These are the welded connections containing hotspots 15 to
20. The structural importance of any element 𝑘 of frame 𝑖 is quantified in terms of its single
element importance measure [13], which is defined as the difference between the failure probability of the undamaged frame and the failure probability of the frame when element 𝑘 has
failed due to fatigue deterioration (see also [9]).
A weld is repaired at time 𝑡 if a fatigue crack is indicated and measured to be larger than a repair
criterion 𝑎𝑅 = 1 mm.

2.3 Deterioration model
Fatigue crack growth at any hotspot is modeled by Paris’ law. Assuming a one-dimensional
crack, an analytical function 𝑎𝑖,𝑗 can be derived to predict the crack size at hotspot 𝑗 in frame 𝑖
at time 𝑡 (see [9] for more details):

𝑎𝑖,𝑗 (𝐗, 𝑡) = [(1 −

𝑀𝑖,𝑗
𝑀𝑖,𝑗
𝑀𝑖,𝑗
𝑀𝑖,𝑗
𝑀𝑖,𝑗
) 𝐶𝑖,𝑗 ∙ 𝐵𝑆𝐼𝐹,𝑖,𝑗
∙ 𝐵Δ𝑆,𝑖,𝑗
∙ 𝛥𝑆𝑒,𝑖,𝑗
∙ 𝜋 2 ∙ 𝜈𝑖,𝑗 𝑡 +
2

𝑀𝑖,𝑗 −1
𝑀𝑖,𝑗 (1− 2 )
(1−
)
2
𝐴0,𝑖,𝑗
]

(1)

where 𝐶𝑖,𝑗 and 𝑀𝑖,𝑗 are empirical material parameters; 𝐵Δ𝑆,𝑖,𝑗 and 𝐵𝑆𝐼𝐹,𝑖,𝑗 are correction factors
accounting for uncertainties in the estimation of the fatigue stress and SIF (stress intensity factor) ranges; Δ𝑆𝑒,𝑖,𝑗 is the equivalent stress range; 𝜈𝑖,𝑗 is the stress cycle rate; 𝜈𝑖,𝑗 𝑡 is the total
number of stress cycles in the period [0, 𝑡] and 𝐴0,𝑖,𝑗 is the initial crack size at time 𝑡 = 0. 𝑀𝑖,𝑗
is modeled as a function of 𝐶𝑖,𝑗 [4]. The long-term distribution of the fatigue stress ranges Δ𝑆𝑖,𝑗
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is described by a Weibull distribution with scale and shape parameter 𝐾𝑖,𝑗 and 𝜆𝑖,𝑗 . Δ𝑆𝑒,𝑖,𝑗 is
thus given by [14]:
Δ𝑆𝑒,𝑖,𝑗 =

1/𝑀𝑖,𝑗
𝑀
(𝐸Δ𝑆,𝑖,𝑗 [Δ𝑆𝑖,𝑗𝑖,𝑗 ])

1/𝑀𝑖,𝑗

𝑀𝑖,𝑗
= 𝐾𝑖,𝑗 ∙ Γ (1 +
)
𝜆𝑖,𝑗

(2)

where Γ(∙) is the Gamma function and 𝐸Δ𝑆,𝑖,𝑗 [∙] is the expectation operator with respect to Δ𝑆𝑖,𝑗 .
In Eq. (1) the random vector 𝐗 = (𝐗1 , … , 𝐗 𝑛𝐹 ) contains all uncertain parameters influencing
fatigue deterioration of the group of frames, where 𝐗 𝑖 , 𝑖 = 1, … , 𝑛𝐹 is defined as:
𝐗 𝑖 = (𝐶𝑖,1 , 𝐴0,𝑖,1 , 𝐵𝑆𝐼𝐹,𝑖,1 , 𝐵Δ𝑆,𝑖,1 , 𝐾Δ𝑆,𝑖,1 , … , 𝐶𝑖,𝑛𝐻 , 𝐴0,𝑖,𝑛𝐻 , 𝐵𝑆𝐼𝐹,𝑖,𝑛𝐻 , 𝐵Δ𝑆,𝑖,𝑛𝐻 , 𝐾Δ𝑆,𝑖,𝑛𝐻 )

(3)

The random variables 𝐗 are spatially correlated, resulting in a correlation of the fatigue crack
sizes at different hotspots and, consequently, in an interdependence of element fatigue failures.
For illustration purposes, the parameters 𝐴0,𝑖,𝑗 , 𝐶𝑖,𝑗 , 𝐾Δ𝑆,𝑖,𝑗 , 𝐵Δ𝑆,𝑖,𝑗 and 𝐵𝑆𝐼𝐹,𝑖,𝑗 are defined by the
same marginal distributions for all hotspots as summarized in Table 1, and they are assumed to
be equi-correlated among all hotspots with correlation coefficients 𝜌𝐴0 = 𝜌ln 𝐶 = 𝜌ln 𝐾Δ𝑆 =
𝜌𝐵Δ𝑆 = 𝜌𝐵𝑆𝐼𝐹 = 0.8. The joint probability density function (PDF) 𝑓𝐗 (𝐱) of 𝐗 is modeled by the
Nataf distribution model [15].
Table 1: Fatigue crack growth parameters for all hotspots [9].
Parameter

Dimension

ln 𝐾Δ𝑆,𝑖,𝑗

corresponding to N/mm

𝜆Δ𝑆,𝑖,𝑗

-

𝜈𝑖,𝑗

year

𝐴0,𝑖,𝑗

2

-1

Distribution

Mean

Standard deviation

normal

2.0

0.275

deterministic

0.8

6

deterministic

510

-

mm

exponential

0.11

0.11

𝑎𝑐,𝑖,𝑗

mm

deterministic

20

-

ln 𝐶𝑖,𝑗

corresponding to N and mm

normal

-29.97

0.514

𝑀𝑖,𝑗

-

calculated from ln 𝐶𝑖,𝑗 = −15.84 − 3.34𝑀𝑖,𝑗

𝐵Δ𝑆,𝑖,𝑗

-

lognormal

1.0

0.1

𝐵𝑆𝐼𝐹,𝑖,𝑗

-

lognormal

1.0

0.1

A deteriorating element 𝑘 of frame 𝑖 is assumed to be structurally ineffective as soon as a fatigue
crack at any of the associated hotspots grows beyond a critical size; otherwise it is fully effective. Its deterioration state at time 𝑡 is represented by a binary random variable 𝐷𝑖,𝑘,𝑡 with states
𝐷𝑖,𝑘,𝑡 = 0 (no fatigue failure) and 𝐷𝑖,𝑘,𝑡 = 1 (fatigue failure). The fatigue failure event is defined
by the limit-state function (LSF) 𝑔𝑖,𝑘 (𝐱, 𝑡) such that {𝐷𝑖,𝑘,𝑡 = 1} = {𝑔𝑖,𝑘 (𝐗, 𝑡) ≤ 0}. From system reliability theory, it follows that 𝑔𝑖,𝑘 (𝐱, 𝑡) can be written as:
𝑔𝑖,𝑘 (𝐱, 𝑡) = min 𝑔𝐻,𝑖,𝑗 (𝐱, 𝑡)
𝑗∈𝑆𝑖,𝑘

(4)

where 𝑆𝑖,𝑘 ⊆ {1, … , 𝑛𝐻 } contains the indices of all hotspots associated with element 𝑘 of frame
𝑖 and 𝑔𝐻,𝑖,𝑗 (𝐱, 𝑡) is the LSF describing failure of hotspot 𝑗 in frame 𝑖 at time 𝑡. It is defined as:
𝑔𝐻,𝑖,𝑗 (𝐱, 𝑡) = 𝑎𝑐,𝑖,𝑗 − 𝑎𝑖,𝑗 (𝐱, 𝑡)

(5)

where 𝑎𝑐,𝑖,𝑗 is the critical crack size. A function ℎ𝑖,𝑘 can now be formulated to describe the
relationship between the element deterioration state 𝐷𝑖,𝑘,𝑡 and the fatigue model parameters 𝐗:
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𝐷𝑖,𝑘,𝑡 = ℎ𝑖,𝑘 (𝐗, 𝑡) = 𝐼(𝑔𝑖,𝑘 (𝐗, 𝑡) ≤ 0)

(6)

where 𝐼(∙) is the indicator function, which is equal to 1 if its argument is true and 0 otherwise.
The deterioration state of turbine 𝑖 at time 𝑡 is expressed by a random vector 𝐃𝑖,𝑡 =
(𝐷𝑖,1,𝑡 , … , 𝐷𝑖,𝑛𝐸 ,𝑡 ) and the relationship between 𝐃𝑖,𝑡 and 𝐗 is described by a function ℎ𝑖 as:
𝐃𝑖,𝑡 = ℎ𝑖 (𝐗, 𝑡) = (ℎ𝑖,1 (𝐗, 𝑡), … , ℎ𝑖,𝑛𝐸 (𝐗, 𝑡))

(7)

Finally, the deterioration state of all frames at time 𝑡 is represented by the random vector 𝐃𝑡 =
(𝐃1,𝑡 , … , 𝐃𝑛𝐹,𝑡 ) and the function ℎ is defined to model the relationship between 𝐃𝑡 and 𝐗:
𝐃𝑡 = ℎ(𝐗, 𝑡) = (ℎ1 (𝐗, 𝑡), … , ℎ𝑛𝐹 (𝐗, 𝑡))

(8)

2.4 Inspection model
The random variable 𝑍𝑖,𝑗,𝑡 represents the outcome of an inspection of hotspot 𝑗 in frame 𝑖 at
time 𝑡. The possible states of 𝑍𝑖,𝑗,𝑡 are defined as 𝑍𝑖,𝑗,𝑡 = 0 (no crack indicated or crack indicated and measured to be smaller than 𝑎𝑅 ), and 𝑍𝑖,𝑗,𝑡 = 1 (crack indicated and measured to be
larger than 𝑎𝑅 ). Both outcomes are directly related to the crack size 𝑎𝑖,𝑗 (𝐗, 𝑡).
The relationship between an inspection outcome 𝑍𝑖,𝑗,𝑡 = 𝑧𝑖,𝑗,𝑡 and the fatigue model parameters
𝐗 is modeled with a likelihood function 𝐿𝑧,𝑖,𝑗 (𝐱, 𝑡) ∝ Pr(𝑍𝑖,𝑗,𝑡 = 𝑧𝑖,𝑗,𝑡 |𝐗 = 𝐱). The likelihood
function 𝐿1,𝑖,𝑗 (𝐱, 𝑡) describing the event 𝑍𝑖,𝑗,𝑡 = 1 is defined as:
𝐿1,𝑖,𝑗 (𝐱, 𝑡) = Pr(𝑍𝑖,𝑗,𝑡 = 1|𝐗 = 𝐱) = 𝑃𝑜𝐼(𝑎𝑖,𝑗 (𝐱, 𝑡)) ∙ (1 − 𝐹𝐸 (𝑎𝑅 − 𝑎𝑖,𝑗 (𝐱, 𝑡)))

(9)

where 𝑃𝑜𝐼(𝑎) is the probability of indication and the term 1 − 𝐹𝐸 (𝑎𝑅 − 𝑎𝑖,𝑗 (𝐱, 𝑡)) is equal to
the probability that the crack is measured to be larger than 𝑎𝑅 . The latter is derived by assuming
an additive normal distributed measurement error 𝐸 with cumulative distribution function
(CDF) 𝐹𝐸 (𝜀). The mean and standard deviation of 𝐸 are selected as 𝜇𝐸 = 0 mm and 𝜎𝐸 = 0.5
mm. The 𝑃𝑜𝐼 is here modeled as [4]:
𝑃𝑜𝐼(𝑎) = 𝑃𝑜𝐷(𝑎) + (1 − 𝑃𝑜𝐷(𝑎)) ∙ 𝑃𝐹𝐼

(10)

where 𝑃𝐹𝐼 is the probability of false indication and 𝑃𝑜𝐷(𝑎) is the probability of detection,
which is defined as [4]:
𝑃𝑜𝐷(𝑎) =

exp(𝛼𝐷 + 𝛽𝐷 ln(𝑎))
1 + exp(𝛼𝐷 + 𝛽𝐷 ln(𝑎))

(11)

The 𝑃𝑜𝐼 parameters are chosen as 𝛼𝐷 = 0.63, 𝛽𝐷 = 1.16 and 𝑃𝐹𝐼 = 0.138 [4]. The likelihood
function 𝐿0,𝑖,𝑗 (𝐱, 𝑡) modeling the event 𝑍𝑖,𝑗,𝑡 = 0 is simply:
𝐿0,𝑖,𝑗 (𝐱, 𝑡) = Pr(𝑍𝑖,𝑗,𝑡 = 0|𝐗 = 𝐱) = 1 − 𝐿1,𝑖,𝑗 (𝐱, 𝑡)

(12)

All inspection outcomes obtained in the period [0, 𝑡] are collected in a random vector 𝐙0:𝑡 =
(𝐙1 , … , 𝐙𝑡 ), where the random vector 𝐙𝑡 contains the inspection results of all inspected hotspots
at time 𝑡. If all inspection outcomes are statistically independent given 𝐗 = 𝐱, the likelihood
function 𝐿(𝐱, 𝑡) describing the joint inspection outcome 𝐙0:𝑡 = 𝐳0:𝑡 is given by:
𝑛𝑍 (𝑡)

𝐿(𝐱, 𝑡) = Pr(𝐙0:𝑡 = 𝐳0:𝑡 |𝐗 = 𝐱) = ∏ (∏ ( ∏ 𝐿𝑧,𝑖,𝑗 (𝐱, 𝑡𝑚 )))
𝑚=1
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𝑖∈𝑆𝑚

𝑗∈𝑆𝑖,𝑚

(13)

where 𝑛𝑍 (𝑡) is the number of inspection campaigns performed in the period [0, 𝑡], 𝑆𝑚 ⊆
{1, … , 𝑛𝐹 } contains the indices of all inspected frames at time 𝑡𝑚 and 𝑆𝑖,𝑚 ⊆ {1, … , 𝑛𝐻 } with
𝑖 ∈ 𝑆𝑚 comprises the indices of all inspected hotspots in frame 𝑖 at time 𝑡𝑚 .

2.5 Repair model
Following a repair at time 𝑡, fatigue deterioration of hotspot 𝑗 in frame 𝑖 is described by the
same crack growth model but with a new initial crack size 𝐴0,𝑖,𝑗,𝑡 and a different starting time.
𝐴0,𝑖,𝑗,𝑡 is included as an additional random variable in 𝐗 and assumed to be statistically independent of all other parameters in 𝐗. The fatigue model parameters 𝐶𝑖,𝑗 , 𝐾Δ𝑆,𝑖,𝑗 , 𝐵𝑆𝐼𝐹,𝑖,𝑗 and
𝐵Δ𝑆,𝑖,𝑗 are the same before and after the repair. The LSF describing hotspot failure 𝜏 years after
a repair is:
𝑔𝐻,𝑖,𝑗,𝑡 (𝐱, 𝜏) = 𝑎𝑐,𝑖,𝑗 − 𝑎𝑖,𝑗,𝑡 (𝐱, 𝜏)

(14)

The function 𝑎𝑖,𝑗,𝑡 differs from 𝑎𝑖,𝑗 defined in Eq. (1) in that 𝐴0,𝑖,𝑗 is replaced by 𝐴0,𝑖,𝑗,𝑡 .

2.6 Conditional system failure probability
The system failure probability of the group of frames is assessed conditional on its deterioration
state at discrete time steps [9]. The group’s deterioration state is considered constant over the
reference period [𝑡 − Δ𝑡, 𝑡] and, conservatively, set equal to the state at time 𝑡, 𝐃𝑡 . The time
step is here selected as Δ𝑡 = 1 year. Let 𝐹𝑖,𝑡 and 𝐹𝑡 denote the events “failure of frame 𝑖” and
“failure of the entire group” in the reference period [𝑡 − Δ𝑡, 𝑡]. The entire group is assumed to
be in the failed state as soon as one frame collapses, i.e. 𝐹𝑡 = 𝐹1,𝑡 ∪ … ∪ 𝐹𝑛𝐹,𝑡 . The probability
of the event 𝐹𝑡 conditional on 𝐗 = 𝐱 is written as:
𝑝𝐹 (𝐱, 𝑡) = Pr(𝐹𝑡 |𝐗 = 𝐱) = Pr(𝐹𝑡 |𝐃𝑡 = ℎ(𝐱, 𝑡))

(15)

Each realization of the deterioration model parameters 𝐱 corresponds to a distinct system deterioration state 𝐝𝑡 as defined by Eq. (8). It is thus sufficient to only consider the computation of
the conditional system failure probability Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ). To this end, several assumptions are
made. The material and geometrical properties of all frames are assumed to be deterministic as
summarized in Figure 2. In addition, the time-variant environmental loads acting on the different frames are represented by their annual maxima 𝐿1 , … , 𝐿𝑛𝐹 , which are assumed to be identically distributed. Furthermore, they are assumed to be fully correlated within one year and
statistically independent of each other in two different years. It follows that the load maxima
𝐿1 , … , 𝐿𝑛𝐹 can be represented by a single random variable 𝐿 with CDF 𝐹𝐿 (𝑙). It also follows
that the conditional system failure probability Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ) has a reference period Δ𝑡 = 1
year but it is independent of time 𝑡. A LSF 𝑔𝑖 describing the event 𝐹𝑖,𝑡 as a function of its
deterioration state 𝐝𝑖,𝑡 can now defined as:
𝑔𝑖 (𝐝𝑖,𝑡 , 𝑙) = 𝑟𝑖 (𝐝𝑖,𝑡 ) − 𝑙

(16)

where 𝑟𝑖 (𝐝𝑖,𝑡 ) is the deterministic ultimate capacity of frame 𝑖 under the applied load as a function of its deterioration state 𝐝𝑖,𝑡 . 𝑟𝑖 (𝐝𝑖,𝑡 ) is computed by performing pushover analyses for all
possible deterioration states 𝐃𝑖,𝑡 = 𝐝𝑖,𝑡 (see [9] for more details). A database with all values of
𝑟𝑖 (𝐝𝑖,𝑡 ) is established only once since all frames in the group are identical. The conditional
system failure probability Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ) is now defined as.
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Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ) = Pr(𝑔1 (𝐝1,𝑡 , 𝐿) ≤ 0 ∪ … ∪ 𝑔𝑛𝐹 (𝐝𝑛𝐹,𝑡 , 𝐿) ≤ 0)

(17)

An equivalent LSF 𝑔 describing the system failure event 𝐹𝑡 as a function of its deterioration
state 𝐝𝑡 can thus be written as:
𝑔(𝐝𝑡 , 𝑙) = min(𝑔1 (𝐝1,𝑡 , 𝑙), … , 𝑔𝑛𝐹 (𝐝𝑛𝐹,𝑡 , 𝑙))
= min(𝑟1(𝐝1,𝑡 ), … , 𝑟𝑛𝐹 (𝐝𝑛𝐹,𝑡 )) − 𝑙

(18)

= 𝑟𝑚𝑖𝑛 (𝐝𝑡 ) − 𝑙
Finally, the conditional system failure probability Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ) is computed as:
Pr(𝐹𝑡 |𝐃𝑡 = 𝐝𝑡 ) = Pr(𝑔(𝐝𝑡 , 𝐿) ≤ 0) = 1 − 𝐹𝐿 (𝑟𝑚𝑖𝑛 (𝐝𝑡 ))

(19)

The load 𝐿 is assumed to have a coefficient of variation of 𝛿𝐿 = 0.35. The mean of 𝐿 is chosen
such that any undamaged frame 𝑖 has a reliability index 𝛽𝑖 = 4.2 with a one year reference
period, leading to 𝜇𝐿 = 72 kN (see also [9]).

2.7 Prior and posterior system failure probability
The prior system failure probability Pr(𝐹𝑡 ) of the deteriorating group of frames is given by [9]:
Pr(𝐹𝑡 ) = ∫ 𝑝𝐹 (𝐱, 𝑡) 𝑓𝐗 (𝐱) 𝑑𝐱

(20)

𝑫𝐗

where 𝑫𝐗 denotes the domain of definition of 𝐗. The integral in Eq. (20) can be transformed
into a component reliability problem in the augmented outcome space of the model parameters
𝐗 and the standard uniform random variable 𝑃 with PDF 𝑓𝑃 (𝑝) = 1, 0 ≤ 𝑝 ≤ 1 [9]:
Pr(𝐹𝑡 ) = ∫

𝑓𝐗 (𝐱) 𝑓𝑃 (𝑝) 𝑑𝐱 𝑑𝑝 = Pr(𝑔𝐹 (𝐗, 𝑃, 𝑡) ≤ 0)

(21)

𝑔𝐹 (𝐱,𝑝,𝑡)≤0

with 𝑔𝐹 (𝐱, 𝑝, 𝑡) = 𝑝 − 𝑝𝐹 (𝐱, 𝑡). Similarly, the posterior system failure probability Pr(𝐹𝑡 |𝐙0:𝑡 =
𝐳0:𝑡 ) can be written as [9]:
Pr(𝐹𝑡 |𝐙0:𝑡 = 𝐳0:𝑡 ) =

∫𝑔

𝐹∩𝑍 (𝐱,𝑝,𝑡)≤0

∫𝑔

𝑍

𝑓𝐗 (𝐱) 𝑓𝑃 (𝑝) 𝑑𝐱 𝑑𝑝

𝑓 (𝐱) 𝑓𝑃 (𝑝) 𝑑𝐱 𝑑𝑝
(𝐱,𝑝,𝑡)≤0 𝐗

=

Pr(𝑔𝐹∩𝑍 (𝐗, 𝑃, 𝑡) ≤ 0)
Pr(𝑔𝑍 (𝐗, 𝑃, 𝑡) ≤ 0)

(22)

where 𝑔𝐹∩𝑍 (𝐱, 𝑝, 𝑡) = 𝑝 − 𝑝𝐹 (𝐱, 𝑡) ∙ 𝑐𝐿(𝐱, 𝑡) and 𝑔𝑍 (𝐱, 𝑝, 𝑡) = 𝑝 − 𝑐𝐿(𝐱, 𝑡). The constant 𝑐 is
selected to ensure that 0 ≤ 𝑐𝐿(𝐱) ≤ 1 for all 𝐱. Since all inspection outcomes considered in this
paper provide inequality information, it can be chosen as 𝑐 = 1 (see also [16]).
The prior system failure probability Pr(𝐹𝑡 ) is estimated using SuS. The basic idea of SuS is to
express Pr(𝐹𝑡 ) as a product of conditional probabilities:
Pr(𝐹𝑡 ) = Pr(𝐸1 |𝐸0 ) ∙ Pr(𝐸2 |𝐸1 ) ∙ … ∙ Pr(𝐸𝑀 |𝐸𝑀−1 ) = ∏

𝑀

Pr(𝐸𝑖 |𝐸𝑖−1 )

𝑖=1

(23)

where 𝐸0 is the certain event and 𝐸0 ⊃ 𝐸1 ⊃ 𝐸2 ⊃ ⋯ ⊃ 𝐸𝑀 = 𝐹𝑡 . With a suitable choice of the
intermediate failure events, the conditional probabilities Pr(𝐸𝑖 |𝐸𝑖−1 ) become large enough such
that they can be estimated efficiently by simulation. Samples conditional on the intermediate
failure events are obtained through Markov chain Monte Carlo sampling [11].
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The posterior system failure probability Pr(𝐹𝑡 |𝐙0:𝑡 = 𝐳0:𝑡 ) is also estimated directly with SuS.
To this end, SuS is applied to compute the probability Pr(𝐹𝑡 ∩ 𝐙0:𝑡 = 𝐳0:𝑡 ). However, the simulation is started with samples conditional on 𝐸0 = {𝐙0:𝑡 = 𝐳0:𝑡 }, which are a available from
the last step of evaluating Pr(𝐙0:𝑡 = 𝐳0:𝑡 ) with SuS (see [9] for more details).

Service life performance simulation
Suppose an inspection is planned in year 𝑡. The goal is to a) simulate the outcome of the future
inspection outcome 𝐙𝑡 conditional on the outcome of all previous inspections 𝐙0:𝑡−1 = 𝐳0:𝑡−1 ,
i.e. sample from the conditional probability mass function (PMF) 𝑝(𝐳𝑡 |𝐳0:𝑡−1 ), and b) predict
the conditional system failure probability of the group of frames Pr(𝐹𝑡+𝑘 |𝐙0:𝑡 = 𝐳0:𝑡 ) with 𝑘 ≥
0 and 𝐙0:𝑡 = (𝐙0:𝑡−1 , 𝐙𝑡 ). The conditional PMF 𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) can be written as:
𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) = Pr(𝐙𝑡 = 𝐳𝑡 |𝐙0:𝑡−1 = 𝐳0:𝑡−1 ) = ∫ 𝑝(𝐳𝑡 |𝐱) 𝑓𝐗 (𝐱|𝐳0:𝑡−1 ) 𝑑𝐱

(24)

𝑫𝐗

where 𝑓𝐗 (𝐱|𝐳0:𝑡−1 ) is the PDF of the fatigue model parameters 𝐗 conditional on 𝐙0:𝑡−1 = 𝐳0:𝑡−1
and 𝑝(𝐳𝑡 |𝐱) is the likelihood of the inspection outcome 𝐙𝑡 given 𝐗 = 𝐱. The outcome of an
individual inspection of any hotspot 𝑗 in frame 𝑖 at time 𝑡 is assumed to be statistically independent of all other inspection outcomes given 𝐗 = 𝐱 (see Section 2.4). Therefore, the conditional PMF 𝑝(𝐳𝑡 |𝐱) is here defined as:
𝑝(𝐳𝑡 |𝐱) = Pr(𝐙𝑡 = 𝐳𝑡 |𝐗 = 𝐱) = ∏ ( ∏ 𝑝(𝑧𝑖,𝑗,𝑡 |𝐱))
𝑖∈𝑆𝑡

(25)

𝑗∈𝑆𝑖,𝑡

where 𝑆𝑡 ⊆ {1, … , 𝑛𝐹 } contains the indices of all inspected frames at time 𝑡, 𝑆𝑖,𝑡 ⊆ {1, … , 𝑛𝐻 }
with 𝑖 ∈ 𝑆𝑡 stores the indices of all inspected hotspots in frame 𝑖 at time 𝑡. The conditional PMF
𝑝(𝑧𝑖,𝑗,𝑡 |𝐱) is equal to the likelihood function 𝐿𝑧,𝑖,𝑗 (𝐱, 𝑡) introduced in Section 2.4:
𝑝(𝑧𝑖,𝑗,𝑡 |𝐱) = Pr(𝑍𝑖,𝑗,𝑡 = 𝑧𝑖,𝑗,𝑡 |𝐗 = 𝐱) = 𝐿𝑧,𝑖,𝑗 (𝐱, 𝑡)

(26)

The conditional PDF 𝑓𝐗 (𝐱|𝐳0:𝑡−1 ) is not known and, consequently, 𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) is also not
known. However, 𝐾 samples 𝐱 (𝑘) , 𝑘 = 1, … , 𝐾 from 𝑓𝐗 (𝐱|𝐳0:𝑡−1 ) are available as a by-product
of estimating Pr(𝐙0:𝑡−1 = 𝐳0:𝑡−1 ) with SuS in the previous step of the service life simulation.
Note that generating samples of the posterior PDF 𝑓𝐗 (𝐱|𝐳0:𝑡−1 ) this way is an application of the
BUS approach (Bayesian Updating with Structural reliability methods) with SuS [16].
The conditional PMF 𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) can now be approximated as follows: Simulate 𝐾 samples
(𝑘)
𝐳𝑡 , 𝑘 = 1, … , 𝐾 by sampling from 𝑝(𝑧𝑖,𝑗,𝑡 |𝐱 (𝑘) ) for each inspected hotspot. Subsequently, estimate the PMF of 𝐙𝑡 conditional on 𝐙0:𝑡−1 = 𝐳0:𝑡−1 using a MCS approach:
𝐾

1
(𝑘)
𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) ≈ ∑ 𝐼(𝐳𝑡 = 𝐳𝑡 )
𝐾

(27)

𝑘=1

Once an approximation of 𝑝(𝐳𝑡 |𝐳0:𝑡−1 ) is known, a random sample of the inspection outcome
𝐙𝑡 conditional on 𝐙0:𝑡−1 = 𝐳0:𝑡−1 can be generated. Subsequently, the probabilistic deterioration model is modified, if required, as described in Section 2.5. The conditional system failure
probability of the group of frames Pr(𝐹𝑡+𝑘 |𝐙0:𝑡 = 𝐳0:𝑡 ) with 𝑘 ≥ 0 is then predicted as described in Section 2.7. This process is repeated each time an inspection is planned.
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Results
For illustration purposes, the service life performance of the group of frames is simulated twice.
The results are shown in Figure 3. The problem is solved with SuS with conditional probabilities Pr(𝐸𝑖 |𝐸𝑖−1 ) = 0.1 and 104 samples per subset level.
The results in Figure 3a) show that the probability that no repair is performed during the planned
inspection campaigns is high. However, this probability decreases over time. The system failure
probability of the group of frames remains below 10−3 in this simulation.
Figure 3b) shows that the simulated inspection outcomes for the first two inspection campaigns
are the same as in the first simulation. Based on the sampled outcome of the third inspection,
repairs of two welds are performed. The updated system failure probability after the third inspection increases notably. Additional inspections might be required in this case. These could,
for example, be performed when the system failure probability exceeds a certain threshold [7].

Figure 3: System failure probability of the group conditional on two simulated inspection and repair histories.

Conclusions
This paper presents an approach to simulating the service life performance of an inspected
group of jacket-type frames subjected to fatigue deterioration. The group’s performance is
quantified in terms of its system failure probability. As part of the simulation process, the outcome of any planned inspection is simulated based on the probabilistic deterioration model
conditioned on the previous inspection outcomes and repair activities. For illustration purposes,
the service life simulation is performed for a simple inspection and repair strategy. The approach is, however, not restricted to this strategy, and alternative inspection and repair strategies
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can be implemented. Ultimately, we plan to extend the approach to optimize inspection, monitoring and repair strategies for offshore wind park support structures following a method recently proposed in [6, 7].
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Abstract: The latent variable model (LVM) is an important statistical model class
that can encode the unmeasured pattern in analysis. One typical scenario in structural testing is where only a limited number of sensors are available to identify a
large set of response quantities of interest. In this paper, we review LVM starting
with the probabilistic modeling and its graphical representation. The posterior inference of unknown parameters is then discussed via the expectation-maximization algorithm, variational Bayes approach and Gibbs sampling. As an illustration, the
problem of operational modal analysis is considered and used to illustrate the formulation of the probabilistic model and solution of the posterior distribution. This
paper intends to provide an introduction to LVM and enhance its application in engineering problems.

Introduction
Probabilistic modeling is a route task in order to explain observed data. If all quantities of interest in the model, except the uncertain parameters, are directly measurable, the model is completely observed; otherwise, it is only partially observed. In practice, partially observed models
are a common phenomenon due to limited instrumentation, sensor failure, or the inherently
complicated nature of the quantities of interest. For example, it is well known that structural
modal parameters, e.g. modal frequencies and damping ratios, depend on environmental temperature, but it is infeasible to fully measure it because it varies along the structure. In statistical
analysis, unmeasured quantities can be modeled by latent or hidden variables, while measured
variables are represented by observed or manifest variables. Though unmeasured, latent variables affect observed variables and it is usually beneficial to include them in the inference analysis of uncertain parameters.
Because of the latent variables, the partial observed model is usually named as latent variable
model (LVM), and we use this terminology hereafter. LVMs include many useful models, including factor analysis (FA), blind source separation (BSS), the Gaussian mixture model
(GMM), the hidden Markov model (HMM) and the state-space model (SSM), etc. These models have been widely applied in civil engineering applications. Examples include Kullaa [1],
who introduced the LVM to eliminate the environmental or operational effects from the data
without measuring the underlying variables; McNeill and Zimmerman [2], who applied BSS
for operational modal analysis (OMA) by regarding the modal responses as latent variables;
and Nair and Kiremidjian [3], who employed the GMM to model the feature vector in structural
damage detection. These works directly apply the standard results of different LVMs in statistics. It is beneficial to more fundamentally understand the nature of the LVM and know how to
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construct and thus solve the LVM in the context of civil engineering problems. Reviews on
LVMs in statistics can be found in [4,5], but they are from the viewpoint of pure data analysis
instead of a physical model, which is the perspective of our paper.
In this paper, we first briefly describe the probabilistic modeling process and introduce the
graphical representation of the model. Three methods, i.e. the expectation-maximization (EM)
algorithm, the variational Bayes (VB) approach and Gibbs sampling, are then reviewed as methods that are particularly useful in the inference of unknown parameters in LVMs. Thereafter,
we turn to the OMA problem, showing how to construct the probabilistic model and solve it
using the afore-mentioned three methods. Finally, as an illustration, the identification of a laboratory shear-type building is presented.

Latent variable models
2.1 Probabilistic Modeling
In order to explain the observed phenomenon, the simplest approach is to construct a model
, to express the relation between sets of inputs and outputs with unknown parameters . Because of ubiquitous modeling and measurement errors, a difference exists between
the measurements and the model outputs , i.e.
,

1

where the difference is usually called the prediction error, and it is required to contain no
additional pattern or structure; otherwise, the model
, needs to be refined and this process should continue until all parts of the structure can be captured by the model
, . Assigning a probability distribution to , usually by the Principle of Information Entropy [6], the
distribution of observations
| , can be constructed and used to infer the unknown parameters , which now also include those involved in specifying the probability model for .
To complete the specification of the probabilistic model, a prior distribution
is chosen to
reflect a researcher’s knowledge and beliefs about the unknown parameter. Finally, we encode
the constructed probabilistic model in terms of the conditional joint distribution
| ,

, |

2

The above modeling process is usually referred as stochastic embedding; a more detailed description can be found in [7]. Given the measurements , Bayes Theorem provides the way to
compute the posterior distribution
| ,

| ,

3

where
| ,
is a normalization constant, usually called evidence, which
plays an important role in Bayesian model selection [7].
In practice, one typical scenario is that not all variables in the input or output are measured
due to limited instrumentation, missing data or inaccessibility of the quantities of interest. As a
consequence, we can write Eqn. (1) as
,

,

,

4

where
and
are latent variables that cannot be directly measured. For simplicity, we arrange them into a vector random variables
,
. Note that, depending on the specific
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problem, any one or combinations of , and can be a null set. Applying stochastic embedding, we can obtain the probabilistic model via their joint distribution
, , |

, | ,

5

where the joint distribution
, | , represents the manner in which the latent variables
interact with the observations and . The review in [5] on LVMs is written from a Bayesian
perspective, and unknown parameters are regarded as global latent variables. Although focusing on Bayesian inference as well, we do not consider them as latent variables. In this respect, the nuisance parameter model [8], which includes parameters of no immediate interest
but accounted for in the analysis of the parameters of interest, does not belong to LVMs in our
category.
Though latent variables appear in the formulated probabilistic model, we might still be able to
formulate the distribution of the observations
| , , for example, see the SSM approach in
[7]. However, in most cases, this approach may not be a good option for inference on because
of its complexity. Instead, the joint distribution
, | , usually has a simple form to work
with.

For distinction, we denote
| , and
, | , as the incomplete likelihood function
(ILF) and the complete likelihood function (CLF), respectively. They are related through
| ,

, | ,

6

The CLF possesses the virtue of separating the likelihood into terms that can be maximized
independently – a “divide-and-conquer” approach – since the likelihood function can be formulated as the product of the likelihoods of individual samples. Note that only the ILF can be
directly used in Bayesian analysis, because the likelihood needs to bridge only the observations
and unknown parameters. The divide-and-conquer property of the CLF provides an alternative
strategy for posterior inference, as described later in this paper.

2.2 Graphical Representation
Probabilistic modeling problems often involve large numbers of interacting random variables
and it is often convenient to express the dependencies between these variables graphically. The
Bayesian network (BN) or directed acyclic graph [9] is one of the probabilistic graphical models
that represent a set of random variables and their conditional dependencies. It connects graph
theory to probability theory and provides an elegant language for building models.
As illustrated in Figure 1, for LVMs, BNs are comprised of nodes and directed edges. Each
node represents a random variable (or a vector of random variables), which can be an observed
variable (shaded node ), a latent variable (node ) or unknown parameters (node ). The directed edges represent conditional dependencies; nodes that are not connected (there is no path
from one node to the other) represent variables that are conditionally independent of each other.
Figure 1a) shows a scenario where the repeated variables ! and ! , for different ", are independent and identically distributed (i.i.d.) given the parameters ; here, the plate notation is
used to indicate repeated variables ! and ! with # shown in the corner of the plate being the
number of repetitions. Figure 1b) represents the case where !$ is dependent on ! for given
. A general assumption in LVMs is that observations ! for different " are conditionally independent of each other, given latent variables ! and unknown parameters .
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#
a) i.i.d. data

b) correlated data
Figure 1: Bayesian network models

Taking advantage of the graphical representation, efficient algorithms have been developed to
perform inference and learning in BNs. One important such algorithm is the junction tree algorithm, which is applicable to discrete random variables. For continuous random variables, efficient algorithms exist only for special cases, e.g., Gaussian BNs. In this paper, we do not pursue
algorithms available for BNs, but simply use BNs as a convenient visual language to express
the probabilistic model and variable dependencies.

2.3 Posterior Inference
Having described the probabilistic modeling formalism, we turn to the problem of posterior
inference given observations, which is the core of Bayesian analysis. The posterior distribution
can be used to make optimal predictions or decisions, or to select between models [7]. However,
for almost all interesting applications, posterior distributions are analytically intractable, so that
we have to fall back on approximation methods. In the next three subsections, three approximation methods especially useful for LVMs are briefly reviewed.
2.3.1 Expectation-Maximization
Justified by the asymptotic normality of the posterior under some regularity conditions, when
the number of data tends to infinity, Laplace approximations [8] representing the posterior as a
Gaussian is widely applied in Bayesian analysis. For the approximated Gaussian distribution,
) is given by the
its mean is the maximum a posteriori (MAP) estimator %&' and covariance (
inverse of the Hessian matrix of negative log likelihood function, i.e.
*+,

-./ 1-2

| ,

,

)
(

3−

5 678

| ,
5 5 :

9
;

< =>?

@

7

In the LVMs, because the ILF usually is a complex function of observations and unknown
parameters, finding the MAP and calculating the Hessian matrix are difficult problems. In this
respect, the expectation-maximization (EM) algorithm [10] provides a systematic and tractable
approach.
Suppose we use an iterative approach to find %&'. Starting with an arbitrary value
EM algorithm iteratively applies the following two steps:

B

, the

(1) E step: Calculate the expected value of the logarithm of the unnormalized posterior with
respect to the conditional distribution of , given , and the current parameter values C
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(2) M step: Find the parameter values that maximize the above quantity
-./ 1-2 F

C$

|

9

C

The preceding steps are repeatedly implemented until convergence is achieved. It has been
proven that the EM algorithm monotonically increases the unnormalized posterior to a local
mode with a linear convergence rate [11].
The EM algorithm takes advantage of the model structure to decouple the optimization problem
into more manageable pieces. The divide-and-conquer property of CLF gives a conceptual clarity and simplicity of the algorithm. It is particularly useful when the likelihood is of the exponential family [8]. In that case, the E step becomes the sum of expectations of sufficient
statistics, and the M step involves maximizing a linear function, so that it is usually possible to
derive a closed-form update for each step.
One drawback of the EM algorithm is that it does not have a built-in procedure for producing
an estimate of the covariance matrix of the parameter estimates, although some methodologies
have been proposed to remove this disadvantage, such as the Supplemented EM algorithm [11].
The other problem associated with the EM algorithm is the possibility of slow converge, even
in some seemingly innocuous problems and in problems where there is too much “incomplete
information” [11].
2.3.2 Variational Bayes
The variational Bayes (VB) approach [12,13] provides another way to approximate the posterior distribution of unknown parameters in LVMs using optimization. The basic idea is to find
a surrogate distribution O , from a predetermined family ℚ to minimize the distance from
the true posterior distribution in the sense of the Kullback-Leibler (KL) divergence [13].

One of the key ideas behind variational inference is to choose ℚ to be sufficiently flexible to
capture a distribution close to
, | , , but simple enough for efficient optimization. One
usually applied distribution family ℚ is the mean-field variational family [13], where the unknown variables are divided into mutually independent groups and each governed by a distinct
factor in the variational distribution, i.e.
O

,

O

O

10

Although this assumption may seem drastic, one may think of it as replacing the stochastic
dependence between and by deterministic dependencies between their relevant moments
[12]. The advantage of ignoring how variations in induce variations in (and vice-versa) is
that we can obtain analytical approximations to their posterior distributions. If the dependence
between the latent variables and parameters is low, the above approximation yields a good result. Following this assumption and assigning independent prior distributions
,
, we have the following VB algorithm:
(1) VBE step: Compute the surrogate distribution of latent variables
O

C$

RS

T2 UG O

C

67

| , ,

L V

(2) VBM step: Compute the surrogate distribution of unknown parameters
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where RS and RW are normalizing constants. The above steps are repeated until convergence is
achieved. The VB algorithm is essentially a coordinate ascent method in the function space.
The VB is simple and elegant, and one even obtain an analytical approximate posterior distribution in many problems. Unlike the EM algorithm, which converges to a point estimator %&',
the VB algorithm yields an approximated posterior distribution and, thus, there is no need to do
further operations. The drawbacks of the method are: (a) it is impossible to represent multimodal posteriors because we approximate the posterior by only one approximating distribution;
(b) the method is sensitive to the starting point, so that one must provide a good initial guess;
and (c) the variability in the posterior distribution tends to be underestimated when the meanfield variational family is used [12].
2.3.3 Gibbs Sampling
The Markov chain Monte Carlo (MCMC) method has been the dominant paradigm to approximate the posterior distribution in Bayesian statistics for over 50 years. First, we construct a
| , . Then, we sample
Markov chain on whose stationary distribution is the posterior
from the chain for a long time to collect independent samples from the stationary distribution.
Finally, we approximate the posterior with an empirical estimate constructed from the collected
samples.
The Gibbs sampling [14] is a popular MCMC method. Its basic idea is to generate posterior
samples by sweeping through each variable (or block of variables) to sample from its conditional distribution with the remaining variables fixed to their current values. The Gibbs sampler
is particularly well-adapted to LVMs, because the conditional distributions
| , , and
| , , usually belong to standard distributions, which can be efficiently sampled.

Starting with an arbitrary parameter set B , the Gibbs sampling performs the following steps
to sample the LVM with unknown parameters , latent variables and observed variables
and :
(1) Sample
(2) Sample

C$

C$

from

from

|

|

C

, ,

C$

, ,

;
.

The Gibbs sampler is simple, and it is easy to implement. In fact, the normalization factor of
the posterior is not needed. However, compared with an algorithm that directly generates independent samples, the MCMC method has a number of disadvantages. First, the samples are
correlated, which decreases the statistical efficiency. If we want a set of independent samples,
a ‘thinning’ procedure is usually implemented, i.e. discarding all but every kth sample. Second,
the Markov chain eventually converges to the stationary distribution, but the initial samples
may follow a different distribution and it is not easy to diagnose the convergence. In practice,
a “burn-in” procedure is applied, that is one discards the first hundreds or thousands of samples.
As for the diagnostics, multiple runs of a Markov chain with different starting points are usually
used to check the convergence [15].
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Operational Modal Analysis
We have presented a general introduction of LVMs, including the modeling process, graphical
representation and posterior inference. In this section, we show how we can construct the LVM
and subsequently solve it in a civil engineering application. Specifically, we focus on the operational modal analysis (OMA) problem, which aims at identifying modal parameters (e.g.
modal frequencies, damping ratios and mode shapes) of a structure using ambient response data
[22,23].

3.1 Problem Formulation

For a discretized, linear, time-invariant dynamical system with #\ degrees of freedom (DoFs),
the equation of motion under an external force and a base motion is represented as
] ^ _

(\ ` _

a

_

b _

13

where ] ∈ dEefEe , (\ ∈ dEe fEe and a ∈ dEe fEe are the mass, damping and stiffness matrices, respectively; _ ∈ dEe , ` _ ∈ dEe and ^ _ ∈ dEe are the nodal displacement, ve` B being the
locity and acceleration responses, respectively, with 0
B and ` 0
initial relative displacement and velocity vectors; _ ∈ dEg is the external force vector; b ∈
dEe fEg is the load coefficient matrix representing the spatial influence of the external force.
The equation of motion in (13) is equivalent to the following continuous-time state-space model
(SSM) consisting of the so-called state equation and measurement equation:
` _
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where lEe and mEe represent #\ -by-#\ zero and identity matrices, respectively. Matrices (i
and ki depend on the quantities measured. For example, if nodal accelerations are recorded,
(i no 8−] a −] (\ 9 and ki no ] b, where no ∈ dEpfEq is a selection matrix
that defines the #o DoFs of the structure at which measurements are made. Here, #r 2#\ s
#o is usually called the model order.

In reality, the data is only available at discrete times. Sampling the external force _ with a
period of tr and assuming the zero-order-hold [22], i.e. _
u within the interval
8vtr , v 1 tr 9, yields a discrete time SSM
u$
u

where

h

T hw:q , j

h u j u
( u k u

Hh − mEq Jhi ji , (

16

(i , k
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17

We can use (16) for deterministic computation of the dynamic structural responses. However,
the system is always subject to various kinds of errors: the state equation cannot exactly predict
the structural behavior due to the existence of model error, and the measurement equation
should account for measurement error that is invariably present. In addition, the stochastic force
u is not explicitly measured in the OMA, so that it can only be modeled as a random process.
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Employing the stochastic embedding strategy, we model these uncertainties by replacing the
combined effects of u and the model and measurement errors with two noise terms xu and
yu , resulting in the stochastic SSM:
z

u$
u

{

h
z {
(

u

xu
zy {
u

18

According to the Principle of Maximum Entropy [6], we assume the joint distribution of xu
and yu to be a multivariate normal with zero-mean and unknown covariance matrix |
8}, n; n• , €9 for v 1,2, … , #. Note that the correlation between xu and yu is explicitly
modeled because they both represent the unmeasured force effects. Consequently, the joint dis• 9•
tribution of ‚u 8 •u$
given u and | is also a multivariate normal with the PDF
u
‚u |

u , ƒ, |

|2 ||

/

T2 8−0.5 ‚u − ƒ

u

:

|

‚u − ƒ

u

9

19

where we have defined ƒ 8h• (• 9• . To finish the probabilistic modeling, we assume conjugate priors for unknown parameters
ƒ, | and initial state
for computational convenience. More specifically, the prior of
is multivariate normal with mean † ,B and covariance
b ,B ; the prior of is a matrix normal inverse Wishart distribution with probability density
functions
|2 || Eq / |2 ‡B | Eq$Ep / T2 −0.5_.8‡B ƒ − ƒB : | ƒ − ƒB 9
ƒ||
\ˆ Eq $Ep /
|
2
‰Eq$Ep LB /2 |kB |\ˆ/ ||| \ˆ$Eq$Ep $ / T2 8−0.5_. kB | 9

20

where ‰Eq $Ep ∙ represents the multivariate gamma function and tr ∙ denotes the matrix trace;
the degree of freedom LB and scale matrix kB are the hyper-parameters in the inverse Wishart
distribution; the mean ƒB and the right-covariance matrix ‡B are hyper-parameters in the matrix normal distribution. Since matrices h and ( share common terms, leading them to be statistically dependent, ƒ as a whole is considered a matrix random variable. All these hyperparameters are selected such that the priors are as noninformative as possible.
The above model can be represented by the joint distribution
‚

:E ,

, ƒ, |

|

ƒ||

•

E

u<

‚u |

u , ƒ, |

21

or equivalently, a Bayesian network shown in Figure 2.

Figure 2: Bayesian network models

The constructed stochastic SSM is a LVM, because the state variable u , including the structural displacements and velocities at all DoFs, cannot be directly measured due to limited instrumentation. Hence, we can apply the methods in Section 2.3 for posterior inference to obtain

2755

the posterior distribution of unknown parameters, and thus modal parameters. The reader
should consult [24,25] for details of the formulation.

3.2 Empirical Study
The example considered is a six-story 1/4-scale shear-type building [26], which is tested on a
large shaking table at the National Center for Research in Earthquake Engineering at National
Taiwan University. Because of the rectangular cross section of the columns, the structure has
two orthogonal axes: a flexurally weak axis and a flexurally strong axis. In the experiment, only
the responses along the weak axis were measured under white-noise base motion using 14 accelerometers. The raw data was sampling at 200 Hz for 100 seconds. Since we are interested in
the lateral modes along the weak axis, the raw data is resampled down to 40 Hz to remove
higher modes.
After removing the spurious modes, the identified frequencies and damping ratios are listed in
Table 1. The EM, VB and Gibbs sampling give almost identical estimates of modal frequencies,
while slight differences exist in the identified damping ratios because of large uncertainties in
these estimates. The coefficient of variations (c.o.v.) or standard deviations (std) identified by
VB correspond well to those identified by Gibbs sampling. Though the VB tends to underestimate the uncertainties, this phenomenon is not apparent in this example. In fact, we can say that
the VB gives good estimations of the parameter uncertainties. In addition, we can see, for each
mode, the c.o.v.s of frequencies are close to the stds of the damping ratios.
Table 1: Identified Modal Parameters of the shear-type building

Mode
1
2
3
4
5
6

EM
1.15
3.67
6.47
9.37
12.12
14.10

Mean
1.14
3.66
6.45
9.37
12.13
14.10

Frequencies (Hz)
VB
Gibbs
c.o.v.(%)
Mean
c.o.v.(%)
0.56
1.13
0.65
0.32
3.66
0.35
0.18
6.46
0.19
0.15
9.37
0.15
0.10
12.12
0.11
0.07
14.10
0.08

EM
1.73
1.49
0.66
0.54
0.38
0.22

Damping Ratios (%)
VB
Gibbs
Mean
std
Mean
std
1.30
0.67
1.33
0.63
1.29
0.33
1.30
0.36
0.74
0.19
0.67
0.19
0.67
0.15
0.58
0.16
0.44
0.11
0.42
0.11
0.21
0.07
0.23
0.08

Discussions
LVMs are useful for civil engineering applications, because many quantities of interest (e.g.
stochastic loads, environmental effects) cannot be directly measured. For the purpose of accurate modeling, it is beneficial to include them in analysis, and this yields a LVM. Stochastic
embedding has become a routine to transform a deterministic model to a probabilistic model,
but it should be used with caution, especially in selecting a probability distribution for prediction error. The Bayesian network provides an excellent tool to visualize the model as a whole
and the relation between random variables. The EM algorithm, VB approach and Gibbs sampling are suitable for posterior inference in LVMs, but difficulties still exist especially when
the likelihood function is multi-modal or peaked in a small range.
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Abstract: Abstract: One of major lessons learned from the 2011 Fukushima
Daiichi Nuclear Power Plant (NPP) Accident is implementation of appropriate risk
management based on defense-in-depth (DiD) concept. Since natural hazards such
as earthquakes and tsunamis have large uncertainty in terms of when, where and
how such events occur in a future, probabilistic approach is an effective approach
that can directly and explicitly treat the uncertainty in a quantitative fashion. It is,
however, quite a difficult task to conquer the underlying uncertainty in nature,
including unknown phenomena. All we have to do is how the relevant risk can be
reduced within an acceptable level with integrated approaches as possible. To do
so, there are several schemes in which different severe states in the damage evolution process in and out of a target critical facility can be dealt with by introducing
independent, multiple and diversified countermeasures, and damage limiting procedures or physical barriers. This concept is so called “defense-in-depth”, now
getting more attention in a safety management, and indeed can provide more practical basis for treating the threat from various uncertainties. In this paper, proposed is a new framework of risk management of critical facilities based on the
DiD concept against natural hazards, focusing on common-cause failure and appropriate balance among the levels of DiD. Finally, future challenges are addressed for more in-depth studies.

1 Introduction
The Fukushima Daiichi NPP Accident has brought up various issues related to safety of huge
and highly complex engineering systems. The Japanese ministerial report for IAEA [1] and
other accident investigation reports addressed 28 lessons learned which are categorized into
five groups; 1) prevention of severe accidents, 2) treatment of severe accidents, 3) mitigation
of severe accidents, 4) basis of safety management and 5) through safety culture. National
Diet of Japan Fukushima Nuclear Accident Independent Investigation Commission [2]
pointed out that the organizational aspects where appropriate treatment of uncertain natural
phenomena such as earthquakes and tsunamis before the accident, emergency response during
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the accident, and the responsibility of various stakeholders (owner, government, national cabinet, regulatory body, etc.) were strongly emphasized.
Since natural hazards like earthquakes and tsunamis and behavior of huge and complex systems against them like NPP have large uncertainty in terms of when, where and how such
failure events occur in a future, identification, quantification, and treatment of the large uncertainty are top issues. Conventional deterministic approaches based on our past experience and
intuition may fail simply because the deterministic approaches often focus on very limited
scenarios postulated within technically subdivided areas. Probabilistic approach is now prevailing since it can treat the uncertainty in more rational way. Although the probabilistic approach is fully dependent upon our limited experience and information, more in-depth
consideration of target events and more systematic treatment of possible future events can be
made to understand all possible scenarios and to broaden our insight of the target phenomena,
compared with the deterministic ones. The authors believe that although it has often been
asked before whether this approach is perfect, it would not be perfect, but be much better and
closer to perfectness than other approaches in present.
It is, however, a great pity for the authors that the risk concept and the risk results has not
been well recognized in an appropriate way although there had been many relevant risk
studies in the earthquake engineering of NPPs in Japan before the Fukushima accident. There
should have been a couple of chances in the past when the risk concept should have been utilized intensively in the Kobe earthquake 1995, the Niigata-ken Chuetsu-Oki earthquake 2007
and more. From the engineering point of view, namely from practical safety management,
most important lessons which the authors want to emphasize herein are need of risk concept
throughout the whole processes of safety management since the natural phenomena and system behavior have much larger uncertainty than perceived [3].
Since there are various kinds of uncertainties in nature, some of them can be treated effectively by single concept and its methodologies, but some cannot because the characteristics of
uncertainties are quite difficult to treat such as un-experienced phenomena or unknown unknowns. This is quite a big challenge for human beings who must have certain degree of confidence in the safety management of safety critical facilities. After the Fukushima accident,
we have been seeking more robust concept for securing a certain level of safety under such
unknown phenomena. We concluded that the DiD concept, which had been stated for the last
several years, but should be reconsidered and how to practically apply it to the safety management scheme against the external events shall be established.
In this line, a special task committee responding to the lessons learned from the accident,
named as the committee on tsunami risk management for NPPs, was formed in JAEE (Japan
Association of Earthquake Engineering) with close collaboration with AESJ (Atomic Energy
Society of Japan) in September 2012, and finished on March 2015. The mission of the committee was to develop an integrated engineering framework of nuclear safety under tsunami
actions in particular and to raise an urgent agenda in the wake of performances of NPPs in the
2011 Great East Japan Earthquake & Tsunami, particularly the severe accidents and nuclear
disaster. Such multi-disciplinary collaborations were essential in order to fill gaps between
earthquake-tsunami engineering and nuclear system engineering. Therefore, a multidisciplinary leadership was established and many members from different technical areas
were called to the special committee. The entire committee consisted of thirty-two members
from their relevant multi-disciplinary fields.
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Several objectives of the committee were set. Among them, most highlighted is to clarify the
defense-in-depth concept for this particular hazard and to develop risk-informed decisionmaking framework for earthquake-tsunami protection of NPPs. This paper briefly summarizes the results of the committee which focuses on clarification of the risk management and
the DiD concept and identifies several future challenges to accomplish this task. The committee report has been published in Japanese with an English executive summary [4].

2 Summary of Fukushima Daiichi NPP Accident
2.1 Accident Progress
The gigantic 2011 Great East Japan Earthquake occurred with an earthquake magnitude 9.0,
which is the super mega earthquake in the Japanese earthquake observation history, and its
earthquake source region in the subduction plate boundary ranges 500 km in North-South
length and 200km width in East-West direction, as shown in Fig.1 [5]. The spatial distribution of JMA intensity at the Tohoku region is plotted in Fig.1, and the regions with JMA intensity 5 upper to intensity 6 upper, correspondingly 100 gal to more than 300 gal in peak
ground acceleration, are quite wide coastal area. Furthermore, so may aftershocks followed
and some of aftershock earthquakes with more than magnitude 7.0 occurred much closer to
some regions, which might have produced larger ground motions to some areas than that from
the main shock did.
The huge tsunami hit the very wide area, 500 km long the Tohoku coast, and tsunami wave
height observed varied from 6 to 40 meters, dependent upon the topography of coast and configuration of bay areas. It resulted in around 20,000 people dead and missing, and 2, 350
thousand houses flashed away. The number of casualties seems to be highly dependent on the
location of the region and their emergency evacuation procedures against tsunami, rather than
presence of tidal embankments constructed. The spatial distribution of tsunami height compiled by a special investigation group is shown in Fig. 2 [6]. This figure clearly shows that
tsunami height close to 14 meters (original design level of 5 meters) were observed at the Fukushima Daiichi NPP site, which is indicated by the authors in a dashed line in the figure.

Figure 1:Peak Ground Acceleration Distribution Map [5]

Figure 2:	
 Spatial distribution of tsunami wave height [6]
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A nuclear accident has occurred at the Fukushima Daiichi NPP as the result of the giant
earthquake and tsunami of the Great East Japan Earthquake. It was a typical multiple hazard
disaster to the plant, where there were large ground shaking due to the main shock and the
following tsunami wave, both of which heavily damaged the plant as in the following. While
the details of the accident still remain to be fully investigated, the accident is outlined below
from the viewpoint of the three fundamental rules for ensuring safety of nuclear power plants
during nuclear plant emergencies, i.e. “Stop”, “Cool down”, and ”Confine” [7].
As the result of the ground shaking during the earthquake, control rods were firmly inserted
into the cores of reactors, Nos. 1, 2, and 3 of the Fukushima Daiichi NPP, all of which were
operating at the time of the earthquake, as a part of the automatic shutdown procedure, and
thus the first rule of "Stop the reactor" was accomplished as originally designed. However, as
the result of the earthquake, an accident developed as shown in Fig. 3, where the roman numerals in bracket indicate the order of accident sequence. (i) Off-site electric power was rendered impossible, and thus the plant's emergency diesel generators were activated and the
emergency core cooling systems began operating. Approximately one hour later after the
earthquake, a giant tsunami of about 14 meters in height hit the plant, (ii) incapacitating diesel
generators and seawater pumps, (iii) making it impossible to remove the decay heat of the
core fuel to cool it down. Then, (iv) the plant lost the on-site power, and then despite water
injection into the reactors, fuel failure occurred. Some damage to the pressure vessels and
containment vessels is deemed to have occurred, and (v) hydrogen explosions occurred due
possibly to the accumulation of hydrogen within the reactor buildings. As a result, radioactive
material had been released from the reactor buildings and reached areas outside the plant's
premises. In other words, cooling and containment of the nuclear reactors were not achieved,
and as a result, radioactive material from the plant has been released to areas outside the plant
site and contaminated the surrounding areas.
2.2 Lessons Learned
Various reports on damage investigation of the accident addressed that the risk concept is
essential to prevent and mitigate such a severe accident in a future. The Japanese ministerial
report claims that paradigm shift to risk concept for prevention and mitigation of such disaster
in a future should be essential [1].
Nuclear Regulatory Agency (NRA) concluded the following lessons learned from the accident; first of all, based on the concept of DiD, the design basis for and counter measures
against natural phenomena should be significantly enhanced in order to prevent simultaneous
loss of safety functions due to common causes; secondly, countermeasures against events other than natural phenomena such as fires, which may cause simultaneous loss of safety functions due to common causes, should be also enhanced as in the followings [7].
(i)

To emphasis on Defense-in-Depth: prepare multi-layered protective measures and,
for achieve specific objectives in each layer independent of other layers

(ii)

To significantly enhance design basis and strengthen protective measures against
natural phenomena which may lead to common cause failure: strict evaluation of
earthquakes, tsunamis, volcanic eruptions, tornadoes and forest fires: countermeasures against tsunami inundation and due consideration to ensure diversity and independence
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(iii)

To enhance countermeasures against events other than natural phenomena that may
trigger common cause failures: strict and thorough measures for fire protection, countermeasures against internal flooding, reinforcement of power supply systems to prevent power failure

(iv)

To develop performance-based requirements in regulatory requirements: operators
select concrete measures to comply with requirements and the characteristics of their
facilities.

According to the above lessons learned from the accident, a newly formed committee in
JAEE had proposed a new framework of risk management of safety critical facilities. In the
next chapters, from the engineering point of view, the DiD and risk concept will be discussed
in detail and how it can be implemented will also be discussed and proposed.

Figure 3: Accident Progression [7]

3 Basis of Risk Management and DiD Concept
3.1 Risk Management Framework
Traditional definition of risk is a combination of probability and consequence of the event [8]
although the recent ISO document [9] has differently defined it as the influence of uncertainty
to the objective. The traditional risk definition is adopted accordingly in this paper, where the
risk management is an iterative procedure including identification, analyses, evaluation and
treatment of risk under the context established in the problem definition, as shown in Fig. 4
[8]. Risk communication and monitoring are relevant to the whole processes in the figure.
According to this, risk treatment activity can be schematically viewed as in the Fig. 5 [10].
Potential risk shall be reduced from the risk reduction region to the risk retention region by
employing both mitigation of the consequence and reduction of the event probability, each of
which is often called “mitigation measure” and “prevention measure”, respectively. When
applying this approach, there must be appropriate balance between the two measures. Prevention of failure can be accomplished by strengthening a system in a design stage, while the
mitigation of consequence due to the system failure can be employed by adopting other countermeasures in severe accidents and/or off-site disaster mitigation measures.
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Recalling the human casualties in the past disasters in Japan such as the 1995 Kobe earthquake and the 2011 Earthquake and Tsunami, on the first hand, around 6000 people were
killed in the Kobe city early in the morning in 1995, in which most of victims were killed due
to crushing down in their individual houses, but, on the other hand, around twenty thousand
people lost their lives due to the huge tsunami waves which overflowed the embankment and
the tsunami sea walls although there were some time necessary for evacuation. For these two
cases, there are possible effective ways to reduce the risk in terms of human casualties due to
natural phenomena. For the Kobe earthquake case, it is much more essential to strengthen
their houses against extremely high shaking circumstance, while in the latter tsunami case, it
would be more effective to enhance the tsunami warning system or evacuation plan rather
than to build up higher embankments for reduction of future tsunami risk. As seen in the
above examples, there could be more effective, more optimal alternative strategies toward the
same goal, which may be called, “risk optimization” in the framework of risk management.
Back to Fig. 5, mitigation and prevention activities can be understood in arrows as shown in
the figure. In a practical application, both strategies should be combined in an efficient way.
In a risk management of NPP, the authors consider that to reduce risk, the major three domains exist; design, beyond design and disaster prevention domains, as illustrated in Fig. 6.
This approach is proposed and will be called “multi-stage risk management scheme [4]”. In
the above example, strengthening the structure or the equipment is an activity related to
design as a prevention measure of relevant failure, while for the tsunami case, for example,
enhancement of evacuation plan is an activity related to reduction of resulting consequence as
a mitigation measure of possible consequence. It leads that each activity should be taken
most effectively in its corresponding domain. The multi-stage risk management is now proposed for risk reduction of NPPs. Figure 6 shows the multi-stage RM scheme just recently
proposed by this committee, where there are, for instance, three domains in terms of different
levels of probability and consequence; design domain, beyond design domain and disaster
mitigation domain. Division into domains may differ from facilities, which must be related to
and combined with the DiD concept in NPP, which will be stated next.

Figure 4: Risk Management process [8]

Figure 5: Way of risk reduction [10]
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Figure 6: Multi-stage risk management scheme [4]

Figure 7: Cliff edge effects

3.2 DiD as effective risk reduction strategy
An aim of ensuring safety of NPPs is not to become apparent the influence of the radioactivity
(radioactive materials). Almost all radioactivity of the NPP are enclosed in the fuel in the
nuclear reactor. Keeping this radioactivity enclosed during normal operation and not affecting
significant influence by the radioactivity to the vicinity in the postulated accident are the aims
of the nuclear safety. This concept can be applied to ensuring safety of NPP when being hit
by natural disasters such as an earthquake and or the tsunami.
There is a concept of “Defense in Depth (DiD)” as a basic approach on ensuring safety in the
nuclear energy systems. This is applicable not only for the nuclear systems, but can be applied generally as concept of ensuring safety of safety critical facilities. In addition, the DiD
is fundamental concept defining the measures which should be taken to achieve the nuclear
mission of ensuring safety to protect people and the environment. And it is the fundamental
point of safety principle for the countries possessing nuclear energy led by IAEA. There are
several different protection levels in the DiD, and even if one protection level was damaged,
the overall safety must not be threatened by that. NPP must establish the protection measures
for each domain, as mentioned above, domain of the design, domain of the management including response to an accident during operation and domain of the disaster prevention after
the accident.
The levels of DiD can be specified in terms of sudden change of system states, which may be
called “cliff edge effects”. Figure 7 illustrates some cliff edges which indicate critical states
of interest from the NPP consequence.
According to IAEA, the following description on the DiD is now referred to herein and five
levels of DiD are proposed as defined in Table 1 [11].
“… all safety activities, whether organizational, behavioral or equipment related,
are subject to layers of overlapping provisions, so that if a failure should occur it
would be compensated for or corrected without causing harm to individuals or the
public at large. DiD consists in a hierarchical deployment of different levels of
equipment and procedures in order to maintain the effectiveness of physical barriers placed between radioactive materials and workers, the public or the environment, in normal operation, anticipated operational occurrences and, for some

2765

barriers, in accidents at the plant. DiD is implemented through design and operation to provide a graded protection against a wide variety of transients, incidents
and accidents, including equipment failures and human errors within the plant and
events initiated outside the plant.”
Table 1: Levels of Defense in Depth [11]

4 Implementation of DiD into Risk Management Framework
4.1 Risk Management Framework
Risk management is the process of selection and implementation of an optimal alternative
among various risk reduction measures, and the results should be reflected to design and be
utilized to multiplication and diversification of safety systems towards enhancement of the
total system in case of accidents. Risk concept is effective concept to capable of explicitly
treating various uncertainties and of consistently dealing with multi-disciplinary technical
fields related to NPP safety. Here, taking earthquake and tsunami case as external hazards,
risk-informed earthquake and tsunami protection scheme is developed together with the concept of IAEA-proposed DiD.
As a proposed framework for securing NPP safety against earthquakes and tsunamis, risk
concept and DiD concept are now integrated into an RM framework of NPP, as given in Fig.
8 [4], which are partially refereed to from the literature [12]. It can be observed from the figure that the three domains; design, AM (accident management) and disaster prevention and
mitigation, are clearly classified, and that each domain corresponds to the level of DiD as
seen in the left vertical bar. In the probability-consequence diagram, the ranges of conventional Probabilistic Risk Assessment (PRA) levels are also overlaid, where the level 1 PRA
focuses on the core damage frequency (CDF) , the level 2 PRA targets the containment failure
frequency (CFF) and the level 3 PRA concerns the large early release frequency (LERF),
along with the performance goal and the safety goal, both of which are expressed in terms of
the annual frequency in the vertical axis. As discussed in 2.1, the first three levels of DiD
(“stop”, “cool” and “confine”) have been clearly stated as fundamental safety principles with
great confidence before the Fukushima Daiichi Accident. Additional two more levels (levels
4 and 5) in DiD are placed, namely, the appropriate management of accident beyond design
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basis, and prevention measure and emergency response for safety of the public and environment.

Figure 8: DID and Performance Requirement for NPP [4]

4.2 Avoidance of Common Cause Failure
Common cause failure (CCF) effect is the biggest issue to keep each level of DiD independent during highly extremely severe condition. When a main system fails under large
shaking condition, its back-up system may also fail. Therefore, the back-up system would be
no more effective in this case. It is not easy to keep the levels of DiD independent under large
seismic excitation condition. One proposes the three important characters of the levels of
DiD; multiplicity, independence and diversity of relevant safety systems. Still it would be
difficult to make the DiD concept fully effective under earthquake conditions, which is addressed as one of future challenges.

4.3 Commitment of Human Actions
After the Fukushima Daiichi accident on March 11, 2011, tremendous amount of recovery
operations made by human beings in and around the site has been employed to stabilize the
accident. These contributions by the human operations have never been counted in the conventional safety assessment so far. This human commitment should be appropriately taken
into consideration in the safety assessment for more realistic assessment.

5 Future Challenges
In order to implement the proposed RM framework based on DiD concept, there are several
challenges which the authors consider very important, as in the followings.
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(1) Balance among domains; design, AM and consequence mitigation
(2) Rational modeling of human reliability under severe conditions
(3) Identification, quantification and mitigation of cliff edges
(4) Scenario development of multiple hazards
(5) Development of dynamic PRA procedure

6 Conclusions
This paper clarifies the defense-in-depth concept for the natural external hazard and proposes
risk-informed decision framework for earthquake-tsunami protection of NPP, based on the
results of specially formed committee of JAEE. Furthermore, the paper identifies several future challenges to implement the proposed framework.
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Abstract: This paper addresses the problem of mitigating the risk of fuel shortage
in coastal communities in British Columbia. In the aftermath of an earthquake the
fuel supply chain may be compromised and communities may need to withstand a
certain period of time without receiving new fuel shipments. On the one hand,
maintaining high reserves assures maximum fuel in the event of a supply chain
disruption. On the other hand, full storage tanks are more susceptible to damage
during earthquakes. Liquid sloshing can lead to severe damage and a survey of past
events show that only full or nearly full tanks are susceptible to catastrophic
failures. Thus, fuel shortage may be a consequence of inadequate reserves at time
of supply chain disruption or loss of storage due to a local event. Hence, the
selection of a “working volume” for the storage tanks needs to balance the risk of
structural failure and the risk of running empty.

1

Introduction

Canada’s Pacific coastline is seismically active, susceptible to both interplate (subduction) and
intraplate (shallow) earthquakes. Model simulations of a large shallow quake (M7.3) directly
below Vancouver have shown that some 30% of the buildings in the region would be damage or
destroyed [1]. Such an earthquake has a considerably high chance of occurring within the next 50
years [2]. Since the Greater Vancouver serves as the hub for the maritime liquid fuel distribution
system to coastal communities a major earthquake in the region has much broader consequences.
Such an event could disrupt fuel terminals and ports needed for the maritime transportation,
leading to disruption of the on-land transportation. The integrity of this system is crucial, since
fuel availability in the aftermath of a disaster severely impacts the capacity for effective recovery.
Many communities also depend on liquid fuels for electricity generation and heating. Several
services that are critical to a community’s functions are also dependent on the fuel distribution
system to work. Police, fire and ambulance, and snow removal can be directly dependent on fuel.
This multi-level dependency creates a broader range of service disruptions when liquid fuels
supply is disrupted.
Considering a steady demand, the time a community can go without receiving fuel shipments is a
function of the volume of its reserves at the time of the event. From an isolated community’s
perspective, a potential alternative to mitigate the probability of a fuel shortage under these
scenarios is to maximize the reserves, by keeping the fuel storage tanks as full as possible under
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normal operating conditions. However, [3, 4, 5] show that only full or near full storage tanks are
susceptible to severe damage and collapse due to earthquake actions. This means that if the
epicenter is nearby, a community that keeps its storage tanks near full is more susceptible to
observe severe damage to its storage tanks. In this case, the community would be incapable of
receiving new fuel shipments in the short term, even if the supply chain is functional. Considering
this, maximizing the fuel level in the storage tanks mitigates the vulnerability to a supply chain
disruption but may have the opposite effect when a local earthquake is considered.
The research presented in this paper investigates the effects of the volume of fuel stored in the
tanks farms at the time of the occurrence of an earthquake on the probability of a community to
run out of fuel. The fuel distribution system is modeled in Rts [6], a software developed at the
University of British Columbia. The object-oriented architecture of Rts includes fuel terminals,
bridges, ports and storage facilities, roadways, trucks, and ships. Rts also contains objects called
“packets”, which can contain an array of material such as fuel and move through the network at
run-time, making Rts a powerful tool to model a fuel distribution chain.
This paper is organized as follows. Section 2 describes the fuel distribution chain in Coastal British
Columbia. Section 3 introduces Rts and presents an overview of the modeling of earthquake hazard
and earthquake induced damage in Rts. Section 4 Section discusses the effects of the fill level in
the fragility of storage tanks. Section 5 presents a case study involving the fuel supply to an isolated
community and results in terms of the optimal fill level. Finally, Section 6 brings the conclusions.

2 Liquid Fuel Distribution in Coastal British Columbia
To discuss the fuel availability in Coastal British Columbia some definitions are needed. In the
context of this paper, the Greater Vancouver area is called the supply side of the distribution
network in BC, since this area receives and is the departure point for all the liquid fuel in the supply
chain in the province. The communities are located at the other end of the distribution network –
henceforth called the demand side. Considering this, the availability of liquid fuel after an
earthquake can be negatively affected by at least two different scenarios: a supply-side event or a
demand-side event – elaborated further below. Due to the geography of supply and demand
locations and geology of the region, events impacting both the supply-side and demand-side have
a very low probability of occurrence. Such rare events are out of the scope of this paper.
The supply side of the distribution chain is comprised of: four fuel terminals and seven ports in
the Greater Vancouver Area. Different terminals and ports are engaged in serving different
communities. Liquid fuel is transported from the fuel terminals to the ports via pipelines or tanker
trucks. Thus, the supply side also includes the bridges needed for the on-land transportation. While
the supply side corresponds to a single region, the demand side refers to any isolated community
which depends on maritime transportation to receive fuel. The demand side is comprised of the
ports to where fuel is shipped, distribution centers (intermediary storage facilities) and each
community’s tank farm (final storage facilities). Figure 1 shows a schematic representation of the
supply chain in Coastal British Columbia.
Two types of events of disruptive events are considered here. A supply-side event, in which the
epicenter location is such that the earthquake only causes damage to the supply side of the
distribution chain, i.e. the Greater Vancouver area in this example. A SSE has the effect of limiting
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the capacity to send new fuel shipments to the communities until the functionality of different
elements of the infrastructures on the supply-side are restored. Alternatively, a demand-side event
is occurs when the epicenter is close enough to cause damage to a community’s capacity to receive
new shipments of liquid fuel, whilst the supply side is intact.

Figure 1. Schematic representation of the fuel distribution chain in Coastal British Columbia.

Under these scenarios the communities must manage their remaining reserves to avoid running out
of fuel. Under a steady demand, the time a community can go without receiving new liquid fuel
shipments is a function of the volume of its reserves at the time of the event. However, fuller
storage tanks are more vulnerable to ground motion, what makes the relationship between the fill
level and the probability of experiencing a fuel shortage unclear. To investigate this problem, a
model of the liquid fuel distribution chain is built in a software named Rts. A brief introduction to
Rts is presented in the next section.

3 Computer Modeling of the Fuel Distribution Chain and Hazards
The fuel distribution chain in Coastal British Columbia is modeled using information collected
primarily from interviews with key stakeholders. The interviewees represented provincial and
municipal governments (e.g., emergency managers), shipping and transportation companies, port
authorities, and other related organizations [7]. This model provides the means to a holistic study
of the system, allowing cascading failures to be better accounted for. The fuel distribution, the
hazards, the on-site structural responses and the extent of structural damage are modeled in the
same computational environment.
The model of the fuel distribution chain presented in this paper uses an object-oriented
programming approach. Objects are realizations of abstract classes, i.e., models defined by
attributes (properties that all objects from the class possess) and methods (actions that objects from
the class can perform). This modeling paradigm is particularly suited to model complex systems
made up of many heterogeneous interacting components. Even though it is not the only possible
modeling approach, it has the capacity of greatly reducing the complexity of the modeling task
without simplifying the modeled system [8].
A model map of Rts is shown in Figure 2. The models are separated into two categories: fixed and
moving models. Fixed network models represent infrastructure, i.e. fuel terminals, bridges, ports
and tank farms, as well as, the community models, which contain information about the liquid fuel
demand. Except for the communities, all other fixed models represent members of the system that
are susceptible to earthquake damage. The earthquake hazard model is composed of location,
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magnitude and intensity (for PGA and PGD) models, while the structural response and damage
are based on the HAZUS MR4 technical manual [9]. These models are discussed in detail in the
next sections.

Figure 2. Rts class map.

The moving network models are representative of the transportation modes on land and on water.
The ship models aggregate information about the departure and arrival time, fuel capacity, type
(e.g., barges, tugs) and specifications (e.g. single or double hull, hull draft, type of load-unloading
system) of the ships. The ship models do not contain information about shipping routes, as channel
blockages are not being considered at this stage. The tanker truck models, on the other hand,
include similar information as the ship model as well as route information. The routes are defined
in terms of the sequential bridges a tanker truck must cross between its departure point, A, and its
destination point, B. Initially, a tanker truck selects the shortest route between A and B, but if a
bridge associated with that route is not functional, the truck seeks an alternative route. If no
alternative routes are found the link between A and B is disrupted, and the flow of fuel is shutdown.

3.1

Modeling of earthquake hazards in Rts

The modeling of hazards in Rts can be divided into three steps: i) the definition of the epicenter
location, ii) the definition of the earthquake magnitude and, finally, iii) the prediction of the
intensity of the ground acceleration and the displacements at each site of interest.
The location model takes uniformly distributed random variables as inputs and provide earthquake
locations as outputs. This way, for each realization of these random variables, an earthquake
location defined by a latitude and longitude is defined. From it, the distance to the sites of interested
can be computed.
The magnitude model is based on the Gutenberg-Ritcher law [10] and defines the magnitude of
earthquakes as a bounded exponential random variable. The inputs for this model are the relative
occurrence of earthquakes with different magnitudes, the lower- and upper-bound limits of the
magnitude range and a realization of a standard Normal random variable, while its output is a
corresponding realization of the magnitude level.
The attenuation model employs characteristics of the earthquake and the path of shock wave
propagation to predict characteristics of the site-specific ground shaking [6]. The attenuation
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models used in Rts are smoothed versions of the models proposed by [11], for shallow earthquakes.
The models in [11] cover earthquakes with magnitudes between 7.0 and 8.5. These crustal
earthquake models estimate on-site ground acceleration for sites within 200 km, but yield
negligible values for epicentral distances larger than 100 km. The shallow earthquake hazards are
modeled according to the “regional models” proposed by the Geological Survey of Canada [12].
These models are chosen because they are based on both historical data and geological
considerations. The magnitude for these area sources modeled by a bounded exponential random
variable. This model takes two random variables: the maximum expected magnitude, 𝑀𝑚𝑎𝑥 and
the logarithmic dispersion of the magnitude, 𝑏. It also takes a deterministic hypocenter depth.
Three estimates, weighted 0.68, 0.16, and 0.16, are provided for the expected value and dispersion.
Weighted averages of these three estimates are used to represent the average and standard deviation
of the maximum magnitude and its dispersion.

3.2

Modeling of earthquake-induced structural damage in Rts

The structural damage estimation for the network models in Rts is currently based on fragility
curves. These fragility curves are given in terms of peak ground acceleration (PGA) or permanent
ground displacement (PGD), and the total damage is a combination of PGA- and PGD-related
damage contributions. In terms of PGA, the fuel terminals are modeled as medium/large refineries
with anchored components, i.e., it is assumed that seismic action was considered in their designs.
While for PGD consideration, these structures are modeled similarly to buildings, as recommended
by [9]. The port models are represented by their waterfront structures. The tank farms are modeled
according to the fragility curves presented in the following section in terms of PGA-related damage
and as buildings in terms of ground failure. Lastly, [9] suggests 28 models for bridges which cover
different materials and structural design specifications. Major bridges in the Mainland for which
comprehensive information was available were modeled accordingly. Nonetheless, for smaller
bridges in more remote areas, a generic model was used due to lack of sufficient information for
the proper selection of a different model.
The approach presented in [9] for the damage estimation considers five levels of potential damage,
i.e. damage states, Dsi, with increasing intensity and decreasing probability of being observed: no
damage, slight or minor, moderate, extensive and complete damage. While the first two levels,
namely no damage or minor damage, are associated with minimal or no disruption at all, the other
damage states occur in some downtime for structural repair measures. If this downtime exceeds
the time needed to deplete the fuel reserves at a given community, the community will experience
a fuel shortage.

4 Fragility curves for different volumes
Comprehensive studies of storage tanks subjected to earthquake actions have shown that there is
correlation between the tank fill level and its damaged state [3, 4, 5]. The extensive review
presented in [4] analyzed data from 532 storage tanks exposed to strong ground accelerations (i.e.,
0.1g or higher). Using this database, [4] determined fragility curves for PGA-induced damage for
four fill levels. Table 1 presents these curves, as well as, a fragility curve for PGD-induced damage
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provided by [9], which is not dependent on the fill level. These curves are defined by a median
intensity measure (i.e. PGA or PGD), 𝑚, and the standard deviation of its natural logarithm .
The fragility curves for PGA show that tanks with low fill level < 50% are not known to experience
damage states 4 or 5, which is associated with rapid loss of all contents or collapse. Also, the
fragility curves for damage states 2 and 3 have little influence from the tank fill level. On the other
hand, tanks with fill levels of 90% or higher have considerably lower fragility levels than tanks
with fill levels of 50% or higher for damage states 4 and 5. Note that, even though the median
PGA associated with damage state 5 is the same for all fill levels, is much lower for fill level
higher than 90%. The smaller dispersion means that PGA level associated with certain collapse is
lower for near full capacity tanks.
Table 1. Fragility curves for storage tanks with different fill levels.

Damage
state
DS ≥ 2
DS ≥ 3
DS ≥ 4
DS = 5

Fill < 50%
m (g)

𝜷

0.56 0.80
>2.00 0.40
-

Fill ≥ 50%

Fill ≥ 60%

Fill ≥ 90%

All Fill Levels

m (g)

𝜷

m (g)

𝜷

m (g)

𝜷

m (in)

𝜷

0.18
0.73
1.14
1.16

0.80
0.80
0.80
0.40

0.22
0.70
1.09
1.16

0.80
0.80
0.80
0.41

0.13
0.67
1.01
1.15

0.07
0.80
0.80
0.10

10
-

1.20
-

5 Case study
The case study of the gasoline distribution to the community of Powell River, located Northwest
of the Greater Vancouver area, is discussed in this section. This community is served by two fuel
terminals in the Greater Vancouver area. Gasoline is transported via tanker trucks from the
terminals to a single port where they are put onto specialized vessels and shipped to Powell River,
and from there the trucks deliver fuel to local storage facilities, as shown in Figure 3 below. The
community receives shipments of 40,000 L every three days and has a maximum storage capacity
155,000 L of gasoline. In this case study, the storage facilities of Powell River are modeled by a
single tank with 155,000 L capacity. Figure 4 presents the Rts model map for this case study. Note
that the tanker trucks on the supply-side have “main” and “alternative” routes, which are associated
with the bridges in the Greater Vancouver area and can be open or closed. On the other hand, the
tanker truck in Powell River has a single route which does not contain any bridges, therefore it is
always available.
The distance between the supply side (Greater Vancouver) and the demand side (Powell River) in
this case is about 120km. This means that a shallow earthquake occurring close enough to cause
disruptions at one side is very unlikely to cause significant damage to the opposite side. This, in
the context of this paper, earthquakes occurring at the Cascade Mountain crustal zone (CASR) are
representative of the supply-side and demand-side events, since both Greater Vancouver and the
Powell River community are in this area. Considering the models in [12], the maximum expected
magnitude for the CASR area is constant, 𝑀𝑚𝑎𝑥 = 7.7, and the logarithmic dispersion of the
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magnitude, 𝑏, is Log-Normal random variable with mean 𝑏̅ = 1.015, and standard deviation 𝑆𝑏 =
0.378. The depth parameter for the CASR area is set to 5 km.
Considering the aforementioned, this simplified case study considers the following two scenarios
to investigate the effect of the fuel level on the rate of fuel shortages, i.e., the likelihood of
observing a fuel shortage given a fill level at the time of the event. The two scenarios are (i) a
supply-side event, defined by a shallow earthquake in the CASR area with epicenter close to
Vancouver and, (ii) a demand-side event, defined as a shallow earthquake in the CASR area with
epicenter close to the Powell River community.

Figure 3. Fuel distribution to Powell River.

Figure 4. Rts model map for the Powell River case study.

In this case study, a Monte Carlo simulation approach is used to investigate the effect of the fill
level in the probability of a fuel shortage at the Powell River community. Each simulation
represents a period of two weeks, starting at the time of the event. Under the demand of 40,000L
every 3 days, this time-window guarantees that if the community did not run out of fuel it is
because the supply chain has resumed normal operations (i.e., all infrastructures are functional).
The rapidity at which the community depletes its reserve is not considered in this study, i.e. instant
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loss of all reserves due to tank failure and consumption of all reserves over a few days are treated
equally.
To reduce the computational cost, the epicenter location for shallow earthquakes is limited to
points inside the dashed areas in Figure 3. This does not interfere with the results since distant
earthquakes do not produce ground motion levels capable of damaging the supply chain
infrastructure. However, it avoids simulations that would represent normal operation conditions,
i.e., trivial results. Thus, 1000 simulations consisting of different magnitude-location pairs were
used to represent the supply-side events and the demand-side events, respectively.

5.1 Results
The results shown in Figure 5 and Figure 6 (below) are given in terms of the same fill levels of the
fragility curves presented in Table 1 (above). While this option is made to minimize assumptions,
it also highlights the need for more detailed fragility curves to allow a more comprehensive study,
involving more fill level intervals.
The first results in Figure 5 refer to supply-side events. The results show that the rate of fuel
shortage is inversely proportional to the fill level, i.e., the higher the reserves at the time of the
event, the less likely the community is to experience a fuel shortage. In a supply-side event, the
community’s storage tank remains intact while the supply-side infrastructure is expected to be
damaged. Thus, the increased fragility of the tank with a higher fill level is not relevant and higher
reserve levels allow a longer period without receiving new shipments of fuel.

Figure 6. Rate of fuel shortage given a demand-side
event.

Figure 5. Rate of fuel shortage given a supply-side
event.

Figure 6 presents the results for a demand-side event. In this case, the storage tank is subjected to
non-negligible ground accelerations and, therefore, the fill level increases its tendency to
experience more severe damage. This is demonstrated by the considerable increase in the rate of
fuel shortages for the cases where the tank is closer to full capacity. However, the big picture
remains the same: the higher the fuel reserves at the time of the event, the less likely the community
is to experience a fuel shortage. Table 1 shows that only for damage states 4 and 5, tanks closer to
full capacity are considerably more fragile. Since these damage states are less likely to be observed,
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the influence of the fill level to the overall probability of fuel shortage is limited. An important
consideration is that the results for the demand-side are very sensitive to the fragility curves used
for the tanks. The curves given by [4] present very similar median PGA values for damage state
5, showing a small correlation between the fill level and the probability of collapse of the tank. If,
however, this correlation was stronger, the results could be considerably different, which
demonstrates the importance of further studies on the relationship between fill level and tank
fragility.
The results presented in Figure 5 and Figure 6 are associated with earthquakes happening within
the dashed lines in Figure 3, thus, they are not equally likely, i.e., their likelihood is proportional
to their respective areas. Thus, to accommodate both results in a single plot, Figure 7 shows the
sum of the results previously presented, weighted by the size of the respective area sources. It is
noticeable that, considering both types of events, the likelihood of a fuel shortage is smallest when
the reserves are close to full capacity at the time of the earthquake. Ultimately, it means that, under
the conditions of this case study, refilling strategies that seek to keep the tank as full as possible
under normal operations should be preferred.

Figure 7. Rate of shortage considering supply-side and demand-side events.

6 Conclusions
This paper presented a model that considers system level performance over component-based
design criteria to study the influence of the fill level of a community’s fuel storage tank in the
probability of this community running out of fuel after an earthquake. The model presented in this
paper can be used to support design decisions in terms of the optimal fill level for fuel storage
tanks for other communities in Coastal British Columbia in the future. Results highlighted the
importance of considering the whole system when approaching this type of problem.
While the focus of this study was the robustness of the system against earthquakes, the fuel
distribution network in British Columbia is susceptible to several other hazards. When multiple
hazards are considered, it is expected that the disruptions to the so-called supply-side will be even
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more dominant due to it concentrating several critical infrastructures in a relatively small area. In
these cases, refilling strategies that increase the community’s reserve will be even more beneficial.
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Abstract: The main aim of this work is to demonstrate an application of the generalized stochastic perturbation technique in numerical analysis of the simply supported corrugated web steel I girder under corrosion by SORM and to assess its
performance in fire conditions. It is done for three different corrosive environments, i.e. urban, rural and marine for girder made of either carbon or weathering
steel. A stochastic variable is the web thickness, whose randomness comes from an
extensive corrosion or manufacturing imperfection, for instance. The corrosion is
represented by the time series with Gaussian coefficients, while the imperfection by a stochastic fluctuation of the web thickness of the girder. The analysis includes
expectation, coefficient of variation, skewness and kurtosis and also the reliability
index calculated according to the First and Second Order Reliability Method
(FORM & SORM). Furthermore, a performance of this girder under the normative
fire conditions is assessed in a sequentially-coupled numerical FEM study for experimentally determined [6] steady and transient constitutive relations of the girder
steel in elevated temperatures.

1 Introduction
The use of the corrugated-web girders constantly increases in the past few years principally
because of their superior load-carrying capacity higher local buckling resistance and shear
capacity relative to the regular I-beams of the same weight and overall reduction of weight of
up to 30% [1]. Current research efforts concerning the corrugated web girders are principally
focused on its shear [10], flexural [3] and lateral-torsional behaviour [5], on performance of
such beams in elevated temperatures in terms of deflection [9] or overall behaviour [8] or,
alternatively, on their reliability [7], safety and monitoring. They basically are made either for
the composite steel-concrete girders, for the regular I beams or box girders, all of them with
the corrugated webs. Our work fits well into these research areas and concerns a computational study of a simply supported corrugated web I girder (Figure 1) loaded with a uniform pressure on its upper flange with 500 000 3D brick and 150 000 tetrahedral first-order finite
elements, whose details discretize precise geometry of the welds, ribs and supports - discretized all in the FEM system ABAQUS (Figure 2).
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Figure 1: Layout of the girder

A primary application of this girder is the principal supporting system of the small scale road
bridge structure having simply supported double longitudinal girder, so that all the external
loadings reflect the basic Eurocode demands and the primary concerns are reliability and fire
performance of such a girder. The entire probabilistic algorithm together with the Weighted
Least Squares Method fitting is implemented in the symbolic algebra package MAPLE and
the fire simulation is made in the FEM system ABAQUS. We use the Response Function
Method of polynomial basis, optimized by means of the variance and correlation of the least
squares fitting to the series of numerical experiments. The proposed scheme of the Stochastic
Finite Element Method [2] is contrasted with the crude Monte-Carlo scheme and also with the
semi-analytical calculations of the same probabilistic characteristics by direct integration of
the response functions.

Figure 2: Discretization details of the girder

2 Mathematical aspects
Let us consider the given input random variable b, e.g. thickness of a web in the girder tw ,
whose algebraic functions are introduced and defined in the context of probability theory. The
equivalent statistical estimators for this variable are proposed below (M stands for the total
number of the Monte-Carlo (MC) trials) [2]
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The k-th central probabilistic moment (as k>2) for the given variable b can be calculated as
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Let us further define the fundamental probability density function after the Gaussian Central
Limit Theorem, i.e.
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These analytical formulas are further employed in the stochastic perturbation approach based
on the Taylor expansion of all random variables with random coefficients around their expected values. For exemplary purposes, the random function u(b) is proposed, which is stochastic with respect to the given input parameter b in the following manner [2]:
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where ε is a given unitary small perturbation, while the nth order variation of b itself about its
expectation is given as  n b n   b    n  b  b 0  .
n

n

The expected values can be determined with this expansion as
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for any natural m with 2m(b) being central probabilistic moment of 2mth order.
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(8)

The final calculations include the reliability indices βFORM and βSORM, which define the reliability of the studied structure. These are computed on the basis of SLS of the girder and take
into consideration the ultimate values of mid-span deflection. The normative reliability index
can be computed from the following formula:
 FORM 

E  Rall  Rmax 

  Rall  Rmax 



E g

 g



E  Rall   E  Rmax 
var  Rall   var  Rmax 



E  Rall   E  Rmax 

  Rmax 

(9)

where  stands for the reliability index; E  g  is the expectation of random limit function g
and σ  g  is its standard deviation valid in case when the displacements measure is used to
approximate structural reliability. Rall and Rmax are the limit function ( maximum deflection
Rall  l / 350) and state function (the ultimate deflection), respectively. A reliability index

βFORM assumes a normal probability distribution of a given random (response) function.
Therefore, it is suboptimal to check reliability of structure using FORM method for factor,
whose random influence is other than the assumed Gauss function. In such cases, the SORM
shall be applied. It takes into account the difference of the actual (arbitrary stable) probability
distribution on the reliability index. The general formula for reliability index βSORM is following:
 SORM   1  Pf 2  , Pf 2 
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where Pf 2 denotes the probability of failure for the chosen probability distribution of the
function relative to  FORM and  denotes the curvature approximating the primary surface
defined by the following formula:
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Formula (11) can be used in reliability index calculation for an arbitrary probability density
function describing the influence of the specified random variable on the considered structural
state function.

3 Reliability analysis of the girder under corrosion
A reliability analysis of the girder defines all its characteristics basing on the input random
variable - the web thickness, which is exposed to corrosion and has an initial geometrical imperfection with probabilistic density according to the Gaussian function. This variable is,
therefore, a function of time and the input coefficient of variation with a mean of
tw  tw0  E  D  t   ,
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(12)

where two is an initial thickness of the web and E  D  t   is the expected value of the corrosion
penetration depth defined by a time series as [4]
D (t )  A  t B ,

(13)

t stands for a time in years and A and B are statistical parameters, whose expectation and coefficient of variation (CoV) for different steel and environment types could be read out from
Table 1.

Table 1: Statistical parameters of corrosion for various steel types [4].
(1)

Weathering steel

(1)

Carbon steel
Environment

Rural

Urban

Marine

Parameters

A (10 mm)

B

A (10 mm)

B

Expectation

34,0 (model 1) (3)

0,65

33,3 (model 2) (3)

0,498

CoV

0,009

0,10

0,34

0,09

Expectation

80,2 (model 3) (3)

0,539

50,7 (model 4) (3)

0,567

CoV

0,42

0,40

0,30

0,37

‐3

Expectation

70,6 (model 5)

CoV

0,66

(3)

‐3

0,789

40,2 (model 6)

0,49

0,22

(3)

0,557
0,10

Standard deviation of the input random variable is given as
  tw     D  t      two  E  two      D  t      two  tw0  ,
2

2

2

2

(14)

where   D  t   is the standard deviation of the corrosion penetration depth,   two  denotes the
coefficient of variation of the initial geometric imperfection and E  two   t wo is the expected
value of the initial web thickness, assuming that these two random variables, i.e. corrosion
penetration depth and geometrical (fabrication) error are independent of each other. Such an
input variable is then processed in the MAPLE script to obtain expectation, coefficient of variation, skewness and kurtosis of the mid-span deflection of the girder and, additionally, a First
and Second Order Reliability Index of such a girder (in respect to the Serviceability Limit
State). This is done with use of three independent probabilistic procedures, the semi-analytical
method (AM), Stochastic Perturbation Technique (SPT) and Monte Carlo Simulation (MCS)
with 5 105 trials. The stochastic perturbation involves first ten terms of expansion and the
semi-analytical approach is done by the built-in function of MAPLE. A spectrum of the web
thicknesses necessary to build the third order polynomial response functions according to the
WLSM algorithm ranges from 51 to 61 mm with 1 mm difference between each FEM model
and the state (limit) parameters considered here involve the ultimate deflection f y . Such a
choice is dictated by a complexity of the input variable representation, for which the semianalytical method was unavailable for response functions of order 4 and above. An importance of corrosion in steel structures is depicted on Figure 3, where the expected value of
corrosion penetration depth is depicted with respect to the time in years. In some cases (marine environment exposure of carbon steel, model 5) this depth can reach up to 30 mm in 100
years or 10 mm in 50 years, which both are typical design times adopted in the Eurocode.
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Figure 3: Comparison in‐between three stochastic solutions (SPT, AM, MCS) and the pure deterministic calcula‐
tion of the corrosion penetration depth expected value for different types of steel and environment types

The resulting expected values E  y  tw   and coefficients of variation CoV  y  tw   of the girder’s mid-span deflection both exhibit a rapid increase in time. E  y  tw   increase up to 15% of
its initial value and CoV  y  tw   reaches 0.2 (Figures 4 and 5). The extent of uncertainty in the
initial thickness of the girder seems to have here a rather small, yet visible, impact on its
overall performance in time and the different probabilistic techniques are very close to each
other. This is not true for the semi-analytical method (AM), which clearly diverges and seems
to be inappropriate here.

Figure 4: Expected value of deflection vs time for dif‐
ferent input CoV of the fabrication error

Figure 5: Coefficient of Variation of deflection vs time
for different input CoV of the fabrication error

When considering the higher probabilistic moments, i.e. the Skewness and Kurtosis, they both
are much less dependent on time than the lower ones (Figures 6 and 7). They rapidly increase
in the first years of the exposition to corrosion and then remain almost constant. The initial
uncertainty in web thickness (geometrical imperfection) seems to have here even smaller influence on these characteristics and the agreement of all probabilistic methods is much better
for the Skewness, where the results are almost the same than for the Kurtosis, where the SPT
gives an underestimated result.
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Figure 6: Skewness of deflection vs time for different
input CoV of the fabrication error

Figure 7: Kurtosis of deflection vs time for different
input CoV of the fabrication error

The final plots of reliability show a rapid decrease of the index in time, which strictly depends
on the polynomial basis of the response function (Figures 8-9). The limit of 3.8 is crossed in
only 25 (2nd order) or even less than 5 years (3rd order), which is considerably less than the
service time of steel constructions. Reliability index solely in relation to the input CoV of the
fabrication error is much more optimistic (Figures 10-11). When no corrosion occurs, the
girder’s index is over the limit for   two   0.24, which is well beyond the standard fabrication uncertainty. They also show a perfect agreement for all probabilistic methods and some
importance of the type of weight in the WLSM, where triangular weight always gives the
lower limit for the index.

Figure 8: Reliability index of the corrugated I‐beam for
different types of weights according to FORM, the 2nd
order polynomial

Figure 9: Reliability index of the corrugated I‐beam for
different types of weights according to FORM, the 3rd
order polynomial

Reliability index solely in relation to the input CoV of the fabrication error is much more optimistic (Figures 10-11). When no corrosion occurs, the girder’s index is over the limit for
  two   0.24, which is well beyond the standard fabrication uncertainty. They also show a
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perfect agreement for the respective probabilistic methods and some importance of the type of
weight in the WLSM, where triangular weight always gives the lower limit for the index.

Figure 10: Reliability index of the corrugated I-beam
for different types of weights of the WLSM according
to the First Order Reliability Method (FORM)

Figure 11: Reliability index of the corrugated I-beam
for different types of weights of the WLSM according
to the Second Order Reliability Method (SORM)

4 Fire analysis of the girder
FEM simulation of a fire is realized as the ABAQUS solution to the sequentially-coupled
temperature-displacement FEM study with the normative outer fire curve affecting bottom
surface of the girder lower flange and it varies in time according to the following normative
formula:  g  660 1  0.687e0.32t  0.313e3.8t   20, where  g is a gas temperature nearby the
bottom surface, whose limit values equals 680oC. Temperature-dependent material properties
of S460M steel in three different coupled FEM models of the girder include thermal conductivity, specific heat, Young modulus and yield stress and are according to the provisions of
the Eurocode; the last parameter has been defined only for the third model. All the models are
strongly temperature-dependent and, additionally, exhibit large deformations in the FEM
analysis. Similarly to the steady-state analysis results, the differences in these models origin
in the support geometry meshing and in the constitutive relation type – linear elastic temperature-independent material characteristics, while the next two include strongly non-linear constitutive relations adopted after some experimentation. These physical nonlinearities are taken
into account in the steady state analysis and, independently, in transient thermo-elastic problem for systematically increasing temperature and follow the experimental results from [6];
the external vertical load is assumed to be constant. We use constant time increment of 60
secs (180 increments with extreme temperature increase equal to 25°C), the second model
(steady state material characteristics) is released with automatic increment of maximum 60
secs and extreme temperature increase equal to 20.5°C, whereas the last one (ransient material
characteristics) uses the same automatic incrementing and extreme temperature increase equal
to 15.3°C.
It is demonstrated here that the model for the steady state material properties loses convergence after 20 minutes of numerical analysis with only 200°C on the bottom flange, whereas
the one with the transient material properties can be heated up to 640°C, where the simulation
is very close to the steady state (Figure 12). This is due to its ability to survive a remarkable
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stress redistribution at the relatively high strain rates available principally due to the lack of
crack initiation and propagation rule defined for the given material model.

Figure 12: External gas temperature and ultimate von Mises stress vs. time from the fire ignition

In contrast to the extreme girder temperature almost the same for all the models, the reduced
stress time fluctuation is entirely different in each case. The linear model allows for the very
large stress concentrations up to 1200 MPa, which are strongly reduced for the next two concurrent models to around 800 MPa because of their constitutive models. This linear model
also allows for a very high jumps of stresses in the subsequent time increments, which may
result from the fixed time increment. These two nonlinear models also differ from each other the one with steady state material properties reaches its extreme stress and fails thereafter,
while the one based on material model with transient properties redistributes the stress deeper
into the corrugated web. Interestingly, the 3rd model reports the smallest values of the stress
up to 20 minutes of the fire exposition, which may be the effect of some kind of stress redistribution also for the girder already entering plastic strain (which for transient tests starts at
150-300 MPa). Finally, for high exposure times to fire the two remaining models (still reaching convergence) coincide in terms of the maximum reduced stress. This is because of the
temperature influence, which prevents the nonlinear materials to reach a high stress and severely reduces its stiffness (a mid-span deflection of the girder at fire ignition of 7.8 cm
reaches up to 200 cm after 180 minutes of the fire exposition).

5 Conclusions
This paper presents probabilistic reliability study of the corrugated-web I girder in a corrosive
environment and subjected to the normative (transient) fire conditions for the time span of
180 minutes. The principal conclusions are following:
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1. Corrosion has a major role in performance of the girder during its service time. It considerably increases girder’s mid-span deflection and uncertainty with an increasing service
time. An effect of the fabrication error is much less remarkable, yet it adds up with the effect of corrosion lowering reliability and increasing deflection of the girder together with
an increase in its coefficient of variation.
2. Reliability of a regular girder under the normative load in highly corrosive environment is
much smaller than 50 years and ranges from 5 to 25 years. Such a drastic result is, however, obtained when no maintenance of the steel is applied for all the service time of a
girder made of the carbon steel in marine environment and, therefore, it may serve as a
lower limit of reliability.
3. A performance of the girder in fire conditions strictly depends on the modeling accuracy
and the chosen constitutive law of the material and so does the convergence of calculations. The simplest, linear strain-stress model allows a significant increase in stress up to
1200 MPa, unreasonable for steel 460M, and, therefore, is too simplistic for such an analysis. The remaining two, experimentally-driven models reach only below 700 MPa and
offer remarkably more reliable results.
4. The fire considerably reduces stiffness of the girder (mid-span deflection after 180
minutes of fire reaches 200cm from initial 7.8 cm) and causes redistribution of stresses in
the web and flanges. It also increases the magnitude of the stress almost twofold, especially in the web.
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Improving Urban Seismic Resilience through Vibrating
Barriers
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Abstract: The paper addresses the seismic response of structures in urban environments. The novel Vibrating Barriers (ViBa) developed to control the dynamic
response of buildings is studied through a simplified model of a city undergoing
seismic vibration modelled as Gaussian ground motion processes

1 Introduction
Earthquakes are a well-known natural hazard to urban environments. Recent disasters in Ecuador, Italy and Taiwan manifest the clear need to address the seismic resilience of existing
buildings in a different and hopefully more affordable way. Construction industry successfully introduced devices such as isolators, dampers and tuned mass dampers to mitigate dynamic vibrations induced by earthquakes in new buildings, but such devices are rarely used
for the protection of existing buildings, as they generally require substantial alteration of the
original structure. In the case of heritage buildings, critical facilities and urban areas, especially in developing countries, those traditional localized solutions might become impractical.
Therefore, what we are witnessing nowadays is the lack of substantial actions to protect existing cities in seismic prone areas with consequent number of fatalities and loss of historic and
artistic heritage.
In order to cope with the global grand challenge of improving seismic resilience of structures
in urban environments two main elements need to be addressed and yet fully understood: i)
proper definition of ground motion excitation and ii) site-city interaction modelling. Ground
motion arising from seismic waves is affected by several factors, i.e. source patterns, path,
site effects, etc., that generally cannot be described in a deterministic fashion. Consequently,
only a probabilistic approach can provide a rigorous representation of earthquake ground motion. The definition of which methodology and hypothesis better model the seismic ground
motion and its effect over the structures, is still an open issue in the scientific community.
According to the probabilistic approach, the ground motion acceleration recorded in a given
location can be seen as a sample of a stochastic process. In this regard several stochastic models have been proposed in the literature, such as Gaussian, filtered white noise and filtered
Poisson processes [1]. Recent studies on the modelling of the seismic action are aimed to
bridge the gap between the field of engineering and seismology proposing stochastic models
encompassing seismological parameters reflecting the natural variability of earthquakes (see
e.g. references [2, 3]). It has to be emphasized, that the approaches currently proposed in the
literature for the seismic design of structures focus on the modelling of the ground motion
acceleration at the free field without considering the influence of the urban environment.
Nevertheless, studies on site-city interaction (see e.g. [4]), showed that in an urban environment the presence of buildings modify significantly the energy of the seismic waves in the
underlying soil layers. The consequent ground-motion acceleration at the free-field used for
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designing civil engineering structures can be significantly different from the predicted one
out-side the urban area.
Due to the difficulties involved in modelling the multiple interactions between structures in an
urban environment, numerical approaches based on wave propagation and finite or boundary
element analysis are usually preferred [4-6].
Analytical studies on site-city interaction have been also proposed in the literature [7,8]. In [7]
the effect of the city is accounted for by modelling the structures as simple oscillators, while
in [8] the multiple interactions between buildings are studied through homogenization methods. A recent review of structure-soil-structure interaction problem can be found in [9].
Structure-soil-structure interaction has been proved to be either beneficial or detrimental for
structures in the last four decades, but only recently [10] it has been used as a vehicle to control the vibration of structures. Cacciola and Tombari [10] introduced for the first time, a nonlocalized solution, called Vibrating Barrier (ViBa), hosted in the soil and detached from the
structures. Analyses on the efficiency of the ViBa in protecting one building are reported in
Cacciola et al. [11] for structures founded on monopile foundation, and Tombari et al. [12] for
industrial buildings.
The present study focuses on the study of the efficiency of the Vibrating Barrier as a tool to
improve the seismic resilience in urban areas. In this regard, a simplified FE model of a village is first developed, and the response to ground motion in both frequency and time domain
is addressed. The ViBa is then designed to reduce the stochastic response of an earthquake.
The stochastic response of each individual building protected by the ViBa is studied in the
frequency domain and through a pertinent Monte Carlo Simulation.

2 Problem position
Consider the global system depicted in Figure 1 under ground motion excitation at the bedrock
. The Vibrating Barrier (ViBa) is included aiming to reduce the vibration of the
surrounding buildings.
structure
ViBa
ViBa

u g (t )

Figure 1. Sketch of the simplified model of structure in urban environment protected by the ViBa.

A simplified mechanical model able to describe the interaction effects among buildings and
ViBa is first derived. Full details are given in Cacciola and Tombari [10]. The ViBa is modelled as an internal oscillator device included in a rigid box foundation and globally described
by the 2-DOFs (see Figure 2), the internal motion of the oscillator,
and the displacement of its foundation,
. The dynamic governing equations of the global system
are derived in terms of absolute displacements, as it is conventional in soil-structure interaction, namely the dynamics of the problem take the form:
(1)
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where
and are the global mass, viscous damping and stiffness matrix;
and
are respectively the absolute acceleration, velocity and. displacement vector. In equation
(1),
is the first derivative of the ground displacement
. The vectors
and
are
the influence quantities;
depends on the soil-foundation stiffness values whereas
depends on the soil-foundation damping coefficients.
The matrices of the global system are partitioned in the sub-matrices defined for the individual buildings and the ViBas; therefore the global mass matrix is as follows:

(2)

in which the ith sub-block includes the mass of the ith structure, while
of the ViBas distributed in the urban environment given by

is the mass matrix

(3)

with
(4)

composed of the mass of the ViBa,

, and the mass of its foundation

.

Figure 2. Vibrating Barrier (ViBa) device embedded in the soil for protecting a cluster of buildings

The global damping matrix
in the following form:

and the global stiffness matrix K are block-matrices partitioned
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(5)

for the damping matrix, while:

(6)

for the stiffness matrix. The main diagonal sub-matrices
and
(r =1,…, n) describe the
viscous damping and stiffness matrix of the rth-structure and its interaction with the soil. The
matrices
and
define the damping and stiffness matrix of the ViBa and its interactions
to the other buildings through the soil. Lastly, the off-diagonal sub-matrices
and
(i,
j=1, …, n) are related to the dynamic coupling between the ith and the jth structures. It is
worth mentioning that ground spatial variation of the input motion can be also considered due
to the formulation of Eq. (1) in absolute displacements by modifying opportunely the influence quantities
and .
In the previous formulation, the structural parameters of the ViBa represent the unknowns of
the problem to be determined. Therefore, various optimization criteria can be used to this purpose as a function of the design parameters used in the penalty function
, that is
(7)

where
s determined in terms of either relative displacements, internal forces, energy etc.
and is the design parameter vector.

3 Stochastic response to Gaussian stationary ground motion excitation.
Consider the ground motion input
modelled as monocorrelated Gaussian zero-mean
stationary stochastic process. Accordingly, it is fully defined, from a probabilistic point of
view, by the knowledge of the power spectral density (PSD) function
. Under the hypothesis of linear behaving system the stochastic response will be also zero mean and Gaussian and it is fully defined by the knowledge of the power spectral density matrix of the
response
, that can be determined via the traditional stochastic analysis in the frequency
domain.
The governing equation of motion Eq. (1) can be rewritten in the frequency domain as follows:
(8)

where
sign parameters vector and
main for a single realization

is the dynamic stiffness matrix, is the deis the imaginary unit. The response in the frequency docan be readily determined as follows
(9)
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where the transfer function

is given by the following equation
(20)

The power spectral density function is then determined
(11)

where the asterisk means transpose complex conjugate.
After determining the power spectral density matrix of the response the fractile of order p of
the distribution of maxima of the relative horizontal displacements Ur of the structure to be
protected is determined through the first crossing problem:
(12)

where
is the time observing window;
is the peak factor;
is the zero-order response spectral moment. The peak factor determined by Vanmarcke [13] is used:
(13)

with
(14)

and
(15)

where the response spectral moments

are given by the following equation:
(16)

where

is the PSD function of the selected horizontal relative displacements.

It is noted that for the design of the the ViBa’s structural parameters the solution of equations
(7) and (12) will provide the parameters that will minimize the p fractile of the response
maxima. However, the numerical solution might be computationally challenging. An alternative option, useful for the preliminary design, is to consider the ViBa as a tuned mass damper
embedded in the soil and part of the site-city structural system. In such a way, by the knowledge of the response power spectral density function a first tuning can be done through control of the frequencies pertinent to the peaks of the response PSD. It has to be emphasized,
that the linear approach can be seen as a preliminary design strategy to be followed by Monte
Carlo study with the eventual consideration of soil nonlinearity and/or soil uncertainties.

4 Numerical results
In this section, the stochastic response of buildings in urban environments is addressed. In this
regard the small village of Vathia in the Mani Peninsula (Greece) is considered as case study.
Figure 3 shows the village and its plan representation [14].
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Figures 3. Plan representation of Vathia village with indication of the studied section.

A simplified Finite Element (FE) model was created from the 2D-section of the village indicated in Figure 3.All the analyses were performed using the FE software ADINA 9.2.1. Figure 4 displays the FE model mesh with indication of building labels considered in the
following analyses. It is important to highlight that all the materials considered in the FE
model (stratum, buildings, etc.) had isotropic linear elastic behaviour and the only global degree of freedom considered was horizontal translations (X-Direction).

Figure 4. FE mesh of the Vathia village section.

Shear wave velocity (Vs) of 1100 m/s and mass density of 2200 kg/m3 were considered to be
a realistic assumption for the rock stratum parameters. Furthermore, making use of a detailed
model of building seven (B7) the mass of the other buildings was also determined. A constant
mass per unit area (2D-model) of 4896.03 kg/m2 was used for all the buildings. The determination of the modulus of elasticity was performed by an identification process to match a target value of the fundamental frequency of B7 computed according EUROCODE 8, that is
(17)

where is the fundamental period of the structure, is the height of the building, in m, from
the foundation,
is a factor depending on the type of structure, for structures with masonry
shear walls this value can be estimated as follows
(18)

where
is the total effective area of the shear walls in the first storey of the building, in m 2
calculated as follows:
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.

(19)

In Eq. (19),
is the effective cross-sectional area of the shear wall i in the direction considered in the first storey of the building, in m2.
is the length of the shear wall i in the first
storey in the direction parallel to the applied forces, in m.
The system was then forced by ground motion white noise process to identify the relevant
peak responses. The response PSD of the top of each building are presented in Figure 5. As
can be seen from Figure 5, all the buildings have a predominant peak at 2.50 Hz. this frequency corresponds to the fundamental frequency of the ground. This behaviour is a direct
consequence of the soil-structure cross interaction phenomena in which if the structuresubsoil natural frequency is in the higher range with respect to the stratum fundamental frequency, the fundamental frequency of the soil-structure system will be in the vicinities of the
fundamental frequency of the stratum [15]. As a consequence, the design of the ViBa needs to
target this frequency instead of being designed for individual buildings. Figure 6 depicts the
proposed arrangement of three ViBas with an internal mass of 600 Tonnes, each calibrated at
the system’s fundamental frequency.

Figure 5. Power spectral density functions of the buildings top absolute displacements.

Figure 6. FE mesh of the array of ViBas in the Vathia village.
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Figure 7. Power spectral density functions of the buildings top absolute displacements with the ViBas [Dashed
line] and without [Solid line].

The PSD of the city protected with the array of ViBas was calculated in the same manner as
the city’s response without the ViBas. As can be seen from Figure 7 there is an obvious and
significant effect of the array of ViBas in the city by reducing the amplitude of the peak at the
frequency that the devices were designed (the fundamental frequency of the system) this indicates a redistribution and absorption of the ground motion energy.
Finally, a pertinent Monte Carlo study has been performed generating 50 quasi-stationary
ground motion time histories with power spectral density
(20)

with

(21)

where
=0.6.

is the peak ground acceleration, taken as 0.3g and
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= 15.0,

=0.6,

= 1.5,

Figure 8. Band plot of maximum absolute displacements of the city without the ViBa.

Figure 9. Band plot of maximum absolute displacements of the city with the array of ViBas.

Figures 8 and 9 show the band plots of the city model for a selected sample of simulated
ground motion time history with and without the ViBas. It can be observed the beneficial effects of the ViBa in the reduction of the maximum displacements. Also Figure 9 shows that
the ViBa is experiencing, as expected, the maximum displacements, undergoing “resonance”
to absorb part of the seismic energy. It was evidenced form the Monte Carlo study that each
building had a beneficial effect by the inclusion of the ViBas in the soil yielding a minimum
average reduction of 12.22% and maximum reduction 26.15% of the maximum relative displacement. It is noted that additional masses/ViBas will further improve the beneficial effects.

5 Concluding remarks
The global grand challenge to improve urban seismic resilience through vibrating barriers has
been addressed. A procedure for the design of the ViBa in case of linear behaving system and
Gaussian stationary ground motion input has been presented. A simplified model of the village of Vathia has been developed and used as a case study to explore the efficiency of the
ViBa to reduce the seismic induced structural vibrations. The adoption of the ViBa has been
shown to be beneficial by reducing the maximum average peak displacement of every single
building analysed. Despite the simplified model it is relevant to note that ViBa can be considered a novel promising alternative for protecting cities from earthquakes in the case in which
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other techniques cannot be applied. Clearly further studies are necessary to explore additional
pros and cons of this developing strategy.
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Abstract: Estimating the downtime of infrastructures following a disastrous event
is one of the most important, yet uncertain aspects in the resilience evaluation process. This paper proposes an empirical probabilistic model for estimating the downtime of lifelines following earthquakes. First, a large database has been collected
from a wide range of literature. This database contains data on downtimes of infrastructures collected for a number of earthquakes that took place in the past century.
Fragility restoration functions have been derived using the gamma distribution,
which was selected because of its fit with the distribution of the collected data. For
each of the lifelines, different fragility functions have been obtained for different
earthquake magnitudes. The functions were represented in terms of probability of
recovery and time. The longer is the time after the disaster, the higher is the probability of the infrastructure to recover its functions.

Introduction
Estimating the downtime infrastructures is a subject on which scientists and policy makers have
recently put much attention. The downtime can be defined as the time required to achieve a
recovery state after a disastrous event; therefore, it is strictly linked with the indirect losses of
the damaged infrastructure. Furthermore, the downtime is also an essential parameter to estimate resilience. In engineering, resilience is defined as “the ability of social units (e.g. organizations, communities) to mitigate hazards, contain the effects of disasters when they occur, and
carry out recovery activities in ways to minimize social disruption and mitigate the effects of
further earthquakes" [1-3]. Under this context, downtime is the time span between the moment
that the earthquake hits (t0 = 0), when the functionality Qi(t) drops to Qi(0), until the time when
the functionality of the utility is completely restored [3] (Figure 1). Some of the factors that can
affect the downtime are: the structural inspection, the assessment of damage, the finance planning, the bidding process, the repair effort, and the engineering consolation [4].
One of the first attempts to evaluate the disruption time following an event was done by Basöz
and Mander (1999) [5]. In their work, they developed downtime fragility curves for the transportation lifeline. The fragility curves were later integrated in the highway transportation lifeline module of HAZUS. Another downtime estimation methodology was developed based on a
modified repair-time model [6]. This methodology estimates the downtime of only the rational
structural components of a system due to the uncertainty involved in the process. In addition,
the Federal Emergency Management Agency (FEMA) has introduced the electronic tool PACT,
which estimates the required repair time of buildings based on the damaged structural and nonstructural components as well as on the building’s contents. PACT is considered the companion
to FEMA P-58, a significant 10-year project funded by FEMA to develop a framework for
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performance-based seismic design and risk assessment of buildings [7]. Moreover, Almufti and
Willford (2013) have suggested a modified downtime methodology based on the results coming
from PACT. All details can be found in the REDi rating system report [8]. Also, a performancebased earthquake engineering method to estimate the downtime of infrastructures using fault
trees has been introduced [9]. This method is applicable only when the downtime is mostly
controlled by the non-structural systems damage. It also assumes that the restoration starts immediately after the event and the damaged components are repaired in parallel. Generally,
several factors are involved in the downtime estimation, such as the characteristics of the exposed structure, the earthquake intensity, and the amount of human force that is assigned to
recover the damaged infrastructure. With all of these factors, the process of estimating the
downtime becomes even harder. Therefore, it is crucial to have a simple model for estimating
the downtime of infrastructures. The aim of this study is to develop a probabilistic model to
evaluate the downtime of lifelines following a seismic event.
Four different types of lifelines are studied in this work (power, water, gas, and telecommunication). First, a large database has been collected from a wide range of literature. The database
contains real data on a number of seismic events that occurred in the last century as well as on
the downtimes of the affected infrastructures. Fragility restoration functions have been obtained
using the gamma distribution, which has been selected because of its fit with the distribution of
the collected data. For each of the lifelines, a group of fragility curves has been derived in
accordance with the earthquake magnitude, and they have been presented in terms of probability of recovery and time; the longer is the time after the disaster, the higher is the probability of
the infrastructure to recover its functionality.

Figure 1: Resilience concept
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Downtime database of lifelines
Table 1 lists all the earthquakes considered in this work along with the year in which they
occurred, the country they hit, and their intensity according to Richter scale of magnitude. A
number of other damaging earthquakes that occurred during the same period have been collected, but not included in this study because no engineering damage reports could be obtained
for those events. Nevertheless, the events included in this study are sufficient to provide some
useful illustrations for the recovery behaviour of the examined lifelines.
Table 1: Summary of the analyzed earthquakes

Earthquake

Year

Country

Magnitude

Reference

Loma Prieta
Northridge
Kobe
Niigata
Maule
Darfield
Christchurch
Napa
Michoacán
Off-Miyagi
San Fernando
The Oregon Resilience Plan
LA Shakeout Scenario
Tohoku
Niigata
Illapel
Nisqually
Kushiro-oki
Hokkaido Toho-oki
Sanriku
Alaska
Luzon
El Asnam
Tokachi-oki
Kanto
Valdivia
Nihonkai-chubu
Bam
Samara
Arequipa
Izmir
Chi-Chi
Alaska

1989
1994
1995
2004
2010
2010
2011
2014
1985
1978
1971
2013
2011
2011
1964
2015
2001
1993
1994
1994
1964
1990
1980
1968
1923
1960
1983
2003
2012
2001
1999
1999
2002

USA
USA
Japan
Japan
Chile
New Zealand
New Zealand
USA
Mexico
Japan
USA
USA
USA
Japan
Japan
Chile
USA
Japan
Japan
Japan
USA
Philippines
Algeria
Japan
Japan
Chile
Japan
Iran
Costa Rica
Peru
Turkey
Taiwan
USA

6.9
6.7
6.9
6.6
8.8
7.1
6.3
6
8.1
7.4
6.6
9
7.8
9
7.6
8.4
6.8
7.8
8.2
7.5
9.2
7.8
7.1
8.3
7.8
9.5
7.8
6.6
7.6
8.4
7.4
7.6
7.9

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[27]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[33]
[37]
[38]
[39]

Table 2 lists the complete database used to create the restoration curves of each lifeline. The
different earthquakes are listed in a random order. It is notable that each earthquake has caused
damage to multiple infrastructures at the same time. For instance, in the city of Loma Prieta,
the earthquake caused damage to two power plants, ten water systems, five gas stations, and six
telecommunication systems. However, the affected infrastructures needed different times to recover even when the infrastructures are of similar types. For example, the two power plants that
were affected by the Loma Prieta earthquake needed 2 and 0.5 days respectively to recover. In
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addition, there were some cases where either the damage information was not available or no
damage was recorded. Such cases are marked with a dash (-) inside the table.
Table 2: The number of affected infrastructures and the corresponding downtime for each lifeline

Lifelines affected
Power
Earthquakes

No.

Water

DT (days)

No
.

Gas

DT (days)
(14), (4), (3),
(1.5), (2), (1),
(3), (3), (7), (4)
(7), (2), (58),
(12), (67), (46)

No.

Loma Prieta

2

(2), (0.5)

10

Northridge

3

(3), (0.5), (2)

6

Kobe

5

(8), (3), (2), (5),
(6)

3

(0.5), (8), (73)

3

Niigata

4

(11), (4), (1)

3

(14), (28), (35)

3

Maule

6

Darfield
Christchurch

3
3

(14), (1), (3)
(10), (14)
(1), (2), (12)
(14), (0.16)

Napa

1

(2)

6

Michoacán

4

(4), (1), (3), (7)

4

Off-Miyagi
San Fernando
The Oregon Resil. Plan
LA Shakeout Scenario

2
1
1
1

(2), (1)
(1)
(135)
(3)

1
1
1

Tohoku Japan

7

(45, (3), (8), (2),
(2), (40)

8

Niigata
Illapel
Nisqually
Kushiro-oki
Hokkaido Toho-oki
Sanriku

2
1
3
1
1
1

(24)
(3)
(2), (6), (3)
(1)
(1)
(1)

3
1
3
3
3

Alaska

3

(2), (0.75), (1)

5

Luzon

3

(7), (2), (3)

3

(14), (14), (10)

El Asnam
Tokachi-oki
Kanto
Valdivia
Nihonkai-chubu
Bam
Samara
Arequipa
Izmit
Chi-Chi

1
2
1
1
1
1
1
1
3

(2)
(7), (5)
(5)
(1)
(4)
(1)
(1)
(1)
(4), (14), (19)

1
1
1
1
3
1
3
2
1

(14)

Alaska 2002

2

(2), (0.5)

10

4
2
1

(42), (4), (16),
(6),
(7), (1)
(30)
(20), (0.9),
(0.75), (2,5),
(12), (11)
(30), (14), (40),
(45)
(12)
(14)
(13)
(47), (47), (1),
(26), (7), (1),
(47), (47)
(15), (4), (10)
(3)
(6), (3), (5)
(9), (3), (5)
(14), (12), (5)
(14), (5), (1),
(7), (14)

(42)
(5)
(30)
(14), (10)
(2)
(32), (34)
(5), (29)
(9)
(14), (4), (3),
(1.5), (2), (1),
(3), (3), (7), (4)

5
4

Telecom.

DT (days)
(30), (16),
(11), (10),
(10)
(7), (30), (5),
(4)
(84), (11),
(25)
(28), (35),
(40)

No.

DT
(days)

6

(3), (4),
(0.1), (3),
(3), (1.5)

3

(1), (2), (4)

3

(1), (5), (7)

-

-

2

(10), (90)

4

1
2

(1)
(14), (9)

3
2

(17), (7),
(3), (17)
(9), (2), (3)
(15), (9)

1

(1)

-

-

-

-

1

(160)

3
2
1
1

(27), (3), (18)
(10), (9)
(30)
(60)
(54), (2), (30),
(35), (13),
(18)
(180), (2)
(22), (3)
(1), (5), (2),
(14)

1
1
1
-

(8)
(90)
(30)
-

3

(49), (21),
(49)

-

-

2

(1), (21)

-

-

3

2
2
1
1
1

(30), (20)
(180), (60)
(30)
(1)
(14)

1
1
1
1
1

6
2
2
3

1

(3)

6

(5), (1),
(0.4)
(13)
(1)
(1)
(10)
(10)
(3), (4),
(0.1), (3),
(3), (1.5)

Note: No = the number of affected infrastructures; DT = the downtime in days.

Methodology
The main challenge faced in this work is to illustrate the gathered data in the form of restoration
curves. Typically, the procedure followed for constructing restoration curves is similar to that
of fragility curves. The restoration process is one of the most uncertain variables in the resilience analysis; therefore, it is necessary to approach it in probabilistic terms. This is done by
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performing a statistical analysis to the raw data, trying to fit it to a statistical distribution. Nevertheless, choosing the right distribution can be a hard task due to the high number of distributions that exist in the literature.
After some investigations, the gamma distribution was found to be the optimal fit to most of
the database; hence, it is used to build the restoration curves. The probability distribution (PDF)
of the gamma distribution is given by:

f ( x) 

1
x 1e x / 
 ( )


(1)

where Г(.) denotes the gamma distribution, α is the shape parameter, which allows the gamma
distribution to take variety of shapes, β is the scale parameter whose effect is to stretch (greater
than one) or squeeze the distribution (less than one). It is important to note that the exponential
distribution is a special case of the gamma distribution function when the shape parameter α is
set equal to 1. To obtain the values of α and β, it is first necessary to compute the mean and the
standard deviation µD and σD. The mean value µD denotes the average value of a database consisting of n entries, and it is defined by:
n

D 

x
i 1

i

n
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On the other hand, the standard deviation σD is the dispersion of a random variable of the database with respect to the mean value. The value of the standard deviation is obtained with the
following formula:
n
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 (x
i 1

i

  D )2

(3)
n 1
After obtaining both µD and σD, the parameters α and β can be estimated using Equations (4)
and (5).



 D2
D

(4)



 D2


(5)

Afterwards, the restoration curves for each lifeline have been created using the software
MATLAB® (Guide 1998). The restoration curves developed for different damage states within
the same sample should not intersect in order to describe meaningful results. Intersection of
restoration curves may occur when each curve corresponding to a specific damage state is fitted
independently of one another [40]. So in order to avoid the intersection of the restoration curves
corresponding to different damage states, the same standard deviation has been assumed, as
suggested in the method described in [41], where the parameters of the distribution functions
representing different states of damage are simultaneously estimated by means of the maximum
likelihood method. In that method, the parameters to be estimated are the median of each fragility curve and one value of the standard derivation that is assumed the same for all fragility
curves.
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Restoration curves
Restoration curves were developed for the power, water, gas, and telecommunications systems
based on the quantitative data obtained from the collected earthquakes. The curves are plotted
based on the number of days required to restore full service to customers that lost service immediately after the earthquake (horizontal axis), and the likelihood that the utility will be completely restored to the customers (vertical axis). The restoration curves of the studied
infrastructures are presented in Figure 2. The collected data has been classified into four groups
of Richter magnitude scale (strong 6-6.9, Major 7-7.9, Severe 8-8.9, and Violent 9-9.9), and
this has led to obtaining four independent restoration curves for each lifeline. It is important to
note that more groups with a smaller magnitude range could have been created; however, in
this study, the database was not large enough, and therefore it was preferred to limit the number
of groups to only four.
The restoration curves of the lifelines are characterized by a similar behaviour. The only
difference lies in the restoration rate. The power system seems to have the shorter downtime as
the curves reach the probability of 100% just 60 days after the event, unlike the other infrastructures, which needed at least 100 days to achieve a restoration probability of 100%. This
result is expected because all lifelines need power to function, and thus the power system is
always the first to recover. The telecommunication system, on the other hand, is heavily dependent on the power network, which delays its restoration until the power system is recovered.
This behaviour is shown in Figure 4, where the restoration probability of the telecommunication
system did not reach 100% even after 100 days. Lastly, the gas and the water systems are almost
identical where both of them reach a restoration probability of 100% after 100 days.

Figure 2: Restoration curves of the four lifelines
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Concluding remarks
Downtime estimation is one of the most ambiguous aspects in the resilience engineering.
Estimating the resilience of infrastructure due to earthquakes has been studied in the past;
however, none of the studies highlighted a clear procedure to estimate the disruption time of
damaged systems. This paper provides an empirical model for estimating the downtime of
damaged infrastructures following earthquakes. This model is based on a large set of database
for earthquake events that occurred over the last few decades. Different types of statistical
distribution have been tested, and the gamma distribution has been chosen as it has the best fit
to the collected data. Four main lifelines were considered in this work (power, water, gas, and
telecommunication). For each of them, a group of four restoration curves have been derived.
The restoration curves were presented in terms of the number of days required to restore full
service to customers (horizontal axis), and the likelihood that the utility will be completely
restored to the customers (vertical axis).
Given that such models are still missing in literature, this work will provide a very useful tool
to estimate the downtime of infrastructures when struck by earthquakes. It will also allow
evaluating the infrastructures’ resilience as the downtime is a key parameters in the resilience
estimation process. Future work will be oriented towards extending the database to include
more earthquakes. In addition, special attention will be given to the infrastructure
interdependency, which will increase the accuracy of the restoration curves. Other lifelines such
as the transportation system will also be analyzed once satisfactory data of a considerable
amount of earthquakes is collected.
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Abstract: Resilience is one of the most important concepts for risk management of
complex systems. There exist many different definitions and related terms including
vulnerability, robustness, rapidity, adaptive capacity and so on, but there exists no
unified definition on them. In this study, resilience and other related concepts are
analysed based on previous papers, focusing on resilience against severe natural
hazards for a social system including engineered systems. It is found that the concept
of resilience is divided into two types: reactive resilience and proactive resilience.
The proactive resilience is considered to be important because it is closely related
to continuous safety improvement. And a framework of proactive resilience cycle
as a compliment of resilience-based design is proposed. A framework for proactive
resilience-based lifecycle management is strongly required.

Introduction
The concept of resilience attracts many researchers and engineers of various fields such as risk
management to natural hazards, climate change and so on. The term resilience originally means
‘rebounding or spring back’ or ‘elasticity’, according to the dictionary [1]. Resilience is considered to be one of the most important concepts for risk management which is related to a
conventional term used in risk management framework such as vulnerability. Though the concept of resilience has been discussed by many researchers, a variety of interpretations and definitions exist, and it is considered that there exists no unified interpretation and definition. Such
a unified definition of resilience will help to discuss risk management or continuous safety
improvement of complex engineered systems such as nuclear facilities more effectively.
In this study, discussions about resilience in some previous papers are examined to clarify the
concept of resilience and other related concepts, such as vulnerability, adaptive capacity, etc.
Especially, systems resilience to natural hazards is discussed. It is summarized in this study that
two types of definition of resilience exist; one is a measure for stability, the other is a measure
for adaptation. Finally, a new framework of resilience engineering is proposed focusing on
continuous safety improvement, which is one of important concepts to maintain safety of systems during and beyond their lifetime.

Engineered Systems Discussed in This Study
A systems approach is often employed to discuss the concept of resilience. For example, an
urban society can be modelled as a system, when management of risk and resilience for an
urban society exposed to natural hazards is discussed [2]. Safety of nuclear power plants, space
ships, etc. is also modeled as a socio-technical system [3]. This kind of conceptual framework
is called a systems approach.
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Gallopin [4] discussed the concept of resilience in the context of the dynamics of the socioecological system at the global scale (global SES). It is defined as a system that includes social
(human) and ecological (biophysical) subsystems within mutual interaction. The systems are
regarded as non-decomposable because understanding and anticipating the behavior of the social and ecological components of the SES requires simultaneously taking into account both
components. And many of the issues related to vulnerability, resilience, and adaptive capacity
fall in this category.
Furuta [3] also discussed systems resilience as a complex socio-technical system, including
humans as components and, therefore, non-linear interactions among different parts of the system. It is discussed that a focal point of complex socio-technical system is nowadays in era of
resilience. Then, the importance of risk management should be discussed, not only within design basis of the system but also beyond the design basis.
In the report of Science Council of Japan [5], a huge complex socio-economic system is defined
as a system which is spatially, physically or socially huge, whose components interact intricately, and also has a large effect on society and the economy. Then the system can be classified
into three categories, class-I, II and III, depending on its characteristics. A system classified to
class-I is called as a perfect information system, where the information on both objectives and
environment, i.e., boundary, is completely known. A system classified to class-II is called as
an imperfect environmental information system, i.e., a system where information on the objectives of the system is completely known but that of environment is not completely known. A
system classified to class-III is called as an imperfect information system, where information
on objectives and on environment of the system is not completely known.
A social system including an engineered system exposed to severe natural hazards is considered
to be regarded as a typical class-III system. It is because the societal demand for the system
such as safety requirements, i.e., the objectives of the system, is gradually evolved and also
because knowledge about environment, e.g., scientific knowledge on natural hazards, is accumulated and updated over the lifetime of the system.

Concepts of Systems Resilience
3.1 Reactive Resilience
3.1.1 Definition of Reactive Resilience
Bruneau et al. [6] proposed the concept of resilience for communities exposed to seismic hazard
(called seismic resilience). It is proposed that resilience can be understood as the ability of the
system to reduce the chances of a shock, to absorb a shock if it occurs and to recover quickly
after a shock. More specifically, a resilient system is one that shows the following features;
 Reduced failure probabilities
 Reduced consequences from failures,
 Reduced time to recovery
The resilience to a shock is considered to be a measure for stability, in other words it can be
called “reactive resilience [7]”. It can be expressed typically by the resilience triangle illustrated
in Figure 1.

2809

Figure 1: Resilience triangle to characterize the resilience to disturbance [6].

It is proposed that seismic resilience, R, with respect to a specific earthquake, can be measured
by the size of expected degradation in the quality of an infrastructure as follows [6]:
𝑡

R = ∫𝑡 1 [100 − 𝑄(𝑡)] 𝑑𝑡
0

(1)

where, Q(t) is the quality of infrastructure in percentage, and t0 and t1 are the time when earthquake occur and the time when it is completely recovered, respectively.
3.1.2

Determinants of Reactive Resilience

A so-called R4 framework of resilience was developed as a measure of stability, i.e., resilience
is assumed to be influenced by Robustness, Redundancy, Resourcefulness and Rapidity [6]. As
illustrated in Figure 1, robustness corresponds to the degree of the degradation, Q(t0), and rapidity corresponds to the angle of recovery for Q(t) between Q(t0) and Q(t1). Robustness and
rapidity were defined as follows [6];



Robustness: strength, or the ability of elements, systems, and other units of analysis to
withstand a given level of stress or demand without suffering degradation or loss of
function,
Rapidity: the capacity to meet priorities and achieve goals in a timely manner in order
to contain losses and avoid future disruption.

There are two more determinants of resilience, redundancy and resourcefulness, which were
defined as follows [6];



Redundancy: the extent to which elements, systems, or other units of analysis exist that
are substitutable, i.e., capable of satisfying functional requirements in the event of disruption, degradation, or loss of functionality,
Resourcefulness: the capacity to identify problems, establish priorities, and mobilize
resources when conditions exist that threaten to disrupt some element, system, or other
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unit of analysis; resourcefulness can be further conceptualized as consisting of the ability to apply material (i.e., monetary, physical, technological, and informational) and
human resources to meet established priorities and achieve goals.
Redundancy and resourcefulness are sometimes treated on the same hierarchical level as robustness and rapidity, but it should be emphasized that redundancy is a factor of robustness,
and resourcefulness is a factor of rapidity.
3.1.3

Performance Measures for Reactive Resilience

It has been a big issue how to measure resilience of huge complex systems quantitatively, because it is difficult to measure resilience of the system by nature.
When risk for systems failure is clarified, vulnerability of the system can be estimated. Vulnerability can be estimated from the standpoint of its physical properties and societal functionality.
Physical vulnerability aims at management of risk by controlling hazard, exposure, and sensitivity. There are 3 categories in this concept of physical vulnerability, such as (i) population
and productivity being exposed to hazard, (ii) city, building, or infrastructure being subject to
physical damages, or (iii) the magnitude of potential damage city or a region have. Each category focuses on physical factors of the system, however it should be pointed out that they do
not pay any attention to social aspects. Social vulnerability includes the intention to improve
the politic, economic and social construction, and to designate the region, community and person who needs support after a disaster. Vulnerability should be defined as the gap between
potential damage and coping capacity. Coping capacity is the ability to relief sensitivity to hazard, or to recover from damaged states, and this is sometimes simply called resilience. From
this perspective, the potential damage may mean robustness and coping capacity may mean
rapidity [2].
Though it is considered that resilience is a kind of extension of vulnerability, and it can be
measured in a similar manner, resilience is estimated using multidimensional factors of
measures. One of frameworks to evaluate resilience of an urban system was proposed by Renschler et al. [8]. The indexes to estimate resilience is named PEOPLES, which stands for seven
dimensions to measure resilience: Population and demographics, Environment and ecosystem,
Organized government services, Physical infrastructure, Lifestyle and community competence,
Economic development, and Social-cultural capital. This is considered to be a holistic framework for defining and measuring disaster resilience for a community at various scale. However,
it should be noted that these performance measures are based on current understanding of a
system society and therefore it should be revised in the future in case of changes in social preference.

3.2 Extension of the Concept of Systems Resilience to Natural Hazards
3.2.1 Adaptable Regenerative Ability
There are several other concepts related to resilience which focuses not only on system’s response to the occurrence of disturbance, but also on adaptive capability of system before and
after the disturbance. Broader definition of resilience introduced to include the adaptive capacity to resilience.
It is proposed by Shiozaki et al. [2] that adaptive regenerative ability focuses on the stabilized
state of the systems after the disaster (when t > t0, in Figure 1.). Figure 2 shows the resilience
of urban city to natural disaster as adaptable regenerative ability [2]. In this approach, there are
many desirable conditions after the disaster. Therefore, this resilience can be considered to be
the ability to regenerate the system itself to one of the desirable states, which are different from
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the previous state of the system. Adaptive regenerating ability is important for a class-III system
like an urban system, because the demand to the system may change with times but it is difficult
to adapt to the new demands in a timely manner. This is because systems generally tend to
hesitate to change their systems to a different state or in a strange manner.

Figure 2: The concept of resilience as adaptable regenerative ability [2].

3.2.2

Adaptive Capacity

As for resilience to continuous stress such as climate change, Klein et al. [9] proposed the concept of adaptive capacity as an umbrella concept of resilience. Adaptive capacity was defined
as the ability to plan, prepare for, facilitate, and implement adaptation options.
It was pointed out that in the case of megacities, maintaining and enhancing both resilience and
adaptive capacity would be desirable policy and management goals [9]. Resilience is one property that influences adaptive capacity, and those two concepts should be clearly distinguished,
though the adaptive capacity is sometimes included in the definition of resilience [9].
3.2.3 Future Perspectives of Resilience
There are two patterns for the definition of resilience: narrow and broader definitions. Narrower
one can be called as reactive resilience which focuses on the system’s response to the occurrence of disturbance. Broader one, on the other hand, can be called as proactive resilience which
consider adaptive characteristics of system before and after the disturbance.
In this study, these two definitions are clearly distinguished by calling narrow one “reactive
resilience” and broader one “proactive resilience”, though adaptive capacity is distinguished
from the concept of resilience. As discussed in the next chapter, reactive resilience is related to
safety design to natural hazards, and proactive resilience is related to lifecycle management and
continuous safety improvement.
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Resilience-Based Systems Safety Engineering to Natural Hazards
4.1 Resilience-Based Design to Natural Hazards (Framework for Reactive Resilience)
Cimellaro et al. [9] proposed a methodology for Resilience-Based Design by the following procedures;
1. construct a model for the target system, define the extreme event scenarios, and make an
analysis based on the model (PEOPLES used as resilience indexes in [9]),
2. set performance objectives based on the assumed performance measures,
3. evaluate the performance measures for different scenarios and compare with the performance objectives,
4. evaluate the gap or priority, and make decision on what and how to do to meet the performance objectives if needed,
5. implement the resilience action.
As shown in Figure 3, this methodology employs an iterative process to meet the performance
objectives. This framework is effective when a new engineered system is designed to have an
ability to manage a crisis after occurrence of natural disasters.

Figure 3: The methodology for Resilience-based Design (framework for reactive resilience) [9].
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4.2 Resilience-Based Lifecycle Management (Framework for Proactive Resilience)
As discussed in Chapter 3, for a social system including an engineered system exposed to severe
natural hazards, the societal demand for the system such as safety requirements and the objectives of the system is gradually evolved. Knowledge about environment, e.g., scientific
knowledge on natural hazards, is accumulated and updated over the lifetime of the system.
Therefore, a framework of lifecycle management is critical to maintain safety during its lifetime,
in addition to the design at the beginning of its lifetime.
Accordingly, more attention should be paid to a methodology for resilience-based lifecycle
management and, therefore, the framework of evaluating proactive resilience. Continuous
safety improvement is the key concept to prepare for the disturbance by adapting to the new
demands and response to recent findings. For that purpose, it is necessary for systems to learn
and do self-assessment to get the functions. Learning is to be willing to accept new findings
and values, i.e., change in demands for performance objectives, and adapt the system to those
updates. The process for learning includes variety of activities such as training, discussion, open
and transparent communication, etc. Self-assessment is to monitor and review the condition of
the system continuously. Good learning and self-assessment cultivate the ability to prepare for
the disturbance and to regenerate the system.
Figure 4 shows a proposed framework for resilience-based lifecycle management for complex
socio-technical systems. The framework includes four major elements: Set performance objectives, analyse reactive resilience, evaluate and make decisions, and take resilience action.
Learning and self-assessment are regarded as important core attitude. A framework of resilience-based design, i.e., reactive resilience framework is arranged as one of elements in this
framework.

Figure 4: Proposed Framework of Resilience-Based Lifecycle Management (Proactive Resilience cycle).

Quantification of Resilience
A framework of resilience-based lifecycle management was discussed in Chapter 4. In this
chapter, quantification of resilience is discussed for the framework. Hereafter, quantification of
resilience is divided into two parts: resilience related to systems’ function (functional part of
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resilience), and resilience related to organization which operates the systems (organizational
part of resilience). Systems’ function is measured with respect to how the systems itself work
to achieve its purpose. Resilience of organization is measured with respect to how organization
and people who belongs to organization can operate and manage the systems. These two categorization of resilience respectively corresponds to reactive resilience and proactive resilience
discussed in Chapter 4. Quantification of resilience with respect to systems’ function is related
to quantification of reliability and risk of systems. Quantification of this kind of resilience has
been proposed by some researchers [6] as in Chapter 3.
A framework of resilience-based seismic design [9] can be also developed in a framework for
performance-based seismic design [10]. Most of previous framework of seismic design including [10] focuses on the performance related to robustness and redundancy, while attention has
not been paid to rapidity and resourcefulness, which is related to systems’ function after occurrence of disturbance. As to resilience-based seismic design [9], for example, Obuchi et al. [11]
proposed a framework of resilience-based seismic design using performance matrix similar to
that of [10] for seismic resilience of hospital facilities and medical activities to be used in seismic design and qualification. The proposed framework focuses on medical activities after occurrence of earthquake. In resilience-based lifecycle management framework, it is considered
to be important that performance objectives are reviewed and updated continuously.
On the other hand, organizational part of resilience has not been discussed extensively. The
quality of the parts “Analyze reactive resilience”, “Evaluating and decision making” and “Resilience actions” in the framework in Fig. 4 largely depends on the attributes of organization
and people who operate and manage the systems. These quality should be evaluated quantitatively in addition to functional part of resilience. Organizational resilience, i.e., learning and
self-assessment which is located at the center in Fig. 4, is the attributes which organization and
people need to have for successful life-cycle management of the engineered systems. This learning and self-assessment is related to so called “safety culture,” and it is a foundation for of the
proactive resilience as well as resilience-based earthquake engineering. It is as important as
resilience related to systems’ function. Quantification of the attributes related to learning and
self-assessment need to be discussed and developed on the basis of the framework of proactive
resilience cycle in the future.

Conclusions and Future Works
In this study, systems resilience exposed to severe natural hazards is discussed by examining
the past previous research and it is found that the concept of resilience can be categorized into
two types; reactive resilience and proactive resilience. Reactive resilience, a narrow definition
of resilience focuses on the function of the system at the time of disturbance. It is related to the
concepts such as vulnerability, robustness, rapidity, redundancy and, resourcefulness. On the
other hand, proactive resilience employs a broader definition of resilience, focusing on the ability to prepare for disturbance and regenerate the system after disturbance. This is an important
concept closely related to continuous safety improvement of systems over their lifecycles.
It is proposed in this study that a framework for resilience-based lifecycle management, i.e.,
proactive resilience framework, is strongly required in addition to the framework of resiliencebased design. This is based on the understanding that the societal demand for the system such
as safety requirements is gradually evolved and knowledge about environment, e.g., scientific
knowledge on natural hazards, is accumulated and updated over the lifetime of the system. It
applies especially to a social system including an engineered system exposed to severe natural
hazards.
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As a future work, some quantitative criteria need to be developed to realize the framework of
proactive resilience cycle. A methodological framework to a specific system is also required to
be developed.
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Abstract: The operation of modern societies relies on the performance of interdependent infrastructure systems such as water, power, and transportation networks.
Disruptions typically propagate within and across infrastructure systems and can
result in catastrophic consequences. The ultimate impact of such disruptions often
goes beyond the physical damage to the infrastructure systems and affects the wellbeing of individuals. The challenges in assessing such impact are to 1) determine
what consequences should be considered; 2) quantify the overall consequences both
in the immediate aftermath of a disruption and over time; and 3) define acceptable
and tolerable levels of consequences. In this paper, a Capability Approach is used
to determine the impact of hazards on individuals’ well-being. Capabilities refer to
genuine opportunities open to individuals to do or be things of value (called functionings) such as being sheltered, adequately nourished, and being mobile. Genuine
opportunities and actual achievements depend on the structure of social, legal, economic, and political institutions and of the characteristics of the built-environment
(i.e., infrastructure). To account for such dependency, probabilistic predictive models are developed for achieved functionings (as each quantified by an indicator).
The predicted values/categories of indicators collectively determine the well-being
status of individuals. The impact of a hazard on the well-being of each individual
is evaluated in terms of the values of his/her indicators in the immediate aftermath
and the recovery time to improve the indicators. The set of selected indicators create
a system whose time-variant statistical properties are modeled as a Dynamic Bayesian Network (DBN). The statistical inference problem is to estimate the probability
that the state of well-being of each individual, as a system of dependent indicators,
is acceptable, tolerable, or intolerable. The probabilistic predictive models and the
DBN are developed for a real case study example to quantify the cascading impact
of infrastructure disruptions on the well-being of households in a region.

Introduction
Modern societies are comprised of complex infrastructure systems such as power, water, and
transportation networks. These systems interact with one another and jointly function to provide resources and services to communities. The infrastructure systems are often vulnerable to
unexpected disruptions due to, for example, natural hazards and hostile human activities. The
impact of disruptive events often goes beyond the physical damage to the infrastructure sys-

2818

tems. The consequences of past disasters indicate that the extent of impact could be significantly different among communities with different socioeconomic status, race, and ethnicity.
Also, different communities may adapt to the post-disruption circumstances in dissimilar ways
and recover with different rates. Such differences have roots in the societal characteristics of
the impacted communities. The challenges in assessing such impact are to 1) determine what
consequences should be considered; 2) quantify the overall consequences both in the immediate
aftermath and over time; and 3) define acceptable and tolerable levels of consequences.
Recently, the authors proposed a Reliability-based Capability Approach (RCA) [1] which
is a general mathematical approach to quantify the well-being of individuals. In particular,
RCA can be used in the context of risk analysis to quantify the impact of disruptive events on
individuals’ well-being. The capabilities refer to genuine opportunities open to individuals to
become or achieve things they have reason to value, called functionings, such as being adequately nourished, having shelter, being mobile, and become educated. Genuine opportunities
and actual achievements depend on the structure of social, legal, economic, and political institutions and of the characteristics of the built-environment (i.e., infrastructure). To account for
such dependence and to incorporate the uncertainty in the prediction of the values of each functioning (as quantifies by an indicator), RCA proposes probabilistic predictive models for indicators. The predicted values of indicators for each individual collectively determine his/her
state of well-being (i.e., acceptable, tolerable, and intolerable). In RCA, the well-being of each
individual is modeled as a system of dependent indicators and reliability methods are proposed
to determine the probability of each state of the system.
The impact of a hazard on the well-being of each individual depends on the values of his/her
indicators in the immediate aftermath as well as the recovery time to improve the indicators
[2,3]. This definition of impact accounts for the resilience of individuals, where resilience is
understood as the ability to withstand disruptive events, adapt to the post-disruption circumstances, and rapidly recover. In this paper, we operationalize the general formulation of RCA
and develop mathematical models for risk and resilience analysis. To this end, we first develop
probabilistic predictive models for a set of indicators. We then integrate the predictive models
in a Dynamic Bayesian Network (DBN) [4] to 1) account for the statistical dependence of the
indicators, comprising the system of well-being, and 2) evaluate the effects of the recovery on
the values of the indicators and the state of well-being. Furthermore, the graphical representation of the system of dependent indicators in a DBN allows to visualize the role of each indicator
in the state of well-being. The statistical inference problem is to estimate the probability that
the state of well-being of each individual due to the impact of a disruptive event is acceptable,
tolerable, or intolerable. We use the proposed formulation to quantify the impact of a disruption
scenario on the well-being of households.
There are five sections in this paper. The next section briefly reviews the reliability-based
capability approach. Section 3 presents the general explanation of the predictive models and
the basics of Bayesian network modeling. Section 4 illustrates the proposed formulation
through a real case study example. Finally, the last section summarizes the contributions.

Review of the Reliability-based Capability Approach
The reliability-based capability approach consists of four steps: 1) selecting capabilities, 2) selecting capability indicators, 3) developing probabilistic predictive models of the indicators,
and 4) aggregating the indicators. In this section, we briefly explain these steps.
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The main focus of the first step is to select capabilities that capture significant aspects of
well-being (e.g., health and knowledge) and also are relevant to the problem of interest (e.g.,
access to the shelter in the risk analysis) [5,6]. Also, among the set of significant and pertinent
capabilities, the particular interest is to select the smallest subset that include all the important
dimensions of well-being in relation to the problem of interest (i.e., capability parsimony.) Furthermore, it is desirable that each of the selected capabilities provides information that cannot
be ascertained from the other capabilities (i.e., capabilities orthogonality.)
Because capabilities are not directly measurable, indicators are selected as proxies. The
selected indicators should be representative of the corresponding capabilities. Typically, an
ideal list of indicators is initially developed and justified. The ideal list might then be tailored/adjusted based upon the availability of data.
In the next step, probabilistic predictive models are developed that relate the value/category
of each indicator to a set of easily predictable or measurable quantities. Such quantities serve
as the influencing factors of indicators such as age, gender, and wealth of individuals and social
and material structure of communities. In the context of risk analysis, the occurrence of disruptive events and also the subsequent recovery process typically affect the values of indicators
through their influencing factors.
The last step is to aggregate the indicators and determine the overall state of well-being. In
RCA, the well-being of each individual is modeled as a system of indicators. The methods of
system reliability analysis are applied to determine the probability of each state of well-being.

Proposed Framework
In this section, we first present the formulation of the probabilistic predictive models of indicators and then discuss developing a Dynamic Bayesian Network to integrate the predictive models and account for the effect of recovery process on the well-being of individuals.

3.1 Formulation of the Probabilistic Predictive Models
We develop probabilistic models to predict the values/categories of the indicators as functions
of their influencing factors. Following [7], we write the generic probabilistic predictive models
is as

 I l  xl ; Θl   
where

nl

 Iˆl  xl    l , j xl , j   l  l ,

 j 1

(1)

() is a transformation function; Il (xl ; Θl ) is the predicted value of the lth indicator;

xl : ( xl ,1 ,..., xl ,nl ) is the set of regressors (i.e., influencing factors); Θl : (θl ,  l ) is the set of
unknown model parameters that need to be estimated, in which θl : (l ,1 ,...,l ,nl ) ; Iˆl (xl ) is an
existing deterministic model for predicting the value of the lth indicator (e.g., the mean of the
measured values of the indicator for all individuals);  l  l is the model error term, in which  l
is the standard deviation of the model error and is assumed to be independent of x l (homoskedasticity assumption) and  l is a standard normal random variable (normality assumption.) The
details of estimating Θ l ’s and model selection can be found in [8].
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The predictive model in Eq. (2) works well for integer- or real-valued indicators. For categorical indicators with K l possible categories, we develop a multinomial logit model as follows:





n

exp  jl1l ,k , j xl , j

, k  1, , K l  1,
nl
1  Kl 1 exp

x
  k 1
 j 1 l ,k , j l , j
 I l  xl , Θl   k   
(2)

1
,
k  Kl ,

Kl 1
nl
1   k 1 exp  j 1l ,k , j xl , j
[ Il (xl , Θl )  k ] is the probability that the category of the lth indicator, Il , is




where

k  1,




, K l ; xl : ( xl1 ,..., xlnl ) is the set of regressors; and Θl : (θl ,1 ,..., θl , Kl 1 ) is the set of un-

known model parameters that need to be estimated, in which θl ,k : (l ,k ,1 ,...,l ,k ,nl ) .
The predicted value of each indicator is then translated into one of the three possible states,
namely as, acceptable, tolerable, and intolerable. The principles of human rights (e.g., dignity,
fairness, and autonomy) can guide to describe conditions that constitute each of the acceptable,
tolerable, and intolerable states. Human rights represent moral standards that individuals in a
society should not fall below (e.g., human right to life, health, and subsistence [9]). Implicit in
human rights is the duration of experiencing an unfavorable state. For instance, a long lasting
tolerable state can prevent individuals from the full enjoyment of human rights; hence, it can
be perceived as an intolerable state. According to [3], the values/categories of the indicators
correspond to the intolerable state are so low that no individual should ever experience, regardless of its duration. Mathematically, we define a mapping function l :   {Acceptable,
Tolerable, Intolerable} for each indicator which determines the state of the indicator as a function of its current value/category (i.e., I l  ) and the elapsed time in the current state (i.e.,

tl 



).

3.2 Dynamic Bayesian Networks
A Bayesian Network (BN) is a probabilistic graphical model that represents statistical relation
among a set of (random) variables by means of a directed acyclic graph [10]. The graphical
structure of a BN is shaped by nodes and directed links. The nodes represent (random) variables
and the links capture the underlying statistical relation. To completely specify the joint probability distribution encoded in a BN, we need to attach a Conditional Probability Table (CPT) to
each node. The CPT of a node determines the conditional probability of the node as a function
of the values of its parents. In the BN terminology, we say that a node u is a parent of node v
if (u, v) is a directed link from u to v . For nodes with no parents, we assign marginal probability tables instead of CPTs. We note that CPTs and marginal probability tables are defined
for variables that take values in a finite set.
The statistical relation encoded in a BN allows to factorize the joint probability distribution
of all random variables into, typically, simpler distributions [4]. Such representation can facilitate the probabilistic updating of the random variables as information becomes available on the
state of the variables [4]. A generalization of the BN model is a Dynamic BN (DBN) which
accounts for the joint distribution of the random variables over time.
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As mentioned earlier, in RCA, the well-being of each individual is modeled as a system of
dependent indicators. The dependence among indicators could be due to common influencing
factors. In order to determine the probability of each state of well-being, while accounting for
the dependence of indicators, we develop a BN. As the states of indicators (and, thus, wellbeing) depend on the recovery time, we model the dynamics of the system over the recovery
time by means of a DBN. Figure 1 shows a generic graphical structure of the BN (i.e., a time
instant of DBN) for the well-being analysis. The BN consists of three groups of nodes: 1)
regressors, 2) indicators, and 3) well-being. The set of regressor nodes includes all unique
regressors in developing the predictive models in Eqs. (1) and (2). For the subset of regressor
nodes which are representing infrastructure status, we can obtain their CPTs by performing
infrastructure network analysis. On the other hand, the values of regressors such as age or
gender of individuals do not change, given that the disruptive event does not lead to the death
of individuals. The CPTs of the regressor nodes other than the two mentioned types need to be
evaluated in the specific context. In developing the CPT of the regressor nodes, the set of
parents of each node, xt ,n , can include the regressor nodes at the same time instant (i.e.,

{xt ,i : i  n} ) as well as the regressor nodes at earlier time instants. For indicator nodes, we
obtain the CPTs according to the predictive models in Eqs. (1) and (2). The set of intermediate
nodes t ,l represent the states of indicators according to their mapping functions. To specify
the CPT of the well-being node, we need to define the relation between the nodes
each state of the node

t

t ,l

’s and

. For example, [1] defined three states for the well-being of individu-

als, namely as, acceptable, tolerable, and intolerable. They also defined the relation between
the states of the indicators and the three states of well-being.
In addition to the three groups of nodes, the generic BN can be expanded to include the
nodes representing the parameters of the predictive models. Furthermore, depending on relation between the nodes t ,l ’s with t , auxiliary nodes can be introduced in BN between t ,l ’s
and
t

t

, to increase the efficiency of the inference algorithm by reducing the size of the CPT of

[11]. For the purpose of computation, we can use exact inference algorithm as the indicator

nodes and the well-being node have discrete states and, in practical applications, the regressor
nodes are also typically categorical with discrete state space.

Figure 1: Generic BN for the well-being analysis
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Numerical Example
We use the proposed formulation to quantify the cascading impact of infrastructure disruptions
on the well-being of households in the urban area of Maiduguri, the capital city of Borno State
in northeastern Nigeria. The datasets that we use to select indicators and then calibrate the
predictive models are Nigeria’s National Core Welfare Indicators Survey [12] and the Harmonised Nigeria Living Standards Survey [13]. In this example, we assume a disruption scenario
in which a fuel depot and a water treatment plant in the considered region are failed. Figure 2
shows the impact of the disruption scenario. The fuel depot power substation is a critical node
that supports a variety of other infrastructure nodes, including transportation, electricity, and
water. The water treatment plant provides potable water to a large portion of the city.
(a)

(b)

Figure 2 The sources of potable water (a) before the disruption and (b) after the disruption scenario

In order to quantify the impact on the well-being of households, we identify 10 capabilities.
Associated with each capability are a set of indicators which are selected to quantify the
achieved functionings. The discussion on the relevance and significance of the selected capabilities and their indicators can be found in [8]. Table 1 summarizes the selected capabilities
and the corresponding indicators.
Table 1: Selected capabilities and their indicators
Capabilities
Meeting the physiological needs

Indicators
Main source of drinking water, I1
Frequency of problems with the supply of drinking water, I 2
Frequency of problems satisfying food needs, I3

Being physically safe

Is it safe to walk on the street at night?, I 4

Being sheltered

Frequency of problems paying house rent, I5

Having access to energy

Source of electricity, I6
Number of hours without electricity in the past 24 hours, I7

Earning income

Household financial situation, I8

Owing property

Number of household durables, I9
Dwelling ownership, I10

Being mobile

Time to the nearest food market, I11

Being educated

Time to the nearest school, I12
Frequency of problems paying school fees, I13
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Having access to medical
services
Being socially connected

Time to the nearest hospital, I14
Frequency of problems paying for healthcare, I15
Can household depend on religious association during difficulty,
I16

4.1 Probabilistic Predictive Models of Indicators
Among the set of selected indicators, we determine the values of the indicators I1 , I11 , I12 , and

I14 by performing infrastructure network analysis. The indicator I 7 is integer-valued, so we
use Eq. (1) to develop the predictive model. The rest of indicators are categorical, so we use
Eq. (2) to develop the predictive models. As an example, consider the indicator I 2 . The three
possible categories of this indicator are 1) No, 2) Yes, during dry seasons, and 3) Yes, frequently. The final form of the predictive model for I 2 is






exp  j6,9  2,k , j x2, j

, k  1, 2,
2

1

exp

x
  k 1
 j6,9 2,k , j 2, j
 I 2  x 2 , Θ 2   k   

1
, k  3.

2
1   k 1 exp  j6,9  2,k , j x2, j






(3)





where x2,6 : road construction projects in the last 5 years, and x2,9 : main source of drinking
water. The regressor x2,6 is binary with categories 1) Yes, and 2) No. The three categories of

x2,9 are 1) Pipe borne, 2) Vendor truck, and 3) Others. Table 2 summarizes the posterior statistics of the parameters. The regressors x2,6 and x2,9 are explaining the two common causes
of the problem with the supply of drinking water. When the main source of drinking water is
“pipe borne” or “vendor truck” a decisive factor is the ease of transportation which depends on
the existence of the paved roads among other factors. Furthermore, the main source of drinking
water, captured by x2,9 , could be another cause of problems. For instance, “pipe borne” and
“vendor truck” are considered to be better sources with respect to pond or river water (considered in the category “others”) both in terms of quality and the availability, particularly, during
dry seasons.
Table 2: Posterior statistics of the parameters in the predictive model of I 2
Parameter

Mean

 2,1,6

5.32

Standard
deviation
1.31

 2,1,9

−2.90

0.82

 2,2,6

2.36

1.24

2,2,9

−0.06

0.68

Similarly, we develop predictive models for the rest of indicators. Next, we define a mapping function to specify the state of the indicators. For example, we define 2 as

2824

2

Acceptable,  I 2  1 ,

 Tolerable,  I 2  2, t2  1 year  ,

Intolerable,  I 2  2, t2  1 year    I 2  3 .

(4)

For the complete list of predictive models and their mapping functions see [8].

4.2 Well-being Assessment
In this example, we consider the well-being assessment in terms of the capability of meeting
the physiological needs, which includes the indicators I1 , I 2 , and I 3 in Table 1. Figure 3 shows
the developed DBN, where xt ,1 : road construction projects in the last 5 years; xt ,2 : time to
the nearest food market; and xt ,3 : welfare quintile, all at time t .

Figure 3 DBN for the well-being analysis in terms of meeting the physiological needs

In this example, we assume that the disruption does not impact xt ,1 and xt ,3 but it impacts

xt ,2 . The disruption does not include damage to the roads; thus xt ,1 does not change. Also, xt ,3
is a self-evaluation of the overall living condition and generally it may require longer time (than
that of a temporary disruption) to lead to a change. The impact on xt ,2 is in terms of the functionality of the food markets as they require power to operate and provide services.

4.3 Results and Discussion
Figure 4 shows the expected well-being of households in terms of the capability of meeting the
physiological needs. To obtain the expected well-being, we find the probabilities of the states
of well-being by means of the DBN modeling and assign the scores 0, 0.5, and 1, respectively,
to the intolerable, tolerable, and acceptable states of well-being. The post-disruption expected
well-being represents the immediate aftermath condition. We observe that in some regions, the
expected well-being has improved. To explain this observation, we note that among the categories of I1 , we consider the “pipe borne” as the highest quality, “vendor truck” as the intermediate quality, and “others” including water wells and river as the lowest quality. According
to Figure 2, as the vendor trucks fail due to the disruption, all the households who used to be
served by the vendor trucks, now have to travel longer time to the water tanks (i.e., pipe borne)
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in the northwest. If households cannot afford the extra cost of traveling, the source of the water
changes to category 3 which is lowest quality. Thus, the source of the water can improve with
the cost of traveling longer time and spending more money. This compromise can in turn affect
other dimensions of well-being. The impact of the disruption scenario on the access to food is
not as significant as the access to water and the disruption scenario marginally affects xt ,2 .
The results of this analysis clarifies the significance of accounting for different aspects of
well-being and their dependence in quantifying the ultimate impact of disruptive events. The
visual inspection of the maps of different capabilities (similar to those in Figure 4) can reveal
in what regions people suffer the most in terms of each capability and the overall well-being.
Furthermore, comparison of the maps before and after the disruption clarifies in what regions
people are more severely impacted by the disruption scenario.
(a)

(b)

Figure 4 The spatial distribution of the expected well-being in terms of the capability of “Meeting the Physiological Needs,” (a) before and (b) after the disruption

Conclusions
The occurrence of disruptive events can adversely impact the operation of infrastructure systems. Due to their interdependency, disruptions can propagate through different layers and
result in additional cascading consequences. The chain of such events eventually alter the state
of well-being of individuals that rely on those systems. The extend of potential consequences
could be greatly influenced by the societal characteristics of communities.
In this paper, we developed a Dynamic Bayesian Network for the Capability-based risk and
resilience analysis. The impact of disruptive events on the well-being of individuals is quantified by means of a set of capability indicators. The values/categories of the indicators for each
individual depend on the status of the infrastructure systems to deliver the vital needs like potable water, the wealth to satisfy basic needs, and the societal structure of communities. In
order to quantitatively explore such relations while accounting for the sources of uncertainty,
we developed probabilistic predictive models for the indicators. The predicted values/categories of indicators collectively determine individuals’ state of well-being which could be acceptable, tolerable, or intolerable. The impact of a hazard on the well-being of each individual
is evaluated in terms of the values of his/her indicators in the immediate aftermath and the
recovery time to improve the indicators. A Dynamic Bayesian Network (DBN) is developed
to integrate the predictive models of the indicators and account for the dynamics of the system
over the course of the recovery. The statistical inference problem is to estimate the probability
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of each state of well-being at any time during the recovery. As an application of the proposed
formulation, we quantified the well-being of households in a real case study example. The
impact of a disruption scenario is evaluated on the expected well-being of households in terms
of the capability of meeting the physiological needs. The obtained results indicate the significance of accounting for different aspects of well-being and their dependence in quantifying the
ultimate impact of disruptive events.
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Abstract: Learning about climate sensitivity from disparate sources of information proves to be a non-trivial, unintuitive task, hindered by phenomena like
negative learning, deconfliction and obsolescence. Theoretical temperature and
cloud radiative forcing trajectories can be combined with measurements of the
rate of mean surface temperature rise and the rate of percentage change in cloud
radiative forcing obtained when using different (current and new) measuring systems. Bayesian networks (BNs) can be used to integrate and interrelate all these
variables, in order to enable statistical inference. Correlated measurement errors
could be incorporated in such models to help us interpret unintuitive results.
We will employ non-parametric Bayesian networks (NPBN) [7], that allow for
nodes to be associated with arbitrary distributions. More specifically, static and
dynamic NPBN models for different time horizons are investigated and compared with the NPBNs presented in [3].

1 Introduction
An enhanced measuring system (EOS) uses better calibration of existing systems to observe
trends in the decadal rate of global temperature rise (DTR), and decadal percentage changes in
Cloud Radiative Forcing (CRF). This is compared with existing systems: for global temperature
rise, these are weather satellite infrared spectrometers IASI (EUMETSAT instrument), AIRS
(NASA instrument), and CrIS (NOAA instrument), abbreviated as IAC. They look at about 1/3
of the Earths emitted infrared radiation where CO2 and H2 O absorb radiation in varying levels
(low absorption levels see to the surface, high absorption see to 20 km altitude, others see
to intermediate depths). They use this to gauge temperature and water vapor vertical profiles
from the surface to about 20 km altitude. For CRF, the existing system is the Clouds and the
Earth Radiant Energy Systems (CERES) system, a broadband radiation budget instrument. It
measures total reflected solar energy as a single value, and total emitted thermal infrared energy
as a second value.
There is no correlation of the uncertainties of the CERES and IAC instruments. There is
almost no common technology, and their calibration issues are very different. The enhanced
measuring system for CRF employs a reflected solar spectrometer with a large 2D detector
array (512 by 512 detectors) that uses scans of the sun, moon, and nearby deep space to do
calibration and SI traceability. It shares no types of components with the IR spectrometer, uses
a 2-axis gimbal to point the entire instrument so that the exact same optics path is used for
solar, lunar, and earth viewing observations. The IR spectrometer that measures temperature
change is an interferometer that uses deep cavity blackbodies (0.9998 emissivity where 1.0 is
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perfect), 3 different temperature phase change cells to calibrate temperature of the blackbody
to SI standards, a blackbody emissivity monitor, and varies its blackbody temperatures for
calibration from 200K to 320K. The physics of how such instruments would change in orbit
has no common element, even the electronics of these instruments are very different.
Using the Dynamic Integrated model of Climate and the Economy (DICE) assessment model
[11], certified by the Inter-Agency Working Group on the Social Cost of Carbon IWG
SCC (2013), theoretical values for decadal temperature and percentage decadal change in
CRF are determined by the Equilibrium Climate Sensitivity (ECS), the carbon cycle and the
emissions scenario. ECS is defined as the equilibrium change in global surface air temperature
as a response to doubled CO2 .
In this research, we use BNs to tackle the difficulties of integrating disparate information sources
in the ECS estimation problem. Because most of the variables involved in our analysis are
measured on a continuous scale, we chose to work with a nonparametric Bayesian network
(NPBN). NPBNs associate nodes with random variables for which no marginal distribution
assumption is made and arcs with one-parameter conditional copulae [9], parameterized by
rank correlations [8].
The NPBN software employed here is UNINET, designed by the Department of Mathematics
of the Delft University of Technology and licensed by LightTwist Software. A free version is
available for academic users at http://www.lighttwist.net/wp/. Initially developed for the Dutch
Ministry of Transport, UNINET was designed for mixed (discrete and continuous) multivariate
distributions in very high dimensions [1]. UNINET uses the normal copula to realise the rank
correlations which quantify the arcs.
The remainder of the paper is organized as follows: Section 2 provides more background on the
climate modelling and observation systems as they are encompassed in the NPBN. Section 3
reveals how various sources of uncertainty in climate trends materialize in the dependence relationships captured by the NPBN. The analysis addressing emerging challenges in understanding
the complex probabilistic system is contained in Section 4. Section 5 provides the conclusions.

2 BNs for climate modelling and observational systems
The starting point for the BN modelling and analysis in this paper are the non-parametric
Bayesian networks (NPBN) proposed in [3]. One of these NPBNs is reproduced in Figure 11 .
The NPBN consists of seven nodes representing continuous random variables and six arcs quantified by rank correlations. The variable of interest is ECS, one of the key metrics in climate
modelling, and the corresponding node in the NPBN is called ClimateSensitivity. Its probability distribution has been derived in [12] and truncated for an increased consistency with IWG
SCC 2013 [3]
1.2
,
where f ∼ N(0.62, 0.192 ).
(1)
ECS =
1− f

The ECS distribution exhibits a right long tail that suggests higher probabilities for high and
very high temperature changes rather than for small or no temperature change. We employ the
DICE climate model [11] in order to estimate ECS in relationship with DTR and CRF. DICE
is an integrated assessment model that encompasses scientific, economic and policy aspects
of climate change and was mandated by IWG SCC 2013 [2]. According to the DICE model,
1A

slightly different quantification than the one used in [3] is due to sampling errors and the use of a different
correlation measure.
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Figure 1: NPBN after 10 years of observing decadal trends that follow the launch of an enhanced measurement system in 2020.

the relationships between ECS and DTR, and between ECS and CRF are deterministic. ECS
increases with increasing DTR; ECS increases with increasing CRF. Hence the relationships
between ECS and DTR, and between ECS and CRF are characterized by strictly monotone
functions (for details, see Figures 2 and 3 from [4]).
However, the uncertainties in ECS are linked to the uncertainties in DTR and CRF via natural
variability and modelled using additive random noise. The natural variability noise for DTR
and CRF are modelled as normal random variables with mean zero and variances which depend
on the observational period. More details are provided in Section 3. In the NPBN models, the
two nodes representing DTR and CRF are called DecadalTempRise and DecadalPrChCRF,
respectively, and the correlations between ECS and DTR, and ECS and CRF capture the
natural variability discussed above, and are calculated empirically using a sampling approach
described in Section 3.
The uncertainties in observable trends of DTR and CRF are inherited instrument uncertainties
from the measuring system. For each of the two variables, DTR and CRF, we consider a current
measurement system, as well as an enhanced measuring system. The current system for measuring decadal temperature change is denoted by IAC (TempIAC node in the NPBN). The current
CERES radiation balance observations are used to provide CRF measurements (CRF CERES
node). As mentioned in the introduction, the enhanced system (EOS) used here is an orbiting
reference spectrometers, which is planned for launch in 2020 and is assumed to vastly increase
the accuracy of current observing systems [13]. We use data from the enhanced measuring system on DTR (TempEnhCL node) and on CRF (CRF Enh node). Given EOS launch in 2020,
data can be collected until 2030, 2050 and 2080, similar to previous analysis in [3], and/or in
different years as well. Figure 1 shows the NPBN after ten years of observing decadal trends
that follow the launch of an enhanced measurement system in 2020. The dependence structure
of the seven dimensional distribution is determined by the rank correlations corresponding to
the arcs of the NPBN and the (conditional) independencies amongst variables is represented by
the lack of arcs. The dependence relationships between the variables, represented as arcs in the
NPBN are discussed in Section 3. Figure 1 shows the marginal distributions of the variables
together with the expected values and the standard deviations.
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3 Sources of uncertainty in climate trends
Different sources of uncertainty have been identified to increase the climate trend uncertainty;
an exhaustive list of examples, as well as relevant references can be found in [6] and [5]. An
2 , which
important source of uncertainty is introduced by the natural variability, denoted by σvar
is mainly driven by oceanic and atmospheric dynamics of the climate systems, along with solar
variability, among others. Degrading calibration of satellite instruments over time yields ad2 . Finally, we consider σ 2 , the satellite orbit sampling
ditional uncertainties, denoted by σcal
orbit
uncertainty. The total uncertainty in a decadal trend δ m has been proposed in [10] as a variance
decomposition into the three sources of uncertainty
(δ m)2 =


12
2
2
2
σ
τ
+
σ
τ
+
σ
τ
,
var
cal
orbit
var
cal
orbit
(∆t)3

(2)

where ∆t is the observation period length (in years) and τvar is the autocorrelation characteristic
time length of natural variability, accounting for the dependencies between successive measurements. Similarly, τcal and τorbit denote the characteristic time lengths of calibration and satellite
orbit uncertainty. Note that δ m goes down with the − 32 power of observational time ∆t. Decompositions like equation (2) can be used in general for any climate variable of interest, and
the units will be determined by the choice of the variable. A derivation of equation (2) can be
found in the Supplementary Online Material of [6]. It suffice here to say that the variance decomposition for linear models is the basis of the uncertainty representation in equation (2). The
time dependent standard deviations may then be used to compute product moment correlations
in the following manner: assume we observe the random variable X with random noise ξ , with
X and ξ independent. Then the product moment of X and Z = X + ξ is given by:
σX
.
ρX,Z = q
σX2 + σξ2

(3)

Since the uncertainty δ m is time dependent, so is the correlation between a system and its
noisy measurement. NPBNs (the probabilistic models we will use further and describe in
Section 2) represent dependence as rank correlations rather than product moment correlations.
A sampling approach is used in this paper for calculating empirical rank correlations used to
quantify the arcs of the NPBNs. We consider 925 samples drawn from the ECS distribution.
For each ECS value, we compute the corresponding true CRF and the true DTR values, using
the DICE model. Then natural variability noise is added to each of the possible true trend
values (using σvar from equation (2)). These form the empirical distributions of the variables
DTR and CRF when the natural variability is taken into account. Instrument error is added
to the CRF and DTR values already perturbed by natural variability, to obtain the empirical
distributions of the measured quantities. The σ ’s used for the measurement errors are the
ones corresponding to the noise contribution from calibration and orbit. The values of the
parameters in (2) that have been used in this and previous analyses are taken from Table 2 in
[6], for EOS and IAC global temperature trend uncertainty, and from Table 5 in [4], for the
variance decomposition for EOS and CERES. They are reproduced in Table 1 for completeness.
The empirical rank correlations are calculated from the corresponding sampled bivariate
distributions. It is worth mentioning that instead of calculating the rank correlation between
the CRF disturbed by natural variability and ECS, the algorithm calculates the rank correlation
between the CRF disturbed by natural variability and the true CRF. However, these two rank
correlations are equal since the true CRF and ECS have a monotonic relationship and rank
correlations are invariant under monotone transformations of the margins.
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Table 1: Values of natural variability and observation uncertainties for CRF and Temperature

σvar
τvar
σcal
τcal
σorbit
τorbit

CRF
Temperature
EOS CERES EOS IAC
0.6
0.6
0.08 0.08
0.8
0.8
1.5
2.3
0.15
1
0.03 0.18
10
10
5
5
0.21 0.006 0.019 0.012
1
1
1
1

Inferring decadal trends over a shorter period of time (e.g. ten as opposed to 30 years) results
in higher natural variability and measurement noise, reflected in lower correlations. In time,
less variability and less measurement noise are translated into larger correlations between the
variables in the NPBN models. The measurement errors are considered uncorrelated [4], given
the different underlying technology and calibration issues.

4 The challenges of understanding complex probabilistic models
Probabilistic thinking is not always as intuitive as one would like it to be, but it is the only proper
way to avoiding pitfalls and misconceptions, and to extract useful information from conflicting
signals in the data. Three interesting phenomena are discussed in [3], which occur when classical statistical intuition plays tricks on the thought process: negative learning, obsolescence, and
deconfliction.
Negative learning contradicts the familiar paradigm that new observations always increase our
confidence, and welcomes the idea that an unexpected piece of information can sometimes
increase the uncertainty. Older measurement systems may be considered obsolete once new,
improved ones become available. However it sometimes turns out that the older systems can
still provide useful information, when used in conjunction with the new systems. Deconfliction occurs when extracting useful information from conflicting pieces of evidence rather than
considering one of these pieces to be wrong and discard it.
In this paper, we extend the investigation in [3] of the first two phenomena, mainly by using a
dynamic NPBN rather than three static NPBNs built for different time steps.

4.1
4.1.1

Negative learning
Sensitivity analysis

Given the complexity of the problem, the simplifications made by the models and the intricacies
of the uncertainties, it is tempting to think that slightly different correlations may not lead
to the negative learning phenomenon found by the authors of [3]. The fact that the authors
found negative learning more difficult in 2050, and impossible in 2080 is another incentive for
sensitivity analysis. The dependence between the variables of these models (as measured by
the rank correlations) changes with time. The links become stronger. When several concurrent
changes of the rank correlation values (within the same model) of order 10−1 are made, and the
same inferences are performed, negative learning is still observed.
How much should the weakest correlation change for the negative learning to subside? We will
use the NPBN in Figure 1 to further explore how the magnitude of the rank correlation between
DecadalTempRise and TempIAC can influence negative learning. The figure below illustrates
this behaviour.
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Figure 2: Conditional variance of climate sensitivity (CS) given a high value of TempIAC for various
correlations between DecadalTempRise and TempIAC.

Note that when the correlation achieves a value of almost 0.63, the conditional variance of the
climate sensitivity starts to decrease, i.e. the uncertainty decreases when new information is
assimilated into the system. It is interesting to notice (see Figure 3) that in the 2050 model, the
correlation between DecadalTempRise and TempIAC is 0.62. However, negative learning is still
observed in this model due to all the other changed parameters. This is presented in the right
hand side of Figure 3, where the joint distribution is conditioned on a high value of TempIAC.
The conditional distributions are now shown in black and the grey histograms represent the
unconditional margins, provided for comparison.

Figure 3: NPBN after 30 years of observing decadal trends that follow the launch of an enhanced measurement system in 2020.

4.1.2

Dynamic NPBN

Three separate static NPBNs are considered in [3], with measurements until 2030, 2050 and
2080. Here, we include the time dimension into a Dynamic NPBN (DNPBN). For the DNPBN
we consider only the variable DecadalTempRise with its two corresponding measurement systems (IAC and EOS), for which we include 5-years time steps from 2030 to 2080. This choice
is made for clarity of presentation, rather than a methodological reason.
We study now the effects of negative learning for the DNPBN in Figure 4. Negative learning
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Figure 4: Dynamic NPBN with only DecadalTempRise and 11 periods of observations.

diminishes when observations are accumulated in time. The diminishing process is faster when
the new measurement system is used instead of the current one. Figure 5 shows the conditional
standard deviation of the climate sensitivity when each year we observe extreme values of the
DTR. The solid line corresponds to the current (IAC) system and the dashed line corresponds
to the new (CL) EOS measurement system.

Figure 5: Conditional standard deviation of ECS given extreme values of DTR for the current (IAC) and
enhanced (CL) measurement system.

Another interesting finding, even if somewhat expected, is that earlier measurements do not
contribute to uncertainty reduction, independent of the measurement system used. Let us condition the DNPBN on the expected value of TempIAC for the first four time steps. The conditional
mean and standard deviation of ECS are 3.36 and 1.41 respectively. Almost the same mean for
the conditional ECS is achieved by conditioning TempIAC on its expected value in the fifth time
step alone. The conditional standard deviation is now 1.34, indicating more certainty than when
the first four years are used. The same pattern occurs when conditioning on the expected value
of the random variable describing EOS measurements (TempEnhCL). When conditioning on the
expected values for all years up to 2045, the standard deviation is 0.66, while conditioning only
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on the expected value for the year 2050 leads to a standard deviation of 0.59. Similar findings
are gathered when conditioning on the 95th quantiles of the TempIAC. For comparison, note
that the standard deviation of ECS when conditioning on the 95th unconditional quantiles of
TempIAC in the years 2030 until 2045 is 2.17, while when conditioning on 2050 only it is 2.03.
Conditioning on extreme measurements in the new measurement systems tell the same story,
namely that earlier measurements do not contribute to uncertainty reduction, since the same
results are achieved by just measuring later.

4.2

Obsolescence in time

Given the two measurement systems for global temperature rise in our DNPBN model, we are
now interested in investigating the obsolescence phenomenon. Expectedly, when conditioning
in time on expected values on both systems, the current one becomes obsolete. Nonetheless,
when the new measurement system is conditioned on the expectation (every other time step)
and the current IAC system on the 95th quantile (of the conditional variables, the intermediate time steps), then the conditional distribution of ECS is different than the one obtained by
only conditioning on the new measurement system on expected values. The two conditional
distributions are found to be different when performing a two-sample Kolmogorov-Smirnov
goodness-of-fit hypothesis test. The results are captured in the figures below.

Figure 6: Dynamic DNPBN when conditioning on the expected values for EOS measurements at every
other time step, starting in 2030.

Figure 6 shows the effect of conditioning on the expected value for EOS measurements, every
ten years starting with 2030. The conditional standard deviation of ECS decreases hugely from
1.73 to 0.19.
The DNPBN in Figure 7 captures the effect on ECS when conditioning on the 95th quantile
of the IAC measurements, every ten years starting with 2035, in addition to the above conditioning (on the expected value of EOS measurements, every ten years starting with 2030). This
results in a different conditional distribution for ECS altogether, with a slightly higher expectation and surrounded more uncertainty, which can be considered useful, rather than redundant
information.
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Figure 7: Dynamic DNPBN when conditioning on the expected value for EOS measurements at every
other time step, starting in 2030 and on the 95th quantile of the IAC measurements, at every other time
step, starting in 2035.

5 Conclusions
Understanding complex probabilistic models under the climate change paradigm unveils great
challenges. Drawbacks of classical modes of reasoning based on simple statistical models, highlighted in [3] are supported by our analysis. New observations do not always reduce uncertainty
and older measurement systems may sometimes supply useful information. Independent errors
are always the easiest choice, but correlated errors are more realistic. They can easily be modelled using NPBNs. Moreover, the dynamic nature of the models presented here can be incorporated into DNPBNs. Observing unintuitive effects of a more sophisticated approach should
not be used as a reason for avoiding a more rigorous, realistic model.
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Abstract: Infrastructure systems are critical for a functioning society and provide
the products and services required for the health, safety, and growth of a community. These systems, however, are subject to an increasing number of hazards, both
natural and manmade. Further, many of these systems are interdependent, with the
functioning of one system dependent on the functioning of others. In this paper, we
propose a Bayesian network (BN)-based methodology for modeling interdependent critical infrastructure systems. We define and model three types of infrastructure interdependencies: service provision, geographic, and access for repair.
Service provision interdependencies refer to the case where the functioning of one
infrastructure is dependent on the service outputs of another. Geographic interdependencies are the case where the functioning of one infrastructure is related to the
functioning of another due to physical similarity or geographic proximity. Access
for repair interdependencies address post-disaster recovery and refer to the case
where the ability of one infrastructure to be repaired is affected by the access provided by another infrastructure. A generalized methodology for the BN modeling
of each of these interdependencies is developed. We apply the methodology to an
example interdependent power, water, and gas network to demonstrate its use.
Example inferences across the network using the created model are discussed. Applications to reliability assessment, including integration into a new software program for use by utilities and asset managers to increase infrastructure resilience,
are presented.

1 Introduction and Background
Infrastructure systems, including water, power, gas, communication, and transportation networks, are critical for a functioning society and provide the products and services required for
the health, safety, and growth of a community. These systems, however, are subject to an increasing number of hazards. These include both natural disaster events and targeted anthropogenic attacks. Therefore, system risk and reliability analyses are required to assess
vulnerabilities, identify critical components, and prioritize elements of the system for repair,
retrofit, or replacement.
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In these analyses, the complexities of infrastructure systems must be considered. Specifically,
many of these systems are interdependent, with the functioning of one system dependent on
the functioning of others. For example, a power generating system may require water for
cooling, with the water provided by a water pump, which relies on electricity for operation.
Therefore, while previous studies on infrastructure reliability have focused on cascading failures within single systems, e.g., [4], the interdependencies between systems must be modeled,
e.g., [2, 13]. The ability to perform system analyses that include the interactions across systems will provide a comprehensive view of the critical infrastructure networks in a community, enabling users to more accurately identify vulnerabilities and minimize the negative
effects of hazards on infrastructure, such as the potential for cascading failures across systems.
Previously, four classes of interdependencies have been proposed [7]. The interdependencies
defined in this paper are related to these. However, we extend the definitions to quantify the
performance of critical infrastructures under varying hazard conditions, including to increase
system resilience [3]. The specific interdependencies proposed are described in detail in the
following section. In addition, we describe the Bayesian network (BN)-based methodology
that we have developed for modeling each of these types of interdependencies. While BNs
have been previously used to model the reliability of individual infrastructure systems [10,
11], we use BNs now to model multiple connected systems. The BN framework enables us to
model the reliability of individual components, the relationships between components and
systems, assess the impacts of individual component performance on the performance of larger systems overall, and the relationships between multiple systems. Unlike other interdependency modeling methods [5], with a BN approach, the dependence between components and
systems are modeled probabilistically and the framework enables updating of system assessments across networks with new information.
In the following sections, we first define the three types of infrastructure interdependencies:
service provision, geographic, and access for repair. We then describe the generalized methodology developed for the BN modeling of each of these interdependencies. Next, we apply
the methodology to an example interdependent power, water, and gas network to demonstrate
its use. We show example inferences across the network using the created model. Applications to reliability assessment, including integration into a new software program for use by
utilities and asset managers to increase infrastructure resilience, are discussed.

2 Methodology
2.1 BN Model of Infrastructure Systems
In our framework, we model infrastructure systems as BNs with individual nodes representing
components and systems, and links the dependencies between them. Nodes are defined by the
states of the components and systems. These can be binary states such as functioning or nonfunctioning, or multiple states such as a level of flow of 0%, 25%, 50%, 75%, or 100%
through the node. Links in the BN occur both within systems to model functionality of a single system, e.g., a distribution node in the network relying on the state of its supplying node,
and across systems to model interdependencies between multiple systems, e.g., a dependent
power generation node relying on the state of a water distribution node.
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Current analyses are run in the software program Hugin. For this paper, we assume binary
states as in [9]. To reduce the number of parent nodes of any given node in the network, intermediate minimum link set (MLS) nodes are introduced, with components comprising a
MLS modeled as parents of an MLS node such that all components must function for the
MLS to function. MLS nodes are then modeled as parents of a system output node such that
any one functioning MLS results in functioning of the service output. In addition, to further
reduce computational complexity, component nodes that exist in series in the network are
grouped together as single “supercomponent” nodes [1, 6]. These nodes are shown in the example BN in Figure 1 for a system of 𝑛 components 𝐶1, … , 𝐶𝑖, 𝐶𝑗, 𝐶𝑘, … 𝐶𝑛. In the example,
components 𝐶! , … , 𝐶𝑖 comprise supercomponent 𝑆𝑢𝑝. The supercomponents and component
𝐶! comprise the MLS node 𝑀𝐿𝑆. Finally, the overall system performance modeled by the
node 𝑆𝑦𝑠 is a function of the MLSs and components 𝐶𝑘, … , 𝐶𝑛. It is noted that the computational limits of a BN model are a function of the number of parents for any given node in the
network as described in [8]. With the typical BN configuration, this will be a function of the
number of component nodes that are parents of a system function node. The MLS and supercomponent modeling is a way to reduce this number. In this study, an interdependent system
of 127 nodes is able to be modeled. For a given system, the configuration of components,
supercomponents, and MLSs will differ based on topology and connectivity of the nodes in
the network.

Figure 1: Example BN of infrastructure system, including component, supercomponent, MLS, and system nodes

The BN shown in Figure 1 is for a single infrastructure system. To model the interdependencies between infrastructures, we define three general types of interdependencies: service provision, geographic, and access for repair. We describe each of these and the proposed
generalized BN methodology to model them in the following sections. Together, these comprehensively describe the relationships that occur between critical infrastructures to enable
full risk and reliability analyses of these systems.

2.2 Modeling Service Provision Interdependencies
We define service provision interdependencies as the case where the functioning of one infrastructure is dependent on the service outputs of another. For example, several components in
the water system, e.g., treatment plants and pumping stations, require power to function. Other examples include the power system depending on the outputs of the water system for cooling, or any infrastructure control system relying on a working communication network to
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perform its duties. Previously, two of the classes of interdependencies proposed in [7] were
physical (where the state of one component is dependent on the material output of another)
and cyber (where the component state is dependent on information transmitted from another
infrastructure system). In our view, whether the output that a component depends on is physical in nature or based on information, it is the provision of services from another system, both
physical and cyber, which is needed for functioning. Therefore, we define these together as a
service provision interdependency.
Within the BN framework, we model service provision interdependencies using a direct dependence in the network as shown in Figure 2, where 𝐶𝑖! represents the component in the
power system and 𝐶𝑗! its dependent component in the water network. 𝑠𝑦𝑠! and 𝑠𝑦𝑠! represent the performance of the power and water system outputs, respectively. The states of the
system nodes indicate the ability of the system to provide a given service. The dependency
across systems as shown in Figure 1 models the fact that the performance of component 𝐶𝑖!
affects not only the performance of the power system, but the water system as well. Additional dependencies of this type would be similarly modeled.

C1p

…

Cip

…

Cnp

C1w

…

Cjw

…

Cnw

sysp
sysw
Figure 2: Service provision interdependency modeled between 𝐶𝑖! and 𝐶𝑗!

One specific case that must be considered for the BN modeling of service provision interdependencies is the potential cyclic dependence of components in multiple systems. For example, in the power generation, water cooling, and electric power scenario described in the
introduction, if the BN model includes a power supply node and a water supply node, the
functioning of the power supply node may be dependent on the state of the water supply node,
while the functioning of the water supply node may be dependent on the state of the water
supply node. If modeled directly, this introduces a cyclic dependency in the network. As BNs
are based on directed acyclic graphs, no cyclic dependencies can exist. Therefore, to resolve
this cycle, we define the nodes by their joint distribution. This results in the conditional probability table for the node as shown in Table 1, which is given for the example for the components 𝐶𝑖! and 𝐶𝑗! of the power and water networks, respectively. The joint distributions in
the numerators are then defined based on the definitions of possible component states. Specifically, if the water component is defined as requiring the power component to function, the
joint probability that 𝐶𝑗! is working and 𝐶𝑖! is failed is 0. Defining the conditional distribution for one node in terms of the joint distribution enables one of the dependency relationships
between nodes to be removed while still accounting for the bidirectional dependency in the
BN formulation.
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Table 1: Conditional probability table for interdependent power and water components 𝐶𝑖! and 𝐶𝑗!

𝐶𝑗!
working
𝐶𝑗!
failed

𝐶𝑖! working
𝑝 𝐶𝑗! = working, 𝐶𝑖! = working

𝐶𝑖! failed
𝑝 𝐶𝑗! = working, 𝐶𝑖! = failed

𝑝 𝐶𝑖! = working
𝑝 𝐶𝑗! = failed, 𝐶𝑖! = working

𝑝 𝐶𝑖! = failed
𝑝 𝐶𝑗! = failed, 𝐶𝑖! = failed

𝑝 𝐶𝑖! = working

𝑝 𝐶𝑖! = failed

2.3 Modeling Geographic Interdependencies
We define geographic interdependencies as the case where the functioning of one infrastructure is related to the functioning of another due to physical similarity or geographic proximity.
For example, many components in an area may be similar in terms of materials, age, or physical design. Therefore, if one component has been observed to fail, it is more likely that the
other similarly designed components have failed. Alternatively, many infrastructures are collocated. This is particularly true for buried infrastructure, e.g., pipes, cables, and fiber lines
located in trenches along the same street or routed along the same bridge. In these cases, given a hazard event, the collocated infrastructures are more likely to fail together. The increased
likelihood of failure of one component given failure of a nearby component must be modeled.
Compared to previous proposed interdependency classes, this is similar to the geographic interdependency defined in [7]. In our BN framework, we model geographic interdependencies
by adding common parent hazard nodes to the network as shown in Figure 3. In this case,
similar or proximate components would share a common parent hazard node 𝐻, modeling the
dependence between their component states.

H
C1w

…

Cjw

…

Cnw

sysw
Figure 3: Geographic interdependency modeled between 𝐶1! , … , 𝐶𝑗! with common hazard node 𝐻

2.4 Modeling Access for Repair Interdependencies
The fourth class of interdependency previously defined in [7] is “logical,” which encompasses
all other interdependencies. The actual meaning of this is unclear. Therefore, we do not consider this class. Instead, in addition to infrastructure risk and reliability, we are interested in
modeling system resilience, or the ability for infrastructure systems to recover to pre-event
service levels or better after a disaster event. To specifically address this, we define a new
type of interdependency called access for repair.
Access for repair interdependencies address post-disaster recovery and refer to the case where
the ability of one infrastructure to be repaired is affected by the access provided by another
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infrastructure. This is particularly relevant for analyses of system resilience, where not just
the reliability of the system, but also the ability of the infrastructure to recover after a damage
event, is of interest. Access for repair includes both physical and cyber access. For example,
open roads may be required to physically access an infrastructure asset for repair. Or, a functioning communication network may be required to enable diagnostics to be run on a piece of
equipment or facilitate remote repairs. These requirements for access result in access for repair dependencies on both transportation and communication networks in particular.
In defining this type of interdependency in our BN framework, we introduce a dynamic time
component to the model. This is because if an infrastructure component is working, then its
state is independent of the ability to access the component for repair. It is only when the component fails that the dependency becomes relevant. Therefore, we add a node to the model
that represents the state of the dependent component in the previous time step. The state of the
component in the current time step is then dependent on both the access node and previous
state node. This is shown in Figure 4 for an example water system component 𝐶𝑗! , which has
both access node 𝐴 and previous state node 𝐶𝑗! ′ as parents.

Cjw’

A
C1w

…

Cjw

…

Cnw

sysw
Figure 4: Access for repair interdependency modeled for 𝐶𝑗! with access node 𝐴 and previous state node 𝐶𝑗! ′

3 Application
We now apply the proposed methodology to an example interdependent infrastructure system.
The system is based on real data on the power, water, and gas networks in Shelby County,
Tennessee, USA. The full system consists of 60 components and 74 links, 49 components and
78 links, and 16 components and 17 links, for the power, water, and gas networks, respectively. The nodes are classified as supply, transshipment, and distribution nodes. Flow proceeds
from supply or production station nodes, to transshipment nodes where several lines meet, to
distribution nodes. The system overlaid onto a map of the county is shown in Figure 5.
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Figure 5: Interdependent power, water, and gas networks in Shelby County, Tennessee, USA

3.1 BN Model
For the application in this paper, the BN model is built using the software program Hugin and
binary states are assumed. The resulting BN for the power, water, and gas output nodes closest to the city of Memphis, Tennessee, as circled in Figure 6, is shown in Figure 7. The BN in
Figure 7 includes all system interdependencies. The nodes corresponding to hazards (modeling geographic interdependencies), access (modeling access for repair interdependencies, including shaded nodes indicating the state of the component in the previous time step),
infrastructure system-level performance, minimum link sets (MLS), supercomponents, and
individual components and links are shown.

Figure 6: Power, water, and gas nodes (circled) closest to city of Memphis
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Figure 7: BN model incorporating all interdependencies for Memphis power, water, and gas nodes

3.2 Reliability Assessment
With the network built and conditional probability distributions for the BN model as shown in
Figure 7 defined, inferences across the system are possible. For example, if one component is
observed to have failed, inputting that information into the BN will propagate through the
network to update probabilities of failure for dependent components as well as probabilities of
system-level service provision. Assessing system reliability outputs at the infrastructure system nodes under a variety of component performance scenarios enables identification of critical components and prioritization of components for repair or retrofit to increase overall
system performance.
For example, we overlaid the transportation network over the Memphis nodes to model the
reliability of the power, water, and gas nodes under different conditions of access. Fragility
functions for these nodes under varying levels of seismic hazard were used to obtain prior
component failure distributions. The interstates representing the two highest functional classifications of roads in the area, I-1 and I-55, were used as access components. It is assumed that
if the interstate section closest to a node is failed, there is no access to be able to repair the
failed component. If access is available, the component is repaired. The effect of the states of
the two interstates on the reliability of the power, water, and gas nodes is shown in Table 2.
Table 2: Example inference for reliability assessment of Memphis power, water, and gas nodes

Power
Water
Gas

I-5 working
I-55 working
0.965
0.968
0.932

I-1 failed
I-55 working
0.942
0.965
0.932

I-1 working
I-55 failed
0.965
0.968
0.920

I-1 failed
I-55 failed
0.942
0.965
0.920

In our BN, we included transportation infrastructure as components required for access. Inferences over the network with functioning or non-functioning transportation components enable
the impacts of the transportation network on the ability for a system to recover after an event
to be quantified. In addition, in the BN, the hazard nodes model the effect of hazards on infrastructure performance. These are currently defined using fragility curves for component per-
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formance given varying earthquake magnitudes. These probability distributions can be easily
updated with additional information about component reliabilities. Finally, information can be
input into any node in the network based on measurements or observations to update assessments of all nodes across the BN.

3.3 Software to Increase Resilience
Increasing the resilience of critical infrastructure is a national priority for the United States
[12] and other countries around the world. To facilitate decisions by utilities and infrastructure asset managers regarding prioritization of investment to increase system resilience, we
are integrating the proposed interdependencies and BN modeling methods into a new software
program called PRIISM (Probabilistic Resilient Interdependent Infrastructure System Modeling). The purpose of the software is to take as input basic information about network connectivity and component locations to automatically generate probabilistic interdependent system
models using the BN framework. Analyses across the system using these models would provide decision makers with quantitative information about how different component repair,
retrofit, or replacement actions would increase system performance. It would also enable asset
owners to better understand both the upstream and downstream dependencies of their system
on other systems. While current asset management decisions are made within silos of individual infrastructure systems, use of this software would support decisions that account for the
complex interdependencies that exist across networks, increasing overall community resilience to disaster events.

4 Conclusion
In this paper, we presented a generalized methodology for modeling interdependencies in critical infrastructure systems using BNs. We define three comprehensive types of interdependencies, including service provision, geographic, and access for repair. Service provision
interdependencies are modeled using direct dependencies in the BN. The case of two components each being dependent on the other is addressed through the definition of the joint distribution. Geographic interdependencies are modeled using common hazard parent nodes to
quantify correlation between dependent component states. Access for repair interdependencies are modeled by adding nodes representing the access infrastructure and the state of the
component at the previous time step to indicate the relevance of the access dependency. Together, the BN model that is created that includes each of these interdependencies provides a
comprehensive view of system reliability and enables probabilistic analyses of system performance across a range of hazard scenarios to increase infrastructure resilience.
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Abstract: This paper proposes a hybrid approach for the Bayesian modelling of
the performance of a real-world road network subjected to seismic hazard, based
on preliminary Monte-Carlo simulations. While several computational bottlenecks
are limiting the application of Bayesian Networks to simplified infrastructure systems, Monte-Carlo simulations are used here for the identification of the most
common and typical damage configurations, in order to design a simplified Bayesian Network formulation, i.e. the thrifty-naïve formulation. The practical appeal of
this approach is demonstrated on a complex road network in the French Pyrenees,
where the corresponding Bayesian Network has the ability to predict various system performance indicators and to update predictions based on field observations.

1 Introduction
Due to its critical role in the resilience of our increasingly interconnected society, the loss
assessment of infrastructure systems has been the object of significant research efforts for the
past years. Seismic hazard stands out as one of the most studied potential threats, given its
ability to induce widespread disruptions over spatially distributed systems. Most studies on
this issue, such as the SYNER-G project [9], have adopted a Monte Carlo sampling framework in order to evaluate the frequency of exceedance of given components’ and system’s
performance indicators (PIs).
In parallel to this simulation-based approach, Bayesian Networks (BNs) have been introduced
as an alternative for the risk assessment of infrastructure systems [2]. Such BN methods have
a twofold merit, namely (i) the derivation of exact probability distributions (i.e. identification
of extreme events) when an exact inference algorithm is used, and (ii) the ability to perform
Bayesian inferences on the uncertain system (i.e. updating of distributions given collected
evidence). The latter point is a highly sought-after quality in the context of rapid disaster response, since the BN can then be used as a decision support system that refines loss predictions in near real-time as soon as observations are gathered from the field.
However, the actual application of BNs to real-world systems is currently facing many challenges due to scalability or computational issues, as demonstrated by [4]. Despite various
strategies aiming at simplifying the BN formulation, such as the use of minimum link sets
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(MLSs) with coalesced chains of survival events [2] or the compression of the conditional
probability tables [10], it appears that computational bottlenecks cannot be fully avoided.
Even with these smart BN formulations, additional pre-processing steps such as the identification of all minimum link sets or the optimization of the coalesced survival paths induce huge
computing times. Moreover, most available BN formulations may only be applicable to binary connectivity indicators, while it has been shown that capacity- or flow-based indicators
provide a much more accurate picture of the performance of networks [3].
Therefore the present study examines the robustness of a hybrid approach, in which Monte
Carlo simulations are exploited in order to build an approximate BN formulation where only
the most relevant components are kept: the resulting BN can then be used as a decision support system in complement of the straightforward simulation-based framework. While such an
approach has already been introduced by [4], the aim here is to demonstrate its applicability to
real-world systems, such as a complex road network connecting several towns. Section 2 details the main principles of the hybrid approach, which leads to the construction of an approximate BN formulation, referred to as the thrifty- or t-naïve formulation. Section 3 then
exposes the proposed case-study, which consists of a road network across several valleys in
the Pyrenees mountain range in France. Finally, the resulting BN is presented in Section 4,
where various assumptions on the types of input evidence and PIs are discussed.

2 Proposed approach
2.1 Conventional BN Formulation
The use of a BN to represent all the variables that are involved in seismic risk assessment,
from the definition of the seismic source event to the system losses, has been formalized by
[2], and updated in order to account for multiple seismogenic sources (see Figure 1). The included variables, from top to bottom, are:
• SGZ (discrete, 7 states): root node, where each state represents one of the seismogenic
zones that are susceptible to generate an earthquake event near the system;
• M (discretized, 10 states): magnitude of the earthquake event, function of the activity
parameters of the seismogenic zone;
• Epi (discretized, 421 states): location of the earthquake event within the seismogenic
zone;
• Ri (discretized, 421 states): epicentral distance for each vulnerable component i;
• Qi (discretized, 20 states): logarithm of the median value of the seismic intensity
measure (IM) of interest, as estimated by the ground-motion prediction equation;
• U (discretized, 10 states): standard normal variable that is common to all sites;
• Vi (discretized, 10 states): standard normal variable that is specific to each site i, accounting for the spatial correlation of the ground-motion field together with U;
• ei (discretized, 10 states): intra-event variability of the ground-motion, which is specific to each site i, depending on the relative contribution of the U and Vi variables;
• n (discretized, 10 states): inter-event variability of the ground-motion, which is common to all sites;
• Si (discretized, 20 states): logarithmic IM at site i;
• Ci (discrete, 2 states): component node, with states representing the damage states of
the component, using fragility curves to build the conditional probability table.
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Figure 1: BN formulation for the representation of the hazard-related variables, up to the damage to infrastructure components

The partial BN in Figure 1 only represents the hazard loading and its potential impact on individual components: such a construction should be completed by a system-level PI (e.g. SYS
node), which is dependent on the states of the infrastructure components. An intuitive solution
consists in connecting all the Ci nodes to the SYS node in a converging structure (i.e. naïve
formulation), which would however lead to an exponential increase rate in the size of the SYS
CPT. As discussed in the introduction, alternative formulations based on MLSs have been
proposed by [2] in order to decompose the problem into parallel or series systems: intermediate nodes can then be added to the BN to form a chain structure, which has the merit of limiting the size of CPTs. However, further benchmarks [4] have shown that such a formulation
tends to move the computational bottleneck to other steps of the procedure, such as the identification of all MLSs in the graph or the assembly of large cliques within the junction-tree algorithm. The complexity of alternative algorithms such as variable elimination is also
dependent on the elimination order, which is difficult to optimize for large BNs.

2.2 The t-Naïve BN Formulation
As an alternative, a hybrid approach based on preliminary Monte Carlo simulations was introduced in [4]. It is based on the following steps (see Figure 2):
• (1-2) Simulation, within the OOFIMS tool [5] (Object-Oriented Framework for Infrastructure Modeling and Simulation), of a selected number N of deterministic scenarios
for the whole system (e.g. n vulnerable components), considering various sources of
uncertainties (e.g. distribution of earthquake magnitude and location, distribution of
predicted ground motion intensities, distribution of damage states, etc.);
• (3-4) Selection of a reduced number k of vulnerable components that have a significant influence on the performance of the infrastructure system, by evaluating the cor-
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•

•

relations of the Monte Carlo outcomes (i.e. correlation between the component states
and the selected PI);
(5) Construction of the corresponding BN following a naïve formulation, with only the
selected k components linked to the BN nodes, SYS, representing system’s performance;
(6) Assembly of the conditional probability tables for SYS nodes by counting the
Monte Carlo outcomes, without requiring any specific connectivity or capacity rules.
OOFIMS
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1
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Figure 2: Outline of the proposed t-Naïve formulation

This approach is referred to as a thrifty-naïve formulation, since it is based on a parsimonious
use of the most relevant components only, while keeping the converging structure between
the component nodes and the system node. With this formulation, the exact prediction of extreme events is lost, due to the use of Monte Carlo sampling to build the corresponding BN.
However, the created BN has the ability (i) to conduct inference on a simplified representation
of the system and (ii) to compute any type of system PIs (e.g. connectivity- or capacitybased), as long as they have been generated during the simulation phase.
a)

C1

b)

C2

C3

C4

C5

C6

C1

C2

C3

C4

L1

SYS

C5

C6

L2

SYS

Figure 3: a) 1st order BN formulation where 3 components govern the global PI SYS; b) 2nd order BN formulation where 2 and 3 components respectively govern the local PIs L1 and L2

The t-Naïve formulation may also be applied to various levels of PIs (see Figure 3): on a 1st
order, the component nodes are directly linked to a global PI that represents the response of
the whole system, while a 2nd order formulation makes use of intermediate nodes L between
the C and SYS nodes, describing a more local behavior (e.g. connectivity between two specif-
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ic nodes or serviceability at a demand node). As a result, this 2nd order BN formulation is expected to provide more refined outcomes, since it is based on components that are locally involved in the performance of a part of the system.

3 Risk Assessment of a Road Network in the Pyrenees (France)
The t-Naïve BN formulation is applied to a real-world road network, which is presented in the
following sub-sections.

3.1 Presentation of the Case-Study
The case-study area is located in the South of France, along the border with Spain. The small
towns and villages within this area are connected through a set of departmental roads that are
mainly running along the steep valleys of the Pyrenees mountain range. Seismic hazard is a
potentially disruptive threat, since the area is characterized by an average seismicity level
according to the French seismic zonation, and this region has been the object of previous
seismic risk studies (e.g. SISPYR, www.sispyr.eu, or ISARD projects). Therefore ground
shaking has the potential to affect engineering works such as bridges or even to trigger landslides on the unstable slopes that overhang some road segments.
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Figure 4: Topology of the case-study road network

In total, the network model is composed of 982 nodes and 1100 bidirectional edges, 73 of
which (i.e. 23 bridges and 50 unstable slopes) are considered to be vulnerable to seismic hazard. For the subsequent network analysis, 18 Traffic Analysis Zones (TAZs) have been selected, corresponding either to population settlements or to entry points to the network. The
central part of the studied network, where most of the vulnerable components are located, is
presented in Figure 4.
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3.2 Modelling Assumptions
The seismic hazard is modeled from the occurrence of earthquake events in the area: to this
end, seven seismogenic zones have been selected in order to cover the spatial extent of the
vulnerable components: these seismogenic zones along with their activity parameters for a
probabilistic hazard assessment are described in [11].
A spatially correlated ground motion field is then generated over the area of interest by using
the ground-motion prediction equation (GMPE) by [1]. Local site amplifications are also accounted for by the GMPE, through the specification of Eurocode 8 soil classes for the vulnerable sites.
Finally, seismic fragility curves for five main bridge typologies have been analytically derived: only one damage state has been considered, since it is assumed that, as soon as the
bridge components enter the post-yield state, the bridge might be preemptively closed for further inspection. The same logic has been applied to unstable slopes, where fragility curves
have been directly taken from the literature [6], assuming a yield acceleration ky = 0.05g for
the slopes. All fragility curves adopted in this work are lognormal functions defined in terms
of PGA (g).

3.3 Performance Indicators
Global PIs such as the simple or weighted connectivity loss [8], which considers the average
number of disrupted connections over all couples of TAZs, are useful in the long term loss
assessment of a given network. However, in the context of a rapid loss estimation where a BN
is used as a decision support system, loss measures that are directly usable by emergency
managers should be preferred. Therefore it is proposed here to apply the BN to the estimation
of local performance measures, indicating the ability to travel between two specific TAZs.
For the sake of the demonstration, the travel conditions between the city of Bagnères-deLuchon, holding the only hospital in the area, and the small town of Saint-Béat, located in the
adjacent valley, are investigated (see Figure 4). To this end, two local PIs are quantified:
• RD, a binary indicator measuring the disconnection between the two locations. In particular, RD = 1 if all possible paths between the two TAZs are interrupted by at least
one damaged road segment.
• RTT, which is a measure of the increase of travel time between the two TAZs with respect to normal conditions, due to damage suffered by the road network. The travel
time is quantified in free-flow conditions (i.e. without evaluating traffic flows and
congestion in the network) and considering the shortest path (if available) between the
two TAZs. This PI is defined through the following equation:
TT
RTT = 1− 0
(1)
TT
where TT and TT0 are the travel times under damaged and normal conditions, respectively. In the case of interruption of all possible paths between the two TAZs, TT is set
to infinity (i.e. RTT = 1, equivalent to RD = 1).

4 Application of the t-Naïve BN Formulation
The Monte Carlo simulation step has led to the generation of 10,000 loss scenarios that are
stored in a state matrix of size [10,000 x 75]: the first 73 columns contain the damage states of
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each component, while the last two represent RD and RTT, which are the outcomes of the network analysis. The correlation coefficients between each component and each PI are then
computed in order to select the most relevant components to be included into the BN: ten
components have been selected for the prediction of each PI, which corresponds to correlation
thresholds of 0.31 for RD and 0.48 for RTT. The corresponding BN with the t-Naïve formulation (1st order) is detailed in Figure 5: it contains 445 nodes and 679 edges. Thanks to the
adopted simplification, the largest CPT in this BN contains a little less than 200,000 elements
(i.e. CPT for the Ri distance distribution).
However, when building the junction tree in prevision of the subsequent inference operation,
the largest clique size adds up to more than 430,000,000 elements, thus highlighting the difficulty to control beforehand the size of the matrices that are generated within the junction-tree
algorithm. Even when a BN formulation aims at reducing the size of CPTs, the strong interdependencies between the nodes are bound to generate a large amount of fill-in edges during
the elimination phase, which leads to large cliques.

Figure 5: t-Naïve BN formulation for the quantification of RD (P1) and RTT (P2)

The ability of this BN formulation to perform inferences from various scenarios is tested on
five evidence configurations, which are detailed in Table 1. Scenarios #1 and #2 correspond
to a predictive analysis, where characteristics of the source event are specified and the resulting PI distributions are updated. The remaining scenarios take advantage of the spatial correlation of the ground-motion field as well as the statistical dependence between some events:
the evidence of a given intensity level or of a damaged component is used to update the probability of witnessing such effects at other sites of the area.
Three sites A, B and C have been arbitrarily chosen for the demonstration (see Figure 4):
component A corresponds to an unstable slope located along a busy road segment, so that
there are high chances that any disruption will be noticed and reported. On the other hand,
components B and C, which are respectively close and far away from A, correspond to bridges: one may imagine that the BN can be used as a decision support system, allowing to update
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the marginal prior probability distributions (thus obtaining the posterior distributions) of the
vulnerable components at sites B and C. Depending on the increase in the damage probability,
inspection teams may be sent for an on-site assessment of the bridges, for instance.
Table 1: Selected evidences and corresponding marginalized nodes ( R is the average source-to-site distance)

Evidence ID
#1
#2
#3

#4

#5

#6
#7

Type of evidence
M = Mmax = 6.8
Epicenter very close ( R = 14 km)
M = Mmax = 6.8
SGZ # = 4
M = Mmin = 5.5
Epicenter very close ( R = 14 km)
IMA high (0.69 g)
M = Mmax = 6.8
Epicenter very far ( R = 110 km)
CA = 2 (component A damaged)
Magnitude high (M = 6.6)
Epicenter close ( R = 48 km)
CA = 2 (component A damaged)
Evidence #1
CA = 2 (component A damaged)
Evidence #2
CA = 2 (component A damaged)

Marginalized node
RD
RTT
IMB

IMB , IMC

CB , CC
RD
RTT

The execution of all inference operations has taken around 73 minutes on a 2.27 GHz dualcore CPU with 24 GB RAM, using the Bayes Net Toolbox for Matlab [7] for the computations1. The updated (i.e. posterior) distributions of the marginalized variables, given the various evidence scenarios, are displayed in Figure 6.
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Figure 6: Prior and posterior distributions of the variables of interest for the evidence scenarios
1

Actual use in emergency management would require faster inference times, which is easily achievable, based
on the current performance of the protoype software used for development, through a different more efficient
implementation.
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As expected, the introduction of evidence that is characteristic of severe events (e.g. large
magnitude, high local intensity, observation of a damaged component, etc.) leads to a shift of
the distributions towards the right: even for component on site C, which is rather far away
from site A, the probability of damage increases from 0.0051 to 0.0144 for the given evidence
scenario. It should be noted that the bottom four plots are the result of an exact inference with
an accurate modelling of the variables, since all the nodes involved correspond to the part of
the BN where an exact formulation is used (see Figure 1). The only potential source of error
lies in the discretization of continuous variables such as IMi, which may lead to approximate
representations of the probability density functions, as seen in Figure 6.
The top two plots in Figure 6, however, make use of CPTs retrieved by counting and the tNaïve approximation (i.e. reduction of links between component and PI nodes), and there is
no straightforward way to compare the estimated distributions with the ones that would results from an exact BN formulation. It is worth noting that an evidence on the state of component A, which is not involved in the prediction of the PIs, has still a significant impact on the
updating of the distribution of RD and RTT, thus demonstrating the ability of the t-Naïve formulation to reproduce the general behavior of an exact BN. Finally, a sensitivity test on the
number of selected components in the t-Naïve formulation is carried out, in order to check the
stability of the loss distribution with respect to the level of simplification (see Figure 7).
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Figure 7: Evolution of the estimation of the prior and posterior probabilities for one state of the two PIs (left and
middle), and of the posterior/prior probability ratio for RTT ≥ 0.9 (right)

The predictions with the approximated BN formulation provide stable results with respect to
number of components used. Such an observation is compatible with the fact that a selection
of 4 components already accounts for the most critical elements, while additional components
may have a limited contribution to the loss assessment, either because they have a very low
damage probability or because they play a reduced role in the TAZ connectivity. Finally, the
last plot in Figure 7 demonstrates that, for 10 components, the inference abilities of the BN
formulation have somewhat stabilized: the increase in the posterior/prior ratio for the given
evidence (i.e. strong earthquake) shows that the Bayesian updating becomes more efficient as
more components are included in the analysis.

5 Conclusions
This paper has investigated the applicability of a hybrid simulation-based/Bayesian approach,
namely t-Naïve formulation, to a complex real-world road network. For the studied example,
it may be concluded that the performance of the proposed approach is satisfactory if such a
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system is used as a decision support tool, where it is critical to assess the relative change of
the probability distributions as field observations are gathered. However, if the aim of the BN
is mostly predictive analyses with the objective of identifying extreme events, then it is advised to stick to the more robust Monte Carlo simulation framework, pending the development of more computationally sustainable BN solutions. Finally, this work has used simple
correlation measures for the selection of components, while more informative statistical
measures should be investigated in order to improve this feature.
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Abstract: Deteriorated properties of a structure may cause failure events such as
structural malfunctions, severe property damage or human deaths. Therefore, identifying the actual distributions of material parameters is important in efforts to prevent such catastrophic events. The authors recently developed a probabilistic system
identification (SI) method to detect spatial distribution of structural parameters using a probabilistic graphical model, called Bayesian Network (BN). To extend the
application of the approach, this paper employs approximate sampling-based inference BN algorithm to overcome the so-called converging problem caused by the
large size of the conditional probability table of a child node having many parent
nodes. In particular, an approximate inference using importance sampling is exploited to estimate the spatial distribution. To describe a general spatial distribution
of deterioration with a reduced number of nodes in the BN graph, a random field
model based on Karhunen–Loève expansion is also adopted. The proposed method
is demonstrated by a numerical example of a two-dimensional steel square plate
under static loads and corresponding displacement measurements. The method is
successfully tested by a variety of deterioration scenarios with random measurement
noise included.

Introduction
Structures exposed to external environments are subject to deterioration caused by accidental
loads, aging, etc. This deterioration of material properties in mechanical system may cause catastrophic events, which result in severe property damage or human deaths. To prevent these
situations, accurate identification of changes of structural properties in system is important. For
this purpose, there have been many research efforts to develop techniques to identify actual
properties of structures, which is often called as system identification (SI) [1-3]. As one of the
inverse problems, SI may suffer from ill-posedness, which stands for non-uniqueness and nonstability of estimated solutions caused by measurement noises. Although various regularization
techniques based on mechanics theories and optimizations have been proposed, still non-consistency and non-robustness may hamper effective applications of SI methods.
To address these issues related to ill-posedness, the authors recently proposed a probabilistic
SI method, which estimates spatially deteriorated material properties using Bayesian Network
(BN) [4]. As a tool of modeling causal relationships and probabilistic inference, the BN has
been applied to various problems including diagnosis engines and hazard-alarm-system [5-6].
BN is a probabilistic graphical model that consists of nodes and links, which are respectively
representing random variables and their probabilistic dependencies [7]. For the probabilistic
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relationship in each link, one needs to construct so-called conditional probability table (CPT).
The BN-based SI by the authors incorporated a Gaussian shape function having 6 parameters
in order to depict deteriorated spatial distribution of material properties in a 2-dimensional
space [4]. The results of the BN-based SI showed accuracy and robustness compared to other
SI methods employing maximum likelihood estimation (MLE) and finite element (FE)updating.
However, if there are numerous parent nodes for a given child node of BN, the large size of
CPT can make the probabilistic inference challenging, which is a well-known challenge in BN,
called converging problem [6]. This is the reason why a simple Gaussian shape function having
a small number of parameters was exploited in the previous study [4]. To overcome this issue,
approximate BN algorithms employing sampling techniques such as importance sampling (IS)
have been explored [8-9]. In this paper, an approximate inference using importance sampling
is used for the purpose of BN-SI. This approach makes it possible for child nodes to have
enough number of parent nodes to capture general spatial distribution patterns. This study also
adopts a shape function of spatial distribution of deterioration based on Karhunen–Loève expansion [3, 10]. The proposed method is demonstrated and tested by numerical examples of a
2D square steel plate under static loads.

Theoretical Backgrounds
2.1 System Identification for Linear Elastic Continua
Most SI algorithms are based on minimization of least-squared difference between measured
and calculated responses, i.e.
1
‖
2

Π

,

,

‖ subject to

0

1

where  denotes the error function and ‖∙‖ represents the Euclidean norm or the vector of
error function. Additionally, x, Uc, Um, and R(x) respectively mean the vectors of structural
parameters, calculated displacements, measured displacements, and constraint functions. Two
different types of error functions have been used in the literature [2], i.e.
,

,

,
,

2
3

,

where K(x) and P respectively denote the stiffness matrix and external force vector. In this
paper, finite element method (FEM) using Q4 elements is used to construct stiffness matrix.
When the error function in Eq. (2) is employed, the optimization process is called “linear leastsquare problem,” which can be solved without iterative calculations while full measurements
are required. On the other hand, the optimization using the error function in Eq. (3) is called
“nonlinear-least-square problem,” which requires repeated structural analyses but full measurements are not required. Both approaches are subject to ill-posedness issues, and various regularization techniques have been employed [1-2, 11-13]. However, even if those techniques are
exact and sophisticated, general application and definition of regularization factors are still difficult.

2.2 Bayesian Network for Probabilistic System Identification
For the purpose of probabilistic SI, the authors recently proposed a BN based SI using exact
inference algorithm. To use the BN, which basically follows Bayesian updating [7, 14-15], the
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relationship between the measured and calculated responses and corresponding likelihood function are given as [16].
4
∝

1

5

where  denotes the diagonal matrix of
, ,…,
in which
is the assumed relativeerror-level given as a pre-determined percentage of elements of calculated measurements,  is
a vector of uncorrelated standard normal random variables, and ⋅ is the probability density
function (PDF) of the standard normal distribution, respectively. L() in Eq. (5) denotes the
likelihood function, which is proportional to the conditional probability of having the parameter
values given the observation. Based on these, maximum likelihood estimation (MLE) on target
parameters x can be obtained based on observation Um [16].
Bayesian updating and inference of BN can be conducted by [17-18]
|

∙

|

|

6
7

Using the measured displacements and the prior distribution of system parameters,
is up|
dated to the posterior distribution,
. However, the direct calculation of Eq. (6) is
difficult because of the normalizing factor c in Eq. (7). In BN, once CPTs are constructed in
advance, Bayesian updating can be performed without additional calculations of normalizing
factor [18]. In the preceding research of authors [4], the BN for SI problems consists of system
parameters as parent nodes and displacements as child nodes. In this approach, CPTs were calculated by Monte Carlo simulations of forward structure analysis. However, the size of CPT
quickly increases as the number of parent nodes increases, that is, converging problem arises.
Despite accurate results of BN-based SI, spatial distribution patterns were limited to simple
ones, e.g. a bivariate Gaussian shape function having 6 parameters. Therefore, in this study, to
overcome converging problem and to extend the applicable spatial distribution to more general
ones, a BN using an approximate inference based on importance sampling is proposed.

Bayesian Network Using Importance Sampling
3.1 Application of Importance Sampling to BN Inference
To overcome the limitation described in the previous section, approximate sampling-based BN
inference algorithms have been developed. Among many sampling algorithms, Markov chain
Monte Carlo (MCMC) is an efficient method, which is popular for the purpose of Bayesian
updating. In the process of MCMC algorithms, one does not need to compute the normalizing
factor, and generated samples naturally represent posterior distribution. However, parallel computing is not possible since samples are generated based on the previous samples as a Markov
process. Therefore, despite several strengths of MCMC, this study adopts importance sampling
(IS) to conduct efficient inference in BN overcoming limitations caused by converging.
For a thorough discussion of the proposed method, IS is briefly explained here (See [19] for
more details). Consider the integral of a function, i.e.
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8

where g(x) is a function of m variables x=(x1, ..., xm) over a domain  For example, Eq. (8)
becomes a structural reliability problem if the function is defined as
, where
is
the index function of a low probability (failure) event and
is PDF. Evaluating Eq. (8) by
MCS, i.e. by samples generated from the original PDF
may require a large number of
samples. To improve efficiency, IS introduces an alternative sampling density function
,
i.e.
9

If a good IS density function can be identified in advance, the integration can be conducted
efficiently. Recently, Kurtz and Song [19] proposed to identify near-optimal IS density function
by adaptive importance sampling that finds a Gaussian mixture model with the minimum cross
entropy with respect to the theoretically best IS density.
In this paper, the IS density is assumed to follow a Gaussian distribution. The center of the
density, i.e. the mean vector of is estimated by MLE while the standard deviations of the
density are estimated through reconstruction of stiffness matrix based on finite element method
(FEM) as follows. Let us consider
,

10

where e is is a vector of uncorrelated normal random variables with zero means and standard
deviations for which a certain value is assumed based on the scale of uncertainties in the forces,
,
and
is full measurement of displacement. To avoid rank-deficiency, full measurement
vector is necessary in the derivation, and can be calculated by solving the equilibrium equation
,
,
for the estimated center
. While obtaining
, one can get the
corresponding displacement for each element,
,
1, . . . ,
as well. Then, the
,
and
can be computed by utilizing the stiffness matrix
resistant forces matching
construction process of FEM, i.e.
,

11

where B and
respectively denote the matrix of strain-displacement relation and constitute
matrix for the case
. In this paper, the target parameter x, to be estimated is the relative
contribution of spatial patterns of Young’s modulus E, and Q4 element with plain-stress is used
in FEM [3,10]. The results of the construction in Eq. (11) gives an alternative expression for
Eq. (10), i.e.
,

12

From (12) with assumed standard deviations of , the standard deviations of can be derived
through pseudo-inverse analysis. These standard deviations and the mean values of estimated
by MLE constitute an IS density, which will be used to generate samples during the approximate inference algorithm summarized later in Section 3.3.
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3.2 General Spatial Distribution Model Based on Karhunen–Loève Expansion
The BN-SI using exact inference algorithm [4] used a bivariate Gaussian shape function to
depict deteriorated spatial distribution. This was because the exact BN inference algorithm allows only a small number of parent nodes due to the converging problem. Since the approximate BN inference algorithm used in this paper allows for a larger number of parent nodes,
Karhunen–Loève (K-L) expansion [3, 10] is exploited to capture more general spatial distribution patterns. Basically, K-L expansion provides a second-moment-based characterization of a
random field with deterministic orthogonal functions and uncorrelated standard normal random
variables representing the contributions of the identified modes. The deterministic orthogonal
functions can be obtained by solving Fredholm integral equation of the second kind, i.e.
,

,

13

,

13

where x1=(x1, y1), x2=(x2, y2), and
and
respectively denote eigenfunction and eigenvalue.
The parameters c and Lc in Eq. (13b) are the standard deviation of the homogeneous random
field and correlation length. One can use Galerkin method employing finite elements to solve
the integral equation above numerically.
Assuming that Young’s modulus does not increase over the life time, the spatial distribution
of Young’s modulus in a 2D domain is modelled as follows using the eigenfunctions obtained
from Eq. (13):
,
with 〈 ∙

,

∙
,

| |

,
〉

∙
0

,

〈 ∙
〈 ∙
if
,
∙
otherwise

〉

,
,

〉
0

14

14

where si is a parameter to determine the relevant contribution of the corresponding eigenfunction, which constitutes the parameter set described in Section 3.1, and 〈 ∙ 〉 is a function operator to prevent Young’s modulus from being greater than the initial distribution ∙
, .
The parameter s0 is introduced to consider the uncertainty in the initial distribution. Lastly, the
truncated number of eigenfunctions, Nr, is determined by the number of significant eigenmodes
significant eigenmodes are identified,
contributing to the total summation of eigenvalues. If
the dimension of the vector of parameters of interest, i.e.
is
1 because
,s ,…,
.

3.3 Bayesian Network Using Eb-IS Density with Gaussian Mixture
In this paper, approximate inference algorithm based on importance sampling is adopted because execution time is fairly independent of the topology of the network and is linear to the
number of samples. In using importance sampling for BN inference, it is critical how to select
an effective IS density to generate samples. If generated samples are not feasible in terms of the
observations, the algorithms will fail to converge to reasonable posterior distribution. For accurate and efficient inference, this study uses evidence based importance sampling (Eb-IS) algorithm, which is similar to Evidence Pre-propagated Importance Sampling algorithm for BN
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[9]. However, the Eb-IS focuses on SI problems of linear mechanical system with continuous
variables. In this study, a Gaussian mixture distribution model [19-20] is employed to describe
a wide-class of posterior distributions. Through this adaptation, the ill-posedness of SI problems
can be overcome by utilizing posteriors having multiple peaks. Figure 1 summarizes the proposed algorithm, which is based on GIS-BN [8] and includes Eb-IS density and Gaussian mixture model.

1.
2.
3.

4.
5.
6.

Algorithm: Eb-IS-BN
Conduct MLE and derive Eb-IS density for the BN nodes except the evidence nodes
Order the nodes according to their topological order
for i  1 to Sampling Number do
generate samples from the mixture consisting of Eb-IS density and prior
calculate likelihood and prior values
end for
Sum up vectors of likelihood value of nodes to derive probability of evidence
Conduct Bayesian updating on all nodes with generated samples, likelihood, and prior
Posterior distributions are fitted with posterior values and samples through Gaussian mixture
Figure 1: Algorithm of Eb-IS-BN for SI problems

Numerical Investigation
4.1 Description of Numerical Examples
The square-shaped structure [4] with a side length of 2.5m in Figure 2 is modelled by 10 10
Q4 elements. The Poisson ratio is assumed to be 0.3. The mean-level value of Young’s modulus,
E , , is given as 200 GPa everywhere. The boundary at bottom is all fixed, and all other
degree of freedoms (DOFs) are free. Then, static forces 10 GN are applied downward at chosen
DOFs as shown in Figure 2. To derive eigenfunction from Fredholm equation explained in
Section 3.2, the correlation length in covariance function is assumed as half of the side length
of the structure. Then, the number of eigenfunction, Nr, has to be determined. As mentioned
earlier, the number of significant modes can be determined in terms of contribution to the sum
of the eigenvalues [3, 10] to satisfy
/

15

where T is target contribution level for which 85% and 90% are assumed in this paper. In this
example, the corresponding numbers of significant modes are 15 and 28, respectively. Including
s0, the total numbers of parameters estimated by BN are 16 and 29, respectively.
To test the proposed method, 20 sets of measurements are generated. These sets consist of
downward displacement at selected 30 DOFs among the total of 110 DOFs. In addition, to
consider measurement noise, relative errors are introduced to these sets of generated measurements. The relative errors are created by simulating measured displacement value from a uniform distribution between (100 – Le) % and (100 Le) % where Le is the assumed level of error
[21]. The BN graph of the example is shown in Figure 3.
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Figure 3: The proposed BN model

Figure 2: square steel plate

4.2 Results of SI by Eb-IS-BN
The standard deviation of in Eq. (10) is assumed as 3% of static forces. The value of
,
in Eq. (14) is modelled as constant, i.e. 75% of the mean value. Using the aforementioned K-L
model, two deterioration scenarios having 16 and 29 parameters in Table 1 are studied. In this
paper, the result of the posterior obtained from a set of measurement is used as the prior distribution of the next inference as Bayesian methodology. This process is repeated sequentially for
the 20 sets of measurements. For the initial inference, uniform distributions in Table 2 are used
as the prior distribution.
Table 1: Spatial distribution scenarios by modified K-L model

Scenarios
Scenario 1
Scenario 2

Parameter values assumed for scenarios (si = 0 if not mentioned)
s0=1, s3=0.4, s8=0.3, s11=0.5, s14=0.6
s0=1.1, s1= s7=0.5, s15= 0.4, s19= 0.7
Table 2: Prior distributuions for parameters in modified K-L model

Model Parameters
s0
si (i-th mode’s contribution)

Distribution Type
Uniform
Uniform

Range
[0.5, 1.5]
[1, 1]

The proposed Eb-IS-BN is conducted using 2,000 samples for each parameter. Figure 4-5
shows results of Scenario 1 for relative error 3 and 5%. In Figures 4(a) and 5(a), the estimated
Young’s modulus at 9 selected locations in Figure 2 are compared with the exact solutions. The
use of Gaussian mixture model allows the posteriors to have more general shapes of distribution
as shown in Figure 6. Gaussian mixture having 20 densities is used in this study, and multiple
peaks are observed from the fitting process. When the peaks in derived posteriors are located
farther than 5% of range of initial prior in Table 2, the peaks are regarded as separated peaks.
Then, the “combinations” consist of peaks from each posteriors, and priorities of these combinations are ranked by likelihood value from Eq. (5). In the same manner, Eb-IS-BN algorithm
is applied to Scenario 2 with relative error 3 and 5%. Figures 7-8 show that the proposed algorithm can successfully identify the spatial distribution of the deterioration for Scenario 2 as well.
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Figure 4: Results of Eb-IS-BN about Scenario 1 with relative error 3%
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Figure 5: Results of Eb-IS-BN about Scenario 1 with relative error 5%
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Figure 6: Posterior distributions about Scenario 1 with relative error 3%
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Figure 7: Results of Eb-IS-BN about Scenario 2 with relative error 3%
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Figure 8: Results of Eb-IS-BN about Scenario 2 with relative error 5%

Summary and Topics for Further study
In this paper, a probabilistic system identification method using the evidence based importance
sampling for Bayesian Network (Eb-IS-BN) is proposed. The method uses a random-field based
spatial deterioration model to capture general patterns of spatial distribution. For accurate and
efficient inference, Eb-IS density is derived by maximum likelihood estimation (MLE) for the
mean and by reconstruction of stiffness matrix for the standard deviations. The proposed procedure for selecting IS density is effective for SI of linear mechanical systems. The proposed
BN algorithm overcomes converging problem. The proposed algorithm uses a Gaussian mixture model to fit wide-class of posterior distributions. A square-shaped steel plate is modelled
to test the proposed method. In this numerical example, the ill-posedness of the inverse problem
is presented by multiple peaks of posteriors. To consider these multiple peaks, combinations,
which are sets of peaks from each posteriors, are prioritized in terms of their likelihood values
to present most likelihood deterioration distribution from posterior with observations. The proposed method shows good accuracy of estimated distribution for linear examples, and can overcome issues caused by the ill-posedness of the SI problems. However, it is still difficult to apply
the proposed method to nonlinear problem having many parameters to estimate because the EbIS density cannot be derived directly by the reconstruction technique for such cases. Future
research is needed to promote more general applications of Eb-IS-BN to complex structural
systems.
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Abstract: Modeling the joint distribution of all system components, Bayesian
networks do not only allow to express uncertainties necessary for risk engineering, but also capture and reveal complex dependency relations in the considered system. Yet, since Bayesian networks do not distinguish between target
and predictor variables, their performance in classification problems can be poor.
Markov Blanket discovery is a powerful feature selection tool to identify relevant
predictor variables and to conserve the advantages of Bayesian networks. Scorebased methods for Markov Blanket learning commonly apply scores developed
for Bayesian network scoring, such as the Bayesian Dirichlet score. In the paper
at hand a specific Markov Blanket score, that measures the prediction performance, is developed. The derived score aims to select a minimum of required
predictor variables and consequently constructs a model of low complexity, yet
with a high performance in predicting the target variable. The reduced model
complexity is beneficial to reduce costs in data accumulation and storage as well
as to reduce inference time.

1 Introduction
Decisions in risk management should not be based on expected values and deterministic approaches alone, but require knowledge about the related uncertainties to allow for reasonable
(e.g. cost minimizing) acting. For instance the probability for the failure of a system or the
exceedance of a certain threshold (e.g. the water level in a flood event, the wave height of a
tsunami or the ground motion caused by an earthquake) might be small, yet the costs in case
of occurrence are extremely high. Thus, it can be worth to invest in mitigation actions even for
events with small probabilities of occurrence. The probabilistic approach of Bayesian networks
(BNs) forms a valuable framework for decision support. BNs do not only capture and express
involved uncertainties, but allow to model highly complex systems by capturing multivariate
interactions between the model components, which are treated as random variables in the BN
context. The high potential of BNs for risk engineering and natural hazard assessments has been
shown in several studies [2, 15, 28].
The graphical illustration of (in)dependencies between the model components or, respectively,
the random variables offers an interpretable model representation, that facilitates expert and
stakeholder involvement in the modeling process. The model structure can be defined based on
expert knowledge, e.g. [5, 24], or observed data can be used to learn about the (in)dependencies
between the model’s variables, e.g. [14, 27]. The derived BN describes the joint probability
distribution of all considered random variables and thus provides insight into the underlying
system. Despite a good approximation of the joint distribution, a BN might perform poor in the
approximation of the conditional distribution of a single variable, especially if the number of
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considered variables is large and/or the underlying data set is sparse. In risk analysis, that often
focuses on a certain target variable (e.g. system failure, affected area or caused damage), BNs
might consequently provide poor estimates for the variable of interest, in the following denoted
by C, which is also called class variable in discrete cases.
Recent literature [19, 25] suggests to focus at the Markov Blanket (MB) of C, which is the
subnet of the BN that shields C from the influence of all other variables [20]. Learning the MB
from data, identifies the variables that are relevant for the prediction of C. It thus contributes
to the understanding of the system and, compared to BNs, decreases the model complexity.
Consequently the usage of MBs reduces the time of processing, the memory consumption and
the costs for data collection and storage. Further, by eliminating useless noise features and
counteracting the effect overfitting via reduction of dimensionality, the prediction performance
can be increased [11].
Literature provides several suggestions for a direct identification of the MB of C. Most MB
learning algorithms apply univariate or multivariate statistics to measure a candidate variables
association with C [7]. These so-called constraint-based methods differ from the score-based
methods, which rate the considered model according to a certain scoring criteria and search in
the space of possible MBs for the best scoring one. Compared to constraint-based algorithms,
score-based algorithms are less explored [10]. They are often based on BN scores, that consider
the fit of the data to the joint distribution of all variables [1, 16, 19], rather than the conditional
distribution of C. The paper at hand suggest a MB score that measures the ability to predict C
and simultaneously penalizes complex network structures.

2 Background
2.1

Bayesian Networks and Markov Blankets

The probabilistic approach of BNs treats each element of the considered system as random
variable, Xi , and models the joint probability distribution P(X1 , . . . , Xk ). All variables are represented as nodes in a directed acyclic graph (DAG). The conditional (in)dependencies between
the variables are illustrated by (missing) edges between the corresponding nodes. According to
the DAG, the joint probability distribution of all variables, X = {X1 , . . . , Xk }, can be decomposed into a product of conditionals
k

P(X1 , . . . , Xk ) = ∏ P(Xi |XPa(i) ),

(1)

i=1

where XPa(i) - called parents of Xi - are all variables pointing at Xi . In turn the variables that
Xi points at are called children of Xi , denoted by XCh(i) . For discrete variables the conditional
distribution of Xi |XPa(i) can be defined via the parameters θxi |xPa(i) = P(xi |xPa(i) ), where xi and
xPa(i) denote instances of Xi and XPa(i) . Figure 1 shows the BN of the insurance example [8],
that is provided in the online BN repository (http://www.bnlearn.com/bnrepository/). A detailed
introduction into probability theory and BNs can be found in basic literature [9, 12].
For the prediction of a certain target variable C ∈ X, techniques for feature selection aim to find
a subset of the candidate predictor variables (attributes), X \C = A = {A1 , . . . , Ak−1 }, that is as
small as possible, but still has a high prediction performance. Considering a BN, the MB of a
variable C, XMB(C) , is the minimal set of variables that renders all other variables conditionally
independent of C [20],
C ⊥ Ai |XMB(C) , ∀Ai ∈
/ XMB(C)
(2)

or, in other words P(C|A) = P(C|XMB(C) ). MBs, thus, pose a powerful framework for complex
classification problems. Sharing the properties of BNs, they provide several advantages com-
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Figure
1:
The
insurance
BN
[8],
taken
from
the
online
BN
repository
(http://www.bnlearn.com/bnrepository/), as example for BNs. The colored nodes represent the
MB of the node Accident. It can easily be seen that parents and children provide information about the
severity of Accident, while the information content of the spouses, e.g. Age, is not obvious. For instance,
getting the information that the costs for medical treatment are high, increases the belief in a severe
accident. Yet, older people are more vulnerable and tend to have higher treatment costs. Consequently,
getting additional information about the old age of the affected person, decreases my belief in a severe
accident. Thus, spouses provide information about the target node via the common child nodes.

pared to state-of-the-art classifiers (e.g. a graphical representation, providing uncertainties on
the predicted values, handling missing data in both, the learning and inference phase [7]).
In a faithful DAG under the Markov condition (see [11, 20] for definition) the MB of a variable
C is composed of the parents, children and spouses (nodes that share a common child) of C;
S
XMB(C) = {XPa(C) , XCh(C) , Xi ∈XCh(C) XPa(i) }. Figure 1 shows the MB of the variable Accident
in the insurance BN.

2.2

Learning BNs and MBs from data

Over the past years, several algorithms for MB detection have been developed and enhanced [4,
7, 10]. They have not only been used for classification purposes, but mainly in the framework
of BN learning. Especially for learning large BNs, the detection of the local neighborhood of
the single variables, reduces the dimensionality of the learning algorithm.
MB learning usually applies constraint-based algorithms that provide or do not provide the network structure (topology-based vs. non-topology-based methods). Non-topology-based methods use entropy measures [13] or independence test for the detection of XMB(C) . Commonly
used representatives, that will be considered as reference models in section 4, are the grow-
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shrink algorithm [17], Incremental Association Markov blanket (IAMB) algorithm [25] and its
variations Interleaved IAMB [25] and Fast IAMB [29]. The performance of non-topology-based
methods usually decreases, if the number of observed data is small compared to the number of
considered variables. Topology-based methods (e.g. HITON-MB [3]) tackle the problem of data
efficiency by identifying the parents-children set first, before finding the spouses.
Score-based approaches [7, 19] search in the space of MBs for the highest scoring MB. Applied
scores are, to the author’s knowledge, so far limited to BN-scores, that measure how well a
considered DAG fits to the complete data set. The commonly used Bayesian Dirichlet score
(BDe) measures the probability of the DAG conditioned on the observed data, P(DAG|d). It will
be used as reference score in section 4. Other scores are composed of the log-likelihood function
log P(d|θ̂θ ML , DAG), with θ̂θ ML being the maximum likelihood estimate, plus a regularization
term that penalizes complex DAGs [12].
The BN-MAP (maximum aposteriori) score [21] has a similar structure, but follows at the same
time a Bayesian approach by searching for the combination of DAG and parameters with the
highest conditional probability, given the observed data

Θ|DAG) · 
 .
P(DAG)
P(DAG, Θ |d) ∝ P(d|DAG, Θ ) · P(Θ
{z
} |
{z
} |
{z
}
|
posterior

(3)

prior

likelihood

The distribution of DAGs is assumed to be uniform and consequently a constant factor, that can
be ignored. For discrete variables, the likelihood term follows a multinomial distribution
P(d|DAG, Θ ) =

∏

n(xi ,xPa(i) )

i,xPa(i) ,xi

θxi |x

(4)

Pa(i)

with n(xi , xPa(i) ) is the number of observations of the state combination (xi , xPa(i) ) in d.
Θ is Dirichlet distributed with the parameters α(xi , xPa(i) )
Θ|DAG) =
P(Θ

α(xi ,xPa(i) )−1

∏

i,xPa(i) ,xi

θxi |x

Pa(i)

·

∏

i,xPa(i)

Γ(∑xi α(xi , xPa(i) ))
.
∏xi Γ(α(xi , xPa(i) ))

(5)

α(xi , xPa(i) ) − 1 can be considered as counts of additional (imaginary) samples, that are attributed to the state combination (xi , xPa(i) ). If iss is the imaginary sample size, that is equally
, with ri is the number of
distributed over all state combinations, then α(xi , xPa(i) ) − 1 = riss
i ·qi
states of Xi and qi the number of possible state combinations for XPa(i) . The posterior
P(DAG, Θ |d) =

n(xi ,xPa(i) )+α(xi ,xPa(i) )−1

∏

i,xPa(i) ,xi

θxi |x

Pa(i)

·

∏

i,xPa(i)

Γ(∑xi α(xi , xPa(i) ))
∏xi Γ(α(xi , xPa(i) ))

(6)

is maximized by the Bayesian parameter estimates
θ̂xi |xPa(i) =

n(xi , xPa(i) ) + α(xi , xPa(i) ) − 1
.
n(xPa(i) ) + α(xPa(i) ) − ri

(7)

For computational reasons the BN-MAP score considers the logarithm rather than the direct
posterior in eq. (3). It is consequently defined as
SBN-MAP (DAG|d) = log max P(d|DAG, θ ) · P(θθ |DAG)
θ

=

∑

 n(x ,x )+α(x ,x )−1 
i
i Pa(i)
log θ̂xi |x Pa(i)
+

i,xPa(i) ,xi

Pa(i)



(8)


Γ(∑xi α(xi , xPa(i) ))
∑ log ∏x Γ(α(x
i , xPa(i) ))
i,xPa(i)
i



In the following, we extend on the BN-MAP score to develop a MB score, that measures the
MB’s ability to predict C, given the predictor variables A = A1 , . . . , Ak−1 .
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3 The MB-MAP score
3.1

Conditional class probability

Instead of considering the likelihood of the joint distribution, the MB-MAP score considers the
conditional distribution of the target variable C, given the predictors A.
P(C| A)

P(C, A)
P(C, A)
=
P(A)
∑c P(c, A)

=

eq. (1)

=

(9)
(((

((
· ∏Xi ∈{C,X
P(X
((
i |XPa(i) )
/(((
Ch(C) }
(
(


(((
((
(
P(X
|X
(
∑c P(c|XPa(C) ) · ∏Xi ∈XCh(C) P(Xi |c, XPa(i)\C ) · ∏Xi ∈{C,X
i
Pa(i) )
/(((
}
Ch(C)

P(C|XPa(C) ) · ∏Xi ∈XCh(C) P(Xi |XPa(i) )

((

Accordingly, P(d|DAG, θ ) is replaced by P(dC |dA , θ , DAG) in eq. (8)
SMB (DAG|d)

log max P(dC |dA , θ , DAG) · P(θθ |DAG)

=

θ

eq. (9)

=





n(c,x
)
θc|x Pa(C) ∏Xi ∈XCh(C) ∏xi ,xPa(i)
Pa(C)

n(xi ,x
)
θxi |x Pa(i)
Pa(i)

 ∏c,xPa(C)

log max 
θ 
n
∏l=1 ∑c θc|x(l) ∏Xi ∈XCh(C) θx(l) |c,x(l)
Pa(C)

i

(10)

Pa(i) \c






· P(θθ |DAG)


The parameter estimate that maximize eq. (10) can not be determined analytically. For simplicn(xi ,x
)+α(xi ,x
)−1
ity and to reduce computational costs, the Bayesian estimate θ̂xi |xPa(i) = n(x Pa(i))+α(x Pa(i)
is
)−r
i
Pa(i)
Pa(i)
assumed to be still a reasonable estimate.

3.2

Penalty term

Further a modified penalty term P∗ (θ̂θ |DAG) is used, since P(θ̂θ |DAG) does not penalize complex networks reliably for α(xi , xPa(i) ) > 1 or iss > 0, respectively. Neglecting the Dirichlet
distribution, θxi |xPa(i) is assumed to only take discrete values between 0 and 1
θxi |xPa(i) ∈



n(xi , xPa(i) ) + α(xi , xPa(i) ) − 1
n(xPa(i) ) + α(xPa(i) ) − ri


n(xi , xPa(i) ) = 0, . . . , n(xPa(i) ) ,

(11)

with ∑xi θxi |xPa(i) = 1, in correspondence with the Bayesian parameter estimate (see eq. (7)).
Thus, the number of possible parameter settings for a node Xi depends on the number of ways
to sample n(xi , xPa(i) ) for each of the ri · qi state combinations of Xi and its parents. Sampling n
elements from ri · qi state combinations corresponds to a n-combination with repetition
of a set
n+ri ·qi −1
with ri · qi elements. According to the rules of combinatorics it amounts to
different
n
combinations.
Assuming each combination corresponds to one parameter setting and all settings are equally
−1
likely, the probability for a certain parameter setting is P∗ (θ̂θ |DAG) = ∏ki=1 n+rin·qi −1 . Yet,
n(xi ,xPa(i) )+α(xi ,xPa(i) )−1
n(xPa(i) )+α(xPa(i) )−ri

and consequently return

the same parameter values. To prevent the double counting of parameter values, n+rin·qi −1
is divided by the maximum number of parameter duplicates.
 That is the number of possible
n(xPa(i) ) settings for all qi parent state combinations: n+qni −1 . This correction also renders the
penalty term

some combinations result in the same fractions of


 


1)
+
Γ(n
Γ(ri · qi )
n + qi − 1
n + ri · qi − 1 −1
Γ(n + qi )

P (θ̂θ |DAG) = ∏
·
=
·

1) Γ(qi )

n
n
Γ(n
+
Γ(n
+
r
i · qi )

i=1
∗

k

(12)

to be score equivalent. That means, DAGs that represent the same set of conditional independences, also have the same penalty.

2872

3.3

MB-MAP score

Finally the MB-MAP score is defined as
SMB (DAG|d) = log P(dC |dA , θ̂θ , DAG) + log P∗ (θ̂θ |DAG)
n(c,x

(13)
n(xi ,x

)

)

Pa(i)
Pa(C)
k
∏c,xPa(C) θ̂c|xPa(C) ∏Xi ∈XCh(C) ∏xi ,xPa(i) θ̂xi |xPa(i)
Γ(n + qi ) Γ(ri · qi )
 + ∑ log

= log
Γ(n + ri · qi ) Γ(qi )
i=1
∏nl=1 ∑c θ̂c|x(l) ∏Xi ∈XCh(C) θ̂x(l) |c,x(l)
i

Pa(C)

Pa(i) \c

Since P(dC |dA , θ̂θ , DAG) = P(dC |dXMB(C) , θ̂θ , DAG), DAGs that only contain the arcs necessary
for MB construction, will always score higher than DAGs with additional arcs, that have a
higher penalty term. Thus, it is sufficient to consider only DAGs that form a MB of C to find
the best scoring one.

3.4

Search algorithm

A hill climbing search algorithm is used to find the best scoring DAG in the space of MBs of
C. In each step the algorithm compares a reference MB to all MBs that can be derived from the
reference MB by a single step modification: arc adding, arc removal or arc reversal followed by
the recovery of a MB structure, if required. If the score of the reference MB is smaller than the
maximum score of the single-step-modifications, the according MB is the new reference MB
in the next step. Otherwise a MB that is score equivalent to the reference MB is considered in
the next step. The steps are repeated until all score equivalent MBs have been considered and
no score improvement was found. Algorithm 1 gives the pseudo-code of the MB hill climber
search algorithm.

4 Empirical validation
In the following, the performance of the suggested MB-MAP score is tested on synthetic data,
that are derived from three medium large BN examples, provided in the online BN repository
(http://www.bnlearn.com/bnrepository/). The considered examples ALARM [6], CHILD [23]
and INSURANCE [8] (see figure 1) are chosen to represent BNs of similar size and complexity
as considered in our previous studies [26, 27].
number of nodes
number of arcs
average MB size

ALARM CHILD INSURANCE
37
20
27
46
25
52
3.51
3
5.19

Other studies [10, 19] already used the same networks for the verification of MB detection
algorithms. In the study at hand synthetic data sets with 50, 100 and 500 records are derived
from the three considered BNs. Those data are used to learn MBs for each variable in the data
sets, applying the MB hill climber with the MB-MAP score presented in section 3. The obtained
MBs are compared to MBs learned from the same data sets with algorithms implemented in the
’bnlearn’ package in R [18, 22]. As representatives of constraint-based algorithms the growshrink (gs) algorithm [17] is considered as well as the Incremental Association Markov blanket
(iamb) algorithm [25] and its variations Interleaved IAMB (i.iamb) [25] and Fast IAMB (f.iamb)
[29]. In addition, MBs are derived from BNs learned with the ’bnlearn’ package, using hybrid
(mixture of constraint- and score-based) algorithms, such as the Max-Min Hill Climber (mmhc)
and the 2-phase Restricted Maximization (rsmax2), as well as the score-based TABU (tabu)
search algorithm, applying the BDe score in all cases.
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Algorithm 1: MB hill climber
Data: data
Result: refMB: DAG and parameters of best scoring MB
refMB ← empty DAG
equivalentMBs ← findEquivalentMBs(refMB)
// findEquivalentMBs returns a list with all score-equivalent MBs
while equivalentMBs 6= 0/ do
refScore ← scoreMB(refMB, data)
maxScore ← refScore
foreach tmpMB in singleStepModify(refMB) do
tmpScore ← scoreMB(tmpMB, data)
if tmpScore > maxScore then
maxMB ← tmpMB
maxScore ← tmpScore
end
end
if maxScore > refScore then
refMB ← maxMB
equivalentMBs ← findEquivalentMBs(refMB)
else
refMB ← equivalentMBs [1]
// first element of equivalentMBs is new refMB
equivalentMBs ← equivalentMBs [-1]
// first element is removed from equivalentMBs
end
end
The evaluation of the learned MBs is done by considering the similarity to the true MB and the
prediction performance of the MB. As a measure of similarity, the distance as defined in [10] is
applied
s
 

|true positives| 2
|true positives| 2
d(test MB, true MB) =
+ 1−
.
(14)
1−
|test MB|
|true MB|
In the following

|true positives|
|test MB|

is denoted as reliability of detection, that gives the fraction of

positives|
detected MB members, that truly belong to the MB. |true
is denoted as detection rate,
|true MB|
that gives the fraction of the true MB members, that are detected by the MB learning algorithm.
For the MBs learned with topology-based-algorithms the parameters of the corresponding DAG
are estimated with θ̂xi |xPa(i) as defined in eq. (7). The prediction performance of the resulting
model is tested on a synthetic data set with 100 records, generated from the corresponding
ground truth BN. For each record C is estimated conditioned on A and compared to the ’true’
C-value of the test set. The fraction of correctly estimated values is denoted by hit rate, while
hit probability corresponds the conditional probability the model gives to the ’true’ C-value.
The performance measures are calculated for all variables in each considered network and all
calculations, including the MB-learning, are repeated five times with different training data.
Further, the performance measures are calculated for the ground truth BN (orgBN ), that was
used for data generation, and for the BN obtained by taking the ground truth DAG, but estimating the parameters θ̂xi |xPa(i) (see eq. (7)) from the training data (orgDAG ). The results for the
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INSURANCE network, averaged over all runs and variables, are represented in Table 1. The
results for ALARM and CHILD show a similar picture and are omitted for reasons of space
availability.
Table 1: Performance (averaged over five runs and all variables) of detected MBs, learned from training
data with 50, 100 and 500 records derived from the INSURANCE network [23].
INSURANCE

gs

iamb

f.iamb

avg. MB size
avg. MB distance
detection rate
reliab. of detect.
avg. hit prob.
hit rate

0.970
0.926
0.266
0.754

1.074
0.864
0.302
0.804

0.489
0.850
0.628
0.844

avg. MB size
avg. MB distance
detection rate
reliab. of detect.
avg. hit prob.
hit rate

1.170
0.899
0.272
0.742

1.400
0.764
0.351
0.859

0.993
0.805
0.351
0.879

avg. MB size
avg. MB distance
detection rate
reliab. of detect.
avg. hit prob.
hit rate

1.681
0.771
0.336
0.796

1.941
0.612
0.452
0.901

1.874
0.673
0.405
0.860

i.iamb mmhc
n = 50
1.074 0.637
0.864 0.829
0.302 0.554
0.804 0.908
0.734
0.658
n = 100
1.400 0.859
0.764 0.851
0.351 0.417
0.859 0.845
0.760
0.684
n = 500
1.941 1.156
0.612 0.696
0.452 0.479
0.901 0.966
0.803
0.730

rsmax2

tabu

SMB

orgDAG

orgBN

0.607
0.794
0.610
0.973
0.737
0.655

3.570
0.828
0.407
0.542
0.785
0.739

1.126
0.836
0.354
0.833
0.795
0.729

5.185
0.000
1.000
1.000
0.808
0.771

5.185
0.000
1.000
1.000
0.854
0.809

0.637
0.808
0.557
0.973
0.749
0.665

3.022
0.683
0.456
0.724
0.821
0.767

1.289
0.766
0.373
0.881
0.814
0.747

5.185
0.000
1.000
1.000
0.833
0.792

5.185
0.000
1.000
1.000
0.854
0.809

0.859
0.745
0.564
1.000
0.775
0.697

3.156
0.467
0.616
0.848
0.849
0.799

1.763
0.642
0.464
0.899
0.834
0.775

5.185
0.000
1.000
1.000
0.849
0.806

5.185
0.000
1.000
1.000
0.854
0.809

Considering the prediction performance measures hit probability and hit rate (that can not be
derived for the non-topology-based methods) tabu and SMB show comparable results and perform better than mmhc and rsmax2. For the ALARM and CHILD network the performance of
SMB is even closer to tabu than for the presented INSURANCE network. The prediction performance of orgDAG , which can be considered to be the best possible model for the underlying
training data, has only a slightly better prediction performance compared to tabu and SMB .
The major difference between tabu and SMB is the model complexity or MB size, respectively.
While SMB results in small average MB sizes, which is in all considered cases smaller than for
the ground truth BN, tabu learns more complex MBs, which may - as in the case of the ALARM
network - be even larger than the ground truth MB. Consequently, SMB has a higher chance to
include only variables in the MB that really belong to it (high reliability of detection), while
tabu has a higher chance to identify all variables that belong to the true MB (high detection
rate). The distance of a tabu-MB to the ground truth MB is in average closer than for SMB . Yet,
SMB still performs comparable to or better than the non-topology-based methods and the hybrid
methods mmhc and rsmax2.

5 Discussion
Using BN based classifiers for variable selection may not only improve the prediction performance of the derived model, but also provide a better understanding of the studied system. By
identifying the features with the highest impact on a system’s outcome, manipulations of the
system (e.g. mitigation actions) to achieve a desired behavior (e.g. damage reduction) become
more effective.
In the framework of this paper a MB score, based on the BN-MAP score [21], is developed
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and proposed for the detection of MB classifiers. The results of the empirical score evaluation
(section 4) are in correspondence with the construction of the score. Compared to state-of-theart methods the MB-MAP approach shows no shortcoming in terms of prediction performance,
but keeps the MB as small as possible. The small complexity helps to reduce the costs for data
collection and storage, as well as the computation time for inference. Yet, it may come at the
costs of undetected MB nodes. Thus, other methods, e.g. the tabu algorithm with BDe score,
should be preferred, if the primary interest is in the identification of all potential impact factors.
Due to the irreducibility of SMB even small alterations of the DAG require a complete recalculation of the score. This leads to high computational expenses, if large numbers of variables
need to be considered. Supplementary research should consequently consider more efficient
search algorithms and explore score decomposition and simplification opportunities. Additionally a modification of the MB-MAP score for continuous and hybrid (mixture of discrete and
continuous) data sets is planned, to address a broader range of real-world applications.
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Abstract: For estimating the probability of perforation by corrosion pits it has
been traditional to use Gumbel extreme value analysis to extrapolate over
time (and space). Now observations and associated understanding of the
development of pit depth shows that the process is much more complex than
classically assumed and homogeneity of the sample population is not assured
particularly for longer term corrosion exposures. It is argued that this
accounts for departures from ideal Gumbel behaviour for long term
exposures. To deal with this, sampling strategies must be designed such that
the main-stream pit depths are not intermingled with the deepest pits that
usually are the result of slightly different pit initiation and growth conditions.

1 Introduction
For some structures the probability of perforation, by corrosion pitting, of the containment
system, such as a tank wall or the walls of pipelines is of much interest. It is important for oil
pipelines, even if cathodically protected, including under seawater immersion conditions, for
water injection pipelines in gas and oil recovery systems [1], storage tanks for waste and other
waters, cast iron pipes for water supply and waste water disposal systems, (large area)
domestic and institutional heating systems, water-pipes in building firefighting (sprinkler)
equipment and, in the extreme case, storage of nuclear wastes in in-ground steel and copper
lined storages [2]. Wall perforation is caused mainly by corrosion pitting, for which there is a
rich literature about the mechanics, electrochemistry, chemistry, etc. and experimental
observations [3, 4, 5].
For predicting the probability of perforation, two aspects are required (i) prediction of the
likely depth of the deepest pit as a function of time, and (ii) estimation of the range of
uncertainty around that likely depth of the deepest pit. Traditionally, the depth of the all pits,
including the deepest at any point in time was was assumed to follow a simple, monotonic
function with respect to time, usually the power law. This is a reasonable approximation for
relatively short term exposure periods. However, more recent experimental and theoretical
work shows that for long term exposures (years), that is, those of interest for infrastructure
applications pit depth development largely follows a bi-modal pattern in time [6]. This also is
observed for longer term corrosion loss [7]. Figure 1 shows a typical example of mean pit
depth and extreme observed pit depths. The time ta separating the first and the second mode in
the model varies considerably with average water temperature - from about 1 year at 20˚C to
3 years at 10˚C and 5+ years at less than 5˚C. Although not demonstrated specifically for pit
depth, the period ta is known to increase inversely with the proportion of time the metal is wet
enough for corrosion to occur (the so-called ‘time of wetness’) [8].
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Figure 1: Maximum pit depth and the 6 deepest pits as functions of exposure period for mild steel.

For more than 50 years it has been conventional to estimate the variability in maximum pit
depth at any point in time by using a Gumbel extreme value (EV) probability distribution.
This approach has support from the extreme value literature [e.g. 9, 10, 11]] as well as from a
number of successful applications in the pitting corrosion literature [2, 12, 13]. However,
cases have been reported also for which the maximum pit depth data did not fit very well to
the Gumbel EV distribution [14, 15, 16]. This led to the suggestion that a more ‘flexible’
distribution, such as the Generalized Extreme Value (GEV) distribution be used instead [11].
Another response is that there are characteristics in the pitting process that require care in the
application of EV theory, irrespective of chosen distribution [16]. The present paper is
concerned with examining this latter aspect. It is therefore concerned with fundamental,
philosophical issues and how these play out in application of EV analysis. The mathematics of
EV theory are well-known [9, 10, 17, 18] and will not be rehearsed here.
The next section reviews some cases that show deviations from ideal Gumbel behaviour. This
is followed by a summary review of the requirements and assumptions in EV theory, and the
observation that some may not be well-met in modelling pit depth statistics. The sections
thereafter consider this possibility more closely, review the pitting process and provide recent
insights that show the pitting process is much more complex than usually previously assumed
in the corrosion literature. Factors involved include both microbiological activity and the
changing conditions under which longer term corrosion occurs. This proposition is supported
by several observations of the development of pit depth with longer corrosion exposure and
has implications for EV theory applied to pitting. Some remarks are made also about practical
implications.

2 Some examples
Some of the earliest detailed measurements for extended observation periods (up to 4 years)
of pit depth and its variability for structural steel coupons (vertically hung, electrically
isolated, 100 x 50 x 3 mm thick) exposed to marine immersion corrosion are those for mild
steel exposed at Taylors Beach, near Newcastle, Australia [6, 14]. The overall trends as a
function of time are shown in Figure 1. The data for maximum pit depth variability at several
points in time are shown in Figure 2. Pit depths were obtained using the then only available
technique of manual differential focusing using a suitable optical microscope. The cumulative
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probability for each data point was obtained using the conventional rank-order technique [9].
The theory is well-established and need not be rehearsed here [10]. To help focus on the data
trends, best fit lines are shown through each data set, obtained using a commercial best fit
algorithm that is part of the plotting routine package. It is seen that the data for the longer
exposures (2, 3 and 4 years) shows progressive deeper pit depths compared with the rest of
the cohort.

(a)
(b)
Figure 2: Data and continuous trends through the data for exposure of mild steel in 20˚C seawater at Taylors
Beach showing considerable departures from linearity on the Gumbel plots.

Standard Gumbel variable w

In case it is thought that coupon size might be an issue, data were also obtained for larger
coupons (400 x 300 mm) exposed in the marine coastal atmosphere, in the tidal zone and fully
immersed in clean coastal seawater at around 20˚C average temperature. Thus the changeover from mode 1 to mode 2 can be expected to occur at around 12 months exposure for the
immersion coupons, later for the tidal coupons and much later (3-4 years) for the atmospheric
coupons. All coupons were exposed for 30 months and thus immersion corrosion wis likely to
have progressed well into mode 2 by the time these plates were recovered. After removal of
the corrosion products, the pit depths were measured using a mechanical scanner. Figure 3
shows the resulting data on a Gumbel plot. It is clear that the deeper pit depths do not follow a
linear trend. In particular, the deepest pits for the immersion data set show a considerable
departure from the trend for somewhat less deep pits (see X-X).
X"

X"

Atmospheric"
A"

Immersion"
Tidal"

Pit depth (mm)

Figure 3: Gumbel plot for maximum pit depth data for larger steel plates in marine coastal atmospheric
exposures (J2-2), tidal exposures (J6-2) and immersion exposures (J10-2), all after 2.5 years.
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Another case is that of pitting corrosion water injection pipelines. These are used in the oil
and gas industry to aid enhanced recovery of the remaining oil and gas. Typically, this is done
by injecting water under high pressure (e.g. 200-250 bar) into the reservoir. Often seawater, or
produced water (the water separated from the oil produced from a reservoir) or other available
water sources, such as local aquifers is used. Typically, the water is filtered and also has its
oxygen content reduced (typically to a nominal 20 ppb oxygen) in an attempt to create oxygen
starvation and thus reduce the severity of the internal corrosion (the main matter of concern).
Typically, also, the pipelines are constructed from conventional carbon steels. Particularly
offshore, it is not common to provide cathodic protection, and in any case its effectiveness of
it for the interior of pipelines is questionable. Field data [1] has shown that some but not all
pipes in operation show severe channeling corrosion, that is, at the 6 o’clock position, for
what are essentially horizontally oriented long-distance pipelines. However, in all cases
corrosion of the rest of the pipe wall tends to be very low to negligible.

Figure 4: Maximum pit depth data on a Gumbel plot for a carbon steel water injection pipeline that (a) showed
no signs of channeling corrosion after 8 years of operation and (b) showed severe channeling corrosion.

Figure 4a shows the Gumbel plot for pit depths obtained for a pipeline for which there was no
evidence of channeling corrosion and the maximum pit depths recorded were small. In this
case the data overall show upward trends for the deeper pits. In contrast, the data plotted on
the Gumbel plot in Figure 4b is typical of that for pipelines that showed considerable
channeling corrosion. The deeper pits show a flatter Gumbel trend, similar to that observed
for the longer term exposures in Figure 2b.
The cases in Figures 2-4 all have the common feature that the majority of the data for the
deeper pits do not follow a simple linear function on the Gumbel plots. For very shallow pits
departure from ideal Gumbel trend is well-known and ignored [7, 14]. The important
departure from linearity on the Gumbel plot occurs for the deeper pits. Earlier this was
associated with the possibility of microbiologically influenced corrosion that often is involved
in longer term corrosion, and thus deeper pitting [14]. This possibility still exists, but a wider
interpretation is examined next.

3 Comments on extreme value analysis
The Gumbel EV usually is applied to the statistics of the deepest pits because of the basic
ideas underlying its derivation and the assumption that these are met for pitting corrosion. An
excellent discussion of the issues involved was given by Aziz [12] although this largely has
been ignored in subsequent papers. The Gumbel EV distribution ultimately is derived
mathematically from the probability of occurrence of a sequence of maximum values of
independent events themselves with probability distributions with exponential tails [9, 17].
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Even if the pit depth ‘events’ are not completely independent, independence can be assumed
if the pits are sufficiently far apart, although convergence to the extreme value distribution is
slower and more samples are required to demonstrate independence [17]. Once independence
is admitted, extreme value information can be used to extrapolate from observed maximum
pit depths (typically on several smaller plate areas) to estimate the probability of occurrence
of deeper pits for much larger areas. Extrapolation follows from considering plate area to be
proportional to the return period [9, 10]. Hence it is clear that independence of the data, and
by implication homogeneity of the data set, play important roles in the application of extreme
value analysis.
If a particular EV distribution does not fit data sufficiently well, one response from
statisticians [11] is that a more ‘flexible’ probability distribution ought to be applied. The
usual suggestion is the ‘Generalized Extreme Value’ (GEV) distribution [18]. It has three
parameters rather than two, as have the classical EV distributions (Gumbel, Weibull and
Frechet). The GEV distribution has been demonstrated to fit some data sets well [11] but
whether this throws much light on the modelling required for extrapolation, or the validity of
so doing is questionable. The GEV is an entirely empirical distribution. There is no
underlying logic on which it is built [19].
When there is a reasonable degree of understanding of the underlying mechanics that
generated the data, or where a particular distribution has relevance owing to its own
derivation, empirical curve-fitting is seldom considered appropriate, a position supported by
applied extreme value statisticians [20]. Moreover, experience shows that there is often very
little to distinguish the fitting of a GEV function to a set of data compared with the Gumbel
EV distribution, even when there is no other information available [20, p. 59]. Further, both
are continuous distributions and thus both are unable, directly, to deal with the obvious and
sometimes quite sharp non-linearity in the data trends (such as in the above examples).
A more useful approach is to ask why there are consistent changes in the trends, or
equivalently, why departures occur from a continuous and smooth theoretically applicable
probability distribution. It is not actually a new phenomenon. For example, in the context of
wind speed generated by storm events, the maximum wind speeds associated with
thunderstorm events follow a different (lower slope) Gumbel trend than do the wind speeds
for ordinary storms [21]. The lower slope trend indicates greater uncertainty (variance) but
also that the data are from different statistical populations. A direct parallel is likely for pitting
corrosion.

4 Pit depth statistical populations
Starting from the development of pit depth as shown in Figure 1, it should be clear that there
are at least three different statistical populations involved. The first is so-called meta-stable
pitting [3] associated only with very shallow pitting (and not shown on Figure 1). The second
is pitting under largely aerobic conditions and is the pitting typically observed in laboratory
conditions with short (days) of exposure. In Figure 1 this occurs before the point marked A.
From field observations it is known that for exposures less than ta, the development of both
average and maximum pit depth remains relatively modest, but after ta, in the earlier part of
mode 2 in particular, much deeper pitting usually occurs. This has been associated with
autocatalytic pit growth [4] that is particularly severe under rusts and under various deposits
and is worse under conditions that foster microbiologically influenced corrosion [22]. These
conditions occur predominantly in mode 2 (Figure 1). They also have been associated with
water injection pipelines after particular operational conditions [1]. In short, for extended
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exposures different populations of pit depth dominate, as a function of the development of
corrosion with time. This contrasts with the usual assumption of one dominant pitting process.
Such a case could be considered to correspond only to the pit growth period in the interval
from A to ta in Figure 1. The corollary is that data from pit depth observations should not be
combined indiscriminately - rather the data should be classified by population, using a model
such as Figure 1.
There other aspects of pitting corrosion that have a bearing on the trends evident in the above
Gumbel plots. Carefully controlled laboratory observations have shown that in the early
corrosion of steel, pits grow only to a limited depth, typically 50-100 microns [23] depending
on the local environmental conditions (e.g. turbulence or fluid flow) and then tend to grow
sideways. This pattern of behavior is supported by careful mathematical modelling of pit
development, based on electrochemical theory [24]. Field observations have shown that
pitting often occurs a sizeable field of pits (Figure 6a), rather than as isolated single pits
described in text books.

Figure 6a: Field of pits.

Figure 6b: Cyclic nature of pit depth development

Field observations also show geometries that indicate the merging of neighbouring pits, after
a time producing local, relative smooth surfaces (plateaus), sometimes called ‘broad pits’ in
the literature (Figure 6b). New pits then usually tend to form on these surfaces and the cycle
repeats. While that process is occurring the candidate deepest pit may change, but the net
maximum pit depth will change very little (mainly as a result of variability between the
maximum pit depth that can occur under potential limitations [24]), until such time as lateral
growth stops and new pitting occurs, at which time there is a relatively sharp change in
maximum pit depth. The important point is that the maximum pit depth progresses in episodic
or cyclic stages [25, 26] (Figure 7). Of course, not all pitting is at the same stage, and some
new pits will be forming, but these are not relvant to the deepest pits on the surface.

Figure 7: Schematic representation of the progression of the episodic nature of the growth in depth of the deepest pits with
increased exposure time. The expected long-term steady state trend is shown also [26].

5 Reinterpretations of data
Starting with the interpretations given in Figures 6 and 7, it can be observed from Figure 2
that there is a characteristic pattern about the best fit lines through the data points.
Considering that the pitting process occurs in steps, it can be expected that the pit depths
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observed (maxima or average) at any point in time will reflect these steps, both in probability
and in pit depth. Indeed, the pits in Figure 2 for longer periods of exposure can be interpreted
this way (Figure 8). For the shorter exposures (< 1.5 years) the cyclic nature of the data is
much less obvious, and this presumably is the reason it has not been noted previously in the
literature since most test programs have been confined to quite short observation periods.

(a)
(b)
Figure 8: Data as in Figure 2, showing step-wise pit depth develoment reflected in the data on Gumbel plots.

Figure 8(a) shows that for exposure periods < 1.5 years the data for the deepest pits trend
more steeply than for less deep pits, but for exposure periods 2, 3 and 4 years this is gradually
reversed. Comparison to Figure 1 indicates why this might be so. For periods greater than ta =
1 year, corrosion and pitting is in mode 2 for which average and, more so, maximum pit
depths are much greater. The low slope trends in Figure 8(a) for low expsure periods can be
interpreted as pit depths being very similar, probably corresponding to the low rate of pit
depth increase prior to about ta in Figure 1, and corresponding to a ‘plateau’ of pit depth in
Figure 6.
A similar interpretation can be given for the data in Figure 3, most clearly seen for the
immersion data, and less obviously for the plots in Figure 4. These are all for longer periods
of exposure, and therefore consistent with the interpretation in Figure 8. Unfortunately, the
data available in most published literature are not sufficiently comprehensive to show cyclic
trending similar to that seen in Figure 8. However, some limited evidence of it can be seen in
Figure 3.
Although it is clear from Figure 6 (and from theory [24] that pit depths are unlikely to be
completely independent events in close proximity, it is possible to concede that the maximum
pit depths occurring sufficiently far apart could be considered independent events [17], noting
also that the homogeneity of the metal surface plays a role in pit initiation [3].

6

Discussion

Whether the application of EV approaches to model uncertainty in maximum pit depth is
considered valid depends, ultimately, on whether the fundamental requirements are satisfied.
These include, as noted above, the need for the data to be drawn from homogeneous
populations and for the events involved to be independent, either physically so or
asymptotically in the limit for widely separated events [17]. The description of the
development of corrosion pits suggests a high degree of dependence between individual pits
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in one localized cohort, as shown in Figure 6a. However, putting aside the cyclic nature of the
pitting process, the data for the maximum pit depths could, in the limit, be considered
composed of independent events, typically one per cohort or ‘broad pit’ (Figure 6a).
Regarding the trends in the data for maximum pit depth, it is clear that the deepest pits for the
longer exposures are all related to mode 2 in Figure 1. They thus constitute a different
population of pit depths from those associated with the less deep pits. However, as noted, not
necessarily all point on a steel surface commence pitting at the one time and there will be new
pits, themselves still in mode 1, intermingled with other, much more developed pits, including
the development shown in Figure 6 present on the surface. Only these latter pits are of interest
for an EV analysis. This means that only the pit depths indicated by the longer term straight
line in Figure 1, that is those with t > t4 are of interest - that is, of all the possible statistical
populations present on a metal surface, only those corresponding to with t > t4 are of interest.
Such an interpretation is consistent also with that advocated in empirical applications when
there is no information available about the underlying process [10]. The approach relies on
ensuring that the pit data for the less deep pits are not intermingled with the deepest pits.

7 Practical implications
From a practical perspective, engineers need to make the best choice decisions on the basis of
the data available and it is unlikely that the niceties of the above discussions are helpful. What
can be discerned in all cases is that extrapolation of the data should not include all the data but
only that in the extremes, a position well-known in the empirical EV statistical analysis
literature [castillo]. For Figures 2 and 8 this is shown in Figure 9.

(a)

(b)
Figure 9: Practical interpretation of data trends for maximum pit depth.

For the shorter exposure periods extrapolation in pit depth with probability provides more
conservative results than if a single Gumbel line had been drawn through the whiole of the
data, and vice versa for the longer exposure periods. This has clear implications for
extrapolating in time - it cannot be done from a set of data and a Gumbel interpretation alone reference back to a plot such as Figure 1 is required.
A generally similar set of two dominant trends is already shown for the water injection
pipelines in Figures 4 and 5, with generally similar change in extreme trend compared with a
simple, single Gumbel line. In this case, the time ta must be estimated from operational
conditions. For this reference [1] gives some guidance.
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Even some classical results can be re-interpreted in the light of the above. Figure 10 shows the
one Gumbel plot given by Blekkenhorst et al. [13] for a steel immersion exposed in the North
Sea. They drew the best fit line (shown light) through the data plotted on a Gumbel plot, using
the standard rank-order method to assign cumulative probabilities. For the pit depth data at
2.6 years a single Gumbel trend appears to fit well to the data. However, it is possible to
interpret the data at 4 and at 7.2 years as showing two trends, consistent with the above cases
when it is noted that for the North Sea (mean water temperature of 10˚C) the transition time ta
is around 3 years.

Figure 10: Data and Gumbel trends (light lines) for H15 steel exposed for 2.6, 4 and 7.2 years in the North Sea
as originally reported, with reinterpreted trends (bold).

8

Conclusion

The following conclusions can be drawn:
1. experimental evidence shows that the development of corrosion pitting on steel surfaces
occurs in stages or cycles, consistent with electrochemical potential limitations,
2. the deepest pits are assumed also to follow this pattern and thus are highly likely to be
dependent events locally, but independent events over larger spatial areas,
3. the pits likely to be the deepest at any point in time are those that are in mode 2,
4. the depth of the pits in mode 2 constitute a different statistical population from those still
in mode 1 at any point in time, and should be treated separately in EV analysis,
5. the data for the deepest pits typically show a different trend on a Gumbel
(or
other suitable) plot compared to the trend for the less deep pits,
6. extrapolation for the probability of occurrence for deeper pits than those observed should
be based only the Gumbel trend for the deepest pits, that is those considered to be in mode 2.
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Abstract: Probabilistic design and estimation of the time to failure of wind turbine
components and systems are important tools to lower the cost of energy of wind
energy. This paper describes the general requirements for probabilistic design of
wind turbines and an illustrative example with cast components is presented.

Introduction
Reliability assessment of wind turbine components and systems is an essential part of reducing
the levelized cost of energy, which is important in order to make wind energy competitive,
compared to other energy sources, especially for offshore wind turbines. Wind turbine components have to be designed to have sufficient reliability but also not be too costly (and safe), and
it is important to include in the reliability assessment the information obtained during operation
(from condition monitoring and inspections) and the maintenance performed (incl. repairs and
replacements). This paper presents a framework for probabilistic design of wind turbine components and systems. This includes estimation of the time to failure and the remaining useful
life. Focus is on physical based models and on modelling both the aleatory and epistemic uncertainties. The structural components for which probabilistic design can be applied include
blades, cast steel drivetrain components and welded details in e.g. the tower.
The reliability analysis takes basis in the design load cases in the IEC standard IEC 61400-1,
[1] and the basic stochastic models in [2] used for reliability-based calibration of partial safety
factors for design and structural wind turbine components.
Section 2 describes the general methodology for probabilistic design of wind turbines. Next
section 3 presents basic stochastic models to be used for probabilistic design considering the
most important design load cases: limit states with extreme loading, limit states with fatigue
and design situations with fault. Finally, section 4 presents an example with reliability assessment of a cast wind turbine component.

Probabilistic design of wind turbines
According to ISO 2394:2015 [3] the following approaches for design and decision making of
components and systems may be applied:




Risk informed / based
Reliability based
Semi-probabilistic

The theoretical basis is described in and related to JCSS PMC (Joint committee on Structural
safety Probabilistic Model Code) [4] and JCSS [5]. In this paper focus is application of the
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reliability based approach, but with reference to the semi-probabilistic approach as applied for
design of wind turbines according to IEC 61400-1 [1].
Wind turbines are generally designed for a number of Design Load Cases (DLC), see IEC
61400-1 [1] including:
 Failure during normal operation in extreme load or by fatigue (DLC 1)
 Failure under fault conditions (e.g. failure of electrical / mechanical components or loss
of grid connection) due to extreme loads or by fatigue (DLC 2)
 Failure during start up, normal shut down or emergency shut down (DLC 3, 4 and 5)
 Failure when the wind turbine is idling / parked and does not produce electricity. Failure
can be by extreme loads or by fatigue (DLC 6)
 Failure during transportation and installation (DLC 7)
 Failure during transport, assembly, maintenance and repair (DLC 8)
For reliability modelling a wind turbine can be modelled as a system of components. The model
can be extended to include more wind turbines in a larger system, e.g. a wind farm. This can
especially be important for reliability- and risk-based planning of operation and maintenance.
Wind turbine components can generally be divided in two groups:
1) Electrical and mechanical components where the reliability typically is modelled using classical reliability models, i.e. the main descriptor is a failure rate,  or the Mean Time Between
Failure, MTBF = 1/  . Further, the bath-tub model may be used to describe the time dependent
behavior of the failure rate or the hazard rate. The reliability is typically modelled by a Weibull
distribution for the time to failure. Using e.g. FMEA (Failure Mode and Effect Analysis) or
FTA (Failure Tree Analysis), system models can be established and the systems reliability can
be estimated, see e.g. Tavner [6].
2) Structural elements such as tower, main frame, blades and the support structure / foundation
with failure modes that can be described by limit state equations. Failure of the tower can e.g.
be buckling or fatigue. Failure of a blade could e.g. be buckling or fatigue. The parameters in
the limit state equation g X  are assumed to be modelled by n stochastic variables
X   X 1 ,..., X n  . The probability of failure, Pf can be estimated using Structural Reliability

Methods, e.g. FORM / SORM / simulation methods, see e.g. Madsen et al. [7] and JCSS [4].
An important part of the reliability modelling of a wind turbine is the control system which
controls the energy output and limits the load effects in the structural wind turbine components.
Failure of the control system can be very critical for the structural components since the loads
on these can increase significantly in case of a fault. Therefore the reliability of the control
system should be included in a reliability assessment of the whole wind turbine system.
In many cases of a fault of e.g. an electrical component or the control system it might indirectly
result in an increase of the fatigue damage level of the structural components or cause large extreme load effects.
For wind turbines the risk of loss of human lives in case of failure of a structural element is
generally small. Further, it can be assumed that wind turbines are systematically reconstructed
in case of collapse or end of lifetime, and that the cost of energy is very important which implies
that the relative cost of safety measures can be considered large (material cost savings are important). Following these considerations, the target probability of failure can be based on annual
failure probabilities, see JCSS [4].
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Further, an appropriate target reliability level corresponding to a minimum annual probability
of failure is considered to be in the range of 10-4 to 10-5. For wind turbines a target reliability
corresponding to an annual probability of failure equal to 510-4 (annual reliability index equal
to 3.3) is used to calibrate material partial safety factors in Annex K in CD IEC 61400-1 Ed. 4
[1], see Sørensen & Toft [8].
Probabilistic design is generally performed satisfying the following requirement:
(1)
Pf  z   Pg  z , X   0  Pft
where z represents design parameters and Pft is the target or maxim acceptable annual probability of failure, which for wind turbine components with medium consequences of failure is
510-4 as described above. This reliability requirement is used both for extreme load cases and
for fatigue load cases. g  z , X  is the limit state equation as a function of the design parameter(s)
and the stochastic variables.

Stochastic modelling
3.1 Extreme load cases
The load bearing capacity, R is assumed to be estimated by the following representative model:
(2)
R  b  R z , X, a 
where R is the load bearing capacity, X is a vector of random variables (e.g. strength and stiffness parameters). Each of the strength parameters is modelled as a LogNormal stochastic variable with coefficient of variation VX , a is set of deterministic variables, e.g. geometrical
parameters, R  model for the load bearing capacity / resistance,  is a model uncertainty
assumed to be modelled as a LogNormal stochastic variable with mean value 1 and coefficient
of variation V and b is the bias in the resistance model, R  . The stochastic variables have
to be adjusted for each application for components and materials.
For DLC1.1 and DLC6.1 the following generic limit state equation the extreme load effects is
used (without permanent loads), see Sørensen & Toft [8]:
(3)
g ( z )  z  R  X dyn X exp X aero X str L
where
Xdyn
Xexp
Xaero
Xstr
L

uncertainty related to modeling of the dynamic response, including uncertainty in
damping ratios and eigenfrequencies
uncertainty related to the modeling of the exposure (site assessment) - such as the
terrain roughness and the landscape topography
uncertainty in assessment of lift and drag coefficients and additionally utilization
of BEM, dynamic stall models, etc.
uncertainty related to the computation of the load-effects given external load
uncertainty related to the extreme load-effect due to wind loads

The stochastic model in Table 1 is used as ‘representative’ for extreme load cases, see [8].
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Table 1. Stochastic models for physical, model and statistical uncertainties.

Variable

Distribution
Lognormal
Lognormal
Weibull

Mean

COV

Comment

-

VR
V
0.15

L – DLC
6.1

Gumbel

-

0.2

Strength
Model uncertainty
Annual maximum load effect
obtained by load extrapolation
Annual maximum wind pressure – European wind conditions

Xdyn
Xexp
Xaero
Xstr

Lognormal
Lognormal
Gumbel
Lognormal

1.00
1.00
1.00
1.00

0.05
0.15
0.10
0.03

R


L – DLC
1.1

3.2 Fatigue load cases
In IEC 61400-1 fatigue verification is based on SN-curves accounting for the effect of the mean
stress in combination with application of Miners rule. If one fatigue critical detail is considered
then the annual probability of failure in year t given survival up to year t is estimated by
(4)
PF ,t  z   P  g ( z , t )  0   P  g ( z , t  1)  0  / P  g ( z , t )  0 
Table 2. Stochastic model for fatigue of welded details.

Variable

Distribution

Expected
value



Normal

1

Standard deviation
/ Coefficient Of
variation
COV = 0.30

X Wind

Lognormal

1

COVWind

X SCF

Lognormal

1

COVSCF

m1

Deterministic
Normal

log K 1

log K 2

Deterministic
Normal

 F

Deterministic

m2

3
Dependent
 log K = 0.2
on SN-curve
5
Dependent
 log K = 0.2
on SN-curve
Dependent
on SN-curve
log K 1 and log K 2 are fully correlated
1

2

Comment
Model uncertainty
Miner’s rule
Model uncertainty wind
load
Model uncertainty stress
concentration factor
Slope SN curve
Parameter SN curve
Slope SN curve
Parameter SN curve
Fatigue strength

Table 2 shows an example of a generic stochastic model for welded details with a bi-linear SNcurve. If the SN-curves are obtained by a limited number of tests then statistical uncertainty has
to be accounted for, e.g. using Bayesian statistics, see e.g. ISO 2394 [3] and annex K in IEC
CDV 61400-1 ed. 4 ‘Calibration of structural material safety factors and structural design assisted by testing’, [1].
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3.3 Design Load Cases with faults
In Design Load Case 2 a wide range of load cases related to faults are to be considered. These
DLCs are very dependent on assumed type and frequency of faults and the consequences of the
faults. Further, they depend on the site and wind turbine type considered.
The annual failure rate is assumed to be estimated from

 F , E ( z )   E P g z , X   0 E 

(5)

where E is the annual rate of faults and P g  z , X   0 E  probability of failure given a fault.
For DLC 2 the acceptable annual failure rate is assumed to correspond to the acceptable annual
failure probability for DLC 1 and 6, i.e. F , E  max with max = maximum acceptable annual
failure rate = 5 104 per year, corresponding to medium consequences of failure.

Example – Cast wind turbine components
In this example reliability assessment of a cast wind turbine components is considered. It is
assumed that the fatigue assessment can be performed using synthetic SN (Wöhler) curves.
Furthermore, the influence of the mean stress on the fatigue life of the component is accounted
for. The SN-curves are related to EN-GJS-400-18-LT cast iron, see details in Shirani et al. [9].
Figure 1 shows SN-curves for two R ratios where R is the ratio between maximum and minimum stresses in a stress cycle.

Figure 1. Synthetic SN curves for EN-GJS-400-18-LT cast iron.

The synthetic SN curves are written:

 a  K R,i N

1
bi

(6)

where N is the number of cycles to failure, the σa is the fatigue strength at any given number of
cycles, KR,i and bi are stress intercept and slope SN curve constants.
The mean stress effect on the fatigue life is implemented by synthetic SN curves for two stress
ratios R=0 and R=-1. It is assumed that the fatigue resistance between these two states can be
described by a continuous function, see Niesłony et al. [10].
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m

 a,Trasformed
where
σa,Trasformed
σa
σm
σaN,R=-1

  aN , R 1  aN ,R0
a 

  aN , R 0 



(7)

transformed alternating stress amplitude for specific value of stress ratio R (MPa)
Applied stress amplitude (MPa)
Applied mean stress (MPa)
fatigue strength amplitude from S–N curve with stress ratio of R=-1, for a given
number of cycle N (MPa)
fatigue strength amplitude from S–N curve with stress ratio of R=0, for a given
number of cycle N (MPa)

σaN,R=0

4.1 Probabilistic model
A probabilistic model has been formulated in order to analyze the reliability of the main shaft
subjected to lifetime bending stress loading. Further, the loading history for the component is
constructed based on the internal reaction moments simulated by the HAWC2 aero-elastic software and weighted by the wind speed distribution of a class IC wind turbine, see Jonkman et
al. [11]. The average wind speed for this wind turbine class in 10 m/s. Additionally, the load
history gained was subjected or rainflow counting. The probabilistic model is shown in Table
3.
Table 3. Stochastic and deterministic parameters used for fatigue reliability calculation.

Variable

Distribution

Mean

COV

Xdyn

Lognormal

1.0

0.05

Xexp
Xaero
Xstr
∆
Xreliab
logKR=-1,1
logKR=-1,2
logKR=0,1
logKR=0,2
rhole
b1
b2

Uncertainty related to modeling of the
dynamic response, damping ratios and
eigenfrequencies
Lognormal
1.0
0.1
Uncertainty related to modeling of the
site assessment
Gumbel
1.0
0.05
Uncertainty related to modeling of the
lift and drag coefficients
Lognormal
1.0
0.03
Uncertainty related to the computation
of the load-effects given and external
load
Lognormal
1.0
0.05
Model uncertainty related to Miners
rule
Normal
1.0
0.08
Model uncertainty related to reliability
factors
Normal
2.888
0.02
Stochastic variable according to a R=1 SN-curve, slope 1.
Normal
2.586
0.02
Stochastic variable according to a specific SN-curve
Normal
2.802
0.02
Stochastic variable according to a R=0
SN-curve, slope 1.
Normal
2.501
0.02
Stochastic variable according to a R=0
SN-curve, slope 2.
Deterministic
The inner radius of the shaft
0.261
‐
Deterministic
10.16
First slope
Deterministic
19.32
Second slope
logKR=-1,1; logKR=-1,2; logKR=0,1 and logKR=0,2 are fully correlated
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4.2 Limit state equation
The following limit state equation used is based on the Miners fatigue damage accumulation
model. Additionally, the limit state accounts for the 3 slopes of the SN curves used.

g (z)   

n


 
i



a

ni  t
N ( (z),  (z), logK
1

a

m

n

R ,1

, b1 , X reliab )


 
i



a

ni  t
N ( (z),  (z), logK
1

a

m

R ,2

, b2 , X reliab )

 0 (8)

Moreover, the stochastic variables were implemented into the applied stress amplitude and
mean stress calculations from HAWC2 simulated resistance moments.

a 

X dyn  X exp  X aero  X str  M B ,a  z

m 

X dyn  X exp  X aero  X str  M B ,m  z

4
( z 4  rhole
) 
4

4
( z 4  rhole
) 
4

(9)

(10)

4.3 Results
The following results are obtained for five different designs. The accumulated probability of
failure for five values of the design parameter z can be seen in Figure 2. The design parameter
z = 0.4372 m is obtained using (1) with the target annual probability of failure at the end of the
design lifetime equal to 510-4. The other design variables z are selected such that they represent
reduced reliability levels equivalent to reducing a deterministic safety factor by 39%, 36%, 26%
and 19% accordingly. The corresponding reliability indices are shown in Figure 3. It can be
observed, that the design parameter z has a significant influence on the reliability of the component.

Figure 2. The accumulated probability of failure.
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Figure 3. The accumulated reliability index.

Figure 4 shows for the base case (z = 0.4372 m) the annual reliability index corresponding to
the annual probability of failure conditional on survival up to the time considered. It is seen that
the design satisfies that requirement corresponding to a target annual reliability β=3.3 given in
IEC CDV 61400-1 Ed. 4 [1].

Figure 4. Annual reliability index.

4.3.1

Life to failure results

The mean value and coefficient of variation of time to failure for all design cases are shown in
Table 4. It is seen that the mean time to failure as expected increase significantly with the design
parameter z. It is also seen that the coefficient of variation increases with shorter mean times to
failure.
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Table 4. The mean value and standard deviation of time to failure (in years).

Design parameter z
0.3833
0.3885
0.4032
0.4126
0.4372

Mean value
54
91
260
523
2013

COV
3,00
2,58
1,60
1,37
0,90

4.3.2 Sensitivity study
A sensitivity study is conducted in order to see the influence of the stochastic parameter on the
fatigue reliability. The coefficient of variation for the stochastic variables in Table 3 are increased by 10% individually. Figure 5 shows the effect on the annual reliability index (at year
25) for the base case with z=0.4372. It is seen that the logK parameter is the most influential.
Further, it is seen that the model uncertainties Xdyn, Xexp, Xaero, Xstr also are quite important.

Figure 5. Sensitivity study.

Conclusions
An overall basis for probabilistic design of wind turbine components and systems is presented.
This includes the most important design load cases for design of wind turbine components:
extreme loads during operation and standstill, fatigue failure, and extreme loads when a fault
occurs.
The probabilistic design approach takes basis in the general ISO standard for reliability assessment of structures and the requirements in the basic IEC standard for design of wind turbines,
supplemented by guidelines from the JCSS Probabilistic Model Code. Basically wind turbines
are design to a reliability level corresponding to an annual probability of failure slightly larger
than 10-4.
Representative limit state equations and stochastic models are described, and an example is
presented with probabilistic design of a cast wind turbine components is considered together
with estimation of he time to failure for various designs.
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Abstract: In this study, we propose a general methodology of uncertainty quantification and
propagation investigate uncertainty quantification and propagation in presence of limited but
real data. We demonstrate the methodology on analysis of free vibration frequencies and
buckling loads of laminated composite plates conjunction with the real but partial data for
uncertain elastic properties of the plates. Specifically, we explore interval, parallelogram,
elliptical and super-elliptical calculi, in conjunction with the Chebyshev inequality.

Introduction
Uncertainty quantification is becoming a very extensive field of research in recent years. Great
scientists or government officials in unison pinpoint of its importance. According to Albert
Einstein " ... as far as the propositions of mathematics refer to reality, they are not certain; and
as far as they are certain, they do not refer to reality." According to the former Queen of the
Netherlands Beatrix, “if one thing today is certain, it is a feeling of uncertainty—a premonition
that the future cannot be a simple extension of the present”. Galileo advises us: “Measure what
can be measured, and make measurable what cannot be measured.” We measure uncertainty
via roughly speaking via three alternative approaches: (a) theory of probability and random
processes, (b) Fuzzy sets based approached, (c) bounding approaches, based on worst possible
response, in combination with making worst possible response as high as possible. The first
two theories are associated with a given measure, like probability density or membership
function. T The latter approach is known in the literature by various names such as guaranteed
approach, convex modeling of uncertainty or information-gap theory, interval analysis and so
on. The worst case scenario is easiest to explain to the boss or to the laymen. Roman poet Ovid
(43 BCE-18 CE) advises us: “I see and approve better things, but follow the worse”. William
Shakespeare (1564-1616) propagates analogous idea: “… since the affairs of men rest still
uncertain / Let’s reason with the worst that may befall”. Naturally worst case scenario may turn
to be very conservative. Hence there is a necessity of minimizing the worst case response, the
mathematical framework coinciding with Abraham Wald’s (1902-1950) [1] min-max approach.
The current paper deals with data enclosing problem and bounding the uncertain data with
proper rectangles, ellipsoids, or super-ellipsoids the latter being suggested independently by
Gabriel Lame and Piet Hein. We suggest to utilize such enclosing of the data that the maximum
predicted response is minimal. The super-ellipsoidal modeling is showed as the superior to all
other techniques. The example of composite plate with four-dimensional data enclosed in super-
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ellipsoid is considered in detail. General recommendations are made for uncertainty
quantification in conjunction with available data. According to Smith [2] defines uncertainty
quantification as “the science of identifying, quantifying, and reducing uncertainties associated
with models, numerical algorithms, experiments, and predicted outcomes or quantities of interest.” Numerous methodologies are available for uncertainty analysis, central among them being
the probabilistic analysis. However, often the needed probabilistic information to propagate the
data probabilistically is not available. In these circumstances, analyses based on the worst case
scenario were suggested by Schweppe; Ben-Haim and Elishakoff; Chernousko; Hlaváček,
Chleboun and Babuška and others. The ideas of min-max advanced by Abraham Wald were
implemented by various authors in the context of optimization under uncertainty. Indeed, in
words of Lehman, “For the case that an a priori distribution does not exist or is unknown, Wald
[1] proposes that “a minimax solution seems, in general, to be a reasonable solution of the
decision problem”.” We analyse the available data based on interval, triangle, parallelogram,
elliptical, and super-elliptical calculi and determine the most appropriate approach.

Analysis
The strain-displacement relations for composite plate are
𝜕𝑢
𝜕𝑣
𝜕𝑣 𝜕𝑢
𝜀𝑥 =
,
𝜀𝑦 =
,
𝛾𝑥𝑦 =
+
𝜕𝑥
𝜕𝑦
𝜕𝑥 𝜕𝑦
(1)
2

2

2

𝜕 𝑤
𝜕 𝑤
𝜕 𝑤
,
𝜅𝑦 = − 2 ,
𝜅𝑥𝑦 = −2
2
𝜕𝑥
𝜕𝑦
𝜕𝑥𝜕𝑦
where 𝑥 and 𝑦 are the length and width coordinates in the plate middle surface; 𝑢 and 𝑣 are the plate
displacement along length and width directions, and 𝑤 is the transverse displacement ; 𝜀𝑥 , 𝜀𝑦 and 𝛾𝑥𝑦
are strain components; 𝜅𝑥 , 𝜅𝑦 and 𝜅𝑥𝑦 are middle surface curvature of the plate. The constitutive relations for the composite laminate is read
𝜅𝑥 = −

𝑁𝑥 = 𝐴11 𝜀𝑥 + 𝐴12 𝜀𝑦 + 𝐴16 𝛾𝑥𝑦 + 𝐵11 𝜅𝑥 + 𝐵12 𝜅𝑦 + 𝐵16 𝜅𝑥𝑦
𝑁𝑦 = 𝐴12 𝜀𝑥 + 𝐴22 𝜀𝑦 + 𝐴26 𝛾𝑥𝑦 + 𝐵12 𝜅𝑥 + 𝐵22 𝜅𝑦 + 𝐵26 𝜅𝑥𝑦
𝑁𝑥𝑦 = 𝐴16 𝜀𝑥 + 𝐴26 𝜀𝑦 + 𝐴66 𝛾𝑥𝑦 + 𝐵16 𝜅𝑥 + 𝐵26 𝜅𝑦 + 𝐵66 𝜅𝑥𝑦

(2)

𝑀𝑥 = 𝐶11 𝜀𝑥 + 𝐶12 𝜀𝑦 + 𝐶16 𝛾𝑥𝑦 + 𝐷11 𝜅𝑥 + 𝐷12 𝜅𝑦 + 𝐷16 𝜅𝑥𝑦
𝑀𝑦 = 𝐶12 𝜀𝑥 + 𝐶22 𝜀𝑦 + 𝐶21 𝛾𝑥𝑦 + 𝐷12 𝜅𝑥 + 𝐷22 𝜅𝑦 + 𝐷26 𝜅𝑥𝑦
𝑀𝑥𝑦 = 𝐶16 𝜀𝑥 + 𝐶26 𝜀𝑦 + 𝐶66 𝛾𝑥𝑦 + 𝐷16 𝜅𝑥 + 𝐷26 𝜅𝑦 + 𝐷66 𝜅𝑥𝑦
where 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑥𝑦 are force resultants, 𝑀𝑥 , 𝑀𝑦 , and 𝑀𝑥𝑦 are bending and twisting moments, acting
on a laminate; the laminate stiffness 𝐴𝑖𝑗 , 𝐵𝑖𝑗 and 𝐷𝑖𝑗 are defined as
ℎ/2

𝐴𝑖𝑗 = ∫

−ℎ/2

(𝑘)

ℎ/2

𝑄𝑖𝑗 𝑑𝑧 ; 𝐵𝑖𝑗 = ∫

(𝑘)

−ℎ/2

ℎ/2

𝑄𝑖𝑗 𝑧𝑑𝑧 ; 𝐷𝑖𝑗 = ∫

−ℎ/2

(𝑘)

𝑄𝑖𝑗 𝑧 2 𝑑𝑧

(3)

where ℎ is the total thickness of the laminate, and 𝑧 is the coordinate in the direction of the laminate
thickness; 𝑄𝑖𝑗 are the transformed reduced stiffness and can be expressed in terms of the lamina orientation and four independent engineering material constants in principal material directions, i.e., 𝐸1 ,𝐸2 ,
𝜐21 , and 𝐺12 . The equilibrium equations of the plate read
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𝜕𝑁𝑥𝑦 𝜕𝑁𝑦
𝜕𝑁𝑥 𝜕𝑁𝑥𝑦
+
= 0;
+
=0
𝜕𝑥
𝜕𝑥
𝜕𝑥
𝜕𝑥
2
2
2
2
2
𝜕 𝑀𝑥𝑦 𝜕 𝑀𝑦
𝜕 𝑀𝑥
𝜕 𝑤
𝜕 𝑤
𝜕2𝑤
𝜕2𝑤
+
2
+
+
𝑁
+
2𝑁
+
𝑁
−
𝜌
=0
𝑥
𝑥𝑦
𝑦
𝜕𝑥 2
𝜕𝑥𝜕𝑦
𝜕𝑦 2
𝜕𝑥 2
𝜕𝑥𝜕𝑦
𝜕𝑦 2
𝜕𝑡 2

(4)

where 𝜌 is the mass per unit volume of the plate and 𝑡 is the time variable. Using Eqs. (1) and (2), Eq.
(4) can be written as
𝐿11 𝑢 + 𝐿12 𝑣 + 𝐿13 𝑤 = 0; 𝐿21 𝑢 + 𝐿22 𝑣 + 𝐿23 𝑤 = 0
𝜕2𝑤
𝜕2𝑤
𝜕2𝑤
𝜕2𝑤
𝐿31 𝑢 + 𝐿32 𝑣 + 𝐿33 𝑤 = 𝑁𝑥 2 + 2𝑁𝑥𝑦
+ 𝑁𝑦
−
𝜌
𝜕𝑥
𝜕𝑥𝜕𝑦
𝜕𝑦 2
𝜕𝑡 2
(5)
where the operators 𝐿𝑖𝑗 are
𝜕2
𝜕2
𝜕2
𝜕2
𝜕2
𝜕2
𝐿11 = 𝐴11 2 + 2𝐴16
+ 𝐴66 2 ; 𝐿12 = 𝐴16 2 + (𝐴12 + 𝐴16 )
+ 𝐴26 2
𝜕𝑥
𝜕𝑥𝜕𝑦
𝜕𝑦
𝜕𝑥
𝜕𝑥𝜕𝑦
𝜕𝑦
𝜕2
𝜕3
𝜕3
𝜕3
𝐿13 = −𝐵11 2 −3𝐵16 2 − (𝐵12 + 𝐵66 )
+ 𝐵26 3
𝜕𝑥
𝜕𝑥 𝜕𝑦
𝜕𝑥𝜕𝑦 2
𝜕𝑦
𝜕2
𝜕2
𝜕2
𝐿22 = 𝐴66 2 + 2𝐴26
+ 𝐴22 2
𝜕𝑥
𝜕𝑥𝜕𝑦
𝜕𝑦
𝜕3
𝜕3
𝜕3
𝜕3
(𝐵
)
𝐿23 = −𝐵22 3 −3𝐵26
−
+
2𝐵
−
𝐵
12
66
16
𝜕𝑦
𝜕𝑥𝜕𝑦 2
𝜕𝑥 2 𝜕𝑦
𝜕𝑥 3
𝐿33 = 𝐷22

𝜕4
𝜕4
𝜕4
𝜕4
𝜕4
)
+4𝐷
+
2(𝐷
+
2𝐷
+4𝐷
+
𝐷
16
12
66
26
22
𝜕𝑥 4
𝜕𝑥 3 𝜕𝑦
𝜕𝑥 2 𝜕𝑦 2
𝜕𝑥𝜕𝑦 3
𝜕𝑦 4

(6)

We consider the uni-axially compressed plate with simply supported boundary conditions which are
satisfied by the following displacement functions
∞

∞

𝑢 = ∑ ∑(𝑈𝑚𝑛 cos(𝜆𝑚 𝑥) cos(𝜆𝑛 𝑦)𝑒 𝑖𝜔𝑡 )
𝑚=1 𝑛=0
∞ ∞

𝑣 = ∑ ∑(𝑉𝑚𝑛 sin(𝜆𝑚 𝑥) sin(𝜆𝑛 𝑦)𝑒 𝑖𝜔𝑡 )
𝑚=1 𝑛=0
∞ ∞

(7)

𝑤 = ∑ ∑(𝑊𝑚𝑛 sin(𝜆𝑚 𝑥) cos(𝜆𝑛 𝑦)𝑒 𝑖𝜔𝑡 )
𝑚=1 𝑛=0

where 𝜆𝑚 = 𝑚𝜋/𝑎 and 𝜆𝑛 = 𝑛𝜋/𝑏, in which 𝑎 and 𝑏 are, respectively, the length and the width of the
plate, 𝑚 and 𝑛 denote the buckling wave numbers, and 𝜔 is the natural frequency of the plate. As for
symmetric cross-ply laminate plate, 𝐵𝑖𝑗 are zeros and 𝐴16 , 𝐴26 ,𝐷16, and 𝐷26 can be neglected for laminate plate with many layers (Hirano,1979).
Substitution of Eqs. (1) and (2) into Eq. (4) leads to a set of homogeneous linear algebraic equations,
and the existence of non-trivial solutions requires that the determinant of the coefficient matrix vanish
𝐶13
𝐶11 𝐶12
𝐶
𝐶
𝐶
det | 21 22
|=0
23
𝐶31𝐶32 𝐶33−𝜆2𝑚𝑁𝑥 +𝜌𝜔2
where elements 𝐶𝑖𝑗 ’s are expressed as
𝐶11 = 𝐴11 𝜆2𝑚 + 𝐴66 𝜆2𝑛 , 𝐶22 = 𝐴22 𝜆2𝑛 + 𝐴66 𝜆2𝑚
𝐶33 = 𝐷11 𝜆4𝑚 + 2(𝐷11 + 2𝐷66 )𝜆2𝑚 𝜆2𝑛 + 𝐷22 𝜆4𝑛
𝐶12 = 𝐶21 = (𝐴12 + 𝐴66 )𝜆𝑚 𝜆𝑛
𝐶23 = 𝐶32 = 0, 𝐶13 = 𝐶31 = 0
From Eq. (8), the following expression can be readily derived for the natural frequency
2
𝜌𝜔2 = 𝐶33 + 𝜆2𝑚 𝑁𝑥 ≡ 𝜌𝜔𝑚𝑛,𝑁
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(8)

(9)

(10)

where the subscript “𝑁” indicates the presence of external loading acting in the mid-surface of the plate.
If the plate in question is free from external loading, i.e., 𝑁𝑥 = 0, the natural frequency becomes
1
𝑚𝜋 4
𝑚𝜋 2 𝑛𝜋 2
𝑛𝜋 4
2
𝜔𝑚𝑛,0
= [𝐷11 ( ) + 2(𝐷12 + 2𝐷66 ) ( ) ( ) + 𝐷22 ( ) ]
(11)
𝜌
𝑎
𝑎
𝑏
𝑏

where the subscript zero indicates that the external loads acting in the mid-surface of the plate
are absent. To determine the fundamental natural frequency for the plate with given dimensions
and material properties, one determines those integer values of 𝑚 and 𝑛 which minimize 𝜔𝑚𝑛 .
If one sets 𝜔 = 0 in Eq. (10), one obtains an expression for the buckling load as follows:
𝑎 2
𝑚𝜋 4
𝑚𝜋 2 𝑛𝜋 2
𝑛𝜋 4
) [𝐷11 ( ) + 2(𝐷12 + 2𝐷66 ) ( ) ( ) + 𝐷22 ( ) ]
𝑚𝜋
𝑎
𝑎
𝑏
𝑏

𝑁𝑥 = − (

(12)

where the minus in the front denotes the compression load. Again, one has to perform a search
with respect to integer variables 𝑚 and 𝑛 to minimize the objective function 𝑁𝑐𝑙 in order to
obtain the critical buckling load 𝑁𝑥 for the plate with given dimensions and material properties.Before any prediction can be an be made on the vibration and buckling properties of the
composite structure, the values of the elastic moduli should be known in advance. However,
due to the scatter or uncertainty in elastic moduli stemmed from their fabrication and manufacturing processes, the influences of them on the natural frequency and buckling load need to be
analysed. Let us enclose the available data by a rectangle; thus we consider 𝐸1 and 𝐸2 as interval
variables. The values for these two parameters are the experimental data. The following graph
represents these points.

Fig. 1 : Data set corresponding to variation of elastic moduli 𝑬𝟏 and 𝑬𝟐

Now we enclose these points using an algorithm giving the smallest area rectangle. This rectangle is represented in Figure 2 and all its characteristics are summarized in the Table 7.

Fig. 2 Bounding rectangle
Table 1 Initial rectangle characteristics

131.0868; 9.33575
21.446
1.10
0.078882
23.6326

Center
Length
Width
Tilt angle
Area
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A new coordinate system is created using the centre of the rectangle and its side’s orientation.

Fig. 3 : Local Coordinate System

The coordinates of the experimental point in the local coordinate system of the rectangle are denoted
𝐸1𝑢 and 𝐸2𝑣 :
Table 2 experimental point coordinates in the local system

Data Points for
𝐸1𝑢

Data Points for
𝐸2𝑣

Data Points for
𝐸1𝑢

Data Points for
𝐸2𝑣

1

−1.79

0.03

10

0.91

0.42

2

0.50

0.22

11

−0.70

−0.1

3

−0.46

−0.23

12

−2.81

−0.64

4

0.92

0.03

13

0.13

−4.21

5

−0.05

−0.37

14

0.03

−6.24

6

−10.48

−0.27

15

10.60

1.42

7

−3.40

−0.32

16

−4.18

0.08

8

2.56

0.05

17

2.67

0.03

9

0.24

−1.10

18

−1.85

0.04

Berge (1938) developed a Chebyshev inequality for two correlated variables:

|𝐸1𝑢 − 𝐴(𝐸1𝑢 )|
|𝐸2𝑣 − 𝐴(𝐸2𝑣 )|
1 + √1 − 𝑟²
𝑃 (
< 𝑘 and
< 𝑘) ≥ 1 −
𝜎(𝐸1𝑢 )
𝜎(𝐸2𝑣 )
𝑘²

(13)

where 𝑟 is the correlation coefficient. With the values of 𝐸1𝑢 and 𝐸2𝑣 and the following expression, we
get :
18

1
𝐸1𝑢 (𝑖) − 𝐴(𝐸1𝑢 ) 𝐸2𝑣 (𝑖) − 𝐴(𝐸2𝑣 )
𝑟=
∑(
)(
) = −0.244
17
𝜎(𝐸1𝑢 )
𝜎(𝐸2𝑣 )

(14)

𝑖=1

In order to achieve the demanded probability of 8⁄9 , (corresponding to the probability for 𝑘 = 3 with
the classical Chebyshev inequality) the value of 𝑘 must be equal 4.21.
Using the expressions of Berge’s formula, we obtain in the local system of the rectangle the following
results

𝑃[−19.04 < 𝐸1𝑢 < 18.60 ] >

8
9

𝑃[−1.49 < 𝐸2𝑣 < 1.46] >

So in the global system, the inflated rectangle has the following characteristics:
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8
9

(15)

Table 3 Inflated rectangle characteristics using Berge formula

131.0868; 9.33575
38.08
2.98
0.078882
113.48

Center
Length
Width
Tilt angle
Area

The center and the tilt angle are the same that the initial rectangle. The length and the width of the
rectangle are then determined.The area ratio between the initial and the inflated rectangle is 4.8. Figure
4represents the initial rectangle and the inflated one, initial rectangle is denoted in red color. The inflated
rectangle is represented in the green color.

Figure 4 Obtaining the rectangle with inflation coefficient

Now we are able to determine the minimum and maximum values for the natural frequency and the
buckling load with the inflated rectangle. These results are summarized in Table:
Table 4 Minimum and maximum value for natural frequency and buckling load

𝑘

Chebychev inequality
𝑃[−19.04 < 𝐸1𝑢 < 18.60 ] >

4.21
𝑃[−1.49 < 𝐸2𝑣

8
9

8
< 1.46] >
9

𝜔1 1,0

𝜔1 1.0

𝑁𝑥

𝑁𝑥

11.88

13.73

19727

26353

We noware dealing with an uncertain region considered as an ellipse. Using the program
developed by Moshtagh (2005), we obtain an ellipse enclosing the experimental data, defined
by its matrix 𝐴 and its center 𝐶 as follows:
(𝑆 − 𝐶)𝑇 𝐴(𝑆 − 𝐶) ≤ 1

(16)

𝑆 being the vector containing the set of points, 𝐶 being the vector containing the center’s
coordinates of the ellipse, and 𝐴 being the matrix of the ellipse’s parameters. We get:
𝐶1 = 132.5135, 𝐶2 = 9.6224, 𝐴11 = 0.0147, 𝐴12 = 𝐴21 = −0.1307, 𝐴22 = 1.9759
Using the matrix 𝐴, we obtain an ellipse represented in Fig. 8 and with the following
characteristics:
Table 5 Characteristics of the initial ellipse

Semi-major axis
𝑎𝑖𝑛𝑖𝑡

Semi-minor axis
𝑏𝑖𝑛𝑖𝑡

Center 𝐶𝑖𝑛𝑖𝑡

Tilt angle 𝜃𝑖𝑛𝑖𝑡

12.8798

0.7098

(132.5135; 9.6224)

0.0663
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Fig. 5 Initial ellipse

The first step to inflate the ellipse is to enclose to with a rectangle. This rectangle keeps the
center and the tilt angle of the ellipse. This rectangle has the following characteristics:
Table 6 Characteristics of the rectangle

132.5135; 9.6224
25.7596
1.4196
0.0663
36.4057

Center
Length
Width
Tilt angle
Area

Fig. 6 : Rectangle enclosing the initial ellipse

Now we inflate this rectangle using the Chebyshev inequality and the method developed
previously. We obtain the following bounding for 𝐸1 and 𝐸2 for = 4.24 :
8
8
𝑃[−1.46 < 𝐸2𝑣 < 1.42] >
(17)
9
9
So the inflated rectangle has the characteristics as follows: Cnter’s coordinates are :
𝑃[−19.17 < 𝐸1𝑢 < 18.73 ] >

Table 7 : Characteristics of the inflated rectangle

132.56135; 9.6224
39.34
1.46
0.0663
111.86

Center
Length
Width
Tilt angle
Area

Fig. 7 : Inflated rectangle

Knowing the length and the width of the inflated rectangle, we build the inflated ellipse
enclosed by this rectangle. The semi-minor axe of the ellipse is equal to half the width of the
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inflated rectangle and the semi-major axis is equal to half of its length. The inflated ellipse
keeps the center and the tilt angle of the initial ellipse.

Fig. 8 : Inflated ellipse bounding by the inflated rectangle

Table 8 : characteristics of the inflated ellipse

Semi-major axis
𝑎𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

Semi-minor axis
𝑏𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

Center 𝐶𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

Tilt angle 𝜃𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

19.17

0.73

(132.56135; 9.6224)

0.0663

To determine the upper and lower bound for the natural frequency and the buckling load, two
methods are utilized: the isolines method and the analytic method.
Let us now deal with an uncertain region considered as a super-ellipse. First, a super-ellipse is
built to enclose the data points. This super-ellipse is represented on the figure 14 and its
characteristics are available on table 19. Due to the high power of the super-ellipse (694), the
super-ellipse looks like a rectangle.

Fig. 9 :Initial super-ellipse

Table 9 :characteristics of the initial super-ellipse

Semi-major axis
𝑎𝑖𝑛𝑖𝑡

Semi-minor
axis 𝑏𝑖𝑛𝑖𝑡

Center 𝐶𝑖𝑛𝑖𝑡

Tilt angle 𝜃𝑖𝑛𝑖𝑡

Power

10.7341

0.5515

(131.0434; 9.3358)

0.0789

694

Then a rectangle is created to enclose the super-ellipse. The center and the tilt angle are the
same that the initial super-ellipse ones. The length and the width of the rectangle are twice the
semi-major and semi-minor axes of the super-ellipse.
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Fig. 10 : Rectangle bounding the initial super-ellipse
Table 10 :Characteristics of the bounding rectangle

(131.0434; 9.3358)
21.4682
1.103
0.0789
23.680

Center
Length
Width
Tilt angle
Area

Using the Chebyshev inequality we obtain the following bounding for 𝐸1𝑢 and 𝐸2𝑣 for = 4.21:
8
8
𝑃[−1.45 < 𝐸2𝑣 < 1.41] >
(18)
9
9
The representation and the characteristics of the inflated rectangle are in the figure 19 and table
21:
𝑃[−18.55 < 𝐸1𝑢 < 19.09 ] >

Fig. 11 : Inflated rectangle
Table 11 : Characteristics of the inflated rectangle

131.0434; 9.3358
38.1741
2.9052
0.0789
110.9044

Center
Length
Width
Tilt angle
Area

Having the inflated rectangle, the inflated super-ellipse is built. Its semi-major axe is equal to
the half of the length of the inflated rectangle and its semi-minor axe to the half of the width of
the inflated rectangle. The power, the center and the tilt angle stay the same.

Fig. 12 : Inflated super-ellipse
Table 12 : Characteristics of the inflated super-ellipse

Semi-major axis
𝑎𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

Semi-minor
axis 𝑏𝑖𝑛𝑓𝑙𝑎𝑡𝑒𝑑

Center 𝐶𝑖𝑛𝑖𝑡

Tilt angle 𝜃𝑖𝑛𝑖𝑡

Power

19.0870685

1.4526117

(131.0434; 9.3358)

0.0789

694
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Due to the high power of the super-ellipse, we consider that the minimum and maximum value
for the natural frequency and the buckling load can be determined on the inflated rectangle
bounding the inflated super-ellipse.
Table 13 :Minimum and Maximum value for natural frequency and buckling load

𝜔1 1,0 = 11.88 (𝑎𝑡 𝐸1 = 149.9566 , 𝐸2 =
12.2883 )
𝜔1 1,0 = 13.72 (𝑎𝑡 𝐸1 = 112.1302 , 𝐸2 = 6.3833 )
𝑁𝑥 = 19723 (𝑎𝑡 𝐸1 = 149.9566 , 𝐸2 = 12.2883 )
𝑁𝑥 = 26338 (𝑎𝑡 𝐸1 = 112.1302 , 𝐸2 = 6.3833)
We sum up the lower and upper bound for the natural frequency and the buckling load depending on the geometrical figures.
Table 14 : Results Extremal Values of Fundamental Frequency

Rectangle

11.88 ≤ 𝜔11 ≤ 13.73

19727 ≤ 𝑁𝑥 ≤ 26353

Parallelogram

11.88 ≤ 𝜔11 ≤ 13.73

19727 ≤ 𝑁𝑥 ≤ 26353

Triangle

11.95 ≤ 𝜔11 ≤ 13.70

19964 ≤ 𝑁𝑥 ≤ 26232

Ellipse

12.07 ≤ 𝜔11 ≤ 13.71

20386 ≤ 𝑁𝑥 ≤ 26256

Super-Ellipse

11.88 ≤ 𝜔11 ≤ 13.72

19723 ≤ 𝑁𝑥 ≤ 26338

For the natural frequency, the minimum of the minimum values is chosen. Indeed, the natural
frequency must be the minimum to avoid reaching it. According to the previous table, the rectangle, parallelogram and super-elliptical calculi give this value. The rectangle case is chosen
due to its simplicity. For the buckling load, the maximum of the minimum values is chosen in
order to be not too pessimistic. Using the values of the table, the elliptical case is chosen. This
shows that the best case for the natural frequency is not the same that for the buckling. This
paper presents a general theory of uncertainty quantification and constitutes a significant generalization of Ref. [2] via developing the super-ellipsoidal calculus.
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Abstract: This paper presents a probabilistic model to predict the damage probability of light steel roof systems induced by purlin buckling behavior exposed to cyclonic wind loading. The diaphragm effects of sheeting and warping torsion effects
of purlins are incorporated into the purlin buckling failure function model. The influences of wind directionality on the roof damage vulnerability are investigated.
The purlins damage probability from different regions were studied. The results
shows that the wind effect considering the directionality can make the design work
more economical under the same safety level. The purlin model considering the diaphragm effects could also have the same influences as the wind directionality effect. The results can be used as the foundation work for the performance-based or
limit states work on the light steel structures under strong winds.

1 Introduction
Extreme wind events such as tropical cyclones, tornadoes and thunderstorms often impact the
Chinese coastal regions significantly. Since the most developed region in China are highly distributed around the coastal line in southeast, the probability for extensive wind occurrences are
high. In recent times, light gauge steel structure have become more popular in the construction
of low-rise industrial buildings with the effective use of the cold-formed members. However,
the high wind uplift loads occurring during extreme wind events often cause catastrophic collapse of roofing systems due to local failures at their screwed connections or purlin buckling
problems. The prediction of damage to buildings from extreme wind events is essential to developing policies to effectively reduce economic losses. Wind vulnerability models are used to
predict the probability of damage to buildings and their contents due to wind loading.
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2 Probabilistic Modeling
Probabilistic analysis methodology was the most common method for implementing the performance-based engineering theory into the evaluation of light steel systems exposed to wind
hazards since it is widely applied in the evaluation of the low-rise light-frame wood construction exposed to multi-hazard loads. Its main theory was mentioned as below.
It can be defined as the conditional probability of failure of a structural member of the system
for a given set of input variables. It is expressed as：
P[LS]=∑𝑎𝑙𝑙 𝐷 𝑃[𝐿𝑆| 𝐷 = 𝑥]𝑃[𝐷 = 𝑥],

(1)

in which D = a random demand on the system (e.g., 3 s gust wind speed); P[LS|D=x] is the
conditional probability of the limit state (LS) at given demand x. The hazard is defined by the
probability P[D=x]. The conditional probability, P[LS|D=x] is the fragility. Eq.(2) also can be
expressed in convolution integral form if the hazard is a continuous function of demand x:
∞

𝑃[𝐿𝑆] = ∫0 𝐹𝑟(𝑥)𝑔𝑋 (𝑥)𝑑𝑥,

(2)

in which Fr(x) = fragility function of demand x expressed in the form of a probability density
function.
The limit state of component/connection failure is defined as wind load exceeding the component capacity. Purlin failure at midspan when the internal and external pressures are adequate
to cause local buckling of the purlin. The limit state function G(X) is:
G(X)=R-(W-D)

(3)

Where the variable X includes R as the actual component strength of each failure mode, W is
the actual wind load, and D is actual deal load. Self-weight of the components (i.e. roof sheets
and purlins) are considered here as a deterministic dead load. The component failure occurs
when G(X)<0.
3 Probabilistic estimation of wind load effect considering directionality
The extreme wind load effect of interest under the mean wind speed at 𝑖th direction, determined
from wind tunnel test and /or structural analysis, can be expressed as
𝑤𝑖 =

1 2
𝜌𝑣 𝑐 (𝑣 )
2 𝑖 𝑖 𝑖

(4)

where 𝜌 is the air density which can be regarded as a constant under strong wind speed; 𝑣𝑖 is
the mean wind speed at𝑖th direction; 𝑐𝑖 (𝑣𝑖 ) is the extreme wind load effect coefficients, simply
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referred to as effect coefficients, which can be independent of wind speed or a function of wind
speed.
When 𝑐𝑖 (𝑖 = 1,2, … , 𝑛) areconsidered as deterministic values, the cumulative distribution
function (CDF) of the yearly maximum wind effect considering all directions can be readily
determined as [1]
𝛹𝑊 (𝑤) = 𝐹𝑉 (𝑣1 , 𝑣2 , ⋯ 𝑣𝑛 )

(5)

where 𝑣𝑖 (𝑖 = 1,2, … , 𝑛)is the mean wind speed at the 𝑖th direction causing extreme wind load
effect level 𝑤, which is calculated by Eq.(1) as 𝑣𝑖 = √2𝑤 ⁄𝜌𝑐𝑖 (𝑣𝑖 ); and 𝐹𝑉 (𝑣1 , 𝑣2 , ⋯ 𝑣𝑛 )is the
joint CDF (JCDF) of yearly maximum directional wind speed.
The Gaussian copula can be used to model the joint probability distribution of multiple extremes,
which is applied to the directional yearly maximum wind speed and multiple extreme wind load
effects for a given wind speed and direction. The Gaussian copula is defined as
𝐹𝑋 (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) = 𝐺𝑌 (𝑦1 , 𝑦2 , … , 𝑦𝑛 )

where 𝐹𝑋 (𝑥1 , 𝑥2 , … , 𝑥𝑛 ) is

(6)

the JCDF of multiple extremes, i.e., variables 𝑋1 , 𝑋2 , … , 𝑋𝑛 ;

𝐺𝑌 (𝑦1 , 𝑦2 , … , 𝑦𝑛 ) is the multivariate Gaussian CDF of variables 𝑌1 , 𝑌2 , … , 𝑌𝑛 with zero mean
vector and covariance matrix 𝛴 with 𝛴𝑖𝑖 = 1 and 𝛴𝑖𝑗 = 𝛴𝑗𝑖 = 𝜌𝑖𝑗 , which is the correlation
coefficient between 𝑌𝑖 and 𝑌𝑗 . The extreme variable𝑋𝑖 and standard Gaussian variable 𝑌𝑖 are
related by the monotonic translation function (𝑥𝑖 − 𝜇𝑋𝑖 )/𝜎𝑋𝑖 = 𝛹𝑋−1
(𝛷(𝑦𝑖 )) = 𝑔𝑖 (𝑦𝑖 ) ,
𝑖
where𝜇𝑋𝑖 and 𝜎𝑋𝑖 are the mean and standard deviation (STD) of 𝑋𝑖 ; 𝛹𝑋𝑖 (𝑥𝑖 ) and 𝛷(𝑦𝑖 ) are
CDFs of 𝑋𝑖 and𝑌𝑖 .
The correlation coefficient between 𝑋𝑖 and 𝑋𝑗 , i.e., 𝜁𝑖𝑗 = [𝐸(𝑋𝑖 𝑋𝑗 ) − 𝜇𝑋𝑖 𝜇𝑋𝑗 ]⁄𝜎𝑋𝑖 𝜎𝑋𝑗 is related
to that of Gaussian variables 𝑌𝑖 and 𝑌𝑗 as [3]
∞

𝜁𝑖𝑗 = ∫

∞

∫ 𝑔𝑖 (𝑦𝑖 ) 𝑔𝑗 (𝑦𝑗 )𝜙(𝑦𝑖 , 𝑦𝑗 ; 𝜌𝑖𝑗 )d𝑦𝑖 d𝑦𝑗

(7)

−∞ −∞

where 𝜙(𝑦𝑖 , 𝑦𝑗 ; 𝜌𝑖𝑗 ) is the JPDF of bivariate Gaussian distribution.
It is noted that the translation function thus the relationship between the correlation coefficients
of the Gumble distribute variable and Gaussian variable is not affected by the distribution
parameters of Gumbel distribution [1,2]. The relationship can be approximated as following
[1,2]
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(8)

𝜌𝑖𝑗 = 𝜁𝑖𝑗 (1.064 − 0.069𝜁𝑖𝑗 + 0.005𝜁𝑖𝑗2 )

4 Modeling of wind climate
The meteorological data in this study were obtained from one of the Beijing Meteorological
Stations recorded from January 1st, 1951 to December 31st, 2007, which is governed by China
Meteorological

Administration.

The

data

can

be

downloaded

http://data.cma.cn/data/detail/dataCode/SURF_CLI_CHN_MUL_DAY_CES.html.

from
The

measurement height of the station is 10 m. The average time of mean wind speed is 10 min.
The directional wind speeds are divided into 16 directional sectors. The daily maximum mean
wind speed and the corresponding wind direction are provided in the data set.
After post-processing, 8 sectors are kept representing the directions of N, NE, E, SE, S, SW, W
and NW. The yearly maximum wind speed data in each sector is extracted and are fitted into
Gumbel distribution directly. The wind speed data are ranked in order of smallest to largest at
first and the probability of non-exceedence of the 𝑖 th wind speed is calculated by
(𝑖 − 0.44)⁄（𝑁 + 0.12) , where 𝑁 is the number of total yearly maximum wind speed
samples[4].
In each wind direction, there are 57yearly maxima available for determining the empirical CDF
of yearly maximum wind speed, which is denoted as Ψ𝑉,𝑖 (𝑣)for 𝑖th direction. Fig.1 gives the
25-, 50- and 500-year wind speeds and the COV of yearly maximum wind speeds in these wind
directions.

(a) Wind speeds of different MRIs (m/s)

(b) COV (%)

Fig.1.Directional extreme wind speeds with different MRIs and the COV in each direction

Table 1 gives the covariance matrix calculated from yearly maximum wind speed data. The
covariance matrix of underlying Gaussian variables is also very close to that of wind speed.
From Table 1, it can be seen that the maximum wind speed from adjacent directions tend to
have some correlation.
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Table.1 Correlation coefficient matrix of directional wind speeds
Dir.

N

NE

E

SE

S

SW

W

NW

N

1

NE

0.50

1

E

0.09

0.13

1

SE

0.52

0.37

0.38

1

S

0.63

0.25

0.01

0.23

1

SW

0.57

0.27

0.08

0.41

0.52

1

W

0.13

0.15

0.19

0.18

0.02

0.18

1

NW

0.78

0.28

0.09

0.40

0.64

0.34

0.05

Sym.

1

5 Simply-supported Z-section purlin mechanical model
The probabilistic model for purlin buckling failure is obtained by referring to the literature [5,6],
including the Chinese Standards (GB50018-2002, CECS 102:2002). It exists big difference between the purlin buckling failure model considering diaphragm effect or not. The paper selected
the Z20020 as the represent purlin to check the failure probability under different regions considering this effect. The local buckling failure was considered as the dominant roof failure
mechanisms in this study. A probabilistic event-based Monte-Carlo simulation approach is used
in this study to calculate the probability of failure of components. The nominal (design) uplift
capacity for the Z20015 purlin simple-span without bridging used in this study is Rn=11.3kNm,
while the Rn =3.5kNm without considering the diaphragm effect. [5]
Table 2 The nominal uplift capacity for the Z20015 simply supported purlin
Not consider the diaphragm effect

Consider the diaphragm effect

3.5kNm

11.3kNm

Z20020

6 Description of baseline structures
In this study, a typical light steel structure was considered, which can be represented as
much of light steel structures in China. The building in the Tokyo Polytech data base considered
is a gable-ended metal-clad building with a 5。roof pitch, eave height of 8m, span of 16m, and
length of 40m. These dimensions are used for the representative building model in the present
paper. The building consists of six portal frames. Simple span cold formed purlin (Z22020)
without bridging is used. The metal cladding thickness is 0.48mm, while cladding sheet style
is YHl30—300—600.
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Frame Number

1

2

3

4

5

6

9

θ
Purlin 16
Number 8

y
x
1

Fig.2. Schematic Diagram of the light steel building

Where Cp is the quasi-steady pressure coefficient, the wind tunnel model results for eight wind
directions (N,NE,E,SE,S,SW,W,NW) also as (0。, 45。,90。,135。,180。,225。,270。,315。)were obtained
from the Tokyo Polytech University aerodynamics database for a building representative of
those found in China. The TPU database provides time histories of external pressures measured
on the roof and walls of a series of low-rise tunnel at a length scale of 1/100 in the wind tunnel
at the TPU. Fig.3 shows the pressure tap locations of the wind tunnel model considered for the
current study. The wind tunnel pressure coefficient data was assumed to have an Extreme Value
Type I (Gumbel) probability distribution. The nominal air density (pN) is 1.2kg/m3.
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Fig.3. Arrangement of wind pressure measurement taps and the definition of wind directions

It is shown in Fig.4 that the different safety regions for purlin failure were allocated based on
the wind pressure distribution.
1
9

2

Frame Number
3
4

5

6

θ

1

2

1

Purlin 16
Number 8

2

3

2

1

2

1

y
x
1

Fig.4. Different safety regions for light steel roof systems

It is shown in Table 3 that the pressure coefficient selected for directionality wind effect
were based on the wind data for under different direction, while the pressure coefficient for
non-directionality were selected as the maximum value for the eight directions.
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Table 3 The pressure coefficient for directionality or Non-directionality wind effect
Cp

Directionality

Region
0

1

2

3

1

2

3

4.5

4

1

5.5

4.75

2.2

。

5.5

4.75

2

5.5

4.75

2.2

。

。

45
90

Non-directionality

135
180
225
270
315

5

2

2

5.5

4.75

2.2

。

3.5

1.5

1.9

5.5

4.75

2.2

。

1

1

1

5.5

4.75

2.2

。

1.5

1.5

2

5.5

4.75

2.2

。

1.3

2

2.2

5.5

4.75

2.2

。

2.7

4.75

2

5.5

4.75

2.2

It is shown in the Table 4 that the failure probability of the purlin in both 1,2, and 3 region
calculated by the directionality model is smaller than (while the recurrence year is larger) the
non-directionality model, which means that under it is more conservative for the wind-resist
design based on the same wind conditions.
It can also be shown in Table 4 that for the purlin model, the diaphragm effect can make a
strengthen effect on the resistant behaviour of the components, which also decrease the failure
probability and increase the lifetime of the purlins. In another way, it is more conservative if
the design work is based on the purlin model which did not consider the diaphragm effect.
Table 5 The results for the different method

Purlin

Consider the diaphragm effect

Not consider the diaphragm effect

Model
Wind

Directionality

Non-directionality

1

2

3

1

2

3

Failure
probability

0.68

0.78

0.11

0.91

0.83

0.24

0.06

0.05

Recurrence
year

1.47

1.27

8.47

1.09

1.19

4.11

17.80

20.10

Safety
Region

Directionality

1

2

Non-directionality

3

1

2

3

3e-4

0.12

0.08

0.0038

3098.00

8.00

12.79

262.00

As can be seen from the comparison for the three safety region, the safety level for level 3 are
much safer than level 2 and 1. The safety region 1 is the most dangerous region. The allocation
for the three region can be used as the limit states for the performance-based wind engineering
of the light steel roof systems.

2916

7 Conclusion
The results shows that the wind effect considering the directionality can make the design work
more economical under the same safety level. The purlin model considering the diaphragm
effects could also have the same influences as the wind directionality effect. The safety regions
were allocated reasonable or sensible based on the results from this study. It can be used to the
performance-based wind engineering for the design of the light-steel structures.
Acknowledgment: This research is supported by the National Natural Science Foundation of
China for Excellent Young Scholars (51422801) and the Beijing Natural Science Foundation
of China (Key Program, 8151003).
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Abstract: Load and resistance factor design (LRFD) is widely used in building
codes for reliability design. The third-moment method (3M) has been proposed to
overcome the shortcomings (e.g. inevitable iterative computation, requirement of
probability density functions (PDFs) of random variables) of other methods. In the
existing 3M methods, the iterative is simplified to one time, and the PDFs of random variables are not required. In this paper, the computation of the existing 3M
method is further simplified to no iteration. And the accuracy of the proposed
method is proved to be higher than the existing 3M methods. Additionally, with
the proposed method, the limitations of applicable range in existing 3M methods
are avoided. With the load combination and example in ASCE(2010), the comparison of the existing 3M method, the ASCE method and the proposed method is given. The results show that the proposed method is accurate, simple, safe, and saving
material.

1 Introduction
In structure design, due to the uncertainty of conditions, the reliability-based structural design
is required. But it is inconvenient for designers to analyze every structure with the basic theory of reliability. For simplicity purpose, the safety factor is predetermined on the basis of
specified probability requirement. And it was further evolved into the load amplification factors and resistance reduction factors, known as the LRFD format [1]. With LRFD, the nominal
design loads are amplified by appropriate load factors and the nominal resistances are reduced
by corresponding resistance factors. With the factored resistance and loads, the reliability of
structures is ensured. In the past decades, the LRFD has been widely used in design to ensure
the performance of structures [2].
A lot of methods about the calculation of the load and resistance factors have been proposed, typically, the first order reliability method (FORM) [3], in which the design point must
be firstly determined with the use of derivative-based iterations. But in the case of multiple
design points [3], FORM is inconvenient. For these reasons, some simplification methods
were proposed [4-7], among which the work of Mori was considered accurate enough and
was therefore incorporated into AIJ design guideline. According to the Mori method, all random variables are assumed to have known probability density functions (PDFs) and are transferred into lognormal random variables. However, the PDFs of some random variables are
often difficult to obtain.
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Then the third-moment (3M) method, with no need for the design point or any assumption
of the PDFs of random variables, was proposed [8]. To avoid the massive iteration computation, in this method the target mean resistance is achieved by two step recursive optimization.
Then the load and resistance factors can be easily calculated.
However, the existing 3M method is still not easy enough in the computation of the load
and resistance factors. In the existing 3M method, the two step recursive optimization is proposed, which means one time iteration is still necessary. In this paper, the two step recursive
optimization can be further simplified. Therefore, a new formula is proposed to replace the
two step recursive optimization and slightly improve the accuracy. Two examples are proposed to verify accuracy and application of the proposed method.

2 Review of LRFD
2.1 The basic principle of the LRFD
Based on the LRFD format, the design condition in structural design can be expressed as

φRn ≥ ∑ γ i S ni

(1)

where ϕ is the resistance factor, γi is the partial load factor to be applied to load Si, Rn is the
nominal value of the resistance, Sni is the nominal value of load Si.
In reliability-based design, the load and resistance factors ϕ and γi should be determined
with a specified reliability, called the target reliability. Therefore, Eq. (1) should be probabilistically to the following equations, which is called the performance function.

G(X) = R − ∑ Si

(2)

where R and Si are random variables representing uncertainty in the resistance and load effects,
respectively.
In reliability based design, for the performance function Eq. (2), the design formula is expressed as

β ≥ βT or Pf ≤ PfT

(3)

where β and Pf are the reliability and the probability of failure, respectively. βT and PfT are the
target reliability and the target probability of failure, respectively.
With the second-moment (2M) method, the design formula is expressed as

β 2 M ≥ βT

(4)

µZ
σZ

(5a)

where

β 2M =

µ Z = µ R − ∑ µ S , σ Z = σ R2 + ∑σ S2i
i

(5b)

where β2M is the 2M reliability index; µZ and σZ are the mean value and standard deviation of
the performance function G(X), respectively; µR and σR are the mean value and standard deviation of R, respectively; and µSi and σSi are the mean value and standard deviation of Si,
respectively.
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Substituting Eq. (5) in Eq. (4), the load and resistance factors can be expressed as

µ R (1 − α RVR βT ) ≥ ∑ µ S (1 + α S VS βT )
i

i

i

(6)

Comparing Eq. (6) with Eq. (1), the load and resistance factors can be expressed as

φ = (1 − α RVR βT )

µR

γ i = (1 + α S VS βT )
i

i

(7a)

Rn

µS

(7b)

i

Sni

where VR and VSi are the coefficient of variation for R and Si, respectively; and αR and αSi are
the separating factors of R and Si, respectively, where

σS
σR
, αS =
σZ
σZ

(8)

i

αR =

i

2.2 3M method based on 3P-lognormal distribution
In the case of R and Si are not normal distribution variables, the 2M reliability in Eq. (5) is
inaccurate. Therefore other methods were proposed, typically, the FORM [1].
Since determining R and Si using FORM needs design point and nested iteration, some
simple approaches were proposed such as the method using lognormal approximation [4] and
3M method, of interest here is the 3M method.
In the existing 3M method based on 3P-lognormal distribution [8], the two step recursive
optimization is used to avoid the iteration computation:
(9)

µRT = ∑ µS + β 2Tσ Z
i

where µRT is the target mean resistance;
µR is given by the following equation, which is obtained from try and error

µ R = ∑ µ S + βT3.5 ∑σ S2
i

(10)

i

and β2T is the target 2M reliability, which is obtained using µR0 by the 3M method [8]

β2T =

⎡α3Z ⎛
3 ⎧
α ⎞⎤ ⎫
⎜ − βT − 3Z ⎟⎥ ⎬
⎨1 − exp⎢
α3Z ⎩
6 ⎠⎦ ⎭
⎣ 3 ⎝

(11)

where α3Z is the third moment of the performance function G(X), which can be expressed as

α 3Z =

1

σ Z3

(α

3R

σ R3 − ∑ α 3S σ S3
i

i

)

(12)

where α3R and α3Si are the third moment of the resistance and load.
The steps for determining the load and resistance factors using this method are as follows:
a.
b.
c.
d.

Calculate µR using Eq. (10).
Calculate σZ, α3Z and β2T using Eq. (5b), Eq. (12) and Eq. (11), respectively.
Calculate µRT with Eq. (9).
Repeat step b with µRT. Then with the values of σZ, α3Z and β2T, calculate αR and αSi with
Eq. (8).
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e. Determine the load and resistance factors with Eq. (7).
From steps b to d we can see, the values of σZ, α3Z and β2T should be calculated twice. In the
following section, this calculation process can be further simplified to one step.

3 Proposition of the new method
3.1 The proposed formula
The convergence of the two step recursive optimization Eq. (9) and Eq. (10) is inspected then
the following formula, with better convergence, is proposed to replace Eq. (9) and Eq. (10)

µ RT -new

⎛
1
= ∑ µ Si + ⎜⎜ βT +
2β T
⎝

1.7

⎞
⎟⎟
⎠

∑σ

2
Si

(13)

The applicable range of Eq. (13) is β2T ≥ 1. In other range, the mathematical error is great.
The steps for determining the load and resistance factors using the new method are as
follows:
1. Calculate µRT using Eq. (13).
2. Calculate σZ, α3Z and β2T using Eq. (5b), Eq. (12) and Eq. (11), respectively. Then calculate αR and αSi with Eq. (8).
3. Determine the load and resistance factors with Eq. (7).
Compared with the existing method, in the proposed method, there is no need for step c and
d. The calculation process of load and resistance factors is simplified and the iteration is completely eliminated.

3.2 Convergence of the proposed method
In order to compare the convergence of the existing method and the proposed method, the
following performance function is considered

G(X) = R − (G + Q + S )

(14)

where R, G, Q and S are the resistance, dead load, live load and snow load, respectively. The
details (the mean value, coefficient of variation and third moment) of the basic variables are
shown in Table 1.
Table 1: Basic random variables for Eq. (14)

RVs
R
G
Q
S

µSi
―
1
0.5
0.47

Vi
0.2
0.1
0.59
0.21

α3i
0.608
0
1.18
1.14

With the steps a to c in section 2.2, µR0 and µRT can be calculated. Here µRT is called µRT1,
which means one time iteration. Then repeat step b and c for k times, the results are shown in
table 2 for target reliability 2.0, where µRTk means the kth iteration value of the target mean
resistance. From the results, if Eq. (10) is replaced by Eq. (13) and the two step recursive optimization is proceeded using Eq. (13) and Eq. (9), theoretically, it requires 2 times iteration
to obtain the convergence value. It is evident that the convergence speed of the proposed formula is faster than the existing formula, which requires 4 times iteration. However, for
simplicity, in the proposed method no iteration is required. µRT0 calculated by Eq. (13) is di-

2921

rectly regarded as the target mean resistance. In Table 2, the target mean resistance calculated
by the proposed method is 3.27, which is close to the convergence value 3.32, and closer than
the existing method with the value 3.25.
Table 2: Convergence of the existing formula and the proposed formula

Method
µRT0 µRT1 µRT2 µRT3 µRT4 µRT5
Existing formula 3.07 3.25 3.30 3.31 3.32 3.32
Proposed formula 3.27 3.31 3.32 3.32 3.32 3.32

μRT

Considering the target reliability index from 1.0 to 4.0, the results of the existing method,
the proposed method and the convergence value are given to measure the convergence properties of two different methods, as shown in Figure 1. In the case of the target reliability index
less than 2.5, the result of the proposed method is slightly greater than that of the existing
method. And that is safer in design for the result of the existing method is less than the convergence value. In the case of βT greater than 2.5, the target mean resistances calculated by
both methods are greater than the convergence value. The result of the proposed method gets
much greater than that of the existing method, but with error in acceptable range. As in structure design, more is better than less, the proposed method is safer. In conclusion, in the range
of the target reliability index 1.0-4.0, the convergence property of the proposed method is
better than the exiting method.
5.5
convergence value
the existing method
the proposed method

5
4.5
4
3.5
3
2.5
1

1.5

2

2.5

3

3.5

4
βT

Figure1: The target mean resistance

4 Application of the new method
In order to investigate the application of the proposed method, the following example is
considered [9]

G(X) = R − (D + L + S )

(15)

where R, D, L and S are the resistance, dead load, live load and snow load, respectively.
The load combination is the same as ASCE 7-10, combination 2 of Section 2.3.2. The details (the mean value, coefficient of variation and third moment) of the basic variables are

2922

shown in Table 3. Although the distribution types of loads and resistance are not necessary in
the calculation of load and resistance factors, they are given in Table 3 for the Monte-Carlo
(MC) simulation.
Table 3: Basic random variables for Eq. (19)

RVs µQi/Dn
R
―
D
1
L
0.175
S
0.6874

Vi σQi = µQi/Dn · Vi α3i µR/Rn or µQi/Qin Qin/Dn Distribution
0.09
―
0.27
1.06
―
Lognormal
0.25
0.25
0
1.0
1
Normal
0.59
0.103
1.18
0.35
0.5
Gamma
0.21
0.144
1.14
0.982
0.7
Gumbel

The results of load and resistance factors in different methods are listed in Table 4. The results show that the resistance factors ϕ are in great agreement. And the results of the live load
factor γL and the snow load factor γS are also close, while the dead load factor γD in ASCE is
slightly greater than that in existing and proposed 3M method.
Table 4: Results of load and resistance factors in different methods

ϕ
γD
γL
γS
ASCE method
0.877 1.600 0.598 1.229
Existing 3M method 0.865 1.439 0.500 1.191
Proposed method
0.848 1.383 0.481 1.164
In order to compare the accuracy of three methods, with the load and resistance factors in
Table 4, MC simulation (100,000 times) is used to calculate the reliabilities. For MC simulation, the calculation of µR/Dn is necessary (e.g. the proposed method):

µR
Dn

=

µ R Rn
⋅

Rn Dn

=

µ R 1 ⎛
D
L
S ⎞
⋅ ⎜⎜ γ D ⋅ n + γ L ⋅ n + γ S ⋅ n ⎟⎟ = 3.05
Rn φ ⎝
Dn
Dn
Dn ⎠

With the values of µR/Dn, µD/Dn, µL/Dn and µS/Dn, the results of reliabilities using MC simulation are shown in Table 5, reliability 3.01 of the proposed method is closest to the target
reliability 3.0. Therefore, the proposed method is considered accurate enough. The existing
method is also accurate and safe, but in this method, there are a lot of limitations and one time
iteration is inevitable. The ASCE method is much simple, but the reliability by this method is
much greater than the target reliability, which is safe but waste of structural materials.
Table 5: Reliability of MC simulation with different methods

ASCE method Existing 3M method Proposed method
β
3.53
3.08
3.01
The above example is based on the assumption of βT = 3. In ASCE 7-10 Section 1.5.1,
building and other structures are classified to four different risk categories based on the risk to
human life, health, and welfare associated with their damage or failure by nature of their occupancy or use. For different risk category and damage type, in ASCE 7-10 C1.3.1 the acceptable reliability indexes (βT = 2.5 - 4.5) are provided for a 50-year service period. In this paper,
βT = 1.0 - 4.5 is chose to analyze the application of three different methods.
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As shown in Figure 2, load and resistance factors calculated with the existing method,
ASCE method and the proposed method are inconsistent. And the difference increases with
the increase of the target reliability βT. For resistance factor, the difference of three methods is
slight.

2

	
 β

Load and resistance factors

Figure 3 is the comparison of reliability calculated with different methods for βT = 1.0 - 4.5.
The result of ASCE method is obviously greater than the other two methods and much greater
than the target reliability, while the results of the existing method and the proposed method
are close to the target reliability. The reliability calculated with the proposed method is closest
to the target reliability, although it is a little lower than the target reliability in the case of βT is
great.
Existing method
ASCE 7-10 method
Proposed method

1.8
1.6

γ

4
D

3.5

1.4

3

1.2
γ

1

ϕ

0.8
0.6
0.4

4.5
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2.5
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2
γ

1.5

ASCE method
Existing method
Proposed method

1.5

L
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3

3.5
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1
1

4.5
βT

Figure 2: Load and resistance factors calculated
with different methods for βT = 1.0 - 4.5
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2.5

3

3.5

4

4.5
	
 βT

Figure 3: Reliability calculated with different methods for βT = 1.0 - 4.5

β

In order to investigate the sensitivity of load in the three methods, the influence of the snow
load (Sn/Dn = 0.5-2.5) is considered. As shown in Figure 4, the results of all three methods are
much greater than the target reliability 3.0, in which the result of the proposed method is relatively close to 3.0.
4.5

4

ASCE method
Existing method
Proposed method

3.5

3

2.5
0.5

1

1.5

2

2.5
Sn/Dn

Figure 4: Reliability calculated with different methods for Sn/Dn = 0.5-2.5 (βT = 3)

5 Conclusion
In this paper a simplified third-moment method for determining the load and resistance factors was proposed. Compared with the ASCE method and the existing 3M method, the following advantages of the proposed method are considered significant.
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1. The proposed method is simpler than the existing 3M method. The one time iteration in
the computation of the target mean resistance in the existing 3M method was simplified to
no iteration in the proposed method.
2. The convergence of the proposed method in the computation is better than the existing 3M
method. Simultaneously, the accuracy of the proposed method is good enough.
3. There is no mathematical limitation in the computation of the target reliability in the
proposed method, while in the existing 3M method, the mathematical limitation is inevitable.
4. Compared with the ASCE method, the proposed method is considered safe and saving
material.
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Abstract: In practical engineering problems, the distributions of some random
variables are often unknown and the only available information about these may
be their statistical moments. To conduct structural reliability analysis without the
exclusion of random variables with unknown probability distributions, the Hermite
moment model, using skewness and kurtosis to transform between Gaussian and
non-Gaussian random variables, are developed and shown to be very flexible.
However, due to the monotone limitation of the Hermite moment model, there are
some variables with high skewness but near-Gaussian kurtosis for which the transformation is nonmonotonic and cannot be applied directly. A numerical alternate
solution technique is offered by Choi and Sweetman, which overcomes the monotone limitations of the original Hermite moment model. Although the alternative
completes the original Hermite moment model for all practical paired values of
skewness and kurtosis, the boundaries among different expressions are incorrect
and implicit. The objective of the present paper is thus to propose a theoretical
alternative implementation of the Hermite moment method, with proper and clear
boundaries among different expressions. The boundaries among different expressions of the alternative are identified and discussed. Comparison studies among the
numerical and theoretical alternatives of the Hermite model are conducted based
on practical examples. It can be concluded that the proposed theoretical alternative
implementation of the Hermite model is accurate and efficient for transformation
between the Gaussian and non-Gaussian variables with high skewness and near
Gaussian kurtosis.

1 Introduction
The reliability analysis of uncertain structural systems subjected to random loads is of great
engineering interest and poses a challenging computational problem. A large number of reliability analysis methods have been developed during the last four decades. The most commonly used methods include FORM [1, 2], SORM [3-5], the importance sampling Monte Carlo
simulation (MCS) [6, 7], as well as the method of moments [8, 9]. In almost all these analysis
methods, the probability density functions (PDFs) and the cumulative density functions
(CDFs) of the random variables are assumed to be known. However, in engineering practice,
the probability distributions of some random variables are often unknown and the only available information about these may be their statistical moments. In such circumstances, the
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normal and inverse-normal transformations are realized using the first few moments of the
random variables, e.g., mean, standard deviation, skewness, and kurtosis.
One method to realize the transformations based on the first four moments is to use distribution families, such as the Pearson system and the Burr system [10]. Although these systems
are very flexible, they are difficult to implement, in particular, at the artificial interfaces between different distribution types. Low [11] proposed a shifted generalized lognormal distribution (SGLD). Although this distribution possesses many desirable advantages, it requires
complicated computation.
Another method is to use polynomial transformations, in which the normal and inversenormal transformations are realized by using polynomials. Various such transformations have
been proposed such as the Gram–Charlier series [12], Edgeworth series [13], and Longuet–
Higgins series [14]. These series distribution methods have a common weakness: They all
tend to exhibit oscillating and negative tail behaviours. Overcoming this weakness, the Hermite moment model was developed and shown to be more flexible over a wider range of
skewness and kurtosis values [15, 16]. This Hermite moment model offers equivalent fractile
mapping between non-Gaussian variable x and Gaussian variable u and has been widely applied to a variety of areas: non-Gaussian excitation and structural response estimation [17],
extreme response estimation [18], non-Gaussian wave kinematics estimation [19], and nonGaussian simulation [20].
The Hermite moment model has been constrained by a monotone limit, which makes it cannot
be directly applied in random variables with near-Gaussian kurtosis. Also, the Hermite moment model fails in giving inverse function of the hardening model, whose probability distribution has thinner tails than the Gaussian distribution, Choi and Sweetman [21] offered an
alternate solution technique to overcome the monotone limitations of the original Hermit
moment model. However, the need to identify the points of transition between the different
models complicates Choi and Sweetman’s method. The results of the transformations obtained by Choi and Sweetman’s method were accurate only for the case when the relationship
between u and x is one-to-one. It should be noted that by using the Hermite moment model, a
Gaussian variable u is expressed as a third-order polynomial of the non-Gaussian variable.
With different combinations of skewness and kurtosis, which result in different combinations
of the parameters of the polynomial function, the relationship between x and u is not always
one-to-one. Without accurate expression of Hermite moment model for the abovementioned
case, the Hermite model will be inappropriate, even unreliable, to be used in structural reliability for the hardening variables. .
Therefore, the objectives of this paper are to derive a theoretical alternative implementation of
the Hermite moment model for hardening variables with all practical pairs of skewness and
kurtosis. This paper is organized as follows: After a review of the previous studies and a definition of the problem described above, Section 3 presents the derivation of the complete expression of the Hermite moment model for hardening variables. The application of the
proposed method in structural reliability analysis including random variables with unknown
CDFs/PDFs is further investigated in Section 4. Finally, the findings of the present study are
concluded in Section 5.
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2 Theoretical alternative implementation of the Hermite moment
model
2.1 Review of the original fourth-moment Hermite moment model
The fourth-moment Hermite moment model uses skewness and kurtosis to transform between
standardized normal and equivalent random variables. The forward transformation maps
standard normal variable to random variable, and the backward transformation maps random
variable to standard normal equivalent. The probability distribution of a softening variable has
thicker tails than a Gaussian distribution. Conversely, the probability distribution of a hardening variable has thinner tails than the Gaussian distribution. Although this paper focusses on
the hardening variable, the original Hermite moment model for the softening variable is still
summarized in the following to give a whole description of the original Hermite moment
model.
A softening random variable can be expressed by a Hermite polynomial series expansion of
the standard normal random variable [15, 16]
xs 

x  x

x

N 

 k{u   hn Hen 1 (u )}

(1)

n 3

 k{u  h3 (u 2 1)  h4 (u3  3u)}

(2)

where xs is standardized random variable; x and x are the mean and standard deviation of x;
k is a scale factor that ensures x has unit variance. Hen is the nth Hermite polynomial:
He1()=, He2()=2-1, He3()=3-, etc., where is any value. Coefficients h3 and h4 are
directly calculated from the skewness and kurtosis of the random variable x. Similarly, a
Gaussian variable can be expressed by a Hermite polynomial series expansion of a hardening
random variable
N 

u  xs   hn Hen 1 ( xs )

(3)

n 3

(4)
 xs  h3 ( xs2 1)  h4 ( xs3  3xs )
In both transformations, the Hermite polynomial coefficients hn give shape to the resulting
distributions. Taking second-order terms of the expansion yields direct relationships between
the first n Hermite coefficients and the first n statistical moments of the standardized nonGaussian variable [15, 16]

h3 

1  1.5( 4 x  3)  1
3x
1
, h4 
, k
18
4  2 1  1.5( 4 x  3)
1  2h32  6h42

(5)

Eqs. (2) and (4) directly map thin- to thick-tailed distributions; mapping from thick- to thintailed distributions requires inversion of the polynomial transformation. Winterstein did not
provide an inversion of Eq. (4); he did provide an inversion of Eq. (2), which is applicable
only inside the monotone limits [15, 16], and expressed as

u  [  2 ( xs )  ch   ( xs )]1/3  [  2 ( xs )  ch   ( xs )]1/3  ah
where
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(6)

h3
xs  3
1

2 3
  ah , ah  3h , bh  3h , ch  (bh  1  ah )
k


4
4
2
Equation (6) requires  +c is negative.

 ( xs )  1.5bh  ah 

(7)

2.2 Limitations of the Original Hermite Model
The model developed by Winterstein has two limitations: (1) the monotone limit, which enables a simple inversion of the cubic polynomial over the entire fractile range, and (2) a practical limit predicted by the underlying theory defining theoretically impossible combinations of
skewness and kurtosis [15, 16]. This paper provides an alternative inversion methodology that
is not subject to the monotone limit.
The practical applicable regions of the Hermite moment model are respectively depicted in
Fig. 1, where the curved lines are the monotone and practical limits, which divide the space
into various regions, and formulated as
Monotone Limit:

h32 1
p   2  3 0
3h4 h4

(8)

where p is the parameter to determine the monotonicity of the Hermite polynomial. The
values of h3, h4 for the monotone limit, i.e. Eq. (8), are obtained by using Eq. (5).

4 x  32x  1

Practical Limit:

(9)

5
Monotone limit
Practical limit

IX

IX

4
I
III X

4x

IIX

2

1

III X
III
IV

3

-3

-2

III
IV

II

-1

0

3x

IIX

1

2

3

Figure 1: 3x|<7; (b) practical applicable range, 3x|<3

In regions I and II the original polynomials are applicable (Eqs. (2) and (4)). The pre-existing
inversion of the original Hermite moment model is only applicable in region I (Eq. (6)) for
softening model. Choi and Sweetman has offered an theoretical alternative for use in regions
III and IV, which, however, failed in giving accurate expression of the transformation in the
case when the relationship between x and u is not one-to-one. Here an accurate theoretical
alternative implementation for use in region II and IV are proposed. The new method is applicable to either forward or backward transformations, and is suitable for the case when the
relationship between x and u is not one-to-one. Skewness and kurtosis combinations outside
the practical limit are extremely rare, and use of the Hermite model would generally not be
useful or justified (IX, IIX, and IIIX).
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2.3 A Theoretical Alternative Inversion of the Hermite Polynomial
Here, a new inversion methodology of the original Hermite polynomials is offered to enable
use of the Hermite moment model of extreme values in Cases II and IV, where the polynomial is monotonic and nonmonotone, respectively. This alternative are deduced for the backward
transformation for a hardening response. The advantage of the proposed theoretical alternative
inversion of the Hermite polynomial over the original and Choi and Sweetman’s methods are
that: (1) it is applicable for the case when the Hermtie polynomial is nonmonotonic, where the
original one is unapplicable; (2) it gives accurate results in the case when the the relationship
between x and u is not one-to-one, where Choi and Sweetman’s method is inaccurate.
Firstly, the forward transformation for a hardening response, Eq. (4), is rearranged to a more
convenient form, as follows

h4 ( xs3  a2 xs2  a1xs  a0 )  0
where a0, a1, and a2 are coefficients, expressed as
a0  (u  h3 ) / h4 , a1  (1  3h4 ) / h4 , a2  h3 / h4

(10)
(11)

The non-Gaussian equivalent of the specified u is a value of x (or xs) solving the cubic equation, Eq. (10). Among many existing solution approaches, the most practical here is to find its
real roots through use of a trigonometric identity. In this solution, the real roots are selected
based on computed parameters skewness 3x, the value of xs and p.
(1) If p≥0, the Eq. (10) is monotone. The original Hermite moment model failed in giving the
inversion. This alternate inversion yields numerical results identical to those of Choi and
Sweetman’s formula, but in a simpler form.
xs  3 A  3 B  a2 / 3

(12)

where A and B are parameters calculated from 3x and 4x, expressed as
q
q
A   , B  
(13)
2
2
2 3 a1a2
3
2
a2 
 a0  u
   p / 3   q / 2  , q 
(14)
27
3
(2) If p<0, the Eq. (10) is nonmonotone. The real roots are selected depend on the sign of the
skewness 3x and the value of xs.
For 3x<0
*
*

2 p / 3 cos[(   ) / 3]  a2 / 3 J 2  u  J1
xs  
3
3
u  J 2*

 A  B  a2 / 3

(15)

For 3x≥0


J 2*  u  J1*
2 p / 3 cos[ / 3]  a2 / 3
xs  
3
3
J1*  u

 A  B  a2 / 3
where , J1* and J2*are parameters calculated from 3x and 4x, expressed as

  tan 1 (  2  / q)
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(16)

(17)

3

3
aa
2 3 a1a2
2
(18)
a2 
 a3 , J 2*  2  p / 3 2  a23  1 2  a3
27
3
27
3
If the kurtosis of a random variable is exactly 3, h4=0, and then Eq. (4) reduces to a quadratic.
The inversion for the quadratic is

J1*  2  p / 3 2 

1  1  4h3 (h3  u / k )
2h3
This expression can also be used directly as a three-moment model of extremes.
xs 

(19)

3 Application of the theoretical alternative of the Hermite model
3.1 Example 1: The x-u and u-x Transformation
In evaluating a normal transformation technique, the first concern could be how the relation
between Gaussian and non-Gaussian variables is described by the technique. Suppose a
random variable is known to have a PDF, the normal (x-u) and inverse-normal
transformations (u-x) can be obtained by using the proposed theoretical alternative of the
Hermite model, the original Hermite model and Choi and Sweetman’s formula. Since the
Rosenblatt transformation completely preserves the known marginal distribution, that is, it is
used herein as the benchmark in performance evaluation for the other normal transformation
techniques.
The first example considers four non-normal variables Weibull distributions with different
statistical moments. Since the PDFs are known, the first four moments of these four random
variables can be readily obtained, which are also listed in Table 1. Using the first four
moments, the parameters of the Hermite moment model can be obtained by using Eq. (5), the
paramters of the proposed method can be obtained by using Eqs. (13), (14), (17) and (18). All
the paramters are also listed in Table 1.
The changes of the u-x transformation with u for the random variable following Weibull
distribution are shown in Fig. 2. The results are obtained from different methods i.e., the
Rosenblatt transformation (Rosenblatt), the proposed method (The proposed), and the Choi
and Sweetman’s method (Choi and Sweetman). Noted that the original Hermite moment
model failed to give expressions for the u-x transformation, it is not used here. Fig. 2 reveal
the following:
(1) For random variables with relatively large standard deviation as shown in Fig. 2 (c) and
(d), both the proposed method and Choi and Sweetman’s formula provides good results,
which are in close agreement with those obtained from the Rosenblatt transformation.
(2) For random variable x with relatively small standard deviation, e.g., Figs. 2 (a) and (b),
the performance of Choi and Sweetman’s formula depends on the absolute value of u.
When the absolute value of u is small, the results obtained from Choi and Sweetman’s
formula are similar with those obtained from the Rosenblatt transformation; when the absolute value of u becomes larger, the results calculated using Choi and Sweetman’s formula differ greatly from those by using the Rosenblatt transformation.
(3) In Figs 2 (a) and (b), where the standard deviation of x is relative small, the u-x transformation obtained using the proposed formula provides better results than those obtained by
Choi and Sweetman’s formula and are in close agreement with the exact ones obtained by
the Rosenblatt transformation. Take the random variable in Fig. 2 (a) for example, when
u= 5.0, the value of xs obtained by the Rosenblatt transformation is 4.336, while those
obtained by the proposed and Choi and Sweetman’s formula are 4.049 and 3.293,
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respectively. Another example considers the variable shown in Fig. 2 (b): when u= 4.0,
the value of xs obtained by the Rosenblatt transformation is 3.599, while those obtained by
the FMNT and Winterstein formula are 3.518 and 3.249, respectively.
Table 1: Probability distributions and their statistical parameters for Example 1

No 
1
2
3
4

The first four moments

x x
1
1
1
1

0.25
0.30
0.35
0.40

3x

4x

-0.185
-0.026
0.128
0.277

2.814
2.723
2.718
2.788

Parameters of the proposed method
h3 (×10 ) h4 (×10-2)
k
p (×102) J1* (×102) J2* (×102)
-3.252
-0.839 0.9987 -1.272
7.106
-3.939
-0.470
-1.306 0.9995 -0.796
2.826
-2.642
2.312
-1.337 0.9989 -0.788
2.258
-3.128
4.899
-0.970 0.9973 -1.146
2.891
-6.552
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Figure 2: Comparison of u-x transformation with different methods

3.2 Example 2: Reliability Inculding Random Variables with Unknown
CDF/PDF by Using the Proposed Method
For a reliability analysis where all the random variables have known CDFs/PDFs, the analysis
can be conducted using the general MCS procedure [23]. For a reliability analysis including
random variables with unknown CDFs/PDFs, the samples are obtained by firstly generating a
set of standard normal variable and then transforming the set into random variables with the
proposed u-x transformation formula. With the proposed method, the procedure for reliability
analysis including random variables with unknown CDFs/PDFs is identical to that of the
general MCS, with the exception of the computation of the u-x transformation. Therefore,
using the proposed method for reliability analysis, which includes random variables with
unknown CDFs/PDFs, requires only minimal computational efforts compared with the
general MCS procedure.
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Figure. 3. Roof structure in the second example

The second example considers a roof structure subjected to a uniformly distributed vertical
load qr, as shown in Fig. 3, which has been investigated by Dubourg and Sudret [24]. The top
cords and the compression bars are concrete, and the bottom cords and the tension bars are
steel. In structural analysis, the uniformly distributed load qr was transformed into three nodal
loads, each is P=qrl/4. The serviceability limit state of the structure with respect to its
maximum vertical displacement was considered. The performance function is given by

G ( X)  ua 

qr l 2 3.81 1.13
(

)
2 Ac Ec As Es

(20)

in which ua is the allowable displacement, E and A denote the Modulus of elasticity and crosssectional area, and the subscripts s and c indicate the material steel and concrete, respectively.
Table 4 summarizes the statistical information of the random variables.
Table 4. Random variables for the second example (roof structure)



The first four moments
Variable

Dist.

x

x

qr (N/m)
l (m)
As (m2)
Ac (m2)
Es (N/m2)
Ec (N/m2)

Weibull
Normal
Normal
Normal
Normal
Normal

20,000
12
9.82×10-4
400×10-4
1×1011
2×1010

8000
0.12
5.89×10-5
4.8×10-3
0.6×1010
1.2×109

h3
(×10-2)
0.277 2.788 4.9
0
0
3
0
3
0
0
3
0
0
0
3
0
3
0

3x

4x

h4
(×10-2)
-9.7
0
0
0
0
0

p

J1* J2* 

91.58
-----------

-------------

-------------

3.5
3.0

with known CDF/PDFs

reliability index 

with unknown CDF/PDFs
2.5
2.0
1.5
1.0
0.5
0.030

0.035

0.040

0.045
ua

0.050

0.055

0.060

Figure. 4. Comparison between reliability indexes obtained with known and unknown CDF/PDFs

Because all the random variables are assumed to have known CDFs/PDFs, the reliability
index, , can be readily obtained using the general MCS procedure. To investigate the
efficiency of the proposed reliability method, including random variables with unknown
CDFs/PDFs, the CDFs/PDFs of random variables qr, l, As, Ac, Es, Ec are assumed to be
unknown, and only their first four moments are assumed to be known. With the first four
moments, the parameters of the proposed method can be obtained (listed in Table4), and the
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u-x transformation of the random variables can be easily performed using the proposed
method.
The reliability index, , obtained using the CDFs/PDFs of the random variables, and only the
first four moments of random variables are depicted in Fig. 4 for the value of ua is in the range
of 0.03~0.06 m. As can be observed from Fig. 4 that the reliability indices obtained using
only the first four moments of the random variables with the aid of the prpoposed method are
in good agreement with those obtained using the CDFs/PDFs of the random variables.

4 Conclusions
The Hermite moment model is widely used to transform extreme fractiles between Gaussian
and non-Gaussian variables. Historically, the model cannot be used to perform u-x transformation for hardening variables, and the model has been constrained by a monotone limit.
Here, the monotone limit is investigated in detail and mathematically expressed as an ellipse
and a section of arc in skewness-kurtosis space (Fig. 1 (a)). A complete theoretical alternative
implementation is offered to overcome the monotone limitations of the original Hermite moment model for the hardening variables. The work presented here completes the original
Hermite moment model for all practical paired values of skewness and kurtosis for hardening
variables.
The transformations from Gaussian to non-Gaussian variables by using the proposed
implementation are investigated. The proposed implementation is found to be able to perform
the u-x transformation for hardening variable and the results obtained by the proposed
implementation are found to be much better than those obtained from the Choi and
Sweetman’s formula. The application of the complete implementation of the Hermite model
in MCS including random variables with unknown CDFs/PDFs (or using the first four
moments of the random variables) is also investigated, and the results obtained by the
proposed implementation are close to those by using known CDFs/PDFs. It can be concluded
that the proposed implementation is quite efficient for transformation from Gaussian to nonGaussian variables and sufficiently accurate to include random variables with unknown
probability distributions in structural reliability analysis.
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Abstract: Community resilience depends on the performance of the built environment and on supporting social, economic and public institutions that are essential for response and recovery of the community following a hazard event. The
social needs of a community are not reflected in codes, standards, and other regulatory documents currently used to design individual facilities. A new approach is
necessary, one which is interdisciplinary in nature and reflects the complex interdependencies among the physical, social, and economic systems on which a
healthy and vibrant community depends. The Center for Risk-Based Community
Resilience Planning, headquartered at Colorado State University in Fort Collins,
Colorado, and eight partner universities, was established by the National Institute
of Standards and Technology to advance the measurement science for understanding the factors that make a community resilient, to assess the likely impact of natural hazards on communities, and to develop risk-informed decision strategies that
optimize planning for and recovery from disasters. This presentation summarizes
the approach taken by the Center’s research teams during its first two years to advance the science underlying community resilience assessment and risk-informed
planning and recovery strategies.
Keywords: Buildings, Civil infrastructure, Decision algorithms, Natural
hazards, Risk.

1 Introduction
Community resilience depends on the performance of the built environment and on supporting social, economic, and public institutions that, individually and collectively, are essential
for immediate response and long-term recovery within the community following a hazard
event. The performance of the built environment, which is a key factor in community resilience, is largely determined by codes and standards, which are applicable to individual facilities and have the primary objective of preserving life safety under severe events. Current
design standards, such as ASCE Standard 7 [1], generally do not address facility performance
in the period of recovery following an event. Moreover, the design of interdependent trans-
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portation systems, utilities, and communication systems currently is based on different performance criteria. Accordingly, there is no assurance that all systems required for community
resilience will perform at a consistent level during and following an extreme hazard event.
Furthermore, the resilience goals of a community are based on social needs and objectives
that are specific to its character – its prior experience with natural hazards, the vulnerability of
the population, economic and financial drivers and resources, and local building regulations
and construction practices, all of which are factors that fall outside the purview of infrastructure design. Finally, much of the needed science only exists in rudimentary form at present.
This includes science-based measurement tools to address deficiencies in current practices
and to evaluate performance and resilience at the community scale, fully integrated supporting databases, and risk-informed decision frameworks to support optimal life-cycle technical
and social policies aimed at enhancing community resilience [2, 3].
Natural and man-made disasters in the United States are responsible for over $55 billion in
average annual costs in terms of injuries and lives lost, disruption of commerce and economic
networks, property damaged or destroyed, the cost of mobilizing emergency response personnel and equipment, and recovery of essential services [4,5]. The potential exists for even
larger losses in the future, given that population and infrastructure development in hazardprone areas of the United States [as of 2010, 39 % of the U.S. population lived in a county
that touches the coast (www.noaa.gov)] are increasing dramatically and that global warming
may affect both the frequency and severity of the extreme events from natural hazards [6]. A
new approach is needed, one that reflects the complex inter-dependencies among the physical,
social and economic systems on which community well-being depends. The vast majority of
research on community resilience in the past decade has focused on the impact of severe
earthquakes on the physical infrastructure in communities [7, 8, 9, 10] or on the impact of
hazard events on community social institutions [e.g., 11, 12]. Little attention has been paid to
other natural hazards, including those that might be impacted by global warming [6, 13].
Resilience assessment has become a national imperative [5, 14], not only in the United States
but in Europe and the countries in the Asia-Pacific Rim.
The Center for Risk-Based Community Resilience Planning, headquartered at Colorado State
University in Fort Collins, Colorado, was established by the National Institute of Standards
and Technology (NIST) in 2015. The Center’s overarching goals are to establish the measurement science for understanding the factors that make a community resilient, to assess the
likely impact of natural hazards on communities, and to develop risk-informed decision tools
and strategies that optimize planning for and recovery from hazard events and are consistent
with local community financial constraints, values and preferences. In this paper, we introduce this Mini-symposium on Enhancing Urban Resilience Under National Hazards by
presenting an overview of the Center’s research activities during its first two years, including
multiple hazards and their cascading effects on infrastructure, the role of supporting economic
networks and social systems on community resilience and post-hazard event recovery, the
impact of aging infrastructure, and the identification and articulation of performance metrics
and requirements. We include several community resilience testbeds, which have been designed to allow Center research teams to initiate, test, and modify essential community resilience assessment models and algorithms early in the program and to facilitate the essential
interdisciplinary collaborations and approaches to community resilience assessment that will
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be necessary for the Center’s ultimate success. We conclude with a summary of significant
challenges for community resilience research and Center research activities designed to address many of them.

2 Summary of Center Research Tasks
The Center is engaged in three major research thrusts to accomplish its programmatic goals:
(1) developing the interdependent networked community resilience modeling environment
(IN-CORE) to quantitatively assess alternative community resilience strategies; (2) instituting
a standardized data ontology, robust architecture, and management tools to support INCORE; and (3) performing a comprehensive set of testbeds and disaster hindcasts to validate
this advanced computational modeling environment and to lead to practical risk-informed
decision tools for community resilience assessment and risk mitigation.
Thrust (1) Development of the IN-CORE modeling environment: Initial efforts within the
Center during its first two years have focused on Thrust 1, on which all else depends. Thrust
1 consists of eight tasks, which are running concurrently, rather than sequentially: (1) Hazards
modeling; (2) Damage, loss, and recovery of physical infrastructure systems modeling; (3)
System modeling of community resilience; (4) Development of the IN-CORE modeling environment; (5) Model validation by hindcasting; (6) Development of performance metrics for
community resilience; (7) Resolution and scalability studies; and (8) Development of optimization strategies and decision methods for community resilience.
Natural hazards considered include earthquakes and tsunamis, tornadoes, hurricane winds,
coastal storm surge and inundation, riverine flooding, and wildfires. In some cases, the individual hazard formulations are reasonably well-understood, especially for earthquakes where
the National Earthquake Hazard Reduction Program has produced advanced knowledge of
earthquake hazards and civil infrastructure response over the past four decades. In other cases
(riverine flooding, storm surge, tornado, and wildfires), improved models of the hazard and its
impact on the built environment are required for quantitative community resilience assessment. Similarly, the state of the art regarding the performance of individual constructed facilities (e.g., buildings, bridges, buried piping, electrical transmission and distribution systems)
and the integrity of individual infrastructure systems (electrical, gas, and water distribution
systems) during hazard events is reasonably mature. Such systems are interconnected, however, and their functioning is dependent on the availability and functioning of other connected
systems [15].
The distinctive features of each hazard (e.g., advance warning time, area affected, type and
severity of damage, populations displaced) have caused hazard mitigation methodologies to
be strongly hazard-dependent. Multiple hazards, and differences in community response to
them, or synergies that might be achieved in policies to mitigate risk or enhance community
resilience under multiple hazards, have received limited attention [16]. Furthermore, the performance of physical infrastructure systems during and following a hazard event may be positively correlated depending on the spatial scale of the hazard and the interconnected nature of
their successful (or unsuccessful) operations within the community. These positive spatiotemporal correlations for physical systems must be considered in resilience assessment and
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combined with social and economic models which affect both the ability to prepare for and
recover from an event. Finally, the numerous sources of uncertainties associated with the life
cycle performance of infrastructure systems mandate a risk-informed decision-making approach to assess facility and community risks and to identify cost-effective strategies to enhance community resilience [17].
Accordingly, the first two years of the Center have seen the compilation of existing stochastic
models for performance of the built environment in the form of hazards and multidimensional fragilities; the development of new stochastic models of infrastructure performance where none previously existed; consideration of interdependencies including physical,
social, and economic interactions; development of computable general equilibrium models to
assess the economic impacts of a specific hazard on a community in terms of job loss, declines in tax base, reductions in household income, and other measures of community wellbeing; inclusion of the effects of household demographics; and validation of the fundamental
resilience assessment algorithms for specific communities and hazard scenarios with default
stochastic models (summarized in Section 3).
Thrust (2) Development of standardized data ontologies, robust architecture, and management tools to support IN-CORE: IN-CORE is being designed to be an open-source,
integrated multi-scale, multi-hazard computational modeling environment, providing extension points where software developers can add new modules to simulate response, interactions, and recovery of major infrastructure, social, or economic systems. Since community
resilience assessment involves multiple domains of science, engineering, and socioeconomics, defining a common language within those communities is essential. Databases in
international resilience-related research are being developed by different users, using different
methods and have different purposes. It is essential that these databases interface seamlessly
in the IN-CORE environment. This task focuses on collecting and analyzing user requirements, metrics, and measurements within the user communities and stakeholders, at the same
time that the algorithms being developed in Thrust (1) are coded into the computational modeling environment.
Thrust (3) Validation of the modeling environment from testbeds and hindcasts to develop decision tools: While thrust (3) must await the completion of IN-CORE Version 1,
which is anticipated in year 3 of the Center, hindcasts and field studies have progressed in
year 2, as described in Section 3.

3 Community Resilience Studies
The Center has several community resilience studies in progress to provide focus to Center
engineers in developing the physical infrastructure models – hazards, fragilities, and infrastructure interdependencies – needed for community resilience assessment. These studies are
intended to allow the Center’s interdisciplinary research teams to initiate, test, and modify
resilience assessment models and algorithms prior to the time IN-CORE becomes fully operational; to stress these assessment models in a controlled manner; to examine varying degrees
of dependency between physical, social and economic infrastructure systems; to allow issues
of scalability in modeling to be addressed; to inform the subsequent development of more
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refined community resilience assessment methods; and to facilitate interdisciplinary collaborations and approaches to community resilience assessment that will be essential for the Center to achieve its goals. Each of these studies, summarized below, has a somewhat different
objective. We refer to some of these studies as testbeds; these are intended to study the impact of various scenario hazards on communities that have not yet been exposed to such hazards, and are used for purposes of algorithm and database development, to resolve issues of
modeling interdependencies, scaling, and resolution, and to capture the interfaces between
physical/social/economic systems. Other studies are referred to as hindcasts; in contrast to
the testbeds, the hindcasts represent an attempt to reproduce what actually happened during
an extreme hazard event, using the physics-based models of physics-based infrastructure behavior and integrated social and economic databases developed in other Center research tasks.
The hindcasts requires careful treatment of data from past events to ensure they do not bias
the development of the models. We view both testbeds and hindcasts as essential ingredients
of validating the algorithms and databases in IN-CORE.

3.1 The Centerville Virtual Community Testbed (Earthquake and Tornado)
The Centerville Testbed involves a virtual community of about 50,000 in the Central United
States. It is an average community in most respects (population demographics were obtained
from the American Community Survey, published by the US Census Bureau), although there
are pockets of low-to-moderate income residents who may be especially vulnerable to a natural hazard event. Its diversified economy includes commercial/retail, professional services,
education/healthcare, industry and public sectors. The physical infrastructure includes a variety of residential, commercial and industrial buildings, bridges and transportation facilities,
and utility networks, each of which represents a distinct spatial infrastructure topology [18,
19, 20, 21, 22]. Physical and socioeconomic systems are modeled in this testbed as interdependent; the performance of physical infrastructure under stipulated scenario hazards provides
the initial conditions to the social and economic models needed to obtain a broad perspective
of the impact of such hazards on community well-being. A recent issue of Sustainable and
Resilient Infrastructure [23] is devoted to the Centerville Testbed. Topics covered include a
description of Centerville, its building inventory, transportation network, coupled water and
electrical power network, and its community economic and social demographics; a building
inventory fragility analysis to support multiscale community resilience assessment; a multiobjective optimization approach for allocating retrofit resources to minimize population dislocation and economic losses; performance of electrical power networks during scenario tornadoes; performance of interdependent electrical and water systems under scenario earthquakes;
and the use of computable generalized equilibrium (CGE) economic models for assessing
impact of natural hazard events on a typical community.

3.2 Seaside, Oregon Testbed (Earthquake and Tsunamis)
In contrast to Centerville, Seaside, OR is a real community, a popular oceanfront resort of
approximately 6,500 permanent inhabitants, situated on the Pacific coast about 80 miles NW
of Portland, OR. The Oregon/Washington coast is approximately 120 km directly east of the
Cascadia Subduction Zone, which is capable of generating Magnitude 9 earthquakes and producing a devastating tsunami of as much as 30 m in height that would reach the Oregon coast
within 10 to 15 minutes. While seismic fragility analysis is relatively mature, the vast majority of fragilities for tsunami loading that have been developed are based on post-event observa-
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tions, which are dependent on the site at which the tsunami made landfall and in which velocities are unknown. Accordingly, one of the Center research tasks developed a methodology
to generate physics-based tsunami fragility functions using tsunami flow depth, flow velocity,
and momentum flux, in various combinations, as intensity measures [24]. There has been an
increase in interest in tsunami effects following the Great East Japan Earthquake and Tsunami
of 2011, several papers on tsunami effects have been published recently, and the new ASCE
Standard 7-16 contains tsunami provisions for the first time.

3.3 Shelby County, TN Testbed (Earthquake, Riverine Flooding, and Climate
Change)
Shelby County, TN is located in the southwest corner of Tennessee, and its western border is
formed by the Mississippi River. Shelby County is a metropolitan area covering 2,033 km2,
with a population of approximately 940,000 inhabitants, and includes the City of Memphis,
with a population of 660,000 inhabitants. Shelby County was selected for several reasons.
First, it provides a realistic test of the Center’s integrated engineering/social/economic models
in IN-CORE for a reasonably large metropolitan area with a diverse economy and demographics. Second, a study of urban resilience under earthquakes from the New Madrid
Seismic Zone in SE Missouri (about 50-60 km NW of Memphis and capable of generating
Magnitude 8 earthquakes) was conducted a number of years ago by the Mid-America Earthquake Center (MAEC) (using less advanced models) [25] and can be used to benchmark the
IN-CORE analysis. Third, a significant part of Shelby County lies within the Mississippi
Embayment, where soil liquefaction is a significant problem and existing fragilities will have
to be modified to model damage to the built environment. Fourth, the City of Memphis depends on the infrastructure provided by surrounding Shelby County, and the testbed will provide an opportunity to investigate how the resilience of a community depends on the
resilience of the surrounding urban area. Fifth, unlike California, Shelby County is illprepared for a Magnitude 8 earthquake; older buildings and other infrastructure are not earthquake-resistant, e.g. unreinforced masonry. And finally, a large part of Shelby County falls
within the Wolf River Basin drainage; one of the Center teams has initiated a study of the
impact of extreme precipitation events on riverine flooding in the Wolf River Basin for the
remainder of the 21st Century [26], which will enable the Center to perform an analysis of
competing risks and risk mitigation strategies for a major urban area.

3.4 Galveston and Bolivar Peninsula, TX (Hurricane and Storm Surge)
Galveston lies on a barrier island approximately 75 km southeast of Houston, TX on the Gulf
of Mexico. It is a port city, with a population of approximately 50,000, and its economy depends on the viability of the port. The dominant hazards for Galveston are hurricane and
coastal storm surge. The most recent hurricane was Hurricane Ike, which occurred in September, 2008, with wind speeds of 230 km/hr, and caused $US 37.5 billion in damages, and 195
fatalities. The Galveston study is attempting to reproduce the impact of Hurricane Ike on the
Galveston-Bolivar Peninsula using the physics-based hazard and infrastructure response models developed during the first two years of the Center’s research program. It has elements of
both a hindcast (the event has already happened) and a testbed (the coupled hurricane-storm
surge models will attempt to reproduce the impact of Ike on the community).
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3.5 Joplin, MO Tornado Hindcast
Joplin, MO is a community of approximately 50,000 inhabitants, within a surrounding Metropolitan Statistical Area of about 175,000 inhabitants. In May, 2011, it was struck by a
catastrophic EF5-rated multiple vortex tornado, with wind speeds exceeding 320 km/hr. The
tornado killed 158 people and caused nearly $US 3 billion in damage. It also ranks as the
costliest single tornado in U.S. history. The Joplin, MO tornado prompted an investigation by
the National Institute of Standards and Technology [27], which provided extensive
documentation of the impact of the tornado on the community. A Center Team has recently
initiated a hindcast of the Joplin tornado which utilizes many of the tools developed during
the first two years of the Center including the tornado wind field model [28] and physical
models of infrastructure [e.g. 29]. As part of the hindcast, researchers are focusing on a series
of increasingly complex analysis starting with single sector damage validations, e.g. building
damage, electrical power network disruption and damage, and then moving to coupled sector
validations. A CGE model for the community is also under development, which will allow a
yearly time stepping analysis to examine the economic recovery of Joplin using the
functionality and recovery models that are being developed within the Center. The final
validation step for the hindcast will be to model at least four physical infrastructure sectors,
demographics and related population dislocation, and economic recovery from 2011 to the
present day for direct comparison with what actually occurred.

4 Community Resilience Metrics
Community leaders and planners need to know how resilient their communities are in order to
develop effective risk-informed public policy for enhancing community resilience. Community resilience metrics fall into two general categories: current and desired (future) resilience
conditions. The current condition includes the resilience of existing systems before a hazard
event, or physical damage, loss of functionality, and social and economic impacts after a hazard event. The future condition provides a goal for planning and recovery purposes. Resilience metrics need to address both categories for community systems, such as physical
systems, economic vitality, and social well-being. Design codes and standards traditionally
address the performance of individual facilities – buildings, bridges and roadways, utility systems - without considering how the interactions between these systems affect the welfare of
the community as a whole. Functionality and recovery are not included in codes and standards; nor are economic vitality – attracting and retaining businesses and employment opportunities, revenue sources, household income, domestic economic output - or social well-being
– safety and financial security, availability of food, water and shelter, population dislocation,
access to health services. All are essential ingredients of community resilience.
The testbeds and hindcasts summarized in the previous section included direct damage to
physical infrastructure – buildings, bridges and other transportation infrastructure, and water/wastewater and electrical power networks – as well as damages which present challenges
to the economic vitality and social well-being within the community. These different physical, social, and economic systems are integrated to provide quantitative measures of community resilience, including post-hazard measures, such as economic losses due to direct
damage, loss of income and employment as a result of damage to residential, commercial/retail buildings, declines in the community tax base and population dislocation [30, 31,
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32, 33]. The ability to assess such metrics quantitatively and to determine how changes in
policy might affect them is essential, both in planning for a hazard event as well as in planning for post-event recovery.

5 Concluding Remarks
Community social needs and objectives (including post-hazard recovery) are not reflected in
codes, standards, and other regulatory documents applied to design of individual facilities,
necessitating an approach that reflects the complex inter-dependencies among the physical,
social, and economic systems on which a resilient community depends. Modeling the resilience of communities and cities to natural hazards depends on many disciplines, including
engineering, social sciences, and information sciences.
A review of the literature [e.g., 2, 3, 34] has identified a number of critical challenges confronting the development of a resilient built environment, among them: (1) Quantitative metrics and tools for assessing community resilience are required to improve resilience in the
built and modified natural environment and should be tailored to the specific needs of each
community; (2) Community resilience plans and guidance are needed to help communities
plan for hazard-specific performance, and for restoring community infrastructure systems in a
cost effective and timely manner; (3) Existing building and infrastructure systems must be
considered in community resilience planning as well as new construction, recognizing that
existing buildings (a) may not meet current codes and standards; (b) often cannot be modified
economically to meet modern design and construction practices; and (c) may have deteriorated due to structural aging or a lack of maintenance; and (4) Codes and standards with consistent performance goals for all buildings and infrastructure systems are a key component for
achieving a resilient community.
The Center’s current work is addressing these challenges by refining existing community infrastructure models, modeling dependent or cascading multiple hazards, developing stochastic
models of the recovery processes, considering algorithms for propagating deep uncertainties
in hazards and community responses, including the impact of climate change, and developing
decision support algorithms and practical decision tools.
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Abstract: This paper proposes a multi-layered heterogeneous network model for
interdependent infrastructure systems. In the proposed formulation, the heterogeneity comes from having different elements in each infrastructure systems and the
different types of dependency/interdependency are modeled as different layers. The
proposed formulation can adopt any available models for the individual infrastructure systems and provides a general framework for modeling the dependency/interdependency among these systems. The proposed multi-layered heterogeneous
network model can be used to study of the reliability and resilience of communities
that are subject to natural and anthropogenic hazards.

Introduction
Communities consist of multiple interacting infrastructure systems, as water and wastewater
systems, electric power systems, and transportation. Elements of these systems are typically
spatially distributed over large geographic areas and of different types. A taxonomy of types
could be based, for example, on the element functionalities like generation (G), transmission (T)
and distribution (D) elements. Therefore, being constituted by elements of different types, these
systems are heterogeneous. In addition, individual infrastructure systems are also typically
significantly interconnected with each other. Several classifications of the nature of the
dependency/interdependency can be considered, for example, as physical, cyber, geographical
and logical dependency/interdependency. The occurrence of hazard events may cause direct
physical damage to several vulnerable components in a given network. In addition, a disruption
in one network may cause cascading effects, resulting in disruptions of dependent systems and,
more generally, degrading the functionality of affected interconnected networks.
Modeling of individual networks has been extensively studied in past years [e.g. 10, 12,
13, 15, 17]. Furthermore, in topology-based models, the concept of network failure is typically
defined as the loss of connection after a disturbance between some nodes and the rest of the
network. The network reliability is therefore based on measures of connectivity, such as the
diameter and the efficiency, that refers to a single network, often neglecting its dependencies and
interdependencies [23, 1, 2, 5, 16]. However, recent catastrophic events, such as the hurricanes
Katrina (2005) and Sandy (2012) and the earthquakes in Chile (2010), New Zealand (2010–2011),
and the earthquake and tsunami in Japan (2011), have not only revealed the vulnerabilities of
individual infrastructure systems, but also showed the importance of dependencies and
interdependencies among infrastructure sectors [4, 22]. This paper tackles the above limitations,
providing a unified model for interdependent network systems. The model takes into account
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that the elements in each system are different (heterogeneity) and different layers model different
types of dependency/interdependency. The proposed multi-layered heterogeneous network
model is general because any available models for the individual infrastructure systems can be
adopted and any type of dependency/interdependency can be considered. Furthermore, the
proposed multi-layered heterogeneous network model can be used to extend the use of the
existing connectivity metrics to the study of the reliability and resilience of interdependent
systems that are subject to natural and anthropogenic hazards. In this way, network connectivity
metrics can be adopted to assess the importance of different elements in the different
interdependent networks, guiding decision-makers, stakeholders and emergency teams in the
prioritization of retrofit actions.
In the next section the multi-layered heterogeneous network model is presented, Section
3 introduces the connectivity metrics used for the assessment of the network reliability and
resilience, Section 4 applies the model to a an example interdependent network system and
Section 5 draws the concluding remarks.

Multi-layer Heterogeneous Network Model
2.1 Augmented Adjacency Table
Network systems are often composed by multiple networks. Each one of them can be considered
a block, or a community, according to the definition proposed by [8], as subset of entities that share
common properties and/or play similar role within the network system. In the case of urban
infrastructure, it is possible to include under the definition of community all the elements that belong
to the same network, for example the water network, the electric power network, the transportation
or telecommunication network. The multi-layered network model proposed in this paper builds up
on the concept of augmented adjacency table introduced in [10] end briefly recalled here. As
described in [23], a general network k can be defined by n ( k ) nodes or vertexes and m ( k ) links or
edges connecting the nodes. We consider undirected networks, with all the links bidirectional, not
pointing in a specific direction. Network k can be represented by a symmetric n ( k )  n( k ) adjacency
table A( k )  [aij( k ) ] , k  1,..., K , (i, j  k ; i, j  1, , n ( k ) ) where aij( k ) (i  j ) is either 1, if there is a
link between nodes i and j of network k , or 0 otherwise, and aii( k )  0 . Considering a general
network system composed by K networks, the augmented adjacency table A is given by
 A (1)


 A ( s ,1)
A   ( t ,1)
A

 ( K ,1)
 A

A (1, s )

A (1,t )

A( s)

A ( s ,t )

A

(t ,s )

A( K ,s )

A

(t )

A ( K ,t )

A (1, K ) 


A( s,K )  .

A(t , K ) 


A ( K ) 

(1)

The K adjacency tables are arranged along the main diagonal; the out-of-diagonal adjacency
tables are used to represent pairwise connections between nodes of different networks. For example,
considering two generic networks s and t , the connections between nodes of the two networks is
represented by the generally rectangular n( s )  n(t ) table A( s ,t )  [aij( s ,t ) ] , where aij( s ,t ) s, t  1,..., K , is
either 1, if node i of network s is connected to node j of network t , or 0 otherwise. The connections
are mutual, thus aij( s ,t )  a (jit , s ) and the augmented adjacency table is symmetric.
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2.2 Multi-layered Dependency Tables
The augmented adjacency table provides the connections among the nodes of the networks in the
system. When subject to natural of anthropogenic hazard, some of these nodes may fail,
compromising the reliability of the entire system. In particular, a failure of one or more elements
of one network may affect the other networks, because of the interdependencies, with disruptive
cascading effects [3, 22]. In this paper, we introduce a dependency table D to capture relations
of dependency and interdependency among the nodes of the same network or of different
networks. Similarly to the augmented adjacency table, considering a system of K networks, we
have along the main diagonal the dependencies within a given network k : D( k )  [dij( k ) ] , k  1,..., K
, (i, j  k ; i, j  1,

, n ( k ) ) where d ij( k ) (i  j ) is either 1, if nodes i of network k depends on

node j of the same network k , or 0 otherwise, and dii( k )  0 . The terms out of diagonal represent
a

dependency

(i, j  k ; i, j  1,

between

nodes

(k )

, n ) , where d

( s ,t )
ij

of

different

networks:

D( s ,t )  [dij( s ,t ) ] ,

s, t  1,..., K ,

 1 , (i  j ) , indicates a dependency relation between node

i of network s and node j of network t . Under this definition, the equalities dij( k )  d (jik ) and
dij( s ,t )  d (jit ,s ) , and therefore the symmetry of the dependency table, hold true only when a mutual
dependency (interdependency) exists between node i and node j . It is important to underline
that the dependency table herein defined is different from the augmented adjacency table, in the
sense that a connection between two nodes not necessarily corresponds to a relation of
dependency between them. Similarly, a relation of dependency may link two nodes even if they
are not connected in the augmented adjacency table.
Multiple types of relations are possible among the elements of a network system. Urban
infrastructure systems, for example, have dependencies of different nature and their definition is
an emerging field of research that is drawing the attention of the scientific community. Among
the classifications available in the literature [e.g. 7, 20, 24], the one proposed by [20] is general
and self-contained [18]. Four classes of interdependency (physical, geographical, cyber and
logical) are defined in [20]. Each one establishes a different relation of dependency among nodes
of the same network and between nodes of different networks. In that sense, the network system
constitutes a multi-layered model [19] and each class of interdependency can be represented as a
different layer and therefore with its own dependency table. Considering  a generic class of
interdependency, let to formulate a multi-layered dependency table in the following way:
 D(1), 


 D( s ,1), 
D   (t ,1), 
D

 ( K ,1), 
 D

D(1, s ), 

D(1,t ), 

D( s ), 

D( s ,t ), 

D( t , s ), 

D( t ), 

D( K , s ), 

D( K ,t ), 

D(1, K ),  


D( s , K ),  

D( t , K ),  


( K ), 
D


(2)

where, along the main diagonal, there are tables D( k ),   [dij( k ),  ] , k  1,..., K ,   1,..., 
(i, j  k ; i, j  1,

, n ( k ) ) with dij( k ),  (i  j ) that is either 1, if there is a dependency of class 

between nodes i and j of network k , or 0 otherwise, and dii( k ),   0 . Out of diagonal, there are
the generally rectangular n( s )  n(t ) table D( s ,t ),   [dij( s ,t ),  ] , where dij( s ,t ),  is either 1, if there is a
dependency of class  between node i of network s and node j of network t , or 0 otherwise.
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2.3 Heterogeneity in Multi-layered Likelihood Tables
In the proposed model, we are interested in the likelihood of failure of a node given the failure of
a different node. Considering the K different networks, we introduce a K  K likelihood table
1
1
L   [lqr  ] , q, r  1,..., K , with lqr(1) that captures the likelihood of failure of a node of network q

given the failure of a supporting node of network r . The likelihood table L(1) assumes that the
nodes of each network are homogeneous, and with the same likelihood of failure given the failure
of a supporting node. However, elements of network systems may be significantly different. For
example, urban infrastructure networks have elements that can be classified according to their
functionality in generation (G), transmission (T) and distribution (D) elements. Being constituted
by elements of different types, these systems are heterogeneous. As described in [21], to analyse
a heterogeneous network with the toolbox of homogeneous models result in loss of useful
information, suppressing the type-information available in the data. Different types of nodes have
different behaviours, characteristics, vulnerabilities and probabilities of failure, both when they
are considered independently, subject to direct damage, and when they are considered in a
network, subject to cascading effects. Moreover, the conditional failure of a node given the failure
of a different node is also function of the class of dependency between the two nodes. Therefore,
considering a general network system composed by  different types of nodes, for the class 
of dependency, we define the likelihood table L as
 L(1), 


 L(  ,1), 

L   ( ,1), 
L

 (  ,1), 
 L

L(1, ), 

L(1, ), 

L(  ), 

L(  , ), 

( ,  ), 

L

L(  , ), 

L(1,  ),  


L(  ,  ),  

L( ,  ),  


(  ), 
L


( ), 

L

L(  , ), 

(3)

where, along the main diagonal, we have the  likelihood tables L(  ),   [lqr(  ),  ] , q, r  1,..., K ,

  1,...,  ,   1,...,  with lqr(  ),  that capture the likelihood of failure of a node belonging to network
q given the failure of a dependent node of the same type  belonging to network r , for depndency
(  , ), 

class  . Similarly, out of diagonal, there are the tables L
(  , ), 

,   1,...,  , with lqr

 [lqr( , ),  ] , q, r  1,..., K ,  ,  1,..., 

that capture the likelihood of failure of a node of type  belonging to network

q given the failure of a linked node of type  belonging to network r , for depndency class  .
In practical applications, the most challenging part is to define the entries of table L , since
the conditional probability of failure of a node given the failure of another one may depend on the
types of both nodes, on the respective network of belonging, and on the class of dependency. As a
result, the entries of table L are functions and their values depend on the considered nodes. For
example, let consider a geographical dependency. Let E1(  , s ),  define the failure of node 1 (of type 
of network s ) and E2( ,t),  the failure of node 2 (of type  of network t ), under the dependency class
 . Let u1 and u2 be the intensity measures of the considered hazard at the location of the two nodes.
We can write the probabilities of the two events as











 P E   , s ,   P E   , s ,  u  f  u  du
1
1
1
1
 1

u1

 P E2 ,t ,    P E2 ,t ,  u2  f  u2  du2

u2
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(4)

where P ( E1(  , s ),  | u1 ) and P ( E2( ,t ),  | u2 ) are the conditional probabilities of exceeding of
attaining a damage state of interest, for a given value of intensity measure (i.e. fragility functions).
(  , )
To assess the value of the entry lst , we write the following expression:

lst

 , , 



 P E1

 , s , 

E2

 ,t , 







P E1

 , s , 

E2

 ,t , 

 

, u1 , u2  f u1 u2 , E2

 ,t , 

  f u

 ,t , 

2

E2

 du du
1

2

(5)

u1 ,u2

where, by Bayes' rule, the updated distribution of the intensity measure u2 is given by



 ,t , 

f u2 E2





P E2 ,t ,  u2



P E2 ,t , 



 f u  .
2

(6)

Conditioning on u2 , u1 and E2 ,t ,  become independent and the second term of the
integral of Eq. (5) can be written as
f  u1 u2  

f  u1 , u2 
,
f  u2 

(7)

where the joint distribution of the intensity measures includes information on the correlation
between the two variables. Conditioning on u1 , E1  , s ,  becomes independent from E2 ,t ,  and
u2 and the first term of the integral of Eq. (5) can be written as in the first expression in Eq. (4).
For a class of dependency of physical type, the value of the entry lst(  , ) may not depend
on the values of the intensity measure of interest, but just on the state (i.e. failure/survival) of the
supporting node. For example, the failure of a generation node of water network in the case of a
failure of a supporting generation node of the electric power network, corresponds to the
probability of failure of the eventual backup power unit of the considered node [14]. Moreover,
values in the likelihood tables could vary with time, capturing the fact that the
dependency/interdependency could vary over time (e.g., due to deteriorations or other changes
over time of the network connections.)

2.4 Probability Dependency Tables
Each node of a considered network has its own probability of failure. For example, in the case
of urban infrastructure, if the node represents a punctual element of the network, fragility curves
provides the probability of attaining or exceeding a prescribed damage state [6, 9] for a given
intensity measure of the considered hazard. The proposed multi-layered heterogeneous model
( s ,t )
(i, j  k ; i, j  1,
provides pij

, n ( k ) ) the conditional probability of failure of a node i of
network s given the failure of node j of network t , taking into account the node types and the
multiple dependencies. For a generic class  of interdependency, the probability dependency table
P is defined by attributing to each dependency of table D the probability of failure resulting from
the likelihood table L . Having the tables different dimension, following the approach in [21] we
introduce a N by  K membership table M  [mi , k ] , i  1,..., N ,   1,...,  , k  1,..., K with
mi , k  1 if node is of type  and belongs to network k ; N is given by the sum of the nodes of all
the K different networks. The membership table is used to map the  K by  K likelihood table
in the N by N extended likelihood table L   M  L  M T . The entries of L  are a function of the
couple of dependent nodes, as described in Section 2.3. In this way P  D  L  .
2.4.1

Multiple classes of dependency between same nodes

Table P refers to class  of interdependency. However, between the same two nodes multiple
classes of dependency may exist. Under the hypothesis that failures due to different classes of
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dependency are statistically independent events, the probability of failure of a node depending on
a given node under multiple classes of dependency can be obtained by the inclusion-exclusion
( s ,t )
rule of union of events. The elements of the probability dependency table P  [ pij ] , consider-

ing A possible classes of interdependency, are therefore given by
A1

A

pij( s ,t )   pij( s ,t ),  
 1


 

 1  1

  1

2.4.2

A

A1

A 2 A1

pij( s ,t ),  pij( s ,t ),   

A

 
   

 1  1  1

pij( s,t ),  pij( s,t ),   pij( s,t ), 

(8)

 pij( s ,t ),  pij( s ,t ),   pij( s ,t ),   pij( s ,t ), A

Multiple supporting nodes

Table P defines the probability of conditional failure of the nodes of the network system
considering all the possible classes of interdependency. However, the same node may have more
than one supporting node, of different types and from different networks, and its failure may depend
on the status of each one of them. In particular, a node with more supporting nodes has more
redundancy and its failure due to cascading effect may change because of the failure of multiple
supporting nodes. Under the hypothesis that failures of different nodes are statistically independent
events, in the case of failure of multiple supporting nodes, the probability of nodal failure can be
obtained by the inclusion-exclusion rule of union of events in a similar way as in Equation (8). The
model described in this Section is sketched in Figure 1 and can be used recursively, to assess the
cascading effect due to failures of dependent nodes.

Figure 1: Pictorial representation of the multi-layered heterogeneous network model

Connectivity Measures for Network Reliability
The concept of network failure in topology-based models is typically defined as the loss of connection after a disturbance between some nodes and the rest of the network. Networks can be distinguished based on measures of connectivity. Two end-nodes are connected if there is at least one
path between them with a finite number of links. The connectivity information within each network
of the system and between nodes of different networks is provided by the augmented adjacency
table A , defined in Section 2.1. Two typical measures of network connectivity used in the literature are the diameter  and the efficiency  . Both describe the connectivity of a specific node to
the other nodes in the network (nodal diameter and nodal efficiency) or the overall network connectivity as an average of all of the nodal connectivity (global diameter and global efficiency). A
modification of the connectivity measures to take into account the importance of different nodes
and their variability has been proposed in [11]. Considering a generic unweighted network k , the
nodal diameter  i( k ) is the average length of the shortest path between node i and the rest of the network
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[16]. The nodal diameter  i( k ) ranges from 1 to  . It is equal to 1 in the ideal case of a complete
network, that is a network with a direct (single) link between each pair of nodes. Higher values of  i( k )
indicate some loss of connectivity with respect to the optimal case. Once  i( k ) has been defined, the
global diameter  ( k ) is a measure of the general connectivity of the network. It is defined as the average
length of the shortest path between each pair of nodes in the network k . If node i is disconnected from
node j , it is not possible to find a path of finite length between the two nodes, dij( k )   . As a result,
the diameter is equal to  . In that case, we do not have information on the extension of loss of connectivity, in other words, whether just one node or a larger number of nodes lost their connection with node
i . The efficiency  addresses this issue. As presented in [16], for a generic network k the nodal
efficiency i

(k )

is defined as the average of the inverse of the shortest path between node i and the

(k )
other nodes of the network where hij( k )  1/ dij( k ) for i  j and hij  0 otherwise. The value of i

is between 0 (no links between node i and the other nodes) and 1 (in the case of a complete network.)
The efficiency metric provides information on the extension of the loss of connectivity, indeed when
(k )
(k )
( k)
node i is disconnected from node j , hij  1/ dij  1/   0 . A larger number of hij  0 results
(k )
in a lower value of i . Similarly to the global diameter metric, once i( k ) has been defined, the

global efficiency  ( k ) can be defined as the average length of the inverse of the shortest path between
each pair of nodes in the network k .

Reliability of Interdependent Heterogeneous Network
A reduction in the number of nodes and therefore connections between nodes in a given network k
generally leads to an increase in 
and a reduction in  ( k ) . When these values exceed a userdefined threshold, we have a network failure [11]. The proposed example aims to quantify how the
interdependencies among nodes of the same or different networks affect the reliability of the system,
applying the proposed multi-layer heterogeneous model.
(k )

4.1 Example of a Two Networks system
Let us consider an example network system composed by 2 networks having respectively 50 and
100 nodes. The nodes of each network are of two types, with 15% of the nodes belonging to type
1 and the remaining 85% belonging to type 2. Among the nodes of the two networks two different
classes of interdependency are considered, a physical, between nodes of type 1 of the two networks
and geographical, based on the location of the nodes. The model includes 13 physical and 76
geographical dependencies. Two nodes share both the classes of dependency. Figure 2 provides a
3D illustration of the networks while the dots in the table represents non-zero entries of the
probability dependency table P . It is possible to observe that the entries along the main diagonal
of the table are all set to zero, reflecting independency of nodal failure within the two networks. In
the example, we consider the same likelihood table L for the two classes of dependency with the
following values for nodes of the two types and belonging to the two networks:
L
L  Lphisical  Lgeographical   (2,1)
L
(1)

(1,2)

L

L(2)
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0.95
0
0.25
 0


0.95
0
0.25
0 

0.90
0
0.75
  0


0
0.75
0 
0.90

(9)

Figure 2: 3D illustration of the networks with their interdependencies. Top left: non-zero entries of the table P
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Figure 3: Variation of the connectivity metrics as a function of the number of removed nodes

4.2 Results
We simulate the network damage by a random removal of its nodes. Removing a node of the
network will impact its connectivity and hence its functionality. To quantify the impact of the
removal on the network and to assess its reliability we adopt the connectivity metrics introduced in
Section 3. Figure 3 shows the variation of the two metrics, global diameter and global efficiency,
as a function of the number of removed nodes, comparing the case of the two interdependent
networks system with the case of perfectly independent networks. The continuous lines refer to the
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mean value while the dotted line to the standard deviation of the two metrics, as obtained by
performing 10,000 run of a Monte Carlo simulation, considering the uncertainty in the order of
removal of the nodes and in the probability of failure of dependent nodes, as from table P . In the
example, we assume that the failure of a depending node does not trigger the failure of nodes it is
supporting, halting the cascading effect to the first iteration. The introduction of the
interdependency result in smaller values of efficiency and higher values of diameter, for the same
number of removed nodes. The failure of a given node can generate two or more disconnected
clusters, resulting in an infinite value for the diameter and a failure of the network. Figure 4 shows
the probability mass function of the number of removed nodes that leads to    . In the case of
interdependent networks, the average value change considerably, from 4.747 to 3.458 for Network
1, and from 7.661 to 5.472 for Network 2.
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Figure 4: PMF of the number of removed nodes to have a disconnected network

Conclusion
This paper proposes a multi-layered heterogeneous network model to study the reliability and resilience of network systems that are subject to natural and anthropogenic hazards. The model captures
the different classes of interdependencies, as well as the different types of nodes with a general approach that can be applied to networks in different contexts, from the engineering to the social sciences. The proposed multi-layered heterogeneous network model extends the use of the existing
connectivity metrics to the study of the reliability and resilience of interdependent systems under attack. The model has been applied to a two networks system and connectivity metrics of diameter and
efficiency has been considered. Results show that neglecting the interdependencies results in a misleading assessment of the network reliability, since the failure is reached for a lower number of removed nodes. This result can be used to help decision-makers, stakeholders and emergency teams in
identifying the importance of interdependent nodes and in the prioritization of retrofit actions.

Acknowledgement
This work has been supported by the Center for Risk-Based Community Resilience Planning, a NISTfunded Center of Excellence; the Center is funded through a cooperative agreement between the US.
National Institute of Science and Technology and Colorado State University (NIST Financial Assistance
[grant number 70NANB15H044], with a subcontract issued to the University of Illinois at Urbana–
Champaign. The research of Yuguo Chen was supported in part by NSF Grant DMS-1406455.

References
[1]

R. Albert, H. Jeong, and A.L. Barabasi. Internet: diameter of the World-Wide Web. Nature; 401, 130–1,
1999.

2955

[2]
[3]
[4]
[5]
[6]
[7]

[8]
[9]

[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]

R. Albert, H. Jeong H, and A.L. Barabasi. Error and attack tolerance of complex networks. Nature; 406,
378–82, 2000.
S.V. Buldyrev, R. Parshani, G. Paul, H.E. Stanley, and S. Havlin. Catastrophic cascade of failures in
interdependent networks. Nature; 464, 1025–8, 2010.
S. E. Chang. Infrastructure resilience to disasters. The Bridge, 44, 36–41, 2014.
P. Crucitti, V. Latora, M. Marchiori, and A. Rapisarda. Efficiency of scale-free networks: error and attack tolerance. Physica A: Statistical Mechanics and its Applications; 320, 622–42, 2003.
O. Ditlevsen, and H.O. Madsen. Structural reliability methods. New York: Wiley, 1996.
D.D. Dudenhoeffer, M.R. Permann, and M. Manic. CIMS: A framework for infrastructure
interdependency modeling and analysis. In L.F. Perrone, F.P. Wieland, J. Liu, B.G. Lawson, D.M.
Nicol, and R.M. Fujimoto (Eds.), Proceedings of the 2006 winter simulation conference, 478–85, 2006.
S. Fortunato. Community detection in graphs. Physics Reports 486, 75-174, 2010.
P. Gardoni, A. Der Kiureghian, and K.M. Mosalam. Probabilistic capacity models and fragility
estimates for reinforced concrete columns based on experimental observations. Journal of Engineering
Mechanics; 128:1024–38, 2002.
R. Guidotti, H. Chmielewski, V. Unnikrishnan, P. Gardoni, T.P. McAllister, and J. van de Lindt.
Modeling the Resilience of Critical Infrastructure: The Role of Network Dependencies. Sustainable and
Resilient Infrastructure. Vol. 1(3-4), pp. 153-68, 2016.
R. Guidotti, P. Gardoni, and Y. Chen. Network reliability analysis with link and nodal weights and
auxiliary nodes. Structural Safety. Vol. 65, pp 12–26, 2017.
S. Guikema, and P. Gardoni. Reliability estimation for networks of reinforced concrete bridges. ASCE
Journal of Infrastructure Systems, 15, 61–9, 2009.
W.H. Kang, J. Song, and P. Gardoni. Matrix-based system reliability method and applications to bridge
networks. Reliability Engineering and System Safety, 93, 1584–93, 2008.
Y.S. Kim, B.F. Spencer, J. Song, A.S. Elnashai, and T. Stokes. Seismic performance assessment of
interdependent lifeline systems. MAE Center CD Release 0716. (2007)
N. Kurtz, J. Song, and P. Gardoni. Seismic reliability analysis of deteriorating representative US West
Coast bridge transportation networks. ASCE Journal of Structural Engineering, 142, C(1–11), 2015.
V. Latora, and M. Marchiori. Efficient behavior of small-world networks. Physical review letters,
87(19), 198701, 2001.
Y.J. Lee, J. Song, P. Gardoni, and H.W. Lim. Post-hazard flow capacity of bridge transportation
networks considering structural deterioration of bridges. Structure and Infrastructure Engineering, 7,
509–21, 2011.
M. Ouyang. Review on modeling and simulation of interdependent critical infrastructure systems.
Reliability Engineering & System Safety, 121, 43–60, 2014.
S. Paul, and Y. Chen. Consistent community detection in multi-relational data through restricted multilayer stochastic blockmodel. Electronic Journal of Statistics, 10(2), 3807-70, 2016.
S.M. Rinaldi, J.P. Peerenboom, and T.K. Kelly. Identifying, understanding, and analyzing critical
infrastructure interdependencies. IEEE Control Systems Magazine, 21, 11–25, 2001.
S. Sengupta, and Y. Chen. Spectral clustering in heterogeneous networks. Statistica Sinica, 1081-106,
2015.
A. Vespignani. Complex networks: The fragility of interdependency. Nature; 464, 984–985, 2010.
D.J. Watts, and S.H. Strogatz. Collective dynamics of “small-world” networks. Nature; 393, 440–442,
1998.
P. Zhang, and S. Peeta. A generalized modeling framework to analyze interdependencies among
infrastructure systems. Transportation Research Part B: Methodological, 45, 553– 79, 2011.

2956

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Performance-based Tsunami Engineering
for Community Resilience
Katsuichiro Goda a and Raffaele De Risi a
a

Department of Civil Engineering, University of Bristol, United Kingdom

Abstract: This study develops a performance-based tsunami engineering methodology for enhancing community resilience against tsunami disasters. The method
is based on novel stochastic earthquake source modeling and state-of-the-art tsunami fragility modeling. It facilitates the quantitative evaluation of tsunami loss
for coastal community by accounting for uncertainties of earthquake occurrence
and rupture characteristics. A case study is set up to illustrate an application of the
developed method by focusing on possible tsunami events in the Tohoku region of
Japan. The quantitative tsunami hazard as well as risk assessment results serve as
effective means to make decisions regarding tsunami disaster risk reduction.

1 Introduction
A performance-based earthquake engineering (PBEE) methodology provides a rational analytical framework of integrating regional seismic hazard, structural response prediction, damage assessment, and loss estimation for seismic design and earthquake impact assessment [1].
The key ideas for adopting PBEE are to quantify uncertainties associated with individual
model components and to obtain coherent outputs with meaningful estimates of their uncertainties. The framework is particularly useful for defining the desirable long-term objectives
in reducing consequences of future disasters and for promoting risk-based management decisions. A challenging aspect of implementing the performance-based assessment and design
philosophy is to select appropriate performance objectives for buildings and infrastructure as
well as for local communities [13].
Global tsunami exposure is not negligible and coastal communities are vulnerable to infrequent, catastrophic tsunamis [11]. To mitigate potential tsunami risk and to enhance tsunami
resilience of coastal communities, it is of critical importance to assess tsunami hazard due to
future mega-thrust subduction earthquakes accurately and to develop integrated risk mitigation strategies by combining physical protection (hard) and preparedness (soft) measures [5].
Recent advances in tsunami hazard analysis aim at incorporating the variability associated
with source characteristics of future tsunamigenic earthquakes, such as location, magnitude,
geometry, and slip distribution [7,9]. Consequently, uncertainties in hazard characterization
affect the tsunami impact assessment (e.g. regional economic loss) [8] and the choice of tsunami risk mitigation actions [17].
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This study proposes a performance-based tsunami engineering (PBTE) framework for evaluating the tsunami impact to coastal communities. The concept of PBTE is not entirely new;
however, it has not been widely accepted nor implemented in tsunami engineering. Given the
similarity and commonality of earthquake and tsunami hazards (i.e. low-probability highconsequence geological events), it is straightforward to apply the PBEE-based mathematical
formulation to the tsunami impact assessment [8]. Indeed, modern probabilistic tsunami hazard analysis adopts essentially an identical formulation as probabilistic seismic hazard analysis [2,6], and such hazard assessment can be extended to probabilistic tsunami risk analysis by
incorporating tsunami vulnerability assessment [3,4]. One notable difference between earthquake and tsunami hazard-risk analyses is that typically, tsunami wave simulation is performed by solving the governing equations of tsunami wave propagation for a given initial
wave condition, unlike the use of statistical ground motion prediction models in seismic hazard and risk analysis. The wave simulation requires more detailed information of earthquake
rupture processes, such as heterogeneous earthquake slip and scaling of earthquake characteristics as a function of moment magnitude Mw [9]. Therefore, more accurate estimates of tsunami hazard parameters can be obtained at the sites of interest, reducing the uncertainty in
hazard components. On the other hand, current tsunami vulnerability assessment is largely
empirical [16], resulting in difficulties when the PBTE framework is applied to geographical
regions where empirical tsunami damage data (and thus relevant tsunami fragility models) are
lacking. Importantly, one of the goals of this work is to bring both PBEE and PBTE on the
coherent analytical and assessment framework [2]. This will eventually facilitate the development of a performance-based engineering framework for cascading earthquake-tsunami
multi-hazards.
To demonstrate the implementation and utility of the PBTE methodology, a case study, focusing upon the Tohoku region of Japan, is presented. The tsunami sources in the off-shore
Tohoku region, which correspond to a wide range of earthquake scenario magnitudes from
Mw7.5 to Mw9.1, are considered. The uncertainties of the source geometry and rupture characteristics are fully taken into account using new probabilistic scaling relationships of earthquake source parameters and stochastic synthesis of heterogeneous earthquake slip [7,9].
These uncertainties are propagated through tsunami wave modeling and fragility assessment
via Monte Caro simulations. The outputs from the probabilistic tsunami risk assessment include the tsunami loss results for coastal communities.

2 Performance-based Tsunami Engineering Framework
2.1 Formulation
A generic equation for probabilistic tsunami risk assessment can be expressed as:

 L ( L  l )  Mmin  P( L  l ds) f DS| IM (ds im) f IM | S (im s) f S |M (s m) f M (m) dds dim ds dm

(1)

where L(L≥l) is the mean annual occurrence rate that the tsunami loss L for a portfolio of
buildings in a coastal community exceeds a certain loss threshold l. The variables M, S, IM,
and DS correspond to earthquake magnitude, earthquake source parameters, tsunami intensity
measures, and tsunami damage states, respectively. Moreover, key model components in
Equation (1) are defined as follow:
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 Mmin is the annual occurrence rate of tsunamigenic earthquakes having magnitudes greater than or equal to Mmin, while fM is the conditional probability distribution of M above
Mmin. A common choice for fM is the truncated Gutenberg-Richter relationship.
 fS|M is the probability density function of S in terms of M. The uncertainty associated with
variable source characteristics can be represented by probabilistic prediction models of
earthquake source parameters and stochastic synthesis of earthquake slip [7,9].
 fIM|S is the probability density function of IM in terms of S, and can be evaluated through
numerical simulations of tsunami propagation and run-up (i.e. solving the nonlinear shallow water equations for given initial boundary conditions [10,14]). IM can be defined for
a single location (e.g. water depth) as well as for areas (e.g. inundated area in a city).
 fDS|IM is the tsunami fragility function, which predicts the probability of incurring a particular DS (e.g. collapse and complete damage) for a given IM. When a bivariate fragility
model is adopted [4], IM consists of a vector of multiple intensity values (e.g. height and
velocity). Alternatively, other more effective IM parameters, such as momentum flux,
can be considered [11,15]
 P(L≥l|ds) is the tsunami loss function in terms of DS, and can be represented by the damage-loss function and the building cost model. A typical tsunami damage-loss function
may be specified as a range of damage ratios for a given DS; e.g. a complete damage
state corresponds to damage ratios between 0.5 and 1.0, expressed as a fraction of the total building cost.
Although all variables in Equation (1), i.e. M, S, IM, and DS, are treated as continuous random variables, they can be defined and evaluated in a discrete manner. In such cases, integration in Equation (1) can be replaced by summation. It is noteworthy that the target loss
variable L can be defined for a single structure or a building portfolio (which is distributed
spatially along the coast). For the latter case, tsunami hazards need to be evaluated over extended areas and vulnerability assessments should be conducted for all assets in the portfolio.

2.2 Model Components
This section summarizes the key features of the model components shown in Equation (1).
The models discussed are developed for the Tohoku region of Japan. The Monte Carlo simulations are employed to evaluate the tsunami risk equation shown in Equation (1). Further
details of the individual models can be found in the references mentioned in the following.
2.2.1

Earthquake Occurrence Model

The model components of the earthquake occurrence (i.e. Mmin and fM) can be defined based
on the seismicity data in the target region. In this study, the target source region is set to a
rectangular zone (broken grey line in Figure 1a), and the regional seismicity is characterized
by the Gutenberg-Richter relationship by analyzing seismic data obtained from the Harvard
CMT catalog and the USGS-NEIC catalog (Figure 1b). The fitted Gutenberg-Richter model
indicates that the annual rate of earthquakes with M ≥ 7.5 can be estimated to be 0.08 per year.
Subsequently, the conditional probability distribution function is discretized into eight magnitude bins with 0.2 magnitude unit interval. In other words, the magnitude range that is considered in this study spans from 7.5 and 9.1 (Figure 1c).
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Figure 1: (a) Regional seismicity in the Tohoku region, (b) Gutenberg-Richter models for the Tohoku region,
and (c) Conditional magnitude distribution of earthquake magnitude

2.2.2

Earthquake Source Modeling

The target seismic source region is defined by selecting a sufficiently large area for a M9.0class earthquake (i.e. a grey rectangular zone in Figure 1a, having 650 km in length along
strike and 250 km in width along dip). The geometry and location of the fault plane are based
on the source models for the 2011 Tohoku earthquake [7]. To characterize heterogeneous
earthquake slip over the fault plane, the source region is discretized with sub-faults having a
size of 10 km by 10 km.
Subsequently, for each magnitude interval (e.g. a Mw9.0 scenario represents events with moment magnitudes between 8.9 and 9.1), slip values of the discretized sub-faults (i.e. fS|M) are
determined based on the probabilistic prediction models of earthquake source parameters [9]
and stochastic synthesis of earthquake slip [7]. The considered earthquake source parameters
characterize fault plane geometry (e.g. length and width), slip statistics (e.g. mean and maximum slip), and wavenumber spectra related to slip distribution (e.g. correlation lengths and
Hurst number). They are modeled using probabilistic scaling relationships developed by [9]
using numerous inverted source models of the past major earthquakes. Once a set of source
parameters is sampled, a random slip field is generated using a Fourier integral method [7].
To achieve slip distribution with realistic positive skewness, the synthesized slip distribution
is converted via power transformation and is further adjusted to have the target mean slip.
Subsequently, the position of the synthesized fault plane is determined randomly within the
source region. A final step of the stochastic synthesis of the earthquake source model is to
ensure that the synthesized slip distribution is realistic with respect to the seismotectonic
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characteristics of the region. This is implemented by constraining the slip concentration and
location of the asperity where the large slip concentration occurs. See [7] for more details.
In this study, 500 stochastic source models per magnitude are generated (i.e. in total, 4,000
models). One realization of the synthesized source models for the Mw9.0 scenario is shown in
Figure 2a.
2.2.3

Tsunami Inundation Modeling

For each of the stochastic source models, the initial water surface elevation is evaluated based
on formulae by [14], and then tsunami wave propagation is simulated by solving nonlinear
shallow water equations with run-up [10] (i.e. fIM|S). In this study, the computational domains
are nested at four resolutions (i.e. 1350-m, 450-m, 150-m, and 50-m domains). A complete
dataset of bathymetry/elevation, coastal/riverside structures, and surface roughness is obtained from the Miyagi prefectural government. The bottom friction is evaluated using Manning’s formula. The fault rupture is assumed to occur instantaneously, and numerical tsunami
calculation is performed for duration of 2 hours with an integration time step of 0.5 s. See [9]
for more details.
An example of the tsunami inundation simulation is shown in Figure 2b. For each source
model, the maximum wave heights over the duration of tsunami simulation are stored at all
coastal locations. The results are used to calculate the water depths at building locations to
carry out the tsunami fragility analysis.

Figure 2: (a) Stochastic earthquake source model and (b) tsunami inundation results for a Mw9.0 scenario

2.2.4

Tsunami Exposure and Fragility

Figure 3 shows the building portfolio located in low-lying areas of Natori and Iwanuma Cities,
Miyagi Prefecture; this building dataset is considered in this study. The building dataset contains 6,791 low-rise structures (1 to 3 stories), consisting of three structural/material types, i.e.
reinforced concrete (RC), steel, and wood. The majority of the buildings in Natori and Iwanuma are residential.
To evaluate the tsunami damage (i.e. fDS|IM), for each tsunami simulation (i.e. stochastic
source model), tsunami fragility models developed by [4] are applied (Figure 4a). These fragility models have been developed based on extensive tsunami damage data from the 2011
Tohoku Japan tsunami and thus are consistent with the building exposure data shown in Fig-
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ure 3. After applying the fragility models, discrete damage state probabilities can be obtained.
Subsequently, for each structure, a random sample from the standard uniform distribution is
generated and is compared with the damage state probabilities. This determines the realized
damage state for this structure during the considered tsunami event. Each damage state is associated with a range of damage ratios. Specifically, damage ratio ranges for minor, moderate,
extensive, complete and collapse damage states are defined as 0.0–0.1, 0.1–0.3, 0.3–0.5, 0.5–
1.0, and 1.0 (deterministic), respectively. By sampling the total building cost of structures
(Figure 4b; lognormal distribution), the tsunami damage cost can be estimated (i.e. P(L≥l|ds)).
The Monte Carlo sampling is repeated for all structures and earthquake scenarios.
Finally, tsunami loss samples for 6,791 structures are obtained for 4,000 stochastic source
models (500 models × 8 magnitudes). These loss samples, together with Mmin and fM, can be
used to obtain the tsunami loss exceedance curve for a building portfolio of interest by evaluating Equation (1) numerically.

Figure 3: Elevation model and building portfolio in Natori and Iwanuma Cities, Miyagi Prefecture, Japan

Figure 4: (a) Tsunami fragility curves for RC and wooden structures and (b) probabilistic models for the total
building cost for offices/stores and houses
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3 Application
The results from the probabilistic tsunami hazard and risk assessments of buildings in Natori
and Iwanuma Cities of Miyagi Prefecture in Japan are presented in this section. More specifically, three sets of results are discussed: (i) tsunami wave-height hazard curves at Point A
(Figure 5), (ii) tsunami inundation-area hazard curves for Natori and Iwanuma (Figure 6), and
(iii) tsunami loss curves for the buildings in Natori and Iwanuma (Figure 7). For each case,
both conditional hazard/loss curves corresponding to the magnitude scenarios and unconditional hazard/loss curves are shown.

3.1 Tsunami Height Hazard at Point A
Figure 5a shows eight conditional tsunami hazard curves for different earthquake magnitudes.
These conditional hazard curves are obtained directly from the Monte Carlo tsunami hazard
simulation results. For a give magnitude, 500 hazard values (for this case, wave height at
Point A) are sorted in an ascending order and are plotted against exceedance probability. The
comparison shows that tsunami wave height gradually increases with the earthquake magnitude. For instance, at the (conditional) 10th percentile level, tsunami height is about 1 m for
the Mw7.6 case, whilst it increases to about 10 m when the Mw9.0 case is considered.
Figure 5b shows the unconditional tsunami hazard curve at Point A. Integration of the different conditional hazard curves can be carried out by summing up the conditional exceedance
probabilities of certain tsunami hazard levels for different magnitudes, weighted according to
Mmin and fM (see Figure 1c). The tsunami hazard curve is useful for calculating the tsunami
hazard values for given exceedance probability levels. For example, when a coastal engineer
is concerned with the 1-in-1,000-year tsunami event, the tsunami defense structure at Point A
should have the minimum crest elevation of 6.3 m to avoid the overtopping.

Figure 5: Tsunami wave-height hazard curves at Point A: (a) conditional curves and (b) unconditional curve

3.2 Tsunami Inundation Hazard in Natori and Iwanuma
A notable advantage of the proposed stochastic tsunami simulation method is that accurate
tsunami inundation modeling is performed; therefore, detailed inundation results for all stochastic source scenarios are available for post-processing. This means that various spatial tsunami hazard parameters, such as inundation areas above a certain depth, can be evaluated.
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This is particularly beneficial when tsunami hazard and risk mapping at city- and regional
levels are of interest.
To demonstrate this capability, inundation areas above 1 m, 2 m, 3m, and 5 m depth in Natori
and Iwanuma are calculated. Figure 6a shows eight conditional inundation-area hazard curves
for the 3 m threshold value, while Figure 6b shows four unconditional inundation-area hazard
curves for the four depth threshold values. It is noted that the inundation-area hazards are significantly affected by local terrain characteristics (e.g. Figure 3). The unconditional hazard
curves corresponding to the four depth thresholds indicate that inundation areas at the 1,000year return period level decreases significantly from about 30 km2 (1 m depth) to about 2 km2
(5 m depth). Typically, in the alluvial plain region, inundation areas with large depths are confined to seaside areas along the coast.

Figure 6: Tsunami inundation-area hazard curves for Natori and Iwanuma: (a) conditional curves and (b) unconditional curve

3.3 Tsunami Loss in Natori and Iwanuma
Finally, the tsunami loss results for the building portfolio shown in Figure 3 are presented in
Figure 7. Figure 7a shows that for extreme cases of the Mw8.8 and Mw9.0 scenarios, the tsunami loss values are saturated because almost all buildings are in the complete damage or
collapse damage state. This can happen because the majority of the buildings in Natori and
Iwanuma are wooden residential houses (Figure 3), which will be washed away when the tsunami depth exceeds 4 m (Figure 4a). The unconditional tsunami loss curve shown in Figure
7b provides quantitative information related to the current tsunami risk exposure for the building portfolio. For instance, the expected tsunami loss at the 1,000-year return period level is
about 650 million US dollars (USD).
Although detailed investigations are not carried out in this study, an effective way to utilize
the tsunami loss results in tsunami risk management is to perform similar tsunami risk assessments by implementing risk mitigation measures in the numerical models and to compare
the loss curves. For instance, heights of the coastal defense structures along the coast (e.g.
revetments and walls along rivers) may be varied to investigate the cost-effectiveness of the
mitigation measures. Alternatively, different plans for land use and building zonation can be
implemented. Essentially, such investigations will facilitate quantitative cost-benefit analysis
of tsunami disaster risk mitigation measures for coastal community.
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Figure 7: Tsunami loss curves for Natori and Iwanuma: (a) conditional loss curves and (b) unconditional loss
curve

4 Conclusions
This study has developed and demonstrated a probabilistic tsunami risk assessment methodology for promoting the performance-based tsunami engineering. The method is innovative in
that uncertainties associated with earthquake source modeling are fully accounted for by integrating new prediction models of earthquake source parameters and stochastic slip synthesis
method. The uncertainties in tsunami generation are propagated through Monte Carlo tsunami
simulation including inland tsunami inundation. This facilitates the generation of various tsunami hazard parameters and outputs for the entire region. Through the post-processing of the
tsunami simulation results and the tsunami fragility analysis, tsunami hazard and loss curves
can be derived. These curves take into account all related uncertainties in earthquake occurrence, earthquake source rupture, tsunami propagation, building damage, and damage cost
estimation. Most importantly, the proposed PBTE framework can be used for quantitative
cost-benefit analysis of tsunami risk mitigation measures and will promote risk-informed
management decisions related to tsunami disaster risk reduction.
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Abstract: The performance of transportation system has significant impact on the
recovery rapidity of damaged communities after the occurrence of hazard events,
because most of the necessary materials, machines and workmanship are shipped by
transportation system from the suppliers to the building site. This paper analyses the
supporting of transportation system to the recovery process of built environment,
and proposes an indicator for evaluating this effect, which relates the capacity of
transportation system to the recovery speed of built environment. The approach is
demonstrated through the performance evaluation of the simplified transportation
system of Beijing city, and the effects of retrofitting transportation system on improving the resilience of built environment are analysed.
Key words: Community resilience; Transportation system; Built environment; Retrofit strategy; Recovery; Earthquake.

Introduction
Natural hazards, such as earthquake and hurricanes, impose great risk to the residents in communities of all sizes, and impair the normal function of built environment. Consequently, increasing attention has been cast on the emergency capacity of communities and the rapidity of
their recovery process following a hazard event. The concept of community resilience has been
raised, accepted and valued by researchers and policy makers and significant efforts have been
conducted to define and quantify the community resilience [2,7,9,14,16]. The gist of community resilience is reflected by four characters: robustness, rapidity, redundancy and resourcefulness [2], as shown in Figure 1.
.

Figure 1: Schematic representation of community resilience
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Figure 2: Map of Beijing city

Resilience is often regarded as an attribute of communities rather than a property of individual
infrastructure components or systems [13,16]. A resilient community requires a resilient built
environment that consists of different building sectors, such as residential, commercial,
education, government, etc., which are interdependent in their functionalities in maintaining the
well-being of a community. Hence, it becomes meaningful to account for the interdependency
between building sectors in the resilience assessment of the whole community [8].
Following a hazard events, the resilient of a community depends not only on the robustness of
building sectors but also on the performance of transportation system, which affects
significantly the rapidity of recovery process. From the view point of system and network, the
performance of transportation system following hazard events has been discussed in terms of
the connectivity and travel time, and several case studies have been presented [5,10,15].
However, none of the existing literature analyzes the supporting role of transportation system
for the recovery of damaged buildings, which is, however, a key issue because the repairing of
damaged buildings needs the delivery of resources by transportation system, including
materials, machines and workmanship.
Firstly, the paper introduces the measurement for community functionality considering the
inter-dependency among building sectors, which is then illustrated using a simplified model of
Beijing city. Secondly, an indicator for the performance of transportation system following
hazard events is defined, and the network flow algorithm is introduced to find the optimal
logistics plan and rapidest recovery process of the community functionality. Finally, a case
study is carried out to demonstrate the application of the proposed method and evaluate the
supporting effect of transportation system to the recovery of built environment after an
earthquake.

Community functionality and retrofit optimization
2.1 Measurement for community functionality
The measure of community functionality, as seen in Fig. 1, is required to quantify the
community resilience. Conceptually, the community functionality can be defined by the
probability of an ‘undesired outcome’. In light of this, the degree of population out-migration
following a hazard event is chosen as an overall community resilience metric. The occurrence
of population out-migration highly depends on the damage conditions of different building
sectors, and certain community functionality should be maintained to avoid it [3].
Four essential community functions are considered including housing, business, education and
public service, and the buildings supporting each of these four essential community functions
are respectively referred as residential building sector (RBS), business building sector (BBS),
education building sector (EBS) and public service building sector (PBS). The community
functionality, FC, is defined as [8]:
𝐹𝐶 = 1 − 𝐿𝐶 = 1 − 𝐈1×4 [𝑫𝑨𝑴]{𝐥}4×1

(1)

in which 𝐹𝐶 and 𝐿𝐶 are the overall community functionality and its loss, ranging from 0 to 1;
𝑙𝑖 is the percentage of buildings in sector i becoming unoccupiable; The [DAM] is Damage
Augmentation Matrix accounting for the interdependency among the essential functionality
provided by the four buildings sectors, which is
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𝑎11
𝑎12 𝑙1
𝑎21 𝑙2 𝑎22
[𝐷𝐴𝑀] = [
𝑎31 𝑙3 𝑎32 𝑙3
𝑎41 𝑙4 𝑎42 𝑙4

0.13
0.30𝑙1
𝑎14 𝑙1
0.30𝑙2 0.04
𝑎24 𝑙2
]=[
0.37𝑙3 0.28𝑙3
𝑎34 𝑙3
𝑎44
0.27𝑙4 0.10𝑙4

𝑎13 𝑙1
𝑎23 𝑙2
𝑎33
𝑎43 𝑙4

0.37𝑙1
0.28𝑙2
0.13
0.28𝑙4

0.27𝑙1
0.10𝑙2
]
0.28𝑙3
0.05

(2)

The threshold value for acceptable functionality, FC, is 0.87. The detailed derivation for the
[DAM] and the threshold of FC can be found elsewhere [8].

2.2 Seismic response and retrofit optimization strategy
The relationship between structural response, , and seismic intensity, IM, can be expressed in
a power-law form[6,11].
𝜃 = 𝑎 ⋅ 𝐼𝑀𝑏 ⋅ 𝜀

(3)

where a and b are parameters determined by regression analysis and the logarithmic standard
deviation 𝜀 is the error associate with the power-law form. For building sector i as a whole, the
ratio of buildings that are not safe to occupy (li) can be written as:
𝑙𝑖 = 1 − 𝛷 (

𝑙𝑛(𝜃𝑐𝑟,𝑖 ) − 𝜆𝜃,𝑖
)
𝜉𝜃,𝑖

(4)

where 𝜆𝜃,𝑖 and 𝜉𝜃,𝑖 can be obtained through simulation-based methods introduced in [12] provided that fragility information on individual buildings in the sector are available. And 𝑓𝑖 =
1 − 𝑙𝑖 is the functionality index of building sector i.
The retrofit cost for sector i, ci, depending on building characteristics, site conditions and retrofit
options, can be determined by a hyperbolic function of retrofitted resistance.
𝑛𝑖

∗
𝜇𝜃,𝑖
𝐶𝑖 = ∑ 𝐶0𝑖 ⋅ 𝑘𝑖 ⋅ (
− 1)
𝜇𝜃,𝑖

(5)

𝑖=1

in which 𝐶0𝑖 is the individual building replacement cost; coefficient 𝑘𝑖 is associated with the
∗
building construction type and site conditions; 𝜇𝜃,𝑖
and 𝜇𝜃,𝑖 are the post- and pre-retrofit mean
seismic performance of the building.
The Cost Efficiency, 𝑍𝑖 , of retrofitting sector i to enhance the overall functionality of the
community as a whole is:
𝑍𝑖 =

𝜕𝐹𝐶 𝑑𝑓𝑖
∙
𝜕𝑓𝑖 𝑑𝐶𝑖

(6)

where
𝑚
𝜕𝐹𝐶
= 𝑎𝑖𝑖 + ∑
(𝑎𝑖𝑗 + 𝑎𝑗𝑖 )𝑙𝑗
𝜕𝑓𝑖
𝑗=1,𝑗≠𝑖

𝑑𝑓𝑖
𝑑𝑓𝑖 𝑑𝜆𝜃,𝑖 𝑑𝜇𝜃,𝑖
=
⋅
⋅
𝜕𝐶𝑖 𝑑𝜆𝜃,𝑖 𝑑𝜇𝜃,𝑖 𝑑𝐶𝑖

(7)
(8)

𝑍𝑖 is a key parameter to determine the retrofit strategy, and the building sector associated with
the largest value of Zi, i = 1,..4, has the highest priority for retrofitting.
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2.3 Illustration of retrofit optimization of built environment
A simplified model of Beijing City shown in Fig.2 is established to demonstrate the application
of the approach, in which four building sectors are considered. Each building sector includes
three building categories designed for different seismic intensity levels1 (SIL), i.e. SIL6, SIL 7
or SIL 8, corresponding to PGAs of 0.06g,0.13g and 0.25g, respectively. The number of
buildings, the seismic response parameters and the basic retrofit costs are shown in Table 1.
Table 1: Building sectors and their seismic behaviors
Building
Sector
Residential
building
Business
buildings
Education
buildings
Public
service
buildings

Building
Category
R6
R7
R8
B6
B7
B8
E6
E7
E8
P6
P7
P8

Number
of
Buildings
40
50
10
8
10
2
2
2
1
10
10
5

a
0.040
0.024
0.013
0.046
0.026
0.015
0.036
0.021
0.012
0.044
0.025
0.014

Design Seismic
Intensity Level
(SIL)
6 (0.07g)
7 (0.13g)
8 (0.25g)
6 (0.07g)
7 (0.13g)
8 (0.25g)
6 (0.07g)
7 (0.13g)
8 (0.25g)
6 (0.07g)
7 (0.13g)
8 (0.25g)

Retrofit cost per
building, C0 k
(million RMB)
1.72
1.89
2.06
5.15
5.66
6.17
2.57
2.92
3.26
0.86
1.03
1.20

The overall community functionality as a function of seismic intensity expressed by PGA, is
plotted in Fig. 3. The community functionality, FC, decreases with increase in the PGA intensity,
reaching 0.87 (the threshold of the acceptable functionality) as the PGA reaches 0.15g.

Figure 3: Community functionality as a function of seismic intensity

Figure 4: Transportation network of Beijing

To achieve the target community functionality of 0.87 under seismic intensity level of 8 (PGA
= 0.25g), the optimum retrofit strategy is acquired using the proposed method based on cost
efficiency, and shown in Table 2.
The optimum retrofit strategy mainly enhances education buildings and public service buildings,
because these buildings are fewer in numbers and retrofit costs, resulting higher cost
efficiencies (Z) than those of the residential buildings and business buildings. We can also find
that many, but not necessarily all, buildings have a seismic capacity matching the considered
seismic intensity following retrofit.
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Table 2: Optimum retrofit strategy under seismic intensity level 8
Building Sector
Residential buildings
Business buildings
Education buildings
Public service buildings

Building category
and No. of
buildings
R6, R7, R8 100
B6
8
B7, B8
12
E6
2
E7
2
E8
1
P6
10
P7
10
P8
5

Retrofit strategy

Cost
(million)

Not retrofitted
All are retrofitted to seismic level 7
Not retrofitted
All are retrofitted to seismic level 8
All are retrofitted to seismic level 8
retrofitted to seismic level of 9
5 buildings are retrofitted to level 8
all are retrofitted to level 8
Not retrofitted

0.00
30.96
0.00
10.95
4.71
3.43
12.44
8.21
0.00

Support effect of transportation system to recovery of buildings
Transportation system represents a critical component of society’s infrastructure systems, and
is needed for the welfare of the public. After an earthquake, the transportation system is responsible for the transportation of search/rescue and medical team, the passing of injured to hospitals
during the first few hours; and later, it is required for the delivery of repairing materials, machines and workmanship to the damaged building sites to support the recovery of built environment [4,18]. In this section, our research focuses on the role of transportation system to
facilitate the repairing/restoration of buildings, and proposes a method to evaluate the supporting effect of transportation system to the recovery of damaged buildings.

3.1 Transportation network and bridge fragilities
The transporting network in Beijing city is considered in this section, and the study is limited
to the 4 ring roads and 10 linking roads, as shown in Fig. 4. This network model consists of 37
nodes and 56 links, and the total number of bridges is 36. The network is defined in terms of
nodes and links. A node is at the location where two or more highways intersect (usually interchanges). A link is defined by a line between two nodes with no other nodes in between.

(a) bridges in 2nd and 3rd rings

(b) bridges in 4th and 5th rings

Figure 5: Fragility curves of Beijing’s bridge

City transportation system comprises numerous structural components; among them, bridges
are the most vulnerable components under earthquake excitations. Similar to the buildings, the
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bridges of Beijing city were also designed and constructed according to 3 seismic intensity
levels. In the previous study [10,17], bridge fragility information was expressed as a function
of peak ground acceleration (PGA), and it was assumed that the curves be expressed in the form
of two parameter lognormal distribution function. The fragility curves of bridges of Beijing city
is shown in Fig. 5, in which the damage state is classified into 5 categories, i.e., none, slight,
moderate, severe and collapse. Once the bridge is damaged, Table 3 shows the loss of traffic
capacity depending on the degree of damage.
Table 3 Loss in road capacity once the bridge is damaged

Damage state

None

Slight

Moderate

Severe

Collapse

Capacity loss

0

20%

50%

100%

100%

3.2 Methodology
Damaged by the earthquake, the capacity and topology of the transportation network are
changed. Thus, a network flow model specialized in managing material flow demand and road
capacity is chosen to account for this change.
In the network flow model, a key issue is to solve the min-cost max-traffic problem between
two nodes. The flow network is defined as a graph G(V,E). V is the set of all nodes and E is
the set of all edges. It is required that the flow network has a single source and a single sink,
and suppose node s is the source of transportation demand in the network, node t is the sink of
transportation demand [1].
The flow network holds the following properties:
1) Every edge (u, v) ∈ 𝐄 holds a non-negative capacity c(u, v) ≥ 0.
2) Between (u, v) ∈ 𝐄 ,the real traffic flow f(u, v) is restricted in 0 ≤ f(u, v) ≤ c(u, v)
3) ∀v ∈ 𝐕 − {𝒔, 𝒕}, the in-flow is equal to out-flow, which means ∑(u,v)∈𝐄 f(u, v) =

∑(v,w)∈𝐄 f(v, w) .
4) ∀(u, v) ∈ 𝐄 holds a cost b(u, v), and each unit flow passing by it will be punished by
b(u, v).
Under the constraint of maximum total traffic flow, the network flow method can minimize the
total cost brought by the traffic action.
𝐶𝑜𝑠𝑡 =

𝑏(𝑢, 𝑣)𝑓(𝑢, 𝑣)

∑

(9)

(𝑢,𝑣)∈𝑬

According to the topology of Beijing city, the graph G(V,E) was first established, as seen in
Fig. 4. The source node s is an assumed node linked to all the nodes on the 5th ring, where
receives all the resources shipped from other cities to Beijing. The sink node t is an assumed
node linked to all the nodes in the network. The capacity of each edge, c(u,v), is controlled by
the mean travel speed, number of lanes and road condition. The normalized daily capacities are
shown in Fig.4. The needed resources to repair/restore the damage buildings at each node are
around 200.
The damage of bridges is assumed to be statistically independent, and capacity c(u, v) is
determined by the damage state according to Table 3.
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The received resources at each node can be simulated as the following
1) Simulate the damage state of bridges and the damage state of buildings, and then
determine the capacity matrix of the road system.
2) Establish the flow network G(V,E) and add the source node s and sink node t into set V,
and then calculate the cost at each node.
3) Allocate the shipped resources according to the optimal solution of network flow
method, and then update the damage state of each building, update the cost at each
node, and repeat step 3 for the next day analysis, so that we obtain one sample of the
recovery process of the city.

3.3 Resource supply rate and analysis results
To evaluate the supporting effect of transportation system to the recovery of built environment,
resource supply rate is proposed in this section. For an individual building, the resource supply
rate, rind, is defined as:
𝑟𝑖𝑛𝑑 =

𝛱𝑠
𝛱𝑛

(10)

in which 𝛱𝑛 denotes the demanding resources daily for the full speed recovery of the concerned
building, 𝛱𝑠 denotes the supplied resources daily to the building through the transportation
system. As for the whole community, the resource supply rate, r, is defined as a weighted
average of rind of all buildings in the community
𝑟=

∑4𝑗=1 ∑𝑖 𝑤𝑖𝑗 𝑟𝑖𝑛𝑑,𝑖𝑗
∑4𝑗=1 ∑𝑖 𝑤𝑖𝑗

(11)

in which rind,ij is the resource supply rate for the ith building in the jth building sector, 𝑤ij is the
weighting factor, which is determined by:
𝑤𝑖𝑗 =

In which

𝜕𝐹𝐶
𝜕𝑓𝑗

𝜕𝐹𝐶 𝑑 𝑓𝑗
⋅
𝜕𝑓𝑗 𝑑 𝛱𝑖𝑗

(12)

distinguishes the importance of different building sector to the functionality

assessment of the whole community, and

𝑑 𝑓𝑗
𝑑 𝛱𝑖𝑗

reflects the difference in cost efficiency of

repairing different individual building in a building sector.
Suppose an earthquake occurs with a PGA of 0.25g, which causes the damage of buildings and
bridges. 1000 simulations of damaged conditions of Beijing city were performed. The 1000
samples of recovery trajectory were obtained, and some of them are shown in Fig.6. In which
the mean recovery trajectory shows that, on average, the community functionality is restored to
an acceptable level (FC = 0.87) 3 months later. But the recovery process has great uncertainty,
the cases associated with 10 percentile and 90 percentile are also shown in the Figure.
The resource supply rate is also calculated using the simulated results, its probability
distribution can be found in Fig. 7, labelled ‘current‘, where 7(a) corresponds to the case
immediately after the earthquake, 7(b) is for that one month later. It can be seen that the resource
supply rate provided by transportation system has large uncertainty, and the transportation
system can only ship averagely 57% of resources needed for the full speed recovery
immediately after the earthquake. The resource supply rate gets larger one month later,
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increases from 0.57 to 0.82 averagely, because the needed resources decrease as more damaged
buildings have been repaired.
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Figure 6: Sampled recovery trajectories
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(a) Immediately after earthquake

0.02 0.04

0.16

0.09

0.09
0.01

0.03

(b) 1 month after earthquake

Figure 7: Comparison between probabilistic distribtuions of resource supply rate

Suppose all the bridges are retrofitted to a higher seismic intensity level, their seismic fragility
curves are shown in Fig. 8. Repeating the analyses above, the simulated recovery trajectories
are shown in Fig.9. It can be seen that the time for the built environment back to the acceptable
level decreases to 2 months on average, and the variability of the recovery process is
significantly reduced compared with Fig. 6, demonstrating the improvement in the supporting
effect of transportation system to the recovery of damaged buildings after the transportation
network is retrofitted.
The resource supply rate is also analyzed for the retrofitted transportation system. Its probability
distributions are also shown in Fig. 7, labelled ‘retrofitted‘. The mean resource supply rate
increases from 0.57 to 0.70 immediately after earthquake, 0.82 to 0.92 one month after the
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earthquake, when the transportation system is retrofitted. It can be seen that the resource supply
rate is a meaningful indicator to evaluate the capacity of transportation system in the aspect of
supporting the recovery process of damaged buildings following a hazard event.
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Figure 8: Fragility curves after retrofitting
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Figure 9: Sampled recovery trajectories aftter retrofitting

Summary
This paper introduces a measurement for community functionality of built environment, and
then proposes an indicator to evaluate the capacity of existing transportation system in supporting the recovery process of damaged built environment following a hazard event. Examples are
provided to illustrate the applications of both the measurement for community functionality and
the proposed indicator, resource supply rate of transportation network. It is demonstrated that
the proposed indicator is meaningful to evaluate the supporting effect of the transportation system on the recovery process of built environment.
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Abstract: Proper operation of critical infrastructure networks such as power,
gas, water, and telecommunications is imperative for modern societies. Unfortunately, these systems are widely exposed to natural hazards, which combined
with increased demands and high interdependency, increase their vulnerability
at the community level exacerbating human and economic losses. In addition,
interdependencies under disaster conditions increase the analytical and computational complexity of the problem if analysts want to probe systems ahead of
time. In previous research, the Interdependent Network Design Problem (INDP)
[4] was proposed to optimize the recovery of a partially damaged system of interdependent networks, subject to resource and capacity constraints. However,
recovery strategies depended on a specific disaster under study, preventing the
INDP from optimizing the systems before the occurrence of a given uncertain
event. In this work, we introduce an approach to optimize systems both before
and after the occurrence of a disaster, by expanding the capabilities of the INDP
to incorporate uncertainty. This new approach simultaneously determines how to
retrofit the system to enhance its robustness (before the occurrence of a disaster),
and the best recovery strategies associated to a set of possible future damage scenarios. Thus, the proposed model can effectively optimize the overall resilience
of the analyzed system of systems. This is achieved by developing a two-stage
optimization model, where in the first stage the optimal retrofitting strategy is
found in preparation for the occurrence of a disastrous event, while in the second, the INDP formulation determines adequate recovery strategies associated
to a set of possible disaster scenarios. To exemplify the capabilities of the proposed methodology, an illustrative study is carried out on the water, power, and
gas networks of Shelby County, TN, subject to earthquake hazard given their
proximity to the New Madrid Seismic Zone. Results show how the presented
algorithm provides useful insights to decision makers to enhance the resilience
of a realistic system of interdependent infrastructure networks under uncertainty,
so that the impact of natural hazards is minimized.

2977

1 Introduction
Critical infrastructure networks are vital for the proper operation of communities. Transportation, water and sewage, power, gas, and telecommunications networks are the backbone that
enables the functioning and governability of a society. In recent years, it has become increasingly important to study and understand the failure and damage mechanisms across infrastructure systems and their components, as well as to develop damage recovery plans. By reducing
the vulnerability of the infrastructure systems and identifying proper recovery strategies, the
occurrence and magnitude of losses from failing components can be effectively reduced. Research has shown the impact that interdependencies between different networks have over the performance of the overall system of infrastructure networks, both during the failure propagation
phase after a damaging event occurs [1, 8, 14, 13], and while the recovery process takes place
[12, 2, 11, 6, 4]. Nevertheless, previous works focus on each of these problems individually,
due to the high computational complexity associated with optimizing the design of a system of
interdependent networks to simultaneously reduce the performance loss after a the occurrence
of a disaster, and to make the system recover faster. In this paper, we present a methodology that
optimizes the design of a system of interdependent networks, such that it can better withstand
an uncertain damaging event, and the performance recovery and associated costs are minimal.
In particular, the objective of the proposed optimization problem is to determine the set of elements to retrofit that minimize the total expected retrofitting and recovery costs, given a set of
representative disaster scenarios. To solve this non-linear optimization problem, we propose a
novel decomposition approach, that separates it into two different optimization problems, one
that focuses only on determining the minimum recovery cost associated with a given disaster
scenario, and the other that uses this information to determine which specific elements should
be retrofitted to minimize the expected cost of recovery. The advantage of separating the master
optimization problem into these two subproblems, is that it is possible to exploit the properties
of each of them, such as linearity of one of them, reducing the computational complexity and
increasing the accuracy of the solution that follows.
The paper is organized as following. Section 2 describes the mathematical model used to find the
recovery strategy that minimizes the cost of recovery associated with a given disaster scenario.
This model solves the Interdependent Network Design Problem (INDP), defined by González
et al. [4] as the problem of finding the minimum-cost recovery strategy of a partially damaged
system of infrastructure networks, while considering interdependencies between the networks.
In particular, the presented formulation is associated with a time-dependent INDP variant (namely, td-INDP), introduced by González et al. [5], which extends the INDP model by finding
the optimal time-indexed recovery strategy. Section 3 shows how to use the td-INDP model to
optimize the selection of the system components (nodes or links) to be retrofitted. Section 4
presents a computational experiment to illustrate the application of the presented methodology
in a realistic system of interdependent infrastructure networks, including the power, water, and
gas networks in Shelby County, TN, USA. Finally, Section 5 presents concluding remarks and
ideas for future work.

2 The time-dependent Interdependent Network Design Problem
The time-dependent Interdependent Network Design Problem (td-INDP) finds the least-cost
time-dependent recovery strategy of a partially destroyed system of infrastructure networks,
subject to budget, resources, and operational constraints, subject to interdependencies between
the networks [4, 5].
The following td-INDP formulation [5], takes as input the topology of the networks considering
a given disaster scenario (i.e., before and after a damaging event), as well as unitary flow
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costs, flow capacities and costs, resource utilization and recovery costs per component, among
others. Using this information, it determines the optimal recovery strategy, composed by
the periods in which each arc and node should be recovered, which geographical spaces
(where the components are located) should be prepared for the recovery process, and the flow
configuration at each period. The sets, parameters, and decision variables used in the td-INDP
formulation are described below.
Sets
N
A
T
S
L
R
K

Set of nodesbefore a destructive event (i ∈ N )

Set of arcs before a destructive event ((i, j) ∈ A)

Set of periods for the recovery process (time horizon) (t ∈ T )

Set of geographical spaces (spatial distribution of the area that contains the infrastructure networks) (s ∈ S)

Set of commodities flowing in the system (l ∈ L)

Set of limited resources to be used in the reconstruction process (r ∈ R)
Set of infrastructure networks (k ∈ K)

Nk∗

Set of nodes in network k ∈ K that require their demands to be fully satisfied in order
to be functional

Nk

Set of nodes in network k ∈ K before a destructive event

Nk0

Set of destroyed nodes in network k ∈ K after the event

Ak

Set of arcs in network k ∈ K before a destructive event

Lk

Set of commodities flowing in network k ∈ K

A0k

Set of destroyed arcs in network k ∈ K after the event

Parameters
vrt

Availability of resource r at time t

hi jkrt

Usage of resource r related to recovering arc (i, j) in network k at time t

pikrt

Usage of resource r related to recovering node i in network k at time t

+
Miklt

Costs of excess of supply of commodity l in node i in network k at time t

−
Miklt

Costs of unsatisfied demand of commodity l in node i in network k at time t

αi jkst

Indicates if repairing arc (i, j) in network k at time t requires preparing space s

βikst

Indicates if repairing node i in network k at time t requires preparing space s

γi jkk̃t

Indicates if at time t node i in network k ∈ K depends on node j in network k̃ ∈ K

gst

Cost of preparing geographical space s at time t

fi jkt

Cost of recovering arc (i, j) in network k at time t

qikt

Cost of recovering node i in network k at time t

ci jklt

Commodity l unitary flow cost through arc (i, j) in network k at time t

2979

ui jkt

Total flow capacity of arc (i, j) in network k at time t

biklt

Demand/supply of commodity l in node i in network k at time t

Decision variables
+
δiklt

Excess of supply of commodity l in node i in network k at time t

−
δiklt

Unmet demand of commodity l in node i in network k at time t

xi jklt

Flow of commodity l through arc (i, j) in network k at time t

wikt

Binary variable that indicates if node i in network k is functional at time t

yi jkt

Binary variable that indicates if arc (i, j) in network k is functional at time t

∆wikt

Binary variable that indicates if node i in network k is not damaged at time t

∆yi jkt

Binary variable that indicates if arc (i, j) in network k is not damaged at time t

∆zst

Binary variable that indicates if space s has to be prepared at time t

Note that an element that is not functional is not necessarily damaged (since an undamaged
element may not be able to function properly due to interdependencies to other elements).
Using the described sets, parameters, and variables, the td-INDP mathematical model is
depicted as follows:
minimize
INDP =

∑

t∈T |t>0

+∑



 ∑ gst ∆zst +
s∈S

∑ ∑ ∑

t∈T k∈K

l∈Lk i∈Nk



∑ ∑

k∈K

fi jkt ∆yi jkt +

(i, j)∈A0k

∑ 0 qikt ∆wikt 

i∈Nk


− −
+ +
δiklt +
δiklt + Miklt
Miklt



∑ ∑

l∈Lk (i, j)∈Ak

ci jklt xi jklt

!

(1)

subject to,

∑

j:(i, j)∈Ak

xi jklt −

∑

j:( j,i)∈Ak

+
−
+δiklt
x jiklt =biklt −δiklt

, ∀k ∈ K, ∀i ∈ Nk , ∀l ∈ Lk , ∀t ∈ T ,

(2)

∑ xi jklt ≤ ui jkt wikt

, ∀k ∈ K, ∀(i, j) ∈ Ak , ∀t ∈ T ,

(3)

∑ xi jkl ≤ ui jkt w jkt

, ∀k ∈ K, ∀(i, j) ∈ Ak , ∀t ∈ T ,

(4)

∑ xi jklt ≤ ui jkt yi jkt

, ∀k ∈ K, ∀(i, j) ∈ A0k , ∀t ∈ T ,

(5)

, ∀k ∈ K, ∀i ∈ Nk∗ , ∀l ∈ Lk , ∀t ∈ T ,

(6)

l∈Lk

l∈Lk

l∈Lk

−
wikt biklt ≤ biklt − δiklt

∑ wikt γi jkk̃t ≥ w jk̃t

i∈Nk
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, ∀k, k̃ ∈ K, ∀ j ∈ Nk̃ , , ∀t ∈ T ,

(7)

wik0 = 0
yi jk0 = 0
wikt ≤

∑ ∑

k∈K

(i, j)∈A0k

∑ ∆wikt˜

∑ ∆yi jkt˜



∑ 0 pikrt ∆wikt  ≤ vrt

i∈Nk

∆wikt αikst ≤ ∆zst

∆yi jkt βi jkst ≤ ∆zst

xi jklt ≥ 0

, ∀k ∈ K, ∀(i, j) ∈ A0k ,

(9)

, ∀k ∈ K, ∀(i, j) ∈ A0k , ∀t ∈ T | t > 0, (11)

t˜=1

hi jkrt ∆yi jkt +

(8)

, ∀k ∈ K, ∀i ∈ Nk0 , ∀t ∈ T | t > 0, (10)

t˜=1

t

yi jkt ≤


t

, ∀k ∈ K, ∀i ∈ Nk0 ,

, ∀r ∈ R, ∀t ∈ T | t > 0, (12)

, ∀k ∈ K, ∀i ∈ Nk0 , ∀s ∈ S, ∀t ∈ T | t > 0, (13)

, ∀k ∈ K, ∀(i, j) ∈ A0k , ∀s ∈ S, ∀t ∈ T | t > 0, (14)
+
≥0
δiklt

, ∀k ∈ K, ∀i ∈ Nk , ∀l ∈ Lk , ∀t ∈ T , (15)

−
δiklt
≥0

, ∀k ∈ K, ∀i ∈ Nk , ∀l ∈ Lk , ∀t ∈ T , (16)

, ∀k ∈ K

, ∀(i, j) ∈ Ak , ∀l ∈ Lk , ∀t ∈ T , (17)

wikt ∈ {0, 1}
yi jkt ∈ {0, 1}
∆wikt ∈ {0, 1}
∆yi jkt ∈ {0, 1}

, ∀k ∈ K, ∀i ∈ Nk , ∀t ∈ T

(18)

, ∀k ∈ K, ∀(i, j) ∈ A0k , ∀t ∈ T , (19)
, ∀k ∈ K, ∀i ∈ Nk0 , ∀t ∈ T | t > 0 (20)

, ∀k ∈ K, ∀(i, j) ∈ A0k , ∀t ∈ T | t > 0, (21)
∆zst ∈ {0, 1}

, ∀s ∈ S, ∀t ∈ T | t > 0. (22)

The objective function (1) minimizes five costs simultaneously, associated from left to right
with the geographical preparation for the recovery process, the recovery of arcs and nodes, the
costs of unbalanced demand/supply, and the flow costs, respectively. Constraints (2) guarantee that flow balance is maintained for each node, considering the commodities coming in and
out, the desired demand/supply, and associated unbalance variables. Constraints (3), (4), and
(5) enforce that the maximum flow through each link never surpasses the its given capacity.
Furthermore, they guarantee that if a link or its starting and ending nodes are damaged, the flow
through that link is zero. Constraints (6) guarantee that, if required, nodes are functional only
if its demands of commodities are fully satisfied. Constraints (7) model the interdependencies
between the components of each network–physical or logical interdependencies, as described
elsewhere [10, 9]. Constraints (8) and (9) guarantee that components that were damaged due
to the destructive event are initially not functional. Constraints (10) and (11) enforce that damaged components can gain functionality only after they have been repaired. Constraints (12)
ensure that the resources used each period for the recovery process don’t surpass the established
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resource availability. Constraints (13) and (14) guarantee that if a component is repaired, the geographical space that contains it is prepared for such a process. Finally, constraints (15) - (22)
describe the sign restrictions for each variable. For more details associated with the td-INDP
refer to González et al. [5, 4].

3 Optimal retrofitting using the INDP
In order to study the effects of retrofitting over the expected cost of recovery, first assume that
each component in the system e ∈ E (where E = N ∪ A) has a given probability of failure,
denoted by Pe , consistent with the hazards to which the system is subject to. Also, assume
that there is a set Ω composed of diverse representative disaster scenarios. Then, each of these
disaster scenarios ω ∈ Ω will have a normalized probability of occurrence Ψ(ω), that can be
calculated as follows,
Ψ(ω) =

∏e∈E Peωe × (1 − Pe )(1−ωe )
ω
∑ω∈Ω ∏e∈E Pe e × (1 − Pe )(1−ωe )

(23)

where ωe = 1 if element e fails under disaster scenario ωe , and ωe = 0 otherwise (note that
research elsewhere is concerned with identifying representative scenarios Miller and Baker [7]).
Assume that the recovery cost associated with each ω ∈ Ω is known. In fact, using the INDP
formulation presented before, one could calculate the minimum recovery cost associated with
each scenario ω–denoted as INDP(ω). Then, the expected recovery cost (using the INDP as our
recovery cost metric) considering all disaster scenarios in Ω can be calculated by
E(INDP) =

∑ Ψ(ω)INDP(ω).

(24)

ω∈Ω

Note that this approach could be used to evaluate not only the expected cost of recovery, but
also the expected performance loss. The INDP model considers the unbalance between the supply and demand of commodities in its objective function. Then, if M − = 1, and the rest of cost
coefficients in the objective function are set to zero, the INDP model would return the recovery strategy that minimizes performance loss (measured as the percentage of demand being
supplied). Thus, in this case, equation 24 can be used to determine the expected performance
loss.
Now, assume that we can retrofit each element e such that its probability of failure can be reduced a fraction ηe . Then, given a retrofitting strategy ζ (where ζe = 1 if element e is retrofitted,
and ζe = 0 otherwise), the updated probabilities of failure P̂e for each element e can be calculated as follows:
P̂e =



Pe ,
for ζe = 0
Pe × (1 − ηe ), for ζe = 1



= Pe × (1 − ηe ζe ).

(25)

Likewise, the new probabilities of occurrence Ψ̂(ω, ζ ) associated with each disaster scenario ω
and retrofitting strategy ζ are as follows:
Ψ̂(ω, ζ ) =

=

∏e∈E P̂eωe × (1 − P̂e )(1−ωe )
ω
∑ω∈Ω ∏e∈E P̂e e × (1 − P̂e )(1−ωe )

(26)

∏e∈E (Pe × (1 − ηe ζe ))ωe × (1 − (Pe × (1 − ηe ζe )))(1−ωe )
∑ω∈Ω ∏e∈E (Pe × (1 − ηe ζe ))ωe × (1 − (Pe × (1 − ηe ζe )))(1−ωe )

(27)
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Thus, the optimal retrofitting strategy ζ ∗ would be the one that minimizes the expected recovery
costs (or performance loss), i.e.

∑ Ψ̂(ω, ζ )INDP(ω).

ζ ∗ ∈ arg min

(28)

ζ ∈{0,1}kEk ω∈Ω

Is is important to remark that if no additional costs or constraints are added, in general the
solution to 28 would be to retrofit all elements e ∈ E. Thus, to obtain non-trivial solutions,
one could add a constraint related to the retrofitted elements (such as a maximum number of
retrofitted elements), or include an additional cost associated to the retrofitting process.
Note that in general, the problem of finding the optimal retrofitting strategy is a highly nonlinear problem, which usually optimizes the retrofitting and the recovery process simultaneously
with the use of heuristics, for which there are no guarantees of optimality. Nevertheless, by using
the decomposition approach proposed in this paper, we separate the non-linear component of
the master optimization problem from the mixed-integer linear component that can be solved
with optimality guarantees. Thus, the non-linear optimization is reduced to only determining
the retrofitting strategy, enabling computational speed-ups and error reduction, while consistent
with aspirations of measurement science [3].

4 Computational experiment
To illustrate the application of the presented methodology in a realistic configuration, we present a study on the system of water, power, and gas networks in Shelby County, TN, USA. These
networks are depicted in Figure 1. This system is of particular interest due to its proximity to
the New Madrid Seismic Zone (NMSZ), which presents an earthquake hazard to the city of
Memphis and other communities in the county. This system of networks has both physical and
geographical interdependencies that are explicitly modeled. The physical interdependencies refer to the mutual interdependence between the power and water networks, and the geographical
couplings refers to the gas and water networks sharing underground spaces.
For this experiment, the set of studied scenarios Ω is composed by 1000 randomly generated
disaster scenarios consistent with a magnitude Mw = 8 earthquake. All costs, capacities, and
Water service areas
Water distribution stations
Water pipelines

47 48
43 45 46
44

13

15

40
39
37
33 34
11

39

37
33

34
21

0 3 6

12

18

24

km
30

25

20 19

4

18
16

2

! 12kV Substations

12

!

32
7

30

" Gate Stations
Transmission Line

±

24

!

17

0 3 6

!

(a) Water network
Gas service areas
Gas distribution stations
Gas pipelines

11

9

10

15

11

13

10

18

!

4 5 16
6

7

17

km
30

!

12

39
5

7

24

"

8

13

14

8

1

18

km
30

#

43 44
X
!7
!
X
42!
#25
!"
!X 41
38 40 !39 #24
!4
XXX " 6 23
# "5
# #21
36!" 22
!37
!35 #19
#
34
!33 !32 31
17 18#!
20
!
#
16 "
30 2
#X 3 XX!
1" 29!
XX
#X "
15# 14
12
!
X 28
#
#
13
#11
26 !27 # #10
9
!
X

(b) Power network

6

12

24

3

3

0

0 3 6

60

"

9

3
12

12

8

Subareas
Gas distribution stations
Water distribution stations
Gas pipelines
Water pipelines

14

11

12

5

4

!

5455 56
XX X
22 21
# #

!

28 26

"

!

X Intersection Point

10

1

45

# 23kV Substations

36

298
31
27
22
6
5 23

3

41
38

35
9

11

Tributary Areas

49

14

42

15

1

2

(c) Gas network

2

0 3 6

12

18

24

km
30

(d) Superposition of the gas and water networks

Figure 1: Studied utility networks in Shelby County, TN (adapted from González et al. [4]).
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Table 1: Best retrofitting strategy found (indicating which nodes and arcs should be retrofitted)

Network
Water
Water
Water
Water
Water
Gas
Power
Power
Power
Power
Power
Power
Power
Power

Element Type
Node
Arc
Arc
Arc
Arc
Arc
Node
Node
Node
Node
Arc
Arc
Arc
Arc

Start Node
45
8
9
13
39
1
2
22
30
55
3
5
6
44

End Node
45
34
25
37
40
4
2
22
30
55
48
11
56
45

resource availabilities are consistent with the ones in presented in González et al. [4].
For the retrofitting process, we assumed that the reduction in the probability of failure due to
retrofit was ηe = 0.1, ∀e ∈ E, and that the number of retrofitted elements cannot be more than
5% of the system. To solve the optimization problem described by equation (28), first we used
Xpress-MP to solve the td-INDP model and obtain the optimal recovery costs associated with
each scenario ω ∈ Ω. Then, using these costs as input parameters for the problem in equation
(28), we used a genetic algorithm with multistart (100 independent realizations) to determine
the best retrofitting strategy.
The best and second best found retrofitting strategies are shown in Tables 1 and 2, respectively.
They show that, in general, one should give priority to retrofit elements in the water and the
power networks. Furthermore, it is important to note the elements selected to be retrofitted in
each strategy are mostly different (only 14% similar). This is consistent with the fact that the
Table 2: Second best retrofitting strategy found (indicating which nodes and arcs should be retrofitted)

Network
Water
Water
Water
Water
Water
Water
Water
Water
Water
Power
Power
Power
Power
Power

Element Type
Node
Node
Node
Node
Node
Node
Arc
Arc
Arc
Node
Node
Arc
Arc
Arc

Start Node
11
15
16
23
27
33
5
9
13
24
29
3
8
9
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End Node
11
15
16
23
27
33
23
25
37
24
29
15
60
46

importance of each element cannot be understood as absolute, but instead relative with respect
to the other elements in the system. This is particularly important when the system has multiple
redundancies (to reduce its vulnerability), such as the system under study.

5 Conclusions
In this paper we presented a novel approach to maximize the resilience of a system of interdependent infrastructure networks, and minimize the expected recovery costs, by determining the
optimal retrofitting and optimal recovery strategies associated with a set of uncertain but representative disaster scenarios. Given that this optimization problem is highly non-linear, we proposed decomposing it into two subproblems. The first focuses on finding the optimal recovery
strategies associated with each studied disaster scenario. The second takes the found optimal
recovery costs for each disaster scenario, and embeds these into an optimization problem that
focuses only on determining the retrofitting strategy that minimizes the expected recovery cost
(or maximizes expected performance recovery). Thus, by using the proposed decomposition we
enable exploiting the properties of each subproblem, reducing the computational complexity
and increasing the accuracy of the solutions. To solve the first problem, we used the timedependent Interdependent Network Design Problem [4, 5], since it provides theoretical guarantees of optimality, and can model resource utilization and multiple types of interdependencies in
the system. Note that the presented decomposition approach could also be implemented using
different recovery optimization strategies (such as the ones proposed in Cavdaroglu et al. [2]
and Lee II, Mitchell, and Wallace [6]), depending on the specific costs and constraints that the
user wants to model. To solve the second problem, we used a genetic algorithm with multistart,
as this algorithm has shown good performance for binary combinatorial problems such as the
one under study. For future work, tailor-made heuristics could be developed to further enhance
computational efficiency. Similarly, a sensitivity analysis could be performed to determine the
criticality of each individual component, as well as the impact of different retrofitting levels
(i.e., levels of reduction of the individual probabilities of failure) over the global resilience of
the system.
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Abstract: The railway network plays a major role in the US economy by providing an
efficient mode of import, export and freight transfer. Although damage to this
infrastructure during extreme events such as earthquakes can result in significant
economic impacts, few studies have addressed natural hazard risk and resilience
modelling of railway networks and their constituent components. For example, in
contrast to highway bridges widely studied in the literature, seismic fragilities for
railway bridges in the USA are not available. To address these gaps, this study
introduces a new model for the seismic fragility of railway bridges and discusses a
preliminary approach towards risk and resilience assessment of railway networks. The
railway network of Shelby County, Tennessee is selected as a test bed for application of
the methods. Detailed 3-D analytical models of representative railway bridge types are
developed to capture unique features such as track-bridge interaction, and fragility
curves are generated based on statistical analysis of the simulated seismic response data.
Beyond bridge fragility, the network reliability is then estimated in terms of probability
of disconnection between important origins and destinations within the railway network
for scenario seismic events. Using assumed forms of bridge restoration models, the
evolution of network connectivity reliability in time is also evaluated. The results of
this study provide important input models for resilience modelling of railway networks
and establish a framework for further exploration of alternative resilience metrics in the
face of hazard exposure.

Introduction
Railway networks play an important role in facilitating expedient movement of raw materials
and finished products between manufacturers, retailers and customers. The smooth functioning
of railway networks following a damaging hazard event is essential from an economic and
community resilience point of view. The concept of resilience, used from various perspectives,
may be summarized as the ability of a system to react to stresses that affect its normal
functionality. Resilience quantifies not only the strength of individual components of the system
against regular and extreme event loads, but also its inherent capacity to regain functionality in
a robust, efficient manner. Broadly speaking, the concept of resilience for transportation
networks encompasses components which are both internal and external to the infrastructure
system [16]. Miller-Hooks et. al. [9] discuss a post-disaster resilience model that accounts for
budget and time constraints as well as preparedness actions that enhance component robustness.
Bruneau et. al. [2] define resilience in the light of reduction in failure probabilities, hazard
consequences and recovery times. In the face of seismic hazard, the railway bridges form the
most vulnerable components of a railway network. However, very few studies have addressed
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the issue of developing seismic fragility curves for railway bridges. Most of the available
literature on railway bridge fragility curves have been developed for specific bridges outside
the USA [10], [13]. HAZUS-MH [7] recommends using the same classification scheme and
seismic fragility functions for railway bridges as those provided for highway bridges. This
approach fails to take into account the design details and structural classes that are unique to
railway bridges. In addition to this, HAZUS-MH [7] also provides restoration times for railway
bridges in the form of cumulative normal distribution functions whose parameters vary with
damage state. This study lays the foundation for resilience modeling of railway networks,
providing a restoration model that takes into account the network connectivity and its evolution
in time after the earthquake. As a part of this effort, new fragility curves for railway bridges are
developed using analytical techniques and incorporated in the resilience model along with
assumed bridge restoration functions [7]. Case study analysis offers insight into the temporal
evolution of probability of connectivity loss between various origin-destination pairs in the
railway network for a range of earthquake intensities.

Railway Bridge Inventory and Network of Shelby County, TN
The railway network of Shelby County, TN is used as a case study to derive some of the first
seismic fragility and railway network resilience models herein. This section provides details of
the inventory and railway network, as the features of this region motivate selection of the bridge
class for fragility modeling and the network characteristics affect the resulting network
performance estimates. However, the methods and insights are extendable to other regions.

2.1 Overview of bridge classes
Shelby County is located at the southwest corner of Tennessee and contains the city of
Memphis. It has over 155 miles of railway lines operating within its boundaries, disregarding
urban metro rail services. Each line is owned and maintained by a Class I railroad (BNSF,
Union Pacific, Canadian National and CSX Transport). The classification of railway bridges
within Shelby County, TN is performed using a similar classification scheme as Nielson [12].
A major roadblock in developing a detailed railway bridge inventory is the insufficiency of the
database in the National Bridge Inventory (NBI) regarding railway bridges. All bridges listed
in the NBI database either cross or carry a highway facility, which means that a significant
number of bridges crossing waterways, railways or other facilities are overlooked. In order to
supplement the data available from NBI, other railway bridges are identified by visual
inspection using Google Maps and Google Street View. Overall, there are 124 railway bridges
in the region, of which the structural class of 87 could be identified. Based on superstructure
material, deck support conditions and number of spans, the observed bridge classes have been
summarized in Table 1.
Table 1: Railway Bridge Classes in Shelby County, TN

Name

Abbreviation

Number

Multi-Span Simply Supported Steel Girder
Multi-Span Simply Supported Steel Through Plate
Girder

MSSS Steel

32

% of
Total
25.81

MSSS TPG

23

18.55

MSSS
Concrete Slab

13

10.48

Multi-Span Simply Supported Concrete Slab
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8

6.45

Other bridge classes identified

MSSS
Concrete
-

11

8.87

Bridge class not identified

-

37

29.84

Multi-Span Simply Supported Concrete Girder

2.2 Characteristics of the studied bridge types
For the present study, the two most predominant bridge classes identified, namely MSSS Steel
and MSSS TPG, are studied. MSSS TPG bridges are structurally different from typical steel
girder bridges in that they are characterized by two massive girders with the track passing in
between, supported on the bottom flanges. MSSS TPG bridges are typically characterized by
wall-type piers, which are distinct from the multi-column bents typically observed in the MSSS
Steel bridges. For each of these bridge types, the span lengths, deck widths, number of spans,
and column heights have been identified. Based on the observed statistics of each of these
parameters, bridge samples have been subsequently generated by Latin Hypercube Sampling
for analysis in OpenSees [8] as discussed in more detail in Section 3.1.
Table 2: Parameter distributions among railway bridge classes studied

Bridge Class
MSSS Steel
MSSS TPG

Span Length (m.)
Mean
Std. Dev.
13.95
3.682
20.949
6.690

Column height (m.)
Mean
Std. Dev.
4.072
0.26
4.072
0.26

2.3 Railway Network

Figure 1: Railway Network of Shelby County, Tennessee
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2.3.1 Constructing the Railway Network
The railway network for Shelby County, Tennessee has been developed largely by visual
inspection of satellite imagery as mentioned in Section 2.1. The network nodes are located at
freight stations, railroad junctions and at locations where the railroad crossed the county line.
In addition to these, nodes are also located at the beginning and end of each bridge, which are
modelled as links. No data on direction of traffic flow was available at the time of study, so the
network has been modelled as undirected. The network model used for this study has 296 nodes
and 318 links, of which 124 are bridges. A visual representation of the network is shown in
Figure 1, where the bridges have been overlaid on the Federal Railroad Administration (FRA)
Railroad Network.
2.3.2 Basic Topological Characteristics of the Network
The Shelby County, TN railway network layout plotted in Figure 1 reveals many properties of
a tree-like network, with some connected cores near the center of Memphis. The degree
distribution plotted in Figure 2 reveals that more than 80% of the vertices have a degree 2,
which is typically the case with tree-like networks. The mean degree is 2.15, with the maximum
vertex degree being 6. The girth of the network is 3, and the average local clustering coefficient
is 0.0026. For a perfect tree, the average clustering coefficient would be 0 [11], so this network
clearly has a very sparse structure.

Figure 2: Degree Distribution of the Shelby County, Tennessee Railway Network

The network diameter is about 79.795 kilometers, between the county line near Arlington in
Northeast Shelby County and the Nucor Steel Plant Station in Southwest Shelby County. This
is one of the many routes of interest for the present study on account of its significance in freight
transfer across the County.

Railway Bridge Fragility Development
3.1 Overview of Methodology
Fragility curves offer the cumulative probability of exceeding a prescribed damage state
conditioned upon a certain level of hazard intensity measure. Often, as in this study, fragilities
are represented by lognormal distributions as indicated by the following equation [12]:
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𝑃[𝐷𝑆|𝐼𝑀] = 𝛷 (

𝑙𝑛(𝐼𝑀) − 𝑙𝑛(𝜆)
)
𝜁

(1)

In the above formulation, Φ denotes the standard normal distribution function, 𝐼𝑀 denotes the
ground motion intensity measure and 𝜆 and 𝜁 are the median and dispersion values of intensity
measure for damage state 𝐷𝑆. Herein fragility curves are developed separately for critical
bridge components, namely abutments, bearings and columns. System level fragilities are
subsequently evaluated assuming a series system relationship between individual components.
In this study the methodology previously applied to highway bridge fragility analysis [12] is
applied to railway bridges. The primary emphasis herein is on insights gained from fragility
modeling of railway bridges that capture their unique complexities. Such aims include
affording comparison of alternative railway bridge class fragilities and examination of the
validity of traditional assumptions of adopting highway bridge fragilities for railway bridges.
The four damage states (slight, moderate, extensive and complete) used in this study are
consistent with the qualitative descriptions provided in HAZUS-MH [7]. The structural
response parameters that determine component damage states are correlated with the seismic
intensity measure using Probabilistic Seismic Demand Models (PSDMs), assuming a power
law relationship between the engineering demand parameter (𝐸𝐷𝑃) and intensity measure (𝐼𝑀).
𝐸𝐷𝑃 = 𝑎𝐼𝑀𝑏

(2)

The engineering demand parameters for each bridge component are evaluated through
nonlinear finite element analysis using OpenSees [6]. The finite element model is similar to the
highway bridge models [10] with improvement on the material modelling and relevant updates
to incorporate the design details specific to railway bridges. These include incorporation of
larger columns to carry the heavier superstructure mass and using a continuous foundation for
the columns. The railway track, including sleeper and ballast have been added to the deck
grillage model to account for the effect of added mass and stiffness continuous along the bridge
deck. The stiffness contribution of ballast and sleeper are adapted from UIC-774 [5]. All bridge
decks are assumed to be ballasted. The two bridge types considered for analysis in this study
are MSSS Steel and MSSS TPG. Based on observed bridge characteristics such as span length
and column height for each bridge type, 8 representative bridge samples are generated using
Latin Hypercube Sampling, assuming a normal distribution for each of these parameters. These
bridges are then analyzed for two different ground motion suites, one developed by Rix and
Fernandez-Leon [15] and the other by Wen and Wu [18], to account for uncertainty in seismic
demand. Uncertainties in material parameters is introduced by assuming appropriate
distributions for each parameter, in accordance with [12] and CALTRANS Seismic Design
Criteria [3]. For both ground motion suites, 48 analysis cases are generated with variations in
material parameters and each belonging to one of the 8 representative bridge types and paired
at random with a ground motion. The system fragility curves obtained from the two suites are
then combined using a method introduced by Pulkkinen [14] to evaluate aggregated lognormal
distribution parameters by combining two-parameter lognormal distributions.

3.2

Fragility curves

3.2.1 MSSS Steel Girder railway bridges
MSSS Steel railway bridges are structurally quite similar to the MSSS Steel highway bridges
[12], with the track structure resting on concrete deck supported on a number of steel I-girders.
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Primary differences include change in the column and foundation models, in addition to the
track structure on top of the deck. The fragility parameters, namely the median and lognormal
standard deviations of the fragility curves are provided in Table 3 and the corresponding
fragility curves plotted in Figure 3(a). As per these results, MSSS Steel railway bridges have
comparable fragility to MSSS Steel Highway bridges [12] at lower damage states but are
considerably less fragile for the higher damage states. For example, the median PGA
corresponding to complete damage is 37.7% higher for the railway bridge counterparts.
3.2.2 MSSS TPG railway bridges
Through plate girder bridges are structurally different from MSSS Steel bridges in that they are
characterized by two massive steel girders with the track structure resting on the bottom flanges.
For ballasted deck as considered here, there is a steel ballast pan resting on the bottom flanges
which contain the ballast and the track structure. For this study, multi-column bent models have
been assumed for these bridge types; however, it is acknowledged that such bridges are also
often supported on pier walls. Future work will address the modelling of wall-type piers and
examine their influence on the fragility. The fragility parameters have been reported in Table 3
and the corresponding fragility curves plotted in Figure 3(b). With the current set of assumed
bridge parameters, the MSSS TPG railway bridges exhibit higher fragilities as compared to
MSSS Steel bridges; however this trend may change if more robust wall-type piers are
considered.
Table 3: System fragility parameters for railway bridges

Ground
motion

Slight Damage

Moderate
Damage
𝜆
𝜁

Extensive
Damage
𝜆
𝜁

Complete
Damage
𝜆
𝜁

𝜆

𝜁

MSSS Steel

0.205

0.392

0.456

0.392

0.656

0.443

1.171

0.462

MSSS TPG

0.139

0.457

0.268

0.449

0.365

0.476

0.692

0.501

(a)
(b)
Figure 3: Seismic Fragility Curves for (a) MSSS Steel and (b) MSSS TPG Railway Bridges
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Network failure probability after an earthquake
4.1

Definition of a network failure event

Network reliability studies have been carried out in the past using various definitions of network
failure events. For transportation networks, the metrics that are typically of interest are
connectivity, travel time and reroute distances. For railway networks in particular, connectivity
between certain specific origins and destinations are of particular interest. For this particular
study, freight stations are selected as possible origins and the county lines are selected as
possible destination nodes. In the event of a damaging earthquake, it is in the interest of the
community to make sure that connectivity between important network nodes is restored
efficiently. Also, with progressive restoration of bridges in the network, the probability of
disconnection between a chosen origin-destination pair evolves in time. The model developed
in this study aims to capture the probability of network failure due to earthquakes of various
magnitudes originating at a specific source and its evolution in time, using a Monte Carlo
simulation based approach described in the following subsection.

4.2

Probability of disconnection and its evolution in time

4.2.1 Scenario Seismic Hazard event
The probability of disconnection between selected origins and destinations is estimated for
scenario earthquakes of varying magnitudes originating from a fixed epicenter. The epicenter
is assumed to be located at (𝑁35°42’36’’, 𝑊90°09’00”), which is a part of the New Madrid
seismic zone. For varying levels of magnitude, the peak ground acceleration at each bridge site
is evaluated based on their distances from the epicenter, using a weighted average of 3 different
ground motion attenuation relationships [4], [6], [16].
4.2.2 Overview of methodology
Given a scenario seismic event, the fragility curves derived provide the probability of reaching
various damage states given the peak ground acceleration at the bridge site. Using this
information, a damage state is assigned to each bridge and a corresponding restoration time is
also assigned based on the HAZUS-MH [7] restoration models. 5,000 simulations are
conducted to estimate the probability of disconnection between a chosen origin-destination pair.
Within each simulation, the probability of failure is also estimated at discrete time steps after
the hazard event to trace the temporal evolution of this disconnection probability with
progressive bridge restoration.
4.2.3 Results
The four plots shown in Figure 4 show the probability of disconnection with varying earthquake
magnitudes and its evolution with time, for four different origin-destination pairs (see Table 4
for details). In order to highlight the varying effects on network connectivity based on relative
importance of the selected origin and destination nodes, these selections have been performed
on the basis of relative importance measures of nodes, specifically PageRank [1] and Closeness
Centrality [11] of the origin and destination nodes. It should be noted that the origin and
destination are interchangeable, as the network has been modelled as undirected.
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(a)

(b)

(c)

(d)

Figure 4: Probability of disconnection for various earthquake magnitudes and its evolution in time. (See Table 4
for definition of cases a-d)

The origin and destination nodes with low PageRank are ones that lie rather far from where the
majority of bridges lie, so the probability of disconnection (Figure 4a) between them is quite
low even for large magnitude earthquakes. On the other hand, for nodes with high PageRank,
the probability of disconnection (Figure 4b) is much higher, as seismic damage affects more
bridges in their vicinity. As a result, the restoration time is also longer in this case. Nodes with
high closeness centralities are fairly close to each other, so the probability of disconnection
between them is quite low and functionality is restored along the route quite fast. However, for
the most distant origin-destination pair possible (Figure 4d), the probability of disconnection
and the corresponding restoration time are much higher, as expected.
Table 4: Explanation of the four different cases studied in Figure 4

Figure

Origin

Destination

Basis for Selection

4a

Memphis Cottonwood

County Line near
North Horn Lake

Nodes with lowest
PageRank

4b

CN Woodstock Office

County Line near
Arlington

Nodes with highest
PageRank
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4c

Kellogg’s Factory

County Line near
Richmond Colony

Nodes with highest
Closeness Centrality

4d

Nucor Steel Plant

County Line near
Arlington

Most distant nodes

Conclusion and Future Scope
This study introduces new models of the seismic fragility of railway bridges and discusses a
preliminary approach towards risk and resilience assessment of railway networks. The
developed fragility curves for railway bridges in the United States fill a major gap in current
literature, where existing practice presumes that the fragility models for highway bridge
counterparts can be adopted. The results of this work show that MSSS Steel railway bridges are
less fragile as compared to MSSS Steel highway bridges at the extensive and complete damage
states, although they are slightly more fragile at lower damage states. This can be attributed to
railway bridges having larger columns than highway bridges given that they are designed to
carry higher loads. As extensive and complete damage states are dictated primarily by column
damage, railway bridges are inherently more robust in the face of seismic hazards. The MSSS
TPG railway bridges appear much more fragile as compared to the MSSS Steel Girder railway
bridges, for the design details adopted herein; however, wall type piers are more typical than
the adopted multi-column bents and future work will address their incorporation as well.
Future versions of the model will include fragilities for the bridge types not addressed so far in
this study, in addition to improved fragilities for the MSSS TPG bridges. From a network
resilience perspective, it would be more useful to have a single resilience metric for the entire
network as opposed to selected routes, as shown in this study. In addition to this, there is
opportunity to explore alternate functionality metrics such as travel time and rerouting
distances, as well as carrying out a freight flow analysis across the network.
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Abstract: Critical infrastructure systems such energy provision and distribution systems, transport systems and the built environment in general are subject to and sensitive to deterioration processes. Structural Health Monitoring (SHM) strategies
have been increasingly employed as means to detect deterioration, facilitate timely
and efficient interventions and thereby to enhance resilience of critical infrastructure. However, in specific situations, it is generally not obvious if and to what degree
different SHM strategies are efficient and sufficient for enhancing the resilience of
critical infrastructure systems. In response to this challenge, the present contribution
puts forwards a novel approach, taking basis in the concept of value of information
analysis from Bayesian pre-posterior decision analysis. Utilizing a principal model
framework we show how the proposed approach is implemented with due consideration of the resilience governing characteristics and interdependencies between infrastructure systems, social/organisational systems, regulatory systems, ecological
systems as well as anthropological and geological hazard systems.

Introduction
The resilience performance of critical infrastructure systems subject to disturbance events
strongly depends on the degree and type of interaction among its components and their condition state at the time the disturbances occur. In order to gain more knowledge and thereby reduce uncertainty associated with the state of degradation of the system components, structural
health monitoring is widely applied; see e.g. [7], [21]. The use of SHM facilitates the observation and assessment over time of the condition of system components providing valuable information in the context of asset integrity management. Based on information collected in the
future, relevant and optimal remedial activities may be identified. When considering system
performance in the context of resilience assessment, not only the performance of the infrastructure system with respect to disturbance events is in focus, but very importantly also the interactions between the infrastructure system and the other systems defining its context. Indeed, in
the context of resilience assessment critical infrastructure must be seen as complex systems
comprised by interacting and interdependent sub-systems including, regulatory authorities,
owner and operator organisations, the free market, monitoring and control systems, ecological
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systems, natural resources and the qualities of the environment in general. Those interactions
represent the context of the infrastructure systems, i.e. the dynamic interrelations between the
services provided by the infrastructure systems, the natural resources facilitating the provision
of the services, the organisations and the market mechanisms providing for the development,
operation, maintenance and renewals of the infrastructures, the environmental qualities affected
by the service provision, together with the anthropological hazards and the geo-hazards, which
may cause disturbances. Moreover, it should be noted that severe disturbance events cause
damages not just to the physical infrastructures, but also generate damages and associated losses
to any of the other interacting sub-systems ([3], [9]).
The term resilience has been widely used in different disciplines starting from psychology and
anthropology to system dynamics, biology and engineering systems [1]. A milestone was set
by Holling [13] for the definition and understanding of system resilience as the ability of those
‘relationships governing the ecosystems to persist after disturbance’.
Different research activities are targeting the quantitative assessment of resilience at infrastructural and community level, identifying robustness, redundancy, resourcefulness and rapidity of
response as key performance indicators of the infrastructure system (e.g. [4], [10]), thus considering only structural and functional performances and no interactions with interrelated subsystems. As highlighted in the foregoing, this perspective is very narrow and leads to over simplification of reality. Resilience modelling and assessments must take basis in a representation
of infrastructure systems in their context. Moreover, resilience targets should be set in coordination with all the involved stakeholders to enhance the restorative ability of the built environment [10].
In Faber et al. ([8], [9]), a holistic approach to system representation and resilience quantification is presented, showing how resilience should be seen as an integral property of the built
environment modelled as an interlinked system built on five components, namely geo-hazard,
infrastructure, governance, regulatory and earth life supporting system. The resilience of the
system is modelled in terms of the temporal evolution of the system service provision depending on the geo-hazard, losses and preparedness of the governance system which in turn is related
to the societal level of development (see [9]).
Therefore, structural health monitoring alone is not enough in the context of resilience and the
monitoring framework should be extended to all sub-systems, which affect the service provision
of the infrastructure systems.
To this aim, based on [9], the concept of value of information analysis is proposed as a consistent methodical framework to assess the value associated with different strategies for collecting new information regarding any of the sub-systems governing resilience of critical
infrastructure systems, including the physical infrastructure systems themselves.

Value of Information in systems resilience modelling
2.1 Definition of value of information
Based on prior information (probabilistic models) the Bayesian a-priori decision analysis is
utilized to rank possible decision alternatives in accordance with the associated expected values
of utility, see e.g. Raiffa and Schlaifer [19]. If new information is available, this may be taken
into account as support for the ranking of decision alternatives by means of Bayesian updating.
The idea behind the concept of value (VoI) is that even if new information is only available in
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a probabilistic sense, the expected value of utility associated with the new information can be
assessed by accounting for the changes (a-posteriori) in the ranking of possible decision alternatives that the possible realizations (a-posteriori) of the new information would imply.
Information comes at a cost and the decision maker needs to assess the benefit she can derive
from buying this ([7],[17]). Indeed, the decision maker can typically choose among different
strategies for collecting new information and the application of VoI facilitates their optimization and ranking.
In this context, the value of information (VoI) associated with structural health monitoring is
defined as the difference in the expected value of life cycle benefits associated with acquisition
of new information through SHM and the expected value of life cycle benefits without the new
information (see Eq.1). Following the terminology in Raiffa and Schlaifer [19], Eq.(2) and
Eq.(3), respectively, provide the expressions of the expected value of the life cycle benefit in
prior analysis (no information is observed) and in pre-posterior analysis (with uncertain information, i.e. before observation). In Eq.(2) and (3), 𝐚 is a vector containing the set of decision
alternatives, 𝛉 is a vector describing the uncertain state of the system, 𝐙 is a vector containing
information of the system state 𝛉 achieved through SHM and e is a given SHM strategy. The
operators 𝐸 and 𝐸′′ denote respectively the prior and posterior expected value operators and the
maximization operator indicates that 𝑢∗1 and 𝑢∗ 2 correspond to the expect value of utility maximized with respect to (𝐚, 𝛉) and 𝑢(e, 𝐳, 𝐚, 𝛉) respectively.
𝑉𝑜𝐼 = 𝑢∗ 2 − 𝑢∗1

(1)

𝑢1∗ = max 𝐸𝜃 𝑢(𝐚, 𝛉)

(2)

𝑢2∗ = max 𝐸𝑧|𝑒 max 𝐸′′𝜽|𝒛 𝑢(e, 𝐳, 𝐚, 𝛉)

(3)

𝒂

𝑒

𝒂

Herein, an influence diagram with integrated Bayesian network is used in our model instead of
the decision tree representation. To evaluate the effectiveness of a monitoring strategy (e), considering the overall system over its lifetime, the utility function may be modelled in terms of
the time evolution of net benefits. When evaluating the monitoring strategy at generic level,
with the objective to evaluate the VoI associated with a specific variable in the model, to model
time evolution of the performance is not necessary and it can be replaced by deterministic scenarios. In our model, the utility function is represented by the net-benefit associated with the
service provided by the system and accounts for the consequences associated with disturbance
events in terms of direct loss associated with restoring service provisions and additional losses
due to lost or reduced service provision. As outlined in Chapter 2.2 additional losses are assigned to further and delayed effects due to e.g. unmitigated climate change.

2.2 Application of VoI to systems resilience modelling
A Bayesian Network model is used to represent critical infrastructure according to the model
presented in Faber et al. ([8], [9]). The interconnection among the components of the system
and sub-systems are designed based on an extensive literature review on resilience of socioeconomic systems and sustainability of human activities, which to a large part is omitted in the
present paper, and partially on simulation data from Faber et al ([8], [9]). The Bayesian model
used to evaluate the VoI is depicted in Figure 2.
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Figure 1: (left) Representation of the multiple dimensions of resilience of the built environment; (right) Functionality of the system after disturbance vs time (Faber et al [8])

The time evolution of the functionality of a generic system according to Faber et al [8] identifies
three main phases: 1- disruption phase due to the damage of the system; 2- reorganization phase,
whose duration depends on emergency management policy; 3- system rehabilitation phase,
which depends on the recovery ability of the system. The quantities ΔB1, ΔB2, ΔT1, ΔT2 and
ΔT3 on the functionality curve depend on both initial losses and preparedness of the governance
system and the society to respond to the disruption of functionality ([8]).
The considered infrastructure system is assumed subjected to two different and independent
types of disturbance events, namely operational disturbance events (in the act of providing services), which may cause internal demands in exceedance of internal capacities, and geo-hazard
disturbance events, which may damage parts of the considered system. Either type of disturbance events may reduce or inhibit provision of services. The performance of the infrastructure
system is represented by the probability of different system failure states when subjected to
operational and/or geo-hazard disturbance events, conditional on degradation and user demand
(see Figure 2). The degradation is modelled qualitatively through a variable with discrete states
(low, average and high degradation) and it is assumed that climate change increases the degradation rate, while increased demands on the use of the infrastructure (modelled as a Boolean
variable) depends on the societal development level and in turn results in a higher renewal rate
due to obsolescence. The societal development level, intended as an indicator of the general
level of wealth, is here used to represent three societal scenarios, namely developing country,
developed country and highly-developed country.

Figure 2: Influence diagram for the representation of the built environment
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In order to introduce the effect of decision alternatives regarding the resource availability (i.e.
economic resilience), we introduce the variable ‘savings’ to model the access to financial reserves during reorganization and recovery phase to cope with both contingent needs and reconstruction costs ([5], [12]). We consider three values for the annual savings, 0-5-10% of the
annual GDP of the hypothetical society. The GDP ( gross domestic product) is used as metric
for the performance of the infrastructure system in terms of losses due to failure states, losses
due to delay in reorganization and recovery, costs of monitoring and intervention on the system
and losses due to unmitigated effects of climate change.
The readiness of the society, intended as the ability to cope with the disturbance events and the
ability to restore functionality in the shortest time possible, reflects organizational resilience of
the considered society. Here, readiness is related to the development level of the society, due
to the evidence that a developed and well-educated society recovers faster ([5]). Moreover,
readiness depends on the availability of economic resources (savings) from the government to
invest, on the management of emergency activities and on the intensity of the event affecting
the infrastructure system. We consider the readiness as Boolean variable (Yes/Not) where the
model is quantified based on the following hypothesis: 1- readiness is likely to be lower for
high intensity of geo-hazard disturbance events; 2- readiness increases with availability of economic, natural resources, and societal development level.
Reorganization and recovery time represent important variables modelling the response of the
system and they are related to both failure of the infrastructure system and to the readiness of
the society affected by the disturbance event (see [8], [9], [16], [17]).
To represent the ecosystem resilience dimension, the climate change, footprint and ecosystem
service variables are introduced. The climate change variable is modelled as a Boolean variable
(Yes/Not) representing the exceedance of climatic stability threshold conditions in relation to a
selected projection scenario (here RCP2.6 of the IPCC is used, [11],[14]). The reason behind
the introduction of a dependency on climatic stability is that the effect of exceeding threshold
condition of climatic stability may make more difficult for the societal system to cope with the
losses ([12], [17]). In addition, the assumption that exceedance of climate change threshold may
cause a 10% increase in the occurrence of geo-hazard disturbance events is made. The carbon
footprint ([20]) is then introduced as a normalized indicator representing the resources use made
by the system with respect to the available resources. It serves as a proxy of how much of the
natural resources is left unused and available for exploitation in case of need. In relation to both
climate change and footprint, the ecosystem service variable is introduced, in qualitative terms
(low-average-high), to account for environmental damage. In fact, quality of ecosystem service
depends on both footprint (e.g. high footprint means a large exploitation of natural resources)
and on climate change, which can reduce ecosystem service by reducing the availability of
redundant species and resources able to support human activities, causing thus a reduced response ability of the societal system and a potential loss of income ([6]).
With respect to readiness and hazard intensity, we can distinguish among four main cases ([8],
[17]): case1-High level of readiness and low intensity hazard events; case2- High level of readiness and high intensity events; case3- Low level of readiness and low intensity events; case4Low level of readiness and high intensity events. According to the described four cases, we
can assign expected values to the re-organization and recovery time as a percentage of the considered lifespan of the system (fixed as 100 years). Here we consider both re-organization and
recovery time having discrete values, proportional to the service life of the system and with
assigned probabilities. Based on the assumption that the use of the infrastructure system allows
a generation of benefit equivalent to 40% of annual GDP of the hypothetical society we are
looking at, the losses associated to the different system failure states of the infrastructural system are considered equal to 20-50-100% of the GDP. Due to reorganization and recovery time,
a fictitious additional loss related to the long recovery time is considered for low readiness and
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recovery time exceeding 50% of its service life. Additional losses due to unmitigated climate
change are quantified here as 2.4% GDP in 100 years [11].
The VoI analysis is then possible by means of an influence diagram based on the Bayesian
model representation of Figure 2. The pre-posterior analysis is performed using the GeNIe software (BayesFusion [2]). The VoI analysis is used to evaluate if observations on the state of
degradation of the infrastructural system and on the state of degradation of ecosystem are beneficial to the resilience of the system, with respect to different initial conditions (scenarios).
Two different policies over monitoring variables of the model are considered: 1- monitoring
the degradation of the infrastructural system; 2- monitoring the environmental footprint of the
socio-economic system as a proxy indicator of ecosystem service. In combination with these
two policies, upon monitoring, a mitigation action can be taken or not. In the case of SHM
strategy, the alternatives are to not repair, perform a small intervention or big renewal. In the
case of environmental footprint, the alternative is to do nothing or introduce regulations to decrease the footprint.
To account for all dimension of resilience, the utility functions 𝑢∗1 and 𝑢2∗ in Eq.2-Eq.3, can be
rewritten to include operational and disturbance events (h), system states 𝛉 =
{𝒅, 𝒅𝒔, 𝒔𝒈, 𝒓, 𝒄, 𝒔, 𝒇} - containing degradation (d), demand of service (ds), % of savings (sg),
societal readiness, (r), climate change effect (c), level of ecosystem service (s) and ecological
footprint (f) - the vector of experiments 𝐞 = {𝒆𝟏 , 𝒆𝟐 } corresponding to the two monitoring options with observation on the degradation state (𝑧1 ) and environmental footprint ( 𝑧2 ), the decision vector 𝐚 corresponding to the decision of monitoring the degradation condition of the
infrastructure and/or the state of environmental footprint and act with an intervention (see Eq.4
and Eq.5).
𝑢∗1 = max 𝐸𝜃|𝑧 𝑢(𝐚, 𝛉(𝐚), ℎ)

(4)

𝑢2∗ = max 𝐸𝑧|𝑒 max 𝐸′′𝜃|𝑧 𝑢(𝐞(𝐚), 𝑧(𝐚), 𝐚, 𝛉(𝐚), ℎ)

(5)

𝑎

𝑒

𝑎

2.2.1 Value of information of monitoring infrastructural system degradation
The value of information analysis with respect to the degradation of the infrastructure system
is used to show the influence of the system failure over the resilience characteristics represented
in the model by the nodes reorganization time and recovery time. Conditional probabilities are
assigned as described in Section 2.2. The cost of the monitoring system is considered equal to
1% of GDP (unit used in the example) while the repair cost is considered 2%GDP for small/medium intervention and 10%GDP for large renewals. These costs could seem high, but they are
considered as integrated costs over the lifetime of the system (i.e. we assume that an optimization of inspection interval and repairs resulted in this value of the total costs). The value of
Information (VoI) associated with collecting information about the degradation state (see node
observation 1 in Figure 2) which influences system failure is equal to 0.69 (see utility in Table
1). With respect to the minimization of the losses due to the system failure, the results of the
pre-posterior analysis show small differences with higher values of the expected utility for the
decision to conduct monitoring. Monitoring degradation when the infrastructure system has
such a key role in the overall built environment performance is an advantageous policy, in relation to its efficiency in terms of costs and accuracy. Sensitivity analysis is also performed on
the degradation variable by assigning ±5% upper and lower bounds of the conditional probability of degradation and resampling the influence diagram. The resulting variation of utility
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values is negligible, but a slightly higher sensitivity is found for the probability of degradation
being on the upper bound.
Table 1: Expected Utility

Degradation variable, Utility
Monitoring No
35.82
Monitoring Yes
36.51
Small Renewal upon Monitoring 35.81
Big Renewal upon Monitoring
28.5
It is interesting to calculate the VoI for specific scenarios. Three different scenarios are considered: 1- Scenario 1, no economic resources saved for emergency, low level of development,
stable demand of service; 2- Scenario 2, 5% GDP economic resources saved for emergency,
high level of development, stable demand of service; 3- Scenario 3: 5% GDP economic resources saved for emergency, high level of development, increasing demand of service.
VoI analysis is applied to the three scenarios in the case of operational and geo-hazard disturbance events and for exceedance of climate change threshold or not. For all scenarios, the VoI
for degradation monitoring is small for the operational hazard for both cases of climate change
thresholds exceedance (see Table 2, Table 3, Table 4). For geo-hazard disturbance events the
VoI of monitoring degradation becomes significantly higher, since failure probability is related
strongly to degradation and user demand than to ecosystem representing variables. The same
behaviour is observed for all scenarios where scenario 3 (Table 4) shows a higher VoI for operational load due to the fact that an increased demand of use of the infrastructures will affect
operational conditions.

Table 2. Value of information for monitoring degradation for Scenario 1 for different combination of hazard and
climate change (in %GDP).

Scenario 1 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard
Operational Geo-hazard
VoI
0.25
6.82
0.61
6.66
Table 3. Value of information for monitoring degradation for Scenario 2 for different combination of hazard
and climate change (in %GDP).

Scenario 2 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard Operational Geo-hazard
VoI
0.25
6.84
0.61
6.59
Table 4. Value of information for monitoring degradation for Scenario 3 for different combination of
hazard and climate change (in %GDP).

Scenario 3 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard Operational Geo-hazard
VoI
1.15
4.25
1.3
4.27
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2.2.2 Value of information for monitoring ecological footprint
For the generic case, the VoI with respect to monitoring of the carbon footprint (see node observation 2 in Figure 2) is calculated. It is assumed that the carbon footprint contributes to
resilience as a proxy for quality of environment and resources availability. Monitoring costs
are set as twice the costs considered for monitoring degradation. Results of the pre-posterior
analysis (Table 5) for the generic model show that monitoring the carbon footprint as indicator
for the ecosystem service may be inefficient if the relation between footprint and ecosystem
service is too uncertain, being the footprint an indirect indicator for the ecosystem service. Sensitivity analysis is also performed on the footprint variable by assigning a ±5% upper and lower
bounds of the conditional probability of exceeding threshold value of the footprint. The resulting variation of utility values is negligible.
When considering scenarios 1-2-3 defined in the previous section, the VoI becomes significantly higher (see Table 6 and
Table 7). The value increases by passing from operational to geo-hazard event and with the
exceedance of the climate change carbon emission threshold (Table 6,
Table 7, Table 8).
Table 5. Expected Utility

Footprint
Monitoring No
Monitoring Yes
Intervention after Monitoring

Utility
35.82
33.83
25.83

Table 6. Value of information for monitoring footprint for Scenario 1 for different combinations of hazard and
climate change

Scenario 1 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard Operational Geo-hazard
VoI
1.42
7.10
7.10
0
Table 7. Value of information for monitoring footprint for Scenario 2 for different combinations of hazard and
climate change

Scenario 2 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard Operational Geo-hazard
VoI
0
7.10
2.13
7.10
Table 8. Value of information for monitoring footprint for Scenario 3 for different combinations of hazard and
climate change

Scenario 2 Climate Change Not Exceeded Climate Change Exceeded
Operational
Geo-hazard Operational Geo-hazard
VoI
0
1.42
0
7.10
Despite the strong assumptions done when quantifying the model, the example shows how vulnerable system (e.g. Scenario 1, Table 6) would benefit more than stronger systems (e.g. Scenario 3, Table 8) from preserving resources and monitor their use as preventive policy before
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the probability of system failure becomes too high, making ineffective any monitoring. However, strong systems (e.g. Scenarios 2&3), would clearly benefit from the reduction of uncertainty in the footprint indicator when facing destructive events, when resource availability
becomes important in the recovery phase (under the simplified assumption here made that geohazard type events do not affect ecosystem service).

Conclusions
The value of information analysis is utilized for quantifying the Value of Information of two
different monitoring strategies applied as a means for improving the resilience of an interconnected system comprised by infrastructure, economy and environment. Both operational and
geo-hazard disturbances are considered and the assessed strategies comprise monitoring of degradation of the infrastructure system and the carbon footprint on the ecological system. The
introduction of monitoring of the deterioration of the infrastructure as well as of the carbon
footprint has a positive effect on the performance of the interconnected system since observations from monitoring facilitate that future risk reducing measures may be invoked and optimized in accordance with the collected observations. By addressing two scenarios, the analysis
of the sensitivity of the model with respect to the monitored variables in terms of their utility
gain is facilitated. The expected value of utility gain from monitoring of the carbon footprint is
higher when looking at geo-hazard disturbance events and when the system is highly vulnerable
to climate change; being characterized by a high degradation and a low level of resources available in support of reconstruction. Moreover, the VoI is higher when monitoring degradation
state than for the case of monitoring the carbon footprint, implying that the model is more sensitive to infrastructure system failure.
The model presented has the limitation of being quantified on the basis of judgment and data
from literature and in limited part from simulations. Further work is necessary to better quantify
the dependency among the variables of the model which will allow more robust the results.

Acknowledgement
The authors would like to kindly acknowledge the COST Action TU1402 (http://www.costtu1402.eu/ ) for providing financial support for this study with a Short Term Scientific Mission
grant.

References
[1]
[2]
[3]
[4]
[5]

B.M. Ayyub. Systems Resilience for Multihazard Environments: Definition, Metrics, and
Valuation for Decision Making. Risk Analysis, Vol. 34, No. 2, 2014.
BayesFusion LCC. GenNIe modeller user manual: Version 2.1.1, Built on 11/26/2016.
Available at https://www.bayesfusion.com/, 2016.
S.E. Chang, M. Shinozuka. Measuring Improvements in the disaster resilience of communities. In Earthquake spectra, 2012.
G.P. Cimellaro, A.M. Reinhorn, M. Bruneau. Framework for analytical quantification of
disaster resilience. Engineering Structures 32.- 3639–3649, 2009.
S.L. Cutter, C.G. Burton, C.T. Emrich. Disaster Resilience Indicators for Benchimarking
Baseline Conditions. Journal of Homeland Security and Emergency Management. Volume 7, Issue 1, 2010.

3006

[6]

[7]

[8]

[9]

[10]

[11]
[12]

[13]
[14]

[15]

[16]
[17]

[18]
[19]
[20]

[21]

G. Daily, What are ecosystem services. In D.E. Lorey (ed.), Global environmental challenges for the twenty-first century: Resources, consumption and sustainable solutions. pg.
227-231, 2003.
M.H. Faber, S. Thöns. On the value of structural health monitoring. In Safety, Reliability
and Risk Analysis: Beyond the Horizon. Proceedings of ESREL2013, R. Steenbergen, P.
van Gelder, S. Miraglia, A. Vrouwenvelder (ed.). 29-Sept.-2-Oct, Amsterdam, NL, 2013.
M. H. Faber, J. Qin, S. Miraglia, S. Thöns. On the Probabilistic Characterization of Robustness and Resilience. Urban Transitions Global Summit 2016, 5-9 September, Shanghai, China, 2016(a).
M. H. Faber, S. Miraglia J. Qin, M.G Stewart. On Decision Analysis for Design and Management of Infrastructure Systems. International Forum of Engineering Decision MakingIFED2016, 7-10 December, Stoos, Switzerland. 2016(b).
R.A. Francis, B. Bekera. Resilience analysis for engineered and infrastructural systems
under deep uncertainty or emergent conditions. In Safety, Reliability and Risk Analysis:
Beyond the Horizon. Proceedings of ESREL2013, R. Steenbergen, P. van Gelder, S. Miraglia, A. Vrouwenvelder (ed.). 29-Sept.-2Oct, Amsterdam, NL, 2013.
R. Garnaut. The Garnaut Climate Change Review-Final Report. Available free of charge
at www.garnautreview.org.au. 2008.
S. Hallegatte, V. Przyluski. The Economics of Natural Disasters: Concepts and methods.
The World Bank Sustainable Development Network. Policy Research Working Paper
5507, available at https://openknowledge.worldbank.org, 2010.
C.S. Holling, Resilience and Stability of Ecological Systems. Annual Review of Ecology
and Systematics, Vol. 4 (1973), pp. 1-23, 1973.
IPCC: Summary for Policymakers. In: Climate Change 2013: The Physical Science Basis.
Contribution of Working Group I to the Fifth Assessment Report of the Intergovernmental Panel on Climate Change [Stocker, T.F., D. Qin, G.-K. Plattner, M. Tignor, S.K. Allen,
J. Boschung, A. Nauels, Y. Xia, V. Bex and P.M. Midgley (eds.)]. Cambridge University
Press, Cambridge, United Kingdom and New York, NY, USA. 2013.
J.M. Keisler, Z.A. Collier, E. Chu, N. Sinatra, I. Linkov. Value of information analysis:
the state of application. Environment Systems and Decisions. Volume 34, Issue 1, pp 323. March, 2013.
M. Lehtonen. The environmental–social interface of sustainable development: capabilities, social capital, institutions. Ecological Economics 49, 199– 214, 2004.
A. Miola, C. Simonet. Concepts and Metrics for Climate Change Risk and Development
- Towards an index for Climate Resilient Development. JRC Science and Policy Report.
Available at https://ec.europa.eu/jrc/en, 2014.
J.P. Ponssard. On the concept of the value of information in competitive situations. Management Science. Vol.22, No.7, March, 1976.
H. Raiffa, R. Schlaifer. Applied Statistical Decision Theory. (ed. 2000). New York. John
Wiley&Sons, 1961.
W. Rees, M. Wackernagel. Urban Ecological Footprints : why cities cannot be sustainable - and why they are a key to sustainability. Environmental impact assessment review
16.4-6 (1996): 223-248, 1996.
D. Straub. Value of Information Analysis with Structural Reliability Methods. Structural
Safety, 49 (2014): 75-85, 2014.

3007

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

On the Value of Structural Health Monitoring Information
for the Operation of Wind Parks
Sebastian Thönsa, Michael H. Faber b, Dimitri V. Val c
a

Department of Civil Engineering, Technical University of Denmark, Denmark
b
Department of Civil Engineering, Aalborg University, Denmark
c Institute for Infrastructure and Environment, Heriot-Watt University, UK

Abstract: In the present paper, an approach for the quantification of the Value of
Structural Health Monitoring (SHM) Information building upon a framework for
infrastructure system utility and decision analysis is developed and applied to the
operation of wind parks. The quantification of the value of SHM facilitates a benefit
and risk informed assessment and optimization of SHM strategies and encompasses
models for the infrastructure functionality, the structural constituent and system
risks and its management as well as the performance of SHM strategies. A wind
park system model incorporating the structural wind turbine systems and its components is developed accounting for the wind park functionality, i.e. power production,
its operation and its cascading damage and failure scenarios. This system model
facilitates to quantify the expected benefits and risks throughout the service life accounting for the propagation of SHM information and uncertainties from components to the different system levels and vice versa. The decision to extend the service
life and the operation of a wind park is investigated without SHM information and
by quantifying the value of several SHM strategies.

Introduction
Wind parks combine uniquely sustainable, renewable, greenhouse gas free and low risk energy
production and are becoming important parts of the energy mix throughout Europe and worldwide. The operation of offshore wind parks constitutes a very recent challenge as substantial
investments lead to the installation of a larger number of offshore wind turbines. Energy production efficiency is highly important and prioritized in an industrial and EU energy policy
context (see e.g. [1]). Energy efficiency of wind parks necessitates an optimal economic functionality in combination with low risks accounting for the environmental exposures, limited
accessibility and the high number of identical wind turbine structures. For commissioned wind
parks, two important and interrelated energy efficiency influencing parameters are the structural
integrity management and the service life extension for the elongation of the power production.
The ranking and consistent assessment of integrity management and service life extension strategies necessitate that the functionality of the wind park together with its performance and structural risks are quantified. This may be facilitated through the utilization of the Bayesian decision
analysis and utility theory.
This paper introduces an approach for the quantification of value of Structural Health Monitoring (SHM) Information building upon a framework for infrastructure system utility and decision analysis introduced in [2]. A decision scenario for the service life extension of wind parks
supported by SHM and a system model for the wind park structures encompassing the structural
components and wind turbine structures under extreme loadings and accounting for fatigue
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degradation are developed. Taking basis in the formulation of SHM strategies on component,
constituent and system levels, it is demonstrated how SHM information and uncertainties propagate from components to the different system levels and vice versa. The optimal decision to
extend the service life with and without additional SHM information is investigated based on
the quantification of the Value of SHM Information as a utility gain. The paper closes with a
summary of the main characteristics of the introduced approaches and with conclusions on how
a service life extension of wind parks can be supported with SHM.

1.1 Framework for infrastructure system utility, decision analysis and Value of
Information analysis
A framework for infrastructure system utility modelling and decision analysis has been recently
introduced by [2], building upon the systems risk modelling framework by the Joint Committee
on Structural Safety [3]. The system utilities are distinguished into expected benefits accounting
for the system functionality and the consequences are classified into: (1) hazards and threats,
i.e. the system exposures, (2) constituent damage states associated with the condition of the
system and (3) system damage states associated with the system functionality.

System

Economy

Economy

Health

Health

Environment

Environment

Exposure events

Exposure

The utility is quantified by aggregation of the decision attributes in regard to the monetary
income and losses (economy), human health and the environment through an objective function. A decision is reached by: (1) identifying a feasible range of decisions having a utility
above a specified limit such as e.g. zero, (2) limiting the decisions to acceptable decisions accounting for acceptability criteria e.g. in relation to human life safety and environmental impacts, and (3) choosing the optimal decision parameters to locally maximize the utility (Figure
1).

Hazards/threaths

P
Acceptable decisions
Feasibledecisions

Utility

Direct consequences

Health
Environment

Condition

Economy

Constituent damage states

Robustness
Resilience

Economy

Economy

Health

Health

Environment

Environment

Indirect consequences

Functionality

Expectd value of utility

Vulnerability

System damage states

Figure 1: Generic framework for decision analysis of systems, see [2]

The Value of Information is defined as a utility gain caused by additional but not yet known
information which may be modelled and quantified through a pre-posterior Bayesian decision
analysis. More specifically, a Value of Information analysis is established by combining the
choice of the information acquirement strategy ii  i , its possible and uncertain outcomes

Z j  Z with a choice of an action ak a and the system states space l Θ . These elements
are combined by means of a decision tree in conjunction with the underlying models to describe
the performance of the information acquirement strategy, the actions and the system performance in terms of its functionality characteristics including costs, benefits and consequences to
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health and environment. The Value of Information, VoI, may then defined as the difference
between the maximum expected utility quantified with pre-posterior decision analyses considering SHM information, ui* , and the maximum expected utility without SHM information, u*0 :
VoIi  ui*  u0* ,

(1)

The relative Value of Information, VoI , as a measure of the significance of the acquired information, relates the Value of Information VoI to the maximum expected utility without SHM
information:
VoI i   ui*  u*0  / u*0 .

(2)

The maximum expected utility is quantified by the identification of the optimal action for u*0
or the optimal information acquirement strategy and optimal action for ui* , i.e.:
(3)
u*0  max E'Θ u  a,Θ  and ui*  max EZ|i max E"Θ|Z u  i , Z,a,Θ    .
a
i
 a

Both, the framework for infrastructure system utility modelling and decision analysis (Figure
1) and Value of Information analysis (Equations (1) to (3)) are connected by the constituent and
system states encompassing the intact, the exposure, the constituent and the system damage and
failure states. With this connection, it becomes evident that information about any of the constituent and system states can propagate from constituent to system level and vice versa and
will influence the aggregated expected utilities. This puts Structural Health Monitoring, which
is traditionally focused on acquiring information on loading (i.e. exposure) and mechanical
characteristics of structural components (i.e. constituent condition), into a wider perspective.
Monitoring information (1) may thus encompass any information of the constituent and system
states, (2) monitoring is about the system performance and aggregated utilities and (3) the value
of monitoring information is defined as a an expected utility increase which itself may comprise
an increase of the expected benefits for the system operation, the reduction of the expected
consequences and an influence on the system characteristics such as e.g. the robustness and the
vulnerability.
An information acquirement strategy may thus at least be characterized by (1) the information
type describing the relation to the system state performance model, (2) the information precision accounting e.g. for measurement, operational, model and statistical uncertainties and (3)
the expected costs of the information. Figure 2 illustrates the choice of information acquirement
strategies (rectangular node) per system state accounting for their expected costs (diamond
shaped nodes) and the precision of the information (circular nodes).

Intact system

Hazards threaths

Constituent damage states

System damage states

Figure 2: Principal illustration of decision analysis modeling for acquisition of additional information (rectangular decision node) for each of the system states characterized by type, precision (circular node), cost (diamond shaped node) for two measurement locations (dashed and continuous lines)
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Functionality, operation and structural risk characteristics of offshore wind parks
With focus on wind energy production efficiency, this paper concentrates on the decision analysis for a service life extension of the wind turbine structures in a wind park based on the introduced approach for the quantification of value of Structural Health Monitoring (SHM). The
decision context may be described through the decision maker, the time of the decision, the
decision objective and the decision alternatives. The decision maker is constitutes an operator
of an offshore wind park. The objective is to identify optimal (in terms of service life utility)
decision alternatives concerning different SHM strategies as a means for extending the service
life of the wind park structures. The decision is assumed to be taken in the commissioning phase
of a wind park why utilities are discounted to their present values.

2.1 Functionality modeling
When the wind park is in an undamaged state, the expected benefits and costs are calculated
according to the planned power production. The expenditures associated with energy production is covered by the feed-in-tariff and calculated taking into account both the turbine availability factor and the nominal capacity availability factor. The annual wind park operation is
assumed to cost 2% of the total wind park investment. A generic discount rate of 5% is considered. The analysis parameters shown in Table 1 take basis in [4].
Table 1: Wind park cost benefit analysis parameters
Number of wind turbines nWT

10

Feed-in-tariff

0.12 Euro

Nominal capacity

5.00 MW

Turbine investment

20.0 Million Euro

Turbine availability factor

0.95

Wind park operation

0.02 1/a

Nominal capacity availability factor

0.45

Discount rate

0.05

The cost-benefit analysis yields a return over investment of 15.1% for an operation of 20 years.
Given the wind park can be operated for 25 years without any further costs, there would be a
return over investment of 30.1 %. This generic and simplistic costs-benefit-analysis can be adjusted to calculate the Levelized Costs of Electricity (LCOE), i.e. the net present value of the
unit-cost of electricity over the service life of a power plant. Here, the development expenditures (DEVEX) and country dependent taxation schemes are considered in addition to the already accounted Capital, Operational and Abandonment Expenditures (CAPEX, OPEX and
ABEX, respectively). It should be noted that OPEX includes the operation and maintenance
costs of the wind turbines (which amount to about 50% [4]) of which the structural integrity
management costs constitute a relatively small part.
From the viewpoint of a cost benefit analysis only, it seems to be straightforward to extend the
service life to increase the return over investment. However, the structural risks are not considered which, however, are an important element of the reliable wind park operation.

2.2 System, constituent and component hazard, damage and failure modelling
The structural risks are calculated with consideration of the hazards, constituent damage states
and the system damage states for a fatigue and extreme loading exposure leading to cascading
damage and failure of the structural components, the wind turbine structures and the wind park
structures. The probabilities of the component, constituent (wind turbine) and system (wind
park) damage and failure are described by limit state functions. The fatigue deterioration at
component level is modelled through a SN fatigue model assuming a fatigue design factor
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(FDF) of 2.5 for a design life t DL of 20 years. The SN limit state function for a component i out
of nCD components subjected to fatigue damage is formulated as the difference of the fatigue
capacity  and accumulated damage Di  t  at time t. The accumulated damage is calculated

with the annual number of stress cycles  , the stress ranges  i and the SN curve constants
m and K :

g

D
iC

 x,t     Di  t      t
C

E   imC 
K

with E      Mk 
m
iC

m

 m  s0  
 1  ;    .
  k 



(4)

m
The expected value of the stress ranges E   i  is calculated in terms of the model uncertainty M, the cut-off stress range s0 , the Weibull scale parameter  and the Weibull location
parameter k . The model uncertainties for the fatigue stress range calculation include the model
uncertainties for the fatigue loading M L , the nominal stress M  , the hot spot stress M HS and
the weld quality M Q .

The event of failure for each of the nCF representative components modelled through the limit
state function:





giFC  x   M R,iC  RiC 1  f D  DiC  t  

1
 MS  S .
nCF

(5)

as the difference between the component resistance taking the fatigue deterioration into account
and the extreme wind turbine system loading. The model uncertainties for the resistance and
loading model, M R ,i and M S ,i , are modelled according to [5]. The wind turbine system loading
S i is described by an extreme value distribution with a reference period of one year. The transfer function f D models the influence of fatigue-induced damage on the ultimate resistance. For
simplicity f D is assumed here to 0.1. The mean of the component resistance Ri is calibrated to
a probability of constituent failure of 5.0 104 disregarding any damage, i.e. f D  0.0 . The
model parameters are summarized in Table 2.
Table 2: Random variables for the system state calculations
Std.
dev.

Var.

Dim.

Dist.

Exp. value

Std. dev.

Var.

Dim.

Dist.

Exp. value

MR

-

LN

1.0

0.05



yr-1

Det.

3.0x106

Ri

-

LN

Cal.

0.1

t DL

Yr

Det.

20.0

MS

-

LN

1.0

0.1

ML

-

LN

0.89

0.27

S


1/y

WBL

3.5

0.1

M

-

LN

1.01

0.12

-

LN

1.0

0.3

M HS

-

LN

1.02

0.20

ln  K 
m
k

-

N

28.995

0.572

MQ

-

LN

1.02

0.20

MPa

Det.
LN

3.0
Dep. on FDF

FDF

n

-

Det.
Det.

2.5
5

-

0.2  k

1/ 

-

Det.

1.2

nCD

-

Det.

10

F
C

s0
MPa
Det.
0.0
LN: Lognormal, N: Normal, EX: Exponential, Cal.: Calibrated, WBL: Weibull
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The events of wind turbine damage and failure are modelled based on the component performances (Equ. (4) and (5)) modeling the dependent occurrence of constituent fatigue damages
and failure with nCD  nCF  5 contributing components (following e.g. [6]):



giDWT  x   min giDWT ,1  x  ,

,giD

WT

,nCD

 x



and giFWT  x   min giFWT ,1  x  ,

,giF

WT

,nCF

 x .

(6)

The probabilities that one wind turbine in a wind park is damaged or fails ( PWT ,D and PWT ,F ) is
described with the limit state functions which are calculated with nWT  nWT  10 contributing
wind turbines (constituents):



DWT
gWP
 x   min g1D  x  ,

,g nD

WT

 x   and



FWT
gWP
 x   min g1F  x  ,

,g nF

WT

 x .

(7)

The cascading damage and failure formulations are chosen to model the probability of fatigue
occurrences and subsequent the wind turbine and wind park damage and failure due to extreme
loading. The occurrence of damage or failure at individual wind turbines does not necessarily
mean a significant loss of the wind park functionality for higher numbers of constituents nWT .
The loss of functionality of the wind park, namely power production, may thus be modelled as
the failure of a redundant system of which the components have no (production) capacity after
failure, i.e. as a brittle Daniels system per definition:
D
ˆ  t   D  t    n  1 and
gWP
  nWT  iWT  
iWT
iWT
WT

(8)

F
ˆ
ˆ
gWP
  nWT  iWT  M
R,iWT RiWT  t   M S  S   nWT  1 .

(9)

ˆ
ˆ
ˆ
Note that M
R,iWT RiWT  t  and  iWT  t  represent the ordered realizations (increasing in value) of
the constituent resistances.

Damage or failure probability

The dependencies of the fatigue and extreme performance of the individual components in a
wind turbine system take basis in [7]. The modelling of the dependencies between the constituents in the wind park should account for a higher variability due to the spatial distribution of
wind turbines and, e.g. larger variations in the construction. The correlation of the fatigue performance between components is thus set to 0.8 and between wind turbines to 0.7. A similar
argument applies to the correlation of the ultimate resistance between the components and between the wind turbines, which are set to 0.9 and 0.8, respectively. The extreme loads across
the wind park are assumed fully dependent, i.e. they are modelled with a correlation of 1.0.

t in years
Figure 3: Annual probabilities of component (orange dotted), wind turbine (orange dashed) and wind park damage (orange continuous) and component (red dotted), wind turbine (red dashed) and wind park failure (red continuous)
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Figure 3 shows the probabilities for the component, wind turbine and wind park damage and
failure scenarios. The probabilities of fatigue damage and failure occurrence in a wind park
(dashed lines) are significantly high despite the utilization of a typical fatigue design factor
(2.5) and a typical design probability of failure ( 5.0 104 ). This is explained with the high
number of the components, the series characteristic of the system, the limited correlation and
the interaction of the limit states. The annual probability of wind park damage and failure (continuous lines) is then respectively lower due to the considered redundancy.
The probabilities of the different system states are related to benefits, costs and consequences
as shown in Table 3. Any consequences regarding human health and the environment are assumed negligible as the wind turbines are unmanned and failure of wind turbines are associated
with a relatively low environmental impact. The structural integrity management actions are
not explicitly modeled but included in the functionality-modelling, see Section 2.1.
Table 3: Consequences according to system states
System state

Description

Benefits, costs and consequences

Intact

System operation

Power production and operation costs (Section 2.1)

Component fatigue damage

1.0 % of component investment at time of damage

Component failure

Component investment and corresponding part of
SHM system investment at time of failure

Wind turbine fatigue damage

1.0 % of wind turbine investment at time of damage

Wind turbine failure

Wind turbine and corresponding part of SHM system
investment at time of failure

Wind park fatigue damage

1.0 % of wind park investment at time of damage

Wind park failure

Wind park and SHM system investment at time of
failure and loss of power production for the time of
failure to service life end (Section 2.1)

Constituent damage

System damage

Pre-posterior modelling of SHM and integrity management actions
In the context of a pre-posterior decision analysis, the yet unknown SHM information may be
modeled by the realization of the model uncertainty, which are not known unless SHM is performed on a built structure. The realization of the model uncertainty – which can both apply to
the resistance and loading - can then be (1) close to their expected value, (2) lower than the
expected value or (3) higher than the expected value. For a realization of the model uncertainty
close to the expected value, an uncertainty reduction for the component performance is achieved
given a sufficiently low SHM uncertainty. In this case, the risks and the required structural
integrity management actions throughout the service life may be reduced. Realizations of the
loading (resistance) model uncertainty higher (lower) than the expected value lead to inferiorly
performing components which may be associated to high risks and additional repair or retrofitting actions. Components performing better may lead to significantly reduced costs and risks
and increased benefits throughout the service life. In the further, it is thus assumed that an expected cost reduction and benefit increase due to better performing components equalize expected losses due to additional repair and retrofitting actions for inferiorly performing structures
without explicit modelling. It follows that the utility can be described solely by considering the
expected value of the model uncertainty.
Available SHM strategies focus on the loading and structural condition characteristics, i.e. on
exposures and the component damage states. Due to the local characteristic of the fatigue deg-
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radation, relevant SHM information may be obtained locally, by e.g. utilizing gauges to measure the strains which can then be transformed to stresses or the damage accumulation by Rainflow counting (SHM strategies 1 and 2, Table 4). The utilization of wind and wave
measurement equipment may lead to information about the extreme loading (SHM strategy 3).
Table 4: Modelled SHM strategies and system scenario states
No.

Strategy

Model

System state

1

Component loading
monitoring

Pre-posterior model of component stress
measurement

Exposure on component level

2

Hot spot monitoring

Pre-posterior model of hot spot damage accumulation measurement

Direct consequences on component level

3

Wind turbine loading
monitoring

Pre-posterior model of wind turbine system extreme loading monitoring

Exposure on component, wind
turbine and wind park level

SHM strategy 1 consists of monitoring the fatigue loading throughout the service life. The expected values of the far field stress ranges for the individual hot spots are modelled conditional
on the realizations of the hot spot loading model uncertainty taking the SHM uncertainty U
into account, i.e.:


m  s0  
(10)
 1  ;    .



k




SHM strategy 2 (hot spot monitoring and damage accumulation) is modeled accordingly:



ˆ  M
ˆ M M M Uk
E   i | M
L
L

HS
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m s  
(11)
 1  ;  0   .



k




SHM strategy 3 focusses on the extreme loading and is modeled with the realization of the
loading model uncertainty accounting for the SHM uncertainty, i.e. with Mˆ S U . Information
about the extreme wind turbine loading influences then the uncertainties at component level, at
wind turbine level (Equ. (5)) and at wind park level (Equ. (9)).
The precision of the SHM strategies is modeled through a Normal distributed random variable,
i.e. U N  u ,0.1 where u is a random variable itself accounting for statistical uncertainties



ˆ ,M
ˆ ,M
ˆ  M
ˆ M
ˆ M
ˆ M Uk
E   i | M
L

HS 
L

HS
Q



m

due to the limited number of yearly observations nO , i.e. u





N 1.0,0.1/ nO . The SHM

strategy cost modelling includes the SHM system investment (500,000.00 Euro), installation
(500,000.00 Euro), operation (20,000.00 Euro/a) and replacement every 10 years. For simplicity, the costs and precision are equal for all considered strategies.

Utility and Value of Structural Monitoring Information
The Value of SHM Information is quantified as the difference between the optimal utility when
no SHM is performed and the optimal utility when SHM is performed (see Section 1.1). It
should be noted that when no SHM is utilized, the optimal action is a0 , i.e. do nothing and
keeping the planned service life of 20 years.
The Value of SHM Information for the three modelled SHM strategies is quantified and shown
in Table 5. The relative Value of SHM Information lies between -0.9% and 33% . SHM strategy
1 (fatigue loading monitoring) and 2 (hot spot monitoring) have a high Value of SHM Information because they significantly reduce the uncertainties related to the fatigue performance of
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the wind turbines and the wind park and consequently the direct and indirect risks. For SHM
strategies 1 and 2, a service life extension is the optimal action.
Table 5: Value of SHM for the considered SHM strategies
Value of Information
No.

Strategy

1

Vulnerability

Robustness

VoI i

VoI i

Component loading monitoring

4.9 107

2.7 101

8.9 102

6.5 101

2

Hot spot monitoring

6.1107

3.3 101

5.4 102

7.5 101

3

Wind turbine loading monitoring

1.6 106

8.8 103

1.9 101

5.6 101

Expected cost and benefits

To illustrate the utilities over time, Figure 4 is enclosed showing the yearly expected benefits,
the direct and indirect risks throughout the service life associated to the optimal prior decision
(black lines) and the optimal pre-posterior decision in relation to the three considered SHM
strategies, i.e. SHM strategy 2 with the optimal action of a service life extension (green lines).
The optimal pre-posterior utilities for SHM strategy 2 show a significant reduction of the direct
and indirect risks due to the reduction of the (model) uncertainties.
Expected benefits

Direct risks
Indirect risks

Risks

t

t

Figure 4: Yearly expected benefits due to power production (solid), aggregated risks (dashed), direct risks
(dash-dotted) and indirect risks (dotted) for the optimal prior (black; no service life extension) and pre-posterior
decision (green; service life extension)

For the optimal prior utilities, the expected benefits are decreasing mainly due to the discounting but also due to a slightly decreasing probability of the system survival. The considerable
risks first increase with a high slope, which decreases towards the end of the service life. This
behavior is explained by the interaction of increasing risks of wind park damage and failure in
combination with decreasing risk caused by the production loss and the discounting.
For both scenarios, i.e. no SHM with the action of no service life extension and SHM strategy
2 with a service life extension, the expected benefits are approximately constant. Towards the
end of the service life, the expected benefits are slightly lower for the no SHM strategy due to
a slightly lower probability of survival.
The vulnerability as the ratio of the direct risks to monetary value of the system constituents
has been calculated to 1.3 101 for the extreme loading scenario taking fatigue degradation into
account (see Figure 3). The index of robustness as the ratio of the direct risks to the total risk is
5.7 101 . It is noted that SHM strategy 2, which has the highest value of SHM, leads to highest
increase of the robustness and the lowest vulnerability of the system.
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Conclusions
An approach for the quantification of the Value of SHM Information has been introduced by
the integration of the Value of Information theory and a framework for the infrastructure system
utility and decision analysis. This puts Structural Health Monitoring in a wider perspective so
that SHM information may encompass any information on the constituent and system states
leading to an expected utility increase which itself may comprise an increase of the expected
benefits for system operation, the reduction of the expected consequences and an influence on
the system characteristics such as e.g. the robustness and the vulnerability.
A system model for the structures of an offshore wind park has been developed, which accounts
for consistent and dependent functionality, damage and failure scenario modelling encompassing the components and the structural systems on wind turbine and wind park level. This in turn
facilitates to account for the propagation of SHM information and its uncertainties from components to the different system levels and vice versa and to quantify the effect of SHM information on the utilities encompassing the expected benefits due to power production and the
risks due to cascading damage and failure mechanisms.
From the case study, it can be concluded that a wind park service life extension is only optimal
with additional SHM information of relatively high precision. Only then the required low ratio
of the direct and indirect risks to the benefits in conjunction with an optimal robustness increase
and vulnerability reduction may be achieved.
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Abstract: The concept of value of information (VoI) enables quantification of the
benefits provided by structural health monitoring (SHM) systems – in principle. Its
implementation is challenging, as it requires an explicit modelling of the structural
system’s life cycle, in particular of the decisions that are taken based on the SHM
information. In this paper, we approach the VoI analysis through an influence diagram (ID), which supports the modelling process. We provide a simple example for
illustration and discuss challenges associated with real-life implementation.

Introduction
Structural health monitoring (SHM) systems provide information on the state of structures, their
performance and the demands they are subjected to. In this way, SHM can support the prediction of the infrastructure’s future performance and the planning of preventive and corrective
actions. In the recent past, sensor technology, data transmission and processing have advanced
markedly, and as a result more and more structures are equipped with SHM systems. As the
technology matures, owners and operators of these structures are focusing their attention on the
utilization of the collected data and are increasingly concerned with the benefit-cost ratio of the
SHM systems. The underlying questions are: What is the value of the information provided by
the SHM? And how can it be maximized? The answers to these questions are intricate, because
the Value of Information (VoI) depends on:





the future usage and performance of the structures and associated costs and benefits,
the inherent capabilities of the SHM system and the data processing,
the possible outcomes of the SHM and
the future decisions associated with those outcomes, in particular on maintenance, repair
and rebuild actions.
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Because of this complexity, the VoI has in practice been addressed mainly on a qualitative level,
often in a rather ad-hoc manner. In principle, Bayesian decision analysis offers a framework for
quantifying the VoI (Raiffa and Schlaifer 1961; Straub 2014). However, the direct implementation of the framework requires a complete probabilistic modelling of the structural performance, demands and the SHM system performance, as well as a-priori identification of rules
for preventive or corrective actions to be taken based on the possible SHM outcomes. As a
consequence, the quantitative framework has in practice been implemented only for special
cases with limited complexity and good availability of models, such as the planning of inspections in offshore structures (Pedersen et al. 1992; Faber et al. 2005; Straub and Faber 2005). A
small number of publications have recently demonstrated the applicability of the framework on
idealized structural systems (Pozzi and Der Kiureghian 2011; Faber and Thöns 2013; Konakli
et al. 2015; Thöns et al. 2015; Luque and Straub 2017). These studies provide useful insights,
but are not directly transferable to practice because of the necessary simplifying assumptions
adopted.
A key question is thus how the theoretical frameworks can be used to benefit the analysis of
SHM systems in real-world structures and infrastructure systems. This necessitates capturing
the complexity of the asset management process, without making the modeling overly demanding (see e.g. Zonta et al. 2014). As a step towards this aim, we represent the VoI quantification
process through an influence diagram (ID). This ID provides a structured overview, which facilitates the communication among experts involved in the process and the organization of the
different models and their interfaces. We demonstrate that the ID provides a unifying framework that is consistent with the theory, but is intended to be flexible enough to allow for different types of models and degrees of detailing to be combined within a single analysis. The
working process of the ID is illustrated with examples from different application domains. A
conceptual numerical example is introduced, whose results are presented and discussed in Section 3.
The contribution closes with a discussion of main difficulties involved in practical applications.
Examples include the handling of spatially-temporally distributed information and decisions,
and the inclusion of unanticipated scenarios within the quantitative framework.

1.1 Influence diagrams
We introduce the framework for a VoI analysis through an influence diagram (ID). IDs are a
structured graphical form of representing decision processes under uncertainty (Shachter 1986).
A detailed introduction to IDs is provided in (Jensen and Nielsen 2007).
IDs have the following basic characteristics: square nodes represent decisions, round nodes
represent parameters that are commonly uncertain (random variables), and diamond-shaped
nodes represent cost, consequences or more generally utilities. The directed links (arcs) between
the nodes represent the dependence structure among the variables and parameters. In a special
case, links pointing to a decision node describe the flow of information. Ideally, all links follow
the causal direction, if such exists. As an example, the links point from the structural condition
to the indicators to the observations, which may appear counterintuitive at first because the flow
of information is from observations to structural condition. However, it is clearly the condition
of the structure that causally affects the observation, and not vice-versa. Note that causality is
not a strict requirement, but non-causal IDs are likely to lead to modelling errors (Pearl 2009).
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A framework for value of information analysis
The SHM analysis process is summarized by the ID of Figure 1. The elements of the analysis
are discussed individually in the following. It is important to realize that it may not be essential
for the VoI analysis to carry out in great depths every part of the analysis, as would be necessary
when assessing and optimizing decisions related to the design, repair or maintenance. For example, to assess if a structure has sufficient reliability, a detailed probabilistic and structural
model is typically required. Simplified models may however be used when determining the
VoI, because this requires only an understanding of the effect of the SHM on the reliability.

Figure 1: Influence diagram (ID) of the SHM analysis process. Green colours indicate parameters and models
related to the structure, orange colours indicate those related to the SHM, red colour indicates repair, maintenance and related actions. The yellow bubbles are the analysis methods and tools used in the different parts of
the process. The box [t+1] indicates that the link is from one time step to the next, hence this ID represents a
decision process in time. An earlier version of this ID is presented in (Straub and Chatzi 2016).

To quantify the SHM VoI, the crucial aspect is to model the entire process, even if that requires
making some rather crude simplifications on some parts of the process. Nevertheless, procedures that include only selected steps, even if they do not quantify the VoI, can in many situations provide the necessary decision support (e.g. Courage et al. 2016); for example they can
prioritize different SHM strategies and can give a qualitative measure of their effectiveness.
We illustrate the framework by sketching the assessment of the VoI obtained from an SHM
system installed on a bridge structure subject to corrosion and other types of deterioration. In
practice, the use of SHM in such systems is mostly limited to special cases, e.g. bridges that
exhibit structural deficiencies or that are subject to increased loads. However, there is a large
body of research on developing such systems, and road agencies are currently considering their
more widespread use (Haardt and Holst 2017). This application is an example of SHM systems
installed on structures for optimizing asset management.
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In addition, we provide a simple numerical example, to reveal the workings of the VoI quantification and to demonstrate that it can be based on a simplified modelling of the system and
still enable meaningful conclusions. The numerical example is constructed so that all random
variables have a binary outcome space, and all decisions have only two alternatives. In real
applications, most parameters are continuous or multi-state, but this simple binary representation is selected to facilitate the interpretation of the example.
The numerical example has been implemented in the freely available Genie software (Genie
2016) and is available for download from www.era.bgu.tum.de/supplementary-materials.

2.1 Demands
Engineering structures are subject to uncertain demands 𝐃(𝑡) over time 𝑡. These include the
loads on the structure; e.g. traffic, wind or temperature for the bridge structure. They can also
be environmental factors that can cause or foster deterioration, such as salinity, which can lead
to chloride-induced corrosion of the reinforcement. Demands can be influenced by the decisions
(actions) made during the lifetime of the structure1, e.g. a protective layer may be added to
reduce chloride ingress into the concrete. In a probabilistic analysis, demands are fully described by stochastic processes, but in most cases a simplified model based on random variables
suffices (Melchers 1999).
Numerical example: The structure can be subject to the anticipated “normal” demands over the
lifetime of the structure, 𝐷 = 0, or it is subject to abnormal (larger) demands, 𝐷 = 1. Probabilities are 𝑝𝐷 (0) = 0.95 and 𝑝𝐷 (1) = 0.05.

2.2 Structural condition
The structural condition is affected by the demands on the structure and the maintenance and
retrofitting/repair actions taken during the service life2. Ideally, the structural condition is described by physical parameters, such as crack width or corrosion loss, since these can be directly
related to the measured quantities. However, in practice the structural condition is mostly described by abstract damage parameters, such as the Palmgren-Miner damage for fatigue, or a
condition rating in a bridge management system. In most cases, the damage is described for
components or parts of the structure, possibly aggregated into a system condition rating. For
the VoI analysis, one needs to include only the condition of the elements on which the SHM
might provide information.
In a probabilistic setting, the structural condition is described by the uncertain condition parameters 𝐂(𝑡), which form a stochastic process. In many instances, the stochastic process is replaced by a damage model whose parameters are random variables. For the bridge example,
parametric models for reinforcement corrosion exist (Schiessl et al. 2006).
Numerical example: The structural condition is represented by a binary random variable 𝐶𝑡 at
each discrete time step 𝑡. It can be undamaged (𝐶𝑡 = 0) or damaged (𝐶𝑡 = 1). The probabilities
are defined conditional on the demand, the retrofitting actions and the condition in the previous
time step 𝐶𝑡−1 .

1

Demands are also affected by the initial design decisions. Since we restrict ourselves to decisions made during
the service life of the structure, this is not included here.
2
Additionally, the structural condition is strongly affected by the initial quality of the structure and its materials.
This might be assessed by monitoring (quality control), but we do not address this situation here.
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2.3 Structural performance
The structural performance is expressed through the probability of the system states that in turn
determine benefits, costs and other consequences. Most structures provide a benefit as long as
their use is not impaired. The benefit may be reduced if the usage of the system is no longer
possible or must be restricted. Additional consequences occur if the system fails (fully or partially). These system states are commonly described by limit state functions. In the example of
the bridge, relevant structural performance states that lead to consequences can be visible corrosion, spalling of the concrete, failure of parts or the entire bridge.
Probabilistically, the structural performance is summarized by the probability of the system
states. It can be defined as a deterministic or stochastic function of system demand and structural condition. In the case of the bridge structure, the structural performance can be obtained
either directly from the system condition for states such as “visible corrosion” or “concrete
spalling”, or through a structural model for failure states such as “partial collapse” or “complete
collapse”.
Numerical example: The structural performance is here described by the binary random variable
𝐵𝑡 at each discrete time step 𝑡, with states normal performance (𝐵𝑡 = 0) and failed (𝐵𝑡 = 1).
The probability of 𝐵𝑡 is defined conditional on the structural condition 𝐶𝑡 and the demand 𝐷.

2.4 Benefit and risk
Benefits and risk3 quantify the consequences of structural performance (the system states). The
consequences are associated with different attributes, such as cost, financial benefits, safety,
environmental impacts, and should be quantified in respective units, such as monetary values,
expected number of fatalities and injuries, travel time, CO2 emissions (JCSS 2008). In order to
quantify the VoI in a single numeric value, it is necessary to express all consequences in the
same metric, e.g. monetary values. If this is not desirable, it is possible to express consequences
through multiple attributes. However, this hinders a fully quantitative VoI analysis, because
multi-attribute decision analysis does not (yet) facilitate a VoI calculation (Roijers et al. 2013).
Since costs and benefits occur at varying times over the service life, they must be discounted,
typically to present values. Discounting factors commonly used in life-cycle analyses also apply
here (Rackwitz et al. 2005).
For the bridge example, the benefit may be reduced if weight restrictions are imposed or if the
bridge has to be closed for traffic. Additional costs occur if the bridge is damaged or collapses,
which can also lead to consequences for people.
Numerical example: Normal performance (𝐵𝑡 = 0) is associated with a benefit 𝑈 = 1 and structural failure (𝐵𝑡 = 1) leads to an expected cost of 100 (i.e. the utility is 𝑈 = −100). These
costs are representative for a time period Δ𝑇. In a real application, discounting of the costs must
be included.

2.5 Indicators
SHM typically cannot measure relevant model parameters or system states directly, but relies
on indirect inference. For example, dynamic properties of a structural system can provide information on its condition. Indicators are the quantities that are obtained from the SHM system,
3

Strictly, the risk is the expected consequence of structural damage states, hence it combines the possible consequences of system states (as defined here) with the probability 𝑝𝐵𝑡 of these system states (the structural performance parameters).
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which are related to the demand, condition or performance of the structure. If one of the relevant
parameters can be measured directly, the indicator is identical to the parameter.
In principle, it is not necessary to model indicators explicitly, since they can be included in the
likelihood function describing the SHM outcomes (Section 2.7). However, it is useful to define
the indicators, since this facilitates a better understanding of the two sources of uncertainty
associated with SHM results: (1) the fact that it is the indicators that are measured and not the
parameters of interest themselves; (2) the measurement and estimation errors, which are related
to how well a SHM technology can determine the indicator.
Numerical example: We assume that a damage (𝐶𝑡 = 1) can lead to changes in the dynamic
properties of the system, which may be picked up by the SHM system. These dynamic properties are thus an indicator of the damage. We consider that with some probability the dynamic
properties of the system change because of other factors (e.g. temperature) that are not relevant
for its integrity, which might give rise to false alarms.

2.6 SHM technologies
SHM technologies describe the options for monitoring the structure. One option is always the
null-option, not to perform any monitoring. This option is included to provide a reference
against which the VoI is computed In the bridge application, alternative options could be the
installation of a set of accelerometers, a set of strain gauges or a weight-in-motion device, or
the combination of two or more techniques (e.g. Cross et al. 2013). The SHM technology also
includes the procedures, methods and algorithms adopted to extract information from the data.
Numerical example: We here consider only the choice between a monitoring system and none.

2.7 SHM outcomes
Most SHM systems provide continuous data streams with potentially large amount of data. To
make use of these data, they are aggregated and processed by suitable algorithms into summarizing statistics and assessments. These include binary outcomes (e.g. a damage/no-damage indication), scalar and vector values (e.g. maximum deflections, strains or loads), or time-series
of relevant parameters.
In theory, Bayesian analysis methods provide the most complete and consistent approach to the
processing of the data. Many advanced algorithms are based on the Bayesian paradigm, including Markov Chain Monte Carlo (MCMC) methods (e.g. Ching et al. 2006), algorithms based
on the Kalman filter (e.g. Chatzi and Smyth 2009), algorithms using structural reliability methods (Straub et al. 2016) or asymptotic methods (Papadimitriou et al. 2001). Nevertheless, in
practice data is often interpreted through simpler or less formalized procedures, e.g. by setting
thresholds on summary statistics, or by expert assessment. The processing can be performed
online (automatically) or offline.
In the bridge example, accelerometers or strain gauges could be utilized to determine dynamic
properties of the bridge, in an output-only structural identification (e.g. Peeters and De Roeck
1999).
Numerical example: Based on the dynamic system identification, the SHM method either indicates an anomaly or not. This binary outcome is chosen for simplicity, but it is also reflecting
the fact that a more detailed description of inspection outcomes would anyway need to be associated with a limited number of action alternatives.
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2.8 Actions
Actions encompass all decisions and activities that are informed by the SHM outcomes, in particular repair, maintenance, retrofitting or replacement decisions. The modelling of these actions is central to a VoI analysis of a deteriorating system, because the value of the SHM for
the structure comes entirely from an improved decision making on these actions, informed by
the SHM outcome4.
In practice, asset managers often find it difficult to specify a-priori how exactly the SHM outcomes will be utilized in the decision making process. It is then necessary to make at least
simplifying assumptions on decisions taken based on the SHM outcomes, possibly utilizing
experience with structures in which SHM systems are already installed.
In the bridge example, possible actions include mild repairs (e.g. corrosion protection paint),
strengthening or retrofitting of the structure (e.g. post-tensioning) on the component or system
level, measures to limit or eliminate deterioration (e.g. concrete cover improvements or anodic
protection), as well as emergency measures (e.g. load restrictions or complete closure).
Numerical example: There are only two alternatives; (a) the structure is retrofitted or (b) no
action is taken.

2.9 Costs
A VoI analysis requires quantification of all costs that are affected by, or associated with, SHM.
Besides the risks and benefits related to structural performance (Section 2.4), these include the
SHM cost (including data analysis and interpretation) and the cost of actions triggered by the
SHM outcomes. In agreement with Section 2.4, costs should be expressed in monetary terms
and should be discounted.
Costs of SHM system hardware are known at least approximately at the time of making the
decision on SHM adoption. However, care is required to account properly for the total lifecycle cost of these systems, since their life-time is often limited and they can require substantial
maintenance. The analyst also needs to quantify the cost of possible action alternatives, such as
repair or maintenance. Experiences from other structures could provide estimates.
Numerical example: Costs of do-nothing alternatives are zero, the cost of installing and operating the SHM is 0.01, the cost of retrofitting is 1. (Compare these to the potential total life-cycle
benefit of 2 and the cost of failure 100, Section 2.4).

2.10 Influence diagram in time
The influence diagram of Figure 1 reflects the decision making process in time in a simplified
manner. The link from “SHM outcome” to “action”, in which the time count is increased by
one, indicates that one deals with a sequential decision making process. To make the time dependence explicit, the ID could be unrolled; in doing so, copies of the nodes at the multiple
points in time are introduced (Jensen and Nielsen 2007). Some of the nodes are not repeated in
time. In particular the decision “SHM technologies” is typically made once, but affects the
outcomes of all subsequent time periods. In addition to copies of the nodes at different points
in time, the full ID will also include additional links among nodes at different points in time.
For example, the condition at a time 𝑡 will be defined conditional on the condition at the previous time step 𝑡 − 1.

4

Additional value may be generated if the information provided by the SHM is utilized to improve design and
management of other structures.
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For the VoI analysis, the number of time periods in the model determines the computational
effort. In the general case, this effort increases exponentially with the number of time steps, so
that one has an interest in keeping it small. For a fast VoI analysis, it can be sufficient to consider only a small number of steps, for example by discretising the whole life of the structure
into 5 year intervals.
Numerical example: For simplicity, only two time periods are considered. The first corresponds
to the time prior to the action, i.e. the period in which the SHM is installed and data is collected.
The second period represents the complete time interval following the decision on whether or
not to retrofit the structure. An additional ID is available as supplementary material demonstrating the extension of the model to four time periods.

VoI analysis
Once the model with all its components following Section 0 is established, the VoI analysis is
performed. In a nutshell, it consists of maximizing the expected utility, or minimizing the expected cost, conditional on the available SHM solutions. This process can be understood quite
intuitively through the so-called backward induction approach, in which the problem is represented by means of a decision tree (see e.g. Straub 2014 for the correspondence between an ID
and a decision tree). This approach is also known as the extensive form in the literature on
preposterior analysis (Raiffa and Schlaifer 1961). In practice, backward induction is only applicable to problems with limited number of decision alternatives, due to the exponential growth
of the tree. For models with many decisions, the normal form of the analysis, which allows to
optimize decision policies, is preferable (e.g. Bismut et al. 2017).
Details of the VoI computations are beyond the scope of this paper, the reader is referred to the
literature (e.g., Pozzi and Der Kiureghian 2011; Straub 2014). For the numerical example provided with this paper, the analysis is not computationally demanding and can be performed with
the Genie software.
The net VoI is defined as the difference in maximum expected utility of the decision to install
the monitoring system and the maximum expected utility without the monitoring system:
(1)

𝑛𝑒𝑡 𝑉𝑜𝐼 = E[𝑈|𝑑𝑜𝑝𝑡,𝑆𝐻𝑀 , 𝑆𝐻𝑀] − E[𝑈|𝑑𝑜𝑝𝑡,𝑛𝑜 𝑆𝐻𝑀 , 𝑁𝑜 𝑆𝐻𝑀]

𝑑𝑜𝑝𝑡,𝑆𝐻𝑀 and 𝑑𝑜𝑝𝑡,𝑛𝑜 𝑆𝐻𝑀 are the respective optimal decision policies and E[𝑈|. ] is the conditional expected utility. An example of a decision policy associated with an SHM installation is
“repair the structure if the SHM identifies a problem”.
The VoI is defined as the net VoI without the cost of the monitoring system. While the net VoI
can be negative (if the cost of the monitoring system is larger than its benefit), the computed
VoI cannot take negative values.

3.1 Results of the numerical example
3.1.1 Value of information
For the numerical example, the expected utility is computed with and without the SHM system.
These are 1.311 and 1.298, respectively, and it follows from Eq. 1 that 𝑛𝑒𝑡 𝑉𝑜𝐼 = 1.311 −
1.298 = 0.013. The net VoI includes the cost of the SHM. By excluding the cost of the SHM,
which is 0.01, one obtains 𝑉𝑜𝐼 = 0.013 + 0.01 = 0.023.
Since the net VoI is positive, it pays off to install the SHM. Its benefit/cost ratio is
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0.023
0.01

= 2.3.

3.1.2 Value of partial perfect information
Introducing a link from structural condition to the action mimics the situation in which one has
perfect information about the structural condition when deciding on whether or not to
strengthen the structure. This corresponds to partial perfect information (as the future condition
and demands are still uncertain). The expected utility computed with this ID is 1.473, hence
the value of partial perfect information is 𝑉𝑃𝑃𝐼 = 1.473 − 1.298 = 0.175. This is the maximum value achievable with any SHM.
This result indicates that the potential benefit from an improved SHM is still large, as the VoI
achieved with the considered SHM is only 0.023/0.175 = 13% of the potential maximum
value.
3.1.3 Improvement potential
The difference between the VoI and the VPPI is due to the imperfect assessment of the structural
condition. This imperfection is caused by the indicator, which is not a perfect reflection of the
true condition, and by the SHM outcome, which is not a perfect measurement of the indicator.
To understand the relative contribution of the two sources of uncertainty, we perform two additional computations in which either the indicator or the SHM is modelled as perfect. (Perfect
implies that the conditional probabilities are either zero or one.) The results are summarized in
Table 1.
Table 1: Value of information under different (hypothetical) situations. Value in parenthesis indicate the value
relative to the value of partial perfect information.

Partial perfect information
0.175 (100%)

Current situation
0.023 (13%)

Perfect indicator
0.079 (45%)

Perfect SHM
0.062 (35%)

Table 1 shows that the detrimental effect of the imperfection in the indicator is slightly larger
than the effect of the imperfection in the SHM. With the indicator “dynamic properties of the
system”, only up to 35% of the potential maximum VoI can be extracted (with a perfect SHM).
This suggests that additional indicators should be considered, with corresponding monitoring
systems to measure them.

Challenges in real-world applications
The ID facilitates the modelling and presentation of the VoI process. Nevertheless, multiple
challenges remain related to the modelling, the computation and the communication of the VoI.
The computational burden can be significant to intractable, but in the short term most of the
computational issues can be solved more efficiently by altering modelling choices rather than
by improving algorithms. The communication of the VoI concept to the end user is often fairly
straightforward, because the VoI emphasizes the “bangs for the buck” principle. It is often more
difficult to communicate it to the engineer who is not familiar with an analytical, quantitative
approach to modelling decisions (actions). We hope that the ID helps to make such modelling
more accessible. Arguably the biggest challenges to the VoI assessment lie in the modelling;
some of them are discussed in the remainder of this section.
As emphasized in this paper, the modelling process can potentially be quite simple, see also
(Zonta et al. 2014). In practice, it requires significant experience by the analyst to identify a
model that is simple yet consistent in reflecting the effect of the monitoring on the life-cycle
cost of the structure. Additionally, for some effects no simple models have been identified yet
– for example, it remains unclear how the effect that the monitoring of individual structural

3026

elements has on the reliability of correlated, non-monitored elements can be quantified in a
simple manner.
In many applications, the SHM is installed not least to identify any type of abnormalities, which
can indicate a possibly unforeseen damaging mechanism (the “unknown unknowns” as opposed
to the “known unknowns”). It is still unclear how such unforeseen events can be included in a
VoI analysis. One path in this direction might lie in considering the population of similar structures and establishing incident rates on this basis; unfortunately, this approach is not directly
applicable to the analysis of novel systems and prototypes. A related, if less drastic challenge,
lies in the difficulty to predict future developments of technology, which can affect the future
actions taken on the structure. These are associated with construction and monitoring technology, as well as analysis capabilities.
In many instances, the results of the SHM are interpreted by experienced engineers, who combine them with additional information, which is often qualitative, such as visual inspection results or knowledge about the contractor’s quality. This type of information can be difficult to
formalize prior to making the observation. This poses challenges to the VoI modelling process,
in particular at the nodes “SHM outcome” and “Actions” in the ID, which have not been addressed in research thus far.
Overall, many of these questions might be addressed by investigating the actual decisions made
in practice based on SHM. If data on existing systems were available, realistic probabilities as
required for the VoI analysis could be determined empirically. Such an approach was followed
by Sättele et al. (2015) for the analysis of warning systems. However, such investigations require significant efforts and the willingness of infrastructure owners to systematically collect
and analyse their data and decisions.

Conclusion
Value of Information (VoI) analysis provides a formal framework for assessing the effect and
benefit of SHM. An influence diagram, which provides a concise overview on the uncertain
conditions and decisions that determine the VoI, can structure the analysis. When performing
the VoI analysis at a detailed level, the modelling process and the computations can be demanding. However, in many instances a simplified model is sufficient to obtain a reasonably accurate
estimate of the VoI.
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Abstract: In this paper, a model is presented that applies proof load testing to separate components of structural systems before construction in order to update their
component and system reliability. This model may be beneficial if the structure
itself is difficult to proof load test and only its components can be tested. We discuss how the information of only one or a few tested components is inferred to
further components. For this, a new approach is developed which facilitates to take
the correlation of the components’ performance into account through the method
of Bayesian updating using series and Daniels systems as models. With the proof
loading information, the expected life-cycle benefits are computed within the
framework of the Bayesian decision. The described framework is applied to offshore wind turbines. The life cycle economy is calculated based on a detailed cost
and benefit analysis with consideration of the direct risks due to component deterioration, indirect risks due to system failure and the expected costs and direct risks
of the proof loading procedure in a (pre-) posterior decision analysis. Based on this
case study, it is demonstrated how the optimal decision can be determined and
which effect the system behaviour of structural systems has.

1 Introduction
Proof load testing is usually applied to existing structures, e.g. for bridges it is a common assessment method [5, 6, 14]. Such test is costly and bears the risk of damage to the tested structure and its surroundings. Proof load testing in an offshore environment may be even more
costly due to logistics and loading technologies. Proof load test provides information about the
resistance of a structure or element. If the tested object survives the loading undamaged, one
may conclude that the resistance of the object is at least equal to the introduced loading. However, proof load testing may be performed prior to construction, which may circumvent high
risks and costs. This paper thus addresses proof load testing in the context of wind turbines
prior to construction and commissioning.
The proof loaded structural system models are introduced in Section 2 , in Section 3 the deterioration which degrades the design state over time is formulated. We explain in Section 4 how
the proof loading information allows to update the believe about the prior resistance to a posterior probability. The decision model and its assumptions are given in section 5. In section 6, the
results presented and the conclusion follows in section 7.
A component, as used herein, does not necessarily describe a single girder or tube. The term
component may as well refer to a structural sub-element that constitutes out of several elements.
E.g. two joined tubes in a monopole or a minimal amount of tubes / beams in a jacket.
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2 Structural Models
The limit state function in Equations (1) and (2) are used in order to determine the failure probabilities of the structural systems with 5 components. A series system fails if any of its 𝑛𝑛 components fail, see Equation (1). The weakest component determines the capacity of the whole
series system.
𝑛𝑛

𝑃𝑃𝐹𝐹 = 𝑃𝑃 �� 𝐹𝐹𝑖𝑖 � with 𝐹𝐹𝑖𝑖 = {𝑅𝑅𝑖𝑖 ⋅ 𝐷𝐷𝑖𝑖 ⋅ 𝑀𝑀𝑅𝑅𝑖𝑖 ≤ 𝑆𝑆 ⋅ 𝑀𝑀𝑆𝑆 }
𝑖𝑖=1

(1)

with the resistance force, 𝑅𝑅, the deterioration coefficient 𝐷𝐷, and the load, 𝑆𝑆. The model uncertainties for 𝑅𝑅 and 𝑆𝑆 are represented by 𝑀𝑀𝑅𝑅 and 𝑀𝑀𝑆𝑆 respectively. 𝑆𝑆 and 𝑀𝑀𝑆𝑆 are defined on system
level and are distributed to the components according to the system model The random variables are sampled as described in Table 1 in Section 3. 𝑅𝑅, 𝐷𝐷, 𝑀𝑀𝑅𝑅 , 𝑆𝑆, and 𝑀𝑀𝑆𝑆 are independent
from each other. Correlation among structural components is considered in 𝑅𝑅 and 𝑀𝑀𝑅𝑅 .
The so-called Daniels system is a special type of parallel system, see [8, 13]. If the load exceeds
the system’s load bearing capacity the weakest component breaks first and the load is equally
redistributed among the remaining intact components. The entire system fails when the remaining intact components cannot jointly carry the additional load fraction that was sustained by the
last component that broke.
This study considers perfectly brittle components in the Daniels system. For a perfectly brittle
Daniels system the failure probability is determined by Equation (2).
𝑛𝑛

𝑃𝑃𝐹𝐹 = 𝑃𝑃 ��{(𝑛𝑛 − 𝑖𝑖 + 1)𝑅𝑅𝑖𝑖 ⋅ 𝐷𝐷𝑖𝑖 ⋅ 𝑀𝑀𝑅𝑅𝑖𝑖 − 𝑆𝑆 ⋅ 𝑀𝑀𝑆𝑆 ≤ 0��
𝑖𝑖=1

(2)

�1 ⋅ 𝑀𝑀
�𝑅𝑅 ≤ ⋯ ≤ 𝑅𝑅�𝑛𝑛 ⋅ 𝐷𝐷
�𝑛𝑛 ⋅
Where the realisations of 𝑅𝑅𝑖𝑖 ⋅ 𝐷𝐷𝑖𝑖 ⋅ 𝑀𝑀𝑅𝑅𝑖𝑖 are ordered according to 𝑅𝑅�1 ⋅ 𝐷𝐷
1
�𝑅𝑅 . The system is tuned such that a single component has a reliability of 𝛽𝛽 = 3.1 in accord𝑀𝑀
𝑛𝑛
ance with [17] for the case of minor failure consequences and large cost of safety measures.

3 Deterioration

The deterioration coefficient, 𝐷𝐷, is computed by randomly sampling Paris’ Law. Equation (3)
describes the crack length, 𝑎𝑎(𝑛𝑛), in dependency of the stress cycles, 𝑁𝑁, the stress range, 𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 ,
the initial crack length, 𝑎𝑎0 , and two material parameters, 𝑚𝑚 and 𝐶𝐶.
2

2−𝑚𝑚
⎧ 2−𝑚𝑚
2 − 𝑚𝑚 𝑚𝑚 𝑚𝑚
2
2 𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑁𝑁�
�𝑎𝑎
+
𝐶𝐶𝜋𝜋
, 𝑚𝑚 ≠ 2
0
(3)
𝑎𝑎(𝑛𝑛) =
2
⎨
2
⎩
𝑎𝑎0 𝑒𝑒 𝐶𝐶𝐶𝐶𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑁𝑁
, 𝑚𝑚 = 2
In order to arrive at a single random variable that represents the fatigue crack growth Equation
(4) was randomly sampled in increments of one year and fitted to a three-parameter lognormal
distribution. The random variables 𝑆𝑆 and 𝑁𝑁 are described in Table . From [3] 𝑚𝑚 = 1.29 and
𝐶𝐶 = 1.19𝑒𝑒 − 6 were taken and the assumed initial crack length is as 𝑎𝑎0 = 0.1 mm. The parameters for 𝑆𝑆𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 and 𝑁𝑁 were calibrated in order to achieve a probability of failure < 1 for series
systems with 25 components in 20 years.
The crack length to depth ratio is, 𝑎𝑎⁄𝑐𝑐 = 4. The reduction in capacity is assumed directly proportional to the cracked area and the cracking begins at the outer diameter. The remaining, load
carrying area, 𝐴𝐴𝑙𝑙𝑙𝑙 , is determined via Equation (5) for circular hollow sections, based on the
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conservative assumption that only the un-cracked radius of the component carries load. The
initial load carrying area is calculated by Equation (4).
(4)
𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝜋𝜋 ⋅ (𝑟𝑟 2 − (𝑟𝑟 − 𝑡𝑡)2 )
(5)
𝐴𝐴𝑙𝑙𝑙𝑙 = 𝜋𝜋 ⋅ ((𝑟𝑟 − 𝑐𝑐(𝑛𝑛))2 − (𝑟𝑟 − 𝑡𝑡)2 )
Where, 𝑟𝑟 = 1, is the radius of the component, and, 𝑡𝑡=0.5, is the wall thickness. The component
cross-section, 𝐴𝐴𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , is used to normalise and non-dimensionalise the fatigue effect. In order
𝐴𝐴 (𝑛𝑛)
to simulate the fatigue degradation the resistance term is multiplied by 𝐷𝐷 = 𝑙𝑙𝑙𝑙 �𝐴𝐴
.
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
Here in the radius is, 𝑟𝑟 = 3 m, and the wall thickness is, 𝑡𝑡 = 0.1 m, following [1, 11].
Model parameter
𝑅𝑅 𝑖𝑖 Resistance
′
𝑅𝑅des,𝑖𝑖 Design resistance
′
𝑆𝑆des
Design load
𝑀𝑀𝑅𝑅 uncertainty of 𝑅𝑅
𝑀𝑀𝑆𝑆 uncertainty of 𝑆𝑆
𝐷𝐷𝑖𝑖 deterioration coef.
𝑆𝑆 stress range
𝑁𝑁 fatigue cycles

Table 1: Model Parameters

Distribution type
Mean (𝝁𝝁)
Standard deviation (𝝈𝝈)
′
′′
To be substituted by either prior (𝑅𝑅des,𝑖𝑖
) or pre-posterior (𝑅𝑅mix
)
Lognormal
16.4404798
1.0
Weibull
10.0
√2
Lognormal
1.15
0.15⋅ 𝜇𝜇(𝑀𝑀𝑅𝑅 )
Lognormal
1.0
0.05⋅ 𝜇𝜇(𝑀𝑀𝑆𝑆 )
Lognormal
Depend on time, 𝑆𝑆, and 𝑁𝑁
Weibull
2.0
0.5
Normal
170000
17000

Model parameter

Distribution type

′
𝑆𝑆𝑃𝑃𝑃𝑃
proof loading

Normal

Percentile of 𝑅𝑅 ⋅ 𝑀𝑀𝑅𝑅
5 ≙ 𝜇𝜇(𝑅𝑅 𝑀𝑀𝑅𝑅 ) = 14.319
10 ≙ 𝜇𝜇(𝑅𝑅 𝑀𝑀𝑅𝑅 ) = 15.182
15 ≙ 𝜇𝜇(𝑅𝑅 𝑀𝑀𝑅𝑅 ) = 15.794

Standard deviation (𝝈𝝈)
′ )
0.01 ⋅ 𝜇𝜇(𝑆𝑆𝑃𝑃𝑃𝑃

4 Resistance Updating and Information Transfer

4.1 Transferring information to untested components via Bayesian updating
Proof load testing describes a method where a structure or component is subjected to a load
close to the extreme exposures throughout the service life. This test establishes a minimum load
level that the specimen can sustain. The information such test provides has been traditionally
utilised by truncating the resistance distribution to exclude the proof loaded areas, see e.g. [4,
15]. However, this concept is of limited generality especially when structural systems are considered. For this reason, we develop an approach by which the proof loading indication is modelled which is then utilised to update the structural reliability.
The single component failure probability is updated via Equation (6)
𝑃𝑃(𝐼𝐼𝑃𝑃𝑃𝑃 |𝐹𝐹) ⋅ 𝑃𝑃(𝐹𝐹) 𝑃𝑃(𝐹𝐹 ∩ 𝐼𝐼𝑃𝑃𝑃𝑃 )
(6)
=
𝑃𝑃(𝐼𝐼𝑃𝑃𝑃𝑃 )
𝑃𝑃(𝐼𝐼𝑃𝑃𝑃𝑃 )
Where 𝐼𝐼𝑃𝑃𝑃𝑃 is the indication the proof load test succeeded and 𝐹𝐹 indicates failure of the tested
component in operation. The gained information is transferred considering the correlation with
respect to resistance. For a series system the failure probity of a set 𝑆𝑆𝑦𝑦𝑦𝑦 of components given a
set 𝑃𝑃𝑃𝑃 or proof load tested components is
𝑃𝑃(𝐹𝐹|𝐼𝐼𝑃𝑃𝑃𝑃 ) =
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𝑃𝑃�𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 |𝐼𝐼𝑃𝑃𝑃𝑃 � = 𝑃𝑃 � � �𝑅𝑅𝑖𝑖 𝑀𝑀𝑅𝑅,𝑖𝑖 𝐷𝐷𝑖𝑖 − 𝑆𝑆𝑀𝑀𝑆𝑆 ≤ 0� ∪ � �𝑅𝑅𝑗𝑗 𝑀𝑀𝑅𝑅,𝑗𝑗 𝐷𝐷𝑖𝑖 − 𝑆𝑆𝑀𝑀𝑆𝑆 ≤ 0� ∩ �𝑅𝑅𝑗𝑗 𝑀𝑀𝑅𝑅,𝑗𝑗 − 𝑆𝑆𝑃𝑃𝑃𝑃 > 0��
𝑖𝑖∈ 𝑆𝑆𝑆𝑆𝑆𝑆\𝑃𝑃𝑃𝑃

𝑗𝑗∈𝑃𝑃𝑃𝑃

−1

(7)

⋅ 𝑃𝑃 � � �𝑅𝑅𝑗𝑗 𝑀𝑀𝑅𝑅,𝑗𝑗 − 𝑆𝑆𝑃𝑃𝑃𝑃 > 0��
𝑗𝑗∈𝑃𝑃𝑃𝑃

For a brittle Daniels system the Bayesian updating is achieved according to Equation (8).
𝑃𝑃�𝐹𝐹𝑠𝑠𝑠𝑠𝑠𝑠 |𝐼𝐼𝑃𝑃𝑃𝑃 � = 𝑃𝑃 � � �(𝑛𝑛 − 𝑖𝑖 + 1) ⋅ 𝑅𝑅𝑖𝑖 𝑀𝑀𝑅𝑅,𝑖𝑖 𝐷𝐷𝑖𝑖 − 𝑆𝑆𝑀𝑀𝑆𝑆 ≤ 0� ∩ � �𝑅𝑅𝑗𝑗 𝑀𝑀𝑅𝑅,𝑗𝑗 − 𝑆𝑆𝑃𝑃𝑃𝑃 > 0��
𝑖𝑖∈𝑆𝑆𝑆𝑆𝑆𝑆

5 Decision Model

−1

𝑗𝑗∈𝑃𝑃𝑃𝑃

(8)

⋅ 𝑃𝑃 � � �𝑅𝑅𝑗𝑗 𝑀𝑀𝑅𝑅,𝑗𝑗 − 𝑆𝑆𝑃𝑃𝑃𝑃 > 0��
𝑗𝑗∈𝑃𝑃𝑃𝑃

5.1 Description of the Decision Scenario
The decision model constitutes a scenario with one offshore wind turbine structure over a time
span of 10 years. The probability of structural failure and the generated benefit serve as measurement for the structural performance. The decision model shall identify the optimal experiment parameters of the proof loading to maximise the expected benefit. The expected benefit
comprises here the generated monetary value over the modelled period.
The decision (e) is modelled with the rectangular node in Figure 4 and comprises several proof
loading strategies vs. the performance of no proof loading. The second decision (a) is modelled
with the different proof loading strategies and the actions of utilising successfully tested components and reproducing failed components. The system performance (𝑋𝑋2) is modelled through
system failure (𝐹𝐹) or survival (𝐹𝐹� )

If the experiment outcome (𝑋𝑋1 ) is survival, the tested element group will be used in the structure. If however, the component fails, a new improved set of components will be tested. It is
assumed then that this new set passes the test. The test failure probabilities in this study are
𝑃𝑃 �𝐼𝐼������������
�𝑆𝑆 �� ≈ 2.748𝑒𝑒 − 4,
𝑃𝑃 �𝐼𝐼������������
�𝑆𝑆 �� ≈ 1.3671𝑒𝑒 − 3,
and
𝑃𝑃 �𝐼𝐼������������
�𝑆𝑆 �� ≈
𝑃𝑃𝑃𝑃

𝑃𝑃𝑃𝑃,1

𝑃𝑃𝑃𝑃

𝑃𝑃𝑃𝑃,2

𝑃𝑃𝑃𝑃

𝑃𝑃𝐿𝐿,3

0.0150528. In the following case study, one component of the system will be proof load tested.
Decision (e):

SPL,1
SPL,2

Chance
(X1)

__
IPL

Decision (a):

Waste, improve & reproduce

IPL

Use in construction

SPL,3

Chance
(X2)

_
F
F

Figure 1: Decision tree modelling the determination of the optimal proof load test strategy. Decision nodes are
represented by rectangles and chance nodes are shown as circles
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5.1.1

Consequence model

The cost-benefit model is based on several publications concerning the economics and operation of offshore wind turbines. Bases of the benefit model are the tendering conditions of the
Danish offshore wind energy park Krieger Flak [12]. Technical and operations details supplying
to the benefit and cost side are taken from [2, 7, 9, 10, 16]. A detailed explanation of the costbenefit model is found in [3]. The direct costs of structural failure due to deterioration are calculated with the capital expenditures of 4.1 M€ / MW. The structural system contributes 600
k€ / MW to the capital expenditures, which is to be spend again in case of proof load test failure.
The indirect consequences arise from a loss of production. The production value is derived from
a bid-price per kWh is 0.15 € / kWh, followed by 0.039 € / kWh, see [3] for details. The capacity factor of the Turbine is 50%, and it is operating over a service-life of 𝑡𝑡 = 1, … , 10 years.
The proof load cost is 5000 €. All monetary values are discounted with 5%.

6 Results
6.1 Reduction of Failure Probability
Both structural system types with five components yield higher reliability indices by acquiring
addition information about their capacities through proof load testing of one component. Figure
2 informs about the time dependent failure probability, 𝑃𝑃𝑓𝑓 , of the untested design models. One
can see that the series system is generally more reliable with high correlations, but the Daniels
system has no clear trend in its reliability with respect to the component correlation.

Figure 2: Development of system failure probability (𝑃𝑃𝑓𝑓 ) over time due to deterioration.

Figures 3 and 4 show the development of the difference of failure probability (Δ𝑃𝑃𝐹𝐹 = 𝑃𝑃(𝐹𝐹) −
𝑃𝑃(𝐹𝐹|𝐼𝐼𝑃𝑃𝑃𝑃 )) over time between the prior information (no proof loading) and the (pre-) posterior
information. In Figure 3 it is apparent that a higher proof load level provides also better reliability information. Higher component correlation supports the increase in reliability.
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Figure 3: Reduction of failure probability (𝛥𝛥 𝑃𝑃𝐹𝐹 ) of the brittle Daniels systems for different load levels and resistance related correlation.

The same is the case for the series system. The increase of proof load levels does not provide
as informative data in the case of the Daniels system. Thus, the series system has a lower reliability improvement.
In both Figures 3 and 4 a clustering of graphs with respect to the component correlation is
present. This is more pronounced in the series systems.

Figure 4: Reduction of failure probability (𝛥𝛥 𝑃𝑃𝐹𝐹 ) of the series systems for different load levels and resistance
related correlation.

6.2 Reduction of Risk

The total risk (direct and indirect) for both system models increases with the proof load as seen
in comparison of Figures 5 and 6. Concerning the correlation of the five components, in 𝑅𝑅𝑖𝑖 and
as well 𝑀𝑀𝑅𝑅𝑖𝑖 we observe a similar trend, for both systems higher component correlation means
lower risk. As before in Figures 3 and 4 (reduction of failure probability) the graphs cluster,
here by component correlation (series system) and by proof load level (Daniels system). As
before the different scenarios produces a clear separation of risk in the Daniels but a less pronounced separation in the series system.
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Figure 5: Risk over time for the proof load level for brittle Daniels system.

Figure 6: Risk over time for the series system.

Figure 7 and Figure 8 show the development of direct risk, indirect risk, and expected benefit
over time for an example proof load scenario in comparison to the design model. The proof
load test is performed in year 0. The gained proof load information reduces the direct and indirect risk, consequently the expected benefit increases.
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Figure 7: Direct risk, indirect risk and expected benefit for the design model and proof load tested brittle Daniels
system.

Figure 8: Direct risk, indirect risk and expected benefit for the design model and proof load tested series system.

6.3 Optimal Decision
The optimal decision is determined by the highest expected benefit. All excepted benefits of
the proof load testing scenarios in this study are list in 2. The trends of series and Daniels system
go towards higher proof loads. The effect of the three simulated proof loads on the series is
rather small, the correlation of load carrying components is more pronounced. The behaviour
of the brittle Daniels system is similar but the applied load is more relevant than in the series
system cases.
The optimal decision for the both systems is the highest load level, 𝑆𝑆𝑃𝑃𝑃𝑃,3 , independent of the
correlation.
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Table 2: Cumulative expected benefits in €.

Series
system
brittle
Daniels
system

7 Conclusion

𝑆𝑆𝑃𝑃𝑃𝑃

𝜌𝜌 = 0.25

𝜌𝜌 = 0.5

𝜌𝜌 = 0.75

𝑆𝑆𝑃𝑃𝑃𝑃,1

21,017,444

21,116,289

21,291,030

𝑆𝑆𝑃𝑃𝑃𝑃,2

21,019,193

21,116,737

21,291,121

𝑆𝑆𝑃𝑃𝑃𝑃,3

21,019,551

21,116,874

21,292,503

𝑆𝑆𝑃𝑃𝑃𝑃,1

21,409,919

21,487,900

21,754,453

𝑆𝑆𝑃𝑃𝑃𝑃,2

21,481,756

21,605,745

21,852,391

𝑆𝑆𝑃𝑃𝑃𝑃,3

21,531,775

21,681,242

21,901,189

This generic model demonstrates the principle feasibility of proof load testing before the construction of structures where such tests would be very difficult in an operation ready state. Furthermore, a pre-construction proof load test allows for test loads that are too risky for the
completed structure. As the correlation of 𝑅𝑅𝑖𝑖 and the correlation of 𝑀𝑀𝑅𝑅𝑖𝑖 are used to transfer the
proof loading information we see an increase of benefit with increasing correlation. In the case
study, proof load testing is applied to only one component in order to update the reliability of
the entire structural system. The Daniels system and series system react differently in terms of
failure probability in dependence of applied proof load. This is caused partly by the case due to
different system design reliabilities, i.e., the series system is weaker than the Daniels system. A
second cause may be the fundamentally different system behaviour of series and Daniels systems. This system behaviour could be the cause of the low influence of increasing proof loads
on the series system compared to the noticeably larger load level influence on the brittle Daniels
system.
It should be noted that the term components as used in this study may describe a sub-system
consisting out of several elements depending on how the complete structure can be divided for
the testing purpose. For a monopile, the said component could be two joint tubes, or for a jacket,
a small set of braces.
Future work may investigate whether the difference in response of series and brittle Daniels
system are due to the different system design reliabilities or due to systematic behaviour. Furthermore, various and new decision parameters, such as the number of proof load tested components, can be examined in greater detail.
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Abstract: A novel structural health monitoring (SHM) method using limited number of noise-contaminated dynamic responses completely ignoring excitation information for three-dimensional (3D) structural systems is presented in this paper.
It is denoted as 3D UKF-UI-WGI. To implement any UKF-based procedure, the
excitation information and the initial state vector need to be known. To generate
the necessary information, the authors proposed a two-stage approach and introduced a substructure concept. It has many desirable features. A structure is represented by finite elements. This representation makes it easier to locate the defect
spot and its severity. To keep the noise contamination by multiple sources of excitation during the inspection to an absolute minimum; only very small duration response time histories are measured for SHM. The authors proposed to use multiple
global iterations instead of one with long duration commonly used to implement
the UKF concept. To improve the convergence related issues, a weighted global
iteration (WGI) with an objective function is integrated with UKF. The superiority
of the 3D UKF-UI-WGI over the EKF-based procedure is demonstrated with the
help of illustrative examples consisting of defect-free and defective 3D structures.
The quality and quantity of the measured data are important for the success of
SHM particularly for large realistic 3D structural systems. The related issues are
also elaborated further with the help of these examples. Since the nature of nonlinearity may not be known in priori, it will always be reliable to use the proposed
UKF-based concept instead of the EKF-based approach developed by the team
earlier. The authors believe the proposed UKF-based concept significantly advances the state-of-the-art in the nonlinear system identification concept for use in
SHM of realistic 3D structural systems and considerably improves its implementation potential.

1 Introduction
Structural health monitoring (SHM) has become one of the urgent research topics all over the
world. Because of aging infrastructures and lack of funds to replace them within a short period of time, extending their life without exposing public to excessive risk has become an attractive option. Of course, assessing their health just after major natural events like typhoons
and earthquakes also cannot be overlooked. One of the major objectives is to detect and evaluate their severity and repair defects, if necessary, in the context of maintenance. For the
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SHM of large infrastructures, a model-based approach, e.g., representing them by finite elements (FEs) is expected to be very desirable. To study the structural health at the time of inspection, structural response information needs to be measured by exciting them
appropriately. Initially, because of its simplicity, responses in terms of displacements, rotations, or strains caused by static application of loading were measured for SHM [13]. There
are several advantages of using static responses including that the amount of stored data is
relatively small and simple and no assumption on the mass and damping characteristics needs
to be made. However, there are several disadvantages including that the number of measurement points should be larger than the number of unknown parameters. It requires a large static
load to obtain measurable deflections for large structural system. It needs fixed reference locations to measure deflections, which may be impractical for bridges, offshore platforms, etc.
Although computationally more challenging, model-based approaches using dynamic response information has attracted attention of the profession. They have several advantages. It
is possible to excite structures by relatively small dynamic loadings. In some cases, ambient
responses caused by natural sources, e.g., wind, earthquake, moving vehicle, etc., can also be
used. If acceleration responses are measured, they eliminate the need for fixed physical reference locations. They perform well in the presence of high measurement noises [8].
The authors and their research team have conducted both theoretical and experimental investigations and developed several novel SHM methods using dynamic response information.
Measuring dynamic excitations in time domain in the field condition can be very challenging
and expensive. It will be highly desirable if SHM can be conducted without measuring the
excitation information. For large infrastructures, measuring responses at all the node points in
the FE representation can be economically prohibitive and unnecessary. The structural health
needs to be assessed using responses measured at a small part of the system. Furthermore,
responses recorded even by smart sensors are noise-contaminated. The authors decided to
develop nonlinear system identification (SI) based SHM procedures for 3D structures by
measuring only the optimum number of noise-contaminated responses at a small part of the
structure, completely ignoring the excitation information.
In line of the discussions made above, the research team at the University of Arizona, proposed several techniques including the iterative least-squares with unknown input (ILS-UI),
extended Kalman filter (EKF) concept, and the combination of them [7,11,15]. For mildly
nonlinear structures, the EKF algorithm works since it linearizes, in a piece-wise way, the
nonlinear behavior. However, the EKF algorithm fails to identify the system in some cases.
The authors [1-4] documented several reasons for non-convergence of the EKF algorithm. It
is essentially due to the inherent deficiencies in the linearization algorithm used in EKF.
The authors overcame the above deficiency by using the Unscented Kalman filter (UKF) concepts. To implement any UKF-based procedure, the excitation information and the initial state
vector need be known. To generate the necessary information, the authors introduced a substructure concept using an iterative least-squares technique developed earlier by their research
team members. The procedure is essentially resulted in a nonlinear time-domain SI algorithm.
The structural health is assessed by tracking the stiffness parameter of each element. To keep
the noise contamination by multiple sources of excitation during the inspection to an absolute
minimum, only very small duration response time histories (fraction of a second) are measured for SHM. Since the use of small duration responses may not be able to identify defect
spot and the severity of degradation accurately, the authors proposed to use multiple global
iterations instead of one commonly used to implement the UKF concept. However, multiple
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global iterations can also cause convergence problem. To improve the convergence related
issues, a weighted global iteration (WGI) with an objective function [10] is integrated with
UKF. The integrated approach is denoted as three-dimensional unscented Kalman filter with
unknown input and weighted global iterations (3D UKF-UI-WGI) and presented in this paper.
The superiority of the 3D UKF-UI-WGI over the EKF-based procedure is demonstrated with
the help of several illustrative examples. The effect of the quality and quantity of the measured data on the identification of large realistic 3D structural systems is also studied.

2 Mathematical Formulations of 3D UKF-UI-WGI
The mathematical concepts of 3D UKF-UI-WGI required for SHA is discussed in this section.

2.1 Stage 1: 3D ILS-UI Formulation
To extract the required information from the substructure where responses are measured, it is
necessary to satisfy the following governing equation:
𝐌𝑠𝑢𝑏 𝐗̈ 𝑠𝑢𝑏 (𝑡) + (𝑎𝐌𝑠𝑢𝑏 + 𝑏𝐊 𝑠𝑢𝑏 )𝐗̇ 𝑠𝑢𝑏 (𝑡) + 𝐊 𝑠𝑢𝑏 𝐗 𝑠𝑢𝑏 (𝑡) = 𝐟𝑠𝑢𝑏 (𝑡)

(1)

where Msub and Ksub are the global mass and stiffness matrices, respectively; 𝐗̈ 𝑠𝑢𝑏 (𝑡),
𝐗̇ 𝑠𝑢𝑏 (𝑡) and 𝐗 𝑠𝑢𝑏 (𝑡) are the acceleration, velocity, and displacement vectors, respectively, at
time t; 𝐟𝑠𝑢𝑏 (𝑡) is the input excitation vector at time t; a and b are the mass and stiffness proportional Rayleigh damping coefficients, respectively; and ‘sub’ refers to the substructure.
The global stiffness matrix for the substructure can be formulated as:
𝑒𝑠𝑢𝑏

𝐊 𝑠𝑢𝑏 = ∑ 𝑘𝑖 𝐒𝑖

(2)

𝑖=1

where Ki is the stiffness matrix for the ith element; esub is the total number of elements in the
substructure; ki is the stiffness parameter of ith element defined as EiIi/Li; Li, Ii and Ei are the
length, moment of inertia, and modulus of elasticity, respectively, of the ith element; and 𝐒𝑖 is
the stiffness coefficients.
Using Equation (2), Equation (1) at time t can be reorganized in the following form:
𝐀(𝑡) 𝐏 = 𝐅(𝑡)

(3)

𝐀(𝑡) = [𝐒1 𝐗 𝑠𝑢𝑏 (𝑡) 𝐒2 𝐗 𝑠𝑢𝑏 (𝑡) … 𝐒𝑛𝑒𝑠𝑢𝑏 𝐗 𝑠𝑢𝑏 (𝑡) 𝐒1 𝐗̇ 𝑠𝑢𝑏 (𝑡) 𝐒2 𝐗̇ 𝑠𝑢𝑏 (𝑡) … 𝐒𝑛𝑒𝑠𝑢𝑏 𝐗̇ 𝑠𝑢𝑏 (𝑡) 𝐌𝑠𝑢𝑏 𝐗̇ 𝑠𝑢𝑏 (𝑡)]

(4)

𝐏 = [𝑘1 𝑘2 … 𝑘𝑒𝑠𝑢𝑏 𝑏𝑘1 𝑏𝑘2 … 𝑏𝑘𝑒𝑠𝑢𝑏 𝑎]𝑇

(5)

𝐅(𝑡) = 𝐟𝑠𝑢𝑏 (𝑡) − 𝐌𝑠𝑢𝑏 𝐗̈ 𝑠𝑢𝑏 (𝑡)

(6)

where

Considering the responses at all q time points are available, Equation (3) can be rewritten as:
𝐀𝐏=𝐅

(7)

where matrix A contains the measured displacement and velocity responses at all q time
points; vector F contains the unknown input excitations and the inertia forces at all q time
points. The least-squares technique is implemented to minimize the error by modifying Equation (7) as:
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𝐏 = (𝐀𝑇 𝐀)−1 𝐀𝑇 𝐅

(8)

Since the information on input excitations is not known, the iteration process is initiated by
assuming the excitation information to be zero for all the time points. The iteration process is
continued until the excitation time history between two successive iterations converges at all
time points with a predetermined tolerance. At the completion of stage 1, all the required information, input excitation information and initial state vector, to initiate stage 2 will be available.

2.2 Stage 2: 3D UKF-WGI Formulation
For the implementation of the UKF procedure, the differential equation of the dynamic system can be expressed in a nonlinear continuous state-space equation as:
𝐙̇𝑡 = 𝑓(𝐙𝑡 , 𝑡)

(9)

where 𝐙𝑡 is the state vector at time t; 𝐙̇𝑡 is the time derivative of the state vector at time t; and
𝑓 is a nonlinear function of the state.
For a structure with N number of dynamic degrees of freedom (DDOFs) and L number of elements, an augmented state vector 𝐙𝑡 and its derivative 𝐙̇𝑡 are formed in the following way:
𝐗(𝑡)
𝐙𝑡 = [𝐗̇(𝑡)]
̃
𝐊

(10)

𝐗̇(𝑡)
𝐗̇(𝑡)
̇𝐙𝑡 = [𝐗̈(𝑡)] = [−𝐌 −1 [𝐊𝐗(𝑡) + (𝑎𝐌 + 𝑏𝐊)𝐗̇(𝑡) − 𝐟(𝑡)]]
0
0

(11)

where 𝐗(𝑡) and 𝐗̇(𝑡) are the displacement and velocity vectors, respectively, at time t for all
̃ is the vector of the element stiffness parameters of the whole strucDDOFs of the structure; 𝐊
ture that need to be identified.
The discrete time measurement model with additive noise at t = kt can be expressed as:
𝐘𝑘 = ℎ(𝐙𝑘 , 𝑡) + 𝐕𝑘

(12)

where 𝐘𝑘 is the measurement vector at t = kt; h is the function that relates the state to the
measurement; 𝐙𝑘 is the state vector at t = kt; t is the time increment; 𝐕𝑘 is a measurement
noise vector of zero mean and a covariance of 𝐑 𝑘 ; and k is the number of time point.
For the identification of the whole structure, acceleration responses will be measured at a few
numbers of DDOFs. Then, the acceleration time histories can be successively integrated to
obtain the velocity and displacement time histories as discussed in [8,9,14]. If the presence of
noise in acceleration time histories is not mitigated appropriately, the corresponding velocity
and displacement time histories will be erroneous and the algorithm may not converge. Thus,
it will fail to assess the structural health. This is the main reason the risk and reliability analyses have become an integral part of structural health assessment.
Therefore, the discrete time measurement model can be expressed in a simplified form as:
𝐘𝑘 = 𝐇𝐙𝑘 + 𝐕𝑘

(13)

where 𝐘𝑘 is the measurement vector comprising of the measured displacement and velocity
responses at t = kt; and H is the measurement matrix. After the initial conditions are as-
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signed appropriately, the filtering process of UKF is initiated to estimate the state mean vector
and its error covariance matrix at time step (k+1) using the following three steps.
2.2.1 Sigma Points Calculation Step
At current state vector 𝐙̂𝑘|𝑘 , sets of 2n+1 symmetric sigma points are generated as following:
𝛘0,𝑘|𝑘 = 𝐙̂𝑘|𝑘
𝛘𝑖,𝑘|𝑘 = 𝐙̂𝑘|𝑘 + √(𝜆 + 𝑛) 𝐂𝑐𝑜𝑙.𝑖

𝑖 = 1, … , 𝑛

𝛘𝑖+𝑛,𝑘|𝑘 = 𝐙̂𝑘|𝑘 − √(𝜆 + 𝑛) 𝐂𝑐𝑜𝑙.𝑖

𝑖 = 1, … , 𝑛

(14)

where
𝜆 = 𝛼 2 (𝑛 + ) − 𝑛

(15)

in which 𝐂 is a square root of the covariance matrix such that 𝐏𝑘 = 𝐂𝐂 𝐓 ; 𝐂𝑐𝑜𝑙.𝑖 is the ith column of 𝐂’s matrix; 𝑛 is the dimension of the state vector (𝑛 = 2𝑁 + 𝐿); The parameter 𝛼 and
 are scaling factor.
2.2.2

Prediction Step

The sigma points are propagated through the nonlinear dynamic equation as:
(𝑘+1)∆𝑡

𝛘𝑖,𝑘+1|𝑘 = 𝛘𝑖,𝑘|𝑘 + ∫

𝑓(𝐙𝑡 , 𝑡)𝑑𝑡

𝑖 = 0, … ,2𝑛

(16)

𝑘∆𝑡

The predicted state vector 𝐙̂𝑘+1|𝑘 can be shown to be:
2𝑛

(17)

𝐙̂𝑘+1|𝑘 = ∑ 𝑊𝑖 𝛘𝑖,𝑘+1|𝑘
𝑖=0

and its predicted error covariance matrix 𝐏𝑘+1|𝑘 can be expressed as:
2𝑛

𝐏𝑘+1|𝑘 = ∑ 𝑊𝑖 (𝛘𝑖,𝑘+1|𝑘 − 𝐙̂𝑘+1|𝑘 )(𝛘𝑖,𝑘+1|𝑘 − 𝐙̂𝑘+1|𝑘 )

𝑇

𝑖=0

+ (1 − 𝛼 + 𝛽)(𝛘0,𝑘+1|𝑘 − 𝐙̂𝑘+1|𝑘 ) (𝛘0,𝑘+1|𝑘 − 𝐙̂𝑘+1|𝑘 )
2

(18)
𝑇

where 𝛽 is the secondary scaling factor used to emphasize the weighting on the zero’s sigma
point for the covariance calculation. The weight factor Wi can be shown to be:
𝜆
𝜆+𝑛
1
𝑊𝑖 =
2(𝜆 + 𝑛)

𝑖=0

(19)

𝑖 = 1, … ,2𝑛

(20)

𝑊0 =

̂𝑘+1|𝑘 can be expressed as:
The predicted measurement vector 𝐘
̂𝑘+1|𝑘 = 𝐇𝐙̂𝑘+1|𝑘
𝐘

(21)

𝑌𝑌
and its error covariance matrix 𝐏𝑘+1|𝑘
as:
𝑌𝑌
𝐏𝑘+1|𝑘
= 𝐇𝐏𝑘+1|𝑘 𝐇 𝑇 + 𝐑 𝑘+1

𝑍𝑌
and the cross correlation matrix 𝐏𝑘+1|𝑘
can be estimated as:
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(22)

𝑍𝑌
𝐏𝑘+1|𝑘
= 𝐏𝑘+1|𝑘 𝐇 𝑇

(23)

2.2.3 Updating Step
The predicted state vector and its error covariance matrix are updated as:
𝑍𝑌
𝑌𝑌
̂𝑘+1|𝑘 )
𝐙̂𝑘+1|𝑘+1 = 𝐙̂𝑘+1|𝑘 + 𝐏𝑘+1|𝑘
(𝐏𝑘+1|𝑘
)−1 (𝐘𝑘+1 − 𝐘

(24)

𝑍𝑌
𝑌𝑌
𝑌𝑌
𝐏𝑘+1|𝑘+1 = 𝐏𝑘+1|𝑘 − 𝐏𝑘+1|𝑘
(𝐏𝑘+1|𝑘
)−1 𝐏𝑘+1|𝑘
𝐊 𝑇𝑘+1

(25)

Generation of sigma points, prediction and updating operations performed at each time point
is generally known as local iteration. Completion of local iterations covering all time points of
responses is known as first global iteration. A weighted global iteration procedure with an
objective function is incorporated after the first global iteration. The weight factor along with
the initial covariance matrix accelerates the convergence process of the UKF procedure [5].

3 Verifications of 3D UKF-UI-WGI
3.1

Description of the Structure

To establish the superiority of the proposed 3D UKF-UI-WGI procedure over the EKF-based
procedure, the same 3D frame used by Das [8] is considered here. It has a bay width of 9.14
m and story height of 3.66 m, as shown in Figure 1. The frame has a total of 24 members; 12
beams and 12 columns. The beams and columns are made of W21×68 and W14×61 sections,
respectively. The frame is modeled by 16 nodes in the FE representation. Each node has six
DDOFs; three translational and three rotational. The support condition at the base (nodes 13,
14, 15 and 16) of the frame is considered to be fixed. The total number of DDOFs for the
frame is 72. The actual theoretical stiffness parameter values ki evaluated in terms of (EiIi/Li)
are calculated to be 13,476 kN-m and 14,552 kN-m for a typical beam and column, respectively.
First two natural frequencies of the defect-free frame are estimated to be f1 = 2.7229 Hz and f2
= 3.5717 Hz, respectively and Rayleigh damping coefficient a and b are calculated to be
0.970775 and 0.002528, respectively, for an equivalent modal damping of 5% of the critical
for the first two modes. The frame is excited by a sinusoidal load, f(t) = 45 sin(20 t) kN, is
applied at node 1 in the Z direction as shown in Figure 1. The information on responses are
numerically generated at 0.0001 s time interval using a program ANSYS [6]. In a real inspection, the information will be measured. After the responses are generated, the information on
input excitations is completely ignored. Responses between 0.31 s and 0.63 s providing 3201
time points are used. The substructure used in the subsequent health assessment process is
shown in double lines in Figure 1. It comprises of 3 elements (1, 7, and 13) and 4 nodes (1, 2, 3,
and 5).

3.2 Health Assessment of Defect-Free Frame
Using only responses at four nodes in the substructure, the stiffness and damping parameters
and the time history of the unknown excitation force are identified accurately in stage 1 of the
3D ILS-UI procedure. The identified stiffness parameters and the errors in the identification
are shown in columns 3 and 4 of Table 1, respectively. The errors in the stiffness parameter
identification of the three members in the substructure are very small.
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Figure 1: Finite element representation of 3D three-story frame

The stiffness parameters of all 24 elements of the frame are then estimated in stage 2 of the
UKF-based procedure using only responses at the substructure. The identified stiffness parameters for the proposed UKF-based procedure and EKF-based procedure, reported by Das
[8], are shown in Table 2. The maximum error in the identification using UKF-based procedure is only 0.8%; however, it is 14.4% using EKF-based procedure. The acceptable error in
the identification was reported to be about 10% [12]. From the results, it can be noticed that
the magnitudes of errors using EKF are larger and varied significantly from members to
members; indicating the method failed to identify the defect-free state of the frame accurately.
In contrast, the 3D UKF-UI-WGI does identify the state of the frame accurately. To reduce
the errors in the identification, the quantity of measured responses used for identification was
increased to 27 responses by considering 3 additional translational responses at node 4 [8].
The errors in the identification are reduced significantly as shown in column 8 of Table 2.
Table 1: Stiffness parameter identification of frame using 3D ILS-UI with 24 responses

Member
(1)
k1
k7
k13

3.3

Nominal (k)
(kN-m)
(2)
13476.2
13476.2
14552.9

Defect-Free Case
Identified (k)
Error (%)
(3)
(4)
13475.7
-0.004
13475.6
-0.004
14552.6
-0.003

Defective Case
Identified (k)
Error (%)
(5)
(6)
13475.7
-0.004
13475.6
-0.005
14552.5
-0.003

Health Assessment of Defective Frame

In the defective case, member 12 connecting nodes 10 and 12, is considered to be corroded.
The web and flange thicknesses of member 12 are considered to be reduced by 30%. This
defect caused the reduction in the principal moment of inertias about major axis (Iz) by
32.26%, principal moment of inertias about minor axis (Iy) by 30.07%; and cross-sectional
areas (A) by 30.65%. Without knowing the location and severity of defect and using only re-

3046

sponses at 4 nodes, the substructure is identified in stage 1 and the results are summarized in
columns 5 and 6 of Table 1. Then, using the responses at the substructure, the whole frame is
identified using UKF-based procedure. To show the effects of quality of measured responses
on the identification accuracy, different values for the covariance of measurement noise (Rk)
of 10-5, 10-4, and 10-3 are considered. The larger value of Rk indicates the poor quality of
measured responses. The results of identification for three values of Rk are presented in Table
3. The maximum reductions in the identified stiffness parameters for Rk of 10-5, 10-4, and 10-3
are 32.5%, 28.2%, and 25.4%, respectively. The actual reduction of stiffness parameters is
32.26% as mentioned above. It can be seen that the UKF-based procedure can identify the
structure for all cases; however, the accuracy of identification decreases as the value of Rk
increases.
Table 2: Stiffness parameter identification of defect-free frame using UKF and EKF

Member

Actual
(k) (kN-m)

(1)
k1
k2
k3
k4
k5
k6
k7
k8
k9
k10
k11
k12
k13
k14
k15
k16
k17
k18
k19
k20
k21
k22
k23
k24

(2)
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553

3D UKF-UI-WGI
24 Responses
Identified (k) Error (%)
(3)
(4)
13478
0.0
13478
0.0
13419
-0.4
13477
0.0
13486
0.1
13375
-0.8
13474
0.0
13476
0.0
13469
-0.1
13507
0.2
13383
-0.7
13504
0.2
14554
0.0
14551
0.0
14536
-0.1
14533
-0.1
14570
0.1
14583
0.2
14534
-0.1
14499
-0.4
14522
-0.2
14507
-0.3
14599
0.3
14624
0.5

3D GILS-EKF-UI [8]
24 Responses
27 Responses
Identified (k) Error (%) Identified (k) Error (%)
(5)
(6)
(7)
(8)
13497
0.2
13485
0.1
12803
-5.0
13330
-1.1
15060
11.8
14034
4.1
12972
-3.7
13449
-0.2
14088
4.5
13362
-0.8
15414
14.4
14462
7.3
13390
-0.6
13446
-0.2
13850
2.8
13577
0.7
13040
-3.2
13453
-0.2
13083
-2.9
13280
-1.5
13887
3.0
13785
2.3
14287
6.0
13474
0.0
14426
-0.9
14507
-0.3
14164
-2.7
14431
-0.8
14177
-2.6
14349
-1.4
12815
-11.9
13934
-4.3
14700
1.0
14650
0.7
16438
13.0
14900
2.4
14745
1.3
14702
1.0
14029
-3.6
15036
3.3
15274
5.0
14802
1.7
14692
1.0
14224
-2.3
13770
-5.4
14240
-2.2
12921
-11.2
14353
-1.4

4 Conclusions
A novel structural health monitoring (SHM) method using limited number of noisecontaminated dynamic responses completely ignoring excitation information for 3D structural
systems is presented in this paper. It is denoted as 3D UKF-UI-WGI. To implement any UKFbased procedure, the excitation information and the initial state vector need to be known. To
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generate the necessary information, the authors proposed a two-stage approach and introduced
a substructure concept. It has many advantages. A structure is represented by finite elements.
This representation makes it easier to locate the defect spot and its severity. The quality and
quantity of the measured data are important for the success of SHM particularly for large realistic 3D structural systems. To keep the noise contamination by multiple sources of excitation
during the inspection to an absolute minimum; only very small duration response time histories are measured for SHM. The authors proposed to use multiple global iterations instead of
one with long duration commonly used to implement the UKF concept. To improve the convergence related issues, a weighted global iteration (WGI) with an objective function is integrated with UKF. The superiority of the 3D UKF-UI-WGI over the EKF-based procedure is
demonstrated with the help of illustrative examples consisting of defect-free and defective 3D
structures. The authors believe the proposed UKF-based concept significantly advances the
state-of-the-art in the nonlinear system identification concept for use in SHM of realistic 3D
structural systems and considerably improves its implementation potential.
Table 3: Stiffness parameter identification of defective frame using 3D UKF-UI-WGI with different Rk values
Member

Actual (k)
(kN-m)

(1)
k1
k2
k3
k4
k5
k6
k7
k8
k9
k10
k11
k12
k13
k14
k15
k16
k17
k18
k19
k20
k21
k22
k23
k24

(2)
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
13476
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553
14553

Rk = 10-5
Identified (k) Error (%)
(3)
(4)
13464
-0.1
13533
0.4
13354
-0.9
13466
-0.1
13564
0.7
13301
-1.3
13482
0.0
13449
-0.2
13500
0.2
13519
0.3
13421
-0.4
9092
-32.5
14561
0.1
14578
0.2
14496
-0.4
14583
0.2
14583
0.2
14525
-0.2
14528
-0.2
14371
-1.2
14370
-1.3
14355
-1.4
14743
1.3
14783
1.6

Rk = 10-4
Identified (k) Error (%)
(5)
(6)
13447
-0.2
13490
0.1
13393
-0.6
13593
0.9
13026
-3.3
13395
-0.6
13496
0.1
13451
-0.2
13089
-2.9
13661
1.4
12813
-4.9
9672
-28.2
14572
0.1
14640
0.6
14528
-0.2
14852
2.1
14890
2.3
14927
2.6
14631
0.5
14731
1.2
14609
0.4
14578
0.2
14156
-2.7
14044
-3.5

Rk = 10-3
Identified (k) Error (%)
(7)
(8)
13372
-0.8
13485
0.1
13621
1.1
13433
-0.3
13280
-1.5
13500
0.2
13505
0.2
13477
0.0
12935
-4.0
13727
1.9
12483
-7.4
10052
-25.4
14568
0.1
14619
0.5
14607
0.4
14814
1.8
14996
3.0
15077
3.6
14681
0.9
14641
0.6
14485
-0.5
14352
-1.4
13954
-4.1
13873
-4.7
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Abstract: Structural health monitoring (SHM) is commonly presented as a powerful
tool that allows bridge managers to make decision on maintenance, repair and reconstruction of their assets. From a strict logical standpoint, decision and SHM are
two separate process that occur one downstream of the other. In SHM, the state of a
structure is assessed based on data from sensors and information available a priori;
in decision-making, an optimal action is undertaken based on the knowledge of the
state and the consequence of the available actions according to expected utility theory (EUT). In this contribution, we introduce a prototype of a decision support system (DSS) based on EUT and the Bayesian inference, and we illustrate its
application to a real-life case study. A DSS is a system that uses the output of a SHM
system to provide information on the condition of the monitored structure and to
suggest optimal intervention strategies to the manager. In this work, we first present
the fundamentals of EUT and the basics of the Bayesian data analysis. Then, we
introduce the case study of Colle Isarco viaduct to show how EUT and the Bayesian
logic can be implemented into a DSS to optimize a bridge management, and to
demonstrate how our SHM-based DSS can be easily applied to complex structural
management problems. This DSS uses all the monitoring information to (1) estimate
the state of the structure, and (2) suggest the optimal management policy.

Introduction
The purpose of structural health monitoring (SHM) is to obtain information about the state of a
structure to support decisions on its management. However, it is still not fully clear how in
practice a manager is supposed to make decisions based on SHM data. The typical approach to
SHM-based decision making is the following: (1) sensors are installed on the structure, e.g. a
bridge; (2) data coming from SHM are analysed; (3) an algorithm recognizes a possible damage
and provides information on the health of the structure; (4) the manager makes decisions on the
management of the structure. This optimistic view of SHM is in contrast with what happens in
the real life: owners are often very sceptical about the SHM capability to support decisions and
managers usually act based on their experience, often disregarding the actions implicitly suggested by SHM [1], [2]. Based on this observation, Cappello et al. [3] defined a formal procedure that implements expected utility theory (EUT) in those civil engineering decision problems
in which decision makers have to act based on the output of SHM.
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In this paper, we present an application of this procedure to a real-life case study. We create a
decision support system (DSS) for Colle Isarco viaduct by using expected utility theory. Details
of the structure of the bridge, its problems, retrofits, analysis and on the monitoring system can
be found in [4]. The available actions are evaluated by the DSS based on the deflection of the
bridge main span, and are: the temporary closure of one or both carriageways, the inspection of
girders, and doing nothing. In the next paragraph, we explain the formulation of the DSS, the
logical inference in SHM and the basics of EUT. Then, we present Colle Isarco viaduct and the
implementation of the DSS. Concluding remarks are presented at the end of the paper.

Expected utility theory for monitoring-based decision making
SHM and decision making, although connected, are two separate processes. The aim of SHM
is to understand the state of a structure based on the acquisition and interpretation of data, usually provided by sensors. Conversely, decision-making is about the identification of the optimal
action in the management of the structure. It entails the evaluation of the possible consequences
of each action, which may result in direct and indirect costs. The basics of statistical decisionmaking have been studied since the formulation of EUT, introduced by von Neumann and Morgenstern in 1944 [5] and later developed in the form that we currently know by Raiffa and
Schlaifer in 1961 [6]. In simple terms, the SHM-based decision problem can be summarized as
follows: ‘given a set of observations from the monitoring system, what is the financially optimal
action to undertake?’.
Before handling this problem, we formally define the concepts that we will use in the rest of
the manuscript. Moreover, we introduce the Bayesian statistics as applied to SHM, and EUT.
Sensor. We assume that sensors are the source of each observation.
Observation. We assume that each piece of information provided directly by sensors is an observation. The observations are indicated by y, and the space of the observations by Ωy .
State. It represents the condition of the structure and it is specified by a discrete variable S
defined in the domain ΩS = {S1,…,Si,…,SM} (e.g., S1 = ‘damaged’, S2 = ‘not damaged’).
Model. This is the way we assume that the observations y are correlated to the state S. It typically
has a physical background, but can also be heuristic.
Action. An action a indicates any of the possible options (e.g., a1 = ‘do nothing’, a2 = ‘repair’)
the decision maker can choose. The set of possible actions at stage n is indicated by Ω(n)
a and
the actions corresponding to that stage are denoted by a(n).
Outcome. An outcome z = z(a,S) is the quantification of the consequences of an action. It may
include financial losses or rewards to the owner. The impact on society or environment due to
failure can be also quantified. The set of all the outcomes resulting from the n-th stage is Ω(n)
z .
SHM is an inference problem in which we have to assess the state S of a structure, based on an
observation y provided by sensors [1], [7], [8]. The probability of the state S, given the observation y, is obtained using the Bayes’ theorem [9]:
p(y|Si )∙P(Si )
(1)
P(Si |y)=
,
p(y)
where: P(Si |y) is the posterior distribution of the state and represents our best estimate after the
acquisition of the SHM observation; P(Si ) is the prior distribution, i.e. our estimate of S before
the acquisition of the observation; p(y|Si ) is the likelihood function, which encodes the probabilistic relationship between observations and state; p(y) is a normalization constant, called
evidence, calculated through equation (2), where M is the number of the possible states.
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M

p(y|Si )∙P(Si ) .

p(y)=

(2)

i=1

The prior distribution is usually set based on the literature and experience [9]. The observation
y and the model enter the Bayesian approach through the likelihood function p(y|Si ), which
gives the probability of observing y, given the state Si .
The decision-making process starts after the assessment of the probabilities. When a decision
maker faces a multi-stage decision problem, in each n-th stage he has to choose one action a(n)
from a set of possibilities, Ω(n)
a . This action may affect the future state of the structure Si and
finally leads to an outcome z, which depends on Si and a(n) . The choice is based on the posterior
distribution P(Si |y), calculated previously by using the Bayesian framework. The impact of an
outcome z is considered through the utility function u(z). This function encodes the risk aversion
of the decision maker [10]. We assume that the decision maker is risk-neutral, thus
(3)
u(z) = – z.
According to EUT, each action is ranked based on its expected utility, which depends on both
the consequences and the probabilities of each possible scenario [10]. Any rational decisionmaker should choose the action with the highest expected utility. We can calculate the expected
utility u* of an action a, at stage n, as
M
*

(n)

u z Si ,a(n) ∙P Si a(n) ,y .

u a ,y =

(4)

i=1

Then, we calculate the maximum expected utility between a set of actions, Ω(n)
a , at stage n, as
* (n)

umax (y) = max(n) u* a(n) ,y .
a(n) ∈ Ωa

(n)

(5)

The optimal action, aopt (y), is the one that corresponds to the maximum expected utility:
(n)

aopt (y) = arg max u* a(n) ,y .
a(n) ∈

(n)
Ωa

(6)

Equation (6) maps each possible observations y to an optimal action. In Figure 1, we can see a
map for a vector of observations, y = {y1, y2}, which automatically provides the optimal action
aopt (y), given the set of monitoring observation y.
A multi-stage decision problem can be graphically represented with a decision tree, like the one
in Figure 2. The squares represent decision nodes, while the circles represent chance nodes.
Multi-stage decision problems are solved with the method of the backward induction [10]: to
find the best decision at a certain stage, we have to know the best decisions in the later stages.
y2
a

opt

a

opt

 y   a3

 y   a1
a

opt

 y   a2
y1

Figure 1: A classifier that provides the optimal action aopt , given the joint observation of two
measurements = { , }.

Figure 2: Decision tree of a two-stage decision process.
AActions and states are discrete variables, squares represent decision nodes, circles represent chance nodes.
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Case study
Colle Isarco Viaduct is a bridge of strategic importance on the highway connecting Italy to
Austria. As depicted in Figure 3 to Figure 5, the viaduct consists of two structurally independent
decks, which support the two 10.30 m-wide highway carriageways, northbound and southbound, each of a total length of 1028 m, and cover 13 spans. The main span of the viaduct is
163 m long, and is spanned with two symmetric balanced segmental reinforced concrete cantilevers, supporting a 45 m long suspended span. Each cantilever arm juts 59 m out of the piers,
and is counterbalanced by a back arm 91 m long. Overall, a cantilever contains 33 box-girder
cast-in-place segments of depths varying from 10.80 m, at the pier, to 2.55 m, at the edge. The
thickness of the top slab is 260 mm, while the bottom slab varies from 980 mm to 150 mm.
A concrete of nominal class corresponding to modern Eurocode C35/45 was used for all castin-place elements of piers and girders. The prestress was applied by 32 mm diameter Dywidag
ST 85/105 threaded bars, with 1030 MPa nominal tensile strength and initial jacking tension of
720 MPa. For each cantilever, the longitudinal force above the pier was around 120 MN and
was provided by a total number of 266 tendons.

Figure 4: Cross-sections of Colle Isarco Viaduct at
piers #9 and #10; dimensions in [m].

Figure 3: Main span of Colle Isarco Viaduct;
left pier is #8, right is #9.

Figure 5: Elevation of Colle Isarco main span, and the position of some prisms
on piers #8 and #9, and on the north carriageway; dimensions in [m].
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The viaduct was erected in 1968 and was opened to traffic in 1971 [11]. After two years from
the opening, the monitoring data started exhibiting a deflection drift. Unlike the design prediction of a total deflection lower than 20 mm, the actual deflection reached 200 mm in 1984, with
an apparent rate of over 8 mm/year. These observations prompted the owner to undertake two
radical retrofit of the main span in an attempt to prevent further deflection: the first between
1988 and 1989, the second between 2014 and 2015. The original pavement was removed and
replaced with a thinner layer of lightweight asphalt, an external post-tensioning system was
installed, and the thickness of the box-girder top slab was increased from 260 mm to 285 mm
before prestressing. The additional prestress was provided by a total number of 212 0.6” diameter compact strands, with a jacking load of 213 kN. The additional longitudinal force produced
above the pier was around 45 MN, which is almost 40% of the original prestress. This intervention was accompanied by extensive SHM [1], [12], [13], to assess the effectiveness of the work,
provide information on the future structural performance [14], [15], [16] and support decisions
[17], [18], [3]. Since summer 2014, the bridge deflection has been continuously monitored with
a topographic network and, starting in 2016, the main spans of the viaduct were further instrumented with fiber-optic sensors [19], [20] and PT100 temperature sensors.
The topographic system is made of two total stations Leica Nova TM50 and 72 GPR112 prisms
installed on the main span, as depicted in Figure 5. The topographic monitoring system started
acquiring on June 2014. Figure 6 shows the temperature-compensated deflection measured
from prisms 9S1N, recorded from June 2014 to June 2016. These prisms are placed at the edge
of the north girders, a location that is sensitive to variations in loads and mechanical properties.

Application
The topographic surveying system has enabled the structure manager to detect possible excessive deflections of the main span. If the girders start to deflect too quickly, this may be a symptom of severe structural damage or imminent collapse. The University of Trento developed a
DSS based on EUT and Bayesian inference, which contains a set of acceleration thresholds
beyond which it is advisable to close the bridge temporarily. This is a multi-stage decision
problem with a discrete domain of states; see Figure 7.
In this real-life case study, the observation y is the vertical acceleration of the bridge section
that is monitored by prism 9S1N. The acceleration is obtained by fitting data of 14 days of
temperature-compensated displacements, with a quadratic polynomial function. The choice of
14 days guarantees both prompt alarm and accurate acceleration values. The fitting function is:

h
h

∆h(∆t) = h0 + α·∆t + y·∆t2 /2.

Figure 6: Temperature-compensated deflection measured from prisms 9S1N.
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Figure 7: The decision tree of the Colle Isarco Viaduct case study

Here, we focus on one section for each girder at a time. The most critical sections are the four
Gerber saddles in the central span. The state of the structure, S, can assume one of the two
mutually exclusive and exhaustive values, ‘undamaged’, U, and ‘damaged’, D, defined as:
Undamaged, U. The structure is ‘undamaged’, U, if it is either truly undamaged or has some
minor damage, negligible in terms of its effect on structural capacity.
Damaged, D. The structure is ‘damaged’, D, if it is still standing, but has suffered major damage
and there is a significant chance of collapse of the bridge under live loads.
We can obtain the posterior probability of each state based on the value of the vertical acceleration of the analysed section. The posterior distribution of each state, P(Si|y), is calculated by
using the likelihood functions of the states, undamaged U and damaged D, which was assumed
Gaussian. Their mean values and standard deviations, in mm/year per day, are μ(y|U) = 0,
σ(y|U) = 0.731, μ(y|D) = –1.826, σ(y|U) = 1.096. The current deflection rate at mid-span is
α = –12 mm/year [21]. We have assessed the prior probabilities as P(U) = 0.95 and P(D) = 0.05,
because since 2014, when the monitoring system has been installed, no critical events have
been reported. Thus, we consider the probability of the state U smaller than the probability of
the state D.
The DSS identifies the most financially convenient action to take at the first stage, and then at
the second stage, depending on the daily acceleration y. The alternatives at the first stage are:
Doing nothing, DN(1) . The carriageway remains open and no special restrictions are applied.
Send an inspector, SI(1) . An inspector is sent to the bridge in order to gain more information
about the actual state of the bridge. The carriageway is closed to the road traffic for the time
necessary to perform an inspection, expected to last 10 days.
Close the bridge, CB(1) . The access to the Brenner pass is restricted to one carriageway for the
time required by structural rehabilitation, which is estimated to be three-month long.
(1)
(1)
(1)
The domain of possible actions in the first stage is Ω(1)
a ={DN ,SI , CB }, while at the sec(2)
(2)
ond stage is Ω(2)
a ={DN , CB }.
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Closing the carriageway will automatically prevent any effect due to the bridge collapse, or the
increase of the structural damage resulting in further rehabilitation costs, which has been estimated to be 9340 k€ [21]. On the other hand, the loss incurred from this action is the road user
cost stemming from the three-month downtime of bridge, which is around 2300 k€ [21]. In
order to perform the visual inspection, the carriageway has to be closed for ten days, for a total
cost of 250 k€, which is due to the road user costs and the cost of the inspection.
As we can see from the decision tree in Figure 7, only action SI(1) leads to a second stage. Once
the inspection is completed, the inspector gives a judgment S on the state of the bridge, which
can be either ‘undamaged, according to the inspector’ U or the ‘damaged, according to the
inspector’ D. Once his report is available, we have to decide between actions DN(2) and CB(2) .
The inspector’s judgment S does not necessarily coincide with the actual state of the bridge S,
but it is just an estimation of it [3]. The relationship between his judgment S and S, is given by
the probability P S S , and represented by the confusion matrix [3]
P SS =

P UU

P UD

P DU

P DD

,

(8)

Here, we assume that, when the structural condition is actually ‘undamaged’ U, the inspector
identifies the state correctly in 80% of cases, and misidentifies the state in 20% of cases; in
contrast, when the structural condition is actually ‘damaged’ D, the inspector identifies the state
correctly in 99% of cases, and misidentifies the state in 1% of cases. Consequently,
0.80 0.01
(9)
P SS =
,
0.20 0.99
To solve the problem we have to use the method of the backward induction [3]. We start from
the last stage of the decision tree and update the posterior probability by using the Bayes’ rule:
P S S,y =

p(y|S)∙P S S ∙P(S)
p(S,y)

,

(10)

where now the evidence is
p S,y = p(y|U)∙P S U ∙P(U) + p(y|D)∙P S D ∙P(D).

(11)

The expected utilities of stage 2 are then calculated as
u* DN(2) ,S,y = –(zU + zSI )·P U S,y – (zD + zSI )·P D S,y ,
u∗ CB(2) ,S,y = −(zCB + zSI ).

(12a,b)

and therefore the maximum expected utility is
(2)
(2)
*
*
u*(2)
max S,y = max u DN ,S,y , u CB ,S,y .

(13)

The results from (12) and (13) are shown in Figure 8a and Figure8b, for the cases where the
inspector’s judgment is S = U and S = D, respectively. Now we can move to the first level of
the decision tree. To calculate the expected utility of actions ‘do nothing’ DN(1) and ‘close the
bridge’ CB(1) at the first stage, we have to repeat the same process presented in paragraph 2,
and obtain the expected utility of the action ‘send inspector’ SI(1) by starting from the results of
the second stage. The probability that the inspector’s response is S = U or S = D is:
P S y = P S U ·P(U|y) + P S D ·P(D|y).

(14)

As a result, the expected utilities of actions ‘send inspector’ SI(1), ‘do nothing’ DN(1), and ‘close
the bridge’ CB(1), at the first stage, are:
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u* DN(1) ,y = −zU ∙ P(U|y) − zD ∙ P(D|y),

(15a,b,c)

u∗ CB( ) ,y = −zCB ,
)

)

∗(
u∗ SI( ) ,y = u∗(
max U,y ∙ P U y + umax D,y ∙ P D y .

Finally, the maximum expected utility is the maximum among u* DN(1) ,y , u* CB(1) ,y and
u* SI(1) ,y . Figure 9 depicts the three expected utilities as a function of the monitoring observation y along with the maximum expected utility at the first stage of the decision problem.

Results
As we can see from Figure 8, the two thresholds that help in choosing when it is more convenient to close the bridge at the second stage are: y(2)
U = –2.71 mm/year per day if S=U; and
u
(2)
yu D = –1.02 mm/year per day if S = D. Therefore, at the second stage, the optimal action is:
(2)
aopt

S,y =

DN(2)

y ≤ y(2)
S ,
u

CB(2)

(16)

y > y(2)
S .
u

Equation (16) is the solution at the second stage, for the observation and the inspector’s judgment S. Using the backward induction, we can obtain the solution at the first stage, which is
represented in Figure 9. Here, we can easily recognize two decision thresholds, one, y(1)
= –1.18
u
(1)
(1)
(1)
mm/year per day, that separates DN from SI and the other, yu = –2.32 mm/year per day,
that separates SI(1) from CB(1). In this case, the optimal action is:
DN(1) ,
(1)

aopt (y) =

SI(1) ,
CB(1) ,

y(1)
u

y
y(1)
u
y

(1)

y

(17)

yu

(1)

yu

The expected utilities corresponding to the three available actions, ‘do nothing’ DN(1), ‘send
inspector’ SI(1) and ‘close the bridge’ CB(1) are shown in Figure 9. In the first stage, when the
elongation y is lower than y(1)
, the optimal choice is DN(1), whereas, when the elongation y is
u
(1)
(1)
higher than yu , the optimal choice is CB(1). Between y(1)
and yu , the optimal choice is SI(1).
u
The expected utilities of actions DN(1) and CB(1) do not depend on the confusion matrix P S S
defined in (9), therefore they are independent of the inspector’s judgment. However, both y(1)
u
(1)
and yu depend on the expected utility of SI(1), which depends on P S S .
DN(2)

CB(2)

MAX

DN(2)

-2.0
-4.0
-6.0
-8.0
-10.0

(a)

MAX

0.0

Exp. utility u* [M€]

Exp. utility u* [M€]

0.0

CB(2)

2
yu U = −2.71
-1.8

-2.4

-2.0
-4.0
-6.0
-8.0

2
yu D = −1.02

-10.0
-3.0

-3.6

(b)

Acceleration y [(mm/year)/day]

0.0

-0.6

-1.2

-1.8

Acceleration y [(mm/year)/day]

Figure 8: Expected utilities in the case of S=U (a) and S=D (b) at stage 2 of the Colle Isarco case study.
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DN(1)

SI(1)

CB(1)

MAX

Exp. utility u* [M€]

0.0
-2.0
-4.0
-6.0
-8.0

1
yu = −1.18

-10.0
0.0

-0.6

1
yu = −2.32
-1.2

-1.8

-2.4

-3.0

-3.6

Acceleration y [(mm/year)/day]

Figure 9: Expected utilities of the actions available in stage 1 of the Colle Isarco case study

Conclusions
We proposed an application of the bridge management method based on EUT presented in [3]
to a real-life case study. The method was summarized and applied to the case study of Colle
Isarco viaduct, Italy. In order to predict the future behaviour of the viaduct and provide support
for future decisions regarding the bridge management, the main span of the bridge has been
subjected to continuous monitoring. The monitoring system measures the bridge deflection profile over time through a topographic network based on automatic total stations. We chose as a
damage index the variation in the bridge deflection over time, in particular the long-term vertical acceleration of the Gerber saddles in the mid span. The DSS analyses the acquired information and selects the optimal action among: (i) do nothing, (ii) send an inspector, and (iii)
close the bridge. The calibration of the DSS enabled us to obtain a set of decision thresholds in
(1)
terms of vertical acceleration, which are y(1)
= –1.18 and yu = –2.32 mm/year per day, at the
u
first stage, respectively between the actions do nothing-send inspector, and send inspector-close
the bridge. The current deflection rate is –12 mm/year constant over a two-month period, while
the acceleration is almost zero. The presented approach to decision-making in SHM is a rigorous identification of the financially most convenient action, based on the probabilities efficiently provided by Bayesian inference and on the costs of the possible consequences.
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Abstract: We examined the distribution of the 69,000 fatalities caused by the
Wenchuan earthquake in China in 2008. A fatality database covering 4534 towns
in the Wenchuan earthquake area is established, which documents the modified
Mercalli Intensity scale, the population density at the end of 2007, the per capita
GDP at the end of 2007, the topography and other information at town level. A
correlation study was performed to investigate the relations between fatality rate
and four primary influence parameters; namely the modified Mercalli intensity
scale, population density, per capita GDP and topography. In the multiple regression analysis, different combinations of site-specific data sets, e.g. urban versus
rural areas, are examined and compared in the derivation of empirical vulnerability
models. Finally, a family of empirical earthquake vulnerability models for estimating fatality rate has been established to help assess the risks of future large earthquakes and develop effective measures to minimize the fatality in future
earthquakes.

1 Procedure of Rapid Earthquake Fatality Estimation and Need for
Empirical Vulnerability Models
When a strong earthquake occurs, it is extremely important to conduct a rapid assessment of
possible number of deaths and amount of economic losses to facilitate humanitarian response
and resource allocation for earthquake relief. Such assessment should be performed momentarily, preferably within one hour after the earthquake. An excellent system for this purpose is
the U.S. Geological Survey’s Prompt Assessment of Global Earthquakes for Response
(PAGER) System, which in the case of the May 12th Mw 7.9 Wenchuan earthquake in China,
provided an exposure estimate one half-hour after the earthquake, and updated the exposure
and possible death toll several times in the few hours after the earthquake (Earle et al. 2008;
Wald et al. 2008).
The death toll caused by a strong earthquake can be estimated in five steps in grid-based fatality computation, as in PAGER (Jaiswal et al. 2009):
(1) Determine the earthquake source and hazard (shaking) distribution;
(2) Divide the affected area into J computational cells;
(3) Determine the population density class of a particular cell j and the fraction of indoor
population based on local time of day and a demographic dataset;
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(4) Classify the buildings into different structure types using country-specific inventory in
terms of density (urban/rural) and occupancy (residential/non-residential) types;
(5) Estimate the total fatalities from each structure type using a vulnerability model;
(6) Sum the total fatalities over all the structure types of the grid cell and later over all grid
cells associated with the earthquake.
Let Pi(Ij) denote an estimated population exposed to shaking intensity Ij for an event i. Then
the expected number of fatalities Ci is obtained as:
𝐶𝑖 =

𝐹𝑅𝑖 𝐼𝑗 𝑃𝑖 (𝐼𝑗 )

(1)

𝑗

where FRi is the fatality rate for event i. In PAGER, the fatality rate is defined as the ratio of
the total number of shaking-related fatalities to the total population exposed at a given shaking intensity (in terms of MMI shaking intensity scale). It is expressed in terms of a twoparameter lognormal distribution function as (Jaiswal et al. 2009):

 I 
FR   2.8 ln 

 23.575 


(2)

where Φ is the standard normal cumulative distribution function, I is the earthquake intensity.
The fatality rate can also be expressed as a function of building collapse rate (Cui et al. 2002;
Jaiswal et al. 2009). Lacasse et al. (2011) proposed a more comprehensive VIS vulnerability
model that relates RF to the hazard intensity and the susceptibility of vulnerable elements.
Indeed a key function in the above procedure is an empirical, semi-empirical or analytical
vulnerability model for estimating the fatality rate for people inside buildings. Due to the
need for rapid loss estimation, the use of empirical or semi-empirical models is often preferred. An empirical model is often specific to local construction practices and administrative
capabilities in the face of an earthquake disaster. Hence, regional empirical equations are required.
We examined the distribution of the 69,000 fatalities caused by the Wenchuan earthquake in
China in 2008. A correlation study was performed to investigate the relations between fatality
rate and four primary influence parameters; namely the modified Mercalli Intensity scale,
population density, per capita GDP and topography. In the multiple regression analysis, different combinations of site-specific data sets, e.g. urban versus rural areas, are examined. A
family of empirical earthquake vulnerability models for estimating fatality rate has been established to help assess the risks of future large earthquakes and develop effective measures to
minimize the fatality in future earthquakes.

2 Fatality Data in Wenchuan Earthquake
The May 12th Mw 7.9 Wenchuan earthquake in China affected more than 45.5 million people
in 10 provinces and regions. At least 69,195 people were killed, 374,177 injured and 18,392
missing. An estimate of 5.36 million buildings collapsed and more than 21 million buildings
were damaged. An intensity map of the earthquake is shown in Figure 1.
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Legends

Figure 1: Modified Mercalli intensity scales of the 5.12 Wenchuan earthquake

We examined the distribution of the 69,000 fatalities caused by the Wenchuan earthquake. A
fatality database covering 4534 towns in the whole Wenchuan earthquake area is established,
which documents the modified Mercalli Intensity scale, the population density at the end of
2007, the per capita GDP at the end of 2007, the topography and other information at town
level. Seven types of landforms (topographic conditions) are defined to represent population
distribution and convenience of evacuation: high mountain (elevation > 3,500 m), medium
mountain (elevation = 1,000 – 3,500 m), low mountain (elevation < 1,000 m), deep hills, shallow hills, plain, and valley.

3 Empirical Vulnerability Models
In this research, the dataset is analysed using a logarithmic form of multi-regression analysis:
ln 𝑦 = 𝑚1 ln(𝑥1 ) + 𝑚2 ln(𝑥2 ) + 𝑚3 ln(𝑥3 ) + 𝑚4 ln(𝑥4 ) + 𝑏

(3)

where y is the dependent variable, referring to fatality rate in this research; m1- m4 are regression coefficients; b is a constant; x1- x4 are independent variables, which are modified Mercalli
intensity scale MMI, population density Pd (/km2), per capital GDP, GDPc (RMB¥) and topography value T. The topographic values are assigned as 0.15 (high mountain), 0.2 (medium
mountain), 0.25 (low mountain), 0.35 (deep hills), 0.3 (shallow hills), 0.2 (plain) and 0.4 (valley). The four parameters exhibit correlations as shown in Table 1. Particularly the per capita
GDP is positively correlated to the population density but negatively correlated to the topographic value. It is not surprising that the urban areas have higher population densities and
higher economic levels than the rural or high-mountain areas.
Table 1: Correlation coefficients among the four variables

MMI
GDPc
Pd
T

MMI
1.000
0.188
-0.028
-0.065

GDPc
0.188
1.000
0.252
-0.133
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Pd
-0.028
0.252
1.000
-0.042

T
-0.065
-0.133
-0.042
1.000

Multiple regression analysis was performed to establish relations between the fatality rate and
the key independent variables. Two separate analyses were conducted using the database for
the entire earthquake zone as a whole and the databases for urban and rural areas, respectively. Per the definition in the Sichuan Statistical Yearbook 2008, urban population refers to all
people who reside in cities and towns, while rural population refers to the people the other
than urban population. In the analyses in this paper, urban areas include the town of each
county where the local government is located, towns near the central downtown area, and all
the streets and communities. Vulnerability analyses were performed for the urban and rural
areas separately because there are differences in building structures (e.g. reinforced concrete
structures in cities vs. brick wall load-bearing structures in the rural areas), resident habits,
population age distribution, education backgrounds, and local government emergency preparedness.
Table 2 summarizes three empirical correlations using a single variable MMI and three correlations using four variables. In each case category, equations were obtained using the urban
fatality data, rural fatality data and combined fatality data separately. The inclusion of more
parameters or the use of the larger combined dataset leads to greater R2 (coefficient of determination) values.
Table 2: Global empirical vulnerability models based on global urban vs. rural database
Parameters
Modified Mercalli intensity,
MMI

Regression equation
Urban

FR 

Rural

FR 

Combined FR 
Modified Mercalli intensity,
MMI;
Per capital GDP, GDPc;
Population density, Pd,
Topographic value, T

1
e

42.48

e

42.52

e

45.96

1
1

MMI 16.1
MMI 16.4
MMI 18.35

Coefficient of
determination R2
0.30
0.41
0.66

Urban

MMI 17.19T 1.18
FR  29.21
e GDPc1.09 Pd0.48

0.44

Rural

FR 

MMI 15.33T 0.6
e 31.45GDPc0.59 Pd0.56

0.47

Combined FR 

MMI 17.41T 0.4
e 39.54GDPc0.21Pd0.41

0.71

Figure 2 shows the comparison between the predicted and observed fatality rates using the
three four-parameter equations in Table 2. Figure 3 shows the relation between observed fatality rates and the predictions using the single parameter equations in Table 2. Overall the
fatality rate at a particular MMI is higher in the rural areas than in the urban areas, because
building regulations were better enforced and emergency responses were more timely in the
urban areas. The predicted fatality rates using the PAGER equation (Equation 1) are also plotted in Figure 3 for reference. The equation is exceptionally good although it slightly overestimates the fatality rate, particularly at lower intensity scales.
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Figure 2: Comparison of observed fatality rates and the predicted fatality rates using the four-parameter equations in Table 2

In Figure 3, the fatality rate varies in a wide range at a particular intensity scale. For example,
the fatality rate ranges from 10-8 to 10-3 at MMI = 8. A few cases with very high fatality rates
at MMI = 10 and MMI = 11 are worth careful scrutiny because a single case could involve
thousands of fatalities. One of such cases was Qushan Town with an extremely high intensity
scale of XI. The high fatality rate (40%) was the outcome of the compound effects of collapse
of almost all buildings, occurrence of two large landslides and the narrow valley topography
that adversely affected evacuation (Zhang et al., 2014). The death toll in Qushan Town alone
reached 8600 in a city of about 21,000 residents. An opposite case was Qingping Town of
Mianzhu City. Even though its intensity scale was X, the fatality rate was relatively small possibly due to its high per capita GDP (e.g. up to RMB 44,270) and relatively high building
seismic resistance there.
Several factors that are not included in the regression analysis, such as time of the day (daytime or night time), preparedness, organised evacuation and evacuation distance, can significantly influence the fatality rate as in other types of hazards (Peng and Zhang, 2012a,b). The
human behaviour and redistribution of the population at risk in the face of a disaster (Zhang et
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al., 2013) also bring in a large uncertainty. These factors are highly variable and contribute to
the scatters in Figures 2 and 3.
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Figure 3: Fatality rate vs. MMI

Conclusions
A family of empirical vulnerability models has been proposed for rapid estimation of fatalities
in large earthquakes in urban areas and rural areas based on the fatality data from the Wenchuan earthquake in 2008. Both single-parameter (modified Mercalli intensity scale MMI)
equations and four-parameter (modified Mercalli intensity scale, population density, per capita GDP, and topography) equations are obtained. Overall the fatality rate at a particular MMI
is higher in the rural areas than in the urban areas, because building regulations were better
enforced and emergency responses were more timely in the urban areas. The fatality rate varies in a wide range at a particular intensity scale. For example, the fatality rate ranges from 108
to 10-3 at MMI = 8. Differences in factors such as building regulations, human behaviour,
time of the day, preparedness, and organised evacuation contribute to the large variability.
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Abstract: Geophysical methods are increasingly used to supplement geotechnical
investigations to help locate and map the extent of sensitive clay. An application of
Bayesian kriging was developed and proves to be a useful tool for estimating the
spatial distributions of sensitive clay by combining the information from geophysical resistivity measurements from high-resolution airborne electromagnetics (AEM)
and from geotechnical soundings. In the study, the elevation of the top and bottom
of sensitive clay were interpolated by Bayesian kriging using the geophysical resistivity data available in the area of interest. The resultant estimations were validated
with the results of additional geotechnical total soundings. The calculations show
that the interpolated and measured top of sensitive clay layer at the sounding locations were in good agreement. The prediction of the bottom of sensitive clay thickness was not as good as the prediction of the top of the layer. The stochastic model
developed is nevertheless useful for more efficient planning of secondary phases of
exploration.

Introduction
Most landslides in clays in Norway with serious consequences are due to the presence of sensitive or quick clay, e.g. the Rissa slide (1978) and the Finneidfjord slide (1996). Quick clays
are typically characterized by a remoulded undrained shear strength that is considerably lower
(less than 0.5 kPa by definition) than the peak strength. The most common methods to detect
quick clay in Norway are geotechnical borehole tests, i.e. total soundings, rotary pressure
soundings, cone penetration tests with pore pressure measurements (CPTU) and laboratory tests
on undisturbed samples. Such mapping of quick clay formations requires extensive sampling.
For economical reasons, the approaches are not usually applicable for a detailed mapping of the
extent of quick clay formations.
Recently, geophysical methods have been used to map sensitive clays. These methods include
Electrical Resistivity Tomography (ERT) (e.g., Ranka et al. 2004; Dahlin et al. 2005) and Resistivity CPTU (RCPTU) (e.g., Rømoen et al. 2010; Sauvin et al. 2011) and high-resolution
airborne electromagnetics (AEM) (e.g., Pfaffhuber et al. 2015, Lysdahl et al. 2017). An obvious
advantage of those geophysical methods is their ability to acquire huge amount of ground information quickly. On the other hand, many different materials (rocks and soils) may have the
same resistivity as that of sensitive clay. One must ensure that the geophysical measurement is
able to image the resistivity of quick clay with satisfactory accuracy.
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The challenge is therefore to combine the geotechnical measurements in different points with
the trends indicated by the geophysical investigations. An interpolation technique that is well
suited for combining the results of geophysical and geotechnical site investigation data is the
"Bayesian kriging" technique which merges the kriging method (useful to evaluate the variability of the soil within a volume) and Bayesian theory. A key advantage of the Bayesian approach, besides its ability to deal with new information and how this influences the uncertainty
of the model parameters, is its ability to provide estimates even in case of the availability of
only few measurements. This feature was demonstrated clearly by Omre (1987) and Omre and
Halvorsen (1989).
The paper first describes the geotechnical and geophysical investigations carried out. Section 3
describes the stochastic interpretation of geophysical measurements and reviews Bayesian
kriging. Section 4 illustrates the properties and results of the proposed method. Section 5 provides some observations and closing remarks.

Site investigations
2.1 Test site
The test site is in Sandefjord in Vestfold county, Norway. The area is dominated by hills of
barely covered bedrock and valleys filled with large deposits of sensitive, marine clay. The
elevation of the valley bottom is around 30 m.a.s.l. The area was investigated by both AEM
scanning and geotechnical total soundings.

Figure 1: Map showing the test site close to Sandefjord indicating the position of 14 total soundings and selected
flight lines from the AEM survey.

2.2 AEM measurements
An Airborne Electromagnetic (AEM) system was used to measure the electrical properties of
the underground. A large transmitter antenna creates a strong magnetic field which is switched
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on and off, inducing eddy currents in the ground, which in turn create a secondary field which
is picked up by one or more receiver coils (on the airborne platform). The measured field is
used to model the electrical resistivity (inverse of the conductivity) of the ground.
As a rule, higher porosity and concentration of saline elements in the pore water will result in
rock or sediments with higher conductivity. In sediments, conductivity depends on clay content,
porosity, grain size distribution, dissolved mineral content and water saturation. Moraine sediments (gravel, sand, tills) are resistive to poorly conductive (50-10000 Ωm) while clays are
highly conductive (5-100 Ωm).
Leached, possibly sensitive or quick clays are known to have a lower salt content than intact,
marine clay, resulting in higher electrical resistivity. It is therefore feasible to use resistivity as
a proxy (indirect parameter) to map leached clay by geophysical methods. However, there are
often large local and regional variations in the clay composition, and a certain relationship between the material's resistivity and mechanical properties may only be valid in a small area.

2.3 Total soundings
The total sounding method was developed in Norway to penetrate all types of fills and soil
layers as well as large blocks and bedrock, but it is also used to register significant strata in a
soil profile and their relative stiffness. The probe uses a tip consisting of a specially designed
drill bit with holes for flushing.
In Norway, the interpretation of total sounding results follows the recommendations from Norsk
Geoteknisk Forening (NGF, 1989, 1994). Smooth curves and low resistance indicate soft clays.
Sensitive soils have been observed to have a constant or decreasing resistance with depth. Figure 2 shows a typical total sounding profile with the possible occurrence of sensitive clay interpreted from the shape of the curve and highlighted with a brown background colour.
0

Depth (m)

10
20
30
40
-5
5
15
Feed force, total souding(kN)
Figure 2: Example from a total sounding from the Vestfold area.

Statistical Prediction Method
3.1 Interpretations of AEM data
In the Sandefjord area, there is a strong resistivity contrast between the marine sediments (low
resistivity) and the precambrian bedrock below (high resistivity).
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Firstly, the transition to bedrock was interpreted, and only the AEM model cells above bedrock
were selected for further analysis. Coincident resistivity cone penetration tests (RCPT) and total
soundings in the area were used to identify the distribution of resistivity values of quick clay in
the area. It was found to be approximately log-normal distributed with mean 𝜌̅ and standard
deviation 𝜎 (Lysdahl et al. 2017).
Each AEM resistivity cell was then assigned a probability value according to this distribution.
To account for inversion smoothing in the AEM model, sections where there were large resistivity variations with depth were assigned a lower probability. The final probability function
for a layer l then became:
2

𝑃𝑙 =

̅)
1 𝑙𝑜𝑔(𝜌𝑙 )−log(𝜌
) −𝑔|𝑙𝑜𝑔(𝜌𝑙+1 )−log(𝜌𝑙 )|
− (
2
𝑙𝑜𝑔(𝜎)
𝑒

(1)

where 𝜌𝑙 and 𝜌𝑙+1 are the resistivity of layer 𝑙 and 𝑙 + 1 respectively, and 𝑔 is an experimentally determined constant.
Lastly, cells with a probability larger than a threshold T were selected and concatenated, resulting in a quick clay layer at a certain AEM sounding point having both a resulting top and bottom
elevation value. These layer elevations were used as input in the Bayesian kriging analysis.
An example of such an estimation is shown in Figure 3. The background shows a digital elevation model with streams as well as the existing quick clay hazard zones. Both AEM-data and
boreholes suggest large amounts of sensitive clay in the study area. The predicted thickness for
sensitive clay can be underestimated as well as overestimated with this method. The following
sections investigate the sensitivity of the different parameters.

Figure 3: Preliminary estimate of the thickness of possible sensitive clays from both AEM measurements and
total soundings at the Sandefjord site, compared with the thicknesses of quick clay based on quick clay zonation.
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3.2 Bayesian kriging
Kriging is a method for interpolating the value of a random field at an unobserved location
based on available surrounding measurements (Krige, 1951). This method assumes that the
thickness of sensitive clay Z can be modelled satisfactorily by means of a random field Z(x).
For n observations (e.g. geotechnical borehole measurements) available in the random field
Z(x), the observations, denoted Z(x1), …, Z(xn), where x1, …, xn, are contained in a 1-, 2- or 3dimensional domain D, and are considered to be realizations of the n random variables Z(x1),
… Z(xn). A common assumption is that the field is second-order stationary: (1) the mean m(x)
of the random field Z(x) where the properties have to be estimated, is a constant; (2) the covariance function γ(h) exists for any two points, x1, and x2, in the area over which the spatial variability is being estimated.
The basic model for kriging is as follow:
𝑍(𝑥)  = 𝑚(𝑥) + 𝑠(𝑥) + 𝜀(𝑥)

(2)

where Z(x) denotes the spatially distributed random variable under consideration; m(x) stands
for the constant mean of Z(x), s(x) denotes the stationary Gaussian random field and ε(x) denotes
the zero-mean random error component.
The three components of the model are given by:
𝑚(𝑥)  =  𝑓(𝑥)𝑇 𝛽

(3)

𝑠(𝑥)  =  𝜎 2 𝑅(ℎ|𝜙)

(4)

𝜀(𝑥)  =  𝜏 2 Ι

(5)

where f(x)T denotes a vector of spatially referenced non-random variables at location x; β is the
vector of unknown regression parameters; σ2 is the partial sill, i.e., the variance of the random
field; R is the correlation function for separation distance h; ϕ (''range'') contains the unknown
correlation function parameters; and τ2 is the nugget effect, which parametrizes measurement
error and/or microscale variability. The so-called 'total sill' is given by the sum of the partial
sill and the nugget effect.
Bayesian kriging specifies also prior knowledge on the covariance parameters. Consider Y(x);
let x  D be another regionalized observations (e.g. from AEM measurements), which provides
a first approximation, pervaded by uncertainty, for the shape of the random function of the
variable under study Z(x). Let θ = (β, σ2, ϕ, τ2. Parameter estimates can be obtained from the
posterior as:
𝑝(𝜃|𝑌)  = 

𝑓(𝑌|𝜃)𝑝(𝜃)
∫ 𝑓(𝑌|𝜃)𝑝(𝜃)𝑑(𝜃)

𝑝(𝛽, 𝜎 2 , 𝜙, 𝜏 2 |𝑌)  ∝ 𝑓(𝑌|𝛽, 𝜎 2 , 𝜙, 𝜏 2 )𝑝(𝛽, 𝜎 2 , 𝜙, 𝜏 2 )

(6)
(7)

where p(θ) is the prior, and f is the likelihood in the Bayesian formulation.
In general, the vector of θ has a probability density function p(θ). In this study, attention is
focused on the distribution of σ2 and ϕ, describing the spatial variability, whereas β and τ2,
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describing the non-spatial variability, were held fixed. This particular choice appears to be realistic, because the nugget effect is often due to measurement errors or other effects, and these
do not need to be modelled stochastically.

Results
4.1 Estimation of semi-variogram
A threshold of 0.1 for Pl defined in Eq. (1) was used. This means that a value of Pl less than 0.1
will be treated as sensitive clay. The maximum likelihood method was applied to estimate the
reference semi-variogram of the top and bottom of sensitive clay layer based on AEM measurements with Pl less than 0.1. Exponential, Spherical, Circular and Gaussian models have often
been used as spatial correlation models in variogram modelling. The analytical formulations of
the above four functions can be found elsewhere (e.g., Vanmarcke 1977; Nadim, 1986).
Figures 4(a) and (b) show the calculated empirical semi-variograms based on the subsets according to the distances between pairwise data points, as well as the fitted semi-variograms
using maximum likelihood method. A theoretical exponential model was used to fit the sample
semi-variograms. The estimated parameters (i.e. sill, range and nugget effect) of the two fitted
semi-variogram models are summarized in Table 1.

(a)

(b)

Figure 4: Empirical semi-variogram based on AEM, and fitted models for (a) top of quick clay layer and (b)
bottom of quick clay layer.
Table 1: Estimated semi-variogram parameters using maximum likelihood method
Parameters
Partial sill (σ2) [m2]
Range (ϕ) [m]
Nugget effect (τ2) [m2]

Top of sensitive clay layer
58
181
6

3073

Bottom of sensitive clay layer
101
223
13

4.2 Predictions from Bayesian kriging
A reciprocal prior and an exponential prior were assumed for σ2 and ϕ based on the estimated
values from maximum likelihood methods, respectively. Comparisons of the predicted values
using the above assumptions with the measured values at the total sounding locations are made
in Table 2.
As indicated by Table 2, the predicted top and bottom of the sensitive clay layer at the total
sounding locations can be different from the measured value, which indicates that the characterization of the spatial extent of the sensitive clay is not 100% appropriate. The prediction of
the top of sensitive clay layer appears to be more accurate than that of the bottom of the sensitive
clay layer, particularly for the areas where the sensitive clay layer is thicker and reaches all the
way down to bedrock. The discrepancy at greater depths may be due to limitation in the kriging
approximation, limitation in the AEM resolution and inaccuracies in the depths due to the abrupt transition from the soft clay to the to bedrock, as interpreted from AEM data.
Table 2: Predicted vs measured top and bottom of sensitive clay layer at total sounding locations

ID
VSS13014
VSS13015
VSS13016
VSS13017
VSS13018
VSS13019
VSS13020
VSS13021
VSS13022
VSS13023
VSS13024
VSS13026
VSS13027
VSS13028

Measured (m.a.s.l)
Top
Bottom
45.91
25.41
43.31
16.08
42.04
12.04
38.16
15.66
38.98
29.48
50.71
44.71
62.95
51.42
41.22
27.82
34.31
-1.69
33.97
14.97
31.43
13.78
26.23
9.23
22.99
0.99
30.71
15.46

Predicted (m.a.s.l)
Top
Bottom
39.81
33.67
41.75
37.49
37.58
33.05
35.79
31.21
35.60
30.74
38.38
33.73
36.32
31.40
34.96
30.89
33.43
30.09
33.02
29.09
32.45
28.53
24.28
11.84
24.43
18.88
28.14
16.14

4.3 Effect of prior distribution
The prior information, as a component of Bayesian formulas in Eq. (6), may affect the Bayesian
updating and posterior prediction. Hence, the effect of prior distribution of the range ϕ on the
behaviour prediction was examined as an example. A uniform prior from 100 to 300 m was set
for ϕ. A comparison of the predicted values with the exponential prior and the uniform prior for
ϕ at the total sounding locations is listed in Table 3.
The predictions with uniform prior for ϕ result in a shallower top of the sensitive clay layer
compared to the predictions with exponential prior for ϕ, particularly for the total sounding
locations in southern part (VSS13023 to VSS13028) as shown in Figure 1.
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Table 3: Effect of prior for ϕ on predicted top and bottom of sensitive clay layer at total sounding locations

ID
VSS13014
VSS13015
VSS13016
VSS13017
VSS13018
VSS13019
VSS13020
VSS13021
VSS13022
VSS13023
VSS13024
VSS13026
VSS13027
VSS13028

Predicted with exponential prior (m.a.s.l)
Top
Bottom
39.81
33.67
41.75
37.49
37.58
33.05
35.79
31.21
35.60
30.74
38.38
33.73
36.32
31.40
34.96
30.89
33.43
30.09
33.02
29.09
32.45
28.53
24.28
11.84
24.43
18.88
28.14
16.14

Predicted with uniform prior (m.a.s.l)
Top
Bottom
40.62
34.34
42.13
37.90
38.06
33.63
36.26
32.09
36.30
31.91
40.38
36.00
37.66
33.06
35.13
31.48
33.43
30.10
32.96
29.16
31.92
28.44
21.20
7.20
24.23
11.71
24.41
18.91

4.4 Effect of threshold of Pl
Except for the prior distribution the threshold of Pl set for sensitivity clay can also affect the
Bayesian updating and the posterior prediction. Lower threshold of Pl will result in a larger
number of observations used as prior. The predictions of the top and bottom of the sensitive
clay layer at total sounding locations with thresholds of 0.3, 0.2, 0.05 and 0.01 are shown in
Tables 4 and 5, respectively.
As indicated by Tables 4 and 5, the larger threshold leads to a higher elevation of the top of the
sensitive clay layer. The same observation was made for most of predictions for the bottom of
the sensitive clay layer, except for some locations in the southern part (i.e. VSS13026,
VSS13027 and VSS13028).
Table 4: Effect of threshold of Pl on predicted top of sensitive clay layer at total sounding locations

ID
VSS13014
VSS13015
VSS13016
VSS13017
VSS13018
VSS13019
VSS13020
VSS13021
VSS13022
VSS13023
VSS13024
VSS13026
VSS13027
VSS13028

0.3
35.43
35.78
35.82
33.33
32.29
31.81
31.10
31.23
26.50
29.52
30.31
21.67
25.41
25.17

Predicted with different threshold of Pl (m.a.s.l)
0.2
0.05
38.01
42.91
40.69
42.88
37.55
37.83
35.51
36.44
35.46
36.71
39.47
41.13
37.13
38.45
33.61
35.21
33.43
33.96
32.95
34.55
31.01
31.83
24.27
26.34
24.90
24.79
25.65
26.24
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0.01
44.60
45.73
40.44
36.03
37.01
43.90
41.86
35.31
36.39
35.01
31.07
27.64
25.44
24.10

Table 5: Effect of threshold of Pl on predicted bottom of sensitive clay layer at total sounding locations

ID
VSS13014
VSS13015
VSS13016
VSS13017
VSS13018
VSS13019
VSS13020
VSS13021
VSS13022
VSS13023
VSS13024
VSS13026
VSS13027
VSS13028

0.3
29.42
29.63
30.46
26.72
25.82
25.59
25.44
26.26
23.59
26.26
26.17
7.64
17.71
20.16

Predicted with different threshold of Pl (m.a.s.l)
0.2
0.05
33.03
37.44
36.32
39.15
32.21
33.45
29.96
32.36
29.39
32.22
31.79
36.96
30.06
34.28
29.26
31.66
29.75
29.72
29.53
29.63
27.60
29.00
7.50
6.83
18.13
14.45
20.89
13.85

0.01
34.71
38.96
33.72
32.42
33.94
39.93
38.02
32.18
27.12
26.74
28.24
-0.42
8.57
21.23

Concluding Remarks
The Bayesian kriging method was used to characterize and interpolate the thickness of a sensitive clay layer in Sandefjord in Vestfold county, Norway. The results of the analyses in this
paper suggest the following conclusions:
(1) The predictions of the top of the sensitive clay layer near Sandefjord were more accurate
than those of the bottom of the sensitive clay layer, particularly where the sensitive clay
layer was thicker. The reduced ability to predict a the larger depths may due to the limited AEM resolution and the abrupt transition to bedrock as interpreted from the AEM
data;
(2) The Prior distribution of the parameters in Bayesian kriging has only a small effect on
the posterior prediction;
(3) Lower threshold leads to a larger number of AEM observations used as a prior and a
higher elevation of the top and bottom of sensitive clay layer.
In view of the difficulties and complexities involved in geophysical and geotechnical site characterizations, the authors suggest that the Bayesian kriging approach be applied to provide a
practical insight in and additional information on soil spatial variability. This improved insight
will contribute to the planning of more cost-effective secondary site investigations and to the
preliminary mapping of sensitive clay.
Furthermore, the Bayesian kriging method applied here is suitable to evaluate the correctness
of a certain interpretation of geophysical data. It quantifies prediction error and can be effectively used to optimize interpretation methods and constants.
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SHM Strategy Optimization and Structural Maintenance
Planning Based on Bayesian Joint Modelling
C. Xing, R. Caspeele and L. Taerwe
Department of Structural Engineering, Ghent University, Ghent, Belgium

Abstract: In this contribution, an example is used to illustrate the application of
Bayesian joint modelling in optimizing the SHM strategy and structural maintenance planning. The model parameters were evaluated first, using the Markov
Chain Monte Carlo (MCMC) method. Then different parameters including expected SHM accuracy and risk acceptance criteria were investigated in order to
give an insight on how the maintenance planning and life-cycle benefit are influenced. The optimal SHM strategy was then identified as the one that maximizes
the benefit.

1 Introduction
As SHM provides a way for collecting information to reduce uncertainties and to facilitate
improved maintenance planning, it has received a lot of attention and is widely implemented
in practice. The information collected comes at a cost, as a result of the installation of the
SHM system, system maintenance, analysis of the data collected etc., which is not always
justified by the received benefit. Therefore, the decisions whether to implement a SHM system and which strategy to implement should be based on the evaluation of their benefit, which
should be done prior to their installation. The benefit provided by a certain SHM strategy is
quantified by the value of information it provides, in monetary form. This can be calculated in
the framework of decision theory as introduced in [13] as the difference between the expected
life-cycle cost (or expected benefits versus costs) of performing SHM or not, as also presented in [1, 3, 6, 8, 9, 12].
A Bayesian framework of joint modelling of the time-dependent structural performance and
the hazard function has been theoretically introduced in [18] in order to do the maintenance
planning and to quantify the value of SHM (VoSHM). In that framework, there are several
factors, including the precision of the SHM system, the risk acceptance criterion etc., that
affect the assessed value of a SHM strategy. In this work, these influencing factors are evaluated, i.e. the risk acceptance criterion and the precision of the SHM strategy, as these influence the decision making with respect to an optimal SHM strategy. This is a practical
problem that needs to be settled for the decision makers. Take the risk acceptance criterion as
an example, a lower risk acceptance level often means more frequent inspection/maintenance,
which usually leads to a relatively lower expected failure cost but higher investment in the
inspection/maintenance. A balance needs to be sought. In order to do this, an illustrative ex-
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ample is elaborated based on a reinforced concrete (RC) bridge girder subjected to corrosion.
In the following sections, the joint modelling of the time-dependent measurements and hazard
function is briefly introduced first and then the illustrative example is discussed. Finally the
conclusions are given.

2 Joint Model and value of SHM
2.1 Joint Modelling of Time-dependent Measurements and Hazard Function
As introduced in [2], the hazard function, or hazard rate, is defined as the frequency of failure
of a structure and is expressed in failures per unit time. In this regard, the probability of failure during a certain time interval can be calculated accordingly as the integral of the hazard
function. As the failure rate is directly related to the structural performance, it is practical to
model the hazard function based on the structural performance, i.e. the joint modelling of
time-dependent measurements and the hazard function. Figure 1 shows an illustrative example of the joint modeling, where ,
are the threshold values, one of the risk acceptance
criterion, of the hazard function. The joint model is formulated as:
(1)
→

|

!"#

#

$

#% &

(2)

where equation 1 represents the process for modelling the structural performance indicators
(PIs) varying with time, while equation 2 gives the survival model defining the hazard function.
denotes the value of the time-dependent observation outcome at any particular time
is the underlying structural state which is a function of and random effects and
point ,
ϵ
the error term that is assumed independent of the random effects. We assume that
∼
2
N(0, σ1 ) and CoV )ϵ , ϵ* ′,- = 0 for . ′, i.e. the error term is unbiased and the error values at different times are uncorrelated. The failure for an event is defined as the PI crossing a
threshold value and is often expressed by a limit state function. As proposed in [18], a parametric proportional hazard model with Weibull baseline hazard is considered here, as in equation 2, where is the shape parameter of the Weibull distribution and / is the failure time.
This formulation postulates that the risk for a failure event at time is associated with parameters # and # which quantify the sensitivity to the value of
and its derivative over time
$
. This is logical for degrading structures: a structure with high performance level
and low degrading rate $
often has a low failure rate. #% is another regression coefficient. Under the assumption that the hazard of the failure event is mainly based on the value
of
and its decreasing rate $ , #% can be predefined to a certain value.
As soon as the evaluated value of the parameters is available, the failure rate h t at a time
point and the failure probability during a period of time can be calculated as the integration of
the hazard function and used for inspection time planning. The parameter estimation for the
hazard function is based on the Bayesian theory and MCMC simulations. One can refer to [18]
for detailed information and it will not be further discussed in this paper. The focus of this
work is given to investigate how the risk acceptance criterion influences the decision or the
optimal SHM strategy.

3080

Joint modeling

h2T

4

4

3
2.5

2

0.0

0.5

t [-]

With SHM
5.0E-03

Without SHM

h1T

tSL
service
life

2.5E-03

2

With SHM
Without SHM

1

PDF [-]

PI(t) [-]

3.5
3

failure rate h(t) [-]

7.5E-03

1.5
1.0

0.0E+00

tinsp1

(a)

tinsp1

tinsp2

tinsp2

t [-]

(b)

Figure 1. Joint modeling for (a) time-dependent structural performance and (b) hazard function

2.2 Hazard function based maintenance planning
2.2.1

Expected Total Life-Cycle Cost (TLCC) and Value of SHM

An event tree model of a structure (e.g. a bridge girder) with or without monitoring is presented in Figure 2. As illustrated previously in Figure 1, the implementation of SHM can provide
more information of the structure which leads to a significant change of inspection/maintenance planning and as a result, the TLCC. Since the structural state and monitoring results are both uncertain, the decision problem can be described in terms of the following
notations and events in a pre-posterior framework for Bayesian decision theory as developed
in [13]:
- Θ: time-dependent structural state with prior PDF 2Θ$ 3 .
- Z: the inspection outcome which has an influence on the probability of detection and repair;
- e: the inspection decision (i.e. inspection date, type of inspection, etc.). Inspection decision e
that is applied;
varies according to the value of threshold
- a: the maintenance action determined by the decision rule d and as a function of the inspection outcome z and inspection decision e, i.e. 4 5 , 6 ;
- X: the variable represents the monitoring result, which leads to an updating of the probability
distribution of Θ to 2Θ′′ 3 . 7 denotes the case without taking SHM, and 7 the case
with a certain monitoring strategy implemented, as in the first node illustrated in Figure 2.

Figure 2 Decision tree model for inspection/repair planning with and without monitoring
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For a monitoring strategy, calculation of the expected TLCC is needed based on the branches
after the first node. The probability of occurrence of the branches after the first node in the
decision tree is calculated based on the probabilities of detection of a certain deterioration
state 89: and probabilities of taking repair action 8 :; given a detected deterioration state
with no repair before as in equation 3, which is in accordance with [2, 7, 11].
89:

Φ<

=

=>.@
>.@

A , 8 :;

<

=

=BCD

A

C

E

F G

≤ GIJK

(3)

where Φ is the standard Gaussian cumulative distribution function; G
and GIJK are the
damage intensity at time and the maximum acceptable damage intensity, respectively. The
value of G
represents the deterioration level and GIJK =1. G .L and .L are parameters describing the quality of the inspection procedure, representing the damage intensity corresponding to a 50% probability of damage detection, and its standard deviation; FJ is a model
parameter reflecting the attitude of the decision maker towards repair: FJ < 1 represents a
proactive approach, FJ 1 a linear approach and FJ > 1 a delayed one.
The branch of a failure event in the event tree requires the calculation of a failure probability
!P
during time given no repair before . It can be calculated by integrating the hazard
function.
In detail, the expected TLCC for an inspection plan is calculated based on the occurrence of
each branch in the decision tree as well as the cost of the basic events, i.e. the expected cost of
failure, inspection, repair and monitoring if undertaken. The expected cost for each branch is
calculated as the result of all the events that happened in the branch. The expected TLCC for
this inspection plan then is a weighted sum of the costs for all branches based on the occurrence probability of each branch. Specifically, the expected TLCC of a structural component
during its design service life QR consists of the cost of failure, inspection, repair and monitoring (if undertaken):
S)T

, 5,

QR

-

S)TP , 5,

QR

-

S)TU

, 5,

QR

-

S)TV , 5,

QR

-

S)TW , 5,

QR

-

(4)

where S)T , 5, QR - is the expected TLCC, and S)TP , 5, QR - , S)TU , 5, QR - ,
S)TV , 5, QR -, S)TW , 5, QR - are the expected cost of failure, inspection, repair and monitoring respectively, which can be calculated in accordance with [6, 15].
S)TP
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, 5,

∑
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(8)

where eUe ; is the time for the nth planned inspection, r is the discount rate.
TP , TU , TV , TW
TWgk , TWgh , TWni are the expected cost of failure, inspection, repair and
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monitoring, and TW consists of system investment TWgk , installation TWgh and operation per
year TWni respectively [6]. For more details, see [15, 17]. Then the VoSHM for the considered
SHM strategy is then calculated as the difference between the expected TLCCs with and
without this SHM strategy.
It should be mentioned that with a different value of
, the planning of inspection times
, the
changes, leading to a change of the expected TLCC. Similarly, given a certain
expected TLCC is different for 70 and 71 , since the planned inspection times are likely to be
different in case the monitoring outcome leads to a different joint model. This will be
discussed in the following example.
2.2.2

Risk acceptance criterion and decision rule

The risk acceptance criterion used in this contribution is denoted by
, the threshold value
of the hazard function. This is the maximum value given by max , the maximum acceptable
annual failure rate. The latter is related to the failure consequences of a structure and can be
obtained from the JCSS Probabilistic Model Code [5], where the target reliability index as a
function of the consequence of failure and the risk reduction cost is defined. For existing
structures of which the relative cost for increasing the safety is generally large, the acceptance
criterion can be lowered as also suggested in [5], i.e. ∆!oIJK 10 q yr for large consequences, ∆!oIJK 5 u 10 q yr for moderate consequences and ∆!oIJK 10 % yr for
minor consequences, where ∆!oIJK is the maximum acceptable annual probability of failure
[15]. It is up to the decision makers to decide the use of other values than the latter ones depending on each case. According to the definition of the hazard function in section 2.1, the
value of hazard
is the failure rate or the probability of failure per unit time, where in this
can be specified in
work the unit time is defined as 1 year. Thus, the value of max and
IJK
accordance with ∆!o .
As the probabilities of detecting a deterioration state and the corresponding repair are both
function of the structural state which is a time-dependent variable described by 8/ , the
planning of inspection times will have a large influence on the probability of occurrences of
each branch in the decision tree. The threshold approach introduced in [16] is thereby implemented in such a way that inspection is carried out in the year before the threshold of failure
rate
is crossed. The value
is a decision parameter set by the decision maker and it
must remain lower than IJK . For decisions on repair, the specification of the parameters
used in equation 9 is required:
for inspection

≤
GIJK

G , FJ

F

for repair

9

where G and F are values assigned by the decision makers based on each case. G is the value of the maximum defect sizes that is allowed for a specific spot and F is the value representing the repair approach, see equation 3.

3 The Influence of Risk Acceptance Criterion on the VoSHM
In the following example, the influence of
on the value of SHM is illustrated for a reinforced concrete (RC) bridge girder subjected to corrosion. The degradation of reinforcement
in concrete structures is usually mainly due to corrosion of steel, caused by chloride penetration into concrete, concrete carbonation, alkali aggregate reactions, sulfate attack, or freeze-
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thaw damage. Assuming that corrosion is mainly due to chloride penetration, the degradation
process can be split up into corrosion initiation and corrosion propagation [4]. Here focus is
given to the latter one. After the initiation of corrosion, localized pitting corrosion is considered as the predominant because it can be the cause of a high local reduction of crosssectional area leading to a large reduction of flexural strength [11]. Therefore, the maximum
pit depth 8/
is chosen as the time-dependent performance indicator 8€
of the beam in
the following calculation. The time-dependent performance model is formulated based on [11,
14] as:
8/ ∆

F•‚ ƒ ∙ ∆

∆ >0

(10)

where ∆ is the time interval since the corrosion initiation time, F•‚ (mm/year) is the average
instantaneous corrosion rate and ƒ is the ratio of the maximum pit depth over the average one
along a given length of a reinforcement bar. ƒ follows a Gumbel distribution with location
parameter „ and scale parameter … [14]. The expected value S ƒ is considered for this analysis (considered to be deterministic with a value of 5.67 in this case for simplicity). The probabilistic model of each parameter is listed in Table 1. In this case, the time-dependent PI, i.e.
the pit depth, can be expressed as:
8/

F•‚ ƒ ∙

(11)

where r†‡ˆˆ , in [mm/year], follows a lognormal distribution with mean 0.06 and CoV of 0.02.

3.1 Parameter estimation for the hazard function
In order to simulate the hazard function, the following limit state function is considered:
‰
8/IJK − 8/ , where 8/IJK = 4.43 mm [10], and the structure is considered in
“failure state” whenever ‰
< 0; For the example under consideration, the time-dependent
structural performance parameters are available and the joint modeling can therefore be carried out by generating data sets from the known structural performance parameters, leading to
an estimation of the parameters of the hazard function, assuming the hazard function is described by the following function:
! Š ∙ F•‚ ƒ

(12)

Based on the parameters listed in Table 1, 460 sample values of F•‚ and
are drawn and
are calculated. The time-to-failure data is then obtained as
accordingly the values of 8/
well according to the limit state function. On the basis of this information, the estimation of
the parameters of the hazard function is performed using the software WinBUGS and 100000
sampling iterations are used, from which the first 1000 are disregarded as a burn-in phase.
The results are shown in Table 1 and Figures 3-4. As a result, the hazard function can be expressed as follows on the basis of the mean estimates for σ and Š.
%. Lq

!"−10.14 F•‚
Probability density [-]

Probability density [10-1]

4.054
3.0
2.0
1.0
0.0
3.5

Figure 3.

4.0
σ [-]

4.5

(13)

gamma sample: 91000
0.4
0.3
0.2
0.1
0.0
-15.0

posterior sample distribution

∙ ƒ&

-12.5

-10.0

-7.5

γ [-]

Figure 4. Š posterior sample distribution
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Table 1 Estimation of

Parameter
σ
Š

Mean
4.054
-10.14

Standard
deviation
0.1398
1.067

and Š

Fractiles
2.5%
97.5%
3.792
4.341
-12.3
-8.11

As mentioned in section 2.2.1, as this hazard function h t is available (see equation 13), the
failure probability during a period of time can be calculated as the integration of the hazard
function which can be used for inspection time planning as well as calculating the expected
TLCC, which in this case is the one without implementing a SHM strategy.

3.2 Influence of Ž • • on the VoSHM
As the actual monitoring data for different SHM strategies are actually not available in the
pre-posterior analysis, the information that may be collected through the SHM is simulated as
a decrease of uncertainty in F•‚ . In this case, the standard deviation of F•‚ is reduced by
multiplying 7: which is a lognormally distributed model parameter and represents the extent
to which the monitoring strategy would reduce the uncertainty. The statistical distributions of
7: for different SHM strategies are listed in Table 2, in which 6 SHM strategies are considered with increasing accuracy from S1 to S6 represented by a decreasing mean value of 7: ,
considering that a low expected value of 7: results in a large reduction of the standard deviation of F•‚ . Realizations of the outcome of structural health monitoring are now generated
by random sampling from the random variable 7: and then inserted into equation 11. This
step is repeated in a loop in which new sets of PI and time-to-failure data are generated facilitating the parameter estimations (as in section 3.1) of the hazard functions for S1 to S6, respectively. The parameters for the equivalent Weibull distributions and the relative value of
the SHM investments are listed in Table 2 as well. For illustration, the parameters G .L 0.04,
0.1G .L are considered for the inspection, and GIJK 1, FJ 2 for the repair.
.L
Table 2 Model parameters for 6 SHM strategies and relative costs

SHM
Strategy
S1
S2
S3
S4
S5
S6

Me
(lognormal)

Equivalent Weibull TP TUe
distribution

Mean CoV σ
0.99 0.1
4.110
0.97 0.1
4.116
0.95 0.1
4.156
0.93 0.1
4.162
0.91 0.1
4.163
0.89 0.1
4.165

Š
17.615
18.752
20.352
21.983
23.123
23.605

[-]
1
1
1
1
1
1

;

[-]
0.02
0.02
0.02
0.02
0.02
0.02

TV

TWgk

TWgh

TWni

[-] (10-2) (10-2) (10-3)
0.10 2.66 2.00
1
0.10 4.66 4.00
1.5
0.10 6.66 5.60
2
0.10 8.66 7.00
2.5
0.10
10
8.00
10
0.10
10
15
15

Since the value of
has a large influence on the planning of inspection times, the expected TLCC are expected to change with different
values. Figure 5 shows the influ%
ence of
, changing from 10 to 10 , on the VoSHM. As can be seen in Figure 5, the
values for these SHM strategies are positive and generally increase with the
, from
which it can be inferred that for the
value in this range the information provided by S1S6 in monetary term overweighs their costs. Hence, the asset manager is encouraged to im-
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plement SHM in this case. Moreover, the increase of VoSHM with
is mainly because
the information provided by SHM are more valuable for cases with larger
values, since
the probability of failure, and failure cost accordingly, would be high in such case if there was
no SHM implemented. It also indicates that there is a potential to further increasing
,
which however requires additional calculations.
S1

S2

S3

0.005

0.010
h(t)T [-]

S4

S5

S6

VoSHM [-]

0.30
0.20
0.10
0.00
0.001

Figure 5. Influence of

0.050

0.100

on theVoSHM

It can be further noticed in Figure 5 that the VoSHM is higher than 0.2, which is significant,
for most of the considered SHM strategies in case the threshold probabilities are larger than
10 . The high relative values are mainly caused by the reduction of the probability of failure
due to SHM which is significant for
above 10 . However, for threshold probabilities
smaller than 10 the differences among SHM strategies are less significant since the
cost of inspection contributes most, since the inspections would be planned frequently for
small
values, as also can be seen from Figure 1 (b), regardless of the SHM strategies
used.
It can be also noticed that for
10 % the VoSHM of S6 is slightly smaller than that of
S1 to S5. This is mainly due to the fact that the information provided by a higher accuracy
SHM strategy, i.e. S6, is for that case not so cost effective compared to the other ones. The
same situation holds for
10 , where the maximum VoSHM is provided by S4
which is 0.239 in this case. For S1 to S4, the increase of SHM accuracy provides more value
than that of implementing SHM, while the costs for increasing accuracy of S4 to S6 overweigh the value of information that they provided, which leads to a decrease of the VoSHM
for S4 to S6. These cost-related observations should be taken into account by the decision
maker prior to the implementation of SHM in order to maximize the VoSHM.

4 Conclusions
Based on a framework for joint modelling of the structural performance function and hazard
function, the planning of structural inspection/maintenance and evaluating of VoSHM are
introduced. In this framework, the evaluation of the VoSHM are related to several parameters,
among which the influence of the risk acceptance criterion, i.e. the
, is investigated with
an example in this work. The results show that the VoSHM as well as the optimal SHM strategy varies with the change of
, since it has a major influence on the inspection/maintenance time planning. Moreover, the VoSHM of different SHM strategies also
varies for a specific value of
, as the information provided by SHM strategies with different precision are closely related to the costs of their implementation. Therefore, a case specific balance needs to be sought by the asset manager prior to the implementation of SHM and
the process of optimizing the SHM strategies and maintenance planning based on the Bayesi-
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an joint model can be done by choosing the one that would maximize the VoSHM for that
case.
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Abstract: This study develops a SHM system based on AR model and particle
swarm optimization. AR model is used to detect a sudden change of structural
condition. PSO is used to identify the damage ratio for the quantification. The
performance of the system is discussed through shaking table test.
.

Introduction
Recently, assessing the integrity of structures accurately and reliably has become extremely
important in various fields to increase structures’ operational lifetime and to improve safety. To
this end, numerous methods that include non-destructive methods and structural health monitoring (SHM) have been reported. SHM involves the observation of a structure over time using
dynamic response measurements that are sampled periodically from a sensor array, the extraction of damage-sensitive features from these measurements, and the statistical analysis of these
features to determine the current state of structural soundness. The SHM method can monitor
the change of structural soundness attributable to the aging and deterioration for the long term.
Meanwhile, after a large earthquake, rapid detection of damage to structures, especially important ones such as hospitals, bridges, fire stations, is needed to prevent secondary disasters.
Actually, many important structures are being monitored with various kinds of sensors. A practical method for rapid detection of damage to the structures that uses monitored data is desirable
from the standpoint of damage detection or health monitoring.
In the field of structural identification, Kalman filter and Particle filter have been one of the
most widely used tools[1][2][3]. These are called system identification and data assimilation
methods and are methods for updating simulation models one by one while introducing measurement data to the simulation model. In the updating process, the dynamic characteristics of
the observation structure such as the stiffness and damping properties are estimated. In these
methods, it is usually necessary to measure not only response data but also the input information
to the observation structure. However, there are many existing structures which have no such
measured input information. Against such structures, it is considered to be useful to develop a
technique for accurately grasping the structural integrity from only response data.
This study attempts to develop a SHM system that can accurately evaluate the structural integrity from only response data for the structure that has not been destroyed due to an earthquake.
A first attempt is made to detect the damage occurrence from the response data by using AR
model. In evaluation of response, AR coefficients are used to detect a sudden change of structural condition caused by seismic load. The second attempt is made to identify the damage rate
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for the purpose of damage quantification by using particle swarm optimization. Finally, the
performance of the proposed system is discussed through numerical simulations and laboratory
experiments.

Methodology of damage detection
2.1 AR model and procedure of damage occurrence detection
Assuming that the time series y(k) of the output of the linear dynamic system is generated according to the p-th order AR model, it can be formulated as follows.
Ȃ

(1)

Here, ai is an AR coefficient, and e(k) is an error term. The order of the AR coefficient is generally determined using Akaike Information Criterion (AIC). When z-transforming equation (1),
the transfer function can be calculated as shown in equation (2), and it can be seen that the AR
coefficient is related to the transfer function of the system.
(2)

Ȃ

Here, Y(z) and E(z) are the z transformed values of y(k) and e(k), and H(z) is the transfer function
of the system. The denominator of the transfer function is the characteristic function of the
dynamic system and is expressed by equation (3).
Ȃ

(3)

The root of Eq. (3) is related to the natural frequency and the damping constant of the dynamic
system as shown in the following equation.
!" # $ % & '% (

$* +

(4)

Using polynomial theory, the relationship between poles zj and AR coefficients directly related
to the vibration characteristics of the system can be expressed as follows.
Ȃ

Ȃ

(5)
Ȃ,

,

*

(6)

From the above, it is clear that the AR coefficient is directly related to the frequency and the
decay constant of the dynamic system. In fact, it can be seen that j-th AR coefficient aj (j = 1,
2, 3, Ȃ) contains information on all vibration characteristics from low frequency to high frequency. In this study, we examined using the following Damage Index reported to be effective
as the evaluation value of detecting the damage occurrence [4].
( 0

/

0
0

0
1

(7)

The above DI value is calculated using AR coefficients up to the third order. As a result of
performing sensitivity analysis on the degree of the denominator, the use of AR coefficients up
to the third order is the most robust against damage detection There are also research reports
[5].
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2.2 Particle swarm optimization and procedure of damage rate detection
Since its proposal by Eberhart and Kennedy in 1995[6], PSO has solved many nonlinear optimization problems. In PSO, each particle moves in the search space with a velocity according
to its own previous best solution and its group’s previous best solution. The motion process of
PSO is presented in Figure 3. It is an evolutionary computation paradigm that resembles genetic
algorithms (GA). The difference between GA and PSO is a crossover function. Differently from
GA, where the crossover occurs between randomly selected parents, a given particle is influenced in PSO only by its own previous best solution and its group’s previous best solution.
Details of differences between PSO and GA are explained by Eberhart and Shi [7]. In addition,
Gudise and Venayagamoorthy (2003) have compared PSO and backpropagation as training algorithms for neural network [8]. Their experimental investigations have shown that PSO algorithms are superior for applications that require fast learning algorithms.
w ⋅ vid (t )

xid (t )
vid (t )

vid (t + 1)
c2 ⋅ rand 2 ⋅ ( g − xid (t ))

g

c1 ⋅ rand1 ⋅ ( pid − xid (t ))

pid

Figure 1: Image of PSO

This study optimizes the structural parameters using PSO. The ith particle of our study is represented as xid(t), which includes the mass and the stiffness. Its previous best is shown as pid. The
index of the best solution in the whole group is g and the position change is represented as vid(t).
Each particle updates its position using the following three equations:
v id (t + 1) = iw ⋅ v id (t ) + c1 ⋅ rand1 ⋅ ( p id − x id (t )) + c 2 ⋅ rand 2 ⋅ ( g − x id (t ))
(8)

x id (t + 1) = x id (t ) + v id (t + 1)
iw = iwmax −

(iwmax − iwmin )
⋅t
iter

(t = 1,2,..., iter )

In those equations, w represents an inertia weight parameter to the velocity of the particle, c1
and c2 are positive constants, and rand1 and rand2 are random values between 0 and 1. In
addition, iter is the number of iterations, or generations of PSO. Many researchers have found
that setting c1 and c2 equal to 2 obtains the best overall solutions [9]. The procedure described
above is the most popular type of PSO.
When it is judged from the DI value obtained from the above-described AR coefficient that
damage has occurred, the damage rate is estimated by the following procedure.
a) At the time when it is determined that damage occurred, the response data is divided into
2 sections as data before and after the damage occurrence. Let them be ‘Befor data’ and
‘After data’, respectively.
b) Estimate the dominant frequency from FFT or AR model for each divided ‘Before data’
and ‘After data’.
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c) Search the combinations of the mass matrix, Mbefore and stiffness matrix, Kbefore that
matches the dominant frequency of ‘Beforer data’ by PSO. The initial values of PSO particles are set by uniform random numbers. Eigenvalue analysis is performed from each
particle information, and the frequency is calculated. Then, we calculate the fitness value
for each particles by evaluating the root mean square error between the dominant frequency
in the ‘Before data’ and the frequency obtained from the eigenvalue analysis.
d) Since the mass does not change before and after the damage occurrence, the mass Mbefore
obtained in c) is inherited and the stiffness Kafter matching with the dominant frequency of
the ‘After data’ is searched by the PSO again. The evaluation function of PSO is the degree
of agreement between the dominant frequency of the ‘After data’ and the frequency obtained from the eigenvalue analysis.
e) Calculate 1-Kafter/Kbefore as the damage rate from Kbefore and Kafter obtained from steps c)
and d).
We assume situations where structural characteristics such as the mass and the stiffness have
been not grasped in advance, and this study treats their values as unknown quantities. Therefore,
there are innumerable combinations of mass and stiffness matching the dominant frequencies
obtained from the divided ‘Before data’ and ‘After data’, and arbitrariness remains in the obtained solution. However, in d), by taking over the mass Mbefore obtained by PSO, the amount
of change before and after the damage occurrence is narrowed down to only the stiffness, and
the damage rate is examined from that ratio of 1-Kafter/Kbefore.

Experiment for verification
In this study, numerical experiments and shaking table experiments were carried out using the
structure model shown in Figure 2 and Table 1, and the effectiveness of the proposed method
was investigated. Seismic wave used for both numerical experiments and shaking table experiments sis shown in Figure 3.
Table 1: Structural property (Unit:mm)

Length
235
235

Width (b)
12
40

Thickness (h)
4
1.5

Ground acceleration (m/s2)

Column
Wood
aluminum

Figure 2: Structural model

Figure 3: Earthquake inputs
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3.1 Numerical experiment
In the numerical experiments, we consider a situation where structural characteristics are altered
during earthquake continuation. Dynamic response analysis is carried out for 25 seconds, sampled at 100Hz. This study assumes a situation in which column element breaks from 4.64 seconds to 4.65 seconds and the stiffness is varied from 2590.4 kN/m to 2185.4 kN/m. For the
whole acceleration response data of the first layer, the optimum order was determined for the
AR model from the AIC values. In this study, the sliding window of 300 points length is applied
to the response data, while moving the sliding window one step at a time, the AR model was
constructed based on the optimized order and DI value was sequentially calculated at each windows.
Figures 4 and 5 show the response acceleration at the first story and the time history of the DI
value respectively, which are calculated from the no-damage case and damage case.
As shown in Figure 5, although the DI value obtained from no-damage case indicates a rising
trend, the sudden change is not observed. On the other hand, in the case of damage, a sharp rise
in DI value (Step number = 167) and a decrease (Step number = 465) were recognized, and in
the case of Step num. = 466 and later, the DI value was almost constant.
The rapidly rising DI, which is shown at the step number = 167, is calculated by using 300
points from167 step to 466 step of response data. Exact time step when the stiffness was reduced
at the 1st story in this simulation is 466 step, which corresponds to the time step when response
data after damage occurrence starts to be included in the sliding window. DI values obtained
from 168 step to 464 step in Figure 5 depict larger than them obtained at the other steps. In this
section, response data before and after damage occurrence are mixed in sliding window.
From the above, the reason why the DI value suddenly changes is found that because the response data before and after damage occurrence is included in the sliding window which is used
for constructing AR model and calculating DI value. In this study, considering the DI value
obtained at the 167 step, which showed a sharp peak, we can determine 466 step as a damage
occurrence time that is an end point of the sliding window.
Next, we divides the response data into 2 sections according to the time step estimated as the
damage occurrence time, and estimates the natural frequency at each sections. Figure 6 and
Table 2 show the results of each. When comparing the dominant frequencies before and after
the occurrence of damage, as shown in Table 2, it is observed that both the first and second
order after damage occurrence are lower than them before the damage occurrence.
In this study, PSO searches for a combination of the mass and the stiffness that matches these
dominant frequencies, and finally estimates the rate of change of the stiffness. Figure 7 shows
the time history of the evaluation error when searching the mass, Mbefore and the stiffness, Kbefore
that matches the dominant frequency before damage occurrence by PSO. The vertical axis represents evaluation error, and the horizontal axis represents each generation. It is found from the
figure that the residual error cannot be seen in the final generation, and we could obtain a combination of the mass and the stiffness that gives eigenvalues matching the dominant frequency.
Figure 8 shows the time history of evaluation values of searching for stiffness, Kafter that agrees
with the dominant frequency after damage occurrence by PSO. Since the evaluation value became 0 in the final generation, it is found that we could acquire a combination of the mass and
the stiffness that gives eigenvalues matching the dominant frequency after damage occurrence.

3093

Damage Index: DI(i)

Response acceleration (m/s 2)

Figure 4: Comparison of response acceleration

167

466

Figure 5: Comparison of Damage Index

Table 2: Detected peak frequency before and after damage

Before damage
3.320
9.009

st

1 mode
2nd mode

After damage
3.101
8.752

Table 3: Detected damage ratio

1-Kafter/Kbefore
0.1588
0.0212

Magnitude (dB)

Damage rate
1st story
2nd story

Evaluation value

Evaluation value

Figure 6 Peak frequency before and after damage

Figure 7: History of evaluation value

Figure 8: History of evaluation value

Based on these estimated values on Kafter and Kbefore, the damage rate 1-Kafter/Kbefore was calculated. The damage rate is shown in Table 3. Although some errors are recognized, it can be seen
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that roughly good solutions can be obtained. However, this accuracy depends on how to calculate accurately the frequency of the structure from the divided response data.

3.2 Laboratory experiment
In a shaking table experiment using seismic waves, as shown in Fig. 2, a two-story model was
employed. All four columns of the 2nd story are made of aluminum and support a top plate (300
mm × 200 mm × thickness 50 mm) of aluminum with a weight of 2.34 kg. As for the 1st story,
three aluminum columns and a wooden column support an aluminum plate with a weight of
2.34 kg.
In this study, we made it easy to break only wooden element by installing it at the 1st story.
Response was measured at a sampling frequency of 100 Hz for 30 seconds by placing an acceleration sensor at the panel of the 1st story. Like the numerical experiment, the sliding window
was set to 300 steps, while moving the sliding window one step at a time, the AR model was
constructed based on the optimized order, and the DI value was sequentially calculated. The
maximum value of the input acceleration was set to 9m/s2, and the experiment was carried out
twice. In the second experiment (case 2), breakage sound was confirmed from the wooden element in a few seconds after the start of the vibration, and after the vibration was finished, the
rupture of the wooden element was confirmed.
The response acceleration observed in both cases is shown in Figure 9. It is observed from the
figure that the latter part of waveform differs each other due to the damage occurrence although
the first half of waveforms in case 1 and 2 have similar waveform each other.
The DI values calculated from the response data in both cases are shown in Figure 10. In case
1 (no-damage case), the sudden change of DI values cannot be observed. On the other hand, in
case 2 (damage case), the sudden change of DI values were recognized at the step number = 84
and step number = 381. This result indicates that a damage occurrence or the change in structural characteristics during excitation can be detected. From the sudden change of DI values,
the damage occurrence time is set to 381 step and the response data is divided into 2 sections,
data before and after the damage occurrence. The dominant frequency is calculated for each,
which is shown in Figure 11 and Table 4. When comparing the dominant frequencies before
and after the occurrence of damage, as shown in Table 4, it is observed that both the first and
second order after damage occurrence are lower than them before the damage occurrence.
Figure 12 shows the time history of the evaluation error when searching the mass, Mbefore and
the stiffness, Kbefore that matches the dominant frequency before damage occurrence by PSO. It
is found that the residual error cannot be seen in the final generation, and we could obtain a
combination of the mass and the stiffness that gives eigenvalues matching the dominant frequency. Figure 13 shows the results of searching for stiffness, Kafter, which agrees with the dominant frequency after damage occurrence. Since the evaluation value became 0 in the final
generation, it is found that we could acquire a combination of the mass and the stiffness that
gives eigenvalues matching the dominant frequency after damage occurrence. Based on these
estimated values on Kafter and Kbefore, the damage rate 1-Kafter/Kbefore is calculated, which is indicated in Table 5. For the 1st story, 24.22% was obtained as the damage rate. When considering
the situation that the Young's modulus of wood was set to 6.86 GPa and the wooden column
did not contribute to the story stiffness after damage, the damage rate is calculated as 15.67%.
Therefore, damage rate is found to be overestimated. On the other hand, 1.4% was estimated
for the damage rate of the 2nd story, which is considered to be a reasonable value because 4
column elements are all aluminum (aluminum is hard to be broken in a vibration test).
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Response acc. (m/s 2)

Damage Index

84

Figure 10: Comparison of Damage Index

Magnitude (dB)

Figure 9: Comparison of response acceleration

381

Figure 11: Peak frequency before and after damage
Table 4: Detected peak frequency before and after damage

1st mode
2nd mode

Before damage
3.937
9.974

After damage
3.513
9.660

Table 5: Detected damage ratio

Evaluation value

1-Kafter/Kbefore
0.2422
0.0144

Evaluation value

Damage rate
1st story
2nd story

Figure 12 History of evaluation value

Figure 13 History of evaluation value

Conclusion
An attempt in this study was made to develop a structural health monitoring system based on
AR model and PSO. As a result of numerical simulation and laboratory experiments, it was
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found that the proposed system can make it possible to detect an occurrence of damage and
damage rate, simultaneously. The results are summarized as follows.
・ It was possible to detect damage occurrence by constructing an AR model having the optimum order for the earthquake response data and evaluating the time history of the DI value.
・ PSO succeeded in searching for a combination of the mass and the stiffness that matches
dominant frequencies observed in response data before and after damage occurrence.
In order to accurately estimate the damage rate, it is essential to identify the eigen frequency
with high accuracy. We plan to compare and discuss various proposed methods such as probabilistic subspace method as future tasks. Moreover, the degree of freedom of the structure is
often unknown in many cases. In future, it is necessary to modify PSO so that damage rate can
be calculated while exploring freedom degree of structure at the same time.
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Abstract: We propose a structural health monitoring (SHM) paradigm based on
the simultaneous use of guided ultrasonic waves (GUWs), electromechanical impedance (EMI) technique, and acoustic emission (AE). The paradigm is tested by
using piezoelectric transducers bonded to a flat aluminum plate. Damage is simulated by adding small masses to the plate. The waveforms and the EMI data are
analyzed using an imaging algorithm and a statistical index, respectively. The results show that the proposed system is robust and can be developed further to address the challenges associated with the SHM of complex structures.

1

Introduction

Many researches demonstrated that structural health monitoring (SHM) methods based on
acoustic emission (AE), electromechanical impedance (EMI), and guided ultrasonic waves
(GUWs) considered individually are able to assess the health of many structures. However,
each method has advantages and limitations.
AE method exploits the propagation of transient elastic waves generated by the rapid release
of energy from a localized or multiple sources within the material being monitored. The energy propagates as a stress wave in the structure and is detected by one or more AE sensors.
GUW-based SHM methods rely instead on the generation and detection of ultrasonic signals
to probe large areas from a single or a few positions. Finally, the EMI technique monitor areas
close to the probing element (typically a PZT) using the coupling between the electrical impedance of the PZT and the mechanical impedance of the host structure to which the PZT is
bonded or embedded.
It is known that AE, EMI, and GUW have advantages and limitations. To boost the advantages and null the shortcomings, we propose a multi-modal SHM system where the three
methods are driven by a single hardware/software. The paper expands and transforms some
past works conducted at the University of Pittsburgh. Zhu and Rizzo [1] designed a low-cost
circuit coupled to a National Instruments (NI)-PXI driven by an user interface coded in LabView. Two piezoelectric transducers were used; the first PZT transmitted a constant amplitude 30-cycles sine wave across a range of frequencies and enabled also EMI measurements.
At the same time, the digitizer sampled the signal from the second PZT at predefined actuation frequencies, giving rise to the pitch-catch configuration typical of many guided wave
testing. Later, Gulizzi et al. [2] improved the approach presented in [1] by (1) designing a
more efficient hardware, (2) changing the monitoring scheme, and (3) using an advanced sig-
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nal processing to perform damage detection. For the actuation, a chirp signal x (c) [n] , defined
as:
 2  f 2  f1

(c)
x [ n]  Aw[ n]sin 
n
n  f1   , n  0, ..., N  1
(1)

 fs  2 N
was used. In Eq. (1) w[n] is a window function, fs is the sampling frequency, A is the amplitude, and f1 and f2 are the start and end frequencies. N/fs is the duration of the chirp signal,
where N is related to the number of cycles (Nc) of the signal itself N=2Ncfs/(f1+f2). Two PZTs
were used to monitor an aluminum plate.
In this paper we evolved the scheme shown in [2] by adding the passive method of AE and
using an array of six PZTs instead of two transducers. The findings presented in this paper are
presented extensively in [3].

2

Experimental Setup

A 1219 mm × 1219 mm × 2.54 mm aluminum plate was tested. Six 10 mm × 10 mm × 2 mm
PSI 5A4E transducers labeled P1,…, P6 were bonded to the plate at the positions shown in
Fig. 1. To avoid permanent damage on the specimen, the passive monitoring was proven by
simulating the occurrence of an event with ultrasonic bursts emitted by a commercial ultrasonic transducer (Olympus V103) connected to a function generator and a linear amplifier
EP-104, and with the conventional pencil-lead breaks (PLB) tests. To detect damage with the
GUWs and the EMI, damage was mimicked by gluing two 25.4 mm×25.4 mm×1.27 mm aluminum strips on the same side of the plate at the positions shown in Fig. 1. The PZTs were
driven by a National Instruments NI-PXI unit running under LabView. The PXI included an
arbitrary waveform generator (AWG) NI PXI-5412, an 8-channel digitizer NI-PXI 5105, and
a controller NI PXIe-8108.

Figure 1: Scheme of the aluminum plate and location of the transducers and the simulated damaged.

The six PZTs sensed the waves triggered by any AE event. Two graphical user interfaces
(GUIs) were created in LabVIEW to digitize and process the detected signals in order to locate the event. The software included a digital bandpass filter, 50 - 550 kHz, to remove unwanted noise. The trigger of the digitizer was arbitrarily set to Channel 1 and the threshold
was equal to 10 mV, which is a common value adopted in AE commercial systems used in a
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laboratory setting. Each channel was pre-triggered by 40% of the data sample length to avoid
any truncation of the real signals.
The active sensing were unified using the NI-PXI unit and an auxiliary circuit. The overall
scheme is presented in Fig. 2. The scheme illustrates the case when PZT 2 acts as the transmitter.

Fig. 2. Schematic of the plate and the active sensing system. Here PZT 2 acts as the transmitter and all six
transducers act as receivers. An auxiliary circuit identical to that shown here was connected to each PZT in
order to enable transmission and detection of GUW and EMI measurements. Note that r1 and r2 represent the
electrical resistances of the cables and Zin is the impedance of the digitizer.

The arbitrary waveform generator (AWG) of the PXI produced an user-defined chirp signal
x0(t) that was 8 ms long, 2,000 cycles, 24 Vpp, frequency range 90 - 200 kHz, and duration
N/fs equal to 100 ms. The chirp reached the circuit and the Channel 0 of the digitizer where
the signal was sampled at 2 MHz rate and 0.5 ms pre-trigger. In the circuit, x0(t) passed
through a resistor Rs=1967 Ω in order to run the EMI measurements and then was split into
the xa(t) signal to excite the transmitter and the xi(t) signal sent to the channel of the digitizer
associated with the actuator. The resistor enabled the EMI measurements because it distributed the input voltage between itself and the PZT.

3

Signal Processing

The position of the AE event was identified by considering the arrival of the S0 mode, because this mode is non-dispersive and faster than the dispersive A0. The detected waveforms
and the corresponding Hilbert transforms were considered. The transforms were used to determine the arrival of the first peak and then used to calculate the difference Δtij of the first
signal that hit PZTs i and j. From Δtij and the known group velocity of the S0 mode, the difference Δdij=Δtij×cg of the path distances between the source to the receivers i and j was computed. The dominant frequency of the first arrival was determined using the fast Fourier
transform (FFT) in order to retrieve the appropriate value of cg from a library of the Lamb
wave dispersion curves integrated into the unit. The value of Δdij was then used to calculate
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the coefficients aij 

dij



di  d j

and bij  cij2  aij2 where di and dj are the unknown source
2
2
to PZTs i and j distance, respectively, and cij is the known half distance between the two
PZTs. These coefficients were used to find the equation of the hyperbola:
x02
aij2



y02
bij2

1

(2)

Using signal processing detailed in [3] the location of any AE event was determined.
For the active sensing part, we used the approach proposed by Moll and Fritzen [4] and
Michaels et al. [5] to extract the narrowband signal components of the detected GUWs and to
derive the electromechanical response of the actuators within a certain frequency range. Due
to space constraints the details of this processing are not detailed here but are available in [3].
The processed waveforms were used to create an image of the plate using the delay-and-sum
algorithms and to process the electromechanical conductance.
The conductance Gp[i] and Gd[i] of each PZT in the pristine (p) and the damaged (d) states
were then used to calculate the root mean square deviation (RMSD) [6-8] defined as:
n

RMSD  %  

  G p [i]  Gd [i]
i 1

n



G p [i ]

i 1



2

2

 100

(3).

was calculated. In Eq. (3) n is the number of the sampled points in the considered frequency
range. The analysis was conducted in the frequency range 91 – 94 kHz as this range was sufficiently far from the PZT resonances and it had many peaks, which may indicate the vibration mode of the host structure and bond-line [2].
Finally, the delay-and-sum technique [9-14] was applied to the reconstructed tone-bursts in
order to create a tomographic image of the plate. The details are available in [3].

4

Results

An Olympus V103 ultrasonic transducer was fixed at the locations d1 to d4 shown in Fig. 1.
At each location, a five-cycle sine wave from 100 kHz to 500 kHz at 50 kHz step was excited.
Thus, nine signals were detected at each location.
Figure 3 shows the time waveforms recorded by PZTs 5 and 6 and the results of the localization algorithm for each simulated event. The true and the estimated locations of the event
overlap very well, proving the effectiveness of the algorithm under the case of narrowband
signals.
The results of the EMI measurements are presented in Figs. 4 and 5. Figure 4 displays the
conductance as a function of the excitation frequency measured by PZTs 5 and 6 when the
dummy mass was glued at position 6. The graph shows how difficult could be the detection of
small damage; in fact, there is little difference between pristine and damaged condition.
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Fig. 3. Left: Time waveforms recorded by PZT 5 and 6 when a 300 kHz tone-burst was excited (the ordinate-axis
represents Voltage Amplitudes, the abscissa represents time in msec). Rigth: results of the localization algorithm.

(a)

(b)


Fig. 4. Conductance of the (a) PZT 5 and (b) PZT 6 associated with a pristine plate and damaged plate with
damage at position 6.

Figure 5 shows instead the RMSD associated with each transducer and for all six damage
scenarios. The index was computed by comparing the conductance of the damaged case to the
conductance taken under pristine condition with the same PZT. The bar relative to the undamaged case refers to two consecutive measurements; ideally, this value should have been
zero. The presence of damage is evident in most cases and the largest value of the histograms
for each PZT is typically that of the damage closest to the PZT.
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Fig. 5. RMSD of different PZTs and different damage locations

Figure 6 presents an example of the pulse-echo response resulted from the waveform reconstruction when PZT 1 acted as transmitter and the response to a 5-cycle 100 kHz presents the
waveforms reconstructed when PZT 1 was probing the pristine plate. This example is presented to demonstrate the ability of our system at working both in the pitch-catch mode and in the
pulse-echo mode. The electromagnetic crosstalk (emc) is followed by the reflection of the S0
and A0 modes from the plate edges. The graph refers to the case of pristine plate.

Fig. 6. The reconstructed 100 kHz signal when PZT 1 acted in the pulse-echo mode.

The reconstructed waveforms in the pitch-catch mode were used in the delay-and-sum mentioned earlier. The result relative to the localization of damage 2 is presented in Fig. 7 for the
170 kHz case and clearly show the presence of damage overlapped to its true location and
extension.
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Figure 7 – Tomographic images of the plate when the added mass was located at position d2 and the reconstructed tone-burst centered at 170 kHz was used.

5

CONCLUSIONS

In this paper we presented an integrated structural health monitoring system based on an array
of PZT and unified hardware/software to monitor an aluminum plat with acoustic emission,
electromechanical impedance, and guided ultrasonic waves. The plate was subjected to simulated damage by gluing a small mass on the surface of the specimen or by exciting narrowband signals that mimicked the occurrence of acoustic emission event. We found that the
system can efficiently integrate the three sensing approaches and can effectively located the
simulated acoustic emission events and detect the presence of the added mass, which was as
small as less than 1% of the area of the plate. Future studies shall consider more complex
structures and test the effect of temperature and moisture.
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Abstract: The conventional design provides a structural system with a degree of
strength and ductility but it is not easy to quantify the level of robustness. A measure
of vulnerability provides a direction to increase the robustness of a structure. The
structural vulnerability theory examines the form of a structure to quantify the
consequences in relation to initial damage and thus identifies vulnerable failure
scenarios. A significant aspect of the theory is the concept of well-formedness which
helps to evaluate the structural consequences after damage.
The purpose of this paper is present an improved measure of structural wellformedness and vulnerability. Its novelty lies in taking a better account of the
structural supports thus producing more representative vulnerability indices for the
identified failure scenarios. First, the structural vulnerability theory, including the
original well-formedness measure is briefly introduced to set the context. Second,
the modifications to the well-formedness measure are presented. These make use of
the largest eigenvalues of the support joints to differentiate the quality of individual
support joints to vulnerability. Third, the efficacy of the new measure is
demonstrated through numerical examples.

1 Introduction
In structural engineering, the concept of robustness has been explored for over forty years, and
design code provisions in some countries include specific requirements to achieve robustness.
The conventional design provides a structural system with a degree of strength and ductility.
The level of robustness is limited to the safety requirements of structural components and
system depending on the specific loads. The location and probability of accidental events like
gas explosion, errors in construction or utilization, remains rather uncertain to draw adequate
attention to these in the structural design process. But once such events happen, they can cause
a large number of casualties and huge economic losses. Such examples include Ronan Point,
London in 1968, Alfred P. Murrah Federal Building, Oklahoma City in 1995, and World Trade
Centre, New York City in 2001.
If a structure is vulnerable to some kind of loading or damage, it can lead to the collapse of the
whole structure or a major part of it. Vulnerability analysis is an approach to assess and quantify
the weaknesses of a system. A measure of vulnerability provides a direction to increase the
robustness of a structure, which is the ability of a structure to survive the initial damage without
affecting the remaining structure. It is related to several aspects of the form of the structure,
such as the properties of the members and their connectivity. Such approaches [1-8] are based
on examining the stiffness matrix in different ways. These have the potential to identify
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inherent weaknesses in a structure and a good way to address the uncertainty associated with
the response of a structure to low-probability, high-consequence events.
The structural vulnerability theory, developed at Bristol [1-3,5,7] addresses the issue of
robustness of structures through an assessment of vulnerability. It examines the form of a
structure to quantify the consequences in relation to initial damage and to identify vulnerable
failure scenarios. The analysis is independent of external events. A significant aspect of the
theory is the concept of well-formedness. It helps to evaluate the structural consequences after
damage. Any damage to the structural form leads to the deteriorated stiffness matrices of
associated structural members and hence a loss of well-formedness. The analysis leads to
vulnerable scenarios but the ‘column loss’ scenario usually considered in progressive collapse
studies remains rather hidden. Because of its vicinity to supports the well-formedness measure
requires further considerations which are addressed in this paper.
The paper is organised as follows. The structural vulnerability theory is briefly reviewed to set
the context. Then the modifications to the well-formedness measure are identified and
described. The new measure is examined through example structures.

2 Structural Vulnerability Theory
Structural vulnerability theory is a theory of form and connectivity [1-3,5,7]. The theory uses
the structural properties to define a measure of well-formedness. This measure is used to group
members into clusters of increasing size until the whole structure is one large cluster. This
process leads to a hierarchical representation of the structure. This hierarchy is systematically
unzipped to look for the vulnerable scenarios. The significant aspects of the theory are: (i) the
identification of structural system, (ii) the calculation of well-formedness, (iii) the process of
clustering for hierarchy and (iv) the process of unzipping for failure scenarios.
2.1 Structural system
A structural system is formed starting from structural members linked through joints. The type
of a joint contributes to the ability of a structure to resist damage. A joint between a structural
member and the support (such as the ground) will be referred to as ‘root joint’. If a member or
a joint is removed, the ability of the structure is reduced because of the loss of a load path. A
structural ring is a minimum structural path which can resist load from any arbitrary direction.
A structural cluster is a set of structural rings which are connected with each other. The
members within a cluster are tightly connected than the members outside of the cluster. A
reference cluster consists of the structural supports, normally the ground. The measures to
define a cluster are significant as they can result in different outcomes. The criteria used to
form a cluster are the well-formedness of a structural cluster, the minimum damage demand of
a structural cluster, the nodal connectivity of a structural cluster and the distance from the
reference to the structural cluster. The well-formedness is the most important criterion.
2.2 Well-formedness and damage demand
Well-formedness is a measure to examine the form of structure. It is related to the type of joints,
the material of structure and the configuration of members. All of these appear in the stiffness
matrix of the structure. Hence well-formedness (q) of a joint is defined in terms of the
eigenvalues of the sub-matrix associated with the joint, i.e.
𝑞𝑖 = 𝑑𝑒𝑡(𝑲𝑖𝑖 )
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(1)

where i denotes the joint number and 𝑲𝑖𝑖 is the stiffness matrix of the joint i at which the
members are connected. The well-formedness of a structure (or a cluster) is obtained as the
average well-formedness of all the joints within the structure (or the cluster), i.e.
1

𝑄 = 𝑁 ∑𝑁
𝑖=1 𝑞𝑖

(2)

where N is the total number of joints. The well-formedness measure is an approximation to the
determinant of the whole system but the higher the well-formedness of a structure, the better
the quality of its form is.
In vulnerability theory, the damage demand is a measure of the effort required to cause a
deteriorating event. Although damage can result from widely varying actions, the demand
depends upon the properties of the structural member. It is assumed to be directly proportional
to the loss of the principal stiffness caused by a deteriorating event. This enables the analysis
to remain independent of the nature of hazards.
2.3 The clustering and unzipping process
2.3.1 Clustering
Structural rings and clusters with better quality of form are identified through the clustering
process. The clustering process begins from the elementary level (i.e. a leaf cluster) and recruits
neighbouring members and joints to form a higher level of cluster. The members within a
cluster are better connected as compared to the rest of the structure. Clusters at each level of a
hierarchy contain information about the members and joints at the lower level. The clustering
process leads to a hierarchical representation of the structure which is well-suited to guide a
search of potential failure scenarios of interest.
2.3.2 Unzipping and failure scenarios
Unzipping introduces a deteriorating event in selected clusters starting from the top of
hierarchy. The search process is continued until a cluster can be damaged by one or more
deteriorating events. The search stops when the structure becomes a mechanism. After potential
failure scenarios have been found, the consequences of each scenario are assessed through a
measure of separateness and vulnerability (given subsequently). The detailed descriptions and
algorithms for the clustering process and the unzipping process are given by Yu [2] and Pinto
[7]. Important failure scenarios include: maximum failure scenario – one which leads to the
most damage with minimum damage, total failure scenario – one where the whole structure
fails with least damage, minimum failure scenario – the easiest way to cause damage to a
structure irrespective of its disproportionateness.
2.3.3 Separateness
Deterioration events, consisting of a pin or a cut in one or more members, generally lead to a
different degree of damage to the structure, e.g. the complete failure, partial collapse or damage
to a few members, etc. To represent the scale of damage, the measures of separateness and
vulnerability have been defined.
Separateness (𝛾) indicates how disconnected the clusters are and it is obtained as,
𝛾=
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𝑄−𝑄 ′
𝑄

(3)

where 𝑄 is the well-formedness of the intact structure and 𝑄 ′ is the well-formedness of the
deteriorated structure. The separateness corresponds to a failure scenario and it ranges between
0 and 1.
2.3.4 Vulnerability index
The vulnerability index (𝜉) is an indicator of the scale of consequences in relation to the damage
and has a range 0 < 𝜉 < ∞. It is calculated as
𝜉=

𝛾

(4)

𝐷𝑟

where Dr is the relative damage demand. Maximal failure scenario has the highest vulnerability
index and minimal failure scenario corresponds to the least effort required to cause damage.

3 An Improved Measure of Vulnerability
3.1 Motivation for the modification
We consider two example structures [9] to examine their vulnerability and the potential
improvements. The layout of Example 1, a truss, is given in Figure 1(a). All the members have
the same cross-sectional area and Young’s modulus. Example 2 is a two-bay four storey
concrete frame as shown in Figure 1(b). The cross-section for beams is 200×300mm2 and that
for the ground and upper storey columns are 500×500mm2 and 450×450mm2, respectively. The
structure has moment-resisting joints.
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Figure 1: The layout of (a) Example 1 and (b) Example 2
The measures of well-formedness and separateness were used to compare the quality of form
of each structure after some damage. The deteriorating events were the removal of members,
especially those directly connected to the ground.
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For Example 1, these are member ① (Case 1.1), member ④ (Case 1.2) and member ⑩ (Case
1.3). Table 1 (second column) shows well-formedness, separateness, relative damage demand
and vulnerability index for the three cases. The results show that the failure scenario in Case
1.2 is the most vulnerable based on structural form. In the presence of gravity loads, it can be
argued that the loss of the ground storey vertical members should cause higher consequences
to the structure than the loss of upper storey members unless impact due to debris becomes a
governing factor.
Table 1: Results of Example 1 (a) before modification and (b) after modification
Before modification

After modification

1.1

1.2

1.3

1.1

1.2

1.3

1.884

1.717

1.908

4.590

6.053

5.595

0.154

0.229

0.143

0.255

0.078

0.147

1.363
Vulnerability Index
System
integrity
distance
metric [4] (lower value
indicates higher vulnerability)

2.027

1.788

2.257

0.690

1.838

0.018

0.051

0.049

Case No.
Well-formedness

𝐸𝐴 2
𝑄′ ( 𝑙 )

Separateness

The structure in Example 2 was examined with the removal of one member at a time, each
representing a failure scenario, and the vulnerability results are summarised in Table 2. The
results show that the removal of first storey beam causes the largest vulnerability index.
Amongst columns, again the first storey (Columns A2 and B2) is the most critical. Considering
gravity loads, the significance of ground storey columns cannot be underestimated.
Table 2: Comparison of different failure scenarios for Example 2
Removed Member

AB1
’

AB2

AB3

AB4

A1

A2

26

Well-formedness Q (×10 ) 3.736 3.750 3.750 4.175 4.350 3.791
0.137 0.134 0.134 0.036 -0.005 0.124
Separateness
0.004 0.004 0.004 0.004 0.052 0.069
Relative Damage Demand
Vulnerability Index

32.67 31.88 31.88 8.55

-0.087

1.80

Removed Member

A3

B3

B4

Well-formedness Q’ (×1026)
Separateness
Relative Damage Demand
Vulnerability Index

3.786 3.983 4.109 3.352 3.351

3.683

0.126 0.080 0.051 0.226 0.226

0.150

0.069 0.069 0.052 0.069 0.069

0.069

1.82

2.16

A4

1.16

B1

0.98

B2

3.26

3.27

These issues appear to relate to the supports and in particular how a support is considered when
a member directly connected to it is lost. This is addressed in this paper through modifications
to the well-formedness calculations.
3.2 The increased significance of the root joints
The stiffness sub-matrices of joints are extracted from the stiffness matrix of the whole
structure. The well-formedness of joints is obtained from the product of eigenvalues of the
corresponding stiffness sub-matrices. In a typical structure, most joints are between structural
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members and only a few members are directly connected to the root joints i.e. the supports.
The global stiffness matrix contains the entries related to structural members associated with
the root joints but the influence of the ground (reference cluster) is not included. Therefore, the
well-formedness of a root joint turns out to be relatively small in spite of infinitely large
stiffness of the ground in most cases. Thus, the calculation procedure relating to the root joints
does not adequately reflect the significance of the ground.
If there is only one member connected to the ground, the determinant of the matrix associated
with the root joint is zero (e.g. the root joint 1 in Case 1.1 of Example 1) which is contrary to
its contribution to the structural rings, and even if more than one members are connected to the
ground, the determinant still happens to be small. Since the root joint is firmly supported by
the reference cluster, the root joint should have a higher well-formedness. If that is so, it would
result in a larger proportion in the well-formedness of the structure. This in turn would result
in the importance of the member directly connected to the ground. Thus, the well-formedness
measure used previously can be improved to include the influence of root joints.
But the questions such as ‘how much well-formedness comes from root joints?’ or ‘what should
be the rule for increasing well-formedness for root joint?’ arise. If the values are extremely
large, it is difficult to tell which member is the most vulnerable apart from ground members.
The increase in well-formedness should be comparable and of the same order as the other
values. Therefore, a solution to appropriately increase the well-formedness is needed.
A possible solution is to increase the well-formedness by substituting the determinant of
stiffness matrix of root joint with the sum of determinants of all the joints which is noted as the
cumulative well-formedness. The cumulative well-formedness of the joints is high enough to
represent well-formedness of a root joint and it is also not far from the well-formedness of
other joints because the cumulative well-formedness of the joints is obtained based on their
determinants. Thus, the significance of root joints can be emphasised but this is only a part of
the solution. All the root joints are not the same and they must represent the type of joint or
incident members. However, before the damage, the root joints are more affected by the ground
as compared to the structural members. Thus, the well-formedness of each root joint before
damage can be represented by the cumulative well-formedness of the joints.
3.3 The contribution of members connected to the ground
Removing the ground member causes more damage to the structure but if a root joint has two
or more members, their contribution to the structure may be different because of their properties
or orientations. So, a decision on the reduction of well-formedness of the root joints after
damage to any one of the incident members becomes significant. For example, the stiffness
matrices for the vertical and diagonal ground members at a root joint in Example 1 will lead to
quite different determinants. Therefore, the contributions of associated members to the wellformedness of root joints need to be defined.
Nafday [4] used the smallest singular value for vulnerability analysis. The smallest singular
value is the distance of stiffness matrix from the nearest singularity. The smallest singular value
corresponding to stiffness matrix of a root joint might be zero and hence it cannot be used for
well-formedness. In the case of a normal matrix, the singular values are simply the absolute
values of the eigenvalues. For a positive definite matrix, the eigenvalues are positive. Hence
the largest eigenvalue is the largest singular value. A comparison of the largest eigenvalue
before and after an external event can be an indicator of structural vulnerability. The largest
eigenvalue from the intact stiffness matrix represents the intact root joint that is connected to
all the original ground members. The largest deteriorated eigenvalue is obtained from the
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deteriorated stiffness matrix after losing a ground member. Therefore, the influence of
deteriorated ground member on the remaining structure could be taken into account by the ratio
of the largest eigenvalue from deteriorated stiffness matrix to the largest eigenvalue from the
𝜆′

intact stiffness matrix. This ratio will be referred to as the deteriorating ratio ( 𝑙 ), where 𝜆𝑙
𝜆𝑙

′

and𝜆𝑙 are the largest eigenvalues of stiffness matrices for the intact root joint and the
deteriorated root joint, respectively. The ratio demonstrates the significance of a damaged
ground member on the quality of the adjacent root joint. The smaller the ratio, the larger
consequence the loss of a member causes to the structure.
3.4 The algorithm for the modified well-formedness
There are three steps to calculate the modified well-formedness for structural vulnerability:
Step 1 Calculate the cumulative well-formedness of all the joints before any damage to the
structure and assign this value to the root joints, i.e.
𝑞𝑟𝑜𝑜𝑡 = ∑𝑁
𝑖=1 𝑞𝑖

(6)

where 𝑞𝑟𝑜𝑜𝑡 is the intact well-formedness for a root joint, N is the total number of joints and 𝑞𝑖
is the well-formedness of joint i.
Step 2 Extract the largest eigenvalues (𝜆𝑙 and𝜆𝑙 ′ ) from the stiffness matrices of the intact and
the deteriorated root joints and determine the deteriorating ratio.
′
Step 3 Obtain the updated well-formedness (𝑞𝑟𝑜𝑜𝑡
) of root joints affected by the removed
ground members as follows:
𝜆′

′
𝑞𝑟𝑜𝑜𝑡
= 𝑞𝑟𝑜𝑜𝑡 𝜆𝑙

𝑙

(7)

4 Results using the Proposed Measure
4.1 Example 1
The proposed modification to well-formedness is applied to Example 1 described earlier in
Section 3.1. The results before and after modifications are summarised in Table 1. The
proposed modification shows that the deteriorated structure in Case 1.1 has the smallest wellformedness and the highest vulnerability index, so it is the most susceptible to damage. With
the increased determinants of the root joints, the significance of ground member stands out.
Case 1.1 is followed by Case 1.3 in terms of vulnerability index. In the latter case also, a ground
member is removed but this corresponds to the loss of a diagonal member. The removal of top
storey members causes smaller consequences to the structure than the removal of ground
members.
The results are also compared against system integrity distance metric [4] which examines the
shortest distance from the stiffness matrix of a structure to singularity by condition number.
The safety metrics for Cases 1.1, 1.2 and 1.3 are 0.018, 0.051 and 0.049. The lower the metric,
the higher the vulnerability. Therefore Case 1.1 is the highest vulnerable scenario, and Case
1.2 is the least. Thus, the modification to the well-formedness of root joints improves the
vulnerability analysis.
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4.2 Example 2
Example 2 from Section 3.1 is also repeated to test the modified vulnerability analysis. The
well-formedness and separateness of failure scenarios, obtained from the modified measure are
presented in Table 3.
Table 3: Comparison of different failure scenarios for Example 2 (after modification)
Removed Member

AB1

Well-formedness Q’ (×1026)
Separateness
Relative Damage Demand
Vulnerability Index
System integrity distance metric
(×10-4, [4])

1.672 1.673 1.673 1.716 1.271 1.677

Removed Member

A3

Well-formedness Q’ (×1026)
Separateness
Relative Damage Demand
Vulnerability Index
System integrity distance metric
(×10-4, [4])

1.677 1.696 1.249 1.633 1.633 1.666

AB2

AB3

AB4

A1

A2

0.034 0.034 0.034 0.009 0.266 0.031
0.004 0.004 0.004 0.004 0.052 0.069
8.17

7.98

7.98

2.14

5.11

0.45

0.603 0.673 0.687 0.694 0.368 0.453
A4

B1

B2

B3

B4

0.031 0.020 0.279 0.057 0.057 0.037
0.069 0.069 0.052 0.069 0.069 0.069
0.45

0.29

5.36

0.82

0.82

0.54

0.545 0.568 0.677 0.752 0.765 0.790

The results show that after the modification to the well-formedness measure, the scale of
damage caused by the removal of structural members is getting lower from the bottom to the
top. Since the middle column has more communication channels with the structure than the
peripheral columns, the removal of middle column causes a larger damage to the structure.
Amongst all members, the ground middle column B1 causes the most separateness. Along the
periphery, the ground columns also have higher separateness than the columns above. The
system integrity distance metric corresponding to the failure scenario of ground columns also
produces lower values as compared to the upper columns. The negative separateness
encountered for some cases in Table 2 is no longer observed after the proposed modification.
The separateness of beams becomes lower for the upper storeys which is consistent with the
results obtained using distance metric. For the beams in the first and second storeys, they have
the same vulnerability parameters because the stiffness matrices of the joints are associated
with the members with the same structural properties. If debris loading was to be considered,
these are likely to be different.
4.3 Example 3
The modification to well-formedness has the potential to affect the structural hierarchy and
hence the failure scenarios due to the involvement of the ground. The failure scenarios are
produced during the unzipping process and the question whether these are affected by the
modification needs further analysis. A truss structure (Figure 3) adapted from [7], is used to
study the differences in vulnerable failure scenarios, if any, after the proposed modification.
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1

2

Figure 2: The maximum failure scenario from vulnerability theory (before and after the
modification)
The interesting failure scenarios including the maximum failure scenario (shown by dashed
lines in Figure 2) are the same from the modified vulnerability analysis and from the original
vulnerability analysis. This finding can be explained based on the processes of clustering and
unzipping. The clustering process starts from the basic cluster by checking its well-formedness,
minimum damage demand, and nodal connectivity, etc., and the last cluster to join in the
structure is the ground. Therefore, the ground does not interfere with the clustering process, at
least in this example, and the same is the case for the unzipping process. One of the unzipping
criteria is to unzip the cluster that directly connects to the ground, and this makes the selected
cluster avoid being affected by the modification of the well-formedness on ground members.
Therefore, the modification does not change the failure scenario but some effect is noted in the
vulnerability index, as was the case for the other two examples.

5 Conclusions
a) The structural vulnerability theory evaluates the quality of the structural form independent
of external loads. One significant aspect of this theory is the measure of well-formedness.
This relates to the eigenvalues of the stiffness matrices associated with the joints.
b) The original analysis quantifies the vulnerability of structures but the members adjacent to
the supports were found to cause smaller consequences when damage occurs on them. This
relates to the treatment of supports in the analysis.
c) The summation of the well-formedness of the joints and the largest eigenvalues form a
good basis for the modification to the well-formedness associated with the root joints. The
cumulative well-formedness of the joints is used to increase the well-formedness of root
joints and the largest eigenvalue is used to differentiate the quality of individual root joints
for vulnerability analysis. Analyses of example structures show that the proposed
modification is able to address the issues related to the loss of ground members.
d) The outcome for structural vulnerability has been verified and the interesting failure
scenarios remain unaffected by the modification. The examples presented show that the
modified vulnerability theory provides a practical tool with solid basis for comparing the
quality of structural forms.
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Abstract: Following an earthquake, the functionality of hospitals plays a key role
in reducing mortalities and severe injuries. A resilient hospital is able to maintain its
functionality at an acceptable level and provide service to the injured. In order to
enhance the resilience of a hospital, an appropriate framework is needed to evaluate
the ability of a hospital to withstand earthquakes and determine the impact of retrofit
actions. This framework should characterize the serviceability of a hospital in terms
of an appropriate metric such as waiting time of patients after an earthquake. This
paper puts forward a framework that satisfies the aforementioned requirements. Discrete Event Simulation is utilized in this framework in order to evaluate the postearthquake performance of a hospital. Utilizing this framework, the effect of waiting
time on patient health as well as the economic consequences and human losses can
be characterized. By characterizing the human losses and structure repair costs, appropriate decisions with respect to retrofitting a hospital can be made.

Introduction
Earthquakes are major threats to many societies across the globe [18]. In populated areas, earthquakes frequently cause injury, death, and property damage that can sometimes be significant.
Most casualties and injuries occur not due to the shaking of the ground but as a result of falling
objects, flying glass, and collapsing walls. The injuries and loss of life resulted by earthquakes
can be reduced by sound and efficient health care facilities. Hospitals are critical health care
facilities [5]. They play a significant role in reducing the number of fatalities after an earthquake
by treating the injured [4]. Fawcett and Oliveira [10] showed that, compared to transportation
system, hospitals play a more critical role when it comes to reducing the fatalities after an earthquake. This is consistent with the findings of other studies that show hospitals generally face a
surge of demand after events like earthquakes [17].
The structural soundness of hospital buildings and their components is critical to the quantity
and quality of the services they provide. Nevertheless, like any other building, a hospital may
be affected by an earthquake. It may experience damage to its structure as well as other components and equipment. In order to be able to maintain the level of service required to reduce
*
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casualties of an earthquake, it is important that hospitals are seismically resilient i.e., they either
do not experience damage in the face of an earthquake or, if damaged, recover and resume
service in an optimal time [2].
Historically, many hospitals have been poorly prepared to face an earthquake. For instance,
after the Northridge earthquake, majority of the hospitals located in the highest seismicity region experienced damages that ranged from moderate to complete collapse [25]. A research
study [23] conducted in the Denver region, Colorado examined the effect of a historical earthquake on the region. Assuming that there are 3328 hospital beds available in the region, it was
shown that only 630 of them are expected to be available after such earthquake.
Despite the importance of hospital resilience, the number of research studies conducted in this
area is small except for [4], [5], [17]. The review of literature reveals some key limitations in
the state of knowledge. First, past studies generally do not consider the uncertainties associated
with the post-earthquake performance of hospital buildings. Examples of the sources of uncertainty are the intensity and time of an earthquake as well as the response of various buildings
including the hospital buildings, and the casualty levels. Second, past studies fail to introduce
an appropriate metric for measuring the resilience of a hospital building. The objective of this
study is to the overcome the aforementioned limitations by introducing a probabilistic framework for evaluating the seismic resilience of hospital buildings. The proposed framework incorporates the uncertainty about the capacity of a hospital, the demand for the hospital services
as well as the time and intensity of an earthquake.
The proposed framework utilizes Discrete Event Simulation (DES) in order evaluate the postearthquake performance of a hospital. The choice of DES is consistent with the literature in
hospital performance evaluation as discussed by Cimellaro and Pique [4]. In this framework, a
function of the number of patients waiting to receive service as well as their average waiting
time is utilized as the measure of the seismic resilience of a hospital building. This is consistent
with the literature in hospital performance evaluation including [19], [26], [3], [14], which argue that the waiting time is generally the most proper parameter in assessing the performance
of a hospital. This is owing to the fact that as the waiting time increases, the probability of death
or debilitating injuries increases. Therefore, waiting time is considered to be an appropriate
proxy to measure the seismic resilience of a hospital. This study focuses on the Emergency
Department as the key area of a hospital in the post-earthquake situations. The proposed framework can be utilized in order to evaluate the seismic resilience of hospital buildings and make
decisions about whether and how the resources should be allocated in order to reduce the seismic vulnerability of hospitals.

Research Background
The need for hospital functionality after an extreme event such as an earthquake is undeniable.
If the hospitals services are disrupted, alternative solutions such as field hospitals and medical
tents or air-lifting the patients cannot meet the demand [25]. Hence, hospitals should be seismically resilient. In other words, after an earthquake, the hospitals located across the affected
region should resume their services at the optimal time. Several past research studies [25], [5]
argue that structural condition is the main parameter that determines the functionality of hospitals in post-earthquake situations. Other studies argue that parameters such as hospital organization [17], stockpile of disaster resources, and emergency critical care capability [30] also have
a considerable impact on the hospital functionality and resilience.
Past studies have generally focused on a single aspect of hospital resilience. For instance, Liu
and Zhao [16] evaluate the resilience of a multi-hospital network. Nevertheless, they do not
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take into consideration the damages to the buildings that caused by an earthquake. Instead, they
propose a resilience index that is calculated as a ratio of the demand for resources to the amount
of available resources. As mentioned above, waiting time, denoted by 𝜔 in this manuscript, is
sometimes employed in order to assess the hospital performance in a general sense. Cimellaro
et al. [6] utilize Agent Based Simulation in order to evaluate the resilience of the main components of emergency response components i.e., hospitals, ambulance services, firefighting units.
They argue that the functionality of health care systems can be evaluated based on the waiting
time of the patients.
Cimellaro et al. [5] evaluate the seismic resilience of hospitals by incorporating uncertainties
such as earthquake intensity and building response. In addition, four policies are defined and
their effects are evaluated. Other studies have also considered 𝜔 as a resilience index for hospitals [4]. A review of literature in the hospital performance evaluation indicates the simulation
techniques such as DES are appropriate tools to evaluate the hospital performance [13], [6].
Simulation is a powerful method for health care system policy makers to evaluate their decisions [12]. Nevertheless, DES has rarely been utilized in order to evaluate the seismic resilience
of hospitals. Furthermore, the analysis of literature reveals other limitations of the existing resilience evaluation models. First, existing models generally do not consider the uncertainties
associated with the post-earthquake performance of hospital buildings. Second, past studies fail
to introduce an appropriate metric for measuring the resilience of a hospital building. In the
next section, the probabilistic framework that is proposed to overcome these limitations is presented.

Overview of the Proposed Framework
To evaluate the seismic resilience of hospitals, a probabilistic framework is proposed. This
framework contains several integrated models. Figure 1 presents an overview of the proposed
framework and its integrated models.

Figure 1: Interactions among the Stock Models of the Hospital Seismic Resilience Framework

In the following, these models are discussed in details.

3.1 Event Model
Using this model, the intensity and time of future earthquakes are randomly generated. Earthquake time, T, is characterized using a Poisson point process. Earthquake intensity, I, is characterized based on Modified Mercali Intensity Scale, MMI. The MMI scale ranges from I, which
indicates “not felt”, to XII, which indicated total destruction. MMI evaluates the direct consequences of an earthquake in terms of human lives lost and structural damage [29]. In addition,
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MMI takes into consideration the characteristics of the affected community including its density
and urbanization level [4].

3.2 Demand Model
Based on the randomly generated, I, the number of casualties at four pre-specified classes or
levels can be produced. The severity levels of injury are defined based on the HAZUS technical
manual [11]. These levels are demonstrated in Table 1. This classification is also consistent
with the common practice in health care [8]. In addition to the number patients from each level,
the rate at which the patients arrive at the hospital is estimated.
Table 1: Injury Classification and, Ratio [11]

Injury Severity Scale
Severity 1
Severity 2
Severity 3
Severity 4

Injury Description
Injuries requiring basic medical aid
Injuries requiring medical technology
Injuries that pose an immediate life threatening condition
Instantaneously killed or mortally injured

3.3 Hospital Structure Model
This model evaluates effect of I on the hospital building and its equipment.

3.4 Hospital Performance Model
Using this model, the post-earthquake capacity of a hospital is compared against the demand
for its services. It should be noted that, in case of damage to the hospital building and its equipment, its ability to provide timely services to the patients will be compromised. The delay in
providing service to the patients may lead to debilitating injuries or even death. The model
described in this section estimates the consequences of service capacity loss after an earthquake.
ω is a metric that can be utilized in order to characterize the functionality of the hospital and
evaluate its seismic resilience.

3.5 Cost Model
In order to characterize the impact of hospital seismic resilience or lack thereof, all losses are
converted into costs. In cases where a patient has to wait for a relatively long time in order
received treatment, her injury may be exacerbated. For instance, in case a person that is suffering from a severity 1 injury on the Abbreviated Injury Scale (AIS) [7] does not receive treatment
in a timely fashion, her injury severity may be elevated to level 2. This can reduce the quality
of life for the injured in future years.
The costs associated with injuries and deaths are estimated using Value of Statistical Life (VSL).
VSl, which is often estimated at a national level, describes the relation between risk and monetary consequences [27]. It is calculated based on the per capita income, Y, in each country [9].
VSL for developing countries can be calculated based on Equation 1.
𝑉𝑆𝐿𝐷𝑒𝑣𝑒𝑙𝑜𝑝𝑖𝑛𝑔𝐶𝑜𝑢𝑛𝑡𝑟𝑦 = 𝑉𝑆𝐿𝑈𝑆𝐴 ∗ (𝑌𝐷𝑒𝑣𝑒𝑙𝑜𝑝𝑖𝑛𝑔𝐶𝑜𝑢𝑛𝑡𝑟𝑦 /𝑌𝑈𝑆𝐴 )

(1)

Illustrative Example
In order to demonstrate the capabilities of the proposed framework, it is applied to a hypothetical case in a developing country. The framework is implemented using AnyLogic simulation
software. Suppose that the operator of a hospital located in a small city of 10000 residents is
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evaluating the post-earthquake performance of the hospital. In normal situations, the hospital
under consideration is capable of serving 23 patients in its emergency department simultaneously. Comparing to other buildings located in a region, the hospital buildings are generally
less seismically vulnerable. However, in many developing countries, the seismic vulnerability
of hospitals is still relatively high. It is assumed that the replacement cost of the hospital building is 400 million dollars. The hospital is assumed to be the only health care facility in the city.
It is assumed that other buildings located in the city are generally seismically vulnerable. In this
city, it is assumed that the infrastructure for search, rescue, and transportation of the casualties
to the hospital is inadequate and inefficient. In other words, compared to the standards of developed countries, it takes longer to find and recover the casualties and transport them to the
hospital. Likewise, due to the shortage of resources for repair and recovery, the period after
which the capacity of hospital is returned to its pre-earthquake levels is relatively long.

4.1 Event Model
Two parameters i.e. T and I are randomly generated. In this example, historical data retrieved
from [1] is utilized as the inputs to the Poisson point process. Table 2 demonstrates the intensity
and expected number of earthquakes in a 50-year period, which are used as the inputs to the
Poisson point process.
Table 2: Expected the Number of Earthquakes with Different MMI in 50 Years[1]

Intensity
Expected the Number of Earthquakes

V
11.2

VI
3.15

VII
0.9

4.2 Demand Model
The number of casualties at different levels of injury severity is produced based on I generated
by the Event Model. At the core of the Demand Model is Equation 2 [15] that generates the
Fatality Rate, FR, based on I.
(2)
𝐹𝑅 = 100.32∗𝐼−2.83
Once the number of people suffering from the level 4 injury severity i.e., FR is generated, Table
3 is used in order to generate the number of people suffering from other levels of injury severity.
Table 3 is adopted from Coburn and Spence [8] that present the number of people with different
levels of severity injury as a percentage of the total casualties following an earthquake under
different scenarios. Table 3 demonstrates the worst case scenarios. For example, in case the
number of fatalities is estimated to be 30 based on Equation 2, there will be 58 people with
Severity 1 injuries, 10 People with Severity 2 injuries, 2 people with Severity 3 injuries.
Table 3: Injury Classification and Ratio [11],[8]

Injury Severity Scale
Severity 1
Severity 2
Severity 3
Severity 4

Ratio
0.58
0.10
0.02
0.30

It should be noted that the patients with the first three levels of severity injury need the services
provided by a hospital. Existing literature [10], argue that in the post-earthquake situations, a
hospital cannot provide effective service to the patient who are suffering from a level 4 severity
injury as they often need immediate medical care, which should be provided by the rescue crews
upon their discovery.
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The assumption for the flow rate of patients to the hospital is based on the data retrieved from
Gujarat earthquake in India [24] and Northridge earthquake in the USA [22] is shown in Figure
2.

Figure 2: Casualty Arrival to Hospital [24],[22]

Table 4 demonstrates the arrival rate of the patients as well as the capacity of the emergency
department and the curing time for the corresponding injury severity levels. The curing time is
the time needed in order to perform emergency treatments on the patient so that she can be
released or transferred to other departments of the hospital. In this example, the curing times
are considered to be the same in the pre- and post-earthquake situations.
Table 4: Emergency Department Demand and Capacity Pre-earthquake Situation

Injury Severity Scale

Patient Arrival per Day

Capacity of
ED

Severity 1
Severity 2
Severity 3

20
16
1

4
11
8

Average Curing
Hours
Uniform(0.167, 0.25)
Uniform(1, 2)
Uniform(3, 6)

4.3 Hospital Structure Model
To account for the reduction in the service capacity of the hospital following an earthquake, the
data provided in Table 5 were utilized. In this table, the Damage Indicator, DI, varies between
0, indicating no damage and 1, indicating total collapse. Unavailable beds in each hospital is
computed by multiplying DI by the total number of beds [20], [21].
Table 5: Damage Indicator Based on MMI for an Assumed Hospital [20],[21]

Intensity

V

VI

VII

DI

0

0

0.67

After a period of recovery, the capacity of a hospital affected by an earthquake can be resumed
to its pre-earthquake levels. The recovery time for MMI=7 is demonstrated in Figure 3. In this
example, it is assumed that the hospital will function at its pre-earthquake levels after 50 days.
Damage Ratio, η , is defined as the ratio of the repair cost to the replacement cost of the building
structure [28]. Table 6 demonstrates the levels of η based on various earthquake intensity levels
for a given building. Note that there is an uncertainty about the damage ratio of a building for
any given level of earthquake uncertainty. Hence, in Table 6, the probability of occurrence of
each damage ratio is also presented in Table 6.
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Figure 3: Recovery of Hospital Functionality after MMI=7
Table 6: Damage Probability matrix [28]

Per cent of Damage Ratio

V

VI

VII

0.025

95

79

33

0.175

5

18

34

0.775

0

3

20

2.375

0

0

10

5.25

0

0

3

13.75

0

0

0

4.4 Hospital Performance Model
Following an earthquake, patients enter the ED in order to receive treatment. They leave hospital or go to other departments of hospital like wards and intensive care unit and operating
room when the emergency procedures are performed on them. To evaluate hospital performance after earthquake, 𝜔 is calculated for every patient. The average 𝜔 for those suffering
from injuries with the same level of severity is the basis for the evaluation of the post-earthquake performance of a hospital.

4.5 Cost Model
The value of statistical life for individuals living in this region is assumed to be 400,000 dollars
based on value of dollar in 2000. AIS levels and the equal monetary costs for the United States
are shown in Table 7. For other countries, these values can be calculated using Equation 1 as
shown in Table 7. For each patient, the monetary cost associated with the sustained injury can
be calculated using the data provided in table 7.
Table 7: Quality Adjusted Life Years for Injuries and Fatalities [9]
AIS

1

2

3

4

VSL in the USA

4,000

91,000

128,000 383,000

VSL in an Developing Country

400

9,100

12,800

38,300

5

6

1,307,000

2,398,000

130,700

239,800

4.6 Insights from the Example
People who have sustained injuries as a result of an earthquake are categorized based on their
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injury severity level. Figure 4(a) demonstrates the number of people in each category for the
earthquake intensity levels, I, ranging from 5 to 7. Figure 4(b) demonstrates the level of damage
to the hospital structure as a result of an earthquake with the intensity, I, ranging from 5 to 7.
The level of damage to hospital structure is characterized based on the ratio between the repair
cost of the structure and its replacement cost, η.

(b)

(a)

Figure 4: (a) Number of Patient in each Category for Earthquake Intensity Levels; (b) Level of Damage to the
Hospital Structure for Earthquake Intensity Levels

Figure 5(a) demonstrates the post-earthquake waiting time, 𝜔, for earthquake intensities, I,
ranging from 5 to 7. It highlights the significant increase in the waiting time after an earthquake
when it is compared to pre-earthquake levels that are 0.1, 0, and 0 hour for injury severity levels
1 to 3 respectively. Figure 5(b) characterizes the cost associated with the loss of people due to
the extended waiting times as well as the repair cost of the hospital structure damaged by an
earthquake with intensity, MMI=7. It is developed based on the assumption that half of the
patients with injury severity level 3 will lose their lives while waiting to receive treatment. It
underlines the importance of hospital service level in the post-earthquake situations by making
a contrast between the costs associated with the inability of the hospital to effectively respond
to the demand, and the costs of repairing the damaged hospital structure. Figure 5(b) shows that
as the earthquake intensity increases, the human loss due to capacity reduction becomes significantly higher than the hospital repair costs.

(a)

(b)

Figure 5: (a) Post-earthquake Average Waiting Time in each Category for Earthquake Intensity Levels; (b)
Comparison between Cost Associated with the Loss of People Due to Extended Waiting Times and Repair Cost

Conclusion
This paper presents a probabilistic framework to evaluate the seismic resilience of hospitals. In
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this framework, the waiting time of the patients is utilized in order to evaluate the resilience of
a hospital. Using this framework, the post-earthquake condition of a given hospital and, consequently, the waiting time of patients can be determined. In addition, using this framework, the
impact of risk mitigation actions can be evaluated. In order to demonstrate the capabilities of
the proposed framework, a hypothetical example is presented. The hypothetical example shows
that increased waiting time after an earthquake can lead to human losses, which is characterized
using VSL. It also underlines the fact that in many situations, the human losses can be considerably more than structural losses.
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Abstract: The seismic resilience of an electric power supply system supplying a
community with electric power is assessed using the Re-CoDeS framework. Modules for the regional seismic hazard analysis, for the damage assessment of the civil
infrastructure system components and of the building stock, for the post-earthquake
recovery process and for the demand/supply resilience assessment are introduced.
The proposed modules are interchangeable and can be adapted to assess the resilience of other civil infrastructure system-community combinations subjected to disasters. The procedure can be employed to compare different risk reduction strategies
to each other and can be used to optimize planning and investment decisions to increase the seismic resilience of communities.

Introduction
Past earthquakes have shown that modern communities are highly vulnerable. The social and
economic costs are likely to continue to increase due to growing population and wealth in earthquake-prone areas. The performance of the building stock and of the civil infrastructure systems
(CISs) of a community plays a critical role during and after earthquakes. The built environment
provides fundamental community functions and services, including housing, electric power and
water [19]. CISs are, however, not only susceptible to earthquake damage but their performance
also significantly affects community recovery efforts. Recurring or persistent service interruptions or blackouts increase social and economic costs (e.g. due to business and supply chain
interruptions). Such indirect costs could exceed the costs related to direct damage of the earthquake. These effects are further magnified by the interconnectedness of modern CISs. Failure
of one network can trigger cascading failures, spreading to other, initially undamaged, networks. This is especially true for the electric power supply system (EPSS), which supplies other
CISs with the power needed to remain functional (e.g. to run the water pumps of a water distribution system or to operate the towers of a cellphone system). It is, thus, crucial to understand
and assess the consequences of possible earthquakes in a holistic setting, taking the vulnerability, as well as the recovery of the community CISs and the building stock consistently into
account, i.e. to quantify their joint seismic resilience.
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The objective of this study is to illustrate how to probabilistically quantify the resilience of a
CIS-community system, namely an EPSS supplying a virtual community with electric power,
using a compositional demand/supply resilience quantification framework developed recently
at ETH Zurich. The Re-CoDeS framework (Resilience-Compositional Demand/Supply framework) tracks not only the functionality of a CIS in terms of supply capacity, but it also tracks
the community demand for the CIS service and compares the available service supply to the
community demand for service during the post-earthquake recovery process [10].
The framework presented hereafter includes different modules: for the regional seismic hazard
analysis; for damage assessment of the CIS components and of the building stock, the postearthquake recovery process and the demand/supply resilience assessment. In the first part of
this study, the different modules are presented. The seismic hazard is evaluated and the damage
assessment of the system components and of the building stock is performed through the use of
component fragility functions with the obtained ground motion intensity measures. The recovery process is modeled using component recovery functions. The time-variant performance of
the CIS is then evaluated through a capacity-level analysis and compared to the post-disaster
service demand at the different locations in the network. Finally, the outcome of the resilience
assessment is expressed in terms of the annual exceedance probability of selected resilience
measures, namely the Lack of Resilience of the system.

The Re-CoDeS framework
The Re-CoDeS framework is a novel framework to assess the resilience of CISs [8, 10]. In
contrast to other resilience frameworks proposed in literature [3, 5, 20], it considers not only
the available supply of a CIS after a disaster, but it also accounts explicitly for the post-disaster
evolution of the service demand of a community. The evolution of the available supply at the
different nodes of a CIS can be obtained knowing the topology of the network at interest, the
(seismic) fragility and supply behavior of its components and the system service model. The
system service model determines the allocation of the supply capacity to satisfy the demand of
a community. Usually, the supply of a CIS is expected to drop after an earthquake, especially
due to the fragility of its components. However, some systems, such as hospitals, might be able
to increase their service supply capacity, for example, by setting up emergency beds or temporary operation rooms. On the other hand, the demand can also drop, remain constant or increase
after a major disaster. This is the case for the cellphone system, for which a huge rise in demand
is usually observed after large disasters (e.g. up to 5-10 times the usual service demand, as
observed after the 2011 Tohoku earthquake [18]). In combination with potential damage to the
CIS this can lead to fragile demand-supply system configurations [10] with a potentially large
Lack of Resilience.
In order to holistically assess the resilience, the evolution of both, demand and supply needs to
be taken explicitly into account. In Re-CoDeS a Lack of Resilience at a component or node 𝑖,
𝐿𝑜𝑅% , is observed when the demand at a node 𝑖 and time 𝑡, 𝐷% (𝑡), cannot be fully supplied with
the available supply at that note 𝑖 and time 𝑡, 𝑆%+, (𝑡), i.e. 𝐷% 𝑡 ≥ 𝑆%+, (𝑡). 𝑆%+, (𝑡) can be determined knowing the supply capacity at the different nodes (𝑆%. (𝑡), system supply capacity
.
𝑆/0/
𝑡 = % 𝑆%. (𝑡)) and the system service model. The 𝐿𝑜𝑅% over a time period 𝑡2 ≤ 𝑡 ≤ 𝑡4
(Figure 2, red shaded area) can be expressed mathematically by:
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𝐷% 𝑡 − 𝑆%+, (𝑡) 𝑑𝑡 =

𝐿𝑜𝑅% =
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𝐷% 𝑡 − 𝐶% 𝑡 𝑑𝑡
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where ∙ is the singularity function and 𝐶% (𝑡) is the consumption at node 𝑖 and time 𝑡. The
consumption is the minimum of the available supply and the demand at node 𝑖 and time 𝑡,
𝐶% 𝑡 = min (𝐷% 𝑡 , 𝑆%+, 𝑡 ). Time 𝑡2 can, for example, be set to the occurrence of the disaster
or the beginning of the lifetime of the CIS, and 𝑡4 can, for example, be set to the end of life time
of the CIS or the expected end of the post-disaster recovery period.
At a system level, a Lack of Resilience, 𝐿𝑜𝑅/0/ , is observed when a Lack of Resilience is observed at any (demand) node in the system. 𝐿𝑜𝑅/0/ can thus be defined as the sum of all 𝐿𝑜𝑅% ,
𝑖𝜖{1, . . , 𝐼}:
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where 𝐷/0/ is the demand to the entire community, 𝐷/0/ 𝑡 = G%HI 𝐷% 𝑡 , and 𝐶/0/ is the service consumption in the entire CIS, 𝐶/0/ 𝑡 = G%HI 𝐶% 𝑡 .
Both Lack of Resilience measures can be normalized by the component or system demand,
respectively, to obtain normalized measures allowing comparisons between different nodes
and/or systems. The normalized Lack of Resilience at a node 𝑖, 𝐿𝑜𝑅% , and the normalized Lack
of Resilience at a system level, 𝐿𝑜𝑅/0/ , are defined as:
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Case Study of the application of the Re-CoDeS framework
3.1 Seismic Hazard Model
In this case study, the application of the proposed Re-CoDeS framework is shown by performing the seismic resilience analysis of an EPSS supplying the community of a virtual region
exposed to earthquake hazard. The region of the case study is crossed by a linear strike-slip
fault (Figure 1), assumed to extent endlessly outside the map. The rupture initiates on a random
point of the part of the fault contained in the mapped area (i.e. the location of the epicenter is
assumed as uniformly distributed) and spreads in both directions along the fault. The magnitude
distribution is an exponential truncated Gutenberg-Richter distribution [13] characterized by
minimum and maximum moment magnitude values (𝑀N%O = 4 and 𝑀N+P = 7, respectively).
𝛼 is the annual rate of earthquake occurrence (equal to above 𝑀N%O ) and 𝛽 = 2.4 is the negative
slope of the Gutenberg-Richter relation. Given the magnitude, the rupture length is evaluated
using the relation given by Wells & Coppersmith [25] for strike-slip faults. The site-rupture
distance is computed using the Joyner-Boore model [15]. To evaluate the damage to the EPSS
and to the building stock of the virtual region, fragility functions conditioned on the intensity
of the horizontal peak ground acceleration (PGA) at the component or building site are used
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(see the next sections). The PGA at the different sites is obtained by using the ground motion
prediction equation (GMPE) of Akkar et al. [1] and the spatial correlation model for intra-event
variability by Esposito & Iervolino [11]. The soil is classified as stiff soil in the entire study
area. GMPE-based amplification factors are considered to account for local site conditions and
to obtain the PGA at the surface.

Figure 1: EPSS, virtual CIS-community system and the earthquake fault

3.2 Damage and Recovery Assessment of the Electric Power Supply System
The topology of the EPSS used in this case study is identical to the topology of a part of the
IEEE 118 Bus Test Case, representing a portion of the EPSS in the Midwestern US as of December 1962 (Figure 1) [4]. This part of the network consists of a total of 15 supply substations
(high voltage, considered as pure supply nodes) and 19 medium or low voltage distribution
substations (delivering the supply directly to the consumers to satisfy the demand of the community, and therefore considered as demand nodes) and 44 transmission links. The substations
are modeled on a component level, including bus bars, circuit breakers, generators (linked to
the supply substations) and transformers (in the case of distribution substations). The seismic
behavior of the different components is modeled using existing lognormal component fragility
functions chosen from literature (Table 1). Conservatively, fragility functions for unanchored
components are selected for the subsequent vulnerability analysis. Note that three damage states
are considered for generators: DS1 (undamaged, 100% of initial generation capacity), DS2
(50% of initial generation capacity) and DS3 (0% of initial generation capacity). For the other
components, only operational and non-operational are considered as the possible damage states.
The vulnerability of the links is not considered in this case study and transmission losses are
neglected. The total maximal supply capacity of all supply nodes of the undamaged network is
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equal to 800 MW. As system service model, a simplified electricity flow model is used to dispatch the electric power capacity to satisfy the service demand at the demand nodes. A prioritization strategy, supplying first the nodes with low available supply and high demand is
employed.
The recovery of the components of the EPSS is modeled using lognormal component recovery
functions, conditioned on the initial post-disaster component damage state [7]. These functions
give the probability of recovery of a given component of the system after a certain time since
the occurrence of the disaster, conditioned on the initial component damage state. The parameters of the recovery functions are estimated using findings from past disasters available from
different sources [6, 21] (Table 1).
Table 1: Fragility and recovery functions for the components of the EPSS

fragility functions
Component type

recovery functions

𝝀

𝜷

source

mean [days]

st.dev. [days]

small generation plant DS2

-1.77

0.5

[12]

2

0.75

small generation plant DS3

-0.87

0.5

[12]

6

1.5

circuit breaker

1.63

1.52

[23]

4.8

2.25

transformer

-0.8

0.42

[23]

4.8

2.25

bus bar

-0.37

1.20

[23]

4.8

2.25

3.3 Damage and Recovery Assessment of the Virtual Community
A virtual community, composed of several agglomerations each with a demand for electric
power, is modeled at the demand nodes (Figure 1). The total population in the study area is
approximately 600’000. The community is composed of residential buildings, businesses, industrial facilities and critical facilities (hospitals and schools). In the assessment area, there are
two cities, several industrial zones and smaller villages. The cities are mainly composed of high
rise office buildings and reinforced concrete (RC) and masonry apartment buildings. The industrial zones are mainly composed of industrial facilities. The small villages are comprised of
single family houses (masonry) and some apartment buildings (RC).
The seismic performance of the building stock is used in the subsequent resilience assessment
as proxy for the evolution of the electric power demand of the community. The fragility of the
building stock is, again, expressed using fragility functions conditioned on the PGA available
in literature [12, 14, 16, 17, 22, 24]. Three damage states are distinguished for the building stock
in this case study: no damage, DS1; slight to moderate damage, DS2; and extensive damage or
collapse, DS3. The recovery of the building stock is modeled using lognormal recovery functions, conditioned on the initial post-disaster damage state of the individual buildings [7]. The
recovery of the building stock usually takes much longer than the recovery of the components
of the CISs. In fact, most homeowners need to obtain financial aid or a loan first, and a building
permit before they can start the reconstruction of damaged buildings. To consider this, the recovery of the building stock may be modeled using a Weibull recovery functions, allowing for
variable skewness [7].
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A mean electric power demand is associated to each building, depending on the building and
occupancy type, and the damage state of the building after the earthquake. The initial postdisaster damage is obtained evaluating the proposed fragility functions using the PGA at the
building site. The total pre-disaster demand for electric power of the undamaged community
(i.e. all buildings in DS1) at all demand nodes is 733 MW. The post-disaster demand of the
buildings is computed using a simplified version of the model proposed by Didier et al. in [9]
(Table 2). Buildings remaining undamaged after the earthquake (i.e. in DS1) are supposed to
still have the same demand for electric power as before the earthquake. For buildings in DS3,
the post-disaster demand is assumed to be 0. For slight to moderate damage, the post-disaster
demand is obtained using demand reduction factors 𝐷𝑅𝐹 [Chile BPN], composed of a constant
and a linear component, expressed by DRFc,res, DRFc,ind and DRFl,res, DRFl,ind, for residential
and industrial building, respectively. For residential and office buildings, and for industrial facilities, the constant component is assumed to be 0.9, i.e. their demand for electric power is at
most 90% of their pre-disaster demand. This reduction in demand can, for example, be due to
damage to non-structural elements (e.g. electric appliances in the buildings that got damaged
and cannot be used anymore) or to access or occupancy restrictions of the building. Additionally, the linear component is correlated with the portion of buildings in DS3 in the same agglomeration (local) for residential and office buildings, while for industrial facilities, the linear
component of the decrease in power demand is correlated with the share of buildings in DS3 in
the entire study region (total). In fact, the more buildings in a neighborhood are severely damaged, the higher is the probability that the neighborhood will, for example, be evacuated. Similarly, the larger the extent of damage in the region affected by an earthquake, the higher is the
probability of a shutdown of the industries (e.g. due to workers not showing up to work or due
to supply chain interruptions). The 𝑘 factor, expressing the sensitivity of the demand for electric
power to the linear demand reduction factors, is assumed to be 𝑘XY/ = 1 for residential/office
buildings and 𝑘%OZ = 2 for industries, respectively.
Table 2: Post-disaster demand as a portion (in %) of the pre-disaster demand

Occupancy type
Residential/
office

DS1
100%

DS2
𝐷𝑅𝐹.,XY/ ∗ 1 − 𝑘XY/ ∗ 𝐷𝑅𝐹\,XY/ = 0.9 ∗ (1 −

Industrial facil100%
ity
Critical facility

DS3

𝐷𝑅𝐹.,%OZ ∗ 1 − 𝑘%OZ ∗ 𝐷𝑅𝐹\,%OZ
= 0.9 ∗ (1 − 2 ∗

100%

100%

#𝑏𝑢𝑖𝑙𝑑𝑖𝑛𝑔𝑠fgh,\i.+\
)
# 𝑏𝑢𝑖𝑙𝑑𝑖𝑛𝑔𝑠\i.+\

#𝑏𝑢𝑖𝑙𝑑𝑖𝑛𝑔𝑠fgh,7i7+\
)
#𝑏𝑢𝑖𝑙𝑑𝑖𝑛𝑔𝑠 7i7+\

0%

0%
0%

Critical facilities are supposed to continue to operate at their original capacity even if slightly
or moderately damaged: schools are often used as emergency shelters and hospitals are faced
with an increased demand after a major disaster. Their post-disaster demand for electric power
is, thus, assumed to be equal to the pre-disaster demand.

3.4 Resilience Assessment
The Re-CoDeS framework, the vulnerability and recovery characteristics of the CIS and the
building stock components of the virtual region, and the system service model are implemented
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in MATLAB [26]. The resilience of the virtual CIS-community system is computed repeatedly
using a classical Monte Carlo simulation. Time 𝑡2 is set to the moment of occurrence of the
earthquake and 𝑡4 is set to 1 year after the occurrence of the earthquake.

Figure 2: Evolution of the system supply capacity, consumption and demand for one simulation of a (a) Mw = 6
event, and (b) Mw = 7 event (right)

Figure 3: Annual rate of exceedance of the normalized system Lack of Resilience ( 𝐿𝑜𝑅/0/ ) with 95% confidence
intervals

Figure 2 shows the evolution of the system supply capacity of the EPSS, the evolution of the
total consumption, and the evolution of the total demand of the entire community for one simulation run for a magnitude 𝑀j = 6 (Figure 2 (a)) and 𝑀j = 7 (Figure 2 (b)). The EPSS and
parts of the community are damaged by the earthquake at 𝑡2 = 0. Initially, the supply capacity
of the EPSS as well as the demand and the consumption of the community drop. The EPSS
recovers about 10 days after the earthquake back to its initial supply capacity and it is again
able to supply the demand for electric power at all locations in the network. The recovery of
the demand is much slower, with only a few buildings have been repaired after the first year.
The red shaded area represents the Lack of Resilience of the EPSS-community system. Its value
can be determined using Equation (2). Note that the system can have a Lack of Resilience, even
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if the supply capacity is higher than the demand on a system level. This can, for example, be
due to parts of the system that become isolated from the other parts of the system due to broken
link, or due to inefficient dispatch strategies.
Figure 3 shows the annual rate of exceedance for the 𝐿𝑜𝑅/0/ of the EPSS-community system,
computed based on 10’000 Monte Carlo resilience simulations. The mean 𝐿𝑜𝑅/0/ over all simulations is 2.88 ∙ 10mn [-]. The resilience of the assessed virtual EPSS-community system for
the given seismic hazard definition and recurrence is, thus, 𝑅 = 1 − 𝐿𝑜𝑅/0/ = 0.9999712 [-].
It is assumed that at most a single earthquake occurs during the study period with the above
introduced Gutenberg-Richter magnitude distribution. Aftershocks and interactions with potential future events are neglected.
The obtained exceedance curve and the other computed metrics can be used for decision making. The Lack of Resilience can be used as decision variable and combined with utility or cost
functions to quantify the possible economic impact of the seismic hazard to which the CIScommunity system is exposed to. For the EPSS, the Value of Lost Load (VoLL) [2] can, for
example, be employed to quantify possible economic losses. The effect of different building
stock retrofitting or network upgrade measures can be assessed by comparing the obtained resilience to the resilience of the original system to support investment decisions. A network
owner could, for example, assess different investment options for increasing the seismic robustness of transformers at the various demand nodes by replacing the respective fragility functions
and reassess the resilience of the new system. The Re-CoDeS framework allows a better use of
(scarce) resources by taking the evolution of the demand directly into account. In the direct
aftermath of a disaster, it allows to employ the available financial, human and technical resources in a way that reduces the amount of unsupplied demand and, thus, reduces adverse
economic and social impacts.
Finally, the presented procedure and the Re-CoDeS framework are modular and adaptable, such
that new demand or supply system configurations caused, for example by population shifts or
redesign of the CIS, can be explicitly taken into account. To use the framework to determine
the resilience of different CIS-community combinations, the seismic hazard model, the network
topology, capacities and the employed fragility functions can be replaced be the ones corresponding to the situation at interest. Additionally, more sophisticated system service models
can be used. If empirical data, for example on the recovery after past events is available, the
parameters of the recovery functions can be adapted or updated [8, 9]. However, a lot of input
needs to be determined and a lack of the necessary information can adversely affect the robustness of the computed results.

Conclusions
The newly developed Re-CoDeS framework was used to show how to probabilistically quantify
and assess the resilience of an EPSS supplying a virtual community with electric power. It
tracks not only the functionality of a CIS in terms of supply capacity, but it also tracks the
community demand for the CIS service and compares the available service supply to the community demand for service during the post-earthquake recovery process. Different modules for
the regional seismic hazard analysis; for damage assessment of the CIS components and of the
building stock, the post-earthquake recovery process and the demand/supply resilience assessment have been introduced. The outcome of the resilience assessment has been expressed in
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terms of the annual exceedance probability of selected resilience measures, namely the Lack of
Resilience of the system. The obtained exceedance curve and other computed metrics can be
used by stakeholders to engineer or design resilience, and various resilience acceptance criteria
can be developed and applied. The used modules are interchangeable and the proposed procedure can, for example, be employed to analyze the effects and the seismic resilience of possible
earthquakes for other hazards, CISs and communities at interest (e.g. for Nepal [8]). Different
risk reduction strategies (e.g. retrofitting of components or faster recovery procedures) can be
compared to each other, especially in terms of the performance of the built environment and
the CISs. The procedure can, thus, be used to optimize planning and investment decisions to
increase the seismic resilience of communities.
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Abstract: Promoting the resilience of critical infrastructure, when subjected to different hazardous events, is vital. However, applying inappropriate and/or imprecise
resilience metrics or quantification techniques could increase the costs of resilience
enhancement and reduce its effectiveness in critical infrastructure. This paper develops a method to evaluate and compare different resilience quantification techniques, in relation to different system failure states, in order to measure their
effectiveness.

Introduction
Disastrous events such as extreme weather events are increasing every day and causing extensive damage to the critical transportation, water and energy infrastructure. Consequently, adopting adaptive measures to increase resilience is becoming more important as the severity of
extreme weather events, and their effect on society, security and the economy, increases. Therefore, there is a global consensus that the critical infrastructure resilience needs promotion. A
resilient system reacts quickly in which the consequence of occurrence of any inconvenience/impact on the system is minimised. On the contrary, a vulnerable system can result to a
high level of distress, as it is not able to respond to the strains. In synthesis, a vulnerable system
discharges a more negative and heavier impact on its users and manager whereas a resilient
system functions in such a way that the users and managers do not experience any negative
impact on usual infrastructure functionality and service.
To assess the level of resilience of any infrastructure system it is important to define resilience
and its metrics first. Resilience is a concept intertwined with vulnerability, intended as series of
elements present within a system, prior to the occurrence of hazards, which can affect ability
of the system to cope with and recover from the resulting impacts. Collectively literature contains a wide range of definitions, metrics and measurement methodologies proposed for critical
infrastructure resilience quantification. For example, resilience has been defined as the ability
of a system, community, society to “resist the impact of a natural or social event” [8], “to react
and recover from the damaging effect of realized hazards” [4]; and “the capacity for renewal,
reorganization and development” [5]. [1] defines the resilience as the difference from full performance to disrupted performance (from time where disruption occurs to time which system
returns to its normal pre-disruption. [9] uses the same Triangle resilience idea and defines the
loss of resilience as the percentage of the total possible loss over some suitably long time interval. [6] defines resilience as ratio of recovery to loss. However, a standardised metric or measurement for resilience, which assures its effectiveness and keeping the promotion cost at an
acceptable level, remains a challenging to [7]. This study addresses this issue by evaluating the
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correlation between the system behaviour and a few selected widely used resilience metrics.
This study is limited to metric and formula for infrastructure resilience. [2] suggest that resilience has four dimensions: 1. Technical dimension: focusing on system’s performance after a
shock hits; 2.organizational: focusing on the organisations’ ability to respond to the challenge
posed by the hazard and still carry out their key functions; 3.social: “the capacity to reduce the
negative societal consequences of loss of critical services” and 4. economic: referring to the
ability of avoiding economic losses as a consequence of the disaster.
This study only focuses on the technical dimension in which the functionality has been used to
quantify system resilience (so-called operational resilience). There are a series of metrics that
can be used to quantify system resilience. In this article, five widely used metrics have been
reviewed and applied to a simple hypothetical benchmark network to illustrate differences in
the quantification techniques. These techniques and their application to case study are provided
in section 2.4. It has to be noted that the work presented in this paper presents the conceptual
idea of different resilience measures for any infrastructure network. Although this paper does
not provide results for variety of networks, the concept can be applied and implemented to any
network represented by node and links.

Method of Analysis
In this study, global resilience approach is adopted to evaluate the performance of a simple
benchmark network when subject to a range of failure states (FS). Figure 1 demonstrates
the flowchart of the methodology for global resilience evaluation in this study. The methodology comprises of three following sections:
• Network failure state: this section characterises the failure type(s) and failed element(s) (what fail/failed);
• Network operational fluctuation: this section illustrates network elements’ (e.g.
nodes, links) potential behavioural change in response to the FS(s);
• Resilience evaluation: this section adopts six widely used resilience quantification
methods to evaluate the benchmark network resiliency by incorporating the FS(s)
and operational fluctuation(s) into the evaluation process.

Figure 1: Flowchart of the methodology

2.1 Benchmark Network
For this study, a simple hypothetical benchmark network, with five nodes (including
source and sink nodes) and five links (see Figure 2), was created for global resilience
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evaluation. This benchmark network is a very simple and miniaturised version of similar
infrastructure networks (e.g. water supply system, railway and road system and so on)
therefore the technique can be expanded, adapted and applied to complicated networks.

Figure 2: Hypothetical benchmark network

2.2 Network Failure State
Failure State represents the existing condition (operational condition and/or physical condition) of a network that has the potential to cause network failure (partially or fully),
regardless of the origin, type and severity of the initial hazardous event (e.g. extreme
rainfall, earthquake, etc.). To characterise a network FS, type (operational/physical; partially/fully) and location (node/link) of that should be determined (what fail/failed).
In this benchmark network, two FSs could be characterised: node failure and link failure.
Nevertheless, in a real network, FSs will have operational and/or physical context. For
example, in water distribution systems: pressure drop, pump failure, pipe leakage; in
sewer system: pipe blockage; in transport system: road closure, accident. In this study,
global resilience is evaluated when the network is subject to link(s) failure involving random cumulative elements. Figure 3 presents sixteen potential FSs (i.e. link failure) for
this benchmark network as, one link at a time – four scenarios; two links at a time – seven
scenarios; three links at a time – four scenarios; four links at a time – one scenario.
Note: the link to the sink node is not included in the evaluation process for simplicity. In
addition, in this study simultaneous FSs are assumed in this network (no particular order).

Figure 3: Network failure states
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2.3 Network Operational Fluctuation
Interrupting events (shocks and stresses), regardless of their origin, type, duration, frequency and severity, will change the whole system behavior. These behavioral changes
are arisen from aggregation of the operational fluctuations of the network elements. This
study illustrates the aforementioned fluctuations as operational time series of each element. For example, in water supply system, this could be interpreted as the pipes pressure
variation or in sewer system as manholes’ surcharge and in transport system as traffic
congestion in a road.
To study the operational fluctuations of each element, three parameters of duration of
failure (Fdur), magnitude of failure (Fmag) and frequency of failure (Ffreq) are taken into
account (see Table 1). Each parameter will have two modes and their associated values.
For simplicity, the values presented in Table 1, are dimensionless and scaled into the
range [0-1].
Table 1: Network operational fluctuation modes

Parameter

Mode

Duration of failure (Fdur)

Short
Long
Small
Large
Single Occurrence
Frequent Occurrence

Magnitude of Failure (Fmag)
Frequency of failure (Ffreq)

Value
(dimensionless)
0.1
0.4
0.4
1
1
5

The above six modes constitute eight different operational fluctuation scenarios as outlined in Table 2.
Table 2: Network operational fluctuation scenarios

Short-Small-Single (SSS)
Short-Small-Frequent (SSF)
Short-Large-Single (SLS)
Short-Large-Frequent (SLF)

Long-Small-Single (LSS)
Long-Small-Frequent (LSF)
Long-Large-Single (LLS)
Long-Large-Frequent (LLF)

It should be noted that for simplicity in this study, frequent fluctuations (i.e. SSF, SLF,
LSF, LLF in Table 2) will all have the same Fdur and Fmag. For instance, Figure 4 represents a LLF operational fluctuation scenario (OFS).

Figure 4: LLF network operational scenario
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2.4 Resilience
In this study, six widely used resilience quantification methods, which are in fact surrogate
measures of resilience, are used to evaluate the benchmark network performance. These methods are as follows:
•
•
•
•
•

Bounce backability – Time Independent (BBA-TID): maximum flow to initial maximum flow [6];
Residence time in Failure State (RFS): total duration of being in failure state [3];
Residence time in non-Failure State (RNFS): total duration of not being in failure state
[3];
Time in Failure State (TFS): average time of being in failure state [3];
Time in non-Failure State (TNFS): average time of not being in failure state [3].

2.5 Results
The current section presents the results of the analysis conducted on the case study illustrating
differences between resilience metrics and OFS. Figure 5 illustrates the variation of different
resilience metrics for different OFS in 100 realisation of Monte Carlo simulations in which the
time lag is randomly generated. The horizontal axis in these figures corresponds to resilience
metrics (five metrics) × OFS (six scenarios) and the vertical axis shows resilience value. Figure
5.a demonstrates that BBA-TID has minimum variation in all OFS, RFS, RNFS are next, which
shows the independency of the resilience metrics with the time lag of failure. TNFS however
illustrates the maximum variation in resilience metrics in which the metric is varying from zero
to 0.8. Nevertheless, this variation has declined significantly when the number of failed links
increase (i.e. Figures 5b-d). The opposite phenomenon is happening for the BBA-TID, RFS and
RNFS metrics, which are quite consistent in one link failure scenario. This can be explained by
the fact that bounce backability metric can significantly vary when the time lags of failed links
synchronized and result in bigger variation. Given that the network sample chosen for this study
only contains five links, variation in time lag cannot make huge difference in failure or nonfailure state duration. This explains the small variation of these metrics in scenarios with more
than one failed link.
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a

b

c

d

Figure 5: resilience variation in all potential failure states of the network;
a: no. of failed links: 1, link no.: 1; b: no. of failed links: 2, link no.: 1, 3;
c: no. of failed links: 3, link no.: 1, 3, 4; d: no. of failed links: 4, link no.: 1,2,3,4

Figure 6 illustrates the variation of resilience metrics for four selected links’ OFS in area plot.
Comparing different scenarios, it can be seen that TNFS is zero for link failure scenarios of 3link and 4-link scenarios at SSF, SLF, LSS and LLS. Frequent failure state, long failure duration
and high failure magnitude for failure scenarios with more than two links results in highest time
in failure state (maximum RFS and TFS) which naturally would mean minimum TNFS (which
also means minimum RNFS). This is also true for scenarios with two links on the opposite sides
(i.e., 1 and 2/4 or 2 and 1/3) which result in zero flow in the network.
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Figure 6: resilience variation in operatioanl fluctuations;
a: no. of failed links: 1, link no.: 1; b: no. of failed links: 2, link no.: 1, 3;
c: no. of failed links: 3, link no.: 1, 3, 4; d: no. of failed links: 4, link no.: 1, 2, 3, 4

In conclusion, by categorising the resilience metrics, it can be seen that RNFS, TNFS, BBATIS would fall in one category in which the resilience metric decreases by an increase in number
of failed links. In these metrics, the failure of two links falls in two different subcategories in
which failure of links from opposite sides results in higher value in comparison to failed links
on one side (i.e., failure of link 1 and 2 result in higher value in comparison to failure of link 1
and 3). The RFS falls in the next category in which an increase in number of failed links increases the resilience metric. The TFS was expected to follow the same pattern; however, the
result from 100 realisation of Monte Carlo simulation shows that this metric does not exactly
fall in this pattern. In this metric, the 2-link failure scenarios in LLS and LSS result in lower
value in comparison to 3-link and 4-link scenarios. This is not consistent with the pattern in
other scenarios (i.e., SSS, SSF, SLS, and SLF) which is mainly due to the small difference
between the resilience metric of 2-link, 3-link and 4-link scenarios.
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Abstract: Fire-Following Earthquake (FFEQ) is a secondary disaster to earthquakes. It can cause significant losses and, in some cases, may comprise a large
portion of the total loss by developing into large conflagrations (e.g., 1906 San Francisco and 1923 Tokyo earthquakes). This represents a major challenge for insurance
and reinsurance companies trying to manage the tail risk of large portfolios in the
property and casualty (P&C) segment. In order to estimate fire losses, conditioned
on the occurrence of an earthquake, a probabilistic conflagration model is required.
Such a model predicts the burnt areas based on the three-phases of the FFEQ process: fire ignition, fire spread and fire suppression. This study adopts a simulationbased framework to carry out a time-stepping analysis of these three phases in
twenty-four important metropolitan areas in the United States (U.S.) and Canada.
Elsewhere, a response surface methodology approach is used to predict the potential
for FFEQ losses. Results from a set of historical and scenario-based events on welldistributed building portfolios in California are presented and discussed in detail.
Results from a set of stochastic analyses on well-distributed building portfolios over
the U.S. West-Coast are also presented and briefly discussed.

Introduction
Risk Management Solutions Inc. (RMS) provides models that are used by (re)insurance companies to evaluate and manage their exposure against catastrophe and man-made risks such as
earthquake, flood, hurricane, and terrorism. RMS has recently updated its earthquake catastrophe model for the United States (USEQ™) by incorporating the latest research and new data
into the model such as the latest earthquake hazard updates made available by the United States
Geological Service (USGS) in 2014 [6]. The RMS USEQ™ Model can assess — in probabilistic terms — the shake-induced structural and content-related losses of large building portfolios. The time-dependent losses associated with business interruption (BI) and additional living
expenses are also supported by the model and are estimated by using occupancy-dependent
facility and lifeline downtime functions. Similarly, secondary perils such as fire following
earthquake (FFEQ) and sprinkler leakage are also part of the RMS USEQ™ Model and can
cause damage to all three coverages mentioned above; i.e., structure, contents, and BI. This
paper focuses on the FFEQ component of the model.
FFEQ is a secondary disaster to earthquakes. It can cause significant losses and, in some cases,
may comprise a large portion of the total loss by developing into large conflagrations (e.g.,
1906 San Francisco and 1923 Tokyo earthquakes) [8]. This represents a major challenge for
(re)insurance companies trying to manage the tail risk of large portfolios in the property and
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casualty segment. Although modern fire suppression systems have been considerably enhanced
since the early 20th century, FFEQ can still be a major source of losses in large earthquake
events. Furthermore, the estimation of losses caused by FFEQ includes high uncertainties due
to the scarce historical data and numerous parameters involved in the problem. Therefore, developing and validating FFEQ models could be a challenging task. This process requires an
understanding of the parameters involved in the problem, level of uncertainty in the estimation
of each parameter and sensitivity of outputs to model parameters.
To estimate fire losses, conditioned on the occurrence of an earthquake, a probabilistic conflagration model is required. Such a model predicts the burnt areas based on the three phases of
the FFEQ process: fire ignition, fire spread and fire suppression [2]. The first phase, fire ignition, is strongly dependent on the ground motion intensity, the time of occurrence of the earthquake event, the building characteristics (e.g., construction material), and the characteristics of
the urban development of the region being considered (e.g., building density, city block sizes,
and street widths). It is worth mentioning that the fire ignition phase is assumed to be independent from the fire spread and suppression phases. On the other hand, spread and suppression are
strongly inter-connected and cannot be modeled and simulated separately.
This study adopts a simulation-based framework by first discretizing the geographical area of
interest (e.g., the San Francisco Bay Area described in Section 2) into uniform grid cells and
then carrying out the time-stepping analysis of all the three phases mentioned above. A Monte
Carlo simulation approach is then used to derive the probability distribution of the output variables of interest such as the number of initial fire ignitions, the percentage of ignitions growing
to large conflagrations, the percentage of burnt area within each grid cell, and the total burnt
area over the area of interest. This simulation approach is used in twenty-four important metropolitan areas: eighteen in the United States (U.S.) and six in Canada. Elsewhere, a response
surface methodology approach is used to predict the potential of FFEQ losses outside the simulation areas and achieve a full coverage across the entire U.S. and over the provinces of British
Columbia, Ontario, and Quebec in Canada.
Results from a set of historical and scenario-based events on well-distributed building portfolios
in the San Francisco Bay Area and the greater Los Angeles area are presented and discussed in
detail. Results from a set of stochastic analyses on well-distributed building portfolios over the
U.S. West-Coast are also presented and briefly discussed. Emphasize is placed on the relativities between three major metropolitan areas in California (San Francisco, Los Angeles, San
Diego) as well as between California, Washington, and Oregon. It is worth mentioning that all
loss analyses performed for this study include only structure and contents coverages.

FFEQ Simulations
As outlined earlier, detailed FFEQ numerical simulations are carried out in twenty-four important metropolitan areas: eighteen in the United States (U.S.) and six in Canada. Figure 1
shows these areas on the U.S. and Canada maps. Nine simulation areas are in the Western U.S.
(Albuquerque, Las Vegas, Los Angeles, Portland, Reno, Salt Lake City, San Diego, San Francisco Bay Area, and Seattle), nine in Eastern U.S. (Atlanta, Boston, Charleston, Cincinnati,
Memphis, New York, Philadelphia, St. Louis, and Washington DC together with Baltimore),
two in Western Canada (Vancouver and Victoria), and four in Eastern Canada (Montreal, Ottawa, Quebec, and Toronto). Figure 2 shows the simulation boundaries for two of these twentyfour areas: the San Francisco Bay Area and the greater Los Angeles area. The south-west (SW)
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and north-east (NE) corner coordinates (latitude and longitude in decimal degrees) for these
two areas are as follows:
•

San Francisco Bay Area — about 8,000 Sq.Km
SW = (37.2125, -122.5875) and NE = (38.0575, -121.6675)

•

Greater Los Angeles area — about 13,000 Sq.Km
SW = (33.4625, -118.6225) and NE = (34.3275, -117.1575)

Seattle
Portland
Boston
Reno

Salt Lake City

New York
Philadelphia
Washington
& Baltimore
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Figure 1: Geographical coverage of the RMS North-America FFEQ Model with the metropolitan areas where
detailed loss simulations were performed: (a) United States; (b) Canada.

(a)

(b)

Figure 2: Geographical extents two simulation areas considered in the development of the RMS North-America
FFEQ model: (a) San Francisco Bay Area, (b) Greater Los Angeles area.

For each metropolitan area, a uniform mesh grid with a resolution of 0.005 decimal degrees in
both latitude and longitude is created and, for each grid, statistical information about building
construction type (e.g., % of wood structures in that grid), building occupancy type (residential,
commercial, or industrial), building dimensions (plan dimensions and height), distance between
buildings, builtupness (percentage of area that is covered by buildings), city block dimensions,
and street widths is collected. Additionally, for each simulation area, the following parameters
are also gathered:
• Seismicity parameters, used to generate a large pool of peak ground acceleration (PGA)
footprints that are then consumed by the ignition model.
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•

Monthly wind data, including wind speed and direction, collected from multiple wind
stations located within the simulation boundaries.
• Fire stations data, including locations and number of fire engines of all identified fire
stations. As an example, Figure 3a shows the spatial distribution of the identified fire
stations and building density within the San Francisco Bay Area simulation area.
• Traffic data to adjust the speed of the fire engines during the suppression phase collected
from http://infinitemonkeycorps.net/projects/cityspeed.

(a)

(b)

Figure 3: Selected sets of input/output parameters for the San Francisco Bay Area simulation area: (a) Spatial
distribution of builtupness, fire stations and fire engines; (b) Spatial distribution of FLI0.4g.

Over one million Monte Carlo simulations are performed for each of the twenty-four simulation
regions listed earlier. In each of these simulations, a random realization of the random input
parameters described above is generated and the simulation code computes the percentage of
the burnt area in each simulation grid. Given the large number of Monte Carlo simulations
performed, each grid cell with non-zero builtupness experiences several fire ignitions, each of
them at a different PGA levels depending on which earthquake footprint is randomly selected
from the precompiled pool. Each fire ignition can lead to either a fire that is promptly suppressed, a conflagration that grows within the boundaries of the simulation grid (i.e., burnt area
less or equal to the simulation grid area), or, in extreme cases, to a large conflagration that
grows beyond the grid cell boundaries and affects the neighboring cells (i.e., the simulation grid
that experienced a fire ignition is completely burnt and some of the surrounding grids are either
totally or partially burnt). The analyses results are summarized by recording the PGA and the
percentage of burnt area in each simulation grid for each realization of the random input parameters (i.e., each Monte Carlo simulation); the latter values are herein referred to as fire loss
indexes (FLIs). Finally, a regression analysis (in the FLI vs. PGA domain) is carried out on
each grid to infer the mean burnt area at PGA = 0.4g; this is defined as the fire loss index at
PGA = 0.4g; i.e., FLI0.4g. As an example, the grid-level FLI0.4g values for the San Francisco Bay
Area simulation region are shown in Figure 3b.

2.1 Fire Ignition Model
The ignition curves used in this study are the updated version of previously developed RMS
ignition models [5] and provide the fire ignition rates as a function of PGA. Separate ignition
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curves are used for different sets of occurrence time (summer or winter), occupancy (residential,
commercial, or industrial) and building material (wood or non-wood). Furthermore, in HAZUS
2009 [2], 20% of the ignitions are assumed to occur within the first hour after the main earthquake shock, about half occur within six hours, and the rest by the end of the first day. The
same temporal distribution of ignitions is used in the updated RMS ignition model used in this
study. More details about the fire ignition model can be found in [1].

2.2 Fire Propagation Model
Fire spread within a building, between buildings, and between city blocks is a function of construction material (wood versus non-wood), distance between buildings and between city
blocks (herein referred to as fire breaks), wind speed, and the presence of fire suppression units.
For a large conflagration to occur, a fire must spread from building to building and, in some
cases, from one city block to another.
Two fire spread models commonly found in the literature, the Hamada model [3] and the
TOSHO model (developed by Tokyo Fire Department) [9] are combined with a logic tree approach and used in the RMS FFEQ simulation tool. Both models are developed based on the
data collected in Japan, where building material and occupancy distribution are different from
the North America building characteristics. Therefore, both models are calibrated with North
America historical fire spread data [7] before being used in the simulations. More details about
the fire propagation model can be found in [1].

2.3 Fire Suppression Model
Fire suppression is a function of several factors, such as the time of discovery and report of
active fires (estimated based of HAZUS recommendations [2]), the number of available fire
engines around the location where a fire ignition occurred, the time of arrival of the fire engines
to the active fires, the water availability, etc. The time of the arrival of the fire engines to the
active fires mainly depend on two factors: (i) the distance between each of the fires and the fire
engines assigned to that fire and (ii) the fire engines speed. This latter factor is treated as a
random variable and its probability distribution strongly depends on the traffic data of the city
being analyzed and the road network conditions. The fire engine locations are tracked during
the FFEQ simulation and the assignment of fire engines to active fires is based on a closest
distance algorithm. Basically, the closest fire engines to active fires are progressively assigned
until there is no more engines available or there is no fire that still needs additional engines.
Each simulation is therefore a dynamic process where the status and spatial distribution of all
fires as well as the location of all fire engines are updated at each time step. Additionally, since
some of the fire engines may not be able to provide service due to damage to fire stations, the
probability that an engine can provide service is adjusted based on the PGA at the fire station
locations. Following this approach, some of the fire engines are removed at the beginning of
the simulation. More details about the fire suppression model can be found in [1].

2.4 Probabilistic Distributions of Fire Ignitions and Large Conflagrations Based
on Selected Historical Events and Two USGS Earthquake Scenarios
The fire ignition and propagation models used in this study are now tested and validated against
a set of four historical earthquakes that occurred in California and two extreme earthquake scenarios. The four historical events selected are: the Mw 7.8 1906 San Francisco earthquake, the
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Mw 6.7 1971 San Fernando earthquake, the Mw 6.9 1989 Loma Prieta earthquake, and the Mw
6.7 1994 Northridge earthquake. The two extreme scenarios chosen are the Mw 7.05 Haywired
and the Mw 7.8 Southern California Shakeout [4] scenarios; their shakemaps are shown in Figures 4a and 4b, respectively. Except for the 1906 San Francisco Earthquake, whose ground
motion was obtained from one of the stochastic events included in the RMS USEQ™ hazard
module, all other PGA footprints were directly taken from the USGS website.

(a)

(b)

Figure 4: USGS scenario footprints considered: (a) M 7.05 haywired scenario taken from http://earthquake.usgs.gov/earthquakes/shakemap/global/shake/haywiredm7.05_se; (b) M 7.8 Southern California shakeout
scenario taken from http://earthquake.usgs.gov/earthquakes/shakemap/sc/shake/shakeout2_full_se.

Table 1 lists the six events considered in this study together with the simulation areas impacted
by each of them. Additionally, the table reports the mean and maximum PGA values of each
footprint within the simulation boundaries, the observed number of shake-induced fire ignitions
on structures, and the most relevant statistics for the probability distributions of (i) the modeled
number of fire ignitions and (ii) the percentage of modeled fire ignitions growing to large conflagrations. In this study, a large conflagration is defined as a conflagration that, at least on one
side/direction, grows beyond the simulation grid boundaries and impacts the surrounding grids.
Table 1: Statistics of fire ignitions and large conflagrations for a set of selected historical events and scenarios

earthquake event

PGA (g)
sim. area
average and
affected
(max)

M 7.8 1906 San Francisco Bay Area 0.38 (1.24)
0.10 (1.10)
M 6.7 1971 San Fernando
LA
M 6.9 1989 Loma Prieta
Bay Area 0.17 (0.62)
M 6.7 1994 Northridge

LA

0.15 (0.86)

number of shake-induced fire
ignitions on structures
modeled within sim. area
observed
mean st.dev. P5 P95
50 to 59
720
97
570 898
91 to 109 110
19
80 144

% of ignitions
growing to large
conflagrations
mean
15
5

P0
26
21

P95
40
12

58 to 67

128

22

95

170

3

23

7

92 to 95

104

18

76

137

5

16

11

Bay Area 0.36 (1.45)
-475
95
330 650
16
27
58
0.25 (1.58)
M 7.8 Shakeout scenario
LA
-620
92
475 790
15
25
50
* Statistics for the number of shake-induced fire ignitions are rounded to the nearest integer
** Statistics for the % of ignitions growing to large conflagrations are rounded to the nearest % point
M 7.0 Haywired scenario
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Since each simulation grid is about 500m x 500m and the fire propagation model assumes elliptical footprints growing in time [1, 3], a large conflagration can occur when a fire propagates
for at least 250m along the downwind direction. The P5 and P95 values reported in Table 1
represent the 5th and the 95th percentile of a give random variable, respectively. P0 represents
instead the probability that none of the fire ignitions is growing to a conflagration exceeding
the boundaries of a simulation grid.
The number of ignitions for a today’s replica of the 1906 San Francisco earthquake are in line
with other studies that forecast a number larger than 500 [10]. The prediction for today’s replicas of the 1971 San Fernando and the 1994 Northridge Earthquakes is in line with the observed
number of ignitions at the time of the event; this is within the authors’ expectations given the
modest population increase in the San Fernando valley and central LA since 1994. On the other
hand, the population increase in the bay area (especially in the south bay) over the past 25 years
was massive. The RMS FFEQ model clearly captures this trend when comparing the historical
and simulated number of ignitions for the 1989 Loma Prieta earthquake. When the simulated
number of ignitions for each event is normalized using the total square footage of development
and plotted against the exposure-weighted PGA of the event footprint, a very good fit with the
Hazus-2009 ignition curve [2] is obtained as shown in Figure 5a. Additionally, as shown in
Figure 6, it was found that a lognormal probability density function (PDF) and a mixed Beta
PDF fit well the simulated results for the number of fire ignitions and the percentage of these
ignitions growing to large conflagrations, respectively.
Average wind speed

140
M 7.8 1906 San Francisco

Ignitions per billion sq-ft

+40%

-16%

M 6.7 1971 San Fernando

120

Engines to ignitions ratio

M 6.9 1989 Loma Prieta

100

M 6.7 1994 Northridge
M 7.0 Haywired scenario

80

M 7.8 Shakeout scenario

SF

Fitted ignition function
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(b)

Average FLI0.4g
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(c)
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-30%
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0.4
Exposure-weighted PGA (g)

0.5
SF

LA

(d)

SF
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Figure 5: Fire ignitions as a function of exposure-weighted PGA together with a selected set of fire loss susceptibility factors for the San Francisco Bay Area (SF) and Los Angeles (LA) simulation regions: (a) Comparison
between the mean number of fire ignitions reported in Table 1 and the HAZUS-2009 ignition curve, (b) average
annual wind speed, (c) fire engines to ignition ratio, (d) average FLI 0.4g, (e) maximum FLI0.4g.

FFEQ Loss Susceptibilities Outside of the Simulation Areas
The massive computational time needed to carry out the detailed Monte Carlo simulations in
the metropolitan areas shown earlier in Figure 1 forced us to use a more efficient (but less
accurate) approach to predict the fire loss susceptibilities outside of the simulation boundaries.
To do so, we decided to use four predictor variables: the total value density (TVD) of buildings
in a given area, the mean annual wind speed (WS), the number of fire stations (NFS) in the
surroundings of the area where the prediction has to be made, and a traffic speed index (TSI)
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derived from the same data sources used to adjust the fire engine speeds across the twenty-four
detailed simulation regions. The WS and NFS predictor values were derived by using wind
maps and county-level fire station data such those shown in Figures 8a and 8b, respectively.

(a)

(b)

Figure 6: (a) Probability distribution of the number of ignitions within the Bay Area simulation boundaries for the
M 7.05 Haywired scenario; (b) probability distribution of the percentage of fire ignitions growing to large conflagrations within the Los Angeles simulation boundaries for the M 6.7 1994 Northridge earthquake (a mixed
PDF, composed by a discrete probability mass at zero and a Beta PDF, was used to fit the simulated results).

(a)

(b)

Figure 7: (a) map of average annual wind speed taken from the NREL website: http://www.nrel.gov/gis/images/30m_US_Wind.jpg. (b) County-level resolution of the number of fire stations per square-Km based on the
data collected from https://apps.usfa.fema.gov/registry/.

The log-linear model used to predict FLI0.4g outside the simulation areas cab be written as
𝑙𝑛(𝐹𝐿𝐼0.4𝑔 ) = 𝛽0 + 𝛽1 ∙ 𝑙𝑛(𝑇𝑉𝐷) + 𝛽2 ∙ 𝑙𝑛(𝑊𝑆) + 𝛽3 ∙ 𝑙𝑛(𝑁𝐹𝑆) + 𝛽4 ∙ 𝑙𝑛(𝑇𝑆𝐼) = X 𝜷

(1)

where X = [1 ln(𝑇𝑉𝐷) ln(𝑊𝑆) ln(𝑁𝐹𝑆) ln(𝑇𝑆𝐼)] and 𝜷 = [𝛽0 𝛽1 𝛽2 𝛽3 𝛽4 ]T . To provide
a sense of how the proposed log-linear model performs, Figure 8 shows a comparison, at the
simulation grid level, between the simulated (i.e., using detailed input information and Monte
Carlo simulation results) and predicted (i.e., using the coarser predictor variables mentioned
earlier in this section) FLI0.4g values in the downtown areas (central business districts) of San
Francisco, Los Angeles, and San Diego. As can be inferred from the figure, the proposed loglinear model captures well the overall trend and major fluctuations of FLI0.4g.
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Figure 8: Comparison between simulated and predicted — through Equation (1) — FLI0.4g values for each simulation grid cell in the downtown areas (central business districts) of San Francisco, Los Angeles, and San Diego.

FFEQ Loss Estimations on Well-Distributed Building Portfolios
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A well distributed building portfolio over the U.S. west coast is used to estimate the impact of
fire losses caused by the six earthquake events listed in Table 1 as well as by a stochastic event
set incorporating the 2014 USGS hazard updates. The results for the six earthquake events used
in this study are summarized in Figure 9a in terms of expected fire-to-shake loss ratios considering structural and content damage. The modelled fire-to-shake ratios for the 1994 Northridge
and the 1989 Loma Prieta events are in line with historical observations (about 1% for
Northridge and 2% for Loma Prieta). Furthermore, the relativities between the 1906 San Francisco earthquake and the two USGS scenarios are in line with the fire ignition results shown
earlier and the fire loss susceptibility factors reported in Figures 5b to 5e. Finally, the brief
summary of the stochastic results, reported in Figure 9b, shows how the majority of the risk in
California is driven by the exposures around the cites of San Francisco and Los Angeles, with
the former being the clear driver of the expected fire-to shake loss ratios across all return periods
(RP). Figure 9c compares instead the portfolio-level results of California and Pacific Northwest
(Washington and Oregon). Being the FFEQ losses PGA driven, the near-faults exposures in
California dominate over the exposures affected by the off-shore Cascadia subduction zone.
Washinton & Oregon
California

AAL

500Yr RP 1000Yr RP

(c)

Figure 9: (a) Estimated fire-to-shake (F/S) loss ratios for six earthquake events considering building and content
coverages on a well-distributed building portfolio over the San Francisco Bay Area and the greater Los Angeles
area. The dashed red line represents the quadratic function fitted to the data. (b-c) Stochastic fire-to-shake loss
ratios from a set of well-distributed building portfolios along the U.S. West Coast: (b) Comparison between three
major metropolitan areas in California; (c) Comparison between California, Washington and Oregon. Note that
AAL represents the expected average annual loss at the portfolio-level.
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Conclusions
This study presented a comprehensive FFEQ model for predicting fire losses on large building
portfolios across the entire U.S. and the provinces of British Columbia, Ontario, and Quebec in
Canada. The model was developed by performing detailed numerical simulation in twenty-four
metropolitan areas and by using a response surface methodology approach to predict the potential for FFEQ losses elsewhere. Estimates for the probabilistic distribution for the number of
fire ignitions and large conflagrations from a set of historical and scenario-based events on the
current building stock in the San Francisco Bay Area and the greater Los Angeles area were
presented and validated in Section 2.4. Additionally, for the same set of historical and scenariobased events, the fire-to-shake loss ratios for well-distributed building portfolios were presented
and, where possible, validated with available historical loss data in Section 4. Finally, loss results for the states of California, Washington and Oregon based on a stochastic event set were
also presented and briefly discussed emphasizing the fire loss relativities across the three major
metropolitan areas in California as well as across the three West-Coast states.

Disclaimer
The views and opinions expressed in this article are those of the authors and do not necessarily
reflect the position of Risk Management Solutions Inc. (RMS). Assumptions made within the
analyses performed for this study are not reflective of the position of RMS Inc. and should not
be used in any real-world analytics.
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Abstract: The paper describes the development of a novel framework to define
requirements for structures and infrastructures in the light of enabling community
resilience.

1 Introduction
The pursuit of sustainable development in a globalised world facing the challenges of a
changing climate and transforming society shifts the focus from protection of physical infrastructure to provision of critical services in a resilient manner.
In the European project IMPROVER a major perspective is that different resilience concepts
in different domains acting, both in isolation and together, on critical infrastructures contribute to the overall resilience of infrastructure in a complex manner. Thus, the underlying
mechanisms of how these concepts contribute to resilience needs to be better understood so
that they can be efficiently and effectively accounted for in resilience analysis and evaluation
methodologies.
The approach affects the traditional view on achieving safety and reliability of structural systems, which contribute to the load bearing parts of critical infrastructure. Instead of just looking at predefined levels of reliability targets, analysing different measures of structural
robustness, and/or using traditional engineering risk assessment, changes in a community’s
expectations during times of crisis also need to be considered.
Therefore, a temporal and a contextual dimension are added to the traditional limit state design concept. The temporal dimension here refers to a crisis management perspective including the changing priorities at its different stages, whereas the contextual dimension includes
aspects of an interconnected technological and organisational domain affecting the resilience
of the system in consideration, whereas the societal domain affects the expectations placed on
the infrastructure.
The present contribution provides a conceptual description of a framework under development with a special focus on the design of structural systems.

2 Critical infrastructure and societal resilience
According to the EU, Critical Infrastructures (CI) are assets essential for the maintenance of
vital societal functions (including health, safety, security, economic or social well-being of
societies) and the disruption or destruction of which would have a significant impact as a result of the failure to maintain those functions [1].
Traditionally, the prevalent strategy to reduce the risk to critical infrastructure from natural
and man-made crises has been to protect. However, the very nature of crises means that they
are often initiated by low probability events or sequences of events. Such exceptional events
rarely unfold in a predictable way, and protecting infrastructure against all types of incidents
ranges from difficult or costly to technologically impossible or prohibitively expensive. Recent years have therefore seen a shift in focus – not only in policy and technological analysis
but also on the political level around the world – from protection to resilience of CI [2].
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The definition of resilience is a contested one. Many sectors and academic fields have their
own definitions based on the needs and objectives of the concept as relevant for them, e.g.
engineering resilience, organisational resilience, etc. [3]. In the present paper we refer to these
as domains of CI resilience since their understanding is rooted in the different academic
fields, however they all contribute to the overall objective of resilience of a CI system. A
common and convenient starting point for understanding resilience is the UNISDR definition
of resilience [4]: “The ability of a system, community or society exposed to hazards to resist,
absorb, accommodate to and recover from the effects of a hazard in a timely and efficient
manner, including through the preservation and restoration of its essential basic structures and
functions.” Resilience of CI can therefore be understood to relate to the service provided by
the CI as the object that has to be present and maintained before, during and after a crisis.
The above definition suggests a temporal aspect to resilience. Obviously, this temporal aspect
should be taken into account when developing a framework for resilience assessment. Accounting for the temporal aspect of resilience in the measurement and treatment strategy also
helps to identify both when and what should be done in order to enhance resilience.
The temporal aspect of resilience can be visualised e.g. through the performance loss and recovery function or the so called “resilience triangle” as coined by Bruneau et al. [5] in a
framework to assess seismic resilience of communities, Figure 1. The figure also illustrates
the period over which current structural engineering standards contribute to a resilient approach. Their contribution is finished once the incident occurs, since following them ensures a
desired level of robustness when a structure is exposed to an external perturbation. A further
step is taken with the use of a performance-based structural engineering approach, where the
direct consequences of structural failure are explicitly considered [6]. The resilience based
approach would account also for the recovery period and the period up until the end of life of
the infrastructure.

Figure 1: The performance loss and recovery function

Applied to CI resilience, the performance loss and recovery function also illustrates different
capacities in resilience: anticipation, absorptive, recovery and adaptive capacity [7]. Capacity
for anticipation is needed for the time before the incident occurs; absorptive capacity for the
period immediately after the incident occurs; and restorative capacity for the period after the
initial event is over and during which the performance is recovered. Adaptive capacity would
ideally be active throughout the entire lifetime of an infrastructure, although it is difficult to
differentiate from other phases. We therefore consider adaptive capacity to be mobilised for
the time directly following the completed recovery phase, over which new norms are adopted.
Focusing activities on improving the capacity of infrastructure in any of these periods could
arguably measurably improve the resilience of the CI.
As well as these phases, reflecting the temporal nature of resilience, CI resilience is often defined as a multi-dimensional resilience concept, which is a construct of a number of interact-
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ing resilience concepts in other related domains, e.g. the technological, organisational, societal, and economic domains, defined elsewhere [8].
The link between the societal domain and CI resilience is however not strong, and it is here
argued that a resilient society does not directly contribute to the level of resilience of CI. It
should therefore be excluded from a CI resilience analysis, although it could be included
when setting performance objectives for a CI resilience evaluation. Here we define resilience
analysis as the process to comprehend and to determine the level of resilience, based on selected resilience indicators; and resilience evaluation as the process of comparing the results
of resilience analysis with criteria or objectives to determine whether resilience level is acceptable and identify areas for improvement [9]).
Societal resilience here refers to the ability of communities (at various scales) to resist, absorb, accommodate to and recover from hazards. Societal resilience, as with CI resilience, is a
multi-dimensional resilience concept which is comprised of a combination of resilience concepts acting in different domains. The relationship between these two hierarchies was first
proposed by Lange and Honfi [10], and is presented in Figure 2 in a revised form, which reflects a refinement of the associated definitions.

Figure 2: Hierarchy of resilience concepts, modified from [10].

The relationship between technological resilience and organisational resilience applied to CI
is hard to define. The organisational resilience is reflected by the capability of processes,
which reflect the capability of an organisation during the different phases of resilience in a
qualitative rather than a quantitative way. Conversely, different indicators of technological
resilience could be quantified and compared with suitable performance objectives. The remainder of this paper is focussed on a discussion of the technological resilience and what this
may mean for structural engineering.

3 Safety of structural systems of CI
3.1 Structural reliability
Structures and infrastructure assets often represent complex technical systems that may be
exposed to several types of hazards resulting in unfavourable events with serious consequences. Representing the backbone of different types of critical infrastructure (e.g. bridges for
transportation, engineering facilities for energy production and distribution, buildings for
shelter) and being costly and timely to build and recover, performance requirements of structural systems related to their safety, serviceability, durability and robustness are defined in
structural codes.
The performance of technological systems, in general, is often described by their reliability,
i.e. the probability that a system is functional within a given reference period usually under
“normal” operating conditions. Reliability is a broad concept and several things need to be
defined to quantify it, i.e. the system, the definition of failure, the reference period and the
conditions, which the system is subject to.
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Structures and structural systems, however, usually represent unique configurations of individual components and their performance might be severely affected by the impacts of natural
and man-made disasters with considerable uncertainties. Reliability of a structural system is
defined as the probability that the structure fails to perform satisfactorily at some point over a
given reference period. Failure could be represented by various limit states (or damage states
in a performance based approach), e.g. that the structure collapses, becomes unsafe or fails to
fulfil some other functional requirements. Methods of structural reliability are then used to
calculate the probability of failure as described e.g. in [11], and often conveniently expressed
in the form of the reliability index, β.
ISO 2394 [12] provides tentative target reliability indices based on the cost of safety measure
and the consequences of failure. These are reproduced in Table 1. The cost of safety measure
is relative to the initial construction costs, and details of how to determine this are given in
[12]. The consequences of failure in the table are based on the class of the structure in question, with Class 2 being smaller buildings and industrial facilities or minor assets of infrastructure; Class 3 is residential buildings and infrastructure assets; Class 4 is high rise
buildings, and other more important assets of infrastructure. These classes are similar to the
reliability classes (RC), associated with the consequence classes, as defined in, e.g., EN 1990
[13]. Class 4 maps to RC3, Class 3 maps to RC2 and Class 2 maps to RC1.
Table 1: Tentative target reliability indices over a one year reference period [12]
Cost of safety
measure
Large
Medium
Small

Class 2
β=3.1 (Pf≈10-3)
β=3.7 (Pf≈10-4)
β=4.2 (Pf≈10-5)

Consequence of failure
Class 3
Class 4
β=3.3 (Pf≈5×10-4)
β=3.7 (Pf≈10-4)
β=4.2 (Pf≈10-5)
β=4.4 (Pf≈5×10-6)
-6
β=4.4 (Pf≈5×10 )
β=4.7 (Pf≈10-6)

ISO 2394 also defines consequence Classes 1 and 5, with consequence Class 1 being low-rise
buildings which are normally not occupied such as minor wind turbines or stables; and Class
5 being, e.g. buildings of national significance, major offshore facilities, dams and dikes. No
tentative target reliabilities are given for these classes of buildings. However, following the
pattern in Table 2 these could be proposed.
The reliability targets proposed by the ISO 2394, or given in the structural codes, e.g. in
EN1990, could be used to define reliability objectives for different limit states of the infrastructure systems. A limit state is a condition of a structural component (or system) beyond
which it no longer fulfils a relevant design criterion.
Consider a consequence Class 5 asset of infrastructure, equivalent according to the description in the introduction to a designated asset of critical infrastructure. The reliability index of
the infrastructure to complete loss of service lasting for several years could be proposed to be
4.8; assuming a medium cost to implement safety measures compared with the construction
costs. Whereas the reliability index of the asset to a partial failure causing regional disruptions
or delays in service provision lasting for weeks should be 4.3.
However, for such high consequence assets it is desired to carry out a detailed investigation of
scenarios leading to structural collapse assessing direct and indirect risks. Detailed information on the principles of such an approach is given in ISO 2394 [12]; however, little guidance exists on how to do this in practice. Furthermore, this usually is outside the scope of
structural standards. Therefore, a consistent treatment of this issue is not ensured by the
codes.
Current limit state based codified structural design is primary focussed on the verification of
single components and failure modes. Therefore, an explicit consideration of structural robustness and the dependency between various failure modes is difficult [14].
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Concerning resilience, current approaches of structural reliability do not provide sufficient
information especially concerning system robustness and recovery path of the performance
loss and recovery function.

3.2 Damage States
Damage states are descriptions of the level of damage, which help to quantify the consequences of damage to a building. The consequence classes in ISO 2394 [12] give information
about the expected consequences in the event of a structure of different classes being exposed
to an accidental action, for example for Consequence Class 3, the expected consequences include: “Material damages and functionality losses of significance for owners and operators
but with little or no societal impact. Damages to the qualities of the environment of an order
which can be restored completely in a matter of weeks. Expected number of fatalities fewer
than 5.”
This description of the expected consequences comprises both a description of the material
damages and losses expected as well as the time to repair. Although this is intended for the
reliability based design of structures the consequences may also be relatively easily mapped
to descriptions of the consequences of an event on the operation of infrastructure. We propose
to describe damage states which are equivalent to the 5 expected levels of damage described
in the consequence classes. These damage states are qualitative descriptions of the impact of
an incident on the ability of infrastructure to continue to provide the related service to society.
For lower consequence class structures, there are fewer damage states of interest, i.e. for a
Consequence Class 5 building, there are 5 potential damage states which could describe the
impact of an incident on the infrastructure, whereas for a Consequence Class 3 building (for
example), there are only 3 damage states of potential interest. The damage states may also be
used to describe the potential duration of any interruption.
The damage states thus defined are listed in Table 2 along with the performance drop described in the expected consequences and the duration of the interruption.
With increasing consequence class of the building or structure in question, comes an increased reliability target for said structure. This means that Class 5 buildings are designed
with the highest reliability in mind. However, this is a binary indication of the performance
objective of the structure. When a building of higher consequence class is exposed to an external event of lower magnitude than one, which could cause the consequences detailed for
the class, then it is possible that a lower level of damage would occur, and be repaired over a
shorter period of time.
Table 2: Damage states and durations of damage based on Consequence Classes given in ISO 2394
Damage state

Description of damage

Duration

DS1
DS2

Damage, but no loss of functionality
Functionality losses of significance for owners
and operators but with little or no societal impact.
Regional disruptions and delays in important
societal services
Severe losses of societal services and disruptions
and delays at national scale
Causing losses of societal services and disruptions
and delays beyond national scale

Days
Days

DS3
DS4
DS5

Weeks
Months
Years

Further qualitative and/or sector specific descriptions of the damage states could be developed
in the future.
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3.3 Recovery objectives
Extrapolating the reliability indices given in Table 1 for a medium cost of implementation of
the safety measure to Class 1 and Class 5 structures results in the proposed target reliability
indices to be associated with the different damage states given in Table 3. The recovery of the
provision of the services, which are interrupted in the event of an accident, is likely to be a
first priority, and therefore the duration given in Table 2 associated with the consequence
class description cannot be expected to be the period over which services are partially restored. We therefore propose a restoration objective, to the next lowest damage state, of basic
services according to those given in Table 3 below. These proposed recovery times are not
cumulative, that is to say that restoration to DS0 from DS1 should not take years from the
restoration from DS2 to DS1, but rather from the time of the initial incident. A fuller description of these objectives is given elsewhere [15].
Table 3: Target reliability indices for different damage states
Damage state
Reliability index, β
Restoration objective to
next damage state

DS1
3.1
Years

DS2
3.7
Months

DS3
4.3
Weeks

DS4
4.4
Days

DS5
4.8
Days

These damage states and the durations are illustrated in Figure 3, below (note the logarithmic
scale). For illustrative purposes, the damage states have been associated with a quality of infrastructure of 10 % in the case of DS5; 50 % (DS4); 70 % (DS3); 80 % (DS2) and 90 %
(DS1). These percentages are subject to further discussion or debate, and may be sector or
application specific. However, they illustrate well the concept under discussion. This figure
illustrates also recovery objectives over time, with a restoration of basic functionality in a
short period of time, and a full recovery over a longer period of time.

Figure 3: Example of a proposed recovery objective curve

The probabilities of failure associated with the target reliability indices are associated with a
given period, i.e. they reflect the probability of failure of a structure per annum or over the
course of 50 years. However, for accidental actions and short term loading, different lower
levels of reliability could be derived.

4 Calculation of technological resilience of CI
4.1 Indicators
The performance loss and recovery function is shown again in Figure 4. In this instance the
points on the graph are labelled indicating the performance at different times during the life-
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time of an asset. The performance levels at different times are labelled Q0 to Q5. These are
defined in Table 4. The times are defined in Table 5. The form of the performance loss and
recovery function shown in Figure 3 is only an example of how this may be structured, and in
fact it may take many forms with, for example, a brittle failure mechanism as opposed to the
ductile failure mechanism shown up until time td; or with multiple interim recovery goals, etc.

Figure 4 : The performance loss and recovery function for calculation

As discussed previously, resilience is often visualised using this function, and metrics of resilience are typically defined based on some function of the integral of Q.
For an aging infrastructure which has experienced some degradation, or which is not functioning at 100 % of its as built performance, it is important to account for the anticipation phase
of this function when determining the area under the curve. According to the definitions discussed in the introduction it is also necessary to account for the adaptation phase after a crisis
when measuring resilience. Integrating over the entire lifetime of an asset may however give a
false indication of the resilience of the asset, since the technological resilience is hazard dependent. We therefore define a conditional technological resilience, RTcon, i.e. the technological resilience conditional on the occurrence of a specific hazard, by studying the performance
loss and recovery function from the time of the start of the incident. The resilience is therefore
a function of the hazard intensity and not the hazard frequency.
This measure of resilience is easily calculated assuming that all of the performance values and
times needed are known. This however poses the problem that an increased duration of interruption, assuming the same overall performance levels actually increases the calculated resilience, by integrating over a longer period of time. To address this, we propose to adopt the
reference period proposed e.g. in [16] (denoted here tref), the RTcon is then defined as:
(1)

The reference period should be chosen such that it is relevant for the infrastructure operator.
Comparison between two infrastructures cannot be undertaken if the reference period is different. If the reference period is shorter than the recovery time then this provides information
about the shape of the recovery function.
However, this integral does not give information which may be compared with the performance objectives discussed in the previous section. In order to compare the performance loss
and recovery function with these objectives it is also necessary to record at least the lowest
performance or capacity of the infrastructure following the crisis and the total time, ttot, between t0 and tend as indicators of resilience. This simplification allows the performance and the
recovery time to be evaluated.
Combining this information with the integral in equation 2 with tref set to tend could also provide valuable information about the shape of the recovery curve, whether it is characterised by
a rapid early recovery to some short term capacity and then a long period to complete recovery; or by a long period before any capacity can be restored.
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Further, recording the ratio of performance before the incident f(adaptation) over the performance after recovery in a given reference period f(anticipation) gives a picture of the evolution of the expected usage of the infrastructure over the incident.
A comparison between these calculated values and the target reliability indices and the recovery objectives for different structures could form the basis of a complete technological resilience assessment framework.
Table 4: Description of performance levels in Figure 4
Description
As built performance of the infrastructure.
Performance at the time the incident starts, accounting for degradation of the
) infrastructure over time during the ‘anticipation’ phase.

Label

(

This should be determined based on the activities over the anticipation phase. It
could be based on, e.g.: the maturity of the risk assessment procedure, the
monitoring and maintenance procedure in place, on theoretical models of
deterioration, or on the opinion or otherwise of the operator of the infrastructure.
(
) should be a factor, usually <1. It could be expressed either
deterministically or probabilistically.
Performance at the time that emergency response has been mobilised to arrest the
drop in performance.
Accounts for a ductile failure mechanism. Without better information this could
conservatively be assumed to be equal to Q3.
Performance at the end of the initial shock or at the time that recovery operations
start.

!

"

$

This depends on the damage state of the infrastructure, and may be determined
based on the methods described in section 4.3. Some of these methods result in a
probabilistic prediction of the damage state and others result in a deterministic
prediction.
Short term performance recovery capability.

#

(

%

Can be determined based on any of the methods in section 4.4. In particular, any
external redundancy could be mobilised relatively quickly to achieve some level of
service.
Long term performance recovery capability
)

This should typically approach the original as built performance. However, this
should also account for the adaptation phase after the incident, and should reflect
the adapted performance.
(
) should be a factor, usually >1 although this may depend on how
society uses the infrastructure. It could be expressed either deterministically or
probabilistically.
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Table 5: Definition of times in Figure 4
Description
Time of incident start.
Time taken to mobilise, e.g. emergency response organisations to limit the initial
&
impact of the incident on the infrastructure.
Total period of decline in capacity.
&
Time required to mobilise short term recovery capability.
'(
Time required to mobilise long term recovery capability.
')
* - both trs and trl may also depend on the organisational structures of the organisation, which is responsible for the infrastructure.

Label

5 Conclusions
It is apparent that a CI’s technological resilience is hazard dependent, since the hazard will
directly affect the level of disruption, i.e. the damage state and thus indirectly influence the
time needed for recovery. In the presented paper, resilience evaluation and analysis approaches conditional on hazard intensity are proposed. The work is a simple evolution of other
frameworks and established concepts in the literature, but contributes to a resilience assessment methodology including the different stages of resilience analysis and evaluation. The
proposed conditional resilience is not dependent on hazard occurrence rate. To use the
framework in practice, prioritised hazards should be identified based on an existing risk assessment process, such as national risk assessments or CI operator risk assessments. The
analysis of resilience to these preidentified hazards should then be used to inform the risk assessment and risk management processes.
The proposed approach enables the inclusion of factors that can influence the overall resilience of a CI asset and affect the loss in performance and the path of the recovery. It can be
used to assess the resilience of a critical infrastructure asset or system with multiple hazards,
multiple failure mechanisms, different types of vulnerability processes, and recovery paths.
Work required to implement the concepts described includes the definition of qualitative or
quantitative descriptions of damage states, to be developed in collaboration with infrastructure
operators in the specific areas. A connection between the damage state of a structure and the
ability of the infrastructure to function also needs to be defined. The approach described in,
e.g. the PEER framework [17] could be combined with the infrastructure downtime models in
the REDi framework [18] to include downtime or recovery time as a decision variable. This,
along with damage states based on the functionality of the infrastructure would give a good
overall illustration of resilience in probabilistic terms.
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Abstract: The Bayesian network (BN) is a flexible tool for probabilistic modeling in the context of engineering risk and reliability assessments. One of its
main features is the capability for Bayesian updating of probabilistic estimates
with new information. Such computations are possible in an effective manner
for discrete BNs, whose cliques and conditional probability distributions are not
prohibitively large, and for special cases of hybrid/continuous BNs. For more
general BNs, no exact inference algorithms exist and approximate inference techniques are applied. Among these, sampling-based inference and especially Gibbs
(MCMC) sampling techniques represent a class of inference techniques that is
suitable for a large set of problems. We investigate sampling-based inference for
rare event estimation, including inverse problems. We introduce subset simulation to BN-based inference, in combination with the standard Gibbs sampler.
Furthermore, we apply a modified Gibbs sampler that performs efficiently in
problems where rare events are expressed in terms of computationally expensive
models.

1 Introduction
Bayesian networks (BNs) are a probabilistic modeling framework that has been developed
mainly in the field of machine learning and artificial intelligence [19]. In the last decades, efforts
have been made to apply BNs to reliability engineering [e.g. 12, 21].
Besides offering a powerful modeling language, a main feature of the BN is its capability for
efficient Bayesian updating with new information. Inference algorithms that enable fast and
robust Bayesian updating in an exact manner exist for BNs that contain only discrete random
variables and for a few special cases of continuous and hybrid BNs, namely conditional linear
Gaussian (CLG) BNs [14] and BNs, whose continuous distributions are defined through mixtures of truncated basis functions (MoTBFs) [13].
BNs used in reliability engineering mostly do not fall within one of these categories. This can
be addressed by discretizing the continuous random variables so that exact inference algorithms
can be used to perform (approximate) inference. Discretization can be performed in a static
manner before inference, or dynamically, whereby an initial discretization scheme is iteratively
improved [16]. The computational speed of exact inference algorithms makes static discretization especially suitable for problems that require near-real-time performance. Specialized discretization procedures for such problems exist [23]. However the number of parents that a node
can have is limited in the discrete BN.
In cases where the computation time for inference is not critical, sampling based inference
can be a worthwhile alternative to discretization. Several approaches for sampling based inference are available. These include likelihood weighting, importance sampling and Markov Chain
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Monte Carlo (MCMC) sampling [11]. One of the most common sampling based inference methods for BNs is Gibbs sampling, a MCMC method that exploits the independence structure of a
BN.
This paper focuses on problems that are central to reliability engineering. In particular, we investigate (1) inverse problems, where the goal is to estimate the distributions of model parameters
conditional on a number of observations that are related to these model parameters; (2) rare
event estimation, i.e. the computation of small probabilities of failure events; (3) combinations
of (1) and (2). The investigated problem types are illustrated in Fig. 1. The application of Gibbs
sampling to these types of problems is investigated in the remainder of this paper.
(2) Rare event problem

X0
X1f

Xpf

h1(Xf )

h2(Xf )

h3(Xf )

hn(Xf )

M1

M2

M3

Mn

m1

m2

g(Xf )

m3

F

mn

(1) Inverse problem

Figure 1: BN combining
an inverse problem (1) and a rare event problem (2). In the inverse problem, the

model parameters X0 , X f are updatedusing the measurements Mi = mi that are related to the model
parameters through the functions hi X f . In the
 rare event estimation, the goal is to estimate the failure
probability Pr (F = f ailure) = Pr g X f ≤ 0 .

1.1

Gibbs sampling

MCMC methods aim at generating samples that follow a target distribution, here the joint posterior distribution represented by the BN, through generating states of a Markov chain whose
stationary distribution is equal to the target distribution. Starting from an initial sample, MCMC
algorithms iteratively generate a new state of the chain conditional on the previous state. The
Metropolis-Hastings (M-H) sampler is a common MCMC method [8]. A special case of the
M-H sampler is the Gibbs sampler [6, 4], briefly summarized in the following.
Let X denote the vector of random variables in the BN and Xe the subset of X that contains the
variables that have received evidence. The Gibbs sampler generates a new state x j of the chain
by iteratively sampling each random component Xi that has not received evidence, Xi ∈
/ Xe ,
conditional on the current state of the chain. Exploiting the independence assumptions of the
BN, each component Xi can be sampled conditional on its Markov blanket MB (Xi ). A number
of methods to sample from the univariate, conditional distribution fXi |MB(Xi ) (xi |MB (Xi )) exist.
These include the slice sampler [15] as well as M-H methods [7]. In this paper we apply the
slice sampler and a univariate M-H sampler for this purpose. The Gibbs sampler for generating
a chain of length nc from from the random vector X is summarized in algorithm 1.
Samples generated through a Gibbs sampler are not independent (as with any other MCMC algorithm). The efficiency of the sampler depends on the autocorrelation of the generated Markov
chain; the faster the decrease of correlation with lag, the higher the efficiency of the MCMC
sampler. In many instances, different parts of the BN can be sampled through different algorithms to enhance the efficiency of the Gibbs sampler. For example, forward sampling [9] can
be utilized for barren nodes in the BN, i.e. random variables whose descendants have not re-
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Algorithm 1 Single-component Gibbs sampler.


initialize x1 = x11 , . . . , xn1
for j = 2 to nc do
for i = 1 to n do
if Xi ∈ Xe then
j
xi = ei
else
i

 h
j
j
j
j−1 j−1
∈ MB (Xi )
sample xi from fXi |MB(Xi ) xi x1 , . . . , xi−1 , xi+1 , xn
end if
end for
end for
ceived evidence. Furthermore, sampling each component individually can be inefficient or even
hinder the Markov chain from converging [11]; in such cases a number of random variables Xb
can be sampled en bloc. This approach is known as block Gibbs sampling. Besides the dependence among the components of the target distribution, the efficiency of this approach
depends

on the computational cost for generating a sample from fXb |MB(Xb ) xb |MB Xb .

1.2

Subset simulation

Estimating small (failure) probabilities through samples generated by Gibbs sampling is computationally costly or even infeasible. Because of the correlation among samples, the accuracy
is lower than for standard Monte Carlo Simulation (MCS). An alternative to MCS for rare event
estimation is subset
simulation [2]. Consider a failure event F defined in terms of a limit state

f
function g X , where X f is the vector of basic random variables of the problem. In subset
simulation, nested intermediate (failure) events Fi are introduced:
F1 ⊂ F2 ⊂ . . . ⊂ Fm = F

(1)



where Fi = g X f ≤ ai , with a1 > a2 > . . . > am = 0. The probability of the rare event F can
then be expressed as a product of larger conditional probabilities:
M

Pr (F) = Pr (F1 ) · ∏ Pr (Fi |Fi−1 )

(2)

i=2

The intermediate failure events can be chosen such that Pr (Fi |Fi−1 ) = p0 for i ∈ [1, . . . , m − 1].
MCMC algorithms are used to generate samples that are conditional on each intermediate failure domain Fi [18]. Based on these samples the thresholds ai , i = 1, . . . , m−1 and the conditional
probability Pr (Fm |Fm−1 ) can be estimated. We introduce subset simulation to BNs in Section 3.

2 Inverse problems
In an inverse analysis, the goal is to identify the distribution of a set of model parameters X given
a number of observations Mi = mi . A BN structure representing a typical inverse problem is
shown in Fig. 2. In this problem, a model is described through the p parameters X = [X1 , . . . , X p ].
Each measurements Mi = mi , is related to the model parameters through a function hi . n measurements Mi = mi , i ∈ [1, . . . , n] are available to learn the model parameters.

2.1

BN sampling algorithms for inverse problems

We investigate the performance of the single-component Gibbs sampler to inverse problems. To
this end, we consider a CLG BN (Fig. 2), where a-priori the parameters Xi , with i = 1, . . . , 5, are
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Figure 2: BN representing an inverse problem. Measurements Mi = mi can be used to learn the distribution of the model represented through X = [X1 , . . . , Xp ]. A measurement Mi = mi is connected to the
parameters X through the function hi .

standard normal distributed and functions hi (X) = ∑oj=1 x j + 1. There are n = 20 measurement
variables Mi that are assumed to be normal distributed with mean hi (x) and standard deviation
1. In the numerical investigations, we set mi = 6 for each of the measurement variables.
For the considered problem 5 Markov chains were simulated through single-component Gibbs
sampling. The estimate of the posterior mean and standard deviation for the random variable X1
that can be obtained from each chain individually or averaged over all chains are shown in Fig.
3 and compared to the exact solution.
1
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Figure 3: Single-component Gibbs sampler: Result for the node X1 from the BN in Fig. 2 with p = 5
parameters Xi and n = 20 measurements. All measurements mi = 6. The figure shows the estimated
mean, µ̂ and standard deviation σ̂ from 5 individual chains (single-component Gibbs sampler) and the
average of all 5 chains as a function of the chain length. From each chain the first 103 samples where
discarded as burn-in. The result is compared to the exact result. Note: In this case the exact posteriors of
all Xi ’s are equal.

As described earlier, within the Gibbs sampler the random variables X can be sampled en bloc
(block Gibbs). A method to sample from X that can be incorporated in the Gibbs sampler is the
adaptive, multivariate M-H algorithm as described in [20]. This adaptive M-H algorithm was
applied to simulate 5 Markov chains from the posterior distribution of the BN of Fig. 2. The
estimates of the posterior mean and standard deviation of X1 are shown in Fig. 4.
To compare the two samplers, we use the reciprocal of the integral of the sample autocorrelation
function of the generated Markov chains (Eq. (1) in [5]). This measure expresses the factor with
which the asymptotic variance of the sample mean of X1 needs to be multiplied to obtain the
same variance as with Monte Carlo sampling. This efficiency measure, denoted e f fX¯1 , is given
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in Tab. 1 for the two samplers. From this it can be seen that the Multivariate adaptive M-H
outperforms the single-component Gibbs sampler.
Table 1: Coefficient of variation of the estimate of the mean obtained from one chain, as a function of the
length of this chain. The result shown is averaged over the 5 chains.

Sampler

e f fX¯1

Single-component Gibbs sampler
Multivariate adaptive M-H sampler

0.042
0.063

1

chain 1
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chain 3
chain 4
chain 5
average of 5 chains
exact
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Figure 4: Multivariate, adaptive M-H: Result for the node X1 from the BN in Fig. 2 with p = 5 parameters
Xi and n = 20 measurements. All measurements mi = 6. The figure shows the estimated mean, µ̂ and
standard deviation σ̂ from 5 individual chains (Adaptive Metropolis sampler) and the average of all
5 chains as a function of the chain length. From each chain the first 103 samples where discarded as
burn-in. The result is compared to the exact result. Note: In this case the exact posteriors of all Xi ’s are
equal.

The performance of the algorithm, with respect to the number of samples, required to converge,
appears to be similar to the one of the single-component Gibbs sampler.

2.2

Computational cost

If evaluating the model h (x) is computationally intensive, the cost of solving inverse problems
is determined by the number of model evaluations. The number of model evaluations required to
obtain one new sample of the BN depends on the sampling approach used. For example, obtaining one sample from the posterior distribution of the BN in Fig. 2 through single-component
Gibbs sampling with Slice sampler requires on average 29 evaluations of each hi (x) in the
present implementation. (Note that this varies with the implementation of the slice sampler.)
Solving the same problem through the applied adaptive M-H algorithm requires only one evaluation of h (x) per posterior sample (respectively two if X represents a block within a Gibbs
sampling approach). Thus, if the number of model evaluations is used as a performance measure, the adaptive M-H algorithm significantly outperforms the single-component Gibbs sampler. However, it is mentioned that the performance of the adaptive M-H algorithm is known
to decrease for increasing number of parameters modeled en bloc [5]. Hence, if the number of
parameters becomes significantly large, the single-component Gibbs sampler is potentially the
method of choice.
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3 Rare event probabilities in BNs by subset simulation
Next we consider problems that involve the Bayesian updating of rare event probabilities (cf. (2)
in Fig. 1). Standard Monte Carlo sampling, forward sampling [9] or standard MCMC methods
[8, 6] are computationally inefficient in the context of rare events. In order to be able to estimate
rare event probabilities in a BN conditional on evidence, we propose to introduce a subset
simulation strategy (c.f. section 1) to BN inference.
Consider the BN in Fig. 1.The goal
 is to compute the probability of the node F being in
failure state defined as F = g X f ≤ 0 , with g X f denoting the limit state function (LSF).
e denotes the evidence in the BN. The subset simulation algorithm for BNs is given in Algorithm
2.
Algorithm 2 Subset simulation for BNs.
nsamp : the number of samples per subset;
p0 : the intermediate failure probability;
x0 : initial seed(s);
c=∞
m=0
while c > 0 do
Use the BN to:




- Generate samples x1 , . . . xnsamp from X−e | e, g X f ≤ c , starting from seeds x0 .
 
f
- For each sample xi evaluate gi = g Xi .

- Set c as the p0 · 100-percentile of all gi ’s and set g X f ≤ c as evidence in the BN.
- Select samples xi , for which gi ≤ c as seed(s) x0 .
- m = m+1
end while
 
n
samp

Estimate P̂r (F = f ailure) =

pm−1
·
0

∑i=1

I

 
f
g Xi ≤0

f

Xi

nsamp


Ig(X f )≤0 is an indicator function that is 1 if g X f ≤ 0 and 0 otherwise.

The seed value(s) x0 used to initialize the algorithm are samples that follow the distribution of
X−e |e. Thus, if all nodes X−e are barren, the seeds can be generated through forward sampling.
Otherwise they can be generated through Gibbs sampling, accounting for burn-in.

4 BN sampling algorithms for subset simulation
Subset simulation requires sampling conditional on the intermediate failure domains Fi , i =
1, . . . , m − 1. In the original subset simulation paper [2], a modified M-H algorithm is proposed
for subset simulation that requires the random variables to be independent. An alternative algorithm is proposed in [18]. For the latter algorithm the basic random variables need to be transformed to an equivalent, independent standard normal space (U-space). In the case, where the
basic random variables [X1 , . . . , Xn ] are barren the basic random variables can be transformed
to U-space (e.g. through Rosenblatt transformation [10]). However this transformation is not
possible in general, subset simulation thus has to be applied in the original space, which most
likely includes dependent basic random variables.
To sample from the basic random variables Xi (i ∈ {1, . . . , n}) in the original space, a standard
single-component Gibbs sampler can be applied. We consider two slightly different
Gibbs sam
pling strategies to do so. The first one is efficient if evaluating the LSF g X f is computationally
cheap, the second one is preferred if this evaluation is computationally costly.
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4.1

Efficient sampler for cheap LSFs

The standard single-component Gibbs sampler can be directly applied to generate the samples
within the subset simulation levels (cf. algorithm 2). In that case, at the first and all consecutive
Subset levels (m ≥ 1), each basic random variable Xi is sampled conditional on the samples
of

f ≤ c. The
the random variables in its Markov
blanket,
and
the
additional
constraint
that
g
X


latter is achieved by setting g X f ≤ c as inequality evidence to the node g X f . This requires

f
at least one, but possibly multiple evaluations of g X f to generate one sample of Xi . Thus
to generate one new sample from the multivariate distribution conditional on the intermediate
failure domain, the LSF has to be evaluated at least n times. This is inefficient if the evaluation
of the LSF is costly. For these cases, an alternative approach is proposed in the following.

4.2

Efficient sampler for costly LSFs

The proposed sampler is similar to the MCMC algorithms for subset simulation described in
[2] and [18]. To reduce the number of LSF evaluations required to get a new sample, for each
f
basic random variable Xi a candidate
xic is generated conditional on its Markov blanket, without

considering the condition
g X f ≤ c. Once all basic random variables have been sampled, it is

checked whether g X f ≤ c is fulfilled or not. If it is, the candidate is accepted as a new sample,
otherwise the previous sample is repeated. The procedure is summarized in algorithm 3.
In order to avoid too many rejected samples, it is essential for the algorithm that the candidate
is sufficiently close to the previous sample. It is found from numerical investigations that this is
not the case if a slice sampler is used to sample from the univariate, conditional distributions.
Therefore, a component-wise Metropolis-Hastings algorithm is preferred. This algorithms allows for adapting the spread of the proposal distribution to ensure an (optimal) acceptance rate
in the order of 0.44 (cf. [1, 18]). Application of this algorithm to subset simulation is discussed
in [17].
Algorithm 3 MCMC algorithm for subset simulation (cf. [2]).
From xi−1 generate a candidate xc conditional on {e}.
if g (xc ) ≤ c then
Accept xc as the new sample xi
else
xi = xi−1
end if

4.3

Application

The samplers of section 4.1 and 4.2 are applied to the BN in Fig. 5. Results (bias and coefficient
of variation) obtained for that problem are shown in Fig. 6. It can be seen that in terms of
samples used per subset simulation level, the sampler proposed for cheap LSFs performs better
than the approach proposed for expensive LSFs. However in terms of LSF evaluations, the
latter one outperforms the former one. In the considered problem, the LSF is defined through
a computationally inexpensive analytic function. The CPU time required for one run with the
same number of samples per subset was observed to be approximately equal. In combination
with the results in figure Fig. 6 it can thus be seen that for this problem the sampler for cheap
LSF is preferable.
To understand the impact of dimensionality, the BN is adapted, so that n = 100 and g (x) =
330 − ∑ni=1 xi (the corresponding exact failure probability is p f = 4.66 · 10−4 ). 100 simulation
runs with 1000 samples per subset level are performed (using the algorithm for expensive LSF
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f where failure (F) is
Figure 5: BN representing a reliability problem. The LSF is represented
by
g
X
h
i

defined as F = g x f ≤ 0 has basic random variables X f = X1f , . . . , Xnf . The basic random variables
are dependent through the common influencing factor X0 . Measurements Mi = mi are associated to the
basic random variables.
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Figure 6: Result (50 simulation runs) for the BN in Fig. 5 with n = 10. X0 is standard normal distributed
and the basic random variables Xi are normal distributed with mean X0 and standard deviation 0. The
measurements Mi are defined as normal random variables with mean Xi and standard deviation 0. All
measurements mi = 3. The limit state function (LSF) is defined as g X f = 40 − ∑ni=1 i . The exact failure
probability for this scenario is p f = 1.82 · 10−5 .

h ˆ i
evaluations). The bias is estimated as E pp ff = 1.04 and the coefficient of variation as 0.32.
The performance appears thus to be comparable to the 10-dimensional case from Fig. 6.

5 Concluding remarks
This work is a step towards the development of a sampling-based BN inference methodology
that is tailored towards applications in the field of reliability engineering. In reliability engineering, inverse problems and problems that include the estimation of rare event probabilities are of
special interest.
In this paper we investigate the applicability of different BN sampling algorithms to these types
of problems. Since estimating rare event probabilities with standard BN sampling techniques
is computationally costly or even infeasible, we propose to introduce subset simulation to BN
inference. Overall the considered methods work well for the investigated examples. For the
considered inverse problem, the multivariate adaptive Metropolis algorithm that can be used
within a block Gibbs sampler performed better than the standard single-component Gibbs sampler, which samples one random variable at a time. For problems that include the estimation
of a rare event probability we propose two strategies both of which are based on the singlecomponent Gibbs sampler. While the first strategy requires multiple evaluations of the LSF for
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each sample, the second strategy requires only one evaluation per sample. From the obtained
results it appears that the first strategy is preferable for situations in which LSF evaluations are
cheap (e.g. when the LSF is defined through an analytic function), whereas the second strategy
is preferable if LSF evaluations are computationally costly.
Future work should compare the performance of the investigated methods in a more systematic
manner. Issues that should be considered in this context include: Dimensionality of the problems and degree of correlation of the random variables in the model. Ultimately the goal is to
derive heuristics, based on which it can be decided automatically, which approach is most suitable for a given problem.
For any of the problems considered in this paper, tailored algorithms exist (e.g. BUS [22] or TMCMC [3] for the considered inverse problems). It is not expected that the investigated generic
BN approaches outperform any of these methods for the type of problem they where optimized
for. The advantage of the BN approach lies in its flexibility. In particular, we aim at developing
a methodology and a software tool that performs well for a wide range of problems that are
commonly encountered in reliability engineering.
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Bayesian Dynamic Linear Models – A generic framework
for Structural Health Monitoring
James-A. Goulet
Department of Civil, Geologic and Mining Engineering, Polytechnique Montreal, CANADA

Abstract: In several countries, infrastructure is in poor condition and this situation
is bound to remain prevalent for the years to come. A promising solution for
mitigating the risks posed by ageing infrastructure is to have arrays of sensors for
performing, in real-time, structural health monitoring (SHM) across populations
of structures. A key challenge for enabling large-scale applications of SHM
is to identify from time-series, the baseline response of structures without the
effect of external actions such as temperature and traffic. This paper presents a
Bayesian Dynamic Linear Model (BDLM) framework for modeling the timedependent responses of structures and external effects by breaking it into generic
sub-components. The BDLM framework consists in methodologies for estimating,
in real-time, the hidden states of the model and to learn its parameters. The BDLM
has the capacity to be adapted to any type of structures, and to process in real-time
on a single desktop computer, the data acquired on thousands of structures.

1 Introduction
In several countries, infrastructure is in poor condition and this situation is bound to remain
prevalent for the years to come. A promising solution for mitigating the risk posed by ageing
infrastructure is to have arrays of sensors deployed across cities to monitor, in real-time, the
condition of infrastructure. We now have the technological capacity to measure and store the
data for thousands of structures. However, what is holding back SHM is that there is currently no
generic and robust way to interpret the data collected by sensors. A key challenge for enabling
large-scale applications of SHM is to identify from time-series, the baseline response of structures
without the effect of external actions such as temperature and traffic. To succeed at this task, a
methodology must be able to operate seamlessly in conditions with frequent outliers and missing
data. This paper proposes a framework for modeling the time-dependent responses of structures
by breaking it into generic sub-components. This new framework is a generalization of Bayesian
Dynamic Linear Models (BDLM) for the field of structural health monitoring (SHM).
BDLMs are issued from the field of applied statistics where it is extensively used in business and
finance applications [21, 20]. The theory behind BDLM comes from the field of control where
took place the development of the Kalman filter for the control system of the Apollo mission
[7]. In the field of Machine Learning, BDLMs are commonly referred to as state-space models
[12]. In civil engineering, several examples of applications involving the Kalman filter with
structural dynamic models are published in the field of SHM, [2, 3, 13, 4, 16, 10, 19, 18]. A first
attempt to employ a BDLM for Structural Health Monitoring was presented by Solhjell [17].
Solhjell introduced many new concepts of BDLM to the field of SHM, yet, several key aspects
are missing for enabling the general applications on civil structures.
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This paper presents a framework employing Bayesian Dynamic Linear Models capable of
estimating hidden state variables using time-discrete monitoring data. Here, the term hidden
refers to variables that are indirectly observed. Part of the contribution of this paper is to regroup
in a holistic framework, the theories found in the fields of Machine learning [12, 6] and applied
statistics [21, 20, 17]. This framework enables the general application of BDLM for the specific
challenges encountered in SHM applications. The specific contributions of this paper are to
provide:
1. a formulation for simultaneously estimating the hidden states of structural responses as
well as the external effects it depends on, e.g. temperature and loading
2. a state estimation formulation that is robust toward the errors caused by numerical inaccuracies
3. an efficient way for learning the parameters of the model
4. a formulation for handling non-uniform time steps
Section 2 presents the general formulation of the BDLM as well as the generic formulation for
modelling each component involved in common SHM applications. Section 3 presents the general
formulation behind the Kalman filter and Smoother that can be employed to estimate the hidden
states of the model. This section also introduces the U-D filter that solves the numerical accuracy
issues of the Kalman filter and smoother. Section 4 presents two Expectation Maximization
formulation for learning the model parameters.
This paper presents a summary of the theory behind the Bayesian Dynamic Linear Models
for Structural Health Monitoring. Full details related to the methodology and an example of
application is presented by Goulet [8].

2 Bayesian Dynamic Linear Models
Dynamic Linear Models (BDLM) are analogous to Hidden Markov Models (HMM) excepted
that the states are Gaussian random variables, and the state transitions are defined by linear
functions. The BDLM approach presented here aims at directly modeling the responses of a
structure without requiring knowledge about its structural properties. Because it requires orders
of magnitudes less structure-specific knowledge than what is required for building traditional
finite element models, it is trivial to build a BDLM for any type of structure.
This section presents the general formulation of BDLM, the specificities of components modeling,
the formulation for exact state estimation, a graphical representation for BDLMs and a procedure
to handle non-uniform time steps.

2.1

BDLM formulation

In a BDLM, observations yt at a time t ∈ (1 : T ) are modelled by superposing hidden states xt
from several generic components as defined by the observation model


 yt ∼ N (E[yt ], cov[yt ])
µ t , Σt )
xt ∼ N (µ
yt = Ct xt + vt ,
(1)


vt ∼ N (0, Rt )

where the observation matrix Ct indicates how each component from the hidden state vector xt
contribute to observations yt . The dynamic evolution of the hidden states xt is described by the
transition model

wt ∼ N (0, Qt ).
xt = At xt−1 + wt ,
(2)

In Equations (1) and (2) respectively, vt denotes the Gaussian measurement errors with mean 0
and covariance Rt , and wt denotes the Gaussian model errors with mean 0 and covariance Qt .

3177

Note that when the model parameters are stationary, the index t can be dropped for matrices
A,C, R and Q in Equations (1) and (2).
The BDLM serves three main purposes. A first purpose is to decompose a complex signal in its
sub-components by estimating the conditional probability of hidden state variables xt , given all
observations up to the current time step t, p(xt |y1:t ). In this paper, p(·|·) denotes a conditional
probability. A second purpose is to improve estimates of the structure behavior at a current time
t, p(yt |y1:t ), by combining the all the information obtained from observations up to t. A third
purpose is to forecast the structure behavior at n time steps beyond the current time t, given all
the information obtained up to t, p(yt+n |y1:t ).

2.2

BDLM components for SHM

Local level

The key aspect of Bayesian Dynamic Linear Models is to represent the behavior of a system
by superposing the effect of each of its hidden components. The term hidden means that the
componenent is not directly observed, only the superposition of several hidden components
is. Figure 1 presents an example of raw structural responses recorded on a structure. In this
illustrative example, the raw structural response is made of the superposition of several hidden
components: (1) a local level (LL), (2) a cyclic temperature effect (S) and (3) an autoregressive
error term (AR) to account for missing physical phenomena in the model. Subsections 2.2.1-2.2.4
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Figure 1: Example of raw structural response that is decomposed in three hidden components: (1) local
level (LL), (2) cyclic temperature effect (S), and (3) an autoregressive error term (AR) to account for
missing physical phenomena in the model.

present a generic formulation for modeling each common component that are useful for SHM
applications. The details about the derivation of this generic formulation is described by West
and Harisson [20].
2.2.1

Local Level and Local Trend Components

The local level is a basic component that is found in almost every BDLM. It represents the
evolution of the baseline response of the structure without the effect of external solicitations such
as traffic loading or temperature. Analogously, a local level is employed to represent the average
temperature and traffic loading. The local level generic formulation is defined by
xLL = xLL , ALL = 1, CLL = 1, QLL = (σ LL )2

(3)

where the parameter σ LL characterizes the model error term. This component is assumed to be
locally constant, yet it can exhibit changes over time.
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Local trend components are suited for modeling a locally constant rate of change in the local
level. Local trends are typically employed to model a drift over time in the response of structures.
The generic formulation for the local trend is
!
 LL 


 
∆t 3 ∆t 2
x
1
∆t
1
xLT =
, ALT =
, CLT =
, QLT = (σ LT )2 ∆t32 2
(4)
xLT
0 1
0
∆t
2
where ∆t is the time step size. In the transition matrix ALT , the first row adds to the local
level the change cause by the local trend. The second row represents the locally constant trend.
Analogously to the local level, over long periods, the local trend component can exhibit variation
in the rate of change. In CLT the 0 in the second row indicates that only the local level contributes
to the observation y. QLT describes the effect of a variation in the rate of change, on the local
level and local trend. Zarchan and Musoff [22] present the formulation for the local acceleration
higher order model, and Mehrotra and Mahapatra [9] present the formulation for the local jerk
model.
2.2.2

Periodic Components

Periodic components such as the daily variation ( f = 1/1 day) and seasonal variation ( f =
1/365 days) are described in their Fourrier form by
 S1 


 


S1 )2
x
cos
ω
sin
ω
1
(σ
0
xS =
, AS =
, CS =
, QS =
(5)
xS2
− sin ω cos ω
0
0
(σ S2 )2
S1 corresponds to the amplitude of
where ω = 2π·∆t
f , ∆t is the time step length, and where x
the periodic component. As indicated by the observation matrix CS , only the hidden state xS1
contributes to the observation yt . For SHM applications, periodic components are suited to model
daily and seasonal temperature variations which are described by two separated components.

2.2.3

Autoregressive Components

The autoregressive component is suited to capture the dependence of the model errors between
time steps. The dependence between model errors typically arises from missing physical phenomena in the BDLM. Although the AR components may contain several terms, the most common
AR component includes only one term (AR(1)) so that
xAR = xAR , AAR = φ AR , CAR = 1, QAR = (σ AR )2

(6)

This component exhibits two main regimes depending on the value of φ AR [14]. For 0 < φ AR < 1,
the AR component is a stationary process with a fixed variance given by
σ AR,0 =

σ AR
.
(1 − φ AR )2

(7)

For φ AR ≥ 1, the AR component is a non-stationary process with no fixed value mean and variance.
The special case where φ AR = 1 corresponds to a random walk. For most SHM applications,
0 < φ AR < 1.
2.2.4

Regression Components

Regression components are employed to describe the dependencies between the state variables
associated with different observations. In the context of SHM, regression components are
employed to describe the dependencies between the response of a structure and the hidden state
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variables associated with temperature and traffic loading observations. Unlike other components
previously presented, regression components are not defined by block component matrices.
Instead, a regression component adds off-diagonal terms on the global observation matrix C.
The relationship between the observation i and state variable j is taken into account by defining
[C]i j = φ i|j,R where φ i|j,R ∈ R is a regression coefficient.

3 BDLM State Estimation: Kalman and U-D Filters/smoother
For a time series where t = 1 : T , the most common algorithms for estimating the hidden state
variables are the Kalman filter (KF) and Kalman smoother (KS). The Kalman filter is suited for
the online (i.e. in real-time) estimation of p(xt |y1:t ), the hidden states at a time t given available
observations y1:t .
The Kalman filter algorithm is commonly divided into the prediction and measurement steps.
Prediction step
p(xt |y1:t−1 ) =

Z

µ t−1 , Σt−1 )dxt−1
N (xt |At xt−1 , Qt )N (xt−1 |µ

µ t|t−1 , Σt|t−1 )
= N (xt |µ

µ t|t−1 , At µ t−1

(8)

Σt|t−1 , At Σt−1 At| + Qt

Measurement step
µ t , Σt )
p(xt |y1:t ) = N (xt |µ
µ t = µ t|t−1 + Kt rt

Posterior expected value

Σt|t−1
Σt = (I − Kt Ct )Σ

Posterior covariance

rt , yt − ŷt

Innovation vector

(9)

ŷt , E[yt |y1:t−1 ] = Ct µ t|t−1 Prediction observations vector

Kt , Σt|t−1 Ct| St−1

Kalman gain matrix

St ,

Innovation covariance matrix

Ct Σt|t−1 Ct| + Rt

The Kalman gain Kt represents the ratio between the prior covariance defined by the dynamic
model and the measurement error covariance. If the variance of the prior knowledge is small
(large) and the variance of the measurement errors large (small), the Kalman gain tends to one
(zero). In the case of the posterior expected value, the Kalman gain is employed to weight the
information coming from the prior µ t|t−1 and the information coming from the observations,
through the innovation vector rt .
The Kalman smoother is suited for offline estimation of the state at any time t given the entire
time series y1:T . The Kalman smoother is initialized with the last step of the Kalman filter
µ T |T , Σ T |T ) and it propagates the information obtained for time steps t : T , on the state estimates
(µ
for all previous time steps 1 : t − 1. The Kalman smoother formulation follows
µ t|T , Σt|T )
p(xt |y1:T ) = N (xT |µ

µ t+1|T − µ t+1|t )
µ t|T = µ t|t + Jt (µ
Σt|T =
Jt ,

Σt+1|T − Σt+1|t )Jt|
Σt|t + Jt (Σ
|
−1
Σt|t At+1
Σt+1|t
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Posterior expected value
Posterior covariance
Backward Kalman gain matrix

(10)

Although the Kalman filter/smoother formulations presented in Equations (8) to (10) are the
most widespread, it is also known to suffer from numerical instability issues [7], especially when:
1. The covariance is rapidly reduced in the measurement step, such as when extremely
accurate measurements are used or when data is used after a long period where data was
missing.
2. There is a large difference between the variance of several state variables contributing to
the same observation.
For SHM applications, these cases are common and cause numerical instability issues. The U-D
filter proposed by Bierman and Thornton [1] solves this issue by factorizing the covariance
matrix using the Cholesky decomposition so that
Σt = Ut Dt Ut| .

(11)

Besides being numerically more stable, the U-D filter aims at the exact same estimation as the
Kalman filter and has a comparable computational efficiency [7]. Because the formulation of the
U-D filter is more involved than the one from the Kalman filter, the reader is invited to refer to
specialized literature such as [7] and [15] for the complete formulation.

4 BDLM Parameter Estimation: EM Algorithm
A key aspect of BDLM is the estimation of model parameters for each component. One way of
estimating parameters is to use an Expectation Maximisation (EM) algorithm.
E–step: Log-likelihood estimation using Kalman smoother
The E in E-step stands for expectation. The estimation of model parameters requires the definition
of a performance metric for the model. The conventional performance metric is the log-likelihood
of observations. The log-likelihood of an observation is the logarithm of the prior probability of
this observation at a time t, given our state estimate at time t − 1. Based on the hypothesis that
all observations are independent, the log-likelihood is defined as


T
ln p(y1:T ) = ∑t=1
ln N (yt |Ct µ t|t−1 , St )
(12)

where for the purpose of numerical accuracy, the product of the probabilities N (yt |Ct µ t|t−1 , St )
is transformed as the sum of the log of probabilities. In the E-step, the log-likelihood is computed
based on the state estimates p(xt |y1:t−1 ) obtained using a filtering algorithm.
M–step: Gradient Ascent
The M in M-step stands for maximization. The goal of the maximization step is to identify
parameter values that maximize the log-likelihood estimated during a training period.
In this paper, two approaches are presented for the M-step, each having their strength and
weaknesses. The first maximization scheme evaluates the derivative of the log-likelihood (see
Eq.(12)) with respect to each matrix (Aold , Cold , Qold , Rold ) and sets it to zero to identify the
new matrices (Anew , Cnew , Qnew , Rnew ) that are maximizing the log-likelihood. Ghahramani and
Hinton [6] have derived the analytical formulation resulting from the maximization operation so
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that
Cnew =

T

∑

t=1

Rnew =
Anew

yt µ t|

!

∑ Σt,t−1

t=2

Qnew

∑ Σt

t=1

!−1


1 T
yt yt| − Cnew µ t yt|
∑
T t=1
!−1
!
T

=

T

1
=
T −1

T

(13)

T

∑ Σt−1

t=2

∑ Σt − A

T

new

t=2

∑

t=2

|
Σt,t−1

!

Σt,t−1 = (I − Kt Ct )(At Σt−1 ).

In addition to the model matrices, the initial hidden state can be updated following
µ new
= µ1
1
Σ new
= Σ 1 − µ 1 µ |1 .
1

(14)

Note that in Equations 13 & 14, µ t and Σt are estimated using a smoothing algorithm. The
maximization operations presented in Equation (13) modifies simultaneously all terms in updated
matrices (Anew , Cnew , Qnew , Rnew ). It is thus necessary to replace specific terms that are not
unknown parameters by the initial values in (Aold , Cold , Qold , Rold ). Optimizing simultaneously
all the model matrices in order to maximize the log-likelihood has the upside to be fast and
computationally efficient. However, this approach is also known for getting trapped in local
maxima [11]. Because matrices A, C, Q, R are typically sparse, modifying simultaneously all the
terms in these matrices can lead to undesirable local maxima.
A second approach that can overcome this limitation is to perform the maximization with a
parameter-wise approach instead of matrix-wise one. This maximization scheme employs a
Newton-Raphson approach [5] where the first and second derivative of the log-likelihood (see
Eq.(12)) with respect to each parameter θi enables to find new optimized parameter values so
that
θinew

∂ ln p(y1:T )
∂θ
old
= θi − ∂ 2 ln p(yi ) .
1:T
∂ 2 θi

(15)

Because this approach only optimizes the parameters of interest instead of entire matrices, it
provides an additional tool in case the matrix-wise maximization is trapped in a local maximum.
The general procedure is to repeat the E and M steps recursively until the change in log-likelihood
between iterations is below an admissible threshold. The main limitation of the EM algorithm
is that it is only guaranteed to converge to a local maximum. This is an issue because the loglikelihood function is usually non-convex, which leads to several local maxima. One mitigation
strategy is to use random initial parameter values to search for the region containing the global
maximum.

5 Conclusion
This paper presents a framework for building, learning and estimating Bayesian Dynamic Linear
Models (BDLM) that: (1) enables creating generic models of external effect and structural
responses by superposing generic components, (2) are suited for the online separation of raw
time-serie signals into its sub-component, i.e. baseline response, periodic cycles, autoregressive
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components and regression components, and (3) offers robustness to outliers and missing data.
The BDLM has the potential to enable a widespread application of SHM because (i) with minimal
effort, it can be adapted to any type of structures, (ii) it can process in real-time, on a single
desktop computer, the data acquired on thousands of structures and learn the model parameters.
The BDLM presented in this paper is the first necessary step toward more advanced methods
that will perform real-time autonomous anomaly detection.
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Abstract: Wastewater disposal by underground injection can increase seismic
activity and the corresponding hazard. Modeling this impact is challenging
because of the scarcity of available data, the imperfect knowledge about natural
seismicity, the uncertain dynamics of induced seismicity and the uncertain spatial
relationship between injection volumes and the corresponding increases. Bayesian
modeling allows for a consistent analysis of heterogeneous data, and can be the
basis for the spatio-temporal seismic hazard assessment. This paper adopts a
Bayesian framework to focus on seismic productivity, modeling events’ rate and
location as a stochastic dynamic system. The spatial properties of the system are
modeled by discretizing the seismic region into a grid of inter-dependent pointwise components, and the knowledge about their activities is progressively
updated. We select proper distributions for modeling the uncertainty on the initial
condition and for the transition, and use the Particle Filter method, a sequential
Monte Carlo based approach, to numerically approximate the posterior
distribution. To overcome potential problems, such as Particle Impoverishment
and Particle Degeneration, we use Importance Sampling and resampling
techniques. The analysis focuses on the Oklahoma region, for which extensive data
on seismic activity and injections are available; however, the method is generally
applicable.

1 Introduction
Characterization of seismic event rates in time and space is necessary for performing accurate
probabilistic hazard assessment. Deep-water injections, as those related to disposal of
wastewater in energy production, can increase seismic hazard [1]. However, due to the highly
non-stationary process of induced seismicity, existing methods for characterizing tectonic
events [2-3] cannot be directly applied in this analysis.
This study presents a general sequential Bayesian inference method for characterizing
spatio-temporal seismic activities, broadly relevant to model the effects of fluid injections
and of other sources of induced seismicity, by recursively updating the event rate based on
current observations. We assume that recordings of seismic activities are collected and available to be processed. The method relies on discretizing a region in a spatial grid and a time
period into time intervals. The seismic event rate is described at points on that spatiotemporal domain. Due to the lack of analytical solutions for the inference problem in this
setting, the method adopts a sequential Monte Carlo approach called Particle Filter, in which
a set of weighted samples/particles are periodically updated to represent the posterior distribution of seismic rate.
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Figure 1: Graphical representation of the process for the seismic rate evolution and measures.

The Bayesian framework provides a flexible structure, because it allows processing instrumental seismic records while incorporating geophysical and model-based knowledge.
The performance of the proposed model is investigated in an application to the earthquake catalog for the state of Oklahoma. Oklahoma is well known for a long history of subsurface wastewater disposal with numerous injection wells across the state. It has seen a
remarkable increase in the regional seismic activity after decades of absence of induced
earthquakes since the first injection wells were deployed (although it has been suggested that
induced earthquakes have occurred in Oklahoma during these decades, but at lower frequency and magnitude [3]). The seismic event catalog dataset is properly pre-processed (as described in the 3.1 section) and then analyzed by the proposed method to infer how seismic
event rate evolved across Oklahoma. The method is shown to be able to well represent the
spatial seismic trend in the study region.

2 Spatio-temporal Point Process Model
We consider earthquake occurrences as a Spatio-temporal point process (STPP). STPP is a
collection of points, where each point represents the time and location of an event. Such a
process is generated by a non-uniform Poisson process, with event rate function 𝜆(𝑡, 𝐳), depending on time 𝑡 and spatial coordinate 𝐳 = [𝑥 𝑦]T , where 𝑥 and 𝑦 refer to orthogonal
horizontal directions. Conditional to function 𝜆, we can calculate the probability density for
each sequence of events. On the other hand, given a sequence of events and uncertain prior
knowledge about 𝜆, we can update our belief on 𝜆 applying Bayes’ rule. The logarithm of the
likelihood function related to an event sequence can be expressed as:
𝑇

log 𝑝(𝐇|𝜆) = ∑𝑁
𝑖=1 log[𝜆(𝑡𝑖 , 𝐳𝑖 )] − ∫0 ∫𝐳∈𝐴 𝜆(𝑡, 𝐳)𝑑𝐳 𝑑𝑡

(1)

where 𝐇 = {(𝑡𝑖 , 𝐳𝑖 ): 𝑖 = 1, . . , 𝑁} contains the complete sequence of times and space coordinates of 𝑁 events occurring in region A, during time interval [0, 𝑇]. In the following, we
specify how to define a prior distribution of 𝜆 and how to infer its parameters.

2.1 Model of seismic rate evolution
To specify the form of function 𝜆, we discretize the region into a grid, and the period into
time intervals of equal duration. Let vector 𝛌𝑘 contain the event rates on each point on the
grid at time interval 𝑡𝑘 : this is the system state. As a result, 𝜆 can be represented by a sequence of vectors {𝛌1 , 𝛌2 , … }. Correspondingly, let 𝐇𝑘 contain events occurring during interval (𝑡𝑘−1 , 𝑡𝑘 ].
We assume that the state evolution follows a first-order Markov process, as graphically
displayed in Figure 1. To infer the hidden state sequence, we can use a Bayesian sequential
updating scheme, in which we compute the posterior distribution of the current state based on
that of the previous one, the transition model and the available current observations.
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We assign a distribution to the initial state, and specify the state transition function. Let
the distribution of 𝛌0 be modeled by a multivariate lognormal distribution:
𝛌0 ~ℒ𝒩(𝛍0 , 𝚺0 )

(2)

Where 𝛍0 is a vector and 𝚺0 a matrix, representing mean and covariance of vector log(𝛌0 ),
respectively. In that covariance matrix, the correlation 𝜌𝑠𝑟 between values of log(𝜆) at coordinates 𝐳𝑠 and 𝐳𝑟 at the same time is assigned as:
𝜌𝑠𝑟 = exp [−

1
2𝑙2

(𝐳𝑠 − 𝐳𝑟 )T (𝐳𝑠 − 𝐳𝑟 )]

(3)

where hyper-parameter 𝑙 controls the decay of the correlation as a function of the distance.
The state transition during time interval (𝑡𝑘−1 , 𝑡𝑘 ] is assumed to take the following form:
𝛌𝑘 = 𝛌𝑘−1 + 𝐚𝑘

(4)

where 𝐚𝑘 is a random vector, encoding the uncertain amount of change in seismic rate, possibly due to the effect of induced seismicity, for all grid cells at time k. The sequence of 𝐚 is
assumed to be stationary in time and independently distributed for different times. Also, we
assume 𝐚𝑘 to be 0 with probability 𝑃 = ℙ[𝐶𝑘 = 1], where binary random variable 𝐶𝑘 takes
value in {0, 1} with 𝐶𝑘 = 0 standing for no increase and 𝐶𝑘 = 1 for the occurrence of an increase. When 𝐶𝑘 = 1, 𝐚𝑘 is lognormally distributed. Thus, 𝐚𝑘 is distributed as follows:
𝑝(𝐚𝑘 ) = (1 − 𝑃) × δ(𝐚𝑘 ) + 𝑃 × ℒ𝒩(𝐚𝑘 ; 𝛍𝑎 , 𝚺𝑎 )

(5)

where δ(∙) is the delta function centered in 0 and, 𝛍𝑎 and 𝚺𝑎 are a vector and a matrix of parameters. The correlation encoded in matrix 𝚺𝑎 for rate changes is calculated according to
Eq.3, using the same parameter 𝑙. This parameter can be selected by expert knowledge or by
optimizing the model likelihood.
Combining Eqs.4 and 5, the transition function, 𝑝(𝛌𝑘 |𝛌𝑘−1 ) can be represented by:
𝑝(𝛌𝑘 |𝛌𝑘−1 ) = (1 − 𝑃) × δ(𝛌𝑘 − 𝛌𝑘−1 ) + 𝑃 × ℒ𝒩(𝛌𝑘 − 𝛌𝑘−1 ; 𝛍𝑎 , 𝚺𝑎 )

(6)

With the initial condition model defined in Eq.2, the transition model of Eq.6 and the
likelihood function of Eq.1, we can now estimate the sequence of 𝛌𝑘 based on the set of all
available observation vectors 𝐇1:𝑘 = {𝐇1 , 𝐇2 , … , 𝐇𝑘 }. Now 𝐇𝑘 is a vector reporting the number of event observed in all cells, in the time interval. Specifically, we can integrate Eq.1 approximating 𝜆 as spatially uniform in the sub-region associated to each grid point, and
constant in time during the time interval. In the so-called “filtering problem”, we estimate
probability 𝑝(𝛌𝑘 |𝐇1:𝑘 ) that, at time 𝑡𝑘 , defines the posterior probability of current seismic
rate given all observations collected so far. This can be done following an iterative scheme.

2.2 Updating process via Particle Filter
We use a Particle Filter (PF) scheme, which is a general sequential Monte Carlo approach for
approximating distributions. It is traditionally based on Sequential Importance Sampling [4]
which approximately represents distribution 𝑝(𝛌𝑘−1 |𝐇1:𝑘−1 ), at time 𝑡𝑘−1 , by a set of
𝑁𝑠

𝑗
𝑗
weighted samples {𝛌𝑘−1
, 𝑤𝑘−1 }𝑗=1 , also known as particles, and recursively updates these par𝑁𝑠

ticles to obtain a set {𝛌𝑘𝑗 , 𝑤𝑘𝑗 }𝑗=1 to approximate posterior distribution 𝑝(𝛌𝑘 |𝐇1:𝑘 ) at the next
time step. The particles are propagated so that particle 𝑗 follows this trajectory:
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𝑗

𝑗

𝑗

𝑗

𝛌𝑘 ~𝑞(𝛌𝑘 |𝛌𝑘−1 , 𝐇𝑘 )

𝑗

𝑤𝑘 = 𝑤𝑘−1

𝑗

𝑗

𝑗

𝑝(𝐇𝑘 |𝛌𝑘 ) 𝑝(𝛌𝑘 |𝛌𝑘−1 )

(7,8)

𝑗 𝑗
𝑞(𝛌𝑘 |𝛌𝑘−1 ,𝐇𝑘 )

𝑗
where 𝑞(𝛌𝑘𝑗 |𝛌𝑘−1
, 𝐇𝑘 ) is an importance distribution for propagating particles from time 𝑡𝑘−1
to time 𝑡𝑘 , which only depends on the previous state and the current observation, and
𝑗

𝑗 𝑁𝑠

𝑗

𝑝(𝛌𝑘 |𝛌𝑘−1 ) is the predicative density as shown in Eq.6. Weights {𝑤𝑘 }𝑗=1 are normalized at
𝑗
𝑗 𝑗
each time step so that their sum is one. If 𝑞(𝛌𝑘𝑗 |𝛌𝑘−1
, 𝐇𝑘 ) is chosen to be equal to 𝑝(𝛌𝑘 |𝛌𝑘−1 ),
𝑗
𝑗
then Eq.8 becomes 𝑤𝑘𝑗 = 𝑤𝑘−1
𝑝(𝐇𝑘 |𝛌𝑘 ). This latter variant of PF scheme is referred to as the
“Boot Strap Particle Filter”. However, using that scheme, it often happens that particles are
not able to explore well the important region of the posterior space, (where the likelihood is
high and so is the posterior). This problem is particularly severe when the “transition” density
𝑝(𝛌𝑘 |𝛌𝑘−1 ) is broad and the dimension of the state vector 𝛌𝑘 is high. In order to draw samples effectively, one needs to design an informative importance distribution, considering both
𝑗
the predicative density and the likelihood. We propose 𝑞(𝛌𝑘𝑗 |𝛌𝑘−1
, 𝐇𝑘 ) to be of a similar form
as the predicative density:
𝑗 𝑗
𝑗
𝑗
𝑗
𝑗
𝑗
𝑗
𝑗
𝑞(𝛌𝑘 |𝛌𝑘−1 , 𝐇𝑘 ) = (1 − 𝑃̂𝑘 ) × δ(𝛌𝑘 − 𝛌𝑘−1 ) + 𝑃̂𝑘 × ℒ𝒩(𝛌𝑘 − 𝛌𝑘−1 ; 𝐱̂ 𝑘 , 𝛽𝚺𝑎 )

(9)

where 𝐱̂𝑘𝑗 is the point estimate for the posterior mode of the log of 𝛌𝑘𝑗 in the case of change
(i.e., when 𝐶𝑘 = 1), 𝚺𝑎 is the same covariance matrix as for the predicative density, 𝛽 is a
scalar controlling the spread of the importance density, and 𝑃̂𝑘𝑗 estimates the posterior probability that 𝐶𝑘 = 1, given by:
𝑗
𝑃̂𝑘 = 1 −

𝑗

𝑗

𝑝(𝐇𝑘 |𝛌𝑘 =𝛌𝑘−1 )(1−𝑃)
𝑗

𝑗

𝑗

𝑗

𝑝(𝐇𝑘 |𝛌𝑘 =𝛌𝑘−1 )(1−𝑃)+𝑝(𝐇𝑘 |𝛌𝑘 =𝛌𝑘−1 +𝑒 𝛍𝑎 )𝑃

(10)

In practice, the iterations of the update equations in Eq. 7-8 lead to a degeneracy problem
where only a few particles get the majority of the total weight. To overcome this, we can
resample a new set of 𝑁𝑠 particles, according to the discrete approximation to the distribution
𝑝(𝛌𝑘 |𝐇1:𝑘 ) provided by the weighted particles:
𝑁

𝑗

𝑗

𝑝
𝑝(𝛌𝑘 |𝐇1:𝑘 ) ≈ ∑𝑗=1
𝑤𝑘 δ(𝛌𝑘 − 𝛌𝑘 )

(11)

After resampling, the weight of each particle is set to 1/𝑁𝑠 . Thus resampling effectively deals
with the degeneracy problem by getting rid of particles with small weights.

a)

b)

Figure 2: Spatial illustrations of the de-clustered catalog (M ≥ 2.5), with each solid point representing an event.
The blue rectangle marks the application region (a). The 5 by 9 grid on the map of Oklahoma. The cells with
labels will be used to show model performance in details (b).
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3 Application to the Oklahoma earthquake catalogue
The proposed model and method are applied to the study of the earthquake catalog for Oklahoma (Oklahoma Geological Survey). Oklahoma has seen a remarkable increase in the regional seismic activity after decades of absence of induced earthquakes since the first
injection wells were deployed. The largest earthquake (with magnitude ML 5.7) in the history
of the state struck its central region in 2011 and damaged nearby infrastructures. More recently, a ML 5.0 event struck near Cushing and building damages have been reported.
The authors have been established statistical models for the detection and quantification
of the induced earthquakes in Oklahoma, including models for early detection [5] and assessing transitions [6] of induced seismicity. The early detection model is able to detect induced seismicity at an early stage and the transition-assessing model allows for quantifying
the extent to which induced seismicity increases in time. However, those methods do not provide the ability to characterize the spatial evolution of induced seismicity.

3.1 Dataset and Pre-processing
The dataset roughly spans the time period from January 1975 to March 2016. The total number of recorded seismic events during this period is 20,595, with the largest being M L 5.7 and
the smallest ML-1.2. The Entire-Magnitude-Range method [7] reveals that the magnitude
completeness (Mc) of this dataset is ML2.4 ± 0.06 (uncertainties are calculated by bootstraping). In this study, a more conservative value of ML2.5 is used for Mc to mitigate the effect of
missing occurring, but unrecorded seismic events below this threshold level. Because of the
Mc selection, a total number of 7070 events, constituting a complete catalog, remain for subsequent analysis. Since the proposed method assumes independence for event occurrences,
while the catalogue contains both independent and dependent events, the dataset is declustered using the algorithm proposed by Zhuang et al. [8]. Finally, the resulted dataset contains
4327 events, as shown on the map of Oklahoma in Figure 2(a).

3.2 Model parameters for processing the Oklahoma catalogue
The period covered by the dataset is discretized in 2-month intervals, resulting in 247 time
steps in total. In order to apply the proposed method in a regular setting, we focus on the
events in a rectangular geographical region within the Oklahoma border, as shown by the
rectangle in Figure 2. The study region goes from 99.5°W to 95°W in longitude, and from
34.5°N to 37°N in latitude. It is divided into cells of 0.5°×0.5°, generating a 5 by 9 grid and
thus a state vector with 45 components. The coordinates of each point on the grid are those of
the centers of the corresponding cells. Figure 2(b) shows the grid on the Oklahoma map.
Since some of the cells experience more events during the study period than others, they are
labelled out for highlighting purposes. Specifically, 16 cells are selected. Although parameter
𝑙 could be optimized for model performance, in the following it is assumed to be 50km, representing a moderate decay of correlation. Also, parameters 𝛽 and 𝑃 are set to 5 and 0.1 respectively.

3.3 Outcomes of the analysis of the Oklahoma catalogue
The inference results from the proposed model are displayed below. First, Figure 4 shows the
estimated event rate as a function of time for the whole study region. It suggests that the
event rate experiences a sequence of increases rising from 0.01 to over 7 events per day initi-
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ating at 2010 in Oklahoma, which is consistent with results from existing literature on the
earthquake activity in Oklahoma State [9-10]. It is notable that the uncertainty in the inference changes with time. For an extended period of stationary earthquake process, the inference uncertainty reduces as more data becomes available, which is the case for the time
period from 1975 to 2010. However, the uncertainty increases right after changes occurring
in 2010, 2011 and 2014. This is caused by the limited availability of data regarding the state
after the transition; later on, as more data becomes available, the uncertainty reduces until the
occurrence of new changes. The uptick in the estimated event rate for the end of the dataset
seems in conflict with the decline in the overall observed event rate, but it can be explained
by the increase in individual cells including cell 2, 3, 6 and 7, as shown in Figure 5.
Figure 5 shows how the mean estimated event rate evolves for each of the highlighting
cells from year 2005 to 2016. In these cells, seismic rates increase dramatically during the
display period, from below 0.001 up to over 0.1 or even over 1 events/day. The first increase
occurred around 2010 due to the increased presence of seismic events in cells 7, 9 and 11-16.
After 2014 or 2015, almost all of these cells have experienced significant increases in seismic
rate. In general, the model prediction is consistent with the seismic trend observed across
Oklahoma: if the number of observed events in a cell or its surrounding cells increases significantly, the event rate in that cell is predicted to jump accordingly; if there is no increase or
the increase is insignificant, the system state stays relatively stationary.
The model can also be used to produce an updated seismic rate map. Figure 6 shows a
map of mean seismic rate across Oklahoma, predicted after processing the seismic data for
the first two months of 2016. As we can see, the center and north of Oklahoma is the most
affected by induced seismicity. Such updated seismic rate can be related to ground motion
models to produce an updated seismic hazard.

Figure 3: Average estimated event rate as a function of time for the whole study region, along with its confidence interval and the observed event rate.
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Figure 4: Average estimated event rate as a function of time for each highlighting cell, along with the observed
event rate.

Figure 5: Mean estimated event rate after processing the seismic data for the first two months of 2016.

So far, we have shown the model’s ability to sequentially update the event rate for the region, based on the previous state and the current observation. It is also of interest to examine
its forecasting performance. To do so, we need to specify how to perform predictions for future earthquakes using the model. Unlike traditional earthquake predictions done for a longterm future period (e.g. 50yrs), we focus on short-term predictions, due to the fast changing
process of induced seismicity. Specifically, the prediction is based on the average estimated
event rate resulting from the current time step and it is used to predict the number of events to
occur in the next time step, 2 months after. This prediction procedure is applied to each cell
for each time step.
The predicted number of events to occur in each time step for each cell is shown in Figure
6, along with the number of observed events. Note that the display is only for the critical period from 2009 to 2016 for the highlighting cells. An ideal prediction result is such that the
number of observed events equals the number of predicted events, as indicted by the curve in
each plot. Because of intrinsic randomness and model imperfections, the agreement is not
ideal, as plotted in the figure
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Figure 6. Predicted number of events to occur in each time step for each cell, along with the number of observed events. The timing of the prediction is indicated by the color of the circle with blue representing the beginning of the period and red for the most recent time. The curve in each subplot represents an ideal prediction,
on which the predicted number of events equal the observed number.

4 Conclusions
Spatio-temporal maps of seismic rates are critical for assessing hazard due to induced earthquakes. In this paper, we propose a general method for probabilistic inference appropriate for
developing these maps. The method sequentially processes recordings of seismic activities,
following a Bayesian approach. Application to the Oklahoma seismic catalogue shows that
the proposed method is able to well characterize the spatial evolution of induced seismicity.
A considerable part (e.g., the center and north) of the region has seen significantly increases
in seismic rate. The onset times and magnitudes of these changes vary for different subareas,
with the time ranges from 2010 to 2014 and the magnitude ranges from 0.1 to 1 events per
day. The model is able to provide insight into the spatial distribution of induced seismicity. It
can also be used as a tool to for monitoring and periodically updating regional seismic hazard
influenced by the uncertain effect of fluid injections. Finally, it is possible to use the model to
carry out short-term earthquake forecasting to help the risk-management of injection wells.
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Abstract: Earthquake ground motions can be viewed as natural grid samples so that
they can be combined with random variables for probability analysis. By using the
numerical format of the traditional PEER method and the Monte Carlo simulation,
the interaction between motions and other variables can be quantified. These methods are used to analyse two steel moment resisting frame structures for the interaction between ground motions, intensity and other sources of uncertainties.

Introduction
Seismic risk analysis toward community resilience focuses on the performance of a large
amount of structures in the interested region, and is known to be probabilistic from after-earthquake investigations and engineering analysis. Accurately quantifying the consequence of various sources of uncertainties provides a fundamental understanding toward the performance of
built environments.
Traditionally, engineering seismic risk analysis expresses the hazard as ground motions and the
intensity. A set of previously recorded ground motions is commonly used to represent the vibrational characteristics of earthquakes. This choice is partially due to the lack of knowledge
for the earthquake vibration while it is almost impossible to design structures for the worst-case
scenario, i.e., resonance. In terms of risk analysis, the selected ground motions can be viewed
as natural samples in their representing ground vibrational characteristics. The intensity of
earthquakes was introduced to quantify the return period of earthquakes.
In order to quantity the joint effect between ground motions and intensity, two conventional
methods can be employed. The fragility method focuses on the variation from ground motions
at fixed levels of intensity, which results a marginal probability analysis [1]. As a fragility analysis does not consider the variation of intensity, the joint effect between ground motions and
intensity cannot be quantified. In typical building codes, the design earthquake is commonly
expressed as a fixed intensity level, such as the occurrence of 2% in 50 years. A fragility may
be useful to quantify the risk when the design earthquake levels are clearly specified by the
codes. The PEER method notionally consider the interaction between ground motions and intensity from the summation of conditional probability distributions at given intensity levels [2].
In typical case studies, this method is commonly used to extract an algebra equation based on
certain types of distributions of intensity and structural response [3,4].
In order to further quantify the interaction between ground motions and intensity, this paper
first discusses the probabilistic nature of ground motions. Then the numerical format of the
PEER method is discussed for its application to steel moment resisting frame (SMRF) structures. The use of Monte Carlo simulation (MCS) for ground motions is also discussed. Both the
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traditional method and the MCS are applied to analyze a three-storey and a nine-storey SMRF
building with a focus on the interaction between ground motions and records.

Probabilistic Nature of Ground Motions
As earthquake engineering analysis relies on ground motions and intensity measure to quantify
the variations from earthquakes, the probabilistic nature of ground motions is important for
reliability analysis of structures. In the traditional Monte Carlo simulation (MCS), samples are
generated from pseudo random numbers as illustrated in Figure 1a. In this figure, two random
variables, X1 and X2 are to be sampled. For each sample point, two pseudo random numbers
are generated in the range between 0 and 1. And then the variables are calculated from the
inverse of their cumulative probability distribution functions. This method may not be computationally efficient. In order to improve the efficiency of simulation, the Latin Hyper Cube sampling (LCS) technique [5] may be employed (Figure 1b). In order to apply the traditional MCS
and the LCS techniques, the random variables have to be continuous, so that the samples can
be determined from their distribution functions.

Figure 1: Sampling strategies

The selected ground motions are a set of data prerecorded in earthquakes. In the view of probability analysis, ground motions are discrete samples in their representing ground vibrational
characteristics [6]. Since the selected ground motions are treated equally important in the analysis, these discrete samples should be viewed as grid samples. These grid samples have their
implied cumulative probability values, as illustrated by the variable X2 in Figure 1c, in which
X1 is the same with Figure 1a. These values are not explicitly shown in the selected motions.
At the same time, the motions themselves are natural samples already and do not need to be
calculated from the inverse function as for other random variables. In order to combine this
special random variable with other regular variables, the scheme in Figure 1c illustrates the
process. The combinations of other random variables have to be repeated with each ground
motion. The sample number of X2 in Figure 1c (i.e., the number of motions) is not necessarily
same with X1. In this case, only four samples are shown. This sampling strategy for ground
motions has been implied in seismic reliability, although it is not explicitly discussed.

Reliability Methods
In order to examine the interaction between ground motions and intensity measure, two seismic
reliability methods are discussed for their application of the steel moment resisting frame
(SMRF) structures. One is the traditional PEER method with a numerical procedure. The other
is the MCS with samples from ground motions as mentioned above.
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3.1 Traditional method
The traditional method developed by Pacific Earthquake Engineering Research Center determines the exceeding probability from the weighted summation of conditional distributions
given intensity measure, shown as:


FD (d )  P( D  d )   P[ D(a)  d IM  x] f IM ( x)dx

(1)

0

where P[ D(a)  d IM  x] is the conditional cumulative distribution function (CDF) of demand,
D, not exceeding the value d, given the intensity measure (IM) of IM  x ; a is a vector for all
sources of uncertainties other than ground motions and intensity measure. As the demand is
typically determined form NDA, the conditional exceeding probability of demand in this equation may be rewritten at the fixed levels of IM, shown as P[ D(a)  y IM  x i ] , which describes
the uncertainty from ground motions as well as from other sources. Eq. (1) essentially relies on
a conditional distribution for the uncertainty from ground motions, which can be viewed as a
result from the variable X2 shown in Figure 1c. This equation is traditionally used to obtain a
simplified algebra equation by data-fitting techniques to calibrate the design standards. In order
to improve the accuracy for the probability analysis, a numerical integration procedure is introduced to solve the probabilistic behaviour expressed in Eq. (1).
M

FD (d )   P[ D(a)  y IM  xi ] f IM ( xi )xi
i 1

(2)

With the discussion about the nature of ground motion discussed above, the product of the probability
density function (PDF) and the interval between samples can be determined, i.e., f IM ( xi )xi  1 / M .

3.2 The Monte Carlo simulation
In view of structural response under any loads, the demand of a structure is a function [ g () ] of
the intensity ( im ), ground motions ( r ) and other sources of uncertainties ( a ). This function is
determined by dynamic analysis. Each record is a natural sample representing the ground motion characteristics, although the boundary of the characteristics is unknown. Considering that
the distribution of these variables can be defined with statistical data, the drift demand follows
a joint multivariate distribution of all related variables, including ground motions and intensity
measure. Therefore, the probability distribution of the demand can be integrated from the joint
distribution of all variables over the domain defined by the function, g () , shown as:
FD (d )  P( D  d )   f R (r ) f IM ( x) f A (a)drdxda
(3)
g ( r , x , a ) d

Since the demand function, g () , is nonlinear and typically solved discretely, Eq. (3) may be
only for theoretical discussions and do not have a closed-form solution. It would be practical to
directly solve this equation using numerical procedures, such as Monte Carlo simulation (MCS)
and other methods. Although MCS has been used with the fragility analysis, directly using MCS
in full seismic reliability analysis is established on the nature of ground motions. By using a set
of selected ground motion records, it is implicitly assumed that all records contribute equally
to the uncertainty of seismic demands. In view of probabilistic analysis, the density function of
every record is 1 / N (Fig. 1c), where N is the total number of motions. The result of NDA from
a particular motion is one sample point for probabilistic analysis. The ground motions, or the
natural samples for the ground motion characteristics, can be combined with samples from other
random variables for further analysis, as shown in Figure 1c.
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3.3 Ground motions and the scaling method
A set of 22 ordinary earthquake ground motions by FEMA P695 [7] are used as the input for
the NDA. These ground motion records are scaled to multiple levels of IM using a scaling
process to account for the variation of earthquake loads. The scaling process has three steps: i)
the normalization, ii) the basic scaling and iii) the secondary scaling. The first two steps are
adopted from FEMA P695. In the first step, all motions are scaled to their median peak ground
velocity. In the second step, all motions are scaled to have a median spectral acceleration (Sa)
to match the targeted spectral acceleration for the maximum considered earthquake (MCE) at
the fundamental period. With the second step, the ground motion records are scaled to a deterministic level of intensity to match the design spectral acceleration). In order to engage the
variation for the intensity, the third step (the secondary scaling, denoted as SF2), is used to
consider the uncertainty of intensity measure for reliability analysis with the scaling factors
dependent on the selected distribution types as discussed below. The third step results a variable
spectral acceleration even for the fixed level of MCE.

3.4 Other sources of uncertainties and their distributions
The annual occurrence probability of intensity, H ( S a ) , is traditionally assumed to be linear on
a log-log plot, shown as:
H ( S a )  aS a b
(4)
where S a = spectral acceleration; a and b are parameters. This assumption produces an extreme-type distribution for the targeted exceeding probability within the expected service time
of the structures (50 years typically). Based on previous research [2, 6], the parameters a and b
in Eq. (4) are chosen to be 0.0144 and 3.2, respectively. These numbers correspond to the median peak spectral acceleration of normalized records. With these parameters, the scaling factor
for the second scaling (SF2) is defined as the ratio of a sample of the distribution to the median
spectral acceleration for the Seismic Design Category (SDC) of Dmax as defined in FEMA P695.
Different combinations of sample numbers are used to investigate their influences. As the basic
scaling factor is determined from the fundamental period as specified by FEMA P695, the secondary scaling factor, SF2, is defined as the ratio of a sample to the median spectral acceleration
for the discussed SDC category. This case is referred to as the “extreme distribution” in the
following discussion.
A lognormal distribution is also used for intensity, with the mean value set to the median spectral acceleration at the fundamental period for the SDC of Dmax in FEMA P695. The COV is set
to 0.3, which is chosen with the reference to typical live loads. This case is referred to as the
“lognormal distribution”. As an example of applications using the discussed numerical procedures, only the effect of seismic weights is considered here. A lognormal distribution with a
coefficient of variation (COV) of 0.1 is assumed for seismic weights of all floors and roofs.

Examples
4.1 Structural configurations
Two steel moment resisting frame (SMRF) buildings developed as a part of the SAC steel project [8, 9] are investigated for their probabilistic behaviour under earthquake loading. These are
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three- and nine-storey ones, which were designed following the code requirements for Los Angles by using the post-Northridge design with RBS [10]. In the following discussion, the buildings are denoted as LA3 and LA9, respectively. The LA9 has a basement while the LA3 does
not. The failure of buildings following the post-Northridge design is considered to be very ductile and may be well-represented by drift demand. Both buildings have the grid spacing of 9.14
m and typical storey height of 3.96 m, except for the basement and ground floor of the LA9.
The SMRF systems are located along the perimeter of the buildings. The design yield strength
for the beams, girders and columns is 345MPa. Other information about the buildings is presented in FEMA 355C. The details for RBS connections are discussed in FEMA 355D.

4.2 Modelling
Two-dimensional frame analysis of one direction of the buildings is conducted. One additional
bay of P-delta leaning columns is used to consider the geometrical nonlinearity from gravity
columns. The models incorporate panel zones (Model M2) with shear strength and stiffness as
illustrated in the original documents [8, 9]. The open source software, OpenSees [11], is used
to develop the frame analysis models. The panel zones are modeled with rigid boundaries. The
columns and beams are modeled with elastic elements with large strength and stiffness based
on their clear span length. The energy dissipation system mainly relies on plastic hinges, which
are modeled with zero-length rotational springs placed away from the face of the panel zones
[10]. The modified Ibarra-Krawinkler deterioration model with bilinear hysteretic response [1213], “Bilin” in OpenSees, is used to simulate the plastic hinges. All hinges are assumed to have
3% of strain hardening. For the modeled structures which do not have significant axial compressive forces resulting from gravity loads, the deterioration caused by the interaction between
moment and axial load can be neglected. Seismic masses and gravity loads are applied to the
joints adjacent to the panel zones. A viscous damping of 2% is assigned to the first mode and
the mode at a period of 0.2 s. In the original work [9], the M2 model is developed using DRAIN2DX. The results of mode analysis from OpenSees in this work match the results published in
the original work. With these models, drift demands are recorded from NDA for probability
analysis.

Results
5.1 Results for the traditional method for LA3
With the combination of samples from records, IM and seismic weights, IDA can be performed.
These NDA for the vector inputs do not depend on other NDA and are executed on parallel
processors using high performance computing clusters. Since multiple levels of seismic weights
are used in the analysis corresponding to the same intensity level, the results of IDA may not
be expressed as traditional IDA curves that are only for a single source of uncertainty, i.e.,
records. Therefore, the results of analysis are normalized as conditional distributions, shown in
Figure 2. Each curve is a conditional probability distribution for the traditional method at one
level of IM with their uncertainties from records and seismic weights. The number of simulations or data points is a balanced consideration between the computational cost and the accuracy. From some trial calculation, it is found that 300 simulations for each curve are sufficient
to produce very consistent results.
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Figure 2. All conditional distributions of LA3 for IM following: a) the extreme distribution and b) the lognormal
distribution.

Since the lognormal distribution represents a severer earthquake than the extreme distribution,
the demand for the lognormal distribution in Figure 2b is greater than for the extreme distribution in Figure 2a. This figure also shows that a few curves are overlapped in the left portion,
while the curves in Fig. 6b spread over the entire region. This may be explained by that many
samples at lower levels of intensity for the extreme distribution are generated. The relatively
steep slope of the curves within this overlapped region indicates the structural response is not
very sensitive to the variation of records and uncertainty of seismic weights. In Figure 2b, the
conditional distributions are scattered, which indicates that samples from the lognormal distribution is relatively efficient for producing the results of reliability analysis.

Figure 3. Some detailed conditional distributions of LA3 for IM following the extreme distribution.

In order to further examine the results, four conditional distributions for the intensity following
the extreme distribution are shown in Figure 3. They represent four different levels of IM resulting from different secondary scaling factors (SF2). In this figure, the curve for “fixed
weights” means that no variation for seismic weights is considered. This curve has 22 squares,
each of which represents one record. This curve is similar to the traditional IDA curve, except
with the CDF as the ordinate. The curve for “variable weights” means that the uncertainty from
seismic weights has been considered. It can be seen that the curves for fixed weights generally
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match those for variable weights well, which indicates that the uncertainty in seismic weights
does not contribute much to the results of probability analysis. However, Fig. 3d shows that the
uncertainty in seismic weights does influence the resulted distribution curve, which may be
explained by that, at high intensity levels, drift demand is significantly affected by the variation
of seismic weights.
With these conditional probability distributions, the probability of structural failure is evaluated
using the weighted summation as shown in Eq. (2). The results for the extreme and lognormal
distributions are presented in Table 3. The second row of this table shows the drift capacity.
The drift capacity of 2.5% is chosen from ASCE 7 [14] and the 6.3% is chosen from FEMA
P695. The numbers in the brackets are reliability indices, defined as  1 (1  Pf ) , where Pf =
probability of failure and  = standard normal distribution. For the extreme distribution, the
exceeding probability is 14.6% and 0.78% for the drift capacity of 2.5% and 6.3%, respectively.
For the lognormal distribution, the exceeding probability is 76.7% and 16.5% for the drift capacity of 2.5% and 6.3%, respectively.
Table 1. The probability of failure for LA3 with different methods.

Traditional method
MCS -fixed weights
MCS -variable weights

The extreme distribution
2.5%
6.3%
14.6% 0.780%
(1.06) (2.42)
13.4% 0.671%
(1.11) (2.47)
14.6% 0.766%
(1.06) (2.42)

The
lognormal
distribution
2.5%
6.3%
76.7%
10.5%
(-0.729) (1.26)
77.6%
8.46%
(-0.733) (1.38)
76.8 % 10.5%
(-0.733) (1.25)

5.2 Results from MCS for LA3
The MCS generates CDF of drift demand, as shown in Figure 4. In this figure, the term “extreme” refers to the extreme distribution while the term “lognormal” refers to the lognormal
distribution. The CDF curves for “variable weights” incorporate uncertainties from IM and
seismic weights, which is expected to be more accurate than that from IM only. It can be observed that both types of curves are very close, except some small difference at the tail. This
phenomenon further proves that the uncertainty from seismic weights does not significantly
affect the demand.

Figure 4. Probability distributions of LA3 for different distributions of IM from MCS
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These CDF in Figure 4 can be used to determine the exceeding probability for any drift capacity
directly. The results for the drift capacity of 2.5% and 6.3% are also listed in Table 1. It can be
seen that the results from two MCS curves with and without the uncertainty from seismic
weights are slightly different. Overall, the results from the traditional method and MCS are very
close. The drift capacity of 2.5% appears to be very stringent, as the corresponding exceeding
probability for the extreme and lognormal distributions ranges about 13-15% and 76-78%, respectively. With the drift capacity of 6.3%, the exceeding probability for the extreme distribution is less than 1% while the exceeding probability for the lognormal distribution is about 810%. Considering the nature of MCE at SDC Dmax, the probability of failure at 8-10% may be
judged to be reasonable. Therefore, the drift capacity of 6.3% appears to be acceptable for this
SMRF building.

5.3 Results of LA9
The conditional distribution curves used by the traditional method for LA 9 are shown in Figure
5. Similar to the results for LA3, the conditional distribution curves for the extreme distribution
are concentrated around the lower region. The CDF curves obtained from MCS are shown in
Figure 6. The probability of failure exceeding the drift capacity of 2.5% and 6.3% are listed in
Table 2.

Figure 5. All conditional distributions of LA9 for IM following: a) the extreme distribution and b) the lognormal
distribution.

Figure 6. Probability distributions of LA9 for different distributions of IM from MCS

Generally speaking, the results for LA9 have similar features with those for LA3, except that
LA9 has larger drift demand. These results further confirm some observations obtained from
LA3. The probability of LA9 exceeding 6.3% for the extreme distribution ranges between 12%, compared with less than 1% for LA3. The probability of LA9 exceeding the drift capacity
of 6.3% for the lognormal distribution is about 13 to 15%, which is greater than LA3. Under
some large events, this probability of failure may be judged to be acceptable for ductile systems
such as this SMRF building.
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Table 3. Probability distributions of LA9 for different distributions of IM from MCS

Traditional method
MCS -fixed weights
MCS -variable weights

The extreme distribution
2.5%
6.3%
32.4%
1.32%
(0.456) (2.22)
33.7%
1.63%
(0.420) (2.14)
32.5%
1.32%
(0.454) (2.22)

The lognormal
distribution
2.5%
6.3%
88.4% 13.4%
(-1.19) (1.11)
86.3% 14.6%
(-1.10) (1.05)
88.6% 13.4%
(-1.20) (1.11)

Conclusions
The interaction between ground motions and intensity can be quantified with numerical procedures based on the probabilistic nature of ground motions. Compared with other continuous
random variables, the selected ground motions can be viewed as grid samples in their representing ground vibrational characteristics. With a sampling scheme for ground motions, the
results from ground motions can be ranked in a way similar to other variables. The interaction
of earthquake hazards can be quantified with appropriate seismic reliability methods. Two
methods are employed in the analysis. One is the numerical format of the traditional PEER
method and the other is the MCS.
In order to examine the interaction of earthquake hazards, the uncertainties from intensity,
ground motions and seismic weights are calculated for their contribution to seismic probabilistic behaviour of the SMRF buildings. The random variables are sampled and combined to generate vector inputs, which are fed to structural models for NDA. One three-storey and one ninestorey SMRF building are used as archetype buildings. The structural models of these buildings
include beam and column elements, zero-length rotational springs for hinges and jointed elements for panel zones. Peak drift demands of dynamic analysis from the structural models are
extracted for seismic reliability analysis.
The results of reliability analysis indicate that both the traditional method and the MCS can be
used to quantify the interaction of earthquake hazards. The numerical procedures of both methods appear to produce consistent results based on the examined results. Although the uncertainty of seismic weights is considered in the analysis, it does not contribute much to the results
of reliability analysis of these examples while it affects some conditional probabilistic distribution at high intensity levels. The drift capacity of 6.3% appears to be realistic for the studied
buildings that are known to be ductile. With this drift capacity, the probability of failure ranges
from 8% to 15%. This safety margin appears to be reasonable for buildings under extreme
earthquake events. The procedures and results of this study can be used to calibrate seismic
provisions toward life-cycle design and management.
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Reliability Analysis of Vibration Serviceability for
Structures subjected to walking Loads
Yuting Jia, Na Yang
School of Civil Engineering, Beijing Jiaotong University, Beijing 100044, China

Abstract: This paper proposed a method analyzing crowd-induced vibration
serviceability by the dynamic reliability method. By considering the uncertainty of
crowd load parameters and the fuzziness of subjective resistance limits for
vibration, the implicit performance function of dynamic reliability was established.
Then, the calculation procedures of crowd dynamic response and subjective
‘resistance’ were introduced respectively. Reliability index of the corresponding
subjective response was obtained by Sequential Response Surface Method. The
final application validated the proposed reliability-based method could be used as
a efficient way to evaluate and predict vibration serviceability of structures under
human-induced vibration.

1 Introduction
With the development of high-performance materials, there has been a trend towards
structures which are higher, longer and lighter[1]. Serviceability assessment and prediction
for human-induced vibration are becoming more and more important[2]. However, due to the
uncertainty of the crowd force model parameters and the subjective feelings, it’s necessary to
analyze the comfort of human-induced vibrations from the point of the view of the reliability
analysis. Specifically, factors such as pedestrian arrivals, walking frequency f s , step length ls ,
single-step contact time te, pedestrian’s weight G, and the probability distribution of comfort
thresholds of different levels are taken into account.
Similar to usual probabilistic reliability problems, the serviceability assessment of structures
under human-induced vibration is based on a comparison between the suitably defined limit
value and human-induced acceleration. The performance function, which is determined by
human tolerance, can be expressed as follows:
Z  [a]  as

(1)

where [a] is the defined limit values of acceleration response corresponding to different
subject response levels, regarded as the ‘structural resistance’; as is the peak accelerations of
the structures subjected to walking loads.
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This paper aims to formulate a reliability-based assessment model to evaluate quantitatively
realistic acceleration levels induced by human, therefore, to assess the vibration serviceability
of existing structures and the planned structures. In the structural dynamic reliability analysis,
the structural random response analysis, failure criterion and the calculation of reliability
index are the three aspects of key problems[3]. In view of this, this article will explain the
proposed method from these three aspects, respectively.

2 Dynamic response analysis
2.1 Force modelling
During walking, a pedestrian produces a dynamic time varying force which has components
in all three directions: vertical, horizontal-lateral and horizontal-longitudinal [4]. In particular,
the vertical component of the force is regarded as the most important of the three forces
because it has the highest magnitude. And the shape of the vertical force with two peaks and a
trough of the kind shown in Fig. 1a was recorded. Galbraith and Barton [5] reported that
during walking there are some short time periods when both feet are on the ground which
gives an overlapping between the left and right leg in the walking time history (Fig.2.-right).
On the other hand, during running there are periods when both feet are off the ground leading
to zero force recorded (Fig.2.-left).
Based on Continuous walking load formula of Young, Q. Li [6] constructed reversely standard
footfall loads expression in the normal walking frequency range. The result is consistent with
the conclusions of the former researchers, as shown in equation(2).
5

n

n 1

Te

Fs (t )   An sin(

where

t );Te 

1
; t [0, Te ]
0.76 f s

 0.0698 f s  1.211
A1  
0.1784 f s  1.463
 0.1052 f s  0.1284
A2  
0.4716 f s  1.210
 0.3002 f s  0.1534
A3  
0.0118 f s  0.5703

1.6 Hz  f s  2.32 Hz

 0.0416 f s  0.0288
A4  
0.2600 s  0.6711
0.0275 f s  0.0608
A5  
 0.0906 f s  0.2132

1.6 Hz  f s  2.32 Hz

(2)

2.32 Hz  f s  2.4 Hz
1.6 Hz  f s  2.32 Hz
2.32 Hz  f s  2.4 Hz
1.6 Hz  f s  2.32 Hz
2.32 Hz  f s  2.4 Hz

(3)

2.32 Hz  f s  2.4 Hz
1.6 Hz  f s  2.32 Hz
2.32 Hz  f s  2.4 Hz

where Fs (t ) is footfall forces; An is Load factor of each order; Te is single step cycle; f s is
walking frequency.
Parameters that describe the variability in walking forces are step length, walking frequency,
and magnitude of the force. These parameters, which have a certain influence on the vibration
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response, are described in this section.

Figure 1: Typical shapes of walking force in vertical direction (after Andriacchi et al.[7]).

Figure 2: Typical pattern of running and walking forces (after Galbraith and Barton [5]).

2.1.1 Walking frequency and step length
Walking frequency f s and step length ls can be considered as two independent parameters
[1]. It is necessary to have their information about probability distributions in calculation of
time Tc required for footbridge crossing. And it can be obtained from:
Tc 

L
f s ls

(4)

where L is the length of the footbridge, and basically it defines the duration of the walking
force. Zivanovic took f s and ls as normal distributions, shown in Fig. 3(a) and (b),
respectively.
2.1.2 Force magnitude
According to the floor vibration response analysis method given in this chapter, the vibration
acceleration is obviously dependent on the magnitude and distribution of the walking load,
and is directly related to the body weight. According to the literature [8], people's body weight
can be considered as Gaussian random variables, and different regions, different ethnic groups
have different body weight. There the mean weight has been assumed 744 N, with a standard
deviation 130 N, corresponding to a coefficient of variation 0.17.
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Figure 3: Probability density functions for: (a) walking frequency and (b) step length[1].

2.2 Time history curve of exciting force
By calculating the curve of excitation force in the entire analysis time corresponding to a
certain mode of vibration, the displacement, velocity and acceleration of beam in the same
mode could be calculated with the Newmark algorithm. The effectiveness of Newmark
algorithm in calculation of vibration dynamic response no longer to say, here are introduced
the calculation method of exciting forces induced by human.
Assuming the entire analysis time is t, each step force in the entire calculation interval [0, t]
can be defined as[3]:

 f ( ), (i  1)  ts  t  (i  1)ts  te
fi (t )  
, i  1, 2,..., n
0, else


(5)

Where f ( ) is single step forces, ts  1/ f s , te is the duration of single step. All is defined
in [0, t ] , so the whole process can to be considered as such n forces fi (t ) acting in different
time (i 1)  ts  t  (i 1)ts  te , and in different locations (i  1) x on the beam.
Then, a probabilistic-based model taking the step length, walking frequency, and weight of
pedestrians as random variables is introduced.

2.3 Analysis of dynamic response
The contribution of each step fi (t ) to the excitation force is [(i  1)x] fi (t ) , the total mode
force as follows:
n

F (t )   [(i  1)x] fi (t )

(6)

i 1

The following equation of motion can be written for each mode:
F (t )
(7)
x(t )  2 x(t )   2 x(t ) 
M
l
where M  0  2 ( y )mdy is the modal mass, x is the modal coordinates,  is the modal
damping ratio,  is the natural frequency, N is the total number steps of pedestrian on the
bridge, [(i  1)x] is the mode shape at ith location of pedestrian, and dots over symbols
represent relative differentiation with respect to time t . Then the modal displacement,
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velocity and acceleration of beam corresponding to the same mode of vibration can be
calculated with the Newmark algorithm.
Considering a crowd with N p pedestrians at the same frequency, and with the phase in
uniform distribution, the crowd load can be obtained by multiplying the maximum
single-pedestrian dynamic response by the square root of the number of pedestrians:
r  N p [9][10]

(8)

Where r is the amplification coefficient of response, N p is the number of equivalent
pedestrians. Finally, the probability-based model of a group of pedestrians is obtained.

3 failure criterion
The allowable vibration level given by standards or codes is the artificial classification result
based on a certain significance level. When performing a substandard vibration, not 100%
people think comfortable, and similarly, vibration above the standard is not necessarily
intolerant for 100% people. In the calculation of serviceability, it's unreasonable to distinguish
between comfort and discomfort only using a fixed limiting value. Because the comfort itself
has a lot of ambiguity. Chang[11] gave different acceleration ranges and the corresponding
descriptions of subjective response to vibration through the laboratory research, as shown in
table 1.
Table 1: Acceleration ranges and the corresponding subjective response

description of the corresponding subjective
scholars

acceleration ranges
response

Chang[11,12]

Imperceptible

 0.05(m / s 2 )

perceptible

0.05 ~ 0.15(m / s2 )

uncomfortable

0.15 ~ 0.5(m / s 2 )

Annoyed and Anxiety

0.5 ~ 1.5(m / s 2 )

unbearable

 1.5(m / s 2 )

Since there is no experimental data and conclusions available, the probability distribution of
acceleration limit [a] can only be assumed. The subjective response in a certain range of
acceleration only used one form of expression, so there were three hypotheses: 1. the end
point of interval was choosed as the mean value of [a]; 2. [a] in the corresponding range
obeyed the normal distribution or lognormal distribution; 3. the variation coefficient was
0.3[10].

4 Reliability Analysis
The performance function for a structure under complex human-induced loads can only be
expressed in an implicit form. And the sequential response surface method[12] is used to
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calculate the reliability index. The performance function could be described using the
following quadratic polynomial without cross terms:
4

4

i 1

i 1

Z  a   bi xi   ci xi2

(9)

where a, bi and ci are unknown parameters, which need to be determined using 2n+1 data
sample points, x1 , x2 , x3 and x4 represent comfort limit values of different levels, step length,
walking frequency and body weight, respectively, for the sake of a convenient expression.
The process used to calculate the reliability index  can be implemented as follows:
Step 1. Select 2n  1 initial data sample points x (1)  ( x1(1) ,..., xi(1) ,..., xn(1) ) and ( x1(1) ,..., xi(1)  f  i ,
(1)
..., xn(1) ) as initial iteration. For the following analysis the points xi are chosen to be the mean
(1)
values xi , fi is an arbitrary factor( fi  3 is employed in the numerical examples) and  i are
standard deviations.
Step 2.Input the sample points into the Matlab procedure and perform the calculation of
equivalent dynamic acceleration response induced by crowd loads by using the calling step
2n+1 times according to the eqn.(5)-(8), and the values of z can be obtained according to the
eqn.(1).
Step 3.Use the 2n+1 function values of z at these points, the parameters a, bi , ci can be
obtained by solving the system of linear equations given above. Then calculate the reliability
index  ( k ) through the JC method.
Step 4. If  ( K )   ( K 1)   , Pf   (  ( K ) ) ; if not, new sample points are obtained by

xM( K )  x( K )  ( x( K )  x ( K ) )

g ( x( K ) )
g ( x ( K ) )  g ( x ( K ) )

(10)

Step 5. Now the same interpolation using eqn.(9) is repeated using xM( K ) as new center point.
The update of polynomial z ensure that the critical domain is sufficiently covered by
numerical experiments from the full mechanical model.
The flowchart in Figure 4 presents a graphical summary of the proposed framework. The
calling step, represented in the right of the figure, is calculating bridge response to moving
and mode-shape modulated pedestrian force.

5 Application
In this Section, a application[13] was used to verify the effectiveness of proposed simplified
procedure by comparing the paper’s assessment results with Giuseppe Piccardo’s. An ideal
simply-supported bridge with span length L = 40 m, mass per unit length m = 1000 kg/m,
natural frequency of 1st 2 Hz, damping ratio i  0.01 , is considered. For comparing, another
damping ratio value is 0.05.
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Y
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Figure 4: A graphical summary of the proposed framework.

Figure 5: Single-step force in a iteration process

Figure 6: Walking force during the whole cross process

Figures 5 and 6 plot, in one of iteration processes with specific variable values, the
time-histories of the single-step force and walking force in different locations during the
whole process crossing the bridge, respectively.
Figure 7a, b and c show the step modal force of 1st, 2nd and 3rd, respectively. Figure 8 shows
the time-histories of dynamic response in the footbridge mid-span to equivalent crowd load
with i  0.01 .
The reliability index and failure probability of corresponding subjective responses were listed
in the table 2 and 3, which represented the structures with  =0.01 and 0.05, respectively.
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(a)

(b)

(c)
Figure 7: The contribution of step forces to each excitation force during the whole process in one of iteration
processes: (a) 1st order; (b)2nd order; (c) 3rd order

Figure 8: The time-histories of dynamic response in the footbridge mid-span to equivalent crowd load
with i  0.01 .
Table 2: The reliability index of different subjective responses (

subjective response

acceleration
ranges

Imperceptible

 0.05(m / s 2 )

description of the corresponding

perceptible

uncomfortable
Annoyed and Anxiety

[a] Probability
distribution


=0.01)

reliability
index 

Failure
probability(%)

Normal

-0.044

5.18e1

Lognormal

-0.167

5.66e1

Normal

2.155

1.56e0

Lognormal

2.053

2.00e0

Normal

2.989

1.4e-1

Lognormal

2.716

3.3e-1

Normal

3.220

6.41e-2

2

0.05 ~ 0.15(m / s )

2

0.15 ~ 0.5(m / s )
0.5 ~ 1.5(m / s 2 )
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unbearable

 1.5(m / s )

Lognormal

3.139

8.48e-2

Normal

3.516

2.19e-2

Lognormal

3.175

7.49e-2

2

Table 3: The reliability index of different subjective responses ( =0.05)

description of the corresponding

acceleration

[a] Probability

subjective response

ranges

distribution

Imperceptible

 0.05(m / s )

perceptible

uncomfortable

Annoyed and Anxiety

unbearable

reliability
index 

Failure
probability(%)

Normal

0.028

4.89e1

Lognormal

-0.095

5.38e1

Normal

2.184

1.45e0

Lognormal

2.123

1.69e0

Normal

2.997

1.4e-1

Lognormal

2.781

2.7e-1

Normal

3.220

6.41e-2

Lognormal

3.207

6.71e-2

Normal

3.917

4.48e-3

Lognormal

-

-

2

2

0.05 ~ 0.15(m / s )

2

0.15 ~ 0.5(m / s )

2

0.5 ~ 1.5(m / s )

 1.5(m / s )
2

Note: the ‘-‘ represents invalidity, and the negative value indicates this calculation example doesn’t meet the
requirements in the corresponding acceleration range.

6 conclusion
The outcomes of the present study, compared to the results of Giuseppe Piccardo, can be
summarized as follows:






Suppose for the structures of continuous distribution, the people’s subjective response to
vibration obeys the logarithmic normal distribution or normal distribution, which has
almost no influence on the calculation results, the findings show.
Along with the deepening of subject feeling, namely the acceleration limit value, the
reliability index is gradually increasing, which is in line with the numerical meaning of
reliability. The greater ‘resistance’ value, the higher reliability index.
With the increase of damping ratio, the reliability index of the same comfort level also
increases, which is in accordance with the fact that the lower damping ratio, the more
likely to cause annoying vibrations.

The proposed reliability-based method introduces the simplified procedures to evaluate
quantitatively realistic acceleration levels induced by human, therefore, to assess the vibration
serviceability of existing structures and the planned structures.
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Abstract: The performance and safety of concrete structures are of great concern.
However, due to the coupling between randomness (i.e. the uncertainties in seismic
ground motions and structural properties) and nonlinearity, it is a great challenge to
carry out performance and reliability evaluation of such structures under strong
earthquakes. In the present paper, the probability density evolution method (PDEM)
is employed to resolve the difficulty, whereby the instantaneous probability density
function and the extreme value distribution (EVD) of nonlinear seismic response
could be captured. A concrete structure with uncertain parameters is taken as an
example. A generalized F-discrepancy (GF-discrepancy) based strategy of point selection is adopted so that the trade-off between the accuracy and efficiency of PDEM
could be achieved. Problems to be further studied are discussed.

! Introduction
The performance and safety of concrete structures are of great concern, particularly in the earthquake prone zone. However, the seismic ground motions and structural properties (e.g. the
strength and initial modulus of concrete material) are essentially of random nature [1-2]. Furthermore, under strong earthquakes, concrete structures may inevitably exhibit strong nonlinear
behaviors, e.g., the strength degradation and stiffness degradation, etc. [1]. Such coupling between randomness and nonlinearity induced great difficulties in performance and safety evaluation of concrete structures. For this purpose, over the past decades, a variety of approaches has
been extensively studied. Among others, the Monte Carlo simulation and the improvements [34], the random perturbation technique [5] and the orthogonal polynomial expansion [6-7], etc.,
were developed. Unfortunately, being not able to achieve trade-off between accuracy and efficiency, these methods are not feasible for nonlinear problems.
Over the past decade, based on the principle of preservation of probability [8], a family of
probability density evolution method (PDEM) has been well developed [9-11]. In the framework of PDEM, a generalized density evolution equation (GDEE), which is governing evolution of the joint probability density function (PDF) of structural response, is derived. Compared
with the classical equations, e.g., the Liouville equation and the FPK equation, the merits of
GDEE lie in [8]: (1) the dimension of GDEE only depends on the number of physical quantities
of interest rather than the dimension/degree of freedom of the original system, therefore, one
can have a one-dimensional GDEE even for high-dimensional problems. It becomes an overwhelming advantage when engineering structures with a large number of degrees of freedom
are concerned; and (2) The randomness of the structural system can be handled in a unified way,
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which means that both the uncertainties of external excitations (e.g. seismic ground motions)
and system parameters (e.g. strength and initial modulus of concrete material) can be taken into
account simultaneously. Further, by obtaining the extreme value distribution (EVD), the reliability of a structure could be estimated [9].
The present paper is organized as follows. The modeling of concrete structures is discussed
in Section 2, and the fundamentals of PDEM is outlined in Section 3. A concrete structure is
taken as an example, where the performance and safety is evaluated by implementing PDEM.
Problems to be further studied are discussed.

! The Modelling of Concrete Frame Structures
2.1! Damage Constitutive Law of Concrete
Concrete exhibits complex nonlinear behaviors as well as uncertainties. These properties could
not be well captured by the traditional elastic or elastoplastic constitutive models. In the past
two decades, damage mechanics was introduced to the constitutive model of concrete, and has
been extensively studied [12-13]. In the damage constitutive law of concrete, the stress-strain
relationship is taken as [13-14]
(1)
σ t = (1 − dt ) Ecε

σ c = (1 − dc ) Ecε

(2)

in which Ec is the modulus of concrete; dt and d c are the damage evolution parameters of
uniaxial tension and compression concrete, respectively. The damage parameters could be determined as [14]
⎧1 − ρt ⋅ (1.2 − 0.2 xt 5 )
x ≤1
⎪
(3)
dt = ⎨
ρt
1
−
x
>
1
1.7
⎪
⎩ at ( xt − 1) + xt
ρc n
⎧
x ≤1
⎪1 − n − 1 + x n
c
⎪
(4)
dc = ⎨
ρc
⎪1 −
x >1
⎪⎩ ac ( xc − 1)2 + xc
f
ε
(5)
ρt = t ,r , xt =
Ecε t ,r
ε t ,r

ρc =

f c ,r
Ecε c ,r

, xc =

Ecε c ,r
ε
, n=
Ecε c ,r − f c ,r
ε c ,r

(6)

in which f t , r and f c ,r are the characteristic values of tensile and compressive strength, respectively; ε t , r and ε c , r are the ultimate strain of tension and compression corresponding to f t , r
and f c ,r , respectively; at and ac are the parameters describing the declining behaviour after
the tensile and compressive stress exceed f t , r and f c ,r , respectively; dt and d c range from 0
to 1, meaning undamaged to completely damaged.
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2.2! Equation of Motion of Concrete Structures Subjected to Earthquakes
To discretize a concrete structure which is essentially a continuum system, different numerical
models could be adopted. The most widely used one is the finite element method. By adopting
the finite element method, the equation of motion of the structure could be written as
(7)
M(Θ)X(t ) + C(Θ) X(t ) + f (Θ, X) = −ΓF(Θ, t )
in which X , X and X are the acceleration, velocity and displacement vector relative to
ground, respectively; M and C are the mass and damping matrix, respectively; f is the restoring force matrix, which is assembled from the element nodal force which results from the constitutive laws in the preceding section; Γ is the influence matrix and F is the external
excitation vector, and F = −M(Θ)Ixg (Θ, t ) where I is the column vector with all components
being 1 and xg ( Θ, t ) is the ground motion acceleration, being deterministic or random;

Θ = ( Θ1 ,..., Θs ) is the random vector considering all the randomness involved in the system,
T

including the randomness of external excitations and system parameters, where s is the number
of basic random variables. The joint PDF of pΘ (θ ) is known with the support ΩΘ , i.e., the
distribution domain of Θ .

! Fundamentals of PDEM
3.1! Generalized Density Evolution Equation (GDEE)
Since the engineering structures are usually well-posed systems, the solution of Eq. (7) exists
and depends on Θ , and thus is a function of Θ . Therefore, the response could be assumed to
take the form
(8)
X(t ) = H(Θ, t ) , X(t ) = h(Θ, t )
In the performance and reliability evaluation of engineering structures, some other physical
quantities, such as the stress or strain at critical points, the internal forces at critical sections and
so on, are of great concern. Denote the physical quantities of engineering interest as an mdimensional vector Z = ( Z1 ,..., Z m )T . Obviously, these quantities are also functions of Θ and
thus could be assumed to take the form

Z(t ) = HZ (Θ, t ) , Z(t ) = h Z (Θ, t )

(9)

Note that the functions in Eqs. (8) and (9) are essentially the solutions of Eq. (7).
Since Θ is the only source of randomness involved in the system, the augmented system
( Z(t ), Θ ) is a probability-preserved system. Then based on the principle of preservation of
probability, after some mathematical manipulations, one can have [8, 10]
⎛ ∂pZΘ (z, θ, t ) m
∂pZΘ (z, θ, t ) ⎞
(10)
+
Z
(
θ
,
t
)
⎜
⎟⎟ dθ = 0
∑
j
∫Ωθ ⎜ ∂t
∂z j
j =1
⎝
⎠
in which pZΘ (z, θ, t ) is the joint PDF of ( Z(t ), Θ ) , Ωθ ∈ΩΘ is any arbitrary domain belonging to the distribution domain. Further, considering the arbitrariness of Ωθ leads to

∂p (z, θ, t )
∂pZ (z, t ) m
+ ∑ Z j (θ, t ) ZΘ
=0
∂t
∂z j
j =1
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(11)

In the case of m = 1 , Eqs. (10) and (11) are reduced as, respectively
∂p ( z, θ, t ) ⎞
⎛ ∂p ( z, θ, t )
∫Ωθ ⎜⎝ ZΘ ∂t + Z (θ, t ) ZΘ ∂z ⎟⎠ dθ = 0
and

(12)

∂pZΘ ( z, θ, t )
∂p ( z, θ, t )
(13)
+ Z (θ, t ) ZΘ
=0
∂t
∂z
Eqs. (11) and (13) are the so-called generalized density evolution equations (GDEEs). By
solving Eq. (13), one can finally obtain the instantaneous PDF of the physical quantity of interest by
(14)
pZ ( z, t ) = ∫ pZΘ ( z, θ, t )dθ
ΩΘ

It should be stressed that: (1) The dimension of GDEE only depends on the number of physical quantities of interest (i.e. the m in Eq. (11)) rather than the degrees of freedom of the structural system. Thus, one can have a one-dimensional GDEE (i.e. Eq. (13)), even for multidimensional problems; and (2) All the randomness of the system, including the randomness in
the external excitations and system parameters, can be considered in GDEE, i.e., in the basic
random vector Θ herein.

3.2! Solution of GDEE
Generally, the GDEE could be solved by analytical or numerical methods. For some special
low-dimensional systems, the analytical solution could be obtained [8, 15]. For general nonlinear systems, e.g., the concrete structures where the damage constitutive law of concrete shall
be embedded in the nonlinear finite element modeling, numerical algorithms are needed.
Note the arbitrariness of Ωθ in Eq. (12). If the distribution domain ΩΘ is partitioned into a
series of, say nst , non-overlapping sub-domains Ω q , q = 1, 2, ..., nst such that

Ωq

nst
q=1

Ω q = ΩΘ and

Ω p = ∅ , q ≠ p , then denoting pq ( z, t ) = ∫ pZΘ ( z, θ, t )dθ and replacing Ωθ in Eq. (12)
Ωq

by Ω q lead to

∂pq ( z, t )

∂
(15)
( Z (θ, t ) pZΘ ( z, θ, t ) ) dθ = 0, q = 1, 2, ..., nst
∂t
∂z ∫Ωq
In the ensemble evolution path [10], i.e., pq ( z , t ) is determined by the complete probabilistic
+

information in the sub-domains Ω q , one has to resolve the second term of Eqs. (15) over each
sub-domain Ω q . This will usually have high accuracy but more involved techniques. Alternatively, in the point evolution path [10], the second term could be decoupled by assuming that
Z (θ, t ) ≈ Z (θq , t ) for all θ ∈ Ω q , where θ q is a specified point in the subdomain Ω q . This
means that the information in the sub-domain Ω q is represented by a point θ q , which could be
referred to as the representative point, with the assigned probability Pq = ∫ pΘ (θ)dθ [11].
Ωq

Thus, one can finally have

∂pq ( z, t )
∂t

+ Z (θq , t )

∂pq ( z, t )
∂z
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= 0 , q = 1, 2, ..., nst

(16)

Accordingly, Eq. (14) becomes
nst

pZ ( z, t ) = ∑ pq ( z, t )

(17)

q =1

In the point evolution path, there are four steps of implementing PDEM [10]:
(1)!Determine the representative point set. Adopting the generalized F-discrepancy (GFdiscrepancy) [11] as the objective function that is used to measure the uniformity of a

{

(

point set, a representative point set θq = θ1,q ,θ 2,q ,...,θ s ,q

)}

nst
q =1

is selected and the corre-

sponding assigned probabilities Pq , q = 1, 2, ..., nst are determined. Here s is the number
of basic random variables involved in the system.
(2)!Obtain the solutions of physical quantity of interest. By implementing the finite element
method or some other methods, solve the physical equation Eq.(7) when the random parameters take the representative points to obtain the solutions of physical quantity of interest, i.e. Z (θq , t ) , q = 1, 2, ..., nst . Note that this step actually yields the results in Eqs.(8)
and (9).
(3)!Solve the GDEE. By employing an appropriate finite difference scheme (e.g. the TVD
scheme) [8], one can solve Eq. (16) so that the functions of pq ( z , t ) over each sub-domain Ω q , q = 1, 2, ..., nst could be estimated.
(4)!Synthesize the functions of pq ( z , t ) , q = 1, 2,..., nst according to Eq. (17) and then the instantaneous PDF of physical quantity of interest could be obtained.

3.3! EVD-Based Reliability Evaluation
The extreme value distribution (EVD)-based method is one of the methods for reliability evaluation in PDEM [9]. In this method, one has to firstly define the extreme value Z (Θ) of

Z (Θ, t ) , e.g., Z (Θ) = max Z (Θ, t ) , which is also a function of Θ , and then constructs a series
t∈[0,T ]

of virtual stochastic processes satisfying
W (θq , t )

t =τ q

= Z (θq ) , q = 1, 2, ..., nst

(18)

in which {θ q , q = 1, 2, ..., nst } is the selected representative points; τ q is the virtual time instant
satisfying τ q = τ , q = 1, 2, ..., nst . A convenient choice of W (⋅) is the sine function, i.e.,

W (θq , t ) = Z (θq )sin(2π wt ) [8-9].
Likewise, a GDEE exists

∂pq (w, t )
∂t

+ W (θq , t )

∂pq ( w, t )
∂w

= 0 , q = 1, 2, ..., nst

(19)

By solving Eq. (19), the EVD of Z (Θ) could be obtained as
nst

pZ ( z ) = ∑ pq ( w, t )
q =1

t =τ

(20)

For a given threshold xb in the case of Z (Θ) = max Z (Θ, t ) , the first-passage probability of
t∈[0,T ]

failure could be estimated as
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∞

Pf = ∫ pZ ( z )dz
xb

(21)

! Case Studies
As an example, a concrete structure with uncertain parameters under the El Central earthquake
(North-South component) is studied here. The constitutive law and finite element model are
described in the preceding section. The PDEM is employed to implement the performance and
reliability evaluation and the Monte Carlo simulation (MCS) is carried out to verify the accuracy as well as the efficiency of PDEM.

4.1! A Concrete Structure with Uncertain Parameters
Consider a 6-story reinforced-concrete frame structure. The frame structure is designed according to the Chinese Code for Design of Concrete Structures [14] and the Code for Seismic Design
of Buildings [16]. The story height of the first floor is 3.9 m and those of other floors are 3.3 m.
The cross section of beams is 0.5 0.5 m and that of columns is 0.6 0.6 m. The left/right span
is 6.0 m and the middle span is 2.4 m. A 2D finite element model is built (as shown in Figure
1) and the damage constitutive law of concrete and the Giuffre-Menegotto-Pinto constitutive
law of steel [17] is adopted in the finite element model. The El Central ground motion (NorthSouth component) with the peak ground acceleration scaled to 0.4g is employed as the seismic
input.

Figure 1: 2D-frame model of the reinforced concrete structure

The ultimate compressive strength of concrete f c and the yield tensile strength of steel bar

f y of each floor are assumed to be uncertain. The 12 random variables (i.e. two for each floor)
are assumed to follow the lognormal distribution and mutually independent. The mean values
f c and f y are 32 MPa and 328 MPa, respectively. The coefficients of variation of f c and f y
are 0.16 and 0.07, respectively.
By employing the GF-discrepancy based strategy of point selection [11], 256 representative
points are adopted in PDEM. Figure 2 depicts the typical stress-strain relationships of concrete
and steel-bar of a side column of first floor of the structure under the El Central earthquake. It
is observed that there is strong nonlinearity exhibited in the structural behavior.
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(a) concrete
(b) steel-bar
Figure 2: stress-strain relationships of concrete and steel-bar

In order to verify the accuracy and efficiency of PDEM, MCS with 10 000 trials are carried
out. Figure 3 depicts the comparison between the results of PDEM and those of MCS. In Figure
6

3(a), the drift angle of the system is defined as Z (t ) = max
i =1

X i (t )
hi

in which X i (t ) is the inter-

story drift of the i-th floor and hi is the floor height. Furthermore, the relative errors are defined
as
r

2

=

rPDEM − rMCS
rMCS

2

, r

∞

=

2

rPDEM − rMCS
rMCS

(22)

∞

∞

in which rPDEM and rMCS are the results of PDEM and MCS, respectively; x 2 =

∑x

2
i

and

x ∞ = max xi are the 2-norm and infinite-norm, respectively. Table 2 presents the results of
relative errors.

(a) inter-story drift of the first floor
(b) drift angle of the system
Figure 3: mean and standard deviation of structural response
Table 2: Relative errors of PDEM
Inter-story drift of each floor
3rd floor
4th floor
5th floor

Relative
errors

1st floor

2nd floor

6th floor

Drift angle of
the system

µ

2

0.0156

0.0171

0.0176

0.0173

0.0200

0.0226

0.0161

µ

∞

0.0100

0.0119

0.0133

0.0137

0.0162

0.0173

0.0166

σ

2

0.0243

0.0290

0.0271

0.0224

0.0282

0.0292

0.0147

σ

∞

0.0378

0.0447

0.0375

0.0377

0.0584

0.0607

0.0149

Annotation: µ and σ denote the mean and standard deviation of the structural response, respectively.
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As mentioned before, PDEM is capable of capturing the instantaneous PDF of structural
response. Figure 4 depicts the PDFs and the corresponding cumulative distribution functions
(CDFs) of inter-story drift of the first floor. By comparing with the results of MCS, including
the mean, standard deviation and CDFs of structural response, it is shown that the PDEM with
256 representative points is of remarkable accuracy and efficiency.

(a) PDFs
(b) CDFs
Figure 4: PDFs and CDFs of inter-story drift of the first floor of typical time instants

4.2! Reliability Evaluation
Figure 5(a) shows the EVDs of the six floors and the structural system. It could be seen that the
structural system is controlled by the second floor since the EVD of second floor is the closest
one to the EVD of the system, i.e., the probability of failure of the second floor is greater than
those of other floors under a given threshold.
Figure 5(b) shows the CDF of EVD of the system which is in great accordance with the result
of MCS. Tables 3 and 4 show the failure probabilities of the first floor and the structural system
under a set of given thresholds, respectively. The results show that PDEM is capable of guaranteeing a significant accuracy in terms of reliability evaluation of engineering system.

(a) Extreme Value Distributions
(b) CDF of EVD of structural system
Figure 5: EVDs of structural response
Table 3: Failure probabilities of the first floor
Thresholds ( 10-3)
MCS
PDEM

5.9
0.3237
0.3298

6.3
0.2112
0.2126

6.7
0.1225
0.1188
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7.4
0.0386
0.0311

7.6
0.0263
0.0267

7.8
0.0188
0.0180

Table 4: Failure probabilities of the structural system
Thresholds ( 10-3)
MCS
PDEM

9.4
0.3234
0.3220

9.6
0.2285
0.2346

9.8
0.1562
0.1576

10.4
0.0351
0.0378

10.6
0.0205
0.0184

10.8
0.0111
0.0112

! Conclusions
It is a great challenge to evaluate the performance and reliability of engineering structures under
strong earthquakes due to the coupling between the randomness and nonlinearity. PDEM is a
feasible way to resolve the difficulty. By solving the GDEE, one can obtain the instantaneous
PDF of structural response. By adopting the EVD-based method, the first-passage failure probability could be estimated easily.
In this study, a concrete structure with uncertain parameters under a strong earthquake is
investigated. In the point evolution path of implementing PDEM, the GF-discrepancy is employed as the objective function to select a representative point set. MCS is carried out to verify
the accuracy and efficiency of PDEM. The results demonstrate that: (1) Even for a high-dimensional engineering problem, by solving a one-dimensional GDEE, PDEM can guarantee the
accuracy of the evaluation of statistics of structural response (e.g. mean and standard deviation)
and reliability; and (2) By adopting the GF-discrepancy based strategy of point selection, the
trade-off between accuracy and efficiency of PDEM with only 256 representative points could
be achieved.
For the practical engineering problems, the following studies might focus on: (1) Consider
the randomness of structural properties and earthquakes simultaneously, and then clarify the
different influences of different randomness on structural performance and reliability; and (2)
Clarify the influence of correlation/dependence structure of random variables on structural performance and reliability.
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Abstract: A hybrid approach of proper orthogonal decomposition (POD)
embedded in random function is proposed to simulate the stochastic wind velocity
field which is a multivariate stationary stochastic process. The stochastic wind
velocity field is decomposed into a set of continuous but uncorrelated components
by the POD technique. These components, defined by the eigenvalues and the
eigenvectors of the cross power spectral density matrix (cpsdm), are referred to as
the POD modals of the stochastic field. Utilizing the idea of random function, the
orthogonal random variables in the POD formula are defined as the orthogonal
function form with two elementary random variables. Thus, the multivariate
stationary stochastic wind velocity processes can be simulated on the second order
statistics with only two elementary random variables. As a result, the
computational costs of simulation could be greatly reduced. Every representative
time history of wind velocity generated by the proposed approach has a given
probability, and all of the representative time histories compose a complete
probability set. It can be combined with the probability density evolution theory to
study dynamic response and reliability of structures subjected to stochastic wind
loads.

1 Introduction
In wind engineering, stochastic wind velocity field is usually regarded as a multivariate
stationary stochastic process [1]. In general, the simulation of the multivariate stationary
stochastic process can be achieved by decomposing power spectral density matrix (psdm).
Proper orthogonal decomposition (POD), as an emerging simulation method, has been widely
used in the simulation of multivariate stationary stochastic processes until now [2-3]. When
simulating multivariate stationary stochastic process, POD expresses the process through a
series of fully coherent independent components with the eigenvalues and eigenvectors of the
cpsdm [4]. The eigenvalues and eigenvectors of the cpsdm have definite physical
significances for that they denote the power proportion and mode shape of the process,
respectively [5]. Owing to the physical significances of the eigenvalues and eigenvectors, the
multivariate stochastic process can be approximately simulated by the first several order
modals with the modal truncation technique, thus, the simulation efficiency is improved [6].
Although the POD possesses explicit physical significance and provides a reliable result, it is
limited by its computational costs since thousands of random variables are usually required in
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practical engineering to secure an accepted accuracy. Recently, the idea of random function
was introduced to solve the problem [7]. Utilizing the idea of random function, only one or
two elementary random variables are required to simulate the original stochastic process on
second-order statistics with a satisfied accuracy, and the probabilistic characteristics of the
original process can be reflected.
This paper aims to develop a renewed approach by combining the POD technique with the
random function idea, and the high-dimensional orthogonal random variables involved in the
conventional POD can be compressed into low-dimensional orthogonal random variables
which contain only two elementary random variables. This treatment significantly reduces the
number of time history samples of the stochastic process. A stochastic wind velocity field
with Davenport power spectral density function is simulated to demonstrate the effectiveness
and accuracy of the proposed approach.

2 POD of Multivariate Stationary Stochastic Processes
Assume X (t )   X1 (t ), X 2 (t ), , X n (t )  is a real-valued zero-mean multivariate stationary
T

stochastic process with n components having the following two-sided psdm

 S11 ( ) S12 ( )

S ( ) S22 ( )
S ( )   21
 


 Sn1 ( ) Sn 2 ( )

 S1n ( ) 

 S2 n ( ) 

 

 Snn ( ) 

(1)

where  is the circular frequency; Sii ( ) is the auto power spectral density function of the
component process X i (t ) ; Sij ( ) (i  j ) is the cross power spectral density function between
the component processes X i (t ) and X j (t ) .
It is obvious that the psdm S ( ) is a Hermitian matrix, thus there is the following spectral
decomposition [3]
(2)
S ( )   () () T ()
where * and T denote the conjugate symbol and transposition symbol, respectively;
 ()  [1 (), 2 (),, n ()] and  ()  diag[1 (), 2 (),, n ()] are the eigenvector
matrix and the eigenvalue matrix of the psdm S ( ) , respectively. The eigenvalues and the
eigenvectors must satisfy the following orthogonality conditions
T
 i ( ) j ( )   ij

 S ( ) i ( )  i ( ) i ( )

(3)

where  ij denotes Kronecker-Delta.
There are definite physical significances for the eigenvalues and eigenvectors. The
eigenvalues are the power proportion of the multivariate stochastic process and the
eigenvectors are the modal shape associated to the multivariate stochastic process. In this
view, arranging the eigenvalues in descending order and truncating the first several orders of
eigenvalues, the original process can be approximately expressed as follows [4]
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nc

X (t )   xk (t )

(4a)

k 1



xk (t )    k ( ) k ( )eit dZ k ( )

(4b)



where nc  n is the truncated order of the eigenvalues; xk (t ) is the fully coherent but
indenpendent subvector process; Z k ( ) (k  1, 2,, n) is a zero-mean orthogonal increment
complex valued process which satisfies the following conditions

E dZ k ( )  0 , dZ k ()  dZ k () , E dZ k ()dZ m ()    kmd

(5)

Define dZ k (r )   ( Rkr  iI kr ) , and  k (r )   k (r )  ik (r ) , then the multivariate
stationary stochastic process can be simulated as the following discrete form
nc

N

X i (t )  2 k (r )  ik (r )( Rkr cos r t  I kr sin r t )  ik (r )( Rkr sin r t  I kr cos r t ) 
k 1 r 1

(6)
where r  r  ,  is the frequency interval and u  N   is the upper cut-off
frequency; Rkr and I kr are the orthogonal random variables which must satisfy the following
orthogonality conditions
1
2

E[ Rkr ]  E[ I kr ]  0 , E[ Rkr I pq ]  0 , E[ Rkr Rpq ]  E[I kr I pq ]  kp rq

(7)

Eq. (6) is the so-called POD of the multivariate stationary stochastic process. The truncated
accuracy (nc ) could be calculated as follows
nc

 (nc ) 

  ( )
k 1
n

k

  ( )
k 1

100%

(8)

k

In general, as for the multivariate stationary stochastic wind velocity process, the psdm is a
real-valued matrix, then Eq. (6) can be further simplified as follows [4]
nc

N

X i (t )  2 k (r )ik (r )( Rkr cos r t  I kr sin r t )

(9)

k 1 r 1

3 Random Function Expressions of Orthogonal Random Variables
In the previous section, the multivariate stationary stochastic process can be expressed as the
sum of a series of fully coherence but independent subvector processes based on the
orthogonal random variables with POD. In general, a great number of random variables are
required for simulating a multivariate stationary stochastoc process, and also a large number
of random samplings by Monte Carlo method are required to guarantee the simulation
accuracy. This leads to large calculational costs. In order to reduce the calculational efforts of
the simulation, an efficient dimensionality reduction approach[7] which expresses the
orthogonal random variables as the random functions forms with just 2 elementary variables
is proposed in this section.
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With the idea of random function, the orthogonal random variables Rkr and I kr can be
expressed as the orthogonal functions forms with the elementary random variables 1 and

 2 as follows
 Rkr  2cos(k 1   / 4)  sin(r 2   / 4)

 I kr  2 sin(k 1   / 4)  cos(r 2   / 4)

(10)

where 1 and  2 are mutually independent random variables and both of them submit to
uniform distribution in the range [0, 2 . There is a one-to-one mapping relationship between
r and r , and this one-to-one mapping relationship can be achieved by the Matlab Tool box
functions rand(‘staste’,0) and randperm(N). To be specific, the following matlab
programming languages are used to complete this mapping relationship
rand(‘state’,0)
temp=randperm(N)
(11)
r  temp(r )
It is obvious that Eq. (10) satisfies the orthogonality conditions defined by Eqs. (7). Thus, the
number of random variables in Eq. (9) is compressed into just 2, and the calculational costs
can be greatly reduced.

4 Numerical Example
In order to illustrate the effectiveness of the proposed approach in this paper, a multivariate
stationary stochastic wind velocity field with 41 component processes will be simulated. The
first step of simulation is selecting the representative points of the elementary random
variables 1 and  2 with a given probability, and the number of representative points is 144
which is selected by the number-theoretic method [8]. The power spectral density function is
given by Davenport [9]

x2
Sii ( )  2k v
, i  1, 2, , n
 (1  x 2 )4 / 3
2
0 10

x  600


v10

(12a)

(12b)

where k0 =0.03 and v10 is the mean wind velocity at 10m height above the ground.
The coherence function is given as follows [6]

  k z z j  zi
Cohij     exp  

2 v10



  k (i  j ) 
  exp   z


2v10




(13)

where zi is the coordinate of the ith component,  is the distance between the adjacent
component processes, and k z  7.7 .
The parameters of simulation are shown in table 1.
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n

u [rad/s]

N

T [s]

t [s]

v10 [m/s]

 [m]

41

4

1600

300

0.1

25

10

0.1

Point 11
20
0
-20
0

50

Point 11

Mean [m/s]

Velocity [m/s]

Table 1:The parameters of simulation

100

150

200

250

50

100

150

200

250

300

Time [s]
30

Point 21

Std.D [m/s]

Velocity [m/s]

Time [s]
20
0
-20
0

50

100

150

200

250

Point 21

Target

10
0
-10

300

Point 11

20

50

100

Time [s]

150

200

250

300

Time [s]

Figure 1: The representative time histories of
stochastic wind velocity process at point 11
and point 21

Figure 2: The comparisons of the mean and standard
deviation between the target value and simulation

120

90

Point 11
Point 21
Target

S11,21
Target
CPSD [m2/s]

90

PSD [m2/s]

Target

0
-0.1

300

Point 21

60

60

30

30

0
0

2

4

6

8

10

Frequency [rad/s]

0
0

2

4

6

8

10

12

Frequency [rad/s]

Figure 3: The comparisons of auto-power spectral
density function between the target value and
simulation

Figure 4: The comparisons of cross-power spectral
density function between the target value and
simulation

The truncated accuracy (nc ) is up to 90% when the truncated number is 20. Figure 1 shows
the time history samples at point 11 and point 21. Figure 2 are the comparisons of the mean
and standard deviation between the target values and simulation values. Figure 3 and figure 4
show the comparisons of auto-power spectral density function and the cross-power spectral
density functions between the target valves and the simulation values at point 11 and point 21.
We can see that all of the second order statistic values of simulations by the proposed
approach are close to the target values with only 2 elementary random variables and just 144
representative time histories. This indicates the effectiveness of the proposed approach.

5 Conclusions
In the conventional POD method, thousands of random variables are required for simulating
multivariate stochastic wind velocity processes. This paper proposed a hybrid approach of
proper orthogonal decomposition embedded in random function to reduce the calculational
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costs of the simulation. With the idea of random function, the multivariate stationary
stochastic wind velocity process can be simulated with just 2 elementary random variables.
The probabilistic characteristic of stochastic process can be reflected through just 144
representative time histories. It is worth mentioning that the representative time histories
generated by the proposed approach constitute a complete set of probabilities, thus, the
proposed approach can be combined with the probability density evolution theory to study
dynamic response and reliability of structures subjected to stochastic wind loads.

Acknowledgement
This research has been generously supported by the National Natural Science Foundations of
China (Grant No.51278282 and 50808113) which are gratefully acknowledged by the authors.

References
[1]
[2]
[3]

[4]
[5]
[6]

[7]

[8]
[9]

Shinozuka M, Jan C B, Seya H. Stochastic methods in wind engineering. Journal of
Wind Engineering and Industrial Aerodynamics, 1990, 36: 829-843.
Deodatis G. Simulation of ergodic multivariate stochastic processes. Journal of
Engineering Mechanics, 1996, 122(8): 778-787.
Chen L, Letchford C W. Simulation of multivariate stationary Gaussian stochastic
processes: Hybrid spectral representation and proper orthogonal decomposition
approach. Journal of Engineering Mechanics, 2005, 131(8): 801-808.
Di Paola M. Digital simulation of wind field velocity. Journal of Wind Engineering and
Industrial Aerodynamics, 1998, 74-76: 91-109.
Carassale L, Solari G. Wind modes for structural dynamics: a continuous approach.
Probabilistic Engineering Mechanics, 2002, 17: 157-166.
Chen X Z, Kareem A. Proper orthogonal decomposition-based modeling, analysis, and
simulation of dynamic wind load effects on structures. Journal of Engineering
Mechanics, 2005, 131(4): 325-339.
Liu Zhangjun, Liu Wei, Peng Yongbo. Random function based spectral representation
of stationary and non-stationary stochastic processes. Probabilistic Engineering
Mechanics, 2016, 45: 115-126.
Li Jie, Chen Jianbing. The number theoretical method in response analysis of nonlinear
stochastic structures. Computational Mechanics, 2007, 39(6): 693-708.
Davenport A. G. The spectrum of horizontal gustiness near the ground in high winds.
Quarterly Journal of the Royal Meteorological Society, 1961, 87: 194-211.

3230

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Safety Assessment of High Roller Compacted Concrete
Arch Dam with Shaking Table Tests
Jing Zhoua, Tong Zhua, Kai Zhanga, Yu Zhanga and Xin Fenga
a

Institute of Earthquake Engineering, Faculty of Infrastructure Engineering, Dalian University of Technology.
Abstract: The presented article pertains to the safety assessment of high rollercompacted concrete (RCC) arch dam under strong ground motion. This study involved the shaking table tests to investigate the dynamic responses and failure
modes of high RCC arch dam. Elasticity-gravity similitude was used to design the
test model of the prototype 132-m-high Shapai RCC arch dam, ignoring the interaction between the reservoir water and the dam foundation. The contraction and
induced joints were simulated in the model. The experimental results showed that
both ends of the dam arch as well as the crest near the crown were relatively susceptible to damage. The successive opening of the contraction and induced joints
respectively released the dam stress near the abutments and the crown, thereby
guiding the cracking direction and mitigating damage of the dam. The experimental results were also compared with actual observations of the earthquake hazard of
the Shapai RCC arch dam during the Wenchuan Earthquake. It was found that the
physical model was capable of simulating an earthquake-induced collapse of a
high concrete dam, and can thus be used to obtain useful information for safety
assessment and seismic design of RCC arch dams.

1

Introduction

The seismic safety assessment of concrete dams has received substantial attention ever since
the Wenchuan Earthquake (Ms8.0) occurred on May 12, 2008, in the Sichuan Province of
China, where there are also many high dams under construction or in operation. Their seismic
evaluation is therefore a challenge for engineering designers and researchers. Up to now, linear earthquake analysis, in conjunction with maximum principal stress criterion, is commonly used in the seismic design of dams. however, it is still rather impossible to predict the
cracking or failure patterns in dam structures, which is significant for dam safety evaluation.
The roller compacted concrete (RCC) dam is one of the most commonly used types of dams
in hydraulic engineering, which is typically constructed without interruption. Structure cracks
will be caused by temperature stress which is generated from hydration heat during construction. To prevent the formation of temperature cracks, structural joints such as contraction and
induced joints are often employed. It is therefore of great significance to investigate the effects of the structural joints on an earthquake induced collapse of a high RCC arch dam for
seismic evaluation.

3231

In recent years, many scholars has focused on nonlinear constitutive models [1-3] or developed new nonlinear element [4-6] of the structure joints. Lin and Hu [7] presented a nonsmooth Newton algorithm for solving the nonlinear contact problem of structural joints for
seismic analysis of a concrete dam. Wang et al. [8] investigated the contraction joint effect by
considering the interactions among the dam-water-foundation. In particular, there are extreme
discrepancies between the estimated positions and directions of cracks in dams [9], so that
numerical results are still unable to precisely evaluate the seismic safety of real arch dam in
critical state.
Shaking table tests are often used to study the seismic potential and vulnerable zones and
earthquake responses of high concrete dams. Niwa and Clough [10,11] noted that the shaking
table test is a practical method for investigating nonlinear earthquake response and the failure
patterns of a concrete arch dam. Zhou et al. [12] proposed the use of the acceleration at the
time that the first tension crack appeared to quantitatively estimate the overload capacity of an
arch dam. Wang and Li [13] conducted model tests in which the damping boundary was used
to simulate the emission of dynamic energy by properly considering the dynamic interaction
between the dam and the foundation. Chen et al. [14] used gypsum as the model material to
discuss the failure patterns of the Shapai arch dam.
In order to evaluate the dam safety, this paper is to investigate the effects of structural
joints on the seismic collapse of high RCC dams. The Shapai high RCC arch dam, which
withstood the Ms8.0 Wenchuan Earthquake, was selected as the prototype dam. The experimental results showed that the seismic failure patterns of the model and compared with actual
observations of the earthquake hazard of the Shapai RCC arch dam during the Wenchuan
Earthquake. It was found that the physical model was capable of simulating an earthquake
induced collapse of a high concrete dam, and also can be used to obtain useful information for
safety assessment and seismic design of RCC arch dams.

2

General Description of The Test

2.1

Description of the model

The Shapai RCC arch dam (132m) is located in Sichuan Province. One contraction joint is
used at each end of the arch, and two induced joints are used near the arch crown. Figure 1
shows the upstream view of the model of the dam with the contraction and induced joints.
The model parameters were determined by on elasto-gravity similitude law. The similitude
scale factors will be given in Section 2.2. Considering the space limitations of the shaking
table, the physical model was designed using a geometric ratio of 1:112, which produced a
height of 1176 mm, crest length of 2215 mm, crest thickness of 85 mm, and bottom thickness
of 257 mm. The model system also included the mountains that form the abutments and a
partial foundation with a topographic feature near the dam. The system was fixed to the shaking table through a 120-mm thick concrete plate. The authors [15,16] produced an appropriate
simulation material that satisfied the above requirements. The density of model material is
3150 kg/m3. The dynamic tension strength is 32.17 kPa while the dynamic compression one is
438.91 kPa.
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Figure 1: Upstream view of the Shapai RCC arch dam model

2.2

Similitude Considerations and Structural Joints

2.2.1 Similitude Considerations
Elasticity similitude is usually used to study the dynamic response of arch dams in the elastic
state. However, Lin et al. [17] proposed the combination of the static load with the dynamic
load for investigation of an arch dam under earthquakes. Gravity accounts for a large proportion of the static load and significantly affects the seismic response of a dam. Elasticitygravity similitude was thus employed in the present study. This meant that the similitude between the prototype and the model was required to satisfy the following two equations:
Cl  CE C1
(1)

Cl  Ct2

(2)

where Cl , CE , C and Ct denote the geometric ratio, dynamic elastic modulus ratio, density
ratio, and time ratio between the prototype dam and its model, respectively.
Considering the limited space on the shaking table, the geometric ratio of the model was set
to 111.86. The ratio scales obtained from equations (1) and (2) based on the geometric ratio
and the dynamic elastic modulus ratio are listed in Table 1.
Table 1: Ratio scales of test model
Physical
dimension

Geometry*

Density*

Elastic
modulus*

Acceleratio
n*

Time

Frequenc
y

Stress

Strain

Scale ratio

Cl=118.6

Cρ=0.76

CE=85.23

Ca=1.0

Ct=10.58

Cf=0.10

Cσ=85.23

Cε=1.0

*

Represent the basic ratio scale

2.2.2 Simulation of Structural Joints
The primary function of the contraction joints is to prevent temperature cracking during the
construction of an arch dam. However, previous experimental studies [12-14] on the dynamic
behaviors of arch dams with joints often neglected the effect of the key grooves. To overcome
the limitations of these previous studies in the present experiments, the key grooves were set
to reduce sliding along the joints. Similitude of the stress intensity factor (SIF) was used to
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model the induced cracks, ignoring geometric similitude. The fracture toughness for the model test was determined by a three-point bending test of the model material. An average value
of 6.88×10-3 MN/m3/2 was obtained. Table 2 gives the sizes and fracture properties of the induced joints of the model and prototype dams. When the length and interval of the induced
joints were both 85 mm, the ratios of the SIF and fracture toughness between the induced
joints of the prototype and the model were very close.
Table 2: Parameters of the induced joints of the prototype and model dams

Prototype joint size (mm)

Model joint size (mm)

Scale ratio

Length

Spacing

Length

Spacing

Stress intensity factor

Fracture toughness

300

600

85

85

149.01

141.04

3

Experimental Results and Analysis

3.1

Response of Acceleration and Strain

The variations of the fundamental frequencies, as determined from the acceleration responses
at the crest of the crown, for all the loading cases are plotted in Figure 2. As the amplitude of
the harmonic wave increased, the fundamental frequency of the model dam gradually decreased. The resonant frequency is an indication of damage of the structure but does not directly provide information about the damage location.

Figure 2: Variationof the fundamental frequency after each shaking

The distribution of the radial accelerations on the crest is shown in Figure 3. As can be seen
from the figure, the higher accelerations of the crest were observed near the crown and on the
right side, and the peak accelerations gradually decreased from the crown to both banks. This
indicates that the symmetrical mode played a major role in the distribution of the radial acceleration for the streamwise excitation of the sine wave. The peak acceleration near the crown
proportionally increased with the level of excitation up to case 3, with the growth of the
crown acceleration slowing down in cases 4 and 5. This suggests that the nonlinear behavior
of the model dam might have contributed to the dissipation of energy. Case 6 had the highest
growth rate of the crown acceleration, under which condition the model dam suffered significant damage.
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Figure 3: Distribution of the radial accelerations on the crest

The distribution of the peak accelerations on the crown is shown in Figure 4. The peak accelerations of the crown almost increased linearly up to case 3. In case 4, the peak accelerations of the upper crown cantilever decreased slightly, probably because the structural joints
cracked to weaken the acceleration transmitted along the arch. The large changes in the distribution of the accelerations after case 6 indicated that the crown cantilever of the dam had
been severely damaged.

Figure 4: Distribution of the peak accelerations on the crown

Figure 5 clearly shows that the maximum arch strain on the crest varied with the level of
the input. The upstream tensile strains near the crown and the induced joints were slightly
larger than those downstream. Up to case 3, the distributions of the maximum dynamic arch
strains were uniform and there was no cracking at the induced joints. After case 4, the upstream strains of the right-side induced joint increased rapidly, while the downstream strains
increased slowly. This indicated that the upstream right-side induced joint had opened, but not
the downstream one. Meanwhile, there were no significant changes of the strains near the leftside induced joint, indicating that this joint had not cracked. After case 6, the strains in the
crown and near the induced joints greatly increased, causing some of the strain gauges to fall
off. This indicated the occurrence of large cracks in the induced joints on both sides. It can
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thus be concluded that the damage at the right-side induced joint occurred earlier than that at
the left-side. These are the locations where early damage occurs in a dam due to the induced
joints weakening the dam section.

Figure 5: Distribution of the maximum arch strain on the crest

3.2

Failure Patterns

It can be clearly seen from the Figure 7 that with the increase of the different load case, the
failure patterns of the model dam is gradually accumulated. This failure pattern of the model
dam indicates that the cracks mainly appeared in the upper part of the dam and on the surface
of the dam foundation. The structural joints weakened the stiffness of the dam section and
were therefore the first parts of the dam to crack. Seismic energy was dissipated by the opening of the structural joints. The occurrence of irregular cracks was thus reduced, and possibly
avoided. To summarize, the use of structural joints significantly mitigates the collapse of a
dam under an earthquake.
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Figure 7: Failure patterns of the model dam for different excitation levels

3.3

Comparison with Actual Damage of Shapai Arch Dam during Wenchuan
Earthquake

The Wenchuan Earthquake (Ms8.0) occurred on May 12, 2008, in the Sichuan Province of
China. The Shapai reservoir was in its normal storage condition during the earthquake. However, available records of the earthquake acceleration near-field of the dam are insufficient.
Zhang et al. [18] rebuilt the peak acceleration of the Shapai dam ground motion during the
earthquake and determined it to be 262 gal. Post-earthquake field inspection revealed that
there was no obvious damage of the dam by the earthquake other than an opening several meters deep at the top of the right-side contraction joint [19]. In case 1 of the present model test,
the input acceleration at the time that the right-side contraction joint showed signs of opening
was less than the corresponding estimated value for the actual dam during the Wenchuan
Earthquake. This is because of the harmonic wave used to load the model dam and the assumption of an empty dam reservoir in the test. However, the shake table tests were performed in ideal conditions in which microcracks and dam-reservoir interaction were ignored,
the test observation of the right-side contraction joint opening earlier than the other structural
joints during the simulated earthquake is basically consistent with the actual damage pattern
of the Shapai dam. This evidences the reliability of the present test. With increasing load, the
test results increasingly confirmed the important functions of the contraction and induced
joints in the seismic response of the arch dam and their critical effect on the collapse of the
dam.
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4

Conclusion

The effects of the structural joints on the seismic collapse of a high RCC arch dam were experimentally investigated in this study. Dynamic rupture tests were conducted on a model of the
Shapai RCC arch dam on a shaking table, and the results were compared with actual observations of the prototype dam during the Wenchuan Earthquake. Following is a summary of the
study and the conclusions drawn from the findings:
(1) The results of the model tests were basically consistent with the actual damage observations of the dam, indicating that the tests reliably simulated the collapse of the dam under a strong earthquake. The test results predict the failure patterns of the Shapai dam
under a strong earthquake and practically improve understanding of the process of an
earthquake-induced dam collapse.
(2) The test results and actual earthquake hazards confirm that structural joints affect the
failure patterns of a dam and that the implementation of contraction joints near each end
of the arch can be effectively used to release stress and reduce the damage of the dam
body near the abutments. With gradual increase of the load, the opening of the induced
joints controls the cracking direction and reduces or avoids the generation of irregular
cracks. In summary, structural joints release internal stress in an arch dam during an
earthquake, mitigate the destruction of the dam, and improve the dynamic overload capacity.
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Abstract: The simulation of wind field is a crucial step and the basis work for the
time-domain buffeting analysis of engineering structures. The traditional spectral
representation method (SRM) is widely employed in the unconditional wind field
simulation based on the direct decomposition of the cross power spectral density
(CPSD) matrix through Cholesky decomposition. This direct decomposition of
complex matrix costs a lot of computational efforts, which heavily depends on the
number of simulated points and other associated problems related to the algorithm.
In this paper, the interpolation-enhanced scheme (IES), which can advance the
efficiency of SRM by reduce the times of Cholesky decompositions, is firstly
summarized. And two important issues, including the selection of interpolation
functions and distribution of the interpolated points, concerning the application of
the scheme are emphatically discussed. The analytical results indicate that IES can
obviously improve the computational efficiency of the traditional SRM, and this
improvement becomes more and more remarkable with the augment of simulated
points. Hermite and Spline interpolations are two preferable selections for IES.
And the exponential distribution is much more reasonable than uniform distribution for the interpolated points. The results can provide references for the application of SRM in the fast simulation of wind field for engineering structures.
Keywords: wind field simulation, spectral representation method, interpolation
technique, Cholesky decomposition.

1 Introduction
Accurate simulation of wind field, which can satisfy with the target spectrum and correlation
conditions, is an essential and vital step before the time-domain buffeting analysis of flexible
engineering structures. For the wind field with prescribed spectral features, the Monte Carlo
method can produce effective samples for turbulent wind velocities with the computer analog
technology. At present, there are two kinds of approaches, namely spectral representation
method (SRM) and digital filtering method, widely used for wind field simulation based on
the Monte Carlo ideology[1, 2]. Due to its simplicity and adaptability to arbitrary target spectrum, the SRM has been the most popular method of wind field simulation for large-scale
engineering structures.
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Computational efficiency and accuracy are two vital indexes to evaluate the effectiveness of
the modeling method. Although the SRM by Deodatis can accurately generate multivariate
ergodic random processes, the computational efficiency sharply decreases with the augment
of simulated points[3]. In the view of SRM algorithm, there are two most time-consuming considerations, namely summation of trigonometric functions and Cholesky decomposition. The
first problem has been alleviated by FFT[4]. Hence, there is another issue that needs to be addressed. For the simulation of n multivariate wind field with N frequency segments, the times
of Cholesky decompositions will be n×N. In such a case, the time costs of Cholesky decompositions keep on increasing with the augment of simulated points. Meanwhile, the occupation of Cholesky decompositions in the total time costs is dominant. Therefore, the number of
Cholesky decompositions is a big restriction to the efficiency of SRM.
Several researches have ever been conducted to decrease the computational efforts in Cholesky decompositions. For example, Cao realized the expression of Cholesky decomposition in
an explicit form of algebraic formulas, but the explicit form can only be achieved when the
simulated points are at the same height[5]. From a new viewpoint, Ding et al.introduced the
3rd-order Lagrange interpolation into the Cholesky decomposition, and the real decomposed
CPSD at each frequency is approximated by the established interpolation between determined
interpolation points[6]. With this treatment, the times of Cholesky decompositions are sharply
reduced so that the efficiency of SRM algorithm is secondly enhanced. In the applications,
however, only linear and third-order polynomial interpolation functions are usually employed
due to the simplicity.
In this paper, a discussion on the application of interpolation-enhanced scheme (IES) in the
unconditional wind field simulation based on the SRM by Deodatis (1996) is presented. The
selection of interpolation functions as well as the distribution of the interpolated points is emphatically discussed. Suggestions are given by the parametric analyses.

2 SRM
In practice, the wind field in each direction can be considered as one-dimensional n-variable
(1D-nV) zero-mean homogeneous random process V(t), which consists of n components V1(t),
V2(t), … , Vn(t). The CPSD matrix, which characterized the prescribed spectral features, for
V(t) can be described as
 S11 ( ) S12 ( )
 S ( ) S ( )
22
S( )   21


 Sn1 ( ) Sn 2 ( )

S1n ( ) 
S 2 n ( ) 


Snn ( ) 

(1)

where ω is the circular frequency.
It is well known that the CPSD matrix is Hermitian and non-negatively definite. The CPSD
between any two components Vj(t) and Vk(t) can be given as
i jk ( )

S jk ( )  S j () Sk () jk ()e

(2)

Where  jk ( ) is the coherence function between two components;  jk ( ) is the corresponding
phase angle[7].
To simulate the 1D-nV random process, the CPSD matrix must be decomposed into the following product with Cholesky decomposition.
S( )  H( )HT* ( )
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(3)

where superscript T is a transpose indicator of the matrix; superscript * represents the matrix
should be conjugate. H(ω) is a lower triangular matrix, which is detailed as
0
 H11 ( )
 H ( ) H ( )
22
H( )   21


 H n1 ( ) H n 2 ( )






H nn ( ) 
0
0

(4)

Then, the wind velocity for any point ranging from 1 to n can be simulated by the following
series.
j

N

f j (t )  2   H jm (ml ) cos(ml t   (ml )  ml )

(5)

m 1 l 1

where ml is the double-indexing frequency; ml is the phase angle.

3 IES
With a careful analysis to Eq.5, the concerned elements in H(ω) can be expressed as Eq.6. It
is easy to find that there are n×N frequencies included, which means n×N times of Cholesky
decompositions should be conducted during the modeling procedure.
0
 H11 (1l )
 H ( ) H ( )
22
2l
H eff ( )   21 1l


 H n1 (1l ) H n 2 (2l )






H nn (nl ) 
0
0

(6)

Since the spectrum (e.g. Kaimal spectrum, Karman spectrum) and coherence function (e.g.
Davenport function) used for wind field simulation is usually continuous with frequency, any
element in H(ω) is also a continuous function of the circular frequency, which is shown by a
typical example in Figure 1.
2.4
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2.0

H(ω)

H0807
1.6

H1405

1.2

H1810

0.8
0.4
0.0
0

2

4

6

ω / Hz

8

10

12

Figure 1. Continuous features of elements in H(ω) versus circular frequency

In the IES, the relationship between any element in Eq.6 and circular frequency is approximated by a series of interpolation functions. The procedure of IES mainly includes five steps,
which are detailed as following.
Step 1: Consider a set of circular frequencies ranging from ωm1 to ωmN with a prescribed distribution and the frequencies are incrementally arranged as ω1, ω2, … , ωk (k<N).
Step 2: Values of Hjk(ω) at the selected frequencies are calculated via the Cholesky decomposition to the CPSD matrix and a group of nodes is acquired in the form of (ω, Hjk(ω)).
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Step 3: The nodes are in order separated into segments and the number of segments is determined by the node requirement of the selected interpolation function.
Step 4: In each segment, interpolation function is established based on the provided nodes.
And Hjk(ω) will be approximated as a continuous function when the approximation in each
segment is finished.
Step 5: The value of Hjk(ω) at each frequency ωml is approximated by H jm ( ) , and then the
wind field is simulated with Eq.5.
The other procedures are the same as the traditional SRM. That is to say, FFT can also be
employed in the interpolation-assisted method. With the IES, the times of Cholesky decompositions have been reduced to n×k so that the computational efficiency is further improved.
Actually, in the application of IES, three crucial components, including type of interpolation
function, distribution of interpolation points and interpolation interval, are directly concerned
with the computational efficiency and corresponding accuracy. Therefore, all the three factors
are discussed as presented in the following sections.

4 Evaluation of Parameter Selection in IES
In the following analyses, an evaluation of parameter selections in IES is conducted. Since the
modeling efficiency and accuracy are mainly concerned with the interpolation scheme, the
position of the simulated points is not considered in this study. And the wind field simulation
of the main girder for a long-span triple-tower suspension bridge is taken as an example, and
the simulated points uniformly distributed as shown in Figure 2. It should be mentioned that
the number of simulated points is not determinate and the distance between two adjacent simulated points varies with the point amount. Algorithms are coded in MATLAB and run on a
PC with Intel (R) Core (TM) i5-2320 CPU @ 3.00GHz and 4GB main memory under the
WIN7 operating environment.
390m

1080m

1080m

390m

Simulated points

Figure 2. Schematic layout of simulated points for the wind field of the main girder

For the simulation of along-wind turbulence, the widely used Kaimal spectrum[8] is utilized as
the target spectrum, and Davenport coherence function[9] is taken to characterize the spatial
correlation between different simulated points. The cut off frequency ωu is forced as 4π and
the frequency range considered is divided into 2048 segments (N=2048). Based on the Deodatis method, the sampling frequency will be 4Hz. Then, the wind field with a length of 1200s
using the prescribed parameters is simulated to investigate the modeling efficiency and accuracy with a comparison to the traditional SRM by Deodatis[3].

4.1 Definition of the Error Function
Accuracy is a vital factor that must be evaluated on the premise that the algorithm is equipped
with a high computational efficiency. As the interpolation function is introduced to approximate the real decomposed CPSD matrix in IES, the error of the simulated wind field results
from this approximation. Hence, an error function is defined as the comprehensive average for
each element in H(ω), as expressed in Eq.7. In Eq.7, S denotes to the total number of elements
included in the error evaluation.
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E

1 n j N H jm (ml )  H jm (ml )

S j 1 m 1 l 1
H jm (ml )

(7)

4.2 Distribution of Interpolated Points
The uniform distribution was often used for the interpolated points to establish interpolation
functions among different segments[6]. For any element in H(ω), a typical feature is that Hjk(ω)
varies rapidly in the low frequency part (say frequency below 3Hz) while the gradient approaches constant in the rest ranges, as shown in Figure 1. In such a case, some important
positions of Hjk(ω) cannot be captured if a loose uniform distribution of interpolated points is
employed. One strategy is to increase the interpolated points to make the interpolation interval
small enough, then all the key information in the low frequency range can be included. However, a great many unnecessary interpolated points are also added to the high-frequency part,
which increases the computational efforts but does little influence on the modeling accuracy.
From this perspective, a scheme that the interpolated points densely distributed in the low
frequency part and loosely distributed in the rest ranges is preferable. Here, the problem that
how to determine the non-uniform distribution needs to be solved. In this study, two solutions
are proposed to convert the uniform distribution to the preferable scheme with the number of
interpolated points unchanged.
The two solutions are named as exponential transform and polynomial transform, respectively.
Considering m uniformly distributed interpolated points are selected, the frequencies are
listed as ω0, ω0+△, … , ω0+(m-1)△, in which △ is the increment. The principles of the two
methods are presented as Eq.8 and Eq.9. The exponential transform provides a one-to-one
mapping between the uniformly-distributed points to positive exponentially-distributed ones.
And the polynomial transform employs the k-order multinomial (k≥2) to establish the mapping relationship.
Both the two solutions reserve the first and the last interpolated points, so the uniformly distributed points can be automatically transformed into the aforementioned preferable scheme in
the given ranges.
Exponential transform
new =

(m  1)  0
e
 1  0
e( m 1)   1 

(8)

Polynomial transform
new =

1

(m  1)

k 1

k
  0   0

k  2,3, 4,...

(9)

Since there is a positive correlation between consumed time and the number of variables in
SRM, an example with 60 simulated points is taken to investigate the sensitivity of IES to the
distribution of interpolated points. In the analysis, the spline interpolation function is utilized.
The consumed time and computational error during the wind field simulation are shown in
Figure 3 and Figure 4, respectively.
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Figure 4. Computational error versus different distributions of interpolated points

As shown in Figure 3, since the computational efficiency mainly depends on the number of
interpolated points, the consumed time for different distributions at each interpolation interval
is almost the same. However, in respect of the computational accuracy, it will diverge with
the augment of the interpolation interval, as shown in Figure 4, when the linear, quadratic and
cubic polynomial transform are utilized. And the divergence will be retarded if using a higher
order polynomial transform. If the margin of error is taken as 5%, the quartic polynomial
transform and the exponential transform are more stable than the other cases, and the quartic
polynomial transform performs a little better than the exponential transform. In IES, fewer
interpolated points (large interpolation interval) with high computational accuracy are preferable, hence the quartic transform and exponential transform are recommended for engineering
practices.

4.3 Interpolation Function
The selection of the interpolation function is another important factor that should be considered in IES. In existing researches, linear and 2nd-order Lagrange interpolation functions are
often used due to the simplicity. Actually, Lagrange, Hermite and Spline are three main types
for interpolation functions[10].
In order to make a comparison of the contributions by different interpolation functions in IES,
a parametric analysis is conducted. During the procedure, the time interval is selected as
32△ω and the exponential transform is employed. The computational efficiency and accuracy
versus different interpolation functions are presented in Figure 5.
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Figure 5. Comparison of the computational efficiency and accuracy by different IESs

As shown in Figure 5(a), there is no significant difference in the computational efficiency
when different interpolation functions are utilized, because the consumed time heavily depends on the number of interpolated points, which is not changed during the analysis. In respect of the consumed time, the computational efficiency is obviously advanced by IES
compared to the traditional SRM, and this improvement becomes more and more remarkable
with the augment of simulated points.
One the other hand, the computational errors in Figure 5(b) are within 5% since the exponential transform is in advance utilized. But the research aim is to find an interpolation function
that can stably generate wind velocities with the least modeling error regardless of the amount
changes of simulated points. It can be found in Figure 5(b) that the higher the order of Lagrange interpolation function is, the smaller the computational error will be. However, the
Hermite and Spline interpolation functions perform much better than the other cases, as they
can more closely approach the real functions with the derivative conditions considered. Both
the Hermite and Spline interpolation can make the computational error below 0.5%, and the
Spline case is a little superior to the Hermite interpolation from such a viewpoint. Therefore,
Hermite and Spline interpolations are two preferable selections for IES.

5 Conclusions
In this study, the application of IES in the unconditional simulation of wind field is investigated. Three vital issues including the selection of distribution of interpolated points and interpolation function. The following conclusions can be drawn accordingly.
(1)
IES can obviously advance the computational efficiency of the traditional SRM, and
this improvement becomes more and more remarkable with the augment of simulated points.
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(2)
The exponential distribution and the quartic polynomial distribution are much more
reasonable than uniform distribution for the interpolated points, as they can enhance the computational accuracy with the same amount of interpolated points.
(3)
Hermite and Spline interpolations are two preferable selections for IES, since the corresponding accuracies are more stable and much higher than the other cases.
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Abstract: To reduce the negative impacts of indirect losses after an extreme
event, typically caused by long-lasting reduced functionality of critical structures
and infrastructure systems, disaster managers need to plan the disaster relief activities considering the post-event resilience as one of the main determining factors. However, this requires better understanding of the restoration process of the
system and the underlying uncertainties, as well as the impact of each component
on the functionality of the system. In this paper, a technique is presented to simulate the restoration schedule and recovery curve of damaged infrastructure systems with multiple components. This is carried out by assembling the restoration
tasks of each damaged component of the system considering the availability of
resources for the restoration activities, and the uncertainties involved in restoration duration. The application of the proposed methodology is presented for two
cases: an electrical distribution substation, and a pair of bridges, all with multiple damaged components. Sample restoration schedules and recovery curves are
presented, and probabilistic restoration functions are derived for every structure.

1 Introduction
Todays communities are composed of several social, economic, and physical units, all functioning interdependently to provide the necessary means of life for modern human beings. These
include the supply chain (e.g., food, water, and energy), business sectors and financial institutions, and infrastructure systems (e.g., communication, road, and electric networks). The functionality of these units are typically threatened by several causes, among which natural (e.g.,
earthquake and hurricane) and man-made (e.g., fire spread and terrorist attack) extreme events
are the most critical and devastating. For example, despite the small number of causalities and
human losses, the damage imposed to the socioeconomic elements and physical infrastructures
by the 2011 Christchurch earthquake was both extensive and expansive to the extent that it
completely disrupted the normal life of the residents and forced them to evacuate a large portion of the impacted regions [1]. Similarly, the slow pace and inefficient restoration process
following Hurricane Katrina, caused large-scale migration of the population, which imposed a
permanent loss to the impacted community [2]. Additionally, non-engineering factors such as
demographics, governance, and land-use policies have been found to have a significant impact
on the recovery process. Such observations made researchers and engineers to develop various
methods to improve disaster management activities and mitigate potential losses in order to enhance the resilience of communities [3, 4].
Resilience has been defined differently across different fields and domains, such as social, economic, and ecology sciences [4]. In engineering fields, Bruneau et al. [5] are considered as the
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Figure 1: The conceptual flowchart of the proposed methodology for restoration and functionality assessment of (single or multiple) structures

pioneers of disaster and infrastructure resilience. They defined community resilience as the ability of the social units to mitigate hazards, and recover from the damage with a minimal social
disruption. Also, the concept of resilience triangle proposed by Bruneau et al. is one of the most
common tools to quantify resilience, and the underlying idea inspired several researchers to propose other metrics and methodologies to measure, enhance, and optimize resilience of different
structures and infrastructure systems [6–9]. These include, but are not limited to, healthcare
structures and facilities [10, 11], power grids [12, 13], gas distribution systems [14], bridges
and transportation networks [15–17].
As indicated in the definition of resilience, the assessment of the restoration process of different
units of the community and their functionality immediately after the event and during the recovery phase are among the key steps of resilience assessment. However, evaluating the restoration
process and its characteristics prior to the event is a challenging task. Most of all, this is due
to the considerable amount of uncertainties involved in such process, originated from factors
like decision making, restoration resource availability, weather conditions, etc. Also, the interdependent impact of the functionality and restoration of different structures and infrastructures
makes the simulation of the post-event activities more complicated.
To this respect, this paper presents a technique for post-event restoration and functionality assessment of individual and groups of structures of any type or class. This methodology is an
extension of the technique presented by Karamlou and Bocchini [18, 19] that allows the simulation of the restoration schedule and recovery curve of damaged bridges using a construction
management approach. This paper is organized as follows. Firstly, the proposed framework is
presented conceptually and in general terms. Next, the technique is applied to the restoration
and functionality analysis of two types of structures: a damaged electric power substation, and
a group of two damaged bridges.

2 Conceptual Framework of the Proposed Technique
Karamlou and Bocchini [18, 19] developed a simulation-based framework to compute the sample construction schedules and restoration functions focusing on the specific case of a single
bridge with multiple damaged components. A more conceptual and generalized presentation of
this technique is provided herein, to make it applicable to other types of structures and to groups
of structures. Figure 1 illustrates the flowchart of the proposed technique.
The first step is the system definition. Here, system refers to a group of structures whose restoration and functionality is being investigated. This requires specifying the components of all stud-
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ied structures. To this respect, the components that (1) have a major contribution in delivering
the expected functionality of the structure, (2) are prone to considerable amount of damage
in the case of catastrophic events, and (3) require a significant amount of resources for their
restoration should be considered in the definition of the system. For instance, in the case of
bridges, columns are included in the definition as both field inspections and numerical simulations have shown that they are among the most vulnerable elements of bridges and their
restoration takes a considerable amount of time and construction resources [18–22]. Similarly,
for electrical distribution substations, circuit breakers and transformers are considered as the
critical components [23].
In the next step (Step-2), the damage and restoration data of the components of each structure
are specified. To this respect, for each component, a set of repair-based damage states is defined. These states are different damage levels to which a particular restoration decision and
repair process is associated. Accordingly, a set of tasks can be compiled for the restoration
of each component at every relevant damage state. The damage state of each component can
be specified through numerical simulations or from inspections typically made after an event.
The duration of each component restoration task is characterized with a probability distribution
function which will be used later to account for the uncertainty in the restoration scheduling of
the (group of) structure(s). Additionally, a selected number of resource items required to execute
each task is specified. These items are typically the equipment and human resources needed to
perform the restoration.
In many cases there is a precedence relationship among the restoration tasks of a component,
or among the components of the studied structures. Such precedence relations are typically due
to common construction logics and approaches [18]. Also, if deemed relevant, precedence relations can be defined among different structures of the group to model interdependencies in the
restoration of infrastructure systems. For instance, if a bridge needs to be restored before being
able to access and restore a substation, a precedence relation can be defined for the two structures in the system. However, the discussion of these types of precedence relations to represent
infrastructure interdependencies is beyond the topic of this manuscript.
In Step-3, samples of the duration of the restoration tasks are generated for all components of
the structures. Techniques such as Latin hypercube [24] sampling are preferred for a more computationally efficient simulation.
Each set of samples generated in Step-3 is used to compute one sample restoration schedule for
the investigated structures in Step-4 . This is carried out using a number of optimization-based
scheduling tools developed to reflect some of the uncertainties in scheduling and the flow of information [18]. The proposed tools are based on the Resource Constrained Project Scheduling
Problem (RCPSP) to compute the sample restoration schedules [25]. RCPSP is an extension of
the classic Critical Path Method that takes into account the resource availability for scheduling,
in addition to precedence relations. The number of available resources for each resource type
used for the restoration tasks is specified given the capabilities of the contractors who are in
charge of the restoration process.
Sample schedules show the start and end time of each restoration task for each component of
the structures. Such information is used to develop a sample restoration function (or recovery
curve) for each structure. The process to compute the restoration function from the restoration
schedule is different for each type of structure. However, general factors that can be considered for such computations include the disruption caused by and the safety of the crew during
the restoration process, as well as the damage level of the components and the safety of the
structure. This process (Step-4 and Step-5) is repeated for all sets of restoration task duration
samples. The resulting sample restoration functions can be used to compute the time-dependent
probabilistic characteristics of the functionality for each structure during the restoration pro-
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Figure 2: Layout of a double breaker bus distribution substation
Table 1: Tasks for the restoration of the example distribution substation
ID

Description

A1
A2
A3
A4
A5
A6
A7
A8

Detailed damage assessment
Repair circuit breaker
Repair disconnect switch
Repair transformer anchorage
Repair transformer radiator
Repair transformer bushing
Repair bus
Obtain additional repair material from district yard

Duration (hours)
Distribution
Triangular
Triangular
Triangular
Triangular
Triangular
Triangular
Uniform
Triangular

Min
10
0.5
0.5
60.0
5.0
3.0
0.0
1.0

Mode
11.5
1.0
1.0
84.0
8.0
4.0
2.0

Resource requirement
Max
13
1.5
1.5
156.0
11.0
5.0
0.4
3.0

Manpower
0
2
2
5
2
2
3
1

cess. This includes any statistical moment or dispersion of the functionality distribution of a
structure at each time step during the restoration. Also, the final results can be presented in the
form of probabilistic restoration functions, which will be discussed in the following sections.

3 Application
Two examples are provided in the following to showcase the technique presented in Section 2.
The first is the restoration of a damaged substation, which is a case for a single structure with
multiple damaged components. The second example is the restoration of two bridges, and each
bridge has multiple damaged components.

3.1

Restoration of a Power Substation

In this section the restoration process and recovery curves of a power substation is simulated
using the proposed framework. To this respect, this study uses a double breaker bus substation,
which is among the most common substation layouts around the world [26]. The layout of the
substation along with its critical components considered in this study is shown in Figure 2. In
this figure, T Ri , Ci , Di , and Bi represent the ith transformer, circuit breaker, disconnect switch
and bus of the example substation. As it can be observed, the substation has 80 components: 44
disconnect switches, 22 circuit breakers, 4 buses, 2 transformers, and 8 distribution lines.
In the case of the current example, it is assumed that the extreme event has caused the failure
of the anchorage and radiator of T R1 and bushing of T R2 . Also, bus bars B1 and B4 , disconnect switches D16 , D27 , and D36 , as well as circuit breakers C1 , C9 , C11 and C21 have been
damaged and require to be restored. Table 1 presents the restoration tasks of the damaged components along with their duration properties and resource requirements [26, 27]. Regarding the
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Figure 3: Substation (a) sample restoration schedule, and (b) sample restoration function

precedence relations among the tasks, it is assumed that task A1 is the prerequisite of all other
restoration activities. Also, task A8 should be carried out before the restoration of the circuit
breakers. Finally, task A4 is the predecessor of tasks A5 and A6 .
Figure 3(a) shows a sample restoration schedule of the substation considering a random set of
task duration samples. To compute such a schedule, the RCPSP has been solved using the duration of the restoration tasks and their resource requirements, as well as the precedence relations
as discussed earlier. In this example, the total duration of the substation restoration was considered as the objective of the RCPSP. In this case, it was assumed that the contractor assigned
10 technicians for this restoration project. Figure 3(a) shows that the process starts with the
simultaneous restoration of the two transformers (T R1 and T R2 ) and bus B1 . This is followed
by the restoration of disconnect switches, circuit breakers and bus B4 . Also, the total duration
of the restoration is 141 hours for this specific sample.
The total functionality of the substation is assumed to be proportional to the number of functional distribution lines as defined in Equation 1, which is derived using classic system reliability
theory and the concept of minimal path set:
"
#

8
8
4 
Q(t) = (1/8) ∑ [ΦDLi (t)] = (1/8) ∑ 1 − ∏ 1 − ∏ xk (t)
(1)
i=1

i=1

j=1

k∈Pi j

where Q(t) and ΦDLi (t) are the functionality of the substation and the value of the structure
function of the ith distribution line at time t, respectively. ΦDLi (t) assumes the value of one if
power can be transmitted through DLi at time t and zero otherwise. Structure functions can be
written using the the concept of minimal path set as presented in the second part of Equation 1.
In this part, Pi j is the jth path set of DLi , and xk (t) is the value of the state of component k in
the minimal path set Pi j at time t. For the case of the current example, xk (t) is equal to one if
the associated component is not damaged or its necessary restoration process has been completed. Otherwise, xk (t) is considered to be zero. Based on Figure 3, for each distribution line,
four minimal path sets can be defined. For example, the four minimal path sets for DL6 are
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Table 2: Minimum path sets for DL6
Pi j
P61
P62
P63
P64

Components
{T R2 , D26 ,C13 , D25 , B3 , D29 ,C15 , D30 }
{T R2 , D27 ,C14 , D28 , B4 , D32 ,C16 , D31 }
{T R1 , D6 ,C3 , D5 , B1 , D41 ,C21 , D42 , B3 , D29 ,C15 , D30 }
{T R1 , D7 ,C4 , D8 , B2 , D43 ,C22 , D44 , B4 , D32 ,C16 , D31 }

P(Q(t) <100%)

1
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0.4
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0
0
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Figure 4: Probabilistic restoration functions for the substation

presented in Table 2. The minimal path vectors for the other distribution lines can be written
similarly. Considering the initial damage state of each component and the restoration completion time of the tasks for each component, Equation 1 can be used to compute the functionality
at each time step. The result is presented in Figure 3(b). It can be observed that after completion
of task A6 (t = 16 hours) all of the components in P61 are functional and thus DL6 is back on
line. Additionally, DL7 and DL8 are restored at t = 16 hours and therefore the functionality of
the system is increased to 37.5%. Similarly, the functionality of the rest of the distribution lines
are restored as their recovery processes are finalized.
One million samples of each task shown in Table 1 has been generated to consider the uncertainty in the duration of all restoration tasks and the consequent effects on the restoration
schedule and functionality of the substation. The resulting restoration function samples can be
used to compute the probabilistic characteristics of the functionality during the restoration process. For example, Figure 4 illustrates the probability of the substation functionality being less
than 100% at each time step. The results show that this damaged substation is most likely to be
fully functional after 38 hours.

3.2

Restoration of a Group of Bridges

In this section the restoration process and recovery curves of a group of two bridges are simulated using the proposed framework. These bridges are a Single Span (SS) Steel Girder bridge,
and a Multi-Span Simply Supported (MSSS) Steel Girder bridge, both among the bridge classes
most typical of the Central and Southern United States [20]. The structural properties of the
bridges have been adapted from other studies and can be found in [20, 22]. Figure 5 shows a
schematic view of these bridges and their components.
The restoration and functionality analyses are performed and the data are briefly provided for a
case study. In this example, it is assumed that both bridges are in the same region and subjected
to a hypothetical seismic event with a high intensity. As a result, for the SS Steel Girder bridge,
the back wall on the left approach has been cracked due to the pounding of the deck. Regarding
the MSSS Steel Girder bridge, it is assumed that there is a considerable amount of residual
displacement in the left rocker bearings and thus the left deck needs to be realigned. Table 3
presents the restoration tasks and some of their properties used for the functionality analysis.
In this table, the tasks which have ID starting with SS and MSSS are associated with the SS
Steel Girder and the MSSS Steel Girder bridge, respectively. Five and four tasks need to be
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Figure 5: (a) SS Steel Girder bridge, (b) MSSS Steel Girder bridge
Table 3: Tasks for the restoration of the example SS Steel girder bridge and MSSS Steel girder bridge
ID

Description

qA(%)

SS1
SS2
SS3
SS4
SS5
MSSS1
MSSS2
MSSS3
MSSS4

Excavate abutment
Repair abutment cracks
Repair abutment spalls
Abutment backfill
Install joint seal
Review shoring plan
Install shoring
Realign bearings
Remove shoring

50
100
100
50
50
100
0
50
0

Duration (days)
Distribution
Uniform
Triangular
Triangular
Triangular
Triangular
Triangular
Triangular
Uniform
-

Min
1
1
1
1
1
20
1
1
1

Mode
2
2
2
2
30
2
-

Resource requirement
Max
2
3
3
4
3
40
3
2
1

Manpower
5
2
2
5
3
0
5
5
5

Geo-Machine
2
0
0
2
0
0
0
0
0

Crane
0
0
0
0
0
0
1
1
1

Mixer
0
1
1
0
1
0
0
0
0

performed for the restoration of the SS Steel Girder bridge and the MSSS Steel Girder bridge,
respectively. In many cases, it is required to fully or at least partially close the bridge due to
the restoration activities or for the safety of the crew during the construction. To this respect,
the parameter qA reflects the residual functionality of the bridge during the execution of each
task. Also, four different resource types have been considered to carry out the restoration tasks:
manpower, geo-machines, crane, and concrete mixer. It is assumed that the restoration will be
performed by a contractor with 5 crew members, 2 geo-machines, 1 crane, and 1 concrete mixer.
Figure 6(a) shows a restoration schedule sample computed using one set of task duration samples by solving the RCPSP. To this end, the minimization of the sum of the total duration of the
restoration of the two bridges has been considered as the objective of the RCPSP. In addition
to the schedule, the precedence relations among the tasks of the two bridges are also illustrated
using the arrows. The results show that the process starts simultaneously for both bridges, but
the restoration of the SS Steel Grider bridge finishes first, after 9 days.
Figure 6(b) presents the sample restoration functions of the two bridges computed from the
schedule shown in Figure 6(a) and by taking into account a number of considerations including
bridge structural safety, construction induced traffic disruptions, and temporary repair solutions.
For the case of the SS Steel Girder bridge, it is assumed that the damage to the abutment requires
the reduction of the allowable speed of the vehicles and this is equivalent to the reduction of the
functionality of the bridge to 50%. Therefore, the functionality is restored to its full capacity
after the repair process is finished. Regarding the MSSS Steel girder bridge, the initial damage
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does not require the closure of the bridge. However, the installation and removal of the shorings
(tasks MSSS2 and MSSS4 ) require the bridge to be closed for the safety of the crew. Also, during
the execution of task MSSS3 , the functionality is reduced to 50% due to the interruption of half
of the passing traffic [18]. However, since this partial opening is very short (during MSSS2 and
MSSS4 the functionality is zero), such increase in the functionality has been filtered out using
a window function. Therefore, the functionality remains zero during task MSSS3 . More details
about the computation of bridge functionality during restoration can be found in [18].
To study the uncertainty in the restoration scheduling, one million samples of each task shown
in Table 3 have been generated and used to compute sample restoration schedules and their
associated recovery curves. The results have been used to compute the probabilistic restoration
functions for each of the bridges. For instance, Figure 7 shows the probability of the bridge
being at least partially closed (P[Q(t) < 100%]) for each of the bridges.

4 Conclusions
This study proposes a generalized simulation-based methodology for post-event restoration
analysis of damaged structures and infrastructures in a probabilistic fashion. The proposed technique is capable of computing the restoration schedules and functionality recovery curves of
different damaged structures considering the resource availability and the uncertainties in the
restoration process at the component-level.
The application of the methodology is presented for two cases: a damaged substation, and two
damaged bridges. For the case of the substation, the impact of multiple damaged components
(transformers, disconnect switches, buses, etc.) was considered in the functionality analysis.
Regarding the second example, the restoration of a damaged Single Span (SS) and a damaged Multi-Span Simply Supported (MSSS) Steel Girder bridge was investigated. Probabilistic
restoration functions for the example structures were derived using the proposed methodology.
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The input data, such as duration distribution and resource requirements of every task for each
damaged component in different damaged structures, can be updated through consulting with
professional engineers and construction managers. Also, field data of restoration schedules of
structures, along with their recovery curves can be used to further adjust the parameters and
assumptions of the proposed technique, and improve the results. Ultimately, this generalized
methodology predicts the probabilistic functionality restoration with time-variant characteristics for individual structures, a group of structures, and networked infrastructure systems. The
functionality probability at different times can help decision-makers to conduct emergency management activities and adjust mitigation policies with more realistic understanding on the field
performances of critical structures and infrastructure systems.
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Abstract: This paper reports results of the practical application of a modified
Kriging method proposed by the authors to estimate earthquake ground motion intensities. To effectively mitigate seismic damage, it is desirable to estimate in detail
ground motion intensities, such as at each construction site. However, to date, the
ground motions have been calculated for each mesh with sides of lengths, such as
250 m. The general Kriging method can estimate the ground motion intensity at
each construction site by the spatial stochastic analyses of ground motions using
boring investigations. However, the general method cannot be used to estimate the
practical stochastic field of ground motions on account of the non-negligible errors
caused when calculating the ground motion intensities at a boring point. Therefore,
the authors proposed a modified Kriging method to consider these non-negligible
errors in the stochastic analyses. By adding only one new parameter, the modified
method can provide the results of practical spatial statistical analyses with an Akaike
Information Criterion (AIC) that is approximately 100 to 270 smaller than that by
the general Kriging method, which corresponds to approximately 50 to 135 explanatory variables. Additionally, the range (auto-correlation distance) estimated by the
modified method is 300 m to 1200 m, which is much longer than that of the general
method (20 m to 400 m). As a result, the modified method can practically and accurately estimate ground motion intensity at each construction site.

Introduction
To date, earthquake ground motion intensities have been estimated for each mesh with sides of
lengths, such as 50 m, 250 m, 500 m and 1000 m, using hypothetic ground models. The hypothetic ground models of meshes have been determined based on the results of borings within
and around each of the meshes. However, to employ effective measures for seismic damage
mitigation and contribute to a resilient society, the ground motion intensity should be estimated
in greater detail, such as at each construction site, and the seismic risk should be assessed accordingly.
Efforts have been made to apply a general Kriging method to estimate the spatial stochastic
fields of strong ground motions and interpolate the ground motion intensity at each construction site using boring data and one-dimensional seismic response analysis methods [8]. However, these efforts have not succeeded in practice because one-dimensional seismic response
analysis using boring data provides estimates of ground motion intensity at a boring point with

3259

non-negligible errors. The authors of [7] proposed a modified Kriging method to consider these
non-negligible errors as “observation errors” [9] in a stochastic analysis. The modified method
can objectively and accurately estimate spatial distributions of ground motion intensities.
This paper demonstrates the advantage of the modified Kriging method over the general
Kriging method for estimating ground motion intensities. Variograms, including the range and
sill, of six seismic parameters in Owari-asahi City, Aichi Prefecture, Japan, from six respective
earthquake scenarios were estimated by the modified method and compared with those of the
general method.

Analysis Method
2.1 Kriging Method Formulation
To estimate the spatial distribution of a parameter by the Kriging method based on a set of field
data, it is necessary to identify a variogram and trend function. A variogram is the covariance
matrix of a random field model, while a trend function represents the overall tendency in the
field [4] [5].
The optimum random field model (i.e., the optimum variogram and trend function) for the spatial distribution of earthquake ground motion intensity is identified as a model with a minimum
Akaike Information Criterion (AIC) [1] based on the general maximum likelihood method as
min AIC  2  Maxln p z μ, θ  2  m 

(1),

μ ,θ , m

in which z is the vector of seismic intensities, and m denotes the number of random field explanatory variables. In addition, p(z|・) is the multivariate probability density function of z
with parameters・. It is often modeled by a joint normal probability density function as
n

 1  2  12

 1
T
p z μ, θ   
 C exp  z  μ  C 1 z  μ 
2


 2 

(2),

in which θ denotes the explanatory variables of C, which is the covariance matrix of z. μ is the
average value vector determined by the trend function of z [9]. It can also be expressed as an
nt dimensional function of the coordinate u = (x, y) [5] as
mt 1

mt 1
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in which f(u) is the vector of the location, b is the coefficient vector, and mt denotes the number
of elements in b. Furthermore, mt can be expressed using the dimension of equation (3), nt, as
mt 

nt  1nt  2 

(4).

2
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The i and j elements of covariance matrix C in equation (2), C(ui, uj), denote the covariance of
ground motion intensities between the two points, i and j, which have the coordinates ui and uj,
respectively. It depends only on the distance, h, between these two points. The element can be
expressed as a general exponential model as
 h
C u i , u j   C h   σ 2 exp   
 

(5),

in which σ2 and ℓ are the parameters of sill and range, respectively. The covariance function
can be modified for anisotropic random fields [9], and zoning method or others can be adopted
for inhomogeneous random fields. In general, C(ui, uj) is expressed using variogram, γ(ui, uj)
= γ(h) as
 h
C u i , u j   C h   σ 2 exp    C 0    h 
 

(6).

All elements of C can be determined using σ2, ℓ, and h. It should be noted that h is a known
variable. The number of the explanatory variables, m, in equation (1) is expressed as the sum
of mt, which is determined by equation (4), and mc, which is the number of unknown parameters
for determining C; i.e., m = mt + mc.

2.2 Modified Kriging Methods
In the case of a general Kriging method, z is considered as a realization value in a random field.
When estimating earthquake ground motion intensities from specimens such as boring investigation data, non-negligible errors in estimates at the boring points must be considered. To this
end, the authors proposed a modified Kriging method [7]. In this method, p(z|・) in equation
(2) is estimated using covariance matrix C′, which is expressed as
C u 1 , u 1    12

C u 2 , u1 
C  



 C u n , u1 


C u 1 , u 2 
2
C u 2 , u 2    2 


C u n , u 2 

C u 1 , u n 
C u 2 , u n 








 C u n , u n    n2 

(7),

in which σ2i is the variance of estimation error (“observation errors” [9]) of the estimates at
point i, zi. In this paper, it is assumed that σi2 = σc2 for all i = 1, ..., n. Then, the number of
explanatory variables in C', mc, is 3, representing the explanatory variables σ2 and ℓ of C, and
the additional explanatory variable, σc2.

Analysis Target Area and Data
To estimate ground motion intensities, the authors utilized 748 boring investigations in Owariasahi City, Japan, which has an area of 21.03 km2. Among these investigations, 676 were originally collected by the Owari-asahi City Office in the 2013 fiscal year; the remainder were
collected by the surrounding cities. By using all the boring investigations from within and

3261

around the city, the ground motion intensities near the city boundary could be more accurately
estimated by interpolation.
In the analysis, the authors utilized six earthquake scenarios in a seismic damage assessment of
Owari-asahi City. The scenarios were the Sanage–Takahama fault earthquake (“Sanage–
Takahama earthquake”); Tokai and Tonankai–coupled earthquake (“coupled earthquake”); Tokai, Tonankai, and Nankai massive earthquakes (“massive earthquakes”); and the Nankai
Trough earthquakes (“largest ever,” “theoretical maximum–east side,” and “theoretical maximum–land side”) [1].
Seismic waveforms of the scenarios in the engineering bedrock were calculated for each mesh
(e.g., 250 m) covering the city: “Sanage–Takahama earthquake” was calculated by Owari-asahi
City; “massive earthquakes” was calculated by the Cabinet Office in Japan; and the others were
calculated by Aichi Prefecture. The seismic waves in the engineering bedrock of each boring
point were estimated using the Fourier power spectra and seismic wave phases of each mesh.
It was assumed that the seismic wave of each mesh was estimated at the mesh center. Then,
the Fourier power spectrum at each boring point was calculated as the weighted average of the
seismic waves of the four proximate meshes; the weight was given based on the square of the
distance from the boring point to the center point of each mesh. The phases were assumed to
be equal to those of the seismic wave of the closest mesh from the boring point. Using the
seismic waves at the bedrock of the boring points, the seismic waves on the surface were calculated by using a one-dimensional nonlinear analysis method.
Six seismic parameters were calculated at each boring point: peak ground acceleration (PGA),
peak ground velocity (PGV), measured ground motion intensity, spectrum intensity (SI), liquefaction possibility index (PL), and ground subsidence level. Here, influences of significant
variation in soil properties or preferential orientations in soils have not been observed in the
distribution of the ground motions in this city. Then the statistical characteristics of the variogram were calculated by using the Kriging methods based on equation (5). Owing to space
constraints, only the statistical characteristics of the PGV variogram are presented in this paper.
PGV is important for estimating the seismic risk of each house and building.

Variogram Statistical Analysis Result
4.1 Calculation Method
The authors calculated AIC for two cases: consideration of σc2, as shown in equation (8) as an
unknown parameter for estimating γ (Case A); and the assumption that σc2 is equal to zero, as
the general method (Case B). In Case B, it is implicitly assumed that a realization value, z, has
no error. In both cases, as the dimension of the trend function expressed by equation (3) increases, the first term in equation (1) decreases, while the second term increases. Generally, by
increasing the dimension, the sum of the first and second term in equation (1) decreases up to
a certain dimension and begins increasing thereafter. Here, the authors calculated the AIC setting of the dimension of equation (3) being equal to zero to five for each of the six earthquake
scenarios.

4.2 AIC Results
Figure 1 shows AIC for the six earthquake scenarios. For each scenario, AICs of Cases A and
B are denoted in red and blue, respectively. In each bar, the first term in equation (1) is denoted
by solid boxes; the second term is denoted by grid lines.
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Figure 1: AICs of PGV (cm/s) in Owari-asahi City for Six Earthquake Scenarios

As shown in the figure, the AICs of Case A are much smaller than those of Case B for all six
scenarios. This is because the first terms of Case A are much smaller than those of Case B.
Namely, the most likelihood of Case A is much larger than that of Case B. For all scenarios,
the difference in AICs between Cases A and B is much larger than unity, which is the criterion
for judging whether a significant difference exists between two cases in terms of information
quantity statistics [6].
Furthermore, it is evident that the first term of AIC decreases and the second term increases as
the dimension of trend function increases, as occurs in theory. The double circles, “◎”, in the
figure indicate the dimensions that produce the minimum AIC for each case. The dimension
that produces the minimum AIC for Case A is always equal to or smaller than that for Case B.
Accordingly, Case A can explain the stochastic field using an equal or smaller number of the
parameters in equation (3) than in Case B.
For example, the minimum AIC for “Sanage–Takahama earthquake” in Figure 1(1) for Case A
is 3826.5 (dimension 2); for Case B, it is 3986.0 (dimension 3). The difference of 159.5 can be
determined as significant. Replacing 159.5 by the number of parameters in the second term of
equation (1) is 80 (159.5 / 2) or more. In other words, although it is a single parameter, the
variance of estimation error, σc2, has an explanatory ability of more than 80 parameters of the
trend function.
Table 1 summarizes the dimensions that produce the minimum AIC for each case, the difference
of the minimum AICs between Cases A and B, and the corresponding number of parameters in
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Table 1: Calculation Results of Equation (1)

Six earthquake scenarios

Dimension of trend
function at the optimum AIC value
Case A
Case B

Difference
in the optimum
AIC values of
Cases A and B

Number of parameters
for the optimum AIC
value at the second
term in equation (1)

Sanage–Takahama
earthquake

2

3

159.5

80

Coupled earthquake

2

2

161.7

81

Massive earthquakes

4

4

203.5

102

Largest ever
Nankai Trough earthquake

2

4

235.8

118

Theoretical maximum – east side
of Nankai Trough earthquake

3

4

107.7

54

Theoretical maximum – land side
of Nankai Trough earthquake

3

4

265.6

133

equation (1). It is evident that the values for the other scenarios have the same tendency as the
“Sanage–Takahama earthquake.” The modified Kriging method proposed by the authors (Case
A) can more effectively evaluate, grasp, and represent the random field of the seismic parameters than the general Kriging method (Case B).
The difference in AICs between Cases A and B is due to the non-negligible errors in the estimated ground motions model at the boring points. The observation strong ground motions of
adjacent boring points can have similar values because the ground layers are continuous. However, the estimated strong ground motions are sometimes very different from each other, even
for the adjacent points, because one-dimensional methods are employed for the calculation of
strong ground motions.

4.3 Range Results
Figure 2 shows the range (auto-correlation distance) in the variogram in equation (6), ℓ, which
is estimated for each dimension of the trend function for each earthquake scenario. In Figure
2, the range decreases for each scenario as the dimension increases, as occurs in theory. It
should be noted that the ranges in Case A are approximately five to eight times longer for each
scenario than those in Case B. For example, for the “Sanage–Takahama earthquake” in Figure
2(1), the range when AIC has a minimum value is 300 m in Case A (dimension 2), whereas it
is 20 m in Case B (dimension 3). The short range in Case B, in which σc2 = 0, indicates that the
estimated random field is close to white noise.

4.4 Sill and Variance of Estimation Error Results
Figure 3 shows the sill, σ2, and variance of the estimation error, σc2, for each dimension of the
trend function and for each scenario earthquake. Specifically, σ2 is the variation with respect
to the trend of the entire target area, and σc2 is the variation at the observation point. In Figure
3, σ2 in each case decreases as the dimension increases, as occurs in theory. In Case A, σc2 is
smaller than σ2 regardless of the dimension. If the value of σc2 is significantly larger than σ2,
the seismic parameter at each boring point cannot be calculated with sufficient accuracy. In
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Figure 2: Range of PGV(cm/s) in Owari-asahi City for Six Earthquake Scenarios

that case, the random field of the entire area, and, accordingly, the interpolation calculation
results, would be unreliable.
In Figure 3, it is evident that the sum of σ2 and σc2 of the dimension when AIC has a minimum
value in Case A is roughly equal to σ2 of the dimension when AIC has a minimum value in
Case B. This indicates that no significant difference exists in the interpolation accuracy between these two methods when sufficient data are available. However, the sufficiency depends
on the range length: a larger amount of data is required for the same degree of accuracy if the
range is short. As discussed in the previous section, the range in Case A is much longer than
in Case B. Therefore, even if σ2 + σc2 in Case A and σ2 in Case B are the same degree, the
modified Kriging method (Case A) can more accurately estimate the ground motion intensity
by interpolation than the general Kriging method (Case B) with a limited number of boring
investigations.

Seismic Hazard Maps for each Construction Site
Figure 4 shows seismic hazard maps in Owari-asahi City expressed in PGV for each construction site estimated with the optimum results of Case A in Figures 2 and 3 for the six scenarios.
Here, the points of the construction sites are determined as the gravity points of each house and
building in the city as identified by the Geospatial Information Authority of Japan.
In Figure 4, it should be noted that the range of PGVs within the city differs among earthquakes.
It is distributed between 55 and 75 for the “Sanage–Takahama earthquake” (Figure 4(1)); 10
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Figure 3: Sill and Variance of PGV(cm/s) Estimation Error in Owari-asahi City for Six Earthquake Scenarios

and 25 for “coupled earthquake” (Figure 4(2)); 5 and 20 for “massive earthquake”(Figure 4(3));
15 and 40 for “largest ever” (Figure 4(4)); 20 and 40 for “theoretical maximum–east side” (Figure 4(5)); and 35 and 65 for “theoretical maximum–land side” (Figure 4(6)). The PGV due to
the “Sanage–Takahama earthquake” is the largest because the epicenter of that earthquake is
very close to the city.
It should also be noted that the PGV pattern distributions likewise differ among earthquakes.
For example, the site with the largest PGV in Figure 4(1) differs from the site with the largest
PGV in Figure 4(2).
In terms of the variogram, the shortest range among the optimum dimensions in Case A is 266
m in “massive earthquakes” (Figure 2), and it can be considered that the range is adequately
long to estimate the PGV in Owari-asahi City. Here, 676 boring investigation data items are
utilized in Owari-asahi City, whose area is 21.03 km2. Then, the mean area that a boring point
covers is 31.109 m2 (=21.03 × 106/676), which is nearly equal to the area of a circle with a
radius of 100 m. The shortest range of 266 m is much longer than this radius of 100 m.
In addition, most of the boring investigations are generally performed near the construction
sites. Thus, PGV could be more accurately estimated at points close to one of the boring investigation points. In Figure 4, the northern sixth of the city is blank because it covered by a
forest park; few houses and buildings are located there. Although very few boring investigations have been conducted in this area, there is minimal need for accurate estimation of ground
motion intensity. Such a biased distribution of boring investigation points is favorable for estimating the seismic parameters at the sites where people live.
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Figure 4: PGV Hazard Map in Owari-asahi City for Six Earthquake Scenarios

Summary
This paper reported the advantage of the modified Kriging method over the general Kriging
method to estimate earthquake ground motion intensities of PGV based on the case study in
Owari-asahi City, Aichi Prefecture, Japan. To date, earthquake ground motion intensities have
been estimated for each mesh with sides of lengths. The authors proposed a modified Kriging
method to estimate the ground motion intensities at each construction site.
The results of this analysis are being practically utilized by the city to estimate seismic hazards
and risks according to the six earthquake scenarios that may occur in the city. The overall
findings of this analysis are outlined below.
1) The minimum AIC values by the modified Kriging method were much smaller than those by
the general Kriging method. For the six scenarios, the AIC values by the modified method were
approximately 100 to 270 smaller than those by the general method. These differences of the
AIC values were equivalent to approximately 50 to 135 explanatory variables for the stochastic
field of spatial distribution of the PGV in the city. Accordingly, the modified method is statistically advantageous over the general method.
2) The variogram range with the minimum AIC values were estimated to be 300 to 1200 m by
the modified Kriging method, whereas those by the general Kriging method were 20 to 400 m.
This range is an important advantage of the modified method.
3) The sum of sill and variance of estimation error by the modified Kriging method were similar
to those of sill by the general Kriging method. Furthermore, the estimation error variance was
sufficiently smaller than the sill for estimating the PGV. Considering these results, along with
the longer range of the modified method, it can be determined that the ground motion intensities
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can be more accurately estimated by the modified method than the general method employing
a limited number of boring investigations.
Additionally, this paper showed the PGV seismic hazard maps for the six scenarios. In these
maps, the PGV at each construction site in the entire target area of the whole city was presented.
The PGV ranges and pattern distributions within the city differed between earthquakes.
As a result, these sample maps suggest that ground motion intensities can be objectively estimated at each construction site and can greatly reduce related costs by not employing hypothetical ground models.
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Abstract: Understanding the process of post-disaster recovery is a critical step to
quantify and achieve community resilience. The recovery process of a community
building portfolio as a spatially distributed system is intrinsically complex and
highly uncertain. This paper proposes a simulation-based model to predict
functionality recovery time and recovery trajectory of community building
portfolios after an earthquake hazard, which is formulated in two steps: (1) model
individual building restoration as a discrete state, continuous time Markov Chain
(CTMC); and (2) model building portfolio recovery, as a whole, as a stochastic
random field in both spatial and temporal dimensions, and obtain portfolio-level
recovery time and trajectories through aggregating the CTMC building-level
restoration processes cross the geographic domain of the community over the
recovery time horizon. The proposed building portfolio recovery model is targeted
to support future development of disaster research regarding risk-informed
community resilience planning and hazard mitigation.

Introduction
Resilience of a community’s built environment is often measured by its functionality retention
immediately following a disaster and by the recovery speed at which the functionality comes
back to its pre-disaster norm (or a new equilibrium) [1-3]. Quantification of the recovery speed
of community’s built environment forms the basis for risk-informed decisions regarding
community resilience planning, risk mitigation and recovery prioritization. Community
recovery process, however, is notably complex, multidimensional and highly uncertain, and is
recognized as “a conflict-laden process where outcomes are characterized by social disparities,
strongly influenced by decision making, and conditional on institutional capacities” [4].
Moreover, the recovery of community building portfolio, as an integrated system, is much less
understood or investigated when compared with recovery of lifelines. Lifelines in a community
are usually managed by a single or very few owners and therefore the recovery of a lifeline is
likely to be a top-down process determined by centralized decisions and resources [5-7].
Buildings, however, are owned by numerous public and private stakeholders; the functionality
recovery of a community building portfolio as a whole is impacted collectively by all building
owners through the decisions they made over the recovery phase in an uncoordinated manner,
and those decisions are conditional on individual building owners’ financial and social status,
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risk perceptions, as well as the resourcefulness and preparedness of the community as a whole.
Consequently, the collective recovery of community building portfolio is characterized more
as a market-driven progression [8, 9], as opposed to a decision process.
Recognizing the complexity and uncertainties associated with building portfolio recovery, this
study is aimed at developing a simulation-based functionality recovery model for estimating
recovery time and trajectory of community building portfolios following an earthquake hazard.
This model includes two steps: (1) model individual building restoration as a discrete state,
continuous time Markov Chain (discussed in Section 2); and (2) model building portfolio
recovery as a stochastic random field in both spatial and temporal dimensions, and obtain
aggregated portfolio-level recovery time and recovery trajectory by aggregating the Markov
restoration processes of individual buildings cross the geographic domain of the community
over the entire recovery time horizon (discussed in Section 3). Comprehensive uncertainties
associated with the recovery process are propagated throughout the modeling steps in a
consistent manner.

Individual Building Restoration
The starting point for any recovery modeling is evaluation of damage and loss due to a hazard
event. Following an extreme natural hazard, professional building inspections, including
structural, nonstructural or hazardous material damage evaluation, will be initiated for the
subjected community building portfolio, which is often followed by, for earthquake for
example, an ATC-20 placard (Green, Yellow or Red) tagged to each building, ascertaining the
degree of damage and functionality loss [10]. The building functionality is defined as the
availability of a building to be used for its intended purpose, determined by whether a building
is structurally safe to be occupied and whether basic utilities (e.g. water, power, etc.) are
available at the building site [11]. Table 1 defines five different states of building
functionality, i.e., restricted entry (RE), restricted use (RU), re-occupancy (RO), baseline
functionality (BF), and full functionality (FF), with each state corresponding to a unique
combination of building damage condition and utility availability [11]. We further define
building restoration time (BRT) as the time that a building takes to regain its full functionality
(FF) from the occurrence of extreme event.
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Table 1: Functionality states of individual buildings

Functional
States
1

Restricted
entry
(RE)

2

Restricted
use
(RU)

3

Re-occupancy
(RO)

Baseline
4 functionality
（BF）

5

Full functionality
(FF)

Building Damage
Condition
Heavy structural or
nonstructural damage
that threatens life
safety

Utilities
Availability

Repair Class and Items

N/A

RC1

Nonstructural damage
that does not threaten
life safety

N/A

RC2

Minor to moderate
structural and nonstructural damage

Unavailable

RC3

Minor cosmetic structural and nonstructural damage

Critical ones
available

RC4

No damage

All available

N/A

From RE to RU: repair
heavy structural and nonstructural damage that
threaten life safety
From RU to RO: repair
moderate to heavy nonstructural damage such
as glazing, exterior partitions, elevator, pipes
From RO to BF: repair
minor structural damage;
minor to moderate nonstructural damage such
as
mechanical equipment
From BF to FF: repair
minor cosmetic structural
and nonstructural damage such as shear wall,
link beams, reinforced
wall
N/A

2.1 Building-level restoration model
Let
be the stochastic restoration process of an individual building, denoting the postdisaster functionality state at any time t after hazard occurrence at . The
is assumed to
take one of the five functionality states defined in Figure 1 at any time, symbolized as
, , … , representing RE, RU, RO, BF and FF states, respectively. A building restoration
process
starts at time
0 , and lasts until
0, at functionality state
when the building regains its full functionality ( ). An illustration of the time-dependent
process of
is shown in Figure 1 (for buildings with
= ). Since during the
restoration the next functionality state at any time is only dependent on its current functionality
state, we model
as a discrete-state, continuous-time Markov Chain (CTMC),
characterized by the five-state space (i.e. , , …
) and a transition probability matrix,
TPM.
at any time , i.e.
denote the probability of
Let
1, … , 5 , then the state probability vector at any time is:
,…,
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Prob

,
1

1, at any time . In particular, the initial functionality state probability
where ∑
vector is
,
,
,
. For an acturally-occured event, a
building will be tagged through inspection to one of five functionality states, and this
probability vecotr is a delta Dirac delta function. For the purpose of pre-event resilience
planning, however, this probabilility vector should be determined by a probabilistic mapping
to building functionality state from the joint effect of building damage and utility disruptions
(cf. Table 1). The joint effect can be estimated by a fully coupled probabilistic damage
assessments of building portfolio and flow-based modeling of cascading failure of
interdependent utility networks (cf. [12]).

Figure 1:Discrete state, continuous time Markov Chain

Let
process

(for buildings with

=

)

be the transition probability matrix of the CTMC that represents the restoration
. The non-negative elements of
, ,
, defined as:
2

,

describe the probability of the restoration process
transiting to state at any time given
is . Since at a given time building functionality state either stays at
that its initial state at
the present state or shifts to a higher state,
is a non-decreasing process and the
takes the form:
,

0
0
0
0

,

,

,

,

,

,

,

,

,

,

,

,

,

0
0
0

0
0

0

3
1

As illustrated in Figure 1, let
stays at state (or the
, represents the waiting time that
waiting time takes
to upgrade from the current functionality state to
) given
)
=

. Further, let

,

∑

,

be the total time to restore the building functionality from
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its initial state
probability that
functionality state

) = to the functionality state .
is equal to or exceeding ,
at , can be expressed as:

Accordingly, ,
, defined as the
1, … , 5, at any time given initial

,

,

…

where

,

,

∑

,

1, … ,5

4

,

denotes the probability density function (PDF) of

,

. For a given initial

state ,
, are treated as independent random variables in Eq. (4) because each
, is
determined only by a set of unique restoration activities taken place during that specific
timeframe. According, the elements of the TPM become,

,

,
,

,

,

,

,

5

5

6

,…,

Finally, the restoration state probability vector at any time t,
calculated by:
,…,

1, … 4

∗

, can be
7

2.2 Determination of the transition probability matrix
The BRT usually consists of two phases: delay and repair (or rebuild). Following hazardinduced damage, several activities need to be targeted prior to repair, including completion of
building inspection, securing financing for repair, mobilizing engineering services, redesigning damaged components, obtaining permits, and mobilizing a contractor and necessary
equipment. The time takes to complete these activities is referred herein as “delay” time. The
next phase following the “delay” is the actual “repair”. Repair time includes the construction
time to complete any necessary repair classes (RC) (cf. Table 1) to resume the FF of a building
from any pre-repair initial functionality state. For example, the repair phase for a red-tagged
building will need to include all repair classes RC1-RC4, while the repair phase of a building
with a pre-repair functionality state RO only needs to undergo RC3 and RC4. Obviously, both
delay and repair phases of a building recovery are highly conditional on the initial damage
condition and functionality state of this building following hazard events. In parallel, the
availability of utilities must be considered to resume baseline or full functionality of a building.
Accordingly, the waiting times are functions of the delay time (
and the time to regain utilities access (
), i.e.,
,

,

,

|

,

), repair time (

),
8

where the superscript represents individual building n within the community;
represents
a vector of building-specific attributes that affect the three components of the waiting time,
including occupancy type, construction material, post-disaster damage and functionality loss
represents community-specific characteristics that impact the three
of the building; and
components of the waiting time, including financing mechanisms for repair, i.e. private funding
and public aids from federal and state governments or non-profit organizations; human
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resources, such as available workforce, construction contractors, and engineers for inspection,
design and construction; and relevant pre- and post-event risk mitigation activities.
More specifically, Delay time (
), the time takes to initiate repair for building , includes
three phases: 1) time to inspect the building; 2) time to secure funding, time to commission
architects and engineers, and time to design and prepare for construction drawings, which can
occur simultaneously; and finally 3) time to obtain permits, and hire and mobilize contractors
and construction crews. Repair time (
) is the duration to complete all required repair
classes (RCs) in order to resume the full functionality of the building n. The four RCs and the
mapping between these RCs and the five predefined functionality states are summarized in
) needs to be considered when a building’s restoration
Table 1. Utilities availability (
process moves beyond the Re-Occupancy (state 3). Analytically, the time to bring utility back
to buildings can be estimated by coupling utility interdependency model with probabilistic
network damage assessment and utility restoration decision modeling regarding resource
allocation and repair sequencing [5, 6].
These above-discussed time components can be efficiently represented statistically using data
collected from reconnaissance efforts in previous major disasters in the U.S., supported by
opinions from experts in various fields (including engineers, building owners, contractors, cost
estimators, and bankers) [11, 13, 14]. By collecting statistical data or performing analytical
estimation of the time components involved in each of the delay time, repair time and utility
availability discussed above, the PDFs of the waiting time
, can be obtained for individual
buildings. When substituting these PDFs into Eqs. (4)-(6), the TPM of an individual building
restoration can be obtained.

Building Portfolio Recovery
A community building portfolio herein refers to the complete list of buildings of various
occupancies that collectively support the vital functions of a community including housing,
educations, commercial and business, government, etc. The functionality recovery of a building
portfolio is a spatial and temporal aggregation of the restoration processes of individual
buildings. To track the recovery time and trajectory of a building portfolio as a whole, we
define the building portfolio recovery index,
, as the percentage of the community
buildings that are in the functionality state at any given time , i.e.,
∑

,

∈ 1…5

where N is the total number of buildings in a community, and
indicator of building , i.e.,
0

,

1

Accordingly, the PDF of

9

is the functionality state

∈1, 2,…, N

10

is:
1

0
1
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∈ 1, 2, … , N

11

where
is the probability of
at any time for building , as defined in Eq.
(1) and estimated by Eq. (7). Accordingly, the time-dependent expectation and variance of
are:
1

,

1

∈ 1, 2, … , N

12

,

13

,

∈ 1, 2, … , N

is the standard deviation of
;
where
is the correlation matrix between
random variables
of building and
of building . This correlation is introduced
by the correlated initial functionality states between any building pairs at resulted from
correlated damage states, and then propagated through the building restoration processes.
Detail method to model this correlation, both temporally and spatially, can be found in [15-17].
The mean
represented by Eq. (12) are plotted in Figure 2, tracking the temporal
evolution of the percentage of the building portfolio falls into each of the five functionality
states (i.e.
1,2,3,4,5 , respectively. The uncertainties associated with these curves are
quantified by Eq.(13). We refer the curve specifically associated with
5 (FF state) as the
portfolio recovery trajectory, and accordingly, is monotonically increasing with time. In
contrast, the curve that tracks the percentage of buildings at the lowest functionality state (RE),
i.e.
, is always decreasing with time because buildings that are initially red-tagged
(with a RE state) will be gradually restored to higher functionality states as the portfolio
recovery proceeds.We further denote portfolio recovery time (PRT) as
, % , defined as the
time takes for a% (e.g. 95%) of community buildings to regain a predetermined functionality
state (e.g., FF), also indicated in Figure 2. In addition to the temporal evolution, this building
portfolio recovery also evolves spatially, which reflects the community’s development pattern,
zoning, demographics and social disparity and is of great interest to community decision
makers in considering recovery resource allocation. The Figure 3 illustrates the spatial
evolution of portfolio recovery of the Centerville community [15]. The detailed recovery
analysis of Centerville can be found in [16] and [17].

Concluding remarks
This paper proposes a simulation-based two-step recovery prediction model for the stochastic
functionality recovery of building portfolios. The model defines the hazard-induced
functionality states of a building as well as the portfolio-level recovery metrics; identifies a
host of engineering and social-economic factors that shape the building portfolio recovery
trajectories; introduces and propagates uncertainties involved in each factor affecting
functionality restoration of buildings; enables to perform the “what-if” analysis of resilience
through comparison of different pre-event and post-hazard scenarios. Through predicting the
functionality recovery of building portfolios within a community, we expect to further reveal
different recovery behaviors and patterns resulted from the interaction between built
infrastructure and human infrastructure responding to hazard with an ultimate goal of
supporting community resilience planning and hazard mitigation.
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Figure 2: Illustration of the mean trajectory of the building portfolio recovery

Figure 3: spatial and temporal evolution of portfolio recovery (areas are shaded to indicate level of
functionality; darker means lower functionality state)
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Abstract: The disaster-resilience of a community is determined, in large part, by
its ability to recover its full functionality within a reasonable time after the occurrence of a hazardous event. Among the essential ingredients for evaluating disaster
resilience of communities are models for the assessment of losses from the hazardous event and recovery of the built environment. Using a case study based on
the 2013 Boulder, Colorado flood, this paper presents an assembly-based methodology to estimate economic losses associated with residential building damage.
The impacts of uncertainties associated with building properties and replacement
costs on flood loss estimates are considered, and spatial correlations in hazard demand and common building configurations and practices are reflected in an aggregated assessment of flood loss models. The proposed methodology can be adapted
to risk and resilience assessment of other building portfolios involving different
occupancies (retail, commercial, etc.) in Boulder and for other communities.

1 Introduction
The recent catastrophic Boulder, Colorado flood of September, 2013, an event with a return
period estimated as between 500 and 1,000 years [1], has shown how vulnerable a community
can be to natural disasters and how the recovery of such a community is contingent on appropriate preparedness. Community resilience measurement and assessment are thus essential to
support public policies and collective actions to reduce a disaster’s associated potential social
disruptions and economic losses to the community and to improve community ability to
adapt, withstand, and quickly recover from extreme hazard events. Among the essential ingredients for evaluating disaster resilience of communities are reliable and accurate models
for the assessment of hazard-related losses for the built environment.
Using a case study based on the 2013 Boulder flood, this paper presents a methodology to
assess flood losses (repair costs) and their uncertainties for the residential housing stock of
Boulder, Colorado. An assembly-based methodology is extended and validated to estimate
total direct economic losses associated with residential building damage. The assessment is
performed on a building-by-building basis and accounts for flood damage to structural and
nonstructural components and building contents [2]. The methodology assesses damage to
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building components as a function of flood intensity parameters, such as depth, which are
then combined with cost functions quantifying the cost of replacement of flood-damaged
building components. Monte Carlo simulations are performed to quantify expected costs and
uncertainties associated with replacement costs and building properties, and the impact of
these uncertainties on the loss is evaluated. Finally, an approach is presented for treating the
spatial correlations in common flood demand and common building configurations and practices within the residential building inventory to obtain an aggregated assessment of flood loss
model for the residential housing stock in Boulder.
This paper focuses on development of flood damage and losses for the residential housing
stock of Boulder, Colorado. It is the first step in a broader effort to study the uncertainties in
post-flood recovery of building portfolios as a function of flood intensity parameters such as
depth and velocity. The proposed flood loss models are intended not only to provide an improved understanding of the vulnerability of residential construction to flood-induced damage, but also to set the stage for future exploration of these models in risk and resilience
assessment of residential housing stock. The proposed methodology can be adapted to risk
and resilience assessment of other building portfolios for different occupancies (retail, commercial, etc.) in Boulder and for other communities.

2 The 2013 Boulder, Colorado Flood
Boulder, CO, a suburb of Denver, is a moderate-sized community with approximately
100,000 inhabitants. A major rainstorm in 2013 caused widespread flooding in the City of
Boulder and major damage to buildings and infrastructure in the community (see Figure 1)
[2,3,4,5]. The flooded areas exceeded the 100-year floodplains in some places. All major
waterways overflowed their banks, and the city’s storm-water system was overwhelmed. In
addition, there was significant damage to residential buildings. Over 6,000 houses in the City
of Boulder, comprising approximately 14% of the city’s housing stock, were damaged. Most
of this damage was to non-structural components and building contents. Only about 10% of
Boulder residents had private flood insurance policies and most homeowners’ policies excluded damage caused by floods, leaving many responsible for repair costs. However, City of
Boulder homeowners received recovery assistance from several sources including nearly
$14M in Individual Assistance (IA) funds from the Federal Emergency Management Agency
(FEMA) and approximately $17M in payouts from the National Flood Insurance Program
(NFIP) [2,3,5,7].
To support the development of flood loss models, empirical data were gathered for the affected residential buildings in the City of Boulder. These data included post-flood inspection data
(an estimate of the damage and the water depth) from FEMA IA claims, NFIP claims, and a
survey conducted by the City of Boulder immediately after the flood. Data from the Boulder
County assessor’s office, which contained information on general building properties (such as
building type, building area, basement type, assessed building and land values, and the year of
construction) [8], were also utilized. The expected estimate of repair costs were available for
only a fraction of the 6,000 damaged houses, and some of the data sources were not consistent
with each other [2]. Before analyzing the collected information from different sources, the
datasets were organized and merged, and some part of data points that show inconsistencies
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were eliminated [2]. A final dataset of 5195 damaged properties with FEMA IA claims were
obtained. Out of the 5195 damaged properties, only 361 households filed NFIP claims. While
FEMA IA claims include the flood depth occurred at a household, they provide only a part of
total losses observed on the household. In the following section, the NFIP claims were thus
used for validation studies to compare the loss estimates from the model with the total damage cost observed on the building properties. The FEMA IA data for flood depth was more
consistently defined, and was thus used for the depth input.
0

1.25

2.5 Miles

City of Boulder,
Colorado

²

City of Boulder
Floodplains
2013 Flood Extents
© OpenStreetMap (and) contributors, CC-BY-SA

Figure 1: Map of the 2013 flooded areas in the City of Boulder with the existing 100-year floodplains (Data for
flood extents from the FEMA Modeling Task Force [6])

3 Assembly-Based Loss Models for Residential Buildings
3.1 Assembly-based Loss Analyses
Considering typical residential construction practices and construction items, a methodology
based on assembly-based loss (ABL) was developed to assess the individual losses and repair
times for flood damage to residential building structures [2]. This methodology is based on
building-by-building assessment, and accounts for structural, nonstructural and building content flood damage. The methodology includes damage to homes constructed with basement,
slab and crawlspace foundations, which are common in U.S. construction, and considers three
levels of construction and finish quality: low, average and high. It estimates damage to building components as a function of flood intensity parameters, such as depth, which are then
combined with costs and repair times associated with replacement of flood-damaged building
components.
Most of the losses to residential buildings during the 2013 Boulder flood were due to nonstructural damage to building components, such as non-load bearing walls, flooring, windows
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as well as to contents; only a few homes suffered structural or foundation failure. Nonstructural building components account for the majority of building construction costs and, as
a result, their damage in disasters can dominate repair costs. This section thus focuses on development of flood loss models for residential buildings in Boulder considering parameters
that are related directly or indirectly to non-structural finishes and contents that may be severely damaged by inundation. The ABL methodology is utilized in this study to assess nonstructural losses for a typical single-story residential building plan using construction and
material costs in Boulder at the time of the flood, extending models developed in [2]. An example of the results of the model is provided in Figure 2.
Based on parametric ABL analyses performed on residential buildings in Boulder, the following parameters were found to be important predictors of damage: the foundation type (e.g.,
basement, crawlspace, or slab foundation), house dimensions, the construction quality, and
basement type (finished or unfinished). Buildings with finished basement foundations suffered higher losses, on average, compared to other foundation types (see Figure 2), incurring
significant losses at the flooring level that led to jumps in the losses around -60 and 48 inches
(1524 and 1219 mm respectively) based on ground level (note that 9 ft (2.7 m) is assumed for
the full story height, and the floor of basement is assumed to be at 5 ft (1.5 m) below the
grade level). Conversely, homes with crawlspaces suffered lower mean losses since, at lower
water depths, the most serious damage for homes with crawlspaces is mold (a crawlspace
height of 3.5 ft (1.1 m) is assumed). As more building area is exposed to flooding, more damages are observed. Finished basements expect to show more loses. Moreover, buildings with
higher quality finishes (for example, bathroom countertops with granite instead of plastic laminate) yield higher loss estimates.
70,000
60,000

Finished Basement
Unfinished Basement
Crawlspace
Slab on Grade

Flood Loss ($)

50,000
40,000
30,000
20,000
10,000
0
-100

-50

0
50
100
Flood Depth above Ground Level (inches)

150
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Figure 2: Impact of foundation type on nonstructural flood losses for one-story residential buildings with
average finish quality using a typical floor area of 1,200 ft2 (1 in = 25.4 mm, 1 ft2 = 0.09 m2)

3.2 Uncertainty Quantification
Risk management decisions rely on the consideration and quantification of uncertain parameters [9]. To predict the flood risk facing a community, a reliable probabilistic model is needed
to estimate the cost of repairing flood-damaged buildings, while considering the uncertainties
in building characteristics (e.g., construction quality and house dimensions) and flood hazard
(e.g., depth and velocity). In this sense, the ABL approach is easily adjustable to account for
any variabilities in itemized construction cost estimates (for example, any upgraded flooring
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or larger building floor area). Therefore, ABL modeling supports the probabilistic estimation
of losses that accounts for the inherent uncertainties associated with the nature of the flooding
event, the building characteristics and the costs to repair the damage.
To quantify the impact of these uncertainties on the loss estimates for residential buildings,
we performed a series of Monte Carlo simulations, in which the distributions and statistical
values for the selected random parameters that were assumed in the ABL models summarized,
for illustrative purposes, in Table 1. The selected distributions are assumed to be independent
to each other and similar to those reported in other studies [9]. To estimate flood losses, we
chose the ratio of the replacement cost to floor area as a damage indicator to provide a
uniform basis for comparing damage severity among different homes; this ratio is referred to
as the “Normalized Loss (NL )” in this paper. Also, the flood depth within the building (d) is
considered here for the development of simulations. A suite of 50 sample realizations was
obtained for each random variable summarized in Table 1 at each inch (25.4 mm) of flood
depth (in total, around 10,000 simulations for a fully flooded one-story home with basement).
The ABL analyses were then performed to obtain the damage estimates in terms of 2013 losses (expressed in $US) sustained by single-story residential homes for each realization, which
are used to compute losses probabilistically at each depth.
Table 1: Statistical values of flood loss parameters assumed in Monte Carlo simulations performed on one-story
residential buildings (1 ft = 0.3 m)

Parameters

Units

House and Room Dimensions

ft

Construction Cost Modifier
Construction Quality:
1: Low, 2: Average, and 3: High
Indicator for Basement Type:
0: Finished, 1: Unfinished

Categorical

Probability Distribution
Type
Mean
c.o.v
Normal
Overall: 40 by 30
0.30
Bedroom: 15 by 10
Bathroom: 8 by 10
Storage/Closet: 7 by 10
Normal
1
0.15
Equal probability

Categorical

Equal probability

The results for homes with basements are presented in Figure 3. Through performing ABL
analyses on Monte Carlo simulations, normalized loss estimates are obtained at each increment of flood depth for both finished and unfinished cases (circles and triangles in Figure 3,
respectively). Unfinished basements in residential construction tend to have exposed utility
and structural elements, typically without material finishes, and indicate lower average losses
as expected. The loss estimates for both basement types show significant variability (representing epistemic uncertainty in the predictions) due to the nature of residential construction
(i.e., construction quality, construction unit price, and house dimensions). This variability is
even more noticeable at higher flood depths and must be accounted for in the assessment of
loss estimates.
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Figure 3: Monte Carlo simulations (MCS) for basements using a variety of building properties and construction
cost values; and flood loss models for basements using average finish quality and unit prices (1 in = 25.4 mm)

3.3 Modelling Flood Losses
Regression analyses were performed utilizing the results of the above Monte Carlo simulations to obtain functional forms that can be used to predict losses for each foundation type.
The predictive damage models were obtained using the predictor Normalized Loss NL in $/ft2
(1 ft2 = 0.09 m2) and the following key damage variables: d, the flood depth in inches within
the building (1 in = 25.4 mm); Q, the quality grade factor (for example, high: 160%, average:
100%, and low: 80% are assumed based on common guidelines for valuation process of residential homes [8]); and R, an indicator for unfinished basement (applicable to only models for
basements, where 1 is true, 0 is false). Logarithmic transformations of the normalized losses
were used to preserve the constant conditional variance in the predictive equation [10]. The
results of these regression analyses are presented in Equations (1)-(3):
log(𝑁𝐿) = 0.441 log(𝑑) − 1.286 𝑅 + 1.042 𝑄
log(𝑁𝐿) = 2.573 + 0.109 log(𝑑 − 108) − 0.550 𝑅 + 0.741 𝑄
log(𝑁𝐿) = 0.111 𝑑 − 4.108 𝑄 −1
log(𝑁𝐿) = 0.472 log(𝑑) + 1.127 𝑄

(1a)
(1b)
(2)
(3)

As an example, the mean trend models of the regression results are presented in Figure 3 for
homes with finished or unfinished basements, using average finish quality and unit prices.
The coefficient of determination, R2, and residual mean square error (RMSE) values for the
models are reported in Table 2. All the models show R2 values that are sufficient to predict the
normalized losses with reasonable confidence using information about flood depth and the
characteristics of the building. Other functional forms (with and without logarithmic transformations) were also considered, but did not improve the R2 and RMSE values.
To account for significant variability associated with loss estimates in Figure 3, it is necessary
to characterize probabilistic distribution of building loss NL for a given set of flood input and
building variables. In the linear regression analyses performed above, a normal random error
was assumed with zero mean and unit variance. The probabilistic model of building loss NL
is then assumed to be described by a lognormal distribution for each foundation type, with the
median values given by the exponent of the values in Equations (1)-(3), and their standard
deviations given by RMSE values reported in Table 2.
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Table 2: Regression results obtained for the flood loss models (1 in = 25.4 mm)

Foundation:

Equation

Basement
Above Basement
Crawlspace
Slab on Grade

1a
1b
2
3

Depth Range within Building (inch)
0< d ≤108
108< d ≤216
0< d ≤42
0 <d ≤108

R2

RMSE

0.88
0.84
0.87
0.85

0.32
0.19
0.59
0.26

3.4 Validation of Estimated Flood Losses
A comparison of the predictions from the assembly-based flood loss models identified in
Equations (1)-(3) with the collected post-flood inspection data was performed for homes within the City of Boulder. The loss predictions are compared to the sum of NFIP payment
amounts and deductible amounts for each building claim (including all building-related flood
damage, but excluding losses from personal possessions). Examining the basement model
with the available 180 NFIP claims for homes with basements (95 finished and 85 unfinished
basements) in Figure 4, the ABL models appear to capture the mean trend in the data points at
lower depths. The scatter in the data points in Figure 4 (the standard deviation in normalized
losses per each flood depth is around 11$/ft2 on average, corresponding to $13,000 for a typical home with a floor area of 1,200 ft2) is typical of variability in loss estimates in studies for
natural hazards and needs to be accounted in the loss models. To include this variability and
the bias associated with the loss predictions from the regression analyses (summarized by
Equations (1) – (3)), stochastic tools are currently being investigated to correct the loss estimates with respect to observed data points.
Homes with Basements

45

NFIP claims
Mean Model for Finished
Deviation of the Model for Finished
Mean Model for Unfinished
Deviation of the Model for Unfinished

40

Normalized Loss ($/ft2)

35
30
25
20
15
10
5
0

0

20

40

60

80

100

Flood Depth within Building (inches)

Figure 4: Comparison of the regression models for basements with average finish quality to NFIP claims (1 in =
25.4 mm, 1 ft2 = 0.09 m2)

4 Community Loss Models for Residential Building Stock
Insurance companies that issue coverage for natural hazards, or city officials who plan postdisaster recovery actions, usually require risk assessments for building inventories, rather than
individual buildings. This assessment requires an aggregation of risks to individual buildings
considering uncertainties in repair and replacements costs. Previous research on loss estima-
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tion for building portfolios has often ignored statistical dependence in the performance between individual buildings, leading to a non-conservative estimate of total loss at lower probabilities of exceedance (or higher fractile of losses) [11, 12]. Spatial correlation that exists in
both hazard demand (due to similar terrain conditions and nearby flood sources) and building
capacity (due to common building construction and design practices and occupancy characteristics) should be taken into account to aggregate individual losses for accurate and reliable
hazard risk assessment of building portfolios.
As part of the Boulder study, a framework is being developed to account for these correlations
in the residential building stock. Following Vitoontus and Ellingwood [11], the expected value and variance of total loss are given in Equations (4) and (5), respectively, where, 𝐿𝑖 is the
flood loss at the ith building, N is the number of buildings in a selected region, and 𝜌𝐿𝑖 ,𝐿𝑗 is the
correlation between losses for the pairs of ith and jth buildings. E[Li], Var[Li], and SD[Li]
represents the expected values, variances, and standard deviations for the flood loss 𝐿𝑖 , respectively.
𝐸[𝐿𝑇 ] = ∑𝑁
(4)
𝑖=1 𝐸[𝐿𝑖 ]
𝑁
𝑁
𝑁
𝑉𝑎𝑟[𝐿𝑇 ] = ∑𝑖=1 𝑉𝑎𝑟[𝐿𝑖 ] + ∑𝑖=1 ∑𝑗=1 𝜌𝐿𝑖 ,𝐿𝑗 𝑆𝐷[𝐿𝑖 ] 𝑆𝐷[𝐿𝑗 ]
(5)
Note the role played by spatial correlation in the evaluation of Equation (5), where the correlation in losses to buildings i and j is invariably positive due to correlated demands and common construction practices.
An illustration of this methodology is carried out to assess flood loss for the residential housing stock in the city of Boulder, CO in Figure 5. First, the proposed probabilistic ABL-based
loss models using typical Boulder construction practices and local construction and material
costs in Equations (1)-(3) are utilized to assess the individual losses (expected values) for
each 5,195 residential building in Boulder reported by FEMA claims (Figure 5a). Second, the
correlation in losses between the ith and jth pair of buildings is assumed, for illustration, to be a
function of distance between those buildings:
𝜌𝐿𝑖 ,𝐿𝑗 = 𝑒𝑥𝑝−𝑟𝑖,𝑗 /𝑟𝑜
(6)
where ri,j the distance between the buildings in miles, and ro is the correlation distance, which
represents the strength of the spatial correlation. For an assumed value ro = 1 mile, the relationship of the correlation to the distance between residences is shown in Figure 5b. Next,
using the assessed individual losses and standard deviations reported for the probabilistic loss
models in Section 3, the total loss to the building inventory can then be obtained from Equations (4) and (5). The probability that the total loss exceeds any particular value is shown in
Figure 5c for both uncorrelated and correlated cases. Neglecting spatial correlation in losses
due to commonality in hazard demand and building performance may underestimate the overall loss and recovery assessments for the upper extremes of the loss distribution, the region of
significance for public safety and insurance underwriting purposes [12].
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Figure 5: Assessment of communiy flood loss models: a) Affected households reported by FEMA IA claims (1
mile=1.61 km); b) Assumed correlation relationship in losses of the affected households as a function of building
separate distance; c) Probability of exceedance for the aggregated flood losses for residential building stock of
Boulder

5 Conclusions and Future Work
An assembly-based methodology has been developed to estimate total direct economic losses
to residential buildings due to both structural and nonstructural flood damages on a buildingspecific basis. It assemblies unit prices to replace each flood damaged building components
as functions of flood intensity parameters such as depth. Uncertainties associated with unit
prices and building properties and the impact of these uncertainties on the loss quantities are
evaluated. The spatial correlations in demand and capacity of buildings to withstand flooding
are incorporated to assess the overall loss estimation for a particular region.
The proposed ABL methodology is currently being validated with damage and loss data from
the 2013 Boulder, CO flood on a building-by-building basis, and is intended for use in assessing community flood loss and recovery models for residential building stock. Such an
analysis would be difficult to implement for a large urban area consisting of several hundred
thousand buildings. The impact of the spatial resolution of buildings within the community on
the estimation of loss and recovery is being investigated through aggregating the individual
buildings to census tract or zipcode areas or downscaling the loss models. Using the empirical
data and the ABL methodology, a flood recovery model is also currently under development
to assess the nature of the recovery time and cost to repair damages for residential building
portfolio stochastically.
The proposed methodology is sufficiently general to be applied to other building inventories
and construction practices. It can be adapted to risk and resilience assessment of building
portfolios for different occupancies (retail, commercial, etc.) in other communities and can be
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utilized by research, engineering and urban planning constituencies seeking to improve public
policy, insurance portfolio risk, and disaster response and management plans.
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Abstract: Lifelines are critical infrastructure systems with high interdependency.
During a disaster, the interdependency between the lifelines can lead to cascading
failures. In the literature, the approaches used to analyze infrastructure
interdependencies within the social, political, and economic domains do not
properly describe the infrastructures’ emergency management. During an
emergency, the response phase is very condensed in time, and the failures that occur
are usually amplified through cascading effects in the long-term period. Because of
these peculiarities, interdependencies need to be modeled considering the time
dimension. The methodology proposed in this paper is based on a modified version
of the Input-output Inoperability Model. The lifelines are modeled using graph
theory, and perturbations are applied to the elements of the graph, simulating natural
or man-made disasters. The cascading effect among the interdependent networks
has been simulated using a spatial multilayer approach. The adjancency tensor has
been used to for the temporal dimension and its effects. Finally, the numerical results
of the simulations with the proposed model are represented by probabilities of
failure for each node of the system. As a case study, the methodology has been
applied to a nuclear power plant. The model can be adopted to run analysis at
different scales, from the regional to the local scales.
Keywords: Resilience; Interdependency; Lifelines; Temporal Networks.

1 Introduction
Lifelines can be defined as critical infrastructure systems, which provide a reliable flow of
services and goods that are essential to the economic, social, and political security communities.
From the civil engineering point of view, lifelines can be grouped into five principal systems:
electric power, gas and liquid fuels, telecommunications, transportation, and water supply. The
links among different networks increase the potential of cascading failures, which can bring up
catastrophic amplification of the impact.
Critical infrastructure systems are dependent and interdependent in multiple ways, where
dependency refers to the unidirectional relationship and interdependency indicates the
bidirectional interaction. They usually present upstream-downstream relationships and loop
relationships, which turn the infrastructures’ behavior into non-linear and non-stationary
behavior. Several authors have provided different classifications (Table 1) of lifelines
interdependencies. The first classification, which is still widely accepted, is the one given by
Rinaldi [1]. In accordance with the period in which it was published, this classification refers
only to interdependencies among physical lifelines. More recent classifications, like the one
suggested by Cimellaro [2], take into account the interdependencies between both physical and
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non-physical lifelines, and they are more appropriate for the evaluation of the overall level of
resilience of a community.
Table 1: Types of interdependencies according to different authors

Authors
Rinaldi et al. [1]
Zimmerman [3]
Dudenhoeffer et al. [4]
Wallace et al. [5]
Zhang ad Peeta [6]
Cimellaro et al. [2]

Types of interdependence
Physical, Cyber, Geographic, Logical
Functional, Spatial
Physical, Geospatial, Policy, Informational
Input, Mutual, Shared, Exclusive, Co-located
Functional, Physical, Budgetary, Market and Economic
Physical, Cyber, Geographical, Policy/Procedural, Societal, Budgetary,
Market & Economy

Different modeling and simulation approaches have been developed to analyze the
interdependency. The approaches are mainly classified into five groups: (i) system dynamics
based models; (ii) network based models; (iii) empirical approaches; (iv) agent based models;
(v) economic theory based models. A description of these types of models with their advantages
and disadvantages can be found in Cimellaro (2016) [7] and in Ouyang (2014) [8].
However, none of the previous classifications and models analyzes the effect of the time
dimension. Time dependent analyses are required when the temporal inhomogeneity matters
and the sequence of events is important. This is usually the case of emergencies, where the
importance of dependencies changes according to the needs of the community [9].
This paper proposes a new method based on the Input-output Inoperability Method. The
method falls under the category of the economic theory based models [10]. The classic IIM is
a static model, thus it is not able to manage dynamic dependencies. Many authors have
overcome this limitation with extensions of the original IIM [11] [12] [13], while in the
proposed approach the IIM has been modified using the approach of temporal networks. In the
literature, there are several studies on temporal networks, which are summarized in Holme and
Saramäky’s work [14]. Here, the use of temporal networks is adopted to model the cascading
effects between critical infrastructures using a spatial multilayer environment.

2 Modelling temporal networks
To consider the effect of time on networks, it is required to have a model capable of
representing the condition of the system at every time step. The methodology proposed in this
paper is presented below.

2.1 Input-output Inoperability Method and its limitations
Developed by Haimes and Jiang [10], the IIM model is an adaptation of the Leontief’s inputoutput (I-O) analysis of economic interdependencies [15]. The IIM proposed in this paper is
intended to simulate the propagation of the inoperability risk in the infrastructure sector. The
inoperability is defined as the inability for a system to perform its intended function.
Mathematically, it ranges between 0 and 1: when 0 means that the element is functioning at full
capacity, while 1 signifies a completely inoperativity of the element. The Equation describing
the IIM is presented below:
q   I  A  c
1

(1)

where q is the damage vector which contains the inoperability values for the n infrastructures
considered; A is a matrix which depicts the extent of interdependence among infrastructures
and it is the transpose of the adjacency matrix describing the topology of the system; I is the

3290

identity matrix; c is the scenario vector that includes the effects of the disruption event (e.g.
natural disaster, man-made attack, intrinsic failure, etc.) on each infrastructure. The damage
vector q is the output of the model and it represents the level of inoperability of the
infrastructures composing the system according to the topology described by the A-matrix. Each
element of this matrix indicates the influence of the j-th infrastructure on the i-th infrastructure,
and can range between 1 (i.e. complete propagation of the scenario from j to i) and 0 (i.e. no
propagation).
To give an example of which are the outputs of the IIM, the case of a six-node network
developed by Valencia [16] is reported (from now onwards it will be referred to as Example 1).
There are two networks, an electric and a water network, serving three buildings (Figure 1a).
The hazard considered is infrastructure aging. To measure the impact of any node decay across
the network, the column summation of the damage vector q of each node i at each time t is
computed. This is the decay score (Equation (2)):
j

dc _ si  t    qi  t 

(2)

i 1

This approach, which is applied to a complex infrastructure network, presents three
important limitations: (i) it does not take into account the redundancies of the system; (ii) it
does not consider the temporal evolution of the system; (iii) its inputs and outputs are not
significant probabilistic quantities.

(a)

(b)

Figure 1: Graph representing Example 1 and Example 2 topology

If in the system of Figure 1a, a new pump house is added in parallel to the first one, the
network presents a redundancy. Figure 1b shows the new topology of Example 2. It is clear that
the performance of the system is improved with respect to the previous case. We expect that
the impact of the water tower and of the electrical source remains the same, while the impact
of each of the pump houses decreases. But if we compare the results obtained with the onepump case, the expected trends are not met.
To solve the problems related to redundancies, probabilities of nodes in parallel can be
combined properly. In the previous case, the dc_s of the electrical source and the water tower
are increasing because the algorithm sees another node (the new pump) that needs to be
powered by them. To avoid this, the Series-Parallel Vector is introduced (Equation (3)):
1/ n1
1/ n2

SP  
 1







( forBLD) 



(3)

where ni is the number of redundant nodes of node i. After having expanded it to the ndimension, it is possible to add it to the damage vector equation (Equation (4)):
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1

qi  t    I  A·SP*  ·ci

(4)

After this operation, the values of the dc_s of the electrical source and water tower return to the
expected values.
Now it is necessary to introduce an index able to represent the performance of the entire
system: the system score. It is a dimensionless risk index that varies in the range 0 ÷ ∞. It
expresses the rating of a system of infrastructures, at the time t. Equation (5) defines it:
 dc _ sk ,i (t )
(5)
sys _ s  t    k
nk
where k is the type of node (i.e. electrical sources, water towers and pump houses). The final
targets (i.e. buildings) are not considered when calculating the sys_s. A low value of the sys_s
indicates that the system of infrastructures has low risk of target nodes’ failure, while a high
value indicates high risk.

2.2 Modified IIM for Temporal Networks
Graph theory has been used to model the infrastructure networks. The geographical,
topological, and flow information of a network can be represented with a graph G(V, E) which
is formed by a set V of vertices (or nodes) and a set E of edges (or links). The characterization
of the nodes depends on the spatial scale of the considered problem, which might be an entire
infrastructure [17], a sub-system or even a unit. To each node specific features such as
hierarchy, resistance and autonomy can be attributed, while edges do not have any features
assigned, but they are oriented. Moreover, the edges can link nodes intra-network (i.e. within
a specific infrastructure) or inter-networks (i.e. across different infrastructures). The last one
represents the interdependencies described in the A-matrix. Any inter-network link will be
specified as Boolean, either 0 or 1. Thus axi yj values will be 0 if the x-th node belonging to the
i-th infrastructure is not dependent on the y-th node belonging to the j-th infrastructure.
In addition to the existing formulations, the concept of chains has been introduced in
the model. A chain is a sequence of nodes from one vertex to another through some edges.
The chains of interest are those that connect a source (i.e. a node without inflows) to a sink
(i.e. a node without outflows). It is assumed that every node of a chain must have at most
one inflow edge, but can have multiple outflow edges. The hierarchy of the chains is defined
by the design of the infrastructure.
The proposed methodology modifies the IIM deterministic formulation in probabilistic
terms. The probability of failure of a single node is obtained by combining the natural hazard
with the infrastructure vulnerability and it refers to the status of the node itself after the
perturbation. Hereinafter it will be called self-failure probability (Psf) and will substitute the
scenario vector c. The hazard component is represented by an event vector E(n x 1), where n
is the number of nodes in the system. The elements of the E-vector can be physical quantities
such as the pga, pgv, pgd, the wave height of a tsunami, etc. Moreover, they can change from
node to node, because infrastructures usually have a large spatial extension (Figure 2a). By
performing different simulations, using different E-vectors it is possible to approach the
problem in probabilistic terms. Each simulation has a weight, which is directly taken from
the hazard curves. The vulnerability of each node is represented by the fragility curves (Figure
2b), and for each node there are as many fragility curves as the types of hazard acting. The
probability of failure Psf of a node is obtained inserting the value of the E-vector in the
fragility curve of the node. The approach proposed by Valencia [16] of summing up the
elements of the q-vector to obtain a final score to evaluate the interdependency performances
has obvious limitations, because they are not normalized to the dimension of the system. In
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addition, it does not take into account the benefits given by the redundancies. In the modified
IIM he re proposed, the probability of failure P f of every node is obtained combining the
Psf with the cascading failure probability Pcf which is calculated using a step by step approach
considering the topology of the system (Figure 2c).

Figure 2: Flowchart of the probabilistic approach. Starting from a network perturbation (a) probabilities of
failure of nodes are computed on fragility curves (b) and then propagated according to the topology of the
network (c)

The more intuitive approach for analyzing a system of infrastructures is solving each
network separately and then considering their interaction. Then, infrastructure networks are
shown as layers, which overlap each other and share some nodes. Considering Example 1, the
element pump needs both electricity and water. Using layer’s visualization, a single node will
be projected in the two layers and a virtual edge will link the two projections (Figure 3).
Another issue to deal with is that the IIM can only use square matrices, while the internetworks matrices are usually rectangular. To overcome this limitation, Valencia [16] suggests
the introduction of a rectangular I-matrix. The idea is to increase the values of c-vector of
the i-th infrastructure, by adding the q-vector computed for the j-th network (Equation (6)).
c j i  I j iT ·q j  ci
(6)

Figure 3: Example of layer subdivision for interdependent networks

Inserting the output of the first network into the input of the second one is the correct
approach for the evaluation of the cascading effects. However, this formulation starts from the
same deterministic values of before. The current method involves the combination of the Pcf
of upstream and downstream networks (Equation (7)):
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Pcf*i  I j iT ·Pcf j  Pcfi

(7)

where the P*cfi can be considered cascading-failure probability which incorporates in the node
all the information coming from upstream networks and nodes.
What has not been addressed yet is the temporal dimension. Therefore a timeline τ = {t0 ,
t1 , t2 , · · · , T } is introduced. The time step ∆t of the elements of the τ -vector represents the
time necessary for the propagation of the events across the entire system. Given this timeline,
it is clear that to each event must be associated a time and that the model must run at every
time step. Now the model is not stationary but is made up of temporal networks, denoted as
a time dependent graph G(t) = G(V, E(t)) . The Pf of nodes changes over time, in accordance
with the sequence of events.

Figure 4: Temporal variance of Operability Labels. Disruptive events tend to change their value and decrease
the overall probability of operability (ΣPocc)

The adopted strategy is to pass from bi-dimensional matrixes to a tri-dimensional tensor
notation. The topology of every network is now described by an adjacency tensor, whose
elements are a xi yi (t). Each different temporal layer of the A-tensor represents a possible
chain. To better understand which of the chains is active at the time ¯t , the probability of
occurrence of a specific configuration Pocc is assigned to every layer (Figure 4). This value
expresses if the layer is on (Pocc = 1), or off (Pocc = 0) at the considered time step. The
condition to be on is that, in the current configuration, target nodes do not fail and that
configurations with higher degree of hierarchy are off. Transferring this concept to the
probabilistic model means that the values of Pocc become probabilities of being active. The
sum of the probability of occurrence of a network is 0 ≤ ΣPocc ≤ 1 and the term 1−ΣPocc
represents the loss of capacity of the network (LoC).

3 Case study
The 2011 Fukushima nuclear power plant disaster has been selected to conduct the case
study. The earthquake and tsunami that struck Japan’s Fukushima Daiichi nuclear power
station on March 11, 2011, knocked out backup power systems that were needed to cool the
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reactors, causing three of them to be subjected to fuel melting, hydrogen explosions, and
radiations.

3.1 Modelling the Nuclear Power Plant
The aim is to obtain a model of a nuclear power plant equipped with a Boiling Water
Reactor (BWR), similar to the one in Fukushima. The topology and data regarding the
disrupting events affecting the system are inspired by the Fukushima case study. However, the
parameters of the system’s components are generic and taken from the literature.
The plant scheme of the Unit 1 (furnished by TEPCO) was used as a reference for building
the nuclear power plant model. Inthis paragraph, the water and the electic networks are taken
into account. The first networks is at the local scale, while the second one expands from the
regional to the local scale.

Figure 5: Simplified model for lifelines serving a nuclear power plant

Two different models are here presented: the first is simplified, the second is more
detailed. The simplified model is shown in Figure 5 and is composed of an electric and a water
network. The first emergency cooling systems consists of the Isolation Condenser (IC), which
cools the steam coming from the reactor in a pool and does not need electricity. After this
step, the High Pressure Coolant Injection system (HPCI) can cool the core in emergency
conditions. It can draw water from the Condensate Storage Tank (CST) or from the
Suppression Pool (SP) and then injects it into the core. The pump used by this system is steamdriven. The IC and HPCI systems were considered not dependent on electricity in the
simplified model. However, in reality they are indirectly dependent on it because of the
presence of electric valves.
To better model the eventual human interventions on the system, other three networks have
been added: the telecommunication, the transportation, and the emergency services network.
All the layers of this new detailed model are interdependent, as shown in Figure 6. Nodes
have been classified according to their location and altitude, so that for each one it is possible
to estimate the intensity of the event. Regarding earthquake and tsunami fragility functions,
most of them has been taken from ATC-13 Earthquake damage evaluation data for California
[18]. Other earthquake fragility curves have been taken from the ALA report [19] and from
the HAZUS database [20]. Tsunami fragility curves have been considered as linear functions
between two values from the ATC-13 recommendations. The autonomy curves have been
modelled as step functions where the step is located in correspondence to the nominal value
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indicated by Hitachi-GE [21].

Figure 6: Interdependent layers of the detailed model for lifelines serving a nuclear power plant

3.2 Analysis of the system
This section shows the results relative to the electric network of both the simplified and
the detailed models. In the simplified model, the earthquake is responsible for the collapse of
the AC transmission line. This leads to the loss of off-site AC power, which represents the first
configuration of the electric network. The electric network assumes another configuration so
that the power supply is still guaranteed to the water network. The arrival of the tsunami
drastically changes the situation. The Diesel generators and the ordinary cooling line are out
of order. Batteries are damaged too, but there is no need of them anymore since the pumps
that they were feeding are failed. IC backup cooling system is kicked off and the probability
of failure of the reactor core cooling is still close to 0. Ten hours after the earthquake, the
autonomy of the IC starts to decrease and it is substituted by the HPCI system. As the
probability of failure of the IC increases, the probability of failure of the reactor core
increases as well, because it now relies on the HPCI system, which was seriously damaged
by the earthquake and the tsunami. Figure 7 contains all these information.
Similar to the previous model, in the detailed model, the earthquake is responsible for the
shutdown of the NPP turbine and to the off-site AC power. Electricity is still provided by
diesel generators which feed the RHR system and the control room. Damages caused by the
earthquake to emergency cooling systems imply that the first three backup lines have a
probability of occurrence Pocc≠ 0, but on the other hand the most likely to be active is the RHR.
After the tsunami, t he diesel tanks, CSTs, and seawater pumps are completely damaged.
Aft erwards, the water network switches to the IC and HPCI configurations, but the
control of their valves DC power is needed. The batteries have a relevant probability of
failure, so the loss of capacity sharply increases. After three hours, valves are manually
opened and the cooling is provided by the IC, until its autonomy runs out and brings to a
complete loss of capacity (Figure 8).
Results show that both the models can effectively reproduce the ongoing situation for the
electric network. There are no large differences because the differences between the two
models are just the number of power panels and the split of target nodes’ supply lines. Target
nodes cannot propagate upstream, and therefore this has no effect. Looking at the water
network’s results, there are some differences because different sources feed different
configurations of the water network. For this reason, the simplified model is not reliable.

3296

Figure 7: Probability of occurrence for the electric network, simplified model

Figure 8: Probability of occurrence for the electric network, detailed model

4 Concluding remarks
Lifelines are a crucial part of society and their operability is fundamental for the wellbeing
of the community. To reduce costs related to their failure and recovery, it is important to
intervene on their vulnerability. Considering the system’s components as independent
elements is not realistic because the interdependencies and the cascading effects play a
major role. This work introduces a modified Input-output Inoperability Method containing
three implementations of the traditional IIM. Firstly, a probabilistic approach is used. The
model deals with hazard curves, fragility functions and probabilities of failure, which are
quantities much easier to combine and understand than the ones of the original IIM. The
second step is the adoption of a multilayer approach for modelling different interdependent
networks. This allows a rapid and intuitive combination of analyses of separate networks, and
at the same time gives the perception of the interdependencies’ role in the dynamics of failure.
The third and major implementation is the adoption of a tensor notation with the aim of
taking into account the temporal dimension of the problem.
The methodology has been tested on a real case study. Lifelines serving the Fukushima
nuclear power plant has been modeled, from the regional to the building scale. To validate
the model, results has been compared with the information related to the 2011 disaster. The
results obtained with a simplified model are not entirely reliable, while a detailed mode could
fit the situations occurred with a relatively low approximation.
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Abstract: This paper proposes a mathematical framework to analyze the effects of
constructing utility tunnels on interdependent critical infrastructure resilience
under worst-case failure. A bilevel attacker-defender model is introduced to
identify the most critical components and assess the least resilience under the
failure of these critical components. Different utility tunnel topologies are
introduced to analyze their effects on interdependent critical infrastructure
resilience. Interdependent power and water systems in a campus area are used to
illustrate the proposed approach. The results can provide insights on better
constructing and deploying the utility tunnels.

1 Introduction
Critical infrastructures (CIs), such as electric power, water supply, transportation and telecommunication systems, are the backbone for a functioning city or nation as they provide
essential services to support the well-being of its citizens. These CIs are not isolated and may
be physically, geographically, cyber and logically dependent and interdependent [12, 13, 15].
On the positive side, interdependencies may improve the operational efficiencies of these systems. For example, in China and Japan, geographical interdependencies have been or are being intentionally designed by constructing utility tunnels, which are passages built
underground or aboveground to carry utility lines, such as electricity wires, water pipes, sewer
pipes and some communications utilities. These utility tunnels can facilitate the maintenance
of the carried CIs and enhance the land use efficiency.
On the negative side, interdependencies may aggravate the damage consequences [12]. For
example, due to the physical interdependencies, failure in one system can propagate to other
systems; due to the geographical interdependencies, some extreme events can break the utility
tunnels and make multiple CIs fail simultaneously. These issues have been recognized by
many governments and scholars. Many countries have initiated critical infrastructure protection plans, such as claiming December as critical infrastructure protection and resilience
month by the president of the USA in 2009, releasing critical infrastructure resilience strategy
and implementation program in Australia in 2010 [2], and publishing critical infrastructure
resilience program in UK in 2011 [16]. In these plans, the term ―resilience‖ is emphasized. In
the research field, the number of resilience-related papers in the Scopus database increases
exponentially in the past twenty years [3, 14]. Then, what is resilience?
For the term resilience, although it has many definitions, even only focusing on CIs [1, 17,
18], there still exists a consensus. Basically, resilience is the capability of a system to withstand internal/external stresses and recover from them. To quantify the CI resilience, various
metrics have been proposed based on the system performance curves under disruptions [4, 7,

3299

8 10]. Some resilience metric, like reliability and survivability [19], is described by a probability [5], but most of existing resilience metrics are described as deterministic values. Despite
there is no common resilience metric, there are several consensuses. First, when considering
the resilience, it needs to ask ourselves, ―resilience to what‖, which means that resilience
quantification needs to first specify the disruptive event. Second, the value of resilience to a
disruptive event is mainly affected by system robustness and system rapidity under this event,
where the robustness is quantified as system performance level immediately after the event
and before any restoration efforts, and the rapidity is measured as the restoration time. Specially, in the case of sufficient repair resources, the resilience is primarily affected by the robustness. As an initial step, this paper simply quantifies system resilience as the robustness.
This paper will mainly study the effects of constructing utility tunnels on interdependent
critical infrastructure resilience, where resilience is system performance level immediately
after the event and before any restoration efforts and the worst-case failure is considered as
the disruptive event. To the authors’ knowledge, this problem has never been studied previously in the literature. The rest of the paper is organized as follows: Section 2 introduces the
models for resilience assessment of interdependent CIs under worst-case failure. Section 3
shows the results by applying the proposed approach to interdependent power and water systems in a campus area. Section 4 gives conclusions and future work.

2 Resilience Assessment of Interdependent CIs
Interdependent CIs can be modeled by different approaches, such as agent based approaches,
system dynamics based approaches, economic theory based approaches, network based approaches and others [12]. As studying geographical interdependencies need system topological and geographical information, a network-based approach is used in this paper, where each
CI is modeled as a network and their interdependencies are modeled by inter-links. In addition, as mentioned in Section 1, the resilience of a system under a disruptive event is primarily
affected by its robustness and its rapidity under this event, and in the case of sufficient repair
resources, its resilience is mainly affected by the robustness. This paper simply regards the
resilience of a CI under an event as its robustness, which is quantified as system performance
level immediately after the event and before any restoration efforts. As quantifying resilience
needs to first specify the disruptive events, this paper mainly considers the worst-case failure,
where an intelligent attacker will disrupt the system by using the most harmful strategy. To
analyze the effects of constructing utility tunnels on interdependent critical infrastructure resilience, this section will first describe the interdependent CIs without utility tunnels and several new interdependent systems with utility tunnels. Then an attacker-defender model and its
solution techniques are introduced to identify the most critical components and assess the
least resilience under the failure of these critical components.

2.1 Interdependent CIs with and without utility tunnels
Utility tunnels are passages built underground or aboveground to carry utility lines, such as
electricity wires, water pipes, sewer pipes and some communications utilities. For illustrative
purposes, this paper considers power and water systems in a part of the campus area of Huazhong University of Science and Technology, as shown in Figure 1. The studied campus area
mainly includes 25 dormitory buildings, which provide the occupancies for approximately 20,
000 undergraduate students. In the two systems, all dormitory buildings are regarded as load
nodes. For the power system, some intersection nodes, including p25, p31, p42, p43, which
connect with outside systems, are regarded as source nodes. For the water system, two water
tanks, w9 and w43, and other two intersection nodes that connect with the outside systems,
w60 and w7, are described as source nodes. For the physical interdependencies, the two water
tanks, which depends on their nearby pump stations to normally work, are assumed as physi-

3300

cally interdependent demand nodes and depend on the electrical load nodes (or physically
interdependent source nodes) p39 and p43 (p43 is both a power source and a load node).

(a)

(b)
Figure 1: Geographical layout of interdependent power and water systems in a campus area of Huazhong University of Science and Technology. (a) power system; (b) water system.

Given the position of all nodes, how to design the new interdependent systems with utility
tunnels is a complicated problem. For illustrative purposes, this paper just considers three
different topologies for the utility tunnels to show their effects on interdependent system resilience. First, design the utility tunnels based on the minimum spanning tree (MST). Note that
the utility tunnels are usually deployed along the road network to facilitate their maintenance,
so this paper considers the minimum spanning tree with the consideration of the road network
and the new interdependent systems’ topologies are shown in Figure 2(a). Second, design the
utility tunnels based on the original power system’s layout and the new interdependent systems’ topologies are shown in Figure 2(b). Third, design the utility tunnels based on the original water system’s layout and the new topologies are shown in Figure 2(c).

(a)
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(b)

(c)
Figure 2: Interdependent critical infrastructures with utility tunnels based on different design rules.
(a) Minimum Spanning Tree based; (b) Power system based; (c) Water system based.

2.2 Estimation of Interdependent CI Resilience under Worst-case Failure
This subsection introduces the model for resilience assessment of interdependent critical infrastructures under worst-case failure (RAICIs-WCF). The proposed model is based on the
following assumptions and simplifications:
First, the set of CIs of concern is denoted by 𝜿. For each CI, such as the kth CI, it is modeled
by a network 𝑮𝒌 (𝑵𝒌 ,𝑬𝒌 ), described by a collection of nodes 𝑵𝒌 and edges𝑬𝒌 . In the kth CI
network, there is a set of source nodes 𝑵𝑺,𝒌 ⊆ 𝑵𝒌 and a set of demand nodes 𝑵𝑫,𝒌 ⊆ 𝑵𝒌 .
Each node 𝑛 ∈ 𝑁 𝑘 is associated with 𝑠𝑛𝑘 and 𝑑𝑛𝑘 , representing its real commodity supply and
its real satisfied demand, respectively. 𝑠𝑛𝑘 is the maximum commodity supply and 𝑑𝑛𝑘 is the
required demand for the node n. A variable 𝑓e𝑘 represents the flow on the edge e in network k,
associated with its capacity 𝑓𝑒𝑘 . ok(e)and dk(e) denote the origin and destination nodes of the
edge e in network k respectively. For each CI network and for illustrative purposes, this paper
simply defines its performance level under a disruptive event (resilience metric in this paper)
as the normalized total satisfied demand level 𝑛∈𝑵𝑫,𝒌 𝑑𝑛𝑘 / 𝑛∈𝑵𝑫,𝒌 𝑑𝑛𝑘 . Then, the resilience of
all CIs under this event can be described by the weighted sum of each CI resilience, as
expressed by Equation (1), where 𝜂𝑘 is the resilience weighting factor for CI network k. Note
that other performance metrics, such as those related to the operational cost can be also used,
andthe proposed approach is still valid.
Second, in the proposed model, an attacker seeks the most serious strategy to disrupt the
system and minimize the resilience, while a defender manipulates the flow to maximize the
resilience. The interactions between the attacker and the defender lead to a bi-level attackerdefender model.In this model, the inner level optimizes the flow dispatch, and the outer level
makes the most harmful attack decision. For the attacker, only edges are considered to be
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attacked. Nodes can be also considered as the candidate attack components, and the proposed
approach is still valid. Define binary variable 𝑥𝑒𝑘 that is 0 if the edge 𝑒 is destroyed by the
attacker. For those edges that are not carried by the utility tunnel segments, they should be
separately attacked by the attacker; for those edges carried by the utility tunnel segments, if an
utility tunnel segment is attacked, then all its included components in different CIs will all fail.
Define the parameter U as the set of all utility tunnel segments; define binary variable 𝑥𝑢 that
is 0 if the utility tunnel 𝑢 is attacked by the attacker; define a parameter Iuek that is 1 if the eth
edge in the kth CI network is carried by the utility tunnel u, and 0 otherwise. Then, if the utility
tunnel u is attacked, the edge with Iuek=1 in the kth CI will fail, as described by constraint (2).
If the costs of attacking the edge e and the utility tunnel segment u are denoted by 𝑐𝑒𝑘 , 𝑐𝑢 ,
respectively, the attack budget denoted by 𝐵𝐴 satisifies constraint (3) .
For the defender, this paper uses the network flow model to simulate her/his behivor. Note
that this type of model has been frequently used to model general CIs [15]. In this model, the
decision variables in the kth CI include the real commodity supply of each node 𝑠𝑛𝑘 , the real
satisfied demand of each node 𝑑𝑛𝑘 and the flow in each line 𝑓𝑒𝑘 . The constraints of these
decision variables are described by constraints (4)-(7). Constraint (4) guarantees flow
conservation at each node. Constraint (5) states the maximum flow in each edge. Constraint (6)
defines the minimum and the maximum commodity supply for each source node. Constraint
(7) states that the real satisfied demand cannot exceed the required demand for each load node.
Third, CIs might be physically, cyber, geographically, logically interdependent, where
physical interdependency means the state of one CI depends on the material output(s) of the
other; cyber interdependency means the state of one CI depends on information transmitted
by the information infrastructure; geographical interdependency means a local environmental
event can create state changes in multiple CIs; logical interdependency means the state of
each CI depends on the state of the other via a mechanism that is not a physical, cyber, or
geographic connection [14] As the cyber interdependency needs to additionally consider the
information infrastructure, for simplification, this paper will mainly consider other three types
of interdependencies. Note that if integrating the information infrastructure into the
framework, cyber interdependency can be modeled similarly to the physical interdependency
and the proposed approach is still valid.
The physical interdependency can be modeled by defining a set of ordered component pairs (i,
j) associated with node i in one CI and component (node or edge) j in another CI, where
component j is operational if node i can provide a fully supplied demand of commodities [6, 9,
11]. Define Ck(Gk) as the set of all nodes (all edges) in CI network k which depend on other
CI nodes to operate. Define Ck←l (Gk←l) as the set of all nodes (all edges) in CI network k that
depend on the nodes in CI network l to operate. Define Dk as the set of all nodes in CI
network k that any other CIs depend on. Define Dk→l as the set of all nodes in CI network k
𝑘→𝑙
that the lth CI depends on. Define 𝐹𝑖,𝑗
as the set of order pairs associated with node i in 𝐷𝑘→𝑙
𝑘→𝑙
and node j in 𝐶 𝑘←𝑙 , and 𝑀𝑖,𝑗
as the set of order pairs associated with node i in 𝐷𝑘→𝑙 and edge
𝑘→𝑙
j in 𝐺 𝑘←𝑙 . Define 𝛿𝑖,𝑗
as a binary variable, which is 1 if the physical interdependency from
th
node i in the k CIto component j in the lth CI can work normally, and 0 otherwise. Based on
the above defined input parameters and decision variables, the physical interdependencies
between multiple CIs can be described by constraints (8)-(12). For each ordered pair 𝑖, 𝑗 ∈
𝑘→𝑙
𝑘→𝑙
𝐹𝑖,𝑗
∪ 𝑀𝑖,𝑗
, the demand level for node i in the kth CI network should be either zero or full
𝑘→𝑙
level, depending on whether their interdependency relationshipcan work normally (𝛿𝑖,𝑗
=1
for normal operation, and 0 otherwise), as stated by constraint (8). Also, for each component j
𝑘→𝑙
𝑘→𝑙
in the ordered pair 𝑖, 𝑗 ∈ 𝐹𝑖,𝑗
∪ 𝑀𝑖,𝑗
, depending on the type of this component, it has
different constraints. If component j is a source node, its output level is bounded by zero or
the maximal output, as stated by constraint (9). If component j is a demand node, its demand
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level is bounded by zero or the required demand, as stated by constraint (10). If component j
is a node and it is damaged, all its attached edges will fail and the flow on these edges should
be also zero, as stated by constraint (11). If component j is an edge, its flow depends on its
normal/damage state, as stated by constraint (12).
For the geographical interdependency, this paper considers multiple CIs located within the
same region, and if an utility tunnel segment is attacked, then all its included components in
different CIs will all fail, as described by constraint (2). This paper considers a simple type of
logical interdependency for illustrative purposes. For each order pair (i, j) with physical
interdependency, if the interdependent demand edge j is damaged, the interdependent source
node i should have its real demand as zero. In this case, the interdependency
𝑘→𝑙
relationship 𝑖, 𝑗 ∈ 𝑀𝑖,𝑗
does not normally work and the physical interdependency variable
𝑘→𝑙
𝛿𝑖,𝑗 becomes zero, as described by constraint (13).
Based on the above description, the model for resilience assessment of interdependent CIs
under worst-case failure (RAICIs-WCF) is formulated as follows:
Input Parameters
set of all CI networks
k∈ 𝜿
𝒌
set of nodes in the kth CI network
𝑛∈𝑵
set of edges in the kth CI network
𝑒 ∈ 𝑬𝒌
set of source nodes in the kth CI network
𝑛 ∈ 𝑵𝑺,𝒌
set of demand nodes in the kth CI network
𝑛 ∈ 𝑵𝑫,𝒌
set of edges oriented to node n in the kth CI network
𝑒 ∈ 𝑬𝑰,𝒌
𝒏
set of edges oriented from node n in the kth CI network
𝑒 ∈ 𝑬𝑶,𝒌
𝒏
ok(e), dk(e) origin and destination nodes of edge e in the kth CI network
capacity for edge e in the kth CI network
𝑓𝑒𝑘
maximum output for node n in the kth CI network
𝑠𝑛𝑘
required demand for node nin the kth CI network
𝑑𝑛𝑘
U
set of utility tunnel segments
𝑘
set of all nodes in the kth CI network which physically depend on other CI
𝐶
nodes to operate
𝑘
set of all edges in the kth CI network which physically depend on other CI
𝐺
nodes to operate
𝑘
set of all nodes in the kth CI network which any other CI nodes physically
𝐷
depend on
𝑘←𝑙
set of all nodes in the kth CI network which physically depend on the lth CI
𝐶
network to operate
set of all edges in the kth CI network which physically depend on the lth CI
𝐺 𝑘←𝑙
network to operate
set of all nodes in the kth CI network which the lth CI network physcially
𝐷𝑘→𝑙
depends on
𝑘→𝑙
set of ordered pairs (i, j) associated with node i in 𝐷𝑘→𝑙 and node j in
𝐹𝑖,𝑗
𝐶 𝑘←𝑙 , and node j is operational when node i can provide a fully supplied
demand of commodities in the kth CI network
𝑘→𝑙
set of ordered pairs (i, j) associated with node i in 𝐷𝑘→𝑙 and edge j in
𝑀𝑖,𝑗
𝐺 𝑘←𝑙 , and component j is operational when node i can provide a fully
supplied demand of commodities in the kth CI network
Iuek
1 if the eth edge in the kth CI network is carried by the utility tunnel u, and
0 otherwise.
𝑘
cost to attack edge e in the kth CI network
𝑐𝑒
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𝑐𝑢
BA
𝜂𝑘

cost to attack utility tunnel segment u
budget to attack the interdependent systems
resilience weighting factor for the kth CI network

Decision variables
damage state of edge e in the kth CI network under a given damage
𝑥𝑒𝑘
scenario, taking the value 0 if the node is damaged and 1 otherwise.
damage state of the utility tunnel segment u under a given damage
𝑥𝑢
scenario, taking the value 0 if the UT segment is damaged and 1
otherwise.
output from node n in the kth CI network
𝑠𝑛𝑘
demand for demand node n in the kth CI network
𝑑𝑛𝑘
flow on edge e in the kth CI network
𝑓𝑒k
𝑘→𝑙
1 if the interdependency from node i in the kth CI network to component j
𝛿𝑖,𝑗
in the lth CI network works normally
Formulation of RAICIs-WCF Model:
min

max

𝑘→𝑙
𝑥 𝑒𝑘 ,𝑥 𝑢 𝑠𝑛𝑘 ,𝑑 𝑛𝑘 ,𝑓𝑒𝑘 ,𝛿 𝑖,𝑗

𝜂𝑘

𝑅=
𝑘 ∈𝜅

𝑑𝑛𝑘
𝑛∈𝑁 𝐷 ,𝑘

𝑑𝑛𝑘

(1)

𝑛∈𝑁 𝐷 ,𝑘

Subject to:
First stage (attack) constraints:

𝑥𝑒𝑘 = 𝑥𝑢 , ∀ 𝑢, 𝑒, 𝑘 ∈ { 𝑢, 𝑒, 𝑘 𝐼𝑢𝑒𝑘 = 1
𝑐𝑒𝑘 (1

−

𝑥𝑒𝑘 )

+

𝑘 ∈𝜅 𝑒∈𝐸 𝑘 \{𝑒|𝐼𝑢𝑒𝑘 =1,∀𝑢}

(2)

𝑐𝑢 (1 − 𝑥𝑢 ) ≤ 𝐵𝐴

(3)

𝑢∈𝑈

Second stage (defend) constraints:
𝑠𝑛𝑘 +

𝑓𝑒𝑘 −

𝑓𝑒𝑘 = 𝑑𝑛𝑘 , ∀𝑛 ∈ 𝑁 𝑘

𝑒∈𝐸 𝑘 𝑑 𝑘 𝑒 =𝑛
𝑒∈𝐸 𝑘 𝑜 𝑘 𝑒 =𝑛
−𝑓𝑒𝑘 𝑥𝑒𝑘 ≤ 𝑓𝑒𝑘 ≤ 𝑥𝑒𝑘 𝑓𝑒𝑘 , ∀𝑒 ∈ 𝐸 𝑘
0 ≤ 𝑠𝑛𝑘 ≤ 𝑠𝑛𝑘 , ∀𝑛 ∈ 𝑁 S,k
0 ≤ 𝑑𝑛𝑘 ≤ 𝑑𝑛𝑘 , ∀𝑛 ∈ 𝑁𝐷,𝑘
𝑘→𝑙 𝐷
𝑘→𝑙
𝑘→𝑙
𝑑𝑖𝑘 = 𝛿𝑖,𝑗
𝑑𝑖 , ∀ 𝑖, 𝑗 ∈ 𝐹𝑖,𝑗
∪ 𝑀𝑖,𝑗
𝑙
𝑘→𝑙 𝑙
𝑘 →𝑙
𝑠𝑗 ≤ 𝛿𝑖,𝑗 𝑠𝑗 , ∀ 𝑖, 𝑗 ∈ 𝐹𝑖,𝑗
𝑘→𝑙 𝑘
𝑘→𝑙
𝑑𝑗𝑘 ≤ 𝛿𝑖,𝑗
𝑑𝑗 , ∀ 𝑖, 𝑗 ∈ 𝐹𝑖,𝑗
𝑘→𝑙 𝑘
𝑘 →𝑙
𝑘
𝑓𝑒 ≤ 𝛿𝑖,𝑗 𝑓𝑒 , ∀ 𝑖, 𝑗 ∈ 𝐹𝑖,𝑗 , ∀𝑒 ∈ 𝐸𝑗𝐼,𝑘
𝑘→𝑙 𝑘
𝑘→𝑙
𝑓𝑗𝑘 ≤ 𝛿𝑖,𝑗
𝑓𝑗 , ∀ 𝑖, 𝑗 ∈ 𝑀𝑖,𝑗
𝑘→𝑙
𝑙
𝑘→𝑙
𝛿𝑖,𝑗 ≤ 𝑥𝑗 , ∀ 𝑖, 𝑗 ∈ 𝑀𝑖,𝑗

4
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)

∪ 𝐸𝑗𝑂,𝑘

Note that the proposed model has two levels, where the inner level is a mixed integer
programming problem, then this two level min-max problem can not be directly solved
according to benders decomposition method. But note that for interdependent critical
infrastructures, those interdependent nodes are usually critical facilities and should be
𝑘→𝑙
supplied with commodities in the first priority. Hence, the binary decision variable 𝛿𝑖,𝑗
can
𝑘→𝑙
𝑘
𝑘
be removed by first deleting constraint (8) and replacing the varibale 𝛿𝑖,𝑗 by 𝑑𝑖 /𝑑𝑖 , while
updating the objective function by the following equation:
min
𝑃 ,𝑘 𝑃 ,𝑘

𝑥 𝑛 ,𝑥 𝑒

𝑠𝑛𝑘 ,𝑑 𝑛𝑘 ,𝑓𝑒𝑘 ,𝛿 𝑖,𝑗

𝑑𝑖𝑘

𝜂𝑘

max 𝑘→𝑙 𝑅 =
𝑘∈𝜅

𝑖∈𝑁 𝐷 ,𝑘

𝑑𝑖𝑘 − MBig

1−
𝑘 →𝑙 ∪𝑀 𝑘 →𝑙
𝑖,𝑗 ∈𝐹𝑖,𝑗
𝑖,𝑗

𝑖∈𝑁 𝐷 ,𝑘

𝑑𝑖𝑘
𝑑𝑖𝑘

(14)

Where MBig is a large real number. Through the above coversion, the new bi-level min-max
problem can be solved according to the decomposition method. The main solution concept is
based on the fact that the inner level of the new problem is a LP problem, whose dual problem
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is a linear min program, and then the new bi-level min-max problem can be converted into a
min-min problem, which is actually a single level min model, which is a mixed integer
programming model and can be solved directly by CPLEX.

3 Results
This section presents numerical experiments on interdependent power and water systems in a
campus area, as shown in Fig. 1. All nodes are assumed invulnerable and only edges can be
damaged. The experiments are performed on a laptop with Intel (R) Core (TM) 2 Due 2.5
GHz CPU and 4GB memory. The proposed algorithm is implemented on MATLAB with
CPLEX MATLAB toolbox. The algorithm sets the resilience weighting factor as 0.5 for each
system. In addition, this paper assumes it takes the same cost to attack each edge and each
utility tunnel segment, i.e., 𝑐𝑒𝑘 = 1.0,𝑐𝑢 = 1.0, the attack budget BA can directly reflect how
many edges can be maximally attacked.
First, when the attack budget is set as a fixed value, such as BA=3.0 in the experiement,
solving the proposed model can return the most critical components for the original
interdependent systems and the three new sytsems with different utility tunnels. Figure 3
shows the locations of these critical components in different systems. For the original systems,
the most critical edges include two power edges, p25-p36 and p33-p42, and one water edge
w36-w60, whose failure makes a resilience of 0.7122; for the new systems designed based on
the minimum spanning tree, the most critical components include the utility tunnel segments
t6-t18, t1-t3 and t11-t21, whose failure make a resilience of 0.3539; for the new systems
designed based on the original power system topology, the most critical components include
the utility tunnel segments t10-t18, t15-t21 and t7-t20, whose failure makes a resilience of
0.4498; for the new systems designed based on the original water system topology, the most
critical components include the utility tunnel segments t35-p39, t36-t62 and p42-t61, whose
failure makes a resilience of 0.6449. These results indicate that constructing the utility tunnels
affects the position of the most critical components, and also largely reduce interdependent
system resilience under the worst-case failure.
In addition, given the worst-case failure scenario ( 𝒙𝒌𝒆 , 𝒙𝒖 ) identified from the proposed
algorithm, its uniqueness can be checked by adding the following constraint in the problem to
eliminate the existing solution: 𝑘 𝑒∈𝐸 𝑘 \{𝑒 𝐼𝑢𝑒𝑘 =1,∀𝑢 :𝑥 ek =0 𝑥ek +
+ 𝑘 𝑢∈𝑈:𝒙𝒖=0 𝑥𝑢 + 𝑘 𝑢∈𝑈:𝒙𝒖=1(1 − 𝑥𝑢 ) ≥ 1. When BA=3, for the original interdependent
systems, expect the worst-case failure (the most critical components) shown in Figure 3 (a),
there also exist several other equivalent optimum solutions, including (1) two power lines
p25-p36, p33-p42 and one water line w36-w62; (2) two power lines p25-p36, p33-p42 and
one water line w60-w61.

(a)
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(b)

(c)

(d)
Figure 3: Worst-case attack scenarios (or the most critical components) for the original interdependent systems
and three new systems designed based on different rules, B A=3. (a) original interdependent systems;(b) minimum
spanning tree based new systems; (c) original power system based new systems; (d) original water system based
new systems.

Second, when the attack budget has different values, solving the proposed model can return
the least interdependent system resilience under each of these values, and these results form
an interdependent system resilience curve, which is a function of the attack budget. Figure 4
shows the results for the original interdependent systems and the three new interdependent
systems with utility tunnels. From the figure, it can be also found that constructing the utility
tunnels largely affect system resilience to the worst-case failure.
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Figure 4: Interdependent CI resilience curve for different interdependent systems.

4 Conclusions
This paper has proposed a mathematical framework analyzing the effects of constructing utility tunnels on interdependent CI resilience under the worst-case failure. The interdependent
power and water systems in a campus area have been used to demonstrate the proposed
approach. Results show that designing utility tunnels can largely reduce system resilience to
the worst-case failure. But if the utility tunnels are designed with sufficient redundancy, the
interdependent system resilience could be well mitigated.
Numerous issues remain for future work, and they include: (1) this paper assumes there are
sufficient repair resources, then the resilience is simply quantified as system robustness. In the
case of insufficient repair resources, system resilience should be measured as a combination
of robustness and rapidity, extending the proposed approach to additionally model the postdisaster restoration process is a direction for future research. (2) This paper only considers
several given utility tunnel topologies, and how to identify an optimum utility tunnel topology
and some other optimum protection strategies (such as protect some weak components)
against the worst-case failure under given budget is an interesting direction for future research.
(3) This paper only studies the effects of utility tunnels under worst-case failure, and
extending this analysis to natural hazards is also a direction for future research.
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Abstract: Earthquake catastrophe bonds (CAT bonds) are financial instruments
used to transfer catastrophic earthquake risk covered by a sponsor to the capital
markets through investors. Designed on considerations of modeled loss of assets
in the risk zone, CAT bonds determine when a payout is made to the sponsor
to cover its losses based on a trigger mechanism. The modeled loss is a random variable accounting for the uncertainty in the seismic hazard, vulnerability
of structures, built environment, which must be quantified accurately for a clear
and fair trade. Traditionally, the estimated loss used to determine CAT bonds’
payout is a deterministic value, e.g. the mean values of losses at specified return
periods.
This study focuses on the uncertainty quantification in the design of CAT bonds
triggering mechanisms. Designs of modeled loss and parametric triggers are analyzed. Including uncertainty considerations in the design reduces the basis risk,
i.e., the difference between the actual and modeled loss of a triggering event and
allows for the adoption of various payment structures.
This paper explores a design methodology defined for a simplified hypothetical scenario, which is applicable to realistic designs. A realistic illustration is
shown for the case of Metro Manila in the Philippines and the implications of
uncertainty considerations in the design of the triggering parameters of the CAT
bonds design is discussed.

1 Introduction
Communities located in high-risk areas take measures in order to assure resilience in case of destructive events, such as retrofitting, improving building design, and emergency-relief funding.
However, in case of catastrophic events, i.e., rare events with major losses, usual contingency
plans may not be sufficient for recovery. Therefore, non-traditional insurance instruments, such
as catastrophe bonds (CAT bonds) are used to transfer this high risk of catastrophic events to
capital markets [12], and often combined with more traditional risk management measures [5].
The CAT bonds are issued by an insurer, called the sponsor, and sold to investors, which transfer the risk to the capital markets [8, 10]. CAT bonds have become popular in earthquake risk
reduction and research has been conducted in understanding how earthquake modeling can be
incorporated in the design of these financial instruments of risk transfer [4, 14, 15]. Pricing of
CAT bonds can be challenging [3, 11] and is strongly correlated with the catastrophe modeling
of the risk covered.
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Quantification of the uncertainty in the ground motion model and its accurate propagation to the
structural response is a complex process and can have major effects on the loss estimation [6].
Due to the small amount of large earthquakes and claims data, and limited computational power
to perform dynamic analyses for large portfolios, approximations are often used in earthquake
catastrophe modeling, which leads to large uncertainty in the loss estimates. Thus, it is common
to use ground motion prediction equations (GMPEs) calibrated to global data sets to estimate
intensity measures at assets’ locations [2], which may not be representative for specific sites
[13], or to assume linear behavior for structures, which may lead to unsatisfactory structural
response as shown in [9].
The goal of the paper is to demonstrate how the uncertainty in modeling earthquake risk and
loss estimation can have impact on the design of the trigger mechanism for the payout of a CAT
bond. The paper does not focus on the pricing or the technical details or the financial aspects of
placing a CAT bond, but rather only on the trigger mechanism design. The trigger mechanism
is actually defined as the conditions that decide when a payout is made to the sponsor. There are
several types of trigger mechanisms. In this paper two are considered (1) a trigger mechanism
defined as the modeled loss threshold above which a payout to the sponsor is issued, and (2) a
parametric trigger defined as a range of earthquake parameters, moment magnitude and sourceto-site distance, for which a payout is triggered.
Even though the sources of uncertainty in catastrophe modeling are multiple, e.g. earthquake
occurrence, intensity calculation, structural vulnerability, exposure modeling, etc. [7], only the
uncertainty in the seismic hazard calculation is considered for the purpose of this paper. A
similar approach may be followed when considering other uncertainty sources. The impact of
the uncertainty on the trigger design is discussed and the limitations of a deterministic approach
are illustrated.

2 Seismic Risk Analysis
The design of an earthquake CAT bond trigger is based on the seismic risk analysis of a portfolio
and its associated modeled loss. The earthquake model is composed of three main components:
(1) the exposed assets at risk, (2) the earthquake hazard, and (3) the structural seismic vulnerability of the assets. Regarding uncertainty, only the uncertainty in the earthquake hazard is
considered for the purpose of this paper, but a similar approach can be adopted for the inclusion
of the other sources of uncertainty.

2.1

Exposed assets

An analytical relation for designing a trigger mechanism is sought by considering a simplified,
idealistic case of a portfolio composed of one asset located at the tip of a seismic strike-slip
fault, as shown in Figure 1. The asset is assumed to have a replacement value v = 1 and be
located on a rock site.

Figure 1: Idealistic scenario: one asset located at the tip of a strike-slip fault

3311

2.2

Earthquake hazard

The earthquake hazard is defined by the seismic events produced by a linear strike-slip fault of
length r f ault , as shown in Figure 1. All earthquakes on this fault are assumed to be generated by
point sources, characterized by only two parameters, the locations of the epicenters along the
fault and the moment magnitudes. The rate of occurrence of the seismic events is not considered
in the current analysis. The locations of the earthquake epicenters are assumed to have a uniform
distribution along the fault. Under the assumption that the asset is located at the tip of the
fault, it results that the source-to-site distance from the epicenter of each event to the asset is
a real-valued uniformly-distributed random variable R, with the probability density function
fR (x) = 1/r f ault .
The moment magnitude M of the events in this scenario is assumed to be a random variable
defined by the Gutenberg-Richter distribution with the probability density function
fM (m) =

b ln(10)10−b(m−mmin )
,
1 − 10−b(mmax −mmin )

(1)

where the magnitude mmin < m < mmax , and b > 0 is a parameter which indicates the relative
ratio of small- and large-magnitude events and has typical values around 1. For the purpose of
this paper, M and R are assumed to be independent.

2.3

Structural seismic vulnerability

The structural seismic vulnerability refers to the level of damage that the structure may experience for a given level of the ground-motion intensity. The seismic vulnerability of the asset
considered in this simple scenario is assumed to be deterministic and defined by the damage
function δ f (IM), which represents the ratio between the repair cost of the damage caused by
the ground-motion with intensity IM, and the total value v of the asset. For example, according
to common practice, δ f (IM) is assumed to have the functional form of a log-normal cumulative
distribution function with selected mean µ and standard deviation σ . For illustration purposes
only, the values µ = −1 and σ = 0.65 are selected, but they would normally be calibrated to
claim data.

2.4

Probabilistic loss estimation

Loss estimation is the starting point for designing the trigger mechanism for the earthquake
CAT bond. A closed-form solution is calculated for the loss of the asset, which will be used
to design the trigger. The possible loss L that the portfolio could experience during one event
is a random variable, for which the goal is to estimate its probability cumulative distribution
function FL (l) = P(L ≤ l), where l > 0. For the idealistic example shown, the loss can be
defined as:
L = vδ f (IM),
(2)
where IM is the intensity measure, which is a random variable with the cumulative distribution
function FIM (x). The function FL (l) can be re-written as


FL (l) = FIM δ f−1 (l/v) ,
(3)

where δ f−1 is the inverse of the damage function δ f .
In order to calculate the distribution of ground-motion intensity, GMPEs are used as starting
point. GMPEs are regression models on earthquake parameters, whose outputs are estimates of
IM distribution parameters, such as mean and standard deviation. It is common to assume that
IMs are log-normally distributed, with mean and standard deviation as functions of moment
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magnitude M, source-to-site distance R, and other parameters, which are disregarded for the
purpose of the current study:
!
ln(x) − ln(IM)(m, r)
FIM (x|M = m, R = r) = Φ
,
(4)
σln(IM) (m, r)
where Φ(x) is the cumulative distribution function of the standard Gaussian distribution, and
ln(IM)(m, r) and σln(IM) (m, r) are the mean and the standard deviation of ln(IM), which are
outputs of a GMPE. Modern GMPEs are complex functions with many coefficients. For this
study, a simple model proposed by Abrahamson and Silva (1997) [1] is used.
By substituting the distribution functions of M and R, defined previously, into Eq.(4) and using
the probability distribution function of the loss L in Eq.(3) for the spectral acceleration (SA)
at a period of 1 second and damping ratio of 5%, as the intensity measure IM = SA, the loss
cumulative distribution function FL (l) can be re-written as



 
Z mmax Z r f ault
ln δ f−1 (l/v) − ln(SA)(m, r)
 fM (m) fR (r)dmdr, (5)
1 − Φ 
FL (l) = 1 −
σln(SA) (m, r)
mmin
0
in which the following values are assumed r f ault = 100km, mmin = 5, mmax = 7.

3 Payout Trigger Design
In the simple case described above, the probability distribution of the modeled loss has a closed
form (see Eq. (5)) and it accounts for the uncertainty in the GMPE and the uncertainty in the
seismic events. Two types of triggers can be designed: (1) based on the modeled loss L, and (2)
based on earthquake event parameters, in this case, the moment magnitude M and the source-tosite distance R. The mechanism that triggers a payout is designed such that the CAT bond covers
the earthquake risk defined by a modeled loss exceeding a design threshold loss ld corresponding to a certain probability of exceedance pd . Usually, these design parameters are established
by the parties involved in placing the CAT bond contract. For the purpose of this paper, only
events whose losses have a probability of exceedance lower than pd = 1%, for which the corresponding loss from the analytical solution is ld = 0.4012, are covered.

3.1

Modeled-loss trigger

In the modeled-loss trigger the payout after an event is decided by whether the modeled loss of
the event is greater than the design loss L > ld associated with an exceedance probability pd ,
where P(L > ld ) = pd , which by means of Eq.(5) can be re-written as
!#
"
Z mmax Z r f ault
ln(δ f−1 (ld /v)) − ln(SA)(m, r)
fM (m) fR (r)dmdr = pd .
(6)
1−Φ
σln(SA) (m, r)
mmin
0
In other words, design criteria for the modeled-loss trigger can be expressed either in terms of
loss as L > ld , or in terms of loss exceedance probability as P(L > l) ≤ pd .
For large portfolios and real-life scenarios, calculating a closed-form expression for the exceedance probability of loss is not possible and only numerical results obtained by Monte Carlo
simulations are available. In order to calculate a simulated exceedance probability (EP) curve of
k events with parameters (M, R) , k = 1, ..., d are produced from the
losses L for the portfolio, Nev
k
k
distributions of M and R, where d is the total number of possible (M, R) pairs and Nev = ∑dk=1 Nev
is the total number of events in a scenario. The losses L for such a scenario can be regarded as
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Figure 2: Loss exceedance probability (EP) curves: analytical EP (solid blue), mean EP (solid black),
EP of the mean losses (dashed black), simulated EPs (grey lines) for Nsim = 100 simulations (left panel)
vs. Nsim = 10, 000 simulations (right panel).

a union of random variables L = ∪dk=1 Lk , where Lk are the losses for the events described by
(M, R)k . This process is repeated for a number Nsim of simulations, for which a separate EP
curve is calculated.
Figure 2 shows the tails of the loss EP curves, i.e. 1 − FL (l) calculated by Monte Carlo simulations for Nsim = 100 and Nsim = 10, 000 simulations, respectively, next to the analytical solution
from Eq. (5). A significant variability around the analytical value can be noticed. Figure 3 shows
histograms with the distributions of losses for a given EP value pd = 1% (left panel), and the
distribution of the probability of exceedance for the corresponding ld = 0.4012 (right panel).
Both distributions have significant coefficients of variation of 7.6% and 7.8%, respectively. The
values indicated with dotted magenta, and green and red solid lines on the histograms correspond to the mean, 5-th and 95-th percentiles, respectively.
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Figure 3: Distribution of the loss l for a given pd = 1% (left panel) and the distribution of the EP p for
a given ld = 0.4012 (right panel), for Nsim = 10, 000 simulations.

In practice scalar values of the modeled loss ld are used for the design of CAT bond triggers. In
order to see the effect of using deterministic values of loss in the design, rather than the probability distribution, two simple and easy-to-use loss metrics are analyzed, i.e., the exceedance
probability curve of the mean event losses (EPM) and the mean exceedance probability curve
(MEP). The EPM is the probability that the mean event loss is exceeding a value l, while the
MEP is the mean of the exceedance probability that the loss is exceeding a value l, calculated
over all simulations. By denoting Nsim samples of Lk by li,k , i = 1, ..., Nsim , the EPM can be
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written as
Nev



Nsim
k
1
j
EPM(l) = ∑ P (E[Lk ] > l) = ∑
1
l
>
l
,
∑ ∑ i,k
k=1
k=1 Nevk Nsim i=1 j=1
d

d

(7)

where 1(x ∈ A) is the indicator function and is equal to 1 if x ∈ A and 0 otherwise. Note that
E[Lk ] is the expectation of the conditional random variable Lk = L|(M, R)k . The MEP can be
calculated as

1 Nsim  d
P
∪
l
>
l
MEP(l) =
∑
k=1 i,k
Nsim i=1
1 Nsim
=
∑
Nsim i=1

d

1
∑ Nev
k
k=1

Nevk


 d 1
j
1
l
>
l
−∏
∑ i,k
j=1
k=1 Nevk

!


∑ 1 li,kj > l ,

Nevk

(8)

j=1

which converges to the analytical EP curve 1 − FL (l) for Nsim → ∞, also shown in Figure 2 for increasing values of Nsim . For the purpose of designing of CAT bond triggers,
the tail of the loss
is of interest, that is, high-loss events. For large values of l,
 distribution

Nevk
j
1
d
∏k=1 Nev ∑ j=1 1 li,k > l → 0, which by means of Jensen’s inequality it can be stated that
k
EPM(l) ≤ MEP(l). The comparison between EPM and MEP is important in order to emphasize that in a simulation-based approach, averaging the event losses leads to gross underestimation of the loss in the tail. Moreover, only a high number of simulations, which in CAT modeling
industry can rarely be achieved due to the high computational demand, assures an accurate estimate of the mean event-losses. It can be concluded that even though both metrics of the EP loss
proposed are deterministic, the EPM should not be used in the estimation of the EP losses for a
portfolio.

3.2

Parametric trigger

P (L > ld |M = m, R = r)

In the model presented, two parameters define completely a seismic event, the moment magnitude M and the source-to-site distance R. A range of values (md , rd ) of (M, R) which could
trigger a payout following the criteria described above is sought. Even though designed on the
same principle as the modeled-loss trigger, the parametric trigger is sometimes preferred for its
convenience of not running a loss model which leads to a reduced time for the transaction.
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Figure 4: Probability of exceedance P(L > ld |M = m, R = r) (left panel) and its projection on the (M, R)
space (right panel).

This model is also known as ”CAT-in-a-box”, since the goal is to design a theoretical box of
(M, R) parameters that characterize earthquakes which produce losses L > ld , or with loss EP
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values such that P(L > l) ≤ pd . In the idealistic scenario, for which the EP curve is described
in Eq. (5), ld and pd represent the same unique point on the EP curve, and therefore a range of
(M, R) characterizing all events with losses higher than ld would constitute this theoretical box.
However, when uncertainty is considered, as shown in Figure 2, there may be events with losses
higher than ld and EP higher than pd . The design of the box should include these events. Thus,
the range of parameters (md , rd ) that satisfy the condition P(Lk > ld ) = P(Lk > ld |(M, R)k ) ≥
pd .
Figure 4 shows the probability of exceedance P(Lk > ld ) and its projection onto the (M, R)
space. The solid black line marks the limit of the design box defined by pd = 1% (shaded area).
The actual box can be written as the set Ωd = ∪dk=1 (mk , rk )|P(Lk > ld |M = mk , R = rk ) ≥ pd .
The goal of designing a box of parameters (M, R) is to be as small as possible, while containing
the parameters characterizing all events that could have a loss greater than ld . A very large box
could cover many events, but it would be very costly, while, on the other hand, a small box
would be affordable at the expense of excluding events with a high-loss potential. Figure 5 (left
panel) shows the box designed using the analytical solution (marked by the black solid line) and
all the events with a loss larger than ld obtained from Monte-Carlo simulations of Nsim = 10, 000
simulations of Nev = 10, 000-event scenarios. The blue dots represent the triggering events, i.e.
events with losses higher than ld and inside the box, while the the red dots are the events with
losses higher than ld missed by the box. On average, for a 10, 000-event scenario, only 2.17
events with a loss greater than ld would be missed by the box, compared to an average of 99.3
triggering events captured by the designed box. Figure 5 (right panel) shows the distribution of
the number of events that should trigger a payout but are missed by being outside the box.
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Figure 5: Events with loss greater than ld for 10, 000 simulations of 10, 000 events (left panel) and the
histogram of the number of events with loss greater than ld that are outside the box for 10, 000 events
(right panel).

The size of the box can be adjusted to reduce the number of events Nout with losses higher than
ld that are outside the box, where
Nout =

d Nevk

∑

∑1

k=1 j=1

n


o
j
lk > l ∪ ((mk , rk ) ∈ Ωd ) .

(9)

A larger box can be redesigned for a higher pd to reduce Nout . Figure 6 (left panel) shows the
probability distribution of the number of events P(Nout ≤ n) that are outside the box for different
sizes of the box defined by the EP euqal to pd , the 5-th and the 95-th percentile, respectively,
as indicated in Figure 3 (right panel). However the reduction of Nout entails an increase in the
Nev
j
j
average payout for triggering events ∑dk=1 ∑ j=1k 1(Lk > ld )Lk , shown in Figure 6 (right panel).
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Figure 6: Probability distribution of the number of events with losses greater than ld that are outside the
box (left panel), and the probability density of the average payout of triggering events for different box
sizes (right panel).

For example, the box corresponding to the 95th percentile EP would reduce the average number
of out-of-the-box events from 2.17 to 1.91, but it would increase the average payout cost for
triggering events by 7.5%.

3.3

Numerical Example of Realistic Scenario

The issues regarding the effects of uncertainty quantification in the design of trigger mechanisms for catastrophe bonds are presented for a realistic scenario. The example chosen is for
the industry exposure portfolio of public and private assets in Metro Manila, the capital of the
Philippines. The exposure model and the seismic risk analysis are based on the catastrophe
modeling firm AIR Worldwide’s internal research model for the Philippines. Figure 7 shows

Figure 7: Normalized exposure value aggregated at a 1-km grid (left panel); 100-year return period peak
ground acceleration (PGA) map (right panel)

Metro Manila in the context of the two main components that drive the risk, i.e. the value of the
exposed assets (left panel) aggregated at a 1-km grid and normalized by the total value of the
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line) and 95-th (red line) percentile EP curves; and distribution of the loss l for a given pd = 1% (right
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exposed assets, and the earthquake hazard in terms of the 100-year return period peak ground
acceleration (PGA) estimated at each 1-km grid.
The AIR’s earthquake model comprises of independent vulnerability functions for various combinations of construction-occupancy classes of building to account for a better spatial distribution of the risk. A seismic risk analysis using 100 Monte Carlo simulations was performed for
Metro Manila and similar results as to the ones in Figures 2 and 3 are shown in Figure 8.
The purpose of the current paper is not to design a CAT bond, but rather to draw attention to
the implications of uncertainty. Inclusion of the uncertainty in the risk analysis leads to a large
range of design options for the CAT bond trigger. Even though the industry practice is to use
MEP, the uncertainty around it obtained from the Monte-Carlo simulations should be included
in order to optimize the design such that the risk assumed by the sponsor to be covered at an
optimal price, attractive for the investors. As in the previous example, a similar discussion can
be done for the case of Metro Manila and the trade-offs between the cost of the CAT bond and
the coverage in light of uncertainty should be analyzed by the decision-makers in the process of
CAT bond design.

Conclusions
Catastrophe bonds (CAT bonds) are non-traditional methods to transfer catastrophe risk from
risk-owners to financial markets. A payout is made to the risk-owners in case of extreme events
and the trigger mechanism is designed based on modeled loss. The paper focused on earthquake
CAT bonds and discussed the effects of the uncertainty in earthquake modeling on the design of
two types of trigger mechanism, i.e. modeled-loss and parametric triggers. Using just the mean
values of the modeled loss in the design of the CAT bond triggers provides an incomplete picture
of the earthquake risk covered. A wide range of designs may be considered when including the
uncertainty in the risk modeling, which may allow decision-makers to design products that
answer to their needs and cost constraints.
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Damage Detection Using Multivariate Autoregressive
Coefficients Mapped on Principal Subspace
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Abstract: This study proposes a damage indicator from a multivariate autoregressive model that can be defined from ambient vibration data of bridges. To avoid
uncertainties in identification of modal properties, this study first estimates a damage sensitive feature derived directly from a multivariate linear system that is identified from ambient vibrations of the bridge. The damage sensitive feature is then
mapped on the principal subspace to reduce noise. The damage indicator evaluates
the stochastic distance between a set of reference samples of the damage sensitive
feature obtained from healthy bridge and unknown test samples of the damage
sensitive feature. A statistical hypothesis test utilizing a stochastic distribution of
the damage indicator was conducted for damage detection. Field experiment data
on a real steel truss bridge whose truss members were artificially severed were
considered so as to investigate feasibility of the proposed damage indicator for
damage detection. The proposed approach detected three different damage patterns
successfully.

1 Introduction
Techniques of structural health monitoring (SHM) based on vibration measurements have
been attracting bridge owners because of their efficient inspection processes. Changes in
structural integrity of bridges engender changes in their modal properties such as natural frequencies, damping ratios and mode shapes that are identifiable from vibration data [1, 2].
Consequently, vibration-based SHM is a useful technique if a bridge can be excited easily and
effectively. For bridge health monitoring, the ambient vibration test is regarded as convenient
than the forced vibration test because natural excitations require no traffic control. However,
in ambient vibration tests conducted on actual bridges, the identified modal properties are
contaminated by unknown noises. To reduce noise and to improve identification of modal
properties, this study was undertaken to develop a damage indicator (DI) that can be defined
directly using a multivariate linear system model estimated from measured vibration data.
For existing studies using a coefficient of an autoregressive model as a damage sensitive feature, Nair’s damage sensitive feature (NDSF), which consists of univariate autoregressive
(AR) coefficients, has been investigated as a damage indicator for a model building [3]. A
laboratory experiment conducted on a model bridge shows the feasibility of NDSF for SHM
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of bridges based on traffic-induced vibrations [4]. A damage detection method using the Mahalanobis distance (MD) [5] was proposed to evaluate the statistical distance between groups
of samples of NDSF. The validity of this damage detection method has also been verified
from results of field experiments conducted on real steel truss bridges with artificial damage
to its truss members [6]. Chang and Kim [7] investigated the MD sensitivity to modal parameters attributable to damage. They concluded that considering all the modal parameters including modal frequency, damping ratio, and the modal assurance criterion from the mode vector
demonstrated that the inclusion of more parameters in the outlier analysis might engender
more sensitive features. That is because any statistical change in those features would be reflected in the MD, which indicates that the mode vector, which is a kind of correlation between sensors, would provide useful information related to the bridge health condition.
However, it is not straightforward to decide damage sensitive modes for healthy bridges.
Therefore, this study proposes a novel DI based on the MD of damage sensitive features that
are extracted directly from a multivariate autoregressive (MAR) model using principal component analysis (PCA) [8]. This study also proposes a damage detection approach based on
the hypothesis test. Acceleration data from the field experiment in [7] are examined to validate the feasibility of the proposed method. The NDSF is also examined using field experiment data and compared to the proposed DI.

2 Methodology
2.1 Damage Detection Flow
This study investigates an unsupervised change detection method between a reference dataset
obtained from a bridge under healthy condition and a newly observed dataset monitored from
the same bridge under potentially damaged condition. Based on machine learning approaches
[9], the former dataset is designated as the "training set." The latter is the "test set." An outline
of the calculation of the novel DI and damage detection is presented in Figure 1. Detailed
procedures for each process are as follows.

Measured acceleration
Estimation of MAR model
Training set C

Test set C’

Feature extraction
Principal components D
Principal subspace U1

Evaluation of MD
DI
Hypothesis test

Figure 1: Flow of the proposed damage detection
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As the first step, parameter vectors related to modal properties of the structure are estimated
from measured acceleration data using the MAR model (see Section 2.2). The obtained parameter vectors are classified as a training set C and a test set C’ (see Section 2.3). Damage
sensitive features and the corresponding subspace are extracted by application of PCA to the
training set (see Section 2.3). The proposed DI is defined using MD between the training set
and the test set with respect to the damage-sensitive features (see Section 2.4). Damage detection is formulated as a hypothesis test based on the probability distribution of DIs (see Section
2.5).

2.2 Linear System Model
Let y(k) denote a column vector of the discrete time series of measured acceleration data for
which the components respectively correspond to M measurement points (or M sensors). The
time series obtained from a linear structural system excited by white noise can be modelled as
a MAR model of sufficient model order P as [10]
(1)
𝒚 𝑘 = ! 𝑨! 𝒚 𝑘 − 𝑖 + 𝒆(𝑘)
!!!

where Ai denotes the i-th AR coefficient matrix and e(k) denotes a white noise vector. The AR
coefficient matrix 𝑨! can be estimated from an actual measurement time series by solving
Yule–Walker equation [7].
Using the z-transform, Equation (1) is transformed in z-domain as shown below [11].
(2)
𝒀 𝑧 = 𝑯(𝑧)𝑬(𝑧)
!!
(3)
𝑯 𝑧 = 𝑰! − !!!! 𝑧 !! 𝑨!
Therein, Y(z) and E(z) respectively denote z-transforms of y(k) and e(k). Also, IM denotes the
identity matrix of M-order. Matrix H(z) in Equations (2) and (3) is the transfer function of the
linear system shown in Equation (1). The conjugated pairs of the poles of the transfer function
H(z) are related to the modal characteristics of the structure, as shown in Equation (4).

𝜆! , 𝜆∗! = exp

−𝜉! ± 𝑗 1 − 𝜉!!

𝜔! 𝛥𝑡

(4)

In that equation, the following variables are used: ωi denotes the natural angular frequency of
the i-th mode; ξi stands for the damping ratio of the i-th mode; Δt signifies the sampling time
of the discrete time series; and j represents an imaginary unit. These poles are obtainable by
solving the eigenvalue problem with respect to z as
𝑨! ⋯ 𝑨!!! 𝑨!
𝑰! ⋯
𝟎
𝟎
(5)
det 𝑰! 𝒛 −
=0
⋮
⋱
⋮
⋮
𝟎 ⋯ 𝑰!
𝟎
where det(·) denotes determinant of a matrix and l = MP.

2.3 Feature extraction
The left-hand-side of Equation (5) can be rearranged to the following polynomial with the
appropriate polynomial coefficients ci:
(6)
𝑧 ! + 𝑐! 𝑧 !!! + ⋯ + 𝑐!!! 𝑧! + 𝑐! .
The polynomial of Equation (6) produces its roots as shown in Equation (4). Therefore, each
of the polynomial coefficients is related to modal properties of the structure. In this study, a
coefficient vector c = [c1 c2 … cl]T is assumed to be a vector of random variables that follow a
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multivariate Gaussian distribution produced from an independent observation of the bridge
vibration. These coefficients presumably change their statistical characteristics when damage
on a structure causes any change in the modal properties. Therefore, the proposed damage
detection method is formulated to detect changes in these coefficients.
To formulate the change detection method, the coefficient vectors c obtained from measurement data are classified into a training set and a test set. Let ci (i = 1, 2 …, n) and c'i (i = 1, 2
…, nt) respectively denote the training samples and the test samples of the coefficient vectors.
Each set is described as a matrix comprising the sample vectors, i.e. the training set and the
test set are respectively described as C = [c1 c2 … cn] and C' = [c'1 c'2 … c'nt].
Damage-sensitive features are extracted using PCA with respect to the training set. The PCA
is definable as the orthogonal projection of the data onto a lower dimensional linear space,
known as the principal subspace, such that the variance of the projected data is maximized [8].
Kim et al. [12] reported that the damage sensitivity of the NDSF can be improved by application of PCA to the estimated AR coefficients of a univariate AR model, so that the PCA is
expected to extract damage-sensitive features from the training set. The orthonormal basis of
the principal subspace is defined by the m eigenvectors corresponding to the m largest eigenvalues of the data covariance matrix. The PCA is performed using the singular value decomposition (SVD) to a matrix comprising deviation vectors of the training samples, as shown in
Equations (7) and (8).
(7)
𝑪!"# = 𝒄! 𝒄! … 𝒄!
!

𝒄! = 𝒄! − !

!
!!! 𝒄!

(𝑖 = 1,2, … , 𝑛)

(8)

Letting [·]T stand for a transposed matrix or vector, the basis of the principal subspace is provided as the sub-matrix U1 using the SVD.
(9)
𝑪!"# = 𝑼𝐒𝑽! = [𝑼! 𝑼! ]𝐒𝑽!
Therein, S denotes the l × n diagonal matrix with diagonal entries that are non-negative real
numbers listed in descending order. Also, U and V stand for the corresponding orthogonal
matrices. U1 represents the sub-matrix which consists of the first m columns of U, and U2 represents the sub-matrix excluded U1 from U. Using the basis of the principal subspace U1, the
principal components of training set C are formulated as
(10)
𝑫 = 𝑼!! 𝑪.
In that equation, each column vector included in D corresponds to principal components of
the training data in C.

2.4 Novel Damage Indicator
The MD is traditionally used to detect an anomalous sample referring to a set of normal samples. Using a set of reference sample vectors X = [x1 x2 … xn] and another sample vector x',
the MD in squared units is defined as
(11)
𝑀𝐷(𝒙! , 𝑿) = 𝒙! − 𝑿 ! 𝜮!! 𝒙! − 𝑿 ,
where 𝑿 and 𝜮 respectively signify the sample mean and the covariance matrix estimated
from X as defined in Equations (12) and (13).
! !
(12)
𝑿=
!!! 𝒙!
!

𝜮 = !!!

!

!
!!!

𝒙! − 𝑿 𝒙! − 𝑿
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!

(13)

Assuming that each of the samples x1, x2, …, xn and x' are independent and identically distributed (i.i.d.) Gaussian random vectors and the number of the reference samples n is much
larger than the length of the sample vectors m, MD is known to be approximately χ2distributed with m degrees of freedom. The probability density function (PDF) of the χ2distribution with ν degrees of freedom is given as shown below.
!

𝜒 ! 𝑥 𝜈 = !!(!/!)

! !/!!!
!

!

exp (− !)

(14)

Therein, Γ(·) denotes the gamma function. The expectation and the variance of this distribution are known, respectively, as ν and 2 × ν. Using MD with a test sample of the coefficient
vectors c'i, the novel DI proposed in this study is defined as
!
(15)
𝐷𝐼 𝒄!𝒊 = 𝑀𝐷(𝑼!! 𝒄!𝒊 , 𝑫),
!

where U1 and D respectively stand for the matrices defined in Equations (9) and (10).

2.5 Hypothesis Test
Assuming that the test sample vectors included in C' and the training sample vectors included
in C are i.i.d. Gaussian vectors and m << n, the MD in Equation 15 follows χ2-distribution
with m degrees of freedom as mentioned in Section 2.4, hence the mDI(c'i) is presumed to
have the following distribution.
(16)
𝑚𝐷𝐼(𝒄!𝒊 )~𝜒 ! 𝒙 𝑚
Therein, ~ denotes that the variable in the left-hand-side takes the distribution as the PDF in
the right-hand-side.
Therefore, assuming that the monitored bridge is healthy, the expectation of the DI is presumed to be 1. For damage detection, it is reasonable to carry out the right-sided test with
respect to the expectation of the DI because the DI shows the stochastic distance between a
test sample and the training set, and anomalies in the test set will provide larger DIs. Letting
E[·] represent expectation, the null hypothesis H0 and alternative hypothesis H1 for the hypothesis test are formulated as follows.
(17)
H! : E 𝐷𝐼 𝒄! = 1
𝒊

H! : E 𝐷𝐼 𝒄!𝒊

>1

(18)

As for test statistics, the sample mean of DI from the test set C' shown in Equation (19) is
examined.
!
!!
!
(19)
𝐷𝐼 =
!!! 𝐷𝐼(𝒄𝒊 )
2

!!

The reproductive property of the χ -distribution shows that the summation of the mDI(c') also
follows χ2-distribution as shown in Equation (20) because the PDF of the mDI(c') follows the
χ2-distribution.
!!
!
!
(20)
!!! 𝑚𝐷𝐼(𝒄! ) ~𝜒 𝒙 𝑚𝑛!
Therefore, using significance level α for the hypothesis test, the rejection region of the sample
mean is definable as shown below.
!
(21)
𝐷𝐼 > !! 𝐹 !! (1 − 𝛼|𝑚𝑛! )
!

Therein, F -1(p|ν) is the inverse function with respect to x of the following cumulative distribution function:
!
(22)
𝑝 = 𝐹(𝑥|𝜈) = ! 𝜒 ! 𝑡 𝜈 d𝑡.
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3 Field Experiment
Field experiments were conducted with a moving vehicle on an actual bridge. The target
bridge for the field experiment is a single lane simply supported by a through-type steel Warren truss bridge as presented in Figure 2. The bridge has 59.2 m span length, 8 m maximum
height, and 3.6 m width. The vehicle used for the experiment is a two-axle recreation vehicle
(Serena; Nissan Motor Co. Ltd.) with total weight of about 21 kN. During the experiment, all
traffic except the load vehicle was prohibited.
Eight uniaxial accelerometers were installed on the deck of the bridge to measure vertical
vibrations as presented in Figure 2. Two optical sensors were installed at the respective ends
of the bridge to detect the vehicle entrance and exit. The sampling rate of each sensor was set
as 200 Hz. Five damage scenarios were considered in this study, as shown in Figure 3. Initially, The INT scenario represents the intact bridge with no damage. For the DMG1 scenario, a
half cut damage was applied to the vertical truss member at the midspan (see Figure 2), and
for the DMG2 scenario, a full cut damage was applied to the same member. After examining
DMG2, the damaged member was recovered, which is denoted as the RCV scenario. Finally,
for DMG3 scenario, full cut was applied in a vertical member at 5/8th-span (see Figure 2)
after examining the RCV scenario. Each experiment was conducted under the vehicle running
at about 40 km/h. The bridge vibration under the passing vehicle measured 10 times except
DMG1. For DMG1, bridge vibrations were measured 12 times.
Ai: Accelerometer No. i (Vert.) DMG1
DMGi: damage scenario i
DMG2 DMG3
P1 Pi: Pier No.i
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A3

A4

P2
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8@7400= 59200 mm

Figure 2: Target bridge and sensor deployment
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Figure 4 presents the time series of sensor A3 of INT scenario acquired from the experiment.
According to the record of the optical sensors (vertical dashed lines in Figure 4), the time series is separable at the moment of the vehicle exit from the bridge. The time series after the
exit of the vehicle can be interpreted as a free vibration data because no external loading significantly affected the bridge vibrations. Empirically, free vibration data are known to enable
stable modal parameter identification because external loading can be a source of uncertainty
for identification. However, the whole time series including excitation produced using a passing vehicle is still convenient for practical application because it requires no knowledge about
the exit times of vehicles. Therefore, this study examines both free vibration (FV) data and
whole vibration (WV) data.
The DI is adopted for each damage scenario. The INT scenario was adopted as the training
scenario for DMG1 and DMG2. For DMG3, the RCV scenario was adopted as the training
scenario because the modal characteristics of the bridge might be changed after repairing the
damaged member. Considering over-fitting in statistical models, the performance of a stochastic model on the training set is known to not always satisfy predictive performance on
newly observed data. To confirm the validity of the stochastic mode, leave-one-out cross validation (CV) technique [9] is applied, i.e. a CV sample of the DI is evaluated using each of
the samples in the training set as test data and the remaining samples as a training set. In this
study, the sample means of the CV samples are checked if they are not in the rejection region
to ensure the validity of damage detection.

4 Damage detection
4.1 Feasibility of Proposed Damage Indicator
Plots of DIs of the CV samples and test samples and their sample means in a logarithmic scale
are depicted in Figure 5, where m and P are respectively fixed to 2 and 8 based on a prior sensitivity analysis. DIs presented in Figure 5a are obtained from the WV data. The expectation
!
given as E 𝐷𝐼 𝒄!𝒊 = 1 and the critical values of the rejection regions given as !! 𝐹 !! (1 −
!

𝛼|𝑚𝑛! ) are also presented in the figure for the hypothesis test, where significance level α is
set to 1%. For every damage scenario, the sample means are located in the rejection region.
Damage is clearly detectable. For both scenarios of INT and RCV, the sample means of CV
samples are not in the rejection region, but they are located closer to the critical values than to
the expected value.

a)

b)
Figure 5: DIs and test statistics a) from WV data and b) from FV data
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a)
b)
Figure 6: Principal components of the polynomial coefficients a) from WV data and b) from FV data

Figure 5b depicts the DIs and the test statistics for the damage detection estimated from FV
data. For DMG1 and DMG2, the sensitivity of the DIs was improved considerably. It is noteworthy that the vertical scale is larger than that of Figure 5a. The sensitivity of the DIs for
DMG3 was also improved slightly. This observation showed that using free vibration data
improves performance of the proposed damage detection method.
The first and second principal components of the polynomial coefficients that are obtained
from both of WV and FV data are shown as presented in Figure 6, where the dataset obtained
from the INT scenario is referred as the training set and the dataset from the other scenarios
are referred as the test set. Apparently, the principal components of each scenario formed
groups, which demonstrated that the changes in the modal properties attributable to severing
and repairing the members of the bridge are well extracted using the MAR model and PCA.
Especially, the FV data caused smaller variation of the principal components from the INT
scenario and more sensitive DIs for DMG1 and DMG2 than the WV scenario. Furthermore,
apparently, the sample groups are mutually separated, especially in the FV data.

4.2 Comparison with existing indicator
A brief description about the NDSF is given as follows in advance of making a comparison
between the proposed DIs and NDSFs. Using a time series of local acceleration at l-th measurement point denoted as yl(k), vibration data can be modeled using a univariate AR model
described as the following equation, which is a univariate version of Equation (1).
(!)
(23)
𝑦 𝑘 = ! 𝑎 𝑦 𝑘 − 𝑖 + 𝑒 (𝑘)
!

!!!

!

!

!

In that equation, a(l)i denotes the i-th AR coefficient with respect to the l-th measurement point.
Also, el represents a white-noise time series. Each of the AR coefficients, especially the low
order AR coefficients, are presumed to include the modal information of the target structure.
The NDSF defined in Equation (24) [3, 4] has therefore been investigated to detect bridge
damage.
𝑑! = abs(𝑎!! )

(!)
!
!!! 𝑎!

(24)

Therein, abs(·) denotes the absolute value; dl stands for the NDSF with respect to the l-th
measurement point.
The NDSF is obtained independently from each measurement point. Moreover, it is likely to
be uncorrelated with the NDSFs at the other measurement points. Existing research showed
that the sample means of CV samples of MDs calculated from the NDSFs of the monitored
bridge are tend to be much larger than expected [6], possibly because the uncorrelated NDSFs
caused over fitting problem. Therefore, to validate the hypothesis test discussed in Section 2.5,
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the standard Euclidean distance (SED) in squared units is given as the following equation,
which is applied instead of MD for damage detection.
!
!
(25)
𝑆𝐸𝐷 = ! !
𝜎!!
!!! 𝑑! − 𝜇

In that equation, M denotes number of the measurement points; 𝜇 and 𝜎!! respectively denote
the expectation and the variance estimated from the training data at each measurement point.
Assuming independent Gaussian distributions, M × SED is presumed to be a χ2-distribution
with M degrees of freedom. Therefore, a hypothesis test for damage detection can be formulated according to the discussion presented in Section 2.5.
The SEDs of the NDSFs are shown as presented in Figure 7, in which those SED and NDSF
are obtained from the five sensors deployed on the damage-introduced side of the bridge, i.e.
sensors A1–A5 presented in Figure 2. Sample means and the critical values for the hypothesis
test are also considered, where the significant level α is also fixed to 1%. The vertical axis is
scaled linearly in Figure 7. Figure 7a presents anomalies detected in DMG1 and DMG2 scenarios, but the anomalies were not detected using the test statistic in the DMG 3 scenario.
This observation corresponds to those from a previous study considering the MD of the
NDSFs [6]. The sample means of CV samples were located close to the critical values because of its outliers, e.g. NDSF seems not precisely Gaussian distributed. Figure 7b shows
that anomalies of three damage scenarios are detected using the hypothesis test for FV data.
However, the difference between CV samples and the test samples was not significant. Comparing these results from NDSF to results from the novel DI, one observes that the novel DI
can improve damage detection performance.

5 Concluding remarks
This study proposed a damage detection method for a bridge structure using the novel damage
indicator (DI) obtained from ambient vibrations of bridges. The DI was derived from a multivariate autoregressive (MAR) model. The DI evaluated the stochastic distance of the principal
components between a set of reference samples obtained from healthy bridge and unknown
test samples using the Mahalanobis distance (MD). Principal component analysis (PCA) was
also applied to extract damage sensitive features from the MAR model. Statistical hypothesis
testing based on a probability distribution of the DI was applied for damage detection.

a)

b)
Figure 7: DIs and test statistics a) from WV data and b) from FV data

3329

Field experiments were conducted on an actual steel truss bridge with truss members that
were severed artificially. The feasibility of the proposed DI for damage detection was investigated. The proposed damage detection method enabled detection of three damage patterns
clearly. Especially using the free vibration data after the vehicle exits the bridge improved the
DI damage detection performance. However, the forced vibration data are still useful because
damage was also detected clearly.
The presented DI was compared with the existing damage indicator, named Nair’s damage
sensitive feature (NDSF). The hypothesis test for the NDSF is formulated in the same way as
the proposed method. The comparison demonstrated that the modal information included in a
multivariate system might help to improve damage detection performance by the proposed DI.
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Abstract: The components of infrastructure systems are often affected by random
environmental stressor fields which vary both across the domain of the system and
over time. Components respond to these stressors, affecting the system state.
Information about the random fields affecting the system is important for deciding
which actions to undertake to manage the system optimally. The collection of this
information can be guided by the value of information metric, which assesses the
reduction in expected lifetime system management cost as a result of additional
information being available to support decision-making. While the use of this
metric to optimize sensor placement and scheduling in sequential decision-making
problems is typically intractable due to the computational complexity of its
evaluation, we examine a special case in which the problem structure allows for
efficient computation of this metric. Furthermore, through numerical examples in
structural monitoring, we investigate practical issues associated with optimal
sensor placement and scheduling for infrastructure management.

Introduction
Civil infrastructures are made up of many components that function together as a system. The
behaviors of components and of the system as a whole are influenced by various factors, such
as material properties, loadings, and environmental conditions, which vary both throughout
the system and over time as the system ages. Managing such systems involves collecting information about these factors through sensing efforts such as inspections or instrumentation
of the structure. This information is used to support sequential decision-making for the management of the structure.
Collection of information to support system management can be optimized using the value of
information (VoI) metric, a measure of the benefits of information in supporting decisionmaking under uncertainty [1]. VoI has been used to assess the benefits of infrastructure monitoring and inspection [2]–[5]. However, in problems of sequential decision-making, the evaluation of the VoI metric can be difficult, due to the exponential growth in the system statespace and in the number of possible management action sequences as the time horizon increases [6]. Dynamic programming approaches such as the Bellman equation [7] can address
these difficulties in the case of discrete-valued random variables and Markovian state evolution; however, in general, evaluation of VoI can be intractable. In Section 2, we present an
alternative approach, based on the assumption of temporal decomposability of the loss function, which allows for efficient evaluation of VoI in continuous-valued spatio-temporal pro-
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cesses where the evolution of the underlying random variables are not affected by management actions.
Furthermore, the problem of optimal sensor placement and scheduling, i.e. of determining
where and when to collect data in a large system, can be intractable to solve exactly due to
the exponential growth in the number of alternative sensing schemes as the number of possible observations and the time horizon increase. In this paper, we make use of an efficient,
approximate greedy approach to perform this optimization. In Section 3, we present two numerical examples of the application of greedy approaches to optimize the placement and
scheduling of sensing efforts in spatio-temporal systems. These examples also illustrate practical issues that can lead to suboptimal performance of the algorithms. In such cases, forward
or reserve greedy algorithms may need to be applied, each performing better under certain
circumstances. Some general conclusions on optimal sensor placement and scheduling using
the VoI metric in spatio-temporal systems are presented in Section 4.

Temporally Decomposable Value of Information
Let f(𝐱 𝑖 , 𝑡𝑗 ) denote the random field variable(s) which affect the 𝑖 th component of an 𝑛component system, at location 𝐱 𝑖 , at time 𝑡𝑗 , the 𝑗 th discrete timestep during the management
time horizon 𝑇 = {𝑡1 , … , 𝑡𝑚 }. The probabilistic distribution for f(𝐱 𝑖 , 𝑡𝑗 ) is given by an appropriate spatio-temporal random field model [8]. Let 𝐟 denote the vector of random field variable(s) affecting all system components at all discrete timesteps over the time horizon, with
sub-vector 𝐟𝑗 acting on the system at time 𝑡𝑗 . Let 𝑌 denote a set of measurements of the system, taken over this time horizon, with 𝐲 denoting the vector of measurement values. Based
on these measurements, the prior distribution over random field variables can be updated to a
posterior distribution; for example, at time 𝑡𝑗 , the posterior is p𝐹|𝐲→𝑗 , where 𝐲→𝑗 denotes
measurements of 𝑌→𝑗 , the subset of measures 𝑌 whose outcomes are available up to time 𝑡𝑗 .
In managing the system, a set of actions 𝐚 is selected from a set of possible actions 𝒜, with
𝐚𝑗 denoting the subset of actions implemented at time 𝑡𝑗 .

2.1 General Loss Function
Let L(𝐟, 𝐚) denote a loss incurred by the manager of an infrastructure system for taking management actions 𝐚 when the random variables affecting the system take on joint state 𝐟. This
loss function maps the joint space of variable states and management actions to a scalar
measure of the penalty to the managing agent associated with this combination. Given this
loss function, a rational decision-maker will select actions so as to minimize the loss. This
prior expected loss, denoted 𝔼L(∅), is:
𝔼L(∅) = min 𝔼𝐹|𝐚 L(𝐟, 𝐚)
𝐚∈𝒜

(1)

where 𝔼𝐹|𝐚 denotes that statistical expectation over 𝐟 conditional to the choice of actions a
(note that the structure of this conditional distribution will be such that only past actions can
affect variable states, i.e. causality must be preserved).
The posterior expected lifetime loss 𝔼L(𝑌) is the total loss for the system considering that set
𝑌 of observations is available to guide decision-making. In this case, optimal actions 𝐚𝑗∗ will
be chosen at time 𝑡𝑗 taking into consideration all actions taken and observations collected up
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to this time. For a given set of measurements 𝐲, a sequence of optimal actions 𝐚∗ (𝐲) can be
defined by solving the following optimization problem for each timestep:
𝐚𝑗∗ (𝐲→𝑗 ) = argmin

min

𝐚𝑗 ∈𝒜𝑗 𝐚(𝑗+1)→ ∈𝒜(𝑗+1)→

𝔼𝐹|𝐚,𝐲→𝑗 L(𝐟, {𝐚∗→(𝑗−1) (𝐲→(𝑗−1) ), 𝐚𝑗 , 𝐚(𝑗+1)→ })

(2)

where 𝐚(𝑗+1)→ denotes the set of future actions, undertaken from time 𝑡𝑗+1 onwards. The sequence of current and future actions must be chosen, given the optimized past actions and
observations, to minimize the loss function. The posterior expected loss is then:
𝔼L(𝑌) = 𝔼𝑌 𝔼𝐹|𝐚,𝐲 L(𝐟, 𝐚∗ (𝐲))

(3)

Note that in general there is feedback between actions and observations, i.e., past actions can
affect the outcomes of future observations. It is therefore necessary to take the outer expectation over 𝐲 considering all possible action sequences; observations which are impossible following a given action sequence will have zero probability in the inner expectation.
VoI is defined as the difference between the prior and posterior expected lifetime losses:
VoI(𝑌) = 𝔼L(∅) − 𝔼L(𝑌)

(4)

In general, VoI can be difficult to compute, due to the need to evaluate expectations over
multivariate random field variables and observations and to optimize sets of actions for all
future timesteps, as in (2).

2.2 Decomposable Loss Function
Now consider that the loss function decomposes temporally as follows:
𝑗−1
L(𝐟, 𝐚) = ∑𝑚
L𝑗 (𝐟𝑗 , 𝐚𝑗 )
𝑗=1 𝛾

(5)

where L𝑗 (𝐟𝑗 , 𝐚𝑗 ) denotes the loss incurred at time 𝑡𝑗 , and 𝛾 is a discounting factor (this discounting method is used for simplicity, and the methods presented here are applicable to alternative discounting schemes as well). With this decomposable loss function, a dynamic
programming approach is adopted to evaluate VoI(𝑌). This approach is motivated by the
Bellman Equation, which is often used to evaluate VoI in partially-observable Markov decision processes [6], [7]. Note, however, that here the Markovian assumption is not needed.
∗
First, we define the value function, or the “cost-to-go function” as 𝔼L𝑗→
(𝐚→(𝑗−1) , 𝐲→(𝑗−1) ).
This represents the minimum expected loss for managing the system from time 𝑡𝑗 onwards,
and is a function of the actions and observations taken up to time 𝑡𝑗−1 . This function can be
defined recursively by noting that the cost to manage the system optimally from time 𝑡𝑗 onwards is the expectation (over the new observations available at time 𝑡𝑗 ) of the minimum
(over the actions taken at time 𝑡𝑗 ) of the expected loss to manage the system at time 𝑡𝑗 plus
the discounted loss of managing the system from time 𝑡𝑗+1 onwards. Therefore:
𝔼L∗𝑗→ (𝐚→(𝑗−1) , 𝐲→(𝑗−1) ) = 𝔼𝑌𝑗 |𝐚→(𝑗−1),𝐲→(𝑗−1) min 𝔼L𝑗→ (𝐚→𝑗 , 𝐲→𝑗 )

(6)

𝔼L𝑗→ (𝐚→𝑗 , 𝐲→𝑗 ) = 𝔼𝐹𝑗 |𝐚→𝑗,𝐲→𝑗 L𝑗 (𝐟𝑗 , 𝐚𝑗 ) + 𝛾𝔼L∗(𝑗+1)→ (𝐚→𝑗 , 𝐲→𝑗 )

(7)

𝐚𝑗 ∈𝒜𝑗

where:

The posterior expected loss can be evaluated as the “cost-to-go” at time 𝑡1 :
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𝔼L(𝑌) = 𝔼L∗1→ (𝐚→0 , 𝐲→0 ) = 𝔼𝑌1 min {𝔼𝐹1 |𝐚1,𝐲1 L1 (𝐟1 , 𝐚1 ) + 𝛾𝔼L∗2→ (𝐚→1 , 𝐲→1 )}
𝐚1 ∈𝒜1

(8)

where 𝐚→0 and 𝐲→0 are empty by definition. The prior expected loss is evaluated similarly by
dropping the conditioning on observations from (6-8), and VoI is evaluated as in (4).
Evaluation of the VoI via this dynamic programming approach in systems with a decomposable loss function remains a computationally challenging task. While the evaluation of (3) requires considering every possible sequence of actions, observations, and measurements over
the system management time horizon, the evaluation of (8) still requires the computation of
𝔼L∗𝑚→ (𝐚→(𝑚−1) , 𝐲→(𝑚−1) ) for every possible sequence of past actions and observations. This
remains a computationally daunting task in systems where many observations and actions are
possible over the management time horizon.

2.3 Uncontrolled System Evolution
Finally, we assume that the system evolution is uncontrolled, i.e. that actions do not affect
future states of the random variables or future observations of the system. Actions only influence the loss incurred at each timestep through the decomposable loss function of (5). A system subjected to an extreme event, where actions can affect the response of each component
to the loading but not the intensity of the loading or its evolution over time, is an example of
an uncontrolled system.
Following this assumption, the conditioning on actions in the expectations of (6-7) is removed. In the case of an uncontrolled system, these equations are expressed together as:
𝔼L∗𝑗→ (𝐲→(𝑗−1) ) = 𝔼𝑌𝑗 |𝐲→(𝑗−1) min [𝔼𝐹𝑗 |𝐲→𝑗 L𝑗 (𝐟𝑗 , 𝐚𝑗 )] + 𝛾𝔼𝑌𝑗 |𝐲→(𝑗−1) 𝔼L∗(𝑗+1)→ (𝐲→𝑗 )
𝐚𝑗 ∈𝒜𝑗

(9)

Note that the value function is no longer a function of the sequence of actions; by minimizing
over actions at each timestep, all dependence of the “cost-to-go” on prior actions is removed.
Using the linearity of the expectation, and the fact that 𝔼L∗2→ (𝐲→1 ) is not a function of 𝐚1 , the
posterior expected loss of (8) is now:
𝔼L(𝑌) = 𝔼L∗1→ (𝐲→0 ) = 𝔼𝑌1 min [𝔼𝐹𝑗 |𝐲1 L1 (𝐟1 , 𝐚1 )] + 𝛾𝔼𝑌1 𝔼L∗2→ (𝐲→1 )
𝐚1 ∈𝒜1

(10)

By continuing to substitute in for the “cost-to-go” for the next timestep, and distributing the
expectation over measurements and the discount factor over the summation, the posterior
expected loss is expressed in closed-form as:
𝑗−1
𝔼L(𝑌) = ∑𝑚
𝔼𝑌→ 𝑗 min [𝔼𝐹𝑗 |𝐲→𝑗 L𝑗 (𝐟𝑗 , 𝐚𝑗 )]
𝑗=1 𝛾
𝐚𝑗 ∈𝒜𝑗

(11)

In evaluating each term of this summation, only the random variables affecting the system at
the current time, current actions, and current and past observations need be considered. The
latter is the computational bottleneck, being at most size |𝐲| at timestep 𝑚. Nevertheless,
there is a large complexity reduction with respect to (8), especially since there may be relatively few observations taken in each timestep compared to the number of actions taken.
The prior expected loss is evaluated similarly to (11) as:
𝑗−1
𝔼L(∅) = ∑𝑚
min [𝔼𝐹𝑗 L𝑗 (𝐟𝑗 , 𝐚𝑗 )]
𝑗=1 𝛾
𝐚𝑗 ∈𝒜𝑗

VoI is again evaluated as in (4).
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(12)

2.4 Greedy Optimization Approach
An optimal set of measurements via the VoI metric is defined as:
𝑌 ∗ = argmax VoI(𝑌) − C(𝑌)
𝑌∈𝒴

(13)

where C(𝑌) denotes the cost of enacting measurement scheme 𝑌, and 𝒴 denotes the set of all
potential measurement schemes. This approach can be used to define optimal sensor placement and scheduling, i.e. the selection of times from 𝑇 and locations 𝐱 within the system to
measure, through appropriate definition of C(𝑌) to encode sensing costs and constraints.
The solution of (13) involves combinatorial optimization, and in general is intractable to
solve exactly due to the size of 𝒴. Therefore, more efficient but approximate methods must
be employed. In this paper, we use two variations on a greedy algorithm: a forward and reverse greedy algorithm. The forward greedy algorithm iteratively builds the set 𝑌 ∗ with elements of 𝒴 which most improve the objective at each step. The reverse algorithm starts with
𝒴 and iteratively removes elements while keeping the objective as high as possible. Both
algorithms reduce the computational complexity of the optimization from 2|𝒴| evaluations of
the VoI to less than |𝒴|2 evaluations.
Unfortunately, there are no guarantees on the optimality of results to (13) obtained via greedy
approaches. This is due to the lack of submodularity of the VoI metric; submodularity is intuitively understood as a diminishing returns property of set functions, i.e. the function value of
a set of measurements must be less than the sum of the values of complementary subsets of
this set [9]. Because this property does not always hold for VoI, greedy approaches can perform poorly. Section 3 illustrates this problem through two examples.

Numerical Examples
Two example problems are presented in this section to illustrate the application of the VoI
evaluation and optimal sensor placement and scheduling methods outlined above, as well as
the potential pitfalls of the greedy optimization approach. In these examples, random field
variables are defined using Gaussian process spatio-temporal models. These models extend
the multivariate Gaussian distribution to a continuous domain [10], denoting the field as:
f(𝐱, 𝑡) ~ 𝒢𝒫(m(𝐱, 𝑡), k(𝐱, 𝑡, 𝐱′, 𝑡′))

(14)

where m(𝐱, 𝑡) indicates the mean function, describing the mean of the random field at location 𝐱 and time 𝑡, and k(𝐱, 𝑡, 𝐱′, 𝑡′) is the covariance function, describing the covariance between random variables at locations 𝐱 and 𝐱′ and times 𝑡 and 𝑡′. Observations of these
variables are modelled as linear combinations of these field variables and Gaussian noise:
𝐲 = 𝐑𝑌 𝐟 + 𝛜

𝛜 ~ 𝒩(𝟎, 𝚺ϵ )

(15)

where matrix 𝐑 𝑌 indicates which elements of 𝐟 are observed based on the choice of 𝑌 and 𝚺ϵ
denotes the covariance matrix of zero-mean Gaussian noise 𝛜.

3.1 Two Biased Measures
Motivated by prior work [11], this first example involves an 𝑛 = 2 component system managed over an 𝑚 = 10 year period. The two random variables describing these components
are modelled using a Gaussian process with mean m(𝐱, 𝑡) = 0 and covariance:
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k(𝐱, 𝑡, 𝐱′, 𝑡′) = {𝜎(𝑡) 𝜎(𝑡

′)

exp (−

2

|𝑡−𝑡 ′|

2(5)2

) if 𝐱 = 𝐱′

0

where 𝜎(𝑡) = 0.5 − 0.5 exp(−𝑡)

(16)

if 𝐱 ≠ 𝐱′

This models spatially uncorrelated but temporally correlated variables whose variance grows
over time. At each timestep, measures may be taken of either variable, but the noise is defined such that there is a large unknown (but constant in time) bias in the measures associated
with either component. Management of the system is defined following (5) with:
100
L𝑗 (𝐟𝑗 , 𝐚𝑗 ) = ∑𝑛𝑖=1 L𝑖,𝑗 (𝐟𝑖.𝑗 , 𝐚𝑖,𝑗 ) where L𝑖,𝑗 (𝐟𝑖.𝑗 , 𝐚𝑖,𝑗 ) = {
20

if |𝐟𝑖,𝑗 | > 0.5 and 𝐚𝑖,𝑗 = 0
if 𝐚𝑖,𝑗 = 1

(17)

No discounting is assumed, i.e. 𝛾 = 1, and sensing costs are ignored, i.e. C(𝑌) = 0.
a)

b)

250
200

1 4 2 6 8 3 7 5 10 9

𝑥

2 8 1 12 13 3 18 9 20 15
12 15 13 18 16 14 19 17 20 11

VoI(𝑌)

1
150
100

2
5 7 4 11 14 6 17 10 19 16
50
0

0 1 2 3 4 5 6 7 8 9
𝑡

Fwd
Rev
0 2 4 6 8 10 12 14 16 18 20
|𝑌|

Figure 1: a) Order of greedy selection of measures by forward (above lines) and reverse (below lines) greedy
optimization; b) VoI versus number of sensors for forward and reverse greedy optimization.

Figure 1a shows the order in which measures for both components are chosen by the forward
and reverse greedy optimization approaches, and Figure 1b indicates the VoI for greedily
selected sets with different numbers of measures. The intuitive approach, which is reflected
in the reverse greedy selection, is to take one measure on each component at 𝑡 = 0 to determine the bias to correct later measures. In this case, the lack of submodularity for the problem
presents an issue for the forward greedy approach; without this initial measure, subsequent
measures are of negligible value, so only measures for the component which has already been
observed are selected. This results in the comparatively poor performance of the forward algorithm with about ten measures. However, note that neither algorithm gives an optimal solution for all set sizes, as the forward approach performs better with four measures.

3.2 Structural Displacement and Displacement Rate
Consider a structure that displaces over time, such that it may become misaligned with its
neighbours. Let 𝑓𝑗 denote its displacement from a reference point at timestep 𝑗. We model 𝑓𝑗
using a Gaussian process with a mean of 0 cm and temporal covariance function:
k(𝑡, 𝑡′) = (10 cm)2 exp (−

2

|𝑡−𝑡 ′|

(1 cm)2 exp (−
2 )+

2(20 yr)

|𝑡−𝑡 ′|

2

2(1 yr)2

)

(18)

This Gaussian process models the superposition of a low-magnitude, fast noise and a highmagnitude, slow trend. A penalty is incurred if the absolute displacement exceeds 10 cm or if
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the displacement rate exceeds 1 cm/yr; mitigation actions are possible in each case to avoid
the penalties at a smaller cost. The loss function encoding this problem is:
1

1

1

2

20

2

L𝑗 (𝐟𝑗 , 𝐚𝑗 ) = L1,𝑗 ( 𝐟1,𝑗 , 𝐚1,𝑗 ) + 2L2,𝑗 ( (𝐟1,𝑗 − 𝐟2,𝑗 ), 𝐚2,𝑗 )

(19)

where 𝐟1,𝑗 represents the displacement and 𝐟1,𝑗 − 𝐟2,𝑗 represents the displacement rate at
timestep 𝑗. Loss functions are defined as in (17). Note that 𝐟𝑗 concatenates successive annual
displacements as 𝐟𝑗 = {𝑓𝑗 , 𝑓𝑗−1 }.
Three measurement types are available in each year. Measurements of type 𝑎 evaluate the
1

average displacement at successive timesteps, measuring

2

(𝐟1,𝑗 + 𝐟2,𝑗 ). Type 𝑏 measures

evaluate the displacement rate 𝐟1,𝑗 − 𝐟2,𝑗 . However, these measures have a time-varying drift,
which is modelled as a Gaussian process with mean 0 cm and temporal covariance:
k drift (𝑡, 𝑡′) = (100 cm)2 exp (−

2

|𝑡−𝑡 ′|

2(40 yr)2

)

(20)

Type 𝑐 measures are calibrations, which measure this drift directly. Let measures have a cost
of 5 each discounted to present value from the time the measure is made, with 𝛾 = 0.9.
b)

150
Fwd
Rev

a

VoI(𝑌) − C(𝑌)

𝑌 (measurement type)

a)

b

c

0 2 4 6 8 10 12 14 16 18 20
𝑡 [yr]

100

50

0

0 5 10 15 20 25 30 35 40 45 50 55
|𝑌|

Figure 2: a) Selected measures by forward (o) and reverse (x) greedy optimization; b) Net VoI versus number of
sensors, with optimal numbers indicated.

Figure 2a shows the measure types chosen over a 20 year horizon. Here, the forward approach falls into the trap of repeatedly selecting type 𝑎 measures, assessing the absolute displacement but not the rate. The reverse approach leads to a measurement plan with higher net
value, as indicated in Figure 2b, by focusing on type 𝑏 measures, together with periodic type
𝑐 calibrations and a single initial type 𝑎 measure; together, these allow both the displacement
rate and magnitude to be determined and appropriate actions taken.
In both of the above examples, the reverse greedy approach tends to avoid the shortcomings
exhibited in the forward approach. However, it should be noted that this will not always be
the case; all greedy approaches are potentially suboptimal when applied to non-submodular
metrics. Furthermore, this reverse approach may scale poorly, as it requires working backwards from set 𝒴, which may be very large in systems with a fine temporal discretization.
Alternative approaches, such as the use of submodular surrogates for VoI, represent a promising area for future research [12].
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Conclusions
This paper presents and discusses issues related to optimal sensor placement and scheduling
for the management of infrastructure systems in time and space. Certain assumptions are applied to make this generally difficult problem more tractable. Specifically, VoI can be evaluated efficiently if the effects of management actions are isolated to the times at which they
are implemented. Furthermore, greedy optimization algorithms can be used to approximately
solve the combinatorial optimization problems related to sensor placement and scheduling.
However, these algorithms should be applied with care, as the lack of submodularity of the
VoI metric can lead to poor performance, depending on the structure of the problem and the
approach used. In both of the cases presented here, a reverse greedy approach avoids most
pitfalls to which the forward approach succumbs, but may scale poorly.
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Abstract: The value of information (VoI) provides a rational metric to assess the
impact of data in decision processes, including maintenance of engineering systems. According to the principle that “information never hurts”, VoI is guaranteed
to be non-negative when a single agent aims at minimizing an expected cost.
However, in other contexts such as non-cooperative games, where agents compete
against each other, revealing a piece of information to all agents may have a negative impact to some of them, as the negative effect of the competitors being informed and adjusting their policies surpasses the direct VoI. Being aware of this,
some agents prefer to avoid having certain information collected, when it must be
shared with others, as the overall VoI is negative for them. A similar result may
occur for managers of infrastructure assets following the prescriptions of codes
and regulations. Modern codes require the probability of some failure events be
below a threshold, so managers are forced to retrofit assets if that probability is too
high. If the economic incentive of those agents disagrees with the code requirements, the VoI associated with tests or inspections may be negative. In this paper,
we investigate under what circumstance this happens, and how severe the effects
of this issue can be.

1 Introduction
Design, operation and maintenance of structures and infrastructure components can be formulated as a decision making process, under uncertainty on hazard, demands, capacity and longterm evolution. Managers and stakeholders (whom we will hereafter refer to as “agents”) can
take these decisions with the aim of optimizing their own revenues, or minimizing their own
losses. As the consequences of these actions can potentially affect safety and economic prosperity of communities at a broader level, the society usually imposes regulations and policies
to affect or even control them. Specifically, agents may be prone to accept risks higher than
that which the society can tolerate, possibly because they do not include all costs relevant for
society in their analysis. To prevent agents making excessively risky decisions, society can
impose constraints on the available actions, depending on the circumstances. For example, a
building code can prevent a structure from being open to the public when the probability of
its failure is too high, despite the owner’s will to do so. Through these constraints, society is
able to indirectly implement the policy that it considers optimal, balancing costs for construction, maintenance and renovation with risks related to failures and malfunctioning.
However, agents also take decisions about the collection of information, e.g. using sensors and inspectors, and they allocate economic resources to these activities. In this paper, we
investigate the effect that the constraints on decisions have to the information collection. We
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assume that society does not impose any direct constraint on information collection, and
agents are free to select information by evaluating its cost and benefit. However, as information is useful as far as it guides the management process, that evaluation is influenced by
society’s constraint. Specifically, the agent may find it convenient to avoid information, even
when it is free, in order to escape a constraint that society imposes. In Section 2, we illustrate
why the Value of Information (VoI) assessed by agents can be negative, and in Section 3 we
describe in detail a setting in which this happens.

2 Positive and negative Value of Information
VoI analysis provides a rational metric for assessing the impact of information [1-3]. While
this analysis can be complicated in some problems [4-5], here we refer to the simple setting
of rational agents taking a one-stage decision under uncertainty. An agent has to select action
𝑎 in domain 𝐴, while the world the agent is interacting with is in state 𝑥 in domain 𝑋. The
loss the agent received is quantified by function 𝐿.

2.1 Why the VoI is (usually) non-negative
In this Section, we provide a short intuitive proof of the principle that “information can’t
hurt” [6], that is, that VoI is non-negative. Figure 1 illustrates this proof, and follows the notation of probabilistic graphical models and decision graphs. Let us start with the case of perfect information, as in diagram (a). Loss function 𝐿(𝑎, 𝑥) depends on decision variable 𝑎 and
random variable 𝑥, described by distribution 𝑝𝑋 . Without observing 𝑥, the agent selects action 𝑎∗ to get expected loss 𝐿∗ (∅) = min𝐴 𝔼𝑋 𝐿(𝑎, 𝑥) = 𝔼𝑋 𝐿(𝑎∗ , 𝑥), where 𝔼𝑍 [𝑓(𝑧)] indicates
the expectation of function 𝑓 according to distribution 𝑝𝑍 of 𝑧. Observing the world’s state 𝑥
in advance, the agent can calibrate the action depending on the observation, getting 𝐿∗ (𝑋) =
𝔼𝑋 min𝐴 𝐿(𝑎, 𝑥). The expected value of perfect information is EVPI(𝑋) = 𝐿∗ (∅) − 𝐿∗ (𝑋) and
defines the expected reduction of loss due to that observation. We can define the regret taking
action 𝑎∗ as 𝑅(𝑥) = 𝐿(𝑎∗ , 𝑥) − min𝐴 𝐿(𝑎, 𝑥) ≥ 0. As the regret is always non-negative, so is
the EVPI: 𝐸𝑉𝑃𝐼(𝑋) = 𝔼𝑋 𝑅(𝑥) ≥ 0.
The expected loss when indirect measure 𝑦 of the world’s state, defined by conditional
probability 𝑝𝑌|𝑋 , is observed in advance is 𝐿∗ (𝑌) = 𝔼𝑌 min𝐴 𝔼𝑋|𝑦 𝐿(𝑎, 𝑥) = 𝔼𝑌 min𝐴 𝐿′(𝑎, 𝑦),
where we define 𝐿′(𝑎, 𝑦) as 𝔼𝑋|𝑦 𝐿(𝑎, 𝑥). We can re-define the prior loss as 𝐿∗ (∅) =
𝔼𝑋 𝐿(𝑎∗ , 𝑥) = 𝔼𝑋𝑌 𝐿(𝑎∗ , 𝑥) = 𝔼𝑌 𝔼𝑋|𝑦 𝐿(𝑎∗ , 𝑥) = 𝔼𝑌 𝐿′(𝑎∗ , 𝑦). So the VoI of observing 𝑦 is
𝑉𝑜𝐼(𝑌) = 𝐿∗ (∅) − 𝐿∗ (𝑌) = 𝔼𝑌 𝑅(𝑦), where regret 𝑅(𝑦) = 𝐿′(𝑎∗ , 𝑦) − min𝐴 𝐿′(𝑎, 𝑦) ≥ 0 is
non-negative, and so is the VoI. Diagrams (b-d) show how to transform an indirect observation into a direct one, using Bayes’ rule (b-c) and eliminating intermediate variable 𝑥 (c-d).
These steps are encoded in the definition of 𝐿∗ (𝑌).
We conclude that the agent should always accept free information, as it “can’t hurt”, even
when it is indirectly (and even loosely) related to the world.

a)

b)

c)

d)

Figure 1: probabilistic graphical models for the VoI: perfect information (a), imperfect information (b),
transformed to equivalent perfect information (c-d).
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2.2 and why, sometimes, it is actually negative
However, experience suggests that sometimes it is better to neglect or refuse information.
First, we can that argue that “too much information can harm”. When variable 𝑌 is independent of 𝑋 (so that 𝔼𝑋|𝑦 [∙] = 𝔼𝑋 [∙]), the VoI of 𝑌 is nil. Now, if the observation is free, the
agents should have nothing against collecting it. However, no information is actually free,
when considering all costs related for collecting and processing it, and so they should neglect
irrelevant information.
Second, an agent can take a decision, then revise it based on noisy measures, while in reality the prior decision was actually correct and the information has misled her. However, we
point out that non-negativity of VoI is a result holding in the expected sense while, in a given
realization (say of 𝑋 and 𝑌), it may not hold true for the corresponding realized quantities.
We can also argue that if the processing model is incorrect, then the impact of information
can be detrimental. For example, consider an agent over-confident in the precision of a sensor, or unaware of its systematic bias, and so assuming an incorrect conditional probability
𝑝𝑌|𝑋 . That agent can be misled by the information, so that she would have done better without
it. Again, previous results hold under model consistency: after all, probability models ignorance, and if an agent suspects that a model may be inappropriate, she should extend it until it
captures the complete perceived uncertainty in the relation between the world and measures.
Our investigation refers to a third class of problems when the VoI can be negative. VoI
analysis assesses the impact of information; now, who is the information revealed to? To the
agent herself, first of all, who adapts her policy depending on the outcome. But, in many circumstances, when the information is revealed, it is also made available to other agents. Those
agents can modify the environment where the decision-maker acts, and influence her loss.
When including this indirect effect, the overall impact of information can be negative. As an
example, suppose an entrepreneur shares a market with a competitor: a piece of information
may be irrelevant for her, but key for her competitor, who can improve his strategy and reduce her share of the market [7]. In that case, the impact of information is clearly negative,
when assessed by the agent.

2.3 Value of information when acting under an external constraint
In the analysis of Section 2.1 we assumed that the environment surrounding the agent, defined by the available actions and by the loss function, is not affected by the measures collected. To model the cases suggested at the end of previous Section, we now remove that
assumption. Our motivating case is that of a manager of an infrastructure asset following a
regulation, e.g., a building code. The code embodies a public policy limiting risk to an acceptable level. Depending on the knowledge of world state 𝑋, the code poses a constraint, and
allows only for some actions to be taken. To model this, we define 𝒜 ⊆ 𝐴 as the subset of
actions available, as a function of the probability distribution of 𝑋: either prior probability 𝑝𝑋
or posterior probability 𝑝𝑋|𝑦 . Prior optimal loss is now 𝐿∗𝑆 (∅) = min𝑎∈𝒜[𝑝𝑋 ] 𝔼𝑋 𝐿(𝑎, 𝑥), and
posterior expected loss is 𝐿∗𝑆 (𝑌) = 𝔼𝑌 min𝑎∈𝒜[𝑝𝑋|𝑦] 𝔼𝑋|𝑦 𝐿(𝑎, 𝑥), so that VoI is now
𝑉𝑜𝐼𝑆 (𝑌) = 𝐿∗𝑆 (∅) − 𝐿∗𝑆 (𝑌). We have no guarantee that this quantity is non-negative. In the
next Section we investigate how this value behaves in an example.
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3 VoI in systems’ maintenance under an external constraint
3.1 How external constraints can make the value of information negative
We consider an agent managing an asset under uncertainty about its state. The world’s state 𝑋
is binary, 0 indicating a healthy asset and 1 a damaged one. 𝑝𝑋 can be completely defined by
the probability 𝑃𝐷 of the damaged condition. Action set 𝐴 is also binary, with 0 indicating
doing nothing and 1 retrofitting. Cost for retrofitting is summarized in loss value 𝐿𝑅 , while
the cost for failure, occurring when a damaged asset is not retrofitted, is given by loss value
𝐿𝐹 . The loss function can be expressed as 𝐿(𝑥, 𝑎) = 𝑎 𝐿𝑅 + 𝑥(1 − 𝑎)𝐿𝐹 . Such a function
indicates that failure can be avoided by retrofitting.
In this setting, an agent not constrained by the code would retrofit if and only if 𝑃𝐷 surpasses 𝑃𝐿 = 𝐿𝑅 /𝐿𝐹 . However, let the agent be constrained by regulation prescribing to retrofit if 𝑃𝐷 exceeds threshold value 𝑃𝑇 as, above that value, society considers the asset too risky
to be in operation: hence while set 𝒜 usually includes both actions, it is restricted to 𝒜 = {1}
if 𝑃𝐷 ≥ 𝑃𝑇 . So the constraint is inactive if 𝑃𝐿 ≤ 𝑃𝑇 as, in that case, the agent’s policy is more
conservative than the code. If, on the other hand, 𝑃𝐿 > 𝑃𝑇 , the regulation can force the agent
to retrofit when, if left free, she would have preferred to accept the risk of doing nothing.
We consider an available “inspection” of the asset, modeled by noisy binary observation
𝑌, where 0 indicates “silence” and 1 “alarm”, whose value may differ from 𝑋 with probability
𝜀. Hence, for inaccuracy 𝜀 equal to zero the agent can observe 𝑋 directly, while for 𝜀 equal to
50% the observation is independent of the actual asset state. The relationship between 𝑃𝐷 and
the VoI (normalized by 𝐿𝑅 ) is plotted in Figure 2(a) for 𝐿𝐹 equal to a thousand times 𝐿𝑅 , and
6 values of 𝜀: 0, 10, 20, 30, 40 and 50%. Without constraints, VoI is a piecewise linear function, made by increasing linear function 𝛼 = (Δ𝐿 𝜁 + 𝐿𝑅 𝜀)𝑃𝐷 − 𝐿𝑅 𝜀 and decreasing linear
function 𝛽 = −(Δ𝐿 𝜀 + 𝐿𝑅 𝜁)𝑃𝐷 + 𝐿𝑅 𝜁, where measure accuracy 𝜁 is (1 − 𝜀) and Δ𝐿 = 𝐿𝐹 −
𝐿𝑅 . The lines meet at 𝑃𝐿 . For 𝑃𝐷 ranging from 0 to 1, the VoI is nil up to when 𝛼 becomes
positive, it follows 𝛼 up to 𝑃𝐿 , then it follows 𝛽 down to zero, and then it stays at zero.
Piecewise linearity is masked, in graphs (a-b), by the log-scale for the horizontal axis.
Under the constraint imposed by the code, the VoI looks as in Figure 2(b), where we select a specific value for the inspection’s inaccuracy among those plotted in (a), i.e., 𝜀 = 30%,
and threshold 𝑃𝑇 = 0.03%. VoI jumps to function 𝛼 at a value approximately equal to 𝑃𝑇 𝜀/𝜁,
then to function 𝛽 at 𝑃𝑇 and to zero approximately at 𝑃𝑇 𝜁/𝜀. Hence, the constraint highly
influences the VoI and it can be negative, for 𝑃𝐷 smaller than 𝑃𝑇 .
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Figure 2: Construction lines for the VoI as a function of the probability of damage, for different values of
inaccuracy (a), specific VoI for a set of parameter values (b).
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3.2 Agent behaviour and societal expected cost depending on the constraint
In the prior condition, the agent will do nothing only if 𝑃𝐷 is below both 𝑃𝑇 and 𝑃𝐿 ; otherwise
she has to retrofit, either because the perceived risk is too high (when 𝑃𝐷 is above 𝑃𝐿 ) or because the code imposes it (when 𝑃𝐷 is above 𝑃𝑇 ). 𝑃𝐴 , 𝑃𝑆 , 𝑃𝐷|𝐴 and 𝑃𝐷|𝑆 indicates the marginal
probability of the alarm observation, of the silence one, and the conditional probability of
damage given these outcomes, respectively.
The agent assesses the VoI, as shown in previous Section, and compares it with observation cost 𝐿𝐼 , so the binary decision variable 𝐼 is 𝐼[𝐿𝐼 ≤ 𝑉𝑜𝐼(𝑌)], where 𝐼[∙] is the indicator
function: 𝐼 is 1 when the agent decides to inspect and 0 otherwise.
We assume that society models the process using the same framework the agent uses, only with different values. Societal costs for failure, retrofit and inspection are 𝐶𝐹 , 𝐶𝑅 and 𝐶𝐼
respectively. In the prior condition, clearly the optimal value for threshold 𝑃𝑇 is 𝐶𝑅 /𝐶𝐹 , as
that forces agent’s action to be consistent with societal utility. Including the possibility of
inspection, the expected societal cost is 𝔼[𝐶|𝑃𝑇 ] = 𝐶(∅)(1 − 𝐼) + [𝐶(𝑌) + 𝐶𝐼 ]𝐼, where C(∅)
and 𝐶(𝑌) are defined as 𝐿(∅) and 𝐿(Y), but using societal costs. We also assume that the
agent and society agree on all probabilities and costs except that modeling the effect of failure, so 𝐶𝑅 and 𝐶𝐼 are identical to 𝐿𝑅 and 𝐿𝐼 respectively.
We normalized the cost for society to that of retrofitting, defining 𝑟𝐶/𝑅 = 𝐶𝐹 ⁄𝐶𝑅 = 100,
𝑟𝐼/𝑅 = 𝐶𝐼 ⁄𝐶𝑅 = 50%, 𝑟𝐿/𝐶 = 𝐿𝐹 ⁄𝐶𝐹 = 10%, and a probability of damage as 𝑃𝐷 = 2%. We
start considering inaccuracy 𝜀 = 5%, so that the updated probability given alarm and silence
are 𝑃𝐷|𝐴 = 27.94% and 𝑃𝐷|𝑆 = 0.107% respectively, while the marginal probability of
alarm is 𝑃𝐴 = 6.8%. For the agent, the maximum risk before retrofitting is 𝑃𝐿 =
−1

(𝑟𝐿/𝐶 𝑟𝐶/𝑅 ) = 10% so, after an alarm, she will find retrofitting convenient. As shown in
Figure 3(a), when 𝑃𝑇 is above 𝑃𝐷 , the constraint is inactive: the agent does nothing in the
prior condition, and the VoI is rather low, as shown in graph (b). When 𝑃𝑇 is below 𝑃𝐷|𝑆 the
agent is forced to retrofit no matter what, and the VoI is nil. For 𝑃𝑇 between 𝑃𝐷|𝑆 and 𝑃𝐷 , the
agent is forced to retrofit, but she can hope to receive silence and avoid retrofitting, and the
VoI is much higher than that without the constraint. As the cost 𝐶𝐼 is half of 𝐶𝑅 , the agent will
inspect only in that range of thresholds, as shown in graph (c). In this problem, the VoI assessed by society is also above 𝐶𝐼 . Graph (d) reports the expected societal cost as a function
of 𝑃𝑇 . By assigning a threshold 𝑃𝑇 between 𝑃𝐷|𝑆 and 𝑃𝐷 , agent’s behavior corresponds to the
optimal one for society: to inspect, and then to retrofit only following an alarm.
Results are different if we consider a less accurate inspector, with ε = 20%, as we show
in graphs (e-h). Now 𝑃𝐷|𝐴 and 𝑃𝐷|𝑆 are 7.55% and 0.51% respectively, while 𝑃𝐴 is 21.2%.
As 𝑃𝐷|𝑆 is less than 𝑃𝐿 , without constraint the agent would never retrofit, and VoI would be
nil. For 𝑃𝑇 between 𝑃𝐷 and 𝑃𝐷|𝐴 the agent can avoid to retrofit in the prior setting, but an
alarm would force her to retrofit, while she would prefer not to, hence the VoI is negative. As
in the previous case, the VoI is relatively high for 𝑃𝑇 between 𝑃𝐷|𝑆 and 𝑃𝐷 , but in this case
the VoI assessed by society is actually lower than 𝐶𝐼 . In this case, the optimal constraint
would be below 𝑃𝐷|𝑆 , as the best action for society is to retrofit without inspecting.
This analysis shows that no value of PT can guarantee the optimal cost for society: as society cannot control the decision of inspection directly, the agent’s behavior, which is optimal
for minimizing agent’s loss L, is not optimal for minimizing societal cost C.
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Figure 3: Decisions on retrofit (a), VoI analysis (b), decisions on inspection (c)
and expected societal cost (d) vs threshold on acceptable probability of damage when inaccuracy is 5%
and corresponding graphs when inaccuracy is 20% (e-h).

3.3 Bounds for suboptimal behaviour in information collection
In this Section, we investigate bounds to the inefficiency in information collection in a management process. We start considering the case when 𝑃𝐷 is above 𝑃𝑇 : society finds retrofitting convenient and imposes this prior decision to the agent. Of course, information has a
value according to society: if this is above its cost, society would like to recommend that it be
collected. In this case, the agent will always agree with society when the latter suggests collecting information, as the VoI assessed by an agent is greater than that assessed by society,
for 𝑃𝑇 /𝑃𝐿 less than one. However, exactly for this reason, the agent may be willing to acquire
a piece of information that is too expensive from the societal standpoint.
We focus on limit cases. Let us consider an agent for whom 𝐿𝐹 is identical to 𝐶𝑅 , so that
the agent finds retrofitting convenient only when damage is certain (i.e., 𝑟𝐿/𝐶 = 𝑃𝑇 ). We assume 𝑃𝐷 is slightly above 𝑃𝑇 , so the agent is forced to retrofit. However, an observation is
available, with inaccuracy 𝜀 slightly below 50%. Clearly, this information is almost irrelevant
for society, and the corresponding VoI is almost zero. However, the agent sees the collection
of that information as a 50% chance of escaping the constraint, hoping in the silence outcome
that would take the posterior probability of damage below 𝑃𝑇 . The VoI, assessed by the
agent, is almost 𝐶𝑅 (1 − 𝑃𝑇 )/2 ≅ 𝐶𝑅 /2 and she is willing to pay up to such a high cost, if
needed. Hence, the availability of information makes the overall cost grow by up to 50% in
this setting. Figure 4(a) reports the costs for these limit cases, depending on 𝑃𝐷 , for 𝑃𝑇 =
0.1%. When 𝑃𝐷 is higher than 𝑃𝑇 , the extreme case occurs when 𝑃𝐷|𝑆 is equal to (actually,
slightly less than) 𝑃𝑇 , so that the agent can intended a silence outcome as a way for escaping
the constraint. As shown in graph (c), the corresponding limit case inaccuracy, 𝜀 ∗ , decays
from 50% down to zero. The corresponding probability of silence, 𝑃𝑆 , grows, and so do value
𝑉𝑜𝐼 ∗ and the corresponding expected cost 𝔼[𝐶 ∗ ] in the limit case. However, 𝑉𝑜𝐼 ∗ has to approach zero when 𝑃𝐷 goes to one, and so the function (as well as 𝑃𝑆 ) decreases along the way.
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Figure 4: Expected societal cost when agent decides about the inspection and when society does (a),
VoI analysis (b) and observation inaccuracy in the limit cases (c).

At its maximum, 𝑉𝑜𝐼 ∗ cannot be higher than 𝐿𝑅 , because it makes no sense to invest in information more than in an action that would prevent any additional required cost. Consequently, 𝔼[C ∗ ] cannot be higher than the double of 𝐶𝑅 .
Let us now focus on the case when 𝑃𝐷 is below PT and, consequently, the prior action is
to do nothing. One limit case is given by free perfect information. When 𝐿𝐹 is 𝐶𝑅 , the agent
will assign no value to it, while society will assign 𝑉𝑜𝐼 ∗ = (𝐶𝐹 − 𝐶𝑅 )P𝐷 , as in graph (b).
𝔼[𝐶 ∗ ] is 𝐶𝐹 𝑃𝐷 when the agent is in control and doesn’t collect information, and it would be
𝐶𝑅 𝑃𝐷 if society could control the decision on inspection, as in graph (a). Another limit case
(that we call 𝜂) is related to negative VoI assessed by the agent. For example, when 𝑃𝐷 is
slightly less than 𝑃𝑇 , the agent interprets an observation with 𝜀 slightly below 50% as an almost 50% chance of being forced to retrofit, and she will be willing to pay 𝐶𝑅 (1 − 𝑃𝑇 )/2 ≅
𝐶𝑅 /2 to avoid the observation. Similarly, we define that limit case by imposing 𝑃𝐷|𝐴 equal to
𝑃𝑇 . The corresponding inaccuracy decays to zero when 𝑃𝐷 decreases to zero, as plotted in
graph (c). In the meanwhile, the limit-case VoI, as assessed by the agent, stays negative, but
its magnitude also decays, as 𝑃𝐷|𝐴 does, as in graph (b). The corresponding VoI assessed by
society is zero. For evaluating 𝔼[𝐶 ∗ ] in that case, we assume that such information is actually
available at a negative cost equal to the VoI assessed by the agent, so that society can decide
to take the revenues related to the information. Graph (a) also reports the cost related to that
case, which is always higher than that when free perfect information is available.

4 Conclusions
We have investigated the effect of society imposing a constraint to agents taking decisions on
risk management. While this constraint is effective in forcing agents to take decisions consistent with society’s will, it can have unwanted second-order effects on information collection, if this activity is controlled by these agents and unconstrained. Risk-neutral agents will
assess the value of available of information and collect only that whose cost is below that
value. However, the VoI assessed by agents whose preferences are not aligned with society
will differ from that assessed by society itself. We have restricted our analysis to a simple
case, where agents have to decide to retrofit an asset or not, and their loss function differs
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from that of society only because the latter assigns a higher cost to the asset failure. In that
setting, two negative outcomes can derive. An agent forced by the constraint to retrofit can be
willing to pay too much for escaping the constraint by collecting information, leading to a
total expected cost that is bounded from above by the double of the retrofit cost. So, paradoxically enough, the very availability of information makes things worse for society. The economic effect can be of the same magnitude (but much higher in relative terms) when the
constraint is currently inactive, because the asset is judged to be safe enough. In this latter
case, the agent can prefer to avoid information even when it is free, or even if she can receive
an economic reward for collecting data, despite the fact that it can reduce the expected societal management cost by several orders of magnitude.
Given the current structure of regulations, it is hard to overcome this inefficiently in collecting information. On the one hand, codes can require to collect data (e.g., [8]), and they
could even prescribe to evaluate VoI according to a given formula, encoding the assessment
from the societal standpoint, and force agents to buy information when its cost is below that
threshold. The implementation of such a requirement would likely be controversial. On the
other hand, society could remove the constraint, and instead introduce incentives for aligning
agents’ preferences with societal ones. The scope of this paper, however, is not to propose
solutions, but to highlight and understand the issue, illustrating why the value of information
can be negative in some applications.
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Abstract: In a globally identifiable Bayesian system problem, the identification
uncertainty of model parameters can be quantified by their ‘posterior’ (i.e., given
data) covariance matrix. Clearly, the posterior covariance matrix depends on the
particular data set. When the data is assumed to follow the likelihood function, a
statistical law analogous to the Law of Large Numbers results, where the posterior
covariance matrix is asymptotic to a deterministic quantity that depends on the
‘information content’ of data rather than its particular details. This was referred as
the ‘uncertainty law’ in a recent study of the achievable precision of modal parameters in operational modal analysis. Deriving the uncertainty law involves asymptotics and leveraging on the mathematical structure of the likelihood function. As a
sequel to the development, this work shows that for large data size and up to a
Gaussian approximation of the posterior distribution, the uncertainty law is asymptotic to the inverse of the Fisher information matrix, which coincides with the
Cramér-Rao Bound in classical statistics. A parametric study is presented to illustrate the theoretical result in the context of operational modal analysis.

Introduction
Bayesian system identification is concerned with making inference about some model parameters based on measured data in the context of a mathematical model that relates and .
Without much loss of generality, assume that and are continuous-valued. The identification result about is encapsulated by its posterior (i.e., given data) probability density function (PDF)
| . Using Bayes theorem, it is given by
|

|

(1)

| is called the ‘likelihood function’, giving the modeled PDF of for a given ;
where
is called the ‘prior distribution’, reflecting one’s knowledge about in the absence of
data;
is a normalizing constant because it does not depend on . All PDFs here are conditional on the assumed model but this has been omitted in the notation for simplicity.
The identification uncertainty of can be quantified by its covariance matrix associated with
the posterior PDF. In globally identifiable problems [1][2][3], a second order approximation
|
of the negative logarithm of
, referred as ‘NF’, leads to a Gaussian approximation
of the posterior PDF. This approximation can be justified under some regularity conditions
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[4][5]. Correspondingly, the posterior covariance matrix is equal to the inverse of the Hessian
of the NF.
Beyond quantification, managing identification uncertainty requires one to understand how it
depends on the test configuration. This has scientific significance in discovering identification
precision limits and practical significance in experimental design and budgeting. Typically,
the mean and covariance matrix of the posterior PDF are calculated in a Bayesian identification algorithm for a given data set. The value of the covariance matrix reflects the identification uncertainty of for the given data set, but it may not offer any insight on how the
identification uncertainty depends on the test configuration that leads to the data. A single set
of result does not serve the purpose of uncertainty management. Investigating the relationship
through a parametric study with data sets of different configurations could be one option, although it is only empirical, not to mention that test configuration has yet to be quantified.
It turns out that when the data is assumed to follow the likelihood function, a statistical law
analogous to the Law of Large Numbers results. The posterior covariance matrix is asymptotic to a deterministic quantity that depends on the ‘information content’ of data rather than its
particular details. This was referred as the ‘uncertainty law’ in a recent study of the achievable
precision of modal parameters in operational modal analysis [6][7]. Deriving the uncertainty
laws involves asymptotic techniques and leveraging on the mathematical structure of the likelihood function. As a sequel to the development, this work shows that for large data size the
uncertainty law is asymptotic to the inverse of the Fisher information matrix, which coincides
with the Cramér-Rao Bound in classical statistics [8][9]. It can be regarded as a continuation
of the discussion in [10]. A parametric study is presented to illustrate the theoretical results
with synthetic data for operational modal analysis.

Bayesian System Identification
Consider a globally identifiable problem with a sufficiently long data
, ,…,
,
with → ∞. For instructional purpose, assume that
, ,…,
are independent and identically distributed (i.i.d.) for given . The likelihood function is then given by
|
|
∏
(2)
For long data, the prior PDF p
is a slowly varying function of compared to the likeli| ; and is effectively a constant. One then has
hood function
,
| ∝
(3)
where
|
∑
|
(4)
,
ln
ln
is the NF. Assuming that the problem is globally identifiable, the most probable value (MPV)
uniquely minimizes
, with respect to , where its dependence on has been emphasized. Approximating
, with respect to by a second order Taylor expansion about
leads to a Gaussian approximation of the posterior PDF. In this case, the covariance matrix is given by
where #

!
"# $ , %&
$ , % denotes the Hessian of
, with respect to
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and evaluated at

(5)
.

Asymptotic behavior of posterior covariance matrix
| ' with the ‘acLet the data be indeed distributed as the modeled likelihood function
tual parameter’ value ' . We shall argue that, as → ∞,
/
&
(6)
!
( ' ") * +
/
where ) denotes the identity matrix; the term +
denotes that the remainder in the
/
bracket depends on and is of the order
;
| ' 1
( '
E.#
| '/ 0 #
(7)
',
',
is the ‘Fisher information matrix’ (FIM) for ; E.∙/ denotes the expectation when is distrib| ; and
uted as
#
#
, 3
(8)
',
4

In terms of asymptotic relationship, Eqn. (6) can be written as
!
~( '
→∞
(9)
Thus, the uncertainty law for large data size → ∞ is simply the inverse of the FIM. The
FIM is originally defined in a classical statistical, i.e., ‘non-Bayesian’ context. Its inverse is
the Cramér-Rao bound (CRB), which says that any unbiased estimator 7
for ' will satisfy
the following inequality:
cov.7 | ' / ; ( '
(10)
| .
where cov.7 | ' / denotes the covariance matrix of 7
when is distributed as
This is a matrix inequality that should be interpreted as the LHS minus the RHS being a positive semi-definite matrix. The asymptotic result of the posterior covariance matrix bridges the
mathematics between the Bayesian and non-Bayesian quantification of identification uncertainty, although their philosophies are different.
Eqn. (6) can be argued as follow. For a given ,
maximizes the likelihood function
| with respect to . It is then mathematically equivalent to the maximum likelihood
estimator, which is known to be an asymptotically unbiased estimator of ' . In addition, the
posterior covariance matrix is +
. One can then write
/
") * +
& '
(11)
Assuming that the NF
, has third order derivatives with respect to ,
/
") * +
&
(12)
# $ , % #
',
∑
Since
, ,…,
are i.i.d.,
ln
| ' is a sum of i.i.d. terms. By the
',
Law of Large Numbers,
| ' | '/ (
#
→ E.# ln
(13)
',
'
where (
. Again,
, ,…,
' is the FIM based on the sample
(
(
/
.
Combining
these
gives
'
'
/
# $ , % ( ' ") * +
&
Equation (6) then follows because matrix inverse is a continuous mapping.

are i.i.d. and so
(14)

Illustrative example
The asymptotic behavior of the posterior covariance is illustrated through a parametric study
with synthetic data for Bayesian operational modal analysis [11][6][7]. Consider an eightstoried shearing building with uniform floor mass 100 >?@, interstory stiffness 116 B /CC
and damping ratio 1% in all modes. It is subjected to i.i.d. Gaussian white noise excitation at
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all floors, each with a PSD of 0.96 /GH. Synthetic acceleration data is generated at a sampling frequency of 50 Hz for a duration of 1800 sec. Acceleration data is assumed to be measured at the even numbered floors and contaminated by i.i.d. channel noise with a PSD of
9.81 × 10 N C/O ).
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Figure 1: Identified modal parameters in 1st Mode for different data durations.
Dot: MPV; error bar: ±two standard deviations. Dashed line: exact value.

Figure 2: Posterior standard deviation of modal parameters P, Q, R, RS .
Circle: CRB; cross: Bayesian FFT

Consider identifying the first mode based on the FFT of ambient data on the frequency band
[0.8, 1.2] Hz. Figure 1 shows the results for different data durations. As data duration increas-
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2
4

3

1

es, the MPV converges (in a random manner) to the exact value and the error bar shortens,
showing the consistency of Bayesian inference. Figures 2 and 3 show the posterior standard
deviations of modal parameters. When the duration is short, the difference between the posterior covariance and CRB is apparent. As the duration increases, the difference diminishes,
validating the asymptotic behavior in Eqn. (6).

U.
Figure 3: Posterior standard deviation of mode shape T
Circle: CRB; cross: Bayesian FFT

Conclusions
This paper has reasoned that the posterior covariance matrix in a globally identifiable Bayesian system identification problem is asymptotically equal to the inverse of the Fisher information matrix, which coincides with the Cramér-Rao Bound. The result assumes a Gaussian
approximation of the posterior PDF. Although it was reasoned based on i.i.d. data, the argument can be extended to hold for correlated data by virtue of the general version of the Law of
Large Numbers. The result offers a systematic way for deriving the uncertainty laws for operational modal analysis for long data, although the final analytical expressions that are directly
related to test configuration still require further consideration of small damping. The theoretical results have been verified through a parametric study with synthetic data.
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Abstract: The study explores the application of subset simulation and particle
splitting methods for experimental estimation of time variant reliability in randomly excited structures. The main benefit of developing these methods lies in reduced
test times and offers a viable means for reliability testing of highly reliable structures under random excitations. The strategy is based on developing procedures
which parallel a version of the subset simulation method, which employs Markov
chain splitting for tackling structural reliability problems. The main challenges in
the present study lie with (a) the experimental interfacing of the importance sampling procedures with control algorithms of the test equipment (e.g., servohydraulic actuators), (b) applying the procedure to complex systems which defy
easy mathematical modelling, (c) developing algorithms for avoiding physical
testing during the transient phase of Markov chain Monte Carlo runs, and (d) to
minimize human intervention while the tests are in progress. Illustrative examples,
involving seismic testing using a reaction wall and servo-hydraulic actuation system, on a two story building frame, subjected to stationary random support motions, are presented. The results obtained are validated with the help of a limited
amount of direct testing with an ensemble of excitation time histories.

1 Introduction
The problem of modelling reliability of randomly vibrating structures is encountered in several engineering applications, such as, seismic qualification of equipment, and, in the study of
automotive components under road loads. While, in the context of computational modelling,
Monte Carlo simulations, with sampling variance control, have been widely developed [1,7],
similar studies, on the other hand, in the context of experimental testing, are very limited [4,
8-9]. The present study develops an experimental strategy, involving subset simulation based
Markov chain splitting method [2], to experimentally estimate the time variant reliability of
randomly excited structures. The procedure is implemented on a multi-actuator; reaction wall
based seismic test facility to investigate the time variant reliability of a two-storied building
frame subjected to stationary random earthquake induced loads. This has involved combining
software developed on the Matlab platform (to implement Markov Chain Monte Carlo samplers), and, the control software needed for the actuator functioning. The main feature of the
test procedure is that it requires no efforts to be expended on developing mathematical modelling of the structure being tested but demands that it must be possible to measure the response
metric, which is employed in defining the performance function as a part of the reliability
calculations. This would mean that the procedure is inherently capable of being applied in the
study of systems, which defy acceptable mathematical modelling but are amenable for response measurements.
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2 Problem statement
Consider the problem of experimentally estimating the reliability of an engineering system
subjected to an earthquake load specified as a zero mean Gaussian random process. For the
purpose of discussion we take that the input process is stationary and its power spectral density (PSD) function is specified by the well-known Kanai-Tajimi-Clough-Penzien model. We
assume that this random process can be discretized into an equivalent set of independent, zero
mean, Gaussian random variables with unit standard deviations, represented by the n1 vector U . Let g U, t  represent the performance function with respect to which we wish to characterize the reliability of the structure. This could be, for example, in terms of permissible
inter-storey drift, or, reactions transferred to the base. It is assumed that it is possible to measure the time evolution of samples of g U, t  . The failure event is given by the set

max g U,t   0 and an estimator for the associated probability of failure is given by
1
Pˆ   I max g U , t   0 where N=sample size, I    =indicator function, and the superN
0  t T

N

i

F

i 1

0t T

script i denotes the ith realization. The sample size here essentially indicates the number of test
runs which need to be performed. It is well known that this estimator is unbiased and has a
sampling variance which varies inversely as N. Thus, for highly reliable systems, with probability of failure in the order of 105 to 104 , an acceptable estimation of PF , using the above
estimator, requires a very large number of samples, and, hence, long test times. In computational modelling of structural reliability, the subset simulation [7] and Girsanov transformation based method [1] are two alternative sampling variance reduction strategies which
have been employed to efficiently estimate the failure probabilities. Recently, the present author’s group has developed strategies based on Girsanov transformation method for estimating time variant reliability of dynamical systems through random vibration testing [4, 8-9].
The aim of the present study is to explore if similar test protocols can be developed based on
subset simulation based methods. With this in mind, we consider the approach studied by
Oinrdila and Manohar [2], which applies Markov chain splitting strategies in the evaluation of
the reliability integrals, and aims to extend its capabilities for experimental estimation of
probability of failure of randomly vibrating systems. The main challenges in the present study
lie with (a) the experimental interfacing of the sampling procedure with control algorithms of
the test equipment (e.g., servo-hydraulic actuators), (b) in developing a procedure which
could be applied to complex systems which defy easy mathematical modelling, and (c) being
able to run the test protocol in an uninterrupted manner with minimum human intervention.
Illustrative example on the random earthquake response of a two-storied building frame tested
on a reaction wall-servo-hydraulic actuator based test facility is presented.

3 Subset simulation with Markov Chain splitting method (SSMCS)
The subset simulation based methods [7] divide the failure region F into m number of subsets, F1 , F2 ,

, Fm , such that, F1  F2 

 Fm  F and

m

Fi  Fm . The probability of failure

i 1

is given by
m 1
m 1
m 
PF  P  Fm   P  Fi   P  F1   P  Fi 1 | Fi   p1  pi
i 1
i 1
 i 1 
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(1)

The main idea of the method lies with the fact that the probabilities
pi  P  Fi 1 | Fi  ; i  1, 2, , m  1 are orders of magnitude higher than PF and hence are easier
to estimate from a smaller number of samples. The method requires samples to be drawn from
the probability density function (pdf) p  u | Fi  for which the Markov chain Monte Carlo
(MCMC) samplers are used. One of the central issue in developing this method lies with
characterizing the sampling variance of the estimated failure probability. The procedure developed by Oindrila and Manohar [2] has aimed to identify factors contributing to the sampling variance and makes a few modifications to the Au and Beck [7] approach with a view to
mitigate these contributions. Some of the main features of the suggested modifications include: (a) The intermediate failure levels, which define F1 , F2 , , Fm , are fixed a priori (Box 1
summarizes the steps involved), (b) the probabilities p1 , p2 , , pm are not fixed a priori, and
(c) samples used in estimating P  Fi | Fi 1  are not reused again in estimating P  Fi 1 | Fi  .
Box 1: Procedure for establishing the intermediate failure regions in implementing the SSMCS

i.

Obtain the design point ud for the performance function g (U ) in terms of a set of system impulse response functions (see section 4.2 for details).

ii.

Calculate the distance  of the design point from the origin, i.e.,   ud  udt ud .

iii.

Estimate the failure probability PF , FORM       , where    is standard Gaussian distribu-

iv.

tion function.
Take the number of intermediate levels m to be the smallest integer such that
(10m ) PF , FORM  1 .

v.

Take the approximate values of failure probabilities p 1 , p 2 ,..., p m1 as 0.1 and p m as

'

'

'

PF , FORM / (0.1m 1 ) . Note that the target failure probability is assumed to be

vi.





'

0.1 .

Compute the distance i   1 1   j 1 p 'j , for i  1, 2,..., m 1.
i

vii.

Obtain the intermediate points on the line joining the point ud and origin as ui  i ud / ud ,

viii.

for i  1, 2,..., m 1.
Take the intermediate threshold levels as the performance values evaluated at these intermediate points, i.e., bi  g  ui  for i  1, 2,..., m 1. Note that bm  0 . Since bi  g  ui  , it can be
seen that the point ui in the standard normal space lies on the failure region Fi   g  ui   bi  ,
and hence, the point ui can be taken as an initial seed Yi lying in Fi .

One of the features of this method is that the MCMC samplers employed to draw samples
from p  u | Fi  ; i  1, 2, , m  1 require provisions to be made for discarding the realizations
of the process till the chain attains the steady state. The number of samples thus to be discarded could be as large as a few thousands. While this “burn-in’’ step does not pose any conceptual difficulty while implementing the method on a computational framework, in experimental
work, however, this can lead to conduct of significant number of test runs which could make
the procedure unwieldy. To circumvent this difficulty, it is proposed in the present study to
employ a linearized surrogate for the performance function at the intermediate levels (see
Fig.1) and, the simulations, while the burn-in is in progress, are performed computationally
(instead of experimentally) using this approximate replacement for the performance functions
g U i  by g U i  ; i  1, 2, , m  1 . The steps involved in implementing the simulation procedure, with this modification in place, are summarized in Box 2.
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OA  AB  0
ud ,1 , ud ,2 ,..., ud ,n   u1 , u2 ,..., un    ud ,1 , ud ,2 ,..., ud ,n   0
ud ,1 , ud ,2 ,..., ud ,n   u1  ud ,1  u2  ud ,2  ...  un  ud ,n   0
ud ,1  u1  ud ,1   ud ,2  u2  ud ,2  

 ud ,n  u1  ud ,n   0

 ud ,nun   ud2,1  ud2,2 

ud ,1u1  ud ,2u2 

 ud2,n   0

n

g U    ud ,i ui  ud2,i  0
i 1

Figure 1: Approximation of limit surface by n-dimensional plane; the dot in the inset indicate the dot product.
Box 2: The modified SSMCS algorithm

Input
1. Number of samples in each level N .
2. Number of Markov chains in each level N c .
3. Joint probability density function of random variables fU (u) .
4. Performance function g U  and g U  .

5. Number of intermediate levels m , intermediate threshold values b1 , b2 ,..., bm , the sequence of
initial seeds Y1 , Y2 ,..., Ym1 lying in F1 , F2 ,..., Fm 1 (from Box 1).
Steps
1. Generate independent identically distributed samples U1 , U 2 ..., U N
2. Evaluate g (U j ) for each sample, j  1, 2,..., N .
3. Compute the failure probability estimate p1  1/ N 



N
j 1

f U ( u) .

I  g U j   b1  .

4. Set level counter i to 2 .
5. With initial seed Yi1 generate a single Markov chain with target probability density function

fi 1    fU   I  g    bi 1 .
(i )

(i )

(i )

6. (a) Pick N c samples Y1 , Y2 ,..., YNc from the Markov chain (after stationarity is reached).



(i )
(i )
(b) With initial seed YNc generate a single Markov chain with N c samples Y1(i ) , Y2(i ) ,..., YNc

with target probability density function fi 1    fU   I  g    bi 1 .
(i )

(i )



(i )

7. With Y1 , Y2 ,..., YNc as the seeds generate Markov chains with probability density function

fi 1    fU   I  g    bi 1 containing N / N c samples each. This gives us a total of N new(i )

(i )

(i )

ly generated samples from the N c Markov chains. Let these samples be U1 , U 2 ,..., U N .





8. Evaluate g U (ji ) for j  1, 2,..., N .
9. Compute pi  1/ N 



N
j 1

I  g U (ji )   bi  .

10. Set level counter i to i  1 .
11. If i  m , go to step 5.
Output : Estimated failure probability, PF 
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m
j 1

pj

4 Illustrative example
4.1 Problem description
A two storied building frame model is tested for earthquake loads using a reaction wall and
servo-hydraulic actuator system as shown in Fig. 2(a). The frame is taken to be acted upon by
uniaxial support motion modeled as a zero mean, stationary Gaussian random process with
duration of 10s. In addition to the steel columns, the frame is stiffened by a set of diagonal
wires as shown. Since these wires do not resist compressive forces, the inter-floor stiffness
characteristics become bilinear. The objective here is to estimate the reliability of this frame
using the procedure described in the preceding section. The geometrical details of the building
frame are shown in Fig. 2(b). The performance function g U, t  is defined in terms of the inter-story drift between the first and the second floor displacements. Accordingly, we get





g U   z *  max x1  t   x2  t  , where x1 (t ) and x2 (t ) are the displacements at the first and
0t T

the second floor levels respectively. The probability of failure is given by







PF  P z *  max x1  t   x2  t   0
0  t T



(2)

Figure 2: (a) Test structure on a strong floor and reaction wall system (b) geometrical details of the test structure; each actuator is equipped with load cells (50kN),LVDT (  50 mm);the system uses MTL32 control software with 2370MS, 32 bit controller; the actuators are under force control during this test [6].

The power spectral density function of the support acceleration is taken to be as per the
Kanai-Tajimi-Clough-Penzien model [5]. The governing equations here are given by

ys  2 ss ys  s2 ys  w(t ); ys (0)  ys ,0 ; ys (0)  ys ,0
y f  2 f  f y f   2f y f  2 ss ys  s2 ys
x g (t )  y f (t )
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(3)

Here w  t  is a zero mean, stationary white noise process with intensity  2 ; the parameters

 s ,  s and f ,  f , respectively, correspond to the properties of soil layer and the high pass filter and are given by s  3 rad/s,  f  1.6 rad/s ,  s  0.4 ,  f  0.6 . Eq. (3) is recast in the
state space form and written as an Ito’s stochastic differential equation as

dY  t   AY (t )dt  SdB(t ); Y (0)  Y0

A 44

 0
 0
 2
 s
 2
 s

0

1

0

0
2 ss

0



 ys 
0 

y 


1 
0 
 f
; S 41    ; Y41   
0 
1 
 ys 

0 
2 f  f 
 y f 
0

2 ss

2
f

(4)

Discretizing Eq.(4) using 1.5 Strong Taylor Implicit Scheme [3] one gets

Yq 1  Q Yq  R  q = Q Yq  G  q
41

44 41

42

21

44 41

42

21


Q  P11 P2 ; G  R Tr1 ; G  Q2
4

2
4

2
4

2
44 44
22
 41

44


Q3  ;  q  Tr  q
22 21
41 
21

Q2  P11 P3 ; Q3  P11 P4
41

44 41

41

44 41

P1  I   A   0.5     A 2  2

(5)

P2  I  (1   ) A   0.5    (1   ) A 
2

2

P3  S  AS
P4 = AS
Here  is a vector random variable with 2q1 random variables corresponding to w  t  .  is

 transformed into standard normal space. U is n1 vector of random variables  with n  2q .

4.2 Approximate location of the design point
The implementation of the test procedure needs an estimate of the location of the design point
under given random excitations. This needs to be achieved using experimental procedures. If
one assumes linear system behaviour, the response of a structure subjected to base motion can
be expressed in terms of its impulse response functions hir (q  k ); i  1, 2,3, 4 (where r represents the response variable under consideration) as
q
q
q
4
4
2
2
 4

zqr   hir (q  k ) Fki   hir (q  k ) G kij kj    hir (q  k )G kij  kj
i 1 k  0
i 1 k  0
j 1
k  0 j 1  i 1

q

2

4

(6)

   H (k , q )  kj with H ( k , q)   h (q  k )G kij
k  0 j 1

r
kj

r
kj

i 1

r
i

See section 4.3 for the procedure to measure the impulse response function of the structure.
Consider a linear performance metric v r  kj    i zqr  kj  . We seek the solution to the opr

l 1
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q

2

 

timisation problem of minimizing

k  0 j 1

2
kj

subject to the constraint z*  v r  kj   0 . Using

the method of Lagrangian multipliers, it can be shown that the design point is given by
r

 kj 

z*  l H kj (k , q)

, k  0,1,..., q; j  1, 2

l 1

q

2

r

r

 H
j 1 k  0 l 1 l 1

l

kj

(7)

(k , q) l H kj (k , q)

For nonlinear systems, the design point is first estimated using Eq. (7) assuming the linear
behaviour of the system. The structure is then subjected to design point excitations and response v r  kj  is measured. Then an iterative procedure is followed to estimate design point
using a heuristic approach to satisfy the condition z*  v r  kj   tolerance. The procedure is
summarized in Box 3.
Box 3: Approximate location of design point for nonlinear systems
1.

Set counter e to 1.

2.

Find the design point

3.

Subject the test structure to design point excitations and measure the response v

4.

Evaluate z*  v r

5.

If z*  v r

6.

Else set level counter e to e+1; set

7.

Go to step 3.

 kj ( e ) using Eq. (7).

 

(e)

kj

  < tol; 
kj

r

 
kj

(e)

.

.
kj

  kj ( e ) , STOP.

 kj ( e )   kj ( e ) 

z*

v r  kj 

(e)

.

4.3 Measurement of impulse response function of the system
The evaluation of approximate location of design point needs the measured impulse response
functions (IRFs) of the structure. For this Eq. (5) is expressed as
Yq 1  Q Yq  Fq
41

44 41

41

Fq  G  q
41

42

21

The procedure to measure the IRFs of the structure is summarised in Box 3.
Box 4: Measurement of impulse response function of the system

1. Solve Eq. (8) for the initial conditions F1(i )   Fji  ; Fji  1 if i  j; Fji  0 otherwise .
2. Calculate x g(i )  y (fi,1) ; i  1, 2,3, 4 .
3. Subject the test structure to x g( i ) and measure hi , i  1, 2,3, 4 .
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(8)

4.4 Experimental results
The following cases are considered for the experimental work: Case (I): the frame shown in
Fig. 2 is tested by removing the diagonal wires; Case (II): The frame is tested by adding the
diagonal wires. For the SSMCS method, step 1 involves the measurement of IRFs of the
structure as described in section 4.3. Fig. 3(b) shows the measured IRF ( h1 ) of the structure

with respect to the response variable xd  t   x1  t   x2  t  for case (I), when subjected to
base acceleration x g(1) shown in Fig. 3(a). Step 2 involves the estimation of approximate location of design point as described in section 4.2. Fig. 4 shows design point acceleration and the
corresponding response xd  t  for case (I). For case (II) an iterative procedure was followed
for the estimation of approximate location of design point (see Box 3). Fig 5 shows design
point acceleration and the corresponding response xd  t  for case (II). Step3 involves the estimation of intermediate levels as described in Box 1. For both the cases (I) and (II) the value
of m was found out to be 7.

Figure 3: Case (I): (a) Base motion to be applied to the structure for measurement of IRF; (b) measured IRF of
the structure with respect to the response variable x d  t  ; i  1 .

Figure 4: Case (I): (a) Design point acceleration; (b) corresponding response x d  t  .
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Figure 5: Case (II) (a) Design point acceleration; (b) corresponding response x d  t  .

Figure 6: Case (I): (a) A typical realisation of base acceleration; (b) corresponding response x d  t  ; m=7.

Figure 7: Comparison of probability of failure for cases (I) and (II) (methods 1, 2 and 3).
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Step 4 involves the estimation of probability of failure as described in Box 2. Fig. 6 shows
typical sample realization of the base acceleration and the corresponding response xd  t  at
the last level m  7 for case (I). The reliability analysis was carried out using SSMCS method
(method 3) and the results were compared with subset simulation method (method 2) and a
limited amount of direct testing (method 1). Fig. 7 compares the probability of failure for cases (I) & (II) & methods 1, 2 and 3. The number of samples used in methods 1, 2 and 3 respectively are 5000, 1000 and 1400.

5 Discussions and conclusions
An experimental version of the Markov chain splitting based subset simulation method has
been implemented for the estimation of time variant reliability of a two story building frame
under random earthquake loads. The methodology does not require the knowledge of the
mathematical model of the structure. A strategy to tackle the problem of burn-in of the Markov chains computationally has been improvised. The probability of failure, as low as 10-5,
has been evaluated using about 1400 samples based on the SSMCS method, while, the estimation of this probability using the direct ensemble testing, would typically require around 107
samples. The methodology developed is thus seen to be effective in reducing the testing time.
The results from the SSMCS method are compared with direct testing using 5000 samples and
subset simulation method using 1000 samples, and are seen to show reasonable mutual
agreement.
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Abstract: This paper propose probabilistic models for describing temporal variation of damage accumulation in road infrastructures under the effect of low temperature and snow in cold regions. The first proposed model based upon a
stochastic differential equation driven by a Poisson white noise, whose solution
process represents a damage accumulation for tunnel concrete linings in north area
of Japan.

Introduction
Recently, damages in highly deteriorating road infrastructure in which were bridges and tunnels have become much more serious in Japan. Especially in Hokkaido, the northeast area in
Japan, where bridges and tunnels have been seriously damaged owing to quite large quantity
of snow and other environmental factors from special cold region. Such serious damages
caused by complex interaction among many factors including salt damages, alkali aggregate
reactions, frost damages etc. In addition, Hokkaido is very cold and heavy snowing area.
There have been cases in which the road bridges and tunnel linings have deformed as a result
of freezing in winter. Moreover, many road bridges and tunnels constructed over the past 4050 years in Hokkaido. Therefore, many road bridges and tunnels will come to its rehabilitation stage, and maintenance or repair must needed for almost bridge deck slabs and tunnel
linings. Moreover, distinguished damage factor in the winter is a significant impact on the
degradation process of the road bridge deck slabs and tunnel linings. Therefore, we focused
on the inspection data of bridge deck slab and tunnel in Hokkaido. In this paper, consist of
three parts.
1) The deterioration of tunnel concrete linings mathematically described by a random
differential equation driven by compound Poisson process. It is obtained the statistical
nature of the deterioration more than the actual inspection data of tunnels in Hokkaido.
2) We developed a similar stochastic model describing random bridge deck slab degradation,
where we try to apply a phenomenological law proposed by Kachanov in the field of
fracture mechanics .
3) Log-normal distribution shows excellent fit with various data on the durations of
disabilities, irrespective of their severity.
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Degree of Deterioration of Road Infrastructure
2.1 Quantification of Bridge Integrity Index
Bridge Healthy degree Index (BHI) of each bridge member defined as [1, 2]

current residial asset value
(1)
initial asset value
where the residual asset value quantified by taking account of physical degradation. BHI of
whole bridge defined as total summation of BHI of each bridge member. Thus, BHI takes on
a normalized real number in 0.0 - 1.0, where BHI=1.0 corresponds to a state of almost perfect
integrity and BHI gradually decreases in the process of deterioration.
BHI 

2.2

Quantification of Inspection Data of Tunnel Lining

Inspected data from existing tunnels in Hokkaido used for the quantification of tunnel lining
[3]. Here, six check damages or deteriorations of the tunnel lining shows as follow; 1) Crack,
2)Flaking off, 3) Water leak, 4) Joint and opening, 5) Faulty and Cave, 6) Efflorescence (See
Figure 1).

Figure 1: Inspection data of tunnel lining

Stochastic Model for Degrading Process
This paper proposes the road infrastructure (Bridge and Tunnel) deterioration model that
based upon actual inspection data in order to carry out strategic maintenance. The evaluation
value of deteriorating road infrastructure is a non-stationary stochastic process. Figure 2 show
a fluctuation of the performance function of road infrastructure and its lognormal distribution
indicated.

3.1 Basic Formula for Bridge
Let X(t) be an integrity of bridge at time t quantified by the use of BHI. Since X(t) is not a
physical quantity, we can’t directly apply a physical law for describing its temporal variation
process. Thus, we use a phenomenological law proposed by Kachanov [4]. It treats a degree
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of residual resistance against fracture, which is quantified as a real number normalized in (0.0
- 1.0), i.e., the degree takes on unity when the material has almost perfect integrity against
fracture whereas it takes on zero when the state of material falls into perfect collapse. The
Kachanov law expected to be applicable to the bridge deteriorating process since it similarly
based upon a normalized index and does not depend upon specific physical situation associated with fracture phenomena.

Figure 2: Stochastic processes of deterioration

The Kachanov law expressed as
dX (t )

dt

  0 X (t ) 

(2)

where g represents a shape parameter and  0 represents a degrading resistance. Since the
degrading rate dX(t)=dt diverges when X(t) falls into zero, the range of X(t) can’t be restricted
to the standardized interval (0.0 - 1.0). To avoid such a difficulty, we partially revise Eq.(2) as
dX (t )

dt

  0 g ( X (t ))

,

g ( x)  x  Fc ( x)

(3)

 1 (  x  1)
Fc ( x)   x  1
(0  x   )
(  )

(4)

where  is a smallness positive constant. It should be noted that dX(t)/dt 0 (X(t) 0) in
revised Eq.(4) whereas dX(t)/dt    (X(t) 0) in Eq.(2), that is, the solution of Eq.(4) can’t
cross X(t) = 0 within a finite time. Since e can be set arbitrarily small, we can almost perfectly
reflect the original degrading equation given by Eq.(2).
In this paper, we apply a similar approach for degrading equation given by Eq.(3) through
randomization of the degrading resistance  0 . Although we have many possibilities for
modeling such a noise, we here suppose that it is a Lévy process so that the solution of a
randomized equation has the well-known Markov property according to independent
increments inherent in Lévy process [5]. Thus, Eq.(2) is extended as
dX (t ) / dt    g ( X (t )) dt  g ( X (t ) dC (t ))
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(5)

We propose a mathematical model by introducing a noise of a Poisson white noise [6]. The
Poisson white noise is a formal derivative of a compound Poisson process C(t) , expressed as
N (t )

C (t )   Yk

(6)

k 1

where N(t) is a temporally homogeneous Poisson process with an intensity, λ and Yk k 1, 2, is a
family of i.i.d. (identically and indecently distributed) positive random variables.

3.2 Basic Formula for Tunnel Lining
The present problem is the identification of the dam-age degree or performance function X(t)
of the tunnel concrete lining represented by the stochastic differential equation. We generally
suppose that it is mean behavior can described by the following differential equation.
dX (t ) / dt   0 (t ) g ( X (t ))

(7)

where g(x) is represents a shape function quantifying the growth rate,  0 is represents a
parameter describing a mean growth resistance. Further, we assume the random behavior of
the damage growth driven by a noise incorporated in the growth resistance.

dX (t ) / dt   0 (t )  W Z (t )g ( X (t ))

(8)

where WZ(t) is a stochastic process with mean zero representing the driving noise. Eq.(8) is
then transformed into the following stochastic differential equation of Ito type [7,8].
dX (t ) / dt   0 (t ) g ( X (t ))dt  g ( X (t ))dZ (t )
(9)
In which Z(t) an integrated process defined as
t

Z (t )   WZ ( s)ds

(10)

0

And X(t−) represents a left-continuous version of X(t) defined as X (t )  lim X (s) . Since acst

tual data shows that the shape function g(X(t)) is proportional to X(t) [9], we assume that the
Eq.(10) is reduced to the following linear equation.
dX (t )   0 (t ) gX (t )dt  g ( X (t ))dZ (t )
(11)
Similarly, a mathematical model showed by introducing a noise of a Poisson white noise [10].

Parameter Identification of Stochastic Model
Inspected data from existing bridges and tunnels in Hokkaido used for the identification of
parameter of improved model using a Poisson white noise.

4.1 Degrading Value of Bridges in Hokkaido
Inspection data of the all type bridges carried out last several decades, such as BHI of about
830 bridges [11]. It should mention that most of the aged bridges have repaired at certain period (See Figure 3(a)).
It is quite difficult to identify based on the existing records, for example, when and how much
repaired. Figure 3(b) shows the BHI of the bridges in terms of bridge age and the reproduced
degrading process identified by general solution of improved model using a Poisson white
noise using the tunnel inspection data.
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Figure 3(a): BHI (Degrading value) of bridges
1
0.9
0.8

BHI

0.7
0.6
0.5
0.4
Main girder
Bridge
Floor sla b
Kachanov Model

0.3
0.2
1

5

25
year

Figure 3(b): Degrading and average value of bridges

4.2 Degrading Value of Tunnel Linings in Hokkaido
Inspection data of the conventional construction method for road tunnel has been carried out
last several decades, such as crack width, crack length and crack expanse of about 240 tunnels
(See Figure 4(a)).
It should mention that most of the aged tunnels have repaired at certain period. It is quite difficult to identify based on the existing records, for example, when and how much repaired.
Figure 4(b) shows a degrading ratio of the conventional construction type tunnels in terms of
tunnel age and the reproduced degrading process identified by general solution of improved
model using a Poisson white noise using the tunnel inspection data.
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Figure 4(a): Degrading value of tunnel linings

Above-mentioned reason, these results indicate degrading process of a group of tunnel. Therefore, it served that these results are satisfactory for the degrading process of the tunnel lining
described the improved model using a Poisson white noise. In addition, in figure 3, shows the
distribution of the conventional construction type inspection data divided 4 periods. Here, the
using the de-grading ratio of the conventional construction type inspection data divided 4 periods, in which divided the 10-20 years, 21-30 years, 31-40 years, 41-50 years.
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Figure 4(b): Degrading and average value of tunnel linings

Lognormal and Long Tailed Duration Distributions of BHI and
Tunnel Lining
In this paper, we investigate the duration distribution of bridges and tunnel linings in Hokkaido. In addition, lognormal and long-tails of the duration distributions for BHI and tunnel lin-
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ings are analysed. Lognormal and long-tails distribution shows excellent fit with various data
on the degrading values of infrastructures.

5.1 Lognormal Duration Distributions of Bridges
Complex systems have a variety of characteristic distributions of their constituents and their
properties. Two typical examples of the distribution functions are lognormal and long tailed
ones [12]. Figure 5(a) illustrates an extremely positively skewed distribution of degrading
value of bridges (BHI). It shows an almost lognormal distribution form the duration of degrading value of bridges (BHI). In addition, it should note that the distribution of degrading
value shows an extremely lognormal.
Based on inspection data of 3,945 steel or concrete bridges in Hokkaido, distributions of average BHI values according to the in-service period show in Figure 5(b). These bridges have
been in service for 1) 0-5 years, 2) 11-15 years, or 3) 21-25 years.
0.4

0～5year

0.35

6～10year

0.3

11～15year
16～20year

0.25

21～25year
0.2
0.15
0.1
0.05
0

BHI

Figure 5(a): Lognormal and Long tails distributions of bridge duration (1)

Figure 5(b): Lognormal and Long tails distributions of bridge duration (2)
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Fig. 5(b) also shows heavy tailed and long tailed distributions of BHI values. Specifically, in
the tail of the distributions, deterioration becomes severer and the frequency of significant
deterioration increases. Figure 5(b) illustrates an extremely positively skewed distribution of
degrading value of bridges (BHI), an almost lognormal distribution form, for the duration of
degrading value of bridges. It should note that the distribution shows an extremely lognormal.
The corresponding distribution for the duration of degrading values of infrastructures also
shows almost the same tendency.

5.2 Lognormal Duration Distributions of Tunnel Linings
In the same way, complex systems have a variety of characteristic distributions of their constituents and their properties. Two typical examples of the distribution functions are lognormal and long tailed ones. Figure 6 illustrates an extremely positively skewed distribution of
degrading value of tunnel linings (conventional construction type), an almost lognormal distribution form, for the duration of degrading value of tunnel linings. It should note that the
distribution of degrading value shows an extremely lognormal. The corresponding distribution for the duration of degrading values of other infrastructures also shows almost the same
tendency.
Based on 436 pieces of inspection data collected at 250 tunnel linings, which constructed by
using a conventional method on national highways in Hokkaido. Distributions of deterioration
according to the in-service period show in Figure 6(b).
These tunnel linings have been in service for 1) 15-30 years, 2) 30-40 years, or 3) 40-50 years.
In Fig. 6, the values representing different degrees of deterioration show lognormal distributions.
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Figure 6: Lognormal and Long tails distributions of tunnel linings

5.3 Long Tailed Duration Distributions of Bridges and Tunnel Linings
Here, figure 5(a), (b) and 6(a), (b) illustrate an extremely positively skewed distribution of
degrading value of bridges (BHI) and degree of deterioration of tunnel linings, an almost long
tailed distribution form, for the duration of degrading value of bridges (BHI) and degree of
deterioration of tunnel linings.
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In any case, very good fit with other available data strongly suggests that the long tailed distribution is robust for the duration of degrading value of bridges (BHI) and degree of deterioration of tunnel linings. As in the case of bridges and tunnel linings, the logarithmic curve or
the exponential curve of the average values indicates that deterioration progresses over time.
Additionally, heavy tailed and long tailed distributions show in the distribution trends of the
different degrees of deterioration. In the tail of the distributions, deterioration becomes
severer and the frequency of significant deterioration increases.

Conclusions
A method developed to identify degrading pro-cess of bridges and tunnel lining concrete
through inspected data of existing aged bridges and tunnels. In order to describe the deterioration model of the life cycle assessment needed to consider the large-scale earthquake phenomena in Japan. The stochastic model of degrading process describe by the Ito stochastic
differential equation. We also found that the lognormal and long-tailed distribution fits excellently with the respective data of the duration of degrading value of bridges (BHI) and tunnel
linings. It is critical to understand the characteristics of significant deterioration represented in
the tail of these distributions because bridges and tunnel linings affected by severe deterioration are likely to fail in the future.
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Abstract: Human Induced Loading (HIL) has to be modelled accounting for its stochasticity in time and space. Recently, the authors introduced a model for a small
group of persons moving along a direction. This paper goes deeper in the structure
of the coherence function such a model requires. The role of the different involved
parameters is also investigated.

1 Introduction
Human Induced Vibration (HIV) denotes the cause of potential disturbance on floors or footbridge decks [1-4]. The designer, or the structural monitoring manager, conveniently adopts
virtual system model. For this purpose, one needs to idealize the source of such vibrations,
namely the Human Induced Loading (HIL). Several attempts of modelling it are available, either at a refined research level [5-6] or from a code/recommendation point of view [7-11]. This
contribution restricts its field of investigation to footbridges [12-16].
The ultimate limit states are generally affected by a large clustering of pedestrians on the deck.
On the other side, the serviceability limit states are mainly activated by the synchronous action
of a few persons crossing the bridge all together. Recently, the authors introduced a model for
a small group of persons moving along a direction [17]. It relies on studies and standard idealizations as those reported in the references from [18] to [24]. The model was used both for
designing a vibration mitigation scheme [25] and for proposing an approach to the monitoring
of the cable tensions [26].
As specified in [17], the proposed model introduces some parameters whose influence has still
to be investigated in detail. Indeed the only developments already published are in [27], on the
frequency description of the structural response, and in [28], on its potential in damage assessment.

2 Governing relations
2.1 Stochastic model
The physical variable is the human induced force vector in a point (xi, yj) of a grid of nodes. Its
components are denoted ܹଵ and ܹଶ . They come with an average value plus a fluctuation idealized by a zero mean, Gaussian, stationary, random process. The model introduced by the authors accounts for the time in the frequency (f) domain, while the space is expressed by the
position r=(xi, yj) on the walking surface. The model in [17] assumes that the cross-power
spectral density function SW1W2 (r,r’;f) of the two force components W1 and W2 in any pair of
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positions r=(xi, yj) and r’=(xi’, yj’), can be expressed in terms of auto-spectra and coherence
function:
ܵௐ ௐೖ ሺ࢘, ࢘ᇱ ; ݂ሻ = ൛ܵௐ ௐ ሺ࢘; ݂ሻܵௐೖௐೖ ሺ࢘ᇱ ; ݂ሻൟ

.ହ

Cohௐ ௐೖ ሺ࢘, ࢘ᇱ ; ݂ሻ

ℎ, ݇ = 1,2 (1)

The auto-spectra in Eq. (1) respect the normalization by which its integral over the positive
frequency axis is equal to the variance σ2Wk of the force component. Let 1 denote the vertical
direction and 2 the transversal direction, The auto-spectra expressions are:
ܵௐభ ௐభ ሺ݂ ;ݎሻ = ܵௐభௐభ ሺ ݎᇱ ; ݂ሻ =
ܵௐమ ௐమ ሺ݂ ;ݎሻ = ܵௐమௐమ

ሺ ݎᇱ

మ
ఙೈ
ఒ
భ భ

ర
ሺଵାఉభ ሺିబభ ሻఒభ ሻయ

; ݂ሻ =

మ
ఙೈ
ఒ
మ మ

ర

ሺଵାఉమ ሺିబమ ሻఒమ ሻయ

ߣଵ = 2 and ߚଵ = 0.7454 ∗ 3.1936
for ݂ଵ = 2 Hz
ߣଶ = 20 and ߚଶ = 3.1936
for ݂ଶ = 1 Hz

(2)

The model is completed by the relations for the coherence, namely:
ሺሾ2ܥଵଵ ሺݎଵ ᇱ − ݎଵ ሻሿଶ + ሾ2ܥଵଶ ሺݎଶ ᇱ − ݎଶ ሻሿଶ ሻ.ହ
}
ܹଵ ሺ࢘ሻ + ܹଵ ሺ࢘ᇱ ሻ
ሺሾ2ܥଶଵ ሺݎଵ ᇱ − ݎଵ ሻሿଶ + ሾ2ܥଶଶ ሺݎଶ ᇱ − ݎଶ ሻሿଶ ሻ.ହ
Cohௐమ ௐమ ሺ࢘, ࢘ᇱ ; ݂ሻሻ = ݁{ ݔ−݂
}
ܹଵ ሺ࢘ሻ + ܹଵ ሺ࢘ᇱ ሻ
Cohௐభ ௐభ ሺ࢘, ࢘ᇱ ; ݂ሻሻ = ݁{ ݔ−݂

ᇱ

ᇱ

ሺ3ሻ

Cohௐభ ௐమ ሺ࢘, ࢘ ; ݂ሻሻ = Cohௐమ ௐభ ሺ࢘, ࢘ ; ݂ሻሻ =
ሺሾ2ܥଵଵ ሺݎଵ − ݎଵ ሻሿଶ + ሾ2ܥଵଶ ሺݎଶ ᇱ − ݎଶ ሻሿଶ + ሾ2ܥଶଵ ሺݎଵ ᇱ − ݎଵ ሻሿଶ + ሾ2ܥଶଶ ሺݎଶ ᇱ − ݎଶ ሻሿଶ ሻ.ହ
݁{ ݔ−݂
}
ܹଵ ሺ࢘ሻ + ܹଶ ሺ࢘ᇱ ሻ
ᇱ

with the four parameters C11 C12 C21 C22 assuming the values 3, 0.5, 6.5 and 3.
The original model of [17] comes for a group of 6 persons over 24 nodes, with average values
of the force components of 200 N and 0 N, respectively. The variance of both the components
is taken 3600 N2.
A suitable shape function is also introduced in [17] and is retained along this paper. All the
model is implemented within the software environment Matlab [29].

2.2 The footbridge of reference
To fix the ideas, the above stochastic models is studied with reference to the crossing of the
cable-stayed footbridge in Figure 1. Further details on it can are available in a PhD Thesis of
public access via internet [30].
In brief, the deck length is 110 m with the pillar, of height 15 m, at the distance of 66 m each
from the other. It was designed in a static context as required by the national regulations. The
numerical model (made of beam and shell elements only) is built within the MSC software
Marc [31]. The geometrical nonlinearity is considered (large strains) and dynamic transient
analyses run to estimate the structural response. The adopted time step is 0.01 s.
Still a group of 6 crossing persons is considered. The numerical model sees 4 parallel longitudinal beams discretized by several nodes. Six transversal strips of 4 nodes are considered along
the longitudinal axis to fix the grid of 24 nodes where the numerical forces are generated by the
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stochastic model introduced in the previous sub-section. This grid moves along the bridge with
the speed v=1.345 m/s, assumed to be constant in time.

Figure 1: Footbridge under investigation and loading idealization (re-arranged from [30]).

3 Numerical simulations
The starting point for this paper is represented by the results obtained in [17] and summarized
in Figure 2. Indeed, the footbridge was the object of an experimental campaign with several
accelerometers along the deck (and on some cables). The vertical and transversal accelerations
recorded in the mid span section, when a group of 6 persons was crossing the footbridge, are
provided in the left side of Figure 2.
Reference [17] produced a single simulation of the HIL. The resulting forces were applied to
the numerical finite element model introduced at the end of the previous section and the corresponding estimated acceleration time histories are drawn in the right side of Figure 2. Note that
the crossing starting time is 100 s.

3.1 Effect of the seed of the pseudo-random number generator.
For the problem under consideration each simulation requires the generation of 48 by 2^14
(=786432) pseudo-random number. Each series starts with a seed. A statistical description of
the structural response would require at least 100 replicates, which is far from the purpose of
this section. Its purpose is simply to answer the question: which could be the effect of a different
seed on the simulated response?
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Figure 2: Vertical (top) and transversal (bottom) acceleration time histories as recorded during an experimental
campaign (left) and as simulated (right) by the model of previous section (re-arranged from [17])

Figure 3: Vertical (top) and transversal (bottom) acceleration time histories as simulated by the model of previous section using two different seeds for the pseudo-random number generator.
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Figure 4: Vertical (top) and transversal (bottom) acceleration time histories as simulated by the model of previous section using for the pseudo-random number generator the seed used for Figure 2 (right), but dividing (left)
and multiplying (right) by 10 all the parameters in the coherence definition..

Figure 3 provides a first answer to this question. The second seed produces a realization able to
shift the acceleration peaks to the right. The vertical peak acceleration is 2/3 of the one simulated in Figure 2, but the acceleration remains longer at significant values. On the bottom left
of Figure 3 one sees how the transversal acceleration peak occurs quite after the crossing persons leave the mid span.
The responses simulated by the second seed (Figure 3, right) show a less prompt decay of the
signals when compared with those drawn in the right of Figure 2.

3.2 Order of magnitude of the coherence entries
In section 2 it is specified that the four parameters C11 C12 C21 C22 are given the values 3, 0.5,
6.5 and 3. To estimate the influence of the order of magnitude of this values, they were first
multiplied by 0.1 and then by 10. Figure 4 collects the simulated responses in the mid span
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section. The original seed used in Figure 2 was adopted for the pseudo-random number generator.
The comparison of these time histories, with those in the left of Figure 2, outlines that the modifications in the shape are minimal. Nevertheless, both the modified situations result in a reduction of the peak intensities.

3.3 Discussion.
One of the ultimate targets of having a HIL model is the ability to conduct numerical analyses
toward the estimate of the range of oscillation of the tension in the cables, in view both of their
safety and their deterioration process. These ranges are given, together with the acceleration
peak values, in Table 1 for the 5 simulations reported in this paper.

Table 1: Oscillation of the tension in the main cable for the 5 simulations carried out for this paper. The values
has to be compared with 100.6 kN, i.e., the value when no crossing occurs. The peaks acceleration refers to the
mid-span section.

Analysis

Seed 0 (initial)
Seed 1
Seed 2
Coh par. by 1/10
Coh par. by 10

Minimum cable tension
[kN]
93.8
96.1
97.8
94.5
94.4

Maximum cable tension
[kN]
113.3
109.5
109.8
112.3
112.6

Vertical acceleration peak
[m/s2]
1.491
1.010
0.948
1.396
1.328

Transversal acceleration peak
[m/s2]
0.318
0.245
0.215
0.350
0.209

There are three remarks that could justify future refinements of the model studied in this paper.
1) The duration of a crossing is a little less than 100 s, for a span length of 100m, i.e., 10000
time steps of integration of the governing nonlinear dynamic equations. A statistical
estimate of the response variability is quite cumbersome from the point of view of the
computational effort. The accuracy achieved by a limited number of time history simulations (say 3 or 5) could be conveniently investigated.
2)The coherence affects the response by its order of magnitude (as investigated in this paper) but also by the mutual ratios of their entries and the dependency of these ratios on
the geometrical features of the grid. This aspect has not yet been sufficiently discussed.

3) The main parameters of the HIL model are the average values and the associated variances of the two components (vertical and transversal). Different scenarios characterized by a different average of the vertical force component are easily studied. The
variances, on their side, not only account for the uncertainty on the mass of the body
crossing the footbridge, but mainly on its distribution on the surrounding nodes of the
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grid. This suggests a synergy with the results of those studies that afford the problem
from an experimental point of view [32, 33].

4 Conclusions
The authors introduced a numerical model, for the human induced loading (HIL), with stochastic features in time and space. In this paper, they report some numerical simulations that do not
have any purpose of statistical re-elaboration. They have just the motivation of conducting a
sort of sensitivity study on two parameters, namely the seed of the pseudo-random number
generator and the coherence matrix entries.
The seed affects the peak response but also the shape of the entire acceleration time history.
Sometimes the acceleration peak at the mid-span is quite over standing the other values
achieved during the crossing, sometimes the effects of the incoming group of person does not
vary so-much as the crossing proceeds.
Regarding the effects of variations in the entries of the coherence matrix, it is seen that they are
not as influencing as the seed of the pseudo-random number generator. Both their increase and
their decreases smooth the response peaks.
Of course, the model is still open to several improvements. Nevertheless, it is worth noticing
that by the nonlinear dynamic structural analysis, conducted thanks to the availability of the
HIL model, the designer or the structure maintenance manager are able to estimate the range of
oscillation in the cable tension as summarized in Table 1.
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Abstract: The stochastic response of Euler-Bernoulli beams with Kelvin-Voigt
viscoelastic dampers is addressed. Using the theory of generalized functions to
treat the discontinuities of response variables at the application points of dampers,
stationary and non-stationary responses are obtained in a closed analytical form,
the first on deriving exact frequency response functions, the second by exact modal impulse response functions built on pertinent orthogonality conditions among
the complex modes. The exact closed-form expressions hold for polynomial loading functions arbitrarily distributed along the beam, and any number of dampers,
with considerable advantages over alternative methods.

1 Introduction
Dampers play a crucial role for vibration control in beam structures. External ones may be
grounded translational dampers (TDs) or tuned-mass dampers (TMDs), internal ones are in
general rotational dampers (RDs) connecting contiguous beam segments. A typical constitutive behavior is a Kelvin-Voigt viscoelastic model including linear elasticity and viscous
damping [1,2]. Bolted or welded joints, with flexibility and damping caused by imperfections
or damage, may also be represented as Kelvin-Voigt RDs [3,4]. Within a standard 1D formulation of the equation of motion, shear force and rotation are discontinuous at the application
points of translational and rotational dampers, respectively. Beams of this sort are generally
referred to as discontinuous.
Many studies have focused on the deterministic response of discontinuous beams with Kelvin-Voigt dampers. For Euler-Bernoulli beams with TDs, Sorrentino et al. [5] have used a
transfer matrix approach in conjunction with an appropriate state-variable representation to
build the characteristic equation as determinant of a 44 matrix and, upon demonstrating orthogonality conditions for the eigenfunctions, have derived exact frequency response function
(FRF) and impulse response function (IRF) by the complex modal superposition principle.
For Timoshenko beams with Kelvin-Voigt TDs and RDs, analogous results have been obtained by Hong and Kim [6] following a dynamic stiffness matrix approach in conjunction
with a Laplace transformation of the beam governing equation.
This paper will focus on the stochastic response of discontinuous beams with an arbitrary
number of TDs, TMDs and RDs. Using the theory of generalized functions [7-14] to model
the discontinuities of response variables, the first step will be to derive exact closed-form ex-
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pressions for the FRFs under arbitrarily-placed harmonically-varying polynomial loads, as
well as modal IRFs from appropriate orthogonality conditions. The derived FRFs and modal
IRFs will be used to compute the response to stationary and non-stationary inputs, for any
number of dampers along the beam, with considerable advantages.

2 Problem statement
Figure 1 shows a Euler-Bernoulli beam with an arbitrary number of Kelvin-Voigt TDs, TMDs
and RDs at abscissas , for
1, … . . Be the length,
the flexural stiffness,
the
⁄
mass per unit length. Dimensionless response variables are
deflection,
rota⁄
shear force, being , and ̂ the corretion,
bending moment,
̂ ⁄
̂ ⁄ dimensionless abscissa
⁄ and
sponding dimensional variables; likewise, be
⁄ .
and time, being
,

,

,

,

,

,

Figure 1: Euler-Bernoulli beam with Kelvin-Voigt translational, tuned-mass and rotational mass dampers.

Damper parameters are given in Table 1. Solutions will be sought under the assumption that
TDs/TMDs and RDs occur simultaneously at a given application point . It will be shown
that trivial changes will be needed if only a TD/TMD or a RD is located at a given .
Table 1: Dimensionless parameters of dampers

TD

Parameter
Stiffness
Damping

TMD

Stiffness
Damping

RD

Stiffness
Damping

Dimensional

Non-dimensional
/

̂
̂

/

̂

/

/
̂

/
̂

̂ /

3 Exact frequency response
Be
e  a dimensionless harmonic distributed load, where  is the dimensionless fre⁄ and
⁄ with and dimenquency and the imaginary unit (
sional load and frequency). Representing the steady-state response as
,
, e  ,
,
Θ , e  ,
,
, e  ,
,
,  e  yields
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,

∑

,

,

0

1

where bar means generalized derivative,
,
δ
ΔΘ
,
with
and
denoting a Dirac’s delta and its
formal derivative at
;
is the reaction of the
TD/TMD, ΔΘ is the relative rotation between adjacent
sections at the
RD, given as:
,

,

∆Θ

Symbols

,

2

,

,

denote

2

frequency-dependent

stiffness

parameters:

;

;
,

. To solve Eq.(1), the FRF vector

Θ

is

cast in the form:
,

∑

,

, ,

,

3

ΔΘ ,
where
,
is a 44 matrix collecting the response variables derived
from the solution of the homogeneous equation associated with Eq.(1), i.e.
Ω
Ω
Ω
Ω

,

Ω
Ω
Ω
Ω

Ω
Ω
Ω
Ω

Ω
Ω
Ω
Ω

4

with
vector of constants; also,
, ,
is a 42 matrix of the particular integrals associated with the Dirac’s deltas and successive derivatives in Eq.(1), i.e.



,

;

,

,



,

, ,



5



,

Finally,

Θ

is
,

, ,

6

All terms in Eqs.(4)-(6) are available in a simple analytical form, which involve typical generalized functions. For brevity, pertinent equations are reported in the Appendix.
Using Eq.(3) to express
,
and
,
on the r.h.s. of Eq.(3), and being
, ,
for any
(see Appendix), can be expressed in terms of vector for any , yielding
,

where
,
,
∑

and
∑
, ,

7

are given as
, ,

∑

,

,

,
∑

, , ,…, ,

∈

, ,

,
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,

…

,

,

,

8

,
,
∑

∑

, ,
∑

, ,

∑
, ,

where
all possible
2

, , ,…, ,

,… ,

, ,

∈

:

, ,

,

being
,

,

;

,

,

1,2, …

,

,

,

row of matrix

,

,

1

...

,

, being

denote the 22 matrices


,

9

is the set including

such that

and

,

the

...

,… ,

,…, ,

,



,

; ,

,

. In Eqs.(8)-(9), symbols


,

...

ples of indexes

,

trix

,

,



,
,

, while

,

,

10 ,

,

is the

row of ma-

is the 21 vector


,

,



11

,

The general form of terms in Eqs.(10)-(11) is given in the Appendix, for brevity.
At this stage, vector in Eq.(7) can be computed by enforcing the boundary conditions
(B.C.). This leads to 4 equations, regardless of the number of dampers, with general form
12

where vector r involves the load-dependent terms
,
in Eq.(18), as computed at the
beam ends. Matrix can readily be inverted in a symbolic form [10]. Therefore, upon deriving
from Eq.(12), Eq.(7) provides exact closed-form expressions for the FRF vector
, . It may readily be seen that Eq.(7) holds also if a single damper occurs at a given location , as long as the corresponding frequency-dependent stiffness is set equal to zero.

4 Modal Analysis
The frequency response (7) can be used also for modal analysis. For this, the roots of the following characteristic equation shall be computed:
det

0

13

that is obtained from Eq.(12) on setting the load-dependent term
. In general, roots will
be complex since for arbitrarily-located dampers damping will not be proportional. For each
eigenvalue , the corresponding eigenfunctions can be constructed using Eq.(7), where vector is the non-trivial solution of Eq.(12) corresponding to , for
.
Generalizing the approach by Oliveto et al. [15] for a beam with end viscous RDs, the following orthogonality conditions can be demonstrated for the beam, with homogeneous B.C.:
,

0

14
,

where
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0

15

,
∑

∑

16

,
∑
∑

∑

,

17

,

18

Modal analysis can be used to build time and frequency domain responses, as shown next.

4.1 Modal Impulse Response Function
The equation of motion of the beam with dampers under an impulsive load is written as
,



In Eq.(19),

∑

,

,

and ∆
, for

, where
,
TMD;

,

Be

19

0,

is a space-dependent impulsive loading at

∆
of terms in Eq.(1), i.e.:

displacement of the

0

are time-domain counterparts
,
, and

,
,

, being

∆

∆

,

∆

∆

the

.

the vector collecting the IRF of all response variables
, as obtained from Eq.(19). Modal superposition yields

,

∑

,

,

,

;

;

20

Θ
where
is the
eigenfunction vector and
, is the
modal IRF vector; due to the impulsive nature of the loading,
. Next, replace
and integrate over 0,1 . Using the
Eq.(20a) for
, in Eq.(19), multiply Eq.(19) by
orthogonality conditions (14)-(15) and taking into account the homogeneous B.C. of the beam
lead to the following equations for :
Γ

21
∙

Γ

2

∙

∙

∑

21

From Eq.(21a) for , the IRFs (20a) can readily be built. Hence, deflection under an arbitrary
loading
can be obtained from the following Duhamel convolution integral
,

Eq.(22) is truncated to a finite number
tation of response.

∑

,

,

22

of modes, generally sufficient for accurate represen-

4.2 Modal Frequency Response Function
Although the exact FRFs have been derived already in Section 3, here it will be shown that
the FRFs can also be built by modal superposition. It is observed that, for damping levels
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generally encountered in practice, complex modes contributing to the structural response occur in complex-conjugate pairs [15]. The modal IRF vector
, associated with complex
conjugate eigenvalue pairs can be summed up and reverted to the following real form [15]:
|

,

|

,

,

23

for
1

;
1

,

|

e

2Re
|

;

2Im
|

|

sin

24

1

25

being
Im
/| | the modal damping ratio of the
mode. In the frequency domain,
each modal IRF vector
, corresponds to the following modal FRF vector [15]
|

,
,

|

|

|

|

26
,

|

|

|

|

|

27

Based on the modal FRFs (26), the FRF for the deflection can be obtained as [15]
,

,

∑

,

in Eq.(28) represents an approximate form of the exact FRF

28

,

, see Eq.(7).

5 Stochastic response
Next, stationary and non-stationary responses of the beam in Figure 1 will be derived.

5.1 Stationary Response
Consider a stationary input
with two-sided power spectral density (PSD)
,
acting on the beam in Figure 1. For any response variable, the exact two-sided PSD can be
built in the closed form
,

|

,

|

29

where
component of vector
,
given by Eq.(7), with vector derived
,
is the
upon enforcing the B.C. Obviously, from Eq.(29) the exact PSD of any response variable can
be derived also for multivariate stationary inputs, based on the linear superposition principle.
Eq.(29) can readily be implemented for any parameter of dampers and position of the loads,
regardless of number of dampers and positions of dampers relative to loads. Advantages are
considerable over the alternative classical exact approach, where the exact FRF is built by
expressing the steady-state response over every uniform beam segment between two consecutive damper locations, or under a distributed load, in terms of 4 unknown integration constants, to be computed by enforcing the B.C., and a set of matching conditions between the
responses over contiguous beam segments. By this approach, in fact, the coefficient matrix
associated with the equations to be solved has to be re-inverted numerically for any forcing
frequency of interest, and updated whenever dampers/load positions change; also, the size
inevitably increases with the number of dampers. Eq.(29) can serve as benchmark for the corresponding PSD built by a standard finite element (FE) method with two-node beam elements. Additional benefits over the FE method are that, in the latter, a mesh node shall be
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inserted at the application point of any damper, and re-meshing may be required when dampers/loads change position. Eq.(29) can also be used with Eq.(28) to compute the FRFs, i.e.
,

,

30

This is an approximate solution that provides, however, useful insight into the contribution of
single modes to the stationary response.

5.2 Non-stationary Response
Eq.(22) can be used for efficient implementation of the Monte-Carlo simulation under nonstationary inputs. Indeed, Eq.(22) involve scalar integrals, solvable either exactly (e.g. for
harmonic or exponentially-modulated harmonic loading), or numerically for arbitrary loading.
Also, Eq.(22) holds for arbitrarily distributed loads. This allows considerable computational
savings with respect to numerical integration of the equations of motion, e.g. by FE method.

6 Numerical application
Consider the beam in Figure 2, with parameters:
0.05;
0.5,
10 ,
0.5; ∆
77.62,
0.1,
0.05.

0.25,
10, ∆

14.28,
0.1;
0.75,

0.1,

,

,

,

,

Figure 2: Euler-Bernoulli beam with mid-span translational/rotational dampers and two tuned-mass dampers.

Parameters of the TMDs are tuned on 1 and 2 modal frequencies of the beam with no
10 , equal to
TMDs and a mid-span purely elastic translational support with
⁄
⁄
16.90 and
39.40 respectively; indeed,
16.90 and
39.40 .
Figure 3 shows the two-sided PSD of the deflection at
0.25, for varying position of a
stationary white noise force
, with
1∙
and two-sided PSD
1, using Eq.(29) for (a) the beam without TMDs and (b) the beam with TMDs. As
expected, the PSD of the response reduces due to the TMDs, with each peak splitting in two
peaks. Figure 4 shows the two-sided PSD of the TMD displacement, as derived from Eq.(29)
using the following equation relating the FRF for the
TMD displacement,
, to the
FRF for the deflection of the attachment point ,
, :
,

31

Figure 4 shows that, consistently with the chosen tuning of the TMDs, most of the vibration
energy of the TMDs at
and
is concentrated respectively about the 1 and 2 modal
frequencies of the beam without TMD.
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(a)

(b)

Figure 3: Deflection PSD at x=0.25 for varying positions x0 of a stationary force; (a) w/o TMDs (b) w TMDs.

(a)

(b)

Figure 4: PSD of TMD displacement for varying positions x0 of a stationary force; (a) TMD at x1 (b) TMD at x3.
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Figure 5: Deflection PSD at x=0.25 for a stationary force applied at x0=0.75.

Figure 5 shows the two-sided PSD of deflection at
0.25, for the stationary force applied
at
0.75. In particular, Figure 5 includes the exact PSD built by Eq.(29) (continuous
black line), the approximate PSD (30) based on the first 5 modes (dotted line), a FE solution
built by ADINA (), with 12 elements. The three solutions are in a perfect agreement. For
completeness, Figure 5 includes also the modal contributions to the PSD (color lines).
Figure 6 reports the 2
moment of deflection at
0.25, for a non-stationary input
, with
1 over 0.75, 1 , and
sample of
synthetized as
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.

.

.

∑

4 ∆ sin

∆

32

being
2
,∆
0.1,
400,
random phases with uniform probability over
0,1 . The results from ADINA are included (). Again, the agreement is very satisfactory.

Figure 6: Second moment of deflection at x=0.25 for a non-stationary input uniformly-distributed over [0.75,1].

7 Conclusions
A method has been proposed for computing the stochastic response of discontinuous beams
with an arbitrary number of Kelvin-Voigt translational, rotational and tuned-mass dampers
Exact closed-form expressions of the PSD under stationary inputs and efficient analytical/numerical solutions for Monte-Carlo simulation under non-stationary inputs have been
derived on building exact FRFs and IRFs, the latter by complex modal superposition. Solutions hold for any number of dampers, and arbitrarily-distributed polynomial loads.
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Appendix
The key step to build Eq.(7) is to derive closed-form expressions for matrix
,
from the
from the
solution to the homogeneous equation associated with Eq.(1), for matrix
, ,
particular integrals of Eq.(1) related to a unit point load
1 and unit relative rotation
Δ
1 applied at arbitrary
The particular integrals require the solution of Eq.(1) under
Dirac’s delta and its derivatives. For this purpose, consider the following equation:
,

It may be seen that the solution

,

,

∑

Ω

∗

,

, ,

34

denotes terms of the solution to the associated homogeneous equation
Ω

,

e

;

∗

, ,
⁄

,

,

e ;

Ω

,

cos

; Ω

,

sin

35

can be obtained by Mathematica [16] as
sinh

sin

36

is the Unit-Step function, i.e.
0 for
,
1 for
. From Eq.(34) closed-form expressions are obtained for:
(a) matrix
,
in Eq.(4); since the homogeneous equations associated with Eq.(1) is identical to that associated with Eq.(33), terms in matrix
,
can be derived from Eq.(35) and
successive differentiation according to the equations of Euler-Bernoulli bending theory.
(b) matrix
, ,
in Eq.(5); specifically, the particular integrals of Eq.(1) related to a unit
can be derived by successive
point load
1, unit relative rotation Δ
1 at arbitrary
∗
differentiation of the particular integral
, , , according to the equations of EulerBernoulli bending theory. For details, see ref. [10].
for

,

2

Ω
∗

while the particular integral

⁄

33

takes the form
,

where Ω

0

;
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Abstract: Guyed transmission towers are essential components of electrical power
supply system. Therefore, the dynamic reliability analysis of guyed transmission
tower, which is sensitive to wind loads, has great significance. This work provides
a dynamic reliability analysis based on the probability density evolution method
(PDEM). Firstly, by introducing the double equivalent extreme value event[1] into
both time domain and space domain, an equivalent performance function describing the top displacement of guyed towers is obtained. Secondly, the generalized
density evolution equations[2] (GDEE) of the equivalent performance function are
established. Thirdly, the GDEE are solved by solution via Dirac sequences[3] to
obtain the probability density function (PDF) of performance function, and then
the dynamic reliability can be evaluated by one-dimensional integration. Finally,
several examples are investigated to verify the feasibility and efficiency of the
proposed method.

Introduction
Compared with the free-standing transmission towers in the ultra high voltage (UHV) transmission lines, the guyed towers show obvious advantages of cost saving and convenient constructing. However, since the guyed towers are high-rise flexible structures lying in the flat
terrains, they are sensitive to wind load and tend to incur wind hazard. Generally speaking,
the dynamic component of the guyed tower wind-induced response is larger than the mean
component, especially in the strong wind area. Consequently, the system reliability is the basis and principle for normal operation of UHV transmission towers, and the stochastic dynamic loading shall be considered when designing the guyed towers.
By introducing different reliability methods, most dynamic reliability researches of transmission tower line system are mainly based on the first -passage probability theory[4]. Combining the stochastic finite element and Fiessler’s reliability index, Kiureghian[5] proposed a
method to calculate the dynamic reliability of transmission towers. Ballio[6] proposed an improved response surface method in calculating the power transmission tower line system.
Xiao[7] also combined moment method with univariate dimensional-reduction method
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(DRM), in which the joint distribution of wind speed and direction are introduced, to calculate
the dynamic reliability of the guyed towers. However, these methods may have insufficient
accuracy when investigating multivariate non-linear systems. In 2007, Zhang[8] firstly introduced PDEM into the dynamic reliability evaluation of a transmission tower, but the weakness is that he simplified the transmission tower as a series multi-degree of freedom system.
The PDEM is an effective numerical method for assessing the reliability of stochastic dynamic systems. Li and Chen[2] proposed this original and novel method based on the principle of
preservation of probability, and. a family of any arbitrary-dimensional GDEE can be derived
for structural dynamic response analysis. Besides, different solutions of the GDEE are exploited, the finite difference method starts with discretization of the partial differential equation directly, and the derivative of target variable is required as input, while the Dirac
sequences starts with the formal solution approximated by asymptotic sequences of the Dirac
function, and only the target variables are required without derivatives[3].
In this paper, a dynamic reliability analysis measurement based on the PDEM is presented. In
Section 2, by introducing the equivalent extreme value event, an equivalent performance
function of guyed towers is obtained. Then, the GDEE of the equivalent performance function
are established, and finally solved via the Dirac sequences method. In Section 3, two examples of guyed tower are presented, and dynamic reliability is evaluated by proposed method.

PDEM for dynamic reliability analysis of guyed transmission tower
2.1 Equivalent performance function for structural dynamic reliability
The dynamic reliability based on the first-passage theory denotes the probability of which the
dynamic response of structure stay in its safety margin or critical value. In this situation, the
dynamic reliability can be depicted by the double equivalent extreme value event[1] into both
time domain and space domain and it reads,
R  Pr  X  , t   s , t  0, T 

(1)

in which Pr{.} is the probability of the random event with the mutually independent random
variables, Θ={Θ1,…,Θn}T. Ωs represents the safe domain, and time period [0,T] is investigated.
Conserquently, Eq.(1) can be rewrittern as
R  Pr G  , t   0, t  0, T 

(2)

where G(.) is the performance function of dynamic reliability. When a double boundary
condition problem is considered, the probability of the random event can be rewritten as





R  Pr X  , t   xB , t  0, T 

(3)

where xB is the boundary, and X(Θ,t) is the response of the stochastic system in the
inverstigated time period. Then the performance function is obtained,
G  , t   xB  X  , t 

After introducing the equivalent extreme value event, the reliability in Eq.(3) equals
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(4)







R  Pr 
G  , t   0  Pr min G  , t    0
t0,T 
t0,T 


Pr Geq  , T   0

(5)

where Geq(.) is the equivalent performance function, and
Geq  , T   min G  , t  
t0,T 

(6)

2.2 Probability density evolution analysis for Geq(Θ,T)
For this section, the probability density evolution analysis for Z(τ) is conducted. After the
GDEE for Geq(Θ,T) is derived, the Dirac sequences is introduced to solve the GDEE, and the
reliability can be evaluated by one-dimensional integrals.
A virtual stochastic process Z(τ) is constructed and associated with the extreme value in Eq.(6)
with τ as the “virtual time”, then one can obtain the following equation,
Z    Geq  , T  
(7)
which satisfies the conditions

 Z    0  Geq  , T   0  0
(8)

 Z    1  Geq  , T  1  Geq  , T 
As Eq.(8) indicated, the virtual stochastic process Z(τ) is associated with the extreme value in
such a way that the extreme value equals the value of Z(τ) at a certain time instant τ=1.
According to the principle of probability preservation, the GDEE for Z(τ) can be given by
pZ  z, , 
p  z, , 
 Z    Z
0

z

(9)

The initial condition for Eq.(9) is:

pZ  z, ,   0    z   p  

(10)

pZ  z,  

(11)



pZ  z, , d



where pZΘ(z,θ,τ) is the joint PDF of the augmented system (Z(τ),Θ). Z   , which is the derivative to τ, is considered as the generalized time rate (velocity) of Z(τ) and δ(·) is the Dirac
function.
And the PDF of Z(τ) can be obtained by
pZ  z,  



pZ  z, , d

(12)



where ΩΘ is the distribution domain of Θ. By introducing the method of characteristics[3], the
closed-form solution for GDEE is given by
pZ  z,  

   z  Z  ,  p   d



By substituting τ=1 into Eq.(13), it is given by
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(13)

pGeq  g   pZ  z, 

 1



   g  G  , T  p   d
eq

(14)



Then, by introducing the Dirac sequence method, the δ sequences can be approximated by the
normal PDF, namely

   g  Geq  , T  

2
 1
1
exp  2  g  Geq  , T   
2 
 2


(15)

Eq.(14) can be further expressed as

pGeq  g  

Nsel

    g  G  , T  p   d  
eq

q 1



2

 g  Geq  q , T   

1
   Pq (16)
exp  2 
 
 2 
G0
2  G0

 


1

where ρ is a appropriately small value, G0 = max Geq  ,T  , Nsel is the number of the selected
 

points, θq (q = 1, 2,…, Nsel) are the points selected via tangent spheres method[10], number
theoretical method (NTM)[11], or cubature points method[12], and Pq is the assigned
probability of point θq.

Numerical examples
In this section, two examples are illustrated to evaluate the dynamic reliability by the proposed method. One is an idealized two-story one bay shear frame with a harmonic horizontal
load, and the other is a typical guyed tower in a practical ±800 kV electric transmission line
with wind load.

3.1 An idealized two-story one bay shear frame
In this example, an idealized two-story one bay shear frame subjected to a harmonic
horizontal load is studied, as presented in Fig.1. The lumped masses of the first story and
second story are 2×46000kg, 1×46000kg, respectively, and the height hi(i=1,2) of each story
is 3m. The stiffness of a column of each story from bottom to top are 2×τ, 1×τ, respectively, in
which τ is a normal random variable with mean value of 1×108N/m and standard deviation
1×106 N/m. The harmonic horizontal load P=P0sin(ωt) where P0 is amplitude of the load, ω is
the natural circular frequency with deterministic value 30rad/s, and P0 is a type I extreme
values variable with mean value of 2.3×105N and standard deviation 3×104N. Besides, the
damping ratio ξ is a lognormal variable with mean value of 0.1 and standard deviation 0.03.
The investigated time porid is much longer than 2π/ω. The Monte Carlo method (MCM) with
10×107 function evaluation involved is employed to prove the accuracy and efficiency of the
proposed method in this example.
After introducing the equivalent extreme value event, the reliability in Eq.(2) equals





R  Pr min G  , P0 , ξ , t    0
t0,T 
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Pr Geq  , P0 , ξ , T   0

(17)
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Fig.1 The idealized two-story one bay shear frame

Fig.2 PDF of xtop

where Geq(.) is the equivalent performance function, and
Geq  , P0 , ξ , T   min G  , P0 , ξ , t  
t0,T 

p

= min  xtop  0  4C1  C2  sin(t )   4 D1  D2  cos(t )  
t0,T 
6k


p
2
2
=xtop  0  4C1  C2    4 D1  D2 
6k

(18)

in which xtop is the boundary and set as 2h/550 and
Cn 
Dn 

1    / n 

2

2

1   / n 2    2 / n 2


2 / n

(n=1,2, 1 =

k
2k
)
，2 =
2m
m

(19)

2

1   / n 2    2 / n 2



First, 266 representative points are selected via the number theoretical method. Secondly,
based on time-procedure analysis and first-time passage theory, Eq.(16) can be calculated, and
the PDF of xtop is illustrated in Fig.2. Finally, the failure probability of dynamic reliability is
available easily by one dimensional numerical integration, and the failure probability of the
this frame is 8.035e-4. And the failure probability evaluated by MCM is 7.912e-4.

3.2 Dynamic reliability and failure probability of a guyed tower
In this section, the dynamic reliability analysis of one of the practical guyed towers existing in
±800 kV electric transmission line from Zhengzhou to Hami is investigated in detail. By simulating the fluctuating wind speed, the wind load is obtained, and then the wind-induced response and dynamic reliability analysis based on the proposed method can be accomplished.
3.2.1 Weighted amplitude wave superposition
The turbulence within atmospheric boundary layer is usually considered to be a homogeneous
turbulence, which can be regarded as the stationary Gaussian process. In Ref.[9], Shinozuka
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proposed the weighted amplitude wave superposition (WAWS) and simulated the wind speed
time history conveniently. For the jth discrete point, one can obtain the fluctuating wind speed
in the given time period, T. For t[0,T], the fluctuating wind speed, fj(t), can be written as,
i

M

f j  t   2  H ja ab  cos abt  ab 

(20)

a 1 b 1

in which Δω is frequency increment, M is the frequency number, i is the total number of the
discrete points. Hja(·) is the corresponding component in the cross power spectrum of fluctuating wind speed density matrix, Φab is the equally distributed stochastic phase of definition
domain in [0,2π]. In addition, the details are list in Table 1.
Tab.1: Wind speed parameter

Parameter name
Value
Parameter name
Value
Upper frequency limit(rad/s)
4π
Cx
6
Frequency number
2048
Cy
16
Time increment(s)
0.125
Cz
10
Note: Cx , Cy, Cz are the exponential damping coefficients related to longitudinal, horizontal,
and vertical directions.
Some wind speed samples are shown in Fig.3 and the power spectrum are compared with the
Davenport's wind spectrum in Fig.4. The instantaneous wind speed of jth discrete point Vj(t),
consists of fluctuating part fj(t), and the average part fj (t). Based on the quasi-steady assumption theory, the fluctuating wind load of jth discrete point Fj(t), can be obtained, namely:
2
1
Fj  t    CD AS , j V j  t  
2
(21)
2
1
=  CD AS , j  f j  t   f j  t  
2
where ρ is the air density, CD is the shape factor, and AS,j is the effective drag area of the jth
discrete point, and the various components take projected areas in accordance with the wind
direction.

ω (Hz)
Fig.3 Wind speed samples

Fig.4 Comparison of wind
speed spectrum and target value
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3.2.2 Finite element modelling for guyed tower
In this paper, the finite element program ANSYS is implemented to solve the wind vibration
response of guyed wind system. The Beam 188 units and Link 180 units are applied to simulate the angle iron of columns and other parts, which are only conducted by tension, including
the conductor, ground wire, insulator, guyed wire, maintenance rope, and suspension rope.
And the basic design information is listed in Table 2 and the guyed tower and its finite element model are shown in Fig 5 and 6. The deformation of the guyed tower by gravity is illustrated in Fig.7.

Fig.5 Guyed tower in Hami

Fig.6 Finite element model of guyed tower
Tab.2: Guyed parameters

Value

Parameter name

Value

Elasticity modulus of ground wire (MPa) 147000

Ground wire type

LBGJ-180-20AC

Elasticity modulus of guyed wire (MPa)

Guyed wire type

2×37-22.4-1570A

Elasticity modulus of tightwire wire (MPa) 185000

Tightwire type

1×19-5.0-1470-B

Elasticity modulus of angle steel (MPa)

210000

Conductor type

L/G3A-1000/45

Horizontal span (m)

430

Height (m)

54

Sag (m)

18.34

V10 (m/s)

31

Parameter name

200000

Note: V10 is the wind speed for designing.
3.2.3 Dynamic reliability analysis with GDEM
After obtaining the wind load and the finite element model, the proposed method can be applied to analyze the dynamic reliability. In this case, the failure state refers to the top displacement of the guyed tower along the wind direction, say dtop, being greater than the
deterministic allowable displacement, 1/250 of the total height, namely 0.216m. V10, Elasticity
modulus of angle steel and guyed wire are three lognormal variables, with the mean of 10,
2.1×105, 2×105, and coefficient of variance of 0.2, 0.1, 0.1, respectively. then one can obtain
the following equation,
(22)
Geq  , P0 , ξ , T  = min 0.216  dtop (V10 , E1 , E2 ) 
t0,T 
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First, 185 representative points are selected via the number theoretical method. Secondly,
based on time-procedure analysis and first-time passage theory, Eq.(16) can be calculated, and
the PDF of Geq is illustrated in Fig.8. Finally, the failure probability of dynamic reliability is
available easily by one dimensional numerical integration, and the failure probability of the
guyed tower is 1.213×10-4.

Fig.7 Deformation of guyed tower

Fig.8

PDF of dtop

Conclusion
As guyed towers are important in the UHV transmission lines, the research on the dynamic
reliability of guyed tower is necessary and meaningful. After introducing the equivalent extreme value event in both time domain and space domain, the method presented in this paper
proves effective by the PDEM with the number theoretical method. And the research paves
the way for the further ones about the transmission towers in the extreme wind climate.
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Abstract: The structural dynamic reliability analysis is a topic of great
significance. In this work, dynamic reliability analysis based on adaptive moment
method is proposed. Firstly, by introducing the equivalent extreme value event, an
equivalent performance function describing first-passage problem of structure is
obtained. Secondly, point estimate method based on adaptive bivariate
dimensional decomposition is adopted, in which dynamical time-history analysis is
required, to calculate the first four moments of the performance function. Thirdly,
cubic normal distribution method is adopted to estimate the dynamic reliability
based on the first four moments. Finally, several examples are given to verify the
accuracy, efficiency and stability of the proposed method.
Keywords: dynamic reliability analysis, equivalent extreme value event,
adaptive moment method, time-history analysis, cubic normal distribution

Introduction
Since randomness is unavoidably involved in both loads and structures, the area of
structural reliability has gradually become an significant aspect in structural design
theory[1][6][9]. Many structural reliability methods such as FORM[6], SORM[6], response
surface method (RSM)[2] and Monte Carlo Simulation (MCS)[6] etc have been developed
and improved. However, these methods have common restrictions of multiple MPPS (Most
Probable Point) or excessive computational effort.
The four moment (4M) methods[11] is an efficient reliability method that doesn’t rely on
iterations of MPP. The idea of the method is to obtain failure probability by using the first
four moments of the performance function. It mainly contains two parts: 1).Estimation of the
first four moments; 2) Estimation of failure probability based on the first four moments. For
the first part, point estimate method (PEM) is a widely recognized approach that can be
classified into two categories, the integrand of the high dimensional integral involving the
exact performance function and the integrand involving approximation of performance
function. Recently, the dimension reduction method (DRM) have been widely used for
approximation of performance function due to its effectiveness and convenience. Fan et al[8]
combined cross term delineation with DRM and developed adaptive PEM that guarantees the
same accuracy as the existing methods with less calculation effort. As for the second part,
Pearson system of distributions[10], four parameter Lamda distributions[5] and the cubic
normal distributions[11] are the most widely used distributions to approximate the tail area of
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performance function’s CDF, in which cubic normal distribution methods is easy to
implement which doesn’t require numerical integration.
When considering dynamic reliability analysis, the out-crossing rate based methods and
extreme value based methods are the most commonly used methods. However, the outcrossing-process-based methods face the challeges that despite of the Poisson’s assumptions
or the variety of improvements, as long as correlation information of two-dimensional joint
PDF of a stochastic process at two different time instants are used, the out-crossing-processbased method will inevitably lead to approximations instead of the exact solution. To solve
this problem, Li et al.[4] proposed the equivalent extreme value event method for dynamic
reliability analysis to derive the exact solution with inherent total correlation informaiton.
The aim of this work is to propose an efficient method for dynamic reliability analysis by
combining the equivalent extreme value event with 4M methods. It is organized as follows. In
Sect.2, an equivalent performance function for dynamic structural reliability is formulated
based on the equivalent extreme value event; and the moments of the performance function is
evaluated by the adaptive bivariate dimensional decomposition method; then the dynamic
reliability is evaluated by the cubic normal distribution method based on the first four moments. An example is presented in Sect.3 to verify the effectiveness of the proposed method.
Conclusions are summarized in Sect. 4.

Adaptive moment method for structural dynamic reliability
2.1 Equivalent performance function for structural dynamic reliability
For the first-passage problem, the reliability against the response index X(t) reads
R  Pr  X  , t   s , t  0, T 

(1)

where Pr{.} stands for the probability of the random event in the bracket, Θ={Θ1,…,ΘN}T
being the mutually independent basic random variables, Ωs represents the safe domain, and
time period [0,T] is investigated. In general cases, Eq.(1) can be rewrittern into
R  Pr G  , t   0, t  0, T 

(2)

where G(.) is the performance function of dynamic reliability, for instance, if a double
boundary condition problem is considered, Eq.(1) takes the form:





R  Pr X  , t   xB , t  0, T 

(3)

where xB is the boundary, then the performance function is
G  , t   xB  X  , t 

(4)

By introducing the equivalent extreme value event[], the reliability in Eq.(3) equals







R  Pr 
G  , t   0  Pr min G  , t    0
t0,T 
t

0,
T
  


(5)

It’s worth pointing out that, if there exists more than one performance function in the
dynamic reliability evaluation, for instance, there are m performance function in series, given
as
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R  Pr



m
j



G j  , t   0, t  0, T j 

(6)

where Tj is the time duration corresponding to the ith performance function Gj(.).
Then, the reliability in Eq.(6) can be expressed by





R  Pr min  min G  , t     0  Pr Geq  , t   0

j 1,.., m 
t0,T 

(7)

where Geq(.) is the equivalent performance function, given by


Geq  , T   min  min G  , t   
j 1,.., m t0,T j 
  


(8)

where T=[T1,…,Tm].
As the basic random variables are mutually independent, the Rosenblatt transformation
can be exploited as
1
 U1     F1  1  
U    1 F 
 2  2 
  
U  2
...
 ...  
U N   1  F    
N
N


R 

(9)

where Ui is a standard normal variable, and Fi(.) is the cumulative distribution function (CDF)
of Θi, Φ(·) is the CDF of the standard normal variable, Φ-1(·) is the inverse of Φ(·).
And the inverse transformation of R(.) is
 F11   U1  
 1 
 1
 
 F   U 2  
 2
     R 1 U    2
...
 ... 

 N 
 F 1   U  
N
 N

(10)

where Fi-1(.) is the inverse of Fi(.)
Therefore, Eq.(8) can be expressed by
Geq  , T   Geq  R1 U  , T 

H U , T 

(11)

2.2 Evaluation of statistical moments based on adaptive dimensional reduction
method (DRM)
Define a multivariate function
f U , T    Geq  , T   C    H U , T   C 
q

q

(12)

where C is a constant.
According to the generalized DRM, f(U,T) can be expressed by s dimensional
decomposition[3], namely

3404

f U , T   f 

s  DRM 

s
k  N  s  k  1
   1 
  H U i1 ,U i2 , ,U isk , ui1i2 isk ,c , T  C
k
k 0

 i1 i2 isk

 

 

q

(13)

in which uc is the reference point, and ui1i2…il,c is a sub-vector of uc without the corresponding coordinates of Ui1,Ui2,…,Uil. It’s worth pointing out that when C=0 and q=1, the R
dimensional decomposition of Geq(Θ,T) can be derived. In this work, the bivariate dimensional decomposition is adopted (s=2).
Delineating the existence of cross terms
The delinearion of the existence of the cross terms Ui and Uj should be determined by[8]



 
 





 
 



 H U i 2 ,U j1 , uij ,c , T  H U i1 ,U j1 , uij ,c , T    H U i 2 ,U j2 , uij ,c , T  H U i1 ,U j2 , uij ,c , T 

 

  (14)
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min H U i ,U j , uij ,c , T  H U i ,U j , uij ,c , T , H U i ,U j , uij ,c , T  H U i ,U j , uij ,c , T

 












whereUi(k) is the kth sample of Ui, and Uj(k) is the kth sample of Uj. In this work, ε=1e-03.
In order to ensure the non-existence of cross terms Ui and Uj, the criterion in Eq.(14)
must be satisfied by two different sets of samples[]
Define indication function for the cross terms of Ui and Uj as
1, if the cross terms of U i and U j exist
I h U i ,U j , T   
0, otherwise

(15)

Point estimate for moments based on adaptive bivariate dimensional decomposition
According to Eq.(13), the first four moments of Geq(Θ,T) are

G  E Geq  , T     E  H U i ,U j , uij ,c , T     N  2   E  H U k , uk ,c , T  
N

eq

i j

 N  1 N  2  H

2

k 1

 uc , T 



M q ,Geq  E  Geq  , T   Geq


    E  H U ,U , u
q

i

i j



  N  2   E  H U k , uk ,c , T   Geq

k 1
N

(16)
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(17)
q

where E[.] is the expectation operator, μGeq is the mean value of Geq(Θ,T), and
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E  H U i ,U j , uij ,c , T   C     H U i ,U j , uij ,c , T   C   ui    u j dui du j


 

(18)

(19)

where φ(·) is the probability density function (PDF) of the standard normal variable.
If I h Ui ,U j , T   1 , then Eq.(19) is used for integration. If I h U i ,U j , T   0 , then
Eq.(19) can be simplified by[8]
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k2




which only involves one dimensional integrals, and no further structural analyses are required.
By introducing Gauss-Hermite quadrature to calculate the expectations in Eq.(16) and
Eq.(17), the expectation operation of functions can be given by
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(21)
m

where xGH,p and wGH,p are the abscissas (in ascending order) and weights of the Gauss–
Hermite quadrature formula as illustrated in Tab.1, m is an arbitrary positive integer, and l is
the number of abscissas.
Tab.1: Abscissas and weights for Gauss–Hermite quadrature with l=7

xGH,p

p=1

p=2

p=3

p=4

p=5

p=6

p=7

-2.6520

-1.6736

-0.8163

0

0.8163

1.6736

2.6520

wGH,p 9.7178e-4 5.4516e-2 4.2561e-1 8.1027e-1 4.2561e-1 5.4516e-2 9.7178e-4

2.3 Reliability evaluation by cubic normal distribution method
Define σGeq, α3,Geq, α4,Geq as the standard deviation, third dimensionless central moment
and fourth dimensionless central momen of Geq(Θ,T), namely
 M 2,G   G2
eq
eq


3
 M 3,Geq   3,Geq  Geq

4
 M 4,Geq   4,Geq  Geq

(22)

Based on the fourth-moment standardization method proposed by Zhao & Lu[11], the
standardized fourth-moment function is proposed, as

GU 

Geq  , T   Geq

G

 l1  k1U  l1U 2  k2U 3

(23)

eq

where GU is the standardized variable related to Geq, and approximated by a cubic polynomial
of the standard normal variable U, with the coefficients estimated by
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 3,Geq

1
, l2 
6 4,Geq  8 3,2 Geq  14  2
l1 
6 1  6l2 
36


l2
k  1  3l2 , k 
1
1
2
2
2

1  l1  l2  1  l1  12l22 





(24)

The application scope of Eq.(24) is



 4,G  7  43,2 G
eq

eq

3

(25)

Based on Eq.(23), the reliability index β4M can be approximated by

4M 

l
p
D 1
D
3k2

(26)

where



μG

1
q 2  4 p3  q , β2 M  eq
D  3
2
σ Geq


3k1k2  l12
2l13  9k1k2 l1 β2 M  l1


 p  9k 2 , q 
27k23
k2

2



(27)

2.4 Implementation
The proposed method can be implemented step by step as follows
Step 1. Select the points for the Gauss-Hermite quadrature:
Seclect the reference points as uc=RΘ(μΘ) (k=1,2,…,m), where RΘ(.) is the Rosenblatt
transformation function for Θ, μΘ is the mean value of Θ. In this work, the Gauss-Hermite
quadrature with l=7 is adopted, and then determine the associate abscissas and weights for
one dimensional, two dimensional and three dimensional integrals based on Table 1, namely










2 xGH ,l0 , , uk ,c



2 xGH ,l1 , 2 xGH ,l2 , uij ,c



Step 2. Delineate the cross terms:
The existence of all cross terms Ui and Uj (i,j=1,2,…,N; i≠j) should be determined by the
following:
1) Select multiple points as two sets of samples, namely

 c  uc
 1
1
1
 i  2 xGH ,l 3 2 , ui ,c , j  2 xGH ,l 3 2 , u j ,c , ij 

 i  2  2 xGH ,l 1 2 , ui ,c , j  2  2 xGH ,l 1 2 , u j ,c , ij  2 

















2 xGH ,l 3 2 , 2 xGH ,l 3 2 , uij ,c
2 xGH ,l 1 2 , 2 xGH ,l 1 2 , uij ,c




2) Calculate the performance function Geq(Θ,T) of the selected points above by dynamic
structural analysis:
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G  , T   H  , T 
c
1,ij
 eq

1
1
1
Geq  , T 2,ij  H  i , T ,Geq  , T 3,ij  H  j , T ,Geq  , T 4,ij  H  ij , T

Geq  , T 5,ij  H  i  2 , T ,Geq  , T 6,ij  H  j  2 , T ,Geq  , T 7,ij  H  ij  2 , T




















3) Determine the existence of cross terms Ui and Uj and record the value of the
indication function I h(2) U i ,U j , T  based on calculation of ΔGeq,ij(1) and ΔGeq,ij(2), namely


Geq  , T   Geq  , T    Geq  , T   Geq  , T  
2 ,ij
1,ij 
4,ij
3,ij 


G (1) 
 eq,ij
min Geq  , T 2,ij  Geq  , T 1,ij  , Geq  , T 4,ij  Geq  , T 3,ij 


 


Geq  , T   Geq  , T    Geq  , T   Geq  , T  

5,ij
1,ij 
7,ij
6,ij 


Geq,ij ( 2) 

min Geq  , T 5,ij  Geq  , T 1,ij  , Geq  , T 7,ij  Geq  , T 6,ij 

 











(28)

If both ΔGeq,ij(1)(T)<ε and ΔGeq,ij(2)(T)<ε are satisfied, the cross terms of Ui and Uj do not exist
in Geq(Θ,T), and I h U i ,U j , T   0 ; or else, there must exist cross terms of Ui and Uj in
Geq(Θ,T), and I h Ui ,U j , T   1 .

Step 3. Calculation of expectations of univariate, bivariate functions:
1) Calculate the expectations of univariate functions in Eq.(16) and Eq.(17) by the
Gauss-Hermite quadrature in Eq.(21);
2) Calculate the expectations of bivariate functions in Eq.(16) and Eq.(17) based on the
existence of cross terms obtained in Step 2:
a.If cross terms exist, the Gauss-Hermite quadrature in Eq.(21) is adopted;
b.If cross terms do not exist, Eq.(20) is adopted and the integrals of univaraite function
which have been calculated in the previous sub-step can be used directly;
Step 4. Point estimates for the first four moments of Geq(Θ,T):
With the expectations derived from Step 3, and using Eq.(16) and Eq.(17), the first four
moments of Geq(Θ,T) can be obtained.
Step 5. Reliability evaluation:
Calculate the reliability index based on Eq.(26) and Eq.(27).

Numerical example: ideal elasto-plastic seven-story one-bay frame
To further illustrate the implementation of proposed method, dynamic reliability of a
seven-story one-bay ideal elastoplastic steel frame, which is illustrated as Fig.1, is evaluated
using the proposed method. The section parameters of the columns and beams are expressed
in forms of Hh*b*tw*t, as illustrated in Fig.2, and the unit measure is millimetre(mm). The
section of columns are H450*300*16*20, the section of beams are H400*150*8*10. The story height of the first floor is 4.5m, and the story height of other floors is uniformly 3.0m.
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In the analysis, the initial Young’s modulus E, the ultimate stress of all sections f and the
amplification coefficient of ground acceleration A are taken as random parameters with statistical information listed in Table.2. And the Tafat stochastic ground motion model is used.

6m
Figure 1: ideal elasto-plastic seven-story one-bay steel frame

Figure 2: Section type of beams and columns
Table 2: Statistical information of structural parameters

Variables
Distribution

f/MPa

A

E/MPa

Log-normal Log-normal Log-normal

Mean value

345

1.0

2.1e06

Standard deviation

34.5

0.3

2.1e05

The reliability of the maximum inter-story drift can be described by


7

R  Pr min  X j  f , A, E,  / h j   B 
 T  j 1




(29)
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Firstly,it is a dynamic system reliability issue, and the performance function can be
described as


Z eq  min 1  max  X j  f , A, E,  / h jB  
 T 
j1,...,7


G1  f , A, E, T 

H1 U1,U 2 ,U 3 , T 

(30)

where Xj (j=1,...,7) is the inter-story drift between the (j-1)th story and the jth story, hj being
the corresponding height, ϕB being the thredhold of the inter-story drift angle. Define ϕB
=1/250 as the threshold for service reliability.
By
delineating
all
the
cross
terms,
the
results
showed
that
(2)
I U1 ,U 2 , T   I h U 2 ,U 3 , T   0 . Then, the first four central moments can be derived as
[1.7778,1.1006,1.2974,6.0514]. By using the Cubic Normal distribution method, the failure
probability is 8.7e-03.
(2)
h

Conclusions
Structural dynamic reliability analysis has been a significant subject in the area of structural
reliability analysis. In this work, an efficient fourth moment method for dynamic reliability
analysis is proposed by combining the equivalent extreme value event with adaptive moment
method, the first four moments of equivalent performance function, which describes the dynamic reliability with complete inherent information, can be obtained more efficiently, then
Cubic normal distribution method is adopted for reliability evaluation. A multi-story steel
frame example is presented to verify the effectiveness of the proposed method.
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Sample based tensor approximation method with adapted
parametrization for random dynamic response
M. Chevreuil, E. Grelier and A. Nouy

GeM,
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Abstract: The paper deals with the approximation of variables of interest postprocessed from the output of the model using statistical learning methods and
having only a limited observations of the computational model at hand. Exploiting structured approximations as low rank or sparsity can then help at constructing good approximations. Depending on the model, it can be worth introducing
a change of variable to reduce the rank of the representation and thus the storage
complexity. We present a method that provides an automatic change of variables
using the projection pursuit method combined with the low rank format for the
representation of the output.

1 Introduction
The robust design of mechanical systems requires a taking into account of possibly numerous sources of uncertainties in the model in order to predict their impact on the response. The
dynamical response of structures can notably be highly perturbed with low variability on the
model. It then reveals necessary to develop reliable and efficient tools for the prediction of the
dynamical random response. Functional approaches have emerged in the last two decades for
uncertainty quantification in computational engineering and have lead to the so-called spectral
stochastic methods for the propagation of uncertainties through physical models [11]. In the
case of dynamic structural analyses, these methods suffer from the high sensitivity of the dynamical response to the input uncertainties. Piece wise polynomial approximations are prefered
but require either very large size systems to be solved or a very important number of evaluations
of the dynamical response in the case of sample based methods. In order to tackle such problems, we consider statistical learning methods [8] for high d-dimensional problems by exploiting sparse [9] and low rank [10] structures of variables of interest that enable the construction
of an approximation using few samples as introduced in [3]. In this latter reference, the output
is approximated in suitable low-rank tensor subsets of the form
n
o
M = v = Ψ(a1 , · · · , ad ); a j ∈ Rn j
(1)

where Ψ is a multilinear map which constitutes a parametrization of the subset M and a j are the
parameters. The dimension of the parametrization ∑dj=1 n j grows linearly with d and thus makes
possible the approximation with high dimension d. However, depending on the level and the
type of the perturbations, the rank of the approximation of the stochastic dynamic response may
be high (and consequently n j high, j = 1, . . . , d) and the method thus loses its efficiency. The
key is to propose an adapted parametrization with M < d variables for the computation of the
response so to obtain structured approximations with low complexity by coupling a projection
pursuit method and low rank approximation.
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In the first part of the paper the generic stochastic problem that is considered is presented. The
statistical learning method based on least squares minimization used for constructing a functional approximation is introduced as well as the tensor polynomial bases used for the functional approximation. We then present the projection pursuit method that enables an automatic
determination of adapted parametrization and its coupling with low rank approximation using
the Tensor Train format. First numerical results on crash simulations are presented.

2 Problem considered
2.1

Stochastic problem

Let X = (X 1 , · · · , X d ) be a set of independent random variables where X j is a random variable
with values in X j and with probability law p j . Random vector X takes values in X = X1 × · · · ×
Xd with probability law p(x) = p1 (x1 ) . . . pd (xd ). Let L2p (X) the Hilbert space of second order
random variables defined on X which has a tensor structure L2p (X) = L2p1 (X1 ) ⊗ · · · ⊗ L2pd (Xd ).
Let consider a stochastic model that returns a real-valued random variable Y = u(X) and let
S = {(xk , yk ) : 1 ≤ k ≤ n} be a sample of n realizations of (X,Y ). Function u is approximated
with f in a subset of tensors that can be parametrized with parameters (a1 , . . . , aM ):
f (X) = Ψ(X)(a1 , · · · , aM )

(2)

with Ψ(x) a multilinear map. The approximation, also referred to as metamodel, is constructed
with least-squares methods using the sample of realizations S.

2.2

Least squares method

An approximation f (x) = Ψ(x)(a1 , . . . , aM ) of u can be obtained by minimizing the empirical
least squares error:
M

1 n
1
M 2
min
yk − Ψ(xk )(a , . . . , a ) + ∑ λi Ri (ai )
∑
1
M
a ,...,a n k=1
i=1

(3)

where λi Ri (ai ) are regularization functions that can be used for stability reasons when the training sample is small.
Problem (2) is solved using an alternating minimization algorithm which consists in successively solving an optimization problem on a j
min
aj

2
1 n
yk − Ψ(xk )(. . . , a j , . . . ) + λ j R j (a j )
∑
n k=1

(4)

for fixed parameters ai , i 6= j. Introducing the linear map Ψ j (x)(a j ) = Ψ(x)(a1 , . . . , aM ), problem (3) yields the following learning problems with linear models
min
aj

2
1 n
yk − Ψ j (xk )(a j ) + λ j R j (a j ).
∑
n k=1

(5)

If R j (a j ) = a j 1 , with kvk1 = ∑#v
i=1 |vi | is the `1 -norm, problem (4) is a convex optimization
problem known as Lasso [12] or basis pursuit [2]. The `1 -norm is a sparsity inducing regularization function that yields a solution a j of (4) that may have coefficients equal to zero. The
Lasso is solved using the modified least angle regression algorithm (LARS in [4]).
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The accuracy of the metamodel f (x) is estimated using an estimator of the `2 error. We introduce
the unbiased test error based on a test set Stest of nset observations independent of the training
set S:
ntest
(yk − f (xk ))2
∑k=1
2
etest =
.
(6)
ntest
(yk )2
∑k=1
In practice, the number of numerical experiments is too small to sacrifice part of it for the error estimation. The error is thus estimated using a k-fold cross validation estimator and more
specifically the leave-one-out cross validation estimator [8] which can be easily evaluated by
constructing one single metamodel [1]. Cross validation estimators can be used for model selection.

2.3

Polynomial approximation

Let {ψα : α ∈ I} be an orthonormal basis of a finite dimensional subspace S of L2p (X) where I
is a multi-index set of P = #I indices. The multivariate basis is constructed by tensorization of
the d univariate bases:
(d)
(1)
(7)
ψα (x) = ψα1 (x1 ) . . . ψαd (xd ).
In the case of linear approximation, function f is searched under the development:

∑ aα ψα (x)

f (X) =

(8)

α∈I

where the set of coefficients (aα )α∈I is identified with a ∈ R#I . Expression (7) can then be set
under the form (1) with
Ψ(x)(a) = (ψ(I)1 , . . . , ψ(I)#I )a.
(9)
In the following, the univariate bases are orthonormal polynomial bases with respect to the
probability measure of the random variable and are constructed using a three-term recurrence
relation [6].

3 Low rank with linear transformation of random variables
The aim is to find a parametrized metamodel with a reduced dimension of the parametrization
by constructing a low rank approximation on an adapted new set of random variables defined
by linear transformation of the input random variables.

3.1

Linear transformation of random variables: Projection Pursuit method

The Projection Pursuit method [5] is here used to search automatically an adapted parametrization of the problem by looking for favored directions in the space of the d input random variables. It consists in writing the approximation under the form:
M

∑ gm(ωmT x)

f (x) =

(10)

m=1

where ωm ∈ Rd and gm are univariate functions, here chosen as functions of the orthonormal
polynomial basis with respect to the measure of ωmT x. We thus have:
p

M

f (x) =

∑ ∑ amiψi

(m)

m=1 i=0

(ωmT x)

(11)

with p the maximum degree of the polynomials. The storage complexity is linear with d and is
equal to M(p + 1 + d). Expression (10) can be recasted under the form (1) with
Ψ(x)(a1 , . . . , aM ) =

M

p

∑ ∑ (am)iψi

(m)

m=1 i=0
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((am )T(p+1,··· ,p+1+d) x)

(12)

m
T T
p+1+d .
where am = (am
0 , · · · , a p , ωm ) ∈ R
The vectors am are constructed consecutively. Let an approximation f (x) = Ψ(x)(a1 , . . . , am−1 )
be defined and let rm,k = yk − Ψ(x)(a1 , . . . , am−1 ). Using the least squares method, the vector of
coefficients am is solution of


1 n
m 2
min
r
−
Ψ(x)(a
)
.
m,k
∑
am n
k=1

(13)

The computations of ωm and of (am )i,0≤i≤p are done by alternately solving

for fixed ωm and

!2
p
1 n
(m)
T
rm,k − ∑ am
min
∑
i ψi (ωm x)
m
m
p+1
n
(a0 ,...,a p )∈R
i=0
k=1

(14)

!2
p
1 n
(m)
T
min ∑ rm,k − ∑ am
i ψi (ωm x)
ωm ∈Rd n k=1
i=0

(15)

m
for fixed (am
0 , . . . , a p ). The optimization problem (14) is a non linear least squares problem that
is solved with a Gauss-Newton algorithm.

3.2

Low rank approximation: Tensor Train format

We consider the particular tensor train (TT) format. A tensor f in the tensor space S = S1 × · · · ×
Sd ⊂ L2p (X) with TT-rank bounded by r = (r1 , . . . , rd−1 ) admits the following representation:
f (x) =

rd−1

r1

∑

i1 =1

···

∑

id−1 =1

w1,i1 (x1 )wi1 ,i2 (x2 ) . . . wid−1 ,1 (xd )
(1)

(2)

(d)

(16)

( j)

where wi,l ∈ S j , 1 ≤ j ≤ d. Let consider the polynomial univariate basis with maximum degree
p, the approximation writes under the form (1) with
Ψ(X)(a1 , · · · , ad ) =

rd−1

r1

∑

i1 =1

···

∑

id−1 =1

ψ (1) (x1 )a11,i1 . . . ψ (d) (xd )adid−1 ,1

(17)

j

where a j ∈ Rn j r j−1 r j are the vectors of parameters that contain the vectors ai j−1 ,i j , 1 ≤ i j−1 ≤
r j−1 , 1 ≤ i j ≤ r j with r0 = rd = 1. They are computed with the alternating minimization problem
presented in section 2.2. The storage complexity of the Tensor Train format is linear with d and
bounded with d(p + 1)(max j r j ).

3.3

Coupling Projection Pursuit method and Tensor train approximation

The low rank approximation in the Tensor Train format is here constructed on the new defined
random variables provided by the Projection Pursuit method with an alternating procedure [7].
T x). A TT low rank
Let the set of m − 1 transformed random variables zm−1 = (ω1T x, . . . , ωm−1
approximation f (x) = fm−1 (zm−1 ) is constructed using the set of random variables zm−1 . A
new random variable ωmT x is defined with the Projection Pursuit method based on the residual
rm (yk ) = yk − f (xk ), k = (1, . . . , n). The optimal dimension is selected with the leave-one-out
cross validation estimator computed for each low rank approximation fm (zm ).
The method is applied on a variable of interest issued from a crash simulation of a car with
d = 16 input random variable that model the medium properties, speed of the car, thickness of
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the sheets etc. For this test case, 280 samples are provided. Polynomial spaces of maximum
degree p = 6 are considered. The approximation is computed among 250 training samples,
the other 30 samples constitute the test sample. The optimal approximation is selected using
the leave-one-out cross validation estimator. The properties of the approximation obtained by
combining the projection pursuit and the TT format are shown in table 1.
Table 1: Properties of the approximation obtained with coupling the Projection Pursuit method and the
Tensor Train format

etest
Optimal dimension M
optimal TT-rank
Storage complexity

3.3 10−2
5
1
150

The combination of the Projection Pursuit and the Tensor Train format enables to considerably
reduce jointly the dimension of the problem, by representing the approximation with M = 5
random variables that are linear transformations of the d = 16 initial random variables, and the
rank of the low rank representation. This has a direct effect on the small storage complexity of
the problem which is an advantage in statistical learning methods when having only few training
samples.

4 Conclusion
We have presented a method that provides an adapted change of the input variables designed so
to have a low rank representation of the variable of interest. The approach consists in performing
automatic changes of variables using the projection pursuit method. It has been tested on a crash
problem with only few samples available and further tests on analytical function or academic
vibration problems are to be performed. However the first results show that the approach is able
to reduce the dimension of the stochastic problem and the dimension of the parametrization of
the metamodel.
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Abstract: This paper deals with the influence of imperfectly known local subsoil
conditions on the response prediction of buildings to ground-borne environmental vibration. A probabilistic computational model is developed for the analysis
of the dynamic soil-structure interaction problem where the shear modulus of
the soil is modeled as a conditional random field. The uncertainty on the subsoil
properties is propagated to the response of a building by means of Monte Carlo
simulation. A parametric analysis is performed with respect to the spatial correlation length of the random field representing the shear modulus of the subsoil,
and the foundation type of the building. The uncertainty of the building response
varies over frequency bands but as a general trend increases with frequency.

1 Introduction
Ground-borne vibration in the built environment can be caused by environmental sources like
road and railway traffic or construction and industrial activities. The passage of vehicles over
uneven roads or tracks and the operation of heavy machinery generate elastodynamic waves
that propagate through the soil and impinge on the foundation of nearby structures leading
to structural vibrations. These vibrations may lead to malfunctioning of sensitive equipment,
discomfort of people and structural damage. Furthermore, noise can be re-radiated from floors
and walls.
Dynamic soil-structure interaction plays a crucial role in the prediction of the response of structures due to ground-borne vibration. Studies on dynamic soil-structure interaction initiated in
the field of earthquake engineering for the design and construction of structures of high importance [11]. More recently, building on these prior developments, computational models have
been developed to predict the response of buildings to environmental induced vibration [4].
In these models, the soil is commonly simulated as a horizontally stratified visco-elastic halfspace composed by homogeneous layers. However, geotechnical investigations suggest that the
soil properties exhibit considerable spatial variability even within apparently homogeneous soil
deposits [2]. Since the soil directly beneath a building can have a predominant role in its response, the aim of this paper is to assess the influence of imperfectly known local subsoil conditions on the response predictions of buildings to ground-borne induced vibration.
This paper is organized as follows. First, the dynamic soil-structure interaction model is introduced and the particularities of modeling an incident wave field are addressed. Next, the
modeling of the stochastic subsoil is briefly discussed. Finally, the results of a parametric study
involving investigation with respect to the spatial correlation length of the shear modulus of the
soil and the foundation type of the building are presented.
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2 Method of Analysis
At present, computational models of the dynamic soil-structure interaction problem consists
of using either coupled finite element (FE)-boundary element (BE) formulations or finite element formulations in conjunction with appropriate absorbing boundary conditions (ABC) or
perfectly matched layers (PML) [3]. Both the coupled FE-BE formulations and the FE formulations with ABC or PML have advantages and disadvantages that make them preferable for
different problem settings. For the applications of this paper, a FE-PML formulation is used as
it proved computationally more efficient.

2.1

The dynamic soil-structure interaction model

Figure 1 depicts the dynamic soil-structure interaction problem considered in this work. The
building Ωb is surrounded by a bounded volume of subsoil Ωis with imperfectly known properties whereas the rest of the subsoil Ωes is considered well known. The building is excited by
an incident wave field ûinc , where the hat above the variable denotes its representation in the
frequency domain. Figure 2 shows how this problem is modeled by means of finite elements
and perfectly matched layers. The computational domain Ω is divided into the regular domain
Ωr = Ωb ∪ Ωis and the PML buffer zone Ω̃es surrounding this domain. The regular domain Ωr is
modeled with FE where the material properties of Ωis are modeled as conditional random fields
(section 2.3) with a small zone close to the boundaries of this domain having deterministic properties. The PML buffer zone Ω̃es aims to simulate the truncated unbounded soil Ωes at the limits
of the regular domain Σie . The soil-foundation interface is denoted as Σbs . The FE-PML model
is developed based on the three-dimensional elastodynamic equations in the frequency domain.
n
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z
x y

ΓN
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x y
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ΓD
s

Σie

Γs∞
Figure 2: FE-PML model.

Figure 1: Dynamic soil-structure interaction problem.

In order to artificially attenuate the elastodynamic waves that enter into the PML buffer zone,
complex coordinate stretching is applied in Ω̃es . For a coordinate s, representing the x, y or z
coordinate, the stretched coordinate s̃ is defined as [3]:
s̃ =

Z s
0

λ̂s (s) ds = so +

Z st
so

λ̂s (s) ds

(1)

The stretch function λ̂s is defined as:
α1s (s)
(2)
iω
where α0s and α1s are polynomial functions that control the amplitude attenuation of the evanescent and propagating waves inside the PML buffer zone, and ω ∈ R is the frequency of analysis.
λ̂s (s) = α0s (s) +

3420

The FE system of equations is written in the frequency domain as:
K ūuˆ = ˆf̄f
K̂

(3)

K = K + (iω)2 M is the dynamic stiffness matrix of the system with K ∈ Cn×n and
where K̂
M ∈ Cn×n the stiffness and mass matrix with n the number of degrees of freedom in the model.
The vector ūuˆ ∈ Cn×1 collects the nodal displacements while ˆf̄f ∈ Cn×1 collects the equivalent
nodal loads. Equation (3) can be rewritten in an expanded form according to the subdomain
definitions of figure 1:
  ˆ 


ˆ
K bb
K bΣbs
u
0
K̂
K̂
ū

 f̄f b 
 b  
ˆf̄f

 K̂
ˆ
K Σbs s (θ )
K Σbs b K̂
K Σbs Σbs (θ ) K̂
ūuΣbs
(4)
=
Σbs 
 ˆ  


ˆ
u
ū
K ss (θ )
K sΣbs (θ )
K̂
0
K̂
s
f̄f
s

where θ denotes an elementary event of the event space Θ. Since the material properties in Ωis
are modeled as random fields, the corresponding dynamic stiffness block matrices in equation
(4) are also stochastic. The mapping of the stochastic material properties of Ωis onto the finite
element model is briefly discussed in section 2.3.
To facilitate the subsequent discussion, it is useful to rewrite equation (4) by dynamically
condensing the degrees of freedom of the soil ūuˆ s on the degrees of freedom ūuˆ Σbs of the soilfoundation interface Σbs :
"
#
)
 (
ˆf̄f
K bb
K bΣbs
K̂
K̂
ūuˆ b
b
=
(5)
ˆf̃f (θ )
ūuˆ Σbs
K Σbs b K̃
Kˆ Σbs Σbs (θ )
K̂
Σbs
−1
K Σbs s K̂
K ss ˆf̄f s and K̃
Kˆ Σbs Σbs the Schur complement of K̂
K ss on K̂
K Σbs Σbs :
with ˆf̃f Σbs = ˆf̄f Σbs − K̂
−1
K sΣbs
Kˆ Σbs Σbs = K̂
K Σbs Σbs − K̂
K Σbs s K̂
K ss K̂
K̃

2.2

(6)

Incorporation of an incident wave field

In order to propagate an incident wave field ûuinc generated by a remote excitation source in Ωes
n
through the FE-PML model, an equivalent traction field t̄tˆ on the interface Σie needs first to
be determined. This traction field is defined based on a methodology where the displacement
field of the soil in Ωes is decomposed in accordance with the subdomain formulation of the
soil-structure interaction problem as was originally conceived for FE-BE formulations [1]. The
displacement field ûues in the exterior soil Ωes is decomposed as (figure 3):
ûues = ûuinc + ûud0 + ûusc

(7)

In this expression, ûuinc is the displacement field of the globally deterministic soil Ωs =
Ωes ∪ Ωsi,det due to a remote excitation source (figure 3b), ûud0 is the locally diffracted displacement field radiated in the exterior soil Ωes with excavated the interior soil Ωis for which applies
ûud0|Σie = −ûuinc|Σie on the interface Σie (figure 3c), and ûusc is the stochastic diffracted displacement field radiated in the exterior soil Ωes due to the displacements of the stochastic interior
soil Ωis on the interface Σie (figure 3d). On the interface Σie , the compatibility condition ûuis = ûues
applies and the equilibrium equation reads as:
 
n
ne
on Σie
(8)
t̂t ûuis + t̂t s (ûues ) = 0
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ûes

nes
Ωes

Γsσ

Γsσ

Σie =
Γs∞ ûinc
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Figure 3: Decomposition of (a) the displacement field of the exterior soil Ωes into (b) the incident wave
field ûuinc of the globally deterministic soil Ωs = Ωes ∪ Ωi,det
s , (c) the locally diffracted displacement field
ûud0 and (d) the diffracted displacement field ûusc .


ne
n
where t̂t ûuis and t̂t s (ûues ) are the traction fields imposed on the interface Σie by the stochastic
interior soil Ωis and the deterministic exterior soil Ωes , respectively. Subsequently, the decomposition of equation (7) is introduced in equation (8):
 
ne
ne
ne
n
t̂t ûuis + t̂t s (ûusc ) = −t̂t s (ûuinc ) − t̂t s (ûud0 )
on Σie
(9)
|
{z
}
n
t̄tˆ
The resultant tractions on the left hand side of equation (9) are the stochastic tractions imposed
on the interface Σie by Ωs = Ωes ∪Ωis , whereas the resultant tractions on the right hand side of the
n
equation are the required deterministic tractions t̄tˆ on the interface Σie to propagate the exterior
incident wave field ûuinc through the stochastic interior soil Ωis .
The weak form of equation (9) is obtained by considering a virtual displacement field v̂v over the
interface Σie where after using the same shape functions as for the FE-PML model discretization, the following set of equations is obtained:
Z
Z
Z
Z
 
ne
T n
i
T nes
T nes
N t̂t ûus dΓ +
N t̂t (ûusc ) dΓ = −
N t̂t (ûuinc ) dΓ −
N Tt̂t s (ûud0 ) dΓ (10)
Σie
Σie
Σ
Σie
{z
}
| ie
n
oT
0 , 0 , ˆf̄f
s

The left hand side of equation (10) corresponds now to the dynamic impedance of the FE-PML
model on interface Σie , while the right hand side contains the required equivalent nodal forces
on the interface Σie that represent the exterior incident wave field ûuinc .
ne
The deterministic displacement field ûuinc and traction field t̂t inc = t̂t s (ûuinc ) of the globally deterministic soil Ωs = Ωes ∪ Ωi,det
are computed using a source model, generally assuming that
s
the coupling between the subproblems of the source and the receiver can be disregarded. In the
present work, the direct stiffness method is used for this purpose [9].
The second integral on the right-hand side of equation (10) is not computed directly as the
ne
traction field t̂t d0 = t̂t s (ûud0 ) is not known a priori. Instead, the integral is implicitly evaluated
through the displacement field ûuinc on the interface Σie . According to the definition of the locally
diffracted displacement
field ûud0 , this problem boils down to computing the reaction forces

e
e
r̄rˆ Σie = r̄rˆ Σie ûud0|Σie on the interface Σie due to imposed displacements ûud0|Σie = −ûuinc|Σie when
the interior soil Ωis is excavated:
Z

Σie

 e
e
where r̄rˆ = r̄rˆ Σie , 0

T


e
ne
N Tt̂t s (ûud0 ) dΣie = 0 , 0 , r̄rˆ

T

(11)

and ûuinc|Σie is the displacement field ûuinc evaluated at the interface Σie .
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2.3

Stochastic subsoil modeling

The subsoil in Ωis is modeled as a heterogeneous isotropic elastic medium with imperfectly
known material properties. In the present paper, the characterization of the elastic properties of
the subsoil is based on its shear modulus G and Poisson’s ratio ν. The shear modulus is selected
as an elastic parameter to characterize the subsoil because some of its statistical properties can
be implicitly elicited from cone penetration test (CPT) data for which a large database is available [5]. Because the variation of the Poisson’s ratio ν and the material density ρ within soil
deposits is rather small, their values are fairly considered as deterministic. Hence, the investigation focuses only on the shear modulus G of the subsoil in the following.
The shear modulus G of the subsoil in Ωis is modeled as a random field G(xx, θ ) defined over
the parameter space x ∈ Ωis [10]. Since the complete probabilistic characterization of the shear
modulus G(xx, θ ) is infeasible, its description relies only on its second order statistics. Thus, the
information on the shear modulus G(xx, θ ) limited to its marginal probability distribution function (PDF) pG (θ ), mean µG (xx), variance σG2 (xx) and auto-correlation coefficient ρGG (xx, x 0 ).
Because the shear modulus G(xx, θ ) should take strictly positive values, the Gamma distribution
is opted as its marginal PDF. The covariance function CGG (xx, x 0 ) is defined as:



CGG x , x 0 = σG (xx) σG x 0 ρGG x , x 0
(12)
The stochastic shear modulus G (xx, θ ) is simulated through a translation process based on the
Nataf multivariate distribution [7]. The non-Gaussian shear modulus G (xx, θ ) is defined as a
non-linear function of an underlying Gaussian random field G (xx, θ ) as [7]:

 
G (xx, θ ) − µG (xx)
−1
(13)
PN
G (xx, θ ) = PΓ
σG (xx)

where PΓ−1 is the inverse of the target Gamma marginal cumulative distribution (CDF), PN is the
standard normal CDF function, and µG (xx) = µG (xx) and σG (xx) = σG (xx) are respectively the
mean and variance of G (xx, θ ). Furthermore, because matching material properties at the interface between Ωis and Ωes are desirable, the shear modulus G (xx, θ ) is modeled as a conditional
random field Ḡ (xx, θ ) with prescribed deterministic values at the interface Σie [10].
In order to generate realizations of the shear modulus Ḡ (xx, θ ), it is necessary to reduce its
infinite dimensionality into a finite set of random variables. In this work, this is achieved by
discretizing the continuous parameter space x ∈ Ωis into a finite set of control points x k ∈ Ωis
with k ∈ {1, ..., nk } [6]. After discretization, the random field Ḡ(xx, θ ) is represented by a random
G (θ ) corresponding to the evaluation of the random field at the set of control points xk .
vector Ḡ
Realizations of the random vector Ḡ (θ ) can be then generated as [6]:
nm

Ḡ (θ ) ≈ µ G + ∑ ξk (θ )
k=1

p
λk φ k

(14)

C G G rewhere λk and φ k are the k-th eigenvalue and eigenvector of the covariance matrix C̄
spectively, and ξk (θ ) are random variables sampled from the standard Gaussian distribution
N (0, 1). The number nm ≤ nk of eigenpairs (λk , φ k ) included in the expansion of equation
(14) can be decided based on a maximum acceptable relative truncation error:
ε (nm ) = 1 −
where Tr (·) denotes the trace of a matrix.

nm
1
 ∑ λk ≤ εmax
C G G k=1
Tr C̄
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(15)

In equation (4), the dynamic stiffness block matrices are formulated by taking into account the
G (θ ) is
continuous variation of the shear modulus Ḡ (xx, θ ) in Ωis . The stochastic shear modulus Ḡ
first evaluated at the finite element nodes and subsequently interpolated at any point of domain
Ωis by using the same FE shape functions as for the interpolation of the displacements [8].

3 Parametric study
The influence of the imperfectly known local subsoil conditions on the response predictions
of buildings to ground-borne vibration is assessed in a parametric study. To this end, a three
story reinforced concrete office building is considered. Figure 4 shows the first floor layout
of the building. Two different cases are examined for the building’s foundation: a) a uniform raft foundation with thickness tf = 0.60 m, and b) individual footings for each column and wall with a thickness of tf = 0.40 m. The soil underneath the building is modeled as a visco-elastic half-space with the mean properties shown in table 1. The building
response is investigated by computing transfer functions which relate its displacements to a
point load applied at the surface of the soil at the point S (−34 m, −26 m, 0 m) with respect
to the origin of the reference system. The analysis is performed in the frequency range between 1 Hz and 80 Hz which is of interest for problems of environmental ground vibration.

Ωb
3.75 m

y
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z

x

Σbs Σ
ie
Ωis

3.75 m 9.75 m

Ω̃es
3.75 m

3.75 m

3.75 m

12.75 m

9.75 m

Figure 4: R/C building layout at the first floor.

Figure 5: FE-PML model.

Table 1: Subsoil mean properties.

h [m] Cs [m/s] Cp [m/s] G [MPa] ν [−] ρ [kg/m3 ] β [−]
∞

300

600

162

1/3

1800

0.01

Figure 5 shows the FE-PML model. The subsoil is discretized with three-dimensional twentynode finite elements. A maximum element size le = 0.75 m is used for the mesh, corresponding
to 5 quadratic finite elements per shear wavelength λs at a frequency of 80 Hz. The building
is modeled with frame and eight-node shell elements. Hysteretic damping is assumed for the
building with η = 2ξ = 0.05.
The shear modulus of the soil in Ωis (figure 5) is modeled as a conditional random field Ḡ (xx, θ )
with a Gamma marginal PDF and a coefficient of variation CoV = 0.25 according to the methodology outlined in section 2.3. An isotropic squared exponential correlation coefficient function
is assumed for the covariance of the unconditional random field G (xx, θ ) which ensures continuous field realizations:


|xx − x 0 |2
0
2
CGG (xx, x ) = σG exp −
(16)
lc2
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In general, the variation of the material properties in soil deposits is anisotropic as the correlation length in the vertical and horizontal directions differ. However, in order to develop a
general understanding of how the spatial variability of the subsoil properties influences the response predictions of buildings, a single isotropic correlation length is considered in the present
paper. The correlation length lc of the shear modulus Ḡ (xx, θ ) is chosen to lie within the upper
range of typical correlation lengths of CPT data [5]. Thus, two correlation lengths are examined: lc = 1 m and lc = 1.50 m. The generation of the stochastic shear modulus realizations
is performed for a relative truncation error εmax = 0.05. Figure 6 shows two realizations of the
stochastic shear modulus of the soil mapped onto the finite element mesh for the two correlation
lengths considered.

(a)

(b)

G [MPa]
50

100

150

200

250

300

Figure 6: Realizations of the stochastic shear modulus of the soil mapped onto the finite element mesh.
Shear modulus with correlation length (a) lc = 1 m and (b) lc = 1.50 m.

In order to understand how the uncertain local subsoil conditions affect the response of buildings
to ground-borne vibration, two loading cases are considered, an actual and an artificial. The actual loading case (LC1) is the solution of the problem where the incident wave field propagates
through Ωis before it impinges the foundation of the building. This loading case allows to assess
the overall influence of the uncertain local subsoil conditions on the response of the building.
In this case, the nodal forces ˆf̄f s of equation (4) are used to propagate the incident wave field
through the FE-PML model. In the artificial loading case (LC2), the incident wave field is applied as nodal forces ˆf̃f Σbs directly on the soil-foundation interface Σbs according to equation (5)
and assuming it has propagated through the subsoil with the deterministic properties of table 1.
The main difference between the two loading cases is that the incident wave field which finally
impinges the foundation of the building in LC1 is perturbed by the (stochastic) heterogeneity of
Ωis (figure 7b) whereas in LC2 it is not. The artificial loading case is considered as it provides
additional insight by allowing to examine solely how the uncertain subsoil conditions affect
the dynamic stiffness matrix of the coupled soil-building system and, equivalently, its modal
characteristics.
The uncertainty is propagated from the subsoil properties to the response of the building by
means of Monte Carlo simulation. In total, nR = 1000 realizations are used for the statistical
estimation of the building response. The degree of uncertainty on the response predictions is
assessed by means of coefficients of variation:
CoV|ūˆ j | =
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σ|ūˆ j |
µ|ūˆ j |

(17)

(a)

(b)


Figure 7: Snapshot of the free field response ūu(t) = Re |ūuˆ |exp iωt + i∠ūuˆ at 80 Hz and t = 0. (a)
Homogeneous subsoil with the mean properties of table (1) and (b) subsoil with the shear modulus
realization of figure 6b.

where σ|ūˆ j | and µ|ūˆ j | are the standard deviation and the mean value of the response |ūˆ j | of the
j-th degree of freedom.

(a)

(c)

(c)

(d)

Figure 8: Coefficient of variation of the response transfer functions of point A1 in the x and z directions
for the building with raft foundation and shear modulus of the subsoil with lc = 1 m (blue line) and
lc = 1.50 m (red line). Results for (a)-(b) loading case 1 and (c)-(d) loading case 2.

Figure 8 shows the coefficient of variation of the response of point A1 (figure 4) for the two
considered correlation lengths lc of the shear modulus of the subsoil in the case of the building
with raft foundation. The uncertainty of the response is larger in LC1 than in LC2 as the former
includes both the influence of the stochastically perturbed incident wave field and the impact
of the stochastic subsoil on the modal characteristics of the coupled soil-building system. In
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(a)

(c)

(c)

(d)

Figure 9: Coefficient of variation of the response transfer functions of point A1 in the x and z directions
for the building with raft foundation (blue line) and individual footings (green line) and shear modulus
of the subsoil with lc = 1 m. Results for (a)-(b) loading case 1 and (c)-(d) loading case 2.

LC1 the uncertainty increases almost linearly with respect to the frequency for the vertical response (figure 8b) while for the horizontal response there are certain frequency bands where the
response of the coupled soil-structure system is found to be more sensitive to the subsoil properties (figures 8a-8c). These frequency bands can be associated with the eigenmodes of the coupled soil-building system that get particularly activated by the induced excitation. As for each
realization of the shear modulus of the subsoil the modal characteristics of the coupled system
are slightly different and since the response close to resonance frequencies is extremely sensitive to the damping present in the system, frequency bands of increased uncertainty emerge.
Similarly, there are other frequency bands in which the structural response is less sensitive.
These frequency bands can be associated with eigenmodes of the system that are not sensitive
to the subsoil properties. Furthermore, the uncertainty bounds of the response decrease when
the stochastic shear modulus of the subsoil has a shorter correlation length. In this case, the
wavelength of the elastodynamic waves in the soil is much larger compared to the length scale
of spatial fluctuations of the material properties and consequently any local scale variation of
the subsoil properties is not resolved in the response.
Figure 9 compares the coefficient of variation of the response of point A1 between the building
with raft foundation and the building with individual footings. The correlation length of the
shear modulus of the subsoil is lc = 1 m. The general trends of the response are in accordance
with the previously stated observations. Nevertheless, the building with individual footings is
more sensitive to the subsoil properties, exhibiting higher uncertainty to its response. Because
the size of the footings is small compared to the scale of variation of the subsoil material properties, each footing rests on top of a soil with different material properties. As a result, the spatial
variation of the material properties of the soil cannot be averaged out in the response.
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4 Conclusions
In this paper the influence of the imperfectly known local subsoil conditions on the response
predictions of buildings to environmental ground vibration is examined. A parametric analysis
is performed with respect to the statistical characterization of the shear modulus of the soil and
the foundation type of the building.
The uncertainty of the response of the building is traced on the stochastically perturbed incident wave field that excites the building and the impact of the stochastic subsoil on the modal
characteristics of the coupled soil-building system. The correlation length of the stochastic subsoil properties affects the uncertainty bounds of the response of the building. Furthermore, it is
demonstrated that the foundation type of the building is a crucial factor determining its response
and the associated uncertainty bounds. Generally, the structural response uncertainty increases
at higher frequencies. The sensitivity of the structural response to the subsoil properties varies
considerably over frequency bands, however.
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Guiding model improvement in dynamic substructuring:
sensitivity analysis and nonparametric probabilistic
modeling approach
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a
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Abstract: Analyses of structures may encounter many sources of uncertainty,
which may pertain to different structural components. Soize introduced a nonparametric probabilistic modeling approach, which, when combined with dynamic substructuring, can individually represent sources of uncertainty pertaining to different structural components. We augment this nonparametric probabilistic modeling approach with a stochastic sensitivity analysis in order to allow
insight to be gained into separate impacts of sources of uncertainty associated
with distinct structural components. We demonstrate the potential of the proposed methodology for guiding efforts aimed at improving structural analyses.

1 Introduction
Analyses of structures may encounter many sources of uncertainty, which may pertain to different structural components. Quantifying and gaining insight into the impact of sources of
uncertainty associated with distinct structural components on quantities of interest can help
validate the trustworthiness of structural analyses, and it can help provide guidance useful for
directing efforts aimed at improving structural analyses.
Probabilistic modeling approaches have the flexibility and generality to cope with various
sources of uncertainty in engineering analyses. On the one hand, there exist so-called parametric probabilistic modeling approaches that consist in representing uncertain material properties,
loadings, and geometrical characteristics as random variables, random fields, or random matrices, as required by the type of uncertain parameters. On the other hand, Soize [3] introduced
a nonparametric probabilistic modeling approach that consists in constructing a reduced-order
model associated with the structural analysis and then representing its reduced matrices as random matrices, whose probability distribution must be tailored to capture the overall amount of
uncertainty (parametric uncertainties and modeling errors) in the structural analysis.
The nonparametric probabilistic modeling approach is very general, and Soize and Chebli extended it in [4] to dynamic substructuring in a manner that leads one to construct for each
structural component a statistically independent set of random matrices whose probability distribution must be tailored to capture the overall amount of uncertainty encountered in that structural component; the statistically independent sets of random matrices thus obtained are then
assembled into a global random reduced matrix model for the entire structure. Although Soize
and Chebli [4]’s approach leads to a separate representation of sources of uncertainty pertaining
to separate structural components, they focused their attention in their work nevertheless on
demonstrating the ability of their approach to quantify the compound impact of all the sources
of uncertainty on quantities of interest. However, in addition to quantifying their compound
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impact, it can also be useful to shed light on the separate impacts of sources of uncertainty pertaining to separate structural components. Such insight can help rank the structural components
in the order of the significance of their contribution to uncertainty in quantities of interest, and
it can thus help guide efforts aimed at improving structural analyses by allowing these efforts
to be targeted to those structural components for which improvements can be expected to result
in the strongest reduction in the uncertainty in the quantities of interest.
Disambiguating the impact of distinct sources of uncertainty accommodated in a probabilistic
model is the goal of stochastic sensitivity analysis, for which several methods exist, such as
methods involving regression, correlation, and elementary effects, methods involving variance
analysis, and methods involving differentiation. Variance-based stochastic sensitivity analysis
is often encountered in the literature [2]: it consists in associating to each source of uncertainty
a corresponding significance descriptor, often called sensitivity index or Sobol index, which
reflects the significance of this source of uncertainty in inducing uncertainty in the quantities of
interest, thus permitting the dominant sources of uncertainty to be identified and ranked.
In this work, we propose to augment the nonparametric probabilistic modeling approach and its
extension to dynamic substructuring with a variance-based stochastic sensitivity analysis, with
the objective of proposing a combined methodology capable of providing insight into separate
impacts of sources of uncertainty pertaining to separate structural components on quantities of
interest and thus of guiding model improvement in dynamic substructuring.

2 Nonparametric probabilistic modeling in dynamic substructuring
To provide a context for introducing the nonparametric probabilistic modeling approach in dynamic substructuring, we consider an analysis in linear structural dynamics. Specifically, we
consider a time-domain finite element (FE) model of the linear dynamical behavior of a dissipative structure with two structural components about a static equilibrium. As usual in dynamic
substructuring, we set up for each structural component (indexed by r = 1, 2) a block decomposition of its FE mass, damping, and stiffness matrices, denoted by [M r ], [Dr ] and [K r ],
respectively, with respect to internal degrees of freedom and coupling degrees of freedom:


 r

 r

[Ki ] [Kcr ]
[Di ] [Dcr ]
[Mir ] [Mcr ]
r
r
r
.
(1)
, [K ] =
, [D ] =
[M ] =
[Kcr ]T [KΣr ]
[Dcr ]T [DΣr ]
[Mcr ]T [MΣr ]
We apply the usual Craig–Bampton dynamic-substructuring method—but please note that nonparametric probabilistic modeling approach in dynamic substructuring may also be applied to
other dynamic-substructuring methods—to obtain for each structural component the reduced
mass, damping, and stiffness matrices
[Mnr ] = [H r ]T [M r ][H r ],

[Dnr ] = [H r ]T [Dr ][H r ],

[Knr ] = [H r ]T [K r ][H r ],

where the transformation matrix [H r ] is given by
 r

[Φ ] −[Kir ]−1 [Kcr ]
r
[H ] =
,
[0]
[I]

(2)

(3)

in which the matrix [Φr ] collects eigenmodes of structural component r with fixed coupling interface and the matrix −[Kir ]−1 [Kcr ] and the identity matrix [I] collect the static boundary modes
of structural component r. The nonparametric probabilistic modeling approach then consists in
representing for each structural component the reduced matrices as random matrices as follows:
[M r ] = [LrM ][YMr ][LrM ]T ,

[D r ] = [LrD ][YDr ][LrD ]T ,
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[K r ] = [LrK ][YKr ][LrK ]T ,

(4)

where [LrM ] is the matrix square root of the deterministic reduced mass matrix obtained by
Cholesky factorization and [LrD ] and [LrK ] are the matrix square roots of the deterministic reduced damping and stiffness matrices obtained by singular value decomposition; further, [YMr ],
[YDr ], and [YKr ] are random matrices whose probability distribution must be tailored to capture
the overall amount of uncertainty encountered in the structural component indexed by r. Specifically, to assign a suitable probability distribution to the random matrices [YMr ], [YDr ], and [YKr ],
Soize and Chebli [3, 4] use the maximum entropy principle. Because it is rather complicated,
we do not recall the details of this use of the maximum entropy principle here. For our purpose
here, it suffices to know that it results for (nr ×nr )-dimensional matrices [Mnr ], [Dnr ], and [Knr ] in
a construction in which the random matrices [YMr ], [YDr ], and [YKr ] are statistically independent;
[YMr ], [YDr ], and [YKr ] are positive-definite, symmetric, real (nr × nr )-dimensional matrices; the
mean values of [YMr ], [YDr ], and [YKr ] all are equal to the identity matrix [I], that is,
E{[YMr ]} = [I],
E{[YDr ]} = [I],

(5)

E{[YKr ]} = [I];
and the amount of uncertainty expressed in [YMr ], [YDr ], and [YKr ] is tunable by free dispersion
r
r
, respectively, defined by
, δD r, and δK
parameters δM
q
r
δM
= E{k[YMr ] − [I]k2F }/k[I]k2F ,
r
δD

q
= E{k[YDr ] − [I]k2F }/k[I]k2F ,

(6)

q
= E{k[YKr ] − [I]k2F }/k[I]k2F ,
√
√
r
r
r
which must be such that 0 ≤ δM
, δD
, δK
< nr + 1/ nr + 5. We refer to [3, 4] for details
about the use of the maximum entropy principle, the expression of the resulting probability
distribution, and a sampling method that allows realizations of the random matrices to be easily
r
r
r
must be calibrated such that
generated numerically. The dispersion parameters δM
, δD
, and δK
r
r
r
the amount of uncertainty expressed in [YM ], [YD ], and [YK ] reflects the overall significance
of the sources of uncertainty encountered in the structural component indexed by r; several
methods are available for the purpose of this calibration, such as the methods given in [1]. The
random reduced mass and stiffness matrices afford the block decompositions





 r
[D i ] [D rc ]
[Kri ] [K rc ]
[Mri ] [M rc ]
r
r
r
(7)
, [D ] =
, [K ] =
[M ] =
[K rc ]T [K rΣ ]
[M rc ]T [M rΣ ]
[D rc ]T [D rΣ ]
r
δK

with respect to the generalized degrees of freedom associated with the fixed-interface eigenmodes and the static boundary modes. Collecting the random matrices [YMr ], [YDr ], and [YKr ] in
Y r = ([YMr ], YDr ][YKr ]), the random reduced matrix model for the entire structure is then


[M1i ]
 [0]
[M 1c ]T

[0]
[M2i ]
[M 2c ]T


[K1i ]
+  [0]
[K 1c ]T

 1
 
[M 1c ]
q̈ (t; Y 1 , Y 2 )
[D 1i ]
2
1
2 
2



[M c ]
q̈ (t; Y , Y ) +
[0]
[M 1Σ ] + [M 2Σ ]
üΣ (t; Y 1 , Y 2 )
[D 1c ]T
[0]
[K2i ]
[K 2c ]T

[0]
[D 2i ]
[D 2c ]T

 1

[D 1c ]
q̇ (t; Y 1 , Y 2 )
  q̇ 2 (t; Y 1 , Y 2 ) 
[D 2c ]
1
2
[D Σ ] + [D Σ ]
u̇Σ (t; Y 1 , Y 2 )

 1
 

q (t; Y 1 , Y 2 )
[K 1c ]
g 1 (t)
  q 2 (t; Y 1 , Y 2 )  =  g 2 (t)  ,
[K 2c ]
1
2
g Σ (t)
[K Σ ] + [K Σ ] uΣ (t; Y 1 , Y 2 )

3431

(8)

where g r = [Φr ]T f r for r = 1, 2 and g Σ = −[Kc1 ]T [Ki1 ]−T f 1 − [Kc2 ]T [Ki2 ]−T f 2 + f Σ , with

 
[Φ1 ]q 1 (t; Y 1 , Y 2 ) − [Ki1 ]−1 [Kc1 ]uΣ (t; Y 1 , Y 2 )
u1 (t; Y 1 , Y 2 )
u(t; Y 1 , Y 2 ) =  u2 (t; Y 1 , Y 2 )  =  [Φ2 ]q 2 (t; Y 1 , Y 2 ) − [Ki2 ]−1 [Kc2 ]uΣ (t; Y 1 , Y 2 ) ,
uΣ (t; Y 1 , Y 2 )
uΣ (t; Y 1 , Y 2 )


(9)

in which u1 , u2 , and uΣ , and f 1 , f 2 , and f Σ denote partitionings of the (generalized) displacement and external forces vectors of the time-domain FE model, respectively, with respect to the
internal degrees of freedom and the coupling degrees of freedom.

3

Variance-based stochastic sensitivity analysis

We will now briefly recall the variance-based stochastic sensitivity analysis method from [2].
Like stochastic sensitivity analysis in general, variance-based stochastic sensitivity analysis is
based on viewing a probabilistic model as a transformation of probabilistic representations of
sources of uncertainty into a probabilistic representation of quantities of interest. To provide a
context, we consider a probabilistic model involving two sources of uncertainty and serving to
predict a single scalar quantity of interest. Still, we emphasize that extensions to probabilistic
models involving more sources of uncertainty and more, possibly vector-valued, predictions can
be readily obtained. Specifically, we consider a probabilistic model represented as follows:
Z = f (Y 1 , Y 2 );

(10)

here, Y 1 and Y 2 are the probabilistic representations of the sources of uncertainty, and Z is
the induced probabilistic representation of the quantity of interest. For example, the transformation f could represent the nonparametric probabilistic model set up in the previous section;
the sources of uncertainty Y 1 and Y 2 could collect the random matrices relevant to the first
structural component and the second structural component, respectively; and the quantity of
interest Z could be the value taken by a particular component of the (generalized) displacement
vector at a particular time instant, say, t, thus leading to Z = uj (t; Y 1 , Y 2 ), or the quantity of
interest could be the maximum of the value taken by this component over a time interval, say,
[0, τ ], thus leading to Z = max0≤t≤τ uj (t; Y 1 , Y 2 ), among other possibilities.
Variance-based stochastic sensitivity analysis associates to each source of uncertainty a significance descriptor, often called sensitivity index or Sobol index, which quantifies the portion of
the variance of the quantity of interest that can be directly related to this source of uncertainty,
thus permitting the dominant sources of uncertainty to be identified. When applied to (10),
variance-based stochastic sensitivity analysis leads to a significance descriptor, say, vY1 , for Y 1 ,
and a significance descriptor, say, vY2 , for Y 2 . Variance-based stochastic sensitivity analysis
defines these significance descriptors as follows:
vY1 = VarY 1 {EY 2 {f (Y 1 , Y 2 )}},

vY2 = VarY 2 {EY 2 {f (Y 1 , Y 2 )}}.

(11)

By means of the conditional variance identity, it can be seen that the significance descriptors vY1
and vY2 also afford the equivalent definitions:
vY1 =Var{f (Y 1 , Y 2 )} − EY 1 {VarY 2 {f (Y 1 , Y 2 )}}, vY2 =Var{f (Y 1 , Y 2 )} − EY 2 {VarY 1 {f (Y 1 , Y 2 )}}, (12)

thus revealing the interpretation of vY1 and vY2 most often found in the literature, namely, the
interpretation of vY1 and vY2 as the expected amounts by which the variance of the quantity of
interest would be reduced if there was no longer uncertainty in Y 1 and Y 2 , respectively.
The computation of the significance descriptors can be based either on sampling methods or
on stochastic expansion methods. Because we target a context involving random matrices, we
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can expect the computation of the significance descriptors to be a problem of so-called high
dimension, for which sampling methods can be expected to be best suited, and we thus briefly
provide details about a sampling method next. In fact, the definition of significance descriptors
as variances of conditional expectations does not provide a straightforward path to an efficient
application of sampling methods because this definition involves nested expectation operators.
However, as noted by Sobol [2], the introduction of statistically independent and identically
distributed copies of the probabilistic representations of the sources of uncertainty allows the
significance descriptors to be defined in an equivalent manner that does no longer involve nested
expectation operators, a consideration which led Sobol [2] to propose to apply the Monte Carlo
sampling method to such equivalent definitions of the significance descriptors. Specifically, the
application Sobol [2]’s method leads for vY1 to the estimate
 X
 X

ν
ν
ν
1
1
1X
1,ν
1
2
1
2
1
2
1
2
f (y ` , y ` )f (y ` , ỹ ` ) −
f (y ` , y ` )
f (y ` , ỹ ` ) ,
(13)
vY =
ν `=1
ν `=1
ν `=1
where {y 11 , . . . , y 1ν } is a set of ν realizations of Y 1 and {y 21 , . . . , y 2ν } and {ỹ 11 , . . . , ỹ 2ν } are two
sets of ν realizations of Y 2 , and it leads for vY2 to the estimate
 X
 X

ν
ν
ν
1
1
1X
2,ν
1
2
1
2
1
2
1
2
vY =
f (y ` , y ` )f (ỹ ` , y ` ) −
f (y ` , y ` )
f (ỹ ` , y ` ) ,
(14)
ν `=1
ν `=1
ν `=1
where {y 11 , . . . , y 1ν } and {ỹ 11 , . . . , ỹ 1ν } are two sets of ν realizations of Y 1 and {y 21 , . . . , y 2ν } is
a set of ν realizations of Y 2 .

4 Numerical illustration
Our numerical illustration concerns the prediction of vibration properties in the presence of
sources of uncertainty in the representation of the behavior of structural components.

4.1

Deterministic model

Figure 1: Deterministic model: stiffened panel with a hole.

We set up a deterministic model of a panel with a hole and a stiffener at its center and two
additional stiffeners along the edges (Fig. 1). The panel has a length of 0.60 m, a width of 0.30 m,
and a thickness of 0.007 m; the hole has a diameter of 0.06 m; the three stiffeners have a height
of 0.03 m and a thickness of 0.007 m, and the two stiffeners at the edges are located 0.12 m away
from the center of the panel. We assumed the mechanical behavior to obey an isotropic linear
elastic constitutive model with a Young modulus of 210 GPa and a Poisson ratio of 0.30. We
assumed a mass density of 7800 kg/m3 .
We were interested in predicting the first and the second eigenfrequency. We set up a FE model
based on a mesh composed of 356 4-node shell elements and 404 nodes. Figure 2 shows the first
and second eigenmodes (not counting rigid-body modes). The corresponding eigenfrequencies
are f1 = 124.88 Hz and f2 = 302.82 Hz.
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(a) Eigenmode 1 at 124.88 Hz.

(b) Eigenmode 2 at 302.82 Hz.

Figure 2: Deterministic model: the first and the second eigenmode.

4.2

Probabilistic model

We considered the stiffened panel to be a structure made up of different structural components;
specifically, we distinguished between the panel with the hole and the stiffener at its center (in
blue in Fig. 1) and the two additional stiffeners along the edges (in red in Fig. 1).
We assumed the deterministic model to be a simplified representation of the dynamical behavior
of a real structure, with modeling errors, hence, sources of uncertainty, potentially incurred by
simplifications in the geometry, simplifications in the representation of the constitutive behavior, unaccounted structural details, and so forth. We were interested in determining how, on the
one hand, modeling errors, hence, sources of uncertainty, in the representation of the dynamical behavior of the panel with the hole and the stiffener at its center (in blue in Fig. 1) and,
on the other hand, modeling errors, hence, sources of uncertainty, in the representation of the
dynamical behavior of the two additional stiffeners along the edges (in red in Fig. 1) contribute
to uncertainty in the predictions of the first and the second eigenfrequency.
Consequently, we applied a dynamic-substructuring approach in combination with the nonparametric probabilistic modeling approach in order to associate to the deterministic model a
probabilistic model wherein sources of uncertainty in the representation of the dynamical behavior of the panel with the hole and the stiffener at its center (in blue in Fig. 1) and sources
of uncertainty in the representation of the dynamical behavior of the two additional stiffeners
along the edges (in red in Fig. 1) are represented separately as distinct sources of uncertainty.
In order to construct this probabilistic model, we decomposed the deterministic model into
three structural components, which we indexed by r, where r = m refers to the panel with
the hole and the stiffener at its center, r = s1 refers to the additional stiffener at the left edge,
and r = s2 refers to the additional stiffener at the right edge. We set up for each structural
component a block decomposition of its FE mass and stiffness matrices with respect to internal degrees of freedom and coupling degrees of freedom as in (1). With the Craig–Bampton
dynamic-substructuring method, we obtained for each structural component reduced mass and
stiffness matrices as in (2) and (3). We represented for each structural component the reduced
mass and stiffness matrices as random matrices as in (4). The random reduced mass and stiffness matrices thus obtained afford the block decompositions given in (7). The random reduced
mass and stiffness matrices for the entire structure are then obtained as

[Mm
[0]
[0]
[M m
[M m
c1 ]
c2 ]
i ]

 [0]
[Msi 1 ]
[0]
[M sc11 ]
[0]


s2
s2


[0]
[Mi ]
[0]
[M c2 ]
[M ] =  [0]

s
m
s
m
m
T
T
1
1

[M c ]
[M c1 ]
[0]
[M Σ11 ] + [M Σ1 ]
[M Σ12 ]
1
s2
m T
s2 T
m
m T
[M c2 ]
[0]
[M c2 ]
[M Σ12 ]
[M Σ22 ] + [M Σ2 ]
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(15)

and


[Km
[0]
[0]
[K m
[K m
c1 ]
c2 ]
i ]

 [0]
[0]
[0]
[K sc11 ]
[Ksi 1 ]


s2
s2
,

[0]
[Ki ]
[0]
[K c2 ]
[K] =  [0]

s
m
m
m
s
T
T
1

[K c ]
[K Σ12 ]
[0]
[K Σ11 ] + [K Σ1 ]
[K c11 ]
1
s2
m T
m
m T
s2 T
[K Σ12 ]
[K Σ22 ] + [K Σ2 ]
[K c2 ]
[0]
[K c2 ]

(16)

[K]ψj (Y m , Y s ) = λj (Y m , Y s )[M ]ψj (Y m , Y s ).

(17)



where the subscripts in c1 , c2 , Σ11 , Σ12 , and Σ22 serve to distinguish between the coupling
degrees of freedom between the panel with the hole and the stiffener at its center and the additional stiffener at the left edge (subscript 1) and the additional stiffener at the right edge
m
m
m
(subscript 2). Collecting the random matrices [Y m
= ([Y m
M ] and [Y K ] in Y
M ], [Y K ]) and
the random matrices [Y sM1 ], [Y sK1 ], [Y sM2 ], and [Y sK2 ] in Y s = ([Y sM1 ], [Y sK1 ], [Y sM2 ], [Y sK2 ]), the
random eigenproblem associated with the probabilistic model reads as

In our numerical simulation, we accounted for 20 fixed-interface eigenmodes for the panel
with the hole and the stiffener at its center and 10 fixed-interface eigenmodes for each one of
m
m
the two additional stiffeners. We set the dispersion parameters equal to δM
= δK
= 0.1 and
s1
s1
s2
s2
δM = δK = δM = δK = 0.1. The use of equal values for the dispersion parameters relevant
to the panel with the hole and the stiffener at its center and those relevant to the two additional
stiffeners may be interpreted as the introduction of a relatively equal amount of uncertainty in
the reduced matrices relevant to the panel with the hole and the stiffener at its center and those
relevant to the two additional stiffeners. With reference to the range of admissible values given
in Sec. 2, the value of 0.1 may be interpreted as the introduction of a rather low to moderate
amount of uncertainty. Aside from these interpretations, our choice of values for the dispersion
parameters is arbitrary; in structural analyses, suitable values for the dispersion parameters may
be identified from data collected from the real structure or obtained by using a higher-fidelity
model of the real structure, for instance, by using the method given in [1], but such an identification is outside of the scope of this numerical illustration.
We obtained numerical results by using 20,000 realizations. For the first eigenfrequency, we
obtained a mean value of 124.50 Hz and a variance of 0.39 Hz2 , corresponding to a coefficient of
variation of 5.03 %. And for the second eigenfrequency, we obtained a mean value of 302.04 Hz
and a variance of 2.26 Hz2 , corresponding to a coefficient of variation of 4.98 %.

4.3

Variance-based stochastic sensitivity analysis

We defined the significance descriptors
n
nq
. . oo
m
s
m
m
s
vj = VarY EY
λj (Y , Y ) 2 π ,
n
nq
. . oo
vjs = VarY s EY m
λj (Y m , Y s ) 2 π ;

(18)
(19)

here, the significance descriptor vjm indicates the significance of the probabilistic representam
tion Y m = ([Y m
M ], [Y K ]) of modeling errors relevant to the representation of the dynamical
behavior of the panel with the hole and the stiffener at its center, whichp
may also be interpreted as the expected amount by which the variance of the eigenfrequency λj (Y m , Y s )/2/π
would be reduced if the model of the panel with the hole and the stiffener at its center was
improved and these modeling errors were eliminated; likewise, vjm indicates the significance
of the probabilistic representation Y s = ([Y sM1 ], [Y sK1 ], [Y sM2 ], [Y sK2 ]) of modeling errors relevant to the representation of the dynamical behavior of the two additional stiffeners, which
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maypalso be interpreted as the expected amount by which the variance of the quantity of interest λj (Y m , Y s )/2/π would be reduced if the models of the two additional stiffeners were
improved and these modeling errors were eliminated.
We obtained numerical results by using the abovementioned sampling method and 20,000 realizations. For the first eigenfrequency, we obtained v1m = 0.36 Hz2 and v1s = 0.02 Hz2 ; with
reference to the variance of 0.39 Hz2 , these significance descriptors correspond to global sensitivity indices of about 93 % and 6 %, respectively. For the second eigenfrequency, we obtained
v2m = 1.68 Hz2 and v2s = 0.58 Hz2 ; with reference to the variance of 2.26 Hz2 , these significance
descriptors correspond to global sensitivity indices of about 75 % and 25 %, respectively.
These results indicate that the modeling errors relevant to the representation of the dynamical
behavior of the panel with the hole and the stiffener at its center are dominant in inducing
uncertainty in the first and the second eigenfrequency, thus indicating that efforts aimed at
improving the prediction of the first and the second eigenfrequency should focus on improving
the model of the panel with the hole and the stiffener at its center.
In addition, these results indicate that the modeling errors relevant to the representation of the
dynamical behavior of the panel with the hole and the stiffener at its center are more dominant
in inducing uncertainty in the first eigenfrequency (global sensitivity index of 93 %) than in
inducing uncertainty in the second eigenfrequency (global sensitivity index of 75 %). This is
consistent with the shape of the eigenmodes (Fig. 2): because the deformation of the two additional stiffeners is more significant in the second eigenmode than in the first one, modeling
errors relevant to the representation of the dynamical behavior of the two additional stiffeners
are more significant in inducing uncertainty in the second eigenfrequency than in the first one.

5 Conclusion
We proposed to augment the nonparametric probabilistic modeling approach and its extension
to dynamic substructuring with a variance-based stochastic sensitivity analysis. The proposed
methodology can help gain insight into separate impacts of sources of uncertainty pertaining
to separate structural components on quantities of interest, and it can thus help guide model
improvement in dynamic substructuring.
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Abstract: The objective of the work presented here is the inverse identification of parameters describing the mechanical characteristics of high-speed train
suspensions for maintenance purposes. This identification is achieved by comparing simulation results to on-track accelerometric measurements. It requires
the introduction of an output predictive error as a noise added to simulation outputs to take into account measure and model uncertainties, the introduction of
an objective function defined on the parameter domain, and the optimization of
this objective function, performed by an EGO (Efficient Global Optimization)
algorithm thanks to the construction of a Kriging metamodel of the objective
function.

1 Introduction
Trains dynamic behavior strongly relies on their suspensions state, which undergo damage
throughout their lifetime. In order to ensure passengers safety and comfort, a good state of suspensions must be guaranteed, thanks to regular maintenance. Presently, this maintenance mostly
relies on age or mileage criteria. The knowledge of the actual state of suspension characteristics could however allow the use of maintenance rules closer to the real needs. The industrial
objective of the worked presented here is thus the development of a remote diagnosis method
for high-speed train suspensions based on accelerometric on-track measurements. This work is
part of a development project conducted by SNCF (the French National Railway Company).
Track geometry (also called track irregularities) constitutes the main excitation source of a
rolling train, and has consequently a major influence on the train dynamic behavior (see [6, 10,
7, 8]). Track geometry is also subject to damage caused by railway traffic (see [9, 1]). In order
to distinguish suspension damage from track geometry evolution in the accelerometric measurements in the train, railway dynamics simulation is necessary. More precisely, we propose to
compare measured accelerations to simulated ones, computed on the track geometry which has
been measured together with the accelerations. The experimental data (track geometry and accelerometric measurements) used for this work come from the train IRIS 320, a modified TGV
specially equiped to perform various measurements at high speed (see [3, 2])
From a scientific point of view, this problem consists in a statistical inverse identification of
the train model parameters describing the suspensions mechanical properties. The repetition of
this identification on measurements performed at different times should allow for observing the
time evolution of these parameters. Appropriate maintenance could then be triggered as soon as
they leave the acceptable domain.
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2 Description of the analyzed system
2.1

Mechanical system

In this work, the system considered is a train rolling at variable speed on a track characterized
by its design and its geometry.
The track geometry is defined as the geometric irregularities of the rails position with respect to
the theoretical track design. It can be modeled as a R4 -valued stochastic process (see [11]). The
track is divided in segments, a few kilometers each. For a fixed date, there is a given number
of segments on which geometry has been measured. Consequently, a limited number of track
geometry realizations is known, about one hundred. The input of the railway dynamical system
is the excitation induced by the track geometry.
The train is described as a multibody model. It consists of rigid bodies linked together by mechanical joints (mostly stiffnesses and dampers) with nonlinear behavior. Wheel-rail contact law
is also nonlinear. The train parameters involved in the identification process are solely mechanical parameters modeling the train suspensions. Certain suspension parameters will eventually
be modeled as random variables, because their values are not known precisely. In this paper,
we however present a first step for which they are taken deterministic. The railway dynamics
software used for this work as a black box is Vampire.
The system output is the train accelerometric response to the track geometry at a certain (possibly varying) speed. For this work, only vertical and lateral accelerations on various points of the
train carbodies and bogies are considered. The analysis of the response is done in the frequency
domain.

2.2

Quantities of interest

Two different time scales are considered: the short-time scale associated with the train dynamics
and the long-time scale associated with the evolution of the suspensions mechanical properties.
For a fixed date (related to the long-time scale), the following quantities are defined:
• X(t) as a real vector-valued stochastic process indexed by the time interval [0 , T ], representing the displacement condition imposed to each wheel of the train, in the axis system
attached to the train, circulating at varying speed. Only a limited number of realizations
of this stochastic process is known. These realizations are directly deduced from the geometry measurements, the train speed record and the location of the wheelsets along the
train. In this work, no stochastic model of the track geometry is used.
• A(t) as a Rn -valued stochastic process indexed by [0 , T ], representing the train accelerometric response in the axis system attached to the train.
• Y(ω) as a Rn -valued stochastic process indexed by the frequency domain Ω, representing
the amplitude of the Fourier transform of A(t) in dB:
Y(ω) = 10 log10 Â(ω) ,
with
Â(ω) =

Z T
1
0

√ A(t)e−iω t dt .
T

(1)

(2)

• w as a deterministic vector with value in the admissible set Cw , subset of Rq , representing
the parameters describing the mechanical properties of the train suspensions.
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The output quantity of interest is process Y rather than process A. Only the amplitude of the
Fourier transform is considered in order to avoid systematic phase-shift issues between measured and simulated processes in the time domain. This amplitude is taken in dB in order to
characterize the system resonances as well as antiresonances.
The previous formulation is preferred to the computation of the power spectral density function
of A because the emphasis is put on the calibration of the train model rather than on the analysis
of the input variability propagation through the system. A similar approach could be performed
with a fully deterministic track input. In that case the stochastic property of the output would
only come from the uncertainty on the parameters, the computation of the power spectral density
function would not be appropriate.
In the following sections, three different versions of process Y are used:
• Ymes (ω) directly computed from the accelerometric measurements.
• Ysim (ω, w) computed from the simulated accelerations, which depends on the w parameter.
• Ymod (ω, w) computed from Ysim (ω, w) to which a noise is added. This noise models the
measurement and train model uncertainties (see Section 2.3).

2.3

Measure and train model uncertainties

To perform a correct parameter identification, it is necessary to introduce a model uncertainty
to the simulation results Ysim (ω, w). An identification performed without uncertainty could result in nonrobust parameters, potentially very different from the real values. The simulation
being used as a black box, the model uncertainty can only be introduced as an additive output
predictive error. Moreover, a measurement uncertainty must be taken into account. These two
types of uncertainty are globally introduced with an additive noise, B(ω), on the response of
the system. This noise must be identified from the available measurements. The noise identification is performed once and for all at a given reference date. It is then supposed than the
identified process B(ω) can be kept unchanged for all other dates. At reference date, accelerometric measurements provide a set of ν0 sample paths {ymes,i (ω), ω ∈ Ω}1≤i≤ν0 of process
{Ymes (ω), ω ∈ Ω}. On the corresponding track irregularity measurements, a set of ν0 sample
paths {ysim,i (ω, w0 ), ω ∈ Ω}1≤i≤ν0 of process {Ysim (ω, w0 ), ω ∈ Ω} is computed by the simulation software. The nominal value of parameter w is denoted by w0 . From those two sets, ν0
sample paths of noise {B(ω), ω ∈ Ω} are then computed:
bi (ω) = ymes,i (ω) − ysim,i (ω, w0 ) ,

1 ≤ i ≤ ν0 .

(3)

The stochastic process B is modeled as a Gaussian process independent from processes Ymes
and Ysim (. , w0 ). The mean and covariance functions of B are estimated by using the ν0 sample
paths {bi (ω), ω ∈ Ω}1≤i≤ν0 . Such a Gaussian model allows an easy sampling of process B to
be generated.
Figure 1 shows the comparison between Ymes (ω) (black) with Ysim (ω, w0 ) (red) on the one
hand (top graph), and Ymes (ω) (black) with Ymod (ω, w0 ) (blue) on the other hand (bottom
graph), for the component k of these processes. This component corresponds to a carbody vertical acceleration. It can be noticed that the addition of the noise allows for obtaining a good
match between the measured and the simulated mean functions. Moreover, the confidence region of process Ymod overlaps the one of measured process Ymes .
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Figure 1: Mean and quantiles comparison of Ykmes (ω) with Yksim (ω, w0 ) (top graph), and of Ykmes (ω) with
Ykmod (ω, w0 ) (bottom graph), for the component k corresponding to a carbody vertical acceleration.

3 Estimation of the optimal model parameters with Kriging metamodel
This section presents an approach for the identification of an optimal deterministic parameter
wopt , relying on Kriging metamodeling. For a given parameter w, an objective function J (w)
representing the distance between the measurements and the simulation results needs to be
defined. A Kriging metamodel of this objective function is then built from an experimental
design on Cw . The computation of wopt is performed thanks to this metamodel. This procedure
has been tested by using a numerical experiment.
For this part, all the quantities previously introduced are relative to the date at which the measurements have been made, which is different from the reference date used for the noise identification.
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3.1

Definition of the objective function

In the present case, the objective function J is a real-valued function of the parameter w used
to represent the distance between the processes Ymes and Ymod (. , w). The higher the objective
function is, the smaller the distance between these processes will be. Consequently, in order to
find the optimal parameter wopt for which the simulation best matches the measurements, the
objective function must be maximized:
wopt = arg max (J (w)) .

(4)

w∈Cw

Two sets {ymes,i }1≤i≤ν and {ymod,i (. , w)}1≤i≤ν of ν sample paths of processes Ymes and
Ymod (. , w) are known. For ω fixed in Ω, for w fixed in Cw , and for component k fixed in
{1, . . . , n}, the probability density functions of the real-valued random variables Ykmes (ω) and
Ykmod (ω, w) are written as pYkmes (. ; ω) and pY mod (. ; ω, w). They are estimated with the Gaussian
k
kernel etimation method in the framework of nonparametric statistics from the realizations at
each ω.
The objective function is defined according to equation (5):
n

J (w) =

∑ αk Ψk (w) ,

(5)

k=1

with ∑nk=1 αk = 1. This equation aggregates the contribution of the different components of the
Rn -valued process Y, with weights {αk }1≤k≤n .
The function Ψk is constructed to compare the R-valued processes Ykmes and Ykmod (. , w). Two
different constructions are proposed:
• The first one is inspired by the log-likelihood function (see [14]), written as:
Ψk (w) =

1
|Ω|

Z

Ω

ν

log ∏ pY mod (ymes,i
(ω); ω, w)dω .
k
k

i=1

(6)

• The second one is based on an overlaping criterion (see [4]), which computes the overlap
between the probability density function pYkmes (.; ω) and pY mod (.; ω, w):
k

Ψk (w) =
with

3.2

1
|Ω|

Z

Ω



OVL pYkmes (.; ω), pY mod (.; ω, w) dω ,
k

1
OVL(p1 , p2 ) = 1 −
2

Z

R

|p1 (u) − p2 (u)| du .

(7)

(8)

Optimization with Kriging metamodel

In order to maximize a function J over the admissible set Cw , numerous calls to the function
are necessary. In our case, the evaluation of objective function J requires the simulation of the
train dynamic response over several hundreds of kilometers of track. The acceptable number
of calls to the function is thus limited. This limitation becomes even more problematic as the
dimension of the admissible set Cw increases.
An optimization method with a limited number of calls to the function is proposed in [5]. This
method, called the EGO algorithm (standing for Efficient Global Optimization) relies on the
construction of a Kriging metamodel Je of the function J (see [12, 13]). It consists in a Gaussian
stochastic process conditionned by the points where the value of the function J is known. The
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construction of the metamodel requires a preliminary evaluation of J on a set {w j }1≤ j≤m0 of m0
points in Cw . This set is distributed as a space-filling experimental design on Cw , so that Je allows
for approximating of J in the whole set Cw . Contrary to the use of the full computational model
for evaluating the objective function, the use of the metamodel allows for quickly computing the
objective function at any point in Cw . To find the optimum, the EGO algorithm then allows for
computing at most m1 new values of J . The metamodel is used to determine the best location
of these new points. The criterion used to designate the next candidate point is the expected
improvement, defined on Cw by the equation (9) (in the case when J needs to be maximized):
n
o
EI(w) = E max(0, Je(w) − Jmax ) ,
(9)

where Jmax is the current known maximum of J , and E{.} denotes the mathematical expectation. The candidate point is the one that maximizes this expected improvement. The main
interest of this criterion is that it offers a compromise between local search (where the metamodel mean function is maximum) and global search (where the objective function is poorly
known). Objective function J is then evaluated on this candidate point. The current maximum
Jmax and the metamodel Je are then updated, and the search for a new candidate begins. If the
maximum of expected improvement goes below a given tolerance ε, the search for new candidates is stopped, even though the acceptable number of new points m1 is not reached. This
stopping condition is set to avoid unnecessary iterations. This algorithm is summed up by the
following pseudo code:
Initialize Je with the points {(w j , J (w j ))}1≤ j≤m0
for ` = m0 + 1 : m0 + m1 do

Set Jmax = max
J (w j )
j∈{1,...,`−1}
n
o
Set EI : w 7→ E max(0, Je(w) − Jmax )
Search w` = arg max {EI(w)}
w∈Cw

if EI(w` ) < ε then
Break loop
else
Compute J (w` )
Update Je with the point (w` , J (w` ))
end if
end for

Return wopt = arg max J (w j )
j∈{1,...,`−1}

3.3

Optimization results on a numerical experiment case

The algorithm described in the previous section has been tested on a numerical experiment with
the two types of objective function described in Section 3.1.
What we call here a numerical experiment is an artificial measurement generated by simulation
with known suspension parameters. Let wref be these known parameters representing damaged
suspensions. The ν sample paths {ysim,i (. , wref )}1≤i≤ν of the dynamic response are computed
by simulation with parameter wref . A set of ν sample paths {bi }1≤i≤ν of the noise B are generated using the model identified in Section 2.3. This noise is added to the simulated response
to obtain a reference response as close as possible from the measurements, but with known
suspension parameters:
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yref,i (ω) = ysim,i (ω, wref ) + bi (ω) ,

1≤i≤ν.

(10)

This set {yref,i }1≤i≤ν replaces set {ymes,i }1≤i≤ν for the computation of the objective function.
For the test presented here, Cw is a hypercube of dimension q = 7. The initial experimental
design is a Latin Hypercube Sample of m0 = 500 points, optimized with a maximin criterion.
The tolerance ε for the stopping condition of the EGO algorithm is set at 10−4 times the size of
the variation interval of the objective function. The two types of objective function have been
tested, starting with the same initial experimental design. The weights {αk }1≤k≤n are chosen all
equal to n1 .
Optimization results are presented in Table 1 and Figure 2. For each objective function, Table
1 gives the number of necessary iterations to reach stopping condition and the error between
the reference and the estimated optimal value for each of the q components of parameter w.
This error is calculated as the difference between the reference and the estimated optimal value,
in percentage of the length of the admissible interval of the corresponding component. Figure
2 represents the values of the different components of reference parameter wref and estimated
optimal parameter wopt on a normalized scale, that is to say, the admissible interval of each
component has been shrinked to [0 , 1].
The results of the optimization is globally satisfying. Apart from the second component that
is discussed afterwards, the errors obtained with the overlap objective function are below 4%
for every component. The likelihood objective function gives slightly better results on certain
component, however its maximum error (on the third component) is bigger. Moreover, the optimization converges faster with the overlap objective function than with the likelihood one. If the
second component can be ignored, the overlap objective function appears to be slightly better
than the likelihood one.
The optimization result for the overlap function is bad on the second component. One can
actually observe on Figure 2 that its value is stuck on the boundary of the admissible interval.
This shows that this component could not be identified at all. An explanation for this is the
fact that this second component is very coupled with the first one, while being significantly
less influent on the measured acceleration. They both control stiffnesses linked to the vertical
motion of the carbody, but the stiffness corresponding to the first component is located much
closer to the sensor than the stiffness corresponding to the second component.
Table 1: Comparison of the optimization results using the two types of objective function: number of
necessary iterations to reach stopping condition, and the error calculated as the difference between the
reference and the optimal value in percentage of the admissible interval length, for each parameter
component.

Objective function Iterations Error for each parameter component
Likelihood
50
2.4 5.2 7.4 2.4 1.8 0.4 3.2
Overlap
18
2.9 25 3.6 0.04 1.1 1.1 3.9

4 Conclusion and perspectives
In this paper, we have presented a robust identification method by solving a statistical inverse
problem. This method allows for identifying the mechanical parameters of high-speed train
suspensions, through the use of on-track measurements and railway dynamic simulation. This
method focuses on the optimization of an objective function with the EGO algorithm using a
Kriging metamodel of this objective function. This optimization has been tested on a numerical experiment. Results are promising for the two types of objective function that have been
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Figure 2: Optimization results: wopt for likelihood objective function (red triangles) and overlap objective
function (blue dots) are compared component by component to wref (black squares) on a normalized
scale.

proposed. The validation on actual measurements is in progress.
For this work, the mechanical parameters have been kept deterministic. The results obtained
here set a good basis for the introduction of uncertainties on the parameters. The identification
would then concern the probability distribution of these parameters.
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Design optimization of stochastic complex systems via iterative density estimation
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Abstract: Reliability-based design optimization (RBDO) provides a rational and
sound framework for finding the optimal design while taking uncertainties into account. The main issue in implementing RBDO methods, particularly stochastic simulation based ones, is the computational burden arising from the evaluation of
reliability constraints. In this contribution, we propose an efficient method which approximates the failure probability functions (FPF) to decouple reliability. Based on the
augmentation concept, the approximation of FPF is equivalent to density estimation of
failure design samples. Unlike traditional density estimation schemes, where the estimation is conducted in the entire design space, in the proposed method we iteratively
partition the design space into several subspaces according to the distribution of failure design samples. Numerical results of an illustrative example indicate that the proposed method can improve the computational performance considerably.

Introduction
The primary task in engineering system design is to find the optimal solution by balancing the
contradictory multidisciplinary requirements and the system performances. Reliability-based
design optimization (RBDO) uses probability theory to explicitly take uncertainties associated
with future excitations and system modelling into account, making it a unified and sound tool
for aerospace and civil system design [1].
Roughly speaking RBDO is an optimization framework that incorporates reliability constraints.
Here we denote a reliability constraint as 𝑃𝐹 (𝛗) ≤ [𝑃𝐹 ] where 𝛗 is a vector of design variables,
𝑃𝐹 (𝛗) is the failure probability function (FPF) and [𝑃𝐹 ] is the allowable failure probability.
That is, for a specific design configuration, the failure probability of its corresponding system
should not exceed the allowable failure probability for a failure event 𝐹. Unfortunately, evaluation of reliability constraints is a daunting challenge due to the computational burden imposed
by calculation of failure probability, particularly when complex numerical models are involved.
Over the last decade there has been considerable research efforts on proposing RBDO methods;
here we describe two common ones. The first is an intuitive double-loop approach [2-4] that
integrates reliability assessments into conventional deterministic optimization procedure. The
second approach is to replace reliability constraints with deterministic constraints by approximating FPFs, thus decoupling reliability assessments from the optimization loop. Early efforts
[5-8] restrict the class of FPFs to parametric functions, for instance, linear functions [6-8] or
quadratic functions [5]. An obvious drawback of parametric functions is that if the underlying
FPF cannot be not well modelled by a certain class of functions, then errors will be excessively
large.
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In this paper, we presented a novel method for approximating FPFs via density estimation. As
pointed out by Au [9], approximation of FPFs can be described as a problem of density estimation. This paper is intended to show how the density function of failure samples can be accurately estimated by partitioning the design space, even for the small failure probability region.

Relation of the failure probability function and density function
Now consider an engineering system involving deterministic design variables 𝛗 =
[φ1 , ⋯ , φ𝑛φ ] ⊂ ℝ𝑛𝜑 and random variables 𝚯 = [Θ1 , ⋯ , Θ𝑛𝜃 ] ⊂ ℝ𝑛𝜃 . In the augmented space
Ω ⊂ ℝ𝑛𝜑+𝑛𝜃 [9], design variables are artificially considered as random variables normally characterized by a uniform distribution 𝑝(𝛗) supported on the ranges of 𝛗, then based on Bayes’
Theorem the FPF can be expressed as
𝑃𝐹 (𝛗) = 𝑃(𝐹|𝛗) =

𝑝(𝛗|𝐹)𝑃(𝐹)
∝ 𝑝(𝛗|𝐹)
𝑝(𝛗)

(1)

As given in Equation (1), the FPF 𝑃𝐹 (𝛗) is proportional to the density function 𝑝(𝛗|𝐹) as both
𝑝(𝛗) and 𝑃(𝐹) are constants. This relationship is illustrated in Figure 1. Notice that 𝑃(𝐹) is
rather the failure probability of the original system but the ‘augmented’ system after introducing
artificial random variables.
To approximate the FPF, we first estimate 𝑃(𝐹) using direct Monte Carlo Simulation (dMCS)
or Subset Simulation (SS). As a byproduct of this ‘pilot simulation’, a set of 𝑁 failure samples
(1)

(1)

(𝑁)

(𝑁)

(1)

(𝑁)

{[𝛗𝐹 , 𝚯𝐹 ], ⋯ , [𝛗𝐹 , 𝚯𝐹 ]} will be generated and its design component {𝛗𝐹 , ⋯ , 𝛗𝐹 } are
samples following 𝑝(𝛗|𝐹) as shown in Figure 1. Then, the density function 𝑝(𝛗|𝐹) is estimated based on simulated samples, which is the core part of the proposed method and will be
discussed in detail in the next section. Finally, we scale 𝑝(𝛗|𝐹) to obtain the FPF as suggested
by Equation (1).

Figure 1: Estimated density function and the corresponding failure probability function

Iterative density estimation in partitioned design space
In this section, we will focus our attention on density estimation of 𝑝(𝛗|𝐹) based on a finite
number of samples. Histogram and kernel density estimation (KDE) are arguably the most
prevalent techniques in engineering. But the application of histogram has been restricted to onedimension case; KDE has long been criticized for its sensitivity to the choice of bandwidth and
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kernel types. Another issue is that as shown in Figure 1, most samples are scattering over the
high density region rather than the low density region that we are interested in, resulting in large
estimation errors.
We start with the detailed description of the proposed iterative scheme for density estimation
in Section 3.1. In each iteration, failure samples are propagated from the high density region to
low density region, and the density is estimated accordingly in the partitioned design space. We
present how failure samples lying in a specific region are generated using Markov Chain Monte
Carlo techniques in Section 3.2. We continue in Section 3.3 with Bayesian Sequential Partitioning (BSP) [10] to construct a piece-wise constant density estimator for each region, which
will be smoothed by regression functions in Section 3.4.

3.1 An iterative scheme
The iterative scheme is illustrated in Figure 2 for a 2-d design space. In the pilot run, design
(1)

(𝑁)

component of failure samples {𝛗𝐹 , ⋯ , 𝛗𝐹 } (for brevity, they are referred to as samples hereafter) are simulated over the entire design space 𝐷0 ; then we use BSP to construct a piece-wise
density estimator 𝑝̂ 𝐷0 (𝛗|𝐹) based on these samples. As the accuracy of the estimator is poor in
the low density region, one should update the estimator in the following iterations. We define
the low density region as 𝐷1 = {𝛗|𝑝̂ 𝐷0 (𝛗|𝐹) < 𝑝0∗ } ⊂ 𝐷0 where 𝑝0∗ is the partition density
value for the pilot run. In this way, the initial design space is partitioned into two parts, i.e.,
high density region 𝑆1 and low density region 𝐷1 . In iteration 𝑘, we start with simulating more
samples in the low density region 𝐷𝑘 . Notice from Figure 2 that additional samples can be
sampled based on samples from previous simulation. We will discuss the sampler later in Section 3.2. Similarly, we partition the 𝐷𝑘 into 𝐷𝑘+1 and 𝑆𝑘+1 after obtaining 𝑝̂ 𝐷𝑘 (𝛗|𝐹). The iteration process continues until the stopping criteria is satisfied. Ultimately, after 𝑛𝑖𝑡 iterations,
the initial design space is partitioned into 𝑛𝑖𝑡 + 2 mutually exclusive and collectively exhaustive regions 𝐷0 = 𝑆1 ∪ ⋯ ∪ 𝑆𝑛𝑖𝑡+1 ∪ 𝐷𝑛𝑖𝑡+1 .
By the Total Probability Theorem, the density function can be expressed as
𝑛𝑖𝑡 +1

𝑝(𝛗|𝐹) = 𝑝𝐷0 (𝛗|𝐹) = ∑ 𝑝𝑆𝑘 (𝛗|𝐹)𝑃(𝑆𝑘 |𝐹) + 𝑝𝐷𝑛

𝑖𝑡 +1

(𝛗|𝐹)𝑃(𝐷𝑛𝑖𝑡 +1 |𝐹)

𝑘=1

(2)

𝑛𝑖𝑡

= ∑ 𝑝𝐷𝑘 (𝛗|𝐹)𝑃(𝐷𝑘 |𝐹)
𝑘=0

Recall that in iteration 𝑘, 𝐷𝑘+1 is defined as the low density region. So the ratio of probability
of samples lying in 𝐷𝑘+1 and 𝐷𝑘 is given by
𝑃(𝐷𝑘+1 |𝐹)
= 𝑃(𝑝𝐷𝑘 (𝛗|𝐹) < 𝑝𝑘∗ ) = 𝑃𝑘∗ , 𝑘 = 0, ⋯ , 𝑛𝑖𝑡
𝑃(𝐷𝑘 |𝐹)

(3)

Then,
𝑘−1

𝑃(𝐷𝑘 |𝐹) = ∏ 𝑃𝑗∗ , 𝑘 = 1, ⋯ , 𝑛𝑖𝑡
𝑗=0

3449

(4)

Either the value of the partition density value 𝑝𝑘∗ or the probability ratio 𝑃𝑘∗ can be assigned by
users.

Figure 2: An iterative scheme for density estimation

3.2 The sampler for failure sample generation
At the beginning of each iteration, additional samples following 𝑝𝐷𝑘 (𝛗|𝐹) should be simulated
for density estimation over 𝐷𝑘 . We use modified Metropolis-Hastings (MMH) algorithm, a
Markov Chain Monte Carlo (MCMC) [11] algorithm, for obtaining a sequence of samples from
our target distribution 𝑝𝐷𝑘 (𝛗|𝐹).

3.3 Bayesian Sequential Partitioning
Unlike regular partitioning in conventional histogram, in BSP the resulting density estimators
are supported by binary partitions of the space of interest.
(1)

(𝑁)

For brevity, we denote the space of interest 𝐷𝑘 as 𝐷, samples {𝛗𝐹 , ⋯ , 𝛗𝐹 } as {𝛗} and the
̂(𝛗). Let a partition 𝑥𝑡 be a set of disjoint subspaces
estimated density function 𝑝̂ 𝐷𝑘 (𝛗|𝐹) as 𝑝
𝑡
̂(𝛗) will be 𝑝
̂(𝛗) =
𝐴𝑖 of 𝐷 where 𝐷 =∪𝑖=1 𝐴𝑖 . The piece-wise constant estimator 𝑝
𝑡
∪𝑖=1 𝑝𝑖 𝐼𝐴𝑖 (𝛗) where 𝐼𝐴𝑖 (𝛗) is an indicator function which equals to 1 when 𝛗 ∈ 𝐴𝑖 and 0 otherwise. And 𝑝𝑖 = 𝜃𝑖 /|𝐴𝑖 | where |𝐴𝑖 | is the volume of 𝐴𝑖 , 𝜃𝑖 represents the probability of 𝛗 ∈
𝐴𝑖 .

Assume that the prior of a partition 𝑥𝑡 is proportional to 𝑒−𝛽𝑡 , its posterior distribution given
samples {𝛗} is given by [10]
𝑡

𝑃(𝑥𝑡 |{𝛗}) ∝ 𝑒

−𝛽𝑡

𝐵(𝑛1 + 𝛼, ⋯ , 𝑛𝑡 + 𝛼)
1
∏
|𝐴𝑖 |𝑛𝑖
𝐵(𝛼, ⋯ , 𝛼)
𝑖=1
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(5)

where 𝛼 is a constant parameter for a Dirichlet distribution, 𝐵(∙) is a Beta function, and 𝑛𝑖 is
the number of samples in 𝐴𝑖 . The partitions 𝑥𝑡 are simulated using Sequential Importance Sampling [12] through generating a binary cut at each level as illustrated in Figure 3.

Figure 3: Sequential partitioning process of BSP (in each level, a total number of m partitions are simulated)

Partitions by BSP are data-adaptive, making its computation complexity linear to the sample
size and sample dimension. Additionally, unlike to kernel density estimation, which suffers
from the well-known ‘boundary bias’ problem, BSP will not introduce the boundary bias even
when complex boundaries are involved.

3.4 Smoothing using regression functions
As BSP only gives piece-wise constant estimators, the density values for adjacent subspaces
are discontinuous. But in some applications, such as design sensitivity analysis, the property of
continuity is preferred.
To smooth the piece-wise constant estimator, we combine the support points obtained from the
high density regions with appropriate regression functions. As shown in Figure 4, centers of
each rectangle in the high density region are considered as support points and their corresponding density values are calculated using BSP described in Section 3.3.

Figure 4: Smoothing of a piece-wise constant estimator (left panel: piece-wise constant estimator; right panel:
smoothed estimator)

A wide range of parametric or nonparametric regression functions [13] can be chosen, including
Gaussian processes, neural networks, moving least squares, etc. Choosing a regression function
for a particular problem requires the comparison of functions within a particular family and
across different function families, typically referred to as a model selection problem. Model
selection is beyond the scope of this paper.
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An illustrative example
In this section, we apply the proposed DOPADS to an artificial RBDO problem of a cantilever
beam. This example is intended to illustrate strengths of the proposed method in approximating
nonlinear FPFs.

4.1 Description
Consider a cantilever box beam shown in Figure 5. The length of the beam is 500 𝑚𝑚. Model
parameters are taken as random variables, i.e., 𝛉 = [𝑏, ℎ, 𝑡, 𝜌, 𝐸] where 𝑏, ℎ, and 𝑡 are the
width, height and thickness of the cross section respectively, 𝜌 is the density and 𝐸 is Young’s
modulus. We take the mean values of width 𝑏̅ and the height ℎ̅ as design variables, i.e., 𝛗 =
[𝑏̅, ℎ̅]. The intervals of design variables and statistic characteristics of random variables are
summarized in Table 1.
Our objective is to minimize the mean cross-sectional area of the beam. In the reliability constraint, the failure event 𝐹 is defined as the first natural frequency 𝜔1 falling into the frequency
interval that should be avoided, i.e., 550 ≤ 𝜔1 (𝛗, 𝛉) ≤ 600 (𝑟𝑎𝑑/𝑠).

Figure 5: Diagram of the studied cantilever box beam
Table 1: Design variables and random variables

Design
variables
Random
variables

Parameter

Interval

Distribution

Mean

S.d.

Mean of width 𝑏̅ (𝑚𝑚)
Mean of height ℎ̅ (𝑚𝑚)
Width 𝑏 (𝑚𝑚)
Height ℎ (𝑚𝑚)
Thickness 𝑡 (𝑚𝑚)
Young’s modulus 𝐸 (𝐺𝑃𝑎)
Density 𝜌 (𝑘𝑔/𝑚3 )

[30,50]
[30,50]
------

--Normal
Normal
Normal
Normal
Normal

--𝑏̅
ℎ̅
2.0
210
7800

--0.02×𝑏̅
0.02×ℎ̅
0.1
4.2
156

4.2 Approximated failure probability function
After the pilot run and three iterations, the stopping criteron was satisfied as the corresponding
failure probability of partition density value 𝑝3∗ in the third iteration is smaller than the failure
probability we are interested in, i.e., 10−4 . As shown in Figure 6, the initial design space was
ultimately partitioned into five subspaces from high density regions to low density regions. In
each subspace, density values of support points were calculated.
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Figure 6: Partitioned design space after three iterations

We used Gaussion processes as a regression function to fit the density function and scaled it to
obtain the FPF based on Equation (1). The result was compared with that using direct Monte
Carlo Simulation (dMCS). That is, we uniformly meshed the design spaced into a grid of 21 by
21, then calculated the failure probability for each gridpoint. As shown in Figure 7, FPFs using
these two methods are consistent with each other, indicating a good accuracy of the proposed
method. The approximated function provides insights to various RBDO problems including
sensitivity analysis and feasible region identification. For instance, the gradient of the
approximated function can be plotted as shown in Figure 8.

Figure 7: Contour plot of failure probability
functions

Figure 8: Approximated failure probability funciton
and the vector field of its gradient

4.3 Optimal solutions
Deterministic nonlinear optimization was used after approximating FPFs. Optimal solutions are
summarized in Table 2 for three cases with different allowable failure probabilities [𝑃𝐹 ] =
0.01, 10−3 , 10−4 . The efficiency of the proposed method can be measured by the total number
of model performance evaluations. In this example, it requires a total number of 36000 evaluations in the proposed method and 5.68×107 for dMCS. The proposed method is efficient compared to exhaustively performing dMCS for each gridpoint while optimal solutions stay close
as shown in Table 2. Note that with FPFs at hand, we are not bothered to redo the reliability
analysis when the allowable failure probabilities are changed by decision makers.
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Table 2: Optimal solutions for diffrent allowable failure proabilities

[𝑃𝐹 ]

The proposed method [𝑏̅, ℎ̅](𝑚𝑚)

dMCS [𝑏̅, ℎ̅](𝑚𝑚)

0.01
10−3
10−4

[30.0, 32.9]
[30.0, 31.5]
[30.0, 30.4]

[30.0, 32.7]
[30.0, 31.4]
[30.0, 30.4]

Conclusions and future works
In this contribution, we presented an efficient decoupling method for RBDO problems which
approximates the failure probability function based on iterative density estimation. We gain the
efficiency mainly from the avoidance of repeated reliability assessments by generating failure
samples from low density regions to high ones and estimating their density distributions.
In the future studies, we will conduct computer experiments for cases with more than two design variables.
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Abstract: Topology optimization represents a powerful tool for the conceptual
design of structural systems. However, the possibility of treating systems that
are driven by stochastic excitation is still relatively immature. Of the methods
that have been proposed to date, none are capable of handling performance constraints that are written in terms of general first excursion probabilities over the
duration of the event. This work is focused on developing a framework for the
topology optimization of building systems driven by general stationary stochastic
excitation. In particular, the performance of the system is defined in terms of first
excursion constraints imposed on measures that describe the susceptibility of the
system to damage. To enable the use of gradient-based optimization algorithms,
equivalent inverse constraints are defined in terms of the second order response
statistics as well as a reduced variate associated with target failure probability.
The analytical sensitivities for the second order statistics of dynamic response are
derived in the full approach. In alternative, an approximate sequential method is
also developed based on defining a sequence of sub-problem written in terms of
a set of probabilistic auxiliary variables obtained from a single simulation carried
out in the current design point. Due to the limited number of sub-problems necessary for reaching convergence, the approximate method is extremely efficient.
In order to illustrate the potential of the full approach as well as the validity of
the approximate approach, a case study is presented where the exact solution is
compared to the rapid approximate solution.

1 Introduction
Topology optimization represents a powerful tool for the conceptual design of structural systems. The aim is to obtain the final structure which uses the minimum amount of material to
satisfy a set of predefined performance objectives. The possibility of applying topology optimization to systems with various sources of uncertainty has received significant interest over the
past few years. In particular, while a number of methods have been presented for the treatment
of time-invariant uncertainty, the possibility of treating systems that are driven by stochastic
excitation (e.g. wind or seismic loads) is still relatively immature [4, 6, 3]. Recently, topology
optimization has been applied in the case of linear systems under stationary stochastic excitation with the goal to minimize the variance of the dynamic response [16]. Of the methods
that have been proposed to date, to the knowledge of the authors, none are capable of handling
performance constraints that are written in terms of general first excursion probabilities over
the duration of the event, notwithstanding the importance of such constraints in defining the
performance of wind/seismically excited building system.
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This work is focused on developing a framework for the topology optimization of building
systems driven by general stationary stochastic excitation. In particular, the performance of the
system is defined in terms of first excursion constraints imposed on measures that describe the
susceptibility of the system to damage. In order to enable the use of gradient-based optimization
algorithms, equivalent inverse constraints are defined in terms of the second order response
statistics as well as a reduced variate associated with the target failure probability. By observing
that the reduced variate is insensitive to changes in the design variable vector, the analytical
sensitivies for second order statistics of the dynamic response can be derived directly in the time
domain. In alternative to the full approach, an approximate sequential method is also developed
based on defining a sequence of sub-problem written in terms of a set of probabilistic auxiliary
variable vector [10, 11, 13, 2, 12]. In particular, each sub-problem is fully defined from the
information obtained from a single simulation carried out in the current design point. Due to the
limited number of sub-problems necessary for reaching convergence, the approximate method
is extremely efficient.
In order to illustrate the potential of the full approach, as well as the validity of the approximate
approach, a case study is presented. In the case study, the lateral load-resisting system of a
planar frame of a wind-induced mid-rise building system is optimized subject to a performance
constraint set as the first excursion probability of the top floor displacement. The exact solution
is then compared to the rapid approximate solution.

2 Problem Definition
The main goal of this work is to define a framework for topology optimization of structural
systems subject to stochastic excitation. In particular, the specific aim is to obtain topologies for
the lateral load-resisting system that minimize the material volume within a prescribed design
domain while ensuring that the response of the system meets a number of constraints written in
terms of first excursion probabilities. The problem statement can therefore be expressed as:
min V (ρ ) =
ρ

n

∑

∫

e=1 Ωe

ρe dΩe

s.t. P(dm j ; ρ ) ≤ P0 j , j = 1, . . . , Nc

(1)

0 ≤ ρe ≤ 1
where ρ = {ρ1 , . . . , ρn }T is an element-wise normalized material density vector which relates
to an independent design variable vector x through a filter operator Ξe such that ρe = Ξe (x),
V is the total material volume of elements within the design domain, n denotes the total number of elements in the design domain, Ωe represents the design domain of element e, P(dm j )
is the probability of exceeding the jth damage threshold dm j , P0 j is the predefined target failure probability for the jth performance constraint, and Nc is the total number of performance
constraints.
To facilitate the use of gradient-based algorithms, which are more efficient in solving large scale
optimization problems (typical of topology optimization probelms), the original constraints can
be equivalently reformulated in an inverse form since the failure probability function associated
with the damage measure is strictly monotonic for most practical cases of interest [8]. As a

3456

result, the original formulation of Eq.(1) can be expressed in terms of inverse constraints as:
min V (ρ ) =
ρ

(Pj0 )

s.t. dm j

n

∑

∫

e=1 Ωe

ρe dΩe

c j , j = 1, . . . , Nc
(ρ ) ≤ dm

(2)

0 ≤ ρe ≤ 1
(Pj )

cj
where dm j 0 is the damage measure associated with the target failure probability Pj0 and dm
is the predefined threshold value indicating the damage state defined by dm j .

3

Solution Strategy

In order to solve the proposed topology optimization problem of Eq.(2), two approaches are
presented here, denoted the full approach and the approximation approach. For each method,
sensitivity information is derived in a form that can be used as input for optimization algorithms
such as the Method of Moving Asymptotes (MMA) [15]. In order to obtain the high quality 0-1
designs, the Solid Isotropic Material witn Penalization (SIMP) method [1] is employed.

3.1
3.1.1

Full Approach
Performance Assessment

The performance of the system can be determined in terms of damage measure defined as the
ratio between the engineering demand parameter of interest (e.g. maximum displacement response at a floor level) and the associated capacity as:
dm(Pj0 ) =

R̂(Pj0 )
C̄

(3)

where C̄ denotes the mean/nominal capacity of the constrained component while the engineering demand parameter , R̂(Pj0 ) , is taken as the response threshold for which the response process, R(t), has a first excursion probability of Pj0 over the duration of the event. In particular,
the threshold R̂(Pj0 ) can be written in in the following equivalent form:
R̂(Pj0 ) = µR + k(Pj0 ) σR

(4)

where µR and σR are the mean and standard deviation of the response process R(t), and k(Pj0 )
is the reduced variate associated with the first excursion probability of interest. Keep in mind
that the reduced variate can be obtained through simulation in which, for each realization, the
reduced variate sample is defined as the ratio between the absolute maximum to the standard
deviation of the mean-removed normalized response process. The samples of reduced variate
are then fitted to the distribution in order to obtained the reduced variated associated with the
predetermined exceedance probability.
The response process, R(t), can be calculated through modal analysis method as:
R(t) = ∑ Bm qm (t)

(5)

m

where Bm are coefficients describing the modal participation and qm (t) is obtained from solving
the following modal equation:
q̈m (t) + 2ωm ζm q̇m (t) + ωm2 qm (t) =
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Fm (t)
Mm

(6)

where ωm ,ζm ,Fm , and Mm are the natural frequency, damping ratio, modal force, and modal
mass associated with the mth mode, respectively.
The mean response, µR , can be determined from the following equation:

µR = ∑ B m
m

∫ t
0

ϕmT µ f hm (t − τ )d τ

(7)

where ϕm is the mth mode shape, µ f is the mean value of the external wind load process f(t),
and hm (t) is the impulse response function which, for lightly damped systems, can be expressed
as:
1
hm (t) =
e−ζm ωmt sin(ωDm t)
(8)
ωDm Mm
√
where the modal damped frequency is defined as ωDm = ωm 1 − ζm2 .
The standard deviation of the response process, σR , can be written as:
√
∫ ∫
√

σR =

σR2 =

∑∑
m n

∞

0

∞

0

Bm Bn RFm Fn (t1 − t2 )hm (t1 )hn (t2 )dt1 dt2

(9)

where σR2 is the variance of the response process, R(t), and RFm Fn is the covariance function
of the generalized forces Fm (t) and Fn (t) that are associated with the wind load process, f(t),
through the following:
Fm (t) = ϕ Tm f(t)
(10)
where f(t) represents the external aerodynamic wind load process which can be expressed as:
1
1
f(t) = ρaCd A[v̄H + v(t)]2 ≈ ρaCd A[v̄2H + 2v̄H v(t)]
2
2

(11)

where ρa is the air density, Cd is an experimentally determined quasi-steady pressure coefficient,
and A is the influence area associated with v̄H , v(t) is the zero-mean fluctuating component of
the wind field, and v̄H is the largest mean hourly wind speeds over the building heights at a
location of interest. In particular, the site-specific v̄H is extrapolated from collected data sets of
maximum mean wind speeds measured at meteorological stations through a relatioanship of the
following form [9]:
)
(
e5 z0 e4 δ ln[H/(e5 z0 )]
(12)
v̄H (ue ) = e1 e2 e3 e7 v̄Hmet
e6 z01
ln[Hmet ]/(e6 z01 )]
where: v̄Hmet is the reference wind speed measured at the meteorological station at height Hmet ;
z01 is the reference surface roughness value while z0 is the surface roughness at the specific
site of interest; δ = 0.0706 is an empirical constant; ue = {e1 , e2 , ..., e7 } in which e1 and e2 are
uncertain variables accounting for sampling and observation errors in v̄Hmet ; e3 is an uncertain
variable associated with the transformation of the time duration; e4 takes into account the uncertainty in δ ; e5 and e6 model the uncertainty in z0 and z01 ; and e7 accounts for the uncertainty in
applying the above model to wind storm events that are not synoptic in nature (e.g. hurricanes).
3.1.2

Sensitivity Analysis

Since the objective function V is an explicit function of the independent design variables x, the
derivative of V with respect to x can therefore be solved directly using differentiation together
with the chain rule:
n
∂V
∂ V ∂ ρe
=∑
(13)
∂ xk e=1 ∂ ρe ∂ xk
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where, in the case of linear density filters,

∂ ρe
∂ xk

is given as [5]:

∂ ρe
wl xl
=
∂ xk
∑l∈ni wl xl

(14)

where wl are the filter weighting functions.
In a similar manner, the sensitivity of dm(Pj0 ) with respect to the design variables, x, can be
expressed as:
n
∂ dm(Pj0 )
∂ dm(Pj0 ) ∂ ρe
=∑
(15)
∂ xk
∂ ρ e ∂ xk
e=1
where

(P )

∂ dm j0
∂ ρe

is determined as follows:

∂ dm(Pj0 )
=
∂ ρe

(

∂ µR
∂ σR
+ k(Pj0 )
∂ ρe
∂ ρe

)

1
C̄

(16)

where k(Pj0 ) is kept constant here due to its insensitivity to changes in design variables while
∂ µR
∂ σR
∂ ρe and ∂ ρe are calculated according to the following equations:
(
)
∫
∂ µR
∂ Bm t T
=
ϕ µF hm (t − τ )d τ
∂ ρe ∑
∂ ρe 0 m
m
( ∫t
)
∫ t
∂ ϕmT
∂ hm (t − τ )
T
+ ∑ Bm
µF hm (t − τ )d τ + Bm ϕm µF
dτ
∂ ρe
0 ∂ ρe
0
m
(∫

∞∫ ∞

+∑∑

(∫

∞∫ ∞

(∂ RFm Fn (t1 − t2 )
Bm Bn (
hm (t1 )hn (t2 )dt1 dt2
∂ ρe

+∑∑

(∫

∞∫ ∞

∂ hm (t1 )
∂ hn (t2 )
Bm Bn RFm Fn (t1 − t2 )(
hn (t2 ) + hm (t1 )
)dt1 dt2
∂ ρe
∂ ρe

∂ σR
1
=
∑
∂ ρ e 2 σR ∑
m n

m n

m n

0

0

0

0

∂ Bm
∂ Bn
(
Bn + Bm
)RFm Fn (t1 − t2 )hm (t1 )hn (t2 )dt1 dt2
∂ ρe
∂ ρe

0

0

(17)

)

)
)

(18)

3.2 Approximate Approach
As mentioned in the introduction, the approximate method is based on defining an approximate optimization sub-problems. By solving a sequence of these sub-problems, solutions to the
original optimization problem can be found.
3.2.1

The sub-problem

In order to form the sub-problem, the damage measure is defined as in Eq.(3) but with the
engineering demand parameter defined as follows:
R̂(Pj0 ) = ΓTR Ψ(Pj0 )

(19)

where ΓR is a vector of influence functions determined from the stiffness matrix K of the complete system while Ψ(Pj0 ) an auxiliary variable vector that can be completely defined from a
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simulation carried out in the current design point [13]. In particular, by defining Ψ(Pj0 ) as follows, Eq.(19) will be exact in the current design point:
Ψ(Pj0 ) = µF + k(Pj0 )

CF ΓR
σR

(20)

where µF and CF are the mean and covariance matrix of the forcing process, F(t), described
as:
F(t) = f(t) + KΦm qrm (t)
(21)
where Φm is a matrix containing the structure’s first m mode shape vectors, and qrm (t) is a
vector defining the structure’s first m resonant modal displacement responses calculated from:
qrm (t) = qm (t) − qbm (t)

(22)

where qbm (t) is the mth mode background displacement responses derived from the following
equation:
ϕ T f(t)
qbm (t) = m 2
(23)
(ωm )
Consequently, defining the auxiliary variable vector in this particular way allows the constraints
to be rewritten as:
ΓTR Ψ(Pj0 )
(Pj0 )
(24)
dm
=
C̄
3.2.2 Sensitivity Analysis
While the sensitivity analysis of the objective function is the same as described in the full
approach, the constraints in this case are implicit functions of x as shown below:
(Pj0 )

∂ dm j

n

=

∂ xk

∑

(Pj0 )

∂ dm j

∂ ρe

e=1

∂ ρe
∂ xk

(25)

To solve this, the adjoint method can be used to reformulate the constraints as:
(Pj0 )

dm j

= ϖ Tj (Ψ j (ρ 0 ) − Kz j ) +

ΛTj z j
C̄ j

(26)

where ϖ j is an arbitrary constant and ρ 0 is the current design point. The derivative of the
constraint with respect to the density variables is then calculated through:
(Pj0 )

∂ dm j

∂ ρe

=

(

Λj
− Kϖ j
C̄ j

)T

∂zj
∂K
− ϖ Tj
zj
∂ ρe
∂ ρe

(27)

where ∂ z j /∂ ρe simplifies if ϖ j is taken as the solution to Kϖ j = Λ j /C̄ j , finally yielding the
sensitivity of the constraint as:
(Pj0 )

∂ dm j

∂ ρe

= −ϖ Tj
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∂K
zj
∂ ρe

(28)

4 Numerical Application
4.1 Case Study
The aim of the case study presented here is not only to verify the applicability of the proposed
topology optimization framework, but also to evaluate and compare the efficiency, effectiveness,
and stability of the full and approximate approaches. In particular, the two approaches outlined
above are demonstrated and compared through the topology design of a planar lateral loadresisting system of a mid-rise building subject to stochastic wind loads.
The building consists of 4 stories and 2 bays with 4-m storyheight and 2.5-m baywidth, thus
the frame has a total height of 16 m and a total width of 5 m. The frame is modeled using two
types of finite elements which are superimposed according to the method proposed in [14]. The
design domain, where the optimization is performed, is modeled using Q4 elements (dimensions
0.125 m × 0.125 m, with thickness 0.1 m for a total of 5120 elements) and have the material
properties of concrete (E = 21 GPa). The non-designable secondary system is modeled using
W8×21 frame elements with the material properties of steel (E = 199 GPa). The structure is
fully fixed at the base. Three master nodes were assigned per each floor where the the floor
beams and columns intersect. The non-structural (carried) masses were calculated by assuming
a non-structural density of 7000 kg/m3 and an influence width of 5 m. Note that a large amount
of carried mass is chosen to ensure the response has a non-negligible resonant component. The
combination of structural and carried masses was distributed on master nodes according to their
relative influence areas. In addition, symmetry of the structural systems was imposed imposed
about the vertical centerline of the frame.
The engineering demand parameter for this study is taken as the roof displacement specifically
at the right external column line of the top floor of the frame. The reduced-variate associated
with the target failure probability Pj0 is taken to be k(Pj0 ) = 3.5. The mean/nominal capacity
of the damageable components, C̄ j , is taken as 1/100 of the building height while the limiting
value for the damage ratio is taken as 1, i.e. dmPj0 = 1.

4.2 Stochastic Excitation
The stochastic wind excitation was simulated with the fluctuating component of the wind field
generated according to [7]. The intensity of the events were defined by the site-specific maximum hourly mean wind speeds, V̄H , which was extrapolated from a reference wind speed at
10-m height, V̄Hmet , taken as 60 m/s in this case study. The other parameters of the model took
the values: ρa = 1.25km/m3 , Cd = 1.3, z0 1 = 0.05 m, and z0 = 0.5 m. The total number of
components, NF , of the phase angle sequence, β , for each floor was taken as 4096 while the
cut-off frequency, ωup , was chosen as 28.6 rad/s (4.6 Hz). Hence, the duration of the simulated
stochastic wind storm was T ≈ 3600 s with ∆ω = 0.007 rad/s. Marginal distribution information
for Ue is reported in Table 1.

4.3

Results and Discussion

The design domain for the case study is shown in Fig. 1(a) while the final optimized structures
derived considering the full approach and the approximate approach are shown in Fig. 1(b) and
Fig. 1(c), respectively. It is immediately evident that the final topologies of the lateral loadresisting system obtained from both methods are in strong agreement with chevron shaped
pattern at the bottom and X-braced at the top portions of the structures. The similarity between
the two structures is remarkable and clearly illustrates the validity of the approximate approach.
In particular, the slight difference seen in the final designs may arise simply from how the
covarinace function for the stochastic forcing process was determined in the full approach.
Indeed, this function was not used in the approximate method and requires significant post
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Table 1: Possible marginal distributions for the components of the uncertain vector Ue

Variable Mean C.O.V.
Distribution
Ref.
E1
1
0.1
Trunc. Normal [9]
E2
1
0.025
Normal
[9]
a
E3
0.075
Normal
[9]
E4
1
0.1
Trunc. Normal [9]
E5
1
0.3
Trunc. Normal [9]
E6
1
0.3
Trunc. Normal [9]
E7
1
0.05
Normal
[9]
a Dependent on averaging times τ and T

Figure 1: Ground structure shown in (a) and final topology results from: (b) Full Approach (c) Approximate Approach

processing.
The rapidness and steadiness of convergence is illustrated in Fig. 2(a) where the volume history
plot for both methods are compared. Although both approaches lead to convergence at the end,
the exact solution required 262 iterations while the approximate solution required 356 iterations.
Also, it should be noted that the full approach resulted in a final design with a slightly lower
material volume than the one obtained from the approximate approach.
The performance of the final systems derived from both methods is shown in Fig. 2(b). It is
clearly seen that both optimal systems satisfy the first excursion performance constraint at the
end of the optimization process with both approaches ensuring that dmPj0 ≤ 1. Thus, the effectiveness and the applicability of both methods in ensuring the performance of the system would
seem evident.
While the effectiveness and potential of both approaches in obtaining the optimal solutions
have been demonstrated, it is interesting to observe the advantages and disadvantages that these
two approaches offer. In this respect, it can be observed that the full approach can easily be

3462

Figure 2: (a) Volume histories (b) Damage measure associated with target failure probability histories

extended to the case of acceleration constraints, which is indeed important when considering
human comfort issues in the case of tall buildings. On the other hand, the approximate approach
is considerably more efficient. In particular, it took only 5 minutes to run this case study using
the approximate approach while the full approach took around 40 hours. This is due to the computational burden of the full approach associated with solving the double integral of Eq. (18).
This computational burden could possibly be improved by working in the frequency domain or
by using a state-space formulation. However, the computational efficiency of the approximate
approach is unlikely to be challenged.

5 Conclusion
This paper presented a topology optimization framework for uncertain structural systems subject to stochastic excitation. In particular, the objective was to obtain optimal structural layouts
while ensuring target performance constraints defined in terms of the first excursion probabilities. Equivalent inverse constraints are derived in terms of second order response statistics
and a reduced variate. Two approaches are proposed and compared. In the first, termed the full
approach, analytical sensitivities for second order statistics of dynamic response are directly derived. In the second, termed the approximate approach, a method based on defining a sequence
of sub-problems written in terms of a set of probabilistic auxiliary variables is considered. A
case study is presented where the two approaches are applied to the design of the bracing system of a planar frame of a mid-rise building subject to stochastic wind loads. The final results
of the full and approximate solutions are in strong agreement, with both approaches defining
optimal structural systems that meet predetermined first excursion performance constraints. The
strong similarity of the final layouts clearly illustrates the validity of the approximate approach.
In terms of numerical performance, both methods lead to convergence after a limited number of
iterations. While the full approach can easily be extend to include acceleration constraints, the
approximate approach is extremely efficient (around 500 times faster). In conclusion, the potential of topology optimization for defining innovative design approaches for lateral load-resisting
systems of structures subject to stochastic excitation has been shown.
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Abstract: In stochastic dynamic response analysis, high dimensional uncertainty is
hard to deal with because “the curse of dimension” will make most surrogate model method and sample method impracticable. Dimension reduction is a newly and
promising technology, it can be used in many engineering problems with high dimension issue. In this article, a novel reliability analysis methodology based on a
supervised dimension reduction method named “ASK” is introduced to solve highdimensional reliability problem. The result shows that the new method is effective
and reliable especially when the dimension of the random variable is high.
b

State Key Laboratory of Disaster Reduction in Civil Engineering, Tongji University, Shanghai, China.

1 Introduction
Stochastic structure analysis continues getting more attention in the academy and engineering
field because the existence of randomness in both external excitation and structural properties
is widely recognized by scientists and engineers. In the practical engineering, the randomness
in stochastic analysis includes external loads, material properties, member sizes and
construction procedures. It naturally lead the uncertainty quantification problem [3] in
structure dynamics to be high-dimensional.
There are a crowd of approaches have been developed, such as the Monte Carlo Simulation
method [13], the random perturbation method [7], the orthogonal polynomial expansion
method [5] and a family of Probability Density Evolution Method (PDEM) [2], etc. However,
the cost of performing a reliable reliability analysis increases rapidly as the dimensionality of
the randomness increase. By using the probability conservation principle with a new strategy
of point selection, the Probability Density Evolution Method (PDEM) established a new
method to reach the balance between computational efficiency and accuracy. One way to
reduce the computational requirement is employing computationally inexpensive metamodel
(e.g., Neural Network [10], Support Vector Machines [1], Kriging) to substitute the authentic
function of quantity of interest (QOI). However, most metamodel method are haunted by
“curse of dimensionality” problem where the consumption of building a reliable metamodel
rise sharply. Besides, the practicability of metamodel fall off under high-dimensional
circumstance because the redundant complexity in high-dimensional metamodel can bring
extra modeling error [15].
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An new supervised dimension reduction method called Active Subspace [4] is introduced in
this research. This method aims at finding a subspace whose dimensionality is lower than the
original input space. In this subspace, the variability of the quantity of interest can be best
estimated through doing eigenvalue decomposition to the gradients matrix. By projecting the
former high dimensional input to a set of new coordinates, a low dimensional kriging
metamodel can be established with an observable improvement of the accuracy and simplicity.
Then, we can use PDEM-based method or MCS to perform the system reliability analysis.

2 ASK
2.1 Active Subspace Method
Considering a multivariable function with m continuous inputs,
h  h(x), x    [1,1]m  m

(1)

with a bounded and continuous probability density function f :     ,where
f ( x)  0, x   and

f (x)  0, x  

(2)

Assume h is a continuous and differentiable function. So that we can get the gradient of h ,
T

 h
h 
 x h( x)   , ,

xm 
 x1
Then, a m  m matrix G can be subsequently deduced as

G   ( x h)( x h)T f dx


(3)

(4)

which represents the uncentered covariance of the gradient vector. As G is a symmetric and
positive semidefinite matrix, it admits real eigenvalue decomposition
G  W W T ,   diag(1 ,..., m ), 1    m  0

(5)

Partitioning the eigenvalues and eigenvectors,



 1
,
W   W1 W2 
(6)
 2 

where 1  diag(1 ,..., n ) is the first (and largest) n eigenvalues, W1 contains the first n
eigenvectors. Then a new sets of subspace are defined as,
y  W1T x and y n , z  W2T x and z  m  n

(7)

Subspace defined by W1 is so-called active subspace, the variables y is active variables. In
2010, Russi first used this presentation in his Phd dissertation [12].
Compare to the changes caused by the perturbation along the direction W1 , the changes
caused by the perturbation with the directions W2 is sometimes negligible. Whether or not it
is negligible depend on how much the eigenvalues in  2 is relatively smaller than the
eigenvalues in 1 . When an eigenvalue is negligible, then the corresponding eigenvector
implies the existence of a direction from which h ( x ) looks virtually flat. In words, the
magnitude of the eigenvalues define how averagely h changes in response to perturbations of
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x with the corresponding eigenvector directions. When there is a large decline between n
and n1 , then h ( x ) can be reasonably approximated as a low-dimensional function
h( x)  q ( W1T x)

(8)

where W1 contains the first n columns of W , and q is a mapping from n to 1 . Actually,
you can see the eigenvalues in  2 are relatively small in many practical problems, which
means we can fit h ( x ) well by a low dimensional function.

2.2 ASK implementation
2.2.1

Kriging metamodel

As a stochastic approach, kriging method (or Gaussian process approximation) has been
intensively investigated [6]. One of the biggest advantage of kriging method is it not only give
the predicted values, but also give the variance of the predict model itself. Because of its
robustness and veracity, kriging method was widely used for structural reliability analysis.
The numerical Matlab toolbox ooDACE [9] is employed in this work because of its
robustness and efficiency.
In the Kriging method, assume the observation of the quantity of interest can be describes as a
sum of trend function and a Gaussian process
(9)
q ( x) = r( x) + U( x)
where r( x) is a trend function, U( x) is a zero-mean stationary Gaussian process with
variance  2 . According to different kind of kriging methods, the regression function has
different form. In universal kriging, the regression function is defined as
p

r(x) =   i bi (x)

(10)

i 1

in which bi (x) are i  1... p basis functions and i is the coefficients. Consider a set of
training samples

X = {x1 ,..., x n } in d

dimension and associated function values,

y = { y1 ,..., y n } . Then, the trend part can be set as n  p matrix F
 b1  x1   bp  x1  


B= 

 
b1  x n   bp  x n 



(11)

Correspondingly, the stochastic part U is defined by the n  n correlation matrix
  x1 , x1     x1 , x n  


=




  x n , x1     x n , x n 



(12)

where  , is the correlation function. A popular class of stationary correlation functions is
defined as



d



i 1

p



 (x , x)  exp  i xi  xi 
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(13)

Subsequently, the prediction mean and prediction variance of kriging model are derived
respectively,
u (x)  B0  0  1  (q  B )

(14)

(1  B T  10T )
)
(15)
BT  1 B
where B0  b1 ( x 0 ) b2 (x 0 )  bp ( x 0 )  is the model matrix of the testing point x ,
  ( BT  1B ) 1 BT T q is a p 1 vector denoting the coefficients of the regression function,
s 2 (x)   2 (1  0  10T +

and 0    x , x1     x , x n   is an 1 n vector of correlations between point x and the
1
training samples X . The variance  2 is given by (q  B )T  1 (q  B )
n
2.2.2

Probability Density Evolution Method

A muti-degree-of-freedom (MDOF) structure is presented here as a common example

  C  Θ  Y
  f  Θ, Y   ΓG  Θ, t 
M  Θ Y

(16)

where Θ is the high dimensional randomness in which involved the physical properties of
 and Y
 are the displacement, velocity and acceleration
structure and external load. Y , Y
response of structure, respectively. M and C are the matrixes of mass and damping, f is the
structural restoring force, G  Θ, t  is the loading vector and Γ is the loading influence matrix.
In well-posed dynamical system, the solution of Eq. (16) exists uniquely as a function of Θ .
Subsequently, the quantity of interest such as strain or deformation at a certain position
usually can be determined by the solution of Eq. (16). Then we can make reasonable
inferences that the quantity of interest is also a vector of function of Θ

  t   h  Θ, t 
Z  H  Θ,t  , Z
T

(17)

T

where H   H 1 , H 2 , , H m  , h   h1 , h2 ,, hm  , m is the number of quantities of interest.
According to the principle of probability conservation [8] , all the uncertainties involved in
the system are contained in the Θ . Therefore, the generalized evolution equation (GDEE) is
deduced:
pZΘ  z, θ, t  m 
p  z, θ, t 
  Z j  θ, t  ZΘ
0
t
z j
j 1

where pZΘ  z, θ, t  is the joint probability density function (PDF) of

(18)

 Z (t ), Θ 

. The

corresponding boundary condition for Eq. (18) is
pZΘ  z, θ, t  t t    z  z 0  pΘ  θ 

(19)

0

where z 0 is the deterministic initial value,  () is the Dirac’s delta function and pΘ (Θ )
denotes the joint PDF of Θ
By adopting Finite Difference Method (FDM) and representative point method, we can
numerically solve Eq. (18) and (19) [8]
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For reliability analysis, the first-passage dynamic reliability with single failure criteria is
defined as

R  Pr Z(, t )  s , t  [0, T ]

(20)

in which  s is the safe domain, [0, T ] is the duration of time. When there is a boundary
condition, Eq. (20) can be rewritten as
R  Pr  Z( ,t ) < zb , t  [0, T ]

(21)

where zb is the boundary.
Subsequently, the reliability problem in Eq. (21) is transformed to
zb

R  Pr Wmax < zb    pWmax ( w)dw


(22)

where pWext ( w) is the equivalent extreme value distribution.
2.2.3

ASK implementation

This section summarizes the implementation of the ASK method. The general procedures of
the introduced method are illustrated in Figure. 1.

Figure 1: Flowchart of the ASK method

There are four major steps of the ASK method. First, select representative points and
perform the corresponding deterministic analysis to capture the value of the equivalent
extreme value. Subsequently, an active subspace is estimated according to the approximated
gradients of equivalent extreme value, a new set of low dimensional samples are achieved as
y  W1T x, y  n , x m . Once the low dimensional samples are obtained, a low
dimensional kriging metamodel q  q ( y ) is obtained from the dataset. Further, the
predictions of a new set of representative points are generated by the kriging metamodel to
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provide ingredients for the subsequent PDEM-based system reliability analysis. Then,
PDEM is employed to calculate the distribution of equivalent extreme value and the
corresponding reliability is determined subsequently.
The details of the proposed method can be described as following:
(1) Select the representative points xim , i  1, 2,..., N sel of the m dimensional random
variable. Perform the simulations to obtain the quantity of interest Z  xi , t  (or

Z  xi  ) and the corresponding equivalent extreme value Wmax (xi )  max  Z(xi ,t )  ;
t[0,T ]

 Z
Z 
(2) Approximate the gradients  x Z(x)   , ,

xm 
 x1

T

, compute the matrix

1 Nsel
G
 x Z( xi ) x Z( xi )T and perform eigenvalue decomposition to achieve W1

N sel i 1
in Eq. (6);
(3) Implement y  W1T x, y  n , x m in Eq. (7) to get low dimensional data set

 y ,W  , i  1, 2,...,N
i

max,i

sel

, then train a kriging metamodel q  q ( y ) on the

dimension-reduced data set;
(4) Select a new set of enriched representative points mj , j  1, 2,..., N enrich and similarly
implement the dimension reduction procedure   W1T ,   n ,  m on the points.
The transformed low dimensional data   j ,Wmax, j  , j  1, 2 ,...,N enrich are estimated by
the trained kriging metamodel q ;
(5) Employ PDEM, the desired PDF of equivalent extreme value and the corresponding
reliability can be determined consequently.
2.2.4

Numerical example

In this example, a theoretical serial system [14, 16] is first studied for verification. The two
dimensional random variable x is uniformly distributed on [ 1, 1]2 . The extreme value
reliability is defined as

R  Pr G( x1 , x2 ) > 0

(23)

where

(x  x )


0.2  0.6( x1  x2 ) 4  1 2 ;


2


( x1  x2 )


4
G ( x1 , x2 )  min 
0.2  0.6( x1  x2 ) 
;

2




5
5
 2.2; ( x2  x1 ) 
 2.2
( x1  x2 ) 
2
2


3D-plot of the function is shown in Figure. 2.
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(24)

Figure 2: The 3D plot of the function

The number of calls to the function G ( x1 , x2 ) is 50 for reliability calculation, extra 10000
simulations is used for Monte Carlo Simulation whose result can be treated as a benchmark
and 200 simulations are performed to test the quality of metamodel with the histogram of the
log of relative error.
50 samples are used to approximate the gradient vector  x G , and a eigenvalue
decomposition is performed to achieve the active subspace mapping matrix W1 . Then, a onedimensional kriging metamodel is built on the dimension reduced 50 samples as presented in
Figure .3.

(a) ASK

(b) Sensitivity analysis

Figure 3: The 3D plot of the function

The blue line is the kriging prediction and the black dots are the 200 test sample calculated by
the original G ( x1 , x2 ) . The low-dimensional data in Figure. 3(a) shows a more structured
deployment which means the ASK method uncovered the essential one dimensional structure
form the high-dimensional appearance. The variance-based sensitivity indices computed by
ANOVA decomposition [11] are Vx1  0.2059 and Vx2  0.5800 , which yields a conclusion
that the influence of x2 is more significant than x1 .
The Figure. 3(b) shows that the global sensitivity analysis cannot reveal the intrinsic lowdimensional structure of the function, therefore the predictive ability of the corresponding
kriging metamodel is questionable. Figure.4 is the histograms of logarithm error between the
testing samples and prediction samples. The results of the two dimension reduction methods
quantitatively confirm the same conclusion draw in Figure. 3.
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Figure 4: Histogram of the log of the relative error in the testing data for kriging

The trained kriging metamodel is used to provide nearly free simulation points for reliability
analysis. By adopting PDEM, we can easily capture the PDF and CDF of the extreme value
with 1000 extra simulations provided by kriging metamodel. The ASK method is compared
with the 10000 trials of MCS, 50 trials of MCS and the sensitivity analysis method. The
results in Figure. 5 and Table 1 verified the feasibility and effectiveness of the proposed
method.

(a) PDF

(b) CDF

Figure 5: Comparison of the PDFs and CDFs

Table 1: Comparison of ASK method (number of calls to model is 50) with 10000 trials of Monte Carlo
Simulation, 50 trials of Monte Carlo Simulation and the sensitivity analysis (number of calls to model is 50)
Method

K-L distance

Reliability probability

Relative error

Computational time(s)

-

35.99%

-

0.4056

50 trials

0.0738

28.95%

19.57%

0.0020

ASK

0.0253

36.85%

2.39%

0.2139

Sensitivity analysis

0.4531

16.85%

53.19%

0.1886

10000 trials
MCS

In Table 1, K-L (Kullback–Leibler) information distance is introduced as a quantitative index
to evaluate the difference between two probability distribution functions. In Fig. 5, the poor
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performance of sensitivity analysis method indicates that too much information is lost in this
coarse dimension reduction procedure. Although the result of 50 trials of MCS is better than
sensitivity analysis method, the simulation limit made it hard to capture the topological
characteristics of PDF, particularly when the PDF shows strong multimodality. In general,
ASK method reach a good balance between the computational efficiency and accuracy.
Compare to the result of 10000 trials of MCS, AKS method exhibit a competitive result with
only 50 trials.
Although the computational time of sensitivity analysis method is slightly less than AKS
method (12% less), but this can be ignored based on the huge sacrifice on the computational
error (22 times). In general, compare to the direct Monte Carlo simulation, ASK method
significantly improve the computational efficiency and maintains the high accuracy. As the
structural model complexity grows higher, the advantages of ASK will become more distinct.

3 Conclusions
This paper presents an Active Subspace Kriging (ASK) method combing with the
probability density evolution method (PDEM) to solve high dimensional structural reliability
problem. The proposed method can reduce the difficulties in deal with high dimension
problem and achieve a tradeoff between calculation accuracy and computational efficiency. A
series system with four branches is studied to prove the proposed method is of high accuracy
and efficiency. With only 50 calls to the numerical model in both examples, the ASK method
shows better performance compare to the control group of methods. Two different dimension
reduction method are illustrated in the numerical example, showing that incorrect dimension
reduction can lead to invalid kriging regression.
Accordingly, some issue need to be further studied. For instance, a more accurate
gradient approximation method can be used in the method. Besides, the minimum number of
calls to the numerical model for excavating reliable active subspace is waiting to be studied.
The application of ASK method in overcoming high dimension issue in optimization problem
is an ongoing investigation.
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Abstract: Increasing the computational efficiency of structural optimization, and
reliability-based optimization in particular, is of high interest. One way to do this
is by using analytical sensitivities instead of finite difference estimates, since the
latter require additional function evaluations. One type of constraint where this
has not been done so far is for extreme load constraints based on the n-year return
value obtained via statistical extrapolation of simulation data. In this work, we
show how analytical sensitivities can be obtained for this case. Specifically, by
application of the implicit function theorem, one may obtain local derivatives for
functions where the analytical expression is not known. We apply this method
to an example based on simulations of offshore wind turbines and show that
the analytical estimates compare favorably with high accuracy finite difference
estimates. We also show that for the assumptions made for this case, the method
is always viable. Finally, we comment on the core methodology’s wider area of
applicability.

1 Introduction
One of the major challenges for reliability-based optimization (RBO) is the computational effort involved. Especially when evaluation of the objective function and/or the constraints already
involve non-trivial computation, like simulations. The RBO framework already involves significant computational effort with regards to combining the probabilistic methods of reliability with
optimization, so any reduction in the complexity or effort of the underlying problem is highly
desirable. In any optimization setting, there is usually an appreciable amount of work going
into the evaluation of the constraint sensitivities. This is not an issue when analytical expressions for these can be derived, but for structural optimization, especially when simulations are
involved, it is usually not possible to do so. For this reason, the sensitivities are often found by
some numerical procedure. In gradient-based optimization, this means finite difference methods. However, this tends to increase the computational effort and can lead to some numerical
problems. For certain applications [3], one sees that a normal forward difference scheme (involving one additional function evaluation) introduces significant errors. Hence, one must use
a central difference scheme (involving two additional function evaluations). However, even the
central difference scheme can encounter numerical errors or instabilities that are hard to control
unless one implements procedures for step size control, further increasing the amount of function evaluations needed. For this reason, some effort has gone into the study of semi-analytical
methods that would allow the computation of constraint sensitivities for gradient-based structural optimization with as few function evaluations, or simulations, as possible.
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Earlier work on this topic [2] has shown that it is indeed possible to obtain such semi-analytical
expressions for the sensitivities by performing only one additional simulation for each design
variable. However, this work does not account for one very important aspect that often arises
when studying structures subject to environmental loading. In these circumstances, there is
typically one or more constraints on the maximum allowable extreme load that the structural
components can withstand. Furthermore, to be more accurate, one often wishes to study the
long term extreme load with a certain n-year return period. This is, for example, required in
the wind industry [7]. To obtain this n-year return load is in general a complicated procedure. It
involves statistical extrapolation from short term loading conditions, obtained from simulations,
to the long term loading conditions one expects with a return period of n years. Specifically, this
involves fitting the short term maxima to an extreme value distribution and using one or more
of these distributions to extrapolate to the n-year return value. This fitting is done by parameter
estimation methods. In general, neither the fitting nor the extrapolation can be obtained by
analytical procedures. Hence, a new problem arises. Even when disregarding the simulations
used to obtain the loads, is it possible to derive (semi-)analytical expressions for these extreme
value constraints when their calculation involves numerical procedures? If so, how does one do
this?
It turns out that it is indeed possible to find such semi-analytical expressions. Specifically, one
obtains these by application of the implicit function theorem. Since the numerical procedures in
question can be thought of as finding the zero of some constructed function, and since we only
ever require sensitivities locally, the theorem provides exactly what we need. Essentially, one
can consider the constraint values as implicit functions defined by the numerical procedure. By
formulating this in the proper way, one can in fact derive relatively simple expressions for the
sensitivities. At least up to matrix inversion. While this idea provides exactly the solution needed
for the problem posed above, it turns out that the method itself is fairly general and could in
principle be applied to a wide array of situations where one is interested in finding the derivative
of a function which is evaluated by finding the roots of one or more equations numerically. That
is to say, both the idea and method could be useful outside of structural optimization.
In this paper, we present the idea of the method, with necessary background, and show how to
apply to it to the problem of finding the sensitivities of extrapolated extreme load constraints
in structural optimization. To make the method more clear, especially how it works in practice,
we apply it to a specific case that is relevant for applications in the wind industry. In so doing,
we also show some results that demonstrate the accuracy of the approach. We also comment
on the viability of the method in general. The structure of the paper is as follows: In the first
section we explain in some detail how the problem arises and some required background for
the methodology. In the second section, we apply the method to a specific example, discuss the
viability of the obtained expressions and show some results that indicate the accuracy. Finally,
we end with some general discussion, conclusions and outlook.

2 Background and idea
We begin by recalling the standard optimization problem for a function f
min f (x) s. t.

(1)

ci (x) = 0 for i ∈ E

(2)

ci (x) ≤ 0 for i ∈ I

(3)

x
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with x as the vector of design variables, E as the set of equality constraints and I as the set
of inequality constraints. In the following discussion, we are mostly interested in inequality
constraints that can be written as [11]
Si − Ri ≤ 0

(4)

with Si as the characteristic extreme load in some mode or location denoted by i and Ri as
the corresponding resistance to loading. Ri , at least in the deterministic setting, is a constant
found by direct calculation based on the material properties, what type of loading is under consideration and the geometry of the element. The characteristic extreme load is calculated by
considering one or more maximum loading conditions that occur during the loading history of
the element. The characteristic value itself is then the n-year return value found by statistical
extrapolation. To do this, one uses the maxima from the loading history, which may be found
for example from time series as obtained from simulations, and fit these to one or more extreme
value distributions. From the resulting extreme value distribution(s), one can then find the corresponding return value from standard techniques. There are several ways of approaching this.
A more detailed explanation will be given below.

2.1

Statistical extrapolation of extreme loads

Before fitting the extreme value distributions to be used for the statistical extrapolation, one
needs a set of maxima. These must be extracted from the loading history. There are multiple
strategies for doing this [1]. The simplest way to extract the maxima is to simply take the
absolute largest load recorded. This is called the global maximum method. What this method
gains in simplicity it more than loses in accuracy, since it gives only one data point from which
to extrapolate. Taking this idea a bit further leads to what is called the block maximum method.
In this method one divides the loading history into a set of blocks with a certain time duration.
Then the absolute maximum load is extracted from each of these blocks, giving now a set
of maxima to use as the basis for extrapolation. Some care must be taken when choosing the
number of blocks (or equivalently, the length of each block). Ideally, one would like the maxima
from each block to be statistically independent from each other, which would tend to make the
blocks be as long as possible. On the other hand, one would like to have as many maxima as
possible in order to have a more robust basis for the extrapolation, thus tending to increase
the number of blocks. In the end one must make a choice that balances these two elements. A
third way that is slightly different from the other two is called the peak-over-threshold method.
This involves setting a threshold, usually chosen as a certain distance from the mean value
of the load, and then extracting the maximum load between each upcrossing of the threshold.
Again, the choice of threshold value must be made in a similar way as the number of blocks,
balancing the statistical independence of the maxima with the need to have as much data as
possible as basis for the extrapolation. The choice of extraction method also determines what
type of extreme value distribution is appropriate. For the first two methods, one often uses either
the Gumbel distribution or the generalized extreme value distribution, while for the peak-overthreshold method one often uses the generalized Pareto distribution. Other choices than this are
also possible.
In order to fit the maxima to an extreme value distribution, one also needs to make a choice
of parameter estimation method. That is, how to find the parameters that best fits the data to
the given extreme value distribution. The most common choice for this, which is also convenient because it tends to be the one most likely implemented in various software tools, is the
maximum likelihood estimation (MLE) method. On the most basic level, this method involves
solving a set of equations for each parameter. Usually, these equations are coupled and not solvable analytically. The solution to these equations is the set of parameters called the maximum
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likelihood estimate. The fact that one tends to need numerical methods to find this estimate
turns out to be one of major issues that requiring further study. Other methods also exist besides
MLE. Most relevant among these are the method of moments and the method of probability
weighted moments [6]. While they often have certain advantages compared to MLE, in particular that they more often provide analytical expressions for the distribution parameters, there are
other reasons that make them less useful. For example, MLE is asymptotically normal [4] and
is invariant with respect to parameter transformations [5].
If a method like MLE has been used to fit the extracted maxima to relevant extreme value
distributions, it is then possible to use these to extrapolate the n-year return value. For the
simplest case, where only one load case is considered, it is in fact possible to find the return
value directly from the distribution parameters via an analytical expression [4]. For more general
situations, one needs to sum up the contributions from all load cases that contribute to the
estimation of the extreme load. For each load case there will be a set of maxima, leading to a
set of parameters determining an extreme value distribution. These must then be combined in
order to calculate the return value. One way to do this can be seen in [10], where the long term
probability of exceedance is given as
Prob(Sext > S|T ) ≡ Pe (S, T ) =

Z

{V }

Prob(Sext > S|V, T )p(V )dV

(5)

where Sext is the extreme load, exceeding a level S during a time period T , V is a variable
representing the different loading conditions, {V } is the set of all such loading conditions and
p(V ) is probability distribution for the occurrence of each condition. The return value, S0 , for a
given return period T 0 , can then be found by solving the following equation:
Pe (S0 , T ) =

T
T0

(6)

where T is the reference period, which is the length of time that the extracted maxima represent.
In reality, there is not an infinite number of loading conditions. Hence the set {V } must be
discrete. That means the integral above becomes a sum and the equation that needs to be solved
in the end is:
Pe (S0 , T ) = ∑(1 − F(S0 |Vi )ni )p( j)∆V
(7)
i

where F(S0 |Vi ) is the short term extreme value distribution for load case i, ni is the number
of maxima occurring during the reference time, p is now the discrete occurrence probability
distribution for a given load case and ∆V is the difference between consecutive load cases,
i.e. Vi+1 − Vi . Finding the solution to this equation can not be done analytically, at least not in
general. As with MLE, we find that the procedure to calculate the return value consists at least
in part of numerical sub-procedures.

2.2

Sensitivity of extrapolated extreme load constraints

If we now want to calculate the sensitivity of a constraint like the one discussed above, there are
certain things we can know even without having an expression for the constraint or the variables
on which it depends. That is, we know at least the variables on which the return value depends
(and in turn on which variables those variables depend). To be precise, the return value S will
for sure be a function of the set of parameters, {θi }, used to fit the one or more extreme value
distributions used as basis for the statistical extrapolation. Knowing this, we can use the chain
rule to obtain:
dS dθi
dS
=∑
(8)
dx
i dθi dx
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For the situation where multiple load cases are considered, the index i in the sum also accounts
for the different load cases. In the same way as above, we can conclude that no matter what else
we know or do not know about the set of parameters, we do know that they are dependent on
the maxima used to fit the distributions. Applying the same idea as in the previous equation, we
then get:
dθi dyk
dθi
=∑
(9)
dx
k dyk dx
where the sum is over all the maxima extracted for a given load case. The second factor in this
sum, the sensitivity of the maxima, is readily found through a combination of analytical derivations and simulations. For examples of how this can be done, see [2] (for simulations based on
dynamical sensitivities) or [12] (for simulations using a quasi-static setup). The first factor in
the sum above can not be found in any obvious way, requiring further investigation. This is also
the case in general for the derivatives of the return value with respect to the parameters, the first
factor in equation (8). To be able to calculate these analytically, we need something else. It turns
out that the solution can be found by application of the implicit function theorem, as we will
discuss further below.

2.3

The implicit function theorem

In this section we will describe in a somewhat qualitative way what the implicit function theorem says and how it can be used in the context of this work. For a more in depth treatment
(and proof) of the theorem, see for example [8]. On the most basic level, the implicit function
theorem allows us to work (locally) with functions for which we have no explicit mathematical
expression. At least as long as we can embed these functions as the arguments of other functions
for which we do have such an expression. The most important condition for this to be possible
is the differentiability of these other explicit functions. Now, consider a function F(x, y) for
which this condition holds. Furthermore, assume that this function takes on a known value c, at
the point (a, b). From this, it is then possible to construct a function f , with the property that
f (a) = b and for which the local derivative can be found as:

−1
∂ F(x, y)
∂ F(x, y)
∂ f (x)
|x=a = −
|x=a,y=b
·
|x=a,y=b
∂x
∂y
∂x

(10)

Why is this a usual construction? Suppose that the function F is in fact one side of an equation
where have moved all the terms to this side of the equal sign. Then the value c is in fact zero
and the point (a, b) represents the solution to the equation. This means that whenever such an
equation induces a differentiable function, we can find the derivatives of one or more of the
unknowns of this equation, with respect to the remaining unknowns, at the point of the solution.
That is, if we can solve the equation (even if by numerical methods), we can find the local
derivative of the induced implicit functions at the point defining the solution. For more details
about how this works in practice, see [14].
With the above as theoretical basis, we can find expressions for differentiating the return value
and the MLE parameters. Recalling equation (7), it is possible to define a function fS by moving
everything over to one side:
0 = ∑(1 − F(S|Vi )ni )p( j)∆V − Pe ≡ fS (S, θi )

(11)

i

For the value of S which solves this equation, the function attains a zero. Hence, at this point,
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we can find the derivative of S by using the method above:


∂ fS −1 ∂ fS
∂S
=−
·
∂ θk
∂S
∂ θk
=−

∑
j

n −1
n j · Fj j ·

∂ Fj
· pj
∂S

!−1 

n j −1 ∂ Fk
· nk · Fk
· pk
·
∂ θk

(12)

where a shorthand was implemented for F(S|V j ) and p( j), F is evaluated at value of S that
corresponds to the solution of the original equation and it was used that ∆V is a constant.
Similarly, MLE is essentially a matter of solving equations. Specifically, the method consists of
maximizing the likelihood function (or of maximizing the logarithm of the likelihood function),
i.e. taking derivatives and setting the results equal to zero and solving for the parameters. Hence,
we can consider the derivatives of the (log-)likelihood function as the set of known functions,
which have zeros at the solution of the MLE, and the parameters as implicit functions of the
maxima {xk }. This yields:




 ∂ θ1
∂ F1 −1  ∂ F1
∂ F1
.
.
.
|
|
x=a
x=a
∂
θ
∂
θ
∂ xi
∂
x
n
i
 .1 .

 .. 
.. 
..
. . ...  
(13)
 .  = −

  .  , i = 1, ..., m
∂ θn
∂ Fn
∂ Fn
∂ Fn
. . . ∂ θn
∂ xi |x=a
∂θ
∂ xi |x=a
1

where a corresponds to the actual values of the maxima extracted from the data and Fk is the
derivative of the (log-)likelihood function with respect to θk . This expression holds as long as
the matrix on the right hand side is invertible. Combining equations (12) and (13) with equations
(8) and (9), we can for any choice of maxima extraction method and any choice of extreme value
distribution (as long as both lead to differentiable expressions when solving the MLE and return
value equations) find analytical expressions for the local sensitivities. This will be sufficient for
optimization, since we are only ever interested in these values locally.

3 Example application
In the following, we choose to focus on one particular application of the method, namely the
case where the block maximum extraction method is used together with the Gumbel distribution
to produce the short term distributions and then extrapolating to the 50-year return value as
dictated by equation (7). To proceed, we first need to find the derivatives of the MLE parameters
of the Gumbel distribution. The MLE equations for the two parameters are [9]
µ = −σ log(
σ = x̄ −

xi
1
exp(− ))
∑
n i
σ

(14)

x
∑i xi exp(− σi )
x
∑i exp(− σi )

(15)

where {xi } is the set of maxima extracted from some loading history. With the method explained
in the previous section in mind, we can construct two functions from these equations by moving
the µ and σ over to the right hand side of their respective equations. These functions, call them
gµ and gσ , attain a zero at the solution of the MLE. Hence, we can consider µ and σ implicit
functions of the maxima and find the corresponding derivatives as
!
!−1 ∂ g !
∂g
∂g
∂µ
∂ xk
∂σ
∂ xk

µ

=−

∂µ
∂ gσ
∂µ
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µ

∂σ
∂ gσ
∂σ

µ

∂ xk
∂ gσ
∂ xk

(16)

It is straightforward to see that equation (16) simplifies to
!
!
∂µ
∂ gµ −1
−1
∂ xk
∂σ
=−
∂σ
∂ gσ
0
∂ xk
∂σ
∂µ
∂ xk
∂σ
∂ xk

!



∂ gµ
∂σ
∂ gσ
∂σ



1 −

=

1
0 − ∂ gσ
∂σ

∂ gµ
∂ xk
∂ gσ
∂ xk

∂ gµ
∂ xk
∂ gσ
∂ xk

!

!

(17)

(18)

The final expressions can then be obtained with some simple additional algebra. These expressions and more detailed derivations can be found in [14].
Combining this with equation (12), we can obtain the sensitivity of the return value. To demonstrate the validity of this approach, we apply it to a realistic case. For this, we use a set of 11 60
minute time series obtained from simulations, representing the bending moment at the bottom of
a support structure for an offshore wind turbine. The load cases represent different wind speeds
within operational conditions for the turbine. For each load case we extract the maxima from
the time series using the block maxima method with 30 blocks for each 60 minute time series
and obtain MLE parameters for the Gumbel distribution by solving equation (14) numerically.
Using the 11 sets of parameters and their respective distribution functions, we solve equation
(7) numerically. Finally, we use the expressions for the derivatives obtained above to find the
sensitivity of the return value. However, for simplicity and clarity, we ignore changes on the
structural level. Hence, instead of studying the actual sensitivity (with the implied change of
design variables), we look at the derivatives of the return value with respect to the maxima for
each load case. In other words:
∂ S ∂ θi j
∂S
= ∑∑∑
(19)
∂ xik
i j k ∂ θi j ∂ xik
where the index i is over the load cases, j is over the set of parameters for each distribution and
k over the set of maxima for each load case. This contains the same derivative information that
we would like to show without the possibility of errors in the structural sensitivities interfering
with the accuracy.
To test the accuracy of the derivatives, we compare with high accuracy finite difference estimates. That is, we combine a first order central difference scheme
f (x + h) − f (x − h)
df
=
+ O(h2 )
(20)
dx
2h
where f is some function and h is the step size, with Richardson extrapolation to the deferred
limit [13]. To show more efficiently the information from all the 11x30 derivatives, the statistics
of the differences between the finite different estimates and the estimated analytical derivatives
are shown in the form of box plots. This is displayed in Figure 1, together with a boxplot for the
error estimate of the finite difference scheme (obtained via the Richardson extrapolation procedure). For any given derivative, the minimal meaningful difference between the finite difference
estimate and the analytical estimate appears to be of the same order as this error. As the figure
demonstrates, there is on average very good agreement between the two methods. Importantly,
the size of the differences between the two follow the size of the error pretty well, suggesting
that many (if not all) the analytical estimates could be even better than indicated in the plot. To
illustrate a bit more clearly what the extrapolated value represents, a return value plot is shown
in Figure 2, where a selection of the extracted maxima are also shown. The maxima, and hence
the return value, have been normalized by the largest maxima recorded across all load cases.
The behavior as a function of time is strongly log-linear except at the lower tail.
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Figure 1: Box plot of the difference between the analytical estimates for the derivatives and the finite
difference estimates. The box plot on the right shows the corresponding statistics for the error estimates
of the finite difference estimates.

3.1

Validity of the method

The method we have used so far relies on certain conditions to hold. Most obviously, the initial equations that form the basis of the construction of the implicit functions must induce a
differentiable (explicit) function. This will always be the case as long as we are working with
conventional distribution functions and use the MLE method and equation (7). On the other
hand, the expressions for the implicit functions generally contain matrix inversion. Hence, it
is not clear whether these expressions are always valid. To start with, let us consider equation
(18). From this, we can see that the inverse matrix always exists if ∂∂gσσ is different from zero.
From its definition, this is equivalent to
xi
xi
xi
xi
(∑ exp(− ))2 σ 2 + (∑ xi2 exp(− )) · (∑ exp(− )) − (∑ xi exp(− ))2 = 0
(21)
σ
σ
σ
σ
i
i
i
i
After some algebra, we see that this is the same as
xi

∑(xi − x̄)2 exp(− σ ) = 0

(22)

i

Hence, except if xi = x̄ for all i, which will never happen in practice, at least one term in
the sum will be non-zero. This implies that the entire sum must be non-zero and hence that
original expression must be non-zero. So the matrix is in fact always invertible and this part
of the method is always valid. Next, consider equation (12). This expression is always valid
unless the first factor is zero. However, this expression consists of a sum, where each terms is a
product of positive constants multiplied by a cumulative distribution function (always positive)
to some power and by the derivative of a cumulative distribution function, which is actually the
probability density function (always positive). While in theory the latter two factors could be
zero, this will never happen in practice. Hence we again have a sum of strictly positive terms,
yielding a strictly positive result. Hence, for the case of the Gumbel distribution, the method is
always valid.

4 Further discussion
The results of the previous section indicate that the method as shown yields reasonable results.
From a fairly simple idea and some straightforward algebraic derivations, we can obtain analytic sensitivities in a situation that on the surface would preclude such a result. Using functions
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Figure 2: Normalized return value plot showing the extrapolation from the short term maxima (a selection of which is shown as points) to the 50-year return value (indicated by the dotted line).

and expressions that are common in the type of analysis considered, the results are both simple and always viable. Furthermore, we have seen how the derivatives of the 50-year return
value agree about as much as can be expected with finite difference estimates, given the inherent inaccuracies of such estimates. Of most interest is the fact that these analytical derivatives
can be obtained simply from the information already obtained when evaluating the extreme
value constraint itself. In general, the central difference scheme requires two additional function evaluations. To get the level of accuracy we have above, the number of additional function
evaluations required is much greater than that. The more of these constraints and variables involved, the greater the benefit of fewer function evaluations. Hence, we expect these results to
be useful in reducing the computational effort of structural optimization problems with these
kinds of constraints.
While we have shown the method for a very particular example, one relevant for the work of the
authors, there is nothing specific about it that should constrain the areas of application. The core
idea is very simple. Not only could one use other types of extreme value distributions and maxima extraction methods, but one could in principle use this idea for other kinds of constraints
that are not related to extrapolation of extreme loads. Any constraint that is fully or partially
evaluated by solving an equation numerically would allow the use of the ideas presented here to
derive analytical expressions for the sensitivities. At least as long as the expressions or functions
involved fulfill the criteria for the implicit function theorem and the resulting expression for the
sensitivities contain non-singular matrices.

5 Conclusion and outlook
In this work, we have shown how to obtain analytical sensitivities for constraints that require
statistical extrapolation of extreme loads. Motivated by an increase in computational efficiency
and accuracy compared to finite difference methods, we have demonstrated how the implicit
function theorem can be used to find analytical derivatives for the constraint even when no
analytical expression for the constraint itself can be obtained. We have shown how this general
idea can be applied specifically to the case of the 50-year return value for an extreme load for
offshore wind turbine support structures, using the block maxima method to extract the maxima
from the simulation time series and using MLE and the Gumbel distribution to estimate the short
term statistics for a set of relevant load cases. The results of this analysis show a good agreement
with high accuracy finite difference estimates and the expressions can furthermore be shown to
always be viable in practice. Finally, we have noted that the core method is not reliant on this
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specific application and could in principle be used on a wider set of similar problems.
Future work might apply this method to an actual structural optimization procedure and study
the stability of the sensitivity estimates for various configurations of the design. Also of interest
in this case is the interaction with the structural sensitivities, which in this work have been
neglected. Understanding this behavior will be important for future implementations of the
method. Furthermore, identification and elucidation of wider sets of applications for the method,
outside the case of statistical extrapolation of extreme loads, will certainly be of interest.

Acknowledgments
This work has been partly supported by NOWITECH FME (Research Council of Norway, contract no. 193823) and by the Danish Council for Strategic Research through the project ”Advancing BeYond Shallow waterS (ABYSS) - Optimal design of offshore wind turbine support
structures”.

References
[1] P Agarwal and L Manuel. “Load Extrapolation Methods for Offshore Wind Turbines”.
In: Proceedings of Offshore Technology Conference. Houston, Texas, USA, 2010.
[2] K.-H. Chew et al. “Analytical gradient-based optimization of offshore wind turbine substructures under fatigue and extreme loads”. In: Marine Structures 47 (2016), pp. 23–
41.
[3] K.-H. Chew et al. “Optimization of Offshore Wind Turbine Support Structures Using an
Analytical Gradient-based Method”. In: Energy Procedia 80 (2015), pp. 100–107.
[4] S Coles. An Introduction to Statistical Modeling of Extreme Values. London: SpringerVerlag, 2001.
[5] D. R. Cox and D. V. Hinkley. Theoretical Statistics. London: Chapman and Hall, 1979.
[6] A. C. Davison. Statistical Models. Cambridge: Cambridge University Press, 2003.
[7] Det Norske Veritas. Design of Offshore Wind Turbine Structures. Offshore Standard,
DNV-OS-J101. 2014.
[8] C. H. J. Edwards. Advanced Calculus of Several Variables. New York: Academic Press,
1973.
[9] C Forbes et al. Statistical Distributions Fourth Ed. Hoboken: Wiley, 2011.
[10] International Electrotechnical Commision. Wind turbines - Part 1: Design requirements.
International Standard, IEC 61400-1. 2005.
[11] H. O. Madsen, S Krennk, and N. C. Lind. Methods of Structural Safety. Mineola, N.Y.:
Dover Publications, 2006.
[12] J Oest et al. “Structural optimization with fatigue and ultimate limit constraints of jacket
structures for large offshore wind turbines”. In: Structural and Multidisciplinary Optimization (2016), pp. 1–15. DOI: 10.1007/s00158-016-1527-x.
[13] W. H. Press et al. Numerical Recipes Third Edition. New York: Cambridge University
Press, 2007.
[14] L. E. S. Stieng and M Muskulus. “Analytical sensitivties for statistically extrapolated
extreme load constraints in structural optimization”. In: Structural and Multidisciplinary
Optimization (2017). Under review.

3484

IASSAR

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

Structural Optimization of Wind-Excited High-Rise Buildings
Jiaqi Xua, Xilin Lua
a

State Key Laboratory of Disaster Reduction in Civil Engineering, Tongji University, Shanghai 200092, China.

Abstract: Globally, the construction of high-rise buildings is increasing rapidly.
Given the significant cost, structural optimization in tall building design is meaningful to practical engineering. High-rise buildings are generally slender and sensitive to wind load, which is a typical stationary stochastic process. This study
proposed a procedure for structure optimization of high-rise structures subject to
stochastic dynamic wind loads, which incorporates the stochastic nature of wind
loads directly in the structural optimization process. Safety and serviceability criteria are considered simultaneously in the proposed approach. A 76-story benchmark
model is employed as the illustrative example to demonstrate the efficacy of the
proposed structural optimization approach.

Introduction
Structural optimization has been an effective method employed in engineering designs. In
structural design, wind load acts frequently as the critical lateral load for resisting systems.
Several researchers have performed optimization assuming that the random wind loads to
which a structure is subjected can be represented by equivalent static loads. While convenient,
neglecting the stochastic dynamic nature of the wind loads results in suboptimal designs.
The present study proposes a procedure for structural optimization subject to wind load. Wind
load is a stationary stochastic process in nature. The approach incorporates the stochastic
nature of wind loads directly in the structural optimization process. A multivariate stochastic
process is employed to represent wind loads. The variances of the responses are employed to
construct the objective function in the optimization procedure. A 76-story benchmark building
is optimized subject to wind load in the crosswind direction. The optimization is conducted
considering acceleration and harmful interstory drift as the objective, respectively. The
illustrative example demonstrates the efficacy of the proposed structural optimization
approach and optimal results with different objectives are compared.

Wind Load
Wind loads are stationary stochastic in nature, which, therefore, can be represented as a
stationary multivariate stochastic process. Wind loads can induce vibration in three directions,
i.e., alongwind, crosswind, and torsional direction. For a typical high-rise building with no
significant eccentricity, crosswind vibration is frequently more critical to strctural designs. In
this study, the benchmark building is optimized subject to the crosswind direction wind loads,
which are represented by zero-mean filtered white noises.
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2.1 State Space Formulation
In this study, the stochastic wind load is represented as a filtered white noise. The mean and
autocorrelation of the input white noise vector, w  t  , are
E  w  t    0, E  w  t  w T  t      2 S0  

(1)

where E  is the expectation operator; S0 is the magnitude of the constant two-sided power
spectral density matrix; and    is the Dirac delta function. The wind load filter can be
written in the state space form as

xw = Aw xw + Bw w t 

(2)

Fw  Cw x w

where x w is the state vector for the wind load filter; A w , B w and Cw are chosen to represent
the characteristics of the wind load; and Fw is the excitation loading on the structure.

2.2 Multivariate Stochastic Process
This study employs multivariate stochastic process [1] to represent wind loads. Assuming the
multivariate process includes n stationary stochastic components, then the power spectral
density function (PSDF) matrix is given by

 S11   S12  

S   S22  
S     21


 Sn1   Sn 2  

S1n   

S 2 n   


Snn   

(3)

The element S jk   in S   is
S jk    S j   , j  k
S jk    S j   S k    jk   , j  k

(4)

where S j   is the auto PSDF of the j th component, which is real and non-negative;
S jk   is the corresponding cross-spectral PSDF between the j th and k th component, which
generally is a complex function; and  jk   is the coherence function between the j th and
k th component. The auto PSDF of the wind load is discussed in Section 2.3.
The cross-correlation of wind loads on each floor exponentially decreases with increasing
spacial separation. The Davenport model [2] is applied as the spatial coherence function in
this study, which is given by


 C z z j  zk
UH
 2

 jk    exp  





(5)

where z j and z k are the height of the j th and k th component center, respectively; C z is a
decay factor, which is set to be 5 for crosswind loads [3]; and U H is the mean wind velocity
at the top of the structure.
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Because the cross-spectral density matrix S   is Hermitian and nonnegative definite [1], a
wind-fluctuation transfer function with input of zero-mean unit intensity white-noise process
and output of spectral matrix, H   , is given by the Cholesky decomposition of S   , i.e.,

S     H    H T   

(6)

where   represents the transpose of a matrix and   is the complex conjugate. The
transfer function matrix H   is a lower triangular matrix,


T

 H11  
0

H   H 22  
H     21


 H n1   H n 2  



0 


H nn   
0

(7)

The transfer function can then be represented in the state space form as specified by Eq. (2).

2.3 Power Spectral Density Function
The crosswind vibration is mainly caused by fluctuations in separating shear layers. The
buffeting lift wind force is described as
Fw  z j , t  

1
U H2 BH j CL  z j , t 
2

(8)

where  is the air density, and determined as   1.25 kg/m3 in this study; B is the width of
the building; H j is the height of j th floor of the building; CL  z j , t  is the stochastic buffeting
lift force coefficient, considering both the vortex shedding and wind turbulence [4]. A typical
representation of the PSDF of CL  z j , t  , i.e., SCL  z j ,   , is given as [5]
SCL  z j ,  

 C2   z j 
L

2

 1  f f 0  


exp 

2
3
  z j  
4   zj 



1 f0

(9)

where  C   z j  is the standard deviation of CL  z j , t  , which is approximatly an invariant
over the building height [6];   z j  is the bandwidth parameter of the PSDF, assuming to be
0.25 along the structural height; f 0 is the vortex shedding frequency,
L

f 0  StU H B

(10)

where S t is the Strouhal number, assuming to be 0.09.

Benchmark Model
The 76-story benchmark wind-excited high-rise building [7] was tested by wind tunnel tests
[8]. The benchmark concrete office is slender and wind-sensitive with a height to width ratio
of 7.3. To carefully assess the interstory drift of the building, the building is modelled as a
cantilever Timoshenko beam with lumped-masses at each floor. Consequently, the cantileverlumped-mass model has 76 translational and 76 rotational DOFs. The shear parameter of the
Timoshenko beam is chosen so that the model has an approximately linear first mode shape
[6,9,10].
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3.1 State Space Formulation
The structure is assumed to be modeled as a linear time invariant system written in state space
form as

xs = As xs + Bs Fw

(11)

y s  Cs xs  Ds Fw

where x s is the state vector and y s is the structural response vector; A s and B s are the state
matrices, and the response matrices Cs and Ds are specified depending on the structural
responses employed in the optimization procedure.
The structure remains linear under serviceability level wind loads, thus is represented as a
linear n-DOF linear system given by

Mu + Cu + Ku  GFw

(12)

where, u , u , u are the displacement, velocity, and acceleration response vectors; M is the
mass matrix; C is the damping matrix, and K is the stiffness matrix
of the structure; G is a
T
load effects matrix. Defining the state vector x s as xs   u T u T  , then the state space matrices A s and B s can be written as

I 
 0
 0 
As =  -1
, Bs =  -1 
-1 
-M K -M C
M G 

(13)

3.2 Structural Responses



x Tw  , then
T

Defining an augmented state vector, xa , as x a = xsT

xa = A a xa + Ba w  t 

(14)

y s = Ca x a
where

A
Aa   s
0

BsCw 
 0 
, Ba    , Ca  Cs

Aw 
B w 

DsCw 

(15)

The variances of the structural responses are employed in the objective function of the
optimization. The covariance matrix Γ xa can be determined by [11]

Γxa = Aa Γxa + Γxa AaT  2πBa S0BaT

(16)

Assuming zero-mean white noise input and zero-mean initial conditions, then the mean-value
structural response μ xa is zero. Therefore,



Γ xa  E  x a  μ xa


 x

a

 μ xa



T

  E  x xT 
 a a


(17)

The stationary structural responses can be obtained by the solution of the Lyapunov equation

0 = Aa Γxa + Γxa AaT  2πBa S0BaT
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(18)

The covariance matrix of output structural responses Γ y is given by
s

Γys = Ca Γxa CaT

(19)

3.3 Optimization Formulation
The mass and damping matrices of the benchmark structure are assumed to remain unchanged
during the optimization. The design variables are determined to be the lateral stiffness. To
reduce the number of design variables, from the first floor, the stiffness of every ten stories
are assumed to be the same (the 71st ~ 76th story has the same stiffness), as shown in Figure 1.
Therefore, the design variable vector consists of eight elements. The initial design is assumed
as k 0  1 1
118 1010 N/m . Wind loads on the stories having the same stiffness are
assumed to be the same.

Figure 1: Schematic diagram of the 76-story benchmark high-rise building

Therefore, the structural optimization problem in this paper is given as

Determine the design variables: k  k1 k2



 

that minimize: J  k   max diag Γ ys

k8   R n
T

(20)

subject to: k j ,min  k j  k j ,max , j  1, 2,...,8
where J  k  is the objective function to be minimized, which is evaluated as the maximum
structural responses given by the diagonal elements of Γ ys in Eq. (19). k j ,min represents the
lower bound of the j th design variable, and k j ,max is the upper bound.
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The proposed formulation is optimized using the generalized pattern search (GPS) algorithm,
because the GPS algorithm does not require gradient information to direct the optimization
[12].

3.4 Optimization Objectives
Structural safety and serviceability criteria are explored for the example, with the indicator of
harmful interstory drift and absolute acceleration responses, respectively. The interstory drift
of the j th story, d j , is defined as

d j  u j  u j 1

(21)

The interstory drift consists of two components, harmless interstory drift d f and harmful
interstory drift d s [13], i.e., d j  d s , j  d f , j . The harmful interstory drift refers to the drift that
can directly cause damage to the story [14], consisting bending and shear deformation. The
harmless interstory drift is due to rigid body rotation of the floor and does not induce damage
to the story. An approximation to determine the harmful drift is

d s , j  d j   j 1H j

(22)

where  j 1 is the horizontal displacement angle of the  j  1 story. The maximum harmful
interstory drift is chosen as the indicator of structural safety, and the maximum acceleration
response is the indicator of serviceability.
th

Optimization Results
The optimal results minimizing safety and serviceability criteria are shown in Table 1 and
Figure 2. The optimal design minimizing serviceability criteria tends to distribute more
stiffness at the bottom floors. The optimal design minimizing maximum RMS harmful
interstory drift response, however, distributes more stiffness at the upper floors.
Table 1: Optimal stiffness distribution of the 76-story benchmark building ( 1010 N/m )

Story Initial Design Opt. Safety Opt. Serviceability
k1
1.00
1.81
1.92
k2
1.00
1.46
1.46
k3
1.00
0.98
1.16
k4

1.00

0.86

0.99

k5

1.00

0.75

0.84

k6

1.00

0.74

0.64

k7

1.00

0.73

0.45

k8

1.00

0.46

0.24
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Figure 2: Optimal stiffness distribution of the 76-story benchmark building

The acceleration and harmful interstory drift responses of the initial and optimal designs are
shown in Figure 3. The acceleration response of the optimal serviceability design is reduced
by 3.2% compared with the initial design. The maximum harmful interstory drift response of
the optimal safety design is decreased by 42.3%.

(a) Acceleration responses

(b) Harmful interstory drift responses

Figure 3: Acceleration and interstory drift responses of the optimal designs

Conclusion
This study proposes an optimization procedure for structures subjected to stationary stochastic
wind loads. The wind loads are represented as zero-mean filtered white noises and combined
with the equation of motion for the structure in an augmented state space representation. The
stochastic optimization problem is converted into its deterministic counterpart by defining the
objective function for the optimization in terms of the variances of the structural responses.
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A 76-story benchmark structure is taken as the example to demonstrate the efficacy of the
proposed method. The lateral stiffnesses are chosen to be the design variables in the example.
Both safety and serviceability criteria are discussed. The objective for safety is given in terms
of harmful interstory drift, whereas for serviceability, it is defined as a function of the floor
acceleration. In the structural design subject to servicebility level wind load, the structure is
required to remain linear elastic in engineering. Subject to wind loads, the tradeoff of the
safety and serviceability is not pronounce.
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Abstract: The process of importing building information models to create information-rich finite element models is explained, implemented, and demonstrated in
this paper. The code is parameterized in a way such that random variable objects
and design variable objects exist inside the finite element code. The implementations make use of a new concept called lambda functions to propagate exact response sensitivities through expressions that are used by the finite elements to
determine loads, cross-sectional constants, and nodal coordinates. The framework
is demonstrated on the minimization of the total cost of a hybrid wall system.

1 Introduction
This paper describes and demonstrates a computational framework for probabilistic modelling
and gradient-based minimization of the total cost of buildings. The framework employs multiple hazards, finite elements, building information models (BIM), and probabilistic models
for direct and indirect costs. Four contributions are highlighted in this paper: 1) Import of
BIM to create information-rich finite element models; 2) calculation and propagation of exact
response sensitivities using a new concept called lambda functions; 3) application of multiple
hazards using lambda functions together with information from the BIM; and 4) design optimization of a hybrid wood-steel wall system using the new analysis framework.
The developments are implemented in Rts, an extension of the computer program Rt [1]. This
software platform is dedicated to analyses with many interacting probabilistic models for hazards, response, and costs. While Rt focused on regional seismic analysis and employed relatively simple models for each building, Rts introduces detailed building models. Another
object-oriented finite element program is this category is OpenSees [2], which at present does
not contain hazard and cost models. Rts is now capable of importing BIMs to create information-rich finite element models; two programs that employ BIM technology is Revit developed by AutoDesk and Archicad developed by Graphisoft. Files are exported from those
programs and imported into Rts. A new feature in Rts is the calculation of exact response derivatives using the direct differentiation method (DDM) [3], [4], together with a new concept
called lambda functions. Another ingredient in the methodology is gradient-based minimization of the total expected cost, an uncertain quantity that depends on many models and random variables. The use of objective functions formulated in terms of a single cost has a long
tradition in the structural reliability community [5]–[8]. Since the mid-1990’s the earthquake
engineering community has also devoted substantial efforts at estimating repair cost and using
it as a decision criterion [9]–[11]. A companion paper at this conference presents probabilistic
models for a range of costs incurred in the lifecycle of a building [12].
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2 Demonstration Example
To explain the capabilities of the new computational framework, a modern design for tall
wood buildings, described by Green [13], is analyzed. It consists of vertical solid wood panels
connected by horizontal steel beams that are designed to dissipate energy during earthquakes.
The key portion of the design is considered here, namely two panels with connecting steel
beams. Figure 1 shows a screenshot from Rts of the BIM, which is created in Archicad. The
rendering on the left-hand side shows the actual material surfaces, while the right-hand side
shows another view of the same model. The latter shows that the beams extend into the wood
panels to provide the needed connection. With this design, it is bending in the steel beams that
carry lateral, in-plane, load on the wall. If the two panels are far apart the lateral stiffness and
energy dissipation is small. Conversely, if the beams are too short, the wood near the entry of
the steel beams will be damaged before any bending an energy dissipation develops in the
beams. The beam length and panel width are considered design variables in this study.

Figure 1: Rts screenshot showing the building information model.

The panels are made of cross-laminated timber with material properties given in Table 1. The
thickness is 0.2m and the height is 9.0m. The horizontal beams are standard steel components
of type W6X9 and the tie-downs shown at the bottom of Figure 1 are modelled with steel columns of type HSS2.375X0.125. The analysis consists of a total of 79 random variables and
Table 1 provides distribution types and parameter values for some of them. Each steel beam
and each timber panel has random variables for the material properties, uncorrelated with
those of the other beams and panels. The probabilistic cost models employed in this demonstration are relatively simple. Comprehensive cost modelling is the focus of the companion
paper [12]. The construction cost model uses the total volume of steel and wood and multiplies it with a unit cost given in Table 1. The cost of damage associated with lateral displacement of the wall is obtained by multiplying the displacement with the unit cost given in Table
1. The cost of damage associated with damaged wood when the beams are too short is obtained by multiplying the shear force in the beam with the unit cost given in Table 1. To save
space the random variables related to loading are not listed in Table 1; they enter the models
for earthquake magnitude, location, and intensity described in [14] and briefly in the next section.
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Table 1: Some of the random variables used in analysis.

Parameter
Young’s modulus of beams
Poisson’s ratio of beams
Mass density of beams
Young’s modulus of panels
Poisson’s ratio of panels
Mass density of panels
Young’s modulus of tie-downs
Timber construction cost
Steel construction cost
Drift damage multiplier
Shear damage multiplier

Distribution
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Lognormal
Normal
Normal
Normal
Normal

Mean
200.0 GPa
0.3
7800.0 kg/m3
13.0 GPa
0.25
500.0 kg/m3
200.0 GPa
20,000 $/m3
75,000 $/m3
2,000,000 $/m
1.0 $/N

C.o.v. [%]
15
3
5
15
5
10
15
25
25
30
20

3 Analysis Framework
Rts is written in modern C++ [15] using an object-oriented approach. All class names in Rts
start with the letter R as a matter of convention. An overview of the classes in Rts that are
employed in the demonstration example is provided in Figure 2. The RFixedTimeOccurrenceModel is used because the analysis is run for one earthquake occurrence. The probabilistic models for the location and magnitude are in RPolygonalAreaSourceModel and
RBoundedExponentialMagnitudeModel, respectively. Several random variables enter these
models; hence, the magnitude and location are both uncertain [14]. The location of the building is read from the BIM. The location and magnitude enter the RBooreAtkinson2008IntensityModel, which also contains random variables and gives the site-specific
acceleration as output. In the demonstration example the acceleration is simply multiplied by
the distributed mass of every building component to produce the lateral load on the building.
It is also shown with a diamond symbol in Figure 2 that the RDetailedBuildingModel contains
an RBIM; that class imports BIMs and creates the components described in the next section.
The output from the RDetailedBuildingModel is the total cost for the random variable realizations specified by the RFOSMModel or RFORMModel. In turn the RRiskModel calculates
the expected cost, which is minimized by the ROptimizationModel.
RPolygonalAreaSourceModel
RFixedTimeOccurrenceModel

RBoundedExponentialMagnitudeModel

RDetailedBuildingModel

RFORMModel

RBooreAtkinson2008IntensityModel

RRiskModel

RFOSMModel
RBIM

RPoint

RComponent

RLoadGenerator

RMeshGenerator

RElement

RNode

Figure 2: Key classes in the object-oriented framework.
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ROptimizationModel

4 Importing Building Information Models
The objective in this section is to explain how BIMs created in external applications, such as
Revit and Archicad, are imported into Rts. A BIM includes information about the location,
geometry, and materials of a building. In addition to physical and spatial information, a BIM
contains lifecycle data, such as maintenance schedules, which is employed in ongoing research. Architects use BIMs for 3D visualization and BIMs are also used in construction
management. In this work, the data in the BIM is converted into information-rich components
in Rts using the industry foundation classes (IFC) data exchange schema IFC4 [16]. IFC is
developed and maintained by buildingSMART. There are several software libraries available
to parse IFC files into useable objects [17]. Rts uses IfcPlusPlus, an open source C++ reader
and writer for IFC files. Other research initiatives that explore the import of geometry and
other information from IFC files include [18], [19], [20], [21], [22]. Commercial structural
analysis programs exist that have varying levels of support for IFC to finite element model
conversion, but none of the existing approaches utilizes information-rich components for cost
minimization.
The IFC schema consists of several hundred objects, such as building elements and their relationships, arranged in a hierarchical order. Each entity includes a number of IfcAttributes. The
IfcProject is at the top of the hierarchy; it contains IfcSites, which in turn contain IfcBuildings, which contain IfcBuildingStoreys, which contain IfcBeams, IfcColumns, etc. In addition
to this hierarchical structure, all physical objects like IfcBeams and IfcColumns are subtypes
of IfcBuildingElement. As a result, all physical objects have attributes like shape, material,
location, and connectivity. An object also knows whether it belongs to a group of other objects; e.g., a girder may belong to a floor.

End point 2

Face
Extru
s

Edge

ion v
ector

End point 1

Vertex

Figure 3: Solid model geometry extraction

Information from the IFC file is stored in the RComponent and RBIM classes shown earlier in
Figure 2. Via the RComponent class, the information is also used in models for hazard, damage, repair, and construction. An example is the repair cost model, which uses the spatial location of a component, obtained from IfcBuildingStorey, to estimate the repair cost. This is
useful because an exterior component on the ground floor will have a different repair cost
than the same component on the 20th floor. In Rts, the steps for creating an RComponent from
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an IFC file start with a filtering based on IfcBuildingElement type, i.e., IfcBeam, IfcColumn,
etc. Once such a physical object is found, information is extracted about the material, location, and shape representation. The shape representation poses a particular challenge; the geometry of a physical object can be specified in several ways in an IFC file. It is up to the
exporting software to decide on how to geometrically represent each of its proprietary objects
as IFC entities. The three shape representations currently supported in Rts are: 1) Swept area
solid; 2) boundary representation, BREP; and 3) constructive solid geometry, CSG. Figure 3
illustrates the first option in the form of a wireframe screenshot from Rts. The shown geometry consists of a plane cross-section, called IfcProfile, and an extrusion vector. The crosssection is defined in a 2D coordinate system, in which vertices and edges make up a face. The
extrusion direction, indicated by an arrow in Figure 3, and the extrusion depth, are given as
attributes. In Rts, the centroid of the beam cross-section is calculated using computational
geometry algorithms and the two end points, also shown in Figure 3, are defined using three
quantities: the centroid coordinates, the extrusion vector, and a transformation matrix. Where
two components are connected but their endpoints do not coincide, a master-slave nodelinking algorithm is applied. The FE model imported from the example IFC is given in Figure
4. The panels are meshed with four-node bilinear Mindlin plate elements overlapped with
four-node quadrilateral in-plane elements. In this demonstration the connecting beams are
linear elastic beam-column elements.

Figure 4: Structural model created from the building information model.

5 Propagation of Exact Response Sensitivities
Rts contains classes called RRandomVariable and RDesignVariable, i.e., each random variable and each design variable is an object. The value of such RParameters is set by calling the
method RParamter::setCurrentValue(value). A novel implementation in Rts allows RParameters to be set with a new C++ concept called lambda functions [15]. The value of a parameter
in Rts can now be either a number or a lambda. A lambda essentially captures an algorithm
and its input parameters and the lambda can be passed, returned, and assigned like any other
variable. The “capturing” of variables means that variables used in the function do not have to
be passed in the function call. Instead, they are automatically available when the lambda function is evaluated. This is a powerful concept in combination with the parameterization in Rts;
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now the element loads, nodal coordinates, and cross-section information can be defined as
lambdas. The lambdas, i.e., mini-models of any complexity, are created in the RComponents
and given to the finite elements by RParameter::setCurrentValue(lambda) calls. There are
several potential benefits of this strategy and implications for response sensitivity calculations
by the DDM are described here.
In DDM, expressions for derivatives are implemented alongside the ordinary response expressions [4]. For the sake of simplicity, consider the derivative of the stiffness matrix, K, for a
linear elastic finite element with respect to a generic parameter denoted θ. Suppose the parameter θ enters the expressions for the cross-sectional area, A, and the moment of inertia I,
which both enter into the stiffness matrix. The chain rule of differentiation yields
∂K ∂K ∂ A ∂K ∂I
=
+
∂θ ∂ A ∂θ ∂I ∂θ

(1)

To show the role of lambdas in this calculation, the lambda for the cross-sectional area of a
rectangular beam with cross-section height h and width b is shown in Figure 5. This minimodel, called AreaLambda, captures h and b by reference as indicated by the ampersand.
Whenever a referenced captured parameter changes it always stays up-to-date in the lambda.
The captured parameters can also contain lambdas, and so on. When created in the RComponent, AreaLambda is passed to the finite element via theArea::setCurrentValue(AreaLambda).
As implied by the if-statement in Figure 5, when the value of the area is requested the
theArea::getCurrentValue() is called with no arguments, thus returning h times b.
auto AreaLambda = [&](RParameter* theta) {
auto h=theHeightParameter->getCurrentValue();
auto b=theWidthParameter->getCurrentValue();
if(theta == nullptr)
return h*b;
else if(theDDMParamter == theHeightParameter)
return b;
else if(theDDMParamter == theWidthParameter)
return h;
else if(theDDMParamter == this)
return 1.0;
else
return 0.0;
};
RElement::getStiffness(RParameter *theta){
dA_dtheta = AreaLambda->getCurrentValue(theta);
dK_dArea = getK(theAreaParameter);
dK_dtheta = dK_dArea * dA_dtheta;
}
Figure 5: An example of the use of lambda functions.

The same lambda is used for DDM when an RParameter is passed in the argument. Consider
the RElement::getStiffness() procedure in Figure 5. When a parameter, θ, appears in the function call getStiffness(theta) it first evaluates theArea::getCurrentValue(theta) to calculate
dA/dθ. That is accomplished within the lambda with the if-else statement that compares the
incoming parameter to the captured variables and returns the derivative with respect to that
parameter. The finite element readily determines dK/dA and calculates the product
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(dK/dA)(dA/dθ) in Eq. (1). Without using the lambda concept it would be necessary to hardcode the derivative expression for A in the element, for every conceivable parameter, in order
to evaluate dA/dθ. This would also require numerous checks inside the element to identify
which parameter is θ. Keeping the stiffness matrix general, in terms of A, I, etc. allows the
finite element to be used by any component and cross-section type.

6 Application of Hazards
The new lambda-based approach is used also in the mesh and load generators in Rts. This
means that nodal coordinates and element loads are given to the elements as lambda functions. In fact, when using lambdas the hazards are applied only once. As indicated in the
pseudo-code snippet in Figure 6, the RDetailedBuildingModel calls the method applyHazard() in all components. In turn, the component contains an RLoadGenerator as shown in Figure 2. The load generator is used by the component to pass the response of hazard models to
the finite elements via lambda functions. The elements simply evaluate the lambdas whenever
they need to recalculate the element loads. It is also noted that the hazard models use information found throughout the IfcProject hierarchy. As inputs to an earthquake intensity model,
for example, the geographic location and elevation from IfcSite is used along with the number
of storeys from IfcBuilding in order to roughly estimate the natural period of the building,
which determines the spectral acceleration. Other information, such as positioning of components in the building, is utilized to determine if a component should have snow and wind load.
The pseudo-code for achieving this for the earthquake hazard is shown in the bottom part of
Figure 6. All intensity models inherit from a common class and return the surface pressure on
the element or acceleration. This allows the plug-and-play use of different types of hazards,
such as earthquake, snow, and wind applied to the same elements.
RDetailedBuildingModel::evaluateModel()
RComponent::applyHazard(building)
RLoadGenerator::applyEarthquakeHazard(elements, building)
Asks the building for earthquake hazard model base class
Creates lambda function with loads, ie, hazard responses
Passes the lambda function to the elements
Figure 6: From hazard models to load on elements.

7 Calculation of Expected Cost
Although the cost models employed in the demonstration example are relatively simple it is
the minimization of the total life-cycle cost of buildings that motivates the developments. In
other conference papers the authors present life-cycle cost models [12] and suggests methods
for calculating the expected value of the total cost [23], [24]. In the present paper the firstorder second-moment method (FOSM) and the first-order reliability method (FORM) are employed to calculate the expected value of the cost. In FOSM the mean of the total cost, c(x,v),
where x is a vector of random variables, v is a vector of design variables, is approximated as a
first-order Taylor expansion such that the estimate of the mean is
µCFOSM = c(M X ,v)

3499

(2)

where Mx is the mean vector of the random variables. This method is straightforward to implement and only requires a single evaluation of all the models, at the mean realization of the
random variables. The exact derivative of the expected cost, ∂ µCFOSM ∂v , required by gradientbased optimization algorithms, is readily available by differentiation of Eq. (2). However, the
FOSM estimate is inaccurate if the cost function is highly nonlinear, a problem that is exacerbated in the presence of large variances and covariances. The FORM approach uses the limitstate function
(3)

g(x,v) = ci − c(x,v)

where ci, i=1, 2,…, N, are cost-thresholds for which exceedance probabilities, pi, are sought.
Assuming positive cost-values the expected cost is estimated as the area under the complementary cumulative distribution function of the cost, for example using the trapezoidal rule
µCFORM = N low ⋅ Δc +

i=N high

∑

( pi+1 + pi ) ⋅ Δc

i=N low

(4)

2

where Nlow and Nhigh identify N-values at which the probability of exceedance is near unity or
near zero, respectively. Δc is a cost increment employed to lay out the cost-thresholds according to the formula
ci = (i − 1)⋅ Δc ,

i=1, 2, …, N

(5)

Differentiating the trapezoidal rule gives
∂ µCFORM i=Nh 1 ⎛ ∂ pi+1 ∂ pi ⎞
= ∑ ⋅⎜
+
⎟ ⋅ Δc
⎝ ∂v
∂v
∂v ⎠
i=N l 2

(6)

where the partial derivative for p is given as [25]
∂p
1 ∂c
= ϕ (β )⋅
⋅
∂v
∇G ∂v

(7)

8 Optimization
Figure 7 shows a screenshot of Rts after successful optimization of the steel-wood wall system in Figure 1. In the analysis behind Figure 7 the FORM approach was employed to calculate the expected cost. The upper-right plot displays the probability distribution of the total
cost in the form of the complementary cumulative distribution function at the optimal design.
The dots along that line identify the points at which FORM was used to determine the exceedance probability; they are spaced $100,000 apart. The left-hand side plot shows the distance from the origin in the standard normal space of random variables to the trial points in
FORM. Because each FORM analysis starts at the design point of the previous FORM analysis the plot shows convergence of FORM in three steps. These “warm-starts” in FORM reduces computational cost substantially.
The lower-right plot in Figure 7 shows the evolution of the gradient-based optimization analysis. The blue line, which shows a descending trend, shows the value of the objective function, i.e., the expected cost, which is the area under the upper-right plot described above. The
red lines show the evolution of the design variable values; at convergence the panel width is
3.69m and the beam length is 4.35m. The initial values were 1m for the beam length and 2.5m
for the panel width; those values are associated with a $1.438 million total mean cost. For
both the FOSM and FORM-based approach the optimum expected cost is $1.054 million. In
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fact, for this example the simpler FOSM analysis gave a panel width of 3.62m and a beam
length of 4.34m, almost identical values compared with the FORM analysis.

Figure 7: Rts screenshot after convergence of the optimization analysis.

9 Conclusions
This paper presents the analysis framework for minimization of total life-cycle cost of buildings, using building information models. Arrays of models and random variables enter the
analysis, and the total expected cost is minimized. New algorithms for the import of building
information models were presented, including three approaches for translating geometry information into finite elements. A new concept called lambda functions are demonstrated to
give substantial benefits in the implementation and calculation of exact response sensitivities.
The lambda functions are also employed in the specification of nodal coordinates and element
loads. A demonstration example is given, which uses gradient-based optimization techniques
to determine the optimal design parameters of a hybrid steel-wood structure subjected to an
earthquake. The structure is imported from a building information model created in Archicad
and the total expected total cost is minimized. The optimization problem is convex because
construction cost and damage cost are both modelled.

References
[1]
[2]
[3]
[4]
[5]

M. Mahsuli and T. Haukaas, “Computer program for multi-model reliability and
optimization analysis,” J. Comput. Civ. Eng., vol. 27, no. 1, pp. 87–98, 2013.
F. McKenna, M. H. Scott, and G. L. Fenves, “Nonlinear finite-element analysis
software architecture using object composition,” J. Comput. Civ. Eng., vol. 24, no. 1,
pp. 95–107, 2009.
M. Kleiber, H. Antunez, T. Hien, and P. Kowalczyk, Parameter Sensitivity in
Nonlinear Mechanics. John Wiley and Sons, 1997.
Y. Zhang and A. Der Kiureghian, “Dynamic response sensitivity of inelastic
structures,” Comput. Methods Appl. Mech. Eng., vol. 108, no. 1–2, pp. 23–36, 1993.
J. R. Benjamin and C. A. Cornell, Probability, Statistics, and Decision for Civil

3501

[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

Engineers. McGraw-Hill, 1970.
I. Enevoldsen and J. D. Sørensen, “Reliability-based optimization in structural
engineering,” Struct. Saf., vol. 15, pp. 169–196, 1994.
H. Liang, T. Haukaas, and J. O. Royset, “Reliability-based optimal design software for
earthquake engineering applications,” Can. J. Civ. Eng., vol. 34, pp. 856–869, 2007.
J. O. Royset and E. Polak, “Reliability-based optimal design using sample average
approximations,” Probabilistic Eng. Mech., vol. 19, no. 4, pp. 331–343, Oct. 2004.
C. A. Cornell and H. Krawinkler, “Progress and challenges in seismic performance
assessment,” PEER Center News, Vol. 3 No. 2, 2000. [Online]. Available:
http://peer.berkeley.edu/news/2000spring/.
T. Y. Yang, J. Moehle, B. Stojadinovic, and A. Der Kiureghian, “Seismic performance
evaluation of facilities: methodology and implementation,” J. Struct. Eng., vol. 135,
no. 10, pp. 1146–1154, 2009.
Federal Emergency Management Agency, “Seismic Performance Assessment of
Buildings, FEMA P-58,” 2012.
T. Haukaas, G. Gill, and S. Gavrilovic, “Probabilistic Cost Models and Computational
Framework for Life-cycle Design of Buildings,” in Proceedings of the 12th
International Conference on Structural Safety & Reliability, ICOSSAR 2017, 2017.
M. Green, “The case for tall wood buildings,” mgb Architecture and Design,
Equilibrium Consulting, LMDG Ltd, BTY Group, 2012.
M. Mahsuli and T. Haukaas, “Seismic risk analysis with reliability methods, part I:
Models,” Struct. Saf., vol. 42, pp. 54–62, May 2013.
ISO, ISO/IEC 4882:2014(E) Information technology -- Programming languages -C++. Geneva, Switzerland: International Organization for Standardization, 2014.
ISO, ISO 16739:2013 Industry Foundation Classes (IFC) for data sharing in the
construction and facility management industries. Geneva, Switzerland: International
Organization for Standardization, 2013.
R. K. Dhillon, M. Jethwa, and H. S. Rai, “Extracting Building Data from BIM with
IFC,” Int. J. Recent Trends Eng. Technol., vol. 11, no. 1, pp. 202–210, 2014.
X.-Y. Zhang, Z.-Z. Hu, H.-W. Wang, and M. Kassem, “An Industry Foundation
Classes (IFC) Web-Based Approach and Platform for Bi-Drectional Conversion of
Structural Analysis Models,” 2014, pp. 390–397.
P.-H. Chen, L. Cui, C. Wan, Q. Yang, S. K. Ting, and R. L. K. Tiong, “Implementation
of IFC-based web server for collaborative building design between architects and
structural engineers,” Autom. Constr., vol. 14, no. 1, pp. 115–128, Jan. 2005.
C. Wan, P.-H. Chen, and R. L. Tiong, “Assessment of IFCs for structural analysis
domain,” Inf. Technol. Constr., vol. 9, pp. 75–95, 2004.
Z. Liu, X. Lu, Y. Li, and H. Zhang, “A software platform for information conversion
from IFC-based architectural model to PKPM structural model.”
X. Wang, H. Yang, and Q. Zhang, “Research of the IFC-based Transformation
Methods of Geometry Information for Structural Elements,” J. Intell. Robot. Syst., vol.
79, no. 3–4, pp. 465–473, Aug. 2015.
T. Haukaas and S. Gavrilovic, “Using FORM for Minimizing the Uncertain Cost of
Structural Designs,” in Edited Volume in Honor of Prof. Der Kiureghian, 2016.
S. Gavrilovic and T. Haukaas, “Feasibility and Accuracy of Reliability Methods in
Gradient- based Minimization of Expected Building Cost,” in IFIP Working Group 7.5
on Reliability and Optimization of Structural Systems, 2016.
A. Der Kiureghian, “First- and second-order reliability methods,” in Engineering
Design Reliability Handbook, E. Nikolaidis, D. M. Ghiocel, and S. Singhal, Eds. CRC
Press, 2005.

3502

TS12 Environmental Loads

3503

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Snow Load on Structures under
Changing Climate Conditions
Croce P.a, Formichi P.a, Friedman N.b, Landi F.a,b and Marsili F.a
a

Department of Civil and Industrial Engineering, University of Pisa, Italy
b
Institute of Scientific Computing, TU Braunschweig, Germany

Abstract: The effect of climate change on climatic actions could significantly affect, in the mid-term future, the design of new structures actions as well as the reliability of existing ones designed according the provisions of current codes, which
are derived from past observations under the assumption of stationary climate conditions. An original technique for snow loads definition is proposed, based on a
non-stationary model for extreme values, able to take into account information
provided by the outcomes of climate models.
Temporal trends are assessed directly on location and scale parameters of Extreme
Values Type I distribution, considering moving time windows of thirty years shifted ten years by ten years. The analysis are performed for the Italian Mediterranean
region, suitably elaborating observed data series of daily temperatures and precipitation and climate projections of the same variables provided by Regional Climate
Models for different greenhouse gas emission scenarios.
The results are then compared in terms of characteristic values of ground snow
load (0.98 quantile of annual extremes), that serves as basis for structural design,
assessing its variability with time. Finally, an advanced Bayesian method for the
definition of trend parameters is presented. This method combines climate change
information present in climate models with observed temporal trends and will lead
to a more trustable definition of future trend of ground snow loads.

Introduction
The impact of climate change on climatic actions could significantly affect, in the mid-term
future, the design of new structures as well as the reliability of existing ones designed in accordance to the provisions of present codes [9].
Structural design loads are currently based on extreme value analysis applied to past observations of the underlying natural phenomena, under the assumption of stationary climate conditions [19]. In design context, climate is considered as a stationary stochastic process varying
in a neighbourhood of an unchanging mean state, so that statistical parameters of climatic
actions can be considered nearly constant over time [14]; consequently stationary return level
and no changes in the frequency of extremes can be assumed. Since changing climate makes
this assumption questionable, alterations of frequency and intensity of extremes events as well
as variations of statistical properties of extremes may be expected over time. Concepts and
models accounting for non-stationarity are thus of increasing importance [4] [5] in this field.
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The study aims to investigate the possible existence of trends in the extremes of ground snow
load under climate change conditions, based on daily output of climatic models.

1.1 Snow loads in a changing climate
Despite of common sense feeling, and how demonstrated by in situ measurements, the consequence of the rise of the average temperature is not necessarily a reduction of the ground
snow loads. Actually, as the changing climate conditions influence not only air humidity and
precipitation rate but also snow accumulation processes, in some cases increase of temperature could even result in an increase of snow loads [20].
Based on the above mentioned considerations, a general procedure for the analysis of regional
climate models (RCM) output has been developed in a previous work [9] in order to evaluate
the impact of climate change on snow load on structures. In particular, a general algorithm
based on Monte Carlo simulations has been defined. The algorithm allows estimating ground
snow loads maxima considering daily outputs of the climate models, in terms of maximum
and minimum air temperatures and precipitation, supplemented by local information of snowfall and snow melting conditions derived from the elaboration of real measurements of actual
meteorological events.
Implementing this algorithm, the aim of the present study is to set up a new technique for the
definition of ground snow loads that it is able to take into account also the non-stationarity of
the climate conditions combining the results obtained from the analysis of climate projections
and observed data series. In particular, the proposed method mainly focuses on the evolution
over time of the statistical parameters of the extreme value distribution of maxima.

1.2 Study area and dataset
Because one cannot run experiments directly on Earth’s climate, climate models are considered the best available tools for understanding climate change and its potential impacts [6].
In particular, regional climate models (RCMs), which are able to provide a more accurate
description of climate variability on local scale, show the capability to provide a detailed description of climate extremes [17].
Focusing on the European region, within the EURO-CORDEX initiative [11] climate projections are simulated with a horizontal resolution of 12.5 km (EUR-11 grid) according different
RCMs and the new greenhouse gas emission scenarios, representative concentration pathways
(RCPs) defined by the Fifth Assessment Report of the IPCC [22].
Daily climate projection are then available for the control period 1951-2005 (Historical Experiment), where “run” is forced by observed atmospheric composition changes and for the
future period 2006-2100 (RCPs Experiment) [21]. In this work, data provided by the DMIHIRHAM5 RCM model are investigated for the so-called ‘Historical Experiment’, the
‘RCP4.5 Experiment’ and the ‘RCP8.5 Experiment’.
For the estimation of actual trend and the validation of the climate models output, the European daily high-resolution gridded dataset [10] (E-OBS dataset version 12) have been assumed
as observational reference. The E-OBS dataset contains daily data of precipitation, maximum
and minimum air temperature in Europe for the period 1951-2015 from more than 10 000
meteorological stations interpolated to a regular grid having a horizontal resolution of about
25×25 km.
Since the grid-cell by grid-cell comparison between climate projections and observed data
requires a remapping of the EURO-CORDEX output over the EOBS grid [15], a conservative
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projection of daily climate data has been carried out according the procedure proposed in [15].
Considering that four EUR-11 grid cells exactly fit into one E-OBS cell, the conservative projection results in a simple arithmetic four-point average on the finer grid.
The geographical area considered in the study comprises the Zones 3-4 of the Mediterranean
climatic region defined by the EN1991-1-3. These zones are illustrated in Figure1, together
with the grid points at which observed climate data are provided by the E-OBS gridded dataset (0.22° grid resolution ~ 25km).

Figure 1: E-OBS grid cells in Zone 3-4 of the Mediterranean climatic region defined by EN1991-1-3

Extremes in a changing climate
Classical Extreme Value Theory provides a rigorous framework for the analysis of climate
extremes and their return level [4]. The cornerstone of extreme values theory is the extremal
types theorem [7] that guarantees the convergence of the distribution of maxima to one of the
three limiting distributions usually referred as Gumbel or extreme value type I distribution,
Fréchet or extreme value type II distribution and Weibull or extreme value type III distribution. The three extremes values distributions behave differently, but they can be synthesised
into a single family of three parameters distribution called Generalized Extreme Value distribution (GEV) [7] having the cumulative distribution function of the form
exp

1

,

! 0# where the parameters ,

∶1

1

ties ∞
∞; ! 0; and ∞
∞. The type II (Fréchet) and type III (Weibull)
classes of extreme value distributions correspond respectively to the cases ! 0 and
0
and the subset of the GEV family with
0 is interpreted as the limit of (1) as → 0, corresponding to the type I (Gumbel) family with cumulative distribution function

defined on the set

exp

exp

# '()*
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and

∈ , and σ ! 0,

satisfy the inequali-

2

where the location parameter specifies the centre of the distribution and the scale parameter
determines the size of deviations around the location parameter.
Under the assumption of a stationary climate, the concepts of return level and return period
provide critical, and sound, information for design. Indeed, climatic actions on structures are
currently determined from the extreme values analysis of block maxima (e.g. the single highest snow load in a winter season) for a specified return period 23 (e.g. 50 years for the definition of characteristic ground snow loads [1]). Assuming an extreme value type I distribution
as in [1], the characteristic value of ground snow load 45 is then determined according the
formula
45

∙ 7 ln 9 ln :1

1
<=> .
50

3

However, as mentioned before, in a changing climate the assumption of stationarity is becoming debatable. The frequency of extremes events is continuously evolving and the changes are
likely to continue in the future. Therefore, the growing interest in this field is leading to the
definition of non-stationary extreme values models where time dependence is taken into account defining a trend in the parameters of the extreme value distributions.
Time dependency of the parameters is usually modelled in climatology assuming the existence of a functional relationship between the distribution parameters ( and ) and time. Although different models may be defined, simple linear or log-linear models are normally used
[3] [18] and most applications consider non-stationarity only for location parameter, assuming
the scale and the shape parameter nearly constant [4].
Nevertheless, considerable uncertainties remain in the definition of the trend model, because
the simple analysis of block maxima often is not sufficient to identify an univocal trend over a
long time period. This consideration appears quite obvious looking to some practical example,
like the one illustrated in Figure 2, where the characteristic ground snow load 45 obtained for
cell nr. 45 under stationary or non-stationary conditions are illustrated, together with the
measured yearly maxima.

Figure 2: Yearly maxima of ground snow loads for cell 45
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Although the trend is not univocal in the period, the analysis of the entire population of data
using the Mann-Kendall test [13] [16] with significance level A 0.05 [4], detects the presence of a decreasing linear trend in the extremes. This result may lead to the definition of a
linear model for location parameter
)

B

)

4

with constant scale parameter as in [4]. However, the consequent decreasing value of the
characteristic load obtained by the non-stationary model may be unsafe for structural requirements.
This aspect is especially enhanced for long time series where particular attention should be
devoted to check the homogeneity of the available data population. In Figure 3, the results
presented above are reported for the cell nr. 67 for a longer series of yearly maxima of ground
snow loads obtained from the analysis of climate projections provided by the regional climate
model DMI-HIRHAM5 for the control period (1951-2005) and the RCP4.5 scenario for the
period 2006-2100.

Figure 3: Yearly maxima of ground snow loads for cell 67 (RCP45 scenario)

Finally, extremes in a changing climate are more sensitive to changes in the variability associated to the scale parameter, than in the mean associated to the location parameter as demonstrated in [12]. Consequently, assuming a constant scale parameter, this important aspect is
completely neglected.
In this study, our analyses are then oriented towards a correct definition of non-stationary extremes suitable for structural design.
In particular, trends in location and scale parameters will be assessed dividing the maxima
data series in appropriate time windows and then checking the results in terms of characteristic loads.

Methodology
First, climate data series of daily maximum and minimum air temperatures and precipitation
for the cells in the study area are analysed implementing the algorithm presented in [9].
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The algorithm allows the estimation of the set of yearly maxima of ground snow load in the
investigated period through a suitable Monte Carlo simulation.
Then, an extreme value analysis is carried out for subsequent time windows of thirty years
shifted by ten years, according to the block maxima approach [7] and assuming an extreme
value Type I distribution for non-zero maxima as in [1].
Distribution’s parameters are the location and the scale and they are estimated, for each
time window, by applying the least square method (LSM) as in [1]. In this way, a series of
subsequent values of and is obtained at each grid cell in the investigated region.
Finally, examining the sequence of parameters for different time windows, a parametric trend
model is defined for location parameter and the natural logarithm of the scale parameter
log . In the next paragraphs, the method will be fully described together with the results
obtained from the analysis of observed data series and climate projections in the study area.

3.1 Analysis of observed data series

The observed data series of daily maximum and minimum air temperatures (2FGH ; 2FIJ ) and
precipitation (*K ) provided by the E-OBS gridded dataset [10] for the period 1951-2015 have
been analyzed, using the algorithm defined in [9]. In this way, a series of N=64 yearly maxima ground snow loads is obtained and four subsequent time windows of thirty year shifted by
ten years can be defined (1951-1980, 1961-1990, 1971-2000 and 1981-2010).
In a subsequent stage, an extreme value analysis has been carried out for each time window
and four successive values of and have been estimated at each grid point in the investigated region and finally, a parametric linear model has been fitted for location parameter and
log-scale parameter log σ as in the following equations
)

logLσ t N

B

)

B

5

t

6

where t is the time step and the parameters B ,
and B ,
are the linear least square
R
R
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The results, presented in Table 1, show no positive trend for location parameter ( ! 0) and
a positive trend for scale parameter ( ! 0) in 51 cells. In Table 1, the results for the trend of
characteristic ground snow load defined in eq. (3) for a stationary model and by the following
equation for the non-stationary model are also reported
45 t

B

exp

B

t ∙

ln

ln 1

Table 1: Trend parameters E-OBS dataset

Parameter
45

t

0.02

Number of cells with
Positive Trend
Negative Trend
0
73
51
22
26
47
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In Figure 4, the results obtained for the same cell as for Figure 2 are reported.

Figure 4: Trends for μ, log σ and 45 - cell 45 (E-OBS dataset)

3.2 Analysis of climate projections

Climate projections of daily maximum and minimum air temperatures (2FGH ; 2FIJ) and precipitation (*K ) developed within the EUROCORDEX initiative [11] have been analyzed for
the period 1951-2006 (“Historical Experiment”) and the period 2006-2100 (“RCP4.5 Experiment” and “RCP8.5 Experiment”) using the algorithm defined in [9].
In this way, a series of N=149 yearly maxima ground snow loads was obtained and thirteen
subsequent time windows of thirty year shifted by ten years were defined (1951-1980, 19611990, 1971-2000, 1981-2010, 1991-2020, 2001-2030, 2011-2040, 2021-2050, 2031-2060,
2041-2070, 2051-2090 and 2060-2099). However, to avoid possible errors in the outputs of
the climate model at the boundaries of the time interval, the first and the last one are not considered, reducing the number of time windows to eleven.
Then, an extreme value analysis has been carried out for each time window and thirteen subsequent values of and have been estimated at each grid point in the investigated region.
Finally, a quadratic non-stationary model has been fitted for location and log-scale parameter log
as in the following equations
μ t

logLσ t N

B

B

t

t

U

tU
U

9

tU

10

where t is the time step and the parameters B , , U and B , , U are the weighted linear
least square solution P LQ R fQN Q R f S of the overdetermined problem S QP where
S

)
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and f is a diagonal matrix of weights. In order to focus the accuracy over the region of higher values in the series of and log , bigger weights are given for that values ('j 1 and
smaller weights elsewhere ('j 0.5). In Figure 5, the results obtained for the same cell as for
Figure 3 are reported according to the RCP4.5 and RCP8.5 scenario, respectively. As before,
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the trend of characteristic ground snow load is determined by substituting the trend model for
parameters in eq. (3), so obtaining the following equation
45 t

B

t

tU

exp

B

t

tU ∙

and the results are reported in Figure 6 for the same cell.

ln

ln 1

0.02

11

Figure 5: Trends for μ and log σ - cell 67 (RCP4.5 and RCP8.5 scenario)

Figure 6: Trends for 45 - cell 67 (RCP4.5 and RCP8.5 scenario)

Bayesian approach for trend updating
In the previous subchapter 3.2, trend in the location parameter and in the log-scale parameter log
of the extreme value distribution of ground snow loads have been defined for different time windows from the analysis of RCMs outputs. The climate change signals present
in these results can be validated for the historical period combining that results with the actual
trend, derived from the analysis of observed data series presented in subchapter 3.1 for the
period 1951-2015.
In particular, a Bayesian technique is proposed for the updating of the trend parameters
, U and B , , U previously defined. This procedure resumes the methodology deB,
veloped by the authors in [8] for snow load map refinement. It consists in the definition in the
study area of a prior random field (RF) for each trend parameter obtained from the analysis of
climate projections and a subsequent Bayesian updating with the observed trend parameter.
The implementation of this method in the study area is ongoing and it will be the object of our
future works. The preliminary results for cell 67 are reported in Figure 7.
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Figure 7: Updated trend for μ and log σ - cell 67 (RCP4.5 scenario)

Conclusions
In order to evaluate the impact of climate change on snow load on structures, a general methodology to investigate the possible existence of trends in the extreme values has been defined.
The procedure starts with the analysis of climate data series and the estimation of yearly maxima ground snow loads with the algorithm developed in [9]. Then, temporal trends are assessed directly on location and scale parameters of extreme values Type I distribution,
considering moving time windows of thirty years shifted by ten years.
The results obtained for the study area demonstrate that the method is very promising as it is
capable to lead to a more refined estimation of temporal trends than the simple study of temporal trend for maxima.
Moreover, the proposed method can be applied either to the analysis of climate projections
provided by RCMs or observed data series and the results of both analysis can be combined
following a Bayesian technique presented in the paper.
Future developments of the research will aim in particular to improve this aspect arriving in
this way to define more refined snow load maps.
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Abstract: The 2011 Great East Japan earthquake and associated giant tsunami
inflicted substantial damage to many coastal communities in Japan, including critical port facilities, residential and commercial buildings, and infrastructures. To
evaluate the potential tsunami risk and/or to quantify the promptness of the restoration, probabilistic estimation of tsunami impact on structures is an important
topic; however, this topic is still in an early stage of development.
Empirical tsunami fragility curves based on the utilization of damage data associated with past tsunami disasters have been developed. However, these fragility
curves depend on the characteristics of the tsunami and the locations and types of
structures. To estimate the risk of tsunamis accurately, further research is needed
to develop the tsunami fragility assessment.
This paper presents probabilistic tsunami fragility assessment taking into consideration the tsunami pressure fluctuations and model uncertainties associated with the
prediction of hydrodynamic forces. The tsunami fragility is evaluated by comparing the hydrodynamic pressure applied to the water-tight door and the threshold to
cause the water leakage. A number of tsunamis with the same height but different
periods are generated to consider the tsunami pressure fluctuations. Model uncertainties are quantified by comparing computational with experimental results. Finally, tsunami fragility curves are established based on simulation. The effects of
model uncertainty on the tsunami fragility curves are discussed.

Introduction
The 2011 Great East Japan earthquake occurred on March 11, 2011. Many structures and infrastructures were damaged due to the hydrodynamic pressures associated with water depth
and velocity. Since tsunami effects have not been taken into consideration in the seismic design and retrofit specifications in Japan, code provisions regarding tsunamis need to be established based on the failure mechanisms observed in the tsunami-induced damage to structures
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and infrastructures. A probabilistic framework for seismic design, assessment and computational prediction of structures has been developed over the last two decades [4]. However, a
probabilistic estimation of tsunami impact on structures is still in an early stage of development [1, 2].
Tsunami intensity is correlated with the magnitude of the ocean earthquake. A structure may
have severe damage due to the strong ground motion before the tsunami arrives. Difficulties
in estimating the reliability of structures under tsunami hazards are similar to those of estimating the reliability of structures under aftershocks. Strong aftershocks have the potential to
cause extensive structural damage. Damaged structures due to mainshock are even more susceptible to incremental damage due to aftershocks because their reduced structural capacity
decreases the threshold of the ground motion intensity needed to cause further damage. Cumulative damages to structures subjected to mainshock-aftershock sequences need to be considered [9]. However, since it is difficult to consider the effect of ground motion-induced
damages to structures on their reliability with respect to a tsunami, the procedure for estimating the tsunami fragility assuming that the structures have no damage before the occurrence of
the tsunami is presented herein.
In this paper, a procedure for estimating the tsunami fragility curves is presented following
the approach described in [7]. Model uncertainties associated with the sophisticated but timeconsuming computational method (i.e., OpenFOAM [6]) and conventional equations to estimate the hydrodynamic forces applied to structures are quantified using experimental results
[7]. The tsunami fragility is estimated by comparing the hydrodynamic pressure applied to the
water-tight door and the threshold to cause the water leakage. The effects of the model uncertainties on the tsunami fragility curves are investigated.

Procedure for Estimating Tsunami Fragility Curves
2.1 Overview
Figure 1 shows a procedure for tsunami fragility analysis based on two methods: OpenFOAM
and conventional equations to estimate the hydrodynamic forces. OpenFOAM is the open
source field operation and manipulation software package commonly used for analysis of
multiphase fluid, incompressible fluid and heat transfer [6]. 250 tsunamis with the same tsunami height but different tsunami periods are generated based on the observation of tsunamis
during the 2011 Great East Japan earthquake (see Step 1 in Figure 1). For both methods, these
tsunamis are used in the fragility analysis to consider the tsunami pressure fluctuations. The
amplitude is increased or decreased to be consistent with a specific tsunami height.
A tsunami fragility curve shows the relationship between the tsunami wave height and fragility, which is the conditional probability of the damage state DS being a certain state ε. In this
paper, the probability given the tsunami wave height (i.e. tsunami fragility) is estimated by
comparing the hydrodynamic pressure applied to the water-tight door and the threshold to
cause the water leakage (see Steps 2 and 3 in Figure 1).

2.2 Tsunami fragility estimation using OpenFOAM
In OpenFOAM, tsunami propagation computation is conducted from the offshore area to the
structure analyzed taking into consideration the existence of seawall [6]. The hydrodynamic
pressure applied to the structure can be estimated by OpenFOAM directly. In this study, as
shown in Figure 2, it is assumed that a tsunami with a specified height is provided at 780 m
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Generation of a number of tsunamis for fragility analysis
Time Difference

Wave Height
Ratio

Step 2A
Estimate tsunami propagation
and wave pressure by OpenFOAM

…

…
…

Generate a number of tsunamis with the same
tsunami height but different tsunami periods
based on the observation of tsunami during the
2011Great East Japan earthquake [7]

…

Step 1

…

Step 2B (1) Estimate tsunami propagation and
wave height / velocity by non-linear long-wave
theory

Seawall

Seawall

Wave Height

Wave Velocity

Wave Pressure

Step 2B (2) Estimate wave pressure by conventional formula
For horizontal direction, maximum pressure is De ( z)  (αH ' z) ρg
where α is a coefficient of water depth:
(a) Matsutomi et al. (2013) α  1.0  0.5(1.0  ζ ) Fr2
α  1.0  1.2Fr
(b) Asakura et al. (2002)
Step 3
Determine performance function and estimate fragility curves
: g1  Ca   D  De
Performance function (OpenFOAM)
Performance function (Conventional formula) : g2  Ca   D1   D 2   D3  De

Lognormal Distribution

ex. Initial Wave Height: H = h (m)
作用波力

De

1.0

Conditional
Failure
条件付き損傷確率P
Probability

Probability
確率密度
Density

0.4
0.35
0.3
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0.2
0.15
0.1
0.05
0

0.8

耐力
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0.6
0.4
0.2
0.0

0
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10

作用波力・耐力(MN)
Initial
Wave Height

0

15
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Figure 1: Procedure for estimating the tsunami fragility curves based on two methods (Note: symbols in equations are explained in the text)

Seawall Building

Input of
Tsunami
59(m)
z

Stage

12(m) 48(m)
60(m)

20(m)
100(m)
300(m)

780(m)
x

Figure 2: Assumed two-dimensional model

away from the seawall, and a building with a water-tight door is located at 100 m away from
the seawall inland. Using 250 tsunamis with the same height, the probabilistic density function (PDF) of hydrodynamic pressure De applied to the water-tight door is estimated by Monte
Carlo Simulation (MCS) in Step 2A shown in Figure 1. When designing the water-tight door, the
design value of the water pressure head to prevent the water leakage is 10 m. Based on the information from the manufacturer, the maximum pressure head could be 20 m. Therefore, the
mean and standard deviation of the water pressure head Ca are assumed to be 20.0 m and 6.0 m,
respectively. When estimating the fragility given a tsunami height, the model uncertainty αD
associated with the OpenFOAM prediction of hydrodynamic pressure is considered in the
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Figure 3: Hydraulic model experiment to quantify the model uncertainty
2
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8
10
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Figure 4: Relationship between Pcal and ln (Pexp/Pcal)

performance function g1 of Step 3 shown in Figure 1. Comparing the OpenFOAM prediction
Pcal and experimental result Pexp, the statistical parameters of αD are quantified. Figure 3
shows the hydraulic model experiment to obtain Pexp [7]. The distance from seawall to the
water-tight door L was assumed to be 1.25, 2.5, 5.0, and 7.5 m during the experiment. Figure
4 shows the relationship between Pcal and ln(Pexp/Pcal) using all experimental results. The fragility curve is approximated using a cumulative lognormal distribution. The parameters used
to define the lognormal distribution are estimated by the method of maximum likelihood.

2.3 Tsunami fragility estimation using conventional method
There are several conventional equations to estimate the hydrodynamic forces given a tsunami
height and velocity at the location of a structure. In this study, two simple equations proposed
by Matsutomi et al. [8] and Asakura et al. [3] are used in the tsunami fragility analysis. Horizontal 2D tsunami propagation analysis based on non-linear long-wave theory [5] is conducted to obtain the wave height and velocity in Step 2B (1) shown in Figure 1. Both equations in
Step 2B (2) have the same wave pressure De at the depth z. However, a different coefficient α
is used where H’ is the wave height at the structural location, ρ is water density, g is the acceleration of gravity, ζ is the coefficient of energy loss (i.e. ζ = 0.4), and Fr is the Froude
number. The hydrodynamic force applied to the structure can be estimated using Matsutomi et
al. or Asakura et al. equations, when a tsunami wave with a specified height at 780 m away
from the seawall is provided.
When estimating the fragility based on the conventional method in Step 3, model uncertainties αD1, αD2, and αD3 associated with the prediction of hydrodynamic forces, wave height and
velocity at the location of the structure, respectively, need to be considered in the performance
function g2. They are quantified based on the comparison to the experimental results.
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Effects of Model Uncertainty on the Tsunami Fragility
Figures 5 and 6 show the PDFs of water pressure De obtained from Step 2A and Step 2B
shown in Figure 1, respectively. Since the seawall height is 12 m, the variance of water pressure given the wave height of 7.5m is larger. However, it can be confirmed that the difference
between the PDFs shown in Figures 5 and 6 is not large. Figures 7 and 8 show the fragility
curves using OpenFOAM and two conventional methods (i.e. Matsutomi et al. and Asakura et
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Water Pressure De (kN/m2)
Figure 5: Water pressure calculated by the OpenFOAM model
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Figure 6: Water pressure calculated by the simple model
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Figure 7: Fragility curve calculated by the OpenFOAM model
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Figure 8: Fragility curves calculated by Asakura et al. and Matsutomi et al. Equations

Table 1: Comparison of fragility curves
OpenFOAM
Perfect Correlation
Matsutomi et al.
Independent
Perfect Correlation
Asakura et al.
Independent

H0.5 (m)
10.2
11.1
11.1
10.8
10.8

ξ (m)
0.211
0.223
0.213
0.225
0.221

al. equations), respectively. The horizontal axis of tsunami fragility curves represents the tsunami height provided at 780 m away from the seawall as shown in Figure 2. Since the joint
probabilistic density function of wave height H’ and wave velocity v could not be identified,
in Figure 8 (a), H’ and v used in two methods are assumed to be perfectly correlated while in
Figure 8 (b), H’ and v are assumed to be independent. Table 1 lists the wave height H0.5 at the
failure probability of 0.5 and standard deviation ξ of lognormal distribution. These computational results confirmed that conventional methods, which are simple and time-efficient, can
ensure a similar precision in the tsunami fragility assessment as that provided by OpenFOAM.

Conclusions
(1)

(2)

The procedure for probabilistic tsunami fragility assessment considering the tsunami
pressure fluctuations and model uncertainties was presented. Model uncertainties
associated with the prediction of hydrodynamic forces were quantified based on the
comparison to the results provided by the hydraulic model experiment.
In the tsunami fragility assessment, it is reasonable to use the conventional methods,
since they can ensure a level of accuracy similar to that provided by the OpenFOAM.
Therefore, when estimating the reliability of structures under tsunami hazards, the sophisticated and time-consuming computational method used in OpenFOAM does not
significantly increase the accuracy of the results.
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Structural Reliability for Snow Load in Climate Change
– Case Study in Japan –
Toru Takahashia
a

Department of Architecture, Chiba University

Abstract: It is said that snow load tends to decrease with global climate change
in warm zones such as Japan. In this paper, records from nine cities in Hokkaido,
Tohoku, Hokuriku and the Kanto region of Japan were selected and structural
reliability analyses were performed. Significant reduction of snow depth has been
observed in four cities during the past 30 years. However, the failure probabilites
were still not negligible because the administrative guidance value levels were
low.

1

Introduction

The IPCC report [1] predicted that average global surface temperature might rise 0.5 to 4.0
°C above the average from 1986-2005, based on various RCP scenarios, by the end of this
century. Japan has suffered heavy snow in various places in the past 50 years, resulting in
structural damage. For example, Suzuya reported snow-related disasters in 1963 and 1981
[2], and Takahashi reported others in 2006 [3] and 2014 [4]. In this paper the author selected
nine cities in Japan, as shown in Figure
1, verified the effect of climate change
and performed reliability analyses. With
Sapporo
the exception of Tokyo, these cities were
located on the Japan Sea coast. The
northwest monsoon brings heavy snow
Aomori
Japan Sea
to this coast in winter. However, Tokyo,
Akita
located on the Pacific coast, is basically
Shinjo
sunny in winter (see Figure 2).
Nagaoka
Tottori

Toyama
Fukui

Pacific ocean

Tokyo

winter storm

-40°C
dry wind

snow

Siberia

10°C
Japan Sea

Figure 1: Map of Japan and weather stations
selected in this paper.

Japan
Pacific Ocean

Figure 2: Typical mechanisms of snowfall
in Japan.
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Figure 3: Time series of annual maximum snow depth
in nine cities.
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Table 1: Comparison between observation beginning
and the last 30 years’ average of annual
maximum snow depth.
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Figure 4: Time series of annual mean temperature.
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1.01
1.04
0.44
1.42
1.29
0.81
0.67
0.42
0.07

0.17
0.33
0.21
0.42
0.64
0.45
0.37
0.23
0.08

0.98
1.05
0.36
1.24
0.86
0.52
0.47
0.40
0.05

0.22
0.34
0.16
0.39
0.39
0.19
0.24
0.21
0.07

0.279
0.467
0.054
0.026*
9.5E-04*
1.9E-03*
0.015*
0.356
0.161

* null hypothesis of average equality is rejected
in significance level 0.05

2

Validation of climate change

2.1 Time series of annual maximum snow depth
Figure 3 shows time series of annual maximum snow depth in nine cities. With the exception
of Aomori, those regression lines have negative slopes, but the values are very small. Table
1 shows both the beginnings and the last 30 years' averages, and their P-values. In Shinjo,
Nagaoka, Toyama, and Fukui, the null hypothesis "the average values of the beginnings and
the last 30 years were equal" could be rejected with statistical significance level 0.05. Figure 4
shows the annual mean temperatures. From the end of the 1980s, these temperatures become
high. Figures 3 and 4 show evidence of climate change in Nagaoka, Toyama, and Fukui.

2.2 Correlation coefficient
The correlation coefficients between annual mean temperature and annual maximum snow
depth are shown in Figure 5 and Table 2, showing weak negative correlation between them.
In particular, in Nagaoka, the value is -0.53, indicating significant negative correlation.
However, it is not a strong enough correlation to predict snow depth from temperature.

3.0

Sapporo

Annual maximum snow depth (m)

Annual maximum snow depth (m)

2.0

1.0

0.0

6

Table 2: Correlation coefficient between
annual maximum snow depth
and annual mean temperature.

8
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Annual mean temperature
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14

Correlation  coefficient

Nagaoka

8

10
12
14
Annual mean temperature
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Sapporo
Aomori
Akita
Shinjo

-0.212
-0.316
-0.294
-0.452

Nagaoka
Toyama
Fukui
Tottori

-0.532
-0.434
-0.333
-0.342

Tokyo

-0.121

Figure 5: Correlation between annual maximum snow depth
and annual mean temperature
Table 3: Design criteria for each city and its
equivalent snow depth*.
20

AIJ Recommendation
(Ground snow weight)
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Japanese building code
(Ground snow weight)
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AIJ Recommendation
(Unit snow weight)
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0

Figure 6: Unit snow weight and ground snow weight
according to Japanese building code and AIJ
(Architectural Institute of Japan) recommendation [5].
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Sapporo
Aomori
Akita
Shinjo
Nagaoka
Toyama
Fukui
Tottori
Tokyo

Design  cliteria
Weight
Depth
(m)
(kN/m2)
1.4
4.2
1.8
5.4
1.0
3.0
2.0
6.0
2.5
7.5
1.5
4.5
2.0
6.0
1.0
3.0
0.3
0.6

Equivalent  depth  (m)*
damage

collapse

1.33
1.66
0.99
1.82
2.21
1.42
1.82
0.99
0.23

1.90
2.36
1.42
2.59
3.13
2.02
2.59
1.42
0.33

* It is the critical snow depth for design multiplied
by the unit snow weight specified in Japanese
building code divided by the unit snow weight
presented in AIJ recommendation.
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nine cities.
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3 Design level and unit snow weight in building code
Figure 6 compares the unit snow weights and ground snow weights of the Japanese building
code and the AIJ (Architectural Institute of Japan) Recommendation [5]. The value used in
the AIJ recommendation is based on actual measurement [6], while that used in the building
code is a politically determined a minimum guideline. However, in most cases, the minimum
value is used in actual structural design. Therefore, this relation should be considered when
assessing the reliability of an actual structure (see Table 3).
Figure 7 shows plots of annual maximum snow depth on Gumbel probability paper for nine
cities. In almost all cases, a Gumbel distribution seems to be appropriate. In the figure, the
yellow squares indicate the most recent 30 years data. In the Hokuriku region (Nagaoka,
Toyama and Fukui), recent values are small. The design level prescribed by each local
government is also shown in Figure 7. According to the notification law of the Ministry of
Land, Infrastructure, Transport and Tourism, the design snow depth should use the value of
the 50 year recurrence interval, but it could be understood that the regulated value used by
local governments is often lower than that for long time series observation.
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Figure 8: Example of relation between load and resistance and their probability of damage.
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4 Reliability analysis
Figure 8 shows the relation between load and resistance, and damage probability, as well as
design and equivalent snow depth for damage level. Assuming that the structural strength was
equivalent to the design level, the control level at which steel yield strength fell below it was
5% and the coefficient of variation was 0.1. Probabilities of concrete failure for nine cities are
shown in Table 4 and Table 5. In the Hokuriku region, the failure probability with respect to
the value for the past 30 years becomes very small. However, in Shinjo, the original design
criteria were low, so the failure probability would not be so small. In Sapporo, the coefficient
of variation of annual maximum snow depth becomes large, so the probability of failure is
also large.
Figure 9 shows the relation between load and resistance, and collapse probability, as well as
design and equivalent snow depth for collapse level, assuming that the structural strength
was 1.5 times the damage level and the coefficient of variation was also 0.1. Probabilities of
concrete failure for the nine cities are shown in Table 4 and Table 5. The collapse probabilities
for 50 years of total data are shown to be very large in many cities because of the low design
criteria. This is because in Japan a lot of structural damage occurs for every heavy snow fall.
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Figure 9: Example of relation between load and resistance and collapse probability.
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Table 4: Result of reliability analysis for total data
on nine cities in Japan.
Snow  statistics

Sapporo
Aomori
Akita
Shinjo
Nagaoka
Toyama
Fukui
Tottori
Tokyo

Average

St.  Dev.

1.00
1.10
0.41
1.34
1.15
0.70
0.62
0.43
0.06

0.19
0.36
0.18
0.41
0.60
0.39
0.37
0.23
0.08

Table 5: Result of reliability analysis for recent 30
years' data on nine cities in Japan.

Pbobability  of  failure
(Gumbel  -  lognormal)
Damage
Collapse
in  1  year in  50  years
0.019
0.009
0.031
0.062
0.004
0.004
0.053
0.116
0.027
0.088
0.025
0.089
0.004
0.006
0.012
0.031
0.020
0.118

Snow  statistics

Sapporo
Aomori
Akita
Shinjo
Nagaoka
Toyama
Fukui
Tottori
Tokyo

Snow depth: Gumbel distribution
Structural resistance: Lognormal distribution

Average

St.  Dev.

0.98
1.05
0.36
1.24
0.86
0.52
0.47
0.40
0.05

0.21
0.34
0.16
0.39
0.39
0.19
0.24
0.21
0.07

Pbobability  of  failure
(Gumbel  -  lognormal)
Damage
Collapse
in  1  year in  50  years
0.023
0.017
0.023
0.037
0.003
6.9E-04
0.035
0.068
0.002
2.4E-03
4.0E-04
1.3E-04
0.004
4.2E-05
0.012
0.035
0.012
0.061

Snow depth: Gumbel distribution
Structural resistance: Lognormal distribution

The collapse probabilities for 50 years for the last 30 years' data are very small, especially in
the Hokuriku region. This might be an effect of climate change. In these areas, the correlation
coefficient between annual mean temperature and annual maximum snow depth was relatively
high and the standard deviation of annual mean temperature was around 0.6°C. This means
that a "cold winter" could easily occur in the next 50 years, even in the Hokuriku region, and
it would not be a good solution to reduce the design level for these cities.

5 Conclusion
Time series of annual maximum snow depth and annual mean temperature for nine cities
were studied and reliability analyses were performed. Some evidence for climate change was
indicated. However, in some cities, the collapse probability was still high even for the most
recent 30 years' data. It is difficult to predict the next 50 years, but considering fluctuations in
temperature, it would be premature to reduce the design snow load.
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Abstract: A clear exposition of a mathematical model of reliability analysis is
presented in which stochastic gamma process of deterioration is combined with
a stochastic shock process representing random environmental loads. The continuous deterioration process (aging) is modeled as a gamma process and failure
is described as the event of a shock exceeding the capacity of the deteriorated
component. When the shock process is modelled as a Poisson point process, the
reliability problem can be reduced to the evaluation of an integral of gamma
process, also referred to as the Kac functional. In a more general setting, i.e.,
non-Poisson loads, the problem can be solved only by a simulation method.

1 Introduction
The failure of a structure can be modeled as the interaction between two different stochastic
processes: a process of ongoing deterioration (aging) and a process describing the external loads
(shocks) on the component. Obviously, the failure takes place when the load exceeds the resistance of the structure. This paper describes a method to combine these two stochastic processes
in the computation of the time-dependent reliability function of the structure. The gamma process has been a widely used model of deterioration in civil engineering structures, e.g. coastal
safety [8], [9] and structural reliability [7], [10], [3], [1] and [5]. In structural engineering, random occurrences of loads are traditionally modelled as homogeneous Poisson process (HPP) and
the load intensity (or magnitude) is modelled as random variable. A key analytical challenge in
this problem is to compare the stochastic strength at a random time of occurrence occurrence of
a shock of a random magnitude. These three dimensions of uncertainty are not easy to capture
unless some analytical simplifications are introduced.
This class of problem was studied in detail by Mori and Ellingwood [6], [2] who modelled
stresses as an HPP but the loss of strength as a deterministic function of time. Although the
initial strength was modelled as a random variable, the strength does not follow a stochastic
process, which simplifies the problem. A generalization to stochastic strength modelled as a
gamma process was presented by [9] by utilizing the order statistics property of the HPP model.
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Other notable studies on this topic is by Sánchez-Silva et al. [12] who presented a model in which
the total deterioration is a sum of the aging process and the Poisson process where aging occurs
only at fixed time points. In Riascos-Ochoa et al. [11] the reliability is computed for a single
(aging) process consisting of a continuous component and a jump component. Hence, in both
these studies there is no interaction between strength and stress processes.
This paper revisits the stochastic reliability model presented by [9] with the purpose of extending its application to other forms of load processes. However, before any generalization can be
undertaken, a key issue is to understand the evaluation of a stochastic integral of gamma process
involved with reliability functional, also referred to as the Kac functional by [9]. Thus, the main
objective of this paper to present an exposition of the reliability formulation and evaluation and
interpretation of the Kac functional, which were missing from the previous study [9]. A more
insightful discussion of this problem is expected to encourage its wider applications to structural
reliability analysis.

2 Stochastic Deterioration Process
The gamma process is widely used in the modeling of deterioration since it is a monotonically
non-increasing process starting at zero. This means it satisfies the reasonable assumption that a
component starts in its original (perfect) condition and is able to deteriorate continuously over
time without sporadic regeneration.
A random variable X has a gamma distribution with shape parameter α
β ¡ 0 if its probability density function is given as
Gapx; α, β q 

β α α 1 β x
x
e 1tx©0u ,
Γpα q

¡ 0 and scale parameter
(1)

where the indicator function 1x©0 = 1 if x © 0 and zero otherwise.
Now let α pt q:r0, 8q Ñ R be a right-continuous, non-decreasing function with α p0q=0. The
gamma process with shape function α pt q and scale parameter β is a continuous-time process
tX pt q,t © 0u with the characteristics: X p0q=0 with probability one, X pt q  X psq  Gapx; α pt q 
α psq, β q for all t ¡ s© 0 and X pt q has independent increments. Following this definition, the process X pt q has probability density function given by
fX pt q pxq  Gapx; α pt q, β q,

@t,

(2)

with expectation and variance given by
ErX pt qs 

α pt q
α pt q
, VarpX pt qq  2 .
β
β

(3)

When the shape function is linear in time, i.e. α pt q  αt, t © 0, the gamma process is called
a stationary gamma process. This implies that the independent increments now have a gamma
distribution Xt  Xs  Gapx; α pt  sq, β q, for t ¡ s © 0. The distribution of the increments are
thus now solely dependent on the length of the interval, t  s.
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If the initial strength of the structure is r0 , its strength at any other time t is given as
tr0  X pt q,t © 0u.

3 Stochastic Process of Stress
Stresses are rare events that occur randomly in time with random magnitudes. These events
occupy a negligible time duration when compared to the time scale of operation. Moreover, if
the stress magnitude varies insignificantly during this time fraction its effect can be assumed as
a single value. Stresses are then events occurring at time points t1 ,t2 ,t3 , . . . with associated stress
magnitudes Y pt1 q,Y pt2 q,Y pt3 q, . . .. In Figure 1 a depiction is given of the interaction between the
strength and stress processes.

Figure 1: Illustration of time-dependent reliability analysis

According to the previous stress occurrence description, stresses can be modeled as a Poisson
point process. This means that the probability of N pt q stress events occurring in the time interval
p0,t s equals
pλt qn eλt , n  0, 1, 2, . . . .
PpN pt q  nq 
(4)
n!
The stress intensities Y pt1 q,Y pt2 q,Y pt3 q, . . . are assumed to be a sequence of independent and
identically distributed random variables with distribution FY pyq.

4 Time-Dependent Reliability Analysis

For a structure to be reliable in a time interval p0,t s, the (random) stress magnitude at each of
N pt q occurrences of the shock process must be less than the strength, as shown in Figure 1.
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Let there be N pt q  n load occurrences in the time interval p0,t s. The reliability of the component
on the interval p0,t s, then the reliability problem can be formulated as
Pp T

¡ tq 
» 8 » 8» t » t


0

0

0

FY pt1 q,...,Y ptn q pr0  x1 , . . . , r0  xn q

tn1

 fT ,...,T pt1, . . . ,tnqdtn  dt1
1

n

fX pt1 q,...,X ptn q px1 , . . . , xn qdx1  dxn .

(5)

In this formulation the joint density fT1 ,...,Tn pt1 , . . . ,tn q of the time of occurrences of the load
process as well as the joint distribution of degradation, i.e., sample path of the the gamma process,
fX pt1 q,...,X ptn q px1 , . . . , xn q, must be known. It should be noted that these densities are needed for
each of 0 ¤ N pt q 8. The principal difficulty with solving this class of problem is a lack of
ability to specify such multi-dimensional joint distributions. To circumvent this difficulty, various
analytical approximations have been introduced in the literature.
The modeling of load process as a homogeneous Poisson process simplifies the joint distribution of load occurrence times. According to [4]: given n events on p0,t s described by a Poisson process, their occurrence times tT1 , T2 , . . . , Tn u form n order statistics of a random variable
tU1,U2, . . . ,Unu which are independent and identically distributed according to a Uniform distribution on the interval p0,t s. Thus the joint density for n occurrence times on p0,t s can be written
as
 n
1
fT1 ,...,Tn pt1 , . . . ,tn q fU1 ,...,Un pu1 , . . . , un q fU puq
.
(6)
t
Moreover, the joint distribution for the iid stress magnitudes is written as
FY pt1 q,...,Y ptn q pr0  X pt1 q, . . . , r0  X ptn qq

 FY pu q,...,Y pu q pr0  X pu1q, . . . , r0  X punqq .
1

n
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(7)

Hence, given n stress occurrences the time-dependent reliability in equation (5) becomes


» 8 » 8 » t » t

FY pu q,...,Y pu q pr0  X pu1 q, . . . , r0  X pun qq fU puqdu

 
Ppt |N pt q  nq 

0
0
0 looomooon
0
1

n

nfold

 fX pt q,...,X pt qpx1, . . . , xnqdx1  dxn


» 8 » 8 » t » t
1

FY pu q,...,Y pu q pr0  X pu1 q, . . . , r0  X pun qq

  
t
0
0
0 looomooon
0
n

1

1

n

n



du

nfold

 fX pt q,...,X pt qpx1, . . . , xnqdx1  dxn.
n

1

(8)
In section 2 the stress magnitudes are assumed independent and identically distributed, this
means
FY pu1 q,...,Y pun q pr0  X pu1 q, . . . , r0  X pun qq 

n
¹

k 1

FY pr0  X puk qq,

(9)

where FY pq is the distribution of a stress magnitude. Hence, it follows that



» 8 » 8 » t » t ¹
n
1

Ppt |N pt q  nq 
 

FY pr0  X puk qq
t
0
0 looomooon
0
0 k 1

n



du

nfold

 fX pt q,...,X pt qpx1, . . . , xnqdx1  dxn
» 8 » 8 » t F pr  X puqq n
Y 0
du fX pt q,...,X pt q px1 , . . . , xn qdx1  dxn


t
n

1

0



EX

0

1

0

» t
n
FY pr0  X puqq
du
,
0

t

n

(10)

where EX indicates the expectation taken w.r.t. the random variables
X  tX pt1 q, X pt2 q, . . . , X ptn qu. Using the law of total probability the condition on the amount of
occurrences can be removed by noticing that the stress occurrences are modelled as a Poisson
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process:
Ppt q





8̧
n0

8̧
n0

Ppt |N pt q  nqPpN pt q  nq

EX

» t

eλt EX

0

FY pr0  X puqq
du
t

 8̧  » t
n1

λ

0

n



FY pr0  X puqqdu

 λ 1F pr X puqqdu 
q .
 EX e p
³t
0

Y

pλt q
eλt

0

n

n!

n

1
n!



(11)

5 Numerical Example
This Section presents a simple numerical example of reliability analysis. The load occurrence rate
is taken as λ =1 per year and the initial strength is assumed as r0 =30 units. The load magnitude,
Y , follows a Weibull distribution with mean 11.6 units and COV 0.36. The deterioration X pt q is a
stationary gamma process with parameters α=2 units and β =10. The numerical integration time
step δ =1 year and t=100 years, i.e., N=100. A total of 10000 sample paths are simulated for the
gamma process. The reliability curve, Ppt q, is plotted in Figure 2.

Figure 2: Reliability Ppt q and CDF.
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5.1

Remarks

The Kac functional form given in equation (11) contains an integral of stochastic function,
1  FY pr0  X puqq, which is dependent on³ the sample path of the gamma process of deteriorat
tion, tX puq; 0 ¨ u ¨ t u. This means that 0 1  FY pr0  X puqqdu, is a stochastic quantity with a
distribution of any fixed value of t. The parameters of this distribution
are time-dependent.
³t

λ
1

F
p
r
Y
0 X puqqdu is computed for
Based on simulations, a histogram of values of the function e 0
t=30 and t=60 years, and results are shown in Figures 3a and 3b respectively. The mean value
of this function is the expectation in equation (11), i.e., the reliability in the time interval p0, 30s
and p0, 60s, respectively.

(b) t  60 years.

(a) t  30 years.
Figure 3: Histograms of 10000 simulations of eλ

FY pr0 X puqqdu .

³t
01

6 Conclusions
This paper presents a clear exposition of the reliability computation of a randomly deteriorating
component subjected to random stress occurrences in time. It is seen that by assuming a Poisson
process of stress arrivals the component reliability can be derived as a (semi) analytical form
resembling the Kac functional. The reliability can therefore be computed without the use of a full
simulation. The Kac functional form also leaves room to possibly derive a completely analytical
solution by solving a PDE. This could be investigated in future works.
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[3] Grall, A., Dieuille, L., Bérenguer, Ch., Roussignol, M., Continuous-Time PredictiveMaintenance Scheduling for a Deteriorating System, IEEE Transactions on Reliability, Vol.
51, N0. 2, June 2002, pp. 141-150
[4] Karlin, S., Taylor, H. M., A First Course in Stochastic Processes, Second edition, Academic
Press, Inc., New York (1975) pp. 126-127
[5] Kuniewski, S. P., Weide van der, J. A. M., Noortwijk van, J. M., Sampling inspection for
the evaluation of time-dependent reliability of deteriorating systems under imperfect defect
detection, Reliability Engineering and System Safety 94 (2009) 1480-1490
[6] Mori, Y., Ellingwood, B. R., Reliability-based Service-life Assessment of Aging Concrete
Structures, J. Struct. Eng. 119 (1993) pp. 1600-1621
[7] Noortwijk van, J. M., A survey of the application of gamma processes in maintenance,
Elsevier, Reliability Engineering & System Safety, Vol. 94, Issue 1, january 2009, pp. 2-21
[8] Noortwijk van, J. M., van Gelder, P. H. A. J. M., Optimal maintenance decisions for berm
breakwaters, Structural Safety Vol. 18, No. 4, (1996) pp. 293-309
[9] Noortwijk van, J. M., van der Weide, J. A. M., Kallen, M. J., Pandey, M. D., Gamma
Processes and peaks-over-threshold distributions for time-dependent reliability, Reliability
Engineering and System Safety 92 (2007) pp. 1651-1658
[10] Ponchet, A., Fouladirad, M., Grall, A., Assessment of a maintenance model for a multideteriorating mode system, Elsevier, Reliability Engineering and System Safety, Vol. 95,
(2010) pp. 1244-1254
[11] Riascos-Ochoa, J., Sánchez-Silva, M., Klutke, G., Modeling and Reliability Analysis of
Systems Subject to Combined Degradation Mechanisms Based on Lévy Processes, Probabilistic Engineering Mechanics
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Abstract: As a meta-model, the support vector machine (SVM) for reliability analysis of structures with implicit limit state functions has been investigated by many
researchers. However, the conventional SVM still has many shortcomings, such as
the choice of the kernel functions, the deficiency of modelling in the global basic
variable space, the efficiency, etc. Furthermore, little attention has been paid to the
link of both global reliability and global sensitivity of complex structures. In this
paper, a new SVM model using the technique of moving least squares (MLS) is
proposed. Through this method, the training sample sets can be self-adapted in the
global basic variable space. The new model is compared with the common support
vector regression (SVR) machines with the radial basis kernel function and the reproducing kernel function, and the least square SVM (LS-SVM). It has been found
that the proposed model is more accurate and efficient.

Introduction
In global reliability and sensitivity analysis of complex structures, the performance functions
are usually implicit ones of the basic random variables. This problem can be overcome by
Monte Carlo simulation (MCS). However, the excessive number of random samples are needed
in MCS when the failure probabilities are extremely small. To improve the efficiency of structural reliability and sensitivity analysis, the surrogate model techniques have emerged during
the last decades. In this method, a sort of explicit meta-model is chosen. Once the meta-model
is trained by the known sampling points, then it can be used to predict structural responses.
The typical meta-models include response surface models (RSM) [1], artificial neural network
(ANN) [2], Kriging models [3] and support vector machines (SVM) [4]. From the experience
of the authors [5], it has been found that the SVMs are more suitable to handle with the highdimension problems. In 1963, the SVM was first proposed by Vapnik, et al [6] at the Bell Labs
and has been widely used in the field of pattern recognition. Clark, et al [7] applied the SVM
to the real engineering problems and compared it with some other surrogate models. The conclusion was that SVM had more advantages on the accuracy and robustness than other models.
Jin and Yuan [8] proposed the Least Square Support Vector Machine (LS-SVM) and applied it
to reliability analysis. Because of the nonlinear mapping ability of the LS-SVM, the imitative
effect was good enough; however, its accuracy still needs to be improved.
In this paper, to further improve the accuracy and efficiency of the LS-SVM, a new MLS-SVM
model is proposed by taking advantages of the Moving Least Square (MLS) technique. A new
reproducing kernel function [5] is also used in this model. Then the MLS-SVM is applied to
analysis of global reliability and sensitivity of structures.
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Moving Least Square Support Vector Machines (MLS-SVM)
2.1 SVM and RPK-SVR
The fundamental theory of SVM is the structural risk minimization principles in statistical
learning theory [6]. On the one hand, SVM is very suitable for the fitting problems with the
small samples. On the other hand, SVM can precisely express the high-dimension functions
and overcome the curse of dimensionality. According to the application function, SVM can be
divided into two categories: support vector classification (SVC) machine, and the support vector regression (SVR) machine. By the property of the hyperplane, SVM can also be split into
linear SVMs and nonlinear SVMs.
For a SVM, the input data set ( ) ,⋯, is the realizations of the basic random variables, while
the output data set ( ) ,⋯, is the responses of a mechanical or physical system = ( ).
For a linear separable problem ∈ = {1, −1} , the analytical expression of the SVM is:
g( ) = 〈 , 〉 +

(1)

where 〈·,·〉 stands for the inner product in ℝ , ∈ ℝ is a weight vector, and ∈ ℝ is a threshold value called the bias.
In the case of SVR machines, the margin is replaced by a loss function [6] compared with SVC
machines. The primal optimization model for the SVR problems can be expressed as follows:
min
s. t.

1
= ‖ ‖ +
2

∗

( +

−〈 , 〉−
〈 , 〉+ −
( , ∗) ∈ ℝ
ℝ

+
+

∗

)

∀ ∈ {1, ⋯ ,
∀ ∈ {1, ⋯ ,

}
}

(2)

ℝ , are slack variables, is a penalty parameter.
where ( , ∗ ) ∈ ℝ ,
By introducing the corresponding Lagrange function, the SVR formulation for the linear problem can be derived as:
g( ) =

(

∗

−

)〈 ,

〉+

(3)

where ( , ∗ ) are Lagrange multipliers and must be positive.
However, the problem is usually nonlinear in the real engineering. To extend Equation (3) to
nonlinear functions, the inner product can be replaced by the kernel functions:
g( ) =

(

−

∗

) ( ,

)+

(4)

where ( , ) is a kernel function.
There are many kernel functions available, such as linear kernel, polynomial kernel, neural
network kernel, Mahalanobis kernel, graph kernels, etc. One of the advantages of SVM is that
the generalization performance can be improved by properly selecting kernels. Thus, selection
of proper kernels for specific applications is very important.
To improve the efficiency and accuracy of the SVR for the reliability and sensitivity problems
with implicit and highly nonlinear limit state functions for large-scale and complex structures,
a reproducing kernel function of Sobolev Hilbert space was introduced into the SVR by the
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authors [5], which was named “RPK-SVR”. The definition of the reproducing kernel is as follows.
Assume ℍ is a Hilbert functional space whose elements are real-valued or complex functions,
the inner product of which can be represented as follows:
〈 , 〉 = 〈 (·), (·)〉,

,

(5)

∈ℍ

If there exists a ( , ) as the function of the variable ∈ ℝ, which is the element in ℍ; meanwhile, for arbitrary ∈ ℝ and ∈ , ( ) = 〈
,
, 〉, then ( , ) is called a reproducing kernel of the space ℍ, ℍ is called as a reproducing kernel space.
The reproducing kernel function of Sobolev Hilbert space can be obtained as follows [5]:
,

=

1
4

(1 + |

−

|)

(6)

1

Introducing Equation (6) into Equation (4), we can get a Reproducing Kernel-based Support
Vector Regression (RPK-SVR) machine [5].

2.2 MLS
The moving least squares (MLS) approach is a mesh-free method and can construct the approximation model by sporadic data. The basic idea of MLS is to estimate the parameters by some
closest points in a panel area rather than the global optimal solution, which can raise the computational efficiency and avoid the use of high order polynomials.
The fitting function built by the MLS model is made up of the primary function vector ( )
and the coefficient vector ( ) . The input data set ( ) ,⋯, and the output data set
( ) ,⋯, are known. Then the approximation function = ( ) can be expressed as follows:
( )=

( ) ( )=

( ) ( )

(7)

where N is the number of terms of the primary function vector, which is also the dimension
number of the coefficient vector.
The primary function vector ( ) is the monomial form in general, certainly it can also be some
other independent functions. For most of conditions, the quadratic polynomial is enough to
approximate the local characteristics of the unknown function:
( ) = [1,

,…,

,

,…,

]

(8)

The coefficient vector ( ) is the function of the input variables :
( ) = [ ( ),
where

( ), … ,

( )]

(9)

( ) is the shape function of the MLS:
( )=

,

( )

(10)

in which ( ) =
,
is the weight function, which can define the influence of the circle
center.
The weight function ( ) must be larger than zero in the perimeter area Ω of the sampling
point and should be zero in other areas. The area is called the support region of the weight
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function ( ) and the point . Then the domain of definition Ω of the point x is the union
of the support regions of all the sampling points. The weight functions in common use include
the exponential form, the cubic spline or the quartic spline form, and the Gauss function. The
shape of the support region can be circular or rectangular. Through comparing, the Gauss weight
function has a good fitting accuracy with simple parameters. Therefore, the Gauss weight function is chosen in this paper.
If there are m sampling points in the domain of definition, the quadratic sum of the weight error
of the approximate function is as follows:
=

−

,

−

=

−

(11)

( ) ( )−

By minimizing E, the coefficient vector can be solved as ( ):
( )=

( ) ( )

(12)

where,
( )=

( ) ( )

( )=

( )

(13)

( ) ( )

(14)

Introducing Equation (12) into Equation (7), the approximation function can be obtained as:
( )=

( ) ( )=

( )

( ) ( )

(15)

2.3 MLS-SVM
From Equation (2), the problem of solving the least value can be written as:
min =
s. t.

1
‖ ‖ +
2

−〈 ,

〉−

(16)
=

∀ ∈ {1, ⋯ ,

}

where is the normal vector, is the error variable. The optimization problem can be solved
by introducing the corresponding Lagrange function:
1
1
( , , , )= ‖ ‖ +
2
2

−

{〈 ,

〉+

+

−

}

(17)

where is the Lagrange multiplier. Using the Karush-Kuhn-Tucher’s optimality condition, the
matrix form can be formulated as:
0
0
(18)
=
+
( ) ] , = [ , ,⋯ ] ,
where I is the unit matrix, = [ ( ) , ( ) , ⋯
= [1,1, ⋯ ,1] , = [ , , ⋯ , ] and
= ( )
= ( , ) . ( , ) is a reproducing kernel function.
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By solving , the nonlinear predication model of the SVM is as follows:
( , )+

( )=

(19)

Using MLS, ( ) in the Hilbert reproducing kernel space has to be fitted by:
( −

min

)( ( ) −

−〈 ,

s. t.

) = min

〉−

=

( −

∈ {1, ⋯ ,

)

(20)

}

With the Lagrangian multiplier method, we can get:
( , , , )= ( , )−

{ [〈 ,

1
1
= ‖ ‖ +
2
2

( −

{ [〈 ,

−

〉+ ]−1+

}

)

(21)

〉+ ]−1+

}

Then Equation (21) is simplified into a matrix form:
0
where = diag ( − ), ( −
function of MLS is as follows:
( )=

+(
), ⋯ ( −

) . With

0
∗

(22)
+(

=

)

, the fitting

( , )+

=

( −

)

=

[( −

)(

+ (1 (
,Ω = ( )
where =
In conclusion, we can get:

=

)

+(

∗

( , )+ 1
+(

) ) ]

) ) 1 ) 1 (

=

,

∗
∗

1

1

∗

(23)

( , )
+(

) )

.

=( −
= 1

∗

)

1

=

( )=

∗

1

(24)
∗

+
( , )+
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(25)
(26)
(27)

Global Reliability Analysis of Structures Using MLS-SVM
To analyze global reliability of complex structures with implicit performance functions, a metamodel is firstly constructed by the proposed MLS-SVM. For solving the unknown coefficients
in the model, the sampling points have to be chosen. The method of choosing training points
has a great influence on the accuracy of the model. In this paper, the Latin Hypercube Sampling
(LHS) and the uniform design (UD) method are used.
After building the explicit meta-model, MCS, FORM, SORM can be used to calculate the failure probability and reliability indices. With the consideration of the computational efficiency
and the accuracy of results, FORM is chosen herein. The whole process of global reliability
analysis of structures is summarized as follows:
1) Choose the sampling points and calculate the output response by finite element analysis;
2) Build the meta- model of the global implicit performance function by the MLS-SVM with
the input and output data;
3) Calculate the Jacobian matrix , ;
4) Calculate the gradient ( ) of the surrogate model;
5) Calculate the sensitivity index
= − ( )/‖ ( )‖;
6) Calculate the reliability index ;
7) Generate the new iteration point;
8) Repeat the steps 1) to 7) until the accuracy is enough.

Global Sensitivity Analysis of Structures Using MLS-SVM
4.1 Sobol’ Sensitivity Index Based on ANOVA
For computing global sensitivity indices, the analysis of variance (ANOVA) technique is often
used [9]. The premise of this method is that the expectation of each component should be zero
and orthogonal with each other. In this condition, the performance function can be decomposed
into the sum of all the components [9]:
( )=

( )+

+
+

,⋯,

(

,

,

,

+⋯

(28)

)

,⋯,

where X is a set of n dimension input variables that are independent with each other, and
is
the mean value of the performance function ( ).
Using the condition of the orthogonality between each component, the variance of ( ) can be
expressed by the sum of variances of each component [9]:
=

+

,

+ ⋯+

, ,⋯,

(29)

in which,
=
,⋯,

( )=
= Var

( )
,⋯,
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( )d −

(30)

,⋯,

(31)

Therefore, the uncertainty of the variance can be decomposed into the contributions of each
component by itself and the contributions of the interaction between components. Then the
contribution percentage of each component can be evaluated by the ratio between the partial
variances and the total variance, which is also called Sobol’ sensitivity indices:
,⋯,

=

,⋯,

(32)

When the input variables are related with each other, the variance contribution of the variable
should be divided into the independent contribution
and the correlation contribution :
=

+

(33)

By the ratio between variances, the total sensitivity index
can be calculated.
the correlation sensitivity index

, the single sensitivity index

and

=
(34)

=
=

4.2 Calculation of Sobol’ Sensitivity Index Using MLS-SVM
First, N samples of the correlated input variables are generated and stored in the matrix :
⋯
⋮
⋱
⋮
(35)
=
⋯
Then, the output responses of sample points are calculated and stored in the vector :
( ,⋯, ,⋯,
)
⋮
= ⋮ =
(
)
,⋯,
,⋯,

(36)

The total variance of the responses can be estimated by:
Var( ) ≈

1
−1

=

−

(37)

where is the mean value of the responses.
The relationship between and is built by the MLS-SVM:
=
where e is the error.
The variance contribution of

()

( )+

(38)

can be estimated by:
1
−1

=

()

−

For calculating the independent contribution of , the relationship between
variables ~ except can first be built by the MLS-SVM:
=

(~ )
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(

~

)+

(39)
and other input
(40)

The variance contribution of

~

can be estimated by:
~

where

(~ )

=

(~ )

(~ )

,

(~ )

=

1
−1

−

is the j row of the matrix

Then the independent contribution of

(41)
whose i element is removed.

can be calculated by:
=

The correlation contribution of

(~ )

−

(42)

~

can be calculated by:
=

−

(43)

Finally, the sensitivity indices in Equation (34) can be calculated.

Numerical Examples
5.1 Global Reliability Analysis of a Portal Frame
The first numerical example is on global reliability analysis of a classical benchmark portal
frame [1], as shown in Figure 1.

Figure 1: Portal Frame

The elastic module of the columns and beams is defined as: = 2.0 10 kN/m . The section
areas of column and beam are A1 and A2, respectively, and a concentrated load P is applied in
the lateral direction. I1 and I2 denote the inertia moments for column section and beam section,
respectively, which can be determined through the simple relationship: =
, (i = 1,2).
The statistical moments and distribution types are listed in Table 1.
Variables
A1
A2
P

Table 1: Probability information of the basic random variables
Type of distributions
Mean value
Standard deviation
Lognormal
0.36
0.036
Lognormal
0.18
0.018
Extreme value type(Ⅰ)
20
5.0

0.08333
0.16667

The top displacement, , is selected as the global response measure of the structure. The displacement-based global limit state function is formulated as:
(44)
= ( ) = 0.01 − ( )
where ( ) denotes the actual horizontal displacement as an implicit function of three basic
random variables.
The sampling points are generated by the uniform design method. Through the software
ANSYS, the output responses are calculated. After building the meta-models by the MLS-SVM
and other methods, the reliability indices are calculated by FORM and listed in Table 2.
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Table 2: Results of Reliability Index
Reliability index
2.82
2.81
2.82

Methods
Direct MCS
RPK-SVR
MLS-SVM

Computing time
5h
2min23s
2min14s

From Table 2, it can be found that the accuracy of the MLS-SVM are the most accurate compared with the direct MCS with 107 simulation numbers, and also a little more efficient than the
RPK-SVR.

5.2 Global Sensitivity Analysis of Residual Intensity of An Aircraft Wing
The second numerical example is on global sensitivity analysis of the residual intensity of an
aircraft wing [9], as shown in Figure 2.

Figure 2: Aircraft Wing Structure

The wing structure is made up of 64 bar elements and 42 plate elements. By selecting the load
and the element intensity as the basic random variables, the global limit state function is
formulated as:
(

,

,

, ) = 4.0

+ 4.0

− 3.9998

−

(45)

=
= 0.2 , and
The correlation coefficients between the element intensity is
= 0.3. The load and the element intensity are uncorrelated. The statistical moments and distribution types of the basic random variables are listed in Table 3.

Variables
(kg)
(kg)
(kg)
(kg)

Table 3: Probability information of the basic random variables
Mean value
Standard deviation
Type of distribution
83.5
10.02
Normal
83.5
10.02
Normal
83.5
10.02
Normal
150
37.5
Normal

The sensitivity indices are calcuated by the MCS, the MLS-SVM and the SVR machines based
on different kernels, all results are listed in Table 4.
From the comparisons of the results by SVRs and those by MCS, it can be shown that the MLSSVM is more accurate than the SVR models based on the Gaussian kernel and the reproducing
kernel.
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Table 4: Results of Sensitivity Index
Methods
G-SVR

0.4729

0.2104

0.6120

−0.3132

0.4832

0.3205

0.5756

RPK-SVR

0.6567

0.8304

0.4529

−0.2674

0.4720

0.4174

0.6819

MLS-SVR

0.3043

0.1842

0.3204

−0.2817

0.3107

0.2318

0.4320

MCS

0.2436

0.0900

0.2554

−0.1609

0.2411

0.0879

0.2362

Conclusion
In this paper, a new meta-model is proposed by combining the SVM and the MLS. The reproducing kernel technique is also used in the proposed MLS-SVM. Then this new model is applied to global reliability analysis and global sensitivity analysis of structures, respectively.
Through numerical examples, the efficiency and accuracy of MLS-SVM are compared with the
LS-SVM and traditional SVRs. It can be concluded that the new proposed MLS-SVM can be
an ideal alternative surrogate model due to its high accuracy and efficiency of fitting and prediction.
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Abstract: In structural reliability analysis, the input variables are often non-normal
and correlated. In order to generate random numbers of correlated variables when
using Monte Carlo simulation (MCS), a procedure for efficient transformation
from dependent random variables into independent variables is often required. If
the joint probability density function (PDF) of basic random variables is known,
Rosenblatt transformation is available to realize the transformation. When the joint
PDF of basic random variables is unknown while the marginal PDFs and
correlation matrix are known, the Nataf transformation can be used for the same
purpose. In reality, however, the marginal PDFs of basic random variables are
often unknown, and the probability characteristics of those variables are more
availably expressed using statistical moments and correlation matrix. Under such a
condition, the existing MCS cannot be used and a strict evaluation of probability
of failure is impossible. Based on the third-moment transformation technique for
generating random numbers of independent variables with unknown joint and
marginal PDFs, the third-moment transformation is further developed to
generating the random numbers of correlated variables including unknown joint
PDF and marginal PDFs. A MCS method for structural reliability analysis
including correlated random variables with unknown joint PDF and marginal
PDFs is developed based on the proposed transformation. The simplicity and
efficiency of the proposed method is further demonstrated through several
numerical examples.

1 Introduction
Structural reliability analysis is usually formulated in terms of a vector of basic random
variables X = (X1, X2, …, Xn)T, representing uncertain quantities such as loads, environmental
factors, material properties, structural dimensions and variables introduced in order to account
for modeling and predictions error, and a performance function G(X) describing the limit state
of the structure in terms of X. In engineering practice, the basic random variables are often
non-normal and correlated [1-8]. In order to generate random numbers of correlated variables
when using Monte Carlo simulation (MCS), a procedure for efficient transformation from
correlated random variables into independent variables (referred to as normal transformation
hereafter) is often required.
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If the joint probability density function (PDF) of basic random variables is known, Rosenblatt
transformation [9] is available to realize the normal transformation mentioned above. When
the joint PDF of basic random variables is unknown while the marginal PDFs and correlation
matrix are known, the Nataf transformation [10] can be used for the same purpose. It has been
pointed out [10-12] that the major obstacle for Nataf transformation is to evaluate the
equivalent correlation matrix in standard normal space that should be determined by solving
two-dimensional nonlinear integral equations. In order to avoid the complexity, Der
Kiureghian and Liu [10] developed 49 empirical formulae for ten kinds of distributions
through numerical experiments. It has shown that the formulae can produce sufficiently
accurate results. In spite of many cases included, the empirical formulae cannot cover
arbitrary cases because there are various probability distributions in engineering practice [12].
Moreover, the marginal PDFs of some random variables are often unknown, and the
probabilistic characteristics of these variables are more availably expressed using the
statistical moments and correlation matrix. Under such a condition, the MCS cannot be
applied and a strict evaluation of probability of failure is impossible.
With the aid of the first three moments of random variables, Zhao et al. [13] develop a thirdmoment transformation for generating random numbers of independent variables with
unknown joint and marginal PDFs. However, the application and efficiency of third-moment
transformation for generating random numbers of correlated random variables with unknown
joint PDF and marginal PDFs has not been investigated yet.
The objective of the present paper is thus to develop a methodology for generating random
numbers of correlated random variables with unknown joint PDF and marginal PDFs. With
the aid of the first three moments and correlation matrix, a third-moment transformation for
conducting random numbers of arbitrary correlated random vector by independent standard
normal vector is developed. The paper is organized as follows: First, the third-moment
transformation for generating the random numbers of independent random variables with
unknown joint PDF and marginal PDFs is reviewed. Next, the third-moment transformation
for conducting random numbers of correlated random variables including unknown the joint
PDF and marginal PDFs is developed. Third, the computation procedure of the MCS for
performance function including correlated random variables with unknown joint PDF and
marginal PDFs is described. Then, the efficiency and accuracy of the proposed method for
reliability analysis is demonstrated through several examples. Finally, findings of the present
paper are summarized.

2 Review on Generating Random Numbers for Independent Random
Variables with Unknown Joint PDF and Marginal PDFs
Without loss of generality, an arbitrary random variable Xi can be standardized as follows:
Xi  X
(1)
X is 
X
i

i

where Xi is the ith random variable of independent random vector X; Xis is the standardized
random variable of Xi; and  X i and  X i are the mean value and standard deviation of Xi,
respectively. According to third-moment transformation, the standardized random variable Xis
can be approximated by a second-order polynomial normal function [13, 14]:
2
X is  Su (U i )  ai  bU
(2)
i i  ciU i
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where Ui is the ith random variable of independent standard normal vector U; Su(Ui) is the
second-order polynomial of Ui; and ai, bi, and ci are the polynomial coefficients.
If the first three moments (i.e., mean, standard deviation and skewness) of Xi are known,
making the first three central moments of Su(Ui) equal to those of Xis, the coefficients of ai, bi,
and ci can be obtained as [14]:
 Sign( 3 X ) i   
(3a)
ci   ai  Sign( 3 X ) 2 cos 

i

i

3





bi  1  2ci2

8   32X i

i  arctan 

3 Xi


(3b)





(3c)

where 3 X i is the third-order moment (skewness) of Xi. From Eq. (3c), 3 X i should be limited
in the range of:
2 2   3 X i  2 2

(3d)

and the limitation is not strict for general engineering use [14].
Particularly, if 3 X i  0 , then | i | is obtained as /2, and ai, bi and ci will be obtained as

ai  ci  0 , bi  1 and the Eq. (2) will then degenerate as Xis = Ui.
Combining Eq. (1) and Eq. (2), the relation between Xi and Ui can be written as:
2
X i  Xi   Xi (ai  bU
i i  cU
i i )

(4)

From the discussion above, an arbitrary independent random vector X with unkown joint PDF
and marginal PDFs can be expressed as a function of independent standard normal vector U.
The random numbers of X can be generated using the vector U. However, in practical
engineering, the basic random variables are often correlated. It is in this regard that the
present paper is to develop a third-moment transformation method for generating random
numbers of correlated random variables with unknown joint PDF and marginal PDFs.

3 Generating Random Numbers for Correlated Random Variables
with Unknown Joint PDF and Marginal PDFs
Assume two correlated random variables Xi and Xj with correlative coefficient of ij, the
standardized variables Xis and Xjs of Xi and Xj can be expressed as:
X is  ai  bi Z i  ci Z i2   ai , bi , ci   1, Z i , Z i2 

T

(5a)

X js  a j  b j Z j  c j Z 2j  1, Z j , Z 2j    a j , b j , c j 

T

(5b)

where the superscript T represents transpose; Zi and Zj are two correlated standard normal
variables. Similarly, the coefficients of ai, bi and ci in Eq. (5a), and aj, bj and cj in Eq. (5b) can
be determined by Eqs.(3a)~(3c).
Assuming that the correlation coefficient between Zi and Zj is 0ij, and according to the
definition of correlation coefficient, the following equation can be derived,
T
T
ij  E  X is  X js   E  ai , bi , ci  1, Z i , Z i2   1, Z j , Z 2j   a j , b j , c j  



  ai , bi , ci  E 1, Z i , Z






2 T
i

 1, Z j , Z 2j    a j , b j , c j    ai , bi , ci  R  a j , b j , c j 

T
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T

(6a)

where E(·) represents expectation; D(·) denotes variance; and
1 0

2 T
2 

R  E 1, Z i , Z i   1, Z j , Z j   0  0ij


1 0


1
0
2

2
0 ij




 1

(6b)

Substituting Eq. (6b) into Eq. (6a), and using the relation between coefficients given in
Eq.(3a), leads to:
 ij  (1  2ci2 )(1  2c 2j )  0ij  2ci c j  02ij

(7a)

It is worth noting that the valid solution of 0ij should be restricted by the following
conditions to satisfy the definition of the correlation coefficient:
1  0ij  1 and ij  0ij  0
(7b)
With the aid of Eq.(7a) and Eq.(7b), 0ij can be determined as
 0ij 

 (1  2ci2 )(1  2c 2j )  (1  2ci2 )(1  2c 2j )  8ci c j ij
4ci c j

(8)

From the discussion above, any two arbitrary correlated variables with known statistical
moments and correlation coefficient can be transformed into two correlated standard normal
variables.
The procedure above can be easily extended to n variables with known statistical moments
and correlation matrix. The polynomial coefficients of each variable can be obtained by
Eqs.(3a)-(3c), and for any two correlated variables, the corresponding equivalent correlation
coefficients of standard normal variables can be determined from Eq.(8). The equivalent
correlation matrix of standard normal variables, CZ, can then be summarized as:
012  01n 
 1

1   02 n 
(9)
C Z   012
 

  0 n1






0n 2

 

1 

where 0ij is the correlative coefficient of Zi and Zj, with i, j = 1, 2, , n.
If the correlation matrix CZ is a positive-definite matrix, it may be rewritten as the following
equation using Cholesky decomposition [15]
(10)
C Z  L0 LT0
T
where L0 is the lower triangular matrix obtained from Cholesky decomposition and L0 is the
transpose matrix of L0.
The correlated standard normal random vector Z can then be transformed into the independent
standard normal vector U  (U 1 , U 2 , , U n )T using the lower triangular matrix L0:
U  L01Z

(11)

1
where L0 is the inverse matrix of L0, and L0 is expressed as:

 l11 0
l
l
L0   21 22



ln1 ln 2

 0
 0 
 

 lnn 

According to Eq. (11) and Eq. (12), Zi is expressed as:
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(12)

i

Z i   likU k , (i  1, 2, , n)

(13)

k 1

Substituting Eq. (13) into Eq. (5a) leads to,
2
i

 i
 
X i   X i   X i  ai  bi  likU k  ci   likU k   ,
k 1
 k 1
 


(i  1, 2, , n)

(14)

From the discussion above, based on the third-moment transformation, an arbitrary correlated
random vector can be expressed using an independent standard normal random vector. The
random numbers of correlated random variables including unknown joint PDF and marginal
PDFs can be generated using the independent standard normal variables.

4 MCS Including Correlated Variables with Unknown Joint PDF and
Marginal PDFs
Based on the third-moment transformation and MCS method, the probability of failure for
performance function including correlated variables with unknown joint PDF and marginal
PDFs can be conducted. The procedure is described as follows and the flowchart is illustrated
in Figure 1.
1. Obtain the first three moments of each variable and original correlation matrix by the
probability information (e.g., the joint PDF or the marginal PDFs and correlation matrix or
statistical data).
2. Obtain polynomial coefficients ai, bi, and ci using Eqs.(3a)-(3c), and equivalent correlation
matrix Cz. Then compute lower triangular matrix L0 using Cholesky decomposition. Then
the ith variable of correlated random vector X can be expressed by independent standard
random variables using Eq.(14).
3. Generate N groups random samples of independent standard normal variables,
u j  (u j1 , u j 2 ,, u jn ),( j  1,2,, N ) . Substitute u j1 to u ji (i=1, 2, …, n) into Eq.(14), the
random number of Xi, x ji , can be conducted. Then the random numbers of correlated
random variables, x j  ( x j1 , x j 2 ,, x jn ) , can be obtained.
4. Substituting all xj into performance function G(X), and count the number of G(x j )  0 ,
then approximate the probability of failure Pf and corresponding reliability index
   1 ( Pf ) , where  1 () is the inverse CDF of standard normal random variable.
When correlated variables with unknown joint PDF and marginal PDFs are embedded in
complicated structure reliability problems, some advanced simulation methods such as
importance sampling method [16] and Latin hypercube sampling method [17] are often
required. In such a case, the computational procedures of those methods are identical to that
of general cases with the exception of the normal transformation using the proposed thirdmoment transformation.

5 Numerical Examples and Investigations
In order to investigate the efficiency and accuracy of the proposed methods for structural
reliability analysis including correlated random variables, several examples are investigated.
The first examples discuss the reliability analysis of performance function including
correlated random variables with known joint PDF. The application of the proposed method

3552

for reliability analysis including correlated random variables with known marginal PDFs and
correlation matrix is evaluated in Example 2. The application of the proposed method for
large number of random variables embedded in performance function is illustrated in
Example 3.

G (x j )  0

jN

Pf  m / N

Figure 1. Flowchart of procedure for MCS including correlated variables

5.1.1

Example 1: MCS for Correlated Random Variables with Known Joint PDF

The first example considers the following performance function:

G(X)  18  3X1  2 X 2

(15)

where the joint PDF of X1 and X2 is

f X1X2 (x)   (1  x1 )(1  x2 )  0.5  exp(x1  x2  x1x2 ), for x1  0; x2  0

(16)

in which  is a parameter; and 0    0.5 .
Since the joint PDF of X1 and X2 are available, the reliability index of performance function in
Eq.(15) can be obtained by MCS based on Rosenblatt transformation, and the reliability index
change with  are shown in Figure 2. With aid of the joint PDF, the marginal PDFs and
correlation matrix can be obtained, the reliability index can also be conducted using MCS
based on Nataf transformation, and the results are also shown in Figure 2, together with the
results obtained using the proposed method.
As the exact results of this example, the probability of failure can be obtained directly by
numerical integral since the joint PDF and the performance function are available, and the
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corresponding reliability index are shown in Figure 2.
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(b) Transformation order (X2 →X1)

Figure 2. Comparison of the reliability indices by different methods for Example 1

From Figure 2, it can be observed that: (1) the transformation orders have no influence on the
results obtained by MCS based on Rosenblatt transformation, Nataf transformation and
proposed method; (2) MCS based on Rosenblatt transformation method gives almost the same
results with those obtained by numerical integral; (3) the proposed method provides more
accurate results than MCS based on Nataf transformation in this example.
5.1.2

Example 2: MCS for Correlated Random Variables with Known Marginal PDFs and
Correlation Matrix

The second example considers a three-bay four-story frame structure, which is shown in
Figure 3. External loads applied to this structure include dead loads, short- and long-term live
loads, snow load on the roof and the lateral wind loads. The distributions of random variables
and deterministic parameters involved in this example are listed in Table 1. The distributed
loads applied to each member are listed in Table 2.
The reliability problem in this example is to determine the probability of failure that the
maximum value of inter-story drift of the columns, max{|ui |} , may exceed in magnitude
specified limit, u , thus the performance function is defined as:

Z  G(X)  u  max{| ui |}

(17)

where u  h / 550  3500 / 550  6.36mm , is the inter-story drift limit; and ui is the inter-story
drift of the column, which is determined by finite element analysis.
Assume that DL, S1, S2, L1, L2, SL, and E are mutual independent random variables; and are
independent with Fi (i = 1, 2, 3, 4), but the components of Fi are correlated with the
correlation matrix ρF as follows:
1   
 1   

F  
(18)
  1  


   1 
Because the joint PDF of random variables cannot be available, the reliability analysis based
on Rosenblatt transformation can no longer be used. The marginal PDFs and correlation
matrix are known, reliability analysis can be realized using MCS based on Nataf
transformation and the reliability indices changed with respect to the correlation coefficient 
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are shown in Figure 4, together with the results obtained using the proposed method.
Table 1. Random variables and deterministic parameters for Example 2
Variable

Description

Distribution

Mean

Coefficient of Variation

DL

Dead load

Lognormal

20 kN/m

0.15

S1

Short-term live load

Lognormal

10 kN/m

0.15

S2

Short-term live load

Lognormal

5 kN/m

0.15

L1

Long-term live load

Lognormal

10 kN/m

0.15

L2

Long-term live load

Lognormal

5 kN/m

0.20

SL

Snow load

Lognormal

5 kN/m

0.20

F1
F2

Wind load

25 kN

0.20

Wind load

Weibull
Weibull

20 kN

0.20

F3

Wind load

Weibull

15 kN

0.20

F4

Wind load

Weibull

10 kN

0.20

E
AB
AC

Young’s modulus
Cross section area of beam
Cross section area of column

Lognormal
Deterministic
Deterministic

210 GPa
73.303 cm2
120.4 cm2

0.05
---

IB

Moment of inertia of beam

Deterministic

11400 cm4

--

Deterministic

4

--

IC

Moment of inertia of column

20500 cm

Table 2. Description of loads applied to each member in Example 2

q

1

Member load

Load combination

q4, q6, q7, q9, q10, q12

D L + S 1 + L1

q5, q8, q11

D L + S 2 + L2

q1, q2, q3

DL + SL

q

2

q

3

2.6

q

4

q

5

q

6



1

3.5m

F

2.4

q

7

q

8

q

9

3.5m

2

2.2

3.5m

F

2.0

F

3

q

10

q

11

q

12

3.5m

4

6m

3m

1.6

6m

Figure 3. Three-bay four-story frame structure
for Example 2

Proposed Method

1.8

F

MCS based on Nataf transformation

0

0.1

0.2

0.3

0.4

 0.5

Figure 4. Comparison of reliability indices by different
methods for Example 2

From Figure 4, it can be observed that the proposed method can give almost the same results
with those obtained by MCS based on Nataf transformation when the marginal PDFs and
correlation matrix are known.
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5.1.3 Example 3: The application of the performance function with large number of random
variables
The third example considers the following performance function
n
1 n
G ( X)    hi   hi  X i
(19)
50 i 1
i 1
where hi = constant = 3.6 m (i = 1, 2, …, n); Xi (i = 1, 2, …, n) are lognormal distributed
variables with the mean value and standard deviation of  X i  0.015 and  X i  0.003 ,
respectively; and the correlation coefficient between Xi and Xj is ij  0.1 .
Since the marginal PDFs and correlation matrix are available, reliability analysis can be
conducted using MCS based on Nataf transformation and the reliability indices changed with
respect to the number of random variables n are shown in Fig. 5. Based on the proposed thirdmoment transformation, the reliability indices can be readily obtained and are also depicted in
Fig. 3. For comparison, the analysis is also conducted in the case of the correlation coefficient
between Xi and Xj is , and the results of reliability indices are also shown in Fig. 5. It can be
seen from Fig. 5 that the results obtained by proposed method are in good agreement with
those obtained by MCS based on Nataf transformation in the whole investigation range.

Reliability indices 

10.5

MCS based on Third-moment transformation
MCS based on Nataf transformation

9.5
8.5
7.5

ij=0

6.5
5.5

ij=0.1

4.5
3.5
2.5

5

10

15

20

25

30

35

40

The number of random variables

45

50

Fig. 5. Comparison of the f reliability indices by different methods for Example 3

6 Conclusions
(1) A third-moment transformation method for generating the random numbers of correlated
variables is proposed, which complements existing MCS method especially when the joint
PDF and marginal PDFs of the basic random variables are unknown.
(2) The proposed method, being very sample, is convenient to be applied to structural
reliability analysis including correlated random variables with unknown joint PDF and
marginal PDFs. Even if only the first three moments and correlation matrix of random
variables are used, the proposed method can provide sufficiently accurate results
compared with MCS based on Rosenblatt transformation or Nataf transformation.

Acknowledgement
The research reported in this paper is partially supported by the National Natural Science
Foundation of China (Grant No.: 51422814, U1134209, U1434204), the Project of
Innovation-driven Plan in Central South University (2015CXS014), the Program for

3556

Changjiang Scholars and Innovative Research Team in University (PCSIRT) (Grant No.
IRT1296), meanwhile, the Fundamental Research Funds for the Central Universities of
Central South University is also gratefully acknowledged.

References
[1]
[2]
[3]

[4]

[5]

[6]
[7]

[8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]
[17]

M. Hohenbichler., and R. Rackwitz. “Non-normal dependent vectors in structural
safety”. Journal of Engineering Mechanics, ASCE, 107(6): 1227-1238, 1981.
P. Thoft-Christensen., and J. D. Sorenson. “Reliability of structural systems with
correlated element”. Applied Mathematical Modelling, 6(82): 171-178, 1982.
A. Haldar., and B. M. Ayyub,. “Risk models for correlated non-normal variables”.
Proceedings of the 5th Engineering Mechanics Division Specialty Conference, Laramie,
WY, USA, Vol.2, 1237-1240, 1984.
C. H. Chang., Y. K. Tung., and J. C. Yang. “Monte Carlo simulation for correlated
variables with marginal distributions”. Journal of Hydraulic Engineering, ASCE, 120(3):
313-331, 1994.
T. C. Headrick., and S. S. Sawilowsky. “Simulating correlated multivariate non-normal
distributions: extending the Fleishman power method”. Psychometrika, 64(1): 25-35,
1999.
X. Y. Chen., and Y. K. Tung. “Investigation of polynomial normal transform”.
Structural Safety, 25(4): 423-445, 2003.
D. Q. Li., S. B. Wu., C. B. Zhou, and K. K. Phoon.. “Performance of translation
approach for modeling correlated non-normal variables”. Structural Safety, 39(4): 52-61,
2012.
J. M. Liu., B. Yu., and L. F. Yang. “Influence of Orthogonal and Nataf transformations
on precision of first order reliability method”. Chinese Journal of Applied Mechanics,
32(1): 125-131, 2015. (in Chinese)
R. Rackwitz. and B. Fiessler. “Structural reliability under combined load sequence”.
Computers and Structures, 114(12): 2195-2199, 1978.
A. Der Kiureghian., and L. P. Liu. “Structural reliability under incomplete probability
information”. Journal of Engineering Mechanics, ASCE. 112(1): 85-104, 1986.
H. S. Li., Z. Z. Lu., and X. K. Yuan. “Nataf transformation based point estimate
method”. Chinese Science Bulletin, 53(17): 2586-2592, 2008.
Q. Xiao. “Evaluating correlation coefficient for Nataf transformation”. Probabilistic
Engineering Mechanics, 37(4):1-6, 2014.
Y. G. Zhao., T. Ono., and K. Ishii. “Monte Carlo simulation using moments of random
variables”. Journal of Asian Architecture and Building Engineering., 1(1):13-20,2002.
Y. G. Zhao., and T. Ono. “Third-moment standardization for structural reliability
analysis”. Journal of Structural Engineering, ASCE. 126(6): 724-732, 2000.
J. K. Meijerink., and H. A. van der Vorst. “An iterative solution method for linear
systems of which the coefficient matrix is a symmetric M-matrix”. Mathematics of
Computation. 31(137): 148-162, 1977.
M. A. Maes, K. Breitung, and D. J. Dupuis. “Asymptotic importance sampling.”
Structural Safety, 12(3),167–186, 1993.
A. Florian. “An efficient sampling scheme: updated Latin hypercube sampling.”
Probabilistic Engineering Mechanics, 7(2), 123-130, 1992.

3557

Safety, Reliability, Risk, Resilience and Sustainability of Structures and Infrastructure
12th Int. Conf. on Structural Safety and Reliability, Vienna, Austria, 6–10 August 2017
Christian Bucher, Bruce R. Ellingwood, Dan M. Frangopol (Editors)
c 2017 TU-Verlag Vienna, ISBN 978-3-903024-28-1

IASSAR

Random Field Modeling of Soil Deposits Properties
Qingxia Yuea Alfredo H-S Angb Pol D Spanosc
a

b

School of Civil Engineering, Shandong Jianzhu University, China
Department of Civil and Environmental Engineering, University of California, Irvine, USA
c
Department of Civil and Environmental Engineering, Rice University, USA

Abstract: The autocorrelation function of the soil profile in a particular site is
studied using cone penetration test (CPT) data. This is done in context with a random field modeling of soil deposits. It is found that the different types soil layer
has different stochastic parameters, and there is no obvious trend along depth to
the whole soil profile. Thus, the soil profile is examined within each layer. Associated autocorrelation function models are obtained by data mean square error fitting
for the different type of soils. Further, the random field of the soil profile is modeled using a two-dimensional Karhunen-Loéve expansion with an exponential
autocorrelation model, separable in two dimensions. Further, settlement of one site
involves one layer or two layers of soil is calculated using the above random field
model, and is juxtaposed with the results of uniform value field. It is found that the
random field results with layers is more physically sound than the uniform random

1 Introduction
Uncertainty quantification (UQ) of soil related problems is important as simulation, optimization, and decision making analyses involve capturing the stochastic nature of the soil[1-3].
Due to the fact that soils are spatially variable, the mean, variance, and covariance structure of
a specific soil site are needed for any realistic stochastic modeling. In this context, and in attempting to establish the correlation structure of various soil profiles, the standard approximation procedure is to analyze the pertinent data and deduce relevant trends and obtaining
statistical features. However, in reality, the soil deposit are often formed by many layers, and
not all of the soil parameters have the trend along depth, the fact is that often no identical
trend exist between the different layers. For instance, if the trend of the observed data of all
layers is accepted, the variation of the data will be exaggerated, as it can be seen in Figure 1,
pertaining to a typical cone penetration test (CPT) data from a particular soil site. Thus, the
UQ modeling will be more reliable if it is performed separately for the different layers, and
the spatial variations can be properly accounted for.

soil profile

Tip resistence
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Side friction

soil profile

Tip resistence

Side friction

Figure 1 Cone penetration resistance of one site CPT data typical soil profiles

In this context, and based on the data collected at particular sites in Shandong province, China,
the spatial variations of cone penetration test (CPT) strength are examined in this paper according to various types and layers of soil. The autocorrelation function models are obtained
by data best fitting and analysis for the various types of soil. Further, the random field of the
soil profile are modeled using the Karhunen-Loéve expansion method [4] with the exponential autocorrelation model. The settlement analyses of one site involves one layer or two layers are conducted using the random field model, and compared with the results of
corresponding uniform mean value soil field.

2 CPT site data analysis
The CPT data was gathered in Shandong province, China, and comprise measurements of
cone tip resistance qc (MPa), side friction f s (KPa). The measurements were recorded at vertical interval of 0.01m. In this paper, six different sites including 157 soundings data are considered, scattered over district of Shandong province, China.
In the statistical analysis of actual soil data obtained from field or lab tests, obvious 'trends'
(changes in average values) are often encountered, most often as a function of the depth. It is
commonly accepted that the trends can be viewed as segments of a large-scale fluctuation
[5,6], and this large-scale fluctuation must appear as part of the statistical characterization if
the trend also exist on other site inference. However, from the field data here, it is found that
in the same soil layer, no apparent linear tendency with the depth exists. In this case, it is advantageous to standardize the soil data by substituting each original datum point qc ( z ) by the
equation (1):

q(z) 

 qc ( z)  qc  ,
qc

(1)

where qc is the mean value of the layer soil, and qc is the standard covariance.
Examining the collected data, it is seen the sites mainly comprise four types of soil: silty clay,
clay, silt and sand. Therefore, these four types of soil were analyzed in this paper. The mean
values and the coefficient of variation (COV) for each soil type are listed in Table 1. It can be
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seen that less variation occurred in the clay soil, with, the COV value about 34%. The silty
clay soil varied more with the COV value of 75%.
Table 1 Mean values and COV of the soil type

Soil type
Silty clay
Clay
Silt
Sand

No. of data groups
144
121
136
108

Mean qc [Mpa]
2.95
1.88
2.85
16.16

COV
0.75
0.34
0.51
0.51

Next, it is assumed that the soil is spatially stochastically homogeneous and that the CPT
soundings represent an ensemble of largely independent realizations of same one-dimensional
random process. That is, the random process representing the variation of qc with depth has
the same joint distribution at every horizontal location, so that various soundings are merely
different realizations of this process.
In addition to the mean and standard deviation of soil parameters, the spatial autocorrelation
commonly considered as a critical property in capturing the probabilistic structure and physical quantities.

3

Autocorrelation function (ACF) for various soils

3.1 ACF calculation and autocorrelation model
In the calculation of the ACF, the following procedures are done to obtain the autocorrelation
relationship of the soil parameters.
For one of the samples, assume that xi  qc ( zi ) is the value of the sample at depth zi  iz ,

i  1, 2, , n . The sample covariance function is obtained from the moment estimator

C ( j ) 

1 n j
 ( xi  x )( xi j   x ) ,
n i 1

(2)

1 n
 xi .
n i 1

(3)

where j  0,1, 2, , n  1 , lag  j  j z .
Here, the mean value is expressed as

x 
The sample correlation is then

 ( j ) 

C ( j )

.
(4)
C (0)
Note that the covariance estimate in Eq. (2) is biased and it is generally undesirable with biased estimators. Simply replacing the factor n  j in (2) with n would yield an unbiased estimate of the covariance and also the ACF. However, this estimator is not often used. The
reasons for this are: (i) For most stationary signals, the ACF decays rather rapidly, so that
 ( j ) is quite small for large lags  j . This will be true for the biased estimator in (2), but not
necessarily be true for the biased estimator which may take large and erratic values for large
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 j , as it is obtained by only a few products in such a case. (ii) The sequence  ( j ) obtained with covariance obtained in Eq. (2) is positive semi-definite (as it should be), while this
is not the case for the unbiased estimate. This is especially important for spectral estimation.
Proceeding with the calculation based on the preceding equations, the ACF of the soil data
can be obtained. And some commonly used autocorrelation model (ACM) are adopted to simulate the data using regression method. The autocorrelation model (ACM) often used is the
single exponential model (SNX) , the cosine exponential model (CSX) and the modified linear exponential model (LNX) proposed by [7]. The expressions of the models are shown in
Table 2.
Table 2 Autocorrelation models and relations between scale of fluctuation and characteristic
model parameters
ACM
SNX

Equation
R( )  exp(kSNX  )

Scale of fluctuation
  2 / kSNX

CSX

R( )  exp(kCSX  ) cos(kCSX  )
R( )  (1  kLNX ) exp(kLNX  )

  1/ kCSX
  4 / kLNX

LNX

3.2 Effective number of the data
Figure 2 is the ACF and ACM of the silty clay soil for siteⅠ and the silty soil for all the sites.
It can be seen that the correlation factors are about 0.60-0.70, mainly because of that with the
increasing lags, the data are more scattered.

Figure 2 The autocorrelation function and simulation model for full data length

It is commonly accepted that the estimated autocorrelation function (ACF) will be less reliable with increasing lags. Box et.al [8] suggest that 'In practice, to obtain a useful estimate of
the autocorrelation function, we would need at least 50 observations, and the estimated autocorrelations would be calculated for j  0,1, 2, , k , where k was not larger than, say, n / 4 .'
For the present soil data, this condition can not be satisfied, because if n / 4 data are taken,
then at least 200 observation data required for one sounding, which means at least 20 meters
lag distance. To increase the reliability of the estimated ACF, Uzielli [9] fitted the autocorrelation model (ACM) with coefficients exceeding Barlett's limits:

rB 

1.96
nd
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(5)

This guideline has been used by many references [6, 9, 10] and is motivated by the wellaccepted fact that the estimated autocorrelation coefficients become less reliable with increasing lags, and are deemed not significantly different from zero inside the range  rB . In reference [9], in conducting the simulation, the coefficient of determination, R 2  0.9 was accepted
for each ACM fit, with at least four initial autocorrelation coefficients greater than rB to ensure the significance of the fit.
Zieba [11] using the effective number to determine the ACM parameters. The effective number of observations neff is given by the equation

neff 

n
,
nk
1  2
k
n
k 1
n 1

(6)

where k is the autocorrelation coefficients with lags k . From the equation, it can be seen
that the larger lags will have less effect than the small lag autocorrelation coefficients, which
is a reasonable result.
The concept of the effective number of observations has been introduced by different authors,
and with various names, such as equivalent number of subsequent coordinates, equivalent
number of independent data. In this paper, the concept of effective number is adopted. Figure
3 shows ACF and ACM with the silt clay soil of siteⅠand silty soil corresponding with Figure 2. It can be seen that the parameters are almost the same, the correlated index R2 , however, is greater than 0.90.

Figure 3 The autocorrelation function and simulation model

3.3 Comparisons of the different sites
Figure 4 shows the ACF for the same soil type but from different sites. It can be seen that
differences exist among different sites, especially to the silty clay soil type. This agrees with
the COV of the soil type, that the silty clay soil with greater variation.
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Figure 4 ACF for different sites

3.4 The autocorrelation model simulation for different soil type
Figure 5 shows the final autocorrelation model with all the data in one type of soil. It can be
seen that the different kind of soils have different spatial structures and different parameters.
The correlated indexes R 2 of the fitted curve are all greater than 0.90.

(a) Silty clay soil

(b) Sand soil

(c) Clay soil

(d) Silt soil

Figure 5 The ACM for different soil type

4 Random Field Simulation with Karhunen-Loeve expansion
Next, a Karhunen-Loeve expansion method[12,13] capturing of the uncertainties of soil site is
attempted.

4.1 Basic ideas about Karhunen-Loeve expansion
In the Karhunen-Loeve expansion, the stochastic process X（）is represented by a sequence
of independent simple random variables i . Assume that X（）is a zero mean and second
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（ 1 , 2） cov(X( 1 ), X ( 2 )) as the covariance function between
order process, and define C
the lag distance 1 and  2 . The stochastic process X（）can then be expressed as


X（）= i ii (t ) ,

(7)

i 1

where i  and i  are the eigenfunctions and eigenvalues of the covariance function

C  1 , 2  , respectively. And i and i satisfy the following equation

 C (s, t ) (t )dt    (s)
i

i i

(8)

T

The truncated version of X ( ) can be expressed as
N

X（）= i ii (t ) .

(9)

i 1

The truncated Karhunen-Loeve expansion is optimal in the sense that its integrated mean
squared error is minimized [4,14].
The non-zero-mean stochastic process can be expressed as
N

X（）= +  i ii (t )

(10)

i 1

The number N to be chosen depends on the desired accuracy and on the autocorrelation function of the random field. Ordinarily, for many engineering applications, less than 10 terms are
needed.
In the case of an exponential autocorrelation function for one-dimensional case, the eigenvalue problem (Eq.(8))can be solved analytically. Extension to two dimensional fields defined
for the correlation function on a rectangular domain can be obtained as well. Detailed closedform solutions can be found in [4]. For a certain class of covariance function, which is separable, the eigenvalue and the eigenfunction for X (t ) are also separable. Thus, the random field
can be expressed as truncated expression of Eq. (11) .
N

X（t）=X（t1 , t2）= k k (t1 , t2 ) k ,

(11)

k 1

d

d

j 1

j 1

where k   i(j j ) , k (t1 , t2 , , td )   i(j j ) (t j ) i j  N ,1  i  d , d is the dimension.

4.2 Random field simulation with K-L expansion
For a Gaussian random field, it can be completely defined by its mean  and variance  2 ,
and autocorrelation function  ( x, y ) . In this paper, an exponential autocorrelation function is
adopted and same autocorrelation distances in the vertical and horizontal directions are used
specifically:

 ( x, y)  exp  ch x  x  cv y  y  ,
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(12)

where ch  1/ lh and cv  1/ lv and lh , lv are autocorrelation distances in the horizontal and
vertical directions, respectively. In this paper, two types of soil were considered with the parameter obtained above, that is silty caly soil with lh  lv  0.25m and clay soil: lh  lv  0.1m .
The number of truncated terms is taken as N  10 in Karhunen-Loeve simulation. The midpoint discretization method was adopted, and in this case the values of the 'center' of elements
are used to represent the stochastic field. The mesh size of the random field is chosen from
about one-quarter to one-half of the correlation length [13,15,16]. In this case, the mesh size
is 0.1m.
Figure 6 shows a two-dimensional soil random field sample with silty clay soil parameters.

Figure 6 Silty clay soil random field sample

5 The settlement analysis of the layer soil
The problem considered in this paper is the same size shown in Figure 6. The soil domain has
a depth 2m and width 5m, the width of the model is selected about 2 times of the depth, so
that the effect of the boundary is tiny [17]. The boundary conditions assume plane strain, with
perfectly rough conditions at the bottom of the layer and roller on the side. The stiffness of the
soil layer is defined by Young's modulus E , which in the analysis will be assumed as random
field with mean value and standard deviation indicated in Table 1, and the correlation length
is the same as showed above. Possion's ratio is constant through at   0.25 . The soil subjected to the vertical force P=1 in the center of the model with width 1m. Two cases considered here with the same model size. Case one involves only one layer silty clay soil. Case
two involves two different soil layers was considered; that is silty clay soil and clay soil, with
their mean values, respectively.
Figure 7 shows the settlement with the soil elastic is the random field and the uniform field
with the mean value of the soil layer used. Thus, from the figure, it can be seen that some discrepancy occurred in the maximum settlement.

(a) random field

(b) uniform field

Figure 7: Settlement calculation with only one silty clay soil layer

Figure 8 shows the Mises stress distribution of the random field and uniform field involves
two soil layers. Therefore, it can be clearly seen that there is a disruption on the surface be-
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tween the two layers under the condition of uniform case, and the random field result is more
reasonable with a smoother stress distribution. The maximum value of the of the random field
is slightly bigger than the uniform case.

(a) random field

(b) uniform field

Figure 8 Mises stress comparison between random field and uniform field

Figure 9 shows the settlement comparison between the two cases considered. Under this random field sample, the settlement of the random field is higher than the uniform case. In order
to obtain more general results, the probability analysis should be done in the future.

(a) random field

(b) uniform field

Figure 9 Settlement comparison between random field and uniform field

6 Concluding remarks
The randomness existed in soil layers has been studied in the paper using CPT data. The following concluding remarks can be made.
(1) In the analysis of soil site, the different type soil or different soil layers should be considered seperately, and different parameters should be used. In the paper, the correlation relastionship for four types of soil has been obtained using the CPT data, and established the bases
for the random field simulation.
(2)The Karhunen-Loeve expansion method adopted to simulate the random field and the associated settlement of the one layer soil and two different soil layers has been calculated. In
this regard, it has been found that the random field model is more reseasonable, expecially for
the soil with more than one layers.
(3) Hopefully, this preliminary study can foster additional interest in developing advanced
random field models for soil mechanics applications. A useful tool for this purpose is the autocorrelation function in space of the CPT values.
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Thöns S., 2738, 2997, 3008, 3018, 3030
Tien I., 1298, 2242, 2838
Time B., 1890
Tombari A., 809, 2789
Tonelli D., 2641, 3050
Tonn G., 2029
Torbol M., 2370
Tran T., 2195
Trejo D., 1666
Tsioulou A., 1065
Tsipianitis A., 1863
Tsompanakis Y., 1863
Tsuchida T., 2531
Tsumura T., 1087
Ullmann E., 799
Urano K., 993
Uribe F., 799
Uriz P., 2234
Uy W.I., 247
Vacareanu R., 318, 2432
Val D., 3008, 3018
Valasik A., 621
Valdebenito M., 1514, 2480
Van Coile R., 308
Van de Lindt J., 2936
Van der Weide J., 1047, 3529
Verzobio A., 2641, 3050
Vessia G., 2328
Veyt C., 1411
Viljoen C., 612, 1055, 2470
Vlachos C., 1364
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